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𝟏     𝐈𝐧𝐭𝐫𝐨𝐝𝐮𝐜𝐭𝐢𝐨𝐧 
 

              In mathematics the Laplace transform is an integral transform  
named after its discover Pierre − Simon Laplace. It takes a function  
of a positive real variable t  often time  to a function of a complex  
variable s  frequency . 
             The transform method provides an easy and effective means  
for the solution of many problems arising in engineering . 
             This subject originated from the operational methods applied  
by the English engineer Oliver Heaviside  1850 –  1925 , to problems  
in electrical engineering. 
             It was found that Heavisides operational calculus is best  
introduced by means of a particular type of definite integrals called  
Laplace transforms. 
             The Laplace Transform method is a technique for solving linear  
differential equations with initial conditions. It is commonly used to  
solve electrical circuit and systems problems. 
             The Laplace transform is very similar to the Fourier transform.  
While the Fourier transform of a function is a complex function of a  
real variable  frequency , the Laplace transform of a function is a  
complex function of a complex variable. Laplace transforms are  
usually restricted to functions of t with t > 0. 
 
𝟏. 𝐢     𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 
Let f t  be a function of t defined for all  positive value of t. 
             Then the Laplace transforms of f  t , denoted by L   f  t   is  
defined by  

                           𝐋  𝐟 𝐭  =    𝐞− 𝐬 𝐭

∞

𝟎

 𝐟 𝐭  𝐝𝐭  =  𝐟 𝐬          𝐨𝐫    𝐅(𝐬) 
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provides  that the integral exists, s is a parameter which may be a real  
or complex number, f t  is called objective function defined for t ≥ 0, 
f s       or F s  is the resultant or image function, L which transforms f t  
into f s is called the Laplace transformation operator. 
 

𝟏. 𝐢𝐢     𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐞 

 1  L   1      =     
1
s

                            s > 0 

 2  L   t       =    
1
s2                           s > 0 

 3  L   tn     =     
n!

sn+1    or   
 n + 1         

sn+1       where n = 0,1,2,3, … 

 4  L  eat     =     
1

s − a
                      s > a 

 5  L   e−at  =     
1

s + a
                     s > 0 

 6  L  sin at       =    
a

s2 + a2            s > 0 

 7  L  cos at      =    
s

s2 + a2            s > 0 

 8  L  sin h at    =    
a

s2 − a2           s >  a  

 9  L  cos h at   =    
s

s2 − a2            s >  a    

 10  L {eat sin bt}       =  
b

 s − a 2 + b2 

(11) L { e−at sin bt}    =  
b

 s + a 2 + b2 

(12) L {eat cos bt}       =   
s − a

 s − a 2 + b2 

(13) L { e−at cos bt}   =  
s + a

 s + a 2 + b2 

(14) L { eat sinh bt}    =  
b

 s − a 2 − b2 

(15) L { e−at sinh bt  =  
b

 s + a 2 − b2 

(16) L { eat cosh bt }  =  
s − a

 s − a 2 − b2 
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(17) L { e−at cosh bt} =  
s + a

 s + a 2 − b2 
 

𝟐     𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟 𝐬𝐭𝐚𝐧𝐝𝐚𝐫𝐝 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧𝐬 
 

𝟏) 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭  𝐋  𝟏  =
𝟏
𝐬

 

𝐏𝐫𝐨𝐨𝐟:     By definition, L f  t   =    e−st

∞

0

 f t dt 

           L 1  =    e−st

∞

o

 1 dt     

                      =    
e−st

−s
  

0

∞

    =  − 
1
s

    e−s ∞ −  e−s 0       

                      =  −  
1
s

  0 − 1                                           ∵  e−∞ = 0,  e0 = 1  

∴         L 1 =
1
s

                       … Hence proved                                   
 

𝟐) 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭  𝐋{𝐞𝐚𝐭} =
𝟏

𝐬 − 𝐚
  ,   𝐬 > 𝐚 

𝐏𝐫𝐨𝐨𝐟:    By definition, L eat  =   e−st

∞

0

eat  dt 

                  =   e −s+a  t

∞

0

 dt     =   e− s−a  t

∞

0

 dt    =   
e− s−a  t

− s − a  
0

∞

 

                  =
−1

s − a
  e− s−a  ∞ −e− s−a  0       =  

−1
s − a

  0 − 1  

∴  L  eat  =  
1

s − a
                       … Hence proved    

 

𝟑) 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭  𝐋 𝐬𝐢𝐧𝐚𝐭  =  
𝐚

𝐬𝟐 + 𝐚𝟐 

𝐏𝐫𝐨𝐨𝐟:    By definition, L sin at =  e−st . sin at  dt
∞

0

 

                      =   
e−st

s2 + a2  −s sin at − a cos at  
  

0

∞
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  ∴  L sin at =
a

s2 + a2             

                                    ∵  e−at sin bt dt  =
e−at

a2 + b2  −asin bt –  bcos bt      

𝐎𝐑 

     L sin at  =  L   
eiat − e−iat

2i
         =  

1
2i

  L eiat  − L  e−iat      

                       =  
1
2i

   
1

s − ia
 −

1
s + ia

        =  
1
2i

   
s + ia − s + ia

  s − ia  s + ia    

∴  L sin at =   
a

s2 + a2                        … Hence proved          ∵  i2 = −1   
 

𝟒) 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭  𝐋{𝐜𝐨𝐬 𝐚𝐭} =  
𝐬

𝐬𝟐 + 𝐚𝟐 

𝐏𝐫𝐨𝐨𝐟:    By definition, L cos at =  e−st  cos at dt
∞

0

 

                       =    
e−st

s2 + a2    −s cos at +  a sin at  
0

∞

 

∴  L cos at =  
s

s2 + a2           

  𝐎𝐑                            ∵  e−at sin bt dt  =
e−at

a2 + b2  −asin bt –  bcos bt     

  L cos at =  L  
eiat  + e−iat

2
  

                   =  
1
2

  L eiat  + L  e−iat       

                   =  
1
2

   
1

s − ia
+

1
s + ia

     =  
1
2

   
s + ia + s − ia

  s − ia  s + ia    

 ∴ L cos at =  
s

s2 + a2                        … Hence proved    
 

𝟓) 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭  𝐋 𝐬𝐢𝐧𝐡 𝐚𝐭  =
𝐬

𝐬𝟐 − 𝐚𝟐  

𝐏𝐫𝐨𝐨𝐟:    L sinh at   = L   
eat −  e−at

2
  

                                       =  
1
2

  L eat  − L e−at      
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                          =  
1
2

   
1

s − a
 −

1
s + a

          =  
1
2

    
s + a − s + a

  s − a  s + a    

                          =  
a

s2 − a2                        … Hence proved    
 

𝟔) 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭  𝐋 𝐜𝐨𝐬𝐡𝐚𝐭  =  
𝐬

𝐬𝟐 − 𝐚𝟐 

𝐏𝐫𝐨𝐨𝐟:    L cosh at  =  L   
eat + e−at

2
  

                                       =  
1
2

  L eat  + L e−at      

                                       =  
1
2

   
1

s − a
+

1
s + a

          =  
1
2

   
s + a + s − a

  s − a  s + a    

                                       =  
s

s2 − a2                        … Hence proved    
 

𝟕) 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭  𝐋{𝐭𝐧}   =  
  𝐧 + 𝟏 

𝐬𝐧+𝟏   =  
𝐧!

𝐬𝐧+𝟏 

𝐏𝐫𝐨𝐨𝐟:    By definition  L  tn  =   e−st

∞

0

 tn  dt 

   Put st = u , t =
u
s

 

          Differentiating  w. r. t  t, s =  
du
dt

  , dt =
du
s

 

          when  t → 0 then  u → 0 ; when t → ∞ then  u → ∞

∴  L  tn =    e−u  
u
s
 

n
∞

0

 
du
s

        =  
1
sn

1
s

  e−u

∞

0

 un  du 

                 =  
1

sn+1    e−u un+1−1

∞

0

  du                  

                                                       ∵  e−xxn−1

∞

0

  du =   n       (gamma of n)     

                 =  
  n + 1             

sn+1    OR   
n!

sn+1                        … Hence proved    
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𝟑     𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬 𝐨𝐟 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 
𝟏) 𝐋𝐢𝐧𝐞𝐚𝐫𝐢𝐭𝐲 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲: 
If a, b, c be any constants and  
f, g, h any functions of t,  
Then     L a f t + b g t −  c h t   
 =  a L f t  + b L{g t − c L h t   
 

𝟐) 𝐅𝐢𝐫𝐬𝐭 𝐬𝐡𝐢𝐟𝐭𝐢𝐧𝐠 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲: 
If L f t  =  f s        
Then     L  e−at  f  t  =  f s + a              
or    L  eat  f  t  =  f s − a             
 

𝟑) 𝐒𝐞𝐜𝐨𝐧𝐝 𝐬𝐡𝐢𝐟𝐭𝐢𝐧𝐠 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲: 
If L f t  =  f s        and 

           f t =   f t − a  ,   t > a
 0           ,   t ≤ a 

  

Then     L f t   =  e−as   f s       

 

𝟒) 𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐢𝐜𝐚𝐭𝐢𝐨𝐧 𝐨𝐟  𝐭𝐧: 
If L f t  =  f s         

Then  L  tn f t  =  −1 n dn

dsn  f(s)      
 

𝟓) 𝐃𝐢𝐯𝐢𝐬𝐢𝐨𝐧 𝐨𝐟 𝐭: 
If L f t  =  f s        

Then     L  
f  t 

t
 =  f s      

∞

0

 ds 

 

𝟔) 𝐂𝐡𝐚𝐧𝐠𝐞 𝐨𝐟 𝐬𝐜𝐚𝐥𝐞 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲:  
If L f  t  =  f s        

Then     L f at  =  
1 
a

  f  
s
a
 

      
 

𝟕) 𝐈𝐟 𝐋 𝐟 𝐭   = 𝐟 𝐬        ,  

Then     L   f t  dt 
t

0

 =
1 
s

 f s        

 

𝟖) 𝐈𝐟 𝐋 𝐟 𝐭   = 𝐟 𝐬       ,  

Then     L   e−at  f t  dt 
∞

0

 =  f a       

 

𝟗) 𝐈𝐟 𝐋 𝐟 𝐭   =  𝐟 𝐬       

Then     L  
d
dt

f t   = s f s      − f(0) 

Note:  f 0 = lim
t→0

f t  
 

𝟏𝟎) 𝐂𝐨𝐧𝐯𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐓𝐡𝐞𝐨𝐫𝐞𝐦:  
If L f1 t  = f1 s       ,   
   L f2 s  = f2 s         
Then  
f1 s        . f2 s       = 

L   f1  u  . f2 t − u  du
t

0

   

 

f1 s       . f2 s        = 

L   f1

t

0

 t − u  . f2 u  du  

 
𝟑. 𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧  𝐋𝐢𝐧𝐞𝐚𝐫𝐢𝐭𝐲 𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟  𝐭𝟐 + 𝟏 𝟐
  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  =  L  t2 +  1 2}  
    f s  =  L t4 + 2t2 + 1  
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             =  L t4 +  2 L  t2 +  L  1  

             =  
4!
s5  +  2 

2!
s3  +  

1 
s

                                 ∵ L tn  =  
n!

sn+1
  

             =  
24
s5  +

4
s3  +  

1
s

  

    𝐟 𝐬 =  
𝟐𝟒 + 𝟒𝐬𝟐+ 𝐬𝟒

𝐬𝟓   
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐:  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞: 𝐋  
𝐭𝟐 − 𝟑𝐭 + 𝟐

 𝐭
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  =    L   
t2 − 3t + 2

 t
   

    f s      = L  
t2

t
1
2

−
3t

t
1
2

+
2

t
1
2

                                           ∵   a  = a
1
2   

            =  L   t
3
2 − 3t

1
2 + 2t− 12   

            =  L  t
3
2 − 3 L  t

1
2 + 2 L  t− 12  

            =  
3
2 !

s
3
2+1

−
3 1

2 !

s
1
2+1

 +
2  − 1

2 !

s− 12+1
                         ∵ L tn  =  

n!
sn+1

   

            =  
3
2  

1
2  π

s
5
2

 −
3   1

2  π

s
3
2

+
2 π

s
1
2

                     ∵   
−1
2

  !  =  π          

   𝐟 𝐬      =   
𝛑
𝐬

   
𝟑
𝟒

 
𝟏
𝐬𝟐  −

𝟑
𝟐

 
𝟏
𝐬

 + 𝟐                           ∵ a
1
2  =   a  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟  𝐬𝐢𝐧𝟐𝐭 − 𝐜𝐨𝐬𝟐𝐭 𝟐  
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L   sin 2t − cos 2t 2  
    =  L sin2 2t   + cos2 2t − 2 sin 2t cos 2t     
                                                                      ∵  a − b 2  = a2 + b2 − 2ab 
    =  L 1 − sin 4t       ∵    sin2θ + cos2θ = 1 ,   2 sin θ. cos θ = sin 2θ  
                     =  L 1 − L sin 4t  

           𝐟 𝐬       =
𝟏
𝐬

−
𝟒

𝐬𝟐 + 𝟏𝟔
 

 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒:  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 𝐛𝐲 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟 𝐜𝐨𝐬𝟐 𝟐𝐛𝐭    
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L cos2 2 bt   

                   =  L  
1 + cos 4bt

2
                       ∵ cos2 θ =

1 + cos 2θ
2

   

                   =  
1
2

  L 1 + L cos 4 bt   

          𝐟 𝐬      =  
𝟏 
𝟐

 
𝟏
𝐬

+
𝐬

𝐬𝟐 +  𝟏𝟔𝐛𝟐  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓:  𝐅𝐢𝐧𝐝 𝐋. 𝐓. 𝐨𝐟  𝐜𝐨𝐬 𝐭 . 𝐜𝐨𝐬𝟐𝐭 . 𝐜𝐨𝐬𝟑𝐭 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t   =  L  cos t . cos 2t . cos 3t   

              =  L  cos t  
1 
2

 cos 5t  + cos t       

                                              ∵ cos x. cos y =
1
2

 cos x + y + cos(x − y)    

              =  
1
2

L cos t . cos 5t  + cos2t         ∵ cos −θ = cos θ   

              =  
1
2

 L  
1 
2

 cos 6t + cos 4t  +
1 + cos 2t

2
   

              =  
1
4

 L cos 6t +  L cos 4t +  L 1 +  L cos 2t    

    𝐟 𝐬       =  
𝟏
𝟒

 
𝐬

𝐬𝟐 + 𝟑𝟔
 +  

𝐬
𝐬𝟐 + 𝟏𝟔

 +  
𝟏
𝐬

 +  
𝐬

𝐬𝟐 + 𝟒
  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔:  𝐅𝐢𝐧𝐝 𝐋 𝐬𝐢𝐧𝟑𝐭    
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  =  L sin3 t     

                    =  L  
3 sin t − sin 3t

4
                   ∵ sin3 3θ = 

3 sin θ − sin 3θ
4

  

                    =  
3 
4

L sin t −
1
4

 L sin 3t  

                    =  
3
4

 
1

s2 + 1
−

1
4

 
3

s2 + 9
     =  

3
4

  
1

s2 + 1
−

1
s2 + 9

  

                    =  
3
4

  
s2+9 − s2 − 1

(s2 + 1) (s2 + 9)
  

          𝐟 𝐬      =  
𝟔

 𝐬𝟐 + 𝟏 (𝐬𝟐 + 𝟗)
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕:  𝐅𝐢𝐧𝐝   𝐋 𝐜𝐨𝐬𝐡𝟐𝐭 . 𝐬𝐢𝐧𝐡 𝟐𝐭    
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L{cosh 2t. sinh 2t} 
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                       =  L  
e2t  + e−2t

2
 
e2t  –  e−2t

2
      

                                                      ∵ cos hθ =
eθ  + e−θ

2
 , sin hθ =

eθ− e−θ

2
    

                       =  
1
4

L e4t− e−4t         =  
1
4

 L e4t − L e−4t        

             𝐟 𝐬       =
𝟏
𝟒

 
𝟏

𝐬 − 𝟒
−

𝟏
𝐬 + 𝟒

  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖:  𝐅𝐢𝐧𝐝   𝐋 𝐬𝐢𝐧𝟑 𝟐𝐭    
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  =  sin3 2t  

                   =  L  
3 sin 2t − sin 6t

4
             ∵ sin32θ =  

3sin2θ − sin 6θ
4

  

                   =  
3
4

 L sin 2t −
1 
4

 L sin 6t  

                   =  
3
4

  
2

s2 + 4
−

1
4

 
6

s2 + 36
        =  

3
2

 
1

s2 + 4
−

1
s2 + 36

  

                   =  
3
2

 
s2+36 − s2 − 4

(s2 + 4)(s2 + 36
  

          𝐟 𝐬      =  
𝟒𝟖

 𝐬𝟐 + 𝟒 (𝐬𝟐 + 𝟑𝟔)
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗:  𝐅𝐢𝐧𝐝   𝐋 𝐬𝐢𝐧 𝛚𝐭 +  𝛂    
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L{f t } = L sin ωt +  α   

  = L sin ωt cos α + cos ωt sin α           
                       ∵ sin x + y = sin x. cos y + cos x. sin y  
  = cos α L sin ωt  + sin α  L cos ωt   

                 = cos α
ω

s2+ω2  + sin α
s

s2+ω2 

       𝐟 𝐬       =
𝛚 𝐜𝐨𝐬 𝛂 +𝐬 𝐬𝐢𝐧 𝛂

𝐬𝟐 + 𝛚𝟐  
 
𝟑. 𝐢𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧  𝐅𝐢𝐫𝐬𝐭 𝐒𝐡𝐢𝐟𝐭𝐢𝐧𝐠 𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲 
 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎:  𝐅𝐢𝐧𝐝   𝐋 𝐜𝐨𝐬 𝐚𝐭 . 𝐬𝐢𝐧𝐡 𝐚𝐭    
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L  f t  =  L cos at . sinh at   

                     =  L  cos at  
eat −  e−at

2
                     ∵  sin hθ =

eθ− e−θ

2
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                     =  
1
2

 L  eat . cos at  −  L  e−at cos at    

                     =  
1
2

   
s − a

 s − a 2 + a2 −  
s + a

 s + a 2 + a2   

                     =  
1 
2

  
 s − a [ s + a)2+a2 −   s + a [  s − a 2+a2]

[ s − a)2+a2 [  s + a)2+a2   

                     =
1
2

  
 s − a  s2 + 2sa + 2a2 −   s + a (s2−2sa + 2a2)

 s2−2sa + 2a2 (s2+2sa + 2a2)
     

=
1
2

  
s3 + 2as2 + 2a2s − as2−2a2s − 2a3 − s3 + 2as2−2a2s −as2 + 2a2s − 2a3

s4 + 2as3 + 2a2s2 − 2as3 − 4a2s2 − 4a3s + 2a2s2 + 4a3s + 4a4   

                     =  
1
2

  
2as2−4a3

s4+4a4           =  
1
2

 
2a(s2 − 2a2)

s4 +  4a4  

           𝐟 𝐬       =  
𝐚(𝐬𝟐−𝟐𝐚𝟐)
𝐬𝟒 + 𝟒𝐚𝟒  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏:  𝐅𝐢𝐧𝐝   𝐋 𝐞−𝟑𝐭  𝟐𝐜𝐨𝐬 𝟓𝐭− 𝟑 𝐬𝐢𝐧 𝟓𝐭     
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t    =  L {e−3t  2 cos 5t − 3 sin 5t)  
                     =  2 L e−3t cos 5t − 3L e−3t . sin 5t  

                     =  2
 s + 3 

 s + 3 2 + 25
 − 3

5
 s + 3 2 + 25

 

                     =  
2 s + 6 − 15
 s + 3 2 + 25

         =  
2 s − 9

s2 +  6s + 9 + 25
 

            𝐟 𝐬      =  
𝟐𝐬 − 𝟗

𝐬𝟐 + 𝟔𝐬 + 𝟑𝟒
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐:  𝐅𝐢𝐧𝐝   𝐋 𝐞𝟐𝐭 𝐜𝐨𝐬𝟐𝐭    
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let,         L f t  =  L e2t cos2 t  

                     =  L   e2t  
1 + cos 2t

2
                          cos2θ =  

1 + cos 2θ
2

  

                     =  
1
2

 L  e2t + L e2t cos 2t    

           𝐟 𝐬       =  
𝟏
𝟐

  
𝟏

𝐬 − 𝟐
 +  

𝐬 − 𝟐
 𝐬 − 𝟐 𝟐 + 𝟒
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑:  𝐅𝐢𝐧𝐝   𝐋  𝐭 𝐞𝟑𝐭    
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L e3t .  t   

Now, L  t  =   L  t
1
2 =  

 1
2 !

s
1
2+1

 =
1
2  π

s
3
2

 

𝑁𝑜𝑤, 𝐵𝑦 𝑠𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚  𝐿 𝑒𝑎𝑡 𝐹 𝑡 } = 𝐹 𝑠 − 𝑎               

            L e3t .  t =
1
2

 
 π

 s − 3 
3
2

              

            ∴        𝐟 𝐬      =  
 𝛑
𝟐

 
𝟏

 𝐬 − 𝟑 
𝟑
𝟐

 

 
𝟑. 𝐢𝐢𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐂𝐡𝐚𝐧𝐠𝐞 𝐨𝐟 𝐒𝐜𝐚𝐥𝐞 𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒:  𝐅𝐢𝐧𝐝  𝐋 𝐞−𝐭. 𝐟 𝟑𝐭   ,   𝐢𝐟 𝐋 𝐟 𝐭  =
𝟏
𝐬

𝐞
−𝟏
𝐬  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   We have, L f t  =  
1
s

 e
−1
s = f s       

𝑁𝑜𝑤, 𝐵𝑦 𝑐𝑎𝑛𝑔𝑒 𝑜𝑓 𝑠𝑐𝑎𝑙𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦     𝐿 𝑓 𝑎𝑡  =
1
𝑎

 𝑓  
𝑠
𝑎
 

       
 

    L f 3t  =
1
3

 
1

s/3
 e− 1

s/3 =
1
s

 e− 3s  

𝑁𝑜𝑤, 𝐵𝑦 𝑠𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚  𝐿 𝑒𝑎𝑡 𝐹 𝑡 } = 𝐹 𝑠 − 𝑎               

 𝐋 𝐞−𝐭 𝐟 𝟑𝐭   =
𝟏

𝐬 + 𝟏
 𝐞− 𝟑

𝐬+𝟏       
 

𝟑. 𝐢𝐯      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐞𝐟𝐟𝐞𝐜𝐭 𝐨𝐟 𝐦𝐮𝐥𝐭𝐢𝐩𝐥𝐢𝐜𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐧 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟓:   𝐅𝐢𝐧𝐝   𝐋 𝐭. 𝐬𝐢𝐧 𝐭     
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L t . sin t  

Now, L sin t =
1

s2 + 1
= F s             (say) 

𝑁𝑜𝑤, 𝐵𝑦 𝑒𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑡,   

                            𝐿 𝑡𝑛𝐹 𝑡  = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛  𝐹 𝑠        

     L t . sint =   −1 
d
ds

 
1

s2 + 1
  

Succ
es

sC
lap

SuccessClap: Best Coaching for UPSC Maths: Visit SuccessClap.com/ Whatsapp 9346856874

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com



 
 

Laplace Transform                                                                                                                 12 

                      =  −  
−1

(s2 + 1)2 (2s)   

             𝐟 𝐬      =  
𝟐𝐬

(𝐬𝟐 + 𝟏)𝟐 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟔:   𝐅𝐢𝐧𝐝    𝐋 𝐭 𝐬𝐢𝐧𝟐𝟑𝐭    
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L  t sin23t  

Now, L sin23t  =  L  
1 − cos 6t 

2
    = F s              say         

                                                                               ∵ sin2θ =  
1 − cos 2θ

2
   

                                       =  
1
2

 L  1 –  L  cos 6t   

                                       =  
1
2

  
1
s

−
s

s2 + 36
  

𝑁𝑜𝑤, 𝐵𝑦 𝑒𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑡,   

                            𝐿 𝑡𝑛𝐹 𝑡  = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛  𝐹 𝑠        

     L t. sin23t =  
1
2

 −1 
d
ds

 
1
s

−
s

s2 + 36
  

                           =  
−1
2

   
d
ds

 
1
s

−  
d
ds

 
s

s2 + 36
   

                           =   
−1
2

  
−1
s2 −

(s2 + 36) − s(2s)
(s2 + 36)2           

=  
−1
2

  
−1
s2 −

−s2 + 36
(s2+36)2   

                  𝐟 𝐬      =  
𝟏
𝟐

  
𝟏
𝐬𝟐 +

−𝐬𝟐 + 𝟑𝟔
(𝐬𝟐+𝟑𝟔)𝟐   

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟕:   𝐅𝐢𝐧𝐝    𝐋 𝐭 𝐞𝟑𝐭 𝐬𝐢𝐧 𝟐𝐭  
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L t e3t sin 2t  

Now,          L sin 2t =
2

s2 + 4
= F s             (say) 

𝑁𝑜𝑤, 𝐵𝑦 𝑒𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑡,   

                            𝐿 𝑡𝑛𝐹 𝑡  = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛  𝐹 𝑠        



 
 

Laplace Transform                                                                                                                 13 

                  L t. sin 2t =  −1 
d
ds

  
2

s2 + 4
  

                            =  −2  
−1

(s2 + 4)2 . 2s         ∵
d

dx
 
u
v

 =  
v d

dx u − u d
dx v

v2
  

                            =  
4s

(s2+4)2 

𝑁𝑜𝑤, 𝐵𝑦 𝑠𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚  𝐿 𝑒𝑎𝑡 𝐹 𝑡 } = 𝐹 𝑠 − 𝑎               

          L t e3t sin 2t =  
4 s − 3 

  s − 3 2 + 4 2  =  
𝟒(𝐬 − 𝟑)

(𝐬𝟐 − 𝟔𝐬 + 𝟏𝟑)𝟐 = 𝐟 𝐬       
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟖:   𝐅𝐢𝐧𝐝    𝐋 𝐭 𝟐 𝐬𝐢𝐧 𝟑𝐭 − 𝟑 𝐜𝐨𝐬 𝟑𝐭    
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  =  L t 2 sin 3t − 3 cos 3t   
Now, L 2 sin 3t − 3 cos 3t  
                   = 2L sin 3t − 3L cos 3t  

                   =  2
3

s2 + 9
− 3

s
s2 + 9

       =
6

s2 + 9
−

3s
s2 + 9

 

                   =   
6 − 3s

(s2 + 9)
  = F s             (say) 

𝑁𝑜𝑤, 𝐵𝑦 𝑒𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑡,   

                            𝐿 𝑡𝑛𝐹 𝑡  = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛  𝐹 𝑠        

    L  t 2 sin 3t − 3 cos 3t   

                   =   −1 
d
ds

 
 6 − 3s 
s2 + 9

 

                   =  −   
 s2 + 9  −3 −  6 − 3s  2s 

 s2 + 9 2    

                   =  −   
−3s2−27 − 12s + 6s2

(s2+9)2          =  −   
3s2 − 12s − 27

(s2+9)2    

          𝐟 𝐬      =  
𝟑(𝟗 − 𝐬𝟐 + 𝟒𝐬)

(𝐬𝟐+𝟗)𝟐  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟗:   𝐅𝐢𝐧𝐝   𝐋 𝐭𝟐 𝐜𝐨𝐬 𝐭  
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L t2 cos t  

Now, L cos t =
s

s2 + 1
= F s             (say) 

𝑁𝑜𝑤, 𝐵𝑦 𝑒𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑡,   
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                            𝐿 𝑡𝑛𝐹 𝑡  = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛  𝐹 𝑠        

    L t cos t =   −1 
d
ds

 
s

s2 + 1
 

                      =  −  
 s2 + 1 − s 2s 

(s2 + 1)2             ∵
d

dx
 
u
v

 =  
v d

dx u − u d
dx v

v2
  

                      =  
s2 − 1

(s2 + 1)2   = F s             (say) 

𝑁𝑜𝑤, 𝐵𝑦 𝑎𝑔𝑎𝑖𝑛 𝑒𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑜𝑓  ‘𝑡’ 

    L t2cost =  − 
d
ds

 
s2 − 1

(s2 + 1)2 

                      =  −  
(s2 + 1)2 2s −  s2 − 1 2  s2 + 1  2s 

  s2  + 1 2 2   

                      =  −  
2s5 + 4s3 + 2s − 4s s4 − 1 

(s2 + 1)4   

                      =  −  
−2s5 + 4s3 + 6s

(s2 + 1)4           =  −  
−2s s4−2s2 − 3 

(s2 + 1)4   

                      =  
2s s2 + 1  s2 − 3 

(s2 + 1)4  

              𝐟 𝐬      =
𝟐𝐬 𝐬𝟐 − 𝟑 
(𝐬𝟐 + 𝟏)𝟑  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐𝟎:   𝐅𝐢𝐧𝐝  𝐋 𝐭𝟐 𝐜𝐨𝐬 𝐤𝐭   
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Hint: Same as above problem no.  19      

                        𝐟 𝐬      =
𝟐𝐬 𝐬𝟐 − 𝟑𝐤𝟐 
 𝐬𝟐 + 𝐤𝟐 𝟑      

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐𝟏: 𝐅𝐢𝐧𝐝  𝐋 
𝟐 𝐭
 𝛑

 , 𝐢𝐟  𝐋  
𝟏

 𝛑𝐭
  =

𝟏
 𝐬

 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given, L   
1

 πt
  =

1
 s

= F s             (say) 

𝑁𝑜𝑤, 𝐵𝑦 𝑒𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑡,   

                            𝐿 𝑡𝑛𝐹 𝑡  = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛  𝐹 𝑠        
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    L  t 
1

 πt
    =   −1  

d
ds

 
1
 s

  = −
d
ds

 
1

s1/2 

    L  
t
 t

 
1

 π
   =   −1  

d
ds

 s− 12  =   −1  
−1
2

  s− 12−1 =
1
2

 s− 32 

    L  
 t
 π

        =  
1
2

1
s3/2 

    𝐋  
𝟐  𝐭
 𝛑

     =  
𝟏

𝐬𝟑/𝟐 
 

𝟑. 𝐯      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧  𝐞𝐟𝐟𝐞𝐜𝐭 𝐨𝐟 𝐝𝐢𝐯𝐢𝐬𝐢𝐨𝐧 𝐨𝐟 𝐭  

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐𝟐: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟  
 𝟏 − 𝐜𝐨𝐬 𝐭

𝐭
   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L  
 1 − cos t

t
  

Now, L 1 − cos t  =  L  1 − L cos t  

                                            =  
1
s

 −
s

s2 + 1
= F s             (say) 

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

     L  
1 − cos t 

t
  =   

1
s

−
s

s2 + 1
 

∞

s

 ds 

                               =  
1
s

∞

0
ds −  

s
s2 + 1

∞

0
ds 

                      =   log s s
∞  −   

1
2

log  s2 + 1  
s

∞

   ∵ log ∞ = nothing = 0   

                               =   0 − log s −  0 −
1
2

log  s2 + 1       

                               = − log s +
1
2

log  s2 + 1      = log
(s2 + 1)

1
2

s
 

                    𝐟 𝐬        =  𝐥𝐨𝐠
 𝐬𝟐 + 𝟏

𝐬
   

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐𝟑:   𝐅𝐢𝐧𝐝  𝐋   
𝟏
𝐭
 𝟏 − 𝐜𝐨𝐬 𝐚𝐭     

Succ
es

sC
lap

SuccessClap: Best Coaching for UPSC Maths: Visit SuccessClap.com/ Whatsapp 9346856874

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com



 
 

Laplace Transform                                                                                                                 16 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Hint: Refer problem  22        𝐟 𝐬       = 𝐥𝐨𝐠 
 𝐬𝟐+𝐚𝟐

𝐬
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐𝟒: 𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 𝐮𝐬𝐢𝐧𝐠 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦:   
𝐜𝐨𝐬 𝐚𝐭− 𝐜𝐨𝐬 𝐛𝐭

𝐭
 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  =  L  
cos at − cos bt 

t
  

Now,        L cos at − cos bt = L cos at − L cos bt  

                                                     =  
s

s2 + a2 −
s

s2 + b2 = F s             (say) 

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

    L  
cos at − cos bt

t
  =   

s
s2 +  a2 −

s
s2 + b2 ds

∞

s

 

                                        =  
1
2

  log s2 + a2 − log s2 + b2  s
∞  

      =  
1
2

  0 − log  s2 +  a2 + log  s2 + b2     {∵ log ∞ = 0 not defined 

                              𝐟 𝐬       =
𝟏
𝟐

 𝐥𝐨𝐠
𝐬𝟐 + 𝐛𝟐

𝐬𝟐 + 𝐚𝟐  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐𝟓:   𝐅𝐢𝐧𝐝  𝐋 
𝐞−𝐚𝐭 − 𝐞−𝐛𝐭

𝐭
     

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t   =  L  
e−at − e−bt

t
  

Now,              L  e−at − e−bt  =  L e−at  − L e−bt   

                                                     =  
1

s + a
 −

1
s + b

= F s             (say) 

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

    L  
e−at − e−bt

t
   =    

1
s + a

−
1

s + b
  ds

∞

s

 

                                    =   log  s + a  − log s + b   s
∞  

                                    =   0 − log  s + a  + log  s +  b    
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                          𝐟 𝐬       = 𝐥𝐨𝐠
 𝐬 + 𝐛 
 𝐬 + 𝐚   

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐𝟔:   𝐅𝐢𝐧𝐝  𝐋  
𝟏
𝐭

  𝐞𝐚𝐭−𝐞𝐛𝐭     

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Hint:   same as before problems no.  25    

                     𝐟 𝐬      = 𝐥𝐨𝐠
 𝐬 − 𝐛 
 𝐬 − 𝐚  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐𝟕:   𝐅𝐢𝐧𝐝  𝐋  
𝐬𝐢𝐧𝐡 𝐭

