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System of Co-ordinates

INTRODUCTION

In a plane the position of a point is determined by an ordered pair (x,y) of real numbers,
obtained with reference to two straight lines in the plane generally at right angles. The position of
a point in space is, however, determined by an ordered triad (x, y,z) of real numbers. We now
proceed to explain as to how this is done.

1.1 CO-ORDINATES OF A POINT IN SPACE

Let X'OX,Z'0OZ be two perpendicular straight
lines determining the XOZ-plane. Through O, their A A
point of intersection, called the origin, draw the line c

Y’OY perpendicular to the XOZ-plane so that we
have three mutually perpendicular straight lines

X'0Xx,Y'0Y,2'0Z P
known as Rectangular Co-ordinate Axes*. The
positive directions of the axes are indicated by arrow
heads. these three axes, taken in pairs, determine the X' 0 A
three planes,

XO0Y,YOZ and ZOX B v N

or briefly the XY, YZ, ZX planes mutually at right Y z' Fig. 1
angles, known as Rectangular Co-ordinate Planes.

Through any point, P, in space, draw three planes parallel to the three co-ordinate planes (being
also perpendicular to the corresponding axes) to meet the axes in A, B, C.

Let OA=x, OB=y and OC=z.

These three numbers x, y, z taken in this order determined by the point P, are called the co-
ordinates of the point P.

We refer to the ordered triad (x, y, z) formed of the co-ordinates of the point P as the point P
itself.

Any one of these x, y, z will be positive or negative according as it is measured from O, along
the corresponding axis, in the positive or the negative direction.

Conversely, given an ordered triad (x, y,z) of numbers, we can find the point whose co-
ordinates are x, y, z. To do this, we proceed as follows :

(i) Measure OA, OB, OC along OX, OY,OZ equal to x, y, z respectively.
(i) Through the points A, B, C draw planes paralell to the co-ordinate planes YZ, ZX, XY re-
spectively.
The point of intersection of these three planes is the required point P.

*  The plane XOZ containing the lines X'OX and Z’0OZ may be imagined as the plane of the
paper; the line OY as pointing towards the reader and QY behind the paper.
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Note. The three co-ordinate planes divide the whole space in eight compartments which are
known as eight octants and since each of the co-ordinates of a point may be positive or negative,
there are 23 (=8) points whose co-ordinates have the same numerical values and which lie in the
eight octants, one in each.

1.1.1 Further Explanation about Co-ordinates

In § 1.1 above, we have learnt that in order to obtain the co-ordinates of a point P, we have to
draw three planes through P respectively parallel to the three co-ordinate planes. The three planes
through P and the three co-ordinate planes determined a parallelopiped whose consideration
leads to three other useful constructions for determining the co-ordinates of P.

The parallelopiped, in questions, has six rectangular faces consisting of three pairs of parallel
planes, viz.,

PMAN, LCOB; PNBL, MAOC, PLCM, NBOA (See fig. 1)
(i) We have
x=0A=CM = LP = perpendicular from P on the YZ-plane;

y=O0B= AN = MP = perpendicular from P on the ZX-plane;

72=0C = AM = NP = perpendicular from P on the XY-plane.

Thus, the co-ordinates x, y, z of a point P, are the perpendicular distances of P from the three
rectangular co-ordinate planes YZ, ZX and XY respectively.
(ii) As the line PA lies in the plane PMAN which is perpendicular to the line OA*, we have

PA 1 OA.

Similarly PBLOB and PCLOC
Thus, the co-ordinates x, y, z of a point P are also the distances from the origin O of the feet
A, B, C of the perpendiculars from the point P to the co-ordinate axes X'X,Y'Y and Z'Z

respectively.
Ex. What are the perpendicular distances of a point

(x,y,z) from the co-ordinate axes ?

A
P
[Ans. \/y2 +zz,\/12 +xz,\/x2 +y% ]
(iii) We have (Fig. 1)
NP =AM =0C =z
OA = x.
Thus, (Fig. 2) if we draw the line PN perpendicular to
the XY-plane meeting it at N and the line NA parallel to the N
line, OY meeting OX at A, we have
OA=x, AN =y, NP=7z. Fig. 2

EXAMPLE

In which octant the following points lie

i) (=1,-2,-3), (i) (a,b,—c), (i) (a,b,c), (iv) (-a,=b,c)?

Sol. (i) Since all the three co-ordinates are negative hence, (—=1,—2,—3) lies in octant
OX'’'Y'Z’ (Fig. 1).

(ii) Similarly (a, b, —c¢) is a point in the octant OXYZ’.

(iii) It is a point in the octant OXYZ.

(iv) It is a point in the octant OX Y'Z.

*

A line perpendicular to a plane is perpendicular to every line is the plane.
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EXERCISES
1. In Fig. 1 write down the co-ordinates of the point A, B,C; L, M, N when the co-ordinates of

Pare (x,y,2).
2. Show that for every point (x, y, z) on the ZX-plane, y =0.
3. Show that for every point (x, y, z) on the Y-axis, x=0,z=0.
4. What is the locus of a point (x, y, z) for which

i) x=0, (i) y=0, (iii) z =0,
(iv) x=a, (v) y=b, (vi) z=c.
5. What is the locus of a point (x, y, z) for which
(1) y=0,z=0, (i) z=0,x=0, (iii)) x=0,y=0
(iv) y=b,z=c, (V) z=c,x=a, (vi) x=a,y=h.

6. Pisany point (x,y,z), and o,f,y are the angles which OP makes with X-axis, Y-axis and
Z-axis respectively, show that
cosaa=x/r,cosB=y/r,cosy=z/r,

where r = OP.
7. Find the length of the edges of the rectangular parallopiped formed by planes drawn through
the points (1, 2, 3) and (4, 7, 6) parallel to the co-ordinate planes. [Ans. 3,5, 3]

1.2 DISTANCE BETWEEN TWO POINTS

To find the distance between two given points P (xy, y1,21) and Q (xy, y2,23)-
Through the points P, Q draw planes parallel to the co-ordinate planes to form a rectangular
parallelopiped whose one diagonal is PQ.

Fig. 3

Then
APCM, NBLQ; LCPB, OMAN; BPAN, LCMQ
are the three pairs of parallel faces of this parallelopiped.

Now, PA is the distance between the planes drawn through the points P and Q parallel to the
YZ-plane and is, therefore, equal to the difference between their x-co-ordinates.

. PA = Xy — XL
Similarly AN =y, -y, (1)
and NO =2, — 7.

The line AQ lies in the plane OMAN 1 PA
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= AQ L PA

= PQ? = PA% + AQ? (i)
Z ANQ is art. angle

= AQ? = AN? + NQ? ..(Gii)

From (i), (ii) and (iii), we obtain
PQ? = PA? + AQ? = PA® + AN? + NQ?
=(xy = x>+ -y + (- 2)?
Thus, the distance between the points (xy, y1,21) and (xy, y2,22) Is
\/(xz —xp? (- v+ (- 2)?

Cor. Distance from the origin. When P coincides with the origin O, we have x; =y; =7z, =0
so that we obtain,

00% =13 +y3 +43

Note. The reader should notice the similarity of the formula obtained above for the distance
between two points with the corresponding formula in plane co-ordinate geometry. Also refer 1.3.

EXERCISES
1. Find the distance between the points (4, 3, — 6) and (- 2, 1, — 3). [Ans. 7]
2. Show that the point (0, 7, 10), (=1, 6, 6), (—4, 9, 6) form an isosceles right-angled triangle.
3. Show that the three points (-2, 3,5), (1, 2, 3), (7,0, —1) are collinear.
4. Show that the pints (3, 2, 2), (-1,1,3), (0,5, 6),(2,1,6) lie on a sphere whose centre is
(1, 3,4). Find also the radius of the sphere. [Ans. 3]
5. Find the co-ordinates of the point equidistant from the four points (a, 0, 0), (0, b, 0), (0, 0, ¢)
1 1 1
and (0, 0, 0). [Ans. 5 a, 5 b, 5 c}
1.3 DIVISION OF THE JOIN OF TWO POINTS
To find the co-ordinates of the point dividing the 74

segment joining the points

P(Xl, UE Zl) and Q(xz» Yo 12)

in the ratio m : n. Q
Let R(x, y, z) be the piont dividing the segment H R K
PQ in the ratio m: n. P
Draw PL,QOM, RN perpendicular to the XY- 0 > X
plane.
The line PL, OM, RN clearly lie in one plane so L \
that the points L, M, N lie in the straight line which is N
the intersection of this plane with the XY-plane. Fig. 4
The line throguh R parallel to the line LM shall lie in the same plane. Let it intersect PL and QM

at H and K respectively.
The triangles HPR and QRK are similar.

m_ PR _PH NR-LP 2 -7
= n RQ KQ MQ-NR z,-z
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mz, + nz;
= z=——.
m+n
Similarly, by drawing perpendiculars to the XY and YZ-planes, we obtain
my, +n mx, + nx
= M and x= 72
m+n m+n
The point R divides PQ internally or externally according as the ratio m:n is positive or

negative.
Thus, the co-ordinates of the point which divides the join of the points (x, ¥, %) and

(X5, Y55 2p) in the ratiom : n are

(mx2 +nx; my, +ny mz, + nzlj

m+n = m+n  m+n
Cor. 1. Co-ordinates of the middle point. In case R is the middle point of PO, we have
m:n::1:1
1 1 1
= x—EUq+@Ly—5(h+obxz—5@1+@)

Cor. 2. Co-ordinates of a point on the join of two points : Putting k for m/n, we see that the
co-ordinates of the point R which divides PQ in the ratio & :1 are
kxy +x; kyy, +y; kz, + 7
1+k ~ 1+k * 1+k

To every value of k #—1, ther corresponds a point R on the line PQ and to every point R on

the line PQ corresponds some value of &, viz., PR/ RQ.
Thus, we see that the point

[kx2+x1 ky2+y1 kzz+zl]

()

il il

1+k 1+k 1+ %

lies on the line PQ whatever value k #—1 may have and conversely any given point on the
line PQ is obtained by giving some suitable value to k other than — 1. This idea is sometimes

expressed by saying that (i) is the general co-ordiantes of a point on the line joining P (x;, y;, z;)
and Q (xz» Yo ZQ)'
The set of points of the line joining the points (x;, ¥}, z;) and (x,, 5, 2,) is

(kxz“ﬁ ky, + ¥ k12+zl].k¢_1

’ il

I+k 1+k 1+k

In other words, the line joining the points (x;, y;, z;) and (x,, ¥,, Z,) is the set

ko, +x kyy ty kg + g k1
I+k = 1+k = 1+k )

EXAMPLES

1. Find the ratio in which the Ine joining the points (2,4,5), (3,5,—4) is divided by the xy-
plane.

Sol. Co-ordinates of a point that divides the line joining the given point in the ratio k:1 is
3k+2 Sk+4 —4k+5
k+17 k+17 k+1
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For a point on xy-plane, z =0, i.e.,
-4k +5

k+1
Hence, the xy-plane divides the line in the ratio 5 : 4.

=0, or kzé.
4

5
Putting k = rE the co-ordinates of the point are (293, %, 0).

2. Given that P (3,2,-4),0 (5,4,—6), R (9,8,—10) are collinear, find the ratio in which Q

divides PR.
Sol. Let Q divides PR in the ratio k :1. Now x co-ordinate of Q should be
ok +3 =5, or k=l.
k+1 2

Hence, the requied ratiois 1 : 2.

3. From any point (1,—2,3), lines are drawn to meet the sphere x? + y2? + z2 =4 and they
are divided in the ratio 2:3. Prove that the points of section lie on a sphere.

Sol. Let the line through (1, — 2, 3) meets the sphere in point (x;, y;, z;). Hence,

Xty =4 (D)
Let the point (o, B, y) divide the line joining the points (1, — 2, 3) and (x;, y;, z;) in the ratio
2:3.
2.x+3.1 S500—3
o=——""— = X, =
Then 2+3 =
2.y, +3(-2
B= N ( ):y1:56+6
2+3 2
2.z, +3:3 5v—90
=71 e g Zl = Y
2+3 2

From (1), we have
(So.=3)? | (B+6)*  (5v-9?7 _

4
4 4 4
= 2502 + 2582 +25y% — 300 + 608 — 90y + 210 =0
= 502 + 582 +5y2 — 60t +12B — 18y +22=0

Hence, locus of (o, B, y) will be
6 12 18 22
2 -—x+—y-—z+—=0,

2.2
+y2 4+
Ty e TSt YT ST

which is a sphere.
EXERCISES
1. Find the co-ordinates of the points which divides the line joining the points (2, -4, 3),
(—4,5,—6) in the ratios.
(i) (1:—=4) and (ii) (2: 1). [Ans. (i) (4,-7,6); (i) (=2,2,-3)]

2. A(3,2,0),B(5,3,2),C (-9,6,—3) are three points forming a traingle, AD, the bisector of
the angle BAC, meets BC at D. Find the co-ordinates of the point D.
{ Ans 38 57 97}

T 16716716
3. Find the ratio in which the line joining the point
2,4,5),(3,5,—4)
is divided by the YZ-plane. [Ans.—2: 3]
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4. Find the ratio in which the XY-plane divides the join of
(—=3,4,-8) and (5,-6,4).
Also obtain the point of intersection of the line with the plane. [Ans. 2;(7/3,-8/3,0) ]
5. The three points A (0, 0, 0), B (2, -3, 3), C (- 2, 3, — 3) are collinear. Find the ratio in which
each point divides the segment joining the other two.
[Ans. AB/BC=-1/2,BC/CA=-2,CA/AB=1]
6. Show that the following triads of points are collinear :
) {25-4,1L4-3),47,-6) (i) {(5.4.2).(6,2,-1.8,-2,-7)
7. Find the ratios in which the join of the points (3, 2, 1), (1, 3, 2) is divided by the locus of the
equation 3x2 —72y% +128z%2 =3. [Ans. —2:1;1:-2]
8. A(4,8,12),B(2,4,6),C (3,5,4),and D (5,8, 5) are four points; show that the lines AB and
CD intersect.
9. Show that the point (I,—1,2), is common to the lines which join (6,—7,0) to
(16,-19,-4) and (0,3,-6) to (2,-5,10).
10. Show that the set of points on the plane determined by the three points
(x5 ¥ 7)s (X9, Y55 25) and (x5, 3, 23) s

Ix; + mx, +nxy ly, + my, + ny; lz; + mzy +nz, S mn 0
l+m+n ~ I+m+n  l+m+n ’

11. Show that the centroid of the triangle with vertices (%, y,,2,), 7 =1,2,3 is

(x1+x2+x3 y1+y2+y3 ZI+ZZ+Z3]

k) )

3 3 3
1.4 ANGLE BETWEEN TWO LINES

The meaning of the angle between two intersecting, i.e., coplanar lines, is already known to the
student. We now give the definition of the angle between two non-coplanar lines, also sometimes
called skew lines.

Def. The angle between two non-coplanar, i.e., non-intersecting lines is the angle between
two intersecting lines drawn from any point parallel to each of the given lines.

Note 1. To justify the definition of angle between two non-coplanar lines, as given above, it is
necessary to show that this angle is independent of the position of the point through which the
parallel lines are drawn, but here we simply assume this result.

Note 2. The angle between a given line and the co-ordinate axes are the angles which the line
drawn through the origin parallel to the given lines makes with the axes.

1.5 DIRECTION COSINES OF A LINE

Let o, 3,y be the angles which any line makes with the positive directions of the co-ordinates

axes. Then cos o, cos P, cos y are called the direction cosines of the given line and are generally
denoted by [, m, n respectively.

Ex. What are the direction cosines of the axes of co-ordinates ?

[Ans. 1,0,0;0,1,0;0,0, 1]
1.5.1 A Useful Relation

If O the origin of co-ordinates and (x, y, z) the co-ordinates of a point P, then

x=lr,y=mr,z=nr,
l, m, n being the direction cosines of the line OP and r, the length of the segment OP.
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Through the point P draw the line PL perpendicular to the X- z
axis so that OL = x.
From the right-angled triangle OPL, we have P

%=COSZL0P=>£=IZ>X=I}”.
oP r

Similarly, we have 90°
y=mr,Z=nr. »X
1.6 RELATION BETWEEN DIRECTION COSINES
If I, m, n are the direction cosines of a line, then Y Fig. 5

I?+m? +n? =1,

i.e., the sum of the squres of the direction cosines of every line is one.
Let OP be drawn through the origin parallel to the given lines so that [, m, n are the cosines of
the angles which the line OP makes with the co-ordinate axes OX, OY, OZ respectively (Refer fig. 5).

Let (x, y, z) be the co-ordinates of any point P on this line.
Let OP=r.
We have x=Ilr,y=mr,z=nr.
Squaring and adding, we obtain
X2+ y2+ 22 =% +m? +n?)r?

= r2=0P2=x2+yz+zz:(lz+m2+nz)r2

= 12 +m? +n®=1.
Cor. If a, b, ¢ be three numbers proportional to the direction cosines /, m, n of a line, we have

\I12+m2+n2
a b ¢ a? + b2 + 2 a’ +b% +¢2

a b c
= == m=x= ,n==

\/az +5% +¢2 a +b2 +¢2 \Iaz +b2 +¢2

where the same sign, positive or negative, is to be chosen throughout.

Direction Ratios : From above, we see that a set of three numbers which are proportional to
the direction cosines of a line are sufficient to specify the direction of a line. Such numbers are
called the direction ratios or direction numbers of the line. Thus, if a, b, ¢ be the direction ratios of
a line, its direction cosines are

PR S
\/ T a? \/ za? \/ S a?
Note. It is easy to see that if a line OP through the
origin O makes angles o, 3, Y with OX, OY, OZ then the
line 9P’ obtained by producing OP backwards through /P
O will make angles T— 0, w—f, T—Y with the axes i
0X, 0Y, OZ. Thus, if

cosa=1l,cosPp=m,cosy=n \* > X
are the direction cosines of OP, then /n o

cos(m—o)y=—1,cos (M—P)=—m,cos (M—y)=—n

are the direction cosines of OP’ i.e., of the line op Y

produced backwards. “p Fig. 6
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Thus, if we ignore the two senses of a line, we can think of the direction cosines [, m, n or
— 1, —m, —n, determining the direction of one and the same line. This explains the ambiguity in the

sign obtained above. L o ) o
Note. The student should always make a distinction between direction cosines and direction

ratios. It is only when [, m, n are direction cosines, that we have the relation
2+m?+n?=1.
EXAMPLES
1. If o, B,y be the angles which a line makes with the positive direction of the axes, prove
that
sin? o+ sin? B +sin? y = 2.
Sol. We have
[=cosa,m=cosfP,n=cosy

cos? oL+ cos2 B+ cos?y =1

= 1-sina+1-sin?B+1-sin?y=1
= sin? oL + sin? B + sin? y = 2.
2. The direction cosines I, m, n, of two lines are connected by the relations
l+m+n=0 (D)
2lm+2In—mn=0 (i)
Find them.

Sol. We shall solve the two given equations one of which is of the first degree and the other of

second degree in [, m, n.
Eliminating n between (i) and (ii), we get

202 — Im—m? =0

2
2(ij =L =0 i)

=
m m
This equation gives two values of [/, implying that there are two lines. Let [, my, n;

Ly, m,, n, be the direction cosines of these lines.
The two roots of the quadratic equation (iii) in [/ are 1 and —1/2.

L n n
Also L+m+n=0=—+1+—=0=>—=-2
m m m
l n n
L, +m, +n, T B B B SN T
my my my 2
Thus, we have
homo_mo 1, L2
L1 -2 Jo M Jelt Vet Ve
l m n 1 1 2 1
2 2 2
=== == :7=>l zi’m :—7’}1 = —_—
I -2 1 Jo "7 62 Yoo Ve
EXERCISES
1. 6,2, 3 are direction ratios of a line. What are the direction cosines ? [Ans. 6/7,2/7,3/7]
2. What are the direction cosines of lines equally inclined to the axes ? How many such lines
are there ? [Ans. (1/\/5,1/\/5,1/\/5);4]

3. The co-ordinates of a point P are (3, 12, 4). Find the direction cosines of the line OP.
[Ans. 3/13, 12/13,4/13]
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4. The direction cosines of two lines are determined by the relations
i) —5m+3n=0,712 +5m? = 3n% =0;
) [ +m—-n=0,mn+6ln-12Im=0.

sy 23 112
. 14’ 14’@’ \/E’JE’\/E’
1 3 4 1 2 3

1.7 PROJECTION ON A STRAIGHT LINE

1.7.1 Projection of a Point on a Line

The foot of the perpendicular from a given point on a
given straight line is called the orthogonal projection (or
simply projection) of the point on the line. This projection is
the same point where the plane through the given point and
perpendicular to the given line meets the line.
Thus, in Fig. 1, page 1, the point A is the projection of the B P C
point P on X-axis; also the points B and C are the projections
of the point P on Y-axis and Z-axis respectively. Fig. 7

1.7.2 Projection of a Segment on Another Line

The projection of a segment AB on a line CD is the segment 4’p’ where A’, B’ are the
projections of points A, B respectively on the line CD.

Clearly the projection A’B’ of the segment AB is the intercept made on CD by planes
perpendicular to the line CD through the points A and B.

Ex. The co-ordinates of a point P are (x, y, z). What are the projections of the segment OP on
the co-ordinate axes ?

Theorem. The projection of a segment AB on a line CD is AB cos 0, where @ is the angle

between the lines AB and CD.
Let the planes through the points A and B perpendicular to the line CD meet the line CD in

A’, B” respectively so that A’B’ is the projection of AB. Through the point A draw a line AP ||CD
to meet the plane through the point B at P.

Now AP||CD

= ZPAB=6.

Also BP lies in the plane which is perpendicular to AP

B
A| / P
c A' B'
Fig. 8
= Z APB =90°.
Hence, AP = ABcos 0

Clearly A’B’pA is arectangle implying that
AP =A'B’
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Hence, A’B’ = AB cos 0.
Cor. Direction cosines of the join of two points.
To find the direction cosines of the line joining the two points
P(x;, y;» 7)) and Q(x,, ¥y, 2)-
Let the points L, M be the feet of the perpendicular drawn from the points P, Q to the X-axis
respectively so that we have
OL = X OM = Xy
Projection of the segment PQ on X-axis = LM
=0M - OL = x, — x,.
Also if I, m, n be the direction cosines of the line PQ, the projection of PQ on X-axis =1- PQ.
1-PQ=x, - x.
Similarly projecting PQ on Y-axis and Z-axis, we get
m-PQ =y, -y,
n-PO=2z,-7z.
From these we obtain the relations*,
TR _ TN _H~

4
= PQ.
. . . . m . . . n .
Thus, the direction cosines of the line joining the two points
(xl’ Yi» Zl) and (x2» Yo Zz)

are proportional to
Xo =X Yy T Yy T

EXAMPLE
The projection of a line on the line on the axes are 2, 3, 6. What is the length of the line ?

Sol. Let PQ be the length of the line and [I, m, n] be the direction cosines. Then,

projection on x-axes, PO-1=2,
proejction on y-axes, PO-m=3,
projection on z-axes, PQO-n=6.

Squaring and adding, we get
PO*(12+m? +n?) =22 +3%2 +62

= PO?>=49 = PQ=1.
EXERCISES
1. Find the direction cosines of the lines joining the points
@ (4,3,-5)and (- 2,1, - 8). [Ans. 6/7,2/7,3/7]
@) (7,-5,9) and (5, - 3, 8). [Ans. 2/3,-2/3, 1/3]

2. Show that the points (1, — 2, 3), (2, 3, — 4), (0, — 7,10) are collinear.
3. The projections of a line on the co-ordinate axes are 12, 4, 3. Find the length and the direc-
tion cosines of the line. [Ans. 13; (12/13, 4/13, 3/13)]

1.7.3 Projection of a Broken Line

If B, P, P,.... B, be a number of points in space, then the sum of the projections of the
segments

P1P2’P2P3""’ Pn—an

on any line is equal to the projection of the segment BF, on the same line.

Let Q17 Q27 Q3» ceeesy Ql’l

* The relations can be given in this form only if none of /, m, n is zero.
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be the projections of the points
B,P, P, ..., P

n
on the given line. Then,

0,0, = projection of B P,
0,05 = projection of P, P
and so on.

Also 0,0, = projection of FP,.

As 01, 0Q,, 05, ..., @, lie on the same line, we have for all relative positions of these points on
the line, the relation

00, + 0,0 +..+0,_10,=00,.
Hence, the result.
1.7.4 Projection of the Join of Two Points on a Line
To show that the projection of the segment joining the points
P (x, ¥, 7)) and Q(x,y, y,, 25)
on a line with direction cosines, I, m, n is
oy =x) I+ (y, = y)m+(zy —z)n

Through P, Q draw planes parallel to the co-ordinate planes to form a rectangular parallelopiped
whose one diagonal is PQ (See Fig. 3, page 3).

Now PA=xy—x,AN =y, =y, NO =2, — ;.
The lines PA, AN, NQ are respectively parallel to X-axis, Y-axis, Z-axis. Therefore, their
respective projections on the line with direction cosines [, m, n are

(xz - xl) L (y2 v yl) m, (Zz - Zl) n.
As the projection of the segment PQ on any line is equal to the sum of the projections of the
segments PO, AN, NQ on that line, the required projection is

(xy =x) I+ (y, —y)m+(z, —zy)n.
EXERCISES
1. A(6,3,2),B(51,4),C(3,-4,7),D(0,2,5) are four points. Find the projections of the

segment AB on the line CD and the segment CD on the line AB. [Ans. —13/7;—-13/3]
2. Show by projection that if P Q, R, § are the points

(6,-6,0),(=1,-7,6),(3,—4,4),(2,-9, 2) respectively, then PQ L RS.
1.8 ANGLE BETWEEN TWO LINES
To find the angle between lines whose direction cosines are (I, my, n;) and (I, m,, n,).
Let OF, OF, be lines through the origin parallel to the given line so that the cosines of the

angles which OF and OP, make with the axes are /;,m;,n; and l,,m,,n, respectively and the

angle between the given lines is the angle between OF and OP, . Let this angle be 6,
z

P

P2
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Let the co-ordinates of P, be (x5, ¥, 2,)-
The proejction of the segment OP, joining
0(0,0,0) and P, (x5, v, 2,)
on the line OF with direction cosines
L, m,n
is (X =0) | +(yy =0y my + (2, —0) ny =L x5 + myy, +m2z,.
Also this projection is OP, cos 6.
- OP, cos O =1xy +my, + nz,.
But Xy =1, -OPy, y, =my -OP,, 72, =n, -OP, (15.1)
OP, cos 8 = (||, + mym, + mn,) OP,
SN cosO0=11, + mym, +nn,.
Second Method. Suppose OF, = 1, OP, =r,.
Let the co-ordinates of the points B, P, be (X, y;, ;) and (X;, ¥,,2,) respectively, so that
X =nl vy =nmy, g =n6n .(152)
Xy =hlys ¥y =nmy, 25 =y
We have
BP} =(x) = x)% +(y, = )2 + (55 — 2)°
= (x% + y% + z%) +(x12 + yl2 S zlz) =2(x x5 + ¥y + 312,)
= ;’22 + r12 = 2ny1 (Lly + mymy + yn,) (1)
Also from the cosine rule in Trigonometry, we have
P1P22 = r12 + ;’22 —2nr, cos B (i)
Therefore, from (i) and (ii), we obtain
rl2 + r22 — 2131, cos 6 = P1P22 = rl2 + r22 =2nry, (L1, + mm, +nn,)
— cos 0 =11, + mm, +nn,.

Cor. 1. sin 8 and tan O The expressions for sin 6 and tan 6 in a convenient form are obtained
as follows :

sin? 0 =1~ cos? 0 =1- (I, + mm, +nn,)*
= (ll2 + ml2 + nlz) (122 + m% + n%) = (hly + mm, + nan)2
=(m, - lzm1)2 + (myn, — m2"1)2 +(nyl, - nzll)2

= sin6=i1/2 (ym, _12’”1)2

Also tan 6 = ==

Cor. 2. If the direction cosines of two lines be proportional to @, b, ¢; and a,,b,, ¢, , so that
their actual values are

a b c
+ 1 ,+ 1 L+ 1 :
2 2 2 2 2 2 2 2 2
\/al +b1 +¢f \/al +b1 + ¢ \/al +b1 + ¢
) b, )

T ,x ,x ,
2 2 2 2 2 2 2 2 2
\/a2+b2+c \/a2+b2+c \/a2+b2+c2

and if © be the angle between the given lines, we have
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aa, + b b +¢6y

cos == > >
\/al +b +c1 \/a2+b +02

Gt \/(albz - a2b1)2 +(bcy = b Cl)2 +(qa, — Cza1)2
in ==
\/alz +b2 +c1 \/aZ +b2 +c2

[ 2
tan 0 == Z(albz_azbl) .

2 a,a,

The expression for tan 0 is the same whether we use direction cosines or direction ratios.
Cor. 3. Conditions for perpendicular and parallelism.
(i) The given lines are perpendicular

= 0=90°
— cos0=0
— a,a, +bb, +cc, =0.

(i1) The given lines are parallel

= the lines through the origin drawn parallel to the lines coincide.
— the direction cosines of the lines are the same.
= the direction ratios of the lines are proportional.

EXAMPLES

1. I, m, n; 1y, my,ny are the direction cosines of two mutually perpendicular lines. Show
that the direction cosines of the line perpendicular to them both are

myny = mony, mly = moly, my = Lymy
Sol. If [, m,n be the direction cosines of the required line, we have
llI +mmy + nn = 0
Il + mmy + nny = 0

l m n =12 1
= = = = =

myny = mymy - mly =yl my = lymy \/2 (myn, —myn)> SO

where @ is the angle between the given lines. As 0 =90°, we have sin 6 =1. Hence, the
result.

2. A line makes angles o, B, Y,d with the four diagonals of a cube, prove that
4
cosZ o+ cos? B+ cosZ ¥ + cos2 = —.
Sol. Let a be the length of each side of the cube. Taking three coterminous edges OA, OB, OC

as axes, the co-ordinates of various vertices will be A (a, 0, 0), L (a, a,0), B(0,a,0), N (0,a,a),

C(@©0,0,a),M (a,0,a), P(a,a,a) and O (0, 0, 0).
d.c.s of diagonal OP are

\/a +a +a \/a +a +a \/a +a +a ]

1 1 1
Similarly, d.c.’s of AN are [_ s T }
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Z
C(0,0,a) M (a,0,a)
N(0,a,a) P(a,a,a)
0 X
A(a,0,0)
B (0,a,0) L(a,a,0)
Y Fig. 10
1 1 1
of BM are [E,ﬁ,—ﬁ}
1 1 1
and of CL are ﬁﬁ_ﬁ .

If [I, m, n] be the d.c.’s of a line which makes angles o, 8, Y, 8 with these four diagonals of
the cube, then

_ _ l+m—n
l+m+n _—l+m+n [-m+n and cos & =

T,COSB—T‘,COS'\{=T \/g
2

cos? oL + cosZ B + cos? ¥ + cos® &

Cos O =

Hence,

=§[(l+m+n)2+(—l+m+n)2+(l—m+n)2+(l+m—n)2]

Wl

3. Show that the straight lines whose direction cosines are given by the equations

al +bm+cn=0,ul® +vm? + wn? =0
are perpendicular or parallel according as
AW+ +bE wru)+c2 w+v)=0 or a?/u+b%/v+c?/w=0.
Sol. Eliminating [, between the given relations, we have
2
u (bm+cn
¥ +vm? +wn?=0
a2
= (bzu + azv) m? + 2ubcmn + (02u + azw) n?=0. (1)
If the lines be parallel, their direction cosines are equal so that the two values of j; /5, must be
equal. The condition for this is
u?b2c? = (b*u + a®v) (c*u + a*w)
a? pr 2
= —+—+—=0.
u vVoow
Again, if [}, my, n; and I, m,, n, be the direction cosines of the two lines then equation (i)

gives
m.m, _ mym, _ czu + a2w
n ' ny mny b2u + a’u
mmy  _
= u+a’w bru+dv

Similarly the elimination of n, gives, (or by symmetry)
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L, mym,

b2w+c?v  a’w+ctu
Thus, we have

L, _ iy -
2 2.7 2 2 T 2 2, =% Say.
bw+cw a*w+cu b u+a‘v
= lllz+mln2+n1n2=k(b2w+czv+a2w+c2u+b2u+a2v)

For perpendicular lines
Ly + mmy + nny = 0.
Thus, the condition for perpendicularity is
aAv+w)+b% wHu)+cZu+v)=0.
5.1f L, my, s Ly, my, ny 5 s, my, ny are the direction cosines of three mutually perpendicular
lines, show that the line whose direction cosines are proportional to 1| + 1, + 3. m + my + mg,

n +n, +n;y makes equal angles with them.
Sol. Since the given lines are mutaully perpendicular, hence

Lly + mmy + niny =0 (D)
Lly + mymy + nyny =0 -(2)
Ly + mmy + mny =0 .(3)

Let O be the angle between the line whsoe d.c.s are [/}, m;, n;] and the line whose d.c.’s are
proportional to /| + 1, + L3, my + my +my, n + n, + ny; then

cose_l1 ( + 1y + ) +my (my +my +my) +ny () +ny +n3)

\/(11 +1y +13)% + (my + 1y + my)? + (ny + ny + ny)?
1
B
which is independent of [, my, nj; 15, m,, ny; by, my, ny.

Hence, the given line makes equal angles with the three lines. ) )
6. If a variable line in two adjacent positions had direction cosines I, m, n;

[+ 81, m + dm, n + dn, show that the small angle §g between two positions is given by
562 =812 + dm? + dn?.
Sol. Since [/, m, n] and [l + 8, m + dm, n + dn] are d.c.’s, hence

, from (1), (2) and (3)

2 +m?+n*=1 (1)
and (I +3D)2 +(m+dm)? +(n+dn)? =1
= S12 +8m? +dn? =—2 (8l +mdm+ ndn) ..(2)
Now, cos 00 =1 (I +8l) + m (m+ dm) + n (n+ dn)

=12+m?+n?2+18l+mdm+ndn

=1- % {812 + 8m? + &n?}, from (1) and (2).
= 812+8m2+8r12=2(1—cos86):2-2sinz8—2e

1 2
= 4( Sej =862
2
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EXERCISES
1. Find the angles between the lines whose direction ratios are
() 5,-12,13;-3, 4, 5. [Ans. cos™!(1/63)]
(i) 1,1,1243 -1, -3 -1, 4. [Ans. /3]
2. If A, B,C, D are the points (3, 4, 5), (4,6, 3), (—1,2,4) and (1, 0, 5), find the angle between
CD and AB. [Ans. cos™1(4/9)]
3. Find the angle between any two diagonals of a cube. [Ans. cos™!(1/3)]

4. Show that a line can be found perpendicular to the three lines with direction cosines pro-

portional to (2, 1, 5), (4,—-2,2), (- 6,4, —1). Hence, show that if these three lines be con-

current, they are also coplanar.
5. Find the direction cosines of a line which is perpendicular to the lines whose direction ra-

tios are 1,2,3; — 1,3, 5. [Ans. 1/4/90, - 8/+/90,5//90]
6. [,m,n andl,, m,, n, are the direction ratios of two intersecting lines. Show that lines
through the intersection of these two with direction ratio
ll + klz, my + kmz, n + kn2
are coplanar with them; k being a number whatsoever.

(Show that they all have a common perpendicular direction)
7. Show that three concurrent lines with direction cosines

(11» my, ”l)’ (12» m,, l’lz), (13» ms, n3)
are coplanar if and only if
L mpon
12 m,  n, =0
Ly my oy
8. Show that the join of points (1, 2, 3), (4, 5, 7) is parallel to the join of the points
(_ 49 3? - 6)9 (299’ 2)'
9. Show that the points (4,7,8),(2,3,4),(—1,-2,1),(1,2,5) are the vertices of a parallelo-
gram.

10. Show that the points (5, - 1,1),(7,— 4, 7), (1, — 6,10), (= 1, — 3, 4) are the vertices of a rhom-
bus.

11. Show that the points (0, 4, 1), (2,3,-1), (4,5, 0), (2,6, 2) are the vertices of a square.
12. A(1,8,4),B(0,-11,4),C (2,-3,1) are three points and D is the foot of the perpendicular

from A on BC. Find the co-ordinates of D. [Ans. 4,5,-2]
13. Find the point in which the join of (—9,4,5) and (11,0, —1) is met by the perpendicular
from the origin. [Ans. 1,2,2]

14. A(-1,2,-3),B(5,0,-6),C (0,4,—1) are three points. Show that the direction cosines
of the bisectors of the angle BAC are proportional to (25, 8, 5) and (—11, 20, 23).

[Hint. Find the co-ordinates of the points which divide BC in the ratio AB: AC]
15. Find the angle between the lines whose direction cosines are given by the equations

3l+m+5n=0 and 6mn —2nl + 5lm =0. [Ans. cos~11/6]
16. Show that the pair of lines whose direction cosines are given by 3lm —4ln+ mn =0,
Il +2m+3n=0 are perpendicular.
17. Find the angle between the lines whose direction cosines satisfy the equations / + m+n =0
and 2nl + 2lm — mn = 0.
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18. Show that the straight lines whose d.c.’s are given by [+ m+n=0, 2mn +3nl —5lm=0
are perpendicular to each other.

I
19. Find the angle between the lines [ +m+n=0, ——+ "+ ™ —0.  [Ans. n/3]

q-r r—p p-gq
20. Show that the straight lines whose d.c.’s are given by a2l +b%m+c?n=0,

mn + nl +Im =0 will be parallel if a + b+ ¢ = 0.
21. Show that the straight lines whose direction cosines are given by
al+bm+cn=0, fmn+ gnl+ hlm=0,
are perpendicular if
fla+g/b+hl/c=0,

Jaf +Jbg £~ch =0.

22. If, in a tetrahedron OABC,

OA? +BC? = OB? + CA? = 0C? + AB?
then its pairs of opposite edges are at right angles.

are parallel if

23. I,my, n andl,, m,, n, are two directions inclined at an angle @, to each other. Show that

l1 + 12 my +my n+ 1,

1’ 1 - 1
2cos —@ 2cos— ¢ 2cos—
2 ¢ 2 ? 2 ¢
are the direction cosines of the line which bisects the angle between these two directions.
24. Show that the direction equally inclined to the three mutually perpendicular directions

o . ll;ml’”lflz’mz’"z?l,%’ma’"3
is given by the direction cosines
L+ly+l my+my+my n+n,+ng
5 N B

25. Show that the area of the triangle whose vertices are the origin and the points (x;, ¥, ;)

and (XZ, yzs Zz) is

1
5 \/(yﬂz = 10)” +(@Gxy — 250)% + gy, — x5y
adaq
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The Plane

GENERAL EQUATION OF FIRST DEGREE

An equation of the first degree in x, y, z is of the form

ax+by+cz+d=0

where a, b, ¢ are given real numbers and q, b, ¢ are not all zero. The condition that a, b, ¢ are
not all zero is equivalent to the single condition g2 + b2 + ¢2 #0.

We are now interested in the locus of the points whose co-ordinates satsify an equation of
first degree viz.,

ax+by+cz+d=0,a2 +b2+c2 20,

It will be shown that this locus is a plane. To show this, we make use of the characteristic

property of a plane which we given below :

A geometrical locus is a plane if it is such that if P and Q are any two points on the locus then
every point of the line PQ is also a point on the locus.

2.1 THEOREM

Every equation of the first degree in x, y, z represents a plane.
Consider the equation

ax+by+cz+d=0,a2+b2+cz¢0.

The locus of this equation will be a plane if every point of the line joining any two points on
the locus also lies on the locus.

Let P (x1.y1,2)) and Q(x;,¥2,23)

be two points on the locus, so that we have
axy+by; +cz;+d =0 (1)
ax, +by, +czp +d =0 ..(ii)

Multiplying (i1) by &k and adding to (i), we get
a(xy +kxy) +b(y+kyy)+c(zg +kzp)+d(1+k)=0
X1+kX2 -I—by1+ky2 +CZ1+kZ2 +d=0
1+k 1+k 1+k
Assuming that k # — 1, the relation (ii) shows that the point

(x1+kx2 y1+ky2 Z1+kZ2]

=

1+k  1+k  1+k

is also a point on the locus for every value of k #—1.

Thus, every point on the straight line joining any two arbitrary points on the locus also lies
on the locus. The given equation, therefore, represents a plane. Hence, every equation of the first
degree in x, y, z represents a kplane.

Ex. Find the co-ordiantes of the point where the plane

a)c+by+cz+d=0,a2 +b2+c2 20
meets the three co-ordinate axes.

2.2 CONVERSE OF THE PRECEDING THEOREM

We shall now show that the equation of every plane is of the first degree i.e., is of the form
ax+by+cz+d=0,



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

where a+b% +c2 #0.
Consider any plane. Let p be the length of the
perpendicular from the origin to the plane and let [, m, n
be the directrion cosines of this perpendicular. A
We shall show that for any point (x, y,z) on the
plane, we have the relation
Ix+my+nz=p

implying that the equation of the plane is of the first K
degree.
Let K be the foot of the perpendicular from the p
origin O to the plane. Let OK = p and let [, m, n be its -
direction cosines. Take any point P (x,y, z) on the 0
plane.
Now PK lies in the plane
= PK 1 OK

= the projection of OP on OK =OK = p.
Also the projection of the segment OP joining the VY

points
0(0,0,0) and P (x,y,2)
on the line OK with direction cosines
L mn
is [ (x=0)+m(y=0)+n(z-0)=Ix+my+nz
It follows that
Ix+my +nz=p.
This equation, being satisfied by the co-ordiantes of any point P (x, y, z) on the given plane,

is the equation of the plane.
Note 1. The equation

Ix+ my + nz = p,
is called the normal form of the equation of a plane.
Note 2. The plane whose equation is
ax+by+cz+d=0
is referred to as
ax+by+cz+d=0
itself i.e., we often refer to an equation of the plane itself as the plane.
Ex. Find the equation of the plane containing the lines through the origin with direction cosiens
proportional to (1,—2,2) and (2, 3,-1). [Ans. 4x -5y —7z=0]

2.3 TRANSFORMATION TO THE NORMAL FORM
To transform the equation
czx+by+cz+d=0,(12+l72 +c2 20
to the normal form
Ix +my +nz=p.

As these two equations represent the same plane, we have
2 2 2
d b ¢ \/ a”“+b” +c
= —=iwla2+b2 +c?

——=£_—=—=i
[

p nmon 12 +m? +n?

Thus, d/p=1+ ,/az +b2 42 As p, according to our convention, is always positive, we shall
take positive or negative sign with the radical according as, d, is negative or positive.
Thus, if d be positive, we have
a b c d
l=——;m=- sn=- ;
\/ Ya?

\/Zaz

and if d be negative, we have
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a b c d

= s p=—
\/ Sa® Sa’?
Thus, the normal form of the equation ax +by + cz +d =0 is

a b c d
- X - y- = >
\/Zaz \/Zaz \/Zaz \/Zdz

if d be positive, and

a b c d
+ X+ y+

\/Za2 \/ZaZ \/Za2 Ya?

if d be negative.
2.3.1 Direction Cosines of the Normal to a Plane

From above we deduce that the direction cosines of the normal to a plane are proportioanl
to the coefficients of x, v, z in its equation or that the coefficients of x, y, z are direction ratios of the
normal to the plane.

Thus,
a,b,c
are direction ratios of the normal to the plane
ax+by+cz+d=0.
Ex. 1. Find the direction cosines of the normals to the planes
(i) 2x -3y +6z=17, (i) x+2y+2z-1=0.
[Ans. (1) 2/7,-3/7,6/7; (ii) 1/3,2/3,2/3]
Ex. 2. Show that the normals to the planes
x=y+z=13x+2y-2z+2=0
are perpendicular to each other.

2.3.2. Angle Between Two Planes

Angle between two planes is equal to the angle between the normals to them from any point.
It follows that the angle between the two planes
ax+by+cz+d=0,a1x+by+cz+d =0
being equal to the angle between the lines with direction ratios
a,b,c;ay,by, ¢

—1 | aay +bb| + ccq
VZa? \[Zalz
Cor. Parallelism and perpendicularity of two planes. Two planes are parallel or perpendicular
according as the normals to them are parallel or perpendicular.
Thus, the two planes
ax+by+cz+d=0, apx+by+cz+d; =0
will be parallel, if

is cos

a,b,c and ay,b,c
are direction ratios of the same line and will be perpendicular, if
aay +bby +ccq =0.

EXERCISES
1. Find the angles between the following pairs of planes
()2x—y+2z=3;  3x+6y+2z=4 [Ans. cos 1(4/21)]
(i) 2x—y+z=6; x+y+2z=7 [Ans. /3]

(i) 3x—4y+5y=0; 2x—-y—2z=5 [Ans. m/2]
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2. Show that the equations
ax+by+r=0,by+cz+p=0,cz+ax+q=0
represents planes respectively perpendicular to the XY, YZ, ZX planes.
3. Show that ax + by + cz +d =0 represents planes, perpendicular respectively to YZ, ZX, XY
planes, if a, b, ¢ separetely vanish (Similar to Ex. 2).
4. Show that the plane
x+2y-3z4+4=0
is perpendicular to each of the planes
2x+5y+4z+1=0,4x+7y+6z+2=0.

2.4 DETERMINATION OF A PLANE UNDER GIVEN CONDITIONS

The general equation ax +by + cz +d =0 of a plane contains three arbitrary constrants (ratios
of the coefficients a, b, ¢, d) and, therefore, a plane can be found to satisfy three conditions each
giving rise to only one relation between the constants. The three constants can then be determined
from the three resulting relations.

We give below a few sets of conditions which determine a plane :

(i) passing through three non-collinear points;

(i) passing through two given points and perpendicular to a given plane;

(iii) passing through a given point and perpendicular to two given planes.

2.4.1. Intercept Form of the Equation of a Plane

To find the equation of a plane in terms of the intercepts a, b, ¢ which it makes on the axes.

The intercept of a plane on any co-ordinate axis is the distance of the point where the plane
meets the axis from the origin taken with the appropriate sign.

We of course, suppose here that the plane does not pass through the origin so that none of a,
b, cis zero.

Let the equation of the plane be

Ax+ By+Cz+ D=0. (1)
The plane not passing through the origin, we have
D #0.

The points (a, 0,0), (0,5, 0), (0,0, c) lying on the plane (i), we have

aA+D=O:>—é=l

bB+ D=0 = —

cC+D=0 = -

The equation (1) can be rewritten as
A B C
-——x-——y—-——z=1
D D D
so that after substitution, we obtain
X
— + l + E = 1’
a b ¢
as the required equation of the plane.

2.4.2. Plane Through Three Points
To find the equation of the plane through the three non-collinear points
(x1, ¥1> 21)5 (X2, ¥2,22), (X3, ¥3, 23)
Let the required equation of the palne be
ax +by+cz+d=0. (1)
As the given points lie on the plane (i), we have
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axy +by; +cz; +d =0, (i)
ax, + by, +czy +d =0, ..(iii)
axz +bys +czz +d =0. .(1v)
Eliminating a, b, ¢, d from (i) — (iv), we have
x y z
1N 4
X2 Y2 22
X3 V3 23
which is the required equation of the plane.

Cor. The equation of the plane which makes intercepts «, b, ¢ respectively on the three co-
ordiante axes is

1
1

=0
1
1

f + X + E = 1
a b ¢
in that this is the plane through the 3 points (a, 0, 0), (0, b, 0), (0,0, ¢).
Note. In actual numerical exercises, the student would find it more convenient to follow the
method of the first example below.

EXAMPLES
1. Find the equation of the plane through the points
P(2,2,-1),0(3,4,2),R(7,0,6)
Sol. The general equation of a plane through P (2,2,-1) is
a(x=2)+b(y-2)+c(z+1D)=0 (1)
It will pass through Q and R, if

a+2b+3x=0
Sa—2b+7¢c=0.
These give
a b G a b c
—_———= — or —_—=—=—
20 8 —12 5 2 -3

Substituting these values in (i), we have
5x=2)+2(y-2)-3(z+D=0
= 5x+2y-3z-17=0
as the required equation.
2. Find the equation of the plane through the points
(2,2,1) and (9, 3,6),
and perpendicular to the plane
2x+6y+6z=09.
Sol. Any plane through (2, 2, 1) is
a(x=2)+b(y-2)+c(z—-1)=0. (1)
It passes through (9, 3, 6)
= a(O-2)+b(3-2)+c(6-1)=0
= Ta+b+5c=0 ..(i1)
The plane (i) is perpendicular to the given plane
= 2a+6b+6¢c=0 ..(iii)
From (ii) and (iii), we have
a b c a b ¢

=== = —
-24 -32 40 3 4 -5
Substituting in (i), we see that the equation of the required plane is
3(x=2)+4(y—-2)-5(z-1D)=0 © 3x+4y-5z=0.
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EXERCISES
1. Find the equation of the plane through the three points (1,1,1),(1,—-1,1),(=7,-3,-5)
and show that it is perpendicular to the XZ plane. [Ans. 3x —4z+1=0]

2. Obtain the equation of the plane passing through the point (—2,—2,2) and containing.

3. If, from the point P (a,b,c), perpendiculars PL, PM be drawn to YZ and ZX planes, find
the equation of the plane OLM. [Ans. bcx + cay — abz =0]

4. Show that the four points (=6, 3,2),(3,-2,4),(5,7,3) and (—13,17,—1) are coplanar.

5. Show that the points (6, —4,4), (0,0, —4) intersects the join of (—1,—2,—3),(1,2,-5).

6. Show that (—1,4,—3) is the circumcentre of the triangle formed by the points
(3,2,-5), (-3,8,-5),(=3,2,1).

7. Show that the equations of the three planes passing through the points, (1,-2,4),
(3,—4,5) and perpendicular to the XY, YZ, ZX planes are x+y+1=0;x-2z+7=0;
y +2z=06 respectively.

