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la) LetV, =(2,-1,3,2),V, = (-1,1,1,-3) and V, = (1,1,9,-5) be three
vectors of the space R*. Does (3, —1,0, —1) € span {V;,V,, V;} ? Justify
your answer.
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1b) Find the rank and nullity of the linear transformation:
T:R3 > R3givenbyT(x,v,2) =(x+z,x+y+222x+y+3z)
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1c) Find the values of p and q for lim

x—0 x3

exists and equals 1
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1d) Examine the convergence of the integral fol
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1e) A variable plane which is at a constant distance 3p from the origin 0
cuts the axes inthe points A, B, C respectively. Show that the locus of
the centroid of the tetrahedron OABC is
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2a) If the matrix of a linear transformation T: R® — R relative to the basis

1 1 2
(1,0,0), (0,1,0), (0,0,1) is [—1 2 1]

0 1 3
then find the matrix of T relative to the basis {(1,1,1),(0,1,1),(0,0,1)}.
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2b) Evaluate the triple integral which gives the volume of the solid enclosed
between the two paraboloids Z = 5(x? + y?) and Z = 6 — 7x% — yZ.
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2c(i) Show that the equation 2x? + 3y? — 8x + 6y — 12z + 11 = 0 represents
an elliptic paraboloid. Also find its principal axis and principal planes.
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2c(ii) The plane E + % + f = 1 meets the coordinate axes in 4, B, C respectively.

Prove that the equation of the cone generated by the lines drawn from
the origin O to meet the circle ABC is
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1 0 0
3a) LetA= ll 0 1]
0 1 0
(i) Verify the Cayley-Hamilton theorem for the matrix A.
(i) Show that A" = A" % + A* — | for n > 3, where ] is the identity matrix

of order3. Hence, find A%°.

\-n 00

(A'?\]:\;O % k Ty = Q‘)\) ()\L—D:o

o | =X

Q:"..D(?\-) = ?\ ?\ -x+x1=0

Cosley Thm gwes P\z’ AT-A+1=0

{00 (N6 6]
lOO { O _ {00
AR no) lOl)= ?_ooi)
Q ‘0‘ HO (101 o010/ {1\
o\l

1o |

00
_ 100 _[100 +(\ool%>{%oo
A A= A\ = &,\_?(\J (\\00‘) (\00\2)) 00| 000
Sahsted. (ojley R armudon The~

Q\) Use- __\_r\duc-h
n=3 > A= AtA=l D A

- .
Lex fve fou n=k P\L=A 4 A= L

A A +A—\
5 AA+L=0

il fo) 38 L ns L
() A AR ) Puttern s A=
= A*+2(A-T 28-26, (52
= B e 3824129
= A° +1(A-I) 38- -""'-H- z o
- pP=1
= A PUA “1

N \‘D(A":
— _ 2.0 iO
=20 A7~ 121 2.8 O |



3b) Justify whether (0,0) is an extreme point for the function
flx,y) =2x* — 3x2y + y2,
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3c) Find the equation of the sphere through the circle

x2+y?+z2—4x—-6y+2z—16=0;3x+y+3z—4 =0 inthe
following two cases.

(i) the point (1,0, —3) lies on the sphere.
(ii) the given circle is a great circle of the sphere.
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4a) Find the rank of the matrix

1 2 -1 0

-1 3 0 -4
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1
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by reducing it to row-reduced echelon form.
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4b)
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The curve is symmetrical about the x-axis. 7

Soce. an pese
It does not pass through the origin.

Trace the curve y?(x?—1) = 2x — 1.

The curve meets the x-axis at the point A(1/2,0) and the y-axis at the
points B(0,1) and C(0,—1).

The asymptotes parallel to the y-axis are x* — 1 = 0 or x = +1 and that
parallel to the x-axisis y = 0 (i.e., x-axis).

It may be seen that y? < 0 in the region 1 < x < 1 [take, for example, x =
3iny? = (2x — 1/(x2 — 1)].