𝐭
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L  f t  = L  
sinh t

t
  

Now, L sin ht =  
1

s2 − 1
= F s             (say) 

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

    L  
sin ht

t
 =   

1
s2 − 1

∞

s

 ds 

                      =
1
2

  log  
s − 1
s + 1

  
s

∞

       ∵
1

x2−a2  dx =
1

2a
log  

x − a
x + a

 + c  

                      =
1
2

   0 − log   
s − 1
s + 1

                             ∵ log ∞ =  0  

            𝐟 𝐬       =
𝟏
𝟐

𝐥𝐨𝐠  
𝐬 + 𝟏
𝐬 − 𝟏

                                         ∵ log 
a
b

 =  − log 
b
a
  

 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐𝟖:   𝐅𝐢𝐧𝐝  𝐋  𝐭−𝟏𝐞−𝐭 𝐬𝐢𝐧 𝐭   
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L t−1e−t sin t   

Now, L sin t =  
1

s2 + 1
= F s             (say) 

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

     L  
1
t

sin t =  
1

s2 + 1

∞

s

 ds 
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                        =  [tan−1s]s
∞                                   ∵

1
x2 + 1

dx = tan−1x + c  

                        =  tan−1∞ − tan−1s         

                        =  
π
2

− tan−1s                                 ∵ tan−1∞ =
π
2
  

                        = cot−1s 
𝑁𝑜𝑤, 𝐵𝑦 𝑠𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚  𝐿 𝑒𝑎𝑡 𝐹 𝑡 } = 𝐹 𝑠 − 𝑎               
     L e−tt−1 sin t  = 𝐜𝐨𝐭−𝟏 𝐬 + 𝟏 = 𝐟 𝐬  
 

𝟑. 𝐯𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐨𝐭𝐡𝐞𝐫 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐𝟗:𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋. 𝐓. 𝐨𝐟:  
𝐝
𝐝𝐭

 
𝐬𝐢𝐧 𝐭

𝐭
 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L {f(t)}  =  L  
d
dt

sin t
t

  

Now,           L  sin t =  
1

s2 + 1
= F s             (say) 

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

     L  
sin t

t
  =  

1
s2 + 1

∞

s

 ds                                        ∵ tan−1∞ =
π
2
  

  L F1(t)    =  [tan−1s]s
∞ =  tan−1∞ −  tan−1s 

                      =  
π
2

− tan−1s 

                      =  cot−1s   =   F1 s              (say) 

𝑁𝑜𝑤, 𝑊. 𝑘. 𝑡.      𝐿  
𝑑
𝑑𝑡

F1(t)  = 𝑠 𝐹1 𝑠        − 𝐹1(0) ,

𝑊𝑒𝑟𝑒,   𝐹1(0) = 𝑙𝑖𝑚
𝑡→0

𝐹1(𝑡) 

 L  
d
dt

 
sin t

t
  =  s cot−1s − f 0         

                       =  s cot−1s − lim
t→0

sin t
t

  

             𝐟 𝐬       =  𝐬 𝐜𝐨𝐭−𝟏𝐬 − 𝟏 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑𝟎:   𝐅𝐢𝐧𝐝  𝐋   𝐞𝐭 𝐬𝐢𝐧 𝐭
𝐭

𝐭

𝟎

 𝐝𝐭   
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L   et sin t
t

t

o

dt  

Now,          L  sin t =  
1

s2 + 1
 

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

     L  
sin t

t
  =  

1
s2 + 1

∞

0

 ds  

                     =   tan−1s s
∞       

                     =  tan−1∞ − tan−1s      =  
π
2

−  tan−1s 

                    =  cot−1s 
𝑁𝑜𝑤, 𝐵𝑦 𝑆𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚 , 𝐿 𝑒𝑎𝑡  𝐹 𝑡  =  𝐹 𝑠 − 𝑎              

             L   et .
sin t

t
  = cot−1 s − 1  

𝑁𝑜𝑤, 𝑊. 𝑘. 𝑡., 𝐿   𝐹 𝑡  𝑑𝑡 
𝑡

0

 =
1 
𝑠

 𝐹 𝑠         

 𝐋   𝐞𝐭. 
𝐬𝐢𝐧 𝐭

𝐭

𝐭

𝟎

 𝐝𝐭 =
𝟏
𝐬

 𝐜𝐨𝐭−𝟏 𝐬 − 𝟏 = 𝐟 𝐬       

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑𝟏:   𝐅𝐢𝐧𝐝  𝐋  𝐱. 𝐜𝐨𝐬𝐡𝐱 
𝐭

𝟎

𝐝𝐱   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L   x. cos hx. dx
t

0

  

Now,              L cosh x =  
s

s2 − 1
  

𝑁𝑜𝑤, 𝐵𝑦 𝑒𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑥,   

                           𝐿 𝑥𝑛𝐹 𝑥  =  −1 𝑛 𝑑𝑛

𝑑𝑠𝑛  𝐹 𝑠        

     L x. cosh x =   −1 
d
ds

  
s

s2 − 1
 

Succ
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                            = −    
 s2 − 1 −  s  2s 

(s2 − 1)2   = −    
− s2 − 1
(s2 − 1)2  

                            =  
s2 + 1

( s2 − 1)2 
 

𝑁𝑜𝑤, 𝑊. 𝑘. 𝑡., 𝐿   𝐹 𝑡  𝑑𝑡 
𝑡

0

 =
1 
𝑠

 𝐹 𝑠         

        L   x. cosh x
t

0

dx =  
(𝐬𝟐 + 𝟏)
𝐬(𝐬𝟐−𝟏)𝟐 =  𝐟 𝐬       

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑𝟐:   𝐅𝐢𝐧𝐝  𝐋  𝐞−𝟒𝐭  
𝐬𝐢𝐧𝟑𝐭

𝐭

𝐭

𝟎

 𝐝𝐭   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L   e−4t   
sin 3t

t

t

o

 dt   

Now, L sin 3t =  
3

s2 + 9
 

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

      L  
sin 3t

t
 =   

3
s2 + 32

∞

s

 ds 

                        =  3.
1
3

   tan−1 s
3
 

s

∞
             ∵  

1
x2 + a2 dx

 

 

=
1
a

 tan−1 x
a

 t   

                        =  tan−1∞ − tan−1 s
3

       =  
π
2

− tan−1 s
3

 

                        =  cot−1 s
3

 

𝑁𝑜𝑤, 𝑊. 𝑘. 𝑡., 𝐿   𝐹 𝑡  𝑑𝑡 
𝑡

0

 =
1 
𝑠

 𝐹 𝑠         

        L    
sin 3t

t

t

s

 dt =
1
s

 cot−1 s
3

 

𝑁𝑜𝑤, 𝐵𝑦 𝑆𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚 , 𝐿 𝑒𝑎𝑡  𝐹 𝑡  =  𝐹 𝑠 − 𝑎              
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 L   e−4t  
sin 3t

t

t

0

 dt =  
𝟏

𝐬 + 𝟒
 𝐜𝐨𝐬−𝟏  𝐬 + 𝟒 

𝟑
= 𝐟 𝐬  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑𝟑:   𝐅𝐢𝐧𝐝   𝐋 𝐜𝐨𝐬𝐡 𝐭  𝐞𝐱

𝐭

𝟎

𝐜𝐨𝐬𝐡 𝐱𝐝𝐱    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  =  L  cosh t  ex

t

o

cos hx dx  

Now,                     L cosh x  =  
s

s2 − 1
 

𝑁𝑜𝑤, 𝐵𝑦 𝑆𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚 , 𝐿 𝑒𝑎𝑡  𝐹 𝑡  =  𝐹 𝑠 − 𝑎              

                          L ex cosh x  = 
s − 1

 s − 1 2 − 1
=

 s − 1 
s2 − 2s

 

𝑁𝑜𝑤, 𝑊. 𝑘. 𝑡., 𝐿   𝐹 𝑡  𝑑𝑡 
𝑡

0

 =
1 
𝑠

 𝐹 𝑠         

L   ex cosh x dx
t

0

 =  
1
s

 
 s − 1 

(s2 − 2s)
 =  

s − 1
s2 s − 2 =  G s            (say) 

Now,    L  cosh t  ex cosh x
t

0

dx = L  
et + e−t

2
G t        

                                                                  … where G(t) =  ex cosh x
t

0

dx 

                 =
1
2

   L  et G(t) + L  e−t  G(t)    

                  =
𝟏
𝟐

  𝐆 𝐬 − 𝟏             + 𝐆 𝐬 + 𝟏                     … where G s       =
s − 1

s2 s − 2  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑𝟒:   𝐅𝐢𝐧𝐝  𝐋   
𝐬𝐢𝐧 𝐭

𝐭

∞

𝟎

 𝐝𝐭  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let   L f t  = L   
sin t

t

∞

0

 dt  
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Now, L sin t =
1

s2 + 1
 

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

            L  
sin t

t
  =  

1
s2 + 1

∞

s

 ds =  [tan−1s]s
∞                     

                             =  tan−1∞ − tan−1s

=
π
2

− tan−1s                    ∵  tan−1∞ =
π
2

         

                             =  cot−1s 

𝑁𝑜𝑤, 𝑊. 𝑘. 𝑡., 𝐿   𝑒−𝑎𝑡  𝐹 𝑡  𝑑𝑡 
∞

0

 =  𝐹 𝑎         

              L   e−0t  
sin t

t

∞

0
 = cot−1 0                         … put s = 0 

                          ∴         𝐟 𝐬       =
𝛑
𝟐

                           ∴ cot−1(0)  =  
π
2
  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑𝟓:   𝐅𝐢𝐧𝐝  𝐋    𝐞−𝟐𝐭

∞

𝟎

𝐬𝐢𝐧𝟑𝐭 𝐝𝐭     

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L    e−2t

∞

0

sin3t dt    

Now,          L sin3t =  L   
3 sin t − sin 3t

4
   

                                    =  
3
4

L sin t −  
1
4

 L sin 3t  

                                    =  
3
4

 
1

s2 + 1
 −

1
4

 
3

s2 + 9
 

                                    =  
3
4

  
1

s2 + 1
−  

1
s2 + 9

   

𝑁𝑜𝑤, 𝑊. 𝑘. 𝑡., 𝐿   𝑒−𝑎𝑡  𝐹 𝑡  𝑑𝑡 
∞

0

 =  𝐹 𝑎         
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      L   e−2tsin3t
∞

0

 =  
3
4

 
1

22 + 1
−

1
22 + 9

                 {∵  put s = 2 

                                    =  
3
4

 
1
5

 −
1

13
     =  

3
4

  
13 − 5

65
  

                          𝐟 𝐬       =  
𝟔
𝟔𝟓

 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑𝟔:   𝐅𝐢𝐧𝐝   𝐋   𝐞−𝟑𝐭 𝐭 𝐬𝐢𝐧 𝐭  𝐝𝐭
∞

𝟎

    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L   e−3t  t sin t
∞

0

dt   

Now,        L sin t =  
1

s2 + 1
 

𝑁𝑜𝑤, 𝐵𝑦 𝑒𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑡,

𝐿 𝑡𝑛𝐹 𝑡  =  −1 𝑛 𝑑𝑛

𝑑𝑠𝑛  𝐹 𝑠        

              L t sin t  =   −1 
d
ds

 
1

s2 + 1
 

                                 =   −1  
−1

s2 + 1
  2s   

                                 =  
2s

(s2 + 1)2 

𝑁𝑜𝑤,   𝑊. 𝑘. 𝑡., 𝐿   𝑒−𝑎𝑡  𝐹 𝑡  𝑑𝑡 
∞

0

 =  𝐹 𝑎             {∵  here  put s = 3 

L   e−3t  t sin t
∞

0

 =
2 3 

(32 + 1)2      =  
6

100
 

   ∴                               𝐟 𝐬       =  
𝟑
𝟓𝟎

 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑𝟕:   𝐅𝐢𝐧𝐝  𝐋   𝐞−𝟐𝐭  
𝐬𝐢𝐧 𝐡𝐭

𝐭

∞

𝟎

 𝐝𝐭    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f t  = L   e−2t sin ht
t

∞

0

 dt  
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Now, L sinh t =  
1

s2 − 1
  

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

             L  
sin ht

t
 =  

1
s2 − 1

∞

s

ds               { ∵ log ∞ = 0, not defined 

                               =  
1

2 1  log  
s − 1
s + 1

  
s

∞

  

                               =  
1
2

  0 − log  
s − 1
s + 1

   

                               =  
1
2

log  
s + 1
s − 1

                    ∵ log 
a
b

= − log 
b
a
         

𝑁𝑜𝑤, 𝑊. 𝑘. 𝑡., 𝐿   𝑒−𝑎𝑡  𝐹 𝑡  𝑑𝑡 
∞

0

 =  𝐹 𝑎         

L   e−2t sin ht
t

 dt
∞

0

  =  
1
2

log  
2 + 1
2 − 1

                 {∵ For s = 2 

                              𝐟 𝐬      =  
𝟏
𝟐

𝐥𝐨𝐠 𝟑 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑𝟖:   𝐅𝐢𝐧𝐝  𝐋. 𝐓. 𝐨𝐟:   
𝐜𝐨𝐬 𝟔𝐭 − 𝐜𝐨𝐬𝟒𝐭

𝐭

∞

𝟎

 𝐝𝐭   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L f  t  = L    
cos 6t − cos4t

t

∞

0

 dt  

Now,        L cos 6t − cos 4t = L  cos 6t − L  cos 4t  

                                                     =  
s

s2 + 36
−

s
s2 + 16

 

𝑁𝑜𝑤, 𝐸𝑓𝑓𝑒𝑐𝑡 𝑜𝑓 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑏𝑦 𝑡, 𝐿  
1
𝑡
𝐹(𝑡) =  𝐹 𝑠       

∞

𝑠

𝑑𝑠 

            L  
cos 6t − cos 4t

t
  =   

s
s2 + 36

−
s

s2 + 16
 

∞

s

ds 
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                                                 =  
1
2

[log (s2 + 36) −  log (s2 + 16)] s∞  

                                                 =  
1 
2

  log   
s2 + 36
s2 + 16

   
s

∞

 

                                                 =  
1
2

   0 − log  
s2 + 36
s2 + 16

    

                                                 =
1
2

log  
s2 + 16
s2 + 36

             ∵ log 
a
b

= − log 
b
a
  

𝑁𝑜𝑤, 𝑊. 𝑘. 𝑡., 𝐿   𝑒−𝑎𝑡  𝐹 𝑡  𝑑𝑡 
∞

0

 =  𝐹 𝑎         

     L   e0t cos 6t − cos 4t
t

∞

o

dt =
1
2

log  
02 + 16
02 + 36

     {∵ Replace  s = 0   

                                                         = log  
16
36

 
1
2

  = log  16
36

   = log 
4
6

 

                                               𝐟 𝐬       = 𝐥𝐨𝐠 
𝟐
𝟑

 
 
 

𝟑. 𝐯𝐢𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧  𝐮𝐬𝐢𝐧𝐠 𝐝𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑𝟗:  𝐈𝐟   𝐟(𝐭)  =  a ,    0 <  t <  b 
                                            =  0 ,     t >  b                           Find L{f(t)} 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: By definition of L. T. 

     L{f t }  =   e−st  f t  dt
∞

0

 

                    =   e−st  f t  dt +
b

0

  e−t

∞

b

 f  t  dt 

                    =   e−st

b

0

 a dt +  0 

                    =  a   
e−st

−s
  

0

b

       =
−a
s

  e−bs − e0      =  
−a
s

  e−bs − 1  
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          𝐟 𝐬       =   
𝐚
𝐬

  𝟏 −  𝐞−𝐛𝐬  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒𝟎:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋. 𝐓. 𝐨𝐟      𝐟(𝐭)  =  𝐭,      𝟎 <  𝐭  < 𝟒 
                                                                           =  𝟓,      𝐭  >  𝟒 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: By definition of L. T. 

     L{f t }  =   e−st  f t  dt
∞

0

 

                    =  e−st

4

0

 f t  dt +  e−st

∞

4

f t  dt 

                    =  e−st

4

0

 t dt +  e−st

∞

4

 5 dt 

                    =   t 
e−st

−s
−

est

(−s)2  
0

4

+ 5   
e−st

−s
  

4

∞

 

                    =    
−4
s

e−4s −
e−4s

s2  −  0 −
1
s2  + 5  0 −

e−4s

−s
  

                    =  
−4
s

e−4s −
e−4s

s2  +
1
s2  + 5

e−4s

s
               { ∵ e−∞ = 0 

                    =  
e−4s

s2  −4s − 1 +  e4s +  5s  

           𝐟 𝐬      =  
𝐞−𝟒𝐬

𝐬𝟐   𝐞𝟒𝐬 +  𝐬 − 𝟏   
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒𝟏:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋. 𝐓. 𝐨𝐟      𝐟 (𝐭)  =  𝟎,       𝟎 <  𝐭 <  𝟏 
                                               =  𝟐,       𝟏 <  𝐭 <  𝟐 
                                               =  𝟎,       𝐭 >  𝟐 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: By definition of L. T. 

     L{f t }  =   e−st  f t  dt
∞

0

 

                   =  e−st

1

0

 f t  dt +  e−st

2

1

 f t dt +  e−st

∞

2

 f t dt 
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                   =  0 +   e−st

2

1

2 dt + 0 

                   =  2   
e−st

−s
 

1

2

       =  
−2
s

 [e−2s −  e−s ] 

∴     𝐟 𝐬        =  
𝟐
𝐬

  𝐞−𝐬 −  𝐞−𝟐𝐬  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒𝟐: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋. 𝐓. 𝐨𝐟      𝐟  𝐭 =  𝟎  ,     𝟎 <  𝐭 <  𝟏 
                                              =  𝐭  ,      𝟏 <  𝐭 <  𝟐 
                                              = 𝟎  ,       𝐭 >  𝟐 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: By definition of L. T. 

     L{f t }  =   e−st  f t  dt
∞

0

 

                   =  e−st

1

0

 f  t dt +  e−st  

2

1

f  t dt +  e−st

∞

2

f t dt 

                   =  0 +   e−st

2

1

 t dt + 0 

                   =    t 
e−st

−s
−  

e−st

s2   
1

2

 

                   =   
2e−2s

−s
−  

e−2s

s2   −   1  
e−s

−s
−

e−s 1 

s2   

         𝐟 𝐬       =  −𝐞−𝟐𝐬  
𝟐
𝐬

 +
𝟏
𝐬𝟐 +  𝐞−𝐬  

𝟏
𝐬

 +
𝟏
𝐬𝟐  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒𝟑:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋. 𝐓. 𝐨𝐟        𝐟  𝐭 =   𝐭 + 𝟏  ,          𝟎 <  𝐭 <  𝟐 
                                                                             =  𝟑            ,           𝐭  >  𝟐 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: By definition of L. T. 

     L{f t }  =   e−st  f t  dt
∞

0

 

                    =   e−st

2

0

f (t) dt +   e−st

∞

2

f(t) dt 
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                    =   e−st

2

0

  t + 1 dt +   e−st

∞

2

 3 dt 

                    =     t + 1  
e−st

−s
−  

e−st

s2  
0

2

+ 3   
e−st

−s
  

2

∞

 

                    =     3 
e−2s

−s
−

e−2s

s2  −  
e−0

−s
−

e−0

s2   + 3  0 −  
e−2s

−s
   

                    =  −  
3
s

 e−2s  −  
e−2s

s2  +  
1
s

 + 
1
s2  +  

3
s

 e−2s  

           𝐟 𝐬      = −
𝐞−𝟐𝐬

𝐬𝟐  +
𝟏
𝐬

 +
𝟏
𝐬𝟐 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒𝟒:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋. 𝐓. 𝐨𝐟        𝐟  𝐭 = 𝐬𝐢𝐧 𝐭   ,   𝟎 <  𝐭 <  𝛑 
                                                                               =  𝟎        ,   𝐭 >  𝛑 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: By definition of L. T. 

     L{f t }  =   e−st  f t  dt
∞

0

 

                    =   e−st

π

0

f t  dt +  e−st

∞

π

f t  dt 

                    =  e−st

π

0

sin t dt +  e−st

∞

π

  0 dt 

                    =   
e−st

s2 + 1
  − s sin t − cos t  

0   

π

 

                          ∵  e−at sin bt   dt  =
e−at

a2+b2  [− asin bt −  b cos bt] + c  

                  =  
e−sπ

s2 + 1
 −s sin π − cos π −

e−∞

s2 + 1
  −s sin 0 − cos 0     

                  =  
e−sπ

s2 + 1
  1 −  

1
s2 + 1

  −1 =  
1

s2 + 1
  e−sπ + 1  

        𝐟 𝐬       =  
𝟏

𝐬𝟐 + 𝟏
  𝐞−𝛑𝐬 + 𝟏            { ∵ cos π  =  −1, cos (0) = 1 
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒𝟓:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋. 𝐓. 𝐨𝐟        𝐟 (𝐭)  =     𝐭 − 𝟏 𝟑,             𝐭 >  𝟏
𝟎 ,              𝟎 <  𝐭 <  𝟏

  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: By definition of L. T. 

     L{f t }  =   e−st  f t  dt
∞

0

 

                    =   e−st

1

0

  0  dt +  e−st  t − 1 3

∞

1

 dt 

=  0 +   t − 1 3 e−st

−s  − 3  t − 1 2 e−st

(−s)2  +  6  t − 1 
e−st

(−s)3  −
6e−st

(−s)4 
1

∞

 

                    =  0 −   −6  
e−s

s4   

           𝐟 𝐬      =  
𝟔𝐞−𝐬

𝐬𝟒  

OR                                    𝑆𝑒𝑐𝑜𝑛𝑑 𝑠𝑖𝑓𝑡𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦: 

                𝐼𝑓 𝐿 𝑓 𝑡  =  𝑓 𝑠          𝑎𝑛𝑑   𝑓 𝑡 =   𝑓 𝑡 − 𝑎  ,   𝑡 > 𝑎
 0           ,   𝑡 ≤ 𝑎 

  

    𝑇𝑒𝑛     𝐿 𝑓 𝑡   =  𝑒−𝑎𝑠   𝑓 𝑠        

∴ Here,      a = 1,    f t =  t − 1 3 

L f t  = L  t − 1 3 = e−s  L  t 3 =  e−s 3!
s3+1 

                              𝐟 𝐬        =
𝟔𝐞−𝐬

𝐬𝟒
 

 
 

𝟒     𝐈𝐧𝐢𝐭𝐢𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐚𝐧𝐝 𝐅𝐢𝐧𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 
 

𝐈𝐧𝐢𝐭𝐢𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦: 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 𝐈𝐟 𝐋 𝐟 𝐭  = 𝐅 𝐬 ,   𝐭𝐡𝐞𝐧    𝐋𝐭
𝐭 → 𝟎 𝐟 𝐭 = 𝐋𝐭

𝐬 → ∞ 𝐬 𝐅(𝐬) 

𝐏𝐫𝐨𝐨𝐟 ∶  W. k. t. 
    L f ′  t   =  s L f t  − f 0  
                    =  s F s −  f 0  
    s F s − f(0) =  L[f ′(t)] 

                             =   e−st

∞

0

f ′  t  dt 
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    Lt
s → ∞  s F s − f 0  = Lt

s → ∞  e−st

∞

0 

 

f ′  t  dt 

        Lt
s → ∞s F(s) − f(0) = 0                                        ∵  e−∞ =  0  

i. e. Lt
s → ∞s F s =  f 0 =  Lt

t → 0 f(t)  

         𝐇𝐞𝐧𝐜𝐞    𝐋𝐭
𝐭 → 𝟎 𝐟 𝐭 =  𝐋𝐭

𝐬 → ∞ 𝐬 𝐅(𝐬) 
 

𝐅𝐢𝐧𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦: 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 𝐈𝐟 𝐋 𝐟 𝐭  = 𝐅 𝐬 ,   𝐭𝐡𝐞𝐧   𝐋𝐭
𝐭 → ∞ 𝐟 𝐭 = 𝐋𝐭

𝐬 → 𝟎 𝐬 𝐅(𝐬) 

𝐏𝐫𝐨𝐨𝐟 ∶   w. k. t.      L f ′  t  =  s L f t  − f 0  

    s L f t  − f 0 =  L  f ′  t   =   e−st

∞

0

f ′  t  dt 

    L t
s → 0  s L f t  − f 0   = Lt

s → 0  e−st

∞

0

f ′  t  dt 

                                                 =   f ′  t  dt
∞

0

  =  f t  0
∞  

              Lt
s → 0F s −  f 0   =  f  ∞ − f 0   

         𝐇𝐞𝐧𝐜𝐞     𝐋𝐭
𝐭 → ∞ 𝐟 𝐭 =  𝐋𝐭

𝐬 → 𝟎 𝐬 𝐅(𝐬) 
 

𝟐. 𝟒. 𝐢      
𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐈𝐧𝐢𝐭𝐢𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐚𝐧𝐝 𝐅𝐢𝐧𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒𝟔:   

               𝐈𝐟 𝐋 𝐟 𝐭  =  
𝟏

𝐬(𝐬 + 𝐚)
,   𝐟𝐢𝐧𝐝 𝐋𝐭

𝐭 → ∞𝐟 𝐭  𝐚𝐧𝐝 𝐋𝐭
𝐭 → 𝟎 𝐟(𝐭)  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:    Given, L f t  =  
1

s(s + a)
= F(s)  

𝐢) 𝐅𝐢𝐧𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐬𝐭𝐚𝐭𝐞𝐬 𝐭𝐡𝐚𝐭,   

               Lt
t → ∞ f(t)  =  Lt

s → 0s F(s)  

                                                   =  Lt
s → 0 s 

1
s s + a    =  Lt

s → 0 
1

s + a
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                              𝐋𝐭
𝐭 → ∞ 𝐟(𝐭) =  

𝟏
𝐚

 

𝐢𝐢) 𝐈𝐧𝐢𝐭𝐢𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐬𝐭𝐚𝐭𝐞𝐬 𝐭𝐡𝐚𝐭,   

  Lt
t → 0 f t =  Lt

s → ∞s F(s)  

                                                   =  Lt
s → ∞s F(s)     =  Lt

s → ∞ s 
1

s s + a   

                                    = Lt
s → ∞

1
s + a 

 

     =  
1
∞

  

                𝐋𝐭
𝐭 → 𝟎 𝐟 𝐭 =  𝟎 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒𝟕:  𝐕𝐞𝐫𝐢𝐟𝐲 𝐭𝐡𝐞 𝐢𝐧𝐢𝐭𝐢𝐚𝐥 𝐚𝐧𝐝 𝐟𝐢𝐧𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐟𝐨𝐫 𝐭𝐡𝐞  
𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧       𝐟(𝐭) = 𝟏 + 𝐞−𝐭(𝐬𝐢𝐧 𝐭 + 𝐜𝐨𝐬 𝐭) 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given, f(t) =  1 + e−t(sin t + cos t) 
Now, L f t  = F s =  L 1 + e−t sin t + cos t   
                                               =  L{1} + L e−t(sin t)} + L{e−t(cos t)   

                                               =  
1
s

 + 
1

(s + 1)2 + 1
 + 

s + 1
(s + 1)2 + 1

       

                                               =  
1
s

 + 
s + 2

(s + 1)2 + 1
 

𝐢) 𝐈𝐧𝐢𝐭𝐢𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐬𝐭𝐚𝐭𝐞𝐬 𝐭𝐡𝐚𝐭, lim
t→0

 f t =  lim
s→∞

s F(s)  

    L. H. S.  =  lim
t→0

f t = lim
t→0

  1 + e−t(sin t + cos t) = 1 + 1 = 𝟐 

    R. H. S.  = lim
s→∞

s F(s) = lim
s→∞

s  
1
s

+ 
s + 2

(s + 1)2 + 1
  

                   =  lim
s→∞

 1 +
s s + 2 

(s + 1)2 + 1
 

 

      = lim
s→∞

 1 +
s2 + 2s

s2 + 2s + 2
 

 

 

                   =  lim
s→∞

 1 +
s2  1 + 2

s 

s2  1 + 2
s + 2

s2 
 

 

 =  lim
s→∞

 1 +
1 + 2

s
1 + 2

s + 2
s2

 

=  1 + 1 =  𝟐   
    L. H. S.  =  R. H. S.                  … Initial value theorem verified. 
 

𝐢𝐢) 𝐅𝐢𝐧𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐬𝐭𝐚𝐭𝐞𝐬 𝐭𝐡𝐚𝐭, lim
t→∞

f(t)  =  lim
s→0

 s F s  

    L. H. S.  =  lim
t→∞

f(t)  = lim
t→∞

 1 + e−t(sin t + cos t) =  1 +  0 =  𝟏 
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    R. H. S.  = lim
s→0

 s F s = lim
s→∞

s  
1
s

+ 
s + 2

(s + 1)2 + 1
  

                   =  lim
s→∞

 1 +
s s + 2 

(s + 1)2 + 1
 

 

  =  1 +  0 =  𝟏 

    L. H. S.  =  R. H. S.                 … Final value theorem verified. 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒𝟖:  𝐕𝐞𝐫𝐢𝐟𝐲 𝐭𝐡𝐞 𝐢𝐧𝐢𝐭𝐢𝐚𝐥 𝐚𝐧𝐝 𝐟𝐢𝐧𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦𝐬 𝐟𝐨𝐫  
𝐟 𝐭 = 𝟑𝐞−𝟐𝐭 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:       Given, f(t)  =  3e−2t  

                                          L f t   =  L 3e−2t  =  
3

s + 2
= F(s) 

𝐢) 𝐈𝐧𝐢𝐭𝐢𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐬𝐭𝐚𝐭𝐞𝐬 𝐭𝐡𝐚𝐭, Lt
t→0

 f t =  Lt
s→∞

s F(s)  

L. H. S. =  Lt
t→0

 f t = Lt
t→0

3e−2t =  𝟑 

R. H. S. = Lt
s→∞

s F s = Lt
s→∞

s  
3

s + 2
  

             = Lt
s→∞

3s
s + 2

 = Lt
s→∞

3s

s  1 + 2
s 

= Lt
s→∞

3

1 +  2
s 

= 𝟑 

L. H. S. =  R. H. S.                     … Hence Initial value theorem verified. 
 

𝐢𝐢) 𝐅𝐢𝐧𝐚𝐥 𝐯𝐚𝐥𝐮𝐞 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐬𝐭𝐚𝐭𝐞𝐬 𝐭𝐡𝐚𝐭, lim
t→∞

f(t)  =  lim
s→0

 s F s  

L. H. S. =  Lt
t→∞

f t =  Lt
t→∞

3e−2t  = 𝟎                             ∵ e−∞ = 0  

R. H. S. =  Lt
s→0

s f(s)  =  Lt
s→0

s  
3

s + 2
  = 𝟎 

L. H. S. =  R. H. S.                     … Hence Final value theorem verified. 
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𝐈𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐓𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦   𝐈. 𝐋. 𝐓.   
 

𝟓     𝐈𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐓𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦   𝐈. 𝐋. 𝐓.   
 

𝟓. 𝐢     𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 
 

    If L  f t  =  f s        
 Then  f t  is called Inverse laplace transform of  f s        

    i. e.    𝐋−𝟏  𝐟 𝐬  =  𝐟 𝐭  
 

𝟓. 𝐢𝐢     𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐞 𝐨𝐟 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 
 

1) L−1  
1
s
          =  1 

2) L−1  
1

s − a
   =  eat  

3) L−1  
1

s + a
   = e−at  

4) L−1  
1
sn        =

tn−1

 n − 1 !
,   n = 1,2,3 = or 

tn−1

  n − 1 + 1  

5) L−1  
1

sn+1   =
tn

n!
 or 

tn

 n + 1  

6) L−1  
1

s2 + a2   =
1
a

sin at 

7) L−1  
1

s2 − a2   =
1
a

sinh at 

8) L−1   
s

s2 + a2  = cos at 

9) L−1   
s

s2 − a2  =  cosh at 

10) L−1  f s − a               =  eat  L−1   f s       = eat  f(t) 

11) L−1  f s − a               =  eat  L−1  f s        =  e−at  f(t) 

12) L−1   
1

 s − a n   =  eat  
tn−1

 n − 1 !
 

13) L−1   
1

 s − a 2 + b2   =  eat sin bt
b
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14) L−1   
1

 s − a 2 − b2   =  eat  
sinh bt

b
 

15) L−1   
1

 s + a 2 + b2   =  e−at  
sinh t

b
 

16) L−1   
1

 s + a 2 − b2   =  e−at  
sinh bt

b
 

17) L−1   
s − a

 s − a 2 + b2   =  eat cos bt 

18) L−1   
s − a

 s − a 2 − b2   =  eat  cosh bt 

19) L−1   
s + a

 s + a 2 + b2   =  e−at cos bt  

20) L−1   
s + a

 s + a 2 − b2   =  e−at cosh bt  

21) L−1    −1 n dn

dsn  f s        =  tn  f t  

22) L−1   
f s      

s
  =  f

t

0

 (t) dt 

23) L−1    f s      
∞

s

 ds  =  
f t 

t
 

24) L−1  f1 s        . f2 s        =  f1  t − u . f2(u) du
t

0

 𝐎𝐑 f1

t

0

 u . f2 t − u  du 

25) L−1  s f s        =  
d
dt

 f t , if  f (0)  = 0 

26) L−1  e−as f s        =   f t − a  ;    t ≥  a
0              ;    t < a

     
 

𝟓. 𝐢𝐢𝐢     𝐒𝐮𝐦𝐦𝐚𝐫𝐲 𝐨𝐟 𝐋. 𝐓.  𝐚𝐧𝐝  𝐈. 𝐋. 𝐓. 𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐞 
                 𝐋. 𝐓                                                                        𝐈. 𝐋. 𝐓. 
1) L  f t   =  f s        1) L−1   f s    =  f(t)  

2) L  1      =  
1
s     2) L−1  

1
s
         = 1 

3) L  tn    =  
n!   
sn+1  or 

 n + 1         

sn+1         3) L−1   
1

sn+1  =
tn

n! 
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4) L  t       =  
1
s2         4) L−1    

1
s2   = t 

5) L  eat    =  
1

s − a        5) L−1    
1

s − a
   = eat  

6) L  sin at     =  
a

s2 + a2      6) L−1   
1

s2 + a2   =  
sin at

a  

7) L  sinh at  =  
a

s2 − a2                  7) L−1   
1

s2 − a2   =  
sinh at

a
 

8) L  cos at  =  
s

s2 + a2      8) L−1   
s

s2 + a2  = cos at

9) L  cosh at =  
s

s2 − a2                  9) L−1   
s

s2 − a2  = cosh at  
 

𝟔     𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬 𝐨𝐟 𝐋. 𝐓.  𝐚𝐧𝐝  𝐈. 𝐋. 𝐓. 
𝐒𝐫.  
𝐍𝐨. 

𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐓𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 (𝐋. 𝐓. ) 
𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧: 𝐋 {𝐟(𝐭)} = 𝐟(𝐬)      

𝐈𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐓𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 (𝐈. 𝐋. 𝐓. ) 
𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧: 𝐋−𝟏 { 𝐟 𝐬       } = 𝐟  𝐭  

1.  

L [ a f(t) −  b g(t)] 
  = a L {f(t)} −  b L {g (t)} } 

𝐋𝐢𝐧𝐞𝐚𝐫𝐢𝐭𝐲 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲 

L−1[ a f(s) −  b g(s)] 
  = a L−1{f(s)     } −  b L−1{g(s)     } 

𝐋𝐢𝐧𝐞𝐚𝐫𝐢𝐭𝐲 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲 

2.  𝐅𝐢𝐫𝐬𝐭 𝐬𝐡𝐢𝐟𝐭𝐢𝐧𝐠 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲 
L { e– at f(t) } = f (s + a)             and 
L { eat f(t) = f (s − a)            

𝐅𝐢𝐫𝐬𝐭 𝐬𝐡𝐢𝐟𝐭𝐢𝐧𝐠 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲 
L−1{ f(s + a)           } =  e– at L−1{f(s)     }  and 
L−1{ f(s − a)           } =  eat L−1{f(s)     } 

3.  𝐒𝐞𝐜𝐨𝐧𝐝 𝐬𝐡𝐢𝐟𝐭𝐢𝐧𝐠 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲 

If  f(t) =    f t − a     ;  t > a
0               ;  t ≤ a

   

Then ,  L {f(t)}  = e− as  f(s)      

𝐒𝐞𝐜𝐨𝐧𝐝 𝐬𝐡𝐢𝐟𝐭𝐢𝐧𝐠 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲 
If  L−1{e− as f s      }       Then,   

f (t) =    f t − a     ;  t ≥ a
0               ;  t < a

  

4.  𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐢𝐜𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐧 

L  tn  f t  =  −1 n dn

dsn  f s       

𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐢𝐜𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐧 

L−1   −1 n dn

dsn  f s       = tnL−1 f s        

5.  𝐃𝐢𝐯𝐢𝐬𝐢𝐨𝐧 𝐨𝐟 𝐭  

 L  
f t 

t
   =   f(s)     

∞

s
ds 

𝐃𝐢𝐯𝐢𝐬𝐢𝐨𝐧 𝐨𝐟 𝐭  

L−1   f(s)     
∞

s
ds =

f t 
t  

6.  𝐂𝐡𝐚𝐧𝐠𝐞 𝐨𝐟 𝐬𝐜𝐚𝐥𝐞 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲 

L { f(at) } = 
1
a  f  

s
a
 
  

𝐂𝐡𝐚𝐧𝐠𝐞 𝐨𝐟 𝐬𝐜𝐚𝐥𝐞 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲 

L−1   f  
s
a
 
 

      
   = a. f(at) 
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𝟔. 𝐢  𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐟𝐮𝐧𝐝𝐚𝐦𝐞𝐧𝐭𝐚𝐥 𝐨𝐟 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒𝟗:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟:  
𝟏

 𝐬 − 𝟏 𝟓 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1   
1

 s − 1 5  

                        =  et  L−1  
1
s5  

                        =  et  
t4

4!
                                  ∵ L−1  

1
sn+1  =

tn

n!
  

              𝐟(𝐭)  =  
𝐞𝐭 𝐭𝟒

𝟐𝟒
                                {∵ n!  =  n (n + 1) (n − 1) … … 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓𝟎:  𝐅𝐢𝐧𝐝  𝐋−𝟏  
𝟑𝐬 + 𝟏

 𝐬 + 𝟏 𝟐    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  
3s + 1

 s + 1 2  

                          =  L−1  
3 s + 1 − 2

 s + 1 2          =  L−1  
3

s + 1
 −

2
 s + 1 2  

                          =  3 L−1  
1

s + 1
 − 2  L−1  

1
 s + 1 2  

                          =  3 e−t −  2e−t  L−1  
1
s2   

                          =  3 e−t − 2 e−t  t 
                  𝐟 𝐭 =  𝐞−𝐭  𝟑 − 𝟐𝐭  

7.  
 L   f t  dt 

t

o

  = 
1 
s  f(s)       L−1  

1 
s  f(s)       =    L−1 { f(s)     } dt   

t

o

 

8.  
 L   eat  f t  dt 

∞

o

 =  f − a         ,  

      Replacing s = − a 

𝐍𝐨 𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲  
 

9.   L  
d
dt

f(t)  = s f(s)     −  F( 0 ) 

 Where   F(0) =  
lim

t → 0  f(t)  

L−1{s f(s)     } =  
d
dt

 f(t) 

If  F(0) = 0 
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𝐎𝐑  L−1 f s        =  L−1  
3 s + 1 − 2

 s + 1 2        = e−t  L−1  
3s − 2

s2                    

                           = e−t  L−1  
3s
s2  −

2
s2             

                           =  e−t   3 L−1  
1
s
  − 2  L−1  

1
s2              

                  𝐟 𝐭 =  𝐞−𝐭  𝟑 −  𝟐𝐭                          
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓𝟏: 𝐅𝐢𝐧𝐝:  𝐋−𝟏  
𝟒𝐬 + 𝟏𝟓

𝟏𝟔𝐬𝟐 − 𝟐𝟓
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   = L−1  
4s + 15

16s2 − 25
  

                         = 4 L−1  
s

16s2 − 25
  + 15 L−1  

1
16s2 − 25

  

                         = 4 L−1  
s

16  s2 − 25
16 

 + 15 L−1  
1

16  s2 − 25
16 

   

                         =
4

16
 L−1  

s

s2 −  5
4 

2  +
15
16

   L−1  
1

s2 −  5
4 

2  

                         =  
1
4

cosh
5
4

t +
15
16

  
1

5/4
 sinh

5
4

t 

                𝐟 𝐭 =  
𝟏
𝟒

𝐜𝐨𝐬𝐡
𝟓
𝟒

𝐭 +
𝟑
𝟒

𝐬𝐢𝐧𝐡
𝟓
𝟒

𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓𝟐: 𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝟏

 𝟐𝐬 + 𝟑
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1   f s   =  L−1  
1

 2s + 3
  

                         =  L−1

 
 

 1

 2 s + 3
2  

 

 
     =

1
 2

L−1

 
 

 1

 s + 3
2 
 

 
 

                       =
1

 2
 L−1

 
 
 

 
 

1

 s + 3
2 

1
2
  
 
 

 
 

    =
1

 2
e− 32tL−1  

1

s
1
2
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                         =
1
 2

e− 32t t
1
2 −1

 1
2 − 1 !

             =
1
 2

e− 32t t− 12

 − 1
2 !

 

                         =
1
 2

e− 32t  
1

t
1
2

 
1

 π
                ∵ a−n =

1
an  ;   

−1
2

 ! =   π  

                 𝐟 𝐭 =  
𝐞− 𝟑𝟐𝐭

 𝟐𝛑𝐭
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓𝟑: 𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝐬 + 𝟏

𝐬
𝟒
𝟑

    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
s + 1

s
4
3

  

                      = L−1   
s

s
4
3
 + L−1   

1

s
4
3
 =  L−1   

1

s
1
3
 + L−1  

1

s
4
3
  

                      =
t

1
3−1

  1
3 − 1 + 1                  +

t
4
3−1

  4
3 − 1 + 1

                
 =

t
−2
3

 13
   +  

t
1
3

 43
  

 

                      =
t
−2
3

 13
   +

t
1
3

1
3  13

   =
1

 13
     t− 23 + 3t

1
3  

             𝐟 𝐭  =
𝟏

 𝟏𝟑
    𝐭− 𝟐𝟑 +  𝟑𝐭

𝟏
𝟑  

 
𝐍𝐨𝐭𝐞: i)  n!  = n n − 1  n − 2  n − 3 …  n −  n − 1   
           ii)    nn     =   n − 1   n − 1n           =   n − 1   n − 2    n − 2n          = ⋯ 

                        ! = factorial,   n    =  gamma 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓𝟒: 𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝟏

 𝐬 + 𝟒 
𝟑
𝟐
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =   L−1  
1

 s + 4 
3
2
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                                =  e−4t  L−1   
1

s
3
2
       = e−4t  

t
3
2−1

 3
2 − 1 !

       

                               = e−4t t
1
2

1
2 !

      = e−4t t
1
2

1
2  π

 

               𝐟 𝐭 = 𝟐𝐞−𝟒𝐭  
𝐭
𝛑

  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓𝟓:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝟒𝐬 + 𝟏𝟐

𝐬𝟐 + 𝟖𝐬 + 𝟏𝟔
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   = L−1  
4s + 12

s2 + 8s + 16
  

                        = L−1   
4s + 12
 s + 4 2   

                        = L−1   
4 s + 4 − 4

 s + 4 2   

                        =  e−4t  L−1  
4s − 4

s2    

                        =  e−4t   4 L−1  
1
s
 − 4 L−1  

1
s2   

                f t =  e−4t    4(1) − 4(t)  
               𝐟 𝐭 =  𝟒𝐞−𝟒𝐭  𝟏 − 𝐭  
 

𝟕     𝐒𝐞𝐜𝐨𝐧𝐝 ( 𝟐𝐧𝐝) 𝐒𝐡𝐢𝐟𝐭𝐢𝐧𝐠 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 

𝐋−𝟏  𝐞−𝐚𝐬 𝐅 𝐬   =  𝐅 𝐭 − 𝐚    ;   𝐭 ≥ 𝐚 
𝟎               ;   𝐭 < 𝐚

  
 

𝟕. 𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝟐𝐧𝐝 𝐒𝐡𝐢𝐟𝐭𝐢𝐧𝐠 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓𝟔:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟:   
𝟖𝐞−𝟑𝐬

𝐬𝟐 + 𝟒
 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1   
8e−3s

s2 + 4
  

                                                          =  8 L−1  e−3s 1
s2 + 4

  

Now, L−1  F s  = L−1   
1

s2 + 4
 = L−1   

1
s2 + 22  
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                  =
sin 2t

2
  = F t       (say) 

𝑊. 𝑘. 𝑡.  2𝑛𝑑  𝑆𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚        𝐿−1  𝑒−𝑎𝑠  𝐹 𝑠   

=  𝐹 𝑡 − 𝑎    ;   𝑡  ≥  𝑎 
0              ;   𝑡 <  𝑎

  

∴         L−1   
8e−3s

s2 + 4
  =  f(t)   =    8 

sin2 t − 3 
2

 ,   t  ≥  3
0                         ,   t  <  3

  

                                             𝐟 𝐭  =    𝟒𝐬𝐢𝐧 𝟐 𝐭 − 𝟑  ,     𝐭 ≥  𝟑
𝟎                         ,      𝐭 <  𝟑

  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓𝟕:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝐞−𝟐𝐬

𝐬𝟐 + 𝟖𝐬 + 𝟐𝟓
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1   f s  =  L−1   
e−2s

s2 + 8s + 25
  

                                                           =  L−1   e−2s  
1

s2 + 8s + 42 − 42 + 25
  

                                                           =  L−1  e−2s 1
 s + 4 2 + 9

   

                                                           =  L−1  e−2s 1
 s + 4 2+ 32  

Now,      L−1  F s  = L−1  
1

 s + 4 2+ 32 = e−4t sin 3t
3

 = F t       (say) 

𝑊. 𝑘. 𝑡.  2𝑛𝑑  𝑆𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚        𝐿−1  𝑒−𝑎𝑠  𝐹 𝑠   

=  𝐹 𝑡 − 𝑎    ;   𝑡  ≥  𝑎 
0              ;   𝑡 <  𝑎

  

    ∴     𝐋−𝟏  𝐞−𝟐𝐬 𝟏
𝐬𝟐 + 𝟖𝐬 + 𝟐𝟓

  =   𝐟 𝐭  

                                                            =     𝐞
− 𝟒 𝐭−𝟐 𝐬𝐢𝐧𝟑 𝐭 − 𝟐 

𝟑
 , 𝐭 ≥ 𝟐

𝟎                                     , 𝐭 < 2
  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓𝟖:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝐞−𝐚𝐬

 𝐬 + 𝐛 
𝟓
𝟐
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: Let, L−1   f s  =  L−1  
e−as

 s + b 
5
2
  

Now, L−1  F s  = L−1  
1

 s + b 
5
2
   =  e−bt  L−1  

1

s
5
2
   

                                       =  e−bt  
t

5
2−1

 5
2 − 1 !

   = e−bt t
3
2

3
2 . 1

2  π
   = e−bt t

3
2

3
4  π

 

                                       =
4
3

 e−bt  
t

3
2

 π
  = F t       (say) 

𝑊. 𝑘. 𝑡.  2𝑛𝑑  𝑆𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚        𝐿−1  𝑒−𝑎𝑠  𝐹 𝑠   

=  𝐹 𝑡 − 𝑎    ;   𝑡  ≥  𝑎 
0              ;   𝑡 <  𝑎

  

    𝐋−𝟏  𝐞−𝐚𝐬 𝟏

 𝐬 + 𝐛 
𝟓
𝟐

 =    
𝟒
𝟑

  𝐞−𝐛 𝐭−𝐚 .
 𝐭 − 𝐚 

𝟑
𝟐

 𝛑
;    𝐭 ≥ 𝐚

0                                   ;    t  < a

  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓𝟗:  𝐅𝐢𝐧𝐝    𝐋−𝟏   
𝟏 −  𝐬

𝐬𝟐  
𝟐

𝐞−𝐬                   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s    =   L−1   
1 −  s

s2  
2

e−s  

Now, L−1  F s  = L−1   
1 −  s

s2  
2

  =  L−1  
1 − 2 s + s

s4   

                                     =  L−1  
1
s4 − 2 L−1  

 s
s4  + L−1   

s
s4  

                                     =  L−1  
1
s4 − 2 L−1  

1
s7/2 + L−1  

s
s4  

                             =  
t3

3!
 − 2

t
7
2 −1

 7
2 − 1 !

 +
t2

2!
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                                    =  
t3

6
 − 2 

t
5
2

5
2 . 3

2 . 1
2  π

 +
t2

2
 

                                     =  
t3

6
 −

16
15

 
t

5
2

 π
 +

t2

2
  = F t       (say) 

𝑊. 𝑘. 𝑡.  2𝑛𝑑  𝑆𝑖𝑓𝑡𝑖𝑛𝑔 𝑡𝑒𝑜𝑟𝑒𝑚        𝐿−1  𝑒−𝑎𝑠  𝐹 𝑠   

=  𝐹 𝑡 − 𝑎    ;   𝑡  ≥  𝑎 
0               ;   𝑡 <  𝑎

  

 𝐋−𝟏   
𝟏 −  𝐬

𝐬𝟐  
𝟐

𝐞−𝐬  =    
 𝐭 − 𝟏 𝟑

𝟔
−

𝟏𝟔
𝟏𝟓

 
 𝐭 − 𝟏 

𝟓
𝟐

 𝛑
+

 𝐭 − 𝟏 𝟐

𝟐
;  𝐭 ≥  𝟏

𝟎                                                             ;   𝐭 <  1

  

 

𝟖     𝐓𝐡𝐢𝐫𝐝 (𝟑𝐫𝐝 ) 𝐭𝐞𝐫𝐦   
If as2 + bs + c cannot be factorised then we can use 3rd  term 
     First convert      

         as2 + bs + c     to    a  s2 +
b
a

s +
c
a
  then apply 3rd  term  

𝐍𝐨𝐭𝐞: Coefficient of s must be 1, if not then make it first then apply 3rd  term. 

𝟑𝐫𝐝 𝐭𝐞𝐫𝐦 =  𝐜𝐨𝐞𝐟𝐟𝐢𝐜𝐢𝐞𝐧𝐭  𝐨𝐟  𝐬 ×
𝟏
𝟐
 

𝟐

 
 

𝟖. 𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝟑𝐫𝐝 𝐭𝐞𝐫𝐦   

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔𝟎:  𝐎𝐛𝐭𝐚𝐢𝐧 𝐭𝐡𝐞 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟 
𝐬 + 𝟏

𝐬𝟐 + 𝐬 + 𝟏
 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
s + 1

s2 + s + 1
  

                     =  L−1   
s + 1

s2 + s +  1
2 

2
−  1

2 
2

+ 1
        

                     =  L−1

 
 
 

 
 

s + 1

 s + 1
2 

2
+   3

2  
2
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                      =  L−1

 
 
 

 
 

 
 s + 1

2 + 1
2

 s + 1
2 

2
+   3

2  
2

 
 
 

 
 

 

                     =  e− 12 t  L−1

 
 
 

 
 

 
s + 1

2

s2 +   3
2  

2

 
 
 

 
 

 

                     = e− 12t   

 
 
 
 
 

L−1

 
 
 

 
 

s

s2 +   3
2  

2

 
 
 

 
 

+
1
2

  L−1

 
 
 

 
 

1

s2 +   3
2  

2

 
 
 

 
 

 
 
 
 
 

 

                     = e− 12t    cos 
 3
2

t +
1
2

1
 3
2

 sin
 3
2

t   

    ∴     𝐟(𝐭) = 𝐞− 𝟏𝟐𝐭   𝐜𝐨𝐬
 𝟑
𝟐

𝐭 +
𝟏
 𝟑

 𝐬𝐢𝐧
 𝟑
𝟐

𝐭  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔𝟏:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝟑𝐬 + 𝟕

𝐬𝟐 − 𝟐𝐬 − 𝟑
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1   
3s + 7

s2 − 2s − 3
  

                        =  L−1  
3s + 7

s2 − 2s + 1 − 1 − 3
        =  L−1  

3s + 7
 s − 1 2 − 22  

                        =  L−1  
3 s − 1 + 10
 s − 1 2 − 22     

                        =  et  L−1  
3s + 10
s2 − 22   

                        =  et  3 L−1  
s

s2 − 22 + 10 L−1  
1

s2 − 22   

                        =  et  3 cosh 2t + 
10
2

sinh 2t  

 ∴          𝐟 𝐭   =  𝐞𝐭  𝟑𝐜𝐨𝐬𝐡𝟐𝐭 +  𝟓 𝐬𝐢𝐧𝐡 𝟐𝐭  
𝐍𝐨𝐭𝐞: This problem can also solve by partial fraction method by  
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factorising Denominator 
 s + 1  s − 3  but answer get different and meaning is same. 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔𝟐:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝐬 + 𝟐

𝐬𝟐 − 𝟒𝐬 + 𝟏𝟑
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  
s + 2

s2 − 4s + 13
    

                                          =  L−1   
s + 2

s2 –  4s + 22 –  22  + 13
     

                                         =  L−1   
s + 2

 s − 2 2 + 32  

                                          =  L−1  
 s − 2 + 4
 s − 2 2+32  

                                          =  e2t  L−1   
s + 4

s2 + 32  

                                          =  e2t  L−1   
s

s2 + 32  + 4 L−1   
1

s2 + 32   

                                          =  e2t  cos 3t + 4 
1
3

sin 3t  

                          ∴    𝐟 𝐭  =  𝐞𝟐𝐭 𝐜𝐨𝐬 𝟑𝐭  +  
𝟒
𝟑

 𝐞𝟐𝐭 𝐬𝐢𝐧 𝟑𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔𝟑:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝐬

𝐬𝟐 + 𝟓𝐬 + 𝟏𝟔
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
s

s2 + 5s + 16
  

    = L−1  
s

s2 + 5s +  5
2 

2
−  5

2 
2

+ 16
     = L−1  

s

 s + 5
2 

2
+ 39

4

  

    = L−1

 
 
 

 
 

 s + 5
2 − 5

2

 s + 5
2 

2
+   39

2  
2

 
 
 

 
 

 

    =  e− 52 t  L−1

 
 
 

 
 

 
s − 5

2

s2 +   39
2  

2
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    =  e− 52 t  

 
 
 
 
 

L−1

 
 
 

 
 

s

s2 +   39
2  

2

 
 
 

 
 

−
5
2

 L−1

 
 
 

 
 

1

s2 +   39
2  

2

 
 
 

 
 

 
 
 
 
 

  

    =  e− 52 t   cos
 39

2
t −

5
2

 
1

 39
2

 sin 
 39

2
t  

    =  𝐞− 𝟓𝟐 𝐭   𝐜𝐨𝐬 
 𝟑𝟗
𝟐

𝐭 −
𝟓

 𝟑𝟗
 𝐬𝐢𝐧 

 𝟑𝟗
𝟐

𝐭    

 

𝟗     𝐏𝐚𝐫𝐭𝐢𝐚𝐥 𝐟𝐫𝐚𝐜𝐭𝐢𝐨𝐧 
𝐓𝐲𝐩𝐞𝐬 𝐨𝐟 𝐩𝐚𝐫𝐭𝐢𝐚𝐥 𝐟𝐫𝐚𝐜𝐭𝐢𝐨𝐧 
𝟏) 𝐋𝐢𝐧𝐞𝐚𝐫 𝐚𝐧𝐝 𝐧𝐨𝐧 − 𝐫𝐞𝐩𝐞𝐚𝐭𝐞𝐝 (𝐝𝐢𝐬𝐭𝐢𝐧𝐜𝐭): 

     
1

 s + a  s + b  s + c 
=

A
s + a

 +
B

s + b
+

C
s + c

 
 

𝟐) 𝐋𝐢𝐧𝐞𝐚𝐫 𝐚𝐧𝐝 𝐫𝐞𝐩𝐞𝐚𝐭𝐞𝐝 (𝐬𝐚𝐦𝐞): 
1

s2 s + a 2 s + b 2  =  
A
s

+
B
s2 +

C
s + a

+
D

 s + a 2 +
E

 s + b +
F

 S + b 2 
 

𝟑) 𝐍𝐨𝐧 − 𝐥𝐢𝐧𝐞𝐚𝐫 𝐚𝐧𝐝 𝐧𝐨𝐧 − 𝐫𝐞𝐩𝐞𝐚𝐭𝐞𝐝 (𝐝𝐢𝐬𝐭𝐢𝐧𝐜𝐭): 

    
1

(s2 + a)(s2 + b)
         =  

as + B
s2 + a

 +  
Cs + D
s2 + b

 

𝟒) 𝐍𝐨𝐧 − 𝐥𝐢𝐧𝐞𝐚𝐫 𝐚𝐧𝐝 𝐫𝐞𝐩𝐞𝐚𝐭𝐞𝐝 (𝐬𝐚𝐦𝐞): 

    
1

(s2 + a)2(s2 + b)2      =  
As + B
s2 + a

 +
Cs + D

(s2 + a)2  
Es + F
s2 + b

+
Gs + H

(s2 + b)2 

𝟓) 𝐌𝐢𝐱𝐢𝐧𝐠  

i)  
1

s(s + a)2(s2 + b)
       =  

A
s

 +
B

s + a
+

C
(s + a)2  +

Ds + E
s2 + b

 

ii) 
1

(s2 + a)(s2 + b)2(s + c)
=

As + B
s2 + a

 +
Cs + D
s2 + b

 +
Es + F

 s2 + b 2  +
G

s + c
 

 

𝟗. 𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐩𝐚𝐫𝐭𝐢𝐚𝐥 𝐟𝐫𝐚𝐜𝐭𝐢𝐨𝐧 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔𝟒:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝐬

𝐬𝟐 + 𝟓𝐬 + 𝟔
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
s

s2 + 5s + 6
  

                       =  L−1  
s

 s + 2  s + 3   

∴ By using partial fraction method, 

     
s

 s + 2  s + 3   =
A

s + 2
 +

B
s + 3

                    ……  1  

     A =  s
s + 3

 
s=−2

 =
−2

−2 + 3
 = −𝟐      

     B =  s
s + 2

 
s=−3

 =
−3

−3 + 2
 = 𝟑 

Equation  1  becomes,    
s

 s + 2  s + 3  =  
−2

s + 2
 +

3
s + 3

 

Taking I. L. T. on both sides 

    L−1   
s

 s + 2  s + 3   =  −2L−1  
1

s + 2
 + 3 L−1   

1
s + 3

  

                                    𝐟 𝐭  =  −𝟐𝐞−𝟐𝐭 + 𝟑𝐞−𝟑𝐭 
  

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔𝟓:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝟏

𝐬 𝐬 + 𝟏  𝐬 + 𝟐  𝐬 + 𝟑     

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =   L−1  
1

s s + 1  s + 2  s + 3   

∴ By partial fraction method, 

     
1

s s + 1  s + 2  s + 3  =
A
s

 +
B

s + 1
+

C
s + 2

 +
D

s + 3
       

      
1

s s + 1  s + 2  s + 3 =
1/6

s
+

−1/2
s + 1

+
1/2

s + 2
+

−1/6
s + 3

  

Taking I. L. T. on both sides 

L−1  
1

s s + 1  s + 2  s + 3    

               =
1
6

 L−1  
1
s
 −

1
2

 L−1  
1

s + 1
 +

1
2

L−1  
1

s + 2
 −

1
6

L−1  
1

s + 3
   

      f t  =  
1
6

−
1
2

e−t +
1
2

e−2t −
1
6

e−3t  

 ∴  𝐟 𝐭 =
𝟏
𝟔

  𝟏 − 𝟑𝐞−𝐭 + 𝟑𝐞−𝟐𝐭 –  𝐞−𝟑𝐭  
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔𝟔:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝐬𝟐 + 𝟏

𝐬𝟑 + 𝟑𝐬𝟐 + 𝟐𝐬
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
s2 + 1

s3 + 3s2 + 2s
  

                         = L−1  
s2 + 1

s(s2 + 3s + 2)
    = L−1  

s2 + 1
s s + 1  s + 2   

∴ By using partial fraction method, 

     
s2 + 1

s s + 1  s + 2  =  
A
s

 +  
B

s + 1
 + 

C
s + 2

                     

     
s2 + 1

s s + 1  s + 2  =
1/2

s
+

−2
s + 1

 +
5/2

s + 2
 

Taking I. L. T. both sides  

 L−1   
s2 + 1

s s + 1  s + 2    =
1
2

  L−1  
1
s
 + 2 L−1  

1
s + 1

 +
5
2

L−1   
1

s + 2
     

                                               =  
1
2

 1 − 2e−t +
5
2

e−2t  

                             ∴     𝐟(𝐭)  =
𝟏
𝟐

 𝟏 − 𝟒𝐞−𝐭 + 𝟓𝐞−𝟐𝐭  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔𝟕:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝟐𝐬𝟐 − 𝟔𝐬 + 𝐬

𝐬𝟑− 𝟔𝐬𝟐 + 𝟏𝟏𝐬 − 𝟔
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
2s2 − 6s + s

s3− 6s2 + 11s − 6
  

                                                          = L−1  
2s2 − 6s + s

 s − 1  s − 2  s − 3    

                       { ∵  s3 − 6s2 + 11s − 6 =  s − 1  s − 2 (s − 3)    
∴ By using partial fraction method, 

     
2s2 − 6s + s

 s − 1  s − 2  s − 3 =  
A

s − 1
 +  

B
s − 2

+
C

s − 3
         

   
2s2 − 6s + s

 s − 1  s − 2  s − 3  =  
−3
2

s − 1
+

2
s − 2

+
3
2

s − 3
 

Taking I. L. T. on both sides  

    L−1  
2s2 − 6s + s

 s − 1  s − 2  s − 3   
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                                    = −
3
2

 L−1  
1

s − 1
 + 2 L−1  

1
s − 2

 +
3
2

L−1  
1

s − 3
  

               ∴          𝐟 𝐭 = −
𝟑
𝟐

𝐞𝐭 + 𝟐𝐞𝟐𝐭 +
𝟑
𝟐

 𝐞𝟑𝐭 
 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔𝟖:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝟒𝐬 + 𝟓

 𝐬 − 𝟏 𝟐 𝐬 + 𝟐     

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  
4s + 5

 s − 1 2 s + 2   

∴ By using partial fraction method, 

     
4s + 5

 s − 1 2 s + 2  =  
A

s − 1
 +

B
 s − 1 2 +

C
s + 2

             …… 1  

Multiplying methods by  s − 1 2 s + 2  
    4s + 5 =  A  s − 1   s + 2 + B s + 2 + C s − 1 2   …… 2  
Put  s =  1 in equation  2 , 9 =  3B ;        𝐁 = 𝟑 

Put  s = −2 in equation  2 , −3 =  9C ;    𝐂 =
−𝟏
𝟑

 

Put  s = 0, B = 3  &  C =  −
1
3

  in equation  2  

    5 =   A  −1  2 + 3  2 +  
−1
3

  −1 2 

    5 =  −2A +  6 −
1
3

 ;     5 −
17
3

  =  2A ;      −
2
3

 =  − 2A ;       𝐀 =  
𝟏
𝟑

 

Equation  1 Æ 
4s + 5

 s − 2 2 s + 2  =  
1/3

 s − 1 +
3

 s − 1 2  +
−1/3
s + 2

 

Taking I. L. T. on both sides 

L−1   
4s + 5

 s − 1 2 s + 2   

                                   =
1
3

L−1   
1

s − 1
 + 3L−1  

1
 s − 1 2 −

1
3

L−1  
1

s + 2
  

                           𝐟 𝐭  =  
𝟏
𝟑

 𝐞𝐭 + 𝟑𝐭. 𝐞𝐭 −
𝟏
𝟑

 𝐞−𝟐𝐭 
  

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔𝟗:  𝐅𝐢𝐧𝐝  𝐋−𝟏  
𝐬 + 𝟐𝟗

 𝐬𝟐 + 𝟗  𝐬 + 𝟒     

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1 f(s)      =  L−1  
s + 29

(s2 + 9)(s + 4)
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∴ By using partial fraction method, 

     
s + 29

(s2 + 9)(s + 4)
=  

As + B
s2 + 9

 +
C

s + 4
                   …… 1  

s + 29   =  (As + B) (s + 4)  + C(s2 + 9)          … … (2) 
Put  s = − 4 in equn 2 , 25 =  25C ;         𝐂 = 𝟏 
Put  s = 0,   C = 1 in equation 2 ,

29 =  B 4 + 1  9  ;       29 − 9 = 4B 
    20 =  4B  ;           𝐁 =  𝟓 
Put  s = 1 ,   B = 5 , C = 1 in equation  2 ,   
              30  =   A + 5  5 +   1  10  

    
30 −  10

5
 =  A + 5 ;            4 =  A + 5 ;          𝐀 = −𝟏 

Equation  1  Æ     
s + 29

(s2 + 9)(s + 4)
 =  

−s + 5
s2 + 9

 +
1

s + 4
 

Taking I. L. T. on both sides 

    L−1  
s + 29

(s2 + 9)(s + 4)
  

                           =  −L−1   
s

s2 + 32  + 5 L−1   
1

s2 + 32  + L−1  
1

s + 4
  

                           = − cos 3t +  
5 sin3t

3
 +e−4t  

                   𝐟 𝐭 =  𝐞−𝟒𝐭 − 𝐜𝐨𝐬 𝟑𝐭 + 
𝟓
𝟑

 𝐬𝐢𝐧 𝟑𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕𝟎:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝟓𝐬 + 𝟑

 𝐬 − 𝟏 (𝐬𝟐 + 𝟐𝐬 + 𝟓)
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   = L−1  
5s + 3

 s − 1 (s2 + 2s + 5)
  

By partial fraction,   

   
5s + 3

 s − 1 (s2 + 2s + 5)
=

A
s − 1

 +  
Bs + C

s2 + 2s + 5
      …… 1  

    5s + 3 =  A  s2 + 2s + 5 +  Bs + C  s − 1      …… 2  
Put s =  1 in equation  2 ,        8 =  8A;            𝐀 = 𝟏 
Put  s = 0   and  A = 1  in equn  2 , 3  =  5 +  −C ;         𝐂 = 𝟐 
Put  s = −1 , A = 1 , C =  2 in equn  2  
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    −2 =  4 +  −B + 2  −2  
    − 6 = −2  2 − B  ;      3 = 2 − B ;        3 − 2 = −B ;            𝐁 = −𝟏 

Equation  1  Æ    
5s + 3

 s − 1 (s2 + 2s + 5)
  =

1
s − 1

+
−s + 2

s2 + 2s + 5
 

Taking I. L. T. on both sides 

    L−1  
5s + 3

 s − 1 (s2 + 2s + 5)
   =  L−1   

1
s − 1

  + L−1   
−s + 2

s2 +  2s + 5
   

                                                         =  et  + L−1   
−s + 2

s2 + 2s + 1 − 1 + 5
   

                                                         =  et  + L−1   
− s + 1 + 3
 s + 1 2 + 22   

                                                         =  et  +  e−t  L−1   
−s + 3
s2+22    

                                 =  et  +    e−t   −1 L−1  
s

s2 + 22 +  3L−1  
1

s2 + 22   

                                 =  et  + e−t  −cos 2t +
3 sin 2t

2
]  

                         𝐟 𝐭 =  𝐞𝐭 −  𝐞− 𝐭 𝐜𝐨𝐬 𝟐𝐭 +  
𝟑
𝟐

  𝐞− 𝐭 𝐬𝐢𝐧 𝟐𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕𝟏:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝟏

𝐬𝟐 𝐬𝟐 + 𝟏     

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  
1

s2(s2 + 1
  

               
1

s2(s2 + 1)
 =

1
s2 −

1
s2 + 1

                           … Note 

Taking   I. L. T.  on both sides 

    L−1   
1

s2(s2 + 1)
 =  L−1  

1
s2 − L−1  

1
s2 + 1

  

                             𝐟 𝐭  =  𝐭 − 𝐬𝐢𝐧 𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕𝟐:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝐬𝟐 − 𝟑

 𝐬 + 𝟐 (𝐬 − 𝟑)(𝐬𝟐 + 𝟐𝐬 + 𝟓)
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1   
s2 − 3

 s + 2  s−3)(s2 + 2s + 5   

By partial fraction 
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s2 − 3
 s + 2  s − 3 (s2 + 2s + 5)

 =
A

s + 2
 +

B
s − 3

 +
Cs + D

s2 + 2s + 5
   …… 1  

Multiplying both sides by  s + 2   s − 3)(s2 + 2s + 5  
    s2  − 3 =  A s − 3  s2 + 2s + 5 + B s + 2  s2 + 2s + 5   
                         + Cs + D  s + 2  s − 3                                      …… 2  

Put  s = −2 in equation  2 , 1 =  A  −5  5 ;           ∴ 𝐀 =  
−𝟏
𝟐𝟓

 

Put s =  3 in equation 2 ,              6 =   B  5   20 ;         ∴  𝐁 =  
𝟑
𝟓𝟎

 

Put  s =  0 ,   A  =  
−1
25

  and  B =  
3

50
  in equn  2  

    −3 =  
−1
25

 (−3) (5) +
3

50
 (2) (5) +  D  2  −3  

    
−21

5
 = −6D ;     

21
5

×
1
6

=  D ;        ∴  𝐃 =
𝟕
𝟏𝟎

 

Put  s =  1,   A =
−1
25

 , B =
3

50
   and  D =

7
10

  in equn  2  

    −2 =  
−1
25

  −2  8 +
3

50
  3  8 +  C +

7
10

  3  −2  

    −2 =  
16
25

 +  
72
50

 − 6C −
21
5

 

  −2 −
16
25

−
72
50

+
21
5

  = −6C  ;    
3

25
  = −6C ;     

−1
50

  = C ;  ∴ 𝐂 =
−𝟏
𝟓𝟎

 

Substituting the value of A, B, C and D in equn  1  
and Taking I. L. T. on both sides, we get 

    L−1  
s2 − 3

 s + 2  s − 3 (s2 + 2s + 5)
  

     =  
−1
25

 L−1  
1

s + 2
 +

3
50

 L−1  
1

s − 3
 −

1
50

 L−1  
s

(s2 + 2s + 5)
  

              +
7

10
 L−1  

1
s2 + 2s + 5

  

     =  
−1
25

 e−2t +
3

50
 e3t −

1
50

L−1  
 s + 1 − 1
 s + 1 2+22 

+
7

10
 L−1  

1
 s + 1 2+22  
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     =  
−1
25

 e−2t  +
3

50
 e3t −

1
50

  
s + 1

 s + 1 2+22 − L−1  
1

 s + 1 2+22  

+
7

10
e−t sin2t

2
   

     =
−1
25

 e−2t +
3

50
e3t −

1
50

  e−t cos 2t −  e−t sin2t
2

 +
7

20
e−t sin 2t 

     =
−1
50

   2e−2t − 3e3t +  e−t cos 2t −
1
2

e−tsin 2t −
350
20

 e−t sin 2t  

  𝐟 𝐭 =
−𝟏
𝟓𝟎

  𝟐𝐞−𝟐𝐭 − 𝟑𝐞𝟑𝐭 + 𝐞−𝐭𝐜𝐨𝐬 𝟐𝐭 –𝟏𝟖 𝐞−𝐭𝐬𝐢𝐧 𝟐𝐭   
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕𝟑:  𝐅𝐢𝐧𝐝  𝐋−𝟏  
𝐬 + 𝟐

𝐬𝟑(𝐬 − 𝟏)𝟐    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
s + 2

s3(s − 1)2  

By partial fraction method 

     
s + 2

s3(s − 1)2  =  
A
s

 +
B
s2  +

C
s3 +

D
s − 1

 +
E

(s − 1)2           ……  1  

Multiplying both sides by s3(s − 1)2 
    s + 2 = A s2(s − 1)2 +  B s(s − 1)2 + C s − 1 2 + Ds3(s − 1) + Es3 
    s + 2 = A s2 s2 − 2s + 1 + Bs s2 − 2s + 1 + C s2 − 2s + 1 

+ Ds3 s − 1 + Es3 
    s + 2 = As4 − 2As3 + As2 + Bs3 − 2Bs2 + Bs + Cs2 − 2Cs + C

+ Ds4 − Ds3 + Es3 
    s + 2 =  A + D s4 +  −2A + B − D + E s3 +  A − 2B + C s2

+  B − 2C s + C 
Equating Coefficent on both sides. 
Coefficient of  s4 Æ  A + D = 0                                        …… 2  
Coefficient of  s3 Æ −  2A + B − D + E =  0            …… 3  
Coefficient of  s2 Æ  A − 2B + C = 0                              …… 4  
Coefficient of  s   Æ       B − 2C = 1                               …… 5  
Constant term  Æ     𝐂 =  𝟐  
Put C = 2 in equation  5 , B − 2 2 = 1 ;    B =  1 + 4 ;       𝐁 = 𝟓 
Put B = 5 &  C = 2 in equation  4 , A − 2 5 + 2 = 0 ;     𝐀 = 𝟖 
Put A = 8 , in equation  2 , 8 + D  = 0  ;                𝐃 = −𝟖  
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Put  A = 8 ,   B = 5,   C = 2,   D = −8 in equation 3  
    −2 8 +  5 −  −8 + E = 0 
    −3 +  E = 0 ;              𝐄 = 𝟑 
Now, Substituting A, B, C, D, & F values in equation 1  
Taking I. L. T. on both sides 

    L−1  
s + 2

s3 s − 1 2   = L−1   
8
s

 +  
5
s2  +

2
s3  +

−8
s − 1

 +
3

 s − 1 2 1 

               = 8 L−1  
1
s
 + 5L−1  

1
s2 +  2L−1  

1
s3 − 8L−1  

1
s − 1

 

+ 3L−1  
1

 s − 1 2  

               =  8 1 + 5t +  2
t2

2!
 −8et  + 3et.. L−1  

1
s2  

      𝐟 𝐭  =  𝟖 +  𝟓𝐭 +  𝐭𝟐 −  𝟖𝐞𝐭 + 𝟑𝐭 𝐞𝐭                           
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕𝟒:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝟏

𝐬𝟑 𝐬𝟐 + 𝟏    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Hint:  By P. F.    
1

s3 s2 + 1 =   
A
s

 +
B
s2  +

C
s3  +

Ds + E
s2 + 1

 

Simplify by equating coffefficient method    A = −1,   B = 0,   C 
= 1,   D = 1,   E = 0 

∴  𝐟  𝐭 = −𝟏 +
𝐭𝟐

𝟐
 + 𝐜𝐨𝐬 𝐭 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕𝟓:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝟐𝟏𝐬 − 𝟑𝟑

 𝐬 + 𝟏  𝐬 − 𝟐 𝟑    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Hint:  by P. F. 
21s − 33

 s + 1  s − 2 3   

=
A

s + 1
+

B
s − 2

+
C

 s − 2 2 +
D

 s − 2 3 

Simplify by equating coffefficient method    A = 2,   B = −2,   C
=  4,   D = 3 

∴   𝐟 𝐭  =  𝟐𝐞𝐭 −  𝟐𝐞𝟐𝐭 + 𝟒𝐭. 𝐞𝟐𝐭 +
𝟑
𝟐

𝐭𝟐𝐞𝟐𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕𝟔:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝐬𝟐 + 𝟐𝐬 + 𝟑

 𝐬𝟐 + 𝟐𝐬 + 𝟐 (𝐬𝟐 + 𝟐𝐬 + 𝟓)
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
s2 + 2s + 3

 s2 + 2s + 2 (s2 + 2s + 5)
 

By partial fraction 

  
s2 + 2s + 3

 s2 + 2s + 2 (s2 + 2s + 5)
 =

k1s + k2

s2 + 2s + 2
+

k3s + k4

s2 + 2s + 5
      …… 1  

Multiplying both sides by (s2+2s + 2)(s2 + 2s + 5) 
    s2 + 2s + 3 =  (k1s + k2)(s2 + 2s + 5) +  k3s + k4 (s2 + 2s + 2) 
    s2 + 2s + 3 = k1s3 + 2k1s2 + 5k1s + k2s2 + 2k2s 
                              +5k2+ k3s3+ 2k3s2 + 2k3s + k4s2 + 2k4s + 2k4 
    s2 + 2s + 3 =  (k1+k3)s3 +  2k1+k2+2k3 + k4 s2

+  5k1 + 2k2 + 2k3 + 2k4 s +  5k2 + 2k4  
Equating coefficient on both sides 
Coefficient of s3Æ k1+k3 = 0                                     … … 2  
Coefficient of s2Æ 2k1 + k2 + 2k3 + k4 = 1          ……  3  
Coefficient of s  Æ 5k1  +  2k2 + 2k3 + 2k4 = 2   …… 4  
Constant term   Æ 5k2 + 2k4 = 3                              …… 5  

Equn  3 × 2       4k1  +   2k2  +  4k3  + 2k4 = 2 
Equn  4                 5k1 +  2k2  +   2k3  +  2k4 = 2 
Subtraction           −         −            −            −             −   
                                                              −k1 +  2k3  = 0        …… 6  
Equn  2                         k1  +  k3     =  0 
Equn  6                   −  k1  + 2k3   =  0 
Adding                                      3k3    =  0 
                                                        k3   =  𝟎 

Equn  2   Æ  k1  +   0 = 0    ∴   𝐤𝟏 = 𝟎 
Put  k1  & k3   values in equation  3 Æ      
    2  0 + k2 +  2  0 +  k4  = 1 
                              k2    +  k4    = 1                               …… 7  
Now,    Eqn  7 ×  2          2k2 +  2k4  = 2 
              Eqn  5                    5k2 + 2k4   = 3 
Subtracting         −        −                 − 
                                            −3k2      = −1 

                                                      𝐤𝟐 =
𝟏
𝟑
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Put k2 =  
1
3

 in equation  7 Æ 

    
1
3

 +  k4   =  1  ;      k4  =   1 −  
1
3

 =  
3 − 1

3
 =  

2
3

;             𝐤𝟒  =  
𝟐
𝟑

 

Substituting all   k1, k2, k3 and  k4 values in equation  1  
and Taking I. L. T. on both sides equation 1  Æ 

  L−1   
s2 + 2s + 3

 s2 + 2s + 2  s2 + 2s + 5     

               = L−1  
0 s + 1

3
s2 + 2s + 2

+
0 s + 2

3
s2 + 2s + 5

   

               =
1
3

 L−1  
1

s2 + 2s + 2
  +

2
3

 L−1  
1

s2 + 2s + 5
  

               =
1
3

 L−1  
1

 s + 1 2 + 12 +
2
3

 L−1  
1

 s + 1 2 + 22  

               =
1
3

 e−t sin t  +  
2
3

 e−t  
sin 2t

2
 

               =
1
3

  e−t sin t +  
1
3

 e−t sin 2t 

       𝐟 𝐭 =
𝟏
𝟑

 𝐞−𝐭 (𝐬𝐢𝐧 𝐭 + 𝐬𝐢𝐧 𝟐𝐭) 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕𝟕:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝐬

(𝐬𝟐 + 𝟏)(𝐬𝟐 + 𝟒)
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Hint by P. F.  
s

 s2 + 1  s2 + 4  =  
k1s + k2

s2 + 1
 +  

k3s + k4

s2 + 4
 

Simplify by using equating coefficient method    

 k1  =  
1
3

 , k2 = 0, k3 =
−1
3

 , k4 = 0 

       𝐟 𝐭 =
𝟏
𝟑

 𝐜𝐨𝐬 𝐭 − 𝐜𝐨𝐬 𝟐𝐭  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕𝟖:   𝐅𝐢𝐧𝐝  𝐋−𝟏  
𝐬

𝐬𝟒 + 𝐬𝟐 + 𝟏
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1   
s

s4 + s2 + 1
  

We have ,   
s

s4 + s2 + 1
 =  

s
s4 + 2s2 + 1 − s2                                … Note 

                       =  
s

(s2 + 1)2 − s2              ∵  use a2 − b2 = (a − b)(a + b)  
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               =   
s

 s2 + 1 − s  s2 + 1 + s 
 

               =   
1
2

 
1

s2 − s + 1
−

1
s2 + s + 1

              … Note 

              = 
1
2

 
1

s2 − s +  1
2 

2
−  1

2 
2

+ 1
−

1

s2 + s +  1
2 

2
−  1

2 
2

+ 1
     

                                    … By using 3rd term 

              =  
1
2

 
1

 s − 1
2 

2
+ 3

4

 −  
1

 s + 1
2 

2
+ 3

4

  

Taking I. L. T. on both sides , we get  

L−1  
s

s4 + s2 + 1
 =  

1
2

  L−1

 
 
 

 
 

1

 s − 1
2 

2
+   3

2  
2 −

1

 s + 1
2 

2
+   3

2  
2

 
 
 

 
 

 

                  =  
1
2

 

 
 
 
 
 

L−1

 
 
 

 
 

1

 s − 1
2 

2
+   3

2  
2

 
 
 

 
 

− L−1

 
 
 

 
 

1

 s + 1
2 

2
+   3

2  
2

 
 
 

 
 

 
 
 
 
 

 

                  =  
1
2

 e
1
2t  

sin  3
2 t

 3
2

  −  e− 12t sin  3
2 t

 3
2

    

                  =  
1
2

 
2
 3

 e
t
2sin

 3
2

t −
2
 3

 e− t2  sin
 3
2

t  

                  =  
1
2

 
2
 3

sin
 3
2

t   e
t
2 − e− t2        =  

1
2

 
2
 3

sin
 3
2

t   2 sinh
t
2
  

         𝐟 𝐭  =  
𝟐
 𝟑

 𝐬𝐢𝐧 
 𝟑
𝟐

𝐭 𝐬𝐢𝐧𝐡
𝐭
𝟐

 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟕𝟗: 𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝐬𝟑

𝐬𝟒 − 𝐚𝟒    
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  
s3

s4 − a4  

Consider,
s3

s4 − a4  =  
s3

 s2 2 −  a2 2 

                            =
s3

 s2 − a2 (s2 + a2)
     ∵  use a2−b2 =  a − b (a + b)  

                            =  
s
2

  
1

s2 − a2 +
1

s2 + a2           … Note 

Taking inverse L. T. on both sides  

    L−1  
s3

s4 − a4  =  
1
2

 L−1  
s

s2 − a2 +
s

s2 + a2  

                                =  
1
2

  L−1  
s

s2 − a2   + L−1  
s

s2 + a2   

                       𝐟 𝐭  =
𝟏
𝟐

  𝐜𝐨𝐬𝐡𝐚𝐭 + 𝐜𝐨𝐬 𝐚𝐭  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖𝟎:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝐬 + 𝟐

𝐬𝟐 𝐬 + 𝟑     

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Hint:  by P. F.  
s + 2

s2 s + 3  =  
A
s

 +  
B
s2  +  

C
s + 3

 

    A =
1
9

,   B =
2
3

,   C = −
1
9

                𝐟 𝐭 =
𝟏
𝟗

 +
𝟐
𝟑

 𝐭 −
𝟏
𝟗

 𝐞−𝟑𝐭 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖𝟏:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝐬𝟐

(𝐬𝟐 − 𝐚𝟐)𝟐    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  
s2

(s2 − a2)2  

Consider,
s2

(s2 − a2)2  =
s2

  s − a  s + a  2 =
s2

 s − a 2 s + a 2 

By partial fraction  

     
s2

 s − a 2 s + a 2  =  
A

s − a
 +

B
 s − a 2 +

C
s + a

+
D

 s + a 2        …… 1  

Multiplying both sides by  s − a 2 s + a 2 
s2 = A s − a  s + a 2 + B s + a 2+C s − a 2 s + a + D s − a 2. .  2  
Put   s = a in equation 2  
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            a2 = B a + a 2 ;  a2 = 4a2B;                  𝐁 =  
𝟏
𝟒

 

Put  s = −a  in equation  2  

     −a2  = D(−a − a)2; a2 = 4a2D;               𝐃 =  
𝟏
𝟒

 

Consider,
A

s − a
+

C
s + a

=
1

2a
  

1
s − a

−
1

s + a
  

                         
A

s − a
 +  

C
s + a

=
1

2a
s − a

+
− 1

2a
s + a

 

∴  Compare Nr  on both sides  𝐀 =
𝟏
𝟐𝐚

  &    𝐂 =
−𝟏
𝟐𝐚

 

∴  Substituting values of A, B, C, and  D in equation 1  
and Taking inverse L. T. on both sides 

    L−1  
s2

(s2 − a2)2  =  L−1  
1

2a
s − a

+
1
4

 s − a 2 +
− 1

2a
s + a

+
1
4

 s + a 2   

=  
1

2a
L−1  

1
s − a

 +
1
4

L−1  
1

 s − a 2 −
1

2a
L−1  

1
s + a

 +
1
4

L−1  
1

 s + a 2  

               =  
1

2a
 eat +

1
4

 eat   t −  
1

2a
 e−at +

1
4

 e−at  t  

               =  
1

2a
 (eat −e−at ) +

t
4

  eat +e−at   

               =  
1

2a
 2 sinh at  +  

t
4

 2 cosh at 

       𝐟 𝐭 =  
𝟏
𝐚

𝐬𝐢𝐧𝐡𝐚𝐭 +
𝐭
𝟐

𝐜𝐨𝐬𝐡𝐚𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖𝟐:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝐬𝟐 − 𝐚𝟐

(𝐬𝟐 + 𝐚𝟐)𝟐     

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
s2 − a2

(s2 + a2)2  

By partial fraction  

     
s2 − a2

(s2 + a2)2 =
As + B
s2 + a2  +

Cs + D
(s2 + a2)2              …… 1  

Multiplying both sides by (s2 + a2)2 
    s2 − a2 = (As + B)(s2+a2) + (Cs + D) 
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    s2 − a2 =  As3 + Aa2s + Bs2 + Ba2 + Cs + D 
    s2 − a2 =  As3 + Bs2 +  Aa2 + C s +  Ba2 + D  
Equating coefficient on both sides 
Coefficient of s3 Æ   𝐀 = 𝟎 
Coefficient of s2 Æ   𝐁 = 𝟏 
Coefficient of  s  Æ    Aa2 + C = 0                      …… 2  
Constant term    Æ  Ba2 + D = −a2                     …… 3  
Put  A =  0  in equation  2         0a2 + C = 0;           𝐂 = 𝟎 
Put  B = 1  in equation  3      1 a2 +  D = −a2;     𝐃 = −𝟐𝐚𝟐 
Substituting values of A, B, C and D in equn 1  
and Taking inverse L. T. on both sides  

    L−1  
s2 − a2

(s2 + a2)2  = L−1  
0 s + 1
s2 + a2 +

0 s +  (−2a2)
(s2 + a2)2   

                                    = L−1  
1

s2 + a2 − 2a2L−1  
1

(s2 + a2)2  

                                    =  
sin at

a
− a2L−1  

1
s

 
𝟐𝐬

(𝐬𝟐 + 𝐚𝟐)𝟐   

                                    =
sin at

a
− a2 𝐿−1  

1
𝑠

 𝑮 𝒔                              … Note 

                            f t =
sin at

a
−  a2  𝐺 𝑡  𝑑𝑡

𝑡

0

             …… 2   … Note 

Where, G s       =
2s

(s2 + a2)2 

Taking I. L. T.  L−1   G s         =  L−1  
2s

(s2 + a2)2  

                                                =  L−1  − 
d
ds

  
1

s2 + a2   

                                       G t = t 
sin at

a
           ∵ L−1  

d
ds

 f  s   =  − t f (t)  

Equn  2  becomes 

    f t  =  
sin at

a
 −  a2  t

sin at
a

t

0

 dt 

Succ
es

sC
lap

SuccessClap: Best Coaching for UPSC Maths: Visit SuccessClap.com/ Whatsapp 9346856874

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com



 
 

Laplace Transform                                                                                                                 60 

             =  
sin at

a
−

a2

a
   t

t

0

sin at  dt 

             =  
sin at

a
− a  t.

(− cos at) 
a

−  1 .
(− sin at) 

a2   
0

t

 

             =  
sin at

a
− a  

−t
a

cos at +
sin at

a2  − 0   

             =  
sin at

a
 +  t cos at −

sin at
a

 

     𝐟 𝐭 =  𝐭 𝐜𝐨𝐬 𝐚𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖𝟑:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝟏

𝐬𝟑 + 𝐚𝟑    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let  L−1  f s  =  L−1  
1

s3 + a3  

Consider,   
1

s3 + a3  =
1

 s + a (s2 − sa + a2)
     ∵ a3+b3 =  a + b  a2−ab + b2    

By partial fraction 

     
1

 s + a  s2 − sa + a2   =
A

s + a
 +

Bs + C
s2− sa + a2                … … 1  

Multiplying both sides by (s + a) (s2−sa + a2) 
                     1 =  A(s2 –  sa + a2) +   Bs + C  s + a          …… (2) 

Put s = − a in equn 2 Æ 1 = A  a2 + a2 + a2   ;    𝐀 =  
𝟏

𝟑𝐚𝟐  

Put s = 0 and A =
1

3a2  in equn 2 Æ1 =
1

3a2  a2 + C a  ;  

        a C = 1 −  
1
3

 ;  𝐂 =
𝟐
𝟑𝐚

 

Now, from equn(2) 
     1 =  As2−Aas + Aa2 + Bs2 + Bas + Cs + Ca 
     1 =   A + B  s2 +  −Aa + Ba + C s +  Aa2 + Ca  
Equating coefficient on both sides  

Coefficient of s2 Æ  A + B = 0    ;       B = − A   ;        𝐁 =   
−𝟏
𝟑𝐚𝟐 

Substituting values of A, B, and C in equation  1  & Taking inverse L. T.  
on both sides, 
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    L−1   
1

s3 + a3  = L−1   
1

3a2

s + a
 +  

−1
3a2 + 2

3a
s2 − as + a2  

=
1

3a2 L−1  
1

s + a
 −

1
3a2 L−1  

s
s2 − as + a2 +

2
3a

L−1  
1

s2 − as + a2  

=  
1

3a2 e−at −
1

3a2  L−1  
s

s2 − as +  a
2 

2
−  a

2 
2

+a2
  

                             + 
2

3a
 L−1  

1

s2 − as +  a
2 

2
−  a

2 
2

+ a2
  

=
1

3a2  e−at −  
1

3a2  L−1  
s

 s − a
2 

2
+ 3a2

4

 +
2

3a
L−1  

1

 s − a
2 

2
+ 3a2

4

  

=
1

3a2 e−at −  
1

3a2 L−1

 
 
 

 
 

 s − a
2 + a

2

 s − a
2 

2
+   3a

2  
2

 
 
 

 
 

+
2

3a
L−1

 
 
 

 
 

1

 s − a
2 

2
+   3a

2  
2

 
 
 

 
 

 

=
1

3a2  e−at −
1

3a2  e
a
2t  L−1

 
 
 

 
 

s + a
2

s2 +   3a
2  

2

 
 
 

 
 

+
2

3a e
a
2t L−1

 
 
 

 
 

1

s2 +   3a
2  

2

 
 
 

 
 

 

=  
1

3a2 e−at −
1

3a2  e
a
2t  

 
 
 
 
 

L−1

 
 
 

 
 

s

s2 +   3a
2  

2

 
 
 

 
 

+
a
2

 L−1

 
 
 

 
 

1

s2 +   3a
2  

2

 
 
 

 
 

 
 
 
 
 

+
2

3a
 e

a
2t

sin 3
2 at

 3
2 a
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=
1

3a2  e−at −
1

3a2  e
a
2t   cos

 3
2

 at +
a
2

sin  3
2 at

 3
2 a

 +
2

3a
e

a
2t 2

 3a
sin

 3
2

at 

=  
1

3a2 e−at −
1

3a2 e
a
2t cos

 3
2

at −
e

a
2t

3 3a2
 sin

 3
2

 at

+
4
3

 
e

a
2t

 3a2
sin

 3
2

 at   

𝐟 𝐭 =
𝐞− 𝐚𝐭

𝟑𝐚𝟐  −
𝐞

𝐚
𝟐 𝐭

𝟑𝐚𝟐 𝐜𝐨𝐬
 𝟑
𝟐

𝐚𝐭 +
𝐞

𝐚
𝟐𝐭

 𝟑𝐚𝟐
𝐬𝐢𝐧  

 𝟑
𝟐

𝐚𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖𝟒:  𝐅𝐢𝐧𝐝  𝐋−𝟏  
𝐬 + 𝟏

(𝐬𝟐 + 𝟐𝐬 + 𝟐)𝟐    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  
s + 1

(s2 + 2s + 2)2  

Consider,
d
ds

  
1

s2 + 2s + 2
 =

− 2s + 2 
 s2 + 2s + 2 2 =

−2 s + 1 
(s2 + 2s + 2)2 

∴  
s + 1

(s2 + 2s + 1)2 =
−1
2

 
d
ds

 
1

s2 + 2s + 2
  

Taking I. L. T. on both sides  

    L−1  
s + 1

(s2 + 2s + 1)2 =
−1
2

 L−1  
d
ds

 
1

s2 + 2s + 2
   

𝑁𝑜𝑤, 𝑊. 𝑘. 𝑡,   𝐿−1   −1 𝑛 𝑑𝑛

𝑑𝑠𝑛  𝐹(𝑠)       = 𝑡𝑛𝐿−1 𝐹(𝑠)       = 𝑡𝑛𝐹 𝑡 ,

𝐻𝑒𝑟𝑒 𝑛 = 1 

    L−1  
s + 1

(s2 + 2s + 1)2 =
−1
2

  −t  F t =
1
2

t F t              … … 1  

Where   F t  = L−1 F s        = L−1  
1

s2 + 2s + 2
   

                          =  L−1  
1

s2 + 2s + 12 − 12 + 2
  

                F t  = L−1  
1

 s + 1 2+12 =  e−t sin t 

Equation  1  Æ    𝐟 𝐭 =
𝟏
𝟐

𝐭 𝐞−𝐭 𝐬𝐢𝐧 𝐭 
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖𝟓:  𝐅𝐢𝐧𝐝   𝐋−𝟏  
𝟑𝐬 + 𝟏

 𝐬 + 𝟏 𝟒   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  
3s + 1

 s + 1 4  

                      = L−1   
3 s + 1 − 2

 s + 1 2   

                      =  e−t  L−1   
3s − 2

s4              =  e−t  L−1   
3s
s4  

−2
s4   

                      =  e−t  3 L−1  
1
s3 − 2L−1  

1
s3   

                      =  e−t   3 
t2

2!
− 2 

t3

3!
           =

3
2

 e−tt2 −
2
6

 e−tt3 

              𝐟 𝐭 =  𝐞−𝐭  
𝟑
𝟐

𝐭𝟐 −
𝟏
𝟑

 𝐭𝟑  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖𝟔:  𝐅𝐢𝐧𝐝    𝐋−𝟏  
𝐬

𝐬𝟒 + 𝟒𝐚𝟒    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let   L−1  f s  =  L−1  
s

s4 + 4a4  

Consider  
s

s4 + 4a4  =  
s

 s2 2 +  2a2 2 

   =  
s

 s2 2 + 𝟐 𝐬𝟐  𝟐𝐚𝟐 +  2a2 2 − 𝟐(𝐬𝟐) 𝟐𝐚𝟐                  … Note  

                                       =  
s

(s2 + 2a2)2 − 4a2s2 

                                       =   
s

(s2 + 2a2)2 −  2as 2 

    =  
s

 s2 + 2a2 − 2as (s2 + 2a2 + 2as)
   {∵  a2−b2 =  a − b (a + b) 

By partial fraction 
     

s
(s2 + 2a2 − 2as)(s2 + 2a2 + 2as)

=
k1s + k2

s2 + 2a2 − 2as
+ 

k3s + k4

s2 + 2a2  + 2as
      …… 1  

Multiplying both sides by  s2 + 2a2 − 2as)(s2 + 2a2 + 2as  
    s =  (k1s + k2)(s2 + 2a2 + 2as) + (k3s + k4)(s2 + 2a2 − 2as) 
    s =  k1s3 + 2a2k1s + 2ak1s2 + k2s2 + 2a2k2 + 2ak2s +  k3s3

+ 2a2k3s − 2ak3s2+k4s2 + 2a2k4 − 2ak4s 
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    s = (k1+k3)s3+(2ak1+k2−2ak3+k4)s2 
                + 2a2k1 + 2ak2 + 2a2k3 − 2ak4 s +  2a2k2 + 2a2k4  
Equating coefficient on both sides  
Coefficient of   s3 Æ   k1 + k3  = 0                                                   … … 2  
Coefficient of   s2 Æ   2ak1+ k2− 2ak3 + k4 = 0                        …… 3  
Coefficient of   s   Æ   2a2k1 + 2ak2 + 2a2k3 − 2ak4 = 1         …… 4  
Constant term      Æ   2a2k2 + 2a2k4 = 0  
                                                       k2 + k4 = 0                                      …… 5  
Equation  3  Æ  2ak1− 2ak3 = 0 
                             i. e.     k1 − k3 = 0                                                     …… 6  
Now,   Adding equn 2  and  6 Æ 2k1 = 0  ;    𝐤𝟏 = 𝟎  ;     𝐤𝟑 =  𝟎     
Putting k1 = 0  ;   k3 =  0  in equn 3  Æ  k2+ k4 = 0               …… (7)   
Putting k1 = 0  ;   k3 =  0  in equn 4  Æ  2ak2 − 2ak4 = 1      … … (8) 
Now, 
Equation  7 × 2a      2ak2  +  2ak4   = 0 
Equation  8                 2ak2  − 2ak4     =  1 
Adding                                      4ak2         =  1 

                                        𝐤𝟐  =  
𝟏
𝟒𝐚

  

Equation 7  Æ  
1

4a
+ k4 =  0  ;     𝐤𝟒 =  

−𝟏
𝟒𝐚

                   

Substituting values of  k1, k2, k3 and k4 in equaion 1  

   L−1  
s

s4 + a4 = L−1  
0 s + 1

4a
s2 + 2a2 − 2as

 +  
0 s +   − 1

4a 

s2+2a2 + 2as
        

                =  
1

4a
L−1   

1
s2 − 2as + 2a2 −  

1
4a

L−1   
1

s2 + 2as + 2a2  

 =  
1

4a
 L−1  

1
s2 − 2as + a2 − a2 + 2a2 

−  
1

4a
 L−1  

1
s2 + 2as + a2 − a2 + 2a2      

 =  
1

4a
L−1  

1
(s − a)2 + a2  −

1
4a

L−1  
1

(s + a)2 + a2  

 =  
1

4a
 eat  

sin at 
a

−
1

4a
 e−at  

sin at
a
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 =  
1

4a2 sin at  eat − e−at     =  
1

4a2 sin at  2 sinh at 

      𝐟 𝐭  =  
𝟏

𝟐𝐚𝟐  𝐬𝐢𝐧 𝐚𝐭 𝐬𝐢𝐧𝐡 𝐚𝐭 
 

𝟏𝟎     𝐋𝐨𝐠𝐚𝐫𝐢𝐭𝐡𝐦𝐢𝐜 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 

𝐒𝐭𝐞𝐩𝐬:  1)First simplifying f s  by using rules of logarithm 

              2) First differentiate f s  w. r. t.  ‘s’  i. e.  
d
ds

f s  

              3) Taking I. L. T. on bothsides ;  L−1  
d
ds

f s  =  −t f t  
                   and proceed. 
 