8. Obtain the equation of the plane which passes through the point (=1,3,2) and is perpen-
dicular to each of the two planes x +2y +2z=5;3x+2y +2z=8.

[Ans. 2x —4y+3z+8=0]

9. Find the equation of the plane which passes through A(—1,1,1) and B (1,—1,1) and is
perpendicular to the plane x +2y + 2z =5. [Ans. 2x +2y —3z+3=0]

10. Find the intercepts of the plane 2x — 3y + z =12 on the co-ordinate axes. [Ans. 6, —4,12]

11. A plane meets the co-ordiante axes A, B, C such that the centroid of the triangle ABC is the
point (a, b, ¢), show that the equation of the plane is x/a+y/b+z/c=3.

12. Find the equations of the two planes which pass through the points (0,4, — 3), (6,—4, 3)
other than the plane through the origin, which cut off from the axes intercepts wehose sum
is zero. [Ans. 2x —3y —6z=06;6x + 3y — 27 =18]

13. A variable plane is at a constant distance p from the origin and meets the co-ordinate axes
in A, B, C. Show that the locus of the centroid of the tetrahedron OABC is
x72+ y_2 +z 2= 16p_2.

2.5 SYSTEMS OF PLANES

The equation of a plane satisfying two conditions will involve one arbitrary constant which
can be chosen in an infinite number of ways, thus giving rise to an infinite number of planes, called
a System of planes.

The arbitrary constant which is different for different members of the system is called a
Parameter.

Similarly the equation of a plane satisfying one condition will involve two parameters.

The following are the equations of a few systems of planes involving one or two parameters :

1. The equation

ax+by+cz+k=0
represents the system of planes parallel to a given plane
ax+by+cz+d=0,

k being the parameter.

Thus, the set of planes parallel to a given plane

ax+by+cz+d=0

is {ax + by + cz + k =0; k is any number}.

2. The equation

ax+by+cz+d=0
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represents the system of planes perpendicular to given line with direction ratios a, b, ¢, d being
the parameter.
3. The equation

(ax+by +cz+d)+k(ayx+by+ciz+dy)=0 (1)

represents the system of planes through the line of intersection of the plane
ax+by+cz+d=0, -(2)
aix+byy+ciz+d; =0; ..(3)

k being the parameter, for the equation (1), being of the first degree in x, y, z represents a
plane; and it is evidently satisfied by the co-ordinates of the points which satisfy (2) and (3),
whatever value k£ may have.

4. The equation

Alx=x)+B(y-y)+C(z-2)=0,

represents the system of planes passing through the point (x;, y;, z;) where the required two

parameters are the two ratios of the coefficients A, B, C; for the equation is of the first degree and

is clearly satisfied by the point (xy, y;, z;) whatever be the ratios of the coefficients.

EXAMPLES

1. Find the equation of the plane passing through the lines of intersection of the planes

2x—y=0 and 3z-y=0
and perpendicular to the plane

4x +5y—-3z=8.
Sol. The plane
2x—=y+kBz-y)=0 & 2x=(1+k) y+3kz=0
passes through the line of intersection of the given planes whatever value k may have. This
plane is perpendicular to

4x+5y—-3z=8
= 2:4—-(14+k)-5+3k(-3)=0=> 14k =3=k =3/14.
Thus, the required equation is

3
zx_)’+(ﬁj(3z—y)=0 < 28x—17y+9z=0.

2. A point P moves on a fixed plane x/a+y!b+ z/c=1. The plane through P perpendicular

to OP meets the axes in A, B, C. The planes through A, B, C parallel to co-ordinate planes intersect
in Q. Show that the locus of Q is

1+1+1_1+1+1
x2 y2 2 ax by cz

Sol. Let the point be P = (a, 3, v). Hence

o B.y_, ()

a c
Equation of the plane perpendicular to OP is
ox+Py+yz=d.
But it passes through P (o, 3, y), we have
d=a’+p* +v?
Hence, equation of plane through P and perpendicular to OP is

o+ By +yz=0’ + B +y2 Q)
2 ,p2 ,.2 2, a2 2 2 ,p2 .2
N OA:(X +p°+y ,OB:OL +% +v ,OC:(X +p° +v .
o Y

So the planes through A, B, C parallel to the planes YOZ, ZOX, XOY intersect in the point Q
whose co-ordinates are
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0(2+BZ+'Y2 OL2+BZ+Y2 OC2+BZ+Y2
X = . = . = .
o B Y
With the help of (1),
1 N 1 + 1 1
x2 y2 ZZ 0L2 _I_BZ +Y2
a B,y
1 1 1 a b ¢ 1
and —t—+—= = , from (1).
ax by ¢z o?+p+y? o +p7+y?
Hence, required locus is
1 N 1 N I 1 N 1 . 1
xz y2 Zz ax by CcZ

3. The plane Ix + my =0 is rotated about its line of intersection with the plane z =0 through
an angle o. Prove that the equation of the plane in its new position is

lx+myizwll2+m2 tan o0 = 0.

Sol. The equation of a plane through the line of intersection of the palnes Ix +my =0 and
z7=0, is
Ix +my+Az=0.
This plane makes an angle o, with the plane Ix +my = 0.

12 -i—m2
CoS O =
\/(12 +m?) (12 +m® +22)
2 % +m?
CosS™ O =

(l2 +m? +k2)

= A =++/(1> +m?) tan o

Hence, required plane is

lx+myiz\/lz+m2 tan o0 = 0.

4. A triangle, the lengths of whose sides are a, b, and c is placed so that the middle points of
the sides are on the axes. Show that the equation to the plane is

x/la+y/B+z/y=L1L
2 (b2+c2—a2) 2_(c2—a2—b2) 2_(a2+b2—02)

where o.° = , )
8 P 8 v 8
Sol. Let o, 3,y be the intercepts that the plane makes
with the axes. E and F are the mid-points of AC and BC. Z
Therefore, EF is parallel to and half of AB. A
EF* = 0E? + OF* =o? +p°. Pk
2
But EF=£=£=>0L2+B2=C—
2 2 4 v
Similarly, B2 +y% =a?/4 and y* +a? =b* /4.
2 2 2 0% >
+b” + > X
Adding, a2+62+y2:% N F
2 a+v’+cr 2 AP+t
= = =
8 4 8
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Similarly,
2 b2 +c? —a? 2 2 +a’-b?
o~ = P B =S
8 8
Hence, the equation of plane is

x/o+y/B+z/y =1 where o2 B2, y? as given below.
EXERCISES
1. Obtain the equation of the plane through the intersection of the planes
x+2y+3z+4=0 and 4x+3y+2z+1=0
and the origin. [Ans. 3x+2y +z=0]
2. Find the equation of the plane which is perpendicular to the plane
5x+3y+6z+8=0
and which contains the line of intersection of the planes
x+2y+3z2-4=0,2x+y—-z+5=0.
[Ans.51x + 15y =50z + 173 =0]
3. The plane x —2y + 3z =0 is rotated through a right angle about the line of intersection wit
the plane 2x +3y —4z—5=0, find the equation of the plane in its new position.
[Ans. 22x + 5y — 4z —-35=0]
4. Find the equation of the plane through the line of intersection of the planes
ax+by+cz+d=0, aix+byy+cz=d; =0
and perpendicular to the XY plane.
[Ans. x (ac; —ajc) + y (bey — byc) + z (dey — djc) = 0]
5. Find the equation of the plane through the point (2, 3, 4) and parallel to the plane
S5x—6y+7z=3. [Ans. 5x — 6y + 7z =20]
6. Find the equation of the plane through (2, 3, —4) and (1, — 1, 3) parallel to the x-axis.
[Ans. 7y + 4z —-5=0]
7. A variable plane is at a constant distance 3p from the origin and meets the axes in A, B and
C. Show that the locus of the centroid of the triangle ABCis x™2 + y™> + 772 = p 2.

8. Find the equation of the plane that passes through the point (3,—3,1) and is normal to the

line joining the points (3,4,—1)and (2,-1,5). [Ans. x +5y — 6z +18=0]
9. Obtain the equation of the plane that bisects the segment joining the points (1, 2, 3), (3, 4,
5), at right angles. [Ans. x+ y+2z=09]

10. A variable plane passes through a fixed point (a, b, ¢) and meets the co-ordinate axes in A,

B, C. Show that the locus of the point common to the planes through A, B, C parallel to the
co-ordinate plane is

alx+bly+cl/z=1
2.6 TWO SIDES OF A PLANE

Consider any plane. Two points P and Q which do not lie on the plane lie on the different or
the same side of plane according as the segment PQ has or does not have a point in common with
the plane.

We proceed to determine a criterion for two given points to lie on the same or different sides of
a given plane and show that :

Two points A (x1, y1,21), B(xp,y2,20) lie on the same or different sides of the plane

ax+by+cz+d=0,

according as the expressions

axy +by; +czy +d,axy + by, +czy +d
are of the same or different signs.
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Let the line AB meets the given plane in the point P and let P divides AB in the ratio r:1 so

that r is positive or negative according as P divides AB internally or externally, i.e., according as A
and B lie on the opposite or the same side of the plane.
Since the point P whose co-ordinates are

Xo + X1 1y, +y1 ript+2
r+1 7 r+l 7 r+1
lies on the same plane, we have
gty oyt ata g
r+1 r+1 r+1
= r(axy + by, + cz, +d) + (ax; + by, + cz; +d) =0,
ax| +by; +czy +d
axy +by, +czp +d
This shows that r is negative or positive according as
axy +by; +czy +d, axy +by, +czp +d
are of the same or different signs.
Thus, the theorem is proved.

Ex. Show that the origin and the point (2,—4,3) lie on different sides of the plane
x+3y-=5z+7=0.

2.7 LENGTH OF THE PERPENDICULAR FROM A POINT TO A PLANE

To find the perpendicular distance of the point
P (x1, 1, 21)

= r=

from the plane
Ix +my +nz=p.
The equation of the plane which passes through the point
P (X1, y1,21)
and is parallel to the given plane is
Ix + my + nz=py
where Ixy + my; +nz; = p;.
Let OKK’ be the perpendicular from the origin O to the two parallel planes meeting them in K
and K’ so that
OK=p and OK’'=p
Draw the line PL perpendicular to the given plane. We have
LP=0K"-0K
=py = p=lx +my; +nzy = p.
Cor. To find the length of the perpendicular from the point
(x1: y1521)
to the plane as ax +by +cz+d =0.

The normal form of the given equation being
c d

+—4 s+ yt
\/Za2 \/ZaZ \/Za2 \/Za2

the required length of the perpendicular is
ax; +by; +cz; +d

+
Jw2+b2+c%



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

EXAMPLES

1. Find the locus of a point, the sum of the squares of whose distances from the planes
x+y+z=0,x—2z=0, x-2y+z=0is 9.
Sol. Let the co-ordinates of the point be (o, 3, y) . Its distances from the given planes are
a+P+y -y o—-2P+y

V3027 e
We are given that
(a+B+yj2+(u—yj2+(u—26+yj2_9
J3 J2 J6 -
N 602 +6p2 16y =54= 02 +p2 +y2=9
Hence, the locus of (a, B,y) is

X%+ y2 +z2=09.
2. Two systems of rectangular axes have the same origin. If a plane cuts them at distances a,

b,c and a’,b’,c’ respectively from the origin, prove that

Va? +1/b* +1/c? =1/a? +1/b"2 +1/ 2.
Sol. Equation s of the plane w.r.t. two systems are
xla+ylb+z/c=1
and x/la"+y/b'+z/c" =1
Since origin is common to both, hence the perpendicular distances of these planes from the
origin must be equal. Hence,

1 1
JUua s upt st AJ1a? s b2 +1/6?
or Va>+1/b>+1/c2 =1/a’* +1/b"? +1/>.
EXERCISES
1. Find the distances of the points (2, 3, 4) and (1, 1, 4) from the plane
3x—6y+2z+11=0 [Ans. 1; 16/7]

2. Show that distances between the parallel planes
2x—=2y+z+3=0 and 4x-4y+2z+5=0
is 1/6.
(The distance between two parallel planes is the distance of any point on one from the other).
3. Find the locus of the point whose distance from the origin is three times its distance from

the plane 2x + 2z =3. [Ans. 3x% + 372 —dxy + 8xz —4yz — 12x+ 6y — 127+ 9 =0]
4. Show that (1/8, 1/8, 1/8) is the incentre of the tetrahedron formed by the four planes
x=0,y=0,z=0,x+2y+2z=1
5. Sum of the distances of any number of fixed points from a variable plane is zero; show that
the plane passes through a fixed point.
2.7.1 Bisectors of Angles Between Two Planes

Just as we have two bisectors between two given lines, we also have two bisectors between
two given planes. Of course, the bisectors are now planes. We have proceed fo find the equations
of the bisectors of the angle between the planes

ax+by+cz+d=0
aix +byy+cz+d; =0.

If (x,y,z) be a point on any one of the planes bisecting the angles between the planes, then
the perpendiculars from this point to the two planes must be equal (in magnitude) so that
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ax+by+cz+d _+a1x+b1y+clz+d1

J@® +0% + %) J@? +02 + )
are the equations of the two bisecting planes.

Of these two bisecting planes, one bisects the acute and the other the obtuse angle between
the given planes.

The bisector of the acute angle makes with either of the planes an angle which is less than 45°

and the bisector of the obtuse angle makes with either of them an angle which is greater than 45° .
this gives a test for determining which angle, acute or obtuse, each bisecting plane bisects.

EXAMPLE
Find the equations of the planes bisecting the angles between the planes
X +2y+2z-3=0 ()
3x+4y+12z+1=0 (i)

and specify the one which bisects the acute angle.
Sol. The equations of the two bisecting planes are

x+2y+2z—3_+3x+4y+122+1

3 13
2x+7y—-5z-21=0, ... (iii)
11x+19y+31z—-18=0 ...(1v)
If 6 be the angle between the planes (i) and (iii), we have
2
cos0 =—
J78
J74
= tan6=—2—>l

= 0 is greater than 45°.
= the plane (iii) bisects the obtuse angle.
= (iv) bisects the acture angle.
EXERCISES
1. Find the bisector of the acute angle between the planes
2x=y—2z+3=0,3x -2y +6z+8=0.
[Ans. 23x =13y + 32z +45=0]
2. Show that the plane
14x -8y +13=0
bisects the obtuse angle between the planes
3x+4y—-5z+1=0,5x+12y — 13z =0.
3. Find the bisector of that angle between the planes
3x-6y+2z+5=0,4x-12y+3z-3=0
which contains the origin. [Ans. 67x —162y +47z+44 =0]

2.8 JOINT EQUATION OF TWO PLANES

Consider any two planes. We are interested in finding an equation which represents the two
planes simultaneously. Thus, we propose to find an equation which will be satisfied if and only if a
point lies on either of the two planes i.e., either on one plane or the other or both.

Let

ax+by+cz+d=0 (1)

and ax+by+cz+d; =0 (i)

be the equations of two planes.
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Consider the equation

(ax+by+cz+d)(ajx+ by +ciz+d;)=0. .(1i1)
A point (xq, ¥, z1) lies on (i)
= ax; +by; +cz; +d =0
= (ax; + by, +cz; +d) (ayx; + by +c1zg +dp) =0.

A point (xy, ¥, 21) lies on (ii)

= (ax; + by +cz; +d) (ayx; +byy; + 1z +dy) =0.

A point (xy, y, z7) lies on (iii)

= axy +by; +czp+d=0 or apx;+by +czy+d;=0.
= (x1, Y1, 7) lies on the plane (i) or on the plane (ii).

Thus, we have the following :

A point (x,y, z) either lies on the plane (i) or on the plane (ii)

o (ax+by+cz+d)(ax+byy+ciz+d;)=0.
We thus say that

(ax +by +cz+d) (ax+byy +cjiz+d)) =0
is the equation of the two planes.

2.8.1

Condition for the homogeneous second degree equation

ax? +by? +cz% +2fz+ 28z + 2hxy =0 (1)

to represent two planes.

We suppose that the given equation represents two planes.

Let the equation of the two planes separately be

Ix +my + nz =0,

and I'x+m'y+n'z=0.

There cannot appear constant terms in the separate equations of the planes, for, otherwise,
their joint equation will not be homogeneous.

We have
ax’ + by2 +ez2 + 2fyz+2gzx 4+ 2hxy = (Ix + my + nz) (I'x + m’y + n'z)
a=Ul',b=mm’,c=nn’
= {2f =m'n+mn’,2g=In"+U'n,2h=Im" + I'm.

The required condition which is essentially the condition for the consistency of these equations
is obtained on eliminating [, m, n; I’,m’,n” from the above six relations and this can be easily

effected as follows. We have
[ I 0 I/ 1 0 w+1l U'm+Im’ Un+lIn’

O=|m m' O|x|m" m O|=|lm"+I'm mm'+m'm m'n+mn’
n n 0 n n O nl+nl” n'm+nm’ n'n+nn’
a h g

=8|h b f|=8(abc+2fgh—af* —bg* - ch?).
g f ¢

Thus, if the equation
ax?® + by2 +cz? +2fyz +2gzx + 2hxy = 0,
represents two planes, we have the condition,
abe + 2 fgh —af > —bg? — ch? =0.
Cor. angle between planes. If 0 be the angle between the planes represented by the equation
(1), we have if II’ + mm’ + nn” #0
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Jomn’ = m'm)? + @l = w2 + (i’ = Um)>
"+ mm’ + nn’

B 2\/f2+g2 +h% —ab—-bc - ca

- a+b+c ’

The planes will be at right angles if
W+mm +nn"=0 & a+b+c=0.

tan 0 =

Ex. Prove that the equation 2x2 - 6y2 —127% + 18yz + 2zx+ xy =0 represents a pair of
planes. Also find the angle between them.
Sol. a=2,b=-6,c=—-12, f =9, g =1, h=1/2. These values satisfy the condition

abc+2fgh—af2—bg2—ch2=0.
2\/f2+g2+h2—ab—bc—ca 24185 __,/185
a+b+c 2 (-16) 16

EXERCISES

Show that the following equations represent pairs of planes and also find the angles be-
tween each pair.

tan 0 =

(i) 12x% - 2y% — 622 — 2xy + Tyz + 62x = 0. [Ans. cos™!(4/21)]
(i) 2x% = 2y% + 427 + 6xz + 2yz+ 3xy = 0. [Ans. cos™(4/9)]
(iii) Show that the equation
a b ¢
+ + =0

y—z z—x x=Yy
represents a pair of planes.

2.9 ORTHOGONAL PROJECTION ON A PLANE

Corresponding to the notion of projection on a line, we also have that of projection on a plane
whcih we now proceed to consider.

Def. Orthogonal projection on a plane. The foot of the perpendicular from a point to a given
plane is called the orthogonal projection of the point on the plane.

This plane on which we project is called the plane of the projection.

Thus, (Fig. 1, page 1) L, M, N are respectively the orthogonal projections of the point P on the
YZ, 7ZX and XY planes.

The proejction of a curve on a plane is the locus of the projections on the plane of any point
on the curve.

The projection on a given plane of the area enclosed by a plane curve is the area enclosed by
the projection of the curve on the plane.

In particular, the projection of a straight line on a given plane is the locus of the feet of the
perpendiculars drawn from points on the line on the plane.

2.9.1

The following simple results in Pure Solid Geometry are assumed without proof :

(1) The projection of a straight line is a straight line.

(2) If a line AB in a plane be perpendicular to the line of intersection of this plane with the plane
of projection, then the length of its projection is ABcos0;0 being the angle between the two
planes.

In case a segment AB is parallel to the plane of projection, then the length of the projection is
the same as that of AB.

(3) The projection of the area, A, enclosed by a curve in a plane is A cos 0; 0 being the angle
between the plane of the curve containing the given area and the plane of projection.
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Theorem. If Ay, A, A, be the areas of the projections of an area, A, on the three co-ordinate
planes, then
2 2 2 2
AT =A + AJ + A]
Let I, m,n be the direction cosines of the normal to the plane of the area A.
Since [ is the cosine of the angle between the YZ plane and the plane of the area A, therefore,

A, =IA.

Similarly, Ay =mA,

and AZ = nA.

Hence AP+ AT+ AT =A% (P +m? +n?) = A%

EXAMPLE
A plane makes intercepts OA=a,OB=0b and OC = c respectively on the co-ordinate axes.
Find the area of A ABC.
Sol. Co-ordinates of the points A, B, C are V4

(a,0,0),(0,b,0) and (0,0,c). Now, if
Ay, Ay, A; be the projections of the area of 20.0.0)
AABC on the planes x=0,y=0,z=0 o
respectively, then
A, =areaof AOBC
~Los.oc=Lp A@00)
2 2 0
Similarly,
1 1
Ay :Eac and A, =Eab.
Area of B(0,b,0)
[42 2 2 Y
AABC =,[A; + A + A;
1
= 5 \/a2b2 +b%c? +c2a’.
EXERCISES
1. Find the areas of the triangles whose vertices are the points :
(l) (Cl, 0’ O)’ (0, bao), (0’ 0’ C)' (ll) (xl’ yla Zl)a (x2a yz, Z2)9 (X3, y3, Z3)

2. From a point P(x’,y’,z’) a plane is drawn at right angles to OP to meet the co-ordinate

axes at A, B,C; prove that the area of the triangle ABCis > /2 x'y’z’, where ris the measure
of OP.

2.10 VOLUME OF A TETRAHEDRON

To find the volume of a tetrahedron in terms of the co-
ordinates

(x5 y1521)5 (X2, ¥2, 22), (X3, ¥3, 23), (X4, Y4, 24)
of its vertices A, B, C, D.

Let V be the volume of the tetrahedron ABCD
Then

1
V= 3 A p, ..(1)

where p is the length of the perpendicular AL from a vertex
A to the opposite face BCD; and A is the area of the triangle BCD.
The equation of the plane BCD is
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x y z 1
X 7 1
2 2 22 _ 0
X3 y3 z3 1
Xy vy 24 1
2 2 1 X zp 1 Xy yo 1| [x ¥y 2
< x|ys zz3 l|=y|x3 zz l|+z|x3 y3 1l|—|x3 y3 z3|=0 (1)
ya z4 1 Xy z4 1 X4 ya 1| x4 y4 z4
2 2 1 X 7 1 Xy y2 1| [x y»m o2
x1|lys z3 l|l=»m|x3 z3 l|{+g|x3 y3 l|—=|x3 y3 23
ya 24 1 Xy 74 1 X oyq L] | x4 Y4 24 (i)
2 2 212
y2 2 1 Xy zp 1 Xy oy 1
y3 z3 1| +{x3 z3 1| +|x3 y3 1
o 24 1 Xy ozq4 1 x4 y4 1
xoy oz 1
Xy yo 2 1
The numerator of P = .
X3 y3 z3 1
X4 Y4 24 1

If Ay,Ay, A, be the areas of the projections of the triangle on the YZ,ZX, XY planes
respectively, we obtain

2 2 1 Xz 1 X yp 1
2Ax: Y3 3 1 ,2A

ya 24 1 Xy oz4 1 Xy y4 1

y=(x3 23 1,2A3=1x3 y3 1

Therefore the denominator of p =[4 (Azx + Azy + A2Z NY% =2A.

From (i) and (i1), we deduce that the required volume is
XM 4

1 L|x y» 2z 1
~Ap=— .
3 6|x3 y3 zz 1
x4 y4 z4 1
EXAMPLES
1. Prove that the four planes my +nz=0,nz+Ix=0,Ix + my =0,Ix+my + nz=p form a

3

tetrahedron whose volume is .
Imn

Sol. Solving the given equations taking three planes at a time, we get the vertices of the

tetrahedron as
(0,0, 0), i,ﬁ,ﬁ , B,i,ﬁ and B’B,j )
Il m n Il m n Il m n

With these points as vertices, the volume Y/ of the terahedron is given by
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0 0 0 1
51— 1 1
_1|=p/l p/m p/n 1| -p L1
6 pll —-plm pln 1| 6lmn 1 1 -1
pll p/m —=pln 1
_ 20
= 4) = .
6lmn 3 Imn

2. Find the volume of a tetrahedron in terms of the lengths of the three edges which meet in a
point and of the angles which these edges make with each other in pairs.
Sol. Let OABC be a tetrahedron.

Let OA=a,0OB=b,0C=c.
Let £/BOC=A,ZCOA=,/AOB=v.
We take O as origin and any system of three mutually perpendicular lines through O as co-
ordinate axes.
Let the direction cosines of the lines OA, OB, OC be
ll’ my, ny; lz, nmy,ny; l3, ms, ng.
Thus, the co-ordinates of A, B, C are
(ha, ma, ma); (lLb, myb, nyb); (I5¢, msc, nyc)
Therefore, the volume of the tetrahedron OABC

0 0 0 1 ; ;
11ha ma na 1 e mama abc Lo
= =— lzb mzb }’lzb =— lz my np
6166 mb nb 1| 6 6
lzc m3yc n3c I3 m3 nj
lye myc nye 1
bom om PG om o | L om o
Now L my my| =\ my ny | X\l my ny
ly my nj Ly my n3| |l3 my nj
DYLEED NS YN R 1 cosv cosp
=|=hl, 3 Shiy|=|cosv 1  cosh
ShLl; Shl, 23 | |cosu cosh 1

Thus, the volume of the tetrahedron OABC

1/2
1 cCosV cos U

abc
=——|cosV 1 cos A

cosp cosA 1
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EXERCISES
The vertices of a tetrahedron are (0, 1, 2), (3, 0, 1), (4, 3, 6), (2, 3, 2); show that its volume is 6.
2. A, B, C are three fixed points and a variable point P moves so that the volume of the tetrahe-
dron PABC is constant; show that the locus of the point P is a plane parallel to the plane

=

ABC.

3. A variable plane makes with the co-ordinate planes a tetrahedron of constant volume 64k°.
Find
(i) the locus of the centroid of the tetrahedron. [Ans. xyz = 6k3]

(ii) the locus of the foot of the perpendicular from the origin to the plane.
[Ans. (x? + y% + %)% = 384k xyz]
4. If the volume of the tetrahedron whose vertices are (a, 1,2),(3,0,1),(4,3,6), (2, 3,2)is 6.

Find the value of a. [Ans. 0]
5. Find the volume of the tetrahedron formed by planes whose equations are
y+2z=0,z+x=0,x+y=0and x+y+z=1 [Ans. 2/3]

Q0
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The Straight Line

3.1 REPRESENTATION OF LINE

In this chapter, it is proposed to discuss the manner in which a straight line can be represented.
We introduce the method analytically as follows :

Consider any two of the co-ordinate planes say YOZ and ZOX, whose equations are x =0 and
vy =0 respectively. These two planes intersect in Z-axis.

A point (x, y, z) lies on the Z-plane

< {the point (x, y, z) lies on the YOZ plane and the point (x, y, z) lies on the ZOX plane

o x=0and y=0.

Thus, we see that a point (x, y, z) lies on the Z-axis if and only if, we simultaneously have

x=0, y=0. We are thus, led to say that x =0, y =0 are the two equations of Z-axis.

Consider now any line whatsoever and any two planes through the line. Let
ax+by+cz+d=0 and gx+by+cz+d =0

be the equations of these two planes. Clearly, we have the following statement :

A point (x, y, z) lies on the given line if and only if we simultaneously have
ax+by+cz+d=0 and agx+by+cz+d =0

Thus, we say that
ax+by+cz+d=0 and aqx+by+cz+d =0

are the two equations of the line.

It follows that a straight line is represented by two equatons of the first degree in x, y, z.

Of course any given line can be represented by different pairs of first degree equations, for we

may take any pair of planes through the line and the equations of the same will constitute the
equations of the line.

In particular, as the X-axis is the intersection of the XZ and XY planes, y =0, z=0 taken

together are its equations. Similarly x =0, z =0 are the equations of the Y-axis and x =0, y =0 are
the equations of the Z-axis.

EXERCISES

1. What is the locus of the point (x, y, z) which satisfies the following conditions :

(1) 2x+3y—4z+1=0 and 3x—y+z+2=0

() 2x+3y—-4z+1=0or 3x—y+z+2=0

(i) 2x =3y +5z4+4=0 and 2x+y+z-8=0

(iv) 2x =3y +5z+4=0 or 2x+y+z-8=0.
2. Find the intersection of the line

x=2y+4z+4=0, x+y+z-8=0.
with the plane
x—y+2z+1=0. [Ans. 2,5, 1]

3.1.1. Equaton of the Line Through a Given Point Drawn in a Given
Direction

To find the equations of the line passing through a given point A(x;, ¥;, 7;) and having
direction cosiens [, m, n.
Let P (x, y, z) be a point on the given line and let AP =r.
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Projecting the segment AP on the co-ordinate axes, we obtain
x—x =lr,y—y =mr,z—z =nr .34)
so that for all points (x, y, z) on the given line, we have
X=x +lr,y=y1 +mr,z=z +nr.
Thus, the set of points on the given line is
{(x + 1, yy +mr, z; +nr)};
r being any number.
In case none of [, m, n is zero, we have
X=X Y-y =%
l m n
Thus, if [ #0, m#0, n#0, or equivalently Imn # 0,
XX, Y-y 14
) m n

are the rwo required equations of the line.

Clearly the equations (ii) of the line are not altered if we replace the direction cosines I, m, n by
the three numbers proportional to them, so that it suffices to use direction ratios in place of direction
cosines while writing down the equation of a line.

Cor. From the relation (i), we have

x=x +lr,y=y +mr,z=z +nr

r.

..(i1)

so that the set of points on the line through the point (X, y;; z;) and having direction ratios /,
m, nis
{(x1 +Ir, yytmr,z +nr);r being any number}.
This statement does not depend upon the vanishing or otherwise of any of [, m, n
We may remark that r is what is known as the parameter here.
Note. The equation

X—x Y=y
l m
of first degree, being free of z, represents the plane through the line drawn perpendicular to the
XOY plane. Similar statements may be made about the equations
Y=Y Z- -3y X—X

El

m n n l

The two equations
(x—x)/l=(-y)Im (y-y)m=(z-z)/n
represents a pair of planes through the given line.
3.1.2. Equation of a Line Through Two Points
To find the equations of the line through two points
(x> y> 7)) and (x5, 5, 25)
Since Xy = X5 Yy = V2 — 4
are proportioanl to the direction cosines of the line, the required equations are
X—XxX Y-y I
Y275 NN LYy
Here we have assumed that none of
H TN TV Ty

1S zero.
EXAMPLES

1. If the axes are rectangular and if I, my, n;; 1y, my, ny are direction cosines, show that the
equations to the planes through the lines which bisect the angle between
x/ly=ylm =zln;xlly=ylmy=2z/n,
and at right angles to the plane containing them are



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

G L) x+(mptmy) y+(n tny)z=0.
Sol. The given lines pass through the origin. Co-ordinates of any two points, each of them at a
ditance r from the origin are (rl;, rmy, rn;) and (rl,, rm,, r,). The co-ordinates of the middle point

1 1 1
P of the line joining these two points are 57 (; +1,), 57" (my +m,), 57" (n +n,).

The point P clearly lies on one of the bisectors and since the two bisectors are at right angles
to each other, hence, OP is normal to the plane passing throguh the other bisectors. The d.c.s of
OP are proportional to

1 1 1
5 ¢ +15), 5 (m +m,), 5 (ny +n,).
Hence, one of the required planes is
1 1 1
E(ZI +l2)x+5(m1 +m2)y+5(n1 +n,)z=0.

ie., G +L) x+(mp+my) y+(n +n,)z=0.
Similarly, if P lies on the other bisector, its co-ordiantes will then be
1 1 1
5 G, =), 5 (m; —my) r, 5 (ny —ny)r.
The corresponding plane, therefore, will be
=) x+(m —my) y+(n —ny) z=0.
2. Find the image of the point P (1,3, 4) in the plane
2x—y+2z+3=0.
Sol. If two points P, Q be such that the line is bisected
perpendicularly by a plane, then either of the points is the p
image of the other in the plane.
the line throguh P perpendicular to the given plane is
x-1 y=-3 z-4
2 -1 1
so that the co-ordinates of Q are of the from L
Qr+1,—-r+3,r+4).
Making use of the fact that the mid-point

(r+1,—1r+3,1r+4)
2 2

)

of PQ lies on the given plane, we see that

Q
r=—2
so that the image of Pis (-3, 5, 2). Fg.1
EXERCISES
1. Find £ so that the lines
x-1 y-2 z-3
-3 2k 2
x-1_y-5 z-6
3k 1 -5
may be perpendicular to each other. [Ans. - 10/7]

2. Find two points on the line
x-2 y+3 z-5
1 -2 2
on either side of (2, —3, — 5) and at a distance 3 from it. [Ans.(3,-5,-3);(1,-1,-7)]
3. Find the point where the line joining (2, —3,1), (3, — 4, —5) cuts the plane
2x+y+z="T. [Ans. 1,-2,7]
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4. Find the distance of the point (-1, —5,—10) from the point of intersection of the line
1 1 1
—(x=-2)=—(y+D=—1(z-2 —v+7=5.
2(x ) 4(y ) 12(1 ) and the plane x— y+z=5

5. Find the distance of the point (3, —4,5) from the plane
2x+5y—-6z=16
measured along a line with direction cosines proportional to (2, 1, — 2). [Ans. 60/7]
6. Find the equations to the line through (-1,3,2) and perpendicular to the plane
x+2y+2z=3, the length of the perpendicular and the co-ordinates of its foot.
[Ans. 2;(—5/3,5/3,2/3)]

7. Find the co-ordinates of the foot of the perpendicular drawn from the origin to the plane
2x +3y —4z +1=0; also find the co-ordinates of the point which is the image of the origin

in the plane. [Ans. (=2/29,-3/29,4/29);(=4/29,-6/29,8/29)]
8. Find the equations to the line thrrough (x, y;,z) perpendicular to the plane
ax+ by +cz+d =0 and the co-ordinates of its foot. Deduce the expression for the perpen-
dicular distance of the given point from the given plane.
[Ans. (ar + x;, br + yj, cr + z)), where r = — (ax; + by, +cz +d)/(a® +b? + c?)]
9. Show that the line
1
Sa=N=-(+I)=-4
intersects the planes
6x+4y—-5z=4 and x-5y+2z=12

in the same point and deduce that the line is coplanar with the line of intersection of the
plane.

10. P is a point on the plane Ix + my +nz = p and a point Q is taken on the line OP such that
OP. 0Q = p?; show that the locus of the point Q is p (Ix + my + nz) = x* + y? + z2.

11. A variable plane makes intercepts on the co-ordinate axes the sum of whose squares is con-
stant and equal to k2. Find the locus of the foot of the perpendicular from the origin to the
plane. [Ans. (x2 +y2 +772) (22 + y2 + 22)? = k2]

12. Show that the equations of the lines bisecting the angles between the lines

x-3 y+4 z-5 x-3 y+4 z-5

2 -1 -2 4 -12 3

x=3 y+4 z-5 x-3 y+14 z-5
are = = , = = .

38 —49 -17 7 14 23 -35

3.1.3. Two Forms of the Equation of a Line

It has been seen in 3.1.1, 3.1.2, that the equations of a straight line which we generally employ
are of two forms.

One is the form deduced from the consideration that a straight line is completely determined
when we know its direction ratios and the co-ordinates of any one point on it, or when any two
points on the line are given. This is sometimes referred to as the Symmetrical form of the equations
of aline.

The second form a is deduced from the consideration that a straight line is the locus of points
common to any two planes through it. This is sometimes referred to as the Unsymmetrical form of
the equations of a line.

In fact the symmetrical form takes note only of a special pair of planes through this line, viz.,
the pair of planes through the line perpendicular to two of the co-ordinate planes.

In the next section, it will be seen how one form of equations can be transferred into the other.
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3.1.4. Transformation from the Unsymmetrical to the Symmetrical Form

To transform the equations
ax+by+cz+d =O,a1x+b1y+clz+d1 =0,
of a line to the symmetrical form.
To transform these equations to the symmetrical form, we require :
(i) the direction ratios of the line, and
(ii) the co-ordinates of any one point on it.
Let [, m, n be the direction ratios of the line. Since the line lies in both the planes
ax+by+cz+d=0 and ax+by+cz+d =0,
it is perpendicular to the normals to both of them. The direction ratios of the normals to the
planes being
a,b,c;ap, by, ¢,

we have
{ al +bm+cn=0,
all + blm +on= 0,
l B m _ n
= _ = ~ = — .
bc1 blc ca, - ca ab1 alb

Now, we require the co-ordinates of any one point on the line and there is an infinite number of
points from which to choose. We, for the sake of convenience, find the point of intersection of the

line with the plane z =0. This point which is given by the equations
ax+by+d=0 and ax+by+d =0,
is

bd, —bd ad-ad, b
ab, — a;b ' ab; —ab )
Thus, in the symmetrical form, the equations of the given line are
x—(bd, —bd)l(ab, —ab) y—(ad—ad)/(ab —a) z—0
be, —be J ca; —¢a - ab, - alb'
EXAMPLES
1. Find the equation of the line through the point (1,2,3) parallel to the line
xX—y+2z=53x+y+z=6.

Sol. Let [, m, n be the direction ratios of the required line. Since it is parallel to the given line,
the direction ratios of the given line are also /, m, n. But the given line is the intersection of the two

planes x —y +2z=5 and 3x+ y+ z=0, and hence, lies in both the planes and is perpendicular
to the normals of these planes.
[-1-m-1+n-2=0

and [-3+m-1+n-1=0
L _m_n
= 3 5 4

Thus, the equations of the line in symmetrical form are
x-1_y-2 2z-3

-3 5 4
2. Prove that the equations to the line through (o, B,Y) at right angles to the lines
xX_y_*2.rX_Y_Z
Lom ol my om
x—o_ yeB ey

are = = .
miny = myny mly —nyly o Lmy = lmy
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Sol. Let the dc’s of the required line be I, m, n. Since it is perpendicular to the given lines,
hence
. Il + mm; +nn =0 and I, + mm, + nn, = 0.
Solving, we get
L(mny — myn ) = ml(nly — nyly) = nil(lym, —Ilmy).
Hence, the eqautions of the required line are

x—o  _ y-B oz
(myny —myny) — (yly =myly) — (hmy = lZml)'
EXERCISES

1. Find, in a symmetrical form, the equations of the line
x+y+z=1=0,4x+y-2z+2=0

x+1/3 y+2/3 z 1 2 1
Ans. = E - Q= ——=-—
1 -2 1'J6 J6' 6
2. Obtain the symmetrical form of the equations of the line
x—2y+3z=4,2x—-3y+4z=5.

and find its direction cosines.

{Ans. (x+2)=;(y+3)=z}

3. Find the points of intersection of the line
x+y—z+1=0=14x+9y-7z—-1
with the XY and YZ planes, and hence put down the symmetrical form of its equations.
[Ans.— (x)/2=(y—-4)/7=(z—-5)/5]
4. Find the equation of the plane through the point (1, 1 1) and perpendicular to the line
x=2y+z=24x+3y-z+1=0.
[Ans. x =5y —11z+15=0]
5. Find the equation of the line through the point (1, 2, 4) parallel to the line
3x+2y—-z=4,x-2y-2z=5.
[Ans. (x—=1)/6=2-y)/5=(z—-4)/8]
6. Find the angle between the lines in which the planes
3x=Ty—=5z=15x—-13y+3z+2=0
cut the plane 8x—11y+z=0. [Ans.90°]
7. Find the angle between the lines
3x+2y+z-5=0=x+y—-2z-3,
2x—y-2z=0=7x+10y - 8z. [Ans. 90°]
8. Show that the condition for the lines
x=az+b,y=cz+d;x=a1z+b,y=clz+d1,
to be perpendicular is
aa; +cc; +1=0.

3.2 ANGLE BETWEEN A LINE AND A PLANE
To find the angle between the line
xX—Xx _ y—n _Z_Zl
I m  n

and the plane
ax+by+cz+d=0.
The angle between a line and a plane is the complement of the angle between the line and the
normal to the plane.
Since the direction cosines of the normal to the given plane and of the given line are proportional
to a, b, ¢ and [, m, n respectively, we have
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al +bm +cn
\/(a2 +b2% +¢?) \/(l2 +m? +n?) ’
where @ is the required angle.
The straight line is parallel to the plane
= 0=0
= al +bm +cn=0.

This codition is also evident from the fact that a line will be parallel to a plane if and only if
it is perpendicular to the normal to it.

sin O =

EXERCISES

1 1 1
1. Show that the line 3 (x-2)= 7 (y-3)= 5 (z = 4) is parallel to the plane

2x+y-2z=3.
2. Find the equations of the line through the point (- 2,3,4) and parallel to the planes
2x+3y+4z=5 and 3x+4y+5z=6.

[Ans. (x+2)=—;(y—3)=(z—4)}

[Hint. The direction ratios, I, m, n of the line are given by the relations 2/ +3m+4n=0
=3l +4m+ 5n.]
3. Find the equation of the plane through the points
1,0,-1,(3,2,2)
and parallel to the line.
x=-D=0A-y)/2=(z2-2)/3. [Ans. 4x — y —2z=16]
4. Show that the equations of the plane parallel to the join of
(3,2,—-5) and (0,—4,-11)
and passing throguh the points
(-=2,1,-3) and (4,3,3)
is
4x+3y-5z=10.
5. Find the equation of the plane containing the line
2x=5y+2z=6,2x+3y—2z=5
and parallel to the line x=—y/6=2z/7. [Ans.6x + y—16=0]
6. Show that the equation of the plane through the line
w=ax+by+cz+d =0,uy=a,x+byy+cyz+dy, =0
and parallel to the line
x/ll=y/m=z/n
is
uy (ayl + bym + cyn) = uy (a)l + bym + ¢ n).
7. Find the equation of the plane through the point (f, g, ) and parallel to the lines
x/l =ylm,.=z/n;r=12. [Ans. X (x— f) (mn, — myn;) = 0]
8. Find the equations of the two planes through the origin which are parallel to the line
x=-D/2==(y+3)=—(z+1/2
and distant 5/3 from it; show that the two planes are perpendicular.
[Ans. 2x+2y+z=0,x-2y +2z=0]

3.3 CONDITIONS FOR A LINE TO LIE IN A PLANE
To find the conditions for the line
S R W |
I m  n




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

to lie in the plane
ax+by+cz+d=0.
The line would lie in the given plane if and only if every point of the line is a point of the plane,
i.e., the point

(r + x, mr + y|, nr + z;)

lies on the plane for all values of » implying that the equation
r(al +bm+cn) + (ax; + by, +cz; +d)=0

is true for every value of r.
This implies that

{ al +bm +cn=0

ax; +by, +cz; +d =0
which are the required rwo conditions.
These coditions, when geometrically interpreted, state that a line lies in a given plane, if
(i) the normal to the plane is perpendicular to the line, and

(ii) any one point on the line lies in the plane.
Cor. The general equation of a plane containing the line

XTH_ YT 2Ty

] (1)
m n
is Alx—x)+B(y-y)+C(z-7z)=0
where Al+Bm+Cn=0. ...(i1)
In other words, the set of planes containing the line (i) is
{A(x—x1)+B(y—yl)+C(z—zl):O,Al+Bm+Cn=O}
EXAMPLES
1. Prove that the plane through (o, B,Y) and the line x = py + q =rz+s is given by
X py+q rz+s
o pB+g ry+s|=0.
1 1 1
Sol. The given line can be written as
x/l=y+q/pl/l/p=z+s/ril/r (1)
Let equation of any plane be
Ax+By+Cz+ D=0 (2
It will pass through line (1), if
A0+ B(—q/p)+C(=s/r)+ D=0 ..(3)
and A1+B:1/p+C-1/r=0 -(4)
The plane will pass through (o, B, v) if
A-o+B-B+C-y+D=0 (5
Subtracting (3) from (2) and (5), we get
Ax+B(y+q/p)+C(z+s/r)=0 ..(6)
A a+BPB+q/p)+C(y+s/r)=0 (7

Eliminating A, B, C from (6), (7) and (4)
x y+qlp z+slr

o B+g/p y+s/r|=0
1 1/p 1/r
X py+q rz+s
o pP+g ry+s|=0.
1 1 1
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X Z
2. The axes are rectangular and the plane —+ % +—=1 meets them in A, B, C. Prove that
a c

the equations to BC are x/0=y/0=z—c/-c; that the equation to the plane through OX at
right angles to BC is by = cz; that the three planes throguh OX, OY, OZ at right angles to BC,

CA, AB respectively pass through the line ax =by =cz; and that the co-ordinates of the
orthocentre of the triangle ABC are

a™! b1 ¢!
|:a_2 +b 242 a2 402+ a2 4242 }
Sol. The given plane meets the axes in points A (a, 0, 0); B (0, b,0) and C (0, 0, ¢). Equations
of the line through B and C are
X y z-c
0 b —e¢ (1)
Equation of any plane through OX is
y+Aiz=0.
If BC is perpendicular to above plane,
then, b/l=-c/A=Ai=-c/b
Hence, the plane is by =cz.
Similarly the planes through OY and OZ and at right angles to CA and AB respectively are
cz = ax, ax = by.
Hence, the three planes pass through the line
ax=by=cz. ..(2)
The orthocentre of the triangle ABC lies where the line (2) meets the given plane.
Any point on (2) is (r/a, r/b,r/c).
If it lies on the given plane, then

1
r=————————.
a24b2 +c72
Hence, the co-ordinates of the orthocentre are

a~! b1 ¢!
a2 +b2+c 2 a2+b2+c2 a2+ 2+c2 ]

EXERCISES
1. Show that the line x+10= (8 — y)/2 =z lies in the plane
x+2y+3z=6

and the line
%(x_z):_(y+2):i(z_3) in the plane
2x+2y—-z+3=0.
2. Find the equation of the plane containing the line
1 1 1
—(x+2)+=-(y+3)=——=(z—4
2( ) 3(y ) 2(1 )

and the point (0, 6, 0). [Ans. 3x+2y+ 6z —-12=0]
X—x - 7=z X=X Y7 272
(A L and 2= 2= 2 and two straight lines. Find the
L " " L "y )
equation of the plane containing the first line and parallel to the second.
[Ans. Z(x — x;) (mn, —myn;)=0]
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4. Find the equation to the plane containing the line y/b+ z/c =1, x =0 and parallel to the

line x/a+z/c=1,y=0. [Ans. x/a—y/b—z/c+1=0]
5. Find the equation to the plane which passes through the z-axis and is perpendicular to the
line

x—1 y+2 z-3
= = 0 [Ans. x cos 0 + y sin 6 = 0]

cos® sin®
6. Show that the equation of the plane which passes through the line
x-1 y+6 z+1
4 2

and is parallel to the line
x—-2 y-1_ z+4
2 -3 57

is 26x—11y —17z-109 =0 and show that the point (2,1, — 4) lies on it. What is the geo-
metrical relation between the two lines and the plane ?
7. Find the equation of the plane containing the line

1 1
—§(x+1):5(y—3)=(z+2)
and the point (0,7, —7) and show that the line
1 1
x=—A-y)=—(z+7
3 (7-y) 2 ( )
lies in the same plane. [Ans. x + y+ z=0]

3.4 COPLANAR LINES, CONDITION FOR THE COPLANARITY OF LINES
To find the condition that two given straight lines
X=X _Y-N 2Ty

(1
Lo @
X=Xy Y=Yy -2
= = -2
h my ) @
are coplanar.
Sol. First Method : Equation of any plane containing the line (1) is
A—x)+B(y-y)+C(z-7z)=0; ()
A, B, C being numbers not all zero satisfying the condition
Al + Bmy + Cn =0. ..(i1)
The plane (i) will contain the line (2) if
(a) the point (X5, ¥5, 2,) lies on it
(b) the lines is perpendicular to the normal to the plane
BN Aly + Bmy + Cn, =0. .(1v)

The two lines will be coplanar if the three linear homogeneous equations (ii), (iii), (iv) in A, B, C
are consistent so that

DTN T LTy
L i mo =0 (A)
L my n
which is thus, the required condition for the lines to intersect. Assuming this condition is
satisfied, we see that the required equation of the plane is
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h my )
This is the equation of the plane contianing the two lines.

Second Method. Two lines are coplanar if and only if they intersect or are parallel. We first
consider the case of intersection. The condition for intersection may also be obtained as follows :

(G + xpmyny + ypompp +2) and - (Gry + Xy, myry + ¥y, a7y + 2)
are the general co-ordinates of the points on the lines (1) and (2) respectively for all values of
r and r,.
In case the lines intersect, these points should coincide for some values of # and 7,. This
requires that the following three equations
(x5 = xy) + Ly = Lyr, =0,
O = yp) +myny —myry =0,
(z) — zp) + mpy —nyr, =0.

in 1,7, are consistent, so that we have the condition

N=x L L T VTN LTy

V=Y, myom, =0 & l1 m n =0
_ l m n

=z non 2 2 2

which is the same condition as (A).

