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Velocity and Acceleration Along
Radial and Transverse Directions

1.1 INTRODUCTION

A particle is said to be in motion relative to surroundings if it changes its position at different
times relative to these objects. If the particle is free to move in a straight line we say that the motion
is rectilinear and particle has only one degree of freedom. If the particle is free to move in a plane
along any curve we say that the motion is in a plane and the particle has two degree of freedom. If
the particle is free to move in space we say that the particle has three degrees of freedom.

Here we shall discuss the motion of a particle when it has two degrees of freedom, i.e., the
motion of the particle is in a plane.

To determine the position of a moving point in a plane we must know any of the following :

(a) its co-ordinates with respect to two axes fixed in the plane (say x and y axes).
OR
(b) its distance from a point and angular distance from a straight line, both fixed in the plane
(say pole and initial line in case of polar coordinates).
OR
(c) itsarcual distance from a point fixed on its path and the angle, its direction of motion makes
with a straight line fixed in the plane (say sand V).
We shall discuss all the three case separately.

1.2 ANGULAR VELOCITY

If a point P moves in a plane and if O be a fixed point and
OX be a fixed line throguh O in the plane, then the angular
velocity of P about O (or of the line OP) is the rate of change
of the angle XOP.

Let P be the position of the moving particle at any time ¢
and let ZPOX =0. Let O be the position of the particle at time

(t+6t) andlet £QOX =0+ 686.

Q (r+3r, 6+86)

Clearly, in time 07, the angle turned through by the particle
about O =08.

.. Average rate of changing of the angle about O = 57

The angular velocity of the point P
60 do .
im —=—=80
& —0 Ot dt
1.3 ANGULAR ACCELERATION
Angular acceleration of the point P is the rate of change or increase of its angular velocity.
Hence, we have
d (de) d’ .
=0

Angular acceleration = o (Z) = _dt2
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Units. Since the angle is measured in radians, hence the unit of angular velocity is radians per

second.
The unit of angular acceleration will be radian per second square.

1.4 RATE OF CHANGE OF UNIT VECTOR

_)

Let 7 denote the unit vector OA such that OA=1 and n
ZAOX =0, where OX and OY are mutually perpendicular A
fixed lines in the plane.

Let i, j be the unit vectors along OX and OY respectively. r
Then

£=(cos )i+ (sin6) j “x.,ﬁn/z+e

d . . de do .
Z(r)—(—sm@);1+(eosﬂ)zj
=[(—sin 0) i+ (cos 0) j] % ..(1)

A . . . . . Tt’ .
Also let n is an unit vector perpendicualr to OA. Then it will make an angle E+ 0 with OX.

ﬁ={cos [§+9]}i +{sin [§+e]}j

Hence we will have

=(—sin0)i+ (cos ) j ..(ii)
From (i) and (ii), we get
d .. do .
—r)=—M
dt( ) 7 (n) (iii)
Here N is in the sense in which @ increases.

Also from (ii),
d .. d_9 o d_G .
Z(n)—( cos 0) 2 i+ (—sin 0) 7 j
=—[(cos8)i + (sin 0) j] f{—?
From (i), we get
4 a5 (49) .
i ) a ..(1v)
1.5 RELATION BETWEEN ANGULAR AND LINEAR VECTORS

If v be the velocity of a point P moving in a plane curve and
(r, ©) its polar co-ordinates referred to fixed point O in the plane,

then the angular velocity of P about O is equal to vp/rz, where P(r, 0)
p is the perpendicular drawn from O to the tangent at P. o
Let radius vector OP makes an angle ¢ with the tangent at P
to the given curve. oo U
ie., ZOPL=¢ 902
Q/t

Let OL = p be the perpendicular from O to tangent at P. Then
from A POL, we have

p=rsin¢
Also, we know that
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r@:sin q) or ﬁ= s ¢ =£ (1)
ds

[+ p=rsin ¢]
Angular velocity of P
~do _db ds _p
dt ds dt
. /4
Angular velocity of P = >
r

1.6 RADIAL AND TRANSVERSE VELOCITIES AND ACCELERATIONS
(POLAR COORDIANTES)

If a particle moves in a plane curve and if at timer ¢ the position of the particle be at (7, 6),
referred to O as pole and OX as initial line, then the resolved part of velocity at P along the radius
vector OP in the sense of r increasing is called the radial velocity and the resolved part of the
velocity at P along a line through P but at right angles to OP in the sense in which § increases is
called the transverse velocity. Similarly radial and transverse accelerations are defined.

Radial and Transverse Velocities

Let the particles be moving along the curve APQ and it is
at P and Q at time ¢ and ¢+ 8¢ respectively. The polar co-
ordinates of P and Q with respect to O as pole and OX as initial
line are (r,0) and (r + dr, O + 80) respectively.

Draw a perpendicular OR on OP from Q.

Obviously the displacements of the moving point along and
perpendicular to the radius vector OP are PR and QR
respectively during interval &,

Q (r+3r, 6+36)

Radial velocity at P
. displacement along OP
= lim
31—0 or
. PR
= lim —
3r—0 Of
. OR-OP
=ldim ———
310 Ot
. (r+06r)cosé0-r
= lim
310 ot
2
r+d8r) {1 - (629') + } —r
= lim : expanding cos §6.
31—0 ot
= lim M, neglecting higher powers of 36.
310 ot
Sr dr

= lim —=—= l' . . .
55087 dr 0 n the direction of OP

Transverse velocity

displacement perpendicular to OP

= lim
85t>0 ot
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RO

= lim —

5t—0 Ot

. (r+40r)sin o6

= lim ——
5t—>0 ot

2
lim (r+0r) {86— (86) +}
8t—0

3!

ot
. (r+or) 50
m ~ OO
5t—>0 ot
roo

= Blziino YR neglecting 8.8 as it is very small.

, neglecting higher power of 50

=r @ —r0 in the sense of § increasing.

Radial and Transverse Accelerations
Let the velocities along and perpendicular to radius vector at P and Q are u, v,u +du and

v+ Ov respectively. Then

V + OV

Radial acceleration at P along the direction of r increasing
change of velocity along OP during an interval &t

= lim
31—0 ot
. (u+0u)cos b0 — (v +6v)sin 86 — u
= lim
810 ot
. (w+du).1-(v+06v)00—u
= lim
310 ot
Expanding cos 80 and sin 80 and neglecting higher powers of §@.

. Odu—-voh
= lim ———
5t—0 ot

_du  de

= Y
dt dt

dr 0
Since u = radial velocity =E and v = transverse velocity = r I
d

Radial acceelration at P = — [ﬂj — (r ﬁ] [ﬁj
dr \ dt dt/ \ dt
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2 2
d—r—r ﬁ =i —ré?
dt? dt

And transverse acceleration at P
change in velocity perrpendicular to OP in time 8¢

= lim

3t—0 ot
~ tm [(u + du) sin 80 + (v + &v) sin (90° — 80)] — v
3t—0 ot
. (u+0u)sin 80 + (v + dv) cos 80 — v
= lim
31-0 ot
= lim (u+36) (36) + (v+ 8v) (1)—v’ expanding sin 86, cos &0
31-0 ot
and neglecting higher powers of §@
. udb+dv de dv dr rdo
=lim ——=u—+—,whereu=—;v=
3t—>0  dt dt dt dt dt
dr do d do) dr de d*e de dr
= —+—|r.— == —4r—+— . —
dt dt dt dt ) dt dt dr>  dr dt

2
1d d 1d .
a8 ,dr do =_(r2 _(-)) =——(r%9),
dr® dt dt rdt dt)  rdt

in the sense in which @ increases.

=r

EXAMPELS

1. A particle describes the curve r = ae™® with a constant velocity. Find the components of

velocity and acceleration along the radius vector and perpendicular to it.
Sol. The given path is

r=ae"’ Q)
Al locity of particl = [ﬂj2+[rﬁ)2
so velocity of particle o o
= constant = v (say)
2r ey --
or o r ..(ii)

From (i), we get
ﬂz ameme.ﬁ =mr ﬁ
dt dt dt
8 _(L)dr i
or 0 " ..(ii1)

From (ii) and (iii), we get

(drjz (1 drjz 5
—| | —.— | =V
dt m dt

(&)
o dt m? +1
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dr vm

or dt /(mz +1) ...(iv)
. From (iii), we get
doe %

y — =
d[ ,(mz " 1) (V)

Components of velocity along and perpendicular to the radius vector are given by (iv) and (v).
From (iv) on differentiating, we get

d’r

— = 0

dt” )

Component of acceleration along radius vector

R
dr? dt dt

=]

m-+1

2
14

r (m2 +1)
and transverse component of acceleration

BUABYC)
r dt dt

raf o)

_rdl‘L /(m2+1)J

_ % ﬂ_ vom
ety A e+

2. If the curve is an equiangular spiral r = qe®®'* and if the radius vector to the particle

has constant angular velocity, show that the resultant acceleration of the particle makes an angle
20, with the radius vector and is of magnitude 2 | r, when v is the speed of the particle.
Sol. The curve is given by

F= aeecot [e3 ..(1)
Also, we are given that angular velocity
de .
7 = constant = ® (say) (i)
t
From (i), we get
d do . ..
D ot feote o rwcot a, from (i) and (ii)
t t
Again differentaiting, we get
2
d’r dr 2 2
—=—a@cota=rm" cot o
dtz dt

Radial acceleration
2 2
_4r r [d_@] = (ro? cot’> ) — ro?
dr? dt

= ro’ (cot2 a-1) ..(iii)
and transverse acceleration

LA (200 1d 2 Lyl et
r dt dt r dt r dt dt
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...(iv)

=2 (rocot o) = 2r®? cot o
If B be the angle which the resultant acceleration makes with the radius vector, then
transverse acceleration

tan 0t = - -
radial acceleration

2r@? cot
- % from (iii) and (iv)
rem” (cot“a—1)

_ (2cosa/sin o) sin” o _ 2sin o cos o

cos” o — sin’ o cos 20l
sin 200
= = tan 200
cos 20,

or B=2a
Also, speed of the particle
(dr] 2 [ de) ?
== +|r—
dt dt

= \/[{(VCO cot OC)2 + (rO))z}] =r® cosec A = v (given)

Again from (iii) and (iv), resultant acceleration.

= \/ [{ (radial acceleration)2 + (transverse accel.s:ration)2 H

= J[{r?0? (cot” o= 1)) + (2ra? cot a)?] = [(0* cosec* )]

= r®” cosec? o= v’/ r, from (iv)

3. The velocity of a particle along and perpendicular to the radius vector are )\r and WO.
Find the path and show that the acceleration along and perpendicular to the radius vector are

A2r—n%0%/r and 18 [7» + %] respectively.

Sol. Given that

dr
—_— }\‘ .
r r (1)
doe ..
and r Z ue (i)
Differentiating (i), we get
2
LT p &y i)
ar>  dt
Dividing (i) by (ii), we get
dr _hro o owdr_do
rdo ue A2 8

Integrating, we get
a log 6 — log ¢, where c, is constant of integration

Ar
or i=10g [9) or @=ce WM
Ar c

This is the equation of path.
Now radial acceleration
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2 2
_dr_ (@j — 327 — r (u0/ )2, from (ii) andf (i)
d[z dt
o 1262

and transverse acceleration.
:li(rzﬁ]:li[rzﬁ) from (ii)

rdt dt r dt r

1d Ll de dr
= 0) =— — +0—

r dt (ur6) r{r dt dt}

~(&Jwo o1 fromana
;

(t)

4. If the radial and transverse velocity of a particle are always proportional to each other,
then

(a) Show that the path is an equiangular spiral.

(b) If in addition, the radial and transverse accelerations are always proportional to each
other, show that the velocity of the particle varies as some power of the radius vector.

Sol. (a) We are given that

ﬂ—k rﬁ i
dr di ..(1)
or ldrzkde
r

Integrating, log r —logc =k 6
where log ¢ is constant of integration
or log (r/c)=k06 or r=ce

which is an equiangular spiral.
(b) If in addition to (i), we have

d>r (dejz_ 1( zde]
L E) a2
dar? dt r dt

2 2
or ﬂ_r Lﬂ =&i ziﬂ , from (i)
dr? kr dt rodt kr dt
d_z"_L[ﬂjz_ii  dr
or a2 e \di) ke di| di
A d’r dr dr
kr| a2 dt at
(1_&]&_1(L+&](zf
or ) oa? r 42 k) \ar
d*r B(dr]z
or A—ppr=—|—
d[z r\dt

where A and B are constants.

2 2
or ﬂzﬁ(ﬂj , where L = B/ A.
d[z r \dt



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

d*ridt® _pdr

o (drid))  r di
Integrating,
d .
log [7}’] = log r+log D, where D is constant

t

dr

—=psM
or ”

dr
Substituing the value of ur in (i), we get

D.r* = krﬁ
dt
or rd—9=0c.r”,where(x=D/k.

dt

The resultant velocity
2 2
drj [ dej L2 2
=l =| +|r—| =Je*.D)* +(ar*
\/[ dt dt \/( 4§ )
=% +a?) - velocity < .

5. A small bead slides with constant speed v on a smooth wire in the shape of the cardioid

de
r =a (1+ cos 0). Show that the value of I is [ZL] secg and that the radial component of the
a

acceleration is constant.
Sol. The path of the bead is

r=a(l1+cos0) ()
% —a(-sin®) % i)
2 2 2
and % = (— acos ©) (%} — (asin 0) 2729 .(iii)

Speed of the bead

\/[dr]z [ dejz
=/l —| +|lr—
dt dt
2 2
. doe doe
—\/{(—asme)z} +{a (1+cose)z}

= a\[sin® 0 + (1 + cos 8)2] L2

d
dt
=a+/2(1+ cos 0) %

= {Za cos g} % =v (given)

) Y 0 ]
ie., E— Z sec E ...(1v)

Now, radial acceleration of the bead

d%r (dGY
=7 | —
dt2 dt
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2 2 2
de . de de
= {(— a cos 0) (_dtj — (a sin 0) _dt2 } —a (1+cos9) [_dt] ,

from (i) and (iii)
2 2
=—a(1+20056)(@j —(asine)ﬂ,
dt dt
2
:—a(1+20056).[Lsecg] —asin 6 Llsecgtangﬁ ,
2a 2 2a 2 2 2 dt
from (iv)
2 2
:—a(1+20056).[Lsecgj —latangsinB[Lsecg]
2a 2 2 2 2a 2
(2 1
=—a Y seczﬂ (1+20059)+—tangsin9
44> 2 2 2
2
=—l r sec29 (1+2cose)+sinZE
4\ a 2 2
12 1
- = seczﬁ (1+2cosB)+—(1—-cosB)
4\ a 2 2
2
=—i Y sec29 é(1+cose)
4 a 212
2
=—§ v [seczﬁj (COSZQ)
4\ a 2 2

= —| = | ~— = constant.
4) a

6. One end of a rod describes a plane curve and the rod always passes through a fixed point
in the plane of the curve. If the angular velocity of the rod is constant, show that the transverse
acceleration of every point of the rod is the same at the same
instant. What curve must the end describe to make this
acceleration the same at every instant ?

Sol. Let the co-ordinates of the end A be (r,0) referred to
fixed point O as pole. P

where P is any point on therod AB. Then OP=r —d.

The transverse acceleration at P 9

(0] X
- i{(r —d)z.d—e}
(r—d) dt dt
Also angular velocity of the rod

do
=— = constant = ® (say)
dt

1 d
The transverse acceleration of P=—— —[(r — d )2 o]
(r—d) dt
! 2(r—d)w.£:20)£.
(r—d) dt dt

This is free from d and hence will be same for every point of the rod at the same instant.
If this acceleration be same at every instant also, then
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200@ = constant  or dar = A (say)
dt dt

dr do
We h —=A and —=0
e have o o
Dividing these two, we get
ﬂzﬁzksay or dr=kdo
do o
Integraing, we get r=k0+ec.

This is the required equation of the curve.

7. A straight smooth tube revolves with angular velocity ® in a horizontal plane about one
extremity which is fixed, if at zero time a particle inside it be at a distance a from a fixed end and
moving with velocity V along the tube, show that its distance at time t is

vy .
a cosh or + (—) sinh ot
[0

Sol. Let initially OX be the position of the tube and A that of the
particle inside it.

Let P be the position of the particle at any time 7.

Let OP=r and ZPOX =6.

Since the particle is moving with constant velocity V along the
tube, i.e., along the radius vector, hence the radial acceleration of the
particle will be zero throughout the motion. Hence,

L (49 -
i r (@)

Its solution is
r = ¢ cosh ¢ + ¢, sinh w¢ (1)

dé
where ¢; and ¢, are constant and o .

Initially # =0 and r = a,

from (ii) ¢ =a.
Differentiating (ii)
dr .
o ¢, sinh ©f + ¢, cosh wz.
dr
Initially =0, 7 V.
Hence V=c0 o c¢=V/o

From (ii) we get
r =a cosh @z + (V /®) sinh ot

This gives the distance of the particle from O at time .

8. An insect crawls at a constant rate u along the spoke of a cart wheel of radius a, the cart
moving with velocity v. Find the acceelrations along and
perpendicular to the spoke.

Sol. Let the initial position of spoke be OA and that of insect
be O. At any time ¢, let the position of spoke be OP and that of insect
be Q.

Let ZAOP=6and OQ =r.

Since the insect is crawling at a constant rate u along the spoke,
we have
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r=ut (1)
The cart is moving with constant velocity v, hence the acceleration of the point O is zero and
99 _ v __ Y (hereais the radius of wheel)
—— =——=— (where a is the radius of whee
dt OP a

Acceleration of the insect along OP
= radial acceleration

d2r (de)z
=7y | —
dtz dt

— 0 (v]z_—rvz ..d_2r=i(ﬂ)=d_“=o
=TV T g dir\dt)  di

Acceleration perpendicular to spoke.
= Transverse acceleration

_li[rz d_9] _li[rz 1]
r dt dt r dt a

2 dr 2uv dv
=—y—=— ° _——= O
a dt a dt
EXERCISES
0 cot o

1. A point P describes an equiangular spiral r = ge with constant angular velocity about

the pole O. Find its acceleration and show that its direction makes the same angle with the
tangent at P as the radius vector OP makes with the tangent.

2. A particle describe an equiangular spiral = 4% in such a manner that its acceleration has

no radial component. Prove that its angular velocity is constant and that the magnitude of
the velocity and acceleration is each proportional to r.

3. If the angular velcotiy of a point moving in a plane curve be constant about a fixed origin,
show that its transverse acceleration varies as its radial velocity.

4. If the radial and transverse velocities of a particle are always equal, then prove that the
particle describes an equiangular spiral.

5. A particle moves in a circular path of radius a, so that its angular velocity about a fixed
point in the circumference is constant and equal to ®. Show that the resultant acceleration

. L. . 2
of the particle at evey point is constant magnitude 4a®~.
6. A point P describes, with a constant angular velocity about O, the equiangular spiral

r= aee, O being the pole of the spiral. Obtain the radial and transverse acceleration of P.

[Ans. 0, 20°r]

7. A particle moves along a circle r =2a cos 0 in such a way that its acceleration towards the
origin is always zero. Show that the transverse acceleration varies as the fifth power of
cosec 0.

8. A particle P describes a curve with constant velocity and its angualr velocty about a given
fixed point O varies inversely as its distance from O. Show that the curve is an equiangular
spiral.

9. The velocities of a particle along and perpendicular to a radius vector from a fixed origin are

A
Ar? and u92- Show that the equation to the path is r) = % + ¢ and the components of

4 3
accelerations are 2A%r° — uz L and kurez + 2u2 6_
r r
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10. A point P describes, with a constant angular velocity about O, the equiangular spiral
r=é%,0 being the pole of the spiral. Obtain the radial and transverse accelerations of P.

[Ans. 0, 20°7]

11. A ring which can slide on a thin long smooth rod rests at a distance d from one end O. The

rod is then set revolving uniformly about O in a horizontal plane. Show that in space the
ring describes the curve r = d cos h0.

12. Show that the path of a point P which possesses two constant velocities u# and v, the first of
which is in a fixed direction and the other is perpendicular to radius OP drawn from a fixed
point O, is a conic section and the other is perpendicular to radius OP drawn from a fixed
point O, is a conic whose focus is O and whose eccentricity is 3 /v,

13. The acceleration of a point moving in a plane curve is resolved into two components, one
parallel to the initial line and the other along the radius vector. Prove that these components
are

cot O i

L4 ,2%) and . (r*0) + i — rf?

rsin O dt
14. A point moves on a parabola 2a =r (1+cos 0) in such a manner that the component of

velocity at right angles to the radius vector from the focus is constant. Show that accelera-
tion of the point is constant in magnitude.
15. A point describes a circle of radius a with a uniform speed v, show that the radial and trans-

verse accelerations are — (v2/a) cos ® and — (v%/a) sin © if a diameter is taken as initial
line and one end of its diameter as pole.

16. If a rod which always passes through the origin rotates with uniform angular velocity ©,
while one end describes the curve r =g + he®, show that the radial acceleration of any

point of the rod is the same at every instant, and the radial velocity is the same at every
point at a given instant.

aaa
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Tangential and Normal Velocities
and Accelerations

2.1 TANGENTIAL AND NORMAL VELOCITIES AND ACCELERATIONS

Tangential and normal velocities and accelerations are defined as the resolved parts of the
velocities and accelerations along the tangent and normal respectively.

Tangential and Nurmal Velocities

Let a moving point moves along the curve APQ. At time ¢, let it
comes to a point P and at time # + &f at point Q.

Let the co-ordinates of P and Q be (s, y) and (s + &s, ¥ + dw)

respectively. From Q, let us draw a perpendicular on the tangent at P
which is QN and let the ZQPN =¢. Join chord PQ, then

O X
Tangential velocity at P

~ lim displacement along the tangent at P in time &t

3t —>0 ot

PN

= lim —

8r—0 Ot
- lim (chord PQ).cos €

3r—>0 ot

chord PQ arc PQ .

= . 0s €
5t—0 are PQ ot

= lim 1.§S—.coss m M

. =1 and arc PQ = ds
3t —0 t 8t—0 arc PQ

Now as Q tends to P, € will be zero and cos € tends to 1

.0 d
tangentail velocity at P = lim x_8
85r—0 0t dt
Similarly,
Normal velocity at P
i displacement along the normal at P in time &t
3r—0 ot
= lim Q—N
81—0 Ot
- lim (chord PQ)sin €
3r—0 ot

chord PN arc PQ .
.sin

= lim ) £
8t—0 arc PQ ot
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Here as Q tends to P, € tends to zero, and sin € tends to zero.
Normal velocity at P =0

Remark : Please note that in this case that total velocity is along the tangent.
Tangential and Normal Accelerations : Here let the
velocity at P be v along the tangent which is making an angle

V¥ with the initial line and the velocity at Q be v + dv along

the tangent at Q, making an angle W + 0y with OX.
Tangential Acceleration at P

Change in velocity along the tangent at P in time ot

= lim
8t —0 ot

~ lim (v+0v)cosdy— v
31—=0 ot

— lim v+ov).1-v
81—0 ot
[ cos dy =1, neglecting higher powers of dy]
ov  dv
= lim —=—
dr—0dt dt

d(ds) d%s .
=—| —|=——=8
di\dt) ar?
d’s d(dsjfli dv

—_— = v
Also dt?  ds dt ds

Again, Normal Acceleration at P

dt

change in velocity along the normal at P in time &t

= lim
3r—0 ot
— lim (v + &v) sin dy
810 ot
= lim (v+0ov) sin Oy S—W
51 —0 oy Ot
=y. d_w
dt
_, Ay ds_v?
“dt dr o p
EXAMPLES
1. A point describes the cycloid s =4a sin y with uniform speed v. Find its acceleration at
any point.
Sol. The equation of the cycloid is
s=4asiny

Also given that

s
— = v = constant
dt
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d?s _
dr?
Hence tangential acceleration = 0
Differentiating eqn. (i) with respect to ¥, we get
ds
—=4acosVy, or p=4acosy
ay

The resultant acceleration

1]
7\
&‘%
R
N—
(3]
+
—
'o|<N
~
[ ]

2
_ o ( v2 ~ 2
4a cos Yy 4a [(1 —sin2 V)
- 2 2
v v

o o 2] Viaee? =2
164> ]

2. A point moves in a plane curve, so that its tangential and normal accelerations are equal

and the angular velocity of the tangent is constant. Find the curve.
Sol. Given that

2 |
ds  p (1)
ay )
and d_ = constant = m(say). (i)
t
. L V A& S
From (i) a5 p (ds/dy) | ds
or dv=vdy
dv
or —V—z vy

Integrating, we get
logv=y+logc
where log c is the constant of integration.

or logl=l|1 or v=ceV
C
dr dy dr
or a5 _ LoV, from )
dy o
ds=Sev dy
®

Integrating, we get
c
s=|— eV +k
0]
where k is a constant of integration.

or s=AeY +B.
where A and B are arbitrary constants. This is the required intrinsic equation of the curve.
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3. A particle is describibng a plane curve. If the tangential and normal accelerations are
each constant throughout the motion, prove that the angle V, through which the direction of

motion turns in time t is given by Y = Alog (1 + Bt).
Sol. Given that

d?s .
d? = (l)
2
v
and F =X, .(1i)
where k and A are constants.
Integrating (i), we get
ds _
E =kt+c (i)

where c is constant of integration.
From (i1), we get

2 2
V— — }\' or M =
(ds/dvy) (ds/dvy)
ds dvy
—.—L=A
o dt dt
or (kt +¢) d_\|! =\, from (iii)
dt
A
dy = dt
or v (kt +¢)

Integrating, we get
Y= (%j log (kt +¢)+log U,

where log [ is a constant of integration.
Let v =0, where t =0, then
0=(\/k)logc+logu

l|!=%(kt+c)—%logc

P (kt+cj
k g c
or \If=(&) log (1 +E)
k c
or v =Alog (1+ Bt),

where A=A/k and B=k/c.
4. A particle describes a curve (for which s and V¥ vanish simultaneously) with uniform speed

2

voe
v. If the accleration at any point s be m find the intrinsic equation of the curve.

Sol. Given that :

ds
— =v (constant),
dt
d’s
. dtz .
Acceleration at any point

S0, =0
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. . v? _ vie

Acceleration at any point — =———
s +c

or l__¢ or CA

P s2+c? ds g%+ c?

1 ds
or

¢ 5% +c?

Integrating, we get

1 1.
[—) Y+ A=—tan 1[5)
c c c
where A is constant at integration.
when y=0,5=0 (given), . A=tan ' 0=0.
1 1 _
Hence, [—) Y= [—] tan 1(s/c)
c c
or §=ctan .
5. A curve is described by a particle having a constant acceleration in a direction inclined
at a constant angle to the tangent. Show that the curve is an equiangular spiral.

Sol. Let at any instant particle be at P. The direction of tangential and normal acceleration at P
are as shown in the figure. The resultant acceleration makes a

2
constant angle o (say) with the tangent at P. VE
Hence vou
ds
2
tan o= & &
(vdv/ds) P
v—(ptan(x)ﬂ—tanocﬁ ﬂ
or ds dy " ds
1
or —dv=cotady.
v
Integrating, we get
log v =(cot a) ¥ + log c,
where log c is integration constant.
. v=ceVeore -..(1)
Also given that acceleration is constant,
Therefore, we have
2
( v? ) ( dvj 2 X
_ +|yv— =
L o J s ...(iii))

from (i) and (iii), we get

2 2
tan? o (v ﬂ) + [v ﬂ] = k2
ds s
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dv 2
or [v —j se(:2 o= k2
ds
dv
v— =k cos O
or s
or vdv=kcosdds

Integrating, we get
V2 = (2k cos o) s + ¢

where ¢; is constant of integration.

or v =/[(2ks cos o + ¢})]

From (ii) and (iv), we get
[(2ks cos oL+ ¢;)] = ce

or ks cos 0 + ¢ = c2e?V LY

This is the intrinsic equation of the equiangular spiral.

6. A particle moves in a catenary s=c tan . The direction of its accleration at any point
makes equal angles with the tangent and the normal to the path at that point. If the speed at the
vertex (where W =0) be u, show that the velocity and acceleration at any other point V are

ue¥ and {\J(2/¢)} u?e?V cos? .

Sol. Since the direction of the resultant acceleration makes equal angles with the tangent and
the normal hence the tangential and normal accelerations are equal.

Y cot

. N ,
ie., i p (@)
dv 1 d
o L as=Y ds=ay
v P ds
Integrating, we have
log v =W + log k, where log k is constant of integration.
When v =0,v=u, sowe have
logv=y+logu
or log(v/u)y=y or v=ue? (i)
This gives velocity at any point.
Now, the equation of catenary is
s=ctan y
. ds 2 ..
radius of curvature p = W =csec”y (i)

Resultant acceleration

T
(2 (2 v2
= — +| — =42 —
()" +(2)] -2
2 2y
-2 % from (ii) and (iii)

csec” Y

= (\/E/C) u*e?V cos? .
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7. A particle is moving in a parabla p2 = ar with uniform angular velocity about the focus,
prove that its normal acceleration at any point is proportional to the radius of curvature of its
path at that point.

Sol. The equation of the parbala

p2 = ar. ..(1)
Differentiating,
2p dp _ a or ap =2
r dr 2p

dr r 2pr

1 =7y —= = —, ..
Radius of curvature P A al2p P (1)

Angular velocity = C;—e = constant = ® (say)
t

de wp vp
Also, V=5 o 0=— ..(iii
dr 2 P2 (i)
0)]’2
or V= .
p
V2
Normal acceleration =— ...(iv)
p
Normal acceleration ﬁ W)
Radius of Curvature p?
2 4 2
- 22’2/—”2, from (i) and (v)
dp°r-la

v }’20)2612 ~ r2m2a2

4p4 - 4a’r? '
2
=" constant = k (say)

from (i)

normal acceleration o radius of curvature.

EXERCISES

1. The rate of the change of direction of velocity of a particle moving in a cycloid is constant.
Prove that acceleration must be constant in magnitude.

2. A particle describes a circle of radius r with a uniform speed v, show that its acceleration at

any point of the path is y2 /» and is directed towards the centre of the circle.

3. Prove that acceleration of a point moving in a curve with unifrom speed is quz,
4. A particle describes cycloid with uniform speed. Prove that normal acceleration at any point
varies inversely as the distance from the base of the cycloid.

5. A particle describes a plane curve with a constant speed and its acceleration is constant in
magnitude. Prove that the path is circle.

6. Iftangential and normal acceleration components of a particle be equal. Prove that its velocity
varies as eV

7. The tangential acceleration of a particle moving along a circle of radius a is ), times the
normal acceleration. If the speed at a certain time is u, prove that it will return to the same

a 27
i i —|(d-e .
point after a time [kuj ( )
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8. A point moves in a plane curve so that its tangential acceleration is constant and the
magnitude of the tangential velocity and normal acceleration are in a constant ratio. Find the
intrinsic equation of the curve.

9. The velocity of a point moving in a plane curve varies as the radius of curvature. Show that
the direction of motion revolves with constant angular velocity.

Hint. v=kp or ézkﬁ or dy=kdt or ﬂ=k=const.
dt dy dt

10. If the tangential and normal acceleration of a particle describing a plane curve be constant
throughout, prove that the radius of curvature at any point is given by p = (ar + b)z,

11. A particle moves in a plane in such a manner that its tangential and normal accelerations are
always equal and its velocity varies as exp (tan_l s/c), s being the length of arc of the

curve measured from a fixed point on the curve. Find the path. [Ans. s =c tan Y]

12. The direction of the acceleration of a particle moving in a cycloid makes with the normal an
angle equal to that which the tangent to the cycloid at the point makes with tangent at the
vertex and is in the same sense. Prove that the tangent at the point turns uniformly, and that
the magnitude of the acceleration is constant.

13. One point describes the diameter AB of a circle with constant velocity and another the semi-
circumference AB from rest with constant tangential acceleration. They start together from A
and arrive together at B. Show that velocities at B are T:1.

14. A particle, projected with a velocity u is acted on by a force which produces a constant
acceleration f'in the plane of the motion inclined at a constant angle o with the direction of
motion. Obtian the intrinsic equation of the curve described and show that the particle will
be moving in the opposite direction to that of projection at time

u (eT[COt(l _1)
tan o

Qad
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Simple Harmonic Motion and
Elastic Strings

3.1 SIMPLE HARMONIC MOTION

A particle is said to execute Simple Harmonic Motion, if it moves in a straight line such that
its acceleration is always directed towards a fixed point in the line and is proportional to the
distance of the particle from the fixed point. Simple Harmonic Motion is abbreviated as S.H.M.