𝟏𝟎. 𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐋𝐨𝐠𝐚𝐫𝐢𝐭𝐡𝐦𝐢𝐜 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖𝟕:  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟   

                               𝐥𝐨𝐠  
𝐬 + 𝐛
𝐬 + 𝐚

  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  log  
s + b
s + a

   

Consider, f s  =  log  
s + b
s + a

  = log s + b − log s + a  

Differentiating  w. r. t. ′s′ on both sides 

     
d
ds

f s =
d
ds

  log s + b − log s + a    

                  =
d
ds

 log s + b −
d
ds

 log s + a  

    
d
ds

 f s      =
1

s + b
−

1
s + a

 

Taking inverse L. T.  on both sides 

    L−1  
d
ds

  f s       = L−1  
1

s + b
−

1
s + a

  

              −t  f  t = L−1  
1

s + b
 − L−1  

1
s + a

  

             −t  f  t  =  e−bt  − e−at  

                     f t  =  
e−bt  − e−at

− t
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                      𝐟 𝐭 =  
𝐞−𝐚𝐭−𝐞−𝐛𝐭

𝐭
 

  

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖𝟖:  𝐅𝐢𝐧𝐝  𝐋−𝟏  𝐥𝐨𝐠  
𝟏 − 𝐬
𝟏 + 𝐬

    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  log  
1 − s
1 + s

   

Consider, f s = log  
1 − s
1 + s

 = log 1 − s − log 1 + s  

      Differentiating w. r. t. ′s′ on both sides 

          
d
ds

 f s =
d
ds

   log 1 − s  − log 1 + s   

                        =
d
ds

 log 1 − s −
d
ds

 log 1 + s  

                        =   
1

1 − s
 −1  −

1
1 + s

(1) 

          
d
ds

 f s =  
−1

1 − s
−

1
1 + s

 

 i. e.  
d
ds

 f s =  
1

s − 1
−

1
s + 1

 

Taking inverse L. T. on both sides 

    L−1  
d
ds

 f s  = L−1  
1

s − 1
−

1
s + 1

  

             −t f(t)   =  L−1  
1

s − 1
 − L−1   

1
s + 1

  

              −t f t  =  et −  e−t  

                    f t  =  
et− e−t

− t
=  

2 sinh t
− t

 

                   𝐟 𝐭  =  
−𝟐𝐬𝐢𝐧𝐡 𝐭

𝐭
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟖𝟗:   𝐅𝐢𝐧𝐝 𝐋−𝟏  
𝟏
𝟐

 𝐥𝐨𝐠  
𝐬 − 𝟏
𝐬 + 𝟏

       

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Hint: Solve by as like above problem ,

Ans.    𝐟 𝐭 =
− 𝐬𝐢𝐧𝐡 𝐭

𝐭
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗𝟎:  𝐅𝐢𝐧𝐝  𝐋−𝟏  
𝟏
𝟐

 𝐥𝐨𝐠  
𝐬𝟐 + 𝐚𝟐

𝐬𝟐 + 𝐛𝟐     
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
1
2

 log   
s2 + a2

s2 + b2   

Consider, f s =  
1
2

log  
s2 + a2

s2 + b2    

                          f s  =  
1
2

 log(s2 + a2) − log (a2 + b2)   

                   Differentiating w. r. t.  ′s′ 

                     
d
ds

f s  =   
d
ds

 
1
2

 log s2 + a2 − log (s2 + b2)    

                                    =   
1
2

  
d
ds

log s2 + a2 −
d
ds

log s2 + b2     

                                    =   
1
2

  
1

s2 + a2 2s −
1

s2 + b2 2s   

                       
d
ds

f s =   
2
2

   
s

s2 + a2 −
s

s2 + b2  

Taking inverse L. T. on both sides 

     L−1   
d
ds

f s  = L−1  
s

s2 + a2 −
s

s2 + b2  

              −t f t   = L−1  
s

s2 + a2 − L−1  
s

s2 + b2  

                    f t   =  
cos at − cos bt

− t
 

                   𝐟 𝐭   =  
𝐜𝐨𝐬 𝐛𝐭 − 𝐜𝐨𝐬 𝐚𝐭

𝐭
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗𝟏:  𝐅𝐢𝐧𝐝  𝐋−𝟏  𝐥𝐨𝐠  𝟏 +
𝐚𝟐

𝐬𝟐    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  log  1 +  
a2

s2   

Consider, f s  = log  
s2+a2

s2   

            f s  = log (s2+a2) − log s2 

            f s  = log (s2+a2) − 2 log s 
                       Differentiating w. r. t.  ′s′ 

                     
d
ds

 f s =  
d
ds

 log(s2+a2) − 2 log s  
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                                    =  
d
ds

log(s2+a2) − 2
d
ds

log s 

                      
d
ds

 f s =  
1

s2 + a2 2s −  2
1
s

 

Taking inverse L. T. on both sides  

    L−1  
d
ds

 f s  =  L−1  
s

s2 + a2 − 2  L−1  
1
s
  

               −t f t  =  2 cos at − 2  1  

                      f t =  
2 cos at − 2

−t
 

                     𝐟 𝐭 =  𝟐 
(𝟏 − 𝐜𝐨𝐬 𝐚𝐭 )

𝐭
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗𝟐:   𝐅𝐢𝐧𝐝 𝐋−𝟏  
𝟏
𝟐

𝐥𝐨𝐠   
𝐬𝟐 –  𝐚𝟐

𝐬𝟐          

 𝐀𝐧𝐬.     𝐟 𝐭 =
𝟏 − 𝐜𝐨𝐬𝐡 𝐚𝐭

𝐭
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗𝟑:   𝐅𝐢𝐧𝐝 𝐋−𝟏   𝐥𝐨𝐠
𝐬𝟐 + 𝟏

𝐬 𝐬 + 𝟏    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  log
s2 + 1

s s + 1   

Consider, f s = log
s2 + 1

s(s + 1)
      = log(s2 + 1) − log s(s + 1) 

                          f s   = log(s2 + 1) −  [log s + log(s + 1)] 

                          f s   = log(s2 + 1) − log s − log s + 1  
                 Differentiating  w. r. t.  ′s′ on both sides 

      
d
ds

 f s =
d
ds

 log(s2 + 1) − log s − log s + 1    

                    =
d
ds

log s2 + 1 −
d 
ds

 log s −
d
ds

 log  s + 1  

     
d
ds

 f s =  
1

s2 + 1
 2s −

1
s

−
1

s + 1
 

Taking inverse L. T. on both sides, 

    L−1   
d
ds

f s  = 2  L−1  
s

s2 + 1
 − L−1  

1
s
 − L−1  

1
s + 1
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               −t  f t = 2 cos t −  1 − e−t  

                      𝐟 𝐭 =  
𝟏
𝐭
 𝟏 + 𝐞−𝐭 − 𝟐 𝐜𝐨𝐬 𝐭  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗𝟒:  𝐅𝐢𝐧𝐝  𝐋−𝟏  
𝟏
𝐬

𝐥𝐨𝐠  𝟏 +
𝟏
𝐬𝟐      

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1   
1
s

log  1 +  
1
s2   

Consider, F s        = log  1 +  
1
s2     = log  

s2 + 1
s2   

                           F s         = log(s2 + 1) − log s2 
                 Differentiating  w. r. t.  ′s′ on both sides 

                     
d
ds

 F s        =  
d

ds
  log (s2 + 1) −

d
ds

 log s2 

                                      =  
1 2s 
s2 + 1

−
1
s2 2s 

                     
d
ds

 F s        =  
2s

s2 + 1
−

2
s

 

Taking inverse L. T. on both sides 

         L−1  
d
ds

 F s          =  2L−1  
s

s2 + 1
 − 2 L−1   

1
s
  

                    −t  F t        =  2 cos t − 2  1  

                           F t        =  
2(cos t − 1)

− t
 

                           F t        =  
2(1 − cos t)

t
 

Now, W. k. t., L−1   
1
s

F s        =   F(t)
t

0

 dt              

    𝐋−𝟏  
𝟏
𝐬

𝐥𝐨𝐠  𝟏 +
𝟏
𝐬𝟐  =  

𝟐(𝟏 − 𝐜𝐨𝐬 𝐭)
𝐭

𝐭

𝟎

 𝐝𝐭 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗𝟓:   𝐅𝐢𝐧𝐝 𝐋−𝟏   𝐜𝐨𝐭−𝟏  
𝐬
𝟐
    

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  cot−1  
s
2
   

Consider, f s = cot−1  
s
2
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                 Differentiating  w. r. t.  ′s′ on both sides 

                     
d
ds

 f s =
d
ds

 cot−1  
s
2
              ∵

d
ds

 cot−1x =
−1

x2 + 1
  

                    
d
ds

 f s  =  
−1

 s
2 

2
+ 1

 
1
2
    =  

−1
s2

4 + 1
 

1
2
     =

−4
s2 + 4

  
1
2
  

                     
d
ds

 f s =  
−2

s2 + 4
                                              

              Taking inverse L. T. on both sides 

          L−1   
d
ds

 f s  = −2 L−1  
1

s2 + 22  

                     −t  f t = −2
sin 2t

2
 

                     −t  f t =  − sin 2t 

                            f t =  
− sin 2t

−t
 

                           𝐟 𝐭 =  
𝐬𝐢𝐧𝟐 𝐭

𝐭
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗𝟔:  𝐅𝐢𝐧𝐝  𝐋−𝟏  𝐭𝐚𝐧−𝟏  
𝟐
𝐬𝟐     

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  tan−1  
2
s2   

Consider, f s = tan−1  
2
s2  

                 Differentiating  w. r. t.  ′s′ on both sides 

                     
d
ds

 f s =
d
ds

 tan−1  
2
s2  

                      
d
ds

 f s =  
1

1 +  2
s2 

2  .
d
ds

 
2
s2            ∵

d
ds

tan−1 x =
1

1 + x2  

                                    =  
1

1 + 4
s4

. 2  −2  s−3              ∵
d
ds

 
1
x2  =

d
ds

 x−2   

                                    =  
−4s−3

s4 + 4
s4

                                   ∵  
d
ds

 xn = nxn−1   
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                                    =  
s4

s3    
−4

s4 + 4
  

                                    =  
−4s

s4  + 4
  =

−4s
s4 + 4s2 + 4 − 4s2 

                                    =  
−4s

(s2 + 2)2 −  2s 2 

=  
−4s

 s2 + 2 − 2s (s2 + 2 + 2s)
       ∵ a2−b2 =  a − b   a + b   

                                    =  
1

s2 − 2s + 2
−

1
s2 + 2s + 2

                      … Note 

                      
d
ds

 f s =   
1

 s + 1 2 + 1
−

1
 s − 1 2 + 1

              ∵  3rd term  

Taking inverse  L. T. on both sides 

    L−1   
d
ds

 f s   =  L−1  
1

 s + 1 2+12 − L−1  
1

 s − 1 2+12  

               −t  f  t  =  e−t sin t − et sin t 

             f t =  
sin t (e− t  − et)

− t
   =  

sin t (et  − e− t)
t

    =   
sin t 2. sin h t

t
 

           𝐟 𝐭  =  
𝟐 𝐬𝐢𝐧 𝐭. 𝐬𝐢𝐧 𝐡𝐭

𝐭
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗𝟕: 𝐈𝐟 𝐬 𝐢𝐬 𝐬𝐮𝐟𝐟𝐢𝐜𝐢𝐞𝐧𝐭𝐥𝐲 𝐥𝐚𝐫𝐠𝐞 𝐬𝐡𝐨𝐰 𝐮𝐬𝐢𝐧𝐠 𝐬𝐞𝐫𝐢𝐞𝐬 𝐞𝐱𝐩𝐚𝐧𝐬𝐢𝐨𝐧  

𝐨𝐟    𝐭𝐚𝐧−𝟏  
𝐚
𝐬
  𝐭𝐡𝐚𝐭  𝐋−𝟏  𝐭𝐚𝐧−𝟏  

𝐚
𝐬
  =  

𝐬𝐢𝐧 𝐚𝐭
𝐭

 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   = L−1   tan−1  
a
s
   

w. k. t.   tan−1 x =  x −
x3

3
 +  

x5

5
−

x7

7
 + ⋯ 

Replace  x =
a
s

 

    tan−1  
a
s
 =  

a
s

−
 a

s 
3

3
+

 a
s 

5

5
−

 a
s 

7

7
+ ⋯ 

    tan−1  
a
s
 =  

a
s

−
a3

3
 

1
s3  +  

a5

5
 

1
s5 −

a7

7
 

1
s7 + ⋯ 

Taking Inverse L. T. on both sides 

 L−1  tan−1  
a
s
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                 =  a L−1  
1
s
 −

a3

3
L−1  

1
s3 +

a5

5
L−1   

1
s5 −

a7

7
L−1   

1
s7 + ⋯ 

                 =  a 1 −
a3

3
 
t2

2!
+

a5

5
 
t4

4!
−

a7

7
 
t6

6!
+ ⋯ 

                  =
1
t

   at −
 at 3

3!
+

 at 5

5!
−

 at 7

7!
 + ⋯                    … Note 

        𝐟 𝐭       =  
𝟏
𝐭

 𝐬𝐢𝐧 𝐚𝐭        ∵ sin x =  x −
x3

3!
+

x5

5!
−

x7

7!
+ …  here x = at   

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗𝟖:  𝐒𝐡𝐨𝐰 𝐭𝐡𝐚𝐭  

 𝐋−𝟏  
𝟏
𝐬

𝐜𝐨𝐬
𝟏
𝐬
  = 𝟏 −

𝐭𝟐

 𝟐! 𝟐 +
𝐭𝟒

 𝟒! 𝟐
 
−

𝐭𝟔

 𝟔! 𝟐  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  
1
s

cos
1
s

   

Consider, w. r. t.     cos x  = 1 −
x2

2!
+

x4

4!
−

x6

6!
+ ⋯ 

Replace  x =
1
s

 ,          cos  
1
s
 =  1 −

 1
s 

2

2!
+

 1
s 

4

4!
−

 1
s 

6

6!
 

                                                        = 1 −
1
2!

 
1
s2 +

1
4!

 
1
s4 −

1
6!

 
1
s6 

Multiplying both sides by 
1
s

,
1
s

cos
1
s

=  
1
s

 −
1
2!

 
1
s3 +

1
4!

1
s5 −

1
6!

1
s7 

Taking inverse L. T. on both sides  

    L−1  
1
s

cos
1
s
  = L−1  

1
s
 −

1
2!

 L−1  
1
s3 +

1
4!

 L−1  
1
s5 −

1
6!

L−1 1
s7 

                      f t      = 1 −  
1
2!

 
t2

2!
 +  

1
4!

 
t4

4!
 −  

1
6!

t6

6!
 

                 L. H. S. = 1 −
t2

 2! 2  +  
t4

 4! 2 −
t6

 6! 2 

                 𝐋. 𝐇. 𝐒. =  𝐑. 𝐇. 𝐒.                                 …𝐇𝐞𝐧𝐜𝐞 𝐩𝐫𝐨𝐯𝐞𝐝 
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𝟏𝟏     𝐂𝐨𝐧𝐯𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐓𝐡𝐞𝐨𝐫𝐞𝐦 
 

    𝐋−𝟏  𝐟 𝐬  =  𝐟 𝐭 =  𝐟𝟏 𝐭 − 𝐮 . 𝐟𝟐 𝐮  𝐝𝐮
𝐭

𝟎

      𝐎𝐑 

    𝐋−𝟏  𝐟 𝐬  =  𝐟 𝐭 =  𝐟𝟏 𝐮 . 𝐟𝟐 𝐭 − 𝐮  𝐝𝐮
𝐭

𝟎

 

𝐒𝐭𝐞𝐩𝐬: 
𝟏) Given  f s       , split it into two parts f1 s         and f2 s          say . 
𝟐) Taking inverse Laplace transform of both  f1 s        & f2 s         we get 
      f1 t & f2 t   respectively. 
𝟑) Any one function replace t = u and other replace t = t − u and  
      put in formula and proceed. 
 

𝟏𝟏. 𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐜𝐨𝐧𝐯𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟗𝟗:  𝐔𝐬𝐢𝐧𝐠 𝐜𝐨𝐧𝐯𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐟𝐢𝐧𝐝  𝐋−𝟏  
𝐚

𝐬 𝐬 − 𝐚   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  
a

s s − a   

Consider, f s       =  
a

s s − a  =   
a
s

.
1

s − a
 

Let     f1 s        =  
a
s

,   L−1 f1 s        = L−1  
a
s
 =  a =  f1 t  

Let     f2 s        =  
1

s − a
,   L−1 f2 s        = L−1  

1
s − a

 = eat  =  f2 t  

By convolution theorem    

f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0

 

                      =   a
t

0

eau  du      =  a  eau

t

0

 du  

                      =  a  
eau

a
 

0

t

      =  [eau ]0
t       =  eat − ea 0     =  eat − e0  

              𝐟 𝐭 = 𝐞𝐚𝐭 − 𝟏 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎𝟎:  𝐔𝐬𝐢𝐧𝐠 𝐂. 𝐓. 𝐟𝐢𝐧𝐝 𝐋−𝟏  
𝟏

𝐬 𝐬𝟐 + 𝐚𝟐   
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  
1

s s2 + a2   

              f s       =  
1

s s2 + a2   =
1
s

.
1

s2 + a2 

   Let   f1 s        =
1
s

 ;              L−1 f1 s        = L−1  
1
s
  = 1 = f1 t  

            f2 s        =
1

s2 + a2  ;   L−1 f2 s        = L−1  
1

s2 + a2 =
sin at

a
= f2 t  

By convolution theorem    

f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0

 

             =   1
t

0

.
sin au

a
 du      =

1 
a

  sin au du
t

0

 

             =  
1
a

  
− cos au

a
  

0

t
     =  

−1
a2   cos au 0

t  

             =  
−1
a2   cos at − cos a  0        =  

−1
a2   cos at − 1  

    𝐟 𝐭  =  
𝟏
𝐚𝟐   𝟏 − 𝐜𝐨𝐬 𝐚𝐭  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎𝟏:  𝐔𝐬𝐢𝐧𝐠 𝐂. 𝐓. 𝐟𝐢𝐧𝐝 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐨𝐟   𝐟 𝐬      =  
𝟏

 𝐬 − 𝟐  𝐬 + 𝟐 𝟐 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  
1

 s − 2  s + 2 2  

                   f s        =  
1

 s − 2  s + 2 2  =  
1

s − 2
 

1
 s + 2 2 

Let , f1(s)      =
1

s − 2
  ;       L−1 f1(s)        =  L−1  

1
s − 2

  = e2t =  f1 t  

                 f2(s)      =  
1

 s + 2 2  ;   L−1 f2(s)       =  L−1  
1

 s + 2 2  =  t. e−2t

= f2(t) 
By convolution theorem    

f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0
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            =  e2 t−u 
t

0

. e−2u . u  du 

            =  e2t . e−2u . e−2u . u du
t

0

    =   e2t e−4u

t

0

u du 

            =  e2t  u e−4u

t

0

du    =  e2t  u
e−4u

−4
−

e−4u

 −4  −4  
0

t

 

            =  e2t  t 
e−4t

−4
 −

1
16

 e−4t  −  0 −
e4 0 

16
   

            =  e2t  
−1
4

t e−4t −
1

16
 e−4t  +

1
16

 e0  

            =  
1

16
  −4t e−2t  − e−2t  + e2t  

   𝐟 𝐭 =  
𝟏
𝟏𝟔

 𝐞𝟐𝐭−𝐞−𝟐𝐭 − 𝟒𝐭𝐞−𝟐𝐭   
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎𝟐:  𝐔𝐬𝐢𝐧𝐠 𝐂. 𝐓. 𝐟𝐢𝐧𝐝 𝐋−𝟏  
𝟏

 𝐬 + 𝟏  𝐬𝟐 + 𝟏   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  
1

 s + 1  s2 + 1   

            f s        =  
1

s + 1
.

1
s2 + 1

 

Let     f1 s        =  
1

s + 1
  ;     f1 t =  e−t  

           f2 s        =  
1

s2 + 1
  ;  f2 t   = sin t 

By convolution theorem   

 f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0

 

             =   e− t−u 
t

0

sin u du =  e−t

t

0

eu sin u  du 
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             = e−t   eu

t

0

sin u  du           ∵  eax sin bx dx

=
eax

a2 + b2  a sin bx − b cos bx + c  

             =  e−t  
eu

12 + 12   1 sin u −  1 cos u  
0

t

        

             =  e−t  
et

2
  sin t − cos t −

e0

2
  sin 0 − cos 0   

             = e−t  
et

2
 sin t − cos t  −

1
2

 −1        ∵  sin 0 = 0,    cos 0 = 1   

             =  
1
2

  sin t − cos t +
1
2

 e−t 

     𝐟 𝐭 =  
𝟏
𝟐

  𝐬𝐢𝐧 𝐭 − 𝐜𝐨𝐬 𝐭 +  𝐞−𝐭  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎𝟑:  𝐔𝐬𝐢𝐧𝐠 𝐂. 𝐓. 𝐟𝐢𝐧𝐝  𝐋−𝟏  
𝐬𝟐

(𝐬𝟐+𝟒)𝟐  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  
s2

(s2+4)2  

             f s       =  
s2

(s2 + 4)2  =  
s

s2 + 4
.

s
s2 + 4

 

Let     f1 s        =   
s 

s2 + 4
  ;   f1 t = cos 2t 

            f2 s       =  
s

s2 + 4
 ;     f2 t = cos 2t 

By convolution theorem    

f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0

 

             =  cos 2 t − u . cos 2u  du 
t

0

 

             =  cos 2t − 2u . cos 2u du
t

0
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             =  
1
2

t

0

  cos 2t − 2u + 2u + cos 2t − 2u − 2u  du   

                           ∵ cos A . cos B =
1
2

 cos A + B + cos A − B   ,

Here A = 2t − 2u &  B = 2u 

             =  
1
2

 [cos(2t) + cos(2t − 4u)] du
t

0

 

             =  
1
2

 cos 2t  1du
t

0

+  cos 2t − 4u du
t

0

  

             =  
1
2

  cos 2t  u 0
t +  

sin 2t − 4u 
−4

 
0

t

  

             =  
1
2

  cos 2t   t − 0 −
1
4

  sin 2t − 4t − sin(2t − 4(0)   

             =  
1
2

  t cos 2t −
1
4

  sin −2t − sin 2t   

             =
1
2

t. cos 2t −
1
8

 −2 sin 2t                     ∵ sin(−θ) = − sin θ  

     𝐟 𝐭 =  
𝟏
𝟐

𝐭. 𝐜𝐨𝐬 𝟐𝐭 +
𝟏
𝟒

𝐬𝐢𝐧 𝟐𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎𝟒:  𝐔𝐬𝐢𝐧𝐠 𝐂. 𝐓. 𝐟𝐢𝐧𝐝   𝐋−𝟏  
𝟏

(𝐬𝟐 + 𝐚𝟐)𝟐  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
1

(s2 + a2)2  

              f s =  
1

(s2 + a2)2 .
1

(s2 + a2)
 

Let   f1 s =  
1

s2 + a2  ;     f1 t =  
sin at

a
 

         f2 s =  
1

s2 + a2  ;    f2 t =  
sin at

a
 

By convolution theorem   

 f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0
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             =   
sin a t − u 

a
.
sin au 

a
 du

t

0

  

             =  
1
a2   sin at − au sin au du

t

0

  

                                         sin A . sin B = −
1
2

[cos(A + B) − cos A − B ]  

             =  
−1
2a2    cos at − cos at − 2au  

t

0

du    

             =  
−1
2a2   cos at  1 du −  cos at − 2au du

t

0

  

              =  −
1

2a2   cos at  u 0
t −  

sin at − 2au 
−2a

  
0

t

  

              =  
−1
2a2  cos at  t − 0 +

1
2a

 sin at − 2at − sin at − 2a 0     

      =  
−1
2a2    t cos at +

1
2a

  − sinat −  sinat           ∵ sin(−θ) = − sin θ  

               =  
−1
2a2    t cos at +

1
2a

  −2 sin at   

       𝐟 𝐭 =  
𝟏

𝟐𝐚𝟑  𝐬𝐢𝐧𝐚𝐭 − 𝐚𝐭 𝐜𝐨𝐬 𝐚𝐭  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎𝟓:  𝐔𝐬𝐢𝐧𝐠 𝐂. 𝐓. 𝐟𝐢𝐧𝐝  𝐋−𝟏  
 𝐬 + 𝟐 𝟐

(𝐬𝟐 + 𝟒𝐬 + 𝟖)𝟐  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  =  L−1  
 s + 2 2

(s2 + 4s + 8)2  

              f s  =   
 s + 2 2

(s2 + 4s + 8)2     =
s + 2

(s2 + 4s + 8)
.

s + 2
(s2 + 4s + 8)

 

Let, f1 s        =  
s + 2

s2 + 4s + 8
   =

 s + 2 
s2 + 4s + 22 − 22 + 8

 

                           =  
 s + 2 

 s + 2 2 + 22  = f2 s                ∵ By using 3rd  term  

        f1 t =  e−2t cos 2t  =  f2 t    



 
 

Laplace Transform                                                                                                                 79 

By convolution theorem    

f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0

 

             =  e−2 t−u 
t

0

cos 2 t − u . e−2u . cos 2u  du  

             =  e−2t

t

0

. e2u cos 2t − 2u  . e−2u cos 2u  du 

             = e−2t  cos(2t − 2u). cos 2u  du
t

0

               ∵ e2u . e−2u = e0 = 1  

             =  e−2t  
1
2

t

0

 cos 2t − 2u + 2u + cos 2t − 2u − 2u   du 

                                     ∵ cos A cos B  =  
1
2

 cos A + B + cos A − B    

             =  
e−2t

2
  [cos 2t + cos(2t − 4u)]

t

0

du 

             =  
e−2t

2
 cos 2t  1 du

t

0

+  cos 2t − 4u du
t

0

  

             =  
e−2t

2
 cos 2t  u 0

t +  
sin 2t − 4u 

−4
 

0

t

  

             =  
e−2t

2
 cos2t  t − 0 −

1
4

  sin 2t − 4t − sin 2t − 4 0      

             =  
e−2t

2
  t cos 2t −

1
4

 sin −2t − sin 2t    

    𝐟(𝐭)  =  
𝐞−𝟐𝐭

𝟐
  𝐭 𝐜𝐨𝐬 𝟐𝐭 +

𝐬𝐢𝐧 𝟐𝐭
𝟐

                         ∵ sin −θ = sin θ  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎𝟔:  𝐔𝐬𝐞 𝐂. 𝐓. 𝐟𝐢𝐧𝐝  𝐋−𝟏  
𝐬𝟐

(𝐬𝟐 + 𝐚𝟐)𝟐  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s  = L−1  
s2

(s2 + a2)2  
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               f s =
s

s2 + a2  .
s

s2 + a2  

Let   f1 s =  f2 s =  
s

s2 + a2 

    L−1  f1 s  =  L−1  f2 s  = L−1  
s

s2 + a2 = cos at = f1 t = f2 t  

    f1(t) = f2(t) = cos at 
By convolution theorem    

f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0

 

             =   cos a t − u 
t

0

. cos au du      =  cos at − au . cos au du
t

0

 

             =   
1
2

t

0

 cos at − au + au + cos at − au − au  du 

             =  
1
2

   cos at + cos at − 2au  du
t

0

  

                                        ∵ cos A . cos B =
1
2

  cos A + B + cos A − B    

             =  
1
2

  cos at  1du +  cos
t

0

t

0

 at − 2au du  

             =  
1
2

  cos at  u 0
t +   

sin at − 2au 
−2a

 
0

t

  

             =  
1
2

  cos at  t − 0 −
1

2a
  sin at − 2at − sin at − 2a 0     

             =  
1
2

  t cos at −
1

2a
  sin −at − sin at   

             =  
1
2

   t cos at −
1

2a
  −2 sin at   

      𝐟 𝐭 =  
𝟏
𝟐𝐚

  𝐚𝐭 𝐜𝐨𝐬 𝐚𝐭 + 𝐬𝐢𝐧 𝐚𝐭  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎𝟕:  𝐔𝐬𝐞 𝐂. 𝐓. 𝐟𝐢𝐧𝐝 𝐋−𝟏  
𝐬𝟐

 𝐬𝟐 + 𝐚𝟐 (𝐬𝟐 + 𝐛𝟐)
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1 f(s)      = L−1  
s2

 s2 + a2 (s2 + b2)
  

              f(s)      =  
s2

 s2 + a2 (s2 + b2)
 =  

s
s2 + a2 .

s
s2 + b2 

Let  f1 s =  
s

s2 + a2   ;   f1 t = cos at 

        f2 s =  
s

s2 + b2  ;   f2 t = cos bt 
By convolution theorem   

 f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0

 

             =  cos a
t

0

 t − u . cos bu du 

             =  cos
t

0

  at − au . cos bu  du 

             =  
1
2

t

0

 cos at − au + bu + cos at − au − bu   du  

                                         ∵ cos A . cos B =
1
2

 [cos A + B) + cos A − B    

             =  
1
2

   cos
t

0

 at − au + bu du +  cos
t

0

 at − au − bu du  

             =  
1
2

   
sin at − au + bu 

 −a + b  
0

t

+  
sin at − au − bu 

 −a − b  
0

t

  

             =  
1
2

  
sin bt 

− a − b −
sin(at)

− a − b 
  +  

sin −bt 
−  a + b −

sin(at)
− a + b    

             =  
1
2

  
sin bt

− a − b  +
sin at

 a − b  +
sin bt

 a + b +
sin at
a + b

      

                                                                                        ∵ sin(−θ) = − sin θ  

             =  
1
2

   
−1

a − b
+

1
a + b

 sin bt +  
1

a − b
+

1
a + b

 sin at         
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             =  
1
2

   
−a − b + a − b
 a − b  a + b  sin bt +

a + b + a − b
 a − b  a + b  sin at  

             =  
1
2

  
−2b

a2 − b2
   sin bt +

2a
a2 − b2 sin at            

             =  
1
2

  
2a sin at − 2b sin bt

a2−b2   

     𝐟 𝐭 =  
𝐚 𝐬𝐢𝐧 𝐚𝐭 − 𝐛𝐬𝐢𝐧 𝐛𝐭

𝐚𝟐 − 𝐛𝟐  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎𝟖:  𝐔𝐬𝐢𝐧𝐠 𝐂. 𝐓. 𝐟𝐢𝐧𝐝  𝐋−𝟏  
𝟏

 𝐬𝟐 + 𝟏 (𝐬𝟐 + 𝟗)
  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  
1

s2+1)(s2 + 9)
  

               f s  =  
1

s2 + 1
.

1
s2 + 9

 

Let , f1 s =
1

s2 + 1
    ;     f1 t = sin t 

                 f2 s =
1

s2 + 32   ;     f2 t =  
sin 3t

3
 

By convolution theorem    

f t = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0

 

             =   sin t − u 
sin 3u du

3

t

0

      

                                       ∵ sin A − sin B =
−1
2

 cos A + B − cos A − B     

             =   
1
3

t

0

  
−1
2

  cos t − u + 3u − cos t − u − 3u   du 

             =  
−1
6

    cos t + 2u − cos t − 4u  du
t

0

 

             =  
−1
6

    cos
t

0

 t + 2u  du −  cos
t

0

 t − 4u  du  
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             =  
−1
6

   
sin t + 2u 

2
 

0

t

−   
sin t − 4u 

−4
 

0

t

           

             =  
−1
6

   
1
2

  sin 3t − sin t +
1
4

  sin −3t − sint   

             =
−1
6

   
1
2

 sin 3t −
1
2

 sin t −
1
4

 sin 3t −
1
4

 sin t     

             =  
−1
6

   
1
2

 −
1
4
 sin 3t +  

−1
2

−
1
4
 sin t  

             =  
−1
6

  
1
4

sin 3t −
3
4

sin t     =  
−1
24

sin 3t +
1
8

sin t 

     𝐟 𝐭 =  
𝟏
𝟖

  𝐬𝐢𝐧 𝐭 −  
𝟏
𝟑

𝐬𝐢𝐧 𝟑𝐭  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟎𝟗:  𝐔𝐬𝐢𝐧𝐠 𝐂. 𝐓. 𝐟𝐢𝐧𝐝   𝐋−𝟏  
𝐬

 𝐬𝟐 + 𝟏  𝐬𝟐 + 𝟒 (𝐬𝟐 + 𝟗)
  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Let, L−1  f s   =  L−1  
s

 s2 + 1  s2 + 4 (s2 + 9)
  

               f s  =  
s

 s2 + 1  s2 + 4 (s2 + 9)
  

                        =  
1

 s2 + 1 (s2 + 9)
.

s
s2 + 4

 

Let   f1 s =
1

 s2 + 1 (s2 + 9)
 

    Consider, s2 = p 
By partial fraction 

  
1

 s2 + 1 (s2 + 9)
=

1
 p + 1 (p + 9)

=
A

 p + 1 +
B

 p + 9         … (1) 

1
 p + 1 (p + 9)

=
1

 p + 1 (8)
+

1
 p + 9 (−8)

=
1
8

 s2 + 1 +
−1
8

 s2 + 9    

Equation  1  Æ 

    L−1  
1

 s2 + 1 (s2 + 9)
 =  

1
8

L−1  
1

s2 + 1
 −

1
8

 L−1  
1

s2 + 9
  

                                                =  
1
8

sin t −
1
8

 
sin 3t

3
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                                     f1 t  =  
1
8

sin t −  
1

24
sin 3t 

Now, f2 s =  
s

s2 + 4
 ;   f2 t = cos 2t 

By convolution theorem    

f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 t − u . f2 u  du
t

0

 

             =    
1
8

sin u −
1

24
 sin3u  cos 2(t − u)  du

t

0

 

             =  
1
8

   sin u . cos 2t − 2u −
1
3

sin 3u . cos 2t − 2u   du
t

0

 

                                               ∵ sin A . cos B =
1
2

 [sin A + B) + sin A − B    

             =  
1
8

  
1
2

 sin 2t − u + sin 3u − 2t  
t

0

−
1
6

 sin u + 2t + sin 5u − 2t   du 

             =  
1

16
  

− cos 2t − u 
−1

+
cos 3u − 2t 

3
 

0

t

  

−
1

48
   − cos u + 2t +

cos 5u − 2t 
5

  
0

t

  

             =  
1

16
  cos t +

cos t
3

− cos 2t −
cos 2t

3
 

−
1

48
   − cos 3t +

cos 3t
5

 + cos 2t −
cos 2t

5
  

             =  
1

16
 1 +

1
3
 cos t +  

1
16

  −1 −
1
3
 −

1
48

  −1 +
1
5
  cos 2t  

−  
1

48
 1 −

1
5
 cos 3t 

      𝐟 𝐭 =  
𝟏
𝟏𝟐

𝐜𝐨𝐬 𝐭 −
𝟏
𝟏𝟎

𝐜𝐨𝐬𝟐𝐭 +
𝟏
𝟔𝟎

𝐜𝐨𝐬 𝟑𝐭 
 

 



 
 

Laplace Transform                                                                                                                 85 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏𝟎:  𝐈𝐟   

𝐋  𝐉𝟎 𝐱  =
𝟏

 𝐬𝟐 + 𝟏
 𝐬𝐡𝐨𝐰 𝐭𝐡𝐚𝐭  𝐉𝟎 𝐱  𝐉𝟎 𝐭 − 𝐱  𝐝𝐱

𝐭

𝟎

= 𝐬𝐢𝐧 𝐭 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   By Convolution theorem 

f t  = L−1  f s  = L−1 f1 s        . f2 s        =  f1 x . f2 t − x  dx
t

0

    …… 1  

Let  f1 x = J0 x = f2 x  

Given,   L J0 x  =  
1

 s2 + 1
 

∴  f1 s =  f2 s =
1

 s2 + 1
 

∴ L−1  f1 s .  f2 s  = L−1  
1

 s2 + 1
. 

