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Note: Solutions of all the questions are available in sequence in Crash Course. There is very less
time for Mains exam and it is not possible to solve all problems, hence it is advisable to go through
the solutions (Quick glance) of all these important questions at once. All topics, Important
questions and important PYQ questions are covered.
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Important Questions for UPSC Maths 2026
Partial Differential Equations

Formation of PDE

Find the differential equation of the set of all right circular cones whose axes coincide with z-axis.
Show that the differential equation of all cones which have their vertex at the originis px + qy =
z.Verify that yz + zx + xy = 0 is a surface satisfying the above equation.

Find the partial differential equation of all planes which are at a constant distance ' a 'from the
origin.

Form a partial differential equation by eliminating the arbitrary function ¢ from
¢(x+vy+2zx%+y?—z?) = 0.Whatis the order of this partial differential equation?

Find the differential equation of all surfaces of revolution having z-axis as the axis of rotation.

Equation of any cone with vertex at P(a, b, ¢) is of the form f (x_a E) = 0. Find the differential

z—c’ z—c

equation of the cone.

Solve (x? + 2y?)p — xyq = xz

Solve z(z? + xy)(px — qy) = x*

Solve px(z — 2y?) = (z — qy)(z — y? — 2x3)

Solve {(b — c¢)/a}yzp + {(c — a)/b}zxq = {(a — b) /c}xy.

Solve (y3x — 2xH)p + 2y* — x3y)q = 9z(x? — y3)

Solve (2x? + y? + z2 = 2yz — zx — xy)p + (x% + 2y? + 22 — yz — 22x — xy)q = x* + y? +22z% —
VZ — ZX — 2XY.

Solve {my(x + y) — nz?}(0z/ 0x) — {Ix(x + y) — nz?}(9z/ dy) = (Ix — my)z
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Solve px(z — 2y?) = (z — qy)(z — y? — 2x?).

Solve(x+y—2)(p—q)+alpx—qy+x—y) =0.

Find the surface whose tangent planes cut off an intercept of constant length k from the axis of z.
Find the integral surface of the linear partial differential equation x(y? + z)p — y(x? +2)q =

(x? — y?)z which contains the straight linex + y = 0,z = 1.

Find the equation of the integral surface of the differential equation 2y(z — 3)p + (2x —z)q =
y(2x — 3), which pass through the circle z = 0, x? + y? = 2x

Find the integral surface of the partial differential equation (x — y)p + (y — x — z)q = z through
thecirclez = 1,x? + y2 = 1.

Find the equation of the integral surface of the differential equation (x? — yz)p +(y% — zx)q =
z? — xy which passes through the linex = 1,y = 0.

Find the equation of surface satisfying 4yzp + g + 2y = 0 and passing through y? + z? = 1,x +
z=2.

Find the general integral of the partial differential equation (2xy — 1)p + (z — 2x?)q = 2(x — yz)
and also the particular integral which passes through thelinex =1,y = 0.

Find the integral surface of x?p + y?q + z%> = 0,p = 0z/ dx,q = 0z/ dy which passes through the
hyperbolaxy = x +y,z = 1.

Find the integral surface of the linear first order partial differential equation yp + xq =z — 1
which passes through the curve z = x2 + y? + 1,y = 2x

Find the integral surface of the partial differential equation (x — y)y?p + (y — x)x%q =

(x? + y?)z passing through the curve xz = a3,y = 0.

Find the surface which intersects the surfaces of the system z(x + y) = ¢(3z + 1) orthogonally
and which passes through the circle x? + y? = 1,z = 1.

Write down the system of equations for obtaining the general equation of surfaces orthogonal to
the family given by x(x? + y? + z2) = C;y2.

Find the surface which is orthogonal to the one parameter system z = cxy(x? + y?) which passes
through the hyperbolax? — y2 = a?%,z =0

Find the family orthogonal to ¢[z(x + y)?,x? — y?] = 0.

Find the family of surfaces orthogonal to the family of surfaces given by the differential equation
+z2)p+(z+x)g=x+y.