This condition is clearly satisfied if the lines are parallel.
Note 1. In general, the equation

X — xl Y — yl - Zl

L my n =0
L 40) )
represents the plane which passes through the line (1) and is parallel to the line (2), and the
equation
X=Xy Y=Y, 272
A m n =0
L my ”2

represents the plane which passes throgh the line (2) and is parallel to the line (1).
In case the lines are coplanar, the condition (A) shows that the point (x,, ¥,, z,) lies on the

first plane and the point (x;, ¥;, z;) on the second. These two equations are then identical.

Thus, the plane containing two coplanar lines is the one which passes through one line and is
parallel to the other or, through one line and any point on the other.

Note 2. Two lines will intersect if and only if, there exists a point whose co-ordinates satisfy
the four equations, two of each line so that for intersection, we require that the four linear equations
in three unknowns should be consistent.

It is sometimes comparatively more convenient to follow this method to obtain the condition of
intersection or to prove the fact of intersection of two lines.

Note 3. The condition for the lines whose equations, given in the unsymmetrical form, are

ax+by+cz+d =0,a,x+byy+cyz+d, =0;
a;x +byy+cyz+dy =0,ax+byy+c,z+d, =0;
to intersect, is the condition for the consistency of these four equations, i.e.,
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ay by ¢y dy
In case, this condition is satisfied, the co-ordinates of the point of intersection are obtained by
solving any three of the four equations simultaneously.

EXAMPLES
1. Show that the lines
x+3 y+5 z-7 x+1 y+1 z+1
2 3 -3 4 5 -1
are coplanar and find the equation of the plane containing them.
Sol. The equation of the plane which contains the first line and is parallel to the second is
x+3 y+5 z-7
2 3 -3 |=0 & 6x-5y—2z=0.
4 5 -1
This plane, as may be easily seen, passes through the point (= 1,~1,—1) on the second line

so that it also contains the second line.
Thus, the two lines are coplanar and the equation of the plane containing them is

6x—-5y-2=0.
2. If OA, OB, OC have direction ratios l,;m,,n.,.r=1,2,3 and OA’,OB’, OC’ bisect the
angles BOC, COA, AOB, the planes AOA’, BOB’, COC’ pass through the line
X _ y _ Z
L+l +1 _ml + 1y + 1y _nl +n, +n3.
Sol. Let O be the origin, equations of OB and OC are
vy, =ylmy =z/n,

and X/l =y/my=z/ng
Points on these lines at unit distance are (I, m,, n,) and (l, my, ny).
Corresponding point on bisector QA’ is

1 1 1
{2 (, +1h), ) (my +my), ) (n, + r@)}
Equations of 94’ are
X = y = <
Ly+l; my+my ny,+ng

Now, equation of the plane containing OA and OA’,i.e., AOA” is

x y z
4 y m =0
l2+l3 m, +m; N, +m
X y z
= L ! & (Operating Ry + R,)
ll+lz+l3 m+my+my ntn, +ng

This plane clearly passes through the line
X B y _ z
L+l +l m+my+my nl+n2+n3'

Similarly plane BOB’ and COC’ pass through the same line.
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3. A,A’,B,B’,C,C’ are points on the axes. Show that the lines of intersection of the planes
A’BC, AB’C, B'CA, BC'A’, C’AB, CA’B’ are coplanar.
Sol. Let the points A, A’, B, B’,C,C’ be (a,0,0),(a’,0,0),(0,b,0),(0,b’,0), (0,0,c),
(0,0, ¢”) respectively.
Equations of the planes A’BC and AB’C’ are
yla"+yl/b+z/c=1and x/a+y/b +z/c =1
These equations taken together represent the line of intersection of the planes
A’BC and AB’C’.
Any plane through this line is
(x/a"+ylb+zlc=D)+Ai(xla+y/b' +z/c"-1)=0 (1)
Similarly, planes through the lines of intersection of B’CA, BC’A’; C’AB, CA’B’ are respectively
(xla+ylb' +z/lc=D)+ry(x/a’+ylb+z/c"=1)=0
and (xla+ylb+z/c"=)+A3(x/a’"+y/b" +z/c=1)=0
In case the three lines are coplanar then for some value of Ay, A5, A3, the above equations must
represent the same plane. This is obviously so, when Aq, Ay, A3, and then the plane becomes
x(M/a+1/aY+yA/b+1/b)Y+z(A/c+1/c")=2.

EXERCISES
1. Show that the lines

1 1 1
§(x+4)—g(y+6)——5(z—l)

3x-2y+z+5=0=2x+3y+4z-4
are coplanar. Find also the co-ordinates of their point of intersection and the equation of
the plane in which they lie. [Ans. (2,4,—3);45x =17y + 25z +53=0]

2. Prove that the lines
x—=1_ y+1 z+10 x-4 y+3 z+1
2 -3 8 7 1 -4 7
intersect. Find also their point of intersection and the plane through them.
[Ans. (5,-7,6); 11x =6y + 5z + 67]

3. Prove that the lines
x+1 y+3 z+5 x-2 y-4 z-6
3 5 7 3 5
intersect. Find their point of intersection and the plane in which they lie.

[Ans. (1/2,-1/2,-3/2); x -2y +z=0]

k)

4. Show that the lines
x+2y-52+9=0=3x-y+2z-5
2x+3y—-2z-3=0=4x-5y+z+3

are coplanar.

5. Prove that the lines

x=3y+2z+4=0=2x+y+4z+1
3x+2y+5z-1=0=2y+z
intersection and find the co-ordinates of their point of intersection. [Ans. (3,1, —-2)]
6. x—=2y—-7z-3=0,3x—-y+2z-1=0,
2x=2y+3z-2=0,x—y+z+1=0
are two given pairs of planes. Show that the line of intersection of the first pair is coplanr
with the line of intersection of the latter.
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7. Show that the line of intersection of the planes
Tx—4y+7z+16=0,4x+3y—-2z+3=0
is coplanar with the line of intersection of planes
x=3y+4z+6=0,x—y+z+1=0.
Obtain the equation of the plane through the two lines. [Ans. 3x =7y +9z+13=0]
8. Prove that the lines
x-—a _ y—bzz—c and X% = y=>b _z=¢
a b’ ¢’ a b c
intersect and find the co-ordinates of the point of intersection and the equation of the plane
in which by they lie. [Ans. (a+a’,b+b’,c+c"); Zx (bc’ —b’c) =0]

3.5 NUMBER OF ARBITRARY CONSTANTS IN THE EQUATIONS OF A
STRAIGHT LINE

We have already seen that the general equation of a plane contains three arbitrary constants

and it will now be shown that there are four arbitrary constants in the equations of a straight
line.

A given line PQ can be regarded as the intersection of any two planes through it. In particular,
we may take the two planes perpendicular to two of the co-ordinate planes, say, YZ and ZX planes.
The equations of the planes through a line PQ perpendicular to the YZ and ZX planes are
respectively of the forms
z=cy+d and z=ax+b
which are, therefore, the equations of the line PO and contain four arbitrary constants a, b, c,
d.
Hence, the equations of a straight line involve four arbitrary contants as it is always possible
to express them in the above form.
The fact that the general equations of a straight line contain four arbitrary constants may also
be seen as follows :
We see that the equations
AT _ YT YT 274
[ m . m n

are equivalent to
l mxy — 1 ny; —m

x=—y+( 1 yl)’y:ﬂZJr(yl z)

m m n n

respectively, so that
[ m mx; —ly; ny;—mz

b 9
) m n m n
are the four arbitrary constants or parameters.

3.5.1 Determination of Lines Satisfying Given Conditions

We now consider the various sets of conditions which determine a line.

We know that the equations of a straight line involve four arbitrary constants and as such any
four geometrical conditions, each of which gives rise to one relation between the constants, fix a
straight line.

It may be noted that the conditions for a line to intersect a given line or be perpendicular to it
separately involve one relation between the constants and hence, three more relations are required
to fix the line.

A given conditions may sometimes give rise to two relations between the constants as, for
instance, the conditions that the required line

(i) passes through a given point; (ii) has a given direction.

In such cases only two more relations will be required to fix the straight line.

We have already considered equations of a line which

(i) pass through a given point and have a given direction;
(i) pass through two given points;
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(iii) pass through a point and are parallel to two given planes;

(iv) pass through a point and pependicular to two given lines.
Some further sets of conditions which determine a line are given below :

(v) passing throguh a given point and intersecting two given lines;
(vi) intersecting two given lines and having a given direction;
(vii) intersecting a given line at right angles and passing through a given point;
(viii) intersecting two given lines at right angles;
(ix) intersecting a given line parallel to a given line and passing through a given point;
(x) passing through a given point and perpendicular to two given lines; and so on.
An Important Note : If
uy=0=v; and u,=0=v,
be two straight lines, then the general equations of a straight line intersecting them both are
up + }»lvl =0= 125} + }\.2\/2,
where Ay, Ay are any two numbers.
The line u; + A;vy =0=uy + Ayv, liesinthe plane u; + A;v; =0 which again contains the line
u = 0= V1.
The two lines
Uy +)\,1V1 =0=M2 +)\,2V2;M1 =0=V1
are, therefore, coplanar and hence they intersect.
Similarly, the same line intersects the line u, =0=v,.
This conclusion will be found very helpful in what follows.
For the sake of illustration, we give below a few examples.

EXAMPLES

1. Find the equations of the line which passes through the point (2,—1,1) and intersects the
lines
2x+y—-4=0=y+2z;,x+32=4,2x+5z=8.
Sol. The line
2x+y—4+A(y+22)=0,x+3z2-4+ Xk, 2x+5z-8)=0
intersects the two given lines for all values of Ay, A,.
The line will pass through the point (2, -1, 1), if
—1+2A;=0and 1+X, =0,
= )\1 = 1, )\,2 =—1
The required equations, therefore, are
x+y+z=2 and x+2z=4.

2. Find the equations of the line which passes through the point (3,—1,11) and is

perpendicular to the line

1 1 1

—x==(y-2)=—=(z-3).

5¥=3 (y=2) 2 (z=3)
Obtain also the foot of the perpendicular.

Sol. The co-ordinates of any point on the given line are
2r,3r+2,4r +3.

This will be the required foot of the perpendicular if the line joining it to the point (3,—1,11)
be perpendicular to the given line. This requires
2Q2r=-3)+3@r+2+1)+4@r+3-1)=0 =r=1
Therefore, the required foot is (2, 5, 7) and the required equations of the perpendiculars are
x=3 y+1 z-11

1 -6 4
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EXERCISES
1. Find the equations of the perpendicular from

0 (2,4,—1)t0(X+5)=i(y+3)=é(z—6),

(i) (~2.2.-3) to (x— 3) = %(y iD= —i(z ),

(iii) (0,0,0)to 2x + y +z=7=0=4x +z - 14.
Obtain also the feet of the perpendiculars.

1 1 1
[Ans. (1) g(x—2)=§(y—4)=§(z+1),(—4,1,—3)

(ii)é(X+2)=—(y—2)=(z+3),(4,1,—2)
(i) —x/2=y=z/4,(2/3,-1/3,-4/3)

1
(iv) g(X+2)=—(y—2)=(z+3),(4,1,—2)]

2. A line with direction cosines proportional to (7,4, — 1) is drawn to intersect the lines
x-1 y-3 z+2 x+3 y-3 z-5
3 -1 17 -3 2 4
Find the points of intersection and the length intercepted on it.

[Ans. (7,5,0), (0, 1, 1), V66]
3. Find the line which intersects the lines
xX+y+z=1L2x—-y—-z=2;x—y—z=3,2x+4y—z=4
and passes through the point (1, 1, 1). Find also the points of intersection.

[Ans.x= L(y-D/1=(z-1)/3; (1,%,—%); a, 0,—2)}

4. Find the equations of the line which passes through the point (=4, 3, 1), is parallel to the
plane x +2y — z =35 and intersects the line
—(x+D/3=(y—-3)/2=-(x—-2)
Find also the point of intersection. [Ans. (x+4)/3=—=(y-=3)=(z-1);(2,1,3)]
5. Find the distance of the point (= 2,3, —4) from the line
(x+2)/3=Q2y+3)/4=3z+4)/5
measured parallel to the plane

4x+12y-3z+1=0. [Ans. 17/2]
6. Find the equations of the straight line through the point (2, 3, 4) perpendicular to the X-axis
and intersecting the line x =y = z. [Ans. x=2,2y —z=2]

3.6 THE SHORTEST DISTANCE BETWEEN TWO LINES

To show that the shortest distance between two lines lies
along the line meeting them both at right angles.

Let AB, CD be two given lines.

A line is completely determined if it intersects two lines at
right angles [See 3.5.1, Case (viii)].

Thus, there is one and only one line which intersects the
two given lines at right angles, say, at G and H.

GH is, then, the shortest distance between the two lines
for, if A, C be any two points, one on each of the two given
lines,

GH is the projection of AC on itself
= GH = AC cosB
= GH < AC
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0, being the angle between GH and AC. Thus, GH is the shortest distance (S.D.) between the
two lines AB and CD.

3.6.1
To find the magnitude and the equations of the line of shortest distance between two straight
lines.

Let AB, CD be the two given lines, and GH, the line which meets them both at right angles at G
and H. Then GH is the line of shortest distance between the given lines; the length of GH being the
magnitude.

Let the equations of the given lines be
X=X _ YN _2-% )
1, m n > (1)
X“Xp _ Y~V _272% ..
I m 1 ...(i1)
and let the shortest distance lie along the line
x-o_y-P_z-v

) ...(iii)
l m n
Line (iii) is perpendicular to both the lines (i) and (ii)
Iy + mmy +nny =0,
= _
lly + mmy +nny =0,
l _ m _ n )
= mny —myny  myly —myly Lmy —lmy
\/Z ) - mzn1)2 (1v)

The line of shortest distance is perpendicular to both the lines. Therefore, the magnitude of the
shortest distance is the projection on the line of shortest distance of the line joining any two points,
one on each of the given lines (i) and (ii).

Taking the projection of the join of (xy, 1, 21), (X2, ¥2,22) on the line with direction cosines
[, m, n; we see that the shortest distance

=@ =x) i+ —y)m+(z —z)n,

where [, m, n have the values as given in (iv).

To find the equations of the line of shortest distance, we observe that it is coplanar with both
the given lines.

The equations of the plane containing the coplanar lines (i) and (iii) is

X=X Y=y 2—3
ll my m =0 (V)
l m n

and that of the plane containing the coplanar lines (ii) and (iii) is

X=X Y=Y 272

12 my ny =0. (Vl)
l m n
Thus, (v) and (vi) are the two equations of the line of shortest distance, where [, m, n are given

in (iv).
Note. Other methods of determining the shortest distance are given below where an example
has been solved by three different methods.
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EXAMPLES
1. Find the magnitude and the equations of the line of shortest distance between the lines :
x-8 y+9 z-10 .
3 _16 7 (1)
x-15 y-29 z-5 B
3§  —5° ...(i1)
Sol. First Method. Let /, m, n be the direction cosines of the line of shortest distance.

As it is perpendicular to the two lines, we have
{31 —16m+7n=0,

3l +8m—5n=0.
L_m_n
= 2436 72
L_m_n
= 2 3 6
l—%m—E n—é
= 7T

The magnitude of the shortest distance is the projection of the join of the points (8, -9, 10),
(15, 29, 5), on the line of the shortest distance and is, therefore,

7 7 7

Again, the equation of the plane containing the first of the two given lines and the line of

shortest distance is
x—8 y+9 z-10

3 -16 7 |=0=117x+4y-412-490=0.

2 3 6

Also the equation of the plane containing the second line and the shortest distance line is
x—15 y=29 z-5

3 8 -5 |=09x-4y—-z=14.

2 3 6

Hence, the equations of the shortest distance line are
117x+4y-41z-490=0=9x -4y -z=14.

Second Method
P @3r+8,—16r—9,7r +10), P" (3r" +15,8r" + 29, 5r" +5)
are the general co-ordinates of the points on the two lines respectively. The direction cosines
of PP’ are proportional to
3r—3r"=7,—16r —8r" — 38, 7r + 5r’+5.

Now PP’ will be required line of shortest distance, if it is perpendicular to both are given
lines, which requires
3B@r=3r'-7)—-16(-16r —8r'=38)+ 7 (7r +5r’' +5)=0,
{3(3r—3r’—7)+8(—16r—8r’—38)—5(7r+5r’+5)=0.
= 157r+77r" +311=0 and 11r+7r" +25=0,
= r=—1r"=-2.

Therefore, the co-ordinates of the point P and P’ are
(5,7,3)and (9, 13, 15).
Hence, the shortest distance PP’ =14 and its equations are
x=-5 y-7 z-3
2 3 6
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This method is sometimes very convenient and is specially useful when we require also the
points where the line of shortest distance meets the two lines.
2. Find the shortest distance between the axis of z and the line
ax+by+cz+d=0,ax+b'y+c’z+d =0
Sol. Now the general equation of the plane through the second given line is
ax+by+cz+d+k(ax+b'y+c’z+d’)=0
S (a+kayx+b+kb") y+(c+kc)z+(d+kd)=0 (1)
k being the parameter.
It will be paralell to z-axis whose direction cosines are 0, 0, 1 if the normal to the plane is
perpendicular to the z-axis, i.e., if
0.(a+ka)+0.(b+kb)+1.(c+kc)=0
= k=-clc.
Substituting this value of k in (i), we see that the equation of the plane through the second line
parallel to the first is
(ac’—a’c) x+ (bc’ —=b’c) y+(dc’—d’c) =0 .(ii)
The required S.D. is the distance of any point on the z-axis from the plane (ii) so that
S.D. = perpendicular from (0, 0, 0), (a point on z-axis)
_. dc’—d’c

\/(ac’ - a’c)2 + (bc’ - b’c)2
3. Prove that the S.D. between the diagonals of rectangular parallelopiped and the edges
not meeting it are

bc ca ab

Jo2+?) @ +a?) @ +b?)
where a, b, ¢ are the lengths of the edges.

Sol. Let coterminous edges OA, OB, OC be taken as the axes of reference. We will find S.D.
between the diagonal OP and edge BL (which does not meet OP). Equations of OP and BL are

X_Y_ %4 X_¥-b_z
a b ¢ a 0 0
pA
4
M (a,0,c)
(a,b,c)
N(0,b, c) b
0 A » X
(0,b,0) L(a,b,0)
B
Y Fig. 3

Let [, m, n be the dc’s of S.D., then
al +bm+cn=0
and al +0-m+0-n=0

c -b
[=0,m= =
= \/b2 +c? \/b2 +c?
S.D. = Projection of OB on the line of S.D.
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bc

ﬁbz +c?
Similarly, S.D.’s between OP and AL and OP and MC are cq / ,/cz +a? and ab/ ,Iaz +b2.
4. Show that the equation of the plane containing the line

=0-0)I+b-0m+O0-0)n=bm=

X+£=1,x=0
b ¢
X Z
and parallel to the line 3_;:1’)):0
Xy z
: XY Zii-0
o a b c

and if 2d is the S.D. show that d™2 =a™% +b™% + ¢ 2.
Sol. The equation of the plane containing the line

RAIET ) R
b ¢
is (2+£—lj+}\x=0
b c
= M+(1/b)yy+(1/c)z-1=0 (1)
If it is parallel to the line
£—£=l,y=0,i.e.,x_a =X=§,

a c¢ a 0 ¢
then the normal to the plane (i) must be perpendicular to the line and so we have
A(@+A/b)-0+1/¢c)-c=0=2A=-1/a.
From (1) the equation of the required palne is

1
2yto)odnsool -2tz @
b ¢ a a b c
. . X—-—a 'y z
Now, any point on the line =6=* is (a,0,0).
a c

Therefore,
2d = S.D. beween the given lines
= perpendicular distance of the point (a, 0, 0) from the plane (i)

_a-(1/a)y-0-(1/b) = 0-(1/c) +1 _ 2
Jara? + 1?4110 Ja2+p2 42
=  dl=a?+p

5. A square ABCD of diagonal 2a is folded along the diagonal AC, so that planes DAC, BAC

are at right angles. Show that the shortest distance betweden DC and AB is then 2a/ NEY
Sol. Let O be the centre of square and OA axis of

x. Planes DAC and BAC are mutually at right angles.

Take OB and OD as axes of y and z.
Then co-ordinates of A, B, C, D are

(a7 05 0)5 (07 a, 0) s (_ a, 07 0) and (07 07 a)' el .,
Equations of AB are (x—a)/a=y/—a=2z/0
and of DC x/a=y/0=(z—a)/a. Thus, a plane
containing DC and parallel to AB is
X 'y z-a
a O a |=0

a —a 0
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= xX+y+z+a=0
S.D. = Perpendicular distance of this plane from a point (a,0,0) on AB
_ata 2_a
Ja+1+1 3

EXERCISES
1. Find the magnitude and the equations of the line of shortest distance between the two lines

x-3 y+15 z-9 x+1 y-1 z-9

O "7 5 ' 2 1 -3
x-3 y-4 z+2 x-1_y+7 z+2
i7" 11 3 2

[Ans. (i) x=y = 2,443 (ii) (x—4) = (y=2)/ 3=~ (z+3)/5:/35]
2. Find the length and the equations of the shortest distance line between
S5x—y—-2z=0 x—=2y+z+3=0;
Tx—4y—2z=0, x—y+z-3=0.
[Hint. Transform the equations to the symmetrical form]|
[Ans. 17x +20y —19z -39 =0=8x +5y — 31z + 67; 13/\/%]
3. Find the magnitude and the position of the line of shortest distance between the lines
) 2x+y—2z=0,x—y+2z=0,x+2y—-32=4,2x -3y +4z=5
x _y+l z-2

i) —=—— Sx—=2y-3z2+6=0,x—-3y+2z-3=0.
(11)4 3 5 y Y

[Ans. (i) 3x + z7=0=22x — 5y + 47— 67,214 /7.

(i) Tx -2y —11z+20=0=13x— 13z +24;174/6/ 39]
4. Obtain the co-ordinates of the points where the shortest distance line between the lines
x=23 y-19 z-25 x-12 y-1 z-5
-6 <4 3 7 -9 4 2
meets them. [Ans. (11,11,31)and (3,5, 7)]
5. Find the co-ordinates of the points on the join of (=3,7,—13) and (=6, 1,—10) which is
nearest to the intersection of the planes
3x—y—3z+32=0 and 3x+2y-15z-8=0. [Ans. (—=7,—-1,-9)]
6. Show that the shortest distance between the lines
x+a=2y=-12z and x=y+2a=06z—-6a

is 2a.
3.7 LENGTH OF THE PERPENDICULAR FROM A POINT TO A LINE
To find the length of the perpendicular from a given point P(xy, y1,21) to a given line
x-o_y-P_z-v
l m n’

P (X1,Y1,Z4)

P H (o, B,y) Q

Fig.5
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Let H be the point (o, B,y) on the given line and Q the foot of the perpendicular from the
point P on it.

We have PQ2 = HP? - HQ2.
Also HP? = (o ~)” + (3 =B + (5 1)
and HQ = projection of HP on the given line

=1(x; —o) +m(y; —=B) +n(z; —y)
provided I, m, n are the actual direction cosines.
It follows that

PO* = (x; — o) +(y; =B +(z —7)°
— [ (x; =) +m (y; = B) +n(z =V
EXAMPLE
x—-6_ y-=7 z-17

Find the perpendicular distance of P (1,2,3) from the line 3 = N7

Sol. First Method. A (6,7, 7) will be a point on the line.
Let the perpendicular from P meets the line in N. P1.2,3)
Then, .

AP2=(6-1%+(7-2)%+(7-3)2 =66
AN = Projection of AP on the given line

:(6—1)%+(7—2).%+(7—3)(—%)
=17
PN? = AP? — AN? =66 17 =49 Fig. 6
= PN =17.

Second Method. The given line can be written as
x—6 y=7 z=17

31T 2017 =201

9 3 2 (22 2 2
PN? = (1—6)—(2—7)} +{(2—7)—(3—7)}
{Jﬁ V17 NiT NiTl
2
+{3(3—7)+ 2 (1—6)} =49
V17 17
= PN =17.
Third Method. Any point N on the line is (3r + 6, 2r + 7, — 2r + 7). Let this be the foot of the
perpendicular.

Then PN whose dr’s are 3r + 5, 2r + 5, — 2r + 4, will be perpendicular to the given line.
3@r+5+2Q@2r+5-2(-2r+4)=0
= r=—1.
Thus, the foot of perpendicular N is (3, 5, 9) and hence PN =7.
EXERCISES
1. Find the length of the perpendicular from the point (4, — 5, 3) to the line
x—5=y+2=z—6' {Ans. \/t_?}

3 -4 5
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2. Find the locus of the point whecih moves so that its distance from the line x=y=z is twice
its distance from the plane x+ y +z=1.

[Ans. x? + y2 + 22 +5xy +5yz +Szx —4x — 4y — 4z + 2=0]
3. Find the length of the perpendicular from the point P (5,4, —1) upon the line

1 1 1
5(x—1)=§y=§z. [Ans. \/2109/110 ]
3.8 INTERSECTION OF THREE PLANES

Given three distinct planes such that no two of them are parallel.
We have the following three possibilities in respect of their intersection.
The three planes may :
(i) have only one point in common (Fig. 7a);
(@ii) have a line in common so that the three planes are coaxial (Fig. 7b);
(iii) form a triangular prism (Fig. 7¢).
We shall in the following find conditions for each of these three possibilities.
Three planes are said to form a triangular prism if the three lines of intersection of the three
planes, taken in pairs, are distinct and parallel.
Clearly, the three planes will form a triangular prism if the line of intersection of two of them be
parallel to the third.

3.8.1
To find the condition that the three planes
a,x+by+cz+d, =0;(r=1273)
should form a prism or intersect in a line.

C
-
A L A E
A B c
N ) ‘
i (@ i i | "
a
(b) 1
Fig. 7 (©)
We assume that the first two planes are not parallel.
The line of intersection of the first two planes is
x—=(bd, - byd))(a\b, — ayb)) Y- (ayd, — ayd,) l(a,by — a,by) B z
= = .
biey =byey R T b} aby —axby ®

The three planes will form a triangular prism if this line is parallel to the third plane without
lying in the same.
The line (i) will be parallel to the third plane, if

az(bicy —bycy) +by(ciay —cya)) + c3(aby — ayby) =0

q b g
= a, b2 Cy | = 0 (i)
ay by ¢

Again, the planes will intersect in a line if and only if the line (i) lies in the plane
azx +byy +c3z+d; =0.

This rquires :

(1) This line is parallel to the third plane i.e., (ii) is satisfied, and
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bd, —b,d d, —ad
(2) the point | 1221 DN " 4% ,0 | lies on it implying that
ab, —ayb,  ab, — a,b
ay(bdy —byd)) + by(ayd, — ayd,y) + dy(aiby —ayb) =0
a b 4,
4 by dy =0 i)
a; by dy
Thus, the three planes will intersect in a line, if the condition
(ii) and (iii) hold
and will form a triangular prism, if

(ii) holds but (iii) does not hold.
The three planes will intersect in a unique finite point if the conditon (ii) does not hold.

EXAMPLES
1. Prove that the planes x=cy+bz, y=az+cx,z=bx+ay pass through one line if

=

a? +b% + c? + 2abc = 1. Show that the equations of this line are
Xy 0z
Ji-a2 J1-p2 1=
Sol. The three planes can be written as
x—cy—-bz=0 (D)
ex—y+az=0 (2
bx+ay—-z=0 ..(3)
Let (I, m, n) be the dc’s of the line of intersection of (1) and (2); then
l—cm=bn=0
c-m+an=0
I m  n
= ac+b bc+a 1-¢2
Planes (1) and (2) both passes throguh origin, hence, their line of intersection will also pass
throguh (0, 0, 0). Thus, equation of line of intersection of (1) and (2) is
X y Z
&)

ac+b bct+a 1-c2
Now the three planes will intersect in a line if (4) lies in (3). The point (0, 0, 0) of (4) already
satisfies (3). Hence, the required condition is
b(ac+b)+abc+a)—1-c?)=0
a’ +b?% +¢% +2abc =1

(5

=
We have

ac+b= \/(ac +b)? = \/a26‘2 +b% +2abc = \/a26’2 +(-a?-c?) [From (5)]

=Jd-a®)1-c2).
Similarly, be +a =1 -b%) (1 -c?).

Putting these in (4), we get
Z

X _ y
Ji-a {1-p? 1-¢2
2. The plane x/a+ y/b+ z/c =1 meets the axes OX, OY, OZ which are rectangular, in A, B,
C. Prove that the plane through the axes and the internal bisector of the angles of the triangle

ABC pass through the line
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y Z A
2

X
a \/b2 +c? b\/c +a? cw/az +b?

Sol. We know that bisector of any angle of a triangle

meets the opposite side at a point which divides it in the

ratio of other two sides. Hence, if CF is the internal

bisector of angle ABC, then

AF _AC @ +c)

BC  BC 12 +¢2)

Thus, co-ordinates of F will become

a+(b% +c?) bya? + 2 0
\/(a2 + cz) + \/(b2 +c2) ’ \/(a2 +c2) +\/(b2 +c2) ’
Plane through z-axis is
x+Ay=0
If it passes through F, then

Lo ay@®?tc)
b (@ +c?)

Hence, equation of plane OCF is
* b (@® +c?) g

X _ y
a\/(b2 +c2) b \/(a2 +02).

Similarly, other planes through axes and lines bisecting the angles A and B are

Le.,

Y = < and al = <
b\/a2+c2 c\/(a2+b2) a\/(b2 +c2) c\/(a2 +b?)
The planes clearly pass through the line

X 3 y _ Z
a\/(b2+cz) b\/(a2+cz) c\/(a2 +b2)
EXERCISES

1. Show that the following sets of planes intersect in lines :
(1) 4x+3y+2z+7=0,2x+y—-4z+1=0,x-7z-7=0
() 2x+y+z+4=0,y-2z+4=0,3x+2y+z+8=0.
2. Show that the following sets of planes form triangular prisms :
O x+y+z+3=0,3x+y—-2z+2=0,2x+4y+7z-7=0.
i)y x—z-1=0,x+y—-2z-3=0,x—-2y+z-3=0.
3. Examine the nature of intersection of the following sets of planes :
(i) 4x—-5y—-2z-2=0,5x—4y+2z+2=0,2x+2y+8z—-1=0.
() 2x+3y—-2z-2=0,3x+3y+z-4=0,x—-y+2z-5=0.
(i) Sx+3y+7z-4=0,3x+26y+2z-9=0,7x+2y+10z-5=0.
(iv) 2x+6y+11=0,6x+20y —6z+3=0,6y—-18z+1=0.
[Ans. (i) prism, (ii) point, (iii) line, (iv) prism]
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4. Show that the planes
bx—ay=n,cy—bz=1,az—cx=m,
will intersect in a line if
al +bm+cn=0,

and the direction ratios of the line, then, are ¢, b, c.
5. Prove that the three planes

bz—cy=b—-c,cx—az=c—a,ay—bx=a-b,
pass through one line (say /), and the three planes
(c—a)z—(a-b)y=b+c,
(a-b)yx—(b-c)z=c+a,
b-c)y—-(c—a)z=a+b,
pass through another line (say [”). Show that the lines / and ]’ are at right angles to each

other.
6. If the planes x=y + z, y =az + x, z= x + ay pass through one line, find the value of a.

[Ans. a =—1]
7. Prove that the planes ny —mz =A,lz —nx=WU and mx—1ly=v have a common line if
I\ + mu + nv =0. Show also that the distance of the line from the origin is

1/2
A2 +u? +v2
12 +m? +n?

.
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The Sphere

4.1 DEFINITION
A sphere is the locus of a point which remains at a constant distance from a fixed point.
The constant distance is called the Radius and the fixed point the Centre of the sphere.
4.1.1 Equation of a Sphere
Let (a, b, c) be the centre and r the radius of a given sphere.
Equating the radius r to the distance of any point (x, y, z) on the sphere from its centre

(a, b, c) we have
(x—a) +(y—-b) +(z—¢c)* =+
= x2+y2+zz—2ax—2by—2cz+(a2+b2+02—r2)=0 (&)

which is the required equation of the given sphere.
Thus, the sphere whose centre is the point (a, b, ¢) and whose radius is r is the set

{(x,y,z)zx2 +y2 +12 —2ax—2by—2cz+(a2 +b2+c? —r2)=O}
We note the following characteristics of the equation (A) of the sphere :
1. It is of the second degree in x, y, z;
2. The coefficient of x?2, yz’ 22 are all equal;

3. The product terms xy, yz, zx are absent.
Conversely, we consider the equation.

ax* + ay2 + az2 +2ux +2vy+2wz+d=0,a#0 ..(B)

having the above three characteristics; a, u, v, w, d being given constants and a # 0.
The equation (B) can be written as

2 2 2
u % w w? +v2 +w? —ad
x+—| #|y+—| +|z+—]| =
a a a a2

This manner of rewriting shows that the distance between the variable point (x,y, z) and the
fixed point
u o v.ow
a’ a’ a

) \/u2+v2+w2—ad b 9 2
is Il ,u +v i +wt —ad=20
a

and is, therefore, constant. )
The locus of the equation (B) is thus a sphere, if

uw? +v:+w?—ad>0

4.1.2 General Equation of a Sphere
We write the equation (B) in the form

2u 2v 2w d
x2+y2+12+—x+—y+—z+—=0,a¢0
a a a a
2 2 2 ’ ’ ’ ’ _
= XTHy 7 A 2ux+ 20y + 2wz +d =

which is taken as the general equation of a sphere.
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The family of spheres is thus given by the equation

x2+y2+z2+2ux+2vy+2wz+d=0

where u, v, w, d are parameters such that Wi +ewl—d>o.

The radius of the sphere is ‘0’ if

u> +v2 +w? —d=0

In this case, the sphere is what we may call a Point sphere.

4.1.3 Equation to a sphere on line joining (x, y;, z1), (x5, ¥,,2,) as diameter.

Let P (x,y,z) be a point on the sphere. Then App is a right-angled triangle right-angled at
P.
»n

A
(‘,«.
R B (X2,¥2,25)

A
(X4,¥1,21)
Now direction cosines of AP are proportional to x — xy, y — yy, z — z; and direction cosines of
BP are proportional to X — X5,y — ¥2,2 — 23.
But AP and BP are at right angles to each other
. (x—xp(x—x)+(—yDO—ym)+(z-2)(z-2)=0
is the required equation of the sphere.
EXAMPLE
1. A plane passes through a fixed point (a, b, c); show that the locus of the foot of the
perpendicular to it from the origin is the sphere x* + y2 +72
Sol. Any plane through (a, b, c) is
I(x—a)y+m(y-b)+n(z—c)=0 (D)
and the line perpendicular to it from the origin is

—ax—-by—cz=0.

AN
AB
r_oY_= 2)

The foot of the perpendicular is the point of intersection of (1) and (2). Thus, to find the locus
of the foot of perpendicular, one should eliminate I, m, n between (1) and (2), i.e.,

x(x—=a)+y(y-b)+z(z-c¢c)=0.
= x2+y2+zz—ax—by—cz=0

EXERCISES
1. Find the centres and the radii of the following spheres :

® x2+y2+z2—6x+8y—101+1=0,
() x>+y2+72+2x—4y—62+5=0,
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(i) 2x% +2y2 +2z2 = 2x+4y+2z+3=0.

1 1
{Ans. (i) (3,-4,5); 7 (i) (-1, 2, 3); 3 (iii) (E ,—1, - 5) ; 0}
2. Obtain the equation of the sphere described on the join of the points
A(2,-3,4)B(-5,6,~-7)
as diameter. [Ans. x2 + y2 +72 4+ 3(x—y+z)—-56=0]1

2 4 ay® +az® + 2ux + 2vy + 2wz + d = 0 represents a sphere.

o . N T
Find its radius and centre. Ans. Nxu —ad ( wo_v W)

a

9
a a a

3. Prove that the equation gx

4. Through a point P three mutually perpendicular straight lines are drawn; one passes through
a fixed point C on the z-axis, while the others intersect the x-axis and y-axis, respectively;
show that the locus of P is a sphere of which C is the centre.

4.2 THE SPHERE THROUGH FOUR GIVEN POINTS

The general equation of a sphere contains four parameters and, as such a sphere can be uniquely
determined so as to satisfy four conditions, each of which is such that it gives rise to one linear
relation between the constants.

In particular, we can find a sphere through four non-coplanar points

(x1, Y15 215 (X2, Y2, 22): (X3, V35 23), (X4, Y45 24)

Let x2+y? + 22 4 2ux + 20y + 2wz +d =0 (D)

be the equation of the sphere through the four given points.

We have then the linear equation

XP 4 yE 420 + 2w +2vy; + 2wz +d =0 (1)
and three more similar equations corresponding to the remaining three points so that we obtain
a system of four linear equations in four unknowns u, v, w, d. We solve these equations and
substituting the values thus obtained for u, v, w, d in (i); we get the required equation.
EXAMPLES
1. Find the equation to the sphere through the points (0, 0, 0), (0, 1, 1), (-1, 2, 0), (1, 2, 3).
Sol. Let the equation of the sphere be
x2+y2+z2+2ux+2vy+2wz+d=0 (1)
As it passes through given points, we have
d=0;
2+2v=-2w+d=0;
24+42v=2w+d=0;
4+2u+dv+6w+d=0
Lo 15 25 11
yielding u=—-——,v=——,w=-—— and d=0.

, W
) 14 14 14
Hence, the equation of the sphere becomes

s 5 o, 15 25 11
Xy - —x-—y-—1z=0
Y 7 7 Y 7
2 2 2 —
or T(x“+y +z7)-15x-25y-11z=0

2. Prove that the centres of the spheres which touch the lines y=mx,z=c;y=—-mx,z=-¢;

lie upon the conicoid mxy + cz (1+ m2) =0.
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Sol.Let the equation of the sphere be

x2+y2+z2+2ux+2vy+2wz+d=0

Line y = mx, z = ¢ meets it where
2 2 x2

x“+m e+ 2ux + 2vmx +2we+d =0

or A+m>) x> +2@+vm) x + (> +2wc+d)=0

The line is given to be tangent to the sphere; hence the two values of x given by above equation
must be coincident, which gives

(u+ vm)2 =(1+ m2) (c2 +2wc +d) ..(1)
In the same way, line ¥y =— mx, z=— ¢ will touch the sphere, if
(u— vm)2 =(1+ m2) (c2 —2wc+d) ..(2)

Subtracting (2) from (1), we have
duvm = 4wce (1+ mz)

or uvm—wc(1+m2)=0

Hence, the locus of centre (—u, —v, —w) will be

xym+zc(l+m2)=O
3. A variable plane through a fixed point (a, b, c) cuts the co-ordinate axes in the point A, B,
C. Show that the locus of the centres of the sphere OABC is

ﬁ + 2 + £ - 2
Xy z
Sol. Let the sphere OABC be

x2+y2+zz+2ux+2vy+2wz=0

so that u, v, w are different for different spheres. The points A, B, C where it cuts the three axes
are (—2u, 0, 0), (0, —2v, 0), (0, 0, —2w). The equation of the plane ABC is

SN DU S

—2u - =2v 2w
Since this plane passes through (a, b, c¢) we have

a b c

—2u 2u 2w
If x, y, z be the centre of the sphere (1), then

X=—UYy=—V,Z2=—W ..(3)
From (2) and (3), we obtain

=1 (2

ﬁ + 2 + E = 2
X vy z
as the required locus.
4. A sphere of constant radius k passes through the origin and cuts the axes in A, B and C.
Find the locus of the centroid of the triangle ABC.
Sol. Let the co-ordinates of A, B, C be (a,0,0), (0, b,0) and (0,0, c) respectively. The sphere
also passes through the origin (0, 0, 0).
Let the equation of the sphere be
x? -i-y2 +22 +2ux +2vy+2wz+d=0
As it passes through (0, 0, 0),(a, 0,0), (0, 5,0) and (0,0, c), we have d =0,

L) u——la v——lb w——lc
a” +2ua+d=0 = 5 & 5 >
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.. Required equation of sphere is

2 2

X +y2+z —ax—-by—cz=0
2 2 2
Its radius = la + lb + lc =k
2 2 2
= a® +b% +¢? = 4k?
If (x1, ¥, 21) be the co-ordinates of the centroid of AABC, then

1 1 1
X1 =—a, ylng, zlzgc = a=3x,b=3y,c=3z

Substituting these values in (ii), and generalizing, the required locus is
9(x? +y? + %) =4k>
EXERCISES

1. Find the equation of the sphere through the four points
(4,-1,2),(0,-2,3),(1,=5,-D,(2, 0, D

[Ans. x? +y7 + 22 < 4x+6y—2z+5=0]

2. Find the equation of the sphere through the four points.
(0,0,0) (=a, b,c) (a,=b,c)(a, b,~¢)

and determine its radius.
2 2 2
X“+y 4z X z 1 _ _ _
Ans.ﬁ———l——=—0;~(a2+b2+cz) a2+b 242
a”+b” +c a b 2

3. Find the equation of the sphere passing through the origin and the points (1, 0, 0), (0, 2, 0)

and (0,0, 3). [Ans. x> +y2+z2—x—-2y-3z=0]
4. Obtain the equation of the sphere circumscribing the tetrahedron whose faces are
x=0y=0z=0>+2+%=1
a b c¢

5. Obtain the equation of the sphere which passes through the three points
(1,0,0), (0, 1,0),(0,0, 1)
and has its radius as small as possible. [Ans.3(x? + y2 +22)-2(x+ y+z)—1=0]
6. Show that the equation of the sphere passing through the three points (3, 0, 2), (-1, 1, 0),
(2,-3, 4) and having its centre on the plane 2x +3y +4z =06 is:

2yt +4y-62=1
7. Obtain the sphere having its centre on the line Sy +2z=0=2x — 3y and passing through
the two points (0,—2,-4),(2,—1,—1).  [Ans.x% + y? + 22 —6x — 4y + 10z + 12 = 0]
8. Find the equation to a sphere passing through the points (1, -3,4), (1, -5,2),(1,-3,0) and

having centre on the plane x + y+ z=0. [Ans. x> + y2 +72 —2x+ 6y —4z+10=0]
9. A sphere of constant radius r passes through the origin O and cuts the axes in A, B, C. Find
the locus of the foot of the perpendicular from O to the plane ABC.
[Ans. (x> + y2 +2)2 (72 + y_2 +772)=4r%]
10. If O be the centre of a sphere of radius unity and A, B be two points in a line with O such
that OA. OB =1, and if P be a variable point no the sphere, show that
PA : PB = constant
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4.3.1 Plane Section of a Sphere

Consider a sphere and a plane. We suppose that the sphere and the
plane have points on common, i.e., intersect. The set of points common to
a sphere and a plane, assuming that the sphere and the plane intersect, is
called a Plane Section of a sphere. We show that the locus of points
common to a sphere and a plane is a circle, i.e., a plane section of a

sphere is a circle. L

Let O be the centre of the sphere and P, a point on the plane section. A ——5/8
Let ON be the perpendicular to the given plane; N being the foot of the
perpendicular.

As ON is perpendicular to the plane which contains the line NP, we
have

ON LNP = NP?=0P? - ON?
Now, O and N being fixed points, this relation shows that NP is constant for all positions of P
on the section.

Hence, the locus of P is a circle whose centre is the point N, viz., the locus of the perendicular
from the centre of the sphere to the plane.

The section of a sphere by a plane through its centre is known as a great-circle.

The centre and radius of a great circle are the same as those of the sphere.

There exist points of intersection of a sphere and a plane if and only if the distance of the
centre of the sphere from the plane is less than or equal to the radius of the sphere.

Thus, the sphere

x2+y2+z2+2ux+2vy+2wz+d=0

will intersect the plane.
Ix+my+nz=p
if and only if
(ul+vm+wn+p)2 S(l2 +m? +r12)(u2 +v2 +w? —-d)

Cor. The circle through three given points lies entirely on any sphere through the same three
points.

Thus, the condition of a sphere containing a given circle is equivalent to that of its passing
through any three of its points.

4.3.2 Intersection of Two Spheres

We now consider two spheres and assume that the given spheres have points in common, i.e.,
intersect. Assuming that two given spheres intersect, we show that the locus of the points of
intersection of two spheres is a circle.

The co-ordinates of points, if any, common to the two spheres
S =x2 +y2 + 72 +2ux+2wz+d; =0
S, =x2+y2+7° +2uyx +2vyy + 2wyz+dy =0
satisfy both these equations and therefore, they also satisfy the equation
S1 =82 =2x(uy —up) + 2y (v =vp) + 22 (W =wy) +(dy —dy) =0

which, being of the first degree, represents a plane.

Thus, the points of intersection of the two spheres are the same as those of any one of them
and this plane and, therefore, they lie on a circle.

4.3.3 Sphere With a Given Diameter
To find the equation of the sphere described on the segment joining the points

A (xl, Y1s Zl)’ B(xz, Y2, Zz)
as a diameter
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Let P (x,y,z) be a point on the sphere described on the segment AB as diameter.
Since the section of the required sphere by the plane through the three points P, A, B is a
great circle having AB as diameter, the point P lies on a semi-circle and, therefore,
PA L PB
The direction cosines of PA, PB being proportional to
X=x,y-y,z—zand x =X,y —¥3,2—2p
they will be perpendicular, if
(x—xp)x-x)+(-yD+(E-2)(z-2)=0
which is the required equation of the sphere.

4.4 EQUATIONS OF A CIRCLE

A circle is the intersection of its plane with some sphere through it. As such, a circle can be
represented by two equation, representing a sphere and the other a plane.
Thus, the two equations

x? +y2 +7° +2ux+2vy+2wz+d =0, Ix+my+nz=p

taken together represent a circle.
A circle can also be represenetd by the equations of any two spheres through it.
Note : The reader may note that the equations

2 +y?+ 22 42 +e=0, z=0
also represented a circle which is the intersection of the cylinder.

x? +y2 +72 +2fy+c=0
with the plane.

EXAMPLES

X <
1. A variable plane is parallel to the given plane — + % +—=0 and meets the axes in A, B,
a c
C. Prove that the circle ABC lies on the cone.

b ¢ c a a b
il —+—|tzx|—+—|+xy|—+—|=0
- a c¢ b a

Sol. Let the variable plane, which is parallel to the given plane, be

i + X + E — k
a b c
This meets the axes in A (ak,0,0), B (0, bk,0) and C (0,0, ck). Hence, equation of the sphere

OABC'is
x2+y2+12—akx—bky—ckz=0

or X%+ y2 +22 —k(ax + by+cz)=0 -(2)
The circle ABC lies on both, the plane (1) and the sphere (2). Hence, (1) and (2) together

represented the circle ABC and the locus of the circle ABC will be obtained by eliminating k from
(1) and (2). Thus, the locus of circle ABC is

(x? +y2+z2)—(£+1+5)(ax+by+01):0
a b c

b ¢ c a a b
or yz|—+—|+z|—+—|+txy| —+—|=0
c b a c b a
2. If r be the radius of the circle

x2+y2+zz+2ux+2vy+2wz+d=0, Ix+my+nz=0

prove that
(r2 +d) (l2 +m? + dz) =(mw-— nv)2 + (nu — hv)2 +(lv - mu)2
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Sol. The equation of the given sphere is
X2 +y? + 22 4 2ux +2vy + 2wz +d =0 (1)

2

having centre at (—u, —v, —w) and radius CP = \/uz v +w?—d.

Now distance CN of centre of sphere from the plane is length of perpendicular from centre of
sphere on the plane
Ix+my+nz=0

CN = lu+mv+ nu

Hence, T
1 +m? +n? I
CP=\/u2+v2+w2—d,NP:r p
3 (lu+mv+nw)2

2 =CP>-CN? =u®> +v* +w? —-d

12 +m? +n?
= (2 +d) (> +m? +n?)=@? v +w?) % +m? +0?) = (lut+ my + nw)?
= (r2 +d) (l2 +m?+ nz) =(mw — nv)2 + (nu — lw)2 +(lv= mu)2

by Lagrange’s identity.
3. A is a point on OX and B on OY so that the angle OAB is constant (= o ). On AB as
diameter a circle is described whose plane is parallel to OZ. Prove that as AB varies, the circle

generates the cone 2xy — 2% sin 2a.= 0.

Sol. Let A be the point (a,0,0) and B (0, b, 0).
Then since Z/OAB = o, we have
b
tan o = = . (D
a

Now a sphere on AB as diameter is
(x—a)x+(y—b)y-i—z2 =0
2+ y2 +22 =axr+ by -(2)

=
A plane through AB parallel to OZ is
Xy

—+==1 (3
a b

The required circle is given by intersection of (2) and (3). Now to determine the locus of the

circle, we will eliminate ¢ and b from (2), with the help of (1) and (3). So, we have

x2+y2+zz=(ax+by)(£+%
a

b
x2+y2+zz=x2+y2+xy(%+—j

= a
2= 2

= sin 20t

= 2xy — 2% sin 2a.=0

EXERCISES
1. Find the centre and the radius of the circle
x+2y+2z=15 x? +y2 +7° -2y—-4z=11

2. Find the equations of that section of the sphere
2

[Ans. (1,3,4), /7]

2 +yi+?=a

of which a given internal point (xj, y1, z;) is the centre.
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[Hint : The plane through (x, y;, ;) drawn perpendicular to the line joining this point to
the centre (0, 0, 0) of the sphere determines the required section.]