1
 s2 + 1

  

                                       = L−1  
1

s2 + 1
 = sin t 

∴ Equation  1  Æ     𝐉𝟎 𝐱 
𝐭

𝟎

. 𝐉𝟎 𝐭 − 𝐱  𝐝𝐱 = 𝐬𝐢𝐧 𝐭     … 𝐇𝐞𝐧𝐜𝐞 𝐩𝐫𝐨𝐯𝐞𝐝. 

 
 

𝟏𝟐     𝐋. 𝐓. 𝐨𝐟 𝐏𝐞𝐫𝐢𝐨𝐝𝐢𝐜 𝐅𝐮𝐧𝐜𝐭𝐢𝐨𝐧 
 

         If   f t + T = f t  
∴  f  t  is periodic function of period T 
Ex.   sin t + 2π  = sin t 
∴  T = Period = 2π 
    f t + rT = f  t ,   r = 0,1,2,3.       i. e.  f t + T =  f t + 2T 

=  f t + 3T =  … = f t  

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧:    𝐋 𝐟 𝐭  =  
𝟏

𝟏 − 𝐞−𝐬𝐓   𝐞−𝐬𝐭

𝐓

𝟎

 𝐟 𝐭  𝐝𝐭 

 

𝟏𝟐. 𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐋. 𝐓. 𝐨𝐟 𝐏𝐞𝐫𝐢𝐨𝐝𝐢𝐜 𝐅𝐮𝐧𝐜𝐭𝐢𝐨𝐧 
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏𝟏:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋. 𝐓. 𝐨𝐟 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐩𝐞𝐫𝐢𝐨𝐝𝐢𝐜 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧𝐬 

                               𝐟 𝐭 =  
𝐊𝐭
𝐓

  , 𝟎 <  𝐭 <  𝐓       𝐚𝐧𝐝   𝐟(𝐭) = 𝐟 𝐭 + 𝐓  
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given,     f t =  
Kt
T

 ,    0 <  t < T 

                          and    f t  =  f t + T  
∴ f t  is periodic function of period T = T 
∴ By definition of periodic function,   

   L f t  =  
1

1 − e−sT   e−st

T

0

f t  dt 
               

                  =  
1

1 − e−sT   e−st  Kt
T

T

0

  dt       

                  =  
K
T

 
1

 1 − e−sT    t. e−st

T

0

  dt 

                  =  
K
T

 
1

 1 − e−sT     t
e−st

−s
− (1)

 1 e−st

 −s 2  
0

T

 

                  =  
K
T

  
1

 1 − e−sT     T
 e−sT

−s
 −

e−sT  
s2  −  0 −

e0

s2   

          𝐟 𝐬      =  
𝐊
𝐓

 
𝟏

 𝟏 − 𝐞−𝐬𝐓   
−𝐓 𝐞−𝐬𝐓

𝐬
−

𝐞−𝐬𝐓

𝐬𝟐  +
𝟏
𝐬𝟐  

 
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏𝟐:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋. 𝐓. 𝐨𝐟 𝐟(𝐭) 𝐢𝐟 

                              𝐟  𝐭 =  𝐚 𝐬𝐢𝐧 𝐩𝐭 ,   𝟎 < 𝐭 <  
𝛑
𝐩

 

                                       =  𝟎,                 
𝛑
𝐩

 < 𝐭 <  
𝟐𝛑
𝐩

        

𝐚𝐧𝐝     𝐟 𝐭 = 𝐟  𝐭 +
𝟐𝛑
𝐩

  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given,     f t = asin pt     ;   0 < t <  
π
p

 

                                               =  0              ;   
π
p

< t <  
2π
p

 

              and   f t =  f  t +
2π
p

                … periodic function 

∴ f t  is periodic function of period  
2π
p

     ∴  T =
2π
p

 

∴ By definition of periodic function,   
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      L f t  =  
1

1 − e−sT   e−st

T

0

f t  dt 

                   =  
1

1 − e
−2π

p s
 

 
 
 
 
 
 e−st

π
p

0

 a sin pt dt +  e−st

2π
p

π
p

 0 dt

 
 
 
 
 
 

                   =  
1

1 − e
−2π

p s
 

 
 
 
 
 
a  e−st

π
p

0

sin pt  dt  + 0

 
 
 
 
 
 

                   =  
a

1 − e
−2π

p s
  

e−st

s2 + p2   −s sin pt − p cos pt  
0

π
p

 

                ∵  e−ax sin bx  dx =
e−ax

a2+b2   −a sin bx − b cos bx + c  

= a

1−e
−2π

p s
  e

−π
p s

s2 + p2  −s sin p  π
p
 − p cos p  π

p
    − e0

s2+p2  0 − p cos p  0      

                                            ∵ sin 0 = 0,  sin π = 0,  cos 0 = 0,  cos π = −1  

                    =  
a

1 −  e− πs
p

 

 
2  

e− πp s

s2 + p2  p −
1

s2 + p2   −p   

                    =  
a

1 −  e− πs
p

 

 
2  

p
s2 + p2  e− πp s + 1    

                    =  
ap

 s2 + p2  1 − e− πs
p   1 + e− πs

p  
  e− πp s + 1  

           𝐟 𝐬        =  
𝐚𝐩

 𝐬𝟐 + 𝐩𝟐  𝟏 − 𝐞−𝛑𝐬
𝐩  

 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏𝟑:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟 𝐭𝐡𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 

                 𝐟 𝐭  = 𝐬𝐢𝐧 𝛚𝐭    ,      𝟎  <  t <
𝛑
𝛚
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                           = 𝟎             ,     
𝛑
𝛚

 < t <
𝟐𝛑
𝛚

 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Here,   f t  is a periodic function with period  T =
2π
ω

 

∴ By definition of periodic function,   

     L f t  =  
1

1 − e−sT   e−st

T

0

f t  dt 

                   =  
1

1 − e
−2π
ω s

 

 
 
 
 
 e−st

π
ω

0

sin ωt dt +   e−st

2π
ω

π
ω

 0 dt

 
 
 
 
 

      ∵   w. k. t.  e−at . sin bt  =
e−at

a2 + b2  −a sin bt − b cos bt + c  

                   =  
1

1 − e
−2π
ω s

   
e− st

s2 + ω2    −s sin ωt − ω cos ωt  
0

π
ω
  

                   =  
1

1 − e
−2π
ω s

  
e− πω t

s2 + ω2  − s sinω
π
ω

− ω cos ω
π
ω

 

−
e0

s2 + ω2   −s sin ω 0 − ω cos ω 0    

                   =  
1

1 − e
−2π
ω s

 
e− πωt

s2 + ω2   −ω  −1  −
1

s2 + ω2   −ω 1    

                   =  
ω

 12 −  e− π
ωt 

2
  s2 + ω2 

 e− π
ωt + 1  

                                                ∵ cos 0 = 1, cos π = −1, sin0 = 0, sinπ = 0  

                   =  
ω

 1 − e− π
ωt  1 + e− π

ωt  s2 + ω2 
 e− π

ωt + 1  

∴     𝐟 𝐬         =  
𝛚

 𝟏 − 𝐞− 𝛑
𝛚𝐓  𝐬𝟐 + 𝛚𝟐 
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏𝟒:  𝐃𝐫𝐚𝐰 𝐭𝐡𝐞 𝐠𝐫𝐚𝐩𝐡 𝐨𝐟 𝐭𝐡𝐞 𝐩𝐞𝐫𝐢𝐨𝐝𝐢𝐜 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 

    𝐟(𝐭)  =    𝐭         ,     𝟎 <  𝐭 <  𝛑
𝛑 − 𝐭   ,      𝛑 <  𝐭  <  𝟐𝛑

   

𝐚𝐧𝐝 𝐟𝐢𝐧𝐝 𝐢𝐭𝐬 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦. 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given,   

 f(t)  =    t        ,   0 < 𝑡 < 𝜋
π − t   ,   π < 𝑡 <  2𝜋

  

Note:   f  t =  t   is a straight line passing  
through centre. 
Here f t  is a periodic function of period  T = 2π  
and its graph is in fig. 
∴ By definition of periodic function,   

       L f t  =  
1

1 − e−sT   e−st

T

0

f t  dt 

                    =  
1

1 − e−2πs     e−st

π

0

t  dt +  e−st  π − t dt
2π

π

  

=  
1

1 − e−2πs    t
e−st

−s
−

 1 e−st

 −s 2  
0

π

+   π − t 
e−st

−s
−  −1 

e−st

 −s 2 
π

2π

  

=  
1

1 − e−2πs   
πe−sπ

−s
−  

e−sπ

s2 −  0 −
e0

s2  

+  
 π − 2π e−s2π

−s
 +

e−s2π

s2

−   
 π − π e−sπ

−s
+  

e−sπ

s2     

=  
1

1 − e−2πs   
−π

s
 e− sπ −

e−sπ

s2  +
1
s2 + 

π
s

e−2πs +
e−2πs

s2 −
e−sπ

s2   

𝐟 𝐬       =  
𝟏

𝟏 − 𝐞−𝟐𝛑𝐬   
𝛑
𝐬

 𝐞−𝟐𝛑𝐬 −  𝐞−𝛑𝐬 +
𝟏
𝐬𝟐    𝟏 + 𝐞−𝟐𝛑𝐬 −  𝟐𝐞−𝛑𝐬   

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏𝟓:  𝐈𝐟  𝐟 𝐭  =  
𝐭
𝐚

                   ,        𝟎 <  𝐭  <   𝐚 

                                              =  
𝟏
𝐚

   𝟐𝐚 − 𝐭  ,        𝐚 <  𝐭  <   𝟐𝐚 

𝐚𝐧𝐝    𝐟(𝐭)   =  𝐟(𝐭 + 𝟐𝐚)  𝐅𝐢𝐧𝐝 𝐋 {𝐟  𝐭 } 
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given,   f t =  f t + 2a  
∴  f  t  is a periodic function of period T = 2a 
∴ By definition of periodic function,   

    L f t  =  
1

1 − e−sT   e−st

T

0

f t  dt 

                  =  
1

1 − e−2as    e−st

a

0

t
a

 dt +  e−st

2a

a

1
a

  2a − t dt  

                  =  
1

1 − e−2as   
1
a

  e−st

a

0

. t dt +  
1
a

  e−st

2a

a

 2a − t dt  

      =  
1

 1 − e−2as   
1
a

   t 
e−st

−s
−  1 

e−st

 −s  −s 
 

0

a

+   2a − t 
e−st

−s
−  −1 

e−st

 −s  −s 
 

a

2a

  

                  =  
1

a 1 − e−2as    
−a
s

 e−as −
1
s2 e−as −  0 −

1e0

s2  + 0 

+  
1
s2 e−2as −   2a − a 

e−as

−s
+

1
s2 e−as    

                  =  
1

a 1 − e−2as   
−a
s

e−as −
1
s2 e−as +

1
s2 +  

1
s2 e−2as +

a
s

e−as

−
1
s2 e−as   

                  =  
1

a  1 − e−2as   
1
s2    1 − 2e−as + e−2as    

                  =  
1

a  12 −  e−as  2  
1
s2  1 − e−as  2    

                  =  
1

as2 1 − e−as   1 + e−as    1 − e−as  2       ∵ (a − b)2

= a2 − 2ab + b2   

                  =  
1

as2  
 1 − e−as  
 1 + e−as   
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         =
1

as2  
1 − e− as

2

e
as
2

1 + e− as
2

e
as
2

       Note:  e−as = e− as
2 − as

2  = e− as
2 . e− as

2 =
e− as

2

e
as
2

   

                  =  
1

as2  
 e

as
2 − e− as

2  /e
as
2

 e
as
2 + e− as

2  e
as
2 

 

         𝐟 𝐬      =  
𝟏

𝐚𝐬𝟐  𝐭𝐚𝐧𝐡  
𝐚𝐬
𝟐

                                     ∵ tanh θ =  
eθ − e−θ

eθ + e−θ
  

 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏𝟔:  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟 𝐭𝐡𝐞 𝐬𝐪𝐮𝐚𝐫𝐞 𝐰𝐚𝐯𝐞  
𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐨𝐟 𝐚 𝐩𝐞𝐫𝐢𝐨𝐝 𝐢𝐬 𝐝𝐞𝐟𝐢𝐧𝐞𝐝 𝐚𝐬 

    𝐟 𝐭 =   𝟏           ;       𝟎  <  𝐭  <
𝐚
𝟐

 

             =  −𝟏        ;       
𝐚
𝟐

  <  𝐭  < 𝐚 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given,   f  t  is a periodic function of period  T = a 
∴ By definition of periodic function,   

    L f t  =  
1

1 − e−sT   e−st

T

0

f t  dt 

                  =  
1

1 − e−as  

 
 
 
 
  e−st

a
2

0

  1 dt  +  e−st

a

a
2

 −1 dt

 
 
 
 
 

                  =  
1

1 − e−as     
e−st

−s
 

0

a
2
−   

e−st

−s
 

a
2

a

  

                  =  
−1

s 1 − e−as    e−st  0

a
2 −  e−st  a

2

a  

                  =  
−1

s 1 − e−as    e− as
2 t − e0 −  e− as − e−as

2 t   

                  =  
−1

s 1 − e−as    e− as
2 t − 1 − e−as + e− as

2 t  

                  =  
−1

s 1 − e−as   2e− as
2 t  − 1 −  e− as   
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                  =  
1

s 1 − e−as   1 − 2e− as
2 t + e−as     

                  =  
1

s 1 − e−as   1 − e− as
2  

2
 

                  =  
1

s  1 −  e− as
2  

2
 
 1 − e− as

2  
2
 

                  =  
1

s  1 − e− as
2   1 + e− as

2  
 1 − e− as

2  
2
 

                  =  
1
s

 
1 − e− as

2

1 + e− as
2

  

                  =  
1
s

 
e

as
4 − e− as

4

e
as
4 + e− as

4
          … Multiplying Nr and Dr by  e

as
4   

         𝐟 𝐬      =  
𝟏
𝐬

 𝐭𝐚𝐧𝐡  
𝐚𝐬
𝟒

                    ∵ tanh θ =  
eθ − e−θ

eθ + e−θ
  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏𝟕:   𝐈𝐟  𝐟 𝐭 =  𝐭𝟐,   𝟎 < 𝐭 < 𝟐 ,   𝐟 𝐭 = 𝐟 𝐭 + 𝟐 .  
                              𝐅𝐢𝐧𝐝  𝐋 𝐟 𝐭   
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given, f t =  f  t + 2  
∴ f t  is a periodic function of period  T = 2 
∴ By definition of periodic function,   

    L f t  =  
1

1 − e−sT   e−st

T

0

f t  dt 

                  =  
1

1 − e−2s   e−st

2

0

t2 dt 

                  =  
1

1 − e−2s  t2 e−st

−s
−  2t 

e−st

 −s  −s 
+ 2

e−st

 −s  −s  −s 
  

0

2

  

           =  
1

1 − e−2s    2 2 e−2s

−s
− 2 2 

e−2s

s2 + 2
e−2s

−s3  −   0 − 0 +
e0

−s3   

                  =  
1

1 − e−2s   
−4e−2s

s
−  

4
s2 e−2s −  

2
s3  e−2s +

2
s3  
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                  =  
1

(1 − e−2s )
  

−2e−2s

s3   2s2 + 2s + 1 +
2
s3  

        𝐟 𝐬       =  
𝟐 − 𝟐𝐞−𝟐𝐬 𝟐𝐬𝟐 + 𝟐𝐬 + 𝟏 

𝐬𝟑 𝟏 − 𝐞−𝟐𝐬  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏𝟖:  𝐈𝐟  𝐟(𝐭)  =  𝐭  ,   𝟎 <  𝐭 < 𝟏 
                                              =  𝟎 ,   𝟏 <  𝐭 < 𝟐                
 𝐟 𝐭 =  𝐟 𝐭 + 𝟐  𝐅𝐢𝐧𝐝  𝐋  𝐟 𝐭   
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given,   f t + 2 = f  t  
∴  f t  is a periodic function of period  T = 2 
∴ By definition of periodic function,   

    L f t  =  
1

1 − e−sT   e−st

T

0

f t  dt 

                  =  
1

1 − e−s(2)      e−st

1

0

 t dt +  e−st

2

1

  0 dt   

                  =  
1

1 − e−2s  t
e−st

−s
− 1

e−st

 −s 2 
0

1

  

                  =  
1

1 − e−2s    1 
e−s

−s
−  

e−s

s2 −   0 −
e0

s2   

                  =  
1

1 − e−2s   
−e−s

s
−  

e−s

s2  +  
1
s2  

                  =  
1

1 − e−2s
e−s

s2  (−s − 1 + es) 

        𝐟 𝐬       =  
𝐞−𝐬(𝐞𝐬 − 𝐬 − 𝟏)
𝐬𝟐(𝟏 − 𝐞−𝟐𝐬)
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𝟏𝟑     𝐔𝐧𝐢𝐭 𝐒𝐭𝐞𝐩 𝐅𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐨𝐫 𝐇𝐞𝐚𝐯𝐢𝐬𝐢𝐝𝐞𝐬 𝐔𝐧𝐢𝐭 𝐒𝐭𝐞𝐩 𝐅𝐮𝐧𝐜𝐭𝐢𝐨𝐧 
             At times, we come across such fractions of which the inverse  
transform cannot be determind from the formulas so far derived. 
             In order cover such cases, we introduce the unit step function  
(or Heavisides unit function). 
𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧:  Unit step function is a  
cover which has the value zero at all  
points to the left of the origin and is  
unity at all the points on the right of  
origin. 
It is denoted as H t  or  U t  
    u t  =  0 ,   t <  0 
              =  1 ,   t ≥  0 

   𝐋 𝐮 𝐭  =
𝟏
𝐬

  
 

𝐃𝐢𝐬𝐩𝐥𝐚𝐜𝐞𝐝 𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧: 
𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧:  It represents the curve  
u t  which is displaced to the right  
through a distance ′a′ along the  
direction of t − axis denoted by  
u t − a . 
    u t − a  = 0  ,      t < a 
                     =  1 ,       t ≥  a  

    𝐋 𝐮 𝐭 − 𝐚  =
𝐞−𝐚𝐬

𝐬
 

 

𝐀𝐩𝐩𝐥𝐢𝐜𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩 𝐚𝐧𝐝 𝐝𝐢𝐬𝐩𝐥𝐚𝐜𝐞𝐝 𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧: 
𝟏) 𝐑𝐞𝐩𝐫𝐞𝐬𝐞𝐧𝐭𝐚𝐭𝐢𝐨𝐧 𝐨𝐟  𝐟(𝐭) 𝐟𝐨𝐫 𝐭 ≥  𝟎 ∶ 
             When the function f t  is multiplied  
by  u t .  Then  f t  u t  will represents the  
part of f t  on the right of the origin, the  
part of the left of the origin being cut off. 
∴  f t  u t =  0,       t <  0 
                     =  f  t ,   t >  0 
    𝐋  𝐟 𝐭 . 𝐮 𝐭   =  𝐋  𝐟 𝐭  =  𝐟 𝐬        
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𝟐) 𝐑𝐞𝐩𝐫𝐞𝐬𝐞𝐧𝐭𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐟(𝐭)  𝐟𝐨𝐫  𝐭 ≥  𝐚: 
             When the function  f t  is  
multiplied by  
u  t − a  will represent the part of f t   
on the right of t = a. The part of the left 
of t = a being cut off. 
∴  f  t u  t − a = 0, t <  a 
                              =  f t ,    t ≥  a 
   𝐋  𝐟 𝐭 𝐮  𝐭 − 𝐚  =  𝐞−𝐚𝐬 𝐋{𝐟 𝐭 + 𝐚 }  
 

𝟑) 𝐑𝐞𝐩𝐫𝐞𝐬𝐞𝐧𝐭𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐟(𝐭) 𝐟𝐨𝐫  𝐚 ≤  𝐭 ≤ 𝐛: 
             When the function f t is  
multiplied by u t − a −  u  t − b ,  
Then f t  u t − a − u t − b   will  
represent the part of f t  in  
a ≤  t ≤ b the part on the left of  
t = a and on the right of t = b  
being cut off. 

∴  f t  u t − a − u t − b  =   
0 ,              t <  a

f  t  ,   a ≤  t ≤  b
0 ,               t >  b

  

 𝐋 𝐟 𝐭 − 𝐚 𝐮 𝐭 − 𝐚   = 𝐞−𝐚𝐬 𝐋{𝐟 𝐭 } …𝐜𝐚𝐥𝐥𝐞𝐝 𝟐𝐧𝐝 𝐬𝐡𝐢𝐟𝐭𝐢𝐧𝐠 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲. 
 

𝐍𝐨𝐭𝐞: 

𝟏) L  u t  =
1
s

 

𝟐) L  u t − a  =
1
s

  e−as  

𝟑) L  f t − a u t − a   =  e−as  L  f t   =  e−as  f  s  
𝟒) L  f t . u t − a   =  e−as  L  f t + a   
𝟓) If f t − a = F t , then f t = F(t + a) 

𝟔) When  a = 0,   L  f t . u t  = L {f t } =  f s  
𝟕) L−1  f s  = f t  u t  

𝟖) L−1  e−as  f s   =  f t − a  u t − a  
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𝟏𝟑. 𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐋. 𝐓. 𝐨𝐟 𝐔𝐧𝐢𝐭 𝐒𝐭𝐞𝐩 𝐅𝐮𝐧𝐜𝐭𝐢𝐨𝐧 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟏𝟗:  𝐅𝐢𝐧𝐝 𝐋. 𝐓. 𝐨𝐟  𝐭 − 𝟏 𝟐 𝐮(𝐭 − 𝟏) 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   We have, 
    L f t − a  u t − a  =  e−as  L f t     and       
           If f t − a = F t , then f t = F(t + a) 
Here   a = 1 
∴ L f t − 1 u t − 1   =  e−s  L  f t                  …… (1) 
Now, 
    f t − 1 =   t − 1 2 
       ∴ f t  =    t + 1 − 1 2 =  t2 

 ∴  L f t  =  L t2 =
2!
s3  =

2
s3 

Equation  1  Æ    𝐋  𝐭 − 𝟏 𝟐 𝐮  𝐭 − 𝟏  =
𝟐
𝐬𝟑  𝐞−𝐬 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐𝟎:  𝐅𝐢𝐧𝐝 𝐋. 𝐓. 𝐨𝐟 𝐬𝐢𝐧 𝐭  𝐮 𝐭 − 𝛑  
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   We have, 
    L f t − a  u t − a  =  e−as  L f t     and      
  If f t − a = F t , then f t = F(t + a) 
Here   a =  π 
∴ L f t − π u t − π   =  e−πs L f t               ……  1  
Now, 
    f t − π =   sin t  
        ∴ f t = sin t + π =  − sin t 

  ∴ L f t  =  f  s =  L − sin t =  − L  sin t =
−1

s2 + 1
 

Equation  1  Æ    𝐋 𝐬𝐢𝐧 𝐭 𝐮 𝐭 − 𝛑  =  
−𝐞−𝛑𝐬

𝐬𝟐 + 𝟏
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐𝟏:  𝐅𝐢𝐧𝐝 𝐋. 𝐓. 𝐨𝐟 𝐞−𝟑𝐭 𝐮(𝐭 − 𝟐) 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   We have, 
    L f t − a  u t − a  =  e−as  L f t     and      
  If f t − a = F t , then f t = F(t + a) 
Here,   a = 2 
∴ L  f  t − 2 u  t − 2  =  e−2s  L f t                                …… 1  
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Now, 
    f t − 2 =  e−3t  
       ∴ f t =  e−3 t+2 =  e−3t e−6 

 ∴ L f t  =  e−6L  e−3t =  e−6 1
s + 3

 

Equation 1  Æ    𝐋 𝐞−𝟑𝐭 𝐮 𝐭 − 𝟐  =  𝐞−𝟐𝐬 𝐞−𝟔

𝐬 + 𝟑
 =  

𝟏
𝐬 + 𝟑

 𝐞− 𝟐𝐬+𝟔  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐𝟐:  𝐅𝐢𝐧𝐝 𝐋. 𝐓. 𝐨𝐟  𝟏 + 𝟐𝐭 − 𝟑𝐭𝟐 + 𝟒𝐭𝟑  𝐮 𝐭 − 𝟐  
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   We have, 
    L f t − a  u t − a  =  e−as  L f t     and       
 If f t − a = F t , then f t = F(t + a) 
Here  a = 2 
∴ L f t − 2  u t − 2  = e−2s L f t                               …… (1) 
Now, 
    f t − 2 = 1 + 2t − 3t2 + 4t3 
∴ f t =  1 + 2(t + 2) − 3(t + 2)2 +  4(t + 2)3 
            =  1 + 2t + 4 − 3 t2 + 4t + 4 + 4 t3 + 6t2 + 12t + 8  
            =  1 + 2t + 4 − 3t2 − 12t − 12 + 4t3 + 24t2 + 48t + 32 
    f t =  4t3 + 21t2 + 38t + 25 
∴ L f t  =  4 L t3 + 21 L t2 + 38 L t + 25 L 1  

                  =  4
3!

s3+1 + 21 
2!

s2+1 +  38 
1
s2  + 25

1
s

 

                  =  
24
s4 +

42
s3 +

38
s2 +

25
s

 

∴ Equation(1)Æ  𝐋 𝐟 𝐭 − 𝟐  𝐮 𝐭 − 𝟐  =  𝐞−𝟐𝐬  
𝟐𝟒
𝐬𝟒 +

𝟒𝟐
𝐬𝟑 +

𝟑𝟖
𝐬𝟐 +

𝟐𝟓
𝐬

  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐𝟑:  𝐎𝐛𝐭𝐚𝐢𝐧 𝐭𝐡𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟  
                             𝐞−𝐭 𝟏 − 𝐮 𝐭 − 𝟐   
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:    
              L e−t 1 − u t − 2    
         =  L e−t − e−tu t − 2   
         =  L e−t −  L e−tu t − 2          
                                                        ∵  L f t − a  u t − a  = e−as L f t    
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         =  
1

s + 1
− e−2s L e− t+2                            

∵ f t − a =  e−t   
∴  f(t) =  e− t+a 

       

         =  
1

s + 1
− e−2se−2 L e−t  

         =  
1

s + 1
− e−2s−2 1

s + 1
     =  

1 − e−2 s+1 

s + 1
 

     𝐋 𝐞−𝐭 𝟏 − 𝐮 𝐭 − 𝟐    =  
𝟏 − 𝐞−𝟐 𝐬+𝟏 

𝐬 + 𝟏
 

 
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐𝟒:   𝐔𝐬𝐢𝐧𝐠 𝐋. 𝐓.  𝐞𝐯𝐚𝐥𝐮𝐚𝐭𝐞 

   𝐞−𝐭

∞

𝟎

 𝟏 + 𝟐𝐭 − 𝐭𝟐 + 𝐭𝟑  𝐇 𝐭 − 𝟏  𝐝𝐭 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   We have, 
    L f t − a  u t − a  =  e−as  L f t     and    
 If f t − a = F t ,   then f t = F(t + a) 
Now,    L  1 + 2t − t2+ t3  H t − 1   
Here,   a =  1 
∴ L  1 + 2t − t2+ t3  H t − 1    
         = e−s  L  1 + 2 t + 1 −  t + 1 2+ t + 1 3  
         =  e−s  L 1 + 2t + 2 −  t2 + 2t + 1 +  t3 + 3t2 + 3t + 1    
         =  e−s  L  1 + 2 − 1 + 1 +  2t − 2t + 3t +  −t2 + 3t2 + t3  
         =  e−sL 3 + 3t + 2t2+t3  
         =  e−s 3L 1 + 3L t + 2L t2 + L t3   

         =  e−s  3
1
s

 + 3
1
s2 + 2

 2! 
s3 +

3!
s4  

         =  e−s   
3
s

 +
3
s2 +

4
s3 +

6
s4  

Now, L   e−t(1 + 2t + t2+t3)H(t − 1) dt
∞

0

   

         =  e− 1  
3
1

+
3

12 +
4

13 +
6

14   =  e− 1  16        

                                                                  ∵  e−at

∞

0

f t = f a  , ∵ put  s = 1 
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   ∴       𝐋   𝐞−𝐭(𝟏 + 𝟐𝐭 + 𝐭𝟐+𝐭𝟑)𝐇(𝐭 − 𝟏) 𝐝𝐭
∞

𝟎

  =
𝟏𝟔
𝐞

 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐𝟓: 𝐄𝐱𝐩𝐫𝐞𝐬𝐬 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐢𝐧 𝐭𝐞𝐫𝐦𝐬 𝐨𝐟 𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩  
𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐚𝐧𝐝 𝐡𝐞𝐧𝐜𝐞 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞𝐢𝐫 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦. 
             𝐈𝐟       𝐟(𝐭)  =   𝐭 − 𝐚 𝟒,     𝐭 >  𝐚 
                                 =  𝟎             ,    𝟎 < 𝟏 <  𝐚,   𝐟𝐢𝐧𝐝 𝐋 𝐟 𝐭   
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   If can be express in unit step form as 
    f t =  t − a 4 u t − a  
We have, 
    L f t − a  u t − a  =  e−as  L f t     and       
 If f t − a = F t , then f t = F(t + a) 
Here  a =  a 
∴ L  t − a 4 u t − a  =  e−as  L f t                                     …… (1) 
Now, f t − a =  t − a 4 
       ∴                f  t =   t + a − a 4  =  t4 

       ∴           L f t  = L t4 =  
4!
s5   =  

24
s5  

Equation  1  Æ 𝐋 𝐟 𝐭 − 𝐚  𝐮 𝐭 − 𝐚  =  
𝟒! 𝐞−𝐚𝐬

𝐬𝟓 =  
𝟐𝟒
𝐬𝟓 𝐞−𝐚𝐬 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐𝟔:   𝐟(𝐭) =  𝐞− 𝐭 ,   𝟎 ≤  𝐭 ≤  𝟑 
                                        =  𝟎     ,    𝐭 > 3 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   It can be expressed in unit step form as 
    f t =  e−t u t − 0 − u t − 3   
            =  e−tu t − e−t  u t − 3  
            =  e−tu t − e− t−3+3 u t − 3  
    f t =  e−tu t − e−3. e− t−3 u t − 3  
Taking L. T. on both sides 
    L f t  =  L e−tu t  −  e−3L e− t−3 u t − 3   

                  =  
1

s + 1
− e−3e−3s 1

s + 1
                … L  f t − a  u t − a  

=  e−as  f(s)       
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         𝐟 𝐬 =  
𝟏 − 𝐞−𝟑 𝐬+𝟏 

𝐬 + 𝟏
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐𝟕:   𝐈𝐟  𝐟 𝐭 = 𝐞𝐭 𝐜𝐨𝐬 𝐭    ,    𝟎  <  𝐭 <  𝛑 
                                              =  𝐞𝐭 𝐬𝐢𝐧 𝐭    ,     𝐭  >  𝛑        𝐟𝐢𝐧𝐝 𝐋  𝐟 𝐭   
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:    
The first part  
Let  f1 t =  et cos t  ,   0 <  𝑡  <  𝜋      𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠 
        f1 t =  et cos t  u t − u t − π                               … … i  
The second part 
Let  f2 t =  et sin t ,   t >  𝜋            written as 
        f2 t = et sin t  u t −  π                                             …… ii  
From equation i  &  ii  
∴ f t =  f1 t + f2 t = et. cos t  u t − u t − π  + et sin t  u t − π   
            =  et cos t u t − et cos t u t − π + et sin t  u t − π  
            =  et cos t u t  − e t−π +π cos  t − π + π u t − π  
                   +e t−π +π sin (t − π) + π u t − π   
             = et. cos t  u t − eπet−π −cos t − π   u t − π 

+ eπe t−π  − sin t − π  u t − π   
    f t = et. cos t  u t + eπe t−π cos t − π  u t − π 

− eπe(t−π) sin(t − π) u(t − π) 
Taking L. T. on both sides 
    L f t   = L et. cos t  u t  + eπL e t−π cos t − π u t − π   
                       −eπ  L{e t−π sin(t − π)u(t − π)} 
We have, 
     L f t − a  u t − a  =  e−as  L f t     and      
  If f t − a = F t , then f t = F(t + a) 

∴ 𝐋 𝐟 𝐭  =  
𝐬 − 𝟏

 𝐬 − 𝟏 𝟐 + 𝟏
 + 𝐞𝛑𝐞−𝛑𝐬  𝐬 − 𝟏 

 𝐬 − 𝟏 𝟐 + 𝟏

− 𝐞𝛑𝐞−𝛑𝐬 𝟏
 𝐬 − 𝟏 𝟐+𝟏𝟐 
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐𝟖:  𝐄𝐱𝐩𝐫𝐞𝐬𝐬 𝐭𝐡𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐬𝐡𝐨𝐰𝐧 
𝐢𝐧 𝐟𝐢𝐠. 𝐢𝐧 𝐭𝐞𝐫𝐦𝐬 𝐨𝐟 𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐚𝐧𝐝  
𝐟𝐢𝐧𝐝 𝐢𝐭𝐬 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦. 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Form given fig. the function is in  
unit step function as: 

    f t =    t −  1,         1 <  𝑡 <  2
3 − t ,          2 <  𝑡 <  3

   

∴ f(t) =   t − 1  u t − 1 − u t − 2  +  3 − t   u t − 2 − u t − 3   
            =   t − 1  u t − 1 −  t − 1  u t − 2 +  3 − t  u t − 2 

−  3 − t  u t − 3  
            =   t − 1  u t − 1 − t u t − 2 + u t − 2 + 3u t − 2 