Solve x,x3p1 + X3%105 + X1 X,P3 + X1 X,%3 = 0
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Prove thatif x} + x3 + x3 = 1 when z = 0, the solution of the equation (s — x;)p; +(s — x,)p, +
(s — x3)p, + (s — x3)p3 = s — zcanbe giveninthe form s3{(x; — 2)3 + (x; — 2)3 + (x5 — 2)3}* =
(x; + x5 + x3 —3z)3, wheres = x; + x, + x3 + zand p; = 0z/ dx;,i = 1,2,3.

Show that the equations xp = yq and z(xp + yq) = 2xy are compatible and solve them.

Show that the equations xp — yq = x and x?p + q = xz are compatible and find their solution.
Show that the equation z = px + qy is compatible with any equation f(x, y, z, p, ) = 0 which s
homogeneousinx,y, z.

Find a complete integral of z%(p?z2 + q%) = 1

Find the complete integrals of following equations: q = (z + px)?

Find a complete integral of 16p2z2 + 9¢%z? + 4z%> — 4 = 0.

Find the complete integral of the partial differential equation (p? + g?)x = pz and deduce the
solution which passes through the curve x = 0,22 = 4y.

Find a complete integral p? + g% — 2px — 2qy + 1 = 0.

Find a complete integral of p? + ¢ — 2px — 2qy + 2xy = 0.

Find a complete integral of p%x + g%y = z.

Find complete integral of the equation g = {(1 + p?)/(1 + y»)}x + yp(z — px)2.

Solvez = (1/2) x @* +q¢*) + (p —x)(q — ¥)

Solve by Charpit's p2x(x — 1) + 2pgxy + q*>y(y — 1) — 2pxz — 2qyz + z* = 0.

Find the complete integral of the following partial differential equations

px5 —4q%x% + 6x%*z—2 = 0.

Find the complete integral of z?p2y + 6zpxy + 2zqx? + 4x%y = 0.

Find the complete integral of (1 — x2)yp? + x%q = 0.

Find the complete integral of (y — x)(qy — px) = (p — q)?.

Find the complete integral of (x + y)(p + ¢)* + (x —y)(p — ¢)* = 1.

Find the complete integral of p3sec® x + z2g?cosec* y = z°

Solve (D? —3DD’' + 2D'?)z = e?*™Y + e**¥ + cos (x + 2y).

Solve (D? + 3DD' + 2D'?)z = x + y, by expanding the particular integral in ascending powers of
D as well as in ascending powers of D'.

Solve (D3 —7DD'?> — 6D"3)z = x? + xy? + y3 + cos (x — y)

Solve d3u/ dx3 + d3u/ dy3 + d3u/ 9z — 3(03u/ dx 0y dz) = x> + y3 + z3 — 3xyz.

Solve (a)(D? — DD’ — 2D'*)z = (y — 1)e*.

Solve (D? — 4D'?)z = (4x/y?) — (y/x?)
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Solve (D? — DD’ — 2D'?)z = (2x* + xy — y?)sin xy — cos xy.

Solve (D? + 2DD' + D'?*)z = 2cos y — xsin y.

Solver — t = tan® xtan y — tan xtan® yor (D? — D'?)z = tan® xtan y — tan xtan3 y

Solve (D? + DD’ — 6D'?)z = x?sin (x + ).

Find a surface passing through thetwolinesz = x = 0,z — 1 = x — y = 0 satisfyingr — 4s + 4t =
0. (UPSC2023)

Find the surface satisfying the equationr + t — 2s = 0 and the conditions that bz = y? when x =
0and az = x? wheny = 0.

Find a surface satisfyingr — 2s + t = 6 and touching the hyperbolic paraboloid z = xy along its
section by the plane y = x.

A surface is drawn satisfying r + t = 0 and touching x? + z2 = 1 along its section by y = 0.

Obtain its equation in the form x2(x? + z2 — 1) = y?(x? + z2).

Solve (D — D' —1)(D — D' — 2)z = sin (2x + 3y).

Solve D(D + D' —1)(D + 3D' — 2)z = x? — 4xy + 2y2.

Solver —=3s+2t—p+2q=2+4x)e™

Solve (D2 = DD'+ D' — 1)z =1+ xy + e¥ + cos (x + 2y)

Find a surface satisfyingr + s = 0, i.e., (D? + DD")z = 0 and touching the elliptic paraboloid z =
4x? + y? along its section by the plane y = 2x + 1.