[Ans. X2+ y2 + 22

3. Obtain the equations of the circle lying on the sphere

=a2,xx1 +yy; + 224 =x12 +yl2 +112]

x2 +y2 +72 -2x+4y-6z+3=0
and having its centre at (2, 3, —4).
[Ans.x2 +y2 +2° —2x+4y—-62+3=0-x+5y-7z—-45]
4. O is the origin and A, B, C are the points.
(4a,4b,4c), (4D, 4c, 4a), (4c, 4a, 4D)
Show that the sphere

x2 +y2 +7° -2(x+y+z)(a+b+c)+8(bc+ca+ab)=0
passes through the nine point circles of the faces of the tetrahedron OABC.

5. Find the equation of the diameter of the sphere x2 + y2 + 22 =29 such that a rotation

about it will transfer the point (4, -3, 2) to the point (5, 0, —2) along a great circle of the
sphere. Find also the angle through which the sphere must be so rotated.

Ans. === i,cos_1 (E)
2 6 6 29

6. Show that the following sets of points are concyclic :
(l) (53 01 2)7 (2’ _69 O)’ (7, _39 8)’ (47 _99 6)
(11) (_83 5’ 2)’ (_57 25 2)7 (_7’ 6» 6)’ (—45 37 6)'
4.4.1 Sphere Through a Given Circle
The equation
S+kU=0
represents a sphere through the circle with equations
§=0,U=0

where Ssx2+y2+zz+2ux+2vy+2wz+d

U=slx+my+nz—p
Thus, the set of spheres through the circle

$S=0,U=0,
is {S+kU=0; k is the parameter}
Also the equation
S+kS"=0
represents a sphere through the circle with equations
$=0,8"=0,

where
S=xt4y? 422 i+ 20y + 2wz +d’
for all values of &, )
The set of spheres through the circle
S=0, §=0
is thus {S+kS"=0; k isthe parameter}.

Here k is the a parameter which may be so chosen that these equations fulfil one more
conditions.
Note 1. We notice that the equation of the plane of the circle through the two given spheres

$=0,8"=0
is S-8"=2u-u)x+2@wv-v)y+2(w-w)z+d-d =0
From this we see that the equation of any sphere through the circle
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$=0,8=0
is also of the form S+k(S-8)=0

k, being the parameter.
This from sometimes proves comparatively more convenient.
Note 2. It is important to remember that the general equation of a sphere through the circle

x2+y2+2gx+2fy+c=0,z=O
is x2+y2+zz+2gx+2fy—2kz+c=0,
where k is the parameter.

EXAMPLES
1. Find the equation of the sphere through the circle

x? +y2 +72 =9, 2x+3y+4z=5
and the point (1, 2, 3).
Sol. The sphere
X2+ 422 -9+ k(2x+3y+4z-5=0
passes through the given circle for all values of k.
It will pass through (1, 2, 3) if

5+15k=0 = k:—%

The required equation of the sphere, therefore, is
3(x2+y2 +22) = 2x—3y=4z-22=0
2. Show that the two circles
X2 +y2 + 72 - y+2z=0,x-y+z-2=0;
x2+y2 +72 +x=3y+2z-5=0,2x-y+4z-1=0;
lie on the same sphere and find its equation.
Sol. The equation of any sphere through the first circle is
x? +y2 +2° -y+2z+k(x-y z-2)=0,
and that of any sphere through the second circle is
4y P x-3y+z-5+kQx—y+4z-1)=0
The equations (i) and (ii) will represent the same sphere, if k, k" can be chosen so as to satisfy
the four lines equations.
k=2k"+1,-1-k=-k"-3
2+k=4k"+1, —2k=—-k"-5
The first two of these equations give k =3, k" =1, and these values clearly satisfy the remaining
two equations also. These four equations in k, k" being consistent, the two circles lie on the same
sphere, viz.,
x2 +y2 + 72 -y+2z+3(x-y+z-2)=0

= x2+y2+z2+3x—4y+51—6=0

3. Prove that the plane x+2y—z=4 cuts the sphere x> +y2 +72_x4z7-2=0ina

ctjrc%e of radius unity and find the equation of sphere which has this circle for one of its great
circle.
Sol. The centre of the given sphere is (1/2, 0, —1/2) and its radius

(3] (3 0=

Length of perpendicular from (1/2, 0, —1/2) to the plane is
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1

~J6 =

2 p (say)
Radius of circle = ,lrz - p2 = %—g =1

Now, equation of a sphere through given circle is
X4y 4P —x =24 A (x+2y—z2-4)=0
or 4y 42+ A -D a2+ (- -2 +40) =0 ~(1)
Its centre is [- (A =1)/2, - A, —(1=2A)/2]
If the circle is a great circle of the sphere (1), then its centre should lie on the plane
xX+2y-z-4=0
of the circle.

1 1

—E(A—1)+2(—k)+5(1—k)—4=0
or -3L-3=0 or A=-1.
From (1), the equation of required sphere is

x? +y2 +2° —-2x-2y+2z+2=0

EXERCISES
1. Find the equation of the sphere through the circle
x? +y2 +2° +2x+3y+6=0, x-2y+4z-9=0,
and the centre of the sphere

x2+y2+12—2x+4y—6z+520

[Ans. x> +y? + 72 + 7y -8z +24=0]
2. Find the equation to the sphere which passes through point (o, f,y) and the circle

2 +yr=a* z=0. [Ans. (x> +y? + 22 —a®)y +(@® -0 —B? —y?) z=0]
3. Show that the equation of the sphere having its centre on the plane
4x—-5y—2z=3

and passing through the circle with equations
x? +y2 +z” =2x-3y+4z+8=0, x? +y2 +22 +4x+5y—-6z+2=0
is X243+ 22 +7x+9y-11z-1=0.
4. Obtain the equation of the sphere having the circle

x? +y2 +Z2 +10y—-4z-8=0, x+y+z=3
as the great circle.
[Hint : The centre of the required sphere lies on the plane x + y +z=3]

[Ans.x2 +y2 +22 —4x+6y—8z+4=0]
5. A sphere S has point (0, 1, 0), (3, -5, 2) at opposite ends of a diameter. Find the equation of
the sphere having the intersection of the sphere S with the plane

Sx=2y+4z+7=0
as a great circle. [Ans.x2 +y2 +7° +2x+2y+2z+2=0]

6. Obtain the equation of the sphere which passes through the circle xZ + y2 =4,7=0 and
is cut by the plane x + 2y + 2z =0 in a circle of radius 3.

[Ans.x2+y2+zz=6z—4=0]
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7. Show that the two circles
22+ +75)+8x—13y+17z-17=0, 2x +y—-3z+1=0;
x? +y2 +72 +3x-4y+32=0, x—y+2z-4=0
lie on the same sphere and find its equation.
[Ans. x> + y% + 22 +5x — 6y + 7z =8 =0]
8. Prove that the circles
X2 +y2 +22 —2x+3y+4z-5=0; S5y+6z+1=0;
x? -i—y2 +2° -3x—4y+5z-6=0, x+2y—-7z=0
lie on the same sphere and find its equation.
[Ans.x? +y2 + 7% =25 =2y —2z-6=0]
4.5 INTERSECTION OF A SPHERE AND A LINE

Let X2+ y2 + z2 +2ux +2vy+2wz+d =0 ..(1)
x-—o_y-p_z-y
= = , (2

1 m n
be the equations of a sphere and a line respectively.

and

The point (Ir + o, mr + B, nr +y) which lies on the given line (2) for all values of r, will also
lie on the given sphere (1), for those of the values of » which satisfy the equation

r? (l2 +m? +n2)+2r[l(oc+u)+m([3+v)+n(}»+w)]
+(02 +B7 +y2 +2u0+ 2B + 2wy + d) =0 ~(A)
and this latter being a quadratic equation in r, gives two values say r,r, of . We suppose
that the equation has real roots so that 7, 7, are real. Then
(In +a,mn +B,nr +v), (I +0, mr +B,nr, +7v)

are the two points of intersection.
Example : Find the co-ordinates of the points where the line

1 1 1
LEHY=S =G-8

intersects the sphere
x2+y? 422 +2x—10y=23 [Ans. (1, -1,3);(5,2,-2)]

4.5.1 Power of a Point

Let [, m, n be the direction cosines of the given line (2) in 6.5, so that | 2 i m?2+n?=1 Then,

.y are the distances of the points A (., f,y) from the points of intersection P and Q and we
have

AP.AQ=rry =02 + B +y2 +2uc+2vB + 2wy +d
which is independent of the direction cosines [, m, n.

Thus, if from a fixed point A, chords be drawn in any direction to intersect a given sphere in
P and Q, then AP.AQ is constant. This constant is called the Power of the point A with respect to
the sphere.

EXAMPLE
1. Show that the sum of the squares of the intercepts made by a given sphere on any three
mutually perpendicular straight lines through a fixed point is constant.
Sol. Take the fixed point O as the origin and any three mutually perpendicular lines through it
as the co-ordinate axes. With this choice of axes, let the equation of the given sphere be
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x? +y2 + 22 +2ux +2vy+2wz+d =0
The X-axis, (y =0=z) meets the sphere in points given by

x2 +2ux+d=0

so that if xy, x, be its roots, the two points of intersection are (xq, 0, 0), (x5, 0, 0).
Also we have
X| =Xy ==2u, x1xp =d

(intercept on X-axis) 2= (x = x2)2 =(x; + x2)2 —4x1xy =4 (u2 -d)
Similarly,
(intercept on Y-axis) 2 = 4 (v2 -d)

(intercept on Z-axis) 2 = 4 (w2 -d)
The sum of the squares of the intecepts
=4@w? +v? +w?-3d)

=4@w? +v? +w? —d)-8d = 4> - 8p,
where r is the radius of the given sphere and p is the power of the given point with respect to

the sphere.
Since the sphere and the point are both given, r and p are both constants.

Hence, the result.

Note : The coefficeints u, v, w and d in the equation of the sphere will be different for different
sets of mutually perpendicular lines through O as axes.

Since the sphere is fixed and the point O is also fixed the expression

2 =u’ +v7 s w? —d

for the square of the radius and
p=d,
for the power of the point, with respect to the sphere will be invariant.
EXERCISES
1. Find the locus of a point whose powers with respect, to two given spheres are in a constant

ratio.
2. Show that the locus of the mid-points of a system of parallel chords of a sphere is a plane
through its centre perpendicular to the given chords.

4.6 EQUATION OF A TANGENT PLANE
To find the equation of the tangent plane at any point (o, 3, Y) of the sphere
x? +y2 + 22 +2ux +2vy +2wz+d =0
The point (o, 3, y) lies on the sphere.
= o +B% +y2 +2u0+ 20B+ 2wy +d =0 (1)
The points of intersection of any line
X—0_y- B i
1 m n
through (o, B, y) with the given sphere are
(Ir+o, mr+p,nr+vy)
where the values of r are the roots of the quadratic equation
r? (l2 +m? +n2)+2r[l(oc+u)+m(B+v)+n(y+w)]
+ (0% +PB% +y2 +2u0 + 2vB + 2wy + d) = 0.
By virtue of the condition (i), one root of this quadratic equation is zero so that one of the
points of intersection coincides with (c, 3, Y).

=r ..(i1)
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In order that the second point of intersection may also coincide with (o, ,y) the second
value of » must also vanish and this requires,

[+ y)+mPB+v)+n(y+w)=0 ...(iii)
Thus, the line
x—o_y-p_z-v
l m n
meets the sphere in two coincident points at (o, 3,Y) and so is a tangent line to it thereat for
any set of values [, m, n which satisfy the condition (iii).

The locus of the tangent lines at (o, B, y) obtained by eliminating I, m, n between the condition
(iii) and the equations (ii) of the line is

(x-—o)(@+u)+(y=-BPB+v)+(z-y)(y+w)=0
= ox+Py+yz+tu(x+a)+v(y+P)+w(z+y)+d

=02 + B2 +v2 + 2uc + 20B + 2wy +d =0 (From (1)]

which is a plane known as the rangent plane at (o, 3, y).
It follows that
+wyx+(B+v)y+(y+w)z+@o+vp+wy+d) =0
is the equation of the tangent plane to the given sphere at the given point (a, 3, y).

Cor. 1. The line joining the centre of a sphere to any point on it is perpendicular to the
tangent plane threat, for the direction cosines of the line joining the centre (—u, —v,—w) and the
point (o, B,y) on the sphere are proportional to

(o+u,B+v,y+w)

which are also the coefficients of x, y, z in the equation of the tangent plane at (c, 3, ¥) . Hence,
the result.

Cor. 2. If a plane or a line touches a sphere, then the length of the perpendicular from its
centre to the plane or the line is equal to its radius.

Note : Any line in the tangent plane through its plane of contact touches the section of the
sphere by any plane through the line.

EXAMPLES
1. Show that the plane Ix + my + nz = p will touch the sphere

x2+y2+z2+2ux+2vy+2wz+d=0

(ul+vm+wn+p)2=(l2+m2+n2)(u2+v2+w2—d)

Sol. Equating the radius /2 +y2 + w? — 4 of the sphere to the length of the perpendicular
from the centre (—u, —v, —w) to the plane
Ix + my +nz=p,
2. Find the equation of the sphere which touches the sphere

x2+y2+z2—x+3y+2z—3=0

at the point (1, 1, —1) and passes through the origin.
Sol. The tangent plane to the given sphere at (1, 1, —1) is
x+5y-6=0
The equation of the required sphere is, therefore,
X2 +y2 +22 - x+3y+2z-34+k(x+5y-6)=0
where k is a suitably chosen number.
This will pass through the originif k=-1/2.
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Thus, the required equation is
2(x2 +y2 +z2)—3x+y+4z=O
3. Find the equation of the sphere through the circle,
x2 +y2 +72 =1, 2x=4y+5z=6

and touching the plane z=0.
Sol. The sphere

X2+ 422 —1+A(Q2x+4y-52-6)=0
passes through the given circle for all values of ).

5 25 2
Its centre is (‘7% -2, - 5 7»] > and radius is (7»2 +427 + N A1+ 6kj
Since it touches z =0, we have by Cor. 2,

——x +(5x2 45x +1- 6}»)

= 532 +6L+1=0,
This gives A=—1or — l
The two required spheres, therefore, are >
x2+y? 472 -2x-4y-52+5=0
5(x2+y2 +2%)=2x=4y-5z+1=0
2

4. If the tangent plane to the sphere x* + y2 +z22=r
ordinate axes, show that

makes intercepts a, b, ¢ on the co-

111
Dt at T
a b c r

Sol. The equation to the tangent plane at (c, 3, Y) to the given sphere is

X0+ yp+zy = r? (1)
Given that a is the intercept made by the palne (i) on x-axis. So,

2 r
aol=r = o=

a
2 2
Similarly, B=_ and y=_-.
b c
Also, as (o, 3,y) is a point on the sphere, so we have
a +p? +y =2
r? r2
= 7 _2
I L _ L
= a2 bz 2 2
EXERCISES

1. Find the equation of the tangent plane to the sphere
3(x2 492 +22)—2x-3y-4z-22=0
and the point (1, 2, 3). [Ans.4x +9y + 14z - 64 =0]
2. Find the equation of the tangent line to the circle
24y 422 +5x-Ty+22-8=0, 3x—2y+4z+3=0
and the point (-3, 5, 4). [Ans.(x+3)/32=(y—=5)/34=-(z—-4)/7]
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3. Find the values of a for which the plane
x+y+z= a3
touches the sphere 24 y2 + Zz -2x—-2y—-2z-6=0 [Ans. £ \/5]
4. Find the equation of the tangent planes to the sphere
x? +y2 +22 +2x—-4y+6z-7=0
which intersects the line
6x—3y—2z=0=3z+2 [Ans.2x —y+4z=5,4x -2y —z=16]
5. Show that the plane 2x —2y +z+12=0 touches the sphere

x2 +y2 + 72 -2x—4y+2z=3
and find the point of contact. [Ans. (-1,4,-2)]
[Hint : The point of contact of a tangent plane is the point where the line through the centre
perpendicular to the plane meets the sphere.]
6. Find the co-ordinates of the points on the sphere
x2 +y2 +22 —4x+2y=4
the tangent planes at which are parallel to the plane
2x—y+2z=1 [Ans. (4,-2,2),(0,0,-2)]
7. Show that the equation of the sphere which touches the sphere
4(x>+y> +22)+10x—25y-22=0
at the point (1, 2, —2) and passes through the point (-1, 0, 0) is
x? +y2 +272 +2x—-6y+1=0
8. Obtain the equations of the tangent planes to the sphere
x2 +y2 +12 +6x—-2z+1=0,
which pass through the line
316 —x)=3z=2y+30
[Ans.2x+2y—z—-2=0,x+2y—2z+14=0]
9. Obtain the equations of the sphere which pass through the circle
x2 +y2 +72 —-2x+2y+4z-3=0, 2x+y+z=4
and touches the plane 3x + 4y =14.

[Ans.x” +y2 + 22 +2x+4y+ 62— 11=0,x> +y> + 22 = 2x + 2y + 4z - 3=0]
10. Find the equation of the sphere which has its centre at the origin and which touches the

line 2(x+1)=2—-y=z+3. [Ans.9 (x> +y? +22)=5]
11. Find the equation of the spheres of radius » which touch the three co-ordinates axes. How

many such spheres are there ?
[Ans.2 (x2 + y2 + zz) +22(Fxtyxtz) r+ P = 0; eight]

12. Prove that the equation of the sphere which lies in the octant OXYZ and touches the co-
ordinate planes is of the form
X242 422 -2 (x+y+2)+ 202 =0.
Show that, in general, two spheres can be drawn throgh a given point to touch the co-
ordinate planes and find for what positions of the point the spheres are (a) real, (b) coinci-
dent.
The distances of the centre from the co-ordinate planes are all equal to the radius so that we

may suppose that ), is the radius and (A, A, A) is the centre, ), being the parameter.
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4.6.1 Plane of Contact
To find the locus of the points of contact of the tangent planes which pass through a given
point (0, PB,Y) and touch the sphere.
x? +y2 +2° +2ux +2vy+2wz+d=0
The tangent plane
x(xX'+uw)y+y (Y +v)+zE@ +w)+wx' +vy +wz’+d)=0
at (x’,y’, z") will pass through the point (o, f,y), if
o(x"+u)+ P +v)+y(E@ +w)+ux"+w +wz' +d)=0
=N X(o+uw)+y PB+v)+z7 (Y +w)+@o+vp+wy+d)=0
which is the condition that the point (x’, y’, z") should lie on the plane
x(@+w+yB+v)+z(y+w)+@o+v+wy+d)=0
It is called the plane of contact for the point (ct, 3, Y).
Thus, the locus of points of contact is the circle in which the plane cuts the sphere.
Ex. 1. Show that the line joining any point P to the centre of a given sphere is perpendicular to
the plane of contact of P and if OP meets it in Q, then
OP.0OQ = (radius)2
Ex. 2. Show that the planes of contact of all points on the line
x _(y-—a) (z+3a)
2 3 4
2

with respect to the sphere x2 + y2 + 72 = 4% pass through the line

-Q2x+3a)/13=(y—-a)/3=27/1
4.6.2 The Polar Plane

If a line drawn through a fixed point A meets a given sphere in points P, Q and a point R is
taken on this line such that the segment AR is divided internally and externally by the points P, Q
in the same ratio, then the locus of R is a plane called the Polar Plane of A w.r.t. the sphere,

Consider the sphere 2 +y2 42 =a?

and let A be the point (o, B, Y) .

Let R(x,y,z) be the co-ordinates of the point R on any line through A. The co-ordinates of
the point dividing AR in the ratio A :1 are

(o) (e8] ()

This point will be on the sphere (1) for values of ), which are roots of the quadratic equation

2 2 2
Ax + o N Ay +PB N AZ+Y =a2,
A+l A+1 A+1

2

)+ (x+ Py +yz—at) + (@2 + B +y2 —a?)=0 .
Its roots A; and A, are the ratios in which the points P, Q divide the segment AR.
Since P, Q divide th segment AR internally and externally in the same ratio, we have
)\,1 + )\,2 =0
Thus, from (2), we have ox+Py+yz—a® =0 (3

= kz(x2+y2+z

which is the relation satisfied by the co-ordinates (x, y, z) of R.
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Hence, (3) is the locus of R. Clearly, it is a plane.

Thus, we have seen here that the equation of the polar plane of the point (o, 3, y) with respect
to the sphere
2

4y’ +zi=a
is o + By + vz = a’
It may similarly be shown that the polar plane of (o, 3,y) with respect to the sphere
x? +y2 +zz+2ux+2vy+2wz+d=0

is the plane +wx+B+My+ ¥ +w)z+@a+vp+wy+d)=0.

On comparing the equation of the polar plane with that of the tangent plane (4.6) and the plane
of contact (4.6.1), we see that the polar plane of a point lying on the sphere is the tangent plane at
the point and that of a point, lying outside it, is its plane of contact.

Pole of a Plane : Def. If . be the polar plane of a point P, then P-is called the pole of the

plane m.
4.6.3 Pole of a Plane
To find the pole of the plane Ix+my+nz=p (1)
with respect to the sphere x4 y2 +z2 =42
If (o, B, y) be the tangent pole, then we see that the equation (i) is identical with
o + By + 7z = a’ (i)
so that, on comparing (i) and (ii), we obtain
o_Boy _d
I m m p’
2 2 2
a1 a“m an
= oq=—", B: Y=—".
14 p p

Thus, the point

is the pole of the plane Ix + my + nz= p, w.r.t. the sphere x2 + y2 +72 =42

4.6.4 Some Results Concerning Poles and Polars

In the following discussion, we shall always take the equation of a sphere in the form
=4
P 1. The line joining the centre O of a sphere to any point P is perpendicular to the polar plane
of P.

The direction ratios of the line joining the centre O (0, 0, 0) to the point P(c., B, y) are o, B,y
and these are also the direction ratios of the normal to the polar plane o + By +yz =a> of

P (o, B, ).
2. If the line joining the centre O of a sphere to a point P meets the polar plane of P in Q, then

OP.0Q=d?,
where a is the radius of the sphere.

We have OP = I(XZ +BZ +Y2

Also, OQ, which is the length of perpendicular from the centre O (0,0, 0) to the polar plane
ox + By + vz = a® of Pis given by
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2
a

00=———
\/ocz + [32 + y2
Hence, the result.

3. If the polar plane of a point P passes through a point Q, then the polar plane Q passes

through P.
The condition that the polar plane

oux+PBy+vyz= a?
of P (o, B1,v1) passes through Q(0y,B,,75) is
a0 +BiBy +v1v2 =
which is also, by symmetry or directly the condition that the polar plane of Q passes through
P.

Conjugate Points : Two points such that the polar plane of either passes through the other
are called conjugate points.

4. If the pole of a plane T, lies on another plane T, then the pole of T, also lies on Ty.

The condition that the pole
a2l1 a2m1 a2n1
o op

of the plane m; lix + myy+ njz=py
lies on the plane 7, Lhx+myy+nyz=py
is a® (hly + mymiy +niny) = pips

which is also, clearly, the condition that the pole

a212 a2m2 a2n2
P2 P2 P2
of 1, lieson 7.

Conjugate planes : Two planes such that the pole of either lies on the other are called
conjugate planes.

5. The polar planes of all the points on a line I pass through another line 1.
The polar plane of any point

(Ir + o,mr + B, nr +vy)
on the line [.
x—a:y—B:z—Y

l m n
is (lr+Ot)x+(mr+[3)y+(nr+y)z=a2
S (ocx+By+Yz—a2)+r(lx+my+nz)=0

which clearly passes through the line
ox + By +yz—a® =0, Ix+my+nz=0,

whatever value, r, may have. Hence, the result.

Let this line be ., We shall now prove that the polar plane of every point on ]’ also passes
through the line /.

Now, as the polar plane of any arbitrary point P on [/ passes through every point of [’, therefore,
the polar plane of every point of [”, passes through the point P on [ and as, P is arbitrary, it passes
through every point of [, i.e., it passes through L

Polar Lines : Two lines such that the polar plane of every point on either passes through the
other are called Polar Lines.
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EXAMPLE
1. Find the polar line of (x—-1/2=(y—-2)/3=(z-3)/4 w.r.t. the sphere
x? +y2 +z2 =16.
Sol. Any point on given line is (2r + 1, 3r + 2, 4r + 3). Polar plane of this point with respect to
sphere is
x@2r+D)+y@Br+2)+z(@r+3)=16
ie., (x+2y+3z-16)+r(2x+3y+4z2)=0
This clearly, passes through the line
X+2y+3z-16=0=2x+3y+4z
which is the required polar line.
EXERCISES
1. Show that the polar line of
+ p—
() _G=2_
with respect to the sphere
X2+ y2 +7% = 1;
is the line
Tx+3 2-Ty  z
11 5 -
2. Show that if a line [ is coplanar with the polar line of a line [ then [’ is coplanar with the
polar line of /.
3. If PA, OB be drawn perpendicular to the planes of Q and P respectively, with respect to a
sphere, with centre O,then
fig OP
0B 00
4. Show that, for a given sphere, there exist an unlimited number of tetraheda such that each

vertex is the pole of the opposite face with respect to the sphere.
(Such a tetrahedron is known as a self-conjugate or self-polar tetrahedron).

4.7 ANGLE OF INTERSECTION OF TWO SPHERES

Def. The angle of intersection of two spheres at a common point is the angle between the
tangent planes to them at that point and is, therefore, also equal to the angle between the radii of
the spheres to the common point, the radii being perpendicular to the respective tangent planes at
the point.

The angle of intersection at every common point of the spheres is the same, for if P, P’ be
any two common points of C, C’ the centres of the spheres, the triangles ¢C’P and CC’P’ are
congruent and accordingly

ZCPC’' = ZCP'C’

The spheres are said to be orthogonal if the angle of intersection of two spheres is a right

angle. In this case

cc’? = cp? + C'P?

4.7.1 Condition for the Orthogonality of Two Spheres

To find the condition for the two spheres

x2+y2+z2+2u1x+2v1y+2wlz+d1=0

x2+y2+zz+2u2x+2v2y+2wzz+d2=0

to be orthogonal.

The spheres will be orthogonal if the square of the distance between their centres is equal to
the sum of the squares of their radii and this requires
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(ug - u2)2 + (v - v2)2 +(wy — w2)2 =(u12 + v12 + w12 —-d)) +(u% + v% + w% -dy)
& 2uiy +2vivy +2wiwy =dy +dy
EXAMPLES
1. If d is the distance between the centres of two spheres of radii ry and ry, prove that the

angle between them is cos™! {(r12 + r22 - d2)/2r1r2}.
Sol. The angle of intersection, i.e., the angle between the tangents at P is the angle between
the radii of the two spheres joining P. Thus, ZC,PC, =0.

P

AN
\/

Applying cosine formulae to AC;PC,, we have
d’ = r12 + r22 —2nr, cos 0
cos 0= (rl2 + r22 - dz)/2r1r2.
2. Two spheres of radii n and ry cut orthogonally. Prove that the radius of the common

circle is nry ! ,Irlz + r22 .

Sol. Let the common circle be

X2 +y2 =a2, z=0
The sphere 22+ y2 + Zz + 2kz — a2 =0
passes through this circle for all values of k. Let the two given spheres through the circle be
x? +y2 +72 +2k1z—a2:0, x? +y2 +7? +2k21—a2 =0
We have
r12 = k12 +a°, r22 = k22 +a’ ..(1)
Since the spherses cut orthogonally, we have
2kiky = a® +a’ =24> (i)

From (i) and (ii), eliminating k;, k, we have

2

(rl2 —a2)(r22 —a2)=a4 & oa =r12r22/(r12 +r22).

Hence, the result.

EXERCISES
1. Find the equation of the sphere that passes through the circle

x4+ y? 422 —2x+3y—4z+6=0, 3x—4y+5:-15=0
and cuts the sphere
4y 422 +2x+4y—62+11=0

orthogonally. [Ans.5 (x2 + y2 + zz) —13x+19y — 25z +45=0]
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2. Find the equation of the sphere that passes through the two points
(07 39 O)’ (_2’ _19 4)
and cuts orthogonally the two spheres

X2y 424 x-32-2=0, 22 + )2 + )+ x+3y+4=0
[Ans. x> + y2 + 72 +2x — 2y + 4z — 3=0]
3. Find the equation of the sphere which touches the plane
3x+2y—-z+2=0
at the point (1, -2, 1) and cuts orthogonally the sphere
x2 +y2 +7° —4x+6y+4=0
[Ans.x% +y% + 22 +7x + 10y -5z + 12 = 0]
4. Show that every sphere through the circle
x? +y2 —2ax+r* =0, z=0
cuts orthogonally every sphere through the circle
x2 +z2 =r2, y=0

5. Two points P, Q are conjugate with respect to a sphere §; show that the sphere on PQ as
diameter cuts S orthogonally.

6. If two spheres S; and S, are orthogonal, the polar plane of any point on §; with respect to
S, passes through the other end of the diameter of S through P.

4.8 RADICAL PLANE

The locus of a point whose powers with respect to two spheres are equal is a plane
perpendicular to the line joining their centres :

The powers of the point P (x, y, z) with respect to the spheres
M =x’ +y2 72 + 2ugx + 2viy + 2wz + dy = 0;

Sy =x? +y2 +22 +2uyx +2vyy +2wyhz +dy =0,

are x? +y2 + 72 +2upx + 2vy + 2wz + dy,
and x2 432 427 + 2upx + 2vpx + 2waz + dy,
respectively.

Equating these, we obtain
2x (lll - ll2) + 2y (Vl - V2) + 2Z (Wl - Wz) + (dl - d2) = 0,

as the required locus. This locus being of the first degree in (X, y, z), represents a plane which

is obviously perpendicular to the line joining the centres of the two spheres. This plane is called
the Radical plane of the two spheres.

Thus, the radical plane of the spheres

Sl = O, S2 = O,
in both of which the coefficients of the second degree terms are equal to unity, is
Sl - SZ =0

In case the two spheres intersect, the plane of their common circle is their radical plane (§4.3.2).

4.8.1 Radical Line

The three radical planes of three spheres intersect in a line,
If $1=0, 5 =0, §35=0
be the three spheres, their radical planes
S1=8,=0, S -8=0, §3-5=0
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clearly meet in the line

§1=5 =83
= S1=5,=0,5-5=0
This line is called the Radical line of the three spheres.

4.8.2 Radical Centre

The four radical lines of four spheres taken three by three intersect at a point.
The point common to the three planes
Sl = S2 = S3 = S4
is clearly common to the radical lines, taken three by three, of the four spheres
$1=0,8,=0,53=0,84 =0
This point is the intersection of the two lines
S1=8,=0,85-53=0; §§-55=0,5, =S4 =0.
This point is called the Radical centre of the four spheres.

4.8.3 Theorem

If §,=0,8, =0, be two spheres, then the equation
S1+AS, =0
A being the parameter, represents a system of spheres such that any two members , of the
system have the same radical plane.
Let S;+MS, =0 and S| +A,5,=0
be any two members of the system.
Making the coefficients of second degree terms unity, we write these equations in the form
&+k§§=0.ﬁ+kﬁ§=0
1+, 1+ A, ’
The radical plane of these two spheres is
Sp+ASy  Sp+ARS,
144,  Ll+hy
o S =8, =0.
Since this equation is indepenent of A; and A,, we see that every two members of the system

have the same radical plane.
Co-axel Systems : Def. A system of spheres any two members of which have the same radical
plane is called a co-axal system of spheres.

Thus, the system of spheres

07

S1+AS, =0

is co-axal and we say that it is determined, by the two spheres
Sl = 0, S2 = O

The common radical plane is
Sl - S2 = O

This co-axal system is also given by the equation
Sitky (8§ —-5,)=0
Refer Note 1, § 4.4.1.
Note : It can similarly be proved that the system of spheres.
S+AU=0

is co-axal; S =0 being a sphere and U= 0 a plane; the common radical plane is U =0.
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Cor. The locus of the centres of spheres of a co-axal system is a line.
For, if (x, y, z) be the centre of the sphere
S| +AS, =0,
we have
_upt Ay vt Ay o owp+Aw,

1+A B 1+A B 1+A

On eliminating A, we find that it lies on the line

) )

X+L£1 _ y+V1 _ Z+W1

up —up vy =V WI_WZ.
This result is also otherwise clear as the line joining the centres of any two spheres is
perpendicular to their common radical plane.

4.9 A SIMPLIFIED FORM OF THE EQUATION OF TWO GIVEN SPHERES

By taking the line joining the centres of two given spheres as X-axis, their equations take the

form
x? +y2 + 22 +2upx +d; =0, x? +y2 + 72 +2urx+dy, =0.
The radical plane of these spheres is
2x(uy —up) +(dy—dp)=0

Further, if we take this radical plane as the YZ plane, i.e., x =0, we have d; =d, =d (say).

Thus, by taking the line joining the centres of two given spheres as X-axis and their radical
plane as the YZ plane, their equations take the form

x2 +y2 +z2 +2ux +d =0, x2 +y2 +z2 +2upx +d =0,

where uy, u, are different.

Cor. 1. The equation

x? +32 422 +2ke+d=0; k, isaparameter.

represents a co-axel system of spheres for different values of &, d being constant. The YZ
plane is the common radical plane and X-axis the line of centres.
Cor. 2. Limiting Points : The equation
X2 +y2 +22 +2kx+d=0
can be written as (x+k)?%+ y2 +z22=k*>-d

For k=++d , we get spheres of the system with radius zero and thus the system includes the
two points spheres

(—Jd,0,0),(/d, 0,0)
These two points, called the limiting points, exist only when d is positive, i.e., when the spheres
do not meet the radical plane is a real circle.
Def. Limiting points of a co-axel system of spheres are the point spheres of the system.
EXAMPLES
1. Find the limiting points of the co-axal system defined by the sphere
x2+y2+zz+3x—3y+6=0, x2+y2+12—6y—6z+620
Sol. The equation of the plane of the circle through the two given spheres is
3x+3y+6z2=0 = x+y+2z=0;
Then the equation of the co-axal system determined by the given shpere is
x? +y2 +7° +3x—-3y+6+A(x+y+22)=0,

o 2y + 2 +GBHMNx+(A=3)y+2L+6=0. (D)



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

2 being a parameter.

3+A  A-3
The centre of (1) is i ,—T,—K
1/2
340 (A-3) .,
and its radius is N + 5 +A° -6

Equating this radius to zero, we obtain
602 -6=0 & A=t1
The spheres corresponding to these values of ), become point spheres coinciding with their
centres and are the limiting points of the given system of spheres.
The limiting points, therefore, are
(-1,2, )and (-2, 1,-1)
2. Show that spheres which cut two given spheres along great circles all pass through two
fixed points.
Sol. With proper choice of axes, the equations of the given spheres take the form

X2+ y2 +22 + 2uix +d =0 (1)
X2+ y2 +22 4+ 2upx+d=0 -..(11)
The equation of any other sphere is
X2+ 422 4 2ux + 20y + 2wzt c=0 ..(iii)
where u, v, w are different for different spheres.

The plane
2x (w—up)+2vy+2wz+(c—d)=0
If the circle common to the spheres (i) and (iii) will pass through the centre

(_u17 O’ O)
of (1) if, —2uy (u—u)+(c—-d)=0 ...(1v)
which is thus the condition for the sphere (iii) to cut the sphere (i) along a great circle.
Similarly, -2uy (u—up)+(c—-d)=0 (V)

is the condition for the sphere (iii) to cut the sphere (ii) along the great circle.
Solving the linear equations (iv) and (v) for u and ¢, we get
u=up+uy; c=2uuy +d,
so that u, ¢ are constants, being dependent on uy, u, d only.
The spheres (iii) cuts X-axis at points whose x-co-ordinates are the roots of the equation

2 +2ux+c=0
| The roots of this equation are constant, depending as they do upon the constants # and ¢
only.
Thus, every sphere (iii) meets the X-axis at the same two points and hence, the result.
EXERCISES

1. Show that the sphere

x2+y2+zz+2vy+2wz—d=0

passes through the limiting points of the co-axal system

x? +y2 +22 +2kx+d=0
and cuts every member of the system orthogonally, whatever be the values of v, w. Hence,
deduce the every sphere that passes through the limiting points of a co-axel system cuts

every sphere of the system orthogonally.
2. Show that the locus of the point spheres of the system

2x2+y2 + 72 +2vy+ 2wz -d=0



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

is the common circle of the system

x2+y2+12+2ux+d=0

u, v, w being the parameters and d a constant.
3. Show that the sphere which cuts two spheres orthogonally will cut every member of the co-
axal system determined by them orthogonally.
4. Find the limiting points of the co-axal system of spheres
x2 492 + 22 -20x +30y —40z+ 29 + A (2x — 3y—4z) =0
[Ans' (2’ - 39 - 4)7 (_ 2’ 39 - 4)]
5. Three spheres of radii 1, r, r; have their centres A, B, C at the points (a, 0, 0), (0, b, 0),

(0,0, ¢) and r12 + r22 + r32 =a? + b% + 2. A fourth sphere passes through the origin and

the points A, B, C.Show that the radical centre of the four spheres lies on the plane
ax+by+cz=0.
6. Show that the locus of a point from which equal tangents may be drawn to the three spheres
X2+ 422 420 42y422+2=0, xZ+y>+22+4x+42=0,

x2+y? 472

is the straight line

+x+6y-4z-2=0

x/2=(y-1/5=z/3
7. Show that there are, in general, two spheres of a co-axal system which touch a given plane.
Find the equation to the two spheres of the co-axal system

X2+ 422 —5+AQ2x+y+32-3)=0
which touch the plane 3x+4y=15
[Ans. x> +y% + 2% +4x +2y = 67 = 11=0,5(x> + y> + z%2) - 8x —dy— 127 - 13=0]
8. P is a variable point on a given line and A, B, C are its projections on the axes. Show that

the OABC passes through a fixed circle.
9. Show that the radical planes of the spheres of a co-axal system and of a given sphere pass

through a line.
QaQ
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Cones, Cylinders

5.1 DEFINITIONS

A cone is a surface generated by a straight line which passes through a fixed point and satisfies
one more condition; for instance, it may intersect a given curve or touch a given surface.

The fixed point is called the Vertex and the given curve the Guiding curve of the cone.

An individual straight line on the surface of a cone is called its Generator.

Thus, a cone is essentially a set of lines called Generators through a given point. Also, we
may say that a cone is a set of points on its generators.

Whereas we can have cones with equations of any degree whatsoever depending upon the
condition to be satisfied by its generators, we shall in this book be concerned only with Quadratic
cones, i.e., cones with second degree equations.

It will be seen that the degree of the equation of a cone whose generators intersect a given
conic or touch a given sphere is of the second degree.

5.1.1 Equation of a Cone with a Conic as Guiding Curve
To find the equation of the cone whose vertex is the point

(o, B, )

are whose generators intersect the conic
ax? + 2hxy+ by’ +2gx+2f+¢c=0, z=0 (D)

We have to find the locus of points on lines which pass through the given point (o, 3,Y) and
intersect the given curve.

The equations to any line through (o, B, y) are
x-o_y-B_z-v

(i)
l m n

This line will be a generator of the cone if and only if it intersects the given curve.

This line meets the plane z =0 in the point

(a - ll > B - m_Y > 0)
n n
which will lie on the given conic, if
2 2
ofa 1T a5 -
n n n n
+2g(0t—ly)+2f(ﬁ—m’y)+c=0m(ﬁi)
n n
This is the condition for the line (ii) to intersect the conic (i). Eliminating I, m, n between (ii)
and (iii), we get

2 2
a(oc—x_aj +2h(oc—Hy](B—y_By]+b(B—y_By]
=Y 't =Y =Y

+2g(0c—x_ayj+2f([3—y_6y]+c=0
=Y =Y
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= a0z = xy)* + 2h (0 = xy) (Bz = y) + (Bz = y1)?
+2g (0 —xy) (2 =)+ 2f Bz -2z - ) +c(z=y)> =0
which is the required equation of the cone.
EXAMPLES
1. Find the equation of the cone whose vertex is (o, B,Y) and base ax? + by2 =1,z=0.

Solution. Any line through (o, 3, y) is
x—o y-B z-y

()

This cuts z =0, where

=

which will lie on the given conic, if

Iy 2 nmy 2
ofa= 5 o (5
n n

Eliminating /, m, n with the help of (i), we get

2 2
a[oc—x_ayj +b (B—y_f)) =1
-y -y

or a(oz=yx)? +b(Pz—2y)* = (z-7)°

This is the required cone.

2. The vertex of cone is (a, b, c) and the yz-plane cuts it in the curve F (y, z) = 0, x = 0, show
that xz-plane cuts it in the curve,

=0,

X—a X—a

y=0 F{ bx cx—az:|

Solution. Any line through (a, b, c) is
x-a_y-b z-c

()

l m n
am an
It meets x =0 in the point 0,6 - T » €~ T and if it lies on the given curve F (y,z)=0,
then
Flpoam an]_
l l

Eliminating [, m, n between (i) and (ii), we get

o))

F{bx—ay’cx—az}zo

=
X—a X—a

It meets zx-plane, i.e., y = 0 in the curve.
bx c¢x—az
F {

) i|:0, yZO.
X—a x-—da
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3. Find the equation of the cone with vertex at (2a, b, ¢) and passing through the curve
x2 +y2 =44% and z = 0. Find b and c if the cone also passes through the curve
y2 =4a (z + a), x = 0. Also, show that the cone is cut by the plane y = 0 in two straight lines and
the angle © between them is given by tan 0 =2.

Solution. Any line through (24, b, ¢) is
x—2a y-b z-c

; " " (1)
. . le me e
It meets z=0 in the point |2a-— - b- o 0| and if it lies on the curve
x% +y? =44?,z=0 then we get
lc 2 mc 2
(Za - —) + [b - —) = 44> (i)
n n
Eliminating [, m, n between (i) and (ii) we get the required cone as
2 2
l:Za - [x - ZaJ c} +|:b _(y 2 ch:I =4q”
z—c z—c
= (2az — ex)? + (bz — ye)? =4a” (z—¢)° ..(iii)
If this cone passes through y2 =4a(z + a), x =0, then putting x =0 in (iii), we get
(2az)2 +(bz— yc)2 = 4a*® (z- c)2
= bzz2 + 02y2 = 2bcyz — 4a’c? + 8azcz =0 ...(1v)

If it is same as y2 =4q (z + a), then comparing this with (iv), we have
b2 =0 = b =0 which reduces (iv) to

62y2 =4a°c? - 8a’zc

- )

2

This gives —8L=4a and —lc=a
c 2

= c=-"2a.

Hence, b=0,c =-2a.

Substituting these values of b and c in (iii), the equation of cone intersecting the given cone
reduces to

(2ax + 2az)* +4a’y* = 4a® (z + 2a)*
= x2+y2+22x—4az—4a2=0
The plane y=0 cuts cone (v) in
x2+22x—4az—4a2=0, y=0
(x2—4a2)+2z(x—2a)=0, y=0
(x=2a)(x+2a+22)=0, y=0
x—=2a=0, y=0
and x+2a+2z=0, y=0

Ll
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This gives the required lines. These lines lie in the plane y =0 and their combined equation is
y=0, x% +2zx —daz —4a’> =0
If 6 be the angle between these lines, then

-0
tan 6: —_— = L.
1+0
EXERCISES

1. Find the equation of the cone whose generators pass through the point (o, 3, y) and have
their direction cosines satisfying the relation al 21 bm?+cen® =o0.

[Ans.a (x — o) +b(y —P)? +c(z-y)* =0]
2. Find the equation of the cone whose vertex is the point (1, 1, 0) and whose guiding curve is

y=0,x*+z2 =4 [Ans. x? —3y” + 22 = 2xy+8y—4=0]
3. Obtain the locus of the lines which pass through a point (o, 3, y) and through points of
the conic.
2 yz
— +t—5=Lz=0
at b

{A (W,_WT (Bz—wjz_ 2]
sy — 17 =(z-v)

4. Show that he equation of the cone whose vertex is the origin and whose base is the circle
through the three points (a, 0, 0), (0, 5, 0), (0,0, ¢) is Sa (b% + ¢2) yz=0.
5. Find the equation of the cone which vertex at (1, 2, 3) and guiding curve
x? +y2 +2° =4, x+y+z=1

[Ans.5x% +3y? + 2% — 2xy — 6yz— 4zx + 6x + 8y + 10z — 26 = 0]
6. Find the equation of the cone whose vertex is at the point (-1, 1, 2) and whose guiding

curve is 3x% — y2 =1z=0.
7. Find the equation of cone whose vertex is (1, 2, 3) and base is y2 =4ax,z=0.

5.1.2 Enveloping Cone of a Sphere

To find the equation of the cone whose vertex is at the point (0, ,Y) and whose generators

touch the sphere
2

2 +y2 42 =a? (@)
The equation to any line through (o, B, y) are
x-0_y-B_z-y
l m n
This line will be a generator of the given curve if and only if it touches the given sphere.

The points of intersection of the line (ii) with the sphere (i) are given by
r2 (12 +m? +n?)+2r Ao+ mP +ny)+ (@ + B2 +v2 - a?)
so that the line will touch the sphere, if the two roots of the quadratic equation in r are equal and
this requires

(i)

(ot +mP +ny)? =1 + m* +n°) (@2 +p> +7°) (i)
This is the condition for the line (ii) to touch the sphere (i).
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Eliminating /, m, n between (ii) and (iii), we get
[ (x=)+B (=B +v (-1
=[r-=)+ (=P + @ -PF (@ +p> +77 —a?) V)
which is the required equation of the cone.
If we write
S=x?+y’+ 2 -at, s =af +pP vt —at T=ow+Py+yz-da’
the equation (iv) can be rewritten as
(T-8)>=(S-2T+S8))S
. §S, =T
= (2 +y2+22 —a?)(@? +B% +v2 —a®) = (ox + By + Y2 — a®)?
Def. Enveloping Cone : The cone formed by the tangent lines to a surface, drawn from a given
point is called the Enveloping Cone of the surface with given point as its vertex.

EXERCISES
1. Find the enveloping cone of the sphere

x2+y2+z2—2x+4z=1

with its vertex at (1,1, 1). [Ans. 4x2 + 3y =572 — 6yz — 8x + 162 — 4 = 0]

2. Show that the plane z=0 cuts the enveloping cone of the sphere x2 + y2 +z2 =11 which
has its vertex (2, 4, 1) in a rectangular hyperbola.

5.1.3 Quadratic Cones with Vertex at Origin

The equation of a cone whose vertex is the origin is homogeneous and conversely.
We take up the general equation

ax? +by2 + cz? +2fyz+2gzx + 2hxy + 2ux + 2vy + 2wz +d =0
of the second degree and show that it represents a cone with its vertex at the origin, if and
only if

u=v=w=d=0
Let the equation represents a cone with its vertex at the origin.
Let P (x’,y’,z") be a point on the cone represented by equation (1). Then

(rx’,ry’, rz")
are the general co-ordinates of a point on the line OP joining the point P on the origin O.
Since the line OPis a generator of the cone (i), the point

(rx’,ry’, rz")
lies on it for every value of r implying that the equation

P2 (ax’? + by’ + 2’ + 27 + 2g7x" + 2hx’y’) + 2r(ux’ + vy + wz') +d =0

is true for every value of r.
This implies that we have

ax’? + by’2 +ez? + 27 +2gz'x" + 2hx’y’ =0 ()
ux"+vy' +wz’=0 (i)
d=0. ...(iii)

From (ii), we see that if u, v, w be not all zero, then the co-ordinates x’, y’,z" of any point on
the cone satisfy an equation of the first degree viz.,
ux+vy+wz=0
so that the surface is a plane and we have a contradiction. Thus,
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u=v=w=0, d=0
so that the equation of a cone with its veretx at the origin is necessarily homogeneous.
Conversely :We show that every homogenous equation of the second degree represents cone
with its vertex at the origin.

It is clear from the nature of the equation that if the co-ordinates x’, y’, z” satisfy it, then so do

also rx’, ry’, rz” for all values of r.

Hence, if any point P lies on the surface then every point on the line OP lies on it.

Thus, the surface is generated by lines through the origin O and hence, by definition is a cone
with its vertex at O.

Note : A homogeneous equation of the second degree will represent a pair of planes, if the
homogeneous expression can be factorized into linear factors. The condition for this has already
been obtained in Chapter 2. A pair of intersecting planes can thus be thought of as a cone with
any point on the line of intersection as a vertex thereof.

Cor. 1. If [, m, n be the direction ratios of any generator of the cone

ax’ + by2 +cz + 2fyz +2gzx + 2hxy =0 (D)
so that the point (Ir, mr, nr) lies on it for every value of r, we have
al®> + bm® +cn® + 2fmn+2gnl +2him =0 (2

Conversely, it is obvious that if the result (2) be true then the line with direction ratios [, m, n
is a generator of the cone whose equation is (1). The proof of this statement is straightforward.