Thus the curve does not lie in the region 1 < x < 1.
Hence the graph of the curve is as shown in.
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4c) Prove that the locus of a line which meets the lines
y=mx,z=c;y=—-mx,z=—candthe circlex*+y?=a%*z=0is
c?m?(cy — mzx)? + c?(yz — cmx)? = a®>m?(z? — ¢?)?
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5a) Obtain the solution of the initial-value problem % — 2xy = 2, y(0) = 1in the form

y = e [1+rerf ()]
1.

£ .Q
v (€)= = ( e du
ext (8): = ]

Such LHHachans ore men”f\one:ﬂ

evt, s\n(®) '-'—Jt Sind du st
[s) (S
Dwac , ex EOr\e\i»oJ

o _ |
—a'—;' - 2-'1-5 2 L le) de* j_z_)kdt

P=-2% Ci=d
Soln j(IF):JQ(IF)+C

L

- ~-A
-7 :J w A a1 +C

TF= €& = & 5

= \

=20 :j-_:\ ) [-,A\::O-{-C. B =
p A __f,c-d‘“-1

:j*:- e_ﬁ‘k Ll‘\' J?-e-



5b) Giventhat L{f(t);p} = F(p).
© f(t) 2 .
Show that [ ——dt = J, F(x)dx.Hence evaluate the integral
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t

By Diuision, +Hheouen
Lﬁt’;{_)}:
TF L{+6)} = F(e) ther LA

©
(o)
Z
.
2
~+
“—~
B
n
')
P
?).

-ot
P—90+ e —> |

: o
Toke Ui 0N ot sndles j P v\)d‘i

5 Qdt - ®e()dx _Poed
=

"""" 3E
/"E'/Lg‘(' 9} = [:-(e _,L. —]F(P)

£ K‘E) e_ -€ p +1
*40) g - | © F(Odp - FAY
[;f Td 5{ o /1 )dk— ﬁoﬂf@')
=/ +1 ,u-s log(*“'—”

o)

=




5¢) Acylinder of radius ' a ' touches a vertical wall along a generating line.
Axis of the cylinder is fixed horizontally. A uniform flat beam of length ' [’
and weight' W 'rests with its extremities in contact with the wall and

the cylinder, making an angle of 45° with the vertical. If frictional forces
are neglected, then show that
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Also, find the reactions of the cylinder and wall.
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5d) A particle is moving under Simple Harmonic Motion of period T about a
centre 0. It passes through the point P with velocity v along the
direction OP and OP = p. Find the time that elapses before the particle
returns to the  point P. What will be the value of p when the elapsed
timeis g 2
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5e) If

= sin i + cos 6] + Ok
= cos 01— sin 6] — 3k
=20+ 3j— 3k

oy Sl Qy

then find the values of the derivative of the vector function a x (5 X €)
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n=-5

1: (@:K"z): ("‘lozo) (2"5%) -6 (
= [ 2V -2+6 , 6+ , +18-2)
- X
= (24 15, =)
—[:-(9:: ﬂ): (OI IIO)(‘S-SN) + (""101-3) ('5> - (2-/ 5:"‘3)(2})

c+6,-5-3%49 ,15-9)

= (H/ 6"'57"’6> ‘CP;?C:&-E&: i \

0;"‘1"3) - (215!-3)('3)

W




6a) Solve the differential equation :

d’y dzy dy
dx3_3dx 4;1;—2}/—6 + cos x.