Find the general solution of x2(9%z/ dx?) + 2xy(9%z/ dx dy) + y%(8%z/ dy?) + nz = n{x(0z/ 9x)
+y(9z/ dy)} + x? + y? + x5.

Solve x2(0%z/ 0x?) + 2xy(9%z/ dx dy) + y?(8%z/ 9y?) = (x% + y?)™/2,

Solve (x?D? — xyDD' — 2y?D'? + xD — 2yD")z = log (y/x) — (1/2).

(x2D? — 2xyDD’ — 3y2D'? + xD — 3yD")z = x*ycos (log x?)

1 9%z 10z 1 0%z 1 0z

Surface Problems

Find a surface satisfying equation 2x2r — 5xys + 2yt + 2(px + qy) = 0 and touching the
hyperbolic paraboloid z = x? — y? along its section by the plane y = 1.

Find the surface satisfying t = 6x2y containingtwolinesy =0 =zandy =2 = z
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Find the surface passing through the parabolas z = 0, y? = 4axand z = 1,y? = —4ax and
satisfying the equation xr + 2p = 0.

Show that a surface satisfying r = 6x + 2 and touching z = x3 + y? along its section by the plane
x+y+1=0isz=x3+y3+ (x+y+1)=2

Show that a surface passing through the circle z = 0, x% + y? = 1 and satisfying the differential
equations = 8xyisz = (x? + y?)? — 1.

Show that a surface of revolution satisfying the differential equation r = 12x? + 4y? and

touchingthe planez = 0isz = (x% + y?)2.
Canonical

Reduce 0%z/ dx? = x%(0°%z/ dy?) to canonical form.

Reduce x?(9%z/ 0x?) — y?(0%z/ dy?) = 0 to canonical form and hence solve it.

Reduce the equation 92z/ dx? + 2(0%z/ dx dy) + 0%z/ dy? = 0 to canonical form and solve it.
Reduce the equation y2(9?%z/ 0x?) — 2xy(d°z/ dx dy) + x%(0%z/ 0x?) = (y?/x)(0z/ 9x) +
(x2/y)(9/ dy) to canonical form and hence solve it.

Reduce the equation xr — 2xys + y%t — xp + 3yq = 8y/x to canonical form.

Reduce to canonical forms: 0%z/ dx? + x2(9%z/ dy?) = 0or r + x*t = 0

Reduce y?2(9%z/ dx?) + x?(0%z/ 0y?) = 0 to canonical form

Reduce x(9%z/ 0x?) + 9%z/ dy? = x>

0%z

Reduce oz +2
0x2 dx 0y

9%z 0z az .
+5—+——2——3z = 0tocanonical form.
ay2 = 0x ay

String Eqns

A slightly stretched string with fixed ends x = 0 and x = lis initially in a position given by

y(x,0) = y,sin3 ? If it is released from rest from this position, find the displacement y at any

distance x from one end and at any time t.

The points of trisection of a tightly stretched string of length [ with fixed ends are pulled aside
through a distance d on opposite sides of the position of equilibrium and the string is released
from rest. Obtain the displacement of the string at any subsequent time and show that the

midpoint of the string always remains at rest.
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93) Astringis stretched between two fixed points at a distance 21 apart and the points of the string

% in0<x <1

are given initial velocities v = {, .
Y(ZI—x) inl <x<2l

x being the distance from an end point.

Find the displacement of the string.
Heat Egqns

94)  Auniformrod of length [ through which heat flows is insulated at its sides. The ends are kept at
zero temperature. If the initial temperature at the interior points of the bar is given by

ksin3 ”—lx 0 < x < [, find the temperature distribution in the bar at any time t¢.

95) If both the ends of a bar of length a are at temperature zero and the initial temperature is to be
prescribed function f (x) in the bar, then find the temperature at a subsequent time t.

96) Abar 100 cm long, with insulated sides, has its ends kept at 0°C and 100°C until steady state
conditions prevail. The two ends are the suddenly insulated and kept so. Find the temperature
distribution.