Cor. 2. The general equation of a cone with its vertex at the point (c, 3, v) is
a(x-0)’ +b(y-B)y° +cz-y)’
+2f (2= -P+28(x-)(z=-y)+2h(x-a)(y-P)=0,
an can easily be verified by transfering the origin to the point (o,(3, v).
EXAMPLES

1. Find the equation of the cone whose vertex is at the origin and which passes through the
curve given by the equations

ax’ +by2 +cz? =, Ix+my+nz=p
Solution. The required equation is the hoemogenous equation of the second degree satisfied

by points satisfying the two given equations.
Ix+my+nz _

p

We have Ix+my+nz=p = 1

Thus, the required equation is

2
Ix+my+n
ax? + by2 +cz? :(#j

p
& S (ap? — 1) x% = 23Imxy =0
2. Show that the equation of the cone whose vertex is the origin and base curve z = k,
f,y)=0.
k vk
Z <
Solution. Let f(x,y)= ax? + by2 +2hxy +2gx+2fy+c=0 (1)

By making (i) homogeneous with the help of z=k, we get the equation of required cone as
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2
ax2+by2+2hxy+2gx z +2fy “lielE] =0
k k k
k2

Multiplying by — . we get
Z

{2 o2 {222

: (2 2}

Z Z

EXERCISES

1. Find the equation of the cone whose vertex is at the origin and the direction cosines of
whose generators satisfy the relation

32 —4m? +5n% =0 [Ans. 352 —4y% +57% =0]

2. Find the equation to the cones with vertex at the origin and which pass through the curves
given by the equations

(i) 7 =2, x2 +y2 =4
(i) ax? + by2 =2z, Ix+my+nz=p
(iii) ax? + by2 +ez? =1 002 +By2 =2z
(iv) x2 +y2 +72 +x—2y+3z=4;x2 er2 + 77 +2x-3y+4z=5
[Ans. (i) X2+ y2 +72 =0, (if) p(ax2 + by2)=2z (Ix + my + nz),

(iit) (a)c2 + by2 + sz) 4z = (Owc2 + Byz)z, (iv) 2x% + y2 —5xy —3yz+4zx =0]
3. A sphere S and a plane o have, respectively, the equations
O+u+c=0; v=1
where ¢ = e y2 + Zz’ u and v are homogeneous linear functions of x, y, z and c is a

constant. Find the equation of the cone whose generators join the origin O to the points of
intersection of S and o

Show that this cone meets S again in points lying on a plane B and find the equation of 3
in terms of u, v and c.
If the radius of S varies, while its centre, the plane 0., at the point O remains fixed, prove

that B passes through a fixed line.
[The required cone, C, is given by
C=¢+uv+ ov?.

Now C—SE((p+uv+cv2)—((p+u+c)=(v—1)(u+cv+c)
so that we see that the cone C meets the sphere S again in points lying on the palne
B=u+cv+c=0.
Since the radius of S varies and its centre remains fixed, we see that u is constant while ¢
varies. Also v is constant. This shows that the plane f=u+c(v+1) passes through the
line of intersection of the fixed planes u=0,v +1=0.]

5.1.4 Determination of Quadratic Cones Under Given Conditions

As a general equation of quadratic cone with a given vertex contains five arbitrary constants,
it follows that five conditions determine such a cone provided each condition gives rise to a single
linear relation between the constants. For instance, a cone can be determined so as to have any
given five concurrent lines as generators, no three of them being coplanar.
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EXAMPLES
Show that the general equation to a cone which passes through the three axes is
fyz+ gzx + hxy=0

1.

f, & h being parameters.

Solution. The general equation of a cone with its vertex at the origin is
ax? +by2 +c7? +2fyz+2gzx +2hxy =0

Now X-axis is a generator.

= its direction cosines (1, 0, 0) satisfy (i) = a=0.

Similarly, b=c¢=0.

X y. ¢ . . .
2. The plane —+ =+ —=1 meets the co-ordinate axes in A, B, C. Prove that the equation to
a ) Z . .
the cone generated by lines drawn from O to meet the circle ABC is

b ¢ c a a b
yz|—+—|+z|—+—|+txy|—+—|=0
c b a c b a
Solution. Points A, B, C, are (a, 0, 0), (0, b, 0) and (0, 0, ¢) respectively. Equation of the sphere
OABC'is

24yt —ax—by-cz=0 (1)

The circle ABC is obtained by intersection of given plane with (i).
Making (i) homogeneous with the help of given plane, the required cone is
(x? +y2 +zz)—(ax+by+cz)(£+l+£)=0
a b ¢
3. Planes through OX and OY include an angle o. Show that their line of intersection lies
on the cone 7% (x2 + y2 + z2) = xzy2 tan’ q.

Solution. Any plane through OX(y=0,z=0) is

y+Aiz=0
Also a plane through OY is
x+uz=0
The angle between two planes is o, i.e.,
0.1+ 1.0+ A A
cos L= K _ s
\/1+k2 \/1+u2 \/1+k2 +u? 222
o tan2a=1+}»2+p2+}»2u2_ =1+}»2+u2
}\2“2 }\’2“2
Eliminating ), and W from (i), (ii) and (iii), the required cone is
1+ v’ + x
St 2,2,.2, 2
anlo=_ 2z LK J;y2+z)
2 2
z z
= 22 (x2 + y2 + zz) = xzy2 tan? o

EXERCISES

1. Find the equation to the cone which passes through the three co-ordinate axes as well as
the two lines

X y Z X Z
oy _rox_y_z Ans. 3yz + 162x + 15xy = 0
=573 3 A [Ans. 3yz 2x + 15xy = 0]
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2. Find the equation of the cone which contains the three co-ordinate axes and the two lines
through the origin with direction coisines (Iy, my, ny) and (I}, my, ny).
[Ans. 21, (myny — myny) yz = 0]
3. Find the equation of the quadratic cone which passes through the three co-ordinate axes

and the three mutually perpendicular lines

I L1 L
—X=y—3 ==-y=ZI, - Z=———7YV=<-2
Y 37755 8 11775

[Ans. 16yz — 33zx — 25xy =0]
4. Show that the lines drawn through the point (o, [3,y) whose direction cosines satisfy
al® + bm® + cn® =0 generate the cone g (x — o) + b (y - B)> + ¢ (z—y)> =0.
5.2 CONDITION THAT THE GENERAL EQUATION OF THE SECOND

DEGREE SHOULD REPRESENT A CONE, CO-ORDINATES OF
THE VERTEX

We have seen that the equation of a cone with its vertex at the origin is necessarily
homogeneous and conversely. Thus, any given equation of the second degree will represent a
cone if, and only if there exists a point such on transfering the origin to the same the equation
becomes homogeneous.

Let f(x,y,2)=ax> +by> +cz” + 2fyz + 2hxy + 2ux + 2wz + d =0 e

represent a cone having its vertex at (x’, y’, z).

Shift the origin to the vertex (x’,y’, z”) so that we change

xto x+x,yto y+y andzto z+ 27’
The transformed equation is
ax? + by2 +ez’ + 2 fyz + 2gzx + 2hxy + 2 [x(ax” + by’ + gz" + u)
+y(hx' +by + f +v)+z(gx"+ ' +cz’+w)l+ f(x,y,2)=0 ..(2)

The equation (2) represents a cone with its vertex at the origin and must, therefore, be

homogenoeus. This gives

ax"+ by + gz’ +u=0 (1)
hx'+by + f2/+v=0 ...(i)
ex'+ fy +cz’+w=0 ...(ii)
f,y,2)=0 (i)
Also, fx,y, z2)=x"(ax"+ by’ + gz’ +u)+ y (hx" + by’ + fz’ +v)

+77(gx"+ '+ +w)+(ux" + vy +wz' +d)
Thus, with the help of (1), (ii) and (iii), we see that (iv) is equivalent to
ux"+vy' +wz’+d=0 (V)
The system of equations (i), (ii), (iii), (iv) is equivalent to the system (i), (ii), (iii), (iv).
Thus, if the given equation represent a cone, there exist (x’, y’, z") satisfying the equations (i),
(i1), (iii), (v) implying that these four equations are consistent. The condition of consistency of the

system (i), (ii), (iii) and (v) of four linear equation is
a h g u

h b f v
g f c w
u v w d
This is the condition for the equation (1) of the second degree to represent a cone.

=0
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If the condition is satisfied, the co-ordinates (x’,y’,z") of the vertex are obtained by solving
simultaneously the three linear equations (i), (ii) and (iii).

The point (x’, y’, z’) is such that if we shift the origin to this point, the new equation will be
homogeneous and as such will represent a cone.

Cor. If F(x,y,z)Eax2+by2+cz2+2fyz+2gzx+2hxy+2ux+2vy+2wz+d=0
represents a cone, the co-ordinates of its vertex satisfy the equations
F,=0, F,=0, F,=0, F,=0
where ‘t’ is used to make F (x, y, z) homogeneous and is put equal to unity after

differentiations.

Making F (x,y, z) homogeneous, we write

F(x,y,z,t)= ax? + by2 + cz2 + 2 fyz + 2gzx + 2hxy + 2uxt + 2vyt + 2wzt + dr?
We have
F,=2(ax+hy+gz+ut), F,=2(hx+by+ fz+v1)

F,=2(gx+fytcz+wt), F; =2 (ux+vy+wz+dt)

Putting # =1, we see from (i), (i), (iii) and (iv) that the vertex (xy,y;, z;) satisfies the four
linear equations.
F,=0, F,=0, F, =0, F,=0
Note : The student should note that the coefficients of second degree term in the transformed
equation (2) are the same as those in the original equation (1).
Note : The equation F(x, y, z) =0 represents a cone if, and only, if the four linear equations
F,=0,F,=0,F, =0,F, =0 are consistent. In the case of consistency the vertex is given any

three of these.
In case we have

a h g u
a h g
h b f
=0 aswellas |k b [f|=0
g f c w
g f c

u v w d
the equation will represent a pair of planes.
EXAMPLE

1. Prove that the equation

ax? +by2 +cz? +2ux +2vy +2wz+d =0
represents a cone if

Solution. Let
f(x,y,z,t)= ax? + by2 +cz% + 2uxt + 2vyt + 2vyt + 2wzt + dr’ =0

8_F =0 for r=1 gives
0x
dax +2u=0 or x=-2% e
a
oF .
Similarly, PN =0 for r=1 gives y=- % -2
oF w
—=0 for r=1 gives z=——
% g . &)
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aF

dy
Substituting the values of x, y, z from (1), (2), (3) in (4), we get the required condition as

(o)) e

2 2 2
u 1% w

= —+—+—=d.
a b c

and =0 for t=1 gives ux+vy+wz+d=0 .4

EXERCISES
1. Prove that
2x%+2y% +7x% —10yz—10zx + 2x + 2y + 262 - 17 =0
represents a cone with vertex at (2, 2, 1).
2. Show that the equation
x? —2y2 +372 —4xy+5y7—6zx+8x—-19y =2z-20=0
represents a cone with vertex (1, -2, 3).
3. Show that the equation

2y% —8yz—4zx —8xy+6x — 4y —27+5=0

715
represents a cone whose vertex is (_ 37 3’ 6)

EXAMPLE
1. Find the equations to the lines in which the plane
2x+y—-z=0,
cuts the cone 4x% - y2 +3z22=0
Solution. Let XX
I m n

be the equations of any one of the two lines in which the given plane meets the given cone so
that we have

A+m-n=0, 4> -m>+3n>=0

These two equations are now to be solved for /, m, n. Eliminating n,we have
4% -m>+302l+m)?* =0
812 + 6lm+m> =0

I -6%436-32 |

= — =V T - or ——
16 4 2

We also have

P L

m m

l 1 n 1

- = = —_—

m 4 m 2

l 1 n
and —=-= = —=0

m 2 m

i1 2 1 1 _m 0
Now m 4 m 2 174 2

l 1 n l m

—=—-—=, —=0 > —=—:;n=0
and m 2 m -1 2
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Thus, the two required lines are
-1 4 2 -1 2
EXERCISES
1. Find the equation of the lines of intersection of the following planes and cones :
(i) x+3y—2z=0, x2+9y>—4z%=0.

(i) 3x +4y+z=0, 15x2=32y> -7z2=0
(i) x +7y—5z=0, 3yz+14zx-30xy=0

[Ans. (1) x=2z,y=0,3y=27,x=0 (ii)_—3=

X —_2X2_Z
i) 1=5=337173
2. Show that the equation of the quadric cone which contains the three co-ordinate axes and
the lines in which the plane x —5y —3z =0 cuts the cone
7x? +5y2 -32=0is vz +10zx —18xy =0
3. Find the angles between the lines of intersection of
(i) x—3y+z=0and x> =592 +z2 =0
(i) 10x + 7y —6z=0 and 20x2 + 7y% - 108z> =0
(iii) 4x —y—5z=0 and 8yz + 3zx — 5xy =0
(iv) x+y+z=0 and 6xy +3yz—2zx =0
(v) x+y+z=0 and x?2 —yz+xy—322=0
[Ans. (i) cos ™! (5/6), (i) cos ™ (16/21), (i) ©/2, (iv) n/3, V) £/6]
5.3 CONE AND A PLANE THROUGH ITS VERTEX

To find the angle between the lines of intersection of the plane

ux +vy+wz=0
and flx.y.2) = ax® + by? +cz® + 2fyz + 2g2x + 2hxy = 0 (D
The plane ux +vy+wz=0 -(2)

will cut the cone (1) in two lines passing through the origin.
Let one of these lines be
Yy _ z
n =L ==2 ..(3)
m n
Thus, line (3) in plane (2), therefore,
ul+vm+wn=0 (4
Also, line (3) lies on (1) hence it is generator of the cone, i.e., its d.c.’s satisfy the equation
of the cone, hence

al* + bm? +cn? + 2 fmn + 2gnl + 2him =0 .5

I+
Putting n=— wry from (4) in (5), we have

ul+vm ul +vim

2
a12+bm2+c[— j +(2fm+2gl)(— j+2hlm=0

w

ie, [ (aw2 +cu? - 2gwu) + 2Im (cuv — fwu — gvw + hwz) +m? (bw2 +ov? - 2fiw)=0
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12 !
ie, —% (aw2 +ou® - 2gwu) + 2 — (cuv — fwu — gvw + hw2)
m m
+ (bw2 +ov? + 2fiw)=0 (6)
Now (6) is quadratic equation in ]/ /m and shows that plane (2) cuts cone in two lines. If their
direction ratios are Iy, my, ny and Iy, my, n, then we have

'S li_bw2+cv2—2fvw

momy  aw?® + cu’ - 2gwu
L _ mymy _ iy

= = similarl
bw? +cv? — 2 fow aw? + cu® - 2gwu bu® + av? = 2huv ( y)

_ 1112 + myny + nny
(b+c)u2 +(c+a)v2 +(a+b)w2 - 2w —2gwu — 2huv
lll2 +mymy + nmny

_(a+b+c)(u2 +v? +w2)—f(u,v,w)
Also, sum of the roots of (6) gives

L + L 2(cuv—fwu—ng+hw2)
m m aw? + cu’ - 2gwu
l1m2 + l2m1 - mymy

> +eu? - 2gwu

-2 (cuv — fwu — gvw — hwz) - aw
hip nyny

- bw? +cv? — 2 fow - av® + bu® = 2huy

_ [(lll’TI2 + l2m1)2 - 4l112m1m2]1/2
[4 (cuv— fwu — gvw + th)2 -4 (bw2 +ov? - 2 frw) (aw2 +cu’ - 2gwu)]1/2

a h g u

- h b
=——llm2 L) where P? = ;o
+ 2 wP g f c W
u v w 0

_myny —myny _ nily —nply
+2uP + 2vP
2412
1

[2 (m1n2 - mzl’ll)
+2P U +v2 + w2
If @ be the angle between the lines, then

24172
tan O = [Z (m1n2 - mznl) ]

Lil, + mymy + nyny
2P (u2 +v? 4 w2)1/2
(@a+b+c) (u2 +v2 +w2)—f w,v,w)
Cor. Condition of Perpendicularity

or tan 0=

To find the condition, so that lines in which plane ux +vy +wz =0 cuts a cone

f(x,y,z)sax2 +by2+cz2 +2fyz+2gzx +2hxy =0
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may be at right angles.
The angle § between the two lines is given by

2P (u2 +v2 + wz)l/2

(a+b+c)(uz+v2 +w2)—f(u,v,w)

tan 0 ==

If 6=90°, tan O=oco
Le., (a+b+c)(u2+v2+w2)—f(u,v,w)=0
This is the required condition.

5.3.1 Mutually Perpendicular Generators of a Cone

To show that the cone

ax® + by2 +ez? + 2fyz+2gzx + 2hxy =0 -..(iii)
Equation of the plane through the origin perpendicular to the line (ii) is
AM+uy+vz=0 @iv)

If ([, m, n) be the direction cosines of any one of the two generators in which the plane cuts

the given cone, we have
al® + bm? + cn® + 2 fmn + 2gnl + 2him =0 (V)
and IA+mu+nv=0 (Vi)
Eliminating n between (v) and (vi), we obtain
12 (av? + A2 = 2g\v) + 2Im (cht + hv? = guv+ fav) + m? (bv? + cp? =2 fiw) =0

which, being a quadratic in [ : m,we see that the plane (iv) cuts the given cone in two

generators.

Hence, if (I}, my, ny), (I, my,ny) be the direction cosines of these two generators, we have
hi, bv? + cuz -2 fiw
mimy - av? 4 A - 2ghy

Ly _ myny
= bv? + cp.z -2 fiw av? + e\’ - 2gAv
From symmetry, each of these is further
M1y =k, (say)

T au? + b2 = 2k
Thus, we have
Ly + mumy + nyny = k[a (W? + v2)+b (V2 +22) + ¢ W2 + u?) - 2 v + 2gvh — 2hAu]

=k(a+b+)+(2 +u? +v?) ..(viii)
with the help of (iii).
The two generators in which the plane (iv) intersects the curve (ii) will be at right angles if
and only if

ZIZZ +mymy + nny = 0
i.e., if and only if

at+tb+c=0
We note that

r*r_Y_z

AUV

is an arbitrary generator of the cone and the condition that the planes through the vertex
and perpendicular to the generators meet the cone in two perpendicular generators is independent

of A, W, v.
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Also we see that the two generators will themselves be perpendicular to the first generator so
that the three generators will be perpendicular in pairs.

It follows that the cone (i) admits of an infinite number of sets of three mutually perpendicular
genaerators if and only if

a+tb+c=0

In fact if this condition is satisfied, then the plane perpendicular to any generator OP of the
cone cuts the same in two perpendicular generators OQ, OR so that OP, OQ, OR is a set of
three mutually perpendicular generators.

Note : If the general equation

ax? +by2 +cz? +2fyz +2gzx + 2hxy + 2ux + 2vy + 2wz +d =0
represents a cone having sets of three mutually perpendicular generators, then also

a+b+c=0
for, on shifting the origin to its vertex, the coefficients of the second degree term remain
unaffected.
EXAMPLES
1. Prove that the plane ax + by +cz=0 cuts the cone yz+ zx +xy =0 in perpendicular to
o111
linesif —+—+—=0.
a b c
Solution. Let one of the lines of intersection be
*_YaZ
Il m n
The line lies on given cone and plane, hence
mn+nl+Im=0 (1)
and al+bm+cn=0 ..(i1)
Putting the values of n from (ii) in (i), we get
[+b
(m+l)(— a mj+lm=0
c
= al®> +(a+b—-c)lm+bm> =0
1Y !
= a(—) +(a+b-c)—+b=0
m m
L b
Let — >~ be the two roots, then
my mp
h b _b
my ' my a
L, —mmy nyny
——=—=—= (b t
= Va /b 1/c (Oysymmetry)
The angle between the lines will be a right angle if
1 1 1
lllz+m1m2+n1n2=0 = —+—+—=0
a b c

2. Prove that the angle between the lines given by x +y+2z=0, ayz+bzx+cxy=0is w/2

1 1 1
ifa+tb+c=0and n/3 if —+—+—=0.
a b c

Solution. Let the plane x +y + z =0 cuts the cone ayz + bzx + cxy =0 in a line
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X_Y_Z%
I m n
Then l+m+n=0 and amn+ bnl + clm=0

Eliminating n between these relations, we get

(am+bl)(-l-m)+cm=0 = pl> +(a+b-c)+Im+am>=0

1Y I
N b (—) +(a+b-c) (—j +a=0. (1)
m m
: . h b
If the roots of this equation are —— and ——, then
my )

lll2+m1m2+n1n2=0 = a+b+c=0
Again, from (i), we get
ll l2 c—-b-a
Ay =-—- - -
nmy my b
llmz + l2m1 _c— b-a N llm2 + l2m1 _mpmy
mymy b c—-b-a b

. k.

Now,  (Iymy - l2m1)2 =(lymy + lzml)2 — 4l .mymy
=k>(c—b—-a)* —4ak.bk=k>[(c~ b—a)* — 4ab]
=k2 (a2 +b% + ¢ —2ab - 2bc - 2ca)
\/z (himy — lymy)? K2 Ga® 4 5% + 2 — 2be — 2ca— 2ab)]
Ll + mymy +nyny k(a+b+c)
If 6=7/3, then

Now, tanf=

2E_3(a2+b2+c2—2bc—2ca—2ab)

tan 5
(a+b+c)
= 3(@+b+c) =3(a® +b> +c? = 2bc — 2ca —2ab) [+ tan (1/3)= /3]
= d(bct+ca+ab)=0 = l+l+l=0_
a b ¢
EXERCISES

1. Prove that the plane Ix +my +nz =0 cuts the cone

(b—c)x2 +(c—a)y2 +(a—b)z2 +2fyz+2gzx + 2hxy =0
in perpendicular lines if
(b—c)l2 +(c—a)m2 +(a—b)n2 + 2 fmn + 2gnl + 2him =0
1

2. If X=—y=
R

represents one of a set of three mutually perpendicular generators of the cone
11yz + 62x — 14xy =0

. . Ans So Y . X _y_z
find the equations of the other two. 5T 374 2T
3. Find the angle between the lines given by
x+y+z=0, R RN
b-c c¢c—-a a-b
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4. If the plane 2x —y + ¢z =0 cuts the cone yz + zx + xy =0 in perpendicular lines, find the

value of c. [Ans. c=2]
5. Find the equations of the lines in which the plane 2x + y — z =0 cuts the cone
X _y_z2. X _y_2
2 2 2 —=r =2 ==
X_y_z .
6. If 1 = 1 = 5 be one of a set of three mutually perpendicular generators of the cone

3yz —2zx—2xy =0, find the equations of other two generators.

Ams Eo Y ST X_ Y. T

2 (4 13 1 (=2
7. Show that the cone whose vertex is the origin and which passes through the curve of inter-
section of the surface 2x2 — y2 +27% =342 and any plane at a distance d, from the origin

has three mutually perpendicular generators.
8. Find the locus of a point from which three mutually perpendicular lines can be drawn to
intersect the central conic

ax2+by2=1;z=0 [Ans.a(x2+z2)+b(y2+zz)=l]
9. Show that the mutually perpendicular tangent lines can be drawn to the sphere

aylel=r?

from any point on the surface
2(x2 + y2 + Z2) =37
10. Three points P, O, R are taken on the ellipsoid

2 2 2
% + _y? + —Z—z— =1
a”~ b” ¢
so that the lines joining P, O, R to the origin the mutually perpendicular. Prove that the plane

POR touches a fixed sphere.

5.4 INTERSECTION OF A LINE WITH A CONE
To find the points of intersection of the line
x-a_y-B_z-v
I m  n

and the cone.
v, 2) = ax® + by +cz® + 2fz + 2gzx + 2hxy = 0 (i)

The point (Ir +o, mr + B, nr +y) which lies on the line (i) for all values of » will lie on the
cone (ii) for values of r given by the equation

a(r+ o) +b(mr+PB)> +cmr+v)> +2f (mr +B)(nr +7) +2g (Ir + o) (nr +y)
+ 2k (Ir + o) (mr + ) =0,
& 12 (al® + bm®+ cn® + 2 fmn + 2gnl + 2him) + 2r [1 (act + hB + gy) + m (ho. + bP + fy)
+n(go+ fB+en)]+ f(a.By)=0 ..(A)
Let 1, r, be the roots of this quadratic equation in r. The two points of intersection are
(In +a,mn +B,nn +v),(Irn +0, mr, +B,nr, +7v)
Cor. A plane section of a quadratic cone is a conic, as every line in the plane meets the curve

of intersection in two points.
Note : The equation (A) gives the distances of the points of intersection P and Q from the

points (o, 3, Y); if (I, m, n) are direction cosines.
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EXERCISES
1. Show that the locus of mid-points of chords of the cone
ax?® +by2 +cz? +2fyz+2gx +2hxy=0
drawn parallell to the line

r_rY_Zz

) I m n

is the plane
x(al+hm+gn)+y(hl+bm+ fn)+z(gl+ fm+cn)=0

[Hint : If (o, 3, ) be the middle pionts of any such chords
x—o_y-B_z-v
l m n

the two roots of the equation (A) are equal and opposite and as such their sum is zero.]
2. Find the locus of the chords of a cone which are bisected at a fixed point.

5.4.1 The tangent Lines and Tangent Plane at a Point
x-o_y-B_z-¥

k]

Let (1)
l m m
be a line through a point (o, B, y) of the cone
ax? + by2 +cz? + 2fyz +2gzx + 2hxy=0 ..(i1)

so that ao® + bP% + cy? + 2By + 2gya+ 2haf = 0
Thus, one of the values of r given by the equation (A) of 5.4 is zero and as such one of the
two points of intersection coincides with (Q, B, y). The second point of intersection will also

coincide with (o, B, ) if the second root of the same equation is also zero. This requires
[ (aot+ hP + gy) +m (hoo + BB + fy) + n(go+ fB+cy)=0 ...(iii)
The line (i) corresponding to the set of values of [, m, n satisfying the relation (iii) is an tangent
line at (o, B, v) to the cone (ii).
Eliminating [, m, n between (i) and (ii), we obtain the locus of all the tangent lines through

(o, B,y), viz.,
(x— o) (aot+hp + gy) + (y = B) (hou + BB + fi) + (z = v) (go + fB+cy) =0
& x(ao+ hB+ gy)+y (hoo+ bB + fy) + z (gou + B+ cy)
= aa® +f[_’>2 +cy2 + 2By +2gyo + 2haff =0
which is a plane known as the tangent plane.
Clearly, the tangent plane at any point of a cone passes through its vertex.

Cor. The tangent plane at any point (ko kB, ky) on the generator through the point (¢, 3, v)

is the same as the tangent plane at (a, B, ).

Thus, we see that the tangent plane at any point on a cone touches the cone at all points of
the generator through that point and we say that the plane touches the cone along the generator.

EXAMPLE

1. Show that r_Y_Z

I m n
the line of intersection of the tangent planes to the cone
ax? +by2 +cz? +2fyz+2gzx +2hxy =0
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along the lines in which it is cut by the plane
x(al + hm+ gn)+ y(hl + bm+ fn)+ z (gl + fm+cn)=0

Sol. The tangent plane at any point (o, 3, ¥) of the given cone is

x(ac+hB+ gy)+y(ho+ bR+ fy)+z(go+ B+cy)= 0
It will contain the line

roY_z
I m n
[(aov+ hP+ gy)+ m(ho + b+ fy) +n(go+ PB+cy)=0
= o(al + hm+ gn)+B(hl +bm+ fn)+vy (gl + fm+cn)=0

Thus, the point (o, B,y) lies on the plane
x(al+hm+gn)+y(hl+bm+ fn)+z(gl+ fm+cn)=0
Hence, the result.
5.4.2 Condition for Tangency

To find the condition that the plane
Ix+my+nz=0, (D)

should touch the cone

ax® + by + ¢z + 2fyz+ 2gzx + 2hxy =0 (2
If (o, B,y) be the point of contact, the tangent plane

x(ao+hB+gy)+y(hat+ bR+ fy)+z(ga+ PB+cy)=0
thereat should be the same as the plane (1).
ao+hB+gy  ho+bB+ fr _go+ fB+ey ~ k. (say)

l m n
Hence,
ac.+hB+ gy —lk=0 (1)
hoo+bP+ fy —mk=0 .(ii)
go+ fB+cy—nk=0 ..(iii)
Also, since (o, 3, Y) lies on the plane (1), we have
lo+mPB+ny=0 ..(iv)
Eliminating, o, 3, Y, kX between (i), (ii), (iii), (iv), we obtain
a h g 1
h b
roml,
g f c n
l m n 0

as the required condition.
The determinant on expansion, gives

Al% + Bm® + Cn® + 2Fmn +2Gnl + 2HIm =0
where A, B, C, F, G, H, are the co-factors of q, b, ¢, f, g, hrespectively in the determinant

a h g
h b f
g f c

We may see that
A=bc—f2, B=ca—g2, C=ab—h2,
F=gh—af, G=hf —bg, H= fg—ch
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5.4.3 Reciprocal Cones
To find the locus of lines through the vertex of the cone

ax® +by? +cz® + 2fyz + 2920 + 2hxy =0 (D)
perpendicular to its tangent planes,
Let Ix+my+nz=0 (2
be a tangent plane to the cone (1) so that we have
Al% + Bm® + Cn® + 2Fmn +2Gnl + 2HIm =0 -3
The line through the vertex perpendicular to the tangent palne (2) is
X _y _z
7 =—=— ..(4)
m n
Eliminating [, m, n between (3) and (4) , we get
Ax? + By? + Cz2 + 2Fyz + 2Gzx + 2Hxy =0 (5

as the required locus which is again a quadric cone with its vertex at the origin.
If we now find the locus of lines through the origin perpendicular to the tangent planes to

the cone (5), we have to substitute for A, B, C, F, G, H in its equation the corresponding co-factors
in the determinant

A H G
H B F
G F C

Since, we have, by actual manipulation,
BC—-F?=aD. CA-G*=bD, AB- H? =¢D;
GH - AF = fD, HF - BG=gD, FG - CH =hD,
where D = abe+ 2 fgh + af? — bg? — ch?
It follows that the required locus for the cone (5) is
ax? +by2 +c2? +2fyz+2gzx +2hxy =0
which is the same as (1).

The two cones (1) and (5) are, therefore, such that each is the locus of the normals drawn

through the origin to the tangent planes to the other and they are, on this account, called reciprocal
cones.

We have supposed that D # 0 implying that the equation (i) does not represent a pair of
planes (Refer 2.8).

Cor. The condition for the cone
ax? + by2 +cz? + 2fvz+2gzx +2hxy =0 ()
passes through mutually perpendicular tangent planes is
A+B+C=0
The cone (i) will clearly passes through three mutually perpendicular tangent planes, if its
reciprocal cone
Ax? + By2 +C% + 2Fyz +2Gzx + 2Hxy =0

has three mutually perpendicular generators and this will be so if

A+B+(C=0 & bc+ca+ab=f2 +g2 +h2.

EXAMPLES
1. Show that the general equation of a cone which touches the three co-ordinate plane is

Jf ey £hz =0,

1, g, h being parameters.
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Solution. The reciprocal of a cone touching the three co-ordinate planes is a cone with three
co-ordinate axes as three of its generators. Now, the general equation of a cone through the three

axes is
fyiz+gzx+hxy=0
Its reciprocal cone is

— £2x% = g%y? —n%Z% + 2ghyz + 2hfzx + 2 fgxy =0
(fx+ gy —hz)* =4 fgxy
fx+gy—hz=1x2, fexy
fx+gyx2.fexy =hz
(e £ Jeh)? =,
Jhc £ oy £Vhz =0
2 2 2
y Z

2. Prove that the cones ax* + by2 +ez2 =0 and —+ X + — =0 are reciprocal.
a c

t 0 0¢Q

Solution. The reciprocal cone of
ax® + by2 +cz2=0

Ax? + By? + Cz% + 2Fyz + 2Gzx + 2Hxy=0 (D)
a 0 0
where A={0 b O0O|=abc
0 0 ¢
and Azg—zzbc, Bzi—izac, Czaa—ﬁzab,
C1OA o 1OA . 10A
“2y 0T M T

By putting these values, (1) becomes
bex? + cay2 +abz’ =0

2 2 2 2 2 2
X z X b4

or N P I A
a b c a b c

3. Prove that the equation [ fx +./gy *~hz =0 represents a cone that touches the co-

ordinate planes; and that the equation to the reciprocal cone is fyz+ gzx + hxy =0.
Solution. The given equation can be written as

Jiot gy =5 vhz

= S+ gy £2 foxy =hz
= (fr+ gy —h2)* =2 fgxy
2.2, .22, ;22 _ .
= fox"+g7y" + h"z" = 2ghyz — 2hfex - 2 fgxy = 0 ()
The equation is a homogeneous equation of second degree, hence it represents a quadratic
cone.

The co-ordinate plane x =0 meets (i) where
g2y? + 1P —2ghyz=0 = (gy—h2)* =0
which being a perfect square it follows that the plane x =0 touches it. Similarly, we can show
that y=0, z=0 also touch the cone (i).
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Again for the cone (i), we have
\a':fZ’\b':gz’\c':hz’\f':—gh’\g':—hf’\h':—fg
- A=bc— f2=g%h? - (=gh)*> =0
Similarly, B =C =0,
F=gh—af =(=hf) (~fg) = f* (~gh)=2fgh
Similarly, G = 2g2hf, H = 212 fg
The required equation of the cone reciprocal to (i) is
Ax? + By2 +C2+ 2Fyz + 2Gzx + 2Hxy=0

212 ghyz + 2g*hfzx + 2% fgxy = 0
fz+gmx+hxy=0
EXERCISES
1. Find the plane which touches the cone
x? +2y2 -3z2 +2yz -5z +3xy=0

along the generator whose direction ratios are 1, 1, 1.
2. Prove that the perpendiculars drawn from the origin to be tangent planes to the cone
2 2 C2
ax? +by2 +¢z2 =0 lie on the cone —+y—+~:0,

a b z
3. Prove that tangent planes to the cone

X2 —y2 +272 —-3yz+4zx—5xy=0
are perpendicular to the generators of the cone
17x% +8y? + 2927 + 28yz — 462x — 16xy = 0
4. Prove that the cones
ayz + bzx + cxy =0, (ax)”2 + (by)ll2 + (cz)ll2 =0

U

U

are reciprocal.

5. Prove that the cones fyz + gzx + hxy = 0; \/ﬁ + \/5 ++/hz =0 are reciprocal.

6. Find the condition that the plane ux + vy + wz =0 may touch the cone.
2 2 2
u- v w
ax2+by2+czz=0 Al’lS.;‘F?‘FT:O
7. Show that a quadric cone can be found to touch any five planes which meet at a point
provided no three of them intersect in a line.
Find the equation of the cone which touches the three co-ordinate planes and the planes

x+2y+3z=0, 2x+3y+4z=0
[Ans. (0)"/2 + (=6)"/2 + (62)" = 0]
5.5 INTERSECTION OF TWO CONES WITH A COMMON VERTEX

Sections of two cones, having a common vertex, by any plane are two coplanar conics which,
general, intersect in four points.

The four lines joining the common vertex to the four points of intersection of these two coplanar
conics are the four common generators of the two cones.

Therefore, two cones with a common vertex have, in general, four generators in common. In
case two cones with the same vertex have five common generators, they coincide.

If §=0,5"=0

be the equations of two cones with origin as the common vertex, then

S+kS'=0
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Clearly, the genreal equation of a cone whose vertex is at the origin and which passes through
the four common generators of the cones

§=0,8"=0
If k be so chosen that S+ kS’ =0 becomes the product of two linear factors, then the
corresponding equations obtained by putting the linear factors equal to zero represent a pair of
planes through the common generators.
Such values of k are the roots of the k-cubic equation
a+ka” h+kh g+kg’
h+kh" b+kb" f+kf’|=0
g+kg’ f+K  c+k’
The three values of k give the three pairs of planes through the four common generators.
EXERCISES
1. Find the equation of the cone which passes through the common generators of the cones
—2x? +4y2 +2z2=0 and 10xy —=2yz+52x=0
and the line with direction cosines proportional to 1, 2, 3.
[Ans. 2%% - 4y2 2y 10xy — yz + 5zx = 0]
2. Show that the equation of the cone through the intersection of the cones
x? —2y2 +3z72 —4yz+5zx—6xy=0 and 252 —3y2 +4z2 -5yz+62x—10xy =0
and the line with direction cosines proportional to 1, 1, 1 is
y2 272 +3yz—4zx+2xy=0
3. Show that the plane 3x+ 2y —4z =0 passes through a pair of common generators of the
cones 27x> +20y? —=32z> =0 and 2yz+ zx —4xy =0.
4. Show that the plane 3x — 2y — z =0 cuts the cones

3yz — 270+ 2xy = 0and 21x% — 4y% - 572 =0
in the same pair of perpendicular lines.
Also show that the plane 7x+ 2y + 5z =0 contains the remaining two common genera-
tors.

5.6 THE RIGHT CIRCULAR CONE
5.6.1 Definition

A right circular cone is a surface generated by a line which passes through a fixed point,
and makes a constant angle with a fixed line through the fixed point.

The fixed point is called the vertex, the fixed line the axis and the fixed angle the semi-vertical
angle of the cone.

The justification for the name right circular cone is contained in the result obtained below.

Every section of a right circular cone by a plane perpendicular to its axis is a circle.

Let a plane perpendicular to the axis ON of the right circular cone with 0
semi-vertical angle, o, meet it at N.

Let Pbe any point of the section. Since ON is perpendicular to the plane
which contains the line NP, we have

ON L NP
= ﬂ =tan ZNOP = tan O
ON
= PN = ON tan o

so that NP is constant for every position of the point P of the section.
Hence, the section is a circle with N as its centre.
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5.6.2 Equation of a Right Circular Cone

To find the equation of the right circular cone whose vertex is the poitn (., B,Y) and whose

axis is the line
x—o y-fB z-y
I m  n

and semi-vertical angle 0,

Let O be the vertex, and, OA the axis of the cone.

The required equation is to be obtained by using the condition that the line joining any point
(x, v, z) on the curve to the vertex O (o, 3, y) makes an angle § with the axis OA.

Direction cosines of the line OP, being proportional to

x—0,y—P,z—-y O (o.By)

We have
Lx-=o)+m(y-B)+n(z-y)
\/l2 +m* +n? \/(x—OL)2 +(y =P+ -y’
The required equation of the cone, therefore, is
[(x-o)+m(y—B)+n(z-1)1=(0*+m
[(x=0)® + (y=P)* +(z—7)*] cos”
Cor. L.If the vertex be the origin, the equation of the cone becomes
2

cos O =

2+n2)

(Ix + my + nz)2 = (12 +m” + n2) (x2 + y2 + zz) cos? 0
Cor. 2. If the vertex be the origin and axis of the cone be the Z-axis, then taking
2= +y?+28) 05’0 o X +y =72 tan’ 0 (1)
Cor. 3. The semi-vertical angle of a right circular cone admitting sets of three mutually
perpendicular generators is
tan~' V2

for, the sum of the coefficients of x?, y2, 22 in the equation of such a cone must be zero and
this means that
l+1—tan2 0= 0, ie, 0= tan~! \/5 [Refer (1), Cor. 2]

Cor. 4. The semi-vertical angle of a right circular cone having sets of three mutually
perpendicular tangent planes is

1 |1
tan 1 E .
for by Cor. to 5.4.3, this will be so if [Refer (1), Cor. 2]
1 1
1-tan” 0 — tan® =0 zeztanl\/;.
EXAMPLES

1. Find the equation to the right circular cone whose vertex is at origin, the axis along x-
axis and semi-vertical angle d.

Solution. Let P (x, y, z) be any point on the surface of the cone, so that the direction ratios of
the line OP are x, y, z; O being the origin. The direction cosines of x-axis are 1, 0, O.

x1+ 9.0+ 20
COS O = ————e——o—
w/xz + y2 + Z2
= (x2+y2+12)cos20c=x2

= y2 + 22 = x2 tan2 oL.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

2. Lines are drawn through the origin with direction cosines proportional to (1, 2, 3), (2, 3, 6),
(3, 4, 12). Show that the axis of the right circular cone through them has direction cosines
1 1 1

VRN
1 1
and that the semi-vertical angle of the cone is €OS l(ﬁj .

Obtain the equation of the cone also and show that it passes through the co-ordinate axes.

Solution. Let (I, m, n) be the direction cosines of the axes of the right circular cone. Let O be
the origin and P, O, R be the points, so that d.r.’s of OP, OQ, OR are (1, 2, 2), (2, 3, 6), (3, 4, 12)

respectively.
Theref d’f0P122th f O 236dth f OR > 4 b2
erefore, d.c.’s o are3,3,3, 0se 0 Qare7,7,7an 0se 0 are TR ENER
Let o be the semi-vertical angle of the cone, then
1 2 2 2 3 6 3 4 12
cosO==l+-m+-—n==Il+-m+—n=—I+—m+—n
3 3 3 7 n 13 13 13
From first two relations
[+5m—4n=0 (1)
and from first and last, we get
21+ 7Tm—-5n=0 ..(i1)

Solving, we obtain

2 2 2
JIZ+m® +
l_m:n:i I“+m°+n il

111 Jiv1+1 B3

Therefore, direction cosines of the axis are
1 1 1

NERRVERRVER
Therefore, semi-vertical angle of the cone will be
cosa—i(—i].kg L.i_g L_L — o =cos ! (L)
3003) 3’3 33 3 B

If (x, y, z) be any point on the cone, then its equation will be

-lx+1ly+1z 1
cos oL = =—
\/gxlxz + y2 + 12 ‘/5
= yz—zx—xy=0
EXERCISES

1. Find the equation of the right circualr cone with its vertex at the origin, axis along Z-axis and
semi-vertical angle «.
2. Show that the equation of the right circular cone with vertex (2, 3, 1), axis parallel to the line

—-Xx= 3 =z and one of its generators having direction cosines proportional to (1, —1, 1) is

x2+8y% + 22 +12yz — 12yz + 62x + 46x + 36y + 222 =19 = 0.

3. Find the equation of the circular cone which passes through the point (1, 1, 2) and has its
vertex at the origin and axis the line fo- % = g .
[Ans. 4x> +40y? +19z% — 48xy — 72yz + 36xz = 0]
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4. Find the equation of the right circular cone whose vertex is origin, axis of the line
x=t,y=2t,z=73t, and whose semi-vertical angle is 60°.
[Ans. 38x7 +26y° + 622 —16xy — 48yz — 24zx = 0]
5. Find the equation of the right circular cone whose vertex is (1, -2, 1), axis the line
x—-1_ y+2 z+l1
45

and semi-vertical angle 60°.

[Ans. 7x> — 7y — 257 + 48xy + 80yz — 60zx + 22x + 4y + 17x + 78 = 0]
6. Find the equation of the right circular cone whose vertex is (3, 2, 1) axis the line
x-3 y-2 z-1
4 1 3
and semi-vertical angle 30°.
7. Find the equation of right circular cone which passes through (1, 1, 1), whose vertex is (1, 1,
1) and axis of cone makes equal angle with co-ordinate axes.
[Ans.xy+ yz+zx—x—2y—z+1=0]
8. Find the equation of the cone generated by rotating the line
Xy z

I m n

. X Yy zZ .
about the line — =+ = — as axis.
a b ¢

[Ans. (al + bm + cn)2 (x2 + y2 + 12) =(ax+by+ cz)2 (12 +m?+ nz)]

5.7 THE CYLINDER
Def. A cylinder is a surface generated by a straight line which is always parallel to a fixed
line and is subject to one more condition, for instance, it may intersect a given curve or touch a
given surface.
The given curve is called the Guiding curve.
5.7.1 Equation of a Cylinder
To find the equation of the cylinder whose generators intersect the conic
ax2+2hxy+by2+2gx+2fy+c=0,z=0 (1)
and are parallel to the line

Z_2-2 (i)
m n

Let (o, B,7) be any point on the cylinder so that the equations of the generator through the
point are
x—o _y-p_z-y
I m  n
As in 5.1.2, the line (iii) will intersect the conic (i), if

2 2
(oc—ll) +2h(oc—ll)(ﬁ—m—yj+b(ﬁ—m—yj +2g(oc—l—yj+2f([3—m—yj+c:0
n n n n n n
But this is the condition that the point (¢, 8, y) should lie on the surface
2 2
a(x—l—zj +2h(x—l—zj(y—%]+b(y—%) +2g(x—l—zj+2f(y—%)+c=0
n n n n n n

= a(mx-— lz)2+ 2h (nx —Iz) (ny —mz) + b (ny — nz)2 +2gn (nx —Iz)
+2fn(ny—nz)+cn2 =0

.(iil)

which is, therefore, the required equation of the cylinder.
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Cor. If the generators be parallel to Z-axis so that
[=0=m and n=1
the equation of the cylinder becomes
ax® + 2hxy + by? +2gx + 2fy + ¢ =0
as is already known to the reader.

EXAMPLES
1. Find the equation of the cylinder whose generators are parallel to the line
oYz
1 -2 3

and whose guiding curve is the ellipse 2+ 2y2 =1,z=0.
Solution. Let (o, 3,y) be any point on the cylinder, then equations of a generator through

(o, B, y) are
x-o _ y-B z-y
1 2 3
This meets the plane z=0 at the point given by
x—a_y-B__v

1 -2 3

Y 2y
; a-—,p+—,0
Le., at ( 3 B 3 j

Therefore, the generator intersects the given curve if

2 )2
((x—l] +2(B+—Y] =1
3 3

Hence, locus of (o, B, y) is

A 27\
(x——) +2(y+—) =1
3 3

3x? +6y2 +3z22 - 2zx +8yz -3=0
2. Find the equation of the cylinder whose generators are parallel to

oYz
1 -2 3
and whose guiding curve is the ellipse x* + 2y2 =1,z=3.
Solution. Let (at, B, ) be any point on the surface of the cylinder so that the equations of its
generators through this point are
x—o y-B z-y
1 2 3
This line meets the plane z =3 at the point given by
x—0o_y-B_3-y
1 2 3

3-vy 2y -6 )
; o+ ,B+ ,3
Le., ( 3 B 3

This point will lie on the surface
X2 +2 y2 =1,
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3-y)? 27-6)°
if (ourTY] +2(B+ Y3 ) =1
or Bo—y+3)2+203B+2y-6)2=9
Hence, locus of the point (o, B, v) will be
Bx-2z+3)%+20By+2z-6)%>=9
or 3x2 +6y2 +3z2 +8yz —2zx+ 6x— 24y — 182+ 24=0
This is the required equation of the cylinder.
3. Find the equation of the quadratic cylinder with generators parallel to x-axis and passing
through the curve ax* + by2 +ezt =10+ my + nz= p.
Solution. The equation of the required cylinder is obtained by eliminating x between the

equations
ax2+by2 +cz2=1 and Ix+my+nz=p
. o p—my—nz . .
For this, substituting the value of x= Y in the other equation, we get
2
o ]y v -1
or a(p—my—nz)2+1912y2+cl2Z2=l2
or (bl2 + amz) y2 + (cl2 - amz) 2+ 2amyz — 2ampy — 2apnz + ap2 —-1’=0
This is the equation of required cylinder.
EXERCISES

1. Find the equation of the cylinder whose generators intersect the curve ax? + by2 =2z,

Ix + my + nz= p and are parallel to the Z-axis.

[Hint : Eliminate z from the equations.]
2. Find the equation of the cylinder whose generators are parallel to

oYz

1 2 3
and guiding curve is x2 + y2 =16,z=0.

3. Find the equation of the cylinder whose generators are parallel to z-axis and guiding curve
is given by ax%+ by2 +ezl = L, Ix + my + nz= p.

[Ans. (an2 + clz) X2+ (bn2 + cmz) y2 + 2lemxy — 2cplx — 2cpmy + (cp2 - n2) =0]
4. Find the equation of cylinder whose generators is parallel to y = mx, z=nx and which in-
2 2
. y
tersect the conic a_2 + b_2 =12z=0. [Ans. b? (nx - z)2 +a? (ny — nz)2 = nzazbz]
5.7.2 Enveloping Cylinder
To find the equation of the cylinder whose generators touch the sphere

x2 + y2 + 12 = a2 (l)

and are parallel to the line

e ..(i1)
m
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Let (o, B,y) be any point on the cylinder so that the equations of the generator through it are

x-o_y- B _z=Y
I m n
The line (iii) will touch the sphere (i), if

(o +mB+ny)? =0%+m? +n2) @ +p* +y2 -a*)

..(Gii)

But this is the condition that the point (o, ,y) should lie on the surface

(lx+my+nz)2 =(12 +m? +n2)(x2 +y2 +z2 —a2)

which is, therefore, the required equation of the cylinder and is known as Enveloping cylinder
of the sphere (i).
EXAMPLE

1. Find the enveloping cylinder of the sphere
x2 +y2 +7° -2x+4y=1

having its generators parallel to x =y = z. Also find its guiding curve.
Solution. Let (c, B, Y) be any point on the surface of the cylinder so that the equations of its
generator through this point are
x—o _y-B z-y
1 1 1

=7 (say) ..(1)
Any point on this line is
(o+r,Bp+r,y+r)

This point will lie on the sphere

X +y2 + 2 -2x+4y=1
if @+ +PB+r) ++rn’-2@+r+4PB+r=1
or 32+ 2r (i B+y+ D)+ (@ +P2+y2 200448 -1)= 0
Since the generators (1) touches (2), the roots of this quadratic equation in r must be identical,
for which
Ao+B+y+D? =12 +p> +y2 200+ 4B 1)
or o +p2+y2 -PBy—yo—op-4o+58 -y -2=0

Therefore, the locus of (o, B, y) is

x2 +yz+z2 —yz—z—xy—4x+5y-z-2=0

This is the required equation of the enveloping cylinder.