(D%' 2D “raD- 2) y=e Yt osx
Q}-D(D 1042 =0 D D=/ 17
cE=ce +e (CLCGD’C“EC_?,S‘”’Q

o™ el
+2) ~ D=
P11 @—D (,D ‘LD.\-?Q @_) (l -2 )x|
| l= *&
= = @*—D-J D
pX \ o5 o'
T A—mm T gy sy o3
- -D3,3Dm+49‘29 Dq’fao p=-D
@ ap» 3
._D—\-?)‘\"\'D'z'
L @ = %5591_
e 3
A
- D) &* D2~
_ (\'3@6%)‘_
~ 70
C@‘)L.‘J('_?DS‘\(\L
- /



6b) When a particle is projected from a point 0, on the sea level with a
velocity v and angle of projection 6 with the horizon in a vertical
plane, its horizontal range is R,. If it is further projected from a point
0,, which is vertically above 0, at a height h in the same vertical

plane, with the same velocity v and same angle 6 with the
horizon, its horizontal range is R,. Prove that R, > R, and

W 1 2gh \ _ 11.
(R, — R): R, is equal to Z{J(l e 1}.1

(SuccessClap FULL LENGTH TEST 01 2023 Qn 5C)

Let 0" be a point of the sea level. Let R, be its range when gun is fired
from it. Then 0A = R, = (2u®sin acos a)/g

Let O be a point at a height h above the sea level. Let R, be range (= 0B) on
the sea level when the shot is fired from 0. Referred to the horizontal and
upward vertical lines OX and OY as coordinate axes, the equation of the path
of this shotis y = xtan a — (gx?)/2u?cos? «

Since B(R,, —h) lies on (2), we have
—h = R,tan @ — (gR%)/2u’cos? «
gR3 — (2u?sin acos a) - R, — 2u®hcos® a = 0
s Ry = {2u®sin acos a + (4u*sin? acos? a + 8u?ghcos? a)t?}/2g

= {2u?sin acos a + 2u?sin acos a(1 + 2gh/usin a)1/2}/29
= {Rig + Ryg(1 + 2gh/u’sin? a)/?}/2g,) [Since R, is + ve, we reject -ve sign]

Thus, R, = (R/2){1 + (1 + 2gh/u’sin? a)'/?}
On subtracting R, from both sides, we get
“ Ry — Ry = (R/2){1 + (1 + 2gh/u®sin? a)'/?} — R,
Hence the fraction by which R, increases is
(Ry = R)/Ry = (1/2){(1 + 2gh/u®sin? a)'/? — 1},

.




6¢c) Evaluate the integral [[ . (3y?z2i + 4z%x?] + z%y*k) - AdS, where S is the
upper part of the surface 4x? + 4y* + 4z = 1 above the plane z = 0 and

bounded by the xy- pIane Hence, verify Gauss-Divergence theorem.
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7a(i) Find the solution of differential equation d—y B 2x32’ L
3x y<+8etY

Re. ocrage G’-H}“Dd""'@ + Be )53 =0
M drn + Ndj=

A N = ? N
=Y Biey 2L e

‘J Q_xj’s-l'@dk“‘ j xd—bae)

Y= st

e ftj’b-t 20 + 2270 + C



SuccessClap Queshon Bonk : ODE ~CavvautQn 7,33

7a(ii) Reduce the equation x*p* + y(2x + y)p + y* = 0 to Clairaut's form by the
substitution y = u and xy = v. Hence solve the equation and show that
y + 4x = 0 is a singular solution of the differential equation

y= W ‘)L:j::'\l
d’j =du Av = ’ld)"t'jd“'

_dv
au . adyrudt _yeydt ppaxid FEL
as T Yy =3 P pegt

4Py g £ P %~ 2P =0
q_,L +'2.?’~F"‘ 2'?‘ + d _“'_J__M_" “ -

L—— B
*ry = \

Piﬂ --’Lj"E'P::O =a gl -

v 2 Fovn —2 W CUtC
v=uP+P — Clonod "Lj=jf-+€_2"

1.
AN ')Lj-Fgc-l-C-L xy=yctc

C— D\SC-YEM ‘:j - L.
Q)...q.ac. Y 4 4 ny=0
Y (y+4n)=0



7b) A solid hemisphere is supported by a string fixed to a point on its rim and
to a point on a smooth vertical wall with which the curved surface is in
contact. If 6 is the angle of inclination of the string with vertical and

¢is the angle of inclination of the plane base of the hemisphere to the
vertical, then find the value of (tan ¢ — tan 6).