97) A homogeneous rod of conducting material of length a has its ends kept at zero temperature. The
temperature at the centre is T and falls uniformly to zero at the two ends. Find the temperature
function u(x, t).

98) Theends Aand B of arod [ cm long have their temperatures kept at 30°C and 80°C, until steady
state conditions prevail. The temperature of the end B is suddenly reduced to 60°C and that of A
increased to 40°C. Find the temperature distribution of the rod after time t.

99)  Obtain temperature distribution y(x, t) in a uniform bar of unit length whose one end is kept at
10°C and the other end is insulated. Further itis giventhat y(x,0) =1 —x,0 < x < 1.

100) Aninsulated rod of length [ has its ends A and B kept at a° calsius and b° celsius respectively until
steady state conditions prevail. The temperature at each end is suddenly reduced to zero degree
celsius and kept so. Find the resulting temperature at any point of the rod taking the end A as
origin.

101) If both the ends of a bar of length a are insulated and the initial temperature f(x) is prescribed,
then to find the temperature at a subsequent time t.

102) Solve k(0%u/0x?) = du/otfor0 < x < m,t > a,ifu,(0,t) = u,(m,t) = 0and u(x, 0) = sin x.
[I.LA.S. 2002]
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Laplace

The Dirichlet problem in a rectangle is defined as follows:

0%u . d%u

Laplace's equation: =T i 0,0 <x <a, 0 <y < bBoundary conditions:
u(0,y)=0, u(a,y)=0, 0<y<bh
u(x,b) =0, 0<x<a

ux,0)=f(x), 0<x<a

Find the steady temperature distribution in a thin plate bounded by the linesx = 0,x = a,y =0
and y = oo assuming that heat cannot escape from either surface; the sides x = 0, x = a being
kept at temperature zero. The lower edge y = 0 is kept at f(x) and theedge y = oo at
temperature zero
Find the steady state temperature distribution in a rectangular plate of sides a and b insulated at
the lateral surface and satisfying the boundary conditions. u(0,y) = u(a,y) = 0for0 <y <b
andu(x,0) =0andu(x,b) = f(x)for0 <y <a.u,(x,b) = f(x), 0<x<a
The Neumann problem in a rectangle is defined as follows:

0%u

2
Laplace's equation:%: Pl 0, 0 <x <a, 0 <y < bBoundary conditions:

U (0,y) =u,(a,y) =0,0<y<b
u,(x,0)=0,0<x<a u(xb)=fx)0<x<a

Evaluate the steady temperature in a rectangular plate of length a and width b, the sides of which
are kept at temperature zero, the lower end is kept at temperature f(x) and the upper edge is
kept insulated.

Find the steady state temperature distribution in a rectangular plate bounded by the lines x =
0,x =a,y=0andy = biftheedgey = Oisinsulated, the edges x = 0 and x = a are keptat 0°C
and edge y = b is kept at temperature f(x).

A rectangular metal plate is bounded by the lines x = 0,x = a,y = 0and y = b. The three sides

x =0,x =aandy = b areinsulated and the side y = 0 is kept at temperature u,cos (rx/a). Find

the steady state temperature at any point of the plate.
Polar Equations

Solve the differential equation (0%u/dr?) + (1/r) X (du/dr) + (1/r?) x (8%?u/08) = 0 subject to

the boundary conditions: (i) u is finite when r — 0 (ii) u = £C,,cos n6 whenr = a.
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A thin semi-circular plate of radius a has its boundary diameter kept at 0°C and its circumferene
at f(60). Find the temperature distribution in the steady state. A thin semi-circular
plate of radius a has its boundary diameter kept at 0°C and its circumference at 100°C. If u(r, 6) is
the steady state temperature, find u(a/4,m/2).

A semi-circular plate of radius a is kept at temperature u, along the bounding diameter and u,

along the circumference. Find the steady state temperature at any point of the plate.

Acircular sector isdetermined by 0 < r < a,0 < 0 < a. The temperature is kept 0°C along the
straight edges and at f () along the curved edge. Find the steady state temperature at any point
of the sector with its surface insulated.