Let O be the fixed point and the particle starts from rest

from the point A such that PA = a. Let after time # the particle ! ’ ‘ ‘ ‘

A P! O P A
be at P, such that OP = x.
2x
Then o and d—2 will be the velocity and the acceleration of the particle at time ¢ acting in
t

the direction in which x increases.

Since in this case the acceleration is directed towards the fixed point O and is proportional to
the distance of the particle from O, hence the equation of motion will be

2
md—zxz—kx
dt
2
or ﬂ:—ux, where u=(£)>0
dr® m
vfli—— X i
or T o (1)

The differential equation (i) represents S.H.M. and is used generally as definition of S.H.M. If
the equation of motion of a particle is of the form of (i) then we can at once say that the particle is
executing S.H.M.

Integrating (i) with respect to x, we get

where A is constant of integration. Initially,
at A, x=aandv=0

1 1
O=——pa"+A or A=—la
2“ Zl't

1o, 1 95
v —zu(a x7).
or V2 = u(az — xz) (11)

d
or 7);=—\/EV{(612 ) ...(iii)

the negative sign is to be taken here as the particle is moving towards O, i.e.,; x decreases as ¢
increases.

From (iii), we have
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d.
—%a/{(u)}rw
{(@® - x%)}

Integrating, we get

cos M(x/a)=Jl(W)} t+B (iv)
where B is a constant of integration
At A, x=aand =0, sofrom (iv), we get B =0, and hence

cos_l(x/a) = \/(u_) t
or X =a cos {\/(u_)t} (V)

Equation (i), (iii) and (v) give the acceleration, velocity and the position of the particle at time 7.
Nature of Simple Harmonic Motion

From (i), v=0at x =t a, thusif A” is a point on the other side of O such that OA = OA" = a,
the particl comes torestat A’ also. When x =0, v =1 a\/u, i.e., at O the velocity is a \/E

From (v) we have at x =0, cos /(W) 1=0 -, /(W)= g,

T
i.e., time from A to O is equal to .
P Jw

At x=-a,
cos/(W)t=-1,
L
JWir=m,ie., timefromAto A" is T which is double the time from A to O.
1)
d’x . . . . e
At A, —5 =~ Ma and due to this attraction the particle moves towards O and in time
dt 2\l

the particle reaches O with velocity a\/ﬁ . At O, the attraction ceases but due to velcoity a\/ﬁ in

the negative direction, the particle crosses O and moves towards the point A’, As soon as the
particle crosses O it is attracted towards O and due to this, its velocity decreases and becomes zero

at A”. At A’ although the velocity of particle becomes zero, but due to attraction it again moves

towards O and reaches O with velocity a\/ﬁ . Due to this velocity the particle moves from O towards
A and again stops at A where its velocity becomes zero. Thus the motion is repeated again and
again. Thus the motion is repeated again and again. Thus the motion is oscillatory i.e., from A to
A’ and back to A and so on.
Period. The time from A to A” is known as the period of the motion and this is given by
7=2_" 2n

N

The frequency is the number of complete oscillations in one second, so that if n be the frequency
and 7 the periodic time then,
_1_ e

T om
The distance a (= OA), i.e., the distance of the centre from one of the position of rest is called
the amplitude.
From (i), we have
d2
—;+ ux =0.
dt

The most general solution of this equation is

x=acos{\/(u_)t+§}.
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In this relation the quantity & is called the epoch and the angle (y/(1) 7 + &) is called argument.
The particle is at its maximum distance at time #;, where

V) 1o +§=0
. -
ie., \/E
The phase at a point is defined as the time that has elapsed since the particle was at its maximum
distance in the positive direction, i.e.,
§ _Jwir+§

f—fy=t+—>=="~—r——2,
-
this is phase at time ¢.

3.1.1 Geometrical Representaion of S.H.M.

If a particle describes a circle with constant angular velocity, the foot of the perpendicualr
from the particle on a diameter moves with S.H.M.

Let a point P moves along the circumference of circle with centre O, p
with uniform speed. Let P describes equal arcs in equal times. Let the

rate of description of £ZPOA is .

ot
Let N be the foot of the perpendicular drawn from P on the diameter B o x N A
AOA’.
Let the particle starts from A and reaches P after time ¢. Then
ZAOP = ot.
If ON = x and OP = a, then from AOPN, we have
X =acos ®f (1)
H al o sin ©f i
2
ence, & (i1)
d’x 2 2
and ——=-—am®" cos Of =—O°x ...(iii)
di?

Equations (ii) and (iii) represent the velocity and acceleration of N. Also, as P moves along the
circumference of the circle, N oscillates from A to A” and back to A. Thus the motion of N is periodic.
The periodic time will be the time taken by P in moving once along the whole circumference of the
circle, i.e., the time taken by P to turn through an angle 25 with the uniform rate of .

2n

Periodic time of N = e

EXAMPLES

1
1. Show that the particle executing S.H.M. requires 3 th of its period to move from the position

of maximum displacement to one in which the displacement is half the amplitude.
Sol. The equation of motion of the particle executing S.H.M. is
d’x e 0
— == .
dr?

27
then the period = T =T (say) (i)
u
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From (i), we get

2
[%j =p(a® - x?),

where a is amplitude.

or %=—\/E\/[(tl2 -x%)]

negative sign indicates that particle is moving towards the centre.

dx
JuAl@® = 2]

Hence, the time T, taken by the particle in moving from the position of maximum displacement,

or dt

1
i.e., X=a toposition when the displacement is half the amplitude, i.e., x = —2~a will be

al?

Lja/Z dx =L|:COS_1 [i)il
N T R g
{cos_1 [lj - cos_l(l)} = L [E — O]

2 u\3

1

JENT

2. Show that if the displacement of a particle moving in a straight line is expressed by the

equation x = a cos nt +b sin nt, a S.H.M. whose amplitude is 1[(a2 - bz) and period is 21/ n.

Tl=

. -

T, from (ii)

Sol. We have
X =a cos nt +b sin nt ()
dx .
— = —qan sin nt + bn cos nt
dt
d2X 2 2 .
and ———=—an” cos nt —bn” sin nt
2
dt
=— nz(a cos nt + b sin nt)
dzx 2
or —2 =—nx
dt
2

X
This equation is of the form d_2 =- W,
t

hence represents S.H.M., where p = n?

Ti od 21 2n 21
me period = ——=—"fm/—="_.
NN

Also, amplitude of the motion is the value of x when velocity (dx/dt) is zero.
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X
- by — =0, we get —ansint+bncosnt=0

dt

t t=b/a. This gi sin nt b
or an nt = b/ a. This gives =
\Iaz + b2

cos nt = a
and a ﬁ

a“+b
Amplitude, from (i)
2 2
ca Ly L atb

Ja2+2 4 ) Ja? + %)
=@ +b?).

3. At the ends of three successive seconds the distances of a point moving with S.H.M. from its
mean position measured in the same direction are 1, 5 and 5. Show that the period of a complete

g 2n
oscillation is ————.
")
cos | =
5
Sol. If x be the distance of the particle from its mean position at time ¢, then for S.H.M.
X=acos It ()

where U is the intensity and a the amplitude of the S.H.M.
According to the given problem

1= acos {\Ju (T - 1)} (i)
5=acos (\JuT) ..(iii)
and 5=acos {\JL (T +1)) (iv)

considering three successive seconds as 7 —1, T and T + 1.
Adding (ii) and (iv), we get

1+5=afcos {yJu (T =1)} +cos {/u (T +1)}]
or 6=al2cos (\/ET) cos \/E] or 3=5cos (\/ﬁ), from (iii)

3 (3
or cos\JL=— or \/E=cos ! (—j

5 5

The period of a complete oscillation
o om
‘/H cos™! [ij
5
4. A point executes S.H.M. such that in two of its positions the velocities are u, v and the
2 2
vi—u

corresponding accelerations o, 3. Show that the distance between the positions is OC—_B and
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{(V2 _u2) (a2v2 _Bzul)}l/Z
B> -a?) '

Sol. Let at distances x; and x, from the centre the velocities be u and v and accelerations be

amplitude of the motion is

o and B respectively.
Let 1 be the intensity and a the amplitude of S.H.M., then we have

LT ()
—=- .3
dr®
2
dx 2 2
d (—] =u(a —x (i
an ar u( ) (i)
From (i), we have
o=y ..(iii)
and B=—px, (1v)
From (ii), we get
u? = (@* - xt) (V)
and VvV =u(a® - x3) (Vi)
Adding (iii) and (iv), we get o+ B=—1 (%] + xp)
and from (V) and Vi),  v? —u? =p(xf — x3)
Dividi . v —u? _ u(xlz—x%)
ividing, we ge =
&Wee a+f —plg+a)
=0 Y
v —u?
i.e., the required distance between the positions = x, — x; = B
a
Again, from (iii) and (iv), we get
pr -0’ =03 — )
V2= u? _ u(xlz —x%) _ 1
proa’ wrad-a) M
2 (o2)
2 _u 2 2 o
From (v) = ? o =@+ LH_ZJ » From (iii)

) 202 —ud) o202 —u?)?
B -0’ B -a?)
B 02 —u?)
(BZ _ (12)2
= 02 —u2) (P ol— 2B B2 — o2)>?
(B* - o)
5. A particle is performing a S.H.M. of period T about a centre O and it passes through a
point P where OP = b with velocity v in the direction OP prove that time which elapses before it

returns to P is
3w (55
— | tan” | —|.
T 2nh

[-u?B? - a?)+ o? (* —u?)]

or amplitude = a =
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Sol. Given that OP =b. Let us take a point Q on the line OP, such that OQ = x. Then the
velocity at Q is given by

% = \/ﬂ \/[(a2 ) ..(0)

where OA = a is the amplitude of S.H.M.
Now, it is given that velocity at P =v, i.e., at x = b. Hence from (i) we get

v =i l@® -b?)] i)

d
== Jw di
[(a® — x7)]

Also, from (i), we get

Integrating, we get

sin”'(x/a)=J(W t +c,
where c is an arbitrary constant.
Letat t=0,x=0 then ¢=0.

sin~!(x/a) = (W) t

or x=asin {{/(1) t} ..(iii)
Let ¢ be the time taken in moving from O to P, then from (iii),

b=asin (\Jur’)
(1) b
or 1= L\/HJ sin 1(;} . .(v)

Also, time taken from O to A
1 12
=—(period) =—| —| =
ey

Time taken in moving from P to A

Nl

X

Required time = 2 X time taken in moving from P to A

(75 ) ( b\ b
:ZL;\/—E——tJ sz \/>sm ZJ:T{——sm —}

2
Also, time period T = T
u
1 T
_” o (V)
T . b |
Also, let ——sin~ —=0 o
2 a
2=51n[——9] =cos O
a
tan 0 l(a® - )]
an = = ..
b b\/ﬁ from (ii)
vl

=—, from (vi)
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_ T
0 =tan"! (V—j
or 2nh

o 1
Substituting the values of E and 6.

T . b)),
Le., — —sin  —|in (v), we get
2 a
2T _ T T _ T
the required time = —— tan™" (v_] =2 tan~! (V_j )
21 21h T 2nh

6. Ifina S.H.M. u, v, w be the velocities at distances a, b, c from a fixed point on the straight
line which is not the centre of the force; show that the period T is given by the equation
A2 u?> v ow?
—W-c)(c—-a)(a-b)=|a b ¢
2
T 111

Sol. Let O be the centre of force and O’ the fixed
point from which the distances of the points A, Band C &
are a, b and c respectively, velocities at A, B, Careu, v O

and w. Let OO’ = k. Then the distances of A, B and C
from O willbe a + k, b+ k and ¢ +k respectively.
We know that velocity V at a distance x from the centre of force is given by
VZ=p(a® - %),
where U is the intensity and A the amplitude of S.H.M.
-, at A we get

u? =A% = (a+ k)%

[\

u
or - =

( " 3
2
or L”— +a? J +2ak + (K2 - A%)=0 ()
n)
Similarly, at B and C, we get

(V2 ) y
Lv— + b2 J +2bk + (k2 — A%y =0 (i)
u
3

A2 —a® —k* = 2ak

(W2
and LT +c? J +2ck +(k> - A%)=0 (i)
Eliminating 2k and (k> — A2) from (i), (i) and (iii), we get
2
L +a® a1

0

V2

Z4b% b 1]=0

1
or mn
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u2 a 1 az a 1
2 2
or V2 b 1|=-pu b2 b 1
w C 1 c c 1
u2 a 1
or V2 b 1 =u(b—c)(6—a)(a—b)
W2 c 1
Al iodic ti T 21 or " 4752
so, periodic time { = —— -
’ Jr T2
4n
a b C :_(b_c)(C—a)(a—b)
2
1 1 1 T

7. A particle oscillates with S.H.M. of amplitude a and periodic time T. Find the expression of
the velocity v in terms of (i), a, T and x; (ii) a, T and t and also prove that
22
T 2
J. vidt = Ta .
0 T
Sol. If 1 be the intenstiy of S.H.M. we have

V2= 1) (a2 - xz) (1)

x=acos (Wit (i)

and T =2n/\Jn ..(iii)
@) From (iii), w=4x? /7>

4t
From (i) V= = (a® - x%).

Gi) From (i) and (i)

2

v =|.l[a2—a2

cos® \J(w) 11

=pa® sin? () t

(iii) IOT V2t

2
T
0 T T
_2a°n? T, 2[2—)d
T2 0
2a%n% T
_san _[ 1—cos4— dt
T2 0
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2.2
=26th (T—lsin4n]—0
T2 4m

B 2a°w?

T
8. A small bead P can slide on a smooth wire AB, being acted upon by a force per unit mass
equal |/ CPZ, where C is outside AB. Show that time of a small oscillation about its position of
equilibrium is (2n/\/ﬁ) b2, where b is the perpendicular distance of C from AB.

Sol. Let O be the foot of the perpendicular from C on AB and let O be the origin. Let P be the
position of bead at time t and OP=x, CP =r.

O P
Here, the force along PC = %, hence E A
Component of force along P6
= r% cos 0= % B wr
) e ) E (1 ﬁ -3/2
_(b2+x2)3/2 b L sz

_x - x
= b_3’ neglecting higher powers of 5

Hence the equation of motion of bead will be

x
a> b
This is the standard form of S.H.M. and its period
__ I 2T

Wty W

9. A particle P moves in a straight line OCP being attracted by a force m\\. PC, always
directed towards C whilst C moves along OC with a constant acceleration f. If initially C was at
rest at the origin O, then P was at a distance c from O moving with velocity V, prove that the
distance of P from O at any time t is

[£+c} cos ut+%sin\/ﬁt—i+%ft2.
n n

Sol. Intially, let O and C are coincident. Let after time ¢, CP = x. Since C is itself moving with

constant acceleration f, we consider the motion of P relative to C. For this purpose we impose the

constant acceleration f upon the whole system in the opposite direction. Let at any instant CP = x,

T T
1 1 1 x 1
O ¢ P O ¢ P

then the particle P will be attracted towards C with a force WX per unit of mass.
Eqation of motion of P relative to C'is

dzx_

A
dtz——ux—f=—ukx—£) ()
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Solution to this differential equation will be

x—i=Acos\/Et+Bsin \/ﬁt .(11)
n

Differentiating, we get

dx

E:_A usin\/ﬁt+B\/Ecos wt ..(iii)

. - dx .
Given conditions are, at t =0, x = c, m =V. Hence we have from (ii) and (iii),
t

A=c—i,B=L
RN
Therefore,
A V. ,
x=—+Lc——Jcos Wt +—sin /Ut ...(iv)
u u u

Equation (iv) gives the distance of P from the point C after time ¢, but in time ¢ the point C itself

. . 1 . . )
will move a distance 2 ftz. Hence the distance of P from O at any instant is equal to

£+%ft2+(c—£] cos pt+\/la—sin\/ﬁl.

EXERCISE
1. Ina S.H.M., at what distance from the centre will the velocity be half of the maximum.

[Ans. £ % a/3]

2. The speed v of a point P which moves in a straight line is given by the relation V=a— bxz,

where x is the distance of the point P from a fixed point on the path, a and b being con-
stants. Show that motion of P is simple harmonic and determine its amplitude and period.

[Ans. \/(a/b), 21b]

3. A particle moves in a straight line and its velocity at a distance x from the origin is

k \/[(a2 —p? )], where k and a are constants. Prove that the motion is simple harmonic and
find the amplitude and the periodic time of the motion.
2
{Ans. a, —n}
k

4. A particle is moving with S.H.M. and while making an excursion from one position of rest to
the other, its distance from the middle point of its path at three consecutive seconds are

. .. 2m
observed to be xj, xp, x3; prove that the time of a complete oscillation is ?, where

9=cos {1 ke
2)C2

5. A body is attached to one end inextensible string and the other end moves in a vertical line
with S.H.M. of amplitude a, taking n complete oscillations per second, show that the string

will not remain tight during the motion unless n? < (g/ 41t2a).
6. Show that in a S.H.M. of amplitude a and period 7, the velocity v at a distance, x from the

centre is given by the relation 272 = 472 (a® — x?).
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7. The speed v of a particle moving along the axis OX is given by the relation

v2 = n?(8ax — x> —124%). Prove that the motion is simple harmonic, with amplitude 24

T T
and that the time taken from x=4a to x =6a is P What is the periodic time. {Ans. E}
n

2 2

8. The speed v of the point P which moves in a line is given by the relation v~ = g + 2bx — cx”,

where x is the distance of the point P from a fixed point on the path and g, b, ¢ are con-
stants. Show that the motion is simple harmonic if ¢ is positive and determine the period.

-t

9. If time ¢ be regarded as a function of velocity v, prove that the rate of decrease of accelera-
o 3d’t . .
tion is given by f d_z’ S being the acceleration.
v
10. In a S.H.M,, if the velocities at distance b and ¢ from the centre of force be respectively u
and v, then prove that the frequency n of oscillation is given by
4752r12(b2 - 02) =v2 -’
11. A particle moves with S.H.M. in a straight line. In the first second after starting from rest, it travels a
distance a and in the next second it travels a distance b in the same direction. Prove that the amplitude

of the motion is 242 /(3a = b).

12. A body moving in a straight line OAB with S.H.M. has zero velocity when at the points A and B
whose distances from O are a and b respectively, and has velocity v when half way between them.

Show that the complete period is (b — a)/v.

13. A particle of mass m is attached towards a fixed point O with a force (m/|L) times the distance from
O. If initially it is projected towards O with a velocity v from a point distant ¢ from O, find the
amplitude of its oscillations.

1/2
Ans. {% + ch

27
14. In a S.H.M. of period » if the initial displacement be x; and the initial velocity u;, prove
that

(i) Amplitude = \{x3 +(ud /©?)}

(ii) Position at time ¢ = . l{xg + (u(% +®%)} cos |:t - (%] tan”! (M_O}:l

(DXO
(iii) Time to the position at rest =| — | tan L—J
(O] () .X'O

15. A particle of mass m is attached to a light wire which is stretched tightly between two fixed
points with a tension 7. If a, b be the distances of the particle from the two ends, prove that
the period of small transverse oscillation of mass m is

21

J{T (a + b)/ mab}




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

16. A particle starts from rest under an acceleration k?x directed towards a fixed point and
after time ¢ another particle starts from the same position under the same acceleration. Show

1
that the particle will collide at time {(TE lk)+ Y t} after the start of the first particle provided

t<2m/k.

17. Assuming that the gravity inside the earth varies as the distance from its centre, show that a
train, starting from rest and moving under gravity only, would take the same time to travors
smooth straight airless tunnel between any two points of the earth’s surface. Find the time.

[Ans. 42% minutes nearly]

3.2 ELASTIC STRINGS AND SPRINGS (HOOKE’S LAW)

According to Hooke’s Law,
stress o strain or stress = A (strain)
where ), is called modulus of elasticity.
In case of elastic strings or springs the stress is the tension and strain is the increase in length
per unit legnth or the increase in natural length divided by the natural length.
Thus if a is natural length and [ is the extended length then tension 7 of the string is given by
l—a

T=\ .
a

3.2.1 A Horizontal Elastic String

One end of an elastic string whose modulus of elasticity is ), and whose natural length is a,

is tied to a fixed point on a smooth horizontal table, and the other end is tied to a mass m lying
on the table. The particle is pulled to a distance where the extension of the string becomes b, and
then let go. Discuss the motion and find the period of one complete oscillation.

Let O be the fixed point and OA the natural length i.e., OA = a. The particle is pulled out to a
point B and then released.

Let P (AP = x) be the position of the particle at time ¢, then by Hooke’s law, the tension 7 in
the string will be

T=22 ()

a
The equation of motion of m will be

2
mﬂz —T=-22
dr’ a
dhx_ A )
or % am .(i1)

This show that the motion is simple harmonic so long as there is extension in the string, i.e., x
is not equal to zero. The period of the S.H.M. is
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Hence time of describing BA will be % .2 \/@ - g m

From (ii), we have V—=——X
dx am
1 2
Integrating, == L X ic
2 am 2
where C is constant of integration.
Al
AtB, x=b,v=0, hence C=—.—b°
am 2
A
Therefore v =% - i) ...(iii)
am

Since the particle is moving from B towards O, i.e., x decreases as ¢ increases, we get

dx A
— =" \/H% b* - xz)H V)

when the particle reaches the point A, x=0 and hence from (i) and (iv) we have T =0 and

y=— [[Lﬂ b. Hence the S.H.M. ceases and the particle moves towards O with constant velocity
am

am

7\4 ’ . ’
K—ﬂ b till it reaches the point A” on the other side of O where OA” = OA = a.

. ;o . A .
Thus the particle moves from A to A" with constant velocity K—ﬂ b and time taken to

o

As soon as the particle goes beyond A’, the string becomes again extended so that tension

describe this path

comes into play and the motion is again simple harmonic till the particle reaches the point B’,

where AB = A’B’ =b. Here the velocity becomes zero and particle stops. The particle will then

retrace its path under S.H.M. till it will reach to A" and then again under constant velocity

KL)} b till the point A and then again under S.H.M. till the point B where particle will stop.
am
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This motion will again be repeated.
Obviously, the motion from BtoA, A"to B, B’ to A" and A to B is simple harmonic and the

A
total time for this motion is equal to 27 K—ﬂ
am

The motion from A to A”and A" to A in under constant velocity K%ﬂ b and the total

2
time for this motion is 2. 761 K%}}

Thus the complete motion is oscillatory and the time for one complete oscillation is
4 2
- (ﬂ) Lda [ﬂj _ [ﬂj (,H_a)
A b A A b

EXAMPLES

1. A light elastic string of modulus ), is stretched to double its natural length and is tied to

two fixed points distant 2a apart. A particle of mass m, tied to its middle point is displaced in the
line of the string through a distance equal to half its distance from the fixed point and released.

Prove that the time of a small oscillation is T K%}} and the maximum velocity is KM)}
m

whose ), is modulus of elasticity.

Sol. Let the string be tied to two fixed points A and A” . Let O, the middle point of A A" be the
origin. Let the particle tied at O is displaced to B, where OB =a/2. Let P be the position of the
particle m at time 7 and then tensions in the string be 7} and 7, along PA and PA’. Let OP = x.

To Ty
A B O < xP g B A

Then the equation of motion of P will be
2
mdE g,

dt?
a—x—a/2=x[l+£]
al?2 a

since @ — x is extended length and /2 natural length of this portion. Similarly

Now, Ty=Ah.

T2=%a+x—a/2=7\‘(l+2_x]
al? a
d*x 2x 2x
Hence from (i) m——-= l-—] - 1+—
dt a a
d’x 4 )
or — =X (1)
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It is clear from equation (ii) that the motion of the particle is simple harmonic and particle
oscillates between B and B’ and its periodic time is

IR E

dv 40
v— —Xx
dx am
1
Integrating,

2A
vV =—2 x4,
am

4
m

From (iii) it is clear that the velocity is maximum at x =0 and then its maximum value will be

e ()]

2. One end of elastic string whose modulus of elasticity is ), and whose natural length is a,
is tied to a fixed point on a smooth horizontal table, and the other end is tied to a mass m lying
on the table. The particle is pulled to a distance where the extension of the string becomes b and
then let go. Describe the character of motion and show that the period of complete oscillation is

2a [ maj
29+ — — |
b A
Sol. Let O be the fixed point on the table, to which one end of the string is tied. OA=a is the
natural length of the string. A particle of mass m is tied to the string at A. Let the particle is now
pulled to B where AB =b and then released.

where C is the constant of integration. At B, x =a/2,v=0; therefore C = _a. Hence

Let P is the position of the particle at any time #, where AP = x. When the particle is at P, the
extended length of the string = OP=a + x.

T
B A O Ax P E
.. Tension in the string
a+x)—a A
Ap=pernza M
a a
The only force acting on the particle at P is the tension. Hence the equation of motion will be
d’x Ax
dr? a
Negative sign indicates that the tension is in the direction of x decreasing.
d’x A
Hence -

=——x
dtz am
This represent S.H.M. whose time period

()
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= 2n K%ﬂ i)

Again from (i), we get

Integrating, we get

A
V- x4,
ma

where C is the constant of integration. At B, x=b,v =0

0=—Lb2+C or C=Lb2
ma ma

Substituting the value of C, we get

2t b* - x%) (i)
ma

When the particle reaches A, then x =0. Then its velocity,

A
V= K—ﬂ b
ma
At A the tension on the particle will be zero, which means that the particle is not influenced by

any force. So it moves with velocity Kiﬂ b and will pass through O; and go to the left of O

ma
to the point A’. When it reaches A’ the string again becomes stretched and the tension comes
into play and the motion once again becomes S.H.M. to B. The particle comes to instantaneous rest

at B’, moves back to A" under S.H.M. From A to A" the motion is under uniform velocity while
from A to B it is simple harmonic.
Hence, time of one complete oscillation

= 4 [time form B to O] = 4 [time from B to A + time from A to O]

1 C distance AO
=4 " X periodic time +

uniform velocity

- oo (3]
S GEE]
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3. A particle is performing S.H.M. in the line joining two points A and B on a smooth plane

and is connected with these points by elastic strings of natural lengths a and a’ the moduli of
elasticity being ) and )’ respectively. Show that the periodic time is

o || m )
(i) + 1))

Sol. Let OA and OB be the elastic strings whose natural lengths X
are a and a’ respectively. Let O be the position of equilibrium of A o P B
mass m, ), and A" being the moduli of elasticity of the strings OA and OB respectively.

Then in the position of equilibrium tension in the string OA = tension in the string OB

A A,

ie., —I=—1 (D)
a a

where [ and [” are the extensions in OA and OB.

Let at time ¢, P be the displaced position of the particle of mass m, such that OP = x. Then
tension in the string PB= (—,j (I’ = x) acting in the direction PB and tension in the string
a

PA=(A/a) (Il + x), acting in the direction PA. Hence the equation of motion of the particle will be

2 ’ ’ry’ 7
Al M AA
m_d;:(x_,] (l'—x)—(&] L+ x) =( , ——j—[—,+—jx
dt a a a a a a
)
42 —t—
or r__Jjxa 4 X, from (i)
dt? m

This is the standard form of S.H.M. Hence the required time period

- o
7]
_+ p
a a
m
EXERCISES

1. A particle of mass m executes simple harmonic motion in the line joining the points A and B
on a smooth table and is connected with these points by elastic strings whose tensions in

( mil” )

ka } , where

equilibrium are each 7. Show that the time of an oscillation is 27 {

1, 1" are the extensions of the string beyond their natural lengths.

2. An elastic string of natural length (a + b) where a>b modulus of elasticity ), has a par-

ticle of mass m attached to it at a distance a from one end, which is fixed to a point A of a
smooth horizontal plane. The other end of the string is fixed to a point B so that the string is
just unstretched. If the particle be held at B and then released, show that it will oscillate to

and fro through a distance b(\/; + \/E)/\/; in a periodic time T (\/; + \/E) J@m ! A)].

3. Two light elastic strings are fastened to a particle of mass m and their other ends to fixed
points so that the strings are taut. The modulus of each is A, the tension 7T and lengths a
and b. Show that the period of one oscillation along the line of the string is
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o ( mab )
L(T+b) (a+b)J

4. Prove that the work done against the tension in stretching a light elastic string is equal to
the product of its extension and the mean of the initial and final tension.

5. Two particles of masses my and m, are tied to the end of an elastic string of natural length
a and modulus ). They are placed on a smooth table so that the string is just taut and m;,

is projected with any velocity directly away from my;. Prove that the string will become slack
after the lapse of time

( amlmz \
Ay + my)
6. Two masses my and m, are connected by a spring of such a strength that when ny is held

fixed m, performs n complete vibrations per second. Show that if m, be held fixed, my will

()
make n Lﬂ J , and if both be free, they will make 7 ./{(m; + m,)/m;} vibrations per sec-
m

ond, the vibrations in each case being in the line of spring.
3.3 VERTICAL ELASTIC STRING
A light elastic string of natural length a and modulus of elasticity ) is O O O

suspended by one end, to the other end is tied a particle of mass m, the T T
particle is slightly pulled down and released. Discuss the motion. a a a
Let O be the fixed point at which upper end of the string is tied. Let
OA =a be the natural length of the string. When weight mg is tied at the Ia 1A
lower end A then let b the extension in the string in equilibrium, where AB = b. e
A
Let T, be the tension in this case. Then PTo b
1B 1B
b
Ty =mg=A— Q) Mg xAT
a +P
Now, the particle is pulled vertically down wards to a point C (BC =c¢) ic
mg

and then released. Since the tension in the string when particle is at C is greater
than the weight of the particle; hence it will move upwards.

Let P(BP = x) be the position of the particle after time ¢ and then let 7 be the tension in the
string, then by Hooke’s Law,

b
T=MX\. +x=mg+7u£ ..(ii)
a a
[from (1)]
and equation of motion will be
2
m d_2x =mg—-T
dt
X
=mg—mg — A— [from (11)]
a
d’x A
or O
dt am
or =- %X, [from (i)] (i)
v L =5,
dx b
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Integrating, we get
2 2
V__8X L,
2 2 2

where A is constant of integration.
At C, x=c,v=0, hence

gt
b 2

v = % (c2 - xz) ...(iv)

The motion given by (iii) is simple harmonic, having B, the position of equilibrium as the centre
of oscillation. Now, let us consider the following two cases :

Case L If ¢ <b, the motion given by (iii) is purely simple harmonic, centre of oscillation B,

with amplitude ¢ and period
2nJ[(b7 g)].

Case IL If ¢ >b but less than \[[(h® + 4ab)], the particle in its upwards motion goes above

A, but at A the string becomes slack and tension becomes zero. Hence S.H.M. ceases and the particle
rises against gravity till the velocity becomes zero.

From (iv) the velocity at A is u = H% (c2 -b? )H in the upward direction and the particle

u
i he height —=—+—— .
rises up to the height 22 b above O

This will be true if the height risen above O is not greater than a, the natural length of the
string, otherwise the motion again becomes S.H.M. Condition that motion above O may not be
S.HM. is

2 C2 b2

2 2

¢ Z_bb <2a,ie., ¢ <[(b? + 4ab)]

Remarks : (i) In the case of a spring the law of compression is same as law of extension. Thus
the tension operates even when particle rises above A. Hence in this case equation (ii) holds good

through out the motion. The period of motion will be 27 /[(b/ g)].

(i1) While solving problems on vertical elastic strings the position of equilibrium must be obtained
first.

EXAMPLES

1. An elastic string without weight, of which the unstretched length is | and modulus of
elasticity is the weight of n oz, is suspended by one end and a mass of m oz, is attached to the
other end. Show that the time of a small vertical oscillation is

(2]

Sol. Let O be the fixed point, / natural length and b and extension when m oz mass is attached
to the string. The string is then pulled down to a small distance and then released. Let when weight

is at P at time ¢, then extension in the string is b + x. Then we have

T0=mg=7»?
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b .
or mg = ng n (since A =ng) (1)
Equation of motion will be o o
d’x T
m——-=mg-T (i)
dr*
b+x ng ) A TA
But T=ng.——=mg+—1x, [from()] bAT, b
! ! B 1B
Hence from (ii) xAT
5 1P
d x g
m——-=mg—mg ——Xx 1
dr* !
&x_ ng
or e -
Hence the motion is S.H.M. and the period of motion

_oom {( ﬂ\}
JI(ng /ml)] LngJ )

2. A light elastic string of natural length | has one end fixed at a point A; and the TA
other attached to a stone, the weight of which in equilibrium would extend the string to
a length 1. Show that if the stone be dropped from rest at A, it will come to an B
instantaneous rest at a depth J[(llz - 12)] below the equilibrium position. T°¢
Sol. AB =1 is the natural length of the string. Let m be the mass of the stone and C TP
its position of equilibrium. According to given condition
AC=1l or  BC=(,-1)
4D

A
Then at C, mg = (z] (h =D ()

where ), is the modulus of elasticity.