(SuccessClap FULL LENGTH TEST 03 2023 Qn 6B)

Sol. AC is the string of length [ (say). O is the centre of the base of the
hemisphere of radius r (say), 0D is the axis of the hemisphere on which its

centre of gravity G lies, such that 0G = %‘r. The weight W of the hemisphere

acts at . The distances are measured downwards from the fixed
displacement such that 6 changes into 8 + §6 and ¢ changes into ¢ + ¢
whereas the length of the string remains unaltered ( - its tension will not do
any work) then the equation of virtual work is
W& ( depth of G below €) =0

ie. W&S(CL+ KG) =0

or S(CL+KG)=0 ~W=+#0
Now CM = CAcos 6 = Icos 8; ML = AN = OAcos ¢ = rcos ¢
~ CL=CM+ ML = lcos 8 + rcos ¢ and KG = OGsin ¢ = %‘rsin ¢

3
) (lcos 8 + rcos ¢ + grsin qb) =1
3
—lIsin 886 — rsin ¢pdPp + grcos p6p =0

3 .
[sin 868 = (§ cos ¢ — sin qb) ro¢
Also 0L = radius of the hemisphere = r |
Again OL = ON + NL = ON + AM = rsin ¢ + l;m 6
Differentiating, 0 = rcos ¢p8¢ + lcos 660, 1, being constant.
lcos 6860 = —rcos PS¢

Dividing we get tan § = —=+tan ¢ ANS:3/8



7¢) If the tangent to a curve makes a constant angle 6 with a fixed line, then
prove that the ratio of radius of torsion to radius of curvature is
proportional to tan 6. Further prove that if this ratio is constant, then the

tangent makes a constant angle with a fixed direction.
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8a) Solve the following initial value problem by using Laplace transform

technique:
d*y  dy
—5 = 4=+ 3y()) = f©)
y(0) = 1,y'(0) = 0 and f(¢t) is a given function of ¢.
: ODE
oce.ssdoP . Queshon enk. La?\ac_e
SV Y A 2
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8b) A particle is projected from an apse at a distance /c from the centre of

; : 2A . . . .
force with a velocity ?c3 and is moving with central acceleration

A(r> — ¢*r). Find the path of motion of this particle. Will that be the curve
¥+ y* =¢27

(SuccessClap FULL LENGTH TEST 03 2023 Qn 7B)
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8c) For a scalar point function ¢ and vector point function f, prove the
identity V-(pf) =V - f+ (V- f)
Also find the value of V - (f( L7 ) and then verify stated identity.

. a 0 o]
div (¢pA) = (cpA = (|—+ j—+k ) (pA)
ox ) 0z

- a =
—E{i-i(djl\)] = E{' . (%A+ E }
B dx - ox ¢dx)
ox dk

()4 oo 3]
=X\\—]-Ar+X{@|i-— |} [Notea-(mb)= (ma)-b=m(a-b)]
ax ox

Il

R (Y
= I—it-A+@Z|i-— ] =(VP)-A+¢(V -A).
ox ox

div {f(:)r} =div {z(rﬂ(xi + Vj+ zk)}

{f(r) } 0 {f(r) } 0 {f(r) }
+— Vi +— z
dx r av( T az( T

Now _{L(r_)x} = 'f‘-(L)+ {f(r)] or
ax!l r r dr{ r )ox

:f("’+x{f'(r) i }-r f0) ¥

xS fo= =D e - S,

£, } P L ror-Lro

d 2
—{fm} M Zro Lo
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r

Similarly — [
oy

Putting these values in (1), we get

it {f (r)r}

r

} =S+ S0 - Lf(r)

=20+ F() = = [erf0)+ r2f 0] = = Iref ).
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