Now, equation to the plane passing through the centre (1, -2, 0) of the sphere (2) and
perpendicular to the generators of the cylinder whose direction cosines are proportional to (1, 1, 1)
is

IL.(x=-D+1.(y+2)+1.(z-0)=0

or x+y+z+1=0 ..(3)

Clearly, the guiding curve is the curve of intersection of the sphere (2) and the plane (3), i.e.,
the equations of the guiding curve are

x>+ y2 + 72 -2x+4y-1=0,
x+y+z+1=0.
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EXERCISES
1. Find the equation of the enveloping cylinder of the conicoid
S

a b»

whose generators are parallel to the line (i) % =2=2 ;@) x=y=2z
m n
2 2 2 2 2 2 2
l l
AnS.(i)(iz‘Fm—;]'l'n—;] = —2+m_2+n_2 x_2+y_2+Z_2_1
a b ¢ b a b

C
(ll)(iﬁ'l'i'i]z_(i'l'i'l'ij ﬁ+ﬁ+i_l
at b 2 a> br r)dE bt P

2. Obtain the equation of a cylinder whose generators touch the sphere
x? +yz+z2 + 2ux+2vy+2wz+d =0

whose generators are parallel to the line % = % = %
[Ans. {{ (x+u)+m (y +v) + 1 (z + w)}?

=(l2+m2+n2)(x2+y2+z2+2ux+2vy+2wz+d)]

3. Find the equation of a right circular cylinder which envelopes a sphere with centre (a, b, c)
and radius r and has the generators parallel to the direction cosines (I, m, n).

[Ans. {{(a—x) +m(b—y)+n(c—2))>
=P +mP ) {(a-0)>+B-v)? +(c-2) = )]

2 2 2
Z
4. Prove that the enveloping cylinders of ellipsoid a_2 + Z—z + 0_2 =1, whose generators are
. Y 2 L
parallel to the line 0 = > 5 . Mmeet the plane z= 0 in circles.
tja” -b ¢

5.8 THE RIGHT CIRCULAR CYLINDER
5.8.1 Definition

A right circular cylinder is a surface generated by a line which intersects a fixed circle, called
the guiding circle, and is perpendicular to its plane.

The normal to the plane of the guiding circle through its centre is called the Axis of the cylinder.

Section of a right circular cylinder by any plane perpendicular to its axis is called a Normal
Section.

Clearly all the normal sections of a right circular cylinder are circles having the same radius
which is also called the radius of the cylinder.

The length of the perpendicular from any point on a right circular cylinder to its axis is
equal to its radius.

5.8.2 Equation of a Right Circular Cylinder
To find the equation of the right circular cylinder whose axis is the line
x—a_y-B_z-y
I m  n

and whose radius is r.

Let (x, y, z) be a point on the cylinder. Equating the perpendicular distance of the point from
the axis of the radius r, we get
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HG-o+my=-p+n -1 _

12 + m* + n?

(x—0)? +(y=P)? +(z-v)*

which is the required equation of the cylinder.
EXAMPLES

1. Find the equation of a circular cylinder whose guiding curve is
x? +y2 +z2=9,x—y+z=3.

Solution. We know that the radius of a right circular cylinder is equal to the radius of the
guiding curve and the axis of the cylinder is a line passing through the centre of the circle and
hence of the sphere and perpendicular to the plane of the circle.

Here, radius of the sphere - 3.

Length of the perpendicular from the centre O (0, 0, 0) to the given plane

-3

J1+1+1
Radius of the circle = /3% — 3 = /6.

The axis of the cylinder passes through (0, 0, 0) and is perpendicular to the plane x —y + z =3.
Hence its equations are

r_Y_Z2

1 -1 1
Therefore, the equation of the circular cylinder is

1 2 y 12 Z x2 Xy 2
B N — (J6)?2
(ﬁj -1 1 11 1—1‘()
or y+2)2+(z-x2+(-x-y)? =18
or 2x% + 297 +27° 4 2yz — 270 + 2xy =18
or W4y £yt yz-x-9=0

2. Find the right circular cylinder whose radius is 2 and axis is the line
x-1 y-2 z-3
2 1 2
Solution. Let P(x, y;, z;) be any point on the cylinder. The length of the perpendicular from

P(x1, ¥1, 71) to the given line must be equal to the radius.
2222 +124+2H)=(2(3 -2 -1(g5 -} +{2(5-3) -2 (x-D)}?
+{lq -D-2(y -2}
= 36=(2y - 21 = )? + (27 — 2x) —4)? + (x; - 2y, +3)*
The required equation of the locus of P(x, y;, z1) is
Qy-z-12+Q2z-2x-6)> +(x-2y+3)>=36
= 5x% +8y2 +57% —4dxy —4yz — 8zx + 22x —16y— 14z = 10=0

EXERCISES
1. Find the equation of the right circular cylinder of radius 2 whose axis is the line
x-1 y-2 z-2
2 2 2
[Ans. 5x% + 8y + 522 — 4xy —4yz —8zx + 22x — 16y — 14z =10 = 0]
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2. The axis of a right circular cylinder of radius 2 is
x-1_y z-3
2 3 1

show that its equation is 10x2 + 5y2 +137% - 12xy —6yz—4zx — 8x+ 30y — 74x+ 59 =0.
3. Find the equation of the right circular cylinder of radius 3 and having for its axis the line
x—-1 y-3 5-2
2 27
[Ans. 5x% + 5y + 827 — 4yz + dzx— 6x — 42y — 967 + 225 = 0]
4. Find the equation of the right circular cylinder whose axis is
x=2 y-1 z

2 1 3

and pass through (0, 0, 3).
[Ans. 10x” +13y% + 5722 — 4xy — 6yz — 122x — 36x — 18y + 247+ 18 = 0]

5. Find the equation of the right circular cylinder of radius 5 and having for its axis the line

L1 1
—X=—y=—2z
2773776

[Ans. 45x% + 40y? + 1327 — 12xy — 36yz — 24zx — 1225 = 0]
QA
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Conicoid

6.1 THE GENERAL EQUATION OF THE SECOND DEGREE

The locus of the general equation

ax? +by2 +cz? +2fyz+2gzx + 2hxy + 2ux + 2vy + 2wz + d =0,
of the second degree in x, y, z is called a Conicoid or Quadric.

It is easy to show that every straight line meets a surface whose equation is of the second
degree in two points and consequently every plane section of such a surface is a conic. This property
justifies the name “Conicoid” as applied to such a surface.

The general equation of second degree contains nine effective constants and, therefore, a
conicoid can be determined to satisfy nine conditions each of which gives rise to one relation
between the constant, e.g., a conicoid can be determined so as to pass through nine given points
no four of which are coplanar.

The general equation of the second degree can, by transformation of co-ordinate axes, be
reduced to any one of the following forms; the actual reduction being given in Chapter 9. (The
name of the particular surface which is the locus of the equation is written along with it).

1. x2/a® +y2/b* + 72 /¢2 =1, Ellipsoid.

2. x*/ad*+ y2 /b% + 7%/ ¢? = -1, Imaginary ellipsoid.
3. x2/d%+ y2 162 —721c% = 1, Hyperboloid of one sheet.
4. x%/a® +y?1b* - 72 1¢*>=—1, Hyperboloid of two sheets.
5. x*/d* + y2/b2 + z2 /¢ =0, Imaginary cone.
6. x*/a®+y?/b> — 72 /¢? =0, Cone.
7. x*/a® + y* 1b* = 27/ ¢, Elliptic paraboloid.
8. x2/4%- y2 /b = 2z/c, Hyperbolic paraboloid.
9. x%/a® + y?/b* =1, Elliptic cylinder.
10. x2/4% - y2 /b* =1, Hyperbolic cylinder.
11. x2/4” + y* /b* = -1, Imaginary cylinder.
12. x%/4% - y2 /b* =0, Pair of intersecting planes.
13. x2/4d%+ y2 /b* =0, Pair of imaginary planes.
14. y? = 4ax, Parabolic cylinder.
15. y2 = a?, Two real parallel plans.
16. y2 =— a?, Two imaginary planes.

17. y? =0, Two coincident planes.

The equations representing cones and cylinders have already been considered and the reader
is familiar with the nature of the surface represented by them.
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In this chapter we propose to discuss the nature and some of the important geometrical properties
of the surfaces represented by the equation, 1, 2, 3,4, 7, 8.

6.2 SHAPES OF SOME SURFACES

2 2 2
. L X Yy Z

6.2.1 The Ellipsoid —+-5+— =1

Ipsold ~2 ¥ 2 T ;2

ZA

Y

The following facts enable us to have an idea of the shape of the surface represented by this
equation
2

(3]

2

Z
+ +—2:1.
c

Q|><

(3o}

B“|‘<
(3]

(i) We have

(x, v, z) satisfies the equation < (— x,— y,— z) satisfies the equation.

The points (x, y, z) (—x, —y, — z) lying on a straight line through the origin and equidistant from
the origin, it follows that the origin bisects every chord which passes through it and is, on this
account, called the Centre of the surface.

(i) We have

(x, y, z) satisfies the equation < (x, y,— z) satisfies the equation.

The line joining the points (x, y, 2), (x, y, — z) is bisected at right angle by the XOY plane. It
follows that the XOY plane bisects every chord perpendicular to it and the surface is symmetrical
with respect to this plane.

Similarly the surface is symmetrical with respect to the YOZ and the ZOX planes.

These three planes are called principal planes in as much as they bisect all chords perpendicular
to them. The three lines of intersection of the three principal planes taken in pairs are called principal
axes. Co-ordinates axes are the principal axes in the present case.

2

(iii) x cannot take a value which is numerically greater than a, for otherwise y2 or z“ would be

negative. Thus, we have —a<x<a for every point (x, y, z) on the surface. Similarly, y and z
cannot be numerically greater than b and ¢ respectively so that we have for every point (x, y, )
on the surface
—a<x<a, —-b<y<bh,—-c<z<c
Hence, the surface lies between the planes
x=a, x=—a; y=b, y=-b; z=c¢, z=-c¢
and so is a closed surface.

(iv) The X-axis meets the surface in the two points (a, 0, 0) and (— @, 0, 0), so that the surface
intercepts a length 2a on X-axis. Similarly, the length intercepted on the Y-axis and Z-axis are 2b and
2c respectively.

The lengths 2a, 2b, 2¢ intercepted on the principal axes are called the lengths of the axes of
the ellipsoid.
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(v) The sections of the surface by the planes z = k which are parallel to the XOY plane are
similar ellipses having equations
2 2 2
X Yy
a—2+b—2—1——2,z—k -c<k<c. (D)
These ellipses have their centres on the Z-axis and diminish in size as k varies from O to ¢. The
ellipsoid may, therefore, be generated by the variable ellipse (1) as k varies from — ¢ to c.
It may similarly be shown that the sections by planes parallel to the other co-ordinate planes
are also ellipses and the ellipsoid may be supposed to be generated by them.

x2 y2 22
6.2.2. The Hyperboloid of One Sheet Pl + w2 2 1.
(i) The origin bisects all chords through it and is, therefore, the centre of the surface.
(i1) The co-ordinate planes bisect all chords perpendicular to them and are, therefore, the plane
of symmetry or the principal planes of the surfaces. The co-ordinate axes are its principal axes.

z

(iii) The X-axis meets the surface in the points (a, 0, 0), (— a, 0, 0) so that the surface intercepts
length 2a on X-axis. Similarly the length intercepted on Y-axis is 2b. The Z-axis does not meet the

surface.
The sections by the planes z = k which are parallel to the XOY plane are the similar ellipses
2 2 2
X y k
—+—==1+—,2=k (1
2 b2 2 M

whose centres lie on Z-axis and which increase in size as k increases. There is no limit to the increase
of k. The surface may, therefore, be generated by the variable ellipse (1) where k varies from —o°

to +oo.
Again, the sections by the planes x = k and y = k are hyperbolas
y2 ZZ k2 x2 22 k2
——-—=1l-—, x=k;—=-—F=1-—,y=k
b2 2 a2 a2 C2 b2
respectively.
Ex. Trace the surfaces
2 2 2 2 2 2
X z X Z
(1) st t—= L. (ii)——+y—+—=1.

2 a2 b2 2
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6.2.3. The Hyperboloid of Two Sheets :—2 "2 oZ

(i) Origin is the centre; co-ordinate planes are the principal planes; and co-ordinate axes the
principal axes of the surface.

(i1) X-axis meets the surface in the points (a, 0, 0) and (- a, 0, 0) whereas the Y and Z-axis do not
meet the surface.

(iii) The sections by the planes z = k and y = k are the hyperbolas
2 2 2 2 2 2
———:1+k—, 72=k; %—Z—Z:l+k—2;y=k
a c b
respectively.
The plane x = k does not meet the surface if —a <k <a so that there is no portion of the
surface between the planes
X=—a, x=a

when k> az, i.e., when k>a or k < - a, the plane x = k cuts the surface in the ellipse

y2 2 k2
;2+—2=—2—1, X=k.
b c a

These ellipses increase in size as k? increases.

Ex. Trace the surfaces

N s IS G
@ 2 2 (ii) 2 2
6.2.4. Central Conicoids

The equations considered above are of the form

ax* + by2 + cz2 =1. ..(1)
If @, b, c are all positive, the surface is an ellipsoid; if two are positive and one negative,
hyperboloid of one sheet, and finally if two are negative and one positive, hyperboloid of two sheets.
No point (x, y, z) satisfies the equation
ax? + by2 +ez? =1
if a, b, c are all negative.
All these surfaces have a centre and three principal planes and are as such known as central
conicoids.
On the basis of the preceding discussion, the reader would do well to give precise definitions

of
(1) Centre (ii) Principal planes (iii) Principal axes of a central conicoid.
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In what follows, we shall consider the equation (1) and the geometrical results deducible from
it will, therefore, hold in the case of all central conicoids.
Ex. Show that the surface represented by the equation
ax? +by2 +cz? +2fyz +2gzx + 2hxy =d
is a central conicoid; origin being the centre.

Note. Cone is also a central conicoid, vertex being its centre; this fact is clear from the general
equation of a cone with its vertex at the origin.

6.3 INTERSECTION OF A LINE WITH A CONICOID
To find the points of intersection of the line

x—a:y—B:z—Y
l m n

()
with the central conicoid

ax’ + by2 +ez? =1 .(i1)
A point
(Ir + o, mr + B, nr+7v)
on the line (i) shall also lie on the surface (ii), if and only if,

alz+a)> +bmr+B) +c(r+y)> =1
= 2 (a® +bm® + cn®) + 2r (alou+ bmP + cny) + (ac” + b +cy*> 1) =0 (A)
Let 7, r, be the two roots of (A), which we suppose to be real. Then
(In+o, my+B, n+v), (U, + 0o, mr +p,nr, +7)
are the two points of intersection.
Hence, every line meets a central conicoid in two points.

We also see that a plane section of a central conicoid is a conic for every line in the plane
meets the curve of intersection in two points only.

The two values 7 and r, of r obtained from equation (A) are the measures of the distances of

the points of intersection P and Q from the point (o, 3,y) if (I, m, n) are the direction cosines of
the line.

Note. The equation (A) of this article will frequently be used in what follows.

Ex. 1. Find the points of intersection of the line

1 1
——(x+9)=0U-4)==(z-11
3 x+5=0u-4 7 ( )
with the conicoid
12x% = 17y% + 722 =17. [Ans. (1,2,-3),(=2,3,4)]
Ex. 2. Prove that the sum of the squares of the reciprocals of any three mutually perpendicular

semi-diameters of a central conicoid is constant.
Ex. 3. Any three mutually orthogonal lines drawn through a fixed point C meets the quadric

ax? +by2 +ez? =1
in points B, Py; Oy, O»; Ry, Ry respectively; prove that
RP 00 _ RR; 1 1 1
2 o2 2 2 2 o2 and + +
CR".CP; CQ.CQ5 CR{.CR; CAR.CP, CQ,.CQ, CR|.CR,
are constants.
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6.3.1. Tangent Lines and Tangent Plane at a Point
Let
x-o _y-B _z-y
I m  n

()
be a line through the point (c, B, ) of the surface
ax’>+by? + ¢z’ =1 (i)
Thus, we have
2 2 2 _
ao” +bp” +cy” =1 ..(iii)
One root of the equation (A) is § 6.3 is, therefore, zero.

The line (i) will touch the conicoid (ii) at the point (o, B, y) if both the values of r given by the
equation (A) in § 6.3 are zero.
The second value will also be zero, if

alou+ bmP + cny =0 (V)
which is thus the condition for the line (i) to be a tangent line to the surface (ii) at (o, 3, y) .

The locus of the tangent line to the surface, at (o, 3, y) obtained by eliminating I, m, n between

(1) and (i), is
ao(x—o) +bp(y—=P)+cy(z—y) =0

= aox + bPy + cyz = a0 + bp% + ey =1
which is a plane.

Hence, the tangent lines to the surface (ii) at the point (¢, B, ¥) lie in the plane

aox + bPy + cyz =1

which is, therefore, the rangent plane at (o, B,7y) to the conicoid

ax’ + by2 +e?=1
Note. A tangent line at any point is a line which meets the surface in two coincident points and
the tangent plane at a point is the locus of tangent lines at the point.

6.3.2. Condition of Tangency
To find the condition that the plane
Ix+my+nz=p, (1)
should touch the central conicoid
ax® + by2 +ez2=1 (i)
If (o, B,y) be the point of contact, the tangent plane
aox + by + cyz =1 ...(iii)
there at should be the same as the plane (i).
Comparing the two equations (i) and (iii), we get
a=l p=r -

ap bp’
and since

ao? +bp +cy? =1
we obtain the required condition
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Also the point of contact then, is,

I m n
ap  bp cp
Thus, we deduce that the planes

lx+my+nz=i\/lz/a+m2/b+n2/c

touch the conicoid (ii) for all values of [, m, n.
Cor. There are two tangent planes to a central conicoid parallel to a given plane.

6.3.3. Director Sphere
To show that the locus of the point of intersection of three mutually perpendicular tangent
planes to a central conicoid is a sphere concentric with the conicoid.

Let
12 2 2 1/2
L Mmoo
hx+my+mz=| —+—+— (1)
a b c
12 2 2 1/2
L)
bhx+my+nz=| =+—+— ..(i1)
a b c
2 5 5 /2
3 . M3
Lx+myy +mz=| —+——+— ..(iii)
a b c

be three mutually perpendicular tangent planes so that
leml = Zmlnl = anll =0
S =Smi=Zn =1 (iv)
The co-ordinates of the point of intersection satisfy the three equations and its locus is,
therefore, obtained by the elimination of I, my, ny; 1y, my, ny; Iz, ms, ns.
This is easily done by squaring and adding the three equations and using the relations (iv), so
that we obtain
2+ y v =la+ b+ 1k
as the required locus which is a concentric sphere called the Director sphere of the given quadric.
Its centre is the same as that of the central conicoid.
EXAMPLES

1. Obtain the tangent planes to the ellipsoid

2 2 2
x_+y_+z__1
2 b2 2

Q

which are parallel to the plane
Ix+my+nz=0.
If 2r is the distance between two parallel tangent planes to the ellipsoid, prove that the line
through the origin and perpendicular to the planes lies on the cone
(@ =-r)+y2 P -+ 22 (P -r*)=0

Sol. The two tangent planes parallel to the plane X/x =0, are

Six =+ (2 a?l? (D

The distance between these parallel planes which is twice the distance of either from the origin

2ad? 152

is
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Thus, we have

2\2a’?
—a2 =2r = 3@ -rH)*=0
JEI

Hence, the locus of the line
x/l=ylm=z/n
which is perpendicular to the plane (1), is
(@ -r?) x* =0.

2. A tangent plane to the conicoid ax* + by2 +cz% =1, meets the co-ordinate axes in P, Q

and R. Find the locus of the centroid of the triangle POR.
Sol. Any tangent plane to the given conicoid is

12 2 2

m n .
Ix+my+nz=4—+—+— (1)
a b c
Hence,
P=
0=
R=

and ==
) 2 m2 2 ) 5
(31)61) = —2 + —2 + —2 = (3my1) = (3nZ1)
a b c
o om® om® (2 om wif 1 1L
or a b Cc a b c ax12 by12 CZ12
1 1 1
+—+ =9
= ax12 by12 czl2
. . 1 1 1
Hence, required locus is —S t—t—= 9.
ax”~ by" ¢z
EXERCISES
1. Show that the tangent planes at the extremities of any diameter of a central conicoid are

parallel.

2. Show that the plane 3x +12y— 6z —17 =0 touches the conicoid 3x> — 6y% + 9z +17 =0,
and find the point of contact. [Ans. (-1, 2,2/3)]



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

3. Find the equation of the tangent planes to the curve xZ —2 y2 +3z2 =2 and parallel to the

plane x—2y +3z=0. [Ans. x —2y+3z=12]

4. Find the equations to the tangent planes to the surface 4x2 —5 y2 +772+13= 0, parallel
to the plane 4x + 20y — 21z =0. Find their points of contact also.

[Ans. 4x +20y - 21z #13=0; (1, # 4, #3)]

5. Find the equations to the two planes which contain the line given by 7x+10y —30=0,

and touch the ellipsoid 7x% + 5y2 + 3Z2 =60.
[Ans. 7x+5y+3z-30=0,14x+5y +9z - 60 =0]
6. Find the equation to the tangent planes to 2x% — 6y2 +3z2 =5 which pass through the
line x+9y-3z=0=3x-3y+6z-5. [Ans. 2x =12y +9z=5,4x+ 6y +3z=15]

7. P, Q are any two points on a central conicoid. Show that the plane through the centre and
the line of intersection of the tangent planes at P, Q will bisect PQ. Also show that if the

planes through the centre parallel to the tangent planes at P, Q cut the chord in P’, Q’, then
PP =QQ".
8. Prove that the locus of the foot of the central perpendicular on varying tangent planes of

2 2 2
. . y < .
the ellipsoid, —5 + =5+ — =1, is the surface
P & b2
(x2 + y2 + 12)2 =a’x* + bzy2 + C2Z2.
6.3.4. Normal

Def. The normal at any point of a quadric is the line through the point perpendicular to the
tangent plane there at.

The equation of the tangent plane at (o, 3, y) to the surface
ax® + by2 +ez? =1 ()
is aox + by +cyz =1 (i)
The equations to the normal at (o, 3, y) , therefore, are
x-o_y-P_z-v
ao. bp cy
so that aq, bP, cy are the direction ratios of the normal.

If p, is the length of the perpendicular from the origin to the tangent plane (ii), we have

1 _ 2
202 + 2B + 2y =P e (aop)? +BBp)? + (cyp)? =1.

..(i1)

It follows that aop, bBp, cyp are the actual direction consines of the normal at (o, 3, ) .

6.3.5. Number of Normals From a Given Point

We shall now show that through any given point six normals can be drawn to a central
conicoid.

If the normal (iii) at a point (., B, ) passes through a given point (f, g, k) , we have
f-o_g-B_h-v

ao. bp cy
< l+ar’ 1+br’ 1+cr ~(v)

=r, (say)
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Since (o, B, Y) lies on the conicoid (i), we have the relation

2 2 2
af - bg o ch _- 1. )
(1+ar) (1+0br) (I+cr)

which, being an equation of the sixth degre, gives six values of r, to each of which there corresponds

a point (., 3, Y), as obtained from (iv).

Therefore, there are six points on a central quadric the normal at which pass through a given
point, i.e., through a given point, six normals, in general, can be drawn to a central quadric.

6.3.6 Cubic Curve Through the Feet of Normals

The feet of the six normals from a given point to a central quadric are the intersections of the
quadric with a certain cubic curve.
Consider the curve whose parametric equations are
f g h

'x= 9 = b Z= 1
1+ar Y 1+br 1+cr (V1)

r being the parameter.
The points (x, y, z) on this curve, arising from those of the values of » which are the roots of
the equation (v), are the six feet of the normals from the point (f, g, /).
Again, the points of intersection of this curve with any plane
Ax+By+Cz+ D=0
are given by
Af N Bg N Ch
l+ar 1+4+br l+4cr

which determines three values of r. Hence, the curve (vi) cuts any plane in three points and is, as
such, a cubic curve.

Therefore, the six feet of the normals from (f, g, /) are the intersections of the conicoid and the
cubic curve (vi).

6.3.7. Quadric Cone Through Six Concurrent Normals

The six normals drawn from any point to a central quadric are the generators of a quadric
cone.

We first prove that the lines drawn from (f, g, k) to intersect the cubic curve (vi) generate a
quadric cone.

+D=0

If any line
x—f _y-g _z-h N
T m . a ...(vii)
through (f, g, h) intersects the cubic curve, we have
fo_ g _, h
1+ ar _1+br _d+er
l B m B n
af Il _bg/m chim
=

1+ ar a 1+ br a 1+cr
whence eliminating r, we get
af bg ch
—b-c)+—=(c-a)+—(a-b)=0
l m n
which is the condition for the line (vii) to intersect the cubic curve (vi).
Eliminating [, m, n between the equations of the line and this condition, we get
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af (b—-rc) N bg (c—a) N ch(a—b)
x—f y-8 z—h
which represents a cone of the second degree generated by lines drawn from (f, g, #) to intersect
the cubic curve.

0

As the six feet of the normals drawn from a point (f, g, #) to the quadric lie on the cubic
curve, the normal are, in particular, the generators of this cone of the second degree.

Note. The importance of this result lies in the fact that while five given concurrent lines determine
a unique quadric cone, the six normals through a point lie on a quadric cone, i.e., the quadric cone
through any of the five normals through a point also contains the six normals through the point.

6.3.8. The General Equation of the Conicoid Through the Six Feet of the
Normals

The co-ordinates (o, B,y) of the foot of any of the six normals from (f, g, h) satisfy the
relations

o-f _B-g_v-h
ao. bp cy
so that we see that the feet of the normals lie on three cylinders

ax(y=g)=by(x—f) & (a—b)xy—agx+bfy=0
by(z—h)=cz(y—-g) © ((b-c)yz—bhy+cgz=0
cz(x—f)=ax(z—h) & (c—a)zx—cfz+ahx=0

The six feet of the normals are the common points of the three cylinders and the conicoid

ax* +by* +cz” =1
The equation
ax? +by2 +c7? —1+ky [xy (@ —b) —agx + bfy] + ky [yz (b — ¢) — bhy + cgz]

+ k3 [2x (¢ —a) —cfz + ahx] =0
is satisfied by the six feet of the normals and contains three arbitrary parameters ky, k,, k3. Therefore,
it represents the general equation of the conicoid through them.

EXAMPLES

1. The normal at any point P of a central conicoid meets the three principal planes at
Gy, Gy, Gz show that PGy, PG,, PGy are in a constant ratio.

Sol. The equations of the normal at (o, 3, y) are
x-o_y-B_z-v
aop  bPp  cyp
Now since aop, bPp, cyp are the direction cosines, each of these fractions represents the

distance between the points (o, ,y) and (x, y, z).
Thus, the distance PGy, of the point P (o, B, y) from the point G; where the normal meets
the co-ordinate plane x=0 is —1/cp.
Similarly PG, =—-1/bp, PGy =—1/cp.
Thus, we have PG, : PGy : PGy :a™ :b7 7!
2. Show that the lines drawn from the origin parallel to the normals to the central conicoid
ax? + by2 +e? =1,
at its points of intersection with the planes
Ix+my+nz=p,
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generate the cone
2 2 2 2
l
Al | (e 2
a b c a b c

Sol. Let (f, g, h) be any point, one the curve of intersection of
ax® + by2 +ez2=1 and Ix+ my+nz=p (D
The normal to the quadric at (f, g, k) is
x—f_y-g_z=h
of bg h (2)
The line through the origin parallel to this normal is

XX_Y_Z
af bg ch’
Also (f, g, h) satisfies the two equations (1), so that we have
af>+bg? +ch®> =1, If +mg +nh=p e

The required locus is obtained by eliminating f, g, & between (2) and (3).
The equations (3) give

2
af2+bg2 + ch? :[—_lf+mg+nh]

. ey

which is a second degree homogeneous expression in f; g, h. From (2) and (4), we can easily obtain
the required locus.

3.IfP, Q, Rand P’ ,Q", R’ are the feet of the six normals from a point to the ellipsoid

2 2 2
X Z VAV
— t —Zz Ry =1, and the plane POR is given by Ix + my + nz = p, then the plane P'Q'R’ is
a c
given by
l
_+L+i+_zo

Sol. Let plate P’Q'R’ be
Ix+my+nz=p

Then the feet of the six normals from any given point (x, ', z") lie on the locus given by the
equation
Ix+my+nz-p)Ux+my+nz—pH=0 ()

Let (0, B, Y) be afoot of the normal from (x, y’, ).
o (Jo+mP+ny—p)Toa+mB+ny-pH=0 ...(i)
Also, the normal at (o, B, Y) passes through ', ¥y, 2).

K¥-o_ y-B_ -y 'y

ald®  BIb: ylcP

_a%Y vty
20T pEenT T 2
But (o, 3, y) lies on the given ellipsoid
a2x/2 b2y/2 C2Z/2
1 ..(iif)

@ +0)> BP+0> (P +r)? B
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This equation being a sixth degree equation in A, gives six values of )\ corresponding to the
six feet of the normals.

Also putting the values of o, B, Y in (ii), we get
a*x’l bzy'm ?7n J[ a*xl bzy'm' i
+ + - + +

_ p’ =0 (i
a+h bPEL P HA a>+n bPen 4 V)
This is also sixth degree equation in A, gives six values of ) corresponding to the six feet of
the normals. Hence, equation (iii) and (iv) are identical.
Comparing coefficients of like terms in (iii) and (iv), we get
a bt _ ctan’ - rp’

a? b? ? 1
r_-pp _—pp L _—pp
or [=—-m=—— n=—
a’l b"m c’n
Substituting these values, the equation of plane P’Q'R" may be found.
EXERCISES

1. If a point G be taken on the normal at any point P of the ellipsoid
2 2 2
X

y z
—+—=+—==1,
a vl
such that 3PG = PG, + PG, + PG5,
show that the locus of G is
a’x? b2y2 c?2? 1

+ =—.
Q2 -2 -c2)? @ -32—d®)? 232 -d®-p?)? 9
2. If alength PQ be taken on the normal at any point P of the ellipsoid
2 2 2
x_z #2_4 Z—2 =1
a b c
such that pQ = K%/ p, where k is a constant and p is the length of the perpendicular from

the origin to the tangent planes at p, the locus of Q is

a2x2 b2y2 62Z2 ~
@ +k2)? B2 +E5? (P +E2)?
2 2 2

3. Show that, in general, the normals to the ellipsoid — + b_2 t= =1 lie in a given plane.
a c

Determine the co-ordinates of the two points on the ellipsoid the normal at which lie in the

plane
L2 2 Ans.+\/zalblc
by—cz—E(b -c). { V7 “5%5
x2 2 Z2
4. If the feet of the three normals from P to the ellipsoid —5 + b_2 t—= 1 lie on the plane
a c
ﬁ + l + E = 1’

a b ¢
prove that the feet of the other three lie on the plane

L A )
a b ¢
and P lies on the line

a(b2—cz)x=b(c2—a2)y=c(a2—c2) Z.
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5. Prove that through any point (o, f3,y) six normals can be drawn to the ellipsoid
2 yz 22
— t b_2 t— =1 and that the feet of the normals lie on the curve of intersection of the
a c
ellipsoid and the cone

a* (b2 —c2)(x N b? (c2 —a2)[3 N 2 (a2 —bz)y _
X y Z

6. Show that the locus of points on a centre quadric, the normals at which intersect a given
diameter is the curve of intersection with a cone having the principal axes of the quadric as
generators.

6.4 PLANE OF CONTACT
The tangent plane

0.

axx’ +byy’ +czz =1,
at the point (x', y’, Z') to the quadric ax? + by? + cz> =1, passes through the point (o, B, Y) , if
aox” +bBy + cyz’ =1.
This shows that the points on the quadric the tangent planes at which pass through the point
(ot, B, v) lie on the plane

aox + bPy + cyz =1

which is called the Plane of contact for the point (o, 3, v) -

6.5. THE POLAR PLANE OF A POINT

If a secant APQ through a given point A meets a conicoid in points P and Q and a point R be
taken on this line such that points A and R divide the segment PQ internally and externally in the
same ratio, then the locus of the point R is a plane called the polar plane of A.

It may be easily seen that if the points A and R divide the segment PQ internally and externally
in the same ratio, then the points P, O divide the segment AR also internally and externally in the
same ratio.

Let A, be a point (o, B,y) and let (x, y, z) be the co-ordinates of R.

The co-ordinates of the point which divides AR in the ratio A:1 are
x+a Ay+p kz+yJ

A+l 7 A+l 7 A+l
This point will lie on the conicoid
ax? +by2 +ez? =1
for those of the values of A which are the roots of the equation

2 2 2
4 Ax + o +b Ax+ P e Ax+vy -1
A+1 A+l A+1

A2 (ax® +by? + 22 1)+ 2\ (aox + By + cyz = 1) + (@0 + b2+ cy? =1 =0  ..(])
The two roots A, A, of this equation are the ratios in which the points P, Q divide the segment

AR. Since P, Q divide the segment AR internally and externally in the same ratio, we have

)\,1 + )\,2 = O

so that, from (1) aox+bPy +cyz—-1=0 (2

Now the equation (2) of the first degree being a relation between the co-ordinates (x, y, z) of
the point gives a plane as the locus of the point R.

Thus, the polar plane of the point (Q., B, y) with respect to the conicoid

ax? +by2 +ez? =1
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is the plane
aox + bPy + cyz = 0.
Any point is called the pole of its polar plane.
Note. The reader acquainted with cross-ratios and, in particular, harmonic cross-ratios, would
know that the fact that the points P, Q divide AR internally and externally in the same ratio is also
expressed by the statement

(AR, PQ)=~-1
This is further equivalent to the relation
2 1 1
— =t —.
AR AP AQ

Cor. The polar plane of a point on a conicoid coincides with the tangent plane there at and
that of a point outside it coincides with the plane of contact for that point.

Ex. 1. Show that the point of intersection of the tangent planes at three points on a quadric is
the pole of the plane formed by their points of contact.

Ex. 2. Find the pole of the plane Ix + my + nz = p with respect to the quadric
ax? +by2 +ez? =1 [Ans. [/ap, m/bp, n/cp]

6.5.1. Conjugate Points and Conjugate Planes

It is easy to show that if the polar plane of a point P passes through point Q, then the polar
plane of Q passes through P.
Two such points are called Conjugate Points.

Also it can be shown that if the pole of a plane o lies on plane [, then the pole of the plane

B lies on the plane .
Two such planes are called Conjugate Planes.

6.5.2. Polar Lines
Consider a line
xo_y-B_z-y
I m n
The polar plane of any point (Ir + o, mr + 3, nr + v) on this line is

a(lr+o)x+b(mr+B)y+cmr—y)z=1

= aox + bPy + cyz —1+r (alx bmy +cnz) =0
which clearly passes through the line of intersection of the planes

aox + bPy + cyz —1=0, alx bmy +cnz=0
for all values of r.

Thus, the polar planes of all the points on a line | pass through another line [’.

Now, since the polar planes of an arbitrary point P on a line [ pass through every point of 7’
therefore, the polar planes of any point of " will pass through the point P on [ and as P is arbitrary,
it passes through every point on /, i.e., passes through L

It follows that if the polar plane of any point on a line | passes through the line I’, then the
polar plane of any point on I’ passes through .

Two such lines are said to be Polar Lines with respect to the conicoid.

To find the polar line of any given line, we have only to find the line of intersection of the polar
planes of any two points on it.

6.5.3. Conjugate Lines

Let [, m be any two lines and [’, m" their polar lines. We suppose that the line m intersects the
line /.
We shall now show that the line }” also intersects the line m.
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Let P be the point where the lines m” and [ intersect.
As P lies on m’" and also on [, its polar plane contains the polar lines m and I of m’ and [

respectively, i.e., the lines m and |” are coplanar and hence they intersect.
It follows that if a line [ intersects the polar of a line m, then the line m intersects the polar of

the line 1.
Two such lines [ and m are called Conjugate Lines.

EXAMPLE
Find the locus of straight lines drawn through a fixed point (o, B,y) at right angles to their
polars with respect to the central conicoid ax® + by2 +e =1,
x-o _ y-fB z-
Sol. Let = b = Y (D
l m n
be a line perpendicular to its polar line. Now the polar line of (1) is the intersection of the planes
aox +bPy + cyz =1, alx+bmy +cnz=0
If A, WU,V be the direction ratios of this line, we have
acA +bPU +cyv=0, alk+bmu+cnv=0
ah _ bu eV
- = =
nB-my IA—no mo—Bl
The perpendicularity of the line (1) to its polar lines implies
IA+mu+nv=0

l(nB—my)+m(ly—n0c)+n(m0L—lB):O
a b c
- Ocmn(l—l)+Bnl(l—1)+ylm(l—lj=0
b ¢ c a a b
afl NV B(L_1) y(1_1)_
= T(Z cj-l—m(c a)+n(a b)_o ~(2)

Eliminating [, m, n between (1) and (2), we see that the required locus is

o (1_1)+L(1_1)+L(1_1):0_
x—o\b c¢) y-Plc a) z-y\a b
EXERCISES

1. Prove that the locus of the poles of the tangent planes of the conicoid ax® + by2 rezf =1

with resepct to the conicoid ox? + By? + yz2 =1 is the conicoid

22 2.2 22
o
S A S

a b c
2. Show that the locus of the poles of the plane
Ix+my+nz=p,
with respect to the system of conicoids

2 2 2
x y 7

a2+k+b2+k+c2+k
where ), is the parameter, is a straight line perpendicular to the given plane.
3. Find the locus of straight line drawn through a fixed point (f, g, k) such that its polar lines
with respect to the quadrics

il
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ax® +by? + cz2 =1 and o? + By +yz2 =1

—a) (by —
as coplanar. [Ans.E © a)x(—yf B f =0

4. Find the conditions that the lines
x-a_y-B_z-y x-o _y-B_z-v

l m n U m’ n’
should be (i) polar, (ii) conjugate with respect to the conicoid

4

ax® + by2 +ezr=1.
[Ans. (i) Zaco’' =1,Zaa’l=0,Zaol’=0,Zall’=0
(i) Eaod’) (Zaa'l)=(Zall’) (Zaoo” —1)]
6.6.1. The Enveloping Cone

Def. The locus of tangent lines to a quadric through any points is called an enveloping cone.
To find the enveloping cone of the conicoid
ax? + by2 +ez? =1,
with its vertex at (o, 3, Y) .
Any line
x—o y-B z=v )
; = = (1)
m n
through the point (o, B, y) will meet the surface in two coincident points if the equation (A) of §
6.3 has equal roots, i.e., if

(alow + bmf + cny)2 = (al> + bm” + cnz) (ao® + b[32 + cy2 -1 (i)
Eliminating [, m, n between (i) and (ii), we obtain

[act (x — o) + b (v — B) + ¢y (z — 1)1

=la(x—) +b(y-P)* +c(z-1)*1(ao? +bB* +cy? - 1)
which is the required equation of the enveloping cone.
If we write

S=ax® +by> +cz? -1, S = a0’ + bp° + cy? -1, T, = aox + bPy + cyz — 1
we see that the equation of the enveloping cone can briefly be written as

(T -S)*=(S-2T,+5) S, & S8, =T

& (ax® +by? + cz% = 1) (a0 + b% + cy? = 1) = (acx + bPy + cyz — )% .

Note. Obviously the enveloping cone passes through the points common to the conicoid and
the polar plane aow + bPy + cyz =1 of the vertex (o, 3, y) .

Thus, the enveloping cone may be regarded as a cone whose vertex is the given point and
guiding curve the section of the conicoid by its polar plane.

EXERCISES

1. A point P moves so that the section of the enveloping cone of the ellipsoid
y2 22
+—=+—==1
b 2
with P as vertex by the plane z =0 is a circle, show that P lies on one of the conics

2 22 2 22
+ —2 = 1, X = O, —_
c

lel\)

S

Yy
b* - a?

+ =1, y=0.
a’ -p* 2
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2. If the section of the enveloping cone of the ellipsoid

2 2 2
X yo oz
—+—=+—==1,
@ b3
whose vertex is P by the plane z =0 is a rectangular hyperbola, show that the locus of P is
24 yz 22

+—==1
a>+b* 2
3. Find the locus of the points from which three mutually perpendicular tangent lines can be

drawn to the conicoid gx* + by2 +ez? =1

[Ans. a (b+c) x> +b(c+a)y> +c(a+b) > =a+b+c]
4. A pair of perpendicular tangent planes to the ellipsoid
2 y2 Z2
a—2 + b_2 + C—2 =1
passes through the fixed point (0, 0, k). Show that their line of intersection lies on the cone
X2 (b2 +c? - kz) + y2 (c2 +a® - kz) +(z—k)a” + bz) =0.

[Hint : The required locus is the locus of the line of intersection of perpendicular tangent
planes to the enveloping cone of the given ellipsoid with vertex at (0, 0, k).]

6.6.2. Enveloping Cylinder
Def. The locus of tangent lines to a quadric parallel to any given line is called an Enveloping
cylinder of the quadric.
To find the enveloping cylinder of the conicoid
ax’® + by2 +ez? =1
with its generators parallel to the line

I m n
Let (o, B, y) be a point on the enveloping cylinder, so that the equations of the generator
through it are
x—o _ y-B _ z-y
n

(1)
l m
Asin § 6.6.1, the line (i) will touch the conicoid, if,
(alow + bmp + cny)2 = (al2 +bm® + cnz) (aOL2 + sz + cy2 -1
Thus, the locus of (a, B, y) is the surface

(ax2 + by2 +ez? - 1) (al2 +bm? + cn2) = (alx + bmy + cnz)2
which is the required equation of the Enveloping cylinder.
Note. Equation of enveloping cylinder deduced from that of enveloping cone. Use of elements
at infinity. Since each of the lines parallel to the line

x_y_z
I m n
passes through the point (I, m, n, 0) which is, in fact, the point at infinity on each member of this
system of parallel lines, we see that the enveloping cylinder is the enveloping cone with vertex
(I, m,n,0).
The homogeneous equation of the surface being

ax2+by2+cz2—t2=0
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the equation of the enveloping cylinder is
2 2 2 2 2 2 2 _ 2. _72
(ax” +by” +cz” —t7) (al” + bm” + cn” —0) = (alx + bmy + cnz —t.0)7; (88, =T7)
so that in terms of ordinary cartesian co-ordinates, this equation is
(a)c2 + by2 e 1) (al2 +bm® + an) = (alx + bmy + cnz)z.
Note. Clearly the generators of the enveloping cylinder touch the quadric at points where it is
met by the plane alx + bmy + cnz =0 which is known as the plane of contact.
EXERCISES
1. Show that the enveloping cylinders of the ellipsoid
ax® + by2 + cz2 =1,
with generators perpendicular to Z-axis meet the plane z =0 in parabolas.

2. Enveloping cylinders of the quadric ax? + by2 + cz% =1 meet the plane z=0 in rectangu-
lar hyperbola; show that the central perpendiculars to their planes of contact generate the

cone pZex? + aZCy2 +ab (a+Db) 2=0.
3. Prove that the enveloping cylinders of the ellipsoid

L S

az. b
whose generators are parallel to the lines

y z

x=0, + ———==-
[a2 _ b2 c
meet the plane z =0 in circles.

6.7.1. Locus of Chords Bisected at a Given Point. Section With a Given
Centre

Let the given point be (o, 3, Y).
If a chord
x-a_y-p_z-v
I m n

(1)

of the quadric qx? +by? + ¢z =1 is bisected at (ct, B, ), the two roots 7 and r, of the equation
(A) of § 6.3 are equal and opposite so that 5 + » =0, implying

alo. + bmP + cny =0 ~(2)
Therefore, the required locus, obtained by eliminating /, m, n between (1) and (2), is

ao (x =) +bp (y =Py +cy (2 -v)=0
which is a plane and can briefly be written as
Tl = Sl'
The section of the quadric by this plane is a conic whose centre is (o, 3, y); for this point
bisects all chords of the conic through it.

Cor. The plane which cuts the quadric ax* + by2 +c¢z2 =1, in a conic whose centre is
(0, B, y) is
S aoex = £ ao?
EXAMPLES

1. Show that the locus of the centres of sections of a central conicoid which pass through a
given line is a conic.
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Sol. Let the central conicoid be
ax® + by2 +cz2 =1 ()
The section of this conicoid whose centre is the point (o, 3, Y) is given by
ao (x—=0)+bp(y-P)+ecy (z-v)=0
This passes through the given line

x=-x" _y-y z-z

l m n
if aot (x" =) +bB (' =P +cy (27 -y)=0
and aol + bpm + cyn=0

Hence, the locus of centres is given by the equations
ax(x’ = x)+by (y —y)+cz(z'-2)=0

and alx + bmy + cnz =0
or ax® + by2 +ez? = anx’ + byy’ + czz’ ..(ii)
and alx + bmy + cnz =0 ..(1i1)
These two equations determine a conic.
2 y2 Z2
2. Triads of tangent planes at right angles are drawn to the ellipsoid — + b_2 t== L.
a c
Show that the locus of the centre of section of the surface by the plane through their points of
contact is
2
X2+ y?+ 72 :[x—+y—+z—] (a® +b* + ).
2 2 2
a b c

Sol. Suppose that (o, B, y) is the centre of section of the surface by a plane through the points
of contact of a triad of mutually perpendicular tangent planes. The pole of this section must thus
be a point of the director sphere

x2+yz+12=az+b2+c2
The equation of the section is T} = S, i.e.,

2 2 2
o By yz_o” BTy .
R I T RS (D)
a b c a b c

If (f, g, h) beits pole, the equation (i) must be the same as

R AT -
a2 b2 C2 (ll)
Comparing (i) and (ii), we have
__«a ___ B he_ Y
= 2, 2.0 87 N 2, 2
> (02 /a?) > (@2 /a?) (2 /a%)
Since frrgten?=a*+p?* + 2
we have o + B2 +y2 =[E 0 1aD)? (@ +b% + ).

Replacing o, 3,y by x, y, z respectively, we have the required result.

EXERCISES
1. Find the equation of the plane which cuts the surface

x2-2y2 +32 =4
in a conic whose centre is at the point (5, 7, 6). [Ans. 5x — 14y + 18z = 35]
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2. Find the centres of the conics
(i) 4x+9y +4z=—15,2x> =3y> +47% =1,
(i) 2x —2y —=5z+5=0, 3x% +2y? — 157> = 4. [Ans. (i) (2,-3, 1), (i) (-2,3,- D]
3. Prove that the plane through the three extremities of the different axes of a central conicoid
cuts it in a conic whose centre coincides with the centroid of the triangle formed by those

extremities.
4. Show that the centre of the conic

Ix+my+nz=p, ax2+by2+cz2=1

( lp mp  np ]
27,27 2
apy  bpy  cpy
where 12 + m? + n? =1 and Po =2 /a.
5. A variable plane makes intercepts on the axes of a central conicoid whose sum is zero. Show

that the locus of the centre of the section determined by it is a cone which has the axes of
the conicoid as its generators.
6.7.2. Locus of Mid-Points of a System of Parallel Chords

Let [, m, n be proportional to the direction cosines of a given system of parallel chords and let

is the point

(o, B, y) be the mid-point of one of them.
As the chord
x—o y-B z-y
I m. n
of the quadric is bisected at (a, B, v), we have, asin § 6.7.1.

alot+ bmP+ cny =0
Now, I, m, n being fixed, the locus of the mid-points (o, 8, Y) of the parallel chords is the plane

alx + bmy + cnz =0,

which clearly passes through the centre of the quadric and is known as the Diametral plane
conjugate to the direction I, m, n.

Conversely, a plane Ax + By + Cz =0 through the centre is the diametral plane conjugate to
the direction [, m, n given by
al _bm cn

A B C
Thus, every cetnral plane is a diametral plane conjugate to some direction.
Note. If P be a point on the conicoid, then the plane bisecting chords parallel to the line OP is
called the diametral plane of OP.
Note. Another method. Use of elements of infinity. We know that the mid-point of a line AB is
the harmonic conjugate of the point at infinity on the line w.r.t. A and B. Thus, the locus of the mid-
points of a system of parallel chords is the polar plane of the point at infinity common to the
chords of the system.
We know that (I, m, n, 0) is the point at infinity lying on a line with direction ratios, /, m, n. Its
polar plane w.r.t. the conicoid
ax>+ by2 +ez2 —w? =0
expressed in cartesian homogeneous co-ordinates, is
alx + bmy + cnz + w.0=0

S alx + bmy + cnz = 0.
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EXERCISES
1. P (1, 3,2)is a point on the conicoid
x2=2y* +322+5=0.
Find the locus of the mid-points of chords drawn parallel to OP. [Ans. x — 6y + 6z =0]
2. Find the equation of the chord of the quadric 4x% —5 y2 +6z2 =7 which passes through

the point (2, 3, 4) and is bisected by the plane 2x —5y +3z=0.