Let the stone be dropped from rest at A, the motion from A to B will be due to gravity only as
there will be no tension. If v be the velocity of the particle when it reaches B, then

v=4/[(2g)] (i)

At B, the string becomes taut and for the motion below B, the tension of the string comes into
play. Let P be any displaced position of the stone. Let CP = x. Then at P the forces acting on the

stone being (i) its weight mg acting vertically downwards and (ii) tension (%j (4, =1+ x) in the

string acting vertically upwards. Hence the equation of motion will be

(dzx\ A
mLFJ =mg—7(ll -1+ x)

=mg —mg — (—) X, from (1)
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dx_ Ao ex L
or . oml T G- om (i)
dv gx
or Vo=
dx 4L -D
Integrating,
2 2
A Y
2 G- 2
At B,v=4/[(2gD)] and x=-( =)
8 2
2gl=- GL-D"+A
(Ut))
or A=2gl+g (l -1)
2 (¢ ),
ve=2gl+g(,-1)— X
gl+g (-0 le_l) ...(iii)
If the particle comes to instantaneous rest at D, such that CD = d, then from (iii), we get
2
gd
0=2gl+g() -1)————
Ul))]

or d>=2 -1%) or  d=\( -1

3. A smooth light pulley is suspended from a fixed point by
a spring of natural length | and modulus of elasticity ng. If o 2T
masses my and m, hang at the ends of a light inextensible string
passing round the pulley, show that the pulley executes simple
harmonic motion about a centre whose depth below the point A

of suspension is 1(1+2M /n), where M is the harmonic mean T
T

between my and my,.
Sol. Let O be the fixed point which the pulley is suspended. fl T
Let ) be the modulus of elasticity, then myg
A=ng ) Mo

Let us consider the motion of masses ny and m,. Let fbe myg myg
the acceleration of the system and 7 the tension in the string
round the pulley. Then the equation of motion will be

mg =T =myf
and T-mg=mf
which give
2mymy
=———— g = Mg, where
(ml + m2 )
2
M=
my + my

Hence pressure on the pulley due to the masses my and m, = 2T = 2Mg.

Now, the problem reduces to the motion of a mass 2M hanging from one end of an elastic
spring of natural length / whose other end is fixe at O.

Let B be its position of equilibrium such that AB = d (say),

Then at B,

weight of the mass 2M = Tension in the spring

ie., 2Mg =(A/1)d = (ng/l)d from (i)
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2IM

n
In case of vertical spring whose one end is fixed we know that the motion is simple harmonic
about the posiion of equilibrium of the mass attached to the other end.
Hence required depth = OB = OA + AB

:l+d:l+21M :I{H(zﬂﬂ.
n n

EXERCISES
1. A light elastic string of natural length / is hung by one end and to the other end are

tied successively particles of masses m; and m,. If # and#, be the periods and ¢, ¢,
the statical extensions corresponding to these two weights, prove that

or d=

g (1f =13) =47 (¢ = c3).
2. A heavy particle is attached to one end of an elastic string, the other end of which is fixed.
The modulus of elasticity of the string is equal to the weight of the particle. The string is
drawn vertically down till it is four times its natural length and then let go. Show that the

particle will return to this point in time {ij [% T+ 2\/§j where a is the natural length of
\\g

the string.
3. A heavy particle attached to a fixed point by an elastic string hangs freely stretching the
string by s auancty € Itis drawn by an additional distance f and then let go. Determine the

height to which it will rise if f2 — ¢% = 4qge: e being unstretched length of the string.

[Ans. f +e+2a]

4. A mass m hangs from a fixed point by a light spring and is given small vertical displacement.
Show that the motion is simple harmonic. If / is length of the spring when the system is in
equilibrium and # the number of oscillations per second, show that the natural length of the

spring is [ — (g/4n2n2).

5. A light elastic string whose natural length is a has one end fixed to a point O and to the
other end is attached a wieght which in equilibrium would produce an extension e. Show
that if the weight be let fall from rest at O, it will come to stay instantaneously at a point

distant \/(2ae + ¢*) below the position of equilibrium.

6. A heavy particle of mass m is attached to one end of an elastic string of natural length /
whose other end is fixed at O. The particle is then let fall from rest at O. Show that, part of
the motion is simple harmonic, and that if the greatest depth of the particle below O is

l cotz(e/ 2), the modulus of elasticity of the string is %mg tanZ 0 and that the particle

attains this depth in time /(21/ g) [1+ (m — 0) cot 8], where @ is a positive acute angle.

7. One and of a light elastic string of natural length a and modulus 2mg is attached to a point

O and the other end to a particle of mass m. The particle initially held at rest at O, is al-
lowed to fall. Find the greatest extension of the string and show that the particle will reach
O again after a time ¢ equal to

(m+2— tan”! 2) (Z_a]
8
8. A heavy particle of mass m is attached to one end of an elastic string of natural length /
feet, whose modulus of elasticity is equal to the weight of the particle and the other end is
fixed at O, the particle is let fall from rest at O. Show that a part of the motion is simple
harmonic and that the greatest depth of the particle below O is (2 + NE) ) [ feet. show that
this depth is attained in time
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J7g) (N2 + 1 = cos™ (1/+/3)} seconds.

9. A particle of mass m is attached to one end of an elastic string of natural length a and modulus
of elasticity 2 mg, whose other end is fixed at O. The particle is let fall from A, when A is

vertically above O and OA = a. Show that its velocity will be zero at B, where OB =3a;

calculate also time from A to B.
1| a) . _1(1j
Ans. — || — 4\/5+7t+2s1n —
[ 2 \/L ZgJ { 3

10. A heavy particle is attached to an inextensible string to a fixed point from which the particle
is allowed to fall freely. When the particle is in its lowest position the string is of twice its
natural length. Prove that the modulus is four times the weight of the particle and find the
time during which the string is extended beyond its natural length.

5l ]

11. The bodies of mases M and M’ are attached to the lower end of an elastic string whose

upper end is fiexd and hang at rest, M~ falls off; show that distance of M from the upper
end of string at time ¢ is a+ b + ¢ cos {\/(g /D) t}, where a is the unstretched length of the

string, b and ¢ the distances by which it would be stretched when supporting M and M’
respectively.

12. A heavy particle is attached to one end of a fine elastic string, the other end of which is
fixed. The unstretched length of the string is a and its modulus of elasticity is n times the

weight of the particle, is pulled vertically downwards till the length of the string is @’ and
is then let go from rest. Show that the time it returns to this position is

2(m—0+0"+an O~ tan 0') (i}
ng

where @ and 0 are positive acute angles given by

’

sec 0= —n—],sec26’=se026—4n.

a
13. A heavy particle is attached to one point of a uniform light elastic string. The ends of the
string are attached to two points in a vertical line. Show that the period of a vertical oscilla-

tion in which the string remains taut is 27/(mh/2\), where ), is the coefficient of elastic-

ity of the string and % the harmonic mean of the unstretched lengths of the two parts of the
string.

14. Two particles of masses M and 2j7 are connected by an inextensible string passing over a
smooth peg. From the particle M another equal particle hangs by an elastic string of natrual
length @ and modulus Mg. The system is initially supported with the string vertical, the first
being taut and the second at its natural length and then released. Show that the motion is

S.H.M. with period ®/(3a/g) and the extension of the second string at time ¢ is

all—cos{2t+/(g/3a)}]

aaaQq
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Motion on Smooth and Rough Plane

4.1 MOTION ON A SMOOTH PLANE CURVE

A particle is compelled to move on a smooth plane curve under the action of given forces in
the plane, to find the motion.

Let P be the position of a particle of mass m at time ¢ |y
and let the arc AP be s, where A is some fixed point on the
curve. Let the components of the force acting at P be X
and Y parallel to the axes OX and OY respectively. Let R
be the reaction at P. Let the tangent at P makes an angle
Y with the x-axis.

In the problems of this type one should use tangential
and normal accelerations. The impressed forces must be
resolved along the tangent and normal and equated to the
effective forces in those directions. Hence, the effective

2 2
forces are m; d— and mv—_ The impressed forces are
dr? p o

X, Y and normal reaction R.

The equations of motion of the particle along the tangent and normal to the curve at P are

2
md—;:Xcosw+Ysin\p (@)
dt
V2
and m—=R— Xsin y —Y cos y .(i1)
p

where P is the radius of curvature of the curve at P. These two equations determine the motion
of the particle.

4.2 MOTION ON A SMOOTH PLANE CURVE UNDER GRAVITY

To determine the motion of a particle on a smooth vertical plane curve under gravity.

(1) When the particle is moving outside the restraining
curve, so that the normal reaction offered by the curve is away
from the centre of curvature of the curve. Let ¥ be the angle
which the tangent to the curve at any point makes with the
horizontal line. The impressed forces are the weight of the
particle and the reaction of the curve and they must be equal

. d’s v
to the effective forces m d_2 along the tangent and ™ F
t

along the normal, if s is measured from the highest point of the
curve. Hence, we have, the tangential effective force
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m d’s =mgsin Y @
— = a
dt?
The normal effective force
2
my
T= mg cos Y — R ...(ii)

(i) When the particle is moving inside the curve, so that R

is in the same direction . If s is measured from the lowest

point on curve in this case, then we have

TS gsiny (i)
5 T L1
dr?
2
my
and =R-mgcos y ...(iv)

Equations (i) and (ii) or (iii) and (iv) are quite sufficient to
determine the motion, as the case may be.

EXAMPLES
1. A particle slides on the curve x=2 J{a(y—a)} with a velocity due to a fall from the

horizontal x-axis, the y-axis being vertically downwards. Find the pressure on the curve at any
time and time of sliding from y=btoy=c.

Solution. The equations of motion will be

m d’s =mg siny @)
5 = |
dr?
2
my
and o =mg cos Y — R )

Since the velocity of the particle is due to the fall from

the horizontal x-axis, we have
v=4/(2gy)

To find the pressure R from (ii) let us find out p and V.
Now from the equation of the curve; so have

x2 =4q (y—a)
2
& =% and @y = 1
dx 2a dx?  2a
dy ? x?
I+ di I+ 2 3/2 3/2
Now, _ * _ 4a _(4ay)™ 2y
dzy/dx2 1/2a 4a° a’?
Al D _ tan y=—"
50 dx 2a

)
cosy= || —
y

Thus, from (ii), we have
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my? a m.2gy a’?
R:mgCOS\V——ng [_]_—
y

Hence, the pressure at any point is zero.
To find the time of sliding from y =5 to y = ¢, let us find a relation between y and .

dy dy ds dy
—_—= = — = 2 —_—
Now, o ds ar VO

=/(2gy) sin y = /(2gy) /(1 - cos” y)
=gy ,/(1 ‘%) =g (y-a))

dy

VO -a)

To get the required time, let us integrate between y = b to y = ¢. This gives

d
I Jeg a= =2

VO -a)
or Jegr=2[y=a] o 1= @[J(o—a)—«b—cn

2. A wire, in the form of the parabola y2 =4dax, is fixed with its axis vertical and vertex

or (2g) dit =

downwards. If a small smooth bead of mass m can slides on the wire and is released from rest at
one end of the latus rectum, find its acceleration along the tangent when it is at a point x above

3/2
o a
the vertex and show that the pressure on the wire is 2mg ( ) .
a+x

Solution. The equation of the parabola is
y2 =4ax (l)

dy 2a (aj
tany=—=—-=_|| —
dx y X

3/2
2
() ]
dx
d’y
dx? R
o= (4ay + 4512)3/2

44>
Applying the equation of energy, the velocity at P (x, y)

is given by y < 5
%mvzzmg(a—x) l \‘{

Whence v? =2g (a — x), since m# 0, we also have mg

Hence, p=

or
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mv2

——=R—-mgsiny
p

5 B 3/2
Hence, R:ﬂ+mgsin\v:mg{\/;(a X) n \/;3/2}:2mg[ a )
P

(x+a)3/2 (x+a) atx

5 172
d’s . a
Also, S = &smy=-¢g
dt a+x

3. A particle slides down the smooth curve

L X
y=asinh—, the axis of x being horizontal and aixs of y
a

downwards, starting from rest at the point where the tangent
is inclined at an angle o to the horizontal. Show that it
will leave the curve when it has fallen through a vertical

distance a sec q.
Solution. The equation of motion are

dv . .
mg —=mgsin Yy (1)
ds
2
my
and T =mgcos Y — R ..(ih)
dv dy dy .
] =g 2 . —=sin
From (i), v I g. s ( s ‘Ifj
- vdv=gdy
Integrating, v2 =2 gy+ A,
where A is the constant of integration.
Initially, when y =y, say v=0,
A=—2gy
v? =2g (y= o) ...(iii)
Putting for ,,2 in equation (ii), we get
2 -
2mg(y= Yo) =mgcos Y — R
p
when particle leaves the curve, then R=0.
m2g (y—yg)=mgcos Yy p ...(iv)
L X
Now, y=asinh—
a
dy

X
—=cosh—=tan y
X a

, 2
or tan y = (1 +sinh? ﬁj = [1 + y—zJ
a X

Initially, when y =0, y =y,

2
tan o = (1 + y—gj (V)

a
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Now, pcosy = 5 .
ﬂ | dy 2
di2 + .
2
dy
1+(dxj 1+cosh? >
2 a
= 3 =a
d sin h X
dx? ) a
Yy
o2 X 24+
B 1+1+sinh ;_ 2[ 612]_2a2+y2
or pcosy=a o =a = :
sin h =~ y b
a
Hence, from (iv), we get
2a° + y?
2(y-y9)= LY o 2y - 2yyp = 24> + y?
2 2 2 2
or y©=2yyp +y5 =2a° + )
or (y- yo)2 =2a% +d*(tan® =1 =a’ (1+ tan> o) by (v)
or (v—y0)? =a? sec’ @

Y=Yy =aseco

Hence, the particle wil leave when it has fallen through a vettical distance a sec o.

4. A small bead, of mass m, moves on a smooth circular wire, being acted upon by a central
my

attraction ( distance)2 to a point within the circle situated at a distance b from the centre. Show

that in order that the bead may more completely round the circle, its velocity of projection at the

4ub
(a®-b%)|

Solution. Let O be the centre of attraction. Then OA = a — b, OB = a+ b. Let the veloicity at

point of the wire nearest the centre of force must not be less than

A be V and that at P be v.
.. omy
The Central attraction is —- -
r
The equation of motion will be
ﬂ:_m_ucosq):_m_u'ﬂ . Cosq):ﬂ
ds r2 F2 ds ds
or VdV =— % dr
r i % cos 0
Integrating, we get Jvdv=[- = dr NP
u ' o
or —v2=E44 () o a v
2 r A B
when the particle is at A, where r = a — b, the velocity is V. ab C
L o2
—Vi=——+A i
> a—b ...(>i1)

Subtracting (i) and (ii), we get
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Lo 1o W u
—yr—yr =t
2 2 r a->b (i)
In order that the particle may move completely round the circle its velocity v should not vanish
till the particle has reached the other end of the diameter, i.e., B where r =a + b. Hence, the least

velocity of projection will be obtained by putting v=0 and r=a+ b in (iii).

oty M w2
2 a+b a-b a? - p?
V2= 24},Lb _ o V= 24ub .
a“—-b a“—=b

5. A particle is projected from the vertex of a smooth parabolic tube of latus rectum 4a

mgr
along the tube and is acted upon by a repulsive force zer from the focus. If the velocity of
projection is that which would be acquired in moving from focus to the vertex, prove that the time

9)

Solution. The polar equation of a parabola of latus rectum 44 referred to focus as pole is

c T+
of describing angle © about the focus is 2 [E] log tan(

—=1+cos O
’
2a 2 (S}
r= 5= asec 3
or 2 cos?
2
Let V be the velocity from focus to vertex, i.e., from r=0 to r=a under the given force.
Then
\% r
v2 g }’2
2 c| 2
0 0
or v2=£42 )
c

This will be the velocity of projection.
Tangential equation of motion will be

d d
mv—v=mg£cos¢=mgl—r or vav=5rar
ds c c ds c

v r
v _g|r?
2 c| 2

\% 0

Integrating, we get
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277 2 ) e 2 by
2
v2:—r2 or :éz E
c dt c
ds de g 2 6
— ==& |asec” — Ii
or o (C)a 5 (1)
_ 2 9 ﬁ: 2a sec 9sec 9 tan 91
Now r =asec ; 4o 2 2 2
2
ﬁ: Py ﬂ =asec29 1+tan29
9 d9 2 2
6
=asec’ —

Hence, from (ii), we get

asec?d B [8)ec2® o < jg secgdezjg dt
2 dt c 2 g 2

T 6 0 T+0
or (Ej {2 log tan (— + —H =T or 2 (2] log tan
g 4 4)], 8

6. A heavy ring of mass m is free to move on a smooth fixed parabolic wire of latus rectum 4a
whose axis is vertical and vertex upwards and is attached to one end of an elastic string of natural
length a and modulus of elasticity 2 mg whose other end is fixed at the focus. The ring is projected

=T

from the vertex of the parabola with velocity 2 \/(ga). Prove that that when the focal distances is

1/2
. . . r . .
r, its velocity is |28 4 Ba-r) and the pressure on the wire is

1 A__N
(3r—4a) mg
y(ar) SN
Solution. Taking SX as initial line and S on pole, the 0 P
equation of the parabola will be A
2—a=l+COS(TE—9)
r
=1—c059=2sinzg
At A where 0 =T,
N
X mé

2
2 _osin2 Zon
r 2
r=a
In a parabola tangent at any point bisects the angle between the focal radius and perpendicular
from the point on the directrix.

Also, ZPSX = ZSPN (alternate angles)

0=0+0=20 or ¢=%

. . 0 a
sinp=sin—=_[| —
or o > ( )

r
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where ¢ is the angle between tangent and radius vector.
Also, pedal equation of parabola is

p2=ar ie., pzx/z.\/;
dp _a

dr  2r P
dr _ 2r (r]

=r—=r. = —
dr \/;
Also tension in an elastic string
_ A(Extension) om (r—a)

a

~ Natural length a
The equation of motion will be

d
mv—vzmgcos(])—Tcosq)
ds

=img—2m (rzaldr i
8 8 P s ..(1)
_8
or vdv==3a-2r)dr
a
v? =2—g(3ar—r2)+A
a
AtA, r=a, then y2 = 4ag, given
4ag=£.2a2+/4, s A=0
a
2
Hence, p2 =28 Gar —r?) (i)
a
Again the normal equation of motion will be

2
mv—:R—mgsinq)+Tsin¢
Y

Putting the values of vzp, T and sin ¢, we get

R=m. " (3a - r). - (3) —{mg+3mg—(r_a)} (z)
a 2r r a r

=18 (3)[3a—r—a—2r+2a]= "8 (4a-3r)

a r \/a_r

EXERCISES

1. A particle slides down a catenary, whose plane is vertical and vertex upwards, the velocity
at any point being due to the fall from the directrix. Prove that the pressure at any point
varies inversely as the distance of that point from the directrix.

2. A small bead is projected with any velocity along a smooth circular wire under the action of
a force varying inversely as the fifth power of the distance from a centre of force situated on
the circumference. Prove that the pressure on the wire is constant.

3. A particle of mass m moves in a smooth circular tube of radius a under the action of a force
equal to m X distance to a point inside the tube at a distance from its centre. If the particle
be placed very nearly at its greatest distance from the centre of force, show that it will de-
scribe the quadrant ending at its least distance in time

(ij log (+/2 + 1)
uc
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4. A particle is projected horizontally from the lowest point of smooth elliptic arc whose major
axis 2a is vertical and moves under gravity along the concave side. Prove that it will leave

the curve at same point if the velocity of projection lies between ./(2ga) and

\[ga (5 ¢%)]; and if the velocity have the later value, prove that the particle will continue
to move round the ellipse in time

1/2
al . 1-e? cos?
8 3—e” +2cos

5. From the lowest point of a smooth hollow cylinder whose crosss-section in one half of the

lemniscate 12 = g% cos 20 with axis vertical and node downwards, a particle is projected

with velocity V, along the inner surface in the plane of the cross-section. Show that it will

make a complete revolution if 372 > Tag.

6. A smooth parabolic tube is placed, vertex downwards, in a vertical plane. A particle slides
down the tube from rest under influence of gravity. Prove that in any position the reaction

. h+a
of the tube is 2w . ——
p
4a the latus rectum.
7. A bead is constrained to move on a smooth wire in the form of an equiangular spiral. It is

where w is the weight of the particle, p the radius of curvature,

s

attached to pole of the spiral by a force my (distance) =2 and starts from rest at a distance b

Bcos a

from the pole. Show that if the equation of the spiral be r = ae , the time of arriving at

th le i r ﬁ sec o
e pole is > o .

8. From the lowest point of a smooth hollow cylinder whose cross-section is an ellipse of ma-
jor axis 2a and minor axis 2b and whose minor axis is vertical, a particle is projected from the
lowest point in a vertical plane perpendicular to the axis of cylinder. Show that it will leave

2 2
a” +4b
the cylinder if the velocity of projection lies between +/(2gh) and [g : b ] :

U
9. A small bead moves on a thin ellipse wire under a force to the focus equal to —5 * —3 and
N

is projected from a point on the wire distant R from the focus with the velocity which would

. . . e . .
cause it to describe the ellipse freely under a force 5 - Show that the reaction of the wire
r

A [ 1 1 1 ]
is =| 5 ———*1t—5 |- where P is the radius of curvature.
p\r2 ar R? P

10. An elastic string of modulus ), is attached at one end to a focus of a smooth wire in the
shape of an ellipse of latus rectum 2/ and major axis 2a. The other end of the string is
attached to a small ring of unit mass which can slide on the wire which is fixed with its plane
horizontal. If the ring be slightly displaced from its position of unstable equilibrium at the
end of major axis of the ellipse, show that its angular velocity about the focus when the

string becomes slack is
Al
— (a- l)} .
{a3
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4.3 MOTION ON A ROUGH CURVE UNDER GRAVITY

A particle slides down a rough curve in a vertical plane
under gravity, to discuss the motion.

Let P be the position of the particle at time ¢. At P, let the
tangent is making an angle ¥ with any fixed horizontal line
and the arcural distance of P measured from a fixed point A be
s. Let R be the normal reaction. Since the particle slides

downwards, hence the force of friction UR acts upwards along
the tangent at P.

Resolving forces along the tangent and normal at P, we
get the equations of motions are

(dvj !
my | — |=mgsin y — UR
ds

1 m ﬁ =mgsin Yy — UR
or > s gsmy — |
2
v
and m[F]—mgcosw—R
Eliminating R from (i) and (ii) by multiplying (ii) by Il and subtracting from (i), we get
1 a? v? .
—m——— Wwm — =mg sin Y — |L mg cos Y
2 ds p
dv? 2 :
or d—p—2uv =2gp(sin Y — WL cos )
s
dv?  ds 2 . ds
— . — = 2" =2gp (sin Y — W cos v p=—
or s " dv u gp(siny —p V) ( dy
2
d .
or L _2p® = 2gp (sin v - pcos )
dy
" l;[‘ehis is a linear differential equation in 2 whose integrating factor is ¢ 2%V, Hence, its solution
wi

V2 oMY =20 [p . 272 (sin - cos W) dy +c,

where c is a constant of integration.
When the equation of the curve is given, P can be determined in terms of Y. Hence by

substituting the value of P in right hand side of (iii) it can be easily integrated. The value of ¢ can
be determine by initial conditions.

Thus, from (iii) we can find the value of 2 in any position and then by substituting for ,2 in
(i) the value of R can be determined.

EXAMPLES

1. A particle is projected horizontally with velocity V along the inside of a rough vertical
circle from the lowest point. Prove that if it completes the circle, it will return to the lowest point
with a velocity v given by

2 -
v = y2 oA +&2(1— 2u2) (1- e 4™
1+4p
Solution. Equations of motions will be

my v =—WUR —mgsinO (D)
ds
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2
A%
and m—=R-mgcos 6 ..(ii)

For circle, we have p = a. Putting the values of R from (ii) into (i), we get

m dv? v? :
— . —=—Wwn—— U mgcosO—mgsin O
2 ds a
2 2
m dv® do %
or — T =—um.—-m cos 0 +sin®
2 do ds H a g )
. ao 1
Since s=a0 .. i
ds a
2
%4.2”\;2 = —2ga (1 cos O +sin 6) (i)

This is a linear equation. Hence, its L.F. = e-[ 2ud0 _ 210

Hence, the solution of (iii) will be
v e = 200 [(e®® cos 0 + e2M° sin 0) dB

2 2ue *ue e
or . e =—20aln. 5 (21 cos O +5sin ) + 5 (245 6 — cos ) | + A,
+4u 1+4p
where A is the constant of integration.
2u0
or v ™ =—2ga. —— [3usin - (1-2t%) cos 0] + A V)
(1+4un7)

Initially, when @ =0, v =V (given)

V2.1=—2L02[0—(1—2u2)]+A
1+4u
A=y?_ 280 ~(1-20%)
v 1+4p
By putting the value of A in (iv), we get
e?H8 2ga

v e = _20q. = [Bsin O — (1-2u%) cos 0]+ V2 - —=——(1-20%) _(y)
1+4p (I+4u°)
When the particle returns to the lowest point, it would have described an angle § =25 and let

the velocity be v;. Then from (v), we get

Lot =L5”“ze‘”‘“ [0-(1-2p2). 11+ V2 —Lz(l —2u?)
1+4u (1 +4p?)
Dividign by ¢*™  we get

v =v2eTdm Laz (1-2u2) (1 - ™4™
1+4p
2. A particle under no forces is projected with velocity V in a rough tube in the form of an
equiangular spiral at a distance a from the pole and towards the pole. Show that it will arrive at
the pole in time
a 1
V cos o — W sin o
o being the angle of the spiral and (L < cot &) the coefficient of friction.
Solution. The equation of the equiangular spiral is

r= aee cot o (l)
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Also, ¢=0 and y =0+ ¢ =0+ a and its pedal equation is p = rsin o ;

d . d
P _sina and p=r _dr = r cosec Q.
-

D
The particle is moving under no forces and hence we have the following equations of motion.

dv
- = R ..
my s | .(i1)
v2
and m—=R ..(iii)
[
L
or s M.

1dv? do_  w?
EE.E_I‘COSCC(X
1adv? do  w?
EE.rE_COSCC(X

or

or

do . e .
But tand=r—; . sin ¢ =r.— =sin &, because ¢ = Q..
dr ds

1 2
—dLsinoc—uvzsinoczo
2 do
dv2 2

or — 2w =0
do "

This is a linear differential equation whose integrating factor = e 2H0
Hence, the solution of the equation will be
Ve M2 o = ce“e,

where ¢? is the constant of integration.

1/cot a0

, W tan o
0
or [—) =M
a

Initially, when r =a,v=—-V (towards the pole) ...

W tan o W tan o
= [1) (—V) or v=-V (ij
a a

From (i), we have (

ds pHana or ds dr pHtana
or —_— = . —_— . = .
dt Cl“ tan dr dt a},L tan o
dr dr
But cos¢g=—orcosa=—," " 0=0
ds ds
1 dr \% gHtana _
ar_ W tan o _ 0 U tan o _ [t
—= — or I, r dr=|, dt
cos oL dt a V cos

. —u iz 0
ap,tdnoc r Wtan o +1 .
or - -
o

Vecosa | —ptan o + 1
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tan o —Utan o0 + 1 tano— L tan o0 + 1
aM 0—a u aH I

r=- . = .
Veosa —ptano+1 V cos o, cos OL— L sin O

a 1

V coso—psin o
3. A particle slides in a vertical plane down a rough cycloidal arc where axis is vertical and
vertex downwards starting from a point where the tangent makes an angle © with the horizon

Ccos O

. 0 .
and coming to rest at the vertex; show that Heu =sin O — L cos 6.

Solution. Intrinsic equation of a cycloid is B

s=4asin y (1)

ds
p=——=4acos . Its length =8a
dy

fu
Also Y = B for cusp and Yy =0 at the vertex.

Since the particle is sliding down the arc, the
force of friction acts in upwards direction. Hence, equations of motion will be

mvﬂ—uR—m sin Y i
s 8 (i)
2
v
and m—=R—mg cos ¥ ..(iii)
Eliminating R between (ii) and (iii), we get
dv v2 j .
my — =U| m —+mg cos Y |—mg sin Y
ds p
1 av? V2 .
or ———=K—+ g (lLcos y —sin )
2 ds p
Multiplying both sides by 2p, we get
dv?  ds

—.——2},Lv2 =2g 4a cos Y (I cos Y — sin )
ds dy

ds
p=—=4acosVy
dy

dv? :
or ﬁ —21v? =8ag cos Y (i cos  — sin ) (V)
This is linear differential equation and its integrating factor is Y,
Hence, solution of this equation will be

V2o =8ag [ cos Y (1 cos  —sin W) dy + A (V)

where A is constant of integration.
Put ¢V (u cos ¢ —sin y) = z.

[—pe ™Y (u cos y —sin y) + e ™Y (—p sin ¢ — cos W) dy = dz
or —e ™ 1+ p?)cos ydy =dz
dz
1+ u2

e cos y dy =- (Vi)

Hence, from (v) and (vi), we get
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e MY =840 [e™V . cosye ™ (Ucos y—siny)dy+ A

—dz_ 4

=8ag [z. 3
1+p

2
- SLZZ ‘A
2(1+u)
p2e MY _ 8“82
I+
We are given that v=0 when y=0.

. P (U cos ¥ —sin \If)z +A ..(viL)

A= ng ¢ (Wcos O —sin0)> or V2= ng e 20
(I+p7) (1+p%)
__Aag

(W cos 6 —sin 6)2

—2uy ; 2
e (K cos y—sin y)
1+ “2 ...(vii1)

Again, we are given that it comes to rest at the vertex where Y =0.
Hence, putting v=0 and Yy =0 in (viii), we get

igz e Mo (W cos B —sin 9)2 = igz (u)2
I+ 1+p
or ¢ M (u cos 0 — sin 0)? =2
or n=+e" (WcosO—sin®) or pet® =+ (1 cosO—sind)

Taking negative sign, we get
weM® =sin@—pcos O
4. A small bead is threaded on a rough rigid wire in the form of an equiangular spiral of

angle o. The bead is projected away from the pole with any velocity. Prove that the intervals of
time between the successive instants at which the bead is moving in the same direction as at first

form a G.P. of common ratio ¢>™® 0t

Solution. The equations of motions are

dv
my —=—uUR i
s | ..(1)
2
my
and T =R .(ii)
Eliminating R, we get
mvﬂ——u mﬁ or ﬂﬂ——uv
ds p ds dy
dv dv

or =-u or 7=_Hd\lf~

dy
Integrating, log v =—py + log k,
where k is a constant.