− t u t − 2 +  t − 3 u t − 3  
    f t =   t − 1  u t − 1 −  t − 1 − 3 + t  u t − 2 +  t − 3  u t − 3  
    f t =   t − 1  u t − 1 − 2 t − 2  u t − 2 +  t − 3  u t − 3  
We have, 
    L f t − a  u t − a  =  e−as  L f t     and      
         If f t − a = F t , then f t = F(t + a) 
Now, 
    L f t  =  L  t − 1  u t − 1 − 2 t − 2 u t − 2 +  t − 3 u t − 3   
                  =  L  t − 1  u t − 1  − 2 L  t − 2  u t − 2  

+ L  t − 3  u t − 3   

                  =  e−s 1
s2 − 2e−2s 1

s2 + e−3s 1
s2 

                  =
e−s − 2e−2s + e−3s

s2         =  
e−s 1 − 2e−s + e−2s 

s2  

         𝐟(𝐬) =  
𝐞−𝐬(𝟏 − 𝐞−𝐬)𝟐

𝐬𝟐  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟐𝟗: 𝐄𝐱𝐩𝐫𝐞𝐬𝐬 𝐢𝐧 𝐭𝐞𝐫𝐦𝐬 𝐨𝐟 𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐚𝐧𝐝 𝐡𝐞𝐧𝐜𝐞  
𝐟𝐢𝐧𝐝 𝐋. 𝐓.,   

                     𝐟 𝐭 =   𝐭
𝟐  , 𝟎 <  𝐭 <  𝟏

𝟒𝐭  ,                     𝐭 >  𝟏
             𝐅𝐢𝐧𝐝 𝐋{𝐟 (𝐭)} 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given, f t =   t2  , 0 <  t <  1
4t  ,                     t >  1

  

The given f t  in terms of unit step function as: 
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    f t =  t2u t +  4t − t2  u t − 1  
Taking L. T. on both sides, 
    L f t  = L t2u t  + L  4t − t2 u t − 1   
Now, L f t  =  L f1 t  + e−sL f2 t                             …… 1  
We have, 
    L f t − a  u t − a  =  e−as  L f t     and        
        If f t − a = F t , then f t = F(t + a) 
    f1 t =  t2  &    f2 t − a = f2(t − 1) =  4t– t2             {∵  a =  1 
∴ f2 t =  4 t + 1 −  t + 1 2 = 4t + 4 − t2 − 2t − 1 
    f2 t = 2t + 3 − t2 
∴ Equation  1  Æ    L f t  =  L t2 + e−sL 2t + 3 − t2  

   𝐋 𝐟 𝐭  =  
𝟐
𝐬𝟑 + 𝐞−𝐬  

𝟐
𝐬𝟐 +

𝟑
𝐬

−
𝟐
𝐬𝟑  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑𝟎: 𝐄𝐱𝐩𝐫𝐞𝐬𝐬 𝐢𝐧 𝐭𝐞𝐫𝐦𝐬 𝐨𝐟 𝐇𝐞𝐚𝐯𝐢𝐬𝐢𝐝𝐞𝐬 𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧  
𝐚𝐧𝐝 𝐡𝐞𝐧𝐜𝐞 𝐟𝐢𝐧𝐝 𝐋. 𝐓.,   

𝐟 𝐭 =   
𝐜𝐨𝐬 𝐭  ,   𝟎 <  𝐭 <  𝛑

𝐜𝐨𝐬𝟐𝐭   ,   𝛑 <  𝐭 <  𝟐𝛑
𝐜𝐨𝐬𝟑𝐭  ,              𝐭 >  𝟐𝛑

        

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given, f t =   
cos t  ,   0 <  t <  π

cos 2t   ,   π <  t <  2π
cos 3t  ,              t >  2π

    

The given function is in unit step function written as: 
f t = cot u t +  cos 2t − cos t  u t − π 

+  cos 3t − cos 2t  u t − 2π  
Taking L. T. on both sides. 
   L f t  = L cos t u t  + L  cos 2t − cost u t − π  

+ L  cos 3t − cos 2t u t − 2π    
   L f t  =  L  f1 t  + L  f2 t  + L f3 t                                  …… (1) 
We have, 
    L f t − a  u t − a  =  e−as  L f t     and        
        If f t − a = F t , then f t = F(t + a) 
𝐢) L f1 t  = L cos t  u t  , Here f t = cos t 

    L cos t  u t  = L cos t =
s

s2 + 1
      ∴   𝐋 𝐟𝟏 𝐭  =

𝐬
𝐬𝟐 + 𝟏
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𝐢𝐢) L f2 t  = L  cos 2t − cos t  u t − π   
Here f t − π = cos 2t − cos t 
             ∴   f t = cos 2 t + π − cos t + π  
                           = cos(2t + 2π) − cos(t + π) 
                           = cos 2π + 2t − cos π + t  
                           = cos 2t  −   − cos t        
                                          ∵ cos 2π + θ = cos θ ,  cos π + θ = − cos θ 
                   f t = cos 2t + cos t  
∴ L  cos 2t − cos t  u t − π   = e−πs  L f t   = e−πs  L cos 2t + cos t  
                                                          = e−πs L cos2t + L cost   

                                     ∴ 𝐋 𝐟𝟐 𝐭  =  𝐞−𝛑𝐬  
𝐬

𝐬𝟐 + 𝟒
+

𝐬
𝐬𝟐 + 𝟏

  

𝐢𝐢𝐢) L f3 t  = L  cos 3t − cos 2t u t − 2π   
Here  f t − 2π =  cos 3t − cos 2t  
                 ∴  f t =  cos 3(t + 2π) − cos 2 t + 2π  
                              =  cos 3t + 6π − cos 2t + 4π  
                              =  cos(6π + 3t) − cos(4π + 2t) 
                     f t  =  cos 3t − cos 2t            ∵ cos 2nπ + θ = cos θ   
 ∴ L f t − 2π  u t − 2π  = e−2πs  L f t     =  e−2πs  L cos3t − cos2t } 
                                                = e−2πs  L cos3t + L cos2t   

                           ∴  𝐋 𝐟𝟑 𝐭  =  𝐞−𝟐𝛑𝐬  
𝐬

𝐬𝟐 + 𝟗
−

𝐬
𝐬𝟐 + 𝟒

  

∴ Equation  1  Æ 

      𝐋 𝐟 𝐭  =  
𝐬

𝐬𝟐 + 𝟏
+ 𝐞−𝛑𝐬  

𝐬
𝐬𝟐 + 𝟒

+
𝐬

𝐬𝟐 + 𝟏
 

+ 𝐞−𝟐𝛑𝐬  
𝐬

𝐬𝟐 + 𝟗
−

𝐬
𝐬𝟐 + 𝟒

  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑𝟏:  𝐄𝐱𝐩𝐫𝐞𝐬𝐬 𝐢𝐧 𝐭𝐞𝐫𝐦𝐬 𝐨𝐟 𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐚𝐧𝐝 𝐡𝐞𝐧𝐜𝐞  

𝐟𝐢𝐧𝐝 𝐋. 𝐓., 𝐟 𝐭 =  
𝐬𝐢𝐧 𝐭       ,   𝟎  ≤  𝐭 <  𝛑

 𝐬𝐢𝐧 𝟐𝐭    ,   𝛑 ≤  𝐭 <  𝟐𝛑
𝐬𝐢𝐧 𝟑𝐭    ,           𝐭 ≥  𝟐𝛑

   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given, f t =  
sin t       ,   0  ≤  t <  π

 sin 2t    ,   π ≤  t <  2π
sin 3t    ,           t ≥  2π

  

Given f t  is in unit step function as follows: 
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    f t = sin t   u  t − 0 − u t − π  + sin 2t  u t − π − u t − 2π  
+ sin 3t  u t − 2π   

            = sin t  u t − sin t  u t − π + sin 2t  u t − π 
− sin 2t u t − 2π + sin3t u t − 2π ) 

    f t = sin t u t +  sin 2t − sin t  u t − π 
+  sin 3t − sin 2t  u t − 2π  

We have, 
    L f t − a  u t − a  =  e−as  L f t     and      
         If f t − a = F t , then f t = F(t + a) 
Taking L. T. on both sides 
     L f t = L sin t  u t  + L   sin 2t − sin t u t − π  

+ L  sin 3t − sin2t u t − 2π   
                 = L sin t + e−πs L  sin 2 t + π − sin t + π  

+ e−2πs L{sin 3 t + 2π            − sin2(t + 2π)}  
                 =  L sin t + e−πs L sin 2t + 2π − sin t + π  

+ e−2πs L sin 3t + 6π − sin 2t + 4π    
                 = L{sin t} + e−πs L sin 2t + sin t + e−2πs L sin3t − sin2t  
                                                  Note:    sin π + θ = − sinθ ,

sin(2nπ + θ) = sinθ 

 ∴ 𝐋 𝐟 𝐭  =  
𝟏

𝐬𝟐 + 𝟏
+ 𝐞−𝛑𝐬  

𝟐
𝐬𝟐 + 𝟒

+
𝟏

𝐬𝟐 + 𝟏
 

+ 𝐞−𝟐𝛑𝐬  
𝟑

𝐬𝟐 + 𝟗
−

𝟐
𝐬𝟐 + 𝟒

  
 

𝟏𝟑. 𝐢𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐈. 𝐋. 𝐓. 𝐨𝐟 𝐔𝐧𝐢𝐭 𝐒𝐭𝐞𝐩 𝐅𝐮𝐧𝐜𝐭𝐢𝐨𝐧 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑𝟐: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐮𝐧𝐢𝐭  

𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧   
𝐞−𝐬

(𝐬 + 𝟏)𝟐 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   We have, L−1  e−as  f s  = f t − a  u t − a  

Here       a = 1 

∴  L−1  e−s  f s  =  f  t − 1  u t − 1               …… 1  

Where, f s =  
1

(s + 1)2 



 
 

Laplace Transform                                                                                                                 105 

∴ L−1  f s  = L−1  
1

(s + 1)2 =  e− t  t = f t  

∴  f  t − 1 =  e− t−1  t − 1            … Replace t = t − 1 

Eqution  1  Æ    L−1  e−s  f s  =  e− t−1  t − 1  u t − 1  

                ∴          𝐋−𝟏  
𝐞−𝐬

(𝐬 + 𝟏)𝟐  =  𝐭 − 𝟏 𝐞− 𝐭−𝟏  𝐮 𝐭 − 𝟏  
 
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑𝟑: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐮𝐧𝐢𝐭  

𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧.   
𝐞−𝛑𝐬

𝐬𝟐 + 𝟒
 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   We have, L−1  e−as f s  =  f t − a  u t − a  

Here   a =  π 

∴ L−1  e−π  s  f s  =  f t − π  u t − π              …… 1  

Where,         f s =  
1

s2 + 4
 

∴ L−1  f s  = L−1  
1

s2 + 4
 =  

sin 2t
2

=  f t  

∴ f t − π =  
1
2

sin 2 t − π   =
1
2

sin 2t − 2π    =  
1
2

sin − 2π − 2t   

           =  
−1
2

sin 2π − 2t     =  
−1
2

  − sin 2t        ∵ sin −θ = − sin θ
sin(2π − θ) = − sin θ

  

    f t − π =  
1
2

sin 2t 

∴ Equation 1  Æ     𝐋−𝟏  
𝐞−𝛑 𝐬

𝐬𝟐 + 𝟒
 =  

𝟏
𝟐

𝐬𝐢𝐧 𝟐𝐭  𝐮 𝐭 − 𝛑  
 
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑𝟒: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐮𝐧𝐢𝐭  

𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧.   
𝐬 𝐞− 𝐬𝟐 + 𝛑 𝐞− 𝐬

𝐬𝟐 + 𝛑𝟐  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: We have,   

    L−1  
s e− s2 + π e− s

s2 + π2  =  L−1  
s e− s2

s2 + π2 + L−1  
π e− s

s2 + π2   …… 1  

Now,      L−1  e−as  f s  =  f t − a  u t − a  
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𝐢) For  
s e− s2

s2 + π2 

Here  a =
1
2

 

    L−1   e− s2  f s  =  f  t −
1
2

   u  t −
1
2

                                 …… 2  

Where, f s =  
s

s2 + π2 

∴ L−1  f s  =  f t = cos πt 

∴ f  t −
1
2
 = cos π t −

1
2

        = cos  πt −
π
2
  

                     = cos  
π
2

−
π
t
                       ∵ cos(−θ) = cos θ  

    f  t −
1
2
 = sin

π
t

                                  ∵ cos  
π
2

− θ  = sin θ 

Equation  2  Æ  𝐋−𝟏  𝐞− 𝐬𝟐.
𝐬

𝐬𝟐 + 𝛑𝟐 = 𝐬𝐢𝐧 
𝛑
𝐭

 𝐮 𝐭 −
𝟏
𝟐

    …… 3  

𝐢𝐢) For  
π e−s

s2 + π2 

Here    a =  1 

    L−1  e−s  f s  =  f t − 1  u t − 1                                         …… 4  

Where, f s =  
π

s2 + π2 

            L−1  f s  =  f t = sin πt 

∴   f t − 1 = sin π t − 1     = sin (πt − π) 
                      = − sin π − πt  
      f(t − 1) = − sin πt       ∵ sin −θ = − sin θ, sin(π − θ) = sin θ  

Equation  4  Æ    L−1  e− s .
π

s2 + π2 = − sin πt  u t − 1  …… 5  

From equation  3  &  5  equation  1  Æ 

    L−1   
se− s2 + πe− s

s2 + π2  = sin πt  u  t −
1
2

  +  − sin πt  u t − 1   

         𝐟 𝐭 = 𝐬𝐢𝐧 𝛑𝐭  𝐮  𝐭 −
𝟏
𝟐

  − 𝐮 𝐭 − 𝟏   
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑𝟓: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟  

  
𝐞−𝐬 − 𝟑𝐞−𝟑𝐬

𝐬𝟐  𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:  We ahve,   

  L−1  
e−s − 3e−3s

s2  = L−1  e−s  
1
s2 − 3 L−1  

e−3s

s2    …… (1) 

         By Second shifting property: 

𝐿−1 𝑒−𝑎𝑠   𝑓 𝑠        =   𝑓 𝑡 − 𝑎  ,   𝑡 > 𝑎
 0           ,   𝑡 ≤ 𝑎 

  

Now, L−1  e−s  
1
s2 =   t − 1  ,        t >  1

0       ,            t <  1
   

       In unit step function it can be written as,   =   t − 1 u t − 1  

Now, L−1   e−3s 1
s2  =   t − 3 ,     t >  3

0,            t <  3
  

      In unit step function it can be written as,    =    t − 3  u t − 3  

∴ Equation  1  Æ    𝐋−𝟏  
𝐞−𝟑 − 𝟑𝐞−𝟑𝐬

𝐬𝟐  

=   𝐭 − 𝟏  𝐮 𝐭 − 𝟏 − 𝟑 𝐭 − 𝟑  𝐮 𝐭 − 𝟑  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑𝟔: 𝐅𝐢𝐧𝐝 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋. 𝐓. 𝐨𝐟 
𝐬 𝐞−𝐚𝐬

𝐬𝟐 − 𝛚𝟐  , 𝐚 > 𝟎 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠  

𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:  We have  L−1  e−as s
s2 − ω2   

𝐵𝑦 𝑆𝑒𝑐𝑜𝑛𝑑 𝑠𝑖𝑓𝑡𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦: 

𝐿−1 𝑒−𝑎𝑠   𝑓 𝑠        =   𝑓 𝑡 − 𝑎  ,   𝑡 > 𝑎
 0           ,   𝑡 ≤ 𝑎 

  

    L−1  e−as s
s2 − ω2  =    cosh ω t − a ,   t >  𝑎

 0                            t <  0
  

 In unit step function it can be written as,   𝐟 𝐭 
= 𝐜𝐨𝐬𝐡𝛚 𝐭 − 𝐚 𝐮 𝐭 − 𝐚  

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑𝟕: 𝐅𝐢𝐧𝐝 𝐢𝐧𝐯𝐞𝐫𝐬𝐞 𝐋. 𝐓. 𝐨𝐟 
𝐞−𝐜𝐬

𝐬𝟐 𝐬 + 𝐚 , 𝐜 > 0 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠  

𝐮𝐧𝐢𝐭 𝐬𝐭𝐞𝐩 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:    L−1  e−cs 1
s2 s + a  = L−1  e−cs  f s   
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      Where   f s  =  
1

s2 s + a  

By partial fraction,
1

s2 s + a  =  
A
s

 +
B
s2 +

C
s + a

                 …… 1  

Multiplying both sides by s2 s + a  
                                            1 =  As  s + a + B s + a +  Cs2          …… 2  

Put  s = 0 in equation  2 , 1 =  B  0 + a ;             𝐁 =  
𝟏
𝐚

 

Put  s = −a in equation  2 , 1 =  C (−a)2;             𝐂 =  
𝟏
𝐚𝟐 

Put  s = a,   B =
1
a

   &  C =
1
a2  in equation  2  

   1 =  A (a) (a + a) +
1
a

(a + a) +
1
a2  (a)2 

   1 =  2a2A +  2 + 1 

   1 − 3 =  2a2 A;            
−2
2a2  = A;              𝐀 =  

−𝟏
𝐚𝟐  

∴  Equation  1  Æ   
1

s2 s + a  =  
−1
a2  

1
s

 +
1
a

 
1
s2 + 

1
a2  

1
 s + a  

Taking I. L. T. on both sides. 

    L−1  
1

s2 s + a  =  
−1
a2  L−1  

1
s

  +
1
a

 L−1  
1
s2 +

1
a2 L−1  

1
s + a

  

              L−1 f(s)       =  
−1
a2   1 +

t
a

+ 
1
a2  e−at  =  f(t) 

𝐵𝑦 𝑆𝑒𝑐𝑜𝑛𝑑 𝑠𝑖𝑓𝑡𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦: 

𝐿−1 𝑒−𝑎𝑠   𝑓 𝑠        =   𝑓 𝑡 − 𝑎  ,   𝑡 > 𝑎
 0           ,   𝑡 ≤ 𝑎 

  

Now,   L−1  e−cs 1
s2 s + a  =  

−1
a2 + 

1
a

  t − c +
1
a2  e−a t−c  ,   t > 𝑐

 0                                                     ,   t ≤ c 
  

In unit step function it can be written as,

 
−1
a2 +  

1
a

  t − c +
1
a2  e−a t−c   u t − c  

  𝐋−𝟏  𝐞−𝐜𝐬 𝟏
𝐬𝟐 𝐬 + 𝐚   =   

𝟏
𝐚𝟐    𝐚 𝐭 − 𝐜 − 𝟏 + 𝐞−𝐚 𝐭−𝐜   𝐮 𝐭 − 𝐜  
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𝟏𝟒     𝐔𝐧𝐢𝐭 𝐈𝐦𝐩𝐮𝐥𝐬𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐎𝐫 𝐃𝐢𝐫𝐚𝐜 𝐝𝐞𝐥𝐭𝐚 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 
 

        The idea of a very large force acting  
for a very short time is of frequent  
occurrence in mechanism. To deal with  
such and similar ideas, we introduce the  
unit impulse function. 
 also called dirac delta function  
             Thus unit lmpulse function is  
considered as the limiting form of the  
function 

    δɛ t − a =
1
ɛ

 ,   a ≤ t ≤  a + ɛ 

                      =  0 ,   Otherwise 
As   ɛ → 0. It is clear from fig. That as ɛ → 0, the height of the strip  
increase indefinitely and the width decrease in such a way that its  
area is always unity. 
             Thus the unit impulse function δ t − a  is defined as follows: 
     δ t − a = ∞    for  t = a ;    δ t − a = 0   
Such that 

      𝛅  𝐭 − 𝐚  𝐝𝐭 = 𝟏
∞

𝟎

      𝐚 ≥  𝟎             … for t ≠  a 

𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐓𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐨𝐟 𝐮𝐧𝐢𝐭 𝐢𝐦𝐩𝐮𝐥𝐬𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧: 
             If  f t  be a function of t continuous at  t =  a, then 

      f t  δɛ t − a  dt
∞

0

 =   f t .
1
ɛ

 dt
a+ɛ

a

  

                                          =   a + ɛ − a  f n .
1
ɛ

  

                                          =  f n           where a < 𝑛 < 𝑎 + ɛ 
By mean value then for integral

  

As  ɛ → 0,   we get        𝐟 𝐭  𝛅 𝐭 − 𝐚  𝐝𝐭
∞

𝟎

= 𝐟 𝐚  

𝐍𝐨𝐭𝐞: 
𝟏) L  δ t − a  = e−as  
𝟐) L  δf t  =  1 
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𝟑) L−1 1 =  δ t  
𝟒) L  f t  δ t − a  =  e−as  f(a) 
𝟓) L  f t  δ t  = f (0) 
 

𝟏𝟒. 𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐋. 𝐓. 𝐨𝐟 𝐔𝐧𝐢𝐭 𝐈𝐦𝐩𝐮𝐥𝐬𝐞 𝐅𝐮𝐧𝐜𝐭𝐢𝐨𝐧 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑𝟖:  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞  𝐬𝐢𝐧𝟐𝐭
∞

𝟎

 𝛅 𝐭 −
𝛑
𝟒
  𝐝𝐭 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   We know that,  f t . δ t − a  dt 
∞

0

 =  f a  

Here, a =
π
4

, f t = sin 2t 

∴   sin 2t δ  t −
π
4
 dt 

∞

0

 = sin  2 
π
4
 =  𝟏 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟑𝟗:  𝐋  
𝟏
𝐭

 𝛅 𝐭 − 𝐚   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   W. k. t.  L  δ t − a  = e−as  

∴ L  
1
t

 δ t − a  =   L  δ t − a   ds
∞

s

 

                                =   e−as

∞

s

 =   
e−as

−a
 

s

∞

 

                                =  
−1
a

   e−∞ − e−as      

=  
−1
a

 [0 −  e−as ]                      ∵ e−∞ = 0  

                       𝐟 𝐬      =  
𝟏
𝐚

 𝐞−𝐚𝐬 
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    𝐀𝐩𝐩𝐥𝐢𝐜𝐚𝐭𝐢𝐨𝐧 𝐭𝐨 𝐃𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭𝐢𝐚𝐥 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 
 

𝟏𝟓     𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐨𝐟 𝐥𝐢𝐧𝐞𝐚𝐫 𝐃𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭𝐢𝐚𝐥 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧. 
         𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦𝐬 𝐨𝐟 𝐥𝐢𝐧𝐞𝐚𝐫 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭𝐢𝐚𝐥 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐚𝐫𝐞 𝐚𝐬 

𝟏.   L  
d3y
dx3 = s3 y s − s2 y 0 − s y′ 0 − y′′ (0) 

𝟐.   L  
d2y
dx2 = s2 y s − s y 0 − y′  0  

𝟑.   L  
dy
dx

    = s y s −  y 0  

𝟒.   L y       =  y s  
 

𝟏𝟓. 𝐢      𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐬𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐨𝐟 𝐥𝐢𝐧𝐞𝐚𝐫 𝐃𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭𝐢𝐚𝐥 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒𝟎:  𝐒𝐨𝐥𝐯𝐞 𝐭𝐡𝐞 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭𝐢𝐚𝐥 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐋𝐚𝐩𝐥𝐚𝐜𝐞  

𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦    
𝐝𝟑𝐲
𝐝𝐱𝟑  + 𝟐

𝐝𝟐𝐲
𝐝𝐱𝟐 −

𝐝𝐲
𝐝𝐱

− 𝟐𝐲 = 𝟎    

            𝐠𝐢𝐯𝐞𝐧 𝐲 𝟎 = 𝐲′  𝟎 = 𝟎 𝐚𝐧𝐝   𝐲′′ 𝟎 = 𝟔 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given  D. E. is 

     
d3y
dx3 + 2

d2y
dx2 −

dy
dx

− 2y = 0 

Taking L. T. on both sides 

    L  
d3y
dx3 +

2d2y
dx2 −

dy
dx

− 2y =   L  0  

    L  
d3y
dx3 +  2L  

d2y
dx2 − L  

dy
dx

 − 2L y = 0 

     s3 y s − s2 y 0 − s y′  0 − y′′  0  + 2  s2 y s − s y 0 −

y′0−  s ys− y0−2ys=0 

     s3 + 2s2 − s − 2  y s − 6 = 0 

            s3 + 2s2 − s − 2  y s  = 6 

           y s  =  
6

 s3 + 2s2 − s − 2  

           y s  =
6

 s − 1  s + 1  s + 2  
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∴        y s  =  
6

 s − 1 6
 +

6
 s + 1  −2 +

6
 s + 2  3  

           y s  =  
1

s − 1
+

−3
s + 1

+
2

s + 2
 

Taking I. L. T. on both sides , we get 

    L−1  y s  = L−1  
1

s − 1
 − 3 L−1  

1
s + 1

 + 2 L−1  
1

s + 2
  

              𝐲 𝐭  =  𝐞𝐭 −  𝟑𝐞−𝐭 + 𝟐𝐞−𝟐𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒𝟏:  𝐔𝐬𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐦𝐞𝐭𝐡𝐨𝐝 𝐭𝐨 𝐬𝐨𝐥𝐯𝐞 

   
𝐝𝟐𝐱
𝐝𝐭𝟐 − 𝟐

𝐝𝐱
𝐝𝐭

+ 𝐱 = 𝐞𝐭 𝐰𝐢𝐭𝐡  𝐱 = 𝟐,   
𝐝𝐱
𝐝𝐭

= −𝟏 𝐚𝐭 𝐭 = 𝟎 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given D. E. is 
d2x
dt2 − 2

 dx
dt

+ x = et     …… 1  

      x = 2 ,         t = 0  Æ     x t =  x 0 = 2 

    
dx
dt

= −1,       t = 0  Æ    x′ t =  x′ 0 = −1 

Now,   Taking L. T. on both sides of equation 1  

    L  
d2x
dt2 − 2L  

dx
dt

 + L x = L et  

∴  s2 x s − s x 0 − x’(0) − 2   s  x s −  x 0   +  x s =
1

s − 1
 

∴   s2 − 2s + 1   x s − 2s −  −1 + 2 2 =
1

s − 1
 

∴   s2 − 2s + 1   x s =  
1

s − 1
+ 2s − 5 

                   =  
1 +  s − 1  2s − 5 

s − 1
      =  

1 + 2s2 − 5s − 2s + 5
s − 1

 

              (s − 1)2 x s   =   
2s2 − 7s + 6

s − 1
 

                                x(s)  =  
2s2 − 7s + 6

(s − 1)3  

By partial fraction 

     
2s2 − 7s + 6

(s − 1)3   =  
A

s − 1
+

B
(s − 1)2 +

C
(s − 1)3            …… 1  

Multiplying both sides by (s − 1)3 
    2s2  − 7s + 6 = A(s − 1)2 + B(s − 1) + C 
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    2s2  − 7s + 6 = A s2 − 2s + 1 + Bs − B + C 
    2s2  − 7s + 6 = As2 +  −2A + B s +  A − B + C  
Equating coefficient on both sides 
Coefficient of s2 Æ  𝐀 = 𝟐 
Coefficient of  s  Æ  − 2A + B = −7 ;      −2 2 + B = −7 ;        𝐁

=  −𝟑    
Constant terms  Æ A − B + C = 6 ;    2 −  −3 + C = 6 ;           𝐂 =  𝟏  
∴ Eqution 1  becomes by Taking I. L. T. on both sides 

   L−1  
2s2 − 7s + 6

(s − 1)3    

                                 =  2 L−1  
1

s − 1
 − 3 L−1  

1
(s − 1)2 +  L−1  

1
(s − 1)2  

             L−1 x(s)  =  2et − 3tet +
t2

2!
 et  

           ∴        𝐱  𝐭  =  𝐞𝐭   𝟐 − 𝟑𝐭 +
𝐭𝟐

𝟐
   

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒𝟐:  𝐒𝐨𝐥𝐯𝐞 (𝐃𝟑 − 𝟑𝐃𝟐 + 𝟑𝐃 − 𝟏)𝐲 = 𝐭𝟐𝐞𝐭  𝐛𝐲 𝐮𝐬𝐢𝐧𝐠  
𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 
𝐆𝐢𝐯𝐞𝐧 𝐭𝐡𝐚𝐭  𝐲 𝟎 = 𝟏,   𝐲′ 𝟎 = 𝟎,   𝐲′′ 𝟎 = −𝟐 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given D. E. can be written as: 

     
d3y
dt3 − 3

d2y
dt2 + 3

dy
dt

 − y =  t2 et  

     y 0 = 1,   y’ 0 = 0,   y” 0 = −2 
Taking L. T. on both sides 

    L  
d3y
dt3  − 3 L  

d2y
dt2 + 3 L  

dy
dt

 − L y = L t2et  

∴   s3 y(s) − s2y 0 − s y′  0 − y′′ 0  − 3  s2y s − s y 0 − y′  0    

         + 3  s y s − y 0  − y s =
2

 s − 1 3 

∴  s3 − 3s2 + 3s − 1  y s − s2 1 −  −2 + 3 s 1 − 3 1    

=  
2

 s − 1 3 

∴  s − 1 3 y s − s2 + 2 + 3s − 3 =
2

 s − 1 3 
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∴  s − 1 3 y s  =  
2

 s − 1 3 +  s2 − 3s + 1  

∴  𝐲 𝐬 =  
𝟐

 𝐬 − 𝟏 𝟔 +
𝐬𝟐 − 𝟑𝐬 + 𝟏

 𝐬 − 𝟏 𝟑                                          …… 1  

Take   y1 s =  
s2 − 3s + 1

 s − 1 3  

By partial fraction 

     
s2 − 3s + 1

 s − 1 3  =  
A

s − 1
+

B
 s − 1 2 +

C
 s − 1 3               …… 2  

Multiplying both sides by   s − 1 3 
    s2 − 3s + 1 =  A s − 1 2 + B s − 1 + C 
    s2 − 3s + 1 =  A s2 − 2s + 1 + Bs − B + C 
    s2 − 3s + 1 =  As2 − 2As + A + Bs − B + C 
    s2 − 3s + 1 =  As2 +  −2A + B s +  A − B + C  
Equating coefficient on both sides, 
Coefficient of  s2Æ 𝐀 = 𝟏 
Coefficient of  s  Æ − 2A + B = −3 ;       −2 1 + B = −3 ;    𝐁 = −𝟏 
Constant term  Æ  A − B + C = 1;      1 −  −1 + C = 1;           𝐂 = −𝟏 

∴ Equation  2  Æ     
s2 − 3s + 1

 s − 1 3  =  
1

s − 1
+  

−1
 s − 1 2 + 

1
 s − 1 3 

    Equation  1  Æ     y s =  
2

 s − 1 6 +
1

s − 1
−

1
 s − 1 2 −  

1
 s − 1 3 

Taking I. L. T. on both sides 

    L−1  y s  = 2 L−1  
1

 s − 1 6 + L−1  
1

s − 1
 −  L−1  

1
 s − 1 2 

− L−1  
1

 s − 1 3  

    y t =  2 
t5

5!
 et  + et − tet −

t2

2!
 et  

    𝐲 𝐭 =  𝐞𝐭  
𝟏
𝟔𝟎

 𝐭𝟓 + 𝟏 − 𝐭 −
𝟏
𝟐

 𝐭𝟐  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒𝟑:  𝐒𝐨𝐥𝐯𝐞 𝐭𝐡𝐞 𝐃. 𝐄. 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 

    
𝐝𝟐𝐲
𝐝𝐭𝟐 − 𝟑

𝐝𝐲
𝐝𝐭

+ 𝟐𝐲 =  𝟒𝐭 + 𝐞𝟑𝐭,   𝐰𝐢𝐭𝐡  𝐲 𝟎 = 𝟏,   𝐲′ 𝟎 = −𝟏. 
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given D. E. is   
d2y
dt2 −

3dy
dt

 + 2y = 4t + e3t ,    

                       y 0 = 1,   y′ 0 = −1 
Taking L. T. on both sides, we get 

    L  
d2y
dt2  − 3 L  

dy
dt

 + 2 y = 4 L t + L e3t  

     s2 y s − s y 0 − y’ 0  − 3  s y s − y 0  + 2 y s 

= 4 
1
s2  +

1
s − 3

 

     s2 − 3s + 2  y s − s 1 −  −1 + 3 1 =
4
s2 +

1
s − 3

 

                         s2 − 3s + 2  y s − s + 1 + 3 =
4
s2  +

1
s − 3

 

                             s2 − 3s + 2  y s −  s − 4 =  
4
s2 +

1
s − 3

 

                             s2 − 3s + 2  y s −  s − 4 =  
4
s2 +

1
s − 3

 

                                                s2 − 3s + 2  y s =  
4
s2 +

1
s − 3

+  s − 4  

     y s =  
4

s2 s2 − 3s + 2  +
1

 s − 3  s2 − 3s + 2  +
s − 4

s2 − 3s + 2
       

     y s =  
4 s − 3 + s2 +  s − 4  s2  s − 3 

s2 s − 3  s2 − 3s + 2        

i. e.  y s =  
4 s − 3 + s2 +  s − 4  s2  s − 3 

s2 s − 3  s − 1  s − 2              

                                                                     ∵ s2 − 3s + 2 =  s − 1 (s − 2)  
By partial fraction 

     y s =  
A
s

+
B
s2 +

C
s − 3

+
D

s − 1
+

E
s − 2

                               …… 1  

Multiplying both sides by s2 s − 1  s − 2  s − 3  
    4 s − 3 + s2 +  s − 4 s2 s − 3 = As s − 1  s − 2  s − 3  
          +B s − 1  s − 2  s − 3 + C s2  s − 1  s − 2  
          +D s2  s − 2  s − 3 + E s2  s − 1  s − 3         …… 2  
Now, 
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    B =   
4 s − 3 + s2 +  s − 4 s2 s − 3 

 s − 1  s − 2  s − 3  
s=0

     =  
−12
−6

    ;     𝐁 = 𝟐 

    C =    
4 s − 3 + s2 +  s − 4 s2 s − 3 

s2 s − 1  s − 2  
s=3

    =  
9

18
        ;     𝐂 =

𝟏
𝟐

 