[Ans.(x—Z):%(y—3)= (2—4)}

6.8 CONJUGATE DIAMETERS AND DIAMETRAL PLANES
In what follows, we shall confine our attention to the ellipsoid only.
Let P (x;, y;, 1) be a point on the ellipsoid
2 2 2

Z_ 4+ 42 -
@ b2
The equation of the diametral plane bisecting chords parallel to the line OP is
X W, g
—2 + —2 + —2 = 1
a b c
Let Q (x5, y,, 25) be a point on the section of the ellipsoid by this plane so that we have
XX N o
+ + =0
a? b? ¢’
which is the condition that the diametral plane of OP should pass through Q and, by symmetry, it is
also the condition that the diametral plane of OQ should pass through P.
Thus, if the diametral plane of OP passes through Q, then the diametral plane of OQ also
passes through P.
Let R (x5, y3, 23) be one of the two points where the line of intersection of diametral planes of

OP and OQ meets the conicoid.
Since the point R is on the diametral planes of OP and OQ, the diametral plane

& + & + ﬁ =0
2 2 2
a b c
of OR passes through the points P and Q.
Thus, we obtain the following two sets of relations :

2 2 2
X Z
a- b ¢ a’ b> c? ,
x% y% Z% X X

232

L O 30 BA LB o L (B
a b c a? b? 2

2 2 2

X z XXy VMY 42
BB, Breste oo
a b c a b ¢

The three semi-diameters OP, OQ, OR are called conjugate semi-diameters if the plane
containing any two of them is the diametral plane of the third.
The co-ordinates of the extremities of the conjugate semi-diameters are connected by the

relations (A) and (B) above.

Conjugate Planes. The three diametral planes POQ, QOR, ROP are called conjugate planes if
each is the diameteral plane of the line of intersection of the other two.

We shall now obtain two more sets of relations (C), (D), equivalent to the relations (A), (B).



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

By virtue of the relations (A), we see that

R S . B S e IR I

a’b’ c a b’ ¢ a b c
can be considered as the direction cosines of some three straight lines and the relations (B) show
that these straight lines are also mutually perpendicular.

Hence, we have — T T Ty Ty T s,
’ a a a b b b ¢ ¢ c

are also the direction cosines of three mutually perpendicular straight lines. Therefore, we have

2.,.2,.2_2

Xi +x5 +x3 =a", _
12 22 32 ) nz + 2+ 323 = 0,

yl + yl + y3 = b ) (C) lel + Z2X2 + Z3X3 = 0, (D)
2., .2 2 _

i +25 +z§=c , Xy + Xy +x3y3 =0.

Properties of Conjugate Semi-Diameters

6.8.1. The sum of the squares of three conjugate semi-diameters is constant.
Adding the relations (C), we get
or? +0Q2 +R>=a>+b*+c?
which is constant.
6.8.2. The volume of the parallelopiped formed by three conjugate semi-diameters as
coterminous edges is constant.
The results (B) give

xla  wylb zi/c \/2x12/a2 1

Y233 — Y3%p - X3 — 3% p Y3 = X3)) s Y223 — Y323
bc ca ab bc

2
. y| Y283 T Y3k ) . . . . e
since T e ) B the sine of the angle between two perpendicular lines with direction
cosines
BV BB
a’ b’ ¢ a b’ ¢
X Y243 — V3% Y X3 — 234 2 Y3~ X))
Wehave =428 32 Lo 2303 Mg 203 S3-2
a bc b ca c ab

Now the volume of the parallelopiped whose coterminous edges are OP, OQ, OR
= 6 x volume of the tetrahedron OPQR

0 0 0 0

P I |
oo 1
P 1~ Xy Y2 22
2 V2 22
X3 3 B3

o oy3 zz 1
=x1(y223 = ¥322) + 1(22X3 = 23%0) + 21 (X3 = 13)2)

2 2 2
bcx ca ab
1 3 |

=t + +
a b c

il L.
=tabcX — =% abc, which is a constant.
a
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The same result can also be proved in the following manner :

2
R T T | R Y R J B | 2 Zay Ixg

2
Xy Y2 X Y2 n|FRayn Xy Ing
X3ooy3 @l B3 Y3 B |Exy Zyg X zlz
(By the rule of multiplication of determinatants)

6.8.3. The sum of the squares of the areas of the faces of the parallelopiped formed with any
three conjugate semi-diameters as coterminous edges is constant.

Let A, Ay, Ay be the areas of the triangles OOR, ORP, OPQ, and let [;, m;, n; (i=1,2,3) be
the direction cosines of the normals to the planes respectively.
Now, the projection of the triangle OOR on the YZ plane is the triangle with vertices (0, 0, 0),

1
(0, y5, 22), (0, y3, z3) Whose area is > (¥223 = ¥322) . Also this is Aj/; . Thsu, we have

1 bexy
Al == (V923 — V22p) =1 —
il =7 (223 = ¥322) >y
ca abz
S.“].[larly Alml = i _22)1 N Alnl = i ——2 1
c

Squaring and adding, we obatain

222 2P 2,222
2 c°xf  cfatyy a’b gy

A== +t—> 2
4a 4D 4c

Similarly projecting the areas ORP and OPQ in the co-ordinate planes, we get

b202x2 02a2y2 a2b2Z2
2 _ 2 2 . 2

Ay
4q> 4p% 4c?
A32 [ b202x32 02a2y32 azbzzg
4d> 4p* 4c?

Adding, we get
1
AP+ A3+ AF = — (b2P + Pd+ db?)

which is a constant.

6.8.4. The sum of the projections of three semi-conjugate diameters on any line or plane is
constant.

Let [, m, n be the direction cosines of any given line so that the sum of the squares of the
projections of three semi-conjugate diameters OP, OQ, OR on the line is

=(Ixy + my; + nzl)2 + (Ixy + my, + nz2)2 + (Ix3 + my3 + nz3 )2
=°x x12 +m? 3 y12 +n’3 z12 +2lmZ x y; +2mn X yizy + 2nl X 71
= a’1*+ b*m?® + *n?

which is a constant.

Again, let [, m, n be the direction cosines of normal of any given plane so that the sum of the
squares of the projections of OP, OQ, OR on this plane is

= oP? - (Ix) + my| + nz1)2 + OQ2 = (Ixy + my, + nz2)2 +OR? - (Ix3 + my3 + nz3 )?
=a’ +b> +c* - 1P - bPm? - P
=a’ (m2 +n2) +b° (n2 + lz) +c? (12 + mz)

which is a constant.
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EXAMPLES
1. Show that the equation of the plane through the extremities

(xlw Vi Zk),k =1,2,3.
of the conjugate semi-diameters of the ellipsoid.
x*la® + y2/b2 +72/¢2 =1,
x(x1+x2 +X3)+ y(y1+y2+y3)+ Z(Z1+Z2+Z3)=l

is
a’ b? 2

Sol. Let Ix+my+nz=p
be the plane through the three extreminties of the given conjugate semi-diameter, so that we have
Iy +my, +nz;=p
Ixy + my, +nzp = p
Ix3 + my3 + nzz3 = p
Multiplying these by x;, x;, x3 respectively and adding we obtain
la® = pXx

Similarly mb2 =pZ V1 and nc2 =pZ 4]
Hence, the required equation.
2. Find the locus of the equal conjugate diameters of the ellipsoid
x2 2 Z2
a—2 + Z—z + 6—2 = 1
Sol. Let OP, OQ, OR be three equal conjugate semi-diameters. We have
OP? + 00% + OR* = a* + b* + ¢*;

opP? =00? = OR?

1
- 0P2=§(a2+b2+c2)
Let P be the point (x;, y;, z1) . We require the locus of the line
X y z
== (1
S T, | M
1
where x12 + y12 + Z12 =3 (@ +b% +c%) -2
2 2
X y z
and S+ D=1 -0
a b c
From (2) and (3), we obtain the homogeneous relation
2 2 2 2 2, .2
Yooy g 30ty )
B L M S S v (4

a bpr P (a2 +b% + c2)
Eliminating x;, y;, z; from (1) and (4), we obtain the required locus, viz.,

x? y2 22 3+ y2 +2%)
Dt ot T s
a b c (a“+b° +c%)
3. Show that the locus of the foot of the perpendicular from the centre to the plane through
the extremities of three conjugate semi-diameters of the ellipsoid

2 2 2
y Z

Z_ 2 -1

a® b P
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is a?x? + 02y + P =307 + 4 2P
Sol. Let P (x1, 1, 21), Q (%2, ¥2, 22), R (x3, ¥3, z3) be the extremities of the three conjugate
semi-diameters of the given ellipsoid with centre O.

Let (o, B,y) be the foot of the perpendicular from the centre O of the ellipsoid on the plane
POR.
Equations of the perpendicular are

Therefore equation of the plane POR is
a(x-—o)+p(y-P+y(-v)=0
ox + By +yz =0 + B +y2

Therefore equation of the plane POR is
a(x-—o)+B(y-P+v(z-v)=0

or o + By + 1z = a? + P +y2

P, O, R lie on this plane. Therefore

2 . p2,.2
o + Py +yz =a” +PT+y7,

2 . p2 .2
oxy + By, +yzp =" + BTy,

and oy + Bys +yz3=oc2+62+y2

N0
(i)
..(Gii)

Multiplying (i) by x;, (ii) by x, and (iii) by x5, and adding, we get
]+ 35 +25) + B (4 + XY + X333) + ¥ (343 + 22X + 233)

= (X + X +x3) (@2 +B% +72)
Using relations (C) and (D) of § 6.8, we have

aa? = (x + x5 + x3) (OL2 + Bz +y2)

X+ X +x
or oa =(%} (oc2 + BZ +Y2) (iv)
+ v, +
Similarly Bb= ( 1 ybz y3j (% +B% +7%) (V)
g+tzptz
and Yc :(%) (@ +B% +y?) ..(vi)

Now squaring and adding these equations, we get

2 2
X +tx+tx + ¥y, +
Oc2a2+[32b2+y202=(a2+62+y2)2{(1 2 3) +()’1 Y2 )@j
a

b

2
1t +2z
+ 1 2 3
c

2, .2, .2 2, 2.2 2.2, .2

X +tx +x + + i+t +z

=2 +pr+y?)? | LT 27H g T2V T T
2 b2 2

a

X1 X X2 X; X~y X
+2( 122 +y1zz +11§2)+2( 321+Y3;’1 +Z3§1)+2( 223 +Y2ZY3 +22§3H
a b c a b c a b c

Using relations (B) and (C) of § 6.8, we obtain
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aa? + B2 +y2ct = (@2 + P +y2)? (1 +1+1)

or 202 +5262 +C2Y2 —3@? +Bz +Y2)2
Hence the locus of the foot of perpendicular is
a’x? +be2 +c%2 =3 (x2 + y2 + 12)2-
4. Prove that the pole of the plane PQOR lies on the ellipsoid
2 2 2
XY T
2 2 277
a b c
where OP, OQ, OR are the conjugate semi-diameters of the ellipsoid
2 2 2
y < _
—St5t>= 1.
a b c
Sol. Equation of the plane POR through the extremities
P (x1, Y1s Zl)’ 0 (xz, Y2, Zz),R (x3, )’3,23)
X y Z
is —2(x1+xz+x3)+b—2(y1+y2+y3)+—2(zl+zz+13)=l . (@)
c
If (o, B, y) be the pole of the plane PQR, then its equation is
o By vz _ )
-t +t=5=1 ..(ii)
b” ¢

(1) and (i) represent the same plane, therefore,
o= X1 + X9 + X3,
B=y+y+ s
Y= t2 + 3.
Now multiplying these relations by 1/a,1/b,1/c respectively; squaring and adding, we get

2 2 2
Oﬁz Bz ﬁ:(XI‘FXZ'l'X:;j +(y1+y2+y3j +(ZI+ZZ+Z3J

2 2 a b c

On using relations (B) and (C) of § 6.8, this simplifies to

(x_z + E + ﬁ = 3

2 2 27

a b c
Hence the locus of (@, 3, y) is the ellipsoid

$2 yz Zz

—+ = +—==3,

a’> b c?

EXERCISES

1. Show that the lines
X_y_z X_y_z X_ y _z

1 4 34 1 -92 -28 45°
are three mutually conjugate diameters of the ellipsoid
2 2 2
4+ y_ + Z_ =1.
2 4 9
2. Find the equations of the diameters in the plane x + y + z =0, conjugate to
1 1

X=—-— =—Z
2y 3
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with respect to the conicoid 3x2+ yz_ 272 =1. What are the equations of the third conju-

X y Z X y <
. 9 Ans.—=—=—-, —=-—=—
gate diameter ? { 4 -9 534 42 3}

1 1 1
3. Show that for the ellipsoid x? + 4y% +5z2 =1 the two diameters PR and

x=0,2y =5z are conjugate. Obtain the equations of the third conjuate diameter.
[Ans. x/16=y=—17/2]
4. If pi, p2, p3; T, Ty, T3 be the projections of the three conjugate diameters on any two

given lines, then p|m;, p,, T, p375 is constant.

5. If three conjugate diameters vary so that OP, OQ lie respectively in the fixed planes
04X Oy X
Aot B 1
a b c a b c

show that the locus of OR is the cone

2ol Brz-11y) Bz —v2y)=0.
[Hint. The required locus of OR is obtained from the fact that the lines of intersection of the
diametral plane of OR with the given planes are conjugate lines. |
6. From a fixed point H perpendiculars HA, HB, HC are drawn to the conjugate diameters OP,
0Q, OR respectively; show that

OP?.HA? + 0Q*. HB*> + OR? .HC?

=0

is constant.
7. OP, OQ, OR are conjugate diameters of an ellipsoid

x2/a* + y2/b2+ 2t =1.
At Q and R tangent lines are drawn parallel to OP and py, p, are their distance from O. The
perpendicular from O to the tangent planes at right angles to OP is p. Prove that
p2 +p12+p22 =a® + b+ 2.
8. Show that the plane Ix + my + nz = p will pass through the extremities of conjugate semi-

diameters if 212+ b2m> + ¢*n? = 3p2-
PARABOLOIDS

6.9. Having discussed the nature and geometrical properties of central conicoids, we now
proceed to the consideration of paraboloids.

6.9.1. The Elliptic Paraboloids x2/a? +y2/b? =2z/c

We have the following particulars about this surface :

(i) The co-ordinate planes x=0 and y =0 bisect chords perpendicaular to then and are,
therefore, its two planes of symmetry or Principal Planes.

(ii) z cannot be negative, and hence there is no part of the surface on the negative side of the
plane z = 0. We have taken c positive.

(iii) The sections by the planes z = k, (k > 0) , parallel to the XY plane, are similar ellipses
2 2
X yo o %

Steg=
a b c
whose centres lie on Z-axis and which increase in size as k increases; there being no limit to the
increase of k. The surface may thus be supposed to be generated by the variable ellipse (7).

,z2=k ()
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Hence, the surface is entirely on the positive side of the plane z =0, and extends to infinity.
ZA

<y

Y

(iv) The section of the surface by planes parallel to the yz and ZX planes are clearly parabolas.
Figure show the nature of the surface.

Ex. Trace the surface x2 /a2 + y2 /b =— 2z/c, (c>0).

6.9.2. The Hyperbolic Paraboloid x2?/a? - y?/b? = 2z/¢c

(i) The co-ordinate planes x=0 and y =0 are the two Principal Planes.
(ii) The sections by the planes z =k are the similar hyperbolas

2

y 2k

—-==—,z=k,
b <

SES

Q

with their centres on Z-axis.
If k be positive, the real axis of the hyperbola is parallel to X-axis, and if k be negative, the real
axis is parallel to Y-axis.
The section by the plane z = 0 is the pair of lines
X_Jy X Y
e Oanda PR 0
(iii) The section by the planes parallel to YZ and YX planes are parabolas.

Figure shows the nature of the surface.
Note. The two equations considered in the last two articles are clearly both included in the

form ax® + by2 =2cz

This equation represents an elliptic paraboloid if @ and b are both positive or both negative,
and a hyperbolic paraboloid if one is positive and the other negative.
Hence, for an elliptic paraboloid, ab is positive but, for hyperbolic paraboloid, ab is negative.

The geometrical result deducible from the equation gx2 + by2 = 2¢z will hold for both the types

of paraboloids.
Note. The reader would do well to give precise definitions of (i) vertex, (ii) principal planes, (iii)
axis of a paraboloid.
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6.9.3 Intersection of a Line With a Paraboloid
The points of intersection of the line

x-o_y-B_z-%

=r

l m n
with the paraboloid ax? + by2 =2cz,
are (Ir+ o, mr+B,nr+7vy)

for the rwo values of r which are the roots of the quadric equation

r2(al® + bm?) + 2r (alow + bmP — cn) + (a0>+ b — 2cy) =0 (A)
We thus see that every line meets a paraboloid in two points.
It follows from this that the plane sections of paraboloids are conics.
Also, if | =m =0, one value of r is infinite and hence any line parallel to Z-axis meets the

paraboloid in one point at an infinite distance from (o, 3, y) and so meets it in one finite point
only. Such lines are called Diameters of the paraboloid.

In particular, Z-axis meets the surface at the origin only.

6.9.4. From the equation (A), § 6.3 above, we deduce certain results similar to those obtained
for central conicoids. The proofs of some of them are left as an exercise to the student.

1. The tangent plane to ax*+ by? = 2cz at any point (¢, ,7) on the surface is
aox +bBy=c(z+7y).

In particular, z =0 is the tangent plane at the origin and Z-axis is the normal thereat.

The origin O is called the vertex of the paraboloid and Z-axis, the axis of the paraboloid.
2. Condition of Tangency

The plane
Ix+my+nz=p
will touch the paraboloid ARt by2 =2cz (1)
> m* 2
i rom 2w o
a b c

and assuming the condition to be satisfied, the point of contact is

(‘_lc —me 2)
an’ bn ’ n
Thus, the plane 2n(x+my+nz)+c(la+m?Ib)=0

touches the surface (1) for all values of I, m, n.
3. Locus of the point of intersection of the three mutually perpendicular tangent planes

2 2
l
2n, (Lx+m,y+n.2)+ c[i + %} =0,(r=1,23)
a

be three mutually perpendicular tangent planes, the locus of their point of intersection is obtained
by eliminating [, m,, n,, which is done by adding the three equations and is, therefore,

1 1

2z+c (— + —) =0

a b ’

and is a plane at right angles to the Z-axis; the axis of the paraboloid.

4. Equations of the normal at (o, 3,y) are
x-o_y-B_z-y
ao. bp -c
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5. The polar plane of the point (o, B, y) is
aox + bpy =c (Y + 2).
6. The polar plane of the enveloping cone with (o, B, ) as its vertex is

S =T

= (ax2 + byz— 2¢z) (aoc2 + sz —2¢y) = (aox + bPy — cz — cy)2
Its plane of contact with the paraboloid is the polar plane
aox +bPy —cz—cy=0
of the vertex (o, B, v) .
7. The equation of the enveloping cylinder having its generagtors parallel to the line

r_Y_Z
Il m n
is (ax2+ by2 -2c7) (al2 + bmz) = (alx + bmy — cn)2

Its plane of contact is the plane
alx + bmy —cn=0.
8. The locus of chords bisected at a point (o, B,y) is the plane
I =5,
& aot(x—a)+bp(y—P)—cy (z-y)=0
This plane will meet the paraboloid in a conic whose centre is at (ct, 3, Y) .

9. The locus of mid-point of a system of parallel chords, with direction ratios, [, m, n is the
plane

alx + bmy —cn =0
which is parallel to Z-axis, the axis of the paraboloid. The plane is called the Diametral plane
conjugate to the given direction.
A plane Ax+ By + D =0 parallel to the axis of the paraboloid is easily seen, by comparison,
to be the diametral plane for the system of parallel chords with direction ratios
Ala,Bl/b,— D/c
A plane parallel to the axis of a paraboloid is, thus, a diameteral plane.

EXAMPLES

1. Two perpendicular tangent planes to the paraboloid x*/a + y2 /b =2z intersect in a
straight line lying in the plane x = 0. Show that the line touches the parabola

x=0,y2=(a+b)(2z+a).

Sol. Equations of any line in the plane x =0 is

x=0,my+nz=p ..(1)
Any plane through this line is

AM+my+nz—p=0 ..(ii)
If this is a tangent plane to the paraboloid, then

ar® + bm? + 2np =0 -..(1il)

This is quadratic in ), and, therefore, gives the values A, A, and thus two tangent planes
through the line (i) which are

Mx+my+nz—p=0
and Mx+my+nz—p=0
These planes of perpendicular if

7\17»2+m2+n220
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2
bm” + 2n
- XM TP +n?=0
a

= (a+b) m> + 2np + an’® =0 -.(iv)
Required parabola is the enveiope of line (i) subject to the condition (iv). Eliminating p between
(1) and (iv), we get

(a+b)m2+2n(my+nz)+an2=0,x=0

or (a+b)(ﬂ)2+2y(ﬂ]+(a+22)=0,x=0
Therefore, the envelopenof the line :ls given by
(2y)? —4(a+b)(a+22)=0,x=0
= 2 =(a+b)(a+2x),x=0.
2. Find the locus of the point of intersection of three mutually perpendicular tangent planes
to the parboloid ax* + by2 = 2cz.
Sol. The plane Ix + my + nz = p touches the paraboloid gx* + by2 = 2c¢z, when

2 2
l2 m2 2np :_i l_+m_
P S T SR

By putting the value of p, we have

lx+my+nz+zi(l2/a+m2/b)=0
n

or 2n(lx+my+nz)+c(12/a+m2/b)=0
This plane always touches the given paraboloid.
Let three mutually perpendicular tangent planes be
2n,(Lx+my+nz)+c>la+m/b)=0,r=1,23 (D)
Since the three planes and hence their normals are mutually perpendicular, hence
P amd+nf =112 +13+153=1 etc.
lllz + mymy + mny = 0, llml + l2m2 + l3l’)’l3 =0 etc.
The locus of the point of intersection is obtained by eliminating [, m,., n, from the eqns. (i).
For, we add these planes obtained by putting r =1, 2,3 and use the above relations. Thus, we

get
12+ +103 Ztmd+mi
2(n12+n%+n32)z+c[1 2 3+m1 T =0

a b

1 1
- 21+c(—+—)=0_

a b

This is the required plane.

EXERCISES

1. Show that the plane 8x—6y—z=>5 touches the paraboloid x2/2 — y2 /3 =z and find
the co-ordinates of the points of contact.
2. Show that the equation to the two tangent planes to the surface
ax® + by2 =2z,
which passes through the line
uslx+my+nz—p=0,u"=lx+my+nz-p =0
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1;2 2 12 2

is u? + 2 —20'p’ | = 2uw’ (' +mm’ —n'p —n'p) +u’? S omb|=0.

a b a b

3. Tangent planes at two points P and Q of a paraboloid meet in the line RS; show that the
plane through RS and the middle point of PQ is parallel to the axis of the paraboloid.

4. Find the equation of the plane which cuts the paraboloid

2 1 o
X—=—y“ =z
> y
in a conic with its centre at the point (2, 3, 4). [Ans. 4x -3y —z+5=0]
5. Show that the locus of the centres of a system of parallel plane sections of a paraboloid is a

diameter.
6. Show that the centre of the conic

ax2+by2=21,lx+my+nz=p

I m k*
is the point an’ bn’ n_2
2 2
where K=—+ L np.
a b

6.9.5. Number of Normals From a Given Point

If the normal at (a, 3, ) passes through a given piont (f, g, &), then
f-o_g-Pp_h-y

a0 b To o Dulsay)
f 8
o= ,Pp= W= h+ .
< 1+ar b 1+br ! « (1)
Since (a, B, Y) lies on the paraboloid, we have the relation
2 2
a f +b g =2c (h+cr) (i)

(I+ar)?  (1+br)?
which, being an equation of the fifth degree in r, gives five values of r, to each of which there
corresponds a point (o, 3, y) , from (i).

Therefore, there are five points, on a paraboloid the normals at which pass through a given
point i.e., through a given point five normals, in general, can be drawn to a paraboloid.
Cor. I Cubic curve through the feet of the normals

If the normal at (o, 3, y) to the paraboloid
ax’ + by2 =2cz
passes through a given point (x’, y’, z’), we have as above

’

Y
o= s =
L+ ak P L+ bA

Thus, the feet of the normals lie on the curve, defined by the parametric equations, is given by
xl yl
x — 5 —
1+an” " 1+oM

where ), is the parameter.
The points where this curve meets any given plane, say,

ux+vy+wz+d=0 ..(2)

x/

=2 +ch

,Z= z'+c7u, (1)
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+w(E@+cA)+d=0

are given by
wx’ vy
1+ar 1+DA

This is a cubic in A, giving three values of ) .
Therefore the plane (2) meets the curve (1) in three points, and hence it follows that the curve

is a cubic curve.
Cor. II. Cone through the five normals
If the normal at (o, B, ) to the paraboloid gx2+ by2 = 2¢z passes through (x’, ¥, z”), then

x’ Y ,
o= b= Y= +C}\.
L+ ah b 1+ DA L
Also the direction cosines of the normal at (o, 8, Y) are proportional to act, b3, — ¢ .
If the line
x_x/ y_yl Z_Z/
] = = (1)
m n
is anormal at (o, 3, Y), then
b_m_n
ao. bp -c
l(1+a7»)_m(l+b7»)__n_
= ax’ by’ —-c
l(1+}») m(l+}\j
= a on\b =
x’ v’ —c
l+k l+k 1.1
a " _b " _ " _a b
= Xy Im e XY
I m
(x_’_y_’]__c 1_1]
Hence I m a b
Xy cefl 1
———+—|———1=0
or I m n(a b)
Therefore the locus of the normal (1) is
by y ¢ (b—a):
x=-x" y-y z-7'\_ ab

which is the equation of a cone.
Hence the five normal from (x’, y’, z) to the paraboloid are generators of this cone.

(1)

6.9.6. Conjugate Diametral Planes
.(ii)

Consider any two diametral planes
Ix+my+p=0

and I'x+m'y+p' =0
The plane (i) bisects chords parallel to the line

r_ Yy __Z

l/a_m/b_—p/c -(iii)

which will be parallel to the plane (ii), if
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i mm'
—+ =0. (Vi)
a

The symmetry of the result shows that the plane (i) is also parallel to the chords bisected by

the plane (ii).
Thus, if o and B be two diametral planes, such that the plane o. is parallel to the chords

bisected by the plane B, then the plane P is parallel to the chords bisected by the plane o..
Two such planes are called conjugate diametral planes.
Equation (iv) is the conditon for the diameteral planes (i) (ii) to be conjugate.

EXAMPLES
1. Show that the planes

x+3y=3and 2x-y=1
are conjugate diameter planes of the paraboloid
2x% + 3y2 =4z.
Sol. Equation of any diametral plane with respect to the paraboloid ax® + by2 =Dcz is

alm+bmy —cn=0

In this case a=2,b=3,c=2.
Therefore the equation of the diametral plane is

2Ix +3my —2n=0 (1)
If this plane and x + 3y =3 are the same, then comparing the coefficients, we have

2l 3m -2m

1 3 =3

l m n . | m n

or —=— eofm=—="—,

72°1 3221 273
i.e., the direction cosines of the chords which are bisected by the plane x+3y=3 are
proportional to 1, 2, 3.
This shows that these chords are parallel to the plane 2x — y=1.
Hence the given planes are conjugate diametral planes.

2. Prove that any diametral plane of a paraboloid cuts it in a parabola, and that parallel
diametral planes cut it in equal parabolas.
Sol. Let the equation of the parabola be

ax’+ by2 =2cz (D
Therefore the diametral plane which bisects chords parallel to the line
oY 2
I m n
is alx + bmy —cm =0 ..(2)

Now to prove that the section of the paraboloid (1) by the plane (2) is a parabola, it is sufficient
to prove that the projection of the section on a co-ordinate plane is a parabola, for the projection of
a conic is a conic of the same species. So taking the projection of the section of (1) by the diametral
plane (2) on YOZ plane, we have

en —bmy )
a(—y) +by2=201,x=0
al
2 2 2 _ —
= (en —bmy)” +al” (by” —2¢z)=0,x=0

= b(alz+ bmz)y2 —2bcmny+n2 —2cal2z=0,x=0
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= b (a12+ bmz)y2 — 2bcmny + n? = 2cal2z, x=0
This is obviously a parabola whose latus rectum is
2cal?

b (al* + bm?)’
which is independent of n.
Hence it also follows that sections by parallel diametral planes are equal parabolas.

EXERCISES
1. Prove that the diametral planes 2x +3y =4 and 3x —4y =7 are conjugate diametral planes

for the paraboloid x? + 2y =4z .

2. The plane 3x + 4y =1is a diametral plane of the paraboloid 5x2 + 6y2 = 27 . Find the equa-

x=3 y—-4 z-5
tion to the chord through (3, 4, 5) which it bisects. Ans. 2 10 = 15

3. Show that in general three normals can be drawn from a given point to the paraboloid of

revolution x? + y? =2qz but if the point lies on the surface 274 (x> + y2) +8 (a — 2)° =
0 two of them coincide.
4. Show that the centre of the circle through the feet of the three normals from the point (¢, B, ¥)

to the paraboloid x? + y? =2qz is

(535
4’4" 2 )

Qad
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Generating Lines of Conicoids

8.1 RULED SURFACES

The surfaces which are generated by a moving straight line are called ruled surfaces. For example,
cones, cylinders, the hyperboloids of one sheet and hyperbolic paraboloids are ruled surfaces. A
ruled surface can also be defined as one through every point of which a straight line can be drawn
so as to lie completely on it. The lines which lie on the surfaces are called its generating lines.

The ruled surfaces may be divided into two categories : (i) developable surfaces, (ii) skew
surfaces. A developable surface is one on which the consecutive generators intersect while on a
skew surface, the consecutive generating lines do not intersect. The cone is a developable surface
as all the generators pass through a common vertex and the cylinder is also a developable surface
as consecutive generators touch all along their length. The hyperboloid of one sheet and the
hyperbolic paraboloid are skew surfaces.

8.1.1. Condition for a Line to be a Generator of the Conicoid
Let the equation of the line be
x—-o y-B z-y
B B n

l m
and that on the conicoid be

=r (say) (1)

ax® + by2 2 =1 (i)

Any point on the line (i) is (Ir + o, mr + B, nr + v).
If it lies on the conicoid (ii), we have

2 (@l® +bm® + cn?) + 2r (alou+ bmP + cny) + (a0® + bR + cy? =) =0 (i)
If the line (i) is a generator, then it lies wholly on the conicoid, the conditions for which are
al®> +bm® + cn* =0 (V)
alot + bmP + cny =0 (V)
ao® +bp% +cy? =1 (Vi)
Now, condition (iv) shows that the lines through the centre of the conicoid, i.e., (0, 0, 0) and

. . . . X z
parallel to the generating lines, i.e., the lines 7 =22 are generators of the cone
m n

ax® + by2 + cz2 =0,

which is called asymptotic cone.

The condition (v) shows that the generating lines whose direction cosines are [, m, n should
lie on the plane,

aox + bPy + cyz =1
which is the equation of the tangent plane of the conicoid at the point (o, 3, Y).
Equation (iv) and (v) give the direction ratios of generating lines.

8.2 GENERATING LINES OF A HYPERBOLOID OF ONE SHEET

It is interesting to see that a hyperboloid of one sheet is a ruled surface in as much it can be
thought of as generated by straight lines. The consideration of this aspect of the surface will be
taken up in this chapter.
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We write the equation

2 2 2
x5yt
—2+—2——2—1, (1)
a b® ¢
of a hyperboloid of one sheet in the form
2 2 2
X Yy

2

i

This may again be written i

z

)

c

J-0-3)0+3)

c b b

ther of the two forms
z

f 1+i
a_c_ b
1- y 7+£ (2
b a c
x_z o,y
a _c___ b
and 1- y 7+£ ..(3)
b a c

We consider, now, the two families of lines obtained by putting the equal fractions (2) and (3)
equal to arbitrary constants ) and W respectively.

X z y y X z
S—Z=A =2, I+E==A—+=
a c ( bj +b (a+cj ~(A)
X z y y X z
Zotopl1+ 2], 1e2=ul2+2
EEou(12)r 12242 ®

To each value of the constant A, corresponds a member of the family of lines (A) and to each

value of the constant U, corresponds a member of the family of lines (B).

Now it will be shown that every point of each of the lines (A) and (B) lies on the hyperboloid
(D).

If (xq, yg» zg) be a point of a member of the family (A) obtained for some value A of A, we

have
a c b b a c

On eliminating A, from these, we obtain

2 2 2 2
X _Z20 __2 X, X 20 _y
Cl2 62 b2 2 b2 2

which shows that (xy, yy, Z9) is a point of the hyperboloid (1).

A similar proof holds for the family of lines (B).

Thus, as ), and W vary, we get two families of lines (A) and (B) each member of which lies
wholly on the hyperboloid. These two families of lines are called two systems of generating lines
(or generators) of the hyperboloid.

We shall now proceed to discussed some properties of these systems of generating lines.

8.2.1. Through every point of the hyperboloid there passes one generator of each system.

Let (xy, yg. z9) be a point of the hyperboloid so that we have
2 2
Yo 20 _y

—+t—=-—= (4
a b» P )
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Now the generator

f—5=x(1—1),1+1=x(f+5]
a c b b a c

will pass through the point (xy, yg, zg) if and only if ) has a value equal to each of the two

fractions
a c b b a c

Also by virtue of the relation (4), these two fractions are equal.
Thus, the member of the system (A) corresponding to either of the equal valuers (5) of ) will

pass through the given point (xy, ¥g. Zg) - Similarly it can be shown that the member of the system
(B) corresponding to either of the equal values

(223 () (2

of W passes through the given point (xy, ¥g, Zg) -
8.2.2. No two generators of the same system intersect.

Let
X z y y X z
; 2= 12, 1+ ==A | =+
L () PR 1( b) G '+ b l(a"' cj
X z y y X z
Gy ===k, [1-= Wl ==As | =+ =
IL. (iii) . e 2( bj’ (v) L+ b 2(a+ c)

be any two different generators of the ), system.

It will be shown that these four equations in x, y, z are not consistent.
Subtracting (iii) from (i), we obtain

(}\,1—}\.2)(1—%)=0 = y=b,for }\.1¢}L2

Again, from (ii) and (iv), we obtain

(L__I_J(l.q.zjzo = y=-b,for A{ 2\,

Thus, we see that these four equations are inconsistent and accordingly the two lines do not
intersect.
8.2.3. Any two generators belonging to different systems intersect.
Let
X z y y X z
) ———=A|1-=], i 1+==A|—+-=
L® a c ( b] (if) b (a c)
X z y y X z
i) ———=u|1+=1, iv) l=-==u| —+-=
IL (iii) . c M( b] (iv) b M(a c]

be two generators, one of each system.
It will be shown that these four equations in x, y, z are not consistent. Firstly, we solve
simultaneously the equations (i), (ii) and (iii). Now, (i) and (iii) give

y y A—u
AMl=-=|= 1+ = =b
( b) “( +b) DR

Substituting this value of y in (i) and (ii), we obtain

x z 2\ x z 2

a c:X-H.L’ a c:7»+u
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These given, on adding and subtracting,
1+ A 1-
xX=a s ,Z=¢ M
A+U A+
Now, as may easily be seen, these values of x, y, z satisfy (iv) also. Thus, the two lines intersect
and the point of intersection is

a1+ku A—U Cl—ku
A+ A+u A+u
Another method. The planes

f_é_x(l_z]_k{nz_x(hz)}:o
a c b b a c
Xz oy Xz
E TN (e 20 Y ) )
a c “( b) { b “(a CH

pass through the two lines respectively for all values of k and k’.

Now, obviously these equations becomes identical for k = and k" =A.

Thus, the two lines are coplanar and as such they intersect. Also the plane through the two
lines, obtained by putting k= or k"= A is

(6)

I+A0 x A-p y l-2Au z
" .—+}\’ == —=1 (7
U a +u b A+u c
Cor. 1. The plane (7) through two generators of the opposite systems is the tangent plane to
the hyperboloid (1) at the point of intersection (6) of the two generators. Since also through every
point of the hyperboloid there pass two generators, one of each system, we see that the tangent
plane at a point of hyperboloid meets the hyperboloid in the two generators through the point.
Cor. 2. A plane through a generating line is the tangent plane at some point of the generator.
Now like every plane section, the section of the hyperboloid by a plane through a generator is a
conic of which the given generator is a part. Thus, the conic is degenerate and the residue must
also be a line. At the point of intersection of the lines constituting this degenerate plane section
the plane will touch the hyperboloid.
Ex. Prove this result analytical also.
Cor. 3. Parametric equations of the hyperboloid. The co-ordinates (6) show that
x=a1+ku =bk u Z=Cl AU

k+u’y A+p’ A+

are the parametric equations of the hyperboloid; A, W being the two parameters. These co-ordinates

satisfy the equation of the hyperboloid for all values of the parameters A and L.

EXAMPLES
1. Find the equation to the generating lines of the hyperboloid
S
4 9 16

which pass through the point (2, 3, — 4).
Sol. Any line through (2, 3, —4) is

x—2 y-3 z+4

] " =7 (say) ()
Any point on this line is (Ir + 2, mr + 3, nr — 4) and it lies on the given hyperboloid if

(r+2)° L (mrt 3 (-4 _
4 9 16

1
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4 9 16 49 16

If the line (i) is a generator of the given hyperboloid, then (i) lies wholly on the hyperboloid.
The conditions for this are

2 2 2
2|1 m- n 2l 3m 4m
r {—+———:l+2r|:—+—+ =0 i)

> m> n? m n
— 4+ ———=0and —+—+—=0.
4 9 16 2 3 4
Eliminating n, we get
> m? (l m)z
—+——|=+—| =0
4 9 2 3
1 .
= —glm=0 = either [=0 or ;= 0.
Whenl=0,m=—£.Whenm=0,£=—£.
3 4 2 4

Hence equations of the required generator are
x=2 y-3 z+4 x=2 y-3 z+4

and '
0 3 -4 1 0 -2
2. Find the equations to the generators of the hyperboloid
x2 y2 Z2
—t5-5=1
a b c

which pass through the point (a cos o, b sin o, 0).
Sol. Any line through (a cos @, b sin @, 0) is given by

x—acoso y—bsina z

=—=r(say) (1)
l m n

(1) will meet the hyperboloid

o2 y2 22

St =1 (i)

a> b P
, (acos o +1r)>  (bsina+mr)®  (nr)?
i + - =1

2 2 2
a b c
2 2 2 .
2|1 m n lcosa msina)

- r [;5~+2§——-;5]-+2r(——:;——+———?;——)-—0 mﬂﬂ)
(ii) will be a generating line if (iii) is an identity, i.e., if

2 m* n? )

S+t 5 ->5=0 6%

a b c

[coso. msina
and + =0 (v)

a b

lcosa m sin o

From (v), =-
a b
2 2

or lla  mlb a- b

sino.  —cosa \/sinzoc+coszoc
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l/a mlb nl/c

= =1 — [from (iv i
sino.  —cos o 1 [ )] (Vi)
Equations of the required generators are given by

X—acoso y—bsina z

asin o —bsino.  *c’
x2 2
3. CP, CQ are any conjugate diameters of the ellipse — + b_2 =1Lz=c;C'P,C’Q’" are the
a

2
conjugate diameters of the ellipse — + b_2 =1, z=-c¢ drawn in the same direction as CP and
a
2x° 2y2 2

z
CQ. Prove that hyperboloid —+ B2 2 =1 is generated by either PQ’ or P’Q.
a c

Sol. Let the co-ordinates of P, Q, P’ and Q’ are
P(acosB,bsinB,c), Q(—asinB,bcosB,—c),
P’ (acos®,bsin®,—c) and Q' (-—asin®,bcosH, —c)
Equation to PQ’ is

x—acos0 y—>bsin0 z=c
- —o | (say)

—asinG—acose_bcose—bsinez—c

=co0s 6 — r (sin 6 + cos 0)
=sin O + r (cos O —sin 0)

and =—2r+1.

Ol S Q%

Eliminating r, we get

2 2
x—2+y—2=r(1+1)+1—2r(sinecos6+cos26—sin60056+sin26)
a
=22 +1-2r
22 2y? 2 2 2
N —2+—2=4r —4r+1+1=(1-2r) +1=—2+1
a b c
22 242 2
A
a b c
EXERCISES

1. Write down the equations of the systems of generating lines of the following hyperboloids
and determine the pairs of lines of the systems which pass through the given point.

() x2 +9y> -2 =9, (3,1/3,-1) (i) x2/9—y2 /16 + 22 /4 =1, (-=1,4/3,2)
[Ans. (i) x+3uy —z=3A, Ax—3y+Aiz=3; x+6y—2z=6, 2x—-3y+2z=3
x=3uwy—z=3\ w+3y+uz=3; x-3y—-z=3, x+3y+2z=3
(i) 4x =3y + 6Az =12A, 4Ax+3Ay —62=12;7z=2,4x+3y=0
4x -3y —6uz=12u, 4ux+3uy —62=12;
4x-3y+2z+4=0, 4x+3y—-8z+36=0]
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2. Find the equations to the generating lines of the hyperboloid yz +2zx —3xy + 6 =0 which
x+1: y—O:z—S and x+1: y—O: z-3
1 0 1 -1 3
3. Find equations to the generating lines of hyperboloid (x+ y + z) (2x + y + z) = 6z, which
y—lzz—l and x—1: y—lz z—-1
-5 1 1 -3 -1

4. A point ‘m’ on the parabola y =0, cx? = 2a2y is (2am, 0, 2cm2) and a point ‘n’ on the

pass through the point (- 1, 0, 3). {Ans.

x—1
pass through the point (1, 1, 1). Ans. 4 =

parabola x =0, cy2 =—2b3z is (0, 2bn, 20n2). Find the locus of the line joining the points
for which () m =n, (i) m=—n. o2 =
or which (i) m=n, (ii) m n 2 b2 c

8.3. To find the equations of the two generating lines through any point (a cos 0, b sin 6, 0),
of the principal elliptic section

2 2
x_2 + y_2 =1, z=0,
a b
of the hyperboloid by the plane z =0.

Let
x—acos® y-bsinO z-0

l m n

be a generator through the point (a cos 0, b sin 0, 0).
The point
(Ir+acos®, mr+bsin0, nr)
on the generator is a point of the hyperboloid for all values of r so that the equation

(Ir + a cos 6)2 N (mr + b sin 6)2 3 n’r? -1

a’ b2 2
2 2 2 .
o L, r2+2r[lcose+msme}:0
a b c a b
is true for all values of . This will be so if
12 2 2 / 0 0
—2+m—2—n—2=0 and 5087 MW _
a b c a b
These give
L __m __n
asin® —-bcosO® =*c
Thus, we obtain
x—acos® y—-bsin® z
asin 0 —bcos® tc -(O)

as the two required generators.

Note : Since every generator of either system meets the plane z =0 at a point of the principal
elliptic section, we see that the two systems of lines obtained from (C) as @ varies from 0 to 25 are
the two systems of generators of the hyperboloid. The form (C) of the equations of two systems of
generators is often found more useful than the forms (A) and (B) obtained in § 8.2.

Ex. Show that the equations (A) and (B) are equivalent to the equations (C) for

A =tan ln—le , W=cot ln—le .
4 2 4 2
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8.4. To show that the projections of the generators of a hyperboloid on any principal plane

are tangents to the section of the hyperboloid by the principal plane.
Consider a generator

x—acos® y—-bsinO z

asin 0 -bsin® ¢
The equation
x—acos® y-—bsin0

asin 0 —bsin O
represents the plane through the generator perpendicular to the XOY plane so that the projection of
the generator on the XOY plane is

x—acos® y-bsin0 xcos6+ysin6_

- - , z2=0 1, z=0
asin 0 —bsin 0 a b
which is clearly the tangent line to the section
2 2
4=l z=0
a b
of the hyperboloid by the principal plane z =0 at the point (a cos 6, b sin 0, 0).

Again
x—acos® z
asin® ¢
is the plane through the generator perpendicular to the XOZ plane so that the projection of the
generator on the XOZ plane is

x—acos0 xsecO z

; =%, y=0 —ZtanB=1, y=0
asin c a c
which is clearly the tangent to the section
2 2
x° oz
—-—=1, y=0
a’

of the hyperboloid by the principal plane y =0 at the point (a sec 8, c tan 0).

Similarly we may show that the projections of the generators on the principal plane x =0 are
tangents to the corresponding section.

EXAMPLES

1. Prove that the equations to the generating lines through the hyperboloid of one sheet are

x—acosOsec¢p y—bsinOsec¢o z—ctan0

asin (0 £ ¢) —bcos(0td)  *c
Sol. Let P (6, ¢”) be any point on the hyperboloid
2 yz 22
S+ -5l i
a b 2 ®

Hence co-ordinates of P would be (a cos 0 sec ¢, b sin 0 sec ¢, ¢ tan ).
Let equation of tangent plane at this point be

icosesecq)+lsin(33ec(|)—£tan(|)21 (i)
a b c
This plane meets the plane z =0 in the line given by

fcosG+%sin9=cos 0, z=0 ..(iii)
a

If this line meets the section of the surface by z =0 in points A and B whose eccentric angles
are oo and P respectively, then
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acosacos@+bsinasin6

= cos
a b 0
or cos (B—a) =cos ¢
and acosBcosG_l_bsmBsmO:COSq)
a b
or cos (6 —P) =cos ¢
O-a=—¢ and O-P=¢
o+p o-p
that 0=——and ¢=—1-——,
so tha 2 ) 2
ie., a=0+¢ and P=6-0 6%

Since the two generating lines through P are the lines of intersection of the surface and the
tangent plane P, AP and BP will be the generators through P such that 6+ ® =0, a constant for

all points on the generator AP and 6 —¢ =, a constant for all points on the generator BP.
Also, the direction cosines of AP are proportional to

a (cos oL — cos 0 sec §), b (sin o — sin 0.sec 0), — ¢ tan ¢

a (acoso.cosd—cosB) b (sinacos—sin0)
= ’ s T

sin ¢ sin ¢
{cos(6+¢)cos¢—cosﬁ} {sin(6+(]))cos(])—sin6}
N a - , b - ,—
sin ¢ sin ¢

a{cos(6+(|))cos¢—sin (e+q>—¢)} b{sin (6 + ) cos ¢ — sin (e+¢—¢)} .
= sin ¢ ’ sin ¢ ’
= asin(@+¢), —bcos(O+0), ¢
Equation to the generator AP are
x—acosOsec¢ y—bsinOsecd z-—ctan¢
asin (0 + 0) " —bcos ©+0) B c - ()
Similarly the generator BP will be

Xx—acosOsec¢p y—bsinOsecdp z-—ctan¢ .
asin(0—0)  —bcos(0+0) c (Vi)
2 2 2

Y . .
2. The normals to — + b_2 - 0_2 =1 at points of a generator meet the plane z =0 at points

lying on a straight line, and for different generators of the same system this line touches a fixed
conic.
Sol. Any generator through

(a cos O sec ¢, bsin Osec §, ctan §)

_ x—acosOsec¢) y—bsinOsecd z-ctan¢ _
1 a sin (0 + ¢) —bcos (0+¢) c ~(0)

which shows that 0+0)=a (1)
a constant for a given generator.
Now, the tangent plane at the point “0, ¢ is

icos&)secq)+lsin(3sec(|)—£tan(|):1
a b c
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N ﬁcosG+zsinG—ESin(])=cos(]) ..(iii)
a b c

And the normal at “6, ¢ ” is

x—acosOseco y-bsinOsec¢p z—ctand

cos 0 sin O _sin¢ (iv)
a b c
which meets the plane z=0 in the point.
2
0
z=0,x=acos€)secq)+C—secq)cosez—coS sec ¢ (c2 +a2)
a a

2 . .
y=bsinGSec(])+cjsec(])sin9=w(b2

2
+c
5 )

2, 2 2,2
+ o— + .
- xX= @+ jeos( ) |4 X< (cos o + sin o tan ()
a cos ¢ a
[since B+ ¢ =0, aconstant, by (ii)]
2 2 . 2 2
b” + o+ b” + .
y= c” |sin( ) = ¢ (sin ot — cos @ tan 0),
b cos ¢ b
z=0
—cos 0L =sin o tan ¢
= a’ +e
by .
—sin oL = —cos o tan ¢
b2+ 2 (V)

Eliminating ¢, we get

ax cos o bysina .
5 3 —cos? o+ Y —51n2a=0, z=0

a” +c b +c

axcos o by sin o
Y =1, z=0

(Vi
= P Wbl + 2 (vi)
which is a fixed straight line space o is constant.
Again for different generators of the same system, o varies.
Differentiating (vi) w.r.t. o, we get
—axsino by cos o
=0, z=0 .
a2 + c2 b2 + 2 ..(vii)
Squaring and adding (vi) and (vii), we get the envelope of (vi) as
a2 x2 b2 y2

=1, z=0,
(a2 + c2)2 (b2 + 02)2
which is a fixed conic.
3. Show that the generators through points on the principal elliptic section of
x2 y2 Z2
—Sts 51
a b c
such that the eccentric angle of one is double the eccentric angle of the other intersect on the

curve given by
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x_a(1—3t2) bt (3-17)

k)

z=xct.
1477 1477
Sol. Let A (acos 6, bsin 0,0) and B (a cos ¢, b sin ¢, 0) be the two points on the principal

elliptic section by the plane z =0. The points of intersection P and ¢ of the generators of opposite
system through them are given by

cos 6+0 sin(6+¢] sin(a_q))
x_ 2 ) y__ 2 ) z_, 2

a COS(M) b cos(e_q)) ¢ cos(e_q))
2 2 2

Now, we are given that ¢ =26.

z 0
—=xtan — or z==x%ct.
c 2

0
If we take 7 = tan 5

cos30/2 _ 4cos’ ©/2—3cos 0/2
" cos0/2 ' cos 0/2

4-3sec’ 0/2

sec” 0/2
4—3(1+tan26/2)=a 1-3¢7
" l+tan?0/2 1477
.sin36/2=b'3sin6/2—4sin36/2

cos 0/2 cos 0/2
=b(3tan6/2—4.sin26/2tan6/2)
3sec? 0/2 - 4sin’ 9/2se029/2]

=a(dcos>0/2-3)=a.