- d
or logiz—u\p or v=ke “‘V:d—j
ds dy -
Bk SF 2
or dy  di ..(iil)

Now, the equation of equiangular spiral of angle o is r = ae?“°'® and its pedal equation is
p =rsin aand ¢ = o.. Hence,
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ﬁ:p:rﬂ: .r =rcosect. Also y=0+¢=0+0.
dy dp sino

Hence, from (iii), we get

rod _ dy _ksinae ™  ksinoe™
T AV ey Y —
sinow dt dt r aedcote
d ksina _ —(w—
or _Wz—e Hy ,— (¥ —a)cota oY =0+a0
dt a
d k sino _
or avy _ POt = (L cota)
dt a
or oM+ ooty dy = k sin o pocote g

(L+cot o) y .
Integrating, < _ksino e cota
W+ cot & a

t+A,

where A is constant of integration. Since Q. k, a and L are constants, above equation can be
put in the form

eMHCotOV _pyy o

.(1v)
Let initially, when ¢ =0, y =y,

. ¢ = Tt Wy (V)
Since we are to find the intervals, when the particles is moving in the same direction as at first,
hence we give to Y the values Y + 27, Y + 47, Y, + 67 and so on and let the corresponding

values of t be 1, t,, #3 and so on. We are to find the values of ¢, —#,13 —#, and so on.
Putting these values in (iv), we get

e(u + cot o) (W + 27) —

Bll +c
or a(p+ cot o) Y, e(p +cota) 2m c= Btl
or ¢ {elHTeot® m_ 1} =By by (v)
Similarly, ¢ {eWHeoraT 1y — gy

and (L +cot o) 6T

c{e —1} = Btz and so on.

c
=1 :_e(p_+c0t ) 21 [e(u+cot )21 1

f—1, :%e(u+cot o) 47 [e(u+c0t a)2m 1]

Obviously, above intervals of time t, — 1,13 —t,,... form a G.P. whose common ratio is
e(p.+cot )27

5. A particle starts from rest from the cusp of a rough cycloid whose axis is vertical and
vertex downwards. Show that its velocity at the vertex is to its velocity at the same point when the

cycloid is smooth as
(@ =21+ p?)

where W is the coefficient of friction. Further show that the particle will certainly come to

rest before reaching the vertex if the coefficient of friction be 0.5, having given that log 2 =.69315.
Solution. Proceeding exactly as in Example 3, we arrive at result (vii) as

V2o Y _ _ igz ¢ MY (1w cos y —sin y)? + A
I+u

Since the particle starts from rest at the cusp when y = T , we have
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4 -
0=——"E M 0-17+4
I+
A= _4ag2 e M
1+p
- 4 - 4 — .
oMY = ag2 e M — ag2 MY (1 cos y — sin y)?
I+ 1+
Let v; be the velocity at the vertex where Y =0. Then we have from above by putting
v=y; and y =0.
4 - 4
= 21— 0)
1+p I+
2 dag —um 2
i) ~
or 1+ le (Y
Let v, be the velocity at the vertex when the cycloid is smooth, then putting L =0 in (i), we
get
2 _4ag .
vy = (1-0)=4ag .(i1)

1
From (i) and (ii), we have
ﬁ ~ P p'2
v% 1+ uz

or vy ivy = (e M7 _u2)1/2 :\/(1+l~l2)

Now, let the paricle comes to rest at the lowest point, i.e., vertex.
Then v; =0 and hence from (i),

e p,2 =0or uzeW‘ =1. Hence, it will coem to rest before reaching the vertex if

uze“n>1 or ue“n/2>1 or if logu+“—;10ge>logl
um 1 1 22
logu+-—1loge>0 or log—+—.—.1>0
or gu > g 82 47
1 22
since M=-5=Eand75=7
22 22
if ——log2>0 or ——-.69315>0
or 28 ¢ 28

which is true as 2 =.785.
28

Hence, if 1=.5, the particle will come to rest before reaching the vertex.

6. A rough parabolic wire with latus rectum 4a is placed with its axis vertical and vertex
downwards and a bead is projected along it from the lowest point with velocity u. Show that the

. : a
bead will come to rest at a distance — from the focus where
n

2
ucos_lnzlog n |1+
2ag

Solution.Taking S as pole and SX as initial line, the polar equation of the parabola will be

2a 0
Z=1+cos® or r=asec’—
’
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dr 0 6 061
—=2a sec —sec —tan—.—
d 2 2 22
lﬂ—tang or cotq)—tang
o rdo 2 2
0
=90°—-—
¢ 2
o, 9 "
and y=0+¢=90 +E (i)
. . .. 0 0 a
Also, p=rsin¢p=rsin| 90 +E :rcoszzr — | =+/(ar)
r
d—p=\/g Hence —rﬂ
dr 2Jr P
r 3 (G]
=2r || —|=2asec” —
(aj 2 ..(iii)
a 20 _a
Also, when r =—, then asec”™ —=—-
2 2 52
n
cosg—n
or 5
6 -1 .
R E=COS n ...(iv)
The equations of motion will be
d 0
mvd—vz—MR—mgcosq):—uR—mgsinE by (ii) (V)
s
v2 0
and m—=R—mg sinq):R—mgcosE (Vi)
Eliminating R between (v) & (vi), we get
mvﬂ——u ﬁ+m cosg —-m, sing
ds 88y TmENy
) ld_vz_+u_1/2__ ucosg+singj
or 2ds - p ¢ 272

Multiplying both sides by 2p and putting
p=2a sec’ g by (iii),

dv2 ds 2 3 0 0 . e)
— —+ 2w =—-2g.2asec’ —| L cos —+ sin—
we get s dv n 8 2(“ > >
2
dL.d—e+ 2uv2 =—4ag|pn sec? 9+ tang sec? o
de dy 2 2 2
dv? ) 0 0 - { 0  de
— 242w =—4aq sec” — + tan—sec” 0 oY =90°+—, o —=2
or a0 ! g(“ 2 20 " ay
i 0 9 5,0
—+ W =-2a sec” —+ tan — sec” —
or 70 I3 g(l»l > > >

This is linear equation in v2 andits LF. = MO Hence, the solution of this equation will be

vz.e“ez—Zag je“e tangsecgsecg+use029 do+ A
2 2 2 2
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:—2ag[”esec > — e usec gd9+je“euseczgd9}+A

0
or v2e'® = —24g MO sec? 5t A
Initially, for the vertex =0 and v=u
u’ =—2ag+A or A=u? + 2ag

6
y2eM® = Zage“e sec? 3 +u’+ 2ag

The bead will come to rest when v =0

0
2ag " sec? 5= u’ +2ag

0
or Mgec? 2o+ M
2ag
2
or eue/zzcosE (1+u—]
2 ag

Taking log of both sides, we get

i 2
Me—log n /{HLJ
2 ag

) 2
].Lcos_ln=log n /(1+u—]
2ag

by (iv).

7. A particle P of unit mass describes on ellipse under an attraction f to focus S and attraction
f’ to the other focus H. If SP = r and HP =¥, prove that

,2
)
2 dr 2 dr’ 7
Hence, show that if one force obeys the Newtoman law, so also must obey the other. If the

forces are equal, then each varies inversely as the product of focal distance of P.
Solution. There is a force f at P towards focus S, where

SP=r and a force f  at P towards focus H where HP =r’. b yA
We know that tangent and normal at any point on an ellipse YN
are equally inclined to the focal radii SP and HP. ﬂ fF
- ZSPY = Z/ZHPZ =
SY Sy s G M
sin ¢ = =
r
. HZ HZ
and sinp=—=—-
HP r
2
sin’ ¢=SY'1,LIZ _b _ s SY.HZ=b?
rr rr

Hence, sin ¢ =
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Again we know that in an ellipse,

x=acott, y=bsint
3/2

G-
dt dt ~ (az sin? 7 — b2 cos? t)3/z

dv d’y dy d’x ab
dt g dit gr?
_ [a2 (1- cos’ 1)+ b? cos> t]3/2 _ [a2 — (a2 - b2) cos’® t]3/2
ab ab
_ (a2 —a’e? cos® t)3/2 _ (a2 - ezx2)3/2 _[a-ex)(a+ e)c)]3/2 _ (SP.HP)M2
ab ab ab ab
_ry? )
b .(i1)
Also, SP+HP=2a or r+r =2a
Resolving the forces along the tangent, we have
dv , dr ., dr’ dr
v—=fcosO— fcoso=f——f —, vocoshp=—.
dsf o= q)fdsfds (I)ds
1 ’ s
- S == (f dr+ fr) (i)
Resolving along the normal, we get
%:fsinq)+f'sin(|) [om=1]
or V=(f+f)psino (iv)
Putting for 2 from (iv) in (iii), we get
dl(f+ f)psindl=—2fdr2f dr
~n3/2
, (rr’) b ,
d(f+ 1) . =—2fdr-2f"dr : .
or { ab m by (i) and (ii)
] 7’ 7 ’ ’
or —d[(f+f)rr==2fdr—=2f"dr
a
or d(frry+d (f rr)==2a (fdr + " dr’)
or i(frr')dr+i,(f'rr')dr'z—Za(fdr+f'dr')
dr dr
Now, we know that in an ellipse sum of the focal distances is constant and equal to 24.
r+r'=2a, odr=—dr

i(frr')dr—i,(f'rr')a’rz—Za (f dr— f'dr)
dr dr

d wood o ., , ,
or —(frr)—— (frr) == +r)(f-f)
dr dr
rr’£+fr'+frd—rj— rr'df,+f'r+f'r' dr, =—fr+r)+f(r+r)
dr dar dr dr
Putting dr =d—r=—1, we get

dr’ dr
(rr'ﬂ—i-fr'—frj—(rr' df,+f;'+f3"j=—f(r+r')+f'(r+r')
dr dr




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

or rr'£+2fr'=rr'£,+2f;’.
dr dr
Dividing throughout by rr’, we get
a [ 2f df f
dr roodr r
2 df .
. Al G| )
’
or L p)= ) (i)
2 dr /2 dr
Now if f obeys Newtonian Law, then f = % or r2 f =W, ie., constant.
r
Hence, from (iv), We get
’ 1 d 72 pr
——()— Py or 0=— = (2 f)
/2 d r12 d
F2f =constant=p" .. f'= l'fz
r
Hence, clearly f also obeys Newtonian Law.
From above
u W .y
f=-—7andalso f'=— .. ff=
r2 7,2 rzrr2
But if he forces be equal, i.e., f = f.
’ V) ok
then f2=L2L“,2 or f= m,l =
rer rr rr
i.e., force varies inversely as the product of the focal distances of the point.

EXERCISES
1. A particle falls from a position of limiting equilibrium near the top of a nearly smooth glass
sphere. Show that it will leave he sphere at the point whose radius is inclined to the vertical

3sino
2. A particle is projected along the inner surface of a rough sphere and is acted on by no

atan angle a+u {2 - } where cos o = E and  is the small coefficient of friction.
3

forces. Show that it will return to the point of projection at the end of timeuiv (62u 1),
where a is the radius of the sphere, V is the velocity of projection and U is the coefficient of
friction.

3. Arough cycloid has its plane vertical and the line joining its cusp horizontal. A heavy particle
slides down the curve from rest at a cusp and comes to rest again at the point on the other
side of the vertex where the tangent is inclined at 45° to the vertical. Show that the coefficient
of friction satisfies the equation

3urt+4log (1+u)=2log 2

4. A bead moves along a rough curve wire which is such that it changes its direction of
motion with constant angular velocity. Show that a possible form of wire is an
equiangular spiral.

5. A smooth wire in the form of a parabola of latus rectum 44 is fixed in a horizontal place. A
small ring of mass m can slide on it and is attached to the focus by a light elastic string of
natural length a and modulus ). If the ring is held at the end of the latus rectum and released,
show that its distance from the axis of the parabola at time ¢ is

2acos|t
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Motion in a Resisting Medium

5.1 INTRODUCTION

We are familiar with several motions in vacuum, for example the motion of a projectile in vacuum.
In vacuum the moving body does not experience any resistance to its motion but when a body
moves in a medium like air, it feels a resistance to its motion and hence it is called the motion in a
resisting medium. It has been observed that resistance increases as the velocity of the body increases
and hence the resistance may be assumed to be some function of the velocity. The resisting force
always acts in the opposite direction of motion and is non-conservative and hence the principle
of conservation of energy can not be applied.

All the laws of resistance, in fact, are more or less empiric.

5.2 TERMINAL VELOCITY

Let a particle of mass m be falling under gravity in air and let the resistance be proportional to

v, where v is the velocity at a distance x. Then equation of motion will be

d*x dv
—_— = — kv” .
2 dt g (1)

where g is acceleration due to gravity. The negative sign to ky" shows that there is retardation

d’x

due to air resistance. Equation (i) shows that with the increase in velocity the acceleration d_2
t

goes on decreasing till the particle acquires a velocity which makes the right hand side of (i) vanish.

Let this velocity be V, then

1/
O=g—kV" (&) .
=8 or V= ; (i)

dv
After v has reached the value V, E vanishes. Hence, it ceases to increase any more and thus

v can never exceed the value V.
If we consider the case in which the particle is projected downwards with a velocity greater

dv
than V, then the right hand side of (i) will be negative and hence o will be negative. It means that

from the beginning of motion there is retardation. Due to this retardation, the velocity of particle

dv
will go on decreasing till it reaches the velocity V. When this velocity is reached, o =0 and then

velocity ceases to decrease.
Obviously, in either case the ultimate velocity is V. This velocity Vis called the terminal velocity.
For example, a rain drop falling on the earth can not give an idea of the height from which it is
coming as it will attain terminal velocity much earlier than it has fallen on the ground, while for a
feather falling from the top of a tower, it is easy to see that the feather will have practically the
same constant velocity in the last four or five metres.
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5.3 MOTION IN A VERTICAL LINE DOWNWARDS

A particle falls under gravity, supposed constant, in a resisting medium whose resistance
varies as the square of the velocity, to find the motion of the particle if it starts from rest.

Let a particle falls, from rest, vertically downwards from A. Let P be its position when it has
described a distance x in time ¢. The forces acting at P will be : C1A

(i) The weight mg of the particle acting vertically downwards, and

(i1) The force mkv? due to resistance acting vertically upwards.

Hence, the equation of motion will be k T mkv2
) !
d—zxzmvﬂzmg—mka .
dt X :
dv k 5 Ly
v—=g|l=-—v ‘. YP i
or dx 8 ( p j mg ..(1)
Let V be the terminal velocity, i.e., the velocity when the downward acceleration is zero. Then
from (i)
0=g (1—5V2) or 1-Xy2_¢
8 8
or v? =§ (i)
From (ii) and (i), we get
dv | v
v e 81— W ...(iii)
vdv
or 2_ 2 i2 d
Ve—vy \%4

Integrating, we get  Jog (V2 —1?) = 2gx ‘c

where C is constant of integration.
InitiallyatA, x=0,v=0. = C=logV?>

2
Hence, log (V2 - ) = gzx + log V2
\%
| V2 - V2 _ 2gx V2 —V2 _ (—2gx/V2)
or 08 2 |72 O T2 TEe
\% \% \%
oy <—2gx/v2)) (i)

Equation (iv) gives the velocity in any position.
Now from equation (iii), we get

dv —gl1 v? g(VZ—VZ) dv 8 4
e Ty =
dr V2 V2 V2 -v?) v?
Integrating, we get
1 tanh™! (Lj _8 + A,
1% V) Vv
where A is constant of integration.
Initially, at A, v=0 when ¢ =0, L A=0.
1 -1V _ gt
— tanh
Hence, v V V2

or v =V tanh (V\J (V)
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Equation (v) gives velocity at any time.
Equating the values of v from (iv) and (v), we get

2
V2 tanh? (gvtj —V2 (- 285V

or ¢285/V? 1 _ tanh? (gvtj =sech? (gvt)
or 2851V cosh? (gvtj
or % =2 log cosh (gvtj
2
or X = [V?J log cosh (gvtj (Vi)

This equation gives relation between x and t.
5.3.1 Motion in a Vertical Line in Upward Direction

A particle is projected upwards under gravity, supposed constant, in a resisting medium whose
resistance varies as the square of the velocity; to discuss the motion.

Let a particle of mass m be projected from A with initial velocity u, vertically under gravity. Let
P be its position when it has described a distance x in time ¢. The forces acting on the particle at P
will be Cp

(1) Weight of the particle mg, acting vertically downwards, and

(ii) The force mkv? due to resistance acting vertically downwards. oy
Hence, the equation of motion will be
d’x v 2
m——=my — =—mg — mky
dx

dt .
dv k 2
or VEZ_”{”EV j CLA ()

Let V be the terminal velocity, i.e.,the velocity when the downwards acceleration is zero, then
from (i) of 5.3.

' mg mkv2

BT

k2 2_ &
0= 1-—V or V=% .
g{ 2 ] X ..(ii)

Substituting from (i) in (i), we get

2
vﬂ=—g 1+—| or v dv =-S5 gy
dx V2 viey:t o v?
Integrating, we get

log (V2 +v2)=——

+C,
v2

where C is constant of integration.
Initially, atA, v=u, x=0;

C=log(V2 + uz)

2
log (V2 +v?) == =55+ log (V2 +u?)

2 2
Vi+u 2gx
or log [ 5 J == .(iv)

V24w V2

This gives velocity in any position, Equation (ii) may be written as
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d dv d
—vz—i(V2+v2) PR
dt v?2 dx dt
dv g
=——"=dt
or V242 v?
Integrating, we get
~ tan”! lz—g—t+ A,
vV o y2
where A is constant of integration.
AtA, v=u where =0, .. A:ltan_1 £
Vv 14
ltan_1 lz—g—t+ltem_1 £
VvV oy v

\%4 _1(u “1(v
or IZE tan V — tan ; (V)

This is the relation between velocity and time.

5.4 RESISTANCE PROPORTIONAL TO THE VELOCITY

(a) A particle falls under gravity (supposed constant) from rest in a medium whose resistance
varies as the velocity; to discuss the motion.

Let at time #, the particle has fallen through a distance x when v is its velocity. The forces
acting at the particle at P will be

(1) The weight mg of the particle acting vertically downwards, and

(i1) The force mkv due to resistance acting vertically upwards. ?
Then the equation of motion will be T
2
d—;=mvﬂ=mg—mkv > x
dt dx AE
or el - () v
. . dx 8 Pym
Let V be the terminal velocity, then yYmg
2
O:g—EV or V==5_. o)
g k TATTTITIIITTTTIIIT
dv g
dx 8 Vv
dv g dv dv
or —t_-v=g L) | v—=—
da Vv (@ { dx dt}
This is a linear differential equation whose
ILF =ol@/Vydi _ g1V
Hence solution of (ii) will be
vel8M1 = o [ i A or vel8V)T = yel8/VI 4 4
where A is constant of integration.
Initially, =0, v =0, A==V
b8V _y8IV)t _y
or y=V —Ve &/ (i)
or @:V—Vei(g/v)t

dt
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2 _g,
Inetgrating, we get  x=vt+—e ¥V +B,

8
where B is constant of integration.

2
Initially, 1 =0,x=0, -, =V
8
2 2 _8,
Hence, x=Vt-—+-—e V (iv)
8 8

This is the relation between x and .

(b) A particle is projected upwards with a velocity u in a medium whose resistance varies as
the velocity to discuss the motion.

Let the particle be projected from A with initial velocity u, vertically up-wards, under gravity.
Let P be its position when it has described a distance x time ¢. The force acting on the particle at P
will be

(1) The weight mg of the particle acting vertically downwards, and

(i1) The force mkv due to resistance acting vertically downwards.

Hence, the equation of motion will be

d’x dv v
m—2=mv—=—mg—mkv p l
dt dx T mkv
vﬂ—— 1+£v i
or dx g < (1) ¥mg

u

2l

Let V be the terminal velocity, then V = % .

——— < ——>

dv g
y—=- Y
dx ¥ \%
dv g
y—=Z S W4y .
or 4 v ( ) .. (i)
vdv &
or Vv V
14 g
1- dv==dx
or [ V+v} v
Integrating,

v—Vlog(v+v)=—§x+A,

where A is constant of integration.
Initially, x=0,v=u, .. A=u—-Vlog(V +u)

v—u—Vlogm=—£x
u+V |4
v: v
or x:?IOgVJru"‘E(M—V) ...(iii)
Let H be the maximum height then at x = H, v =0. Hence,
2
sz—log 4 +ﬂ

g V+v g
Equation (iii) gives relation between x and v.
Again equation (ii) may be written as

v g __ {.vﬂ:ﬂ}
a v ¢ " dx dt
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This is a linear equation whose L.F. = 8/V)! Hence, its solution will be
vel8V) = g[8V gt 4 B

=-ve®M1 1
where B is constant of integration. Initially, t =0, v =u,

B=u+V
v=w+V)e @M1 _y (V)
This is the relation between v and ¢. Again, (v) can be written as

?:(HV)JWV” -V or de=[u+V)e €V _ylar
t

Integrating, we get
vV _
x=—Ww+V)—e (g/V)1 -Vt +C,
8
where C is constant of integration.

Initially, =0, x=0 .. C:(u+V)K.
8

x=Y vy e @V (Vi)
g

This is the relation between x and .
From relation (v) it is clear that v decreases as ¢ increases till at the highest point, where v=_0,

we have
eV
u+Vv
t—Klo u+V B
or o g v ..(vil)
From (vi) and (vii) the greatest height A will be
2 2
Ve v +V VvV
H:—————logu—+—(u+V)
g8 8 V. g
uv  v? u+V
=~ ——log ...(viii)
8 8

5.5 RESISTANCE VARYING AS nTH POWER OF THE VELOCITY

A particle falls under gravity (supposed constant), in a resisting medium whose resistance
varies as nth power of the velocity, to find the motion of the particle if it starts from rest.
In this case, the equation of motion will be

2
d—zx—mvﬂzmg - mkv"
dt X
% ﬂ = 1- 5 v ;
or dx 8 < ...(1)
Let V be the terminal velocity, i.e., the velocity when the downwards acceleration is zero, then
from (i)
k g
O=g|1-—V"| or V'=% -
8 ( P J 3 .(i1)

Hence, from (i); we have
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vdv g dr
or 1—
Vn
n v2n 3n

or _1+V—n+V2n+V3n+... vdv=gdx
Integrating, ~

V2 vn+2 v2n+2

—+ + 5 =gx+A

2 m+2)Vh @un+2)v"

where A is constant of integration.
Initially, v=0, x=0;.. A=0.

Hence,
1,1 (VJ 1 (vjzn 1 (VT"
X=—157 el = + =+ -
g2 m+2)\Vv Qn+2)\Vv Gn+2)lv (i)

This is the relation between v and x.
Again, equation (iii) can be written as

ﬂ:g1_i {vﬂ_ﬂ}
dt yn Cdx dt

dv

Since % <1, hence expanding by Binomial theorem, we get

n 2n 3n
gdt=(1+v—+ A8 W +...}dv

gdt =

vty 2n V3n
Integrating, we get

gt=|v+ + + +...
n+DV"  2n+DV? Gn+) V7

where B is constant of integration.

Initially, v=0and 7 =0, .. B=0. Hence,

B R Ol
t=—14 el = + = +..
g (n+D\V QCn+D\V Gn+1)\V (V)

This is the relation between v and ¢.

Vn+1 v2n+1 V3n+1
+ B,

EXAMPLES

1. Show that a particle projected upwards with a velocity U in a medium whose resistance
varies as the square of the velocity will return to the point of projection wtih velocity

Vo= uv . \% U - . . .
| =—5 5 afteratime —|tan” —+tanh™ — | where Vis the terminal velocity.
U +V g Vv Vv
Solution. We know that the equation of motion when the particle is moving upwards is given
by
dv 2
my — =—mg — mky i
x 8 (1)

Now, the particle moving upwards reaches the highest point B and then return back moving in
the downwards path. We know that the equation of motion when the particle is descending is given
by
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B
my ﬂ =mg — mkv? (i) E
dy i
dv 19
If V be the terminal velocity, then putting v=V and v - =0 in (ii), we get
y
1P
0=mg — mkv? or V? =§ ...(iii) f
Hence, from (i) i
d 2 A
_V = — 1+ V_ . .
v e 8 V2 [using (iii)] ...(iv)
2v dv 2g
=——=dx
o vZe2 o 2
Integrating, we get
2
log (V2+v2)=—=8 14
v2
where A is constant of integration.
Initially, when x=0,V =U.
A=log (V> +U?)
2
log (V2 +v2) = —izxﬂog v?+U?)
Vv
G R
or 2g v2 2 (V)
Let & be the greatest height attained by the particle, the putting x =4, v =0 in (v), we get
W Ve[V ar? .
= EE 0g —V2 (Vi)
Again, we may write equation (iv) as
D8 2o LA A
dt v2 dt  dx
dv g
=—=dt i
or V22 V2 ...(vii)

Let £ be the time taken by the particle in reaching the highest point where is velocity become
zero. Then by integrating (vii) between the limits 1 =0 to t =# and v=U to v=0, we get

{l tan”! 1}0 =5 [t]t‘

Vv 1% v - V2 0
U _8h _ \% U
or T tan Vo or  =—tan = — ..(viii)
Now, after reaching the highest point, the particle stars moving downwards from rest. Therefore,

its equation of motion will be (ii), and it may written as

dv_ g 2 2
or % d_y = V_2 Ve =v9) .(1x)
vdv g

or
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Integrating, we get
2
log (V2 —1?)=-=8 1 p
Vv

where B is constant of integration.
Initially, at highest point y =0,v=0

B=log v?
Hence, log (V2 - vz) = _2_gZy +log v?
Vv

2gy Vv

—==log
o v? V2 -2

2 | V2

o ' _Z o vZi_y?

Let v; be the velocity of particle when it return back the point of projection, then y =h,v=vy,
hence from (x).

g — —_— .
or 2g V2 2¢ v2_ V12 [from (vi)]

or

or
or L R N e
or P BN (xi)
us+v U= +V?)
Equation (ix) may be written as
v_8
dt y?
2
dt = V_ 2dv 5
8§ Vi-vy
Let #, be the time taken by the particle in reaching the point of projection, then integrating (xii)
between the limits =0 to =7 and v=0 to v=v;, we get

V2 —v?)

or .(xid)

2
s =1 ==
0" gl y2_ 2
2 Vi
Ve 1 _ v _ _
or ty =—.— | tanh (A . tanh 1V—l—tanh )
gV Vi ¢ 4
\% —1 Vl
ty =—tanh  —
or 2 p v ..(xii1)

Adding (viii) and (xiii), the required time will be

Vv 1 u -1V
t{+1ty =— |tan —+tanh™ — ;
17h 2 { Vv v ...(X1v)
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2. A heavy particle is projected upwards with velocity u in a medium the resistance of which
is gu_z tan® o times the square of the velocity, a. being a constant. Show that the particle will
return to the point of projection with velocity u cos Q. after a time

4 cos O
ug  coto|a+log ——
1—-sin o

Solution. Let the particle be projected upwards from a point O with velocity u. Let v be the

velocity at a point P distance x from O. Then

) "1

Resistance = gu ™2 tan” o. v y
Now, equation of motion when the particle is rising will be aQ i
dv 2. 2 2
my—=—mg —mgu ~ tan” .V
dx
dv 81,2, 2 2
v—=—|-|(u” +v° tan” ) : TP
or I (uz J ) f
2v tan® o dv g 1
2
—————=—2tan“ o.. = dx
or O
u2 + v2 tan2 o uz
Integrating, we get
X
log(u2 +v? tan? a)=-— tan’ (x.g—2+ A
u

where A is constant of integration.
Initially, x=0,v=u

A=log (u2 +u” tan’ o) =log u? sec’ o
2
Hence, log w? +v? tan? o) == (%) tan” o + log u? sec? a
u
2
or [%} tan’ o = log (u? sec® o) — log w? +v? tan? o) ..(ii)
Let i be the maximum height attained by the particle. Then v=0,x = h.
Hence, from (ii), we get
2
[—%h—j tan” o = log (u2 sec? a) —log u?
u
u2 2 2
or h= g cot” a. log (sec” o) (i)
Equation (i) may be written as
ﬂ=—i(uz +1? tan? o)
dt u
2
u dv
or dt=-—.—————— (iv)

8 ' (u2 +v? tan? )
Let # be the time taken by the particle to reach the highest point B.
Integrating (iv) between the limits 7 =0 to t =# and v=u to v =0, we get

2
u 1 —1] vtan o
[t]8=—— .tan”!
g |utan O u

u

0

u uo

or H= tan”! (tan o) =
g tan O g tan O

..(v)
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From the highest point, particle starts moving downwards from rest. Let v be the velocity at a
point Q distant y from B. Equation of motion in downwards direction will be

v _
my —=mg —mgu 2 tan® OLv2
dy
dv_ g 2 2 2
or yv—=-"-(u" —v" tan” Q) (Vi
dy u2 (vi)
2v dv 2
or T S et
u-—v- tan" o u
2
Integrating, cot’at log w? —v? tan” o) = — % + B,
u
where B is constant of integration.
Initially, when y=0,v=0.
B=cot’> a log u’
2
cot® o log (u2 —v? tan? a)=-— % +cot’ a. log u’
u
2
28y 2 u
—=cot” o log ——FF—— T
or (Vi
uz u2 - v2 tan2 o (viD
Let v; be the velocity of return to the point of projection A, then putting y =h, v =y, in (vii),
we get
2
2h u
—2g=cot2alog s P,
u U~ —v; tan” o
2
or logsec” o = log 2 2. 2 [putting for A from (iii)]
u” —yp tan” o
2
u
sec? =——————— or u’®sec’ o vlz tan’ o sec? o = u?
or 2 2 2
u~ —y; tan” o
or u? - v12 tan” o= cos” o.u’ or v12 tan? o0 =u? sin® o or vlz =u? cos? o
or V| = U cos O ...(viii)

This is the velocity when particle comes back to the point of projection.
Equation (vi) may be written as

d
v_& (u2 —v? tan? o)
dt 2
di = u* dv
or = (X
8 uz—vztanz(x )

Let #, be the time taken to reach the point A. Then integrating (ix) between the limits r =0 to

t=t, and v=0tov=ucos a, we get

2
t, _ U cucosa dv
(1l =—1lo 2_ 2. 2
g u” —u” tan” o
2 i COS O
p _u 1Ogu+vtanoc
or 2 g 2utan « u—vtana |
u u+usin o u 1+ sin o
= log - = lo -
2g tan O u—usino 2gtan o 1-sina
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u 1-sin® o u cos>
= log 5= log 3
2gtana  ~ (1-sino)® 2gtand  (1—sin Q)
" cos
g tan o g 1—sin o ~(x)
-. Required time =1# +1,
o u o+ log cos O
g tan o 1—sin [from (v) and (x)]

3. Two particles move in a medium whose resistance varies as square of the velocity. One is
let fall from a height h and the other projected upwards at the same instant with initial velocity
sufficient to carry it to a height h. Show that the particles meet at a depth y below the highest
point given by cosh B cos (o —B) =1, where gy=V? log cosh B and gh=V? sec o,V being the
terminal velocity. 0

Solution.Let the particles meet at P after time ¢ at a depth y below O.
Then from (vi) of 5.3, we get y
2
Vv L
y:—logcoshit P
g \%4
gy = v? log cosh B (1) A
rh=y
8
=21
where P v
Again, if a particle be projected upwards with velocity , La
then from (iv) of 5.3.1, we have
2g x=log v? +u? B
V2 V2 ¥ vz ...(11)
If / be the greatest height, then v=0 and x = h.
2g V2 +u? u’
—h= =log|1+—
V2 ( V2 V2 -..(11)
u
Let —=tan , then
14
2o
—‘; h=log (1+ tan? ) =log sec’o=2 log sec o
gh= v? log sec o ...(Iv)

Let ¢ be the time when the velocity is v at P where x = OP = h — y, then, since this ¢ is same as
in (i) as the particle is projected at the same time when the other falls from (v) of 5.3.1, we have

\% -1 u -1V
t=—|tan = ——tan = — )
g v v

2 4 u? )
2 by (i)

2 \%4
and V_i(h_ y)=10g

vZiey

2 2
M—z—gyzlog 1+ —log 1+
Vo2 v? v?

2g v?
—y=log|l+—|,
or V2 [ V2J by (iii)
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2
v

or 2 log cosh  =log (1 + V—ZJ , by (i)

2 2
or cosh2[3=1+v—2 or cosh? [3—1=v—2

\%4 \%4
. v .

or sinh B = v (V1)

Now from (v), putting the values of (i) and (vi), we get
B=tan"! tan o— tan"' sinh B
or tan”! (sinh B) = (0 —P)
sinh = tan (o0 — B)
1

cos (o0 —P) =
1+ tan? (a—B)]

1 1

(1+sinh? ) coshp
cosh B cos (o.—B)=1 (i)
Results (i) and (vii) prove the results.

4. A particle is projected wtih velocity V along a smooth horizontal plane in a medium whose
resistance per unit mass is L times the cube of the velocity. Show that the distance it has described

I | 2 . @ 14
intime t is — [\/(1 + 2tV ") —1] and that its velocity is .
uv J +2utv?)

Solution. In this case, since the particle is moving in a horizontal plane, hence its weight mg
will not act. Hence, the only force acting on the particle will be that due to resistance and equal to

- muvz.
The equation of motion of the particle will be
miiK:—muv2 or —(ﬂj:udt
dt V2

Integrating, we get

1 . . .
——=ur+A, where A isconstant of integration.