Obtain steady temperature distribution in a semi-circular plate of radius a, insulated on both
faces, with its curved boundary kept at a constant temperature u, and its boundary diameter

kept at zero temperature.

u is a function of r and 0 satisfying the equation. 327’2‘ + (%) X (au) + (1) X (az—”) = 0 within the

ar r2 062
region of the plane bounded by r = a,r = b,0 = 0,0 = m/2. Its value along the boundary r = ais
0(m/2 — 6),and it value along the other boundary is zero. Prove that

20 (r/b)*™ 2 — (b/r)*™ 2 sin (4m — 2)6
w4 (a/b)™mE = (b/a)* ™2 (2m = 1)

Find solution of two-dimensional Laplace's equation r2(0%u/dr?) + r(0u/dr) + (0%u/96%) = 0
in polar co-ordinates. or Solve heat equation in steady state in two-dimensional polar co-
ordinates.

Consider a circular annulus of inner radius r; and outer radius r,. Let the surface of the annulus
be insulated. Find the steady state temperature at any point (r, 8) in the annulus, given that the
temperature distribution along the inner circle r = r; and the outer circle r = r, are maintained
asu(ry,8) = f1(6) and u(r,, ) = £,(0). Aplate in the form of a ring is bounded by the
circlesr = 2 and r = 4. Its surfaces are insulated and the temperature u(r, 6) along the boundary
areu(2,60) = 6¢cos 8 + 10sin 6 and u(4,60) = 15cos 8 + 17sin 6. Find the steady state
temperature u(r, 8) inthering.

Interior Dirichlet problem for a circle : Find the steady state temperature in a circular plate of
radius a whose circumference is kept at temperature f(0). The plate is insulated so that there is

no loss of heat from either surface.
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(a) Find the steady state temperature in a circular plate of radius a which has one half of its
circumference at 0°C and the other half at constant temperature u,C.

(b) A circular plate of radius a has half of its boundary kept at constant temperature u, and the
other half at constant temperature u,, where u, # u,. Find the steady state temperature of the

plate.

Cauchy Strips
Prove that for the equation z + px + gy — 1 — pgx?y? = 0 the characteristic strips are given by

x(t) =

B(A + De%)? where 4, B, C, D and E are arbitrary constants. Hence find values of these arbitrary

1
B+ce™t’

y(t) = ——,2(t) = E — (AC + BD)e t p(t) = A(B + Ce )%, q(t) =

A+De-t’

constants if the integral surface passes through theline z=0,x = y

Solve the first order quasi linear PDE by the method of characteristics: x Z—z +(u—x-y) z—; =

x+2yinx>0,—0o<y<owith u=1+yonx=1
Determine the characteristics of the equation z = p? — ¢? and find the integral surface which
passes though the parabola4z + x? = 0

Solve the following partial differential equation

zpt+yq=x
xo(s) = 5,¥0(s) = 1,20(s) = 2s
by the method of characteristics.
Find the characteristic strips of the equation xp + yq — pq = 0 and then find the equation of the

integral surface through the curve z = E y=0

Find characteristic of pg = z and surface passing throughx=1,z=vy.

Find the characteristics of the equation pg = z, and determine the integral surface which passes
through the parabolax = 0,y? = z.

Find the solution of z = (p? + q?)/2 + (p — x)(q — y) which passes through the x-axis.

Find the characteristics of the partial differential equation p? + g% = 2;p = %, q= Z—i and

determine the integral surface which passes through x = 0,z = y.
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Extra Questions

128) Reduce the following partial differential equation to a canonical form and hence solve it: yu,, +
(x + Y)uyy + xuy, =0

129) Athinannulus occupiestheregion.0 < a <r < b,0 < 0 < 2rn The faces are insulated, Along the
inner edge the temperature is maintained 0°, while along the outer edge the temperature is held
atT = Kcos gwhere K is a constant. Determine the temperature distribution in the annulus.

130) Find the partial differential equation of the family of all tangent planes to the ellipsoid x? +
4y? + 47z? = 4 which are not perpendicular to the xy plane.

131) Find the general solution of the partial differential equation:

(y3x —2xHp + Qy* — x3y)q = 9z(x3 — y3),wherep = Z—i, q= Z—;, and find its integral surface

that passes through the curve: x = t,y = t?,z = 1.
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