1+ tan® 6/2
3(1+tan® 0/2)—4tan’0/2 | bt (1-17)
1+tan’ 0/2

Hence the generators intersect on the curve
a(1-3t%) bt (3—1%)
x — — N

s

=b tan 9/2[

=btan0/2 5
1+1¢

z=x%ct.

1+12

EXERCISES
1. R S are the points of intersection of generators of opposite systems drawn at the extremi-
ties P, Q of semi-conjugate diameters of the principal elliptic section; show that
2 2
. . . Xy
(i)  the locus of the points R, § are the ellipses — + b_2 =2, z=%g¢

1+12

a

(i) the perimeter of the skew-quadrilateral PSQR taken in order, is constant and equal to
2(a® +b% +2c%);

(i) cot? o+ cot? B =(a® +b%)/c?, where ZRPS =20 and ZRQS = 2;

1
(iv) the volume of the tetrahedro n PSQR is constant and equal to 3 abc.
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2 2 2
X z
2. The generators through a point P on the hyperboloid — + Z—z - =1 meet the principal
a ¢

elliptic section in points whose eccentric angles differ by a constant 2o; show that the
locus of P is the curve of intersection of the hyperboloid with the cone
2 2 2

X Z
—-I-y—Z—COS2 o

a® b 32
x2 2 2

Z
3. If the generators through a point P on the hyperboloid —5 + Z—z - =1 meet the princi-
a c

pal elliptic section in two points such that eccentric angle of one is three times that of the
other. Prove that P lies on the curve of intersection of the hyperboloid with the cylinder
v2 (22 + Py =4b*22
4. Show that the generators through any one of the ends of an equi-conjugate diameter of the

2 2
principal elliptic section of the hyperboloid — + Z—z Y =1 are inclined to each other at
a ¢

an angle 60° if 42 + p% = 6¢2. Find also the condition for the generators to be perpendicu-

lar to each other. [Ans. a? +b* =2¢2]

2 2 2
. XY .
5. A variable generator of the hyperboloid —5 + = =5 = 1 intersects generators of the same
a

system through the extremities of a diameter of the principal elliptic section in points P and
P’; show that
ApXp _ YpYp 2
2 "~ 17
a bz pip
6. Show that the shortest distance between generators of the same system drawn at one end
of each of the major and minor axes of the principal elliptic section of the hyperboloid

2 2 Zz 2abc

Y . .
a? ¥ p> 2 =18 \/a2b2 +b2c? + *a?

7. Show that the shortest distance between the generators of the same system drawn at the
extremifties of the diameters of the principal elliptic section of the hyperboloid
x2 y2 ZZ
St 55 L, are parallel to the XOY plane and lie on the surface
a b c

abz (x2 + y2) =+ (a2 —bz) cxy.
8.5. To find the locus of the points of intersection of perpendicular generators of the hyperbo-
loid
2 2

Xy oz

S-Sl -
a> bt W
Let (x, 1, z1) be a point the generators through which are perpendicular.
The generators are the lines in which the tangent plane

XX, W R’y _

a_2+b_2+c_2_1 -2
at the point meets the surface. On making (1) homogeneous with the help of (2), we obtain the
equation

2 2 2 2
< XX W g

+ - =t t— ..(3)
c? ( a® b? c? J

QN|>-<
wN|«<
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The curve of intersection of (1) and (2) being a pair of lines, the cone with its vertex at the
origin and with the curve of intersection of (1) and (2), as the guiding curve, represented by the
equation (3), reduces to a pair of planes.

If I, m, n be the direction ratios of either of the two generators, we have, since they lie on the

planes (2) and (3),
by  my  nz
—+t—5 +t—=0 (&)
a b c
12 m* ol Ixy my, nzg 2
and St 5= 5t t— G
& b3l & b» 2 ©)
Now the equation (5) with the help of the equation (4) reduces to
Z + m_2 — ﬁ =0 (6)
a » P

Eliminating n from (4) and (5), we obtain

2 2
22 22 2mcTxqy  om
)—— — +

l 2.4 2.2
—(a"z —c’x — b7z —c7y)=0
at a’b? b*

If [}, my, n; 1}, my, ny be the direction ratios of the two generators, this gives

L L bzzl2 - czyl2 at
mymy ) b* 'azzft - clez
hh _ i, _ nny
< at (b2z12 - czylz) - p* (azzl2 - clez) - et (a2y12 + 02x12)

Since Ll + mymy + mn, =0, we obtain

a* (b2112 - Czy12) +b* (a2z12 —clez) +ct (azyl2 + blez) =0

= b202x12 ®=vH+ (1202)/12 (?-d®)+ azbzzlz (@®> +b*)=0
2 2 2
N Gr-cH L @ - @+ L =0
a’ b? ?

We rewrite it as

2 2 2
X Z
(cz2+192—c2)—12 -i—(az-i-bz—cz)—yl2 —(az-i-b2—cz)—12 = 12+y12+112
a c
2 2 2
X z
o @b —cH| L 22,2
a vt

Since now the point (X, y;, z;) lies on the hyperboloid, this reduces to

x12+y12+112=a2+b2—c2

Thus, we see that the point of intersection of pairs of perpendicular generators lies on the
curve of intersection of the hyperboloid and the director sphere

x2+y2+12=a2+b2—02.

Another method : Let PA, PB be two perpendicular generators through P and PC be the normal
at P so that it is perpendicular to the tangent plane determined by PA and PB. The lines PA, PB, PC
are mutually perpendicular and as such the three planes CPA, APB, BPC determined by them, taken
in pairs, are also mutually perpendicular.
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The plane CPA through the generator PA is the tangent plane at some point of PA and the
plane CPB through the generator PB is the tangent plane at some point of PB. Also the plane APB
is the tangent plane at P.

Thus, the three planes CPA, APB and BPC are mutually perpendicular tangent planes and as
such their point of intersection P lies on the director sphere. It follows that the locus of P is the
curve of intersection of the hyperboloid with its director sphere.

EXAMPLE
Show that the angle © between the generators through any point P of the hyperboloid is
given by
p(r2 —a® - b? +c2)
2abc

where p is the perpendicular from the centre to the tangent plane at P and r is the distance of P
from the centre.

cot 0=

Sol. The tangent plane at P (x;, y;, z1) 1S

ﬁ+M+ﬂ:1

22 (1)
As in § 8.5 it can be shown that the direction ratios [, m, n of the two generators through this
point are given by the equations
2 2 2
R )
a b c a b c
Proceeding as in Example 1, we can show that angle § between the lines is given by

1/2
2 2 2 2 2 2
— 4 xil + yil + i xl — yl + Zl
& bt Al d* P bl CdP?

2 2 2 2 2 2

Rl P N R N
2 4 4 2 4 4 2 4 4
a“ | b c b | c a c“|a b

Now, p, the length of perpendicular from the centre to the tangent plane (1) at (x;, y;, z1), is
given by

tan 6 =

2
1 1 X1
p:— = — = _—
1/2 p2 2 a4

=i

Also the denominator of the expression for tan 0

2 2 2
1 X2 20 Vi, 2 20 % 2, .2
=———|—F (" =-D)+—=(c"—-a")+—(a" +b)
a’b*c? _a2 b? 2
1

2 2 2
X Z
= =55 —12 (cz—bz—az)+—yl2 (cz—az—bz)+—12 (a2+b2—c2)
ab°c” | a b c

+(x12+y12+z12)]

2 2 2
1 (b{_y__ﬂ

a’b*c? a b &P

_ 1 2 2 2.2
—m(}’ —a“-b +C)
a“b°c



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

1/2
4 1 xlz y12 z12
T o\ T 222 2T 27 2
0 p a“bc a b c 2abc
tan O = = .
(r2—a2—b2+02) p(rz—az—b2+cz)
a’b?c?

8.6. CENTRAL POINT. LINE OF STRICTION. PARAMETER OF
DISTRIBUTION OF A GENERATOR

Def. 1. The central point of a given generator, 1, is the limiting position of its point of
intersection with the line of shortest distance between it and another generator, m, of the same
system, the limit being taken when, m, tends to coincide wtih I.

With some sacrifie of precision, one may say that the central point of a given generator is the
point of intersection of the generator and the line of shortest distance between the generator and a
consecutive generator of the system.

Def. 2. The locus of the central points of generators of a hyperboloid is called its line of
striction.

Def. 3. The parameter of distribution of a generator, [ is

. As
lim| —
Ay
where, As, is the shortest distance and, A, the angle between I, and another generator m of the

same system, the limit being taken when the generator m tends to coincide with the generator l.

8.6.1. To determine the central point of a generator.
We consider generators of the system

x—acos® y-bsin® =z

asin 0 —=bcosb ¢
Let any generator, /, of the system be

x—acos@ y—bsing _z

(1)

asin @ —-bcosp ¢
We, now, consider any other generator, m
x—acos@Q _y—bsing z

- (2

asin ¢’ —-bcosq ¢

of the same system.
Let the shortest distance between these generators meet them in P and Q respectively so that

we have to find the limiting position of the point P on the generator / when ¢ — ¢. Let C be the

limit of P.
Since PQ is a chord of the hyperboloid, its limit will be a tangent line CD at the point C. Let [,

m, n be the direction ratios of the shortest distance PQ and [, my, n, those of its limit. We have
{ al sin @ —bm cos @ +cn=0.

al sin @' —bm cos @'+ cn =0.

al _ bm _ cn
= cos@® —cos@ sin@ —sin@ sin (¢’ — @)
al B bm B cn
1, 1, 1,
= —s1n§((p + @) cosE((p + @) cosg(q) + @)

Let ¢" — .



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Thus, we obtain
aly  bmy cn
—sin @ B m R
Let [a (¥ sin @ + cos @), b (sin @ — r cos ©), cr] ..(3)
be the central point C on the generator (1). The equation of the tangent plance at C is
x (r sin @ + cos @) + y(sing—rcos@) zr
a b c

=1

Since the line CD with direction ratios I, my, ng, lies on this tangent plane, we have
_ sin @ (r sin @ + cos @) N cos@(sin@—rcos@) r

=0
a? b? c?
sin? 0] cos’ o 1] (1 1.
N r ) + 5 +—2 = —2——2 S ¢ cos @
a b c b° ¢
. c? (az—b2)sin(pcos(p
= (azb2 +a’c? cos? 0+ b2c? sin? o0)

so that we have obtained r.
Substituting this value of r in (3), we see that the co-ordinates of the central point C (x, y, z)

are given by
‘= a (b2 +c2) cos @ _ b (c2 +a2) sin @ o= o (a2 —bz) sin @ cos @
k | k ' k
where k =a’b? + a*c? cos® o+ b?c? sin? (0}

Eliminating @, we see that the line of striction is the curve of intersection of the hyperboloid
with the cone

a6 (b2 +C2)2 b6 (62 +a2)2 C6 (b2 _a2)2
2 Q 2 - 2
X y Z
Ex. Find the central point for a generator of the second system and show that the line of striction
is the same for either system.
8.6.2. To determine the parameter of distribution of the generator, l.

If Ay be the angle between the generators (1) and (2) of § 8.5.1, we have

=0

\/[172c2 (cos @ — cos ¢)> + c2a’® (sin ¢’ —sin )% + a*b? sin? (¢" - 9)]
tan Ay =

a” sin @'sin @ + b* cos ¢ cos @ + 2

\/[bzcz sin? % (@ + Q) + c%a® cos® % (@ + Q) + a’b? cos? % (9" - (p)}

N
=2sin — (¢ — @) 5 — >
2 a” sin @ sin ¢" + b~ cos ¢ cos ¢ + ¢

We write @' =@ + A@ so that A@ — 0 as ¢’ — @. Then, from above, we obtain

2 2

cos? o+ a’b
2

dy \/bzc2 sin? o+ a’c

do a? sin® (p+b2 cos’ ¢0+c
Again we shall now find the S.D., Ay between the two generators. Now the equation of the
plane through (1) parallel to (2) is

xX—acos® y—bsinQ z
asin @ —bcos¢o c¢|=0

asinq’ —bcosq ¢
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. 1 ’ .
so that cancelling a common factor sin ) (¢ — @), we obtain
N 1, | .1,
—bcxsmz((p +(p)+caycos§((p +(p)+abzcos§((p —(p)+abcs1n5((p -¢0)=0
The S.D., As, which is the distance of the point (a cos ¢, b sin ¢”, 0) from this plane is given by

2abc sin 1 @ - o)
As = 2

\/b202 sin? % (@ = @)+ c?a? cos? % (@ + ) + a’b?* cos? % OX0)

Again putting ¢" =@ + A, we obtain
ds abc

de b%c? sin? 0+ c2a? cos® o+ a’b?

ﬂ _ ds/do _ abc (a2 sin? ¢+ b? cos? o+ c2)
dy dy/de  p*c? sin? o+ c2a? cos? ¢+ a’b?
8.7 HYPERBOLIC PARABOLOID

We rewrite the equation

=

Z_Z == (1)

of a hyperbolic paraboloid in the form

X_Y||xLy|i2z
a blla b c
which may again be rewritten in either of the two forms
Xy Xy Z

a b__ 2 a4 b_ ¢

)

2. x y 2 x_y
c a b a b
Now, as in § 8.2 it can be shown that as A and W vary; each member of each of the systems of
lines
x_y_M z_k[mz}
a b ¢’ a b ~(A)
y 4 X Yy
ZoZ=oy 2=ulz-2
b u P u [a b} ..(B)

lies wholly on the hyperbolic paraboloid (1).
Thus, we see that a hyperbolic paraboloid also admits of two systems of generating lines.

As in the case of hyperboloid of one sheet, it can be shown that the following results hold
good for the two systems of generating lines of a hyperbolic paraboloid also.

1. Through every point of a hyperbolic paraboloid, there passes a member of each system.

2. No two members of the same system intersect.

3. Any two generators belonging to the two different systems intersect and the plane through
them is the tangent plane at their point of intersection.

4. The tangent plane at a point meets the paraboloid in two generators through the point.

5. The locus of the point of intersection of perpendicular generator is the curve of intersec-

tion of the paraboloid with the plane 2cz + a?-b2=0.
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An Important Note : Since the generator

X Y
ies i 2=A|—+=
lies in the plane [a b}
L Xy
which is parallel to the plane -ty ° 0

whatever value ) may have, we deduce that all the generators belonging to one system of the
hyperbolic paraboloid

& b o<
are parallel to the plane
XL Y _
a b
It may similarly be seen that the generators of the second system are also parallel to a plane,
Viz.,
T Yoo,
a b

8.7.1. Tangent plane at any point meets the paraboloid in two generators through the point.
The planes passing through the two generators of different systems A and W of a hyperbolic
paraboloid may be given as

oY o |+k[Zed- =20 D)

a b a b ch

X y X y 4

S+ = =2A |4k === |=0 ii
and (a b j (a b cuj -0
for all values of k and %’

These planes become identical if k = v =
This shows that the two generators, one of each system, are coplanar and such they intersect.
The plane through them being given as [putting k =1/k"=A/W in (i) and (ii)]

pl 2o lea] 2422 =0
a b a b cA

1
= ZEAN) - S (@A) == (2 + 2cAw) (i)
a b c

L2

which is a tangent plane to the hyperbolic paraboloid at the point of intersection of the two
generators. Thus, the tangent plane at a point of hyperbolic paraboloid meets it in two generators
through the point, the two generators being of different systems A and K and the point, their
common of intersection.

So we have shown that any plane through a generating line of a hyperbolic paraboloid is a
tangent plane at some point of the generator.

8.7.2. Direction cosines of the generators of the two systems given by

ﬁ_zzz)\,’£+zzi (1)
a b a b cA
Xy Xy z
_+_:2 , ———=— ..
PR u a b ..(i1)

If [}, m, ny and I, my, n, are the d.c.’s of (i) and (ii), then we have
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L _m _n

1 1 27

bch  ach  abh
since this generator is the line of intersection of the planes

Xy Xy z
S —-=+0.z=2A S+=-==0
a b and a b cA
h_m _m
= a b 2\ (i)
- lz _ my _ l’l_2
Similarly, ot =2
bcp  can  ab
L _m _m .
= Z - —_b - a ...(1v)

EXAMPLES
1. Planes are drawn through the origin O and the generators through any point P of the

paraboloid given by x* — y2 = az. prove that the angle between them is tan™! (2r/a), where r
is the length of OP.
Sol. The two systems of generators of the paraboloid

X -y =az G)
are given as x—y=ah, x+y=z/A (i)
and x+y=au, x—y=z/u ..(iit)
Plane through the ) -generator and the origin is
xty=z/h (V)
Plane through the origin and the M -generator is
x—y=z/u (V)
If g is the angle between these planes (iv) and (v), then
08 0 = 1-1+1/(An)
Jl+1+122 J1+1+ 1702
= sec? 0=(20% +1) (2u? +1)
- tan 0= 202 + 2u% + 4222 (i)

Also P, the point of intersection of the generators (ii) and (iii) is,

R

Then 0P=r=%a\/(7»+u)2 + (=22 + 4022

- % a2 +2p? + 027 = % atan0, [from (vi)]

2r 1
tan6=7 = O=tan  (2r/a).

2. Prove that the equation 2x = ae2¢, y= be® cosh 0, z= ce® sinh @ determines a hyperbolic

paraboloid and that (0 + ¢) is constant for points of a given generator of one system and (0 — )
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is constant for a given generator of the other.
Sol. The parameteric equations of the surface are

2x=ae??, y=be¢ cosh 0, z=ce® cosh 0 (1)
2 2
R I A I
B () =
y? z2_2x ..
= b_z_c_z_z’ (i)

which is a hyperbolic paraboloid.
The different systems of generators of (ii) are given as

Y z y _2_ X
_-|-_:2}\‘7 —_——— = —
b ¢ b ¢ ah (i)
y z y z X
= 2 , = + = .
b e u b ¢ an ...(1v)
Since both the generators pass through the given point, we have
20
¢? (cosh 8+ sinh 8) =21, ¢® (cosh O — sinh 0) = 27 (V)
From the second of the relation in (v), we have
ee 0 €¢
cosh O —sinh 6 =— e =—
= 2
©®+9)
e
RS A= (Vi
5 (vi)
Also from (v),
e
® (cosh 0 4 sinh ) = —
2u
PCE)
= w= 5 ..(vii)

Relations (vi) and (vii) show that (6 + ¢) is constant for points of a given generator of the 2 -
system (since ) was constant for a given generator of the ) -system) and (0 — ¢) is constant for a
given generator of the W-system.

2 2
3. Show that the angle between the generating lines of — _b_2 =22 through (x,y,z) is
a

22 1/2 e -1
tan 0 = ab 1+—4+y—4 z+
a b 2

Sol. The d.r.’s of different systems of generators are a,b, 2cA and a,—b, 2cL respectively.
Hence,

given by

[(2b + 260)2 + (2ha — 2ua)? + (- 2ab)* 2
a® -b*+ 4

L [467 (WA M)+ 4a® (u- 2%+ 4a’p? )2

- a>-b*+ 4A

tan O =
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1/2

2 2
a b 2 2 2 2
z y a”-b
= ) =ab|1+ <t 7+
a” -b"+2z a b 2
EXERCISES
1. Obtain equations for the two systems of generating lines on the hyperbolic parabolid
2 2

X

- Z—z =4z, and hence express the co-ordinates of a point on the surface as functions

a

of two parameters. Find the direction cosines of the generators through (o, 0, y) and show

(a* -b* +7)
that the cosines of the angle between them is m :

2. Show that the projections of the generators of a hyperbolic paraboloid on any principal
plane are tangents to the s ection by the plane.
3. Find the locus of the perpendiculars from the vertex at the paraboloid

a® b ¢
to the generators of one system. [Ans. x* + y2 +272# (az2 +b2)xy/ab =0]

4. Show that the points of intersection of generators xy = az which are inclined at a constant
angle o lie on the curve of intersection of the paraboloid and the hyperboloid

x2+y2—z2tan20c+a2=0.

2z
5. Through a variable generator X =Y =A, X+ y= N of the paraboloid x> — y2 =2z aplane

is drawn making a constant angle o with the plane x =Y. Find the locus of the point at
which it touches the paraboloid.

[Ans. Curve of intersection of the above surface and paraboloid is 2= y2 =2z]

8.8 CENTRAL POINT. LINE OF STRICTION. PARAMETER OF DISTRIBUTION

8.8.1. To determine the central point of any generator of the system of generators.

x_y_M 2=x(£_z]'

a b ¢ a b
Let a generator, /, of this system be

X y_p2 Xy

—_—— == 2 = — 4+ =

4 b e p PR ) (D
We, now, consider a generator, m, of the same system

x y_pz R

——==— 2 = e

4 b P p ( PR ] (2

The direction ratios of these generators are a, — b, 2¢/ p; a, —b, 2c/ p’.
If [, m, n be the direction ratios of the line of S.D., between (1) and (2), we have

al —=bm+2cn/p=0, al —bm+2cn/p’'=0
These give 1/a,1/b,0 as the direction ratios of the line of S.D., being independent of p and
p’, we see that the line of S.D., is parallel to a fixed line.

Let (X, y;, z1) be the central point of the generator (1). As in § 8.5.1, the limiting position of
the line of S.D., is a line contained in the tangent plane
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x|l
— —2——(Z+Zl)
a b c

at (xq, y1, 21)-
Thus, we have
N
—~5=0 -3
@ b ®)
Also, since (x;, y;, z;) lies on (1), we have

B _on_pa (8, n
a b ¢’ a b

Solving (3) and (4), we obtain
2d° . 2b° Lk (a® - b%)
> 1= s K] — .
p@®+b) " pa’+b?) pa®+b%)

Eliminating p, we see that the line of striction is the curve of intersection of the surface with
the plane

.4)

X1 =

% + 13 =0.

a b

Ex. Find the central point of a generator of the second system and show that the corresponding
line of striction is the curve of intersection of the surface with the plane

X y
—+-==0.
A
8.8.2. To determine the parameter of distribution.

Let Ay and As be the angle of S.D., respectively between the generators (1) and (2).
We have

2e @ +b%) (p’ -

tan Ay = \/( 5 2)(17 f)
pp’ (a” +b°) +4c

Let p'=p+Ap sothat Ap—0 as p’— p. We have

dy 2cJa® +b?

- = (5
dp p2 (az+bz)+4c2 ©)
Now the plane through the generator (1) and parallel to the generator (2) is
x,y_2
a b p
Also taking z =0, we see that (a/ p’,b/ p’,0) is a point on the generator (2).
2 2
As=—P 1/2:2(p—p)ab
1 1 pp’ a*+b? -(6)
a2t
a b

Thus, as before
ds _ 2ab

dp pz [ a2+ b2

ds _ab[p® (a® +b%) +4c’]
dy cp2 (a2 + cz)
which is the parameter of distribution.

=
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2

2
Ex. For the generator of the paraboloid x_2 - y_2 =2z given by
a

T Yo, Ee 22

a b a b A
prove that the parameter of distribution is

ab (a* +b* +42%)
@* +b?)

k]

and the central point is
28 —20°h 2(@d* -bP)A\?

a® +b* a4+ b? a’ +b?
Prove that the centtral points of the systems of generators lie on the planes
13 + 13 =
a b

8.9. GENERAL CONSIDERATION

We have seen that hyperboloid of one sheet and hyperbolic paraboloid each admit of two
systems of generators such that through each point of the surface there passes one member of
each system and that two members of opposite systems intersect but no two members of the same
system intersect. Also we know that through each point of a cone or a cylinder there passes one
generator. Thus, hyperboloids of one sheet, hyperboloid paraboloids, cones and cylinders are ruled
surfaces in as much as they can be generated by straight lines.

We now proceed to examine the case of the general quadric in relation to the existence of
generaotrs.

8.9.1. Condition for a Line to be a Generator

A straight line will be a generator of a quadric if three points of the line lie on the quadric.
Let the quadric be

ax? + by2 + cz2 +2fyz +2gzx + 2hxy + 2ux + 2vy + 2wz +d =0 ..(1)

x—oc:y—B:z—Y
l m n

The line

will be a generator of the quadric, if the point (Ir + A, mr + B, nr + ) on the line lies on the quadric
for all values of r, i.e., the equation obtained on substituted these co-ordinates for x, y, z in (1) is an
identity. As this equation is a qudric in 7, it will be an identity if it is satisfied for three values of r,
i.e., if three points of the line lie on the quadric.

Cor. 1. The quadric equation in r obtained above will be an identity if the coefficients of r2, r
and the constant term are separately zero. This gives

al® + bm? +cn® + 2 fmn +2gnl + 2him =0 (2
[(ao+hB+ gy)+m(ha+bB+ fy)+n(ga+ fP+cy)=0 .3
ao® +bR% + cy? + 2fBy + 2gy0L + 200 + 2uct + 3P+ 2wy +d =0 ey

The condition (4) simply means that the point (o, B, y) lies on the quadric.

Since (2) is a homogeneous quadric equation and (3) is a homogeneous linear equation in [, m,
n these two equations will determine two sets of values of /, m, n. Thus, we deduce that through
every point on a quadric there pass two lines, real, coincident or imaginary lying wholly on the
quadric.
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Cor. 2. A quadric can be drawn so as to contain three mutually skew lines as generators, for
the quadric determined by nine points, three on each line, will contain the three lines as generators.

8.10. QUADRICS WITH REAL AND DISTINCT PAIRS OF GENERATING LINES

8.10.1. Of all real central quadrics, hyperboloid of one sheet only possesses two real and distinct
generators through a point.
Let ax? + by2 +cz? =1
be any central quadric.
The direction ratios, /, m, n of any generator

x-o_y-B_z-vy
l m n

of the quadric through the point (¢, B, ¥) are given by the equations

al®> +bm® + en® =0, alo. +bmP+cny=0
Eliminating n from these, we obtain

a(ac® +cy?) 1% + 2aboflm + b (B> + cy*)m’ =0
Its roots will be real and distinct if, and only if

4a’b?0B? - 4ab (a0® + cy?) BB% + cy*) >0
& - 4abcy2 (a0® + sz + cyz) >0

Since aai? + bBZ + cy2 =1, we see that the roots will be real and distinct, if and only, if abc is

negative.

Now this will be the case if, a, b, ¢ are all negative or one negative and two positive. In the
former case the quadric itself is imaginary and in the latter it is a hyperboloid of one sheet

8.10.2. Of the two paraboloids, hyperbolic paraboloid only possesses two real and distinct
generators through a point.

In the case of the paraboloid

ax’ + by2 =2cz
the direction ratios, I, m, n of the generating lines through a point (o, 3, Y) of the surface are given
by
al® +bm? =0 (1)
alo+bmP =0 (2

The equation (1) shows that for real values of [ and m, we must have a and b with opposite
signs, i.e., the paraboloid must be hyperbolic.

8.11. LINES INTERSECTING THREE LINES

An infinite number of lines can be drawn meeting three given mutually skew lines. For the
quadric through the three given mutually skew lines a, b, ¢, the three lines will be generators of one
system and all the other generators of the other system will intersect @, b and c.

In fact the quadric through three given mutually skew lines can be determined as the locus of
lines which intersect the three given lines.

Thus, the locus is really the equation of the quadric through the three lines

u.=0=v.; r=12,3.
EXAMPLES
1. Find the equations of the quadric containing the three lines
y=b, z=—¢;, z=¢, X=—a;, x=a,y=—b.
Also obtain the equations of its two systems of generators.
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Sol. Any line which intersects the first two lines is given by
y=b+A (z+¢)=0,
z—c+A, (x+a)=0,} ()

for all values of A, A,.

This will intersect the third line x=a, y=—»5 if
z=c—2ah, =i—l:—c

b
= = +ahy, (i)

which is f (}\«1, )\,2) =0.
Eliminating A, A, from (i) and (ii), we get
_ _b(z+c) a(z=-o)

y—>b x+a
= c(xy=bx+ay—ab)+b(xz+cx+az+ca)+a(yz—cy—bz+bc)=0
= ayz +bzx + cxy + abc=0 ..(iii)

which is the required quadric containing the three given lines.

To get the two systems of generators of (iii), rewrite (iii) as

y(ax+cx)+b(zx +ca)=0

= y(az+cx)+b[(x+a)(z+c)—(az+cx)]=0

= (y=b)(az+cx)+b(x+a)(z+c)=0 ..(iv)
which may again be written in either of the two forms.
b(x+ -(y=b

ta) =0 5 (say) (V)

(az+cx)  (z+0)
-(y-b) z+c
b(x+a) (az+cx)
where ), and W are arbitrary constants.

Relations (v) and (vi) give system of generators as

y=b+A(z+¢c)=0, b(x+a)—A(az+cx)=0,
Uw(az+cx)—(z+¢)=0, uwb(x+a)+(y—-b)=0.

2. Find the locus of the perpendicular from a point on a hyperboloid to the generators of one
system.

Sol. Let the given point O be taken as origin and a generator through O as OX, the x-axis.

Let OZ, the normal at O be taken as the z-axis. Then XOY is the tangent plane at O, OY being
the y-axis.

Then the equation of the hyperboloid of which the x-axis is a generator and the z-axis is the
normal, is of the form

and

=W (say) (V)

by2+czz+2fyz+2gzx+2hxy+2wz=0

= y(by+2hx)+z(cz+2gx+2f+2w)=0 (1)
The system of generators of (i) are given by
Ay =2z,(by+2hx) + A (cz+2gx+2fy +2w)=0 ..(i1)
Y=W, (cz+2gx+2fy+2w)z+uby+2hx)=0 ..(iii)

Again let any line through origin O and perpendicular to the 2 -generator be
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X _y _z .
—_—_——— k'
L M N ...(1v)
Also the ) -generator is the line of intersection of the plane
Ay—2z=0
and 2(h+gh)x+b+2Af) y+chz=-2w

The d.c.’s of the ) -generator are proportional to

(A2 +b+20f), —2(h+gh), — 2k (h+ gh).
Since (iv) is perpendicular to the generator (ii), we have
L(cA> +Db+2Mf) = 2M (h+ gh) —=2AN (h+ gA)=0 (V)
Eliminating L, M, N and ) between (ii), (iv) and (v), we get

2
el E| +p-2%f|-22 h+g2|-22 2 h+g. 2 |=0
k y y k y k y y

= x(cz2 +2fyz+byz)—2y2 (hy+gz)—2z2 (hy +gz)=0

= X (2 +2fz +by?) =2 (% + 2%) (hy + g2) =0,
which is the required locus.
EXERCISES
1. Find the equations of the hyperboloid through the three lines
y—z=1 x=0; z—x=1, y=0; x—y=1, z=0.
Also obtain the equations of its two systems of generators.
[Ans. x? +y2 + 72 —2xy—2yz—2zc=1; x—y—1=Az, A(x—y+1)=2x+2y—z,
x—y—-1=A2x+2y-2), AM(x—y+1)=z]
2. The generators of one system of a hyperbolic paraboloid are parallel to the plane
Ix+my+nz=0
and the lines ax+by=0=z+c; ax—-by=0=z-c
are two members of the same system.
Show that the equation of the paraboloid is
abc (Ix +my +nz)=c (aznx + b2ly+ abcn).
3. Show that two straight lines can be drawn intersecting four given mutually skew lines.

Qad
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9

General Equation of the Second
Degree

9.1 REDUATION TO CANONICAL FORMS AND CLASSIFICATION

A quadric has been defined as the locus of a point satisfying an equation of the second degree.
Thus, a quadric is the locus of a point satisfying an equation of the type
F(x, y,z)Eax2 +by2 +cz? +2fyz + 2hxy + 2ux+ 2vy + 2wz +d =0
which we may rewrite as
S (ax? +2f7) + 2Zux+d =0 (D)
splitting the set of all terms into three homogeneous subsets.

We have considered so far special forms of the equations of the second degree in order to
discuss geometrical properties of the various types of quadrics. In this chapter we shall see how
the general equation of a second degree by means of an appropriate change of co-ordinate system
can be reduced to simpler forms and also thus classify the types of quadrics.

Equations of various loci connected with a given quadric : We proceed to determine the
equations of various loci associated with a quadric given by a general second degree equation. In

this connection, we shall start obtaining a quadric in r, which will play a very important role in
connection with the determination of the equations of these loci.

Consider a point (a, 8, y) and a line through the same with direction cosines (I, m, n). The co-

ordinates of the point on this line at a distance r from (o, 3, y) are
(Ir+ o, mr+ B, nr+7v)
This point will lie on the quadric
F(x.y,2) =2 (ax* +2fyz2) + 2Zux+d =0
for values of r satisfying the equation
Slar+ o)’ +2f (mr+PB) (nr+ )+ 2Zur+0)+d=0
o r2E (al® + 2 fmn) + 2r [l (a0 + hB + gy + u) + m (ha. + BB + fy +v)]
+n(go+ fB+cy+w)+ F(0,B,7)=0 ..Q2)

which is a quadric in r. Thus, if 7, 7, be the roots of this quadric, the two points of intersection

of the line with the quadric are
(In + o, mn +B,nn +7v), A +a,mrn +p,nn +7Y)
Note : It may be noted that the equation (2) can be rewritten as

23 (al® + 2 fmn) + r O L OF L OF +F (0,B,7)=0
doo df dy

oF OF OF
where 5 + % + g denote the the values of the partial derivatives of F, w.r.t. x, y, z

respectively at the point (o, 3, ).
9.1.1 The tangent plane at a point

Suppose that the point (o, B, y) lies on the quadric so that we have
F (o, B,v)=0
979
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and one root of the quadric equation (2) is zero. The vanishing of value of r is also a simple
consequence of the fact that one of the two points of intersection of the quadric which every line
through a point of the quadric coincides with the point in question.

A line through the point (o, ,y) on the quadric with direction cosines (I, m, n) will be a

tangent line if the second point of intersection also coincides with (o, B, Y), i.e, if the second value
of r, as given by (2) is also zero. This will be so if the coefficient of r is also zero, i.e., if

[(ao+hB+ gy +u)+m(ho +bB+ fy+v)+n(go+ fB+cy+w)=0 ..(3)
which is thus the condition for the line
x—ao y-B z-vy
] = = 4
m n

to be a tangent line at the point (ct, 3, y). The locus of the tangent lines through (o, f,Y),

obtained on eliminating [, m, n between (3) and (4) is
S(x—a)(ao+hp+gy+u)=0
o Sx(aot+ M+ gy +u)=Za (aot + I + gy + u)
Adding uot +vp + wy + d to both sides, we get
Sx(aov+ M+ gy+u)+wo+ v+ gy+d)=F(ao,p,y)=0
Thus, the locus of the tangent line (ct, B, ¥) is
Sx(a+bB+ gy +u)+ wo+vB+wy+d)=0
which is a plane called the tangent plane at (o, p,y)-

9.1.2 The normal at a Point

The line through (o, 3, Y), perpendicular to the tangent plane thereat, viz.,
x—o 3 y-B _ 2=y
ao+ B+ gy +u  ho+bB+ fy+v ga+ fBHcy+w
is the normal at the point (o, 3, ).

9.1.3 Enveloping cone from a Point

Suppose now that (o, B, y) is a point not necessarily on the quadric. Then any line through
(o, B, y) with direction cosines (I, m, n) will touch the quadric, i.e., meet the same in two coincident
points, if the two roots of the quadric equation in r, are equal. The condition for this is
[S1 (a0 + W + gy + )] = = (al® + 2 fimn) F (0, B, Y) -5
The locus of the line

x—-o _ y-B z-v
T m p ..(6)

through (o, B, Y) touching the quadric, obtained on eliminating [, m, n between (5) and (6), is

[Z (x - o) (ao+ B + gy + )1 =[Za (x - )” +2f (y=B) = F(et, g,¥) D
To put this equation in a convenient form, we write

S=F(x,,2),8=F@,B,v), T =Zx (ao. + h + gy + u) + wa + v + wy + d)
Then (7) can be written as

(T -5)%=58(S+8 —2T)
& §S, =T?
which is the equation of the Enveloping cone of the quadric S = 0 with the point (0., ,Y) as
its vertex.
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9.1.4 Enveloping Cylinder
Suppose now that (I, m, n) are given and we require the locus of tangent lines with direction
cosines (I, m, n). If (o, B, y) be a point on any such tangent line, we have the condition
[Zl (ao.+ P + gy + W =[2 (al2 + 2 fmn)] F (o, B, Y)
as obtained in 9.1.3 above. Thus, the required locus is
[S1 (ax + hy + gz + w)]* = (al® + 2 fmn) F(x, y, 2)
known as Enveloping Cylinder.
This is the equation of the envelopign cylinder of the quadric F(x, y, z) =0 with generators
parallel to the line with direction cosines (1, m, n).
9.1.5 Section with a given centre

Suppose now that (o, 3,y) is a given point. Then a chord with direction cosines (I, m, n)

through the point (c, B, ) will be bisected thereat if the sum of the two roots of the r-quadratic (2)
is zero. This will be so, if and only if
Sl(ao+ hp+ gy +u)=0 ..(8)
so that the locus of the chord
xla=y b_zzv .9
m n
through the point (c, B, v) and bisected thereat, obtained on eliminating I, m, n from the relations
(8) and (9) is

Sx—-a)(ad+hp+ gy +u)=0
which, we may rewrite as
T = Sl'
The plane T = Sy, meets the quadric in a conic with its centre at (o, P, ).

9.2 POLAR PLANE OF A POINT

If a line through a point A (o, 3, y) meets the quadric in points Q, R and a point P is taken on

the line such that the points A and P divide the segment QR internally and externally in the same
ratio, then the locus of P for different lines through A is a plane called the Polar plane of the point
A with respect to the quadric. It is easily seen that if the points A and P divide the segment QR
internally and externally in the same ratio, then the points Q and R also divide the segment AP
internally and externally in the same ratio.

Consider a line through the point A (o, B, y) and let P be the point (x, y, z). The point dividing
the segment AP in the ratio A:1 is
A+o Ay+p Az+y
( A+l A+17 }»+1J'
This point will lie on the quadric.

S (ax® +2fyz7) + 2Zux +d =0
2
i oI R P ol ) (S ) PSS (5 3 R
A+l A+l A+l A+l
=3 A2F (x,9,2)+ 20 [x (a0 + hB + gy +u) + y (hou + BB + Fy +v)
+z(go+ fBrey +w)+ @wa+vB+wy +d)+ F(o,B,y)=0
The two value of ), give the two ratios in which the points Q and R divide the segment AP. In

order that the points Q and R may divide the segment AP internally and externally in the same ratio,
the sum of the two values of ), should be zero, i.e.,
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x(ao+hB+gy+u)+yhoa+bB+ fy+v)+z(go+ fB+cy+w)
+ o+ vWB+wy+d)=0 ..(10)

which is the required locus of the point P (x, y, z).

Thus, (10) is the required equation of the polar plane.
Note : The notations of Conjugate points, Conjugate planes, Conjugate lines and Polar lines
can be introduced as in the case of particular forms of equations in the preceding chapters.

9.3 DIAMETRAL PLANE CONJUGATE TO A GIVEN DIRECTION

We know that if (1, m, n) be the direction cosines of a chord and (x, y, z) the mid-points of the

same, then we have
laF+m8F+naF_
ox dy 0z

Thus, if I, m, n be supposed to be given, then the equation of the locus of the mid-point (x, y,
z) of parallel chords with direction cosines (I, m, n) is given by (1) above. This locus is a plane
called the Diameter plane conjugate to the direction cosines (I, m, n). We can rewrite the equation
(1) of the diametral plane conjugate to I, m, n as

x(al +hm+gn)+ y(hl +bm+ fn)+ z (gl + fm+cn) + (wl + vm+ wn) =0 (2

NOTE : In this connection we should remember that there does not necessarily correspond a
diametral plane conjugate to every given direction. Thus, we see from above that there is no diametral
plane conjugate to the direction cosines (I, m, n) if [, m, n are such that the coefficients of x, y, z in
the equation (2) are all zero. Thus there will be no diametral plane corresponding to a direction
whose direction cosines (I, m, n) satisfy the three relations

al + hm+ gn=0

0 (1)

hl+bm+ fmn=0
gl+ fm+cn=0
These three homogeneous linear equations in /, m, n will have a non-zero solution, if and only
! a h g
D=\h b f|=0
g8 f ¢

We also denote by A, B, C the co-factors of a, b, ¢ in this determinant so that we have
A=bc—f2,B=ca—g2,C=ab—h2.

9.4 PRINCIPAL DIRECTIONS AND PRINCIPAL PLANES

A direction [, m, n is said to be a Principal direction, if it is perpendicular to the diametral
plane conjugate to the same. Also then the corresponding conjugate diametral plane is called a
Principal plane in that the chords perpendicular to itself are bisected by it.

Thus, [, m, n will be a principal direction if and only if the direction ratios

al + hm+ gn, hl + bm + fn, gl + fm+cn
of the normal to the corresponding conjugate diametral plane are proportional to [, m, n i.e., if
and only if there exists a number ), such that
al + hm+ gn=1A
hl + bm + fn=m\
gl+ fm+cn=nk
We rewrite these as
(a=A)l+hm+gn=0 (D)
M+bB-A)m+ fm=0 .(2)
gl+ fm+(c-A)n=0 ..(3)
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These three linear homogeneosu equations in /, m, n will posses a non-zero solution in [, m, n if

and only if
a-»Ai h g
h b-A f =0
g f c—A
On expanding this determinant, we see that ), must be a root of the cubic
A=A (a+b+c)+A(A+B+C)-D=0 (%)
This cubic is known as the Discriminating cubic and each root of the same is called a
Characteristic root.

The equation (4) has three roots which may not all be real or distinct. Also to each real root of
(4) corresponds at least one principal direction /, m, n obtained on solving any two of the equation
(1), (2) and (3).

Note : If , m, n be a principal direction corresponding to a real root ) of the discriminating
cubic, then we may easily see that the equation of the corresponding principal plane takes the form

A (Ix+ my + nz) + (ul + vm + wn) =0

This equation shows that we shall have no principal plane corresponding to A=0 if A =0 is
a root of the discriminating cubic. In spite of this, however, we shall find it useful to say that , m, n
is a principal direction corresponding to A = 0. Thus, every direction [, m, n satsifying the equations
(1), (2), (3) corresponding to a root ), of the discriminating cubic (4) will be called a Principal
direction.

Note 2. In the following, we shall prove some important results concerning the nature of the
roots of the discriminating cubic and the existence of principal directions and principal planes.

Before taking up this consideration, we give a few preliminary results of algebraic character in
the following section.

9.5 SOME PRELIMINARIES TO REDUCTION AND CLASSIFICATION

In this section we shall state some points which will prove useful in relation to the problem of
reduction and classification.
In the following discussion, the determinant

a h g
h b f
g f c

to be denoted by D will play an important part.
We may verify that

D=abc+2fgh—af2—bgz—ch2

As usual, A, B, C, F, G, H will denote the co-factors of a, b, c, f, g, h respectively in the
determinant D, so that we have

A=bc—f2, B=ca—g2, C=ab—h2;
F=gh—af, G=hf-bg, H= fg—ch
It can be easily verified that
BC-F*=aD,CA~G* =bD, AB - H” = cD; .
GH - AF = fD, HF — BG = gD, FD — CH = hD -0
Also we have
aA+bH + gG =0, hA +bH + fG =0, gA+ fH +cG=0;
aH + hB + gF =0, hH + bB + fF =0, gH + fB+ cF =0,
aG+ hF + gC =0, hG +bF + fC =0, gG+ fF+cC=D.
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9.5.1
If D=0, then from (i), we have
BC=F?, CA=G?, AB=H?
GH = AF, HF = BG, FG=CH.

Ex. Show that

(i) D=0and A=0 = H=0,G=0,

({i)D=0and H=0 = A=0,H=0,C=00r A=0,B=0,F=0.
. Further prove that if D=0, A=0, B=0, then F, G, H must all be zero but G may or may not
e zero.

9.5.2

If D=0and A+ B+ C =0, then
A B,C,F,G,H
are all zero.
Now D=0 = BC=F?,CA=G*,AB=H"
= A, B, C are all of the same sign.
Now A, B, C being all of the same sign.
A+B+C=0 = A=0,B=0,C=0
Further, A, B, C being zero
F?=BC,B=0,C=0
= F=0
Similarly, G=0,H=0.
Note : Three homogeneous linear equations
ax +by+cz=0, ayx+byy+cyz=0, azx+b3y+c3z2=0
will possess a non-zero solution, i.e., a solution wherefore x, y, z are not all zero, if and only if

aq by q
Cl2 b2 C2 = 0
a b g

9.6 THEOREM ()
The roots of the discriminating cubic are all real.
We, of course, suppose that the coefficients of the equation F(x, y, z) =0 are all real.

Suppose that ), is a root of the discriminating cubic (4), § 9.4, and [, m, n is any non-zero set of
values satisfying the corresponding equations (1), (2), (3) § 9.4.

Here it should be remembered that we cannot regard [/, m, n as real, for ), is not yet proved to
be real.
In the following, the complex conjugate of any number will be expressed by putting a bar over

the same. Thus, [, m,n will denote the complex conjugate of the numbers /, m, n respectively.
Now, we have
al + hm+ gn=I\, hl + bm+ fn=nk, gl + fim+ cn=nA
Multiplying these by I,m,n respectively and adding, we obtain
Sal +3f (mn+ mn) = A2l o))
Now, a, b, ¢, f; g, h are real. Also,
I, mm, nn
being the products of pairs of conjugate complex numbers, are real.
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Also we notice that mn is the conjugate complex of mn so that

mn + mn
is real.
Similarly, nl+nl, Im+In
are real.

Finally, 3j is a non-zero real number.

Thus, ) , being the ratio of two real numbers from (1), is necessarily a real number.
Hence, the ratio of the discriminating cubic are all real. Also, therefore, the numbers [, m, n
corresponding to each A, are real.

9.6.1 Theorem (Il)

The two principal directions corresponding to any two distinct roots of the discriminating
cubic are perpendicular.

Suppose that Aq, A, are two distinct roots of the discriminating cubic, and
homy,ms b, my, ny

are the two corresponding principal directions.
We then have

() aly + hmy + gny = M1, (5) aly + hmy + gny = Asly,
(3) hly + bmy + fry = My, (6) hlj +bmy + fry = homy,
@) gl + fimy + cny = My, (7) gly + fmy + cny = Ayny.
Multiplying (2), (3), (4) by I, m,, ny respectively and adding, we obtain
Zalily + 3f (myny + myny) = M2, -(8)

Also multiplying (5), (6), (7) by I, my, n; respectively and adding, we obtain
Sahl, + Zf (mny + myny) = M2, .(9)
From (8) and (9), we obtain
MELL = A2,
= (A=A 2L, =0
= 2hl, =0 for Ay —Xiy 0.
Thus, the two directions are perpendicular. Hence, the theroem.

9.6.2 Theorem (i)

For every quadric, there exists at least one set of three mutually perpendicular principal
directions.

We have to consider the following three cases :

(A) The roots of the discriminating cubic are all distinct.

(B) Two of the roots are equal and third is different from these.

(C) The three roots are all equal.

These three cases will be considered one by one.

(A) Case of three distinct roots : The roots being distinct, there will correspond a principal
direction /, m, n satisfying the equation (1), (2), (3) on page 233 to each of these.

Also by Theorem II, these three directions will be mutually perpendicular. The three principal
directions are unique in this case.

Thus, there exist three principal directions in this case. Moreover, these directions are as well
unique in this case.

(B) Case of two equal roots : Let the discriminating cubic have two equal roots and let the third
root be different from the same.

Suppose ) is a root of the D-cubic repeated twice so that ), satisfies the equation
A -2 (a+b+)+A(A+B+C)-D=0 -(10)
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