202
Initially, when r=0,v=V, .. A:L
2v?
1 2uv?+1
W T T T
\%4

Ve —— .
or m (1)

Let x be the distance traversed by the particle in time 7. Then from equation (i), we have
dx Vv

— = or dx= v
. . dr 1+ 2uv?) J+2urv?)
integrating :
. Va+ Zutvi)llz LB,
ZLLVZ X >

where B is constant of integration
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1
or =Ly (A+2uv?) + B (i)
Initially, when =0, x=0 .. B=—L
uv

Hence, equation (ii) becomes

rm 1 +2uv?) L
uv uv

1
or L 1+ 2utV?) =11 (i)

5. A particle of mass m is projected vertically under gravity, the resistance of the air being
mk times the velocity. Show that the greatest height attained by the particle is
2
\%
(—J [A—log 1-2A)]
8

where V is the terminal velocity of the particle and \V is the initial velocity.
Solution. In this case the particle is projected under gravity and hence the equation of motion

will
v
my — =—mg — mkv
dx
dy k
v—=—|1+—v i
or dx < ..(1)
To find the terminal velocity V, the equation of motion in the downwards direction will be
my v mg — mkv i
T 8 ..(i1)

We know that the terminal velocity of the particle is that velocity for which its downwards
acceleration is zero. Hence, if V be the terminal velocity, then from (ii), we have

mg =mkV =0 or V =% (i)
Hence, (i) becomes

dv v g
v—=—=g|l+= ===V +v
g( j V( )

14
o YAV 8 o OEVZV 8
V +v |4 v+V \%4
v g
1- dv=—>dx
or { v+V} |4
Integrating, we get
v—Vlog(V+v)=—%+A ..(iv)

Initially, when x=0,v=AV

A=AV =V log (V+AV)
Substituting this value of A in (iv), we get

v—Vlog(V+v):—%+7»V—Vlog(V+kV)
8gX
or Vsz—V10g{V(1+7»)}—v+Vlog(V+v)

=AV -ViogV-Vieg(l+A)—v+Viog(V+v) (V)
Let / be the greatest height attained by the particle. Then at x =h, v=0.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Hence, from equation (v), we get

g7h=?uv—VlogV—Vlog(l+?u)—O+VlogV

or gvhsz—Vlog(1+k)
V2
o h:[—J [\ —log (1+A)].
g
EXERCISES

1. A particle is projected vertically upwards with velocity V and the resistance of the air pro-

duces a retardation kvz, where v is the velocity. Show that the velocity y” with which the
particle returns to the point of projection is given by

L _ 1,k

v? v o

2. A particle falls from rest in a medium in which the resistance is f,,2 per unit mass. Prove

that the distance fallen in time ¢1is

(%) log cosh {t \/(gk)}

If the particle were ascending, show that at any instant the distance from the highest point
of its path is

Gj logsec {t {gk)):

where ¢ now denotes the time it will take to reach its highest point.
3. A heavy particle is projected upwards in a medium the resistance of which varies as the

square of the velocity. It has a kinetic energy K in its upwards path at a given point, when it
KZ
passes through the same point on the way down, show that its loss of energy is K+ K’

where K’ is the limit to which energy approaches in its downwards course.

4. A particle moves from rest at a distance a from a point O under the action of a force to O
equal to I times the distance per unit of mass; if the resisatnce of the medium in which it
moves be k times the square of the velocity per unit mass, show that the square of the
velocity, when it is at a distance x from O, is

W M ok(x-a) , M [1— 2k (x=a);
k  k 2k
Show also that when it first comes to rest it will be at a distance b given by
(1= 2bk) &*P% = (1 + 2ak) e 2%
5. An attracting force varying as the distance acts on a particle initially at rest at a distance a.
Show that if V be the velocity when the particle is at a distance x and ,” the velocity when
_k(2a+x)(a—x)

3(a+x)
resistance being k times the square of the velocity, k being very small.

the resistance of air is taken into account, then V = 14 {1 nearly, the

6. A particle moving in a straight line is subjected to a resistance k>, where v is the velocity.
Show that if v is the velocity at time ¢, when the distance is s,

v= u = i +lkS2
1+ uks u 2
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7. A particle of mass m is falling under the influence of gravity through a medium whose resis-
tance equals U times the velocity. If the particle were released from rest, show that the dis-
tance fallen through in time ¢ is

2
gm l:e—(u/m)t +M_t_1}
w m
8. If the resistance vary as the fourth power of the velocity, the energy of m lbs. at a depth x
(mgx)
E

below the highest point when moving in a vertical line under gravity will be E tan [

when rising and E tan h (%j when falling, where E is the terminal energy in the medium.

9. A heavy particle is projected vertically upwards with a velocity U in a medium, the resis-
tance of which varies as the cube of the particle’s velocity. Determine the height to which
the particle will ascend.

2 2,2 2 2 B
Ans.h=~—10g L OV TV B LY \/gtan_l(?)U V]
68 U +V) 18¢ 3¢ V3

10. A heavy particle is projected in a resisting medium, the resistance varying as velocity. If v

and v, are its velocities at any point in its upward and downwards path and ¢ the interval
between its passage through this point; prove that

v A =gt V—vy =V +vp). 8V

where V is the terminal velocity.

11. A particle falls from rest under gravity through a distance x in a medium whose resistance
varies as square of the velocity. If v be the velocity actually acquired by it. v the velocity it
would have acquired, had there been no resisting medium and V the terminal velocity, show

that
V4% 1w
ve 22 23y4 234y°

12. A particle of mass m falls from rest at a distance a from the centre of the earth, the motion
meeting with a small resistance proportional to the square of the velocity v and the retarda-
tion being W for unit velocity, show that the kinetic energy at a distance x from the centre is

X a
dius of the earth.

211 X a
mgr- | ———+2U 1—; —2ulog T the square of UL being neglected and r the ra-

13. A particle is projected in a resisting medium whose resistance varies as (velocity)” and it

comes to rest after describing a distance 4 in time ¢, find the values of & and #; and show
that £ is finite to n <2, and infinite if n=or > 2, whilst 7 is finite if n <1, but infinite if

n=or>1.

5.6 MOTION OF PROJECTILES IN A RESISTING MEDIUM

A particle is projected under gravity and a resistance equal to
mk (velocity) with a velocity u at an angle o to the horizon; to
discuss the motion.

Let the particle be projected from O with velocity u at an angle o
to the horizon. Let O be the origin. Let P (x, y) be its position after a
time . The forces acting on the particle at P will be :

(i) weight of the particle mg, acting vertically downwards, and

(ii) the resistance force mkv along the tangent in the direction PT7,
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2 2
We know that acceleration along x and y axes are — and _2y respectively. Hence, equations
dt dt
of motions along coordinate axes will be
2
m d—2 =—mkv cos Y
dt
—de——kﬁﬂ {"cosw=ﬂ}
or dr? dr ds ds
d*x _ dx
or 2 i
d*x/dr* 0
r — == .
© dx/dt
2
and md—zyzmkvsin\p—mg
dt
d? y ds dy
_:_k._.__ . N 1 =
or P i ds g [ siny =dy/ds]
or —d2y =—kﬂ— (i)
e i
Integrating (i), we get
log (ﬂ) =—kt + A,
dt
where A is constant of integration.
Initially, when ¢=0; dx = initial horizontal component of velocity = u cos o
dt
A =log(u cos o)
log [ﬂj =—kt + log (4 cos o)
dt
N 1o [M]k
1 COS O
X —kt
—=ucosa.e
or i ..(iii)
we can write equation (i) as
kd*yldi® |
kdyldt+g
Integrating, we get
10g[kﬂ+g):—kt+3,
dt
where B is constant of integration.
Initialy, when ¢ =0, % =u sin O
t
B =log (ku sin 0.+ g)
log[kdy/dH g J:_kt
ku sin o+ g
or e D4 o= (husin ot g) e @)

dt
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Equations (iii) and (iv) give the horizontal and vertical components of velocity of the particle
at any time . . o
Now, we can write equation (iii) as

dx=ucoso.e M dr
. u —ki
Integrating, X == cos ae ' +C,
where C is constant of integration.
Initially, at O, x =0, =0,

Czﬁcos(x
k

- x=%cosa(l—e_kt) (V)
Equation (iv) may be written as
kdy + gdt = (ku sin o+ g) e ¥ at
Integrating, we get
1 . _
ky + gt=—;(ku sin A+ g)e kg D,

where D is constant of integration,
Initially, at0, y=0,#=0

D =%(ku sino+ g)

g +kusin a

ky + gt = (1—e) (Vi)

Equations (v) and (vi) represent the horizontal and vertical distances travelled by the particle
in time . These equations are called the parametric equations of the trajectory.
To obtain Cartesian equation, we will eliminate 7 between these equations. From (v)

1—e = o v .. ek x
u cos o u cos O
1 kx
t=——log|1-
or k g( ucosocj

Substituting these values of 7 and ¢ % in (vi), we get

ky—glog(l— kx ]=g+kusinoc' kx
k u cos o k u cos o
g kx X .
or vE k_2 log (l - U Cos (xj " ku cos o (g + ku sin 1) (Vi)
This is the Cartesian equation of path of the particle.

Deductions

(a) Range on the horizontal Plane

Let the required range be R. The coordinates of the point where the particle strikes the horizontal
plane are (R, 0). This point (R, 0) must satisfy the equation (vii) of trajectory. Thus,

kR R .
0= k_2 log [1 - j + (g + ku sin o) ..(viii)

ku cos o

Approximate value of R, if k is small.
From equation (viii), we get
g kR k>R? KR
2| o7 a2 a3.a3. |
k ucoso 2y cos” o 3u” cos’ O ku cos o

(g + ku sin o)



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Neglecting K 3 ... etc., we have

2p2
kR k“R .
-g- £ __ A +g+kusina=0
2ucos o 3y2 cos® a
2p2
kRg k“R°g o
or - s~ T3 5, thusina=0

2ucos” o 3u” cos” o

2u? sin o cos o 2kR?
or R= -

(%)

g 3u cos o

2u? sin o cos o . L
R =———— for first approximation

g
Substituting this value of R in right hand side of (ix), we get
2
R= 2u? sin o cos o 3 2k 2u? sin o cos o
g 3u cos o g

_ 2u” sinocos o 8 ku’ cos asin’ o

g 3 g2 (X)

This is value of R up to second apporoximation.

(b) Time of Fight

Let T be the time of flight, i.e., the time required to strike the horizontal plane through the point
of projection. Thus, during the time 7 the particle will describe zero vertical distance. Hence, putting

y=0,t=T in equation (vi), we get y=0,1=T

oT = g +ku sin o a —eikT)
1 : KT KT
or gT—;(g+kusm0c)[1—{l—kT+T—T+...
. kT? KT
or gl =(g+kusina)|T ——+——+...
2 6
or gT = gT + kTu sin o.— % ng2 - % k>T? u sin o0+ é gk2T3 +...
1 1
or O=5kt[2usinoc—gT—kTusinoHEngz+...]
. 2
T=2usm(x+£ §T —Tu sin o :
or 2 R ..(xi)
[neglecting k2, k> etc.]

_ 2usina

8
Substituting this value of T in right hand side of equation (xi), we have the value of T up to
second approximation as

T

, upto first approximation.

2usino. k| g 4u? sin? o 2usin @ .
T=———+—|=>. 5 - .usin o
g g3 g g
_2usino 2 k*sin® a )
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(c) Greatest height and time to reach this height
Let & be greatest height attained by the particle and # the time for the same. At the highest

point velocity will be horizontal and hence the vertical component of velocity, i.e., d_)t} will be zero.
Hence, by putting % =0and =1 in equation (iv), we get
t
g =(kusino+ g) ek

1
M= (ku sino+ g)
8

or
t : lo k sin o
= —_— —M e
175 %8 g ..(xiii)
Now, let us put y=h, t =1 in (vi), we get
K+ gty = g +kb]ismot (l—efk’)
g k . g+kusina 1
kh+<loe|l+—usino |=20——"-——-_—
or X g( P ] A 2 § [by (xiii)]
| g k.
h=—usin ot ——log| k +—usin o .
or X 2 g[ B j ...(xiv)

(d) Time to greatest height is less than half the time of flight.

1.
Now, we want to prove that # < 5 T,ie,2t=T<O0.

. 2 .2
Now, 211—T=210g 1+£usin0c — 2usm0c_zku sin_ o
[from (xii) and (xiii)]
20k 1ht 5 5 2usino. 2 ku’ sin’ a
=—|—usint———u" sin - -=
8 2 g2 8 3 g2
ku® sin” o 2ku’ sin’ o
=— > - 3 <0.
g 3g

5.6 MOTION OF A PROJECTILE IN A RESISTING MEDIUM, RESISTANCE
VARYING AS SQUARE OF VELOCITY

Let P be the position of particle at time ¢ and u b the horizontal component of velocity, i.e.,

u=vcosy
Equations of motion in normal and horizontal directions are Y v
v g cosy @)
—_—= -
p
du 2 R u
—-=—kv" cos - <
i v (i)
ds u v2/p
But P=—7—: mg
dy U «
negative sign is because ¥ is decreasing when s increasing T )
d
gcosy=-— 2 Y
ds
ds dy vy

(i)

. . 1%
dt ds dt
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du dvy 2
i —.—=—kv” cos
From (ii), dy dr v
du 3
or u—3zgsec v dy [ u=vcosvy]
Integrating, we get
1 k
———=—"/|sec y tan Yy + log (secy + tan )] + A i
2l 28 ...(iv)
Initially, u = uy and y = o
Az—%z—i[sec(xtan o + log (sec o + tan o]
2M0 2g
L—L+L[secoctan O, —sec ¥ tan l|!]+i10 Sec o+ tan &
u2 ug 2g 2g & sec \f + tan )
Also, ﬂ=—kvzcos\llz—kvuz—kuﬁ
dt dt
- d_u =—kds
u
Integrating,
=y ks [ u=uy, s=0] (Vi)
Putting this value in (v), we have
2 2
k
ek :1+ML[secatan o — sec Y tan /] +M—0]ilo SecOttan & ...(vii)
2g 28 sec ¥ + tan

This is kinetic equation of path of projectile.

Remarks : (i) From (v) it is clear that as s — e, u — Oi.e., the particle moves vertically
ultimately.

The terminal velocity V = /(g /k)
(i1) From equation (iv) we have
sec’ L 1
———=—k [tan ¥ sec Y + log (sec ¥ + tan y)] + — ...(viii)
Po

2 2 2
'.'p:v—secwzu sec” Y
8 8
If p=pg, ¥ =0 at the highest point.

5.7 TRAJECTORY IN A RESISTING MEDIUM WHEN RESISTANCE VARIES
AS (VELOCITY)"

If a particle describes a trajectory under gravity in a resisting medium whose resistance is
equal to mk (velcoity)™ | to find the motion.
Let the particle be projected from O. Let P be the position of particle at any time 7. Let at P, v be
its velocity and u the horizontal component of velocity, so that
u=vcos\y (1)
Equations of motion along the normal and parallel to x-axis are

2
%

——=mg cos Y
p
2

Y.

or =gcosy L
0 (i1)
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N
and md—u=—mkv" cos
dt
du __, n v Ay
or o kv™ cos y ..(iii) @ﬁ u
ds v
We have p=— W because ¥ decreases as s increases. mg "
Putting this value of p in (ii), we get £ 5 X
2o dy ds dvy
vi|———|=gcos or —v—.—— =g Cos
( ds j geosy ai as SV
d

or v d—\l; =—gcosy ...(iv)
From (]]1), ﬂ . d_\ll =— kvn cos Y

dy dt

du gcosy n

— .| —=>—|=—kv" cos i
or dy ( y j v [from (vi)]

du gcosy k n+l

— | —=—"|=—(usec :
or d\lf( ) j p ( V) [from (1)]
or -n lezﬁsecnﬂ‘lfd\lf

u 8
. 1 nk n+1

Integrating we get — = [sec ydy+ A

u 8
where A is the constant of integration
or ;z—ﬁjsec”+lwdl|f+A

(v cos ) g

This gives velocity v at any position, constant A being determined by initial conditions.

5.8. MOTION ON A SMOOTH CURVE

A bead moves on a smooth wire in a vertical plane under a

>
resistance equal to k (velocity) 2; to find the motion. Q)
Let P the position of the bead at any time ¢. Since bead is P
moving on the wire, hence normal reaction will also act. The forces o
acting on the bead at P will be <\g~°
(i) weight mg of the bead acting vertically downwards. mg
(ii) The resistance force mkv?> alon g the tangent at P, and \d 5 X
(iii) Normal reaction R of the wrie along PN.
The equations of motion along the tangent and normal at P are
mvﬂ:mgsin\;!—mkv2 or vﬂ-i-kvz:gsin\y
ds ds
1a? . v’ dy 2 .
— —  +dv° =gsin — —+2kv” =2g sin
or > ds g smy or dy ds g smy
dv? 2 . [ ds }
—— + 2kpv” =2gp sin YpE—_— (1
or 0y P gpsiny dy (D

And other equation (along normal) is :
2
?: gcosy—R (2
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If the equation to the curve is given, P can be determined. The equation can be integrated
after substituting for p.
Particle Case : If the curve is a circle of radius ¢, then p = a. Equation (i) becomes

dv2 2

—— + 2kav” =2ga sin

dy 8 v (3
This is a linear differential equation. Its integrating factor

zeIZak dy zeZak\u

.. Solution of (3) is
2aky
V22V 204 (%KY sin y dy + C = 2ag 5— [2ak sin y — cos y]+ C
1+4a’k
or V2= &22 [2ak sin y — cos y] + Ce™ ¥ - (4)
1+4a"k

Equation (4) gives velocity of the bead at any point V¥ .

5.9. ORBITS IN A RESISTING MEDIUM (CENTRAL FORCE)

(a) Resistance varying as velocity.
Let P be the central force and kv the resistance, then equations of motion along normal and
transverse directions will be

2
v . v
—=Psiny -
5 @
1d( ,dé .
——|r"—|=—kvsin i v2p
and - dr ( di J o ..(ii) Q
Putti 5 dO . M v %
utting yp = h= r= — , which is not constant here, we get
dt
dh ¢} A

— =—kvrsin ¢ =— kvp =—kh.
dt

Integrating, we get

h=hye™, where /=y, when =0
2 2 2 2
Hence, P= v = dv = h_3d_p = h2u? {u + d_';j

P sin (P ’ l . B p dr 4o
dp r
2

22—kt d”u
= u e u+—-

(b) Resistance varying as square of velocity
The equations of motion will be

and

Putting up =h= r? i—e , we get
t
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I j2rsing=—k?p=—kvh=—kh %

dt dt

dh =—kds
Integrating, h= hOe_ks , where h = h, where s=0.

22 d’u
HCIICC, P=h"u u+ —2
de
= hQZuze_ZkS u+ _dzu ;
102 ...(1v)

(c) If the resistance be R.
The equations of motion wil be

2
V—=Psin¢, and li(rzﬁj:—Rsinq)
p r dt dt
vz=Ppsin(I)=P.r£.£ Ppﬂ.
dp r dp
dr
B2 =22 = pp3 A
14 14 dp (V)
1 dh 1 dh
Hence, R =———

:rsinq)E_ p dt
_Ldhds__vdh_ b dh

p ds di  pds p?ds

__Lean’ 1 df,sdr
2192 ds 2p2.ds dp

(Vi)

EXAMPLES

1. If the resistance vary as the velocity and the range on the horizontal plane through the
point of projection is maximum, show that the angle o which the direction of projection makes
with the vertical is given by

n(d+pcos a)
W+ cos o

=log (1+ L sec o),

where W is the ratio of the velocity of projection to the terminal velocity.
Solution.In the present case resistance = kv.

Let the particle be falling under gravity. Hence, downward acceleration = g —kv. When this
acceleration = g — kv. When this acceleration will be zero, the velocity will be the terminal velocity, i.e.,

8

g—kvV=0 or V:; (1)
Equations of motion in horizontal and vertical directions will be
d’x ds dx ( . de
—=—kvcosy=—k —.— S cosyY=—
dr? dt ds ds
dx
=— k= ..
r .(ii)
2
and ﬂ:—kvsin\p—g=—k.§.ﬂ—g

dtz dt ds
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dy . dy
=—(kz+gj [ smw=$} ..(ii1)

In this case the direction of projection makes an angle o with the vertical, i.e., 37 o with the

horizon.
Then as in 5.7, we get

-]
ucos| = —o
—2(1_e—k’)

X =
k
u sin o _
= (- (iv)
g+kusin(72t—0cj
and ky + gt = p (l_e—kt)
+ ku cos o _
=gf(l—e “) (V)

Let R be the range on the horizontal plane. The value of x will be the range of R if y=0.
Hence, from (iv) and (v), R will be
usino e_k’)

R= a (Vi)
ku cos o + -
where ¢ is given by t= Tg (1-e™) ...(vii)
. dR .
For R to the maximum d_ = 0. Hence, from (vi), we get
o
d_R:ucosoL (1_e_kt)+usm0ce_k, .k.ﬁ
do k k do
or 0=cosa(l-e ™)+ ksinae™ . j—; ...(vii)
Differentiating (vii) w.r.t. O, we get
g ﬂ:(/m coso+g)e ™ A sin o(l—e ¥
do do
- dt . -
or {(kucosa+g)e "’—g}d—zusm (11— (%)
o
From equation (viii), we get
ksin o e % =—cosa(l—- e_k’) (%)
X
Dividing (ix) by (x), we get
(kucosoc+g)e_kt—g __usino
ksino.e ™ cos o
or (ku cos® o+ g cosa) e - g cos o =—ku sin o e ¥
okt ___ 8cos a
or ku + g cos o

ekt:[ku+gcosotJ:[ ku +1J
gcosa g cosa

t—llo 1+ hu i
L 8 2005 O (i)
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Substituting the values of # and ,=* in (vii), we get

ilog 1+ ku =|ucosa+< l—ﬂ
k g cos o k ku+gcosa
5
k

g ku j
or =log| 1+ ucosoc+
k gcosa gcosoc+ku
or Vlog(1+ j (ucosoc+V){ [from (1)]
V cos o
= cos O+ u
k
.o u_
or Viog (1+puseco)= V(—cosoc+1j : V‘“
—cos Ol u
u
or log (I+pseco)=(ucosa+l) ] :u(1+ucos(x)
—cos o +1 H+cosa

2. If a particle is projected at an angle o with a velocity u in a medium whose resistance
varies as square of velocity, then prove that
pp’ cos® y cos” ' =pj
where p and p’ are the radii of curvature at two points at equal arcural distances from the

vertex and Y,y the incinations to the horizon of the tangents at the these points and py is the

radius of curvature at the vertex.

Solution. From 5.8, equation (v), we have
2

_ v
u:uoek‘v and ?zgcosql (v = u sec y)
v’ u? ug
p=-—secy=—sec’ Y=— ¢ 2k gec y
8
2
p cos’ 1|I—— e 2ks
8
2 Ll2
and p COS \lf__ —2k( v)__O 2ks
8 8
4 2
, s U 1 . uy .
pp’ cos® y cos® =—%=—2 Since pg = —>, if =0
g Py 8

3. If the resistance of the air to a particle’s motion is n times the weight and the particle be projected
horizontaly with velocity V, show that its velocity, when moving at an angle \V to the horizontal is

V (1 =sin y)?~D'2 (1 +sin y)~ /2
Solution. Equations of motion are
du__ ng cos ¢ i
ar 8 ..(1)
2

and ? =gcosy ..(i1)
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ds .or

and p= w ...(iil)
as s increases when Y increase.
Also, u=vcosy

dudy_ v ds dy

dy dt p dt ds

du —v
or E:cosw:_nusecw
Integrating,

logu=—nlog (sec Yy +tan y) + A,
where A is constant of integration.
Initially, u=V,y=0,.. C=logV
log u =—nlog (sec ¥ + tan y) + log V
14
H=————+
(sec y + tan )"
Veos™ y _ V. (1—sin®y)" 2
(1 + sin )" (1+sin y)
=u(l- Sin\ll)n_llz (1 +sin W)—(n+1)/2

v=usec\y =

4. A shot is fired in atmosphere in which the resistance varies as the cube of the velocity. if f
be the retardation when the shot is ascending at an inclination o to the horizon, f, when it is

moving horizontally and f when it is descending at an inclination o to the horizon, prove that

1 1 _2cos’a g L1 _2sina

—+—= an — =
o r fo I f g
Solution. Let u be the horizontal component of velocity v at the point where tangent to this
point makes an angle ¥ with the horizontal. Thus,

(3-2sin” @)

u=vcosy (1)
Now, when the shot is ascending at an inclination o, then resistance is
o = f
Hence, from (i), we get
W’ = (f) cos G
Equations of motion along the normal and parallel to x-axis will be
A%
—=gcosy ...(iii)
p
du 3
—=—kv’ cos i
and r v ...(iv)
-
Also, Ay >

since in this case V¥ decreases as s increases.
From (v) and (iii), we get

or 2 _dy) _ ds dy _
vi|-"L|=—gcosy or v.—.=—F=—gcos
( dsj geosy aias 0V
dy
—t=_gcos '
or v at g v ...(vi)

From equation (iv), we get
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du dy 3 du k 4
E.E:—kv cosy or E:EV R from (vi)
du k 4 4
—=—u" sec
o dy g v
—3du 3k 4
or - sec v
u 8

Integrating, we get
1
3

f—%sec2 v (1+ tan® W) dy + C
u 8

1
:—%(tan \|I+—tan3 \p)+ C,
g 3

where C is constant of integration.

when =0, i.e., particle is moving horizontally, let u = u

-1
5
i—i——%(tan\y+ltan3 w]
e u(3) g 3 ...(vi1)
Also, when particle is moving horizontally,
i.E., Wzo’f:fo’u:uo
Hence from (ii), we get
ug = % - Avii)
Substituting values of w3 and ”8 from (ii) and (viii) in (vii), we get
k k 3k I 3
——5 - - |[tany+_tan’y
feos”y o g 3
k11 secy(3-2sin’ ) ‘
o feos’y fo g . cos® v -9
Now, when Y=, f = f (given), and when y=—-0«, f = f  (given). Thus, equation (ix)
provides
I 1 1 sina@-2sin’ o)
feosPa fo & . cos® a ~)
1 _i+lsin(x(3—25in2oc) _
and freos’a fg cos® a ~0)
Adding (x) and (xi), we get
1 1 2cos’a
— 4+ —_—=—
rr fo

Subtracting (x) from (xi), we get
1 1 _2sino(3—2sin® )

A g

5. If a particle of mass m be acted upon by equal constant forces mf tangentially and normally
2

%
to the path and if the resistance be mf k_z’ prove that intrinsic equation of the path is

k2 (ers/kz — D) =u? (€?Y —1), where u is the velocity of projection.
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Solution. Since the particle is not projected in a vertical plane T >
hence weight of the particle will not be considered. Y O
The equations of motion of the particle along the tangent and
normal are
2
my L =mf —mf A
ds K2
5 mf
my
and —=mf
1 av? V2 .
or Eg+fk_2:f )
d V2 —p= ds .
an =P =—0 (i
As ¥ increases when s increases. Hence p = 4+ ﬂ
ay
2
From (i), LIS R
ds k2

This is linear equation whose integrating factor = ¢2/5/k" Hence, its solution will be
2 2
V22 BIK 127 2K s 1 A
2 2
or V2 2K _ 2 2f IR+ A
where A is the constant of integration.
Initially, s =0, v=u, - A=u> — k>.
2

. V2=k =W =k e B

Hence, by putting the value of ,,2 in equation (ii), we get

2 2 2
k u-—k° _ 2 ds
K Wk gt _ds

f I dy

o 2 Ik ﬁ_ﬁezfs/k2 =M2 —k*
ay f f
2 2 2

Put K= 2pstk —o . 2Bk ds _ dz

2f dy dvy

22

dz_, Wk

dy f
This is a linear equation whose LF. = o2V Hence, its solution will be

22
re = vy
f
2 2 2
or L e L Sl e\ S
2f -

where B is constant of integration.
Initially, when s =0, y =0.

k2 u?  k? u’

—=—-—+—+B, .. B=—

2f 2f 2f 2f

2 2 2
k 2 u- -k _ u
S P R

2f -2f 2f
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or K2ABTR Z 2 L2 4 202Y
2
or K2 (25 Z =0 @Y -1y
This is the required intrinsic equation.
EXERCISES

1. A particle is projected with a velocity whose horizontal and vertical components are U and
V from a point in a medium whose resistance per unit of mass is k times the speed. Obtain
the equation of the depth, and prove that if k is small, the horizontal range is approximately

WY SUVZk

. 2
8 3g
2. A particle acted on by gravity is projected in a medium, the resistance of which varies as the
velocity. Show that its acceleration retains a fixed direction and diminishes without limit to
Zero.

3. In the case of a flat trajectory with initial velocity u and resistance equal to L (velocity) 2,
show that the path of projectile approximately is
2

8X ng 3

—2 — —3 X —..

2u 3u

4. A heavy particle is projected in a resisting medium. If v be the velocity at any time, ¢ be
inclination to the vertical of the direction of motion and f the retardation prove that

lﬂzcostq)+ f
v dd gsin ¢

y=xtan O —

Vv

A __[ 82 [ 8 oy
ds y2 ds u?

where u is the horizontal component of velocity.
6. A heavy bead of mass m slides on a smooth wire in the shape of a cycloid, whose axis is

2
5. If the resistance per unit mass is g ( v j prove that

vertical and vertex upwards in a medium whose resistance is 2 /2¢ and the distances of
starting point from the vertex is ¢, show that the time of descent to the cusp is

8a (4a—c)
gc

7. A particle moving in resisting medium acted upon by a central force (u/r"), if the path be

an equiangular spiral of angle o, whose pole is at the centre of force, show that the resis-
tance is

} > where 24 is the length of the axis of cycloid.

n—3 LWcosa
3
8. A bead moves on a smooth wire in the form of a circle in a vertical plane under a resistance
{= k (velocity)?}. Find the velocity of the bead at any point.
9. Prove that by a proper choice of axes the equation of the path of the projectile in a resisting
medium can be put in the form y + ax =b log x.

10. A particle of unit mass is projected with velocity u at an inclination ¢ above the horizon in
a medium whose resistance is k times the velocity. Show that its direction will again make an

1 2ku | .
angle o with the horizon after a time | - log {1+ ? smoe
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11. A heavy particle describes a path given by

cos Y= f (pcosy);
show that the law of resistance is given by

Y =g Ja- ) Loy,
dv dv

2
when f = f (V—J
8

2
12. Prove that in the motion of a projectile in a resisting medium the equation —2y -8 s

dx u?
satisfied whatever be the law of resistance, u being the horizontal component of velocity
the axes of x and y being horizontal and vertically upwards. If the resistance is constant and
equal to kg, show that the velocity at any point is given by

v (1 —sin w)k =u (cos \|f)k_1,
VY being the slope and u, the velocity at the highest point.

aad
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Motion of Particles of Varying Mass

6.1 MOTION WHEN MASS VARIES

We come across a number of problems in mechanics in which moving mass changes with time.
Obviously, the motion of a body will be affected by the material added or removed. For example, a
rocket ejecting burned fuel in the form of hot gases looses its mass while a rain drop acquires
additional mass by condensations it falls through a cloud. Such type of motion will be discussed ni
this section.

We know that the equation P=mf holds only if the moving mass m remains constant
throughout the motion.

Let the moving mass does not remain constant. Let m be its mass and v the velocity at time £.
Then by Newton’s second law

d
pP= [Ej (mv) (D)

Let there be an increment dm of mass in time ¢ and let this increment dm be moving with
velocity V.

The increment in the momentum of the particle in time &7
=m@W+o—v)+om(v+o-V) ..(ii)
=moév+om(v+o6v-V)

The impulse of force in time 8¢ = P . &t -..(iii)
Hence equating (ii) and (iii) and taking limits at & — 0, we get
dv dm
P=m (Ej +v (Ej -V (dmdr) [neglecting &m v |
or m .4 +v dm =P+V dm
dt dt dt

d dm

= =P+V|— i
or (dl‘j (vm) ( dr ) ..(v)

If V=0, the equation (iv) reduces to (i).
Equation (iv) is the equation of motion when mass varies.

EXAMPLES
1. A spherical raindrop, falling freely, receives in each instant an increase of volume equal
to A times its surface at that instant; find the velocity at the end of time t, and the distance fallen
through in that time.

Solution. Let m be the mass and r the radius of the drop when it has fallen through a distance
x in time . Also, let v be the velocity at that instant, so that

dr_
dt
Since drop is falling freely under gravity, hence

()

P=mg
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4
Now, m = mass of drop at time ¢ = (E) nr3p

d_m = 47tr2p ﬂ
dt dt

But, given rate of increase of mass

dm 2
—=A(4
7 (4mrs)p

. Equating two values of d—m, we get

dt
dr 2 dr
4nr’p| = |=ap @dmr?) or | = |=2
o4 )=ap oy or (&)
Integrating, r=A+A
where A is constant of integration.
Initially, at t=0,r=a (say) -. A=a..r=M+a
4
m==mp(a+ % [from (iii) and (iv)]
Since the mass is picked up from rest, hence V= 0.
Hence, from the equation of variable mass
d dm
(Ej (mv) =P+V (E) 5 we get
d 3,_4 3
= [v.4/37mp(a+ i)’ 1= - wpla+h) g [from (ii) and (iv)]
d 3 3
(E) [v(a+ M)’ )= g (a+ \)
Integrating, we get
via+ M) =gla+a)*/4+ B,
where B is constant of integration.
4
... 8a
I 11 = =0): b B=—-|>—
nitially, v=0,7=0; (4%]
a+A)d = L @+ )t —at
v( ) (47»} [( ) ]
_[ &8 [ 4 3] :
=|—= +A)—a” /(a+ M
or v (47») (a )—a /(a ) ...(vi)
This is expression for velocity at any time 7.
Now, from (i) and (vi), we get
4
dx _ 8 (a+A\)— a—3
dt 4\ (a+ )
I . _ 8 2 4 2
ntegrating, x= w [(a + A" /20 +a” /2N (a+ hr) ] +C

where C is constant of integrating. Initially, x=0at =0

C=- —g2 (a2 +a2)
8x
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Hence, * = (é] [(a+M)* +a /(a+A0)? —24%]

- (izj [{(a+ 7)) —a®}/(a+ )P
8\

- (%) [{(a+2)% —a%)/(a+ )P
8.

=[{gt? Qa+ M)}/ 8 (a+A)?)] ...(vii)
This is the required expression for distance.
2. A spherical drop of liquid falling freely in a vapour acquires mass by condensation at a
constant rate c. Show that the velocity after falling from rst in time t is

Gj 8 ll " {(M]:I CI)H

where M is the initial mass of the drop.
Solution. Since the drop is falling freely under gravity, hence

P=mg
where m is initial mass of the drop at any time #.
Let M be the initial mass of the drop, then
m=M +ct (@)
Also v =0, since the mass is picked up from rest.
Hence, equation of motion when mass varies will be

d dm
b = + V y b =
()om a2 22) ve
d
In this case, it will becomes (E) (vm) = mg
d
or o VM+ct)y =M +cr) g, [from (i)]
Integrating, v(M+ct)=[{g(M+ ct)z} /2c]+ A,
where A is constant of integration.
2
. sM
= = s A=—
Initiallyat 1 =0,v =0; [ e J
g 2 [eM?
Hence, V(M +ct)=| > [(M+ct)” —| =—
2c 2c
2
M
o« v—(z )(M+ct) [[gz (M+ct)]

(i) (M + c1)?

2 (M+ct)

(i) (2mct+ct) (g_) (2M+ct)
2c (M + ct) 2 (M+ ct)

(g [l )] e ]
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3. Snow slides off a roof clearing away a part of uniform breadth; show that if it all slide at

. (2/3)!
once, the time in which the roof will be cleared is \/ {6ma / g sin o} 1/6)! but that, if the top

move first and gradually set the rest in motion, the acceleration is (1/3) g sin o and the time will

e +/(6a/ gsin o), where o is the inclination of the roof and a the original length of the snow.
Solution. Let y be the length of the snow on the roof at time ¢ and b the constant breadth

m=ybp; vz—%,fzgsinoc

d
Hence, equation of motion (—) (mv) =p, becomes

(Ej [— ybp (dy/ dt)] = ybpg sin ¢ [ p=mb]
d N .
or " — —gysin o
d
or d_y =—gysin 0
or {y d_)t)} ){ }=—gy2 sin o
d .
Integrating, { ar } =A- 3 gy3 sma, ..(0)

where A is constant of i 1ntegrat10n
dy
Initially, at y = a, d_ =0, A= E ga sin ¢
t
Putting the value of A in (i), we get

2
1) o (dy 1 3 3 .
— |y | = ==(a’ - sin o,
(J} (dt) 3(a y)g
2
or dy _ _ (Egsinoc]{\/a‘%—f/y}

dt

or dt =— (E gsin Ocj — dy (i)

Integrating (i) from y=a to y = b, the time ¢ in which the roof will be cleared off is given by

t=- (%gsinajf{? —r dy

=a¥?sine, - ; W2 dy=a¥? cos 0 d0

Putting y3/ 2

3 . 2
or t= (E g smocj 3/2 (al/2 sin!/3 G.§a3/2 cos 0 de)/(a3/2 cos 0)
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6a
gsina

ba VL (p2 plY (o 02
gsina )| 3 3 3 6

- [ ore \fp2,rl
gsin o 3 6
Let z be the portion of the roof cleared off in time #, then equation of motion will be

d dz .
— || z— |=gzsin a.
%)
Z % i zﬂ = z2 sin Ot
or ar ) \az )\ )78

2
I i L[, & L sino + ¢
Sl =& :

ntegrating, S\ 2% 38 (iii)
where c is constant of integration.

1
2 Esinm 0 do

Initially, z =0, a_ 0, .. ¢=0
dt

2
dz 2 .
Hence, from (iii), we get [E) = 3 8z sIno ..(iv)

Differentiating (iv) with respect to #, we get
dz\[d%*z) 2 (dz) . d*z 1
2| —=||l—=|==g|—|sina or —=—gsind
dt dl‘2 3 dt dl‘2 3
|
Hence, the acceleration is — g Sin CL.

. . 3 . dz
Again, from (iv), we get dt = [— gsin (x) —_.
2 %

Integrating from z=0 to z=a, therequired time ¢ is given by

3 a’? 6a
t=_|| =gsino || —|= -
2 1/2 gsino

4. A uniform chain of length 1 and mass ml is coiled on the floor and a mass mc is attached to

one end and projected vertically upwards wth velocity /(2gh). Show that according as the chain

does or does not completely leave the floor, the velocity of the mass finally reaching the floor

again, is the velocity due to a fall through a height %[2l—c+ a? /(1 +c)2] or q—c, where

ad=c? (¢ + 3h).
Solution. Let the length of the portion of the chain uncoiled in time 7 be x. Then the equation

of motion will be
i —(mx + me) =— g (mx+ mc)
dt (dx/ dt)
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dx)fd el _ 2
or (x+c)(dt)(dx){(x+c)(dtj} g(x+c¢)

2
Integrating, we get % {(x +¢) (%)} =- é g(x+0)’ +4, (1)

where A is constant of integration.
o 1
Initially, x =0, dx/dt=+/(2gh), .. A= 5 g02 (Bh+c)

Hence, (i) becomes

2 [ dx ) 2 3
(x+c¢) (E) =§g[c Bh+c)—(x+0)7]
2
=58 @ —(x+0)) (i)

where a> = ¢? (¢ + 3h).
Now, we have
Case L. Let the coil does not completely leave the floor when the mass comes to rest at a height

x above the floor. Putting ? =0 in (ii), we get
t

0=a’ —(x+c)3 or x=a—c
Hence, the velocity of the mass on reaching the floor again is that due to fall through a height
a-c.
Case II. Let the initial velocity be sufficient enough so that the coil leaves the floor and mass
does not come to rest. Let V be the velocity of the mass just at the time coil leaves the floor, then

. S 2
putting x=/, fl_x =V in (ii), we get ([ + c)2 v’ = 2 g {g3 -+ 6)3}.
1
Hence, total height attained by the mass

=l+V2/2g=l+%{a3/(l+c)2—(l+c)}

:%[21—c+a3/(l+c)2] (i)
Hence, the velocity of the mass on reaching the floor again is that due to a fall through a
height given by (ii1).
5. A rocket whose total initial mass (fuel + shell) is my, ejects fuel at a constant rate cmy,
and at a velocity V relative to the case. Show that lowest rate of fuel consumption that will permit
the rocket to rise at once is ¢ =g/ V. Assuming this design condition is wet, find the greatest

speed and height reached by the rocket.

Solution. We know that the equation of motion of variable mass is

d dm
— |(vm)=P+ V|| — i
(dtj( ) 1([”) ()
where m is mass at time .
Here P =— mg (since mass is moving in upward direction)
dm L .
E =—cmg as mass is ejected. .(id)

Wi = velocity of ejecting mass =v -V
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Integrating (ii), we have m=—cmpyt + A
Initially, m =mg,t=0.. A=m

m=mg (1-ct) ..(iii)
Substituting the values of P and V] in equation (i), we get

dv dm dm
(Ejm+v{5)——mg+(V—V)(zj

d d d
or m (?‘;) =—mg— 14 [7’?) and ?‘; =—g+ (cho)/m, from (11) (IV)
or %:—[—g-{-{VC/(] —Cf)}], from (111) (V)

This equation holds for all values of #.
dv) g+ Ve

Initially, at # =0, we have - ="

¥y dt ), _o
In order, the rocket rise at once dv/dr must be positive.
. g
e., Ve—g>0 or c¢>—=
Le 8 v

minimum value of ¢ = £ .

Now, let us assume that masses are so arranged that the rocket lifts at time zero (¢ > g/ V),
integrating (v), we get

v=[) [-g+ Vc/(-ct)ldt=—gt—V log (1 - ct) (Vi)
%=—gt—Vlog(1—ct)
Integrating, we get x=Jy [-gt = Vlog (1—ct)dr]
or xz—(%jgtz—v[tlog(l—ct)+cf6 t{dt I (1- ct)}]j)
(%) gr* = Velog(1—ct)+ V [§ [(1=ct =1)/ (1= cn)]dt
(%] gt —Vilog(1—cn)+ V [§ [1=1/(1—c)ldt
(;) gt> = Vtlog(1—ct) + V[t +(1/c)log (1-¢)]
(2] gt +(V/ice)(I=ct)[log(1—ct) = 1]+(V/c) ..(vii)

Now, let M be the mass of the shell (or case). The rocket will be lightest when all fuel is burnt,
i.e., when m =— M. Putting this value of m in (iii), we get
M=my(d—ct) or ct=1-M/my ...(viii)
The speed v will be maximum when all fuel is burnt, i.e., when (viii) holds.
Using this value of ¢ in (vi), we get

I R R C

And at this instant, the height x will be
xz—[ j[l—(M/mO)] +(V/ie)[((M I mg)log(M/my)+1(1—M/mg)] (%)
2¢2
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When the shell (rocket) reaches this height, it moves freely as projectile under gravity with

initial vertical velocity Vpaximum -
Hence, additional height reached = (v, )2 /1(2g)
1
- (E g) [g%c? (1— M/ mg)? +1/2 (log M/ mg)?

+(2gV/c) (1= M/my)* xlog MImy] — -(xi)
Adding (ix) and (x), we get

2
|4 M M) (V2 M
Xmax =| — || 1 ——+1log — |+| — || log —
c my my 2g my

EXERCISES

1. A spherical raindrop of radius a cms falls from rest through a vertical height A, receiving
throughout the motion an accumulation of condensed vapour at the rate of k grammes per
square cm. per second, no vertical force but gravity acting. Show that when it reaches the

ground its radius will be
Jhg) [1++(ga® 12hk%)]

2. A mass in the form of a solid cylinder, the area of whose cross-section is A, moves parallel
to its axis, being acted on by a constant force F through a uniform cloud of fine dust of
volume density P which is moving in a direction opposite to that of cylinder with constant
velocity V. If all the dust that meets the cylinder clings to it, the cylinder starts from rest and

its initial mass was m,show that the velocity after time ¢ is (mV + Ft/k)—V and the dis-
tance described in that time is

k m
— —Vt—— where = \/(mz +2mApvt + AFpt?).
Ap Ap
3. A particle of mass M is at rest and beings to move under the action of a constant force F in
a fixed direction. It encounters the resistance of a stream of fine dust moving in the opposite
direction with velocity V, which deposits matter on it at a constant rate c¢. Show that its mass

will be m when it has travelled a distance

k
(_ZJ [m—M(1+logm/ M), where k=F — cV.
c

4. A chain of length [ is coiled at the edge of a table. One end is fastened to a particle whose
mass is equal to that of the whole chain and the other end is put over the edge. Show that

1
immediately after leaving the table, the particle is moving with velocity Y V(5/6) gl.

oaa



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Central Orbits

7.1 DEFINITIONS

(i) Central force : A force which is directed towards a fixed point O is called central force. The
fixed point O is called the centre of force.

(ii) Central Orbit : The path described by the particle moving along a plane curve under a
central force is called the central orbit.

7.2 DIFFERENTIAL EQUATION OF CENTRAL ORBIT (POLAR FORM)

A particle is moving in a plane with an acceleration F which is
always directed towards a fixed point O in the plane, to find the
differential equation of the path.

Let a particle moves in a plane curve under an acceleration F which
is always directed towards a fixed point O in the plane. Let OX be a
fixed line in the plane of orbit. Let O be the pole and OX as the initial
line. Let the position of the particle at time tbe P (r,0).

Since the acceleration F is always directed towards O, hence the
particle has only radial acceleration towards O of magnitude F and no
transverse acceleration.

Hence, the equation of motion in the radial and transverse
directions will be

2 2
d—zr -r (d—ej ==—F (1)
dt dt
1d( ,db
and o (r E) =0 (i)
Integrating (ii), we get
r? % = constant = & (say) ...(iii)

To integrate these equations, let

ﬂ——iﬂ i .. from (iii) ﬁ—i

or dt 2|2 o e

dr__, du .

or 7 70 ...(1v)
d’r d du d (du) do
and = h o= ho i
a2 dt do do |\ de | dr

d*u h

=—N—F . from (iii)
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or

2

de* r?
22 du 53
or h +h u” =F (V)
do
d*u F )
or W +u= ],12_2 ...(vi)

This is the required differential equation of the central orbit in polar form as it is satisfied by
the coordinates (, ) of a point on the orbit.

7.2.1 Differential equation of a central orbit (pedal form)

To obtain differential equation to the path in p’ and r’ for a particle moving in a plane with
acceleration F, directed towards a fixed point O.

We know that if p be the length of the perpendicular drawn from the pole to the tangent to a
curve at any point p (r, 0), then

r
Putting 4 :l’ we have ﬂ:_i dr

r do 72
. Above equation reduces to

1 2 du 2 .
F—” + Py ()

Differentiating (i) with respect to 9, we get

2
2 dp_, du g du
p3 de de do 40?

_Ldp_[du Ndu
p> dd | qo? do

F 1 dr
- | =2 g J> from (vi) of 7.2 above

h*u® r
du 1) dr 1 dp F dr
and B l)w o PR
2
or h—3 : % =F ...(ii)
This is the required differential equation of the central orbit in the pedal form.
EXAMPLES

1. Find the law of force to the pole if the path of the particle is cardioid r = a (1+ cos 0).
Solution. It is given that
1

T 4 (1+cos 0)

1
P
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or logu =—log a —log (1+ cos 0)
Differentiating with respect to 0,
1 du sin 0 0
——=———=tan—
u do 1+4cosB 2
du
—=utan —
d 2
d*u du  © u ,0 20 u 50
or —=—tan—+—sec” —=utan” —+—sec” —
de* do 2 2 2 2 2 2
2y 20 u ,0 3u -0 3u
u+——=u+utan” —+—sec”- —=—sec”- —=———
a6 2 2 2 2 2 (1+cos9)
=3au’
But u+d2u F
u —_—
de*  h*u?
2
F=3ah2u4=%
;
1
i.e., F°<—4

r
2. A particle describes a circle, pole on its circumference, under a force P to the pole. Find
the law of force.

Solution. The equation of the circle with pole on its circumference is

r=acos6
1

or —=acos0 (1)
u

or 1=aucos 6

Differentiating both sides with respect to 6, we get

O=a@cose+au(—sin6)
o

@ =utan 0
or 70
2
or —Zzusec26+ﬂtan9
do
I 2,1 2
=—sec” O+ —secHtan” O
a a
= 1 sec> @ (sec2 0 + tan> 0)
a
1 2
=—secB(2sec” 6 —1) ..(iii)
a
Now, the differential equation of the path will be
dPu, P
6> hu?
1 2
—secO(2sec” -1 +u=——,
or P ( ) h2u2 from (iii)
1 1
or —secB(2sec’ - 1)+ —secH=——o, from (i)
a a h2u2
2 P 2
o Zsec? 0=—— or P==(au) .h%’, from (i)
a h<u a
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2,2
2a°h 1
o po2atitd =2 o pe L
r r

3. A particle describes the curve r" = q" cos n® under a force F to the pole. Find the law of

forc

e.
Solution. The equation of given curve is

r" =a" cos nd

1
or 1=a"u" cos nb, vou= -
Differentiating both sides w.r.t. 6, we get

. _1 d
0=a"|u" (-nsin n0) + nu" ! G o5 10
do
du
— =u tan n®
or 0
Again differentiating w.r.t. 6, we get
d*u ) du
———=unsec” n®+— tan nd
462 de
= un sec> n® + u tan’ nd
The differential equation of the path is
2
du F
a2 TS
de h“u
or (un sec® O+ u tan? nb) +u=
n2u?
u
2
or u(n+1)sec” nb =
h*u?
or F=h"u’ (n+1)sec’ no
h2 al’l 2 rn
==+ —1,  cos nh=—
r r a”
2 2n
_h"(m+1Da 1
or ) 2043 or F“r2n+3

4. A particle describes the curve qu=tan h(0/ ﬁ) under a force F to the pole. Find the law

of force. ) ] )
Solution. The equation of given curve is

_ 0
au=tan h E )

Differentiating with respect to 6, we get

d*u (0 0
a——-=—sech” | —=|tanh| — i
or 702 ( > j (ﬁj .(ih)
The differentiating equation of the path is
d*u F
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1 2 r
or -— sec h \/_ tan h — \/_ tan h— \/_ h2 7 from (i), (ii)
1 0 2 0 F
—tanh—=|1-sech” —|=
or a V2 { ﬁ} h*u?
2 © r
or u {tan h (EH = a2 from (i)
2.2
1
or F=h2a2u5 =h—? or F°<—5.
r r

5. A particle describes the curve p2 = qr under a force F to the pole, find the law of force.
Solution. The equation of given curve is

p2 =ar (1)
Differentiating with respect to r,
dp
T =da
P dt
dp a
or o 2 from (i)
r D 2./(ar)

—_— 1 a .o
= E 7 ...(i1)
We have the pedal equation of central orbit as
Wodp  hE 1 |(a) K1
P =3\ " 2
p dr (ar)* 2 r
el
r

EXERCISES

1. A particle describes the equiangular spiral = ge® ot ®

under a force F to the pole. Fnid

1
the law of force. {Ans. Fe _3}

r

2. Find the law of force, if the path of the particle is r" = A cos n0 + Bsin n.

1
|:AnS. F ’,.271—+3:|

1
3. Find the law of force, if the path of the particle is r2 = 42 cos 26. Ans. F o _7}

4. A particle is describing an ellipse under a force to a pole, find the law of force.

1
{Ans. F o —2}
5. Find the force to the pole when an particle describes the curve r = asin 6.

2n2a? (n2 -1)
Ans. F =< -
[ { r5 r3
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. . he -2 .
6. A particle describes the curve au = % under a force F to the pole. Find the law of
cos

1
force. {Ans. Fe _4}

,
7. A particle describes the curve r" cos n® = a¢” under a force F to the pole. Find the law of

force. [Ans. F o p2"73)
8. A particle describes the curve rcos hinf= a¢ under a force F to the pole. Find the law of

1
force. Ans. F o r_2

9. A particle describes a parabola 2 p2 = [r under a force to its pole, find the law of force.

Ans. F o< iz
L re |
2
10. A particle describes the curve b~ = 2a +1 under a force F to the pole, find the law of
p r
1
force. Ans. F o< —
’

7.3 AREAL VELOCITY
Let A and B be the two neighbouring positions of the particle at

times ¢ and 7+ Ot respectively, moving along the curve. With O as

pole, let coordinates of A and B be (r,0) and (r+ dr, 6+ 30)
respectively.

(r +9r, 6 +do)
A(r,0)

Then in time &¢, the sectorial area OAB swept out by OA

:%OA OB sin 50 0.

:%.r(r+5r)sin56

1
=3 r2d®, to the first approximation.

Hence rate of description of the sectorial area OAB as radius vector passes through OA

1 250
2

. 1 ,d6
= lim =—r"—
3 —0| Ot 2 dr

1
=3 h, from equation (iii), of 7.2

Hence, the rate of description of the sectorial area is constant or in other words the sectorial
area traced out by the radius vector to the centre of force increases uniformly per unit of time.

This rate of description of sectorial area is defined as the areal velcoity of particle at A about
the fixed point O.

Again, sectorial area OAB

= % (base AB) . perpendicular from O on AB.
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.. Rate of description of sectorial area OAB

% . AB . perpendicular form O on AB

= lim
8 —0 ot

= 1 lim A8 . & .(perp. form O on AB)
250 ds Ot

Now, as §t - 0, B— A and secant AB — tangent at A to the curve. Hence, perpendicular

. AB
distance from O on AB— pand — — 1.
S
Hence, from (ii), we get

rate of description of sectorial area OAB

RIS
| -p > P ..(iii)
Hence, from (i) and (iii), we get
1 I 1
Zh=—y
2"
h
or h=vp or v= A (iv)
Hence, the linear velocity varies inversely as the perpendicular from the centre upon the
tangent to the path.
Again from (iv)
v=—or v2 —ﬁ or ﬁ—i
p p2 h2 P2
We have from differential calculus
L_1 1 {dr}z u2+{du}2 ) |
i ayeh el Gl —_( > where u=—
p2 r2 r4 0 do r

vE=n?|u? + du ’
or 40 (V)

7.4 AREAS AND APSIDAL DISTANCE

An apse is a point on a central orbit at which the radius vector drawn from the centre of the
force is a maximum or minimum. The length of the radius vector at such a point is known as
apsidal distance and the angle between two apsidal distances is called the apsidal angle.

As u =—, hence r will be maximum or minimum according as # will be minimum or maximum
r

and from differential calculus, we know that d_z =0.

Also, we know that

de de du
tano=r—=r—.—
dr du dr

de{ 1} 1 do de
or tanq):rd— S Qe SR Bt

u r2
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du
—=—ucot¢p=0.
do ¢

T

Hence, coto=0 or ¢=E.

But ¢ is the angle between the tangent and radius vector. Hence, at an apse tangent is
perpendicular to radius vector.

7.4.1 Properties of The apse Line

If the central force is a single valved function of the distance, every apse line divides the
orbit into two equal and similar portions and thus there can only be two apse distances.

Let the central force be F, which is single valued depending upon the distances only say F(r).

. F=F(r) (D)
Equation of motion gives
- dzu _F
de’  hu?

Multiplying by 2% and integrating with respect to 6, we get
du)’ 2 . F du)’ 2 1
W+ | = | == |—du or  wH|—| ==[Fr).r*.d| -
o) p?u? o) p2 r
2
=——2jF(r)dr
h
R {duF
ut 5 = N
p de
& . 4
—2=——2jj(r)dr.
p h

It is clear that p is a function of » and hence ¢ is also a function of r only.
Above relation also gives,

h2

— =" 2 [F(r)dr

p

v =—2[F(r)dr (i)

This gives that velocity and therefore, acceleration depends upon radius vector only, i.e., for
the same r, velocity remains the same.

Equation (ii) shows that F is a single valued function of the distance 7, so the velocity is same
at the same distance r and does not depend on the direction of the motion. Also, acceleration is
same at the same distance because P is single valued function of r. Thus both velocity and
acceleration are the same distance r from the centre.

Hence if at an apse, direction of velocity is reversed it will describe a symmetrical curve on
both sides of the apsidal distance. When the particle arrives at the second apse, the path is again
symmetrical about this second apse. But this is possible only if the next, i.e., third apsidal distance
is equal to the one before it, i.e., first. Hence, there are only two different apsidal distances.

7.5 VELOCITY IN A CIRCLE

If v be the velocity with which a particle is projected at 7 = a from the centre of force at right
angles to the radius vector, then the particle describes a circle of radius a and the velocity v is
called velocity in a circle.
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Thus, along the radius vector,

v2

—=F=[F(Nlyr=a
a
or v2 =aF (a)
Velocity from infinity to r = a.
It is the velocity acquired by the particle in falling from infinity to a point r =g under the

attraction F' = R(r) towards the centre of force.

v2

Hence, 5= 1& F(r)dr

Velocity of fall to the point of projection :
If a particle falls from the centre of repulsion under a force F to a point at a distance ». Then

1 2 r
—v° =]y Fdr.
2 Jo

7.6 Time in an Orbit

?he time of passing through one point A to another point P of a central orbit is given from the
equation
> db dy dx P
a2y =
) o dt dt d
where x, y are the coordinates of P with centre of force as origin.
Also, time for any are AP is given by
, — 2rea AOP

1
—h 0 A
2

h=r

EXAMPLES
4

a
1. A particle moves with a central acceleration W {V + 7} being projected from an apse at

a distance a with a velocity 2 \/Ea. Prove that it describes the curve r> (2 + cos ﬁe) =3a’.
Solution. We have the differential equation of path as

d*u _F .
PR ()
4
a 1, 43
Given that qu[r+r_3]=li(;+au)

Hence, from (i), we get _
2
h? d—l;+u =M£i3+a4u)
doe | u

d
Multiplying both sides by 2 d_g and integrating, we get

2 2 — ~ +—a'u + (
ye = h (_J +u = Zu ( u j ’ (ll)

where C is the constant of integration.

Initially, r =a,i.e.,u= l ,
a

v=2 \/Ea and % =0 (atan apse).
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Hence, from (ii) we get

4ua2 =h2.i=2u —la2 +la2 +C
a2 2 2

=4].La2 and C:4ua2
Hence, from (ii), we get

1

-t
u
22 4 4
4 -3 -1
or 4a® =——+a4u +4a® — 4aPu? =21 a4
d@ u2 u2

=—[a uzx/_—\/—} 3—1=;—{a2u2ﬁ—j§}2

[

u
- 2\/5 a’u du

(4]
I 53]

=340
2

— =1

NE

2\/§a2u du= dt

L:@de
)
3
cos

Lf3)=+30+4
where A constant of integration.

2 1
t=|+/3-—=|=——and let0=0, then A =0.
a ( V3 J V3
Hence, from (iii), we get

cos ™! (t«/g) = 9«/5 or t«/g =Cos (6«/5)
2
u? 3—E]:cos(6\/§) or 3a2u2—2=cos(9«/§)

u K

2azﬂ=—l
dao u

or

Let a’u® 3

or

Integrating, we get

..(iii)

1
Initially, u =—,i.e.,

or

@(az

2
3% =2 cos (+/30)

r

or 3au® =2 + cos («/59) or

or r? (2 + cos «/59) =3a°
This is the required equation of the path.

2. A particle moves under a force mu {3au4 -2 (a2

u
apse at a distance (a + b) with velocity b

r=a+bcos6.

- bz) uz} a > b and is projected from an

Show that the equation of its path is
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Solution.We know that the differential equation of the path is
Luy o F
do h2u2
We have F=p Bau* -2 (a® - b*) u’}
Hence, the path becomes

2
d—2+u_i{3au —2(a? - by ud)
de h?
2
2| du 2 2 42003
or h {—2+u}=u{3au -2(a”—-b")u’}
de
multiplying both sides by 2 % and integrating, we get
du 2
2 _ 42| au 2| _ 3,2 52\ 4 .
vi=h [d@) +u L{2au” —(a™ =b)u"}+c ()
v nere C 18 constant of integration.
Initially, r =g + b,i.e.,u= ! v= \/E du _

(a+b)’  (a+b) do

S IS S Y B e =) te
(a+b)? (a+b)? (a+b)?’  (a+b)?

.. From (i),

m h? {Za—(a b):l
or 2 ; — M
(a+b)? (a+b) (a+b)°
0 h n
= = +
or (a+b)? (a+b)> (a+b)? ‘
=41, c=0

Then, from (i)

2
u{(%} +u2]= u2au® - (@® - b*)u*y

du 2
= =2au’ —(@® -bpH)ut —i?
or [dej ( )
1 du 1 dr
Putting u=—= —=—-—— we get

rdo ,2do
l(dr] 2a (a’-b%) 1
. _2a _(a-b7) 1

4o 3 4 2

dr 2

Z | =2ar—(a® -b*)-r* =b> - (r—a)?
or (dej ( ) ( )
or =t - -a?)

dr
or
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Integrating, cos ™! {(r ; a)} =0+

Initially, r=a+b,6=0, soweget ¢; =0

cos™! {r;a}:e = r—a=bcosH
or r=a+bcosb.
This is the required equation of the path.

3. A particle moves with a central acceleration which varies inversely as the cube of the
distance. If it be projected from an apse at a distance a from the origin with a velocity which is

J2 times the velocity for a circle of radius a. Show that the equation of its path is
reos (8/42)=a.

Solution. Let v; be the velocity for a circle of radius a with a central acceleration
o (distance) . Then

2
v
LT Y
a a a
Hence, if v, be the velocity of projection, then

v2=\/§. V]Z\/E.ﬂz (ZM)
a

a
Now, the differential equation of the path is

(1)
—tu=
d6? 1P u?

o (B3 _d

itis given that F = I where u = P

2 3 2
or ﬂ+u= Kt or hzlﬂ+u}:uu
S . du . .
Multiplying both sides by 2 7 and integrating, we get

2 2
2 _ 42 du 2| _ u

Initially, r=a,i.e.,u=l, ﬂ =0andv=4(2W)/a.
a \ do

Hence, from (ii), we have
u_n_p 2 _ M
—2——2——2+C or h“ =2n and C—a—2
Hence, from (ii) we get

) . 1, 1 ) 11 ) 1-d%?
or — | tu"=—|u"+—| or |—| ==|—F—u" |=—5—
0 2 22 ) 2|2

R )
or
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i sin”! (au) = 9 + A
Integrating, we have «/5 ) .(1id)
where A is the constant of integration.

.. 1
Initially, « = — and 6=0, . A= g

a
Hence, from (iii) we get

sin”! (au) = % T+ (ij

or au = sin [g 4 %J _ cos [%}
or a=r cos (%]

This is the equation of the path.

4. A particle moves with a central acceleration [/ (distance )5] and projected from the apse
at a distance a with a velocty equal to n times that which would be acquired in falling from

infinity, show that the other apsidal distance is a/,/(n2 —1).

If n = 1 and particle be projected in any direction, show that the path is a circle passing
through the centre of force.

. . . dv L
Solution. If v be the velocity at a distance x from the centre, then v I =— %, negative sign
X

indicates that the particle is moving towards the centre.
Hence, if V be the velocity from infinity to a distance a from the centre then

a
fo vdu=—pf2 isdx or VZ:ZM[L} -
x oo

4x*
u
V=_[—

Hence, the velocity of projection of the particle

=nV=n1/(ﬁ] (@)

We know that the differential equation of the path is

d’u ‘u F (i
— tu= (i
d6* h2u?
d*u w 2
or —2+M=}l;20rh2 M+u ST
do heu 462
Multiplying both sides by 2 % and integrating, we get
2 4
2 _ 2 |(du 2|, v
o kdej ”}” 2 te i)

where C is constant of infegration.

d 1
Initially, v=r || 2|, %% =0 and u=—
2a4 d@ a
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From (iii) We get

1 2 -1
= {—2} Eovc oo 2= ”“adc“(”—ét)
2a (Za ) 2a
Hence, from (111) we get

u ) |t pe? -
a® |\ de 2 244

or
Clzl’l2

(%] + u2 = ! [(14M4 + (n2 - 1)]

2

d 1

or (d_gj :{ }[a4u4 —a*n*u® + (n2 -] ...(iv)
du

a’n?
Now, at any apse o =0, so form (iv) the apsidal distances are given by

atut — a*nPu® + (n2 —1)=0 or (n2 -1 - a?n?rt +at =0

Let r12 and r22 be the roots of this quadratic equation in #>. Then
5 a4 a2
n.n==—fF5—" 0r nn =

(n2 -1 (n2 -1

But one of the apsidal distance is a. Let 1 = a.

a a
VI(? =1)] VI(? =1)]
If n=1, from (iv), we have

du S
{%} Za—z(a4 5 azuz)—u (a2 2 -1
du

o uAl(@u® = 1)

Integrating, we get

arn = or n =

=do

ec”! (au)=6+ A
1
Initially, u=—and 6=0, .. A=0. Hence,
a
ec! (au)=0

a
or au=sec® or —=secO or r=acos0

This is the polar equation of a circlié passing through the pole, i.e., centre of force.
S. A particle subject to a force producing an acceleration | (r + 2a)/ 7> towards the origin
is projected from the point (a, 0) with a velocity equal to the velocity from infinity at an angle
ot 2 with the initial line. Show that the equation to the path is
r=a(l+2sin 0)
Solution. The differential equation of the path is
d*u

a0>  h2u?
1) l+ 2a
u(r+2a) u

Here, F=
» N

=u (u4 + 2au5)
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d*u = u(u4 +2au5)
d6* h2u?
d2u 2 3
WS +u =W (u” +2au’)
. el

Multiplying both sides by 2 % and integrating, we have

2
v2=h? du +u’
do
=2u {%uS +%au4}+ c (1)

Now, the velocity of projection of the particle is equal to the velocity acquired by a particle in
falling from infinity to the point of projection under given acceleration. Let v; be the velocity thus

acquired. We have,
y dv u x+2a
dx xs

1 2a
vdvz—u{—-%—}dx
or _x4 xs
1 2a
o vde=—ufi_, [4+ dex
X X
v12 _ H{ 1 2a T
or —=—W|=-——=—
2 33 4xt
_L{;+;}
3 24°
2 .M
or (3a3)
Also, from p = rsin ¢, we have initially, p, = a sin ¢.
Here, 0o = cot™'2 or cot 09=2
. 1
sin ¢ = —
or JE

. a
Po=a3m¢o=£
2

2 2
Also, we have Lz = LZ + % (ﬂj =u‘ + (ﬂ)
p r r* \ do do

2
Titially, [ 94| 4,22 L3
a6

G
From (i), initially, we have
CIPEEN IR
3a a 3a 2a
2
. S_sH s
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nr = and c=o0.
3a
From (i), we get
2 3 4
i @ +Lt2 =2u M_+%
3a 0 3 2
2
or (d—g] =2au’ +3d%u* —u?
. 1 du 1 dr
Putting u_;’%__j%’ we get
L(ﬂz_z_a EnE
A4\ de 3 42
drY 2 2 2 2
— | =2ar+3a” -r"=4a" - (r—a
or (dej ( )
dr

=do6
J1Qa) —(r—a))

sin~! {u} =0+
2a

Integrating, we get

Initially, 6=0,r=a .. ¢; =0

.. -1 |Fr—a
Hence, sin {2_}=9
a
or r—a=2asin 0
or r=a(l+2sin 0)

This is the required equation of the path.

3 5

2
. . C .
6. A particle of mass m moves under a central attractive force mpu [—+—] and is
r r

3 2
projected from an apse at a distance c with velocity v , prove that the orbit is T = COs E 6,
c

2

Tc
8\
Solution. Here, the central acceleration is
5 82
F= u[—3+%] = (5u® +8c2ud)
r r

The differential equation of the central orbit is

and that it will arrive at the origin after a time

dzu_ P
de’>  h*u?
B2 d2M_M53825_5 8c2,3
or u+de—2—u—2(u+cu)—u(u+cu)

Multiplying both sides by 2 % and integrating, we get
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2
2 _,2| 2, (du 2 2 4
vi=h {u +(%) }=u(5u +4cu)+c )

Initially, at an apse r=c, u = l,% =0,v= 3\/5/ c,
c

.. From (i), we get
ou K’ 5 4
_;L:_zzu(_er_z)’LC
C

c C c

2
M _M O o

2 2 2
c Cc C

h?=9u, c=0
Substituting these values in (i), we get

or

2
9u {uz + [%} ]: wisu® +4c2u*)

du)’ 2 4 2
9l — | =4c’u” —4u
o (2]
d 1 d
Putting u=l, so that —u=———r, we get
r de r2 do

do
dr__Z 2_ 2
or B 3 (c"=r")
zde— —dr
or 3 (Cz_rz)

Integrating, 2 0+ A=cos ! (ﬁ) , Where A is constant of integration.
3 c

Initially, when r = ¢, let 6=0. Then, A = cos '1=0
% 9= cos! (Lj
3 c
’
—=cos—0
or - 3

or r=ccos 3 0
This is the required equation of the path.

Again, we have
(3
dt
2
But 7 =3,/u andr=ccos§6

dt =r7de =— 3 (i)
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At the point of projection, we have taken 0= 0. Also, at the point O, r =0.
Putting 7 =0 in the equation of path, we get

O=ccoszﬁ
3
2 o4 3
je., —0=— or O6=—m
ke 30 2 4

So,at O, 6 = % 7. Let #; be the time from the point of projection to the point.
Then, integration (ii), we get
2
t = 3”4 < cos? (% Gj do
3 3
2 2 o 3 T
Put Ee:q), so that gde—dq). When 0=0,¢9 =0 and when ezzn,q):g_
2
c 2
n=J" (cos” 0) = do

3
2

— 3/2 coszq)dq)
2
6‘2 l TC

7. A particle is moving with central acceleration (r5 —c* r) being projected from an apse

1 2
— T =
2

. . . 2“ 3 . . 4 4 4
at a distance c with velocity T ¢”, showthat its path is the curve x* +y* =c".
Solution. Here P= 18 (rs — c4r)
W 1 et 1
—y — = =
woou u
.. Differential equation of central orbit
d*u

P
——+u=——— becomes
de? n>

d’u wil o
or PP aier Y e T
do h™lu" u

1 ¢t
=oul-—+— |+
{ 610 zuz} (1)
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From initial conditions, i.e., at an apse;
1 du
=—,— = 0

c do

2p 3
d ==
an 4 3 C

2 2 6 6
_“C6:h_:2M _C_+C_ +C1
3 2 6 2

u

h2=2?”c8 and C;=0

Substituting values of 42 and C; in (1), we get

2 4
Z_HCS (ﬂ +I/t2 =2u _L_i_c_
3 do 6u®  2u®
¢ (d_j 2 I
or 3 |\do 6u®  2u®

2 4
? du =3 —L+C— —chu?
or de 6u®  2u?

ot L& _
or 40 e

=440

J1-@cti® -3)?
Putting 4¢*u* 3=V, sothat 44¢*u> du=dv we get
av

1-v?

=440

Now integrating above, we get
cos 1 (V)=40+C,

or cos !t actut -3)=40+C, -2
1
Intially when u = ;, then 6=0; C, =0
. (2) becomes
-1 ,, 4 4 _

cos  (4cu” —3)=46
or de*u* =3+ cos 40
or 4e* = [3+ cos 40]

=r*[2+(2cos? 0-1)?]

=t [4+8(:OS4 0 — 8 cos’ 0]
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=4r4 [1+2cos4 0 —2cos> 0]

=4 [cos4 0+(1- cos? 6)]2

or =t [cos4 0 +sin* 0]

or ct=xt+y* [- x=rcos®,y=rsin @]

EXERCISES

1. A particle describes an orbit with a central acceleration uu3 — A\, being projected from an
apse at distance a with a velocity equal to that from infinity, show that the path is

0 2ua’
r=aCOSh—,Where n2+1=£.
n A
2. A particle moves is a curve under a centarl acceleration so that its velocity at any point is
equal to that in a circle at the same distance and under the same attraction. Show that law of

force is inverse cube and path is an equiangular spiral.

3. A particle moving with a central acceleration /(distance)3 is projected from an apse at a

Y —a’v?)

0|=a, or
aV

distance a with velocity V, show that the path is rcosh

V@2 -

¥ cos — 0 |=a according as V >< the velocity from infinity.
a

4. In a central orbit the force is Hu3 B+ 2a2u2); if the particle be projected at a distance a

. . . = 4 (1 . .
with a velocity \/(5u/@?) in a direction making an angle tan 'l Z | with the radius, show
\(5u/a) 5

that the equation of the path is r =« tan 6.

5. A particle is acted on by a central repulsive force which varies as the nth power of the
distance. If the velocity at any point be equal to that which would be acquired in falling
from the centre to the point, show that the equation of the path is of the form

1
FED2 o 5 (n+3) 6 =constant.

6. A particle of mass m moves under a central force /(distance)3 and is projected at a dis-

tance a from the centre of force with the velocity which at angle o to the radius would be
acquired by a fall from rest at infinity to the point of projection, prove that the orbit is an
equiangular spiral.

7. A particle is projected from an apse at a distance a with the velocity from infinity, the accel-

2

eration being LW7 show that the equation to its path is 2 = ¢ cos 26.

bl

8. A particle moves with central acceleration (uuz + 7\.1,{3) and the velocity of projection at
disatnce R is V. Show that the particle will ultimately go off to infinity if

prom
R R?
9. A particle of mass m is attached to a fixed point by an elastic string of natural length a, the
coefficient of elasticity nmg. It is projected from an apse at a distance a with velocity

\J(2pgh); show that the other apsidal distance is given by the equation
nr’ (r—a)—2pha(r+a)=0
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10. A particle is projected with velocity (3 3 j from a point P in a field of attractive force —
C r

to a point O distant C from P, where r denotes the distance from O.
If the direction of projection makes an angle 45° with PO, prove that the orbit is cardioid

3n 3¢
and the particle will arrive at O after a time (T - 2) {%J .

11. A particle subject to a central force per unit of mass equal to y {2 (a2 + bz) w —3a’b*u’ }

M)

is projected at the distance a with velocity in a direction at right angles to the initial

a
distance. Show that the path in the curve r2 =a? cos? 0+ b sin? 6.
12. A particle moves under a repulsive force = a and is projected from an apse at a
(distance)

distance a with velocity V. Show that the equation to the path is r cos p6 = a, and the angle

1 i pwt +a’v?
0, described in time ¢ is — tan [ j’ where p° = = 2,2 ) i
p a aV

13. A particle subject to a central attractive acceleration [%) + f is projected from an apse
\} 4

m

. . . . 1
at a distance a with a velocity — . Prove that the at any subsequent time ¢, r =a — 5 ftz.
a

14. A particle moves with a central acceleration )2 (8au2 +a*ud ), it is projected with velocity
A from an apse at a distance a/3 from the origin, show that equation to its path is

_1_ (—au-{_sj—coti
3 \lau-3 J6
15. A particle moves under a central force m\ [3a3u4 + 8au’ ], itis projected from an apse at a

distance a from the centre of force with velocity ,/(10A). Show that the second apsidal

distance is half the first, and that the equation to path is 2r =q {1 +sech i} .

NG

10
16. If the law of force is W [u4 ) ausj and the particle be projected from an apse at a dis-

. . 5 . . .
tance 5a with a velocity equal to (7j of that in a circle at the same distance, show that

the orbit is the limacon » =a (3 + 2 cos 0).

17. Show the only law for a central attraction for which velocity in a circle at any distance is
equal to the velocity acquired in falling from infinity to the distance is that of inverse cube.

ur
2 is projected from an apse at

18. A particle is acted on by a repulsive central force (r2 _ 9c2)

n)
a distance ¢ with velocity [8_2j - Find the equation of its path and show that the time to
¢

4 22 2 g2 2
the cusp is gnc H . [Ans.8p”° =9¢” —r7]
aaoa
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Planetary Motion

8.1 NEWTONIAN LAW OF ATTRACTION

According to this law the mutual attraction between two particles of masses my and m, and

mny
2

placed at a distance r apart is Y . , where 7Y is universal constant. This law is found to hold

good in the case of the motion of all planets in the solar system. Therefore motion of earth about
the Sun, that of planets about the earth or of moon about the Sun is governed by this law. Here in
this chapter we will discuss the case of central orbits when the force is an attraction varying inversely
as the square of the distance from the centre of force.

8.2

A particle moves in a path so that its acceleration is always directed to a fixed point and is

equal to #; Show that the path is a conic section, and distinguish between the three
(distance)

cases that arise.
This is a case of central orbit as force is always directed towards a fixed point.

1)
Here pP= >
p
Also pedal form of differential equation is
h_’;d_p:P:% or —3dp=%dr
p- dr r )4 r
Integrating above, we get
h 2
—Lz—E+A or —2=—u+B.
2p2 r P pr

Also we know that & = pv; hence the equation reduces to
2
2
2= p - vzzh—zz—“+B.
r 14 r
Also we know that pedal equation of ellipse, parabola and hyperbola (that branch which is
nearer to centre of force) all referred to focus as pole are
b2 b 2
—2=—a—1,P2=ar and —2=—a+1,
p- 7 p- 7
respectively, where 2a and 2b are the lengths of major and minor or transverse and conjugate axes.

. Now comparing equation (1) with these pedal equations of ellipse, parabola and hyperbola, we
ge
Case 1. With ellipse

»_n_B
2 oa -1 B a a
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Therefore (1) reduces to
2 W op 201
p2 r o a " roal

2 1 2
From v? = u [— ——) , we see that v < _H
r o a r

Case 2. With parabola.
On comparing (1) with pedal equation of parabola, we get B= 0 and h? = 2ap.

2
(1) reduces to v2= _l-l
r
Case 3. With hyperbola.
h2 B b?
rL_R_2. h :u— and B—E
a 1 a
(1) reduces to V2 =—H — [ ]
,
2 1
From V2= u(— + —) , we see that vis —“
r a r
Thus from above three cases, we conclude that v> = —ZB—+ B always represents a conic section

\
whose focus is at the centre of force and it represents an ellipse, parabola or hyperbola according
as Bis—ve, 0 or + ve.

Also we have found that

2 1
if v = u [— - —j , itis an ellipse;

r a

2
if v = —u, it is a parabola;
r

2 2 1Y) .
ifv =4 7+ ; , it is a hyperbola;
or from above relations, we conclude that
2u

if v2 < ——, itis an ellipse;
r

2
if v2 = —“, it is a parabola;
r

2
if v2 > —u, it is a hyperbola;
r

Also we have found that
2
W = p — =l in case of ellipse;
a

h? =2ap = in case of parabola;
2 b
h® =pn — =l in case of hyperbola.
a
Therefore in all the three cases.
W =ul
or h={JMu)} [where [is semi-latus rectum].
We observe that velocity at any point in independent of the direction of the velocity.
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Cor 1. If a particle be projected from a point at a distance R from the focus with velocity V in
any direction, the path will be an ellipse, parabola or hyperbola according as

V2<=>2—u
R

2
Here we observe that K is the square of the velocity the paraticle will acquire in falling from
infinity to the distance R from the centre as

dv W |4 B R 1
Vdr_ r2’ IO vdv= uLo rzdr
2 R

r L/ N O

© 2 rl., R’ ! R

Therefore the path will be an ellipse, parabola or hyperbola according as the velocity at any
points is < => the velocity the particle will acquire in falling from infinity to that point.

Cor 2. The velocity V, for the description of a circle of R is given by

2
\%
L _B (normal acceleration)
R R

R
from infinity to the point distant R from the centre, hence

As we have already proved above that } is velocity the particle would acquire in falling

V, = % (velocity from infinity)

1
or velocity for the description of a circle of radius R = E (velocity from infinity) to the distance

R from the centre.
Note. In the above article, when the central acceleration was towards the focus, the branch
of hyperbola described in the one nearest to the focus.
Now if we consider the case when the central acceleration is away from the focus, then the
further branch of hyperbola is described.
Now in this case equation of motion (orbit) is
2 2
h_.d_g=_i or h—3dp——%dr.
pdr 72 p r
Integrating above, we get

v =?=—7+ : (1)
Also the pedal equation of further branch of hyperbola is
LA}
pz r ..(2)
Now comparing (1) and (2), we get
2 2
h_un_ A oo =p ad a=h
P2 a 1 a a

Therefore (1) reduces to
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8.3 KEPLER’S LAWS

There are three laws discovered by the astronomer Kepler connecting the motion of various
planets about the sun :

(i) Each planet describes an ellipse with the Sun as one of its foci.

(i) The areas described by the radii drawn from the planet to the Sun are, in the same orbit,
proportioanl to the times of describing them.

(ii1) The squares of the periodic times of the planets are proportional to the cubes of the major
axes of their orbits.

Deductions

(1) We have proved in chapter of central forces that if the orbit is an ellipse under an acceleration
towards one of its foci, then the law of the acceleration is that of the inverse square of the distance
from the centre (focus). Therefore we conclude that the acceleration of each planet towards the
Sun varies inversely as the square of its distance from the Sun.

(2) From the second law we find that the rate of description of sectorial area is constant and
this is true only when the acceleration of the planet and therefore force on it is directed towards
the sun.

(3) We know that periodic time of a central orbit under inverse law is given by

21 a3/2 2 4752613
or =

Ju u
i.e., the square of periodic time varies as the cube of the major axes.
Hence from the third law we conclude that 1 is same for all the planets, i.e., absolute
acceleration W (acceleration at unit distance from the sun) is the same for all planets.

8.4 ACCURATE VALUE OF u

Kepler’s third law is true only on the supposition that the
Sun is fixed and mass of the Sun is so great in comparison to < >
that of the planet that the effect on its motion on account of its
attraction is negligible.

A more accurate form is obtained below :

Let S be the mass of the Sun and P that of any planet and Y the constant of gravitation.

Now mutual attraction between them at any instant, when distance between them is r, is given

T =

v ¥ SP
y 2
, . SP S
Therefore planet’s acceleration o0 =y > =Y~
r-.P r

S.P P

and sun’s acceleration B =Y . =1
res r

and the relative acceleration of the planet with respect to the sun is o + 3.

o+p= Y(S—;P) = %
r r
Therefore here L=y(S+P).
275a3/2
Also periodic time is given by T = ;
N
therefore exact periodic time T = 2—7t a? (D
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Now let 7; be the periodic time of another planet of mass A and ¢; be semi-major axes of its
orbit; then
2n 3/2

Y a .
ys+R)1 -®

Therefore from (1) and (2), we get

T2 S+B o S+P T* 4°
—2 = . —3 or . —2 = —3
T S+P g S+RA 17 g
If D be the mean distance (distance between centres) of the planet from the Sun, then we can
also say
2n
— D3/ 2

CJveseprT -0

Similarly if p be the mass of satellite of planet P and the mean distance between their centres
be a, then the periodic time ¢ of satellite is given by
2n P2

t=—— )
Jr P+ p)l -4
Therefore from (3) and (4), we get
72 P+p D° s+p 177 D°
—= = or =—

2 S+P P+p 2 &

8.5.

In solving questions in this chapter we will require help of properties of ellipse. So some of the
important properties are given below :
(1) The product of perpendiculars drawn from the foci

Z
on tangent at any point on ellipse is constant and is equal y P —]
to square of the semi-minor axis of the ellipse, i.e., OB
SY.HZ = b*

(2) The sum of the focal distances of a point on an ellipse S 19 H
is 2a, where 2a is length of major axis of ellipse i.e.,
SP+ HP = 2a.
b2
(3) The length of latus rectum is 2 —, where
a

b2 = a®(1-é?),
e being the eccentricity of the ellipse.
(4) The tangent and normal at any point are each equally inclined to focal radii of that point.

EXAMPLES
1. A particle moves with a central acceleration LZ; it is projected with velocity V
(distance)
at a distance R. Show that its path is a rectangular hyperbola if the angle of projection is
sin”! s

) 1/2°
VRiV? ——”}
R

Sol. We know that in the case of hyperbola

Fou24]
r a

Therefore in this case
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2 1
VZZM{_‘F—} as [v=V,r=R given]
2p

or V2 - =% ()

Also we know that 7 = pv.
Let p = p, initially.
h=pyV =RsinaV (. pp=Rsinw) .2

b2
Also we know that h=w) = {H —}
a
Therefore (2) reduces to
J(Ua) =Rsina.V or na = R%sin? 0. V?

kel R*v? sin? o -~ from (1), a=

R
R
u? - W

or sin o = 5 or SmO= o2

R2v? {Vz - —“} RV (vz - —”j

R R
-1 [

or o = sin ﬁ

v [VZ - —“]

R
2. A particle describes an ellipse under a force B 3 towards the focus. If it was
[distance]

projected with velocity V from a point distant r from the centre of force, show that its periodic

time is
) -3/2
2m |2 V&
Jur

Sol. Since orbit described is an ellipse, therefore

2

roa wor a
1 (2 v2)
or —= L— - —J . (D)
a rou
3/2
Now periodic time is given by 7 = 2“\7, -(2)
1)

Therefore from (1) and (2), we get
( 2\—3/2
=22V
NGy
3. If a planet were suddenly stopped in its orbit supposed circular, show that it would fall

into the Sun in a time which is Y times the period of the planet’s revolution.

Sol. Let a be the radius circular path and the particle be suddenly stopped at point P, i.e., its
velocity suddenly reduces to zero; then the planet will begin to move in the straight line PS towards
S under the acceleration
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_r
(distance)2 P
Now equation of motion of the particle while falling from P to S'is
d .
v A - (r decreasing) or vdv=- B dr.
dr r2 r2
2
On integrating, we get V2= _H+ A
r
2
Now when r=a,v=0, .. A=-*H

a
1 1 2u(a—r)
Therefore v = 2u { —} = .

r

o ar
dr f a-r .
V= E =—2w (7] (r decreasing).
A e
a a-r a |70

where r is time of reaching the planet to the Sun.
2 of
_ |:_|-L:|[:J' |: r :|dr
a a a—r

Put r = g cos? 0, dr=—2a cos 0 sin 6 d6.

/2
- /[2—”}?{” 2a cos? 0 d6.
a 0
or — t=2a_[ cos” 6 d6
a 0

[Z_Ll]t_zgi T T
or a 22 2.Jew

If T be the periodic time of planet’s revolution, then.

A 2na’? 2w

3/2

Ju T o2
t 1 2 2
— =y = or t=—-1Tr.
T 42 8 8

4. If the velocity of a body in an elliptic orbit, major axis 2a, is the same at a certain point P,
whether the orbit is being described in a periodic time T about one focus S or in periodic time T’
about the other focus S’, prove that

sp=2T g sp=2T
T+T’ T+T’
Sol. As we know that sum of focal distances of any point on the ellipse is equal to 2a, so if
SP =r, then
S’P=2a-r.

Now when S is the focus, then
2 1 2
v? =u[———} and T = na

- N (D)

3/2

Now when S’ is the focus, then
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, L2 1 . 2ma’’?
v ZH{Za—r_;} and 7' = \/E . 2
From (1) and (2), we get
2 1| | 2 1
H{:‘;}—H 2a—r_g}' ~(3)
3

23 4
But p= 47ta2a from (1) and W' = 72 from (2)
T

Therefore (3) reduces to

e’ [2 1] _4n’a’[ 2 1
T2 roa 72 |2a-r a

1 2a- 1
or —. a-r =—. ! or 722 =T’2(2a—r)2
T2  ar 72 aa-r)
or Tr=T'QRa-r) or ([T+T)r=2al’
_ 2aT” . _ 2aTl”’
or T+7 T+T"
2aT’
S’P=2a- P = —
Therefore T+7T [as SP=2a— SP]
2aT
S’P= )
o T+T

5. A particle describes an ellipse about a centre of force at the focus; show that any point of
its path, the angular velocity about the other focus varies inversely as the square of the normal at
that point.

Sol. L2 _p=py | tral orbit where = is angul v+
ol. ” pv in a central orbit where g 1S angular T
velcoity about the focus §. Therefore the angular velocity (say
S GC H

) about the other focus H by above formula is given by

HP?. o = HZ v, [+ p=HZ]

or HP*o = Hz.i,
SY

h h
 h=pv, .. v=— o0Or v=—ro|.

p SY
h.HZ h.HZ
0= —+-"7"_ or O=—""—".
SY . HP? SY .HP.HP

Now since the As HZP and SYP are similar,
HZ _SY

HP SP’

(D)

Therefore from (1),
h HZ h SY h
o= . o= . .2
SY.HP HP SY.HP SP SP.HP
But SP=a+ex'=a+aecos® and HP = (a — ae’) = a — ae cos ¢.

from (2),

h h

"~ (a+aecos§) (@a—aecosd) a2 — a2e? cos? 0
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h h
o= = .
of a’ - (a2 - bz) cos® (0] b? cos® o+ a’ sin? (0] ~(3)
Normal at P, whose co-ordinates are (a cos ¢, b sin ¢), is given by
ax _ b_y _ az _ b2
cos ¢ sin¢
or ax sec ¢ — by cosecq)za2 - b2
Now above normal meets the major axis at G, where y = 0.
2 2
Hence co-ordiantes of G are { cos ¢, O:I.
242 2
2 _ a - 2 2
Therefore PG = [a cos ¢ — cos ¢1 +b” sin” 0
b2
=~ cos? 0+ b? sin? 0
a
b2
or PG == (b” cos” ¢ + a” sin® )
a
: b: 1
or (b2 cosz¢+ a? sin® 0) =
a® PG
h !
from (3), 0= h

b? cos? o+ a? sin® [0} a* PG?

6. A planet of mass M and periodic time T, when at its greatest distance from the Sun, comes
into collision with a meteor of mass m, moving in the same orbit in the opposite direction with
velocity v; if m/M be small, show that major axis of the planet’s path is reduced by

dmT (1-e)
M T I+e M

Sol. Let v be the velocity of the planet and meteor at A,
before collision. Since orbit is same for planet and meteor, hence
their velocities are equal at A.

T lre (D
[since SA=SC+ CA=ae—al]
Let V be the velocity of combined body after the collision.
Since momentum is unaltered by collision, by the principle of conservation of momentum, we
get
M +m)V =My —my

-1
or sz_mv=[1—ﬂM1+ﬂ) v
M+m M M

= 1_ﬂ 1—ﬂ v nearly as ﬂissmall
M M M
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2
or V= {1 - V’"} v -2)

Hence from (2), we observe that

2 1 2
vZ<yv? or V2<2—l'l as v2:u -— or V2<—u,
a+ae SA

Therefore the subsequent path of the combined body is ellipse. Let its major axis be 2a’.
Now for the new path i.e., ellipse at A,

2 2 1
Vo= -—
L{a + ae a'} -3
[1_2_mfvz (2 1)
or I; “La+ae J [from (2)]
[1 4m] 2 (2 1) neglecting(m)2 and higher powers
AL (Y _ - "
or M MLa+ae a M
or [1_4_”’) l—e_ (2 _i\ [from (1]
l+e La+ae a
{ 4m}1 1-e 2 1
or === = 7
M]a 1l+e a+ae a
1 _1( 2 1-e 4mi-e) 1( 4m 1-¢)
or a’ aLl+e l+e M l+e) L M 1+e
-1
dm 1~ [ 4m 1-e)
or a=a|l+— 1-—-. nearly .
M 1+e L M +€)
2a’—2a=—4—m1_e. a
M 1+e
or major axis of subsequent path is reduced by
(4m 1-e _ )
—. 2al.
LM l1+e
a2 1—e) 21432 (5 ul-e)
Also T = na ; ooVl = {& e} na Las v =—.1 J
\/ﬁ a l+e \/E a l+te
(1-¢) VI [[1+e)
or = 2a=— 1
—e

4_m 1—62 _4m 1-e VT (1+e)

. a=—.:. — .
M 1+e M l1+e =w l1-e

Hence major axis of subsequent path is reduced by

Am VT [[1-e)
M = L1+e).
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7. A particle is moving in ellipse of eccentricity e, under the acceleration ~5 to a focus; when
r

the particle is nearest to a focus, the acceleration is suddenly replaced by an acceleration \r
towards the centre of the ellipse. If the particle continues to move in the same ellipse, prove that

p=p'(1-e*)a’.

Sol. Let v be the velocity of particle at point A which is nearest B
to the focus §; then
AS a A IS A
(2 1)
H L a—ae a
V2 _ E I+e B
or = 1. A1)

Now the centre of force is shifted to centre i.e., at point C and new force is L'
Now distance of point A from C is a and velocity of particle at A is v.

d
Also d—g =0 at point A, being an apse at A
The differential equation of the path is

2 ’ ’
du-‘,—u: p = M |:as P=|,L'r=u—:|
d6? Ru® nu? 1l
Integrating above, we get
2
2 ’
2| (L) 2 o2y @)
de 22
1+
Now when u :l,ﬂ:0 and e fay = from (1),
a de al-e
2
E.1+e=h—=— ‘a® + A.
a l—e g2
1+e|(du) P} wowl+e o
Therefore au. (—j tut =+ =t
1-e|\db W oa l-e
Therefore equation (2) reduces to
l+e|( du 2 ’ I+e
au . [—j +u’ =—H—+E.—+u’a2. 3)
1—e|\dO W2 a l-e

Now as the particle continues to move in the same ellipse, the next apse will be at point B i.e.,

next apse be r =b.
1 du
Therefore when r=5b or u=—,—=0.
b do

Therefore in (3), putting y = % and % =0, we get

1+e 1 1.2 lvl 1+e )
—=—uWbhT = —+
aul—e b2 H b l-e Ha
2 )
bol+e (a )
B2Te 4 = —b
or 2 1o Lbz J uia )
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l+e (a-b%)

18 )
=. ) = -b
or a l—e a2 (1_62) “‘(a )
or El-f-e . 1 :lJ,, or u:ufa (1_6)2
a l-e g=(1-e)(1+e)
EXERCISES

1. Show that the velocity of a particle moving in an ellipse about a centre in the focus is

e
compounded of two constant velocities, % perpendicular to the radius and MT perpendicular

to the major axis. Hence deduce that the radial velocity is given by the equation

2(dr)?
r 7 =;{a(l+e)—r}{r—a(l—e)}

2. A planet is describing an ellipse about the Sun as focus. Show that its velocity away from

the Sun is greatest when the radius vector to the planet is at right angles to the major axis of
2mae
path and that is then —=—===, where 24 is the major axis, e the eccentricity and 7 the
T4(1-¢é?)

periodic time.

3. Prove that the time taken by the earth to travel over half its orbit, remote from the Sun,
separated by the minor axis is 2 days more than half the year. The eccentricity of the orbit is

1

60

4. Abody is moving in an ellipse about a centre of force in the focus. When it arrives at P, the
direction of motion is turned through a right angle, the speed being unaltered. Show that
the body will describe an ellipse whose eccentricity varies as the distance of P from the
centre.

5. A comet is moving in a parabola about the Sun as focus. When at the end of its latus rec-

tum its velocity suddenly becomes altered in the ratio of n:1, where n<1. Show that the

comet will describe an ellipse whose eccentricity is /(1 — 2n? + 2n4) and whose major axis

is 5 where 2/ was the latus rectum of the parabolic path.
I-n
6. A particle is describing a parabola under a force to the focus. It meets and coalesces with
another particle of n times its mass which was at rest before the impact. Show that the
composite body will describe an ellipse whose eccentricity is given by
4 +2
R
(n+1) 2
where 9 is measured from the apse in the parabola.
7. A particle of mass m when at any point of the ellipse of semi-major axis a is split by an

explosion into two particles of masses m; and m,. If the particle m; describes a parabola,
nh»a

E
prove the semi-major axis of the orbit described by m, is H—zE’ where > is the energy
m—a

generated by the explosion.

8. A body describes an ellipse under a force to the focus and when at the extremity of the minor
axis, moving towards the nearer apse, it receives a blow in the direction of the other focus
which cause it to move towards the centre of the ellipse. Show that the eccentricity of the new
orbit is (3e2 —34e 2 )1/ 2 and that the major axis is turned through angle whose tangent is

ab
a@e* -1y
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8.6
(a) Time to Describe a given arc of Parabolic Orbit Starting from the Vertex
We know that polar equation of parabola is

1 P
—=1+cos€)=ZCosZE
r 2

[
or r=—seczE=asec29 0

2 2 2 A 3

[as I =2a in parabola].
> dO

Also we know that 7 & =h

_ 2 t _ 0 2
or hdt=r>d® or hjodt_jor do
or ht=J.(?a2 seczgde {as r=asec2%}
) 1
or htazj SCCZE(IHanzg] d6=2a2(tan9+—tan3gj
0 2 2 3 3 2
b 0 1 30
or J(U2a) t=2a tanaigtan 2 [as g =+/(u),l=2a]
(242
or t= ZL tang+ltan3g.
0 2 3 2

(b) To Find the Time of Description of given arc
of an Elliptic Orbit Starting from the Nearer
End of the Major Axis.

i Polar eqaution of an ellipse with S as focus and SA as initial
ine is

N

1
—=1+e¢cos 0B, where e<1.
’

Also rzfi—e—:h or  hdt=r>de
dt
t 0 2 2 0 1
or h| dt=| r“d0 or ht=I —deé. ¢!
IO '[0 0 (1+ecosB)2 0
i sin 0 _(l+ecose)cosﬂ+esin26
Nowe dd |1+ecosH (1+ecose)2
_ e+cos® e +ecos 0
(1+ ecos 9)2 e(l1+ecos 6)2
2
=(1+ecos(9)(1 ;)[as e<1]
e(l+ecos9)
d [ sin® |_ 1 1=é 1
or dO |1+ ecosO e(1+ ecos0) e (1+ecose)2
1—¢2 B 1 _d ] sin®
or e(l+ecos®)? e(l+ecos®) db [1-ecosO

On integrating above, we get
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1-e I 1 :_J- 3 sin 6
e (1+ e cos 8)2 e’ 14+ecosB I+ecos®
o J. 1 46 = 1 .[ 1 e ' sin 6
(1+ e cos 8)> (1—e?)? (1+ecos 6) 1—¢2 l+ecos®

Also we know that

de 2 G M=) el .
_[ = tan L tan —p if e<l.
1+ecos® 1-e) I+e 2
I 1 Joo 2 ] (1—e\ tane e sin 0
(1+ e cos 6)* (1-e%)3? 1+e 1—¢2 (1+ecos )

Therefore from (1),
1

ne=12[° —————do.
0 (1+ecos0)?

hi =12 2 can”! (l—e\_ e sin 0
o (1—e2)3/2 L1+€J 1—e2 I+ecos®

Now as 1 =,/(u) =+/{L.a (1—62)},

b _at(-¢%)

and l= =a(1—ez).
a a
2 2 2,2 :
1 _ 1- 1-
\/{Ma(l—ez)}l=—a (1-e’) tan~" {_e} tang—ea d=e’) sin ©
a1- )3/2 l+e 2 1—¢? 1+ecos®
3/2
a 1 0 sin O
t=——=|2tan tan——e\ll
or \/ﬁ { L J ¢ 1 + e cos 9}
(c) To find the time of description of a given arc of a hyperbolic orbit.
Polar equation of hyperbola is
£=1+ecosﬂ, where e >1.
r
Also we know that
2 o ar=rae
dt
t _ 0 2
or Johdi=] r*ae
t 0 12
hdt= —F—F—  de. 1
o I J.O (1+ e cos 6)2 ~()
d( sine ) cosG(l+ecosG)+esin29
Now de L1+eCOS GJ (1+ e cos 0)?
_ cos 0 + ¢ cos” 0 + e sin” O _ e+cosB
(1+ ecos 9)2 (1+ ecos 6)2
ecos B+ e _ 1+ ecos 0 +e” — 1

e(l+ecos@)2_ e(1+ec059)2
d( sin® ) 1 et -1

- — +
d6L1+ecos9J e(l1+ecosB) ¢ (1+ecosB)’

or (because e >1)
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1 e df sin® ) 1 1
(1+ e cos 0)° e2_1d9L1+ecos9J 2 —1 (1+ecosO)
Integrating both sides of above, we get

or

J‘ 1 Jo—_°¢ sin 1 J- 1
(1+ecose)2 2 —11+ecos® o2_17 (1+ecosh)
Therefore (1) reduces to
ht = t*esin 6 3 2 J-(-) 1

(> -1 (I+ecos®) e>—170 (I+ecosh)

1

e sin O 2 1 Je+1) +/(e~1) tan -8
or ht 2

= - . log
(@ -D(+ecos8) (-1 21 /—(e+1)—1/(e—1)tan%9

1
I? esin O 1 Je=1) +4/(e=1 tange
7 - log )
h | (=1 (+ecos®) (2 -1 Q2 & )
J(e+1) =/(e=1) tan 5 0

Now £= 12 =l3/2=a3/2(62—1)3/2
N[N M
2/3

=2 e (e—])ﬂ 1
Y

l+ecose_

Je+1) +4J(e=1D tan%@
0g
Je+1D) —Je=1) tan%ﬂ

EXAMPLES

1. Find the time T of describing an arc C of a parbolic orbit Newtonian law; if C be bounded
by a focal chord, prove that

T < I( Jocal chord )3/ 2, P
Sol. We have already found the time of description of given arc of
parabolic orbit as s /o

— A
(23T 1. 1 51 o

or LLJ {tan —0 +—tan3—6}.

I 20 T2 2

Let there be a focal chord PQ inclined at an angle § to the initial

line, so that the vectorial angle of Q will be (1t — 0) below the initial line.
Therefore the time of describing the arc bounded by the focal chord PQ is

(243) 11 41)°
T= LLJ {tan—9+—tan3—6}
m 272 2 iy

3
= ZL tan16+ltan3le+cotle+lcot3le
n 2 3 2 2 3 2

(243)

1
= || — tan—6+c0t19+l[tan39+cot39j
L uJ 2 2 3 2 2
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sin —6+cos —9 sin6lecoszle
{ ] 2 1 2 2
1 1

H sin —6 cos— 3 sin> —0 cos” —9
2 2

sm —9+cos —9 sin419—sin21900s216+cos419
2a 2 2 2 2 2 2
smG 3

sin> 0

R
)
E |
w
—
1

1 1) 1 1
[sin2—6+cosz—6] —3sin%> =0 cos>—0
sin 9 3 sm 0 2 2 2 2

1 1
(1 —35in? =0 cos® —9]
2 2

/N
I\
::‘Q
w
-
——

sin 9 3sin’ 0

. 3.
3 Z(E\ 3s1n9+4(1—zsm2j 2(2a\ (3sm 0+ 4 —3sin 6\
B LuJ 3sin’ 0 Lu“ 3sin’ @ J

g cosec 0 = / [4a cosec 6]3/2
= 1 = {Ej [focal chord]3/ z,
3 \] u

Since PQ=SP+S80=

&)
t‘a
(%]
~

l
+
1+cos 1+cos(m+0)
[as vectorial angle of Q =T+ 0 measured anti-clockwise]

= ! + ) =2/ cosec” 0
1+cos® 1—cosB
or PO = 4a cosec” B (as [ =2a).
1 2
T=— {»} [focal chord]3/ 2
3\
or T o (focal chord)3/2

2. Prove that time taken to describe two portions into which an ellipse is divided by the latus
rectum through the centre of the force are in a ratio

Te—e (l—ez)}:{n—cos_le+e (l—ez)}.

Sol. We have already found the time ¢ of describing an arc of elliptic orbit given by

{cos

N

L
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0
2 tan”! J tan——e (1— sm
1+ 1+ecos®
Now in the above formula if we put 6 = 7t/2 it will give us time of description of arc AL : let it
be tl .
32 [
/2
t1=a 2 tan™! Jtan——e a- _sin(®@/2)
Jﬁ' 14—ecos(n/2)

a3/2 B (
or tl:W 2tanl LE —eq(l—e)}.

1 [1=¢) g an tan = gant [ L7082 .
Now 2 tan [1+eJ =2 tan tanE_tan (1+Coszj,byputtmg €=cos

(1—e Z
2 tan”! =2,—=7z=cos e
or ,/L ) )

Therefore (1) reduces to

a3/2

i

The time of describing the arc LA” L’ = 21

fn= [cos™ e =y/(1-e?)]

or time of describing the arc LAL’

3/2
= [cos ™ e—ey(1-e2)].

n

2ma’’?
Now since the period to describe an ellipse is \/7
0

Therefore the time to describe the arc 74’7 is

2613/2 2a3/2
Juoo e
2613/2

or \/E

Hence the ratio of times of describing the arcs LA’L and LA’L’ is

[cos L e—erJ(1—e2)]:[m—cos te+erd—ed)].

[cos_1 e—eq(1- 62)]

[T —cos e+ eq(l-e?)].
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EXERCISES

1. Prove that in a parabolic orbit the time taken to move from the vertex to a point distant
from the focus is

1
(r+0)\J@er-1,
34k

where 2] is latus rectum.

1
2. If the period of a planet be 365 days and the eccentricity e =5, show that times of

describing the two halves of the orbit bounded by the latus rectum through the centre of

force are
365 1+ 1 nearly .
2 157w

1
3. The perihelion distance of a planet describing a parabolic orbit is — of the radius of the
n

earth’s path supposed circular, show that the time that the comet remain with the earth’s
orbit is

2 n+2 (n—]

] of a year.
3t n 2n

2
Also prove that the longest time that the comet will remain within the earth’s orbit is ™ of
an year.

QU
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Motion in Three Dimensions

9.1 ACCELERATION OF A PARTICLE IN POLAR CO-ORDINATES

To find the acceleration of particle in terms of polar Z
coordinates. T .

Let at any instant particle be at P whose coordinates be | ‘f.’:::, P
r,8 and ¢, where r is the distance of a P from a fixed origin ’

O, 0 is the angle that OP makes with z-axis and ¢ is the

angle that the plane ZOP makes with a fixed plane ZOX (Z-X J '
plane). ° ) % X
Draw PN perpendicular to the plane XOY and let ON = p. 5 ‘,"
"’~4"‘K
) d*x d%y d*z N
Then the acceleration of P are —— =" and — . Y
d dt

where x, y and z are the coordinates of P.

The polar coordinates of N, which in always is the plane XOY are p and ¢. This point N will
have radial and transverse accelerations whose magnitudes are

2 2
P p [ﬂj along ON,
dr? dt

1d( ,d
and E a p ar perpendicular to ON
d*z
Also the acceleration of P relative to N is — along NP.
dt

Hence, the acceleration of P are

2 2
ap_ p ) along LP,
dt2 dt

P (pz —q)] perpendicular to the plane ZPK
p t

d*z
and — parallel to OZ.
dt
d*z  d*
Since z=rcos 0 andp=rsin®, the acceleration d_z and —- 2 along and perpendicular to
t t
. . v (doY . .
OZ is the plane ZPK, are equivalent to — o along OP (radial acceleration) and
dt 4

1d do
S (rz Ej perpendicular to OP (transverse acceleration) in the plane ZPK.
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o\’ o\’
Also the acceleation —p (d_q)) along LP is equivalent to —psin @ [d_q)] along OP and
t t

2
do .
—pcos6 ur perpendicular to OP.

Hence, if o, 3,y be the accelerations of P respectively along OP, perpendicular to OP in the
plane ZPK in the direction of @ increasing, and perpendicular to the plane ZPK in the direction of
0 increasing, we have

2
:li rzﬁ —rsin®cos 6 Ll 2
rodt dt dt
1d( ,dd 1 d do
=== )
and L (p dtj Fsin® dt( i’y = j ~()

Cor. Acceleration in Cylindrical Coordinates : Sometimes we consider the motion of P with
reference to the coordinates z, p and ¢, called cylindrical coordinates.
Asin 9.1, the accelerations are then
2 2
P _ p % along LP,
dt2 dt
p2 d¢ perpendicular to the plane ZPK
p dr dt
d*z
and d_2 parallel to OZ.
t

9.2

A particle is attached to one end of a string of length I, the other end of which is tied to a
fixed point O. When the string in inclined at an acute angle o. to the downward-drawn vertical
the particle is projected horizontally and perpendicular to the string with a velocity V; to find
the resulting motion.

mg sine’

mg mg coso
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Taking O as origin, the components of weight mg of the particle are mg cos6 (along r),

—mgsin O (perpendicular to OP) and 0 for P, we have r =/. Hence, the equations of motion will

2
be asﬂzﬂzo
dt dr?

2 2
T L R Y :Z:+gcosﬁ (D)
dt dt m
2 2
lﬁ—lcosesine @ =—gsin® (2
d[z dt
1 d( . 5, do
— = 9—|=0
and sin 0 di (Sm dtj ~()

Equation (3) gives

sin? © a = constant = sin? a
dt dt |0
Vsin a0
= ] .4
do _ Vsino
dt [sin? @
- o .
Substituting the value of m in (2), we get
d’0  V?sin? o cos © g .
- =~--sin® (5
dr* 20 sine” !
. de . .
Multiplying by 2 o and integrating, we get
t
2 2 2
LD gy 2T o8B g 28 Ginga
dr qr l sin” @ l
2 2 .2
ie. 49 +—V o (x. .1 =2—gcosﬂ+A,
’ dt 12 sin O
at O, we have § = a,? =0, we get
t
2 -2
0+V smoo ! =2—gcosoc+A 6)
12 sin o !

Subtracting (6) from (5), we get
2 2 .2
1 1 2
(@j = 14 s12n « | a4 (cos oL — cos 0)
dr ! sin“ o sin” @ l

_ VZsin? a (sin2 0—sin’ 0(] 2g

3 5 3 — —>(cos o.— cos 0)
I

sin” o sin” o

2 sin” 0

2 —
= ZTg (cos o.— cos 0) [V— [—COS &~ cos 6] - 1}

2 2 2
% - 0] 2
= [—COS &= cos ] - _lg (cos o — cos 0)

2gl sin” 0
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cos 0L + cos O
ot 2= TR

=2—g(cos a— cos 0) 3
l sin“ ©

- 1} where V2 :4lgn2.

daoe . .
Hence, — is again zero-when

dt
2n? (cos 0L+ cos 0) = sin® @
i.e., when 2n% cos o+ 2n° cos O=1—cos” O
i.e., when cos” 0+ 2n° cos O+ 2n° cos oi—1=0
i.e., when cos =—n’ i'\/(l—an cos o+ nt)

de
The negative sign gives inadmissisable value for 9. The only inclination at which o again

vanishes is when 6 =0;, when

cos 0; =— n’ + \/(1 —2n% cosa+n*)
The motion is therefore confined between value o and 8; of the .
The motion of the particle is along above or below the starting point, according as 0; = «,
i.e., according as cos 0 < cos Q.,

i.e., according as \/(1 —2n% cos a+n*) > n? +cos ,
i.e., according as 1 —2n2 cos o > cos 0+ 21> cos &

sin2 o

. . 2
i.e., according as n” 2
4 cos 0,
. . v? _sin?a
i.e., according as —— 2
4lg 4cosa

i.e., according as V2 < [ g sin o tan o

The tension of the string at any instant is now given by equation (1). Let T does not vanish
during the motion.
The square of the velocity at any instant

2 2
= (lﬁ) + (l sin O @)
dt dt
2 2
[(ﬁ) o[ ]
dt dt

Hence, the principle of conservation of energy gives

2 2
lml2 @ + @ sin® @ =lmV2 — mgl (cos o — cos 0)
2 dt dt 2

Hence, from (1), we get

. 2 2 _ _
I _ gcos 0+ (velocity) — gcos 0+ V< —2gl (cos o — cos 0)
m ) i
V2
=T+g(3cos 60— 2 cos o).
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EXAMPLES

1. A heavy particle moves in a smooth sphere. Show that, if the velocity be that due to the
level of the centre, the reaction of the surface will vary as the depth below the centre.

Solution. At time ¢, let P be the position of the particle of mass

m, such that OP makes an angle @ with the vertical through O, the

centre of the sphere. Let PM be the perpendicular from P on the

vertical line AA’. Then velocity of the particle at P

=(2g.0M)=,/(2ga cos 0)
where a is the radius of the the sphere.

Let R be the reaction of the surface at P, then OP = a, the radius
of the sphere being constant. Hence, the equations of motion are

2 2
do .2 .(d6 R
—a|l—| —asin“®|—| =——+gcosO
(dtj (dt) m 8 -~
2 2
aﬁ—acosesine(@j =—gsinB .2
dl2 dt
1 d( .o, do
— 0.—|=0
and sin 0 " dr (Sm dt) ~3)

Integration of equation (3), gives

sin® @ ﬂ = A (constant)
dt

Let when 6 = q, @=0, ﬂ:o.
dt
{asineﬂ} =V, ie, Q=L
dt |g_ dt asino
so that A=sin’ o. V = Ysma
asino a
and hence sin” 6 49 _Vsina .4
dt a

d
Substituting the value of 7(1; from (4) to (2), we get

2 . v2 sin? o g .
—2—cosesm6.ﬁ=——sme
dt a“sin” 0 a
d’e v? | 2 cos 6 g .
or 5~ sinT o —— =—=sin6
dt a sin” © a

do
Multiplying the equation by 2 m and integrating, we get

2 2 .2
ﬁ +V s Oc. ! =2—gcose+B
di a’ sin?9 @

when 0= q, ﬁ =0, then
dt
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2
1%
ie., B=—2——gcosoc
a a
a0 visinfa 1 2g v: o2g
Thus, o + 3 - 29=70056+——7cos0c
a sin a
2 2 .2
2
or (%) :_V_z(%—l]—;g(cosoc—cose)
a“ \ sin
2 2
= _ﬁ(sin2 o — sin? 0) ——g(cos o — cos 0)
a“sin” 0 a
2
2
= 2‘/—2(sin2 0 —sin” o) — ld (cos o.— cos 0)
a“ sin” 6 a

2 2
Substituting the values of (ﬁj and (?J in (1), we get
t

dt
R V2 ) .2
—= (sin“ 6—sin“ o) — 2g (cos a.— cos 0)
m  gsin” 0
aV? sin? asin” ©
2 + g cos 0
a”sin” 0
2 2 2
. . Vv o
= 3 (51n26—sm2 0()—2g(cos(x—cose)+an+gcosG
asin” 0 asin” 0

V2
=——2gcosa+3gcos 0
a

But when 6=a, V =,/(2ga cos o)

£=3g0059 or R=3—g(acos6)=3—g.0M
m am am
ie., R < OM.
Hence, the reaction of the surface varies as the depth below the centre.
2. A particle moves on a smooth sphere under no force except the pressure of the surface.

Show that the path is given by the equation cot © = cot B cos ¢, where © and ¢ are its angular

coordinates.
Solution. Since there are no forces, except the pressure, the equations of motion are

2 2
L T Y LA e
dt dt m
2 2
aﬁ—acosesine ﬂ =0
dtz dt
e | do )
ie., dt_2 =sin O cos 6 (d_(r) Q)
d( ., do
= 98—~ |=0
and sin@ dr (Sm dt] ~()

Here a is the radius of the sphere.
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Integration of (3) gives
sin” 0 % = A (constant)
t

@_ A
dr  sin% @

(6

ie.,
. do .
By putting the value of o from (4) in (2), we get
t

4o . A2 A? cos 0
——-=sin OcosO. N 3
dt sin” 0 sin” ©

Multiplying both sides by 2 ? dr and integrating, we get
t

2 2
A
(@j =-———+B.
dt sin” 0

Initially, when 6= B, ? =0.
t

2
B= A2 ,
sin” B
a0\’ 1 1
Thus, (—] =A? T
dt sin“ B sin“ 0
Dividing (4) by (5), we have
do sin B B cosec” O
dt - ging \/(7sin2 0 —sin’ B) \/cot2 B—cot’ O
Integrating, o =cos™! cot® +C
cos
If =0 when 9=, ..C=0.
_1[cotB
= cos
Hence, (0 (cot B]
cot 0
or cos o= or cot 0=cotcos ¢
cot

3. A smooth circular cone of angle 2a, has its axis vertical and its vertex, which is pierced
with a small hole, downwards. A mass M hangs at rest by a string which passes through the
vertex, and a mass m attached to the upper end describes a horizontal circle on the inner surface
of the cone. Find the time T of a complete revolution and show that small oscillations about the
steady motion take place in the time

M +
T cosec o ( m)

3m

Solution. Let 77 be the tension is the string and / the total length of the string. Let P be the

position of mass m in the initial state such that the length OP =r, O being the vertex of the cone.

Therefore, the length of the hanging portion of the string below O'is (I —r).
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, do _ d*e , o
In this case, 6 =, hence, " =0, — = 0. Hence, equations of motion will be
t dt
2 2
m{ﬂ—rsinza(ﬂj ]z—Tl—mgcosoc (1)
dt2 dl
1 d( » do
rosino— |=0
rsina  dt ( dt j ~(2)
d2
and M—(~-r)=Mg-T E))
dt
d2
The equation (3) gives -M d_2 =Mg-T )
t
subtracting (4) from (1), we get
2 2
(M + m)ﬂ—mr sin? a(ﬂ) =—mgcos &t — Mg (5
dr? di
The equation (2) gives
2 d
ryr- —=
o ...(6)
For the steady motion,
2
igzo,rzd
dt

d
and therefore, (5) and (6), give on putting 7? =,

mw>d sin” o= g (M +mcos ),
and A=d*o

2
Also the time period 7 is given by T = En
2 2 2 2 -2
A v Mg
Ifweput r=d+p, é—;:d—f and ﬂ:—2:d—(‘02:d_2w(1+3]
dr=  dt d (d +p) d d

2p
=0 {1 - 7} neglecting squares of P as p is small

Now we have from (5)
d’p 20\’
(m+M)—2=m(d+p)sin2 o’ (1+7j —g(M +mcos Q)
dt

= mo? (d+p) (1 - %) sin? o.— mw>d sin” o

from (7) and also neglecting the squares of p

=mo? sin’o (d — 3p) — mw>d sin o, neglecting squares of P

=—3mo” sin’ o. p.

This represents a S.H.M. of time period

M+m (M+m)
=27 — cosec o
Zm(,o sm o 3m

M+m
3m

=T cosec o ( [from (9)]
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EXERCISES

1. A heavy particle is projected horizontally along the inner surface of a smooth spherical shell

2a
of radius —— with velocity /zﬂ at a depth Y below the centre. Show that it will rise to
3

7

a
a height 3 above the centre, and that the pressure on the sphere just vanishes at the height

point of the path.
2. A heavy particle is projected with velocity V from the end of a horizontal diameter of a sphere

of radius a along the inner surface, the direction of projection making an angle p with the

2
2
equator. It the particle never leaves the surface prove that 3 sin?2 B<2+ [3‘/_] )
ga
3. A particle constrained to move on a smooth spherical surface is projected horizontally from
a point at the level of the centre so that its angular velocity relative to the centre is . If

w2 be very great compared with g, show that its depth ¢ below the level of the centre at

2—gsin2 o approximately.
® 2

4. A Smooth hollow right circular cone is placed with its vertex downwards and axis vertical,
and at a point on its interior surface at a height & above the vertex a particle is projected

. . . f 2gh .
horizontally along the surface with a velocity 2g . Show that the lowest point of path
n- +n

time ¢ is

will be at a height 4 above the vertex of the cone.
n
5. A particle is projected horizontally along the interior surface of a smooth hemisphere whose
axis is vertical and whose vertex is downwards. The point of projection being at the angular
distance B from the lowest point. Show that the particle may just ascend to the rim of the

hemisphere is 4/(2ag sec ).

6. A particle moves on the inner surface of a smooth cone, of vertical angle 2a, being acted
on by a force towards the vertex of the cone, and its direction of motion always cuts the

generators at a constant angle . Find the motion and the law of force.

1 .
[Ans. Fo<~3—,r:roesmocc0t[3.¢]
r

9.3 ACCELERATIONS ALONG THE TANGENT, THE PRINCIPAL NORMAL
AND THE BINORMAL

A particle is moving along any curve in three dimensions, to find its accelerations along (i)
the tangent to the curve, (ii) the principal normal, and (iii) the binormal.
Let (x, y, z) be the coordinates of the point at time ¢. The accelerations parallel to the axes of

d’x dzy d*z

coordinates are —— ,—=— and —.
> dr? dt?
N & _dv ds
oW di  ds i

dzx dx d2s dzx ds 2
— = T — (D

dr> ds g gs? \dr
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d*y _dy d ds
So, e = ds' 7 ..Q2)
. Li_ds Ly d%(ds)’ ;
an 2 ds . % r .3
(i) The direction cosines of the tangent are @ L and = ,
ds " ds ds

Hence, the acceleration along it
e i
ds ’ dt2 ds ’ d[z ds ’ d[z

_de|dx &’ dx ds\’ LAyl dy dPs dy ds )’
Tds|ds dt?  ds? \dt ds | ds g2 g2 \dt
dz dz ds dPz(dz)
+_ —_—
dsh a2 ds? \ds
d2 @Y (@Y (dz)
+| =] =
d ds ds ds

2 2 2 2
+ ' ﬂ.dijﬂ-_derﬂﬂ Gy
dt) |ds gs  ds g2 ds gs?

2 2 2
We have ﬂ + ﬂ + % =1,
ds ds ds
differentiating w.r.t. s, we get
2 2 2
dx d”x +Q d-y +£ d’z

. . =0 G
ds g2 ds g2 ds ds ©)
By putting these values in equation (4), we get
2
. d
Acceleration along the tangent = _2s ..(6)
dt
2y d”y 2 d*z
(i) The direction cosines of the principal normal are p —— ,p —— a nd p — where P is
ds® ds® ds

the radius of curvature.
Hence, the acceleration along principal normal
B d’x d’x dzy d2y d*z d’z

U as? T a? o as ar o ds? drt
d’x|dx d*s d*x(ds 2 dzy dy d’s dzy ds 2
=p—|——+ — | Hp—=| = —+—=|—
ds* | ds dr>  as* \dt ds* | ds dar>  as* \dt

Js[as i ()
ds? | ds @ as? \dt

[from (1), (2) and (3)]
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dS ' dsQ dS ' dsz ds ' dsz
2 2 2
ds 2 d2x d2y d2Z €))
S ol B e el e Rl N
di ds ds dx
2 2 2
d’x d2y d*z 1
Wehave |\ = 2] *1— 2| | 2| T2
dt dt dt p

and putting the value from (5), we get
Acceleration along the principal normal

2 2
:p(ﬁj x%zl(ﬂj 8
dt p p \ dt

(ii1) The direction cosines of the binormal are proportional to
dy d*z dz d*y di d*z dx d’z g d’y - dy d’x

ga’s2 _E.dsz’g'dsz _E'dsz ds.ds2 dSIdSZ'
On multiplying (1), (2) and (3) in succession by these and adding, the result is zero, i.e., the
acceleration in the direction of the binormal vanishes

d’s|dx d’x dy d’y dz d’z
:p—2 - =
dt

Remark : Let (I}, my, ny), (I, my, ny) and (I3, m3, n3) are the direction cosines of the tangent,
the principal normal, and the binormal, then equations (1), (2), (3) can be written as

d’s d’s 1(ds 2
_:ll_z+12 | —

> dt p\dt

d?y ds 1(ds)

_2 = ml ’—2— + I’I’E2 —_ —

dt dt p\dt

dzz_n d2s+n 1 (dsjz

ORI A E C
and ar* ar’ p\dt

These equations show that the accelerations along the axes are the components of an

2 2
acceleration d_zs along the tangent, an acceleration 1 (ﬂ) along the principal normal, and
dt p\ dt
nothing is the direction of the binomal.
2

v
Hence, for a particle describing a v ? , along the tangent and ? along the principal normal,
t

which lies in the osculating plane of the curve.

9.4

A particle moves in a curve, there being no friction, under force such as occur in nature.
Show that the change in its kinetic energy as it passes from one position to the other is independent
of the path pursued and depends on its initial and final positions.

Proof : Let X, Y, Z be the components of the forces. Resolving the forces along the tangent to
the path, we have

2
mS o x By D
dr? ds ds ds

Multiplying by 2 ? and integrating, we get
t
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2
m(%) =2[(Xdx+Ydy+Zdz)

1 ds 2

—m|— | =|(Xdx+Ydy+Zdz)

2 [dt) J Y

Since the forces are such as occur in nature, hence the components are one-valued functions

of distances from fixed points. So, the quantity X dx + Y dy + Z dz is the differential of some

function ¢ (x, y, 2), so that

1 dx 2
—mv? =—m(zj =0(x,y,2)+C

1
where 5 mv§ =0 (xg, ¥o» 29) + C.

Here (xg, yo, zg) is the starting point an v, the initial velocity.

1 1
Hence Esz _Emv% =0(x, y,2) — 0 (x9, ¥0- 20)

The right-hand member of this equation depends only on the position of the initial point and
on that of the point of the path under consideration, and is quite independent of the path pursued.

9.5 MOTION ON A SMOOTH SURFACE
If the particle moves on a surface whose equation in_f(x, y, z) =0, let the direction-cosines of

the normal point (x, y, z) of its path be (/;, m;, ny) so that
L _ m _
df /dx  dfldy dfldz
(If +mi +n})

) \/[(df/dx)z +(df 1dy)* +(df 1 d2)*]
1

\ﬁ(df/dx)z +(df 1 dy)* + (df 1 dz)*]
Now, if R be the normal reaction, we have
2 2 2
d d
mLZXZX + Rl m—2y=Y+le and m—2Z=Z+Rn1,
dt dt dt
where X, Y, Z are the components of the impressed forces.

Multiplying these equations by & , L , & and adding, we have
dt dt dt

2 2 2
lmi ﬂ + ﬂ + % =X£+YQ+Z£
2 dr|\ dt dt dt dt dt dt

for the coefficient of R

(D)

=l —+m —+n —
Var " ar N ar
dx dy dz )\ ds
= 11—+m1—+ 1 —_—
s ds ds ) dt

d
== (the cosines of the angle between a tangent line to the surface and
the normal)
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Hence, on integration,

1
Emv2 =[(Xdx+Ydy+Zdz)

Also, on eliminating R, the path on the surface is given by

2 2 2
sz _x LLZy _y LZZ _z
dt __ di __dt
b m ny
EXAMPLES

1. A smooth helix is placed with its axis vertical and a small bead slides down it under gravity.

Ta

Show that it makes its first revolution from rest in time 2 || ———
g sin 0L cos O

J where o, is angle of

the helix.
Solution. Equations of a helix are

x=acosB, y=asin6, z=a0tanq,

sothatﬂ=—asin6@,ﬂ= 9@ £=tan0c.@
dt t d t

dt
ds\* (dx )’ dy 2 dz 2
- = — + | —= + | —
dt dt dt dt
2
= [a2 sin 0+ a® cos? 0+ a® tan’ o] (%)

2
=a® (1+tan” ) (@)
dt

2
=a®sec’ o [ﬁj .
dt

Here a is the radius and o the angle of the helix.
Now, if z( be initial value of z, then by the principle of energy

2 2
d do
2(z—z())g=(ij =a? sec? a[zj

(dejz %
or - ~— 75 5 <0
dt a’ sec? o

we have z=a0tan ot and zy = a 6 tan &

2 .
do 2ga tan o 2g sin O COS O

dt a® sec’ o

(Zg sin QL cos (x)

(6-6p)

\/(9 eo
Integrating,
(nginotcos OLJ J9°+2a _z[m](ﬂm (270

a 0- eo

Ta
Hence, t=2 || ————|.
g sin al.cos
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2. A particle moving on a paraboloid of revolution under a force parallel to the axis crosses
the meridians at a constant angle. Show that the force varies inversely as the fourth power of the
distance from the axis.

Solution. Let the equation to the paraboloid in cylindrical coordinates be

p? =4az (D)
The equation of motion is
1
14 (pz @) =0
p dt dt
ie., p’ ? = constant = A (say) -2
t
Let the force F parallel to axis cross the meridians at a constant angle B then
rsin 6 L)
) dt _ (an B,
dt
. do
. av _ 99 ot B
ie., r 7 rsin o cot B
But we know that
ds do . do
—=r—=rsinOcot f—
dt dt dt
d
=pcos P d—? [ p=rsin 6] ..(3)

If zo be theinitial value of z, then by the principle of energy

2 2
1 5 (dd 2ol 2 2 (40
[z Fdz=—p (_dt j [T+ cot” B] 5 p- cosec” B ( " )

0 2

A2
=5 3 from (2
2 sin? .p2 om (2)

AZ
= —’ ﬁ 1
8asin? B.z om (1)

2 2
A 2aA 2

Integrating, F=- —— from (1)

8a sin? B.z2  sin? B ' p? ,
1
. Foc 5 i.e., the force varies inversely as the fourth power of the distance from the axis.
p
EXERCISES
1. A particle, without weight, slides on a smooth helix of angle o and radius a under a force to
a fixed point on the axis equal to m [l (distance). Show that the reaction of the curve can

not vanish unless the greatest velocity of the particle is a ﬁ sec Q.

2. A smooth paraboloid is placed with its axis vertical and vertex downwards, the latus-rectum
of the generating parabola being 4a. A heavy particle is projected horizontally with velocity
V at a height & above the lowest point. Show that the particle is again moving horizontally

2

when its height is Z - Show also that the reaction of the paraboloid at any point is inversely

proportional to the corresponding radius of curvature of the generating parabola.

PR gk g ¢
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