    D =   
4 s − 3 + s2 +  s − 4  s2  s − 3 

s2 s − 2  s − 3  
s = 1

=  
−1
2

    ;       𝐃 =
−𝟏
𝟐

 

    E =   
4 s − 3 + s2 +  s − 4 s2 s − 3 

s2 s − 1  s − 3  
 s=2

     =  
8

−4
    ;       𝐄 = −𝟐 

Now, 

    Put  s = 4,   B = 2,   C =
1
2

,   D =
−1
2

, E = −2 in eqation  2  

    4 1 + 16 =  A 4  3  2  1 + 2 3  2  1 + 
1
2

  16  3  2 

+  
−1
2

  16  2  1 +  −2  16  3  1  

    20 =  24A + 12 + 48 − 16 − 96 ;     20 =  24A − 52 ;     72  
=  24A ;      𝐀  = 𝟑 

∴ Equation  1  becomes by taking I. L. T. on both sides 

L−1   y s  = 3 L−1  
1
s
 + 2 L−1  

1
s2 + L−1  

1
s − 3

 −
1
2

 L−1  
1

s − 1
 

− 2 L−1  
1

s − 2
  

           y t  =  3 + 2t +
1
2

 e3t −
1
2

 et − 2e2t 

  i. e.   𝐲  𝐭 =  𝟑 + 𝟐𝐭 −
𝟏
𝟐

𝐞𝐭 − 𝟐𝐞𝟐𝐭 +
𝟏
𝟐

 𝐞𝟑𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒𝟒:  𝐒𝐨𝐥𝐯𝐞 𝐭𝐡𝐞 𝐃. 𝐄. 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐋. 𝐓.  
                               𝐲′′ 𝐭 − 𝐲′ 𝐭 − 𝟐𝐲 𝐭 = 𝟐𝟎 𝐬𝐢𝐧 𝟐𝐭,  
𝐰𝐢𝐭𝐡 𝐲 𝟎 = −𝟏,   𝐲′ 𝟎 = 𝟐. 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given D. E. is 
    y′′ t − y′ t − 2y t = 20 sin 2t ,   y 0 = −1,   y′ 0 = 2   
Taking L. T. on both sides. 
    L{y′′(t)} − L{y′(t) − 2L{y(t)} = 20 L{sin 2t} 

    s2 y s − s y 0 − y′ 0 −  s y s − y 0  − 2 y s = 20
2

s2 + 4
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     s2 − s − 2  y s −  s −1 − 2 +  −1 =
40

s2 + 4
 

                               s2 − s − 2  y s + s − 3 =
40

s2 + 4
 

                                              s2 − s − 2  y s =  
40

s2 + 4
+ 3 − s 

     y s =  
40

 s2 + 4  s2 − s − 2 +
3 − s

s2 − s − 2
 

     y s =  
40

 s2 + 4  s + 1  s − 2 +
3 − s

 s + 1  s − 2  

     y s =  
40 +  3 − s  s2 + 4 

 s2 + 4  s + 1  s − 2  

By partial fraction method 

y s =  
40 +  3 − s  s2 + 4 

 s2 + 4  s + 1  s − 2 =  
As + B
s2 + 4

 +
C

s + 1
+

D
s − 2

        …… 1  

Multiplying both sides by   s2 + 4  s + 1  s − 2  

    40 +  3 − s  s2 + 4 =  As + B  s + 1  s − 2 + C s2 + 4  s − 2  

                                                  +D s2 + 4  s + 1          …… 2  

Now, C =   
40 +  3 − s  s2 + 4 

 s2 + 4  s − 2  
s = −1

=
60

−15
   ;    𝐂 = −𝟒 

                   D =   
40 +  3 − s  s2 + 4 

 s2 + 4  s + 1  
s = 2

  =
48
24

      ;   𝐃 =  𝟐 

Now,   Put  s =  0,   C =  −4,   D =  2 in equn 2  
     40 +  3  4 =  B 1  −2 +  −4  4  −2 + 2 4  1  
                      52 =  −2B + 32 + 8 ;       52 − 40 = −2B   ;        12 

=  −2B 

                     
12
−2

 = B  ;   𝐁 =  −𝟔 

Now, Put  s = 3,   B = −6,   C = − 4,   D = 2, in equn 2  
    40 + 0 =   A 3 +  −6   4  1 +  −4  13  1 + 2 13  4  
    40 − 28 =  12A   ;         12 = 12A     ∴ 𝐀 =  𝟏 
Now,   Equation  1  Æ and taking I. L. T. on both sides 
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    L−1   y s  =  L−1  
 1 s +  −6 

s2 + 4
 +  −4 L−1  

1
s + 1

 + 2L−1  
1

s − 2
  

                y t =  L−1  
s

s2 + 22 − 6 L−1  
1

s2 + 22 − 4 L−1  
1

s + 1
 

+  2 L−1  
1

s − 2
  

                y t = cos 2t − 6 
sin2t

2
− 4e−t + 2e2t  

𝐢. 𝐞.         𝐲 𝐭 = 𝐜𝐨𝐬 𝟐𝐭 − 𝟑 𝐬𝐢𝐧 𝟐𝐭 − 𝟒𝐞−𝐭 + 𝟐𝐞𝟐𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒𝟓:  𝐒𝐨𝐥𝐯𝐞  𝐃𝟐 + 𝟐𝐃 + 𝟓 𝐲 = 𝐞−𝐭 𝐬𝐢𝐧 𝐭 ,   𝐲 𝟎  = 𝟎,   

                             𝐲′ 𝟎 = 𝟏,     𝐃 =
𝐝
𝐝𝐭

 𝐮𝐬𝐢𝐧𝐠 𝐋. 𝐓. 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given D. E. can be written as:    

                     
d2y
dt2  + 2

dy
dt

+ 5y =  e−t sin t 

Taking L. T. on both sides. 

    L  
d2y
dt2  + 2L  

dy
dt

 + 5L y =  L e−tsint  

∴  s2 y s − s y 0 − y’ 0 + 2  s  y s − y 0  + 5 y s                         

                                                =  
1

(s + 1)2 + 1
 

∴  s2 + 2s + 5  y s − 1 =  
1

s2 + 2s + 1 + 1
 

     s2 + 2s + 5  y s =  
1

s2 + 2s + 2
+ 1 

                          ∴  y s =  
1

 s2 + 2s + 2  s2 − 2s + 5 +
1

s2 + 2s + 5
 

                          ∴  y s = y1 s  +  
1

s2 + 2s + 5
               …… 1  

Take,   y1 s      By using partial fraction method 

     y1 s =  
1

 s2 + 2s + 2  s2 + 2s + 5  

                =
As + B

s2 + 2s + 2
+

Cs + D
s2 + 2s + 5

                             … … 2    

Multiplying both sides by  s2 + 2s + 2  s2 + 2s + 5  
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    1 =   As + B  s2 + 2s + 5 +  Cs + D  s2 + 2s + 2  
    1 =  As3 + 2As2 + 5As + Bs2 + 2Bs + 5B + Cs3 + 2Cs2 + 2Cs

+ Ds2 + 2Ds + 2D 
    1 =   A + C s3 +  2A + B + 2C + D s2 +  5A + 2B + 2C + 2D s

+  5B + 2D  
Equating coefficient on both sides 
Coeffient of s3  Æ A + C  = 0                                 …… 3  
Coeffient of s2  Æ 2A + B + 2C + D = 0             … … 4  
Coeffient of  s   Æ 5A + 2B + 2C + 2D = 0         … … 5  
Constant term Æ  5B + 2D =  1                          ……  6  
Equation  4 × 2        4A + 2B + 4C + 2D = 0 
Equation  5                 5A + 2B + 2C + 2D = 0 
Substrating              −      −        −       − 
                                                         − A + 2C  = 0      …… 7  
Equation   3       A +  C  = 0 
Equation   7  − A + 2C = 0 
     Adding                      3C =  0              ∴   𝐂 =  𝟎 
Equation  3  Æ 𝐀 =  𝟎 
Equation  5  Æ 2B +  2D = 0                                …… 8  
 
 

Now 
Equation  6        5B + 2D  = 1 
Equation  8        2B + 2D  = 0 
Subtrating       −       −           −   

                                           3B  = 1                  𝐁 =  
𝟏
𝟑

  

Equation  6  Æ  5  
1
3
 + 2D = 1,   2D = 1 −

5
3

=
3 − 5

3
;    

   2D =  −
2
3

 ;    𝐃 =  
−𝟏
𝟑

 

Equation  2  Æ  y1 s =  
0 s + 1

3
s2 + 2s + 2

 +
0 s +  − 1

3 

s2 + 2s + 5
 

Equation 1  Æ    y s  

=  
1
3

 
1

s2 + 2s + 2
−

1
3

 
1

s2 + 2s + 5
+

1
s2 + 2s + 5
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     y s =  
1
3

 
1

s2 + 2s + 2
+

2
3

 
1

s2 + 2s + 5
 

     y s =  
1
3

 
1

(s + 1)2 + 12  +
2
3

 
1

(s + 1)2 + 22 

Taking I. L. T. on both sides, 

    L−1  y s  =  
1
3

 L−1  
1

(s + 1)2 + 12 +
2
3

 L−1  
1

(s + 1)2 + 22  

                y t =  
1
3

 e−t sin t +
2
3

 e−t  
sin2t

2
 

        ∴    𝐲  𝐭 =  
𝟏
𝟑

 𝐞−𝐭 𝐬𝐢𝐧 𝐭 + 𝐬𝐢𝐧 𝟐𝐭  
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒𝟔:  𝐒𝐨𝐥𝐯𝐞  𝐃𝟐 + 𝐧𝟐 𝐱 =  𝐚𝐬𝐢𝐧 𝐧𝐭 + ∝ , 𝐠𝐢𝐯𝐞𝐧  
𝐱 𝟎 =  𝐱′ 𝟎 = 𝟎 𝐮𝐬𝐢𝐧𝐠 𝐋. 𝐓. 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given D. E. can be written as ∶      D2x + n2x

= a sin nt + ∝  
Taking L. T. on both sides. 
    L D2x + n2 L  x = a L sin nt+∝   

    s2 x s − s x 0 − x′ 0 + n2 x s 
=  a L sin nt cos ∝ + cos nt sin ∝  

∴  s2 + n2  x s =  a  cos ∝ L sin nt + sin ∝  L cos nt   

                                =  a cos ∝  
n

s2 + n2 +  a sin ∝  
s

s2 + n2 

                  ∴  x s =  a cos ∝  
n

(s2 + n2)2  +  a sin ∝  
s

(s2 + n2)2 

Taking I. L. T. on both sides, 

    L−1  x s  = an cos ∝  L−1  
1

(s2 + n2)2 + a sin ∝  L−1  
s

(s2 + n2)2  

∴ Solve it by Convolution theorem 

  L−1  x s  = an cos ∝  
sin n t − u 

n

t

0

sin n u 
n

 du 

+  a sin ∝  cos n t − u 
t

0

sin nu
n

 du 
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 x t = an cos ∝  
1

n2  sin
t

0

 nt − nu sin nu du

+ a sin ∝  
1
n

 cos
t

0

 nt − nu sin nu du 

  

 
 
 

 
 ∵ sin A. sinB =

−1
2

 cos A + B − cos A − B  ;  

  cos A . sin B =
1
2

 sin A + B − sin A − B  
              

  

∴  x t =
a
n

 cos ∝  
−1
2

 cos  nt − nu + nu − cos  nt − nu − nu   du
t

0

  

               + 
a
n

 sin ∝  
1
2

t

0

  sin nt − nu + nu − sin nt − nu − nu   du 

  =  
−a
2n

cos ∝   cos nt − cos nt − 2nu  du
t

0

 + 

        
a

2n
 sin ∝   sin nt − sin nt − 2nu  du

t

0

 

             =  
−a
2n

cos ∝   cos nt u −
sin nt − 2nu 

−2n
 

0

t

  

                       +
a

2n
sin ∝    sin nt u −

 − cos nt − 2nu  
−2n

 
0

t

  

             =  
−a
2n

cos ∝   t cos nt  +
1

2n
sin nt − 2nt −

sin nt
2n

  

                       + 
a

2n
 sin ∝  t sin nt −

1
2n

cos nt − 2nt  +
cos nt

2n
  

             =  
−a
2n

 cos ∝   t cos nt −
1

2n
sin nt −  

sin nt
2n

   

                       + 
a

2n
sin ∝   t sin nt  −

1
2n

cos nt  +
cos nt

2n
            

             =  
−a
2n

cos ∝   t cos nt −
1
n

sin nt +
a

2n
sin ∝  t sin nt  
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             =  
𝐚 𝐜𝐨𝐬 ∝

𝟐𝐧𝟐   𝐬𝐢𝐧 𝐧𝐭 − 𝐧𝐭 𝐜𝐨𝐬 𝐧𝐭 +
𝐚 𝐬𝐢𝐧 ∝

𝟐𝐧
 𝐭 𝐬𝐢𝐧 𝐧𝐭 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒𝟕:  𝐒𝐨𝐥𝐯𝐞 ∶
𝐝𝟐𝐱
𝐝𝐭𝟐  +  𝟗𝐱 = 𝐜𝐨𝐬 𝟐𝐭 , 𝐢𝐟 𝐱 𝟎 = 𝟏,  

                               𝐱  
𝛑
𝟐
 = −𝟏 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given,
d2x
dt2  + 9x = cos 2t                         …… 1  

     x 0 = 1,   x  
π
2
 = −1 

But  x′  0  is not given.    Let  x′ 0 = a 
Now, Taking L. T. both sides of equn 1  

    L  
d2x
dt2 + 9 L x  =  L  cos 2t  

    s2 x s − s x 0 − x′ 0 + 9 x s =  
s

s2 + 4
 

    ∴   s2 + 9 x s =  
s

s2 + 4
+ s + a 

    ∴  x s =  
s

 s2 + 4  s2 + 9 +
s

s2 + 9
+

a
s2 + 9

             …… 2  

Take  x1 s =  
s

 s2 + 4  s2 + 9  

By partial fraction,
s

 s2 + 4  s2 + 9  =  
As + B
s2 + 4

 +
Cs + D
s2 + 9

            ……  3  

Multiplying both sides by  s2 + 4  s2 + 9  
    s =   As + B  s2 + 9 +  Cs + D  s2 + 4  
    s =  As3 + 9As + Bs2 + 9B + Cs3 + 4Cs + Ds2 + 4D 
    s =   A + C s3 +  B + D s2 +  9A + 4C s +  9B + 4D  
Equating coeffient on both sides. 
Coeffient of  s3 Æ A + C = 0                                                …… 4  
Coeffient of  s2 Æ B + D = 0                                               …… 5  
Coeffient of  s   Æ 9A + 4C = 1                                            … … 6  
Coeffient term Æ  9B + 4D = 0                                           …… 7  
Now, 
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Equation  4 × 4        4A + 4C = 0 
Equation  6                 9A + 4C = 1 
Subtrating                  −      −         −   

                                                −5A  = −1           𝐀 =  
𝟏
𝟓

  

Now,   equation (4) Æ 𝐂 =
−𝟏
𝟓

 

Equation  5 × 4        4B +  4D =  0 
Equation  7                 9B + 4D  =  0 
Subtrating                  −      −           −   
                                                   − 5B = 0                𝐁 = 𝟎    
Equation  5  Æ  𝐃 = 𝟎 

Equation  3  Æ 
s

 s2 + 4  s2 + 9  =  
1
5 s + 0
s2 + 4

+
− 1

5 s + 0
s2 + 9

 

Equation  2  Æ 

    x s =  
1
5

 
s

s2 + 4
−

1
5

 
s

s2 + 9
 +

s
s2 + 9

+
a

s2 + 9
 

    x s =  
1
5

 
s

s2 + 4
+

4
5

 
s

s2 + 9
+

a
s2 + 9

 

Taking I. L. T. on both sides 

    L−1  x s  =  
1
5

 L−1  
s

s2 + 22 +
4
5

 L−1  
s

s2 + 32 + a L−1  
1

s2 + 32  

                        =  
1
5

cos 2t +
4
5

cos 3t +  a 
sin 3t

3
 

    𝐱 𝐭 =  
𝟏
𝟓

 𝐜𝐨𝐬𝟐𝐭 + 𝟒 𝐜𝐨𝐬𝟑𝐭 +
𝟓
𝟑

𝐚 𝐬𝐢𝐧 𝟑𝐭                         …… 8  

Now, given  x  
π
2
 = −1,   at  t =

π
2

 

Equation  8  Æ   x  
π
2
 =  

1
5

  cos 2
π
2

+ 4 cos 3
π
2

+
5
3

a sin 3
π
2
  

                                     −1 =  
1
5

  −1 + 4 0 +
5
3

a −1    

                                 ∵ sin 
π
2

= 1, sin
3π
2

= −1 cos π = −1, cos 
3π
2

= 0   

 −1 =  
−1
5

−
a
3

 ;     
a
3

 = −
1
5

 + 1 ;      
a
3

=
4
5

 ;     a =
4
5

. 3 ;       𝐚 =
𝟏𝟐
𝟓
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∴ Equation  8  Æ     x t =  
1
5

  cos 2t + 4 cos3t +
5
3

.
12
5

. sin 3t   

    𝐱 𝐭 =
𝟏
𝟓

  𝐜𝐨𝐬𝟐𝐭 + 𝟒 𝐜𝐨𝐬𝟑𝐭 + 𝟒 𝐬𝐢𝐧 𝟑𝐭  
 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒𝟖:  𝐒𝐨𝐥𝐯𝐞 
𝐝𝐲
𝐝𝐭

 + 𝟐𝐲 +  𝐲 𝐝𝐭
𝐭

𝟎

 =  𝐬𝐢𝐧 𝐭,   

  𝐠𝐢𝐯𝐞𝐧 𝐲 𝟎 = 𝟏 𝐮𝐬𝐢𝐧𝐠 𝐋. 𝐓. 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given,
dy
dt

+  2y +  y dt
t

0

= sin t 

   Taking L. T. on both sides. 

             ∴       L  
dy
dt

+ 2y +  y dt
t

0

 =  L  sin t  

         L  
dy
dt

 + 2 L y +  L   y
t

0

dt =  
1

s2 + 1
 

     s y s − y 0 + 2y s +
1
s

 y s =
1

s2 + 1
 

                                 s + 2 +
1
s
  y s =  

1
s2 + 1

 + 1 

                               
s2 + 2s + 1

s
  y s =  

1
s2 + 1

+ 1 

                                     
(s + 1)2

s
  y s =  

1
s2 + 1

 + 1 

y s =  
s

 s2 + 1 (s + 1)2  +
s

(s + 1)2    =  y1 s  + 
s

(s + 1)2    …… 1  

Take by partial fraction 

∴ y1 s =  
s

(s2 + 1)(s + 1)2   =
As + B
s2 + 1

 +
C

s + 1
+

D
(s + 1)2     …… 2  

Multiplying both sides by (s2 + 1)(s + 1)2 
     s =  (As + B)(s + 1)2 + C(s2 + 1)(s + 1) + D(s2 + 1) 
     s =   As + B  s2 + 2s + 1 + C s3 + s2 + s + 1 + Ds2 + D 
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     s =  As3 + 2As2 + As + Bs2 + 2Bs + B + Cs3 + Cs2 + Cs + C
+ Ds2 + D  

    s =   A + C s3 +  2A + B + C + D s2 +  A + 2B + C s
+  B + C + D  

Equating coefficient on both sides. 
Coefficient of s3 Æ   A + C = 0                                                   …… 3  
Coefficient of s2 Æ   2A + B + C + D = 0                                …… 4  
Coefficient of  s  Æ   A + 2B + C = 1                                         ……  5  
Constant term    Æ B + C + D = 0                                             …… 6  
Now, 
Equation  3  Æ A + C = 0 put in equation  5  

Equation  5  Æ 2B = 1,   𝐁 =
𝟏
𝟐

 

Equation  6  Æ B + C + D = 0 put in equation  4  
Equation  4  Æ 2A =  0 ,   𝐀 =  𝟎 
Put  A =  0 in equation  3  ,   𝐂 =  𝟎 

Put  B =
1
2

,   C = 0 , in equn  6  
1
2

  + 0 + D = 0;    𝐃 = −
𝟏
𝟐

 

∴ Equation 2  Æ  
s

 s2 + 1 (s + 1)2  =
0 s + 1

2
s2 + 1

 +
0

s + 1
+  

−1
2

(s + 1)2    

    Equation 1  Æ     y s =  
1
2

s2 + 1
 −

1
2

(s + 1)2  +
s

(s + 1)2        

     y s =  
1
2

 
1

s2 + 1
+

s − 1
2

(s + 1)2          

Now, Taking I. L. T. on both sides 

    L−1  y s  =  
1
2

 L−1  
1

s2 + 1
 + L−1  

s − 1
2

(s + 1)2  

     y t  =  
1
2

sin t + L−1  
 s + 1 − 3

2
(s + 1)2   

              =  
1
2

 sint + e−tL−1  
s − 3

2
s2             
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              =  
1
2

sin t + e−t  L−1  
s

s2 −
3
2
s2    

              =  
1
2

sin t  + e−t  L−1  
1
s
 −

3
2

 L−1  
1
s2   

              =  
1
2

sin t  + e−t  1 −
3
2

 t  

     𝐲 𝐭 =  
𝟏
𝟐

𝐬𝐢𝐧 𝐭  + 𝐞−𝐭 −
𝟑
𝟐

 𝐭. 𝐞−𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟒𝟗:  𝐒𝐨𝐥𝐯𝐞  𝐭 𝐲′′ + 𝟐𝐲′ + 𝐭 𝐲 = 𝐜𝐨𝐬 𝐭   𝐠𝐢𝐯𝐞𝐧 𝐭𝐡𝐚𝐭  𝐲 𝟎 
= 𝟏,   𝐲′  𝟎 = 𝟎. 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:      Given, t y′′ + 2y′ + t y = cos t 
Taking L. T. on both sides, 
        L t y′′ + 2 L y′ + L t y = L cos t  

     W. k. t.  L tn  f t   =   −1 n dn

dsn  f s     

    −
d
ds

 s2y s −  s y 0 − y’ 0  + 2  s y s − y 0  +  −
d
ds

 y s  

=  
s

s2 + 1
 

                −
d
ds

 s2 y s +
d
ds

s +
d
ds

0 + 2s y s − 2 −
d 
ds

y s =  
s

s2 + 1
 

    −  s2 d 
ds

y s + y s  2s + 1 + 0 + 2s y s − 2 −
dy
ds

y s =
s

s2 + 1
 

                         −s2 d 
ds

y s  − 2s  y s + 2s y s −
d 
ds

y s =
s

s2 + 1
 + 1 

                                                                      −  s2 + 1  
d 
ds

y s =  
s

s2 + 1
+ 1 

           ∴  
d 
ds

y s =  
−s

(s2 + 1)2  −
1

s2 + 1
 

Taking I. L. T. on both sides 

∴  L−1  
d 
ds

y s  =  L−1  
−s

(s2 + 1)2  −
1

s2 + 1
  

                              = − L−1  
s

(s2 + 1)2  − L−1  
1

s2 + 1
  



 
 

Laplace Transform                                                                                                                 127 

−t y t  = −  
1

2 1  t sint − sin t       ∵ L−1  
s

(s2 + a2)2 =
1

2a
t. sin at   

                 ∴  y t =  
1
2

sin t +
1
t

sin t 

              Or  𝐲 𝐭 =  
𝟏
𝟐

𝐬𝐢𝐧 𝐭  𝟏 +
𝟐
𝐭
 

 

                                            
 
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟓𝟎:  𝐒𝐨𝐥𝐯𝐞 𝐔𝐬𝐢𝐧𝐠 𝐋. 𝐓.  𝐲′′ + 𝟒𝐲 = 𝐟 𝐭 ,   𝐲 𝟎 = 𝟎,  
       𝐲′ 𝟎 = 𝟏 

𝐖𝐡𝐞𝐫𝐞,   𝐟 𝐭 =   𝟏 ,   𝟎 < 𝑡 < 1
𝟎 ,            𝐭 >  1

  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given, y′′ + 4y  =  f t               …… 1  

Where, f t =   1 ,   0 <  𝑡 < 1
0 ,            t >  1

   

It can be express in unit step functions: 
    f t =  L u t − u t − 1   
Equation 1  Æ   y′′ + 4y = u t − u t − 1  
Taking L. T. on both sides, 
    L y′′ + 4L y  =  L{u t } − L u t − u   
Given,   y 0 = 0,   y′ 0 = 1 

    s2y − s y 0 − y′ 0 + 4y =
1
s

− e−s 1
s

 

    s2y − 1 + 4 y =  
1
s

−
e−s

s
 

            s2 + 4  y =  
1
s

−
e−s

s
+ 1 

y  =  
1

s s2 + 4 −
e−s

s s2 + 4 + 
1

s2 + 4
  =   y1 − y2 + 

1
s2 + 4

   …… 2  

Now, By partial fraction       

  Let    y1  =  
1

s s2 + 4 =
A
s

 + 
Bs + C
s2 + 4

                               …… 3  

Multiplying both sides by  s s2 + 4  
    1 = A s2 + 4 +  Bs + C  s  
    1 = As2 + 4A +  Bs2 + Cs 
    1 =  A + B  s2 + Cs + 4A 
Equating coefficient on both sides, 
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Coefficient of  s2 Æ A + B = 0 
Coefficient of  s   Æ  𝐂 =  𝟎 

Constant term     Æ  4A =  1 ;  𝐀 =
𝟏
𝟒

  ,                       ∴ 𝐁 =  
−𝟏
𝟒

 

Equation  3  Æ  y1  =  
1
4
s

 +
− 1

4 s + 0
s2 + 4

                       … … 4  

Now, By partial fraction, 

  Let    y2  =  
e−s

s s2 + 4    = e−s  
1

s s2 + 4    = e−s  y1     

                   =  e−s   
1
4
s

+
− 1

4 s + 0
s2 + 4

  

             y2  =  
1
4 e−s

s
+

− 1
4 se−s

s2 + 4
                                      ……  5  

Now, Using equation  4  &  5  equation  2  becomes  Æ 

Equation  2  Æ     y =  
1
4
s

+ 
−1
4 s

s2 + 4
−  

1
4 e−s

s
 +

− 1
4 se−s

s2 + 4
 +

1
s2 + 4

 

Taking I. L. T. on both sides, 

L−1 y  =
1
4

 L−1  
1
s
 −

1
4

 L−1  
s

s2 + 22 −
1
4

 L−1  
e−s

s
 +

1
4

 L−1  
se−s

s2 + 22 

+ L−1  
1

s2 + 22  

     y t  =  
1
4

 −
1
4

cos 2t −
1
4

 u t − 1 +
1
4

cos 2 t − 1  u t − 1 

+
sin 2t

2
 

∴   𝐲 𝐭 =  
𝟏
𝟒

−
𝐜𝐨𝐬 𝟐𝐭

𝟒
+  

𝐬𝐢𝐧𝟐𝐭
𝟐

−
𝐮 𝐭 − 𝟏 

𝟒
+

𝐜𝐨𝐬 𝟐 𝐭 − 𝟏 𝐮 𝐭 − 𝟏 
𝟒

  
 

𝟏𝟔     𝐒𝐢𝐦𝐮𝐥𝐭𝐚𝐧𝐞𝐨𝐮𝐬 𝐋. 𝐃. 𝐄.  𝐰𝐢𝐭𝐡 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭 𝐜𝐨𝐞𝐟𝐟𝐢𝐜𝐢𝐞𝐧𝐭 𝐛𝐲 𝐋. 𝐓. 
 

        Let x and y be dependend variable occurring in the simultaneous  
system and ‘t’ independent variable.     
𝐒𝐭𝐞𝐩𝐬: 

𝟏) Given the D. E.  Ex.   
dx
dt

 = ax + by   and   
dy
dt

 =  cx + dy 
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       Or  Ex.  D2x + Dy + ay = 0  and   D2y + Dx + by = 0 
𝟐) Take L. T. of given D. E. 
𝟑) Using initial conditions, we get two simultaneous equation in  x  &  y  
𝟒) Solve these equation simultaneously we get  x  & y  
𝟓) Take I. L. T. of  x  &  y  we get solution  x t  & y t  
 

𝟏𝟔. 𝐢     𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝐬 𝐨𝐧 𝐒𝐢𝐦𝐮𝐥𝐭𝐚𝐧𝐞𝐨𝐮𝐬 𝐋. 𝐃. 𝐄. 𝐰𝐢𝐭𝐡 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭  
                𝐜𝐨𝐞𝐟𝐟𝐢𝐜𝐢𝐞𝐧𝐭 𝐛𝐲 𝐋. 𝐓 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟓𝟏:  𝐒𝐨𝐥𝐯𝐞  
𝐝𝐱
𝐝𝐭

 = 𝟐𝐱 −  𝟑𝐲,  
𝐝𝐲
𝐝𝐭

 = 𝐲 −  𝟐𝐱   

𝐮𝐬𝐢𝐧𝐠 𝐋. 𝐓. 𝐛𝐞𝐢𝐧𝐠 𝐠𝐢𝐯𝐞𝐧 𝐱 𝟎 = 𝟖,   𝐲 𝟎 = 𝟑 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:      Given,
dx
dt

 = 2x − 3y ;    
dy
dt

 =  y −  2x 

Taking L. T. on both sides, 

             L  
dx
dt

 =  2 L x − 3L y                                      

             L  
dy
dt

 =  L y − 2L x  

    s x −  x 0 =  2x − 3y                                       s y − y 0 = y − 2x  
          s x −  8 = 2x −  3y                                             s y − 3 = y − 2x  
     s − 2 x + 3y = 8       …… 1           2x +  s − 1 y = 3           …… 2  
Now,  
Equation  1 ×  s − 1      s − 1  s − 2  x + 3 s − 1  y = 8 s − 1  
Equation  2 × 3                                       6 x  + 3 s − 1  y = 9 
Subtrating                                                −       −                        − 
                                                           s − 1  s − 2 − 6  x     =  8s − 8 − 9 
                                                             ∴  s2 − 3s + 2 − 6  x  =  8s −  17 

∴  x  =
8s − 17

s2 − 3s − 4
 =  

8s − 17
 s + 1  s − 4  

∴ By partial fraction, x =  
8s − 17

 s + 1  s − 4  =
5

s + 1
 +

3
s − 4

 

Taking inverse L. T. on both sides. 

    L−1 x   =  5L−1  
1

s + 1
 + 3 L−1  

1
s − 4

  

    𝐱 𝐭 =  𝐱 =  𝟓𝐞−𝐭 + 𝟑𝐞𝟒𝐭 
Now, 
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Equation 1 × 2                  2 s − 2  x  + 6y                          = 16 
Equation 2 ×  s − 2        2 s − 2  x  +  s − 1  s − 2 y =  s − 2 3 
Subtrating                         −                     −                                    − 
                                                    6 −   s − 1  s − 2   y  =  16 − 3 s − 2  
      6 −   s2 − 3s + 2   y  =  16 − 3s + 6 
          6 −  s2 + 3s − 2  y =  22 − 3s 
               −s2 + 3s + 4  y  = 22 − 3s 
                   s2 − 3s − 4  y = − 22 + 3s 

                y =
3s − 22

s2 − 3s − 4
 =  

3s − 22
 s + 1  s − 4  

By partial fraction, y =  
3s − 22

 s + 1  s − 4  =
5

s + 1
+

 −2 
s − 4

 

Taking Inverse L. T. on both sides. 

    L−1 y  = 5 L−1  
1

s + 1
 − 2 L−1  

1
s − 4

  

    𝐲 𝐭 = 𝐲 =  𝟓𝐞−𝐭 − 𝟐𝐞𝟒𝐭 
     ∴  𝐱 =  𝟓𝐞−𝐭 +  𝟑𝐞𝟒𝐭  𝐚𝐧𝐝  𝐲 = 𝟓𝐞−𝐭 − 𝟐𝐞𝟒𝐭 
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟓𝟐:  𝐒𝐨𝐥𝐯𝐞 𝐭𝐡𝐞 𝐬𝐢𝐦𝐮𝐥𝐭𝐚𝐧𝐞𝐨𝐮𝐬 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧𝐬 

  
𝐝𝐱
𝐝𝐭

+ 𝟓𝐱 − 𝟐𝐲 = 𝐭, ,   
𝐝𝐲
𝐝𝐭

+ 𝟐𝐱 + 𝐲 = 𝟎 𝐛𝐞𝐢𝐧𝐠 𝐠𝐢𝐯𝐞𝐧 𝐱 = 𝐲 = 𝟎  

𝐰𝐡𝐞𝐧  𝐭 = 𝟎 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:    Given,
dy
dt

 + 2x + y = 0,
dx
dt

+ 5x − 2y = t 
Taking L. T. on both sides    

    L  
dy
dt

+ 2x + y = L 0            

    L  
dy
dt

 + 2L x + L y = 0     

    L  
dx
dt

+ 5x − 2y = L t  

    L  
dx
dt

 + 5L x − 2L y =
1
s2 

    s y − y 0 + 2x + y = 0                                  s x − x 0 + 5x − 2y =
1
s2 

Given, x = 0,   y = 0    when  t = 0  ;   ∴  x 0 = 0, y 0 = 0 
        s + 1 y + 2x = 0     …… 1           

    −2y +  s + 5 x =
1
s2      …… 2  
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Equation  1 × 2                       2 s + 1 y  + 4x                         = 0 

Equation  2 ×  s + 1       − 2 s + 1 y  +  s + 1  s + 5 x =  
s + 1

s2  
 Adding                                            

                                                                    4 +  s + 1  s + 5  x   =  
s + 1

s2  

    (4 + s2 + 6s + 5)x  =  
s + 1

s2  

            (s2 + 6s + 9)x  =
s + 1

s2  

                                   ∴ x =  
s + 1

s2(s2 + 6s + 9)
=  

s + 1
s2 s + 3 2 

By partial fraction, 

     x =  
s + 1

s2 s + 3 2  =
A
s

+
B
s2 +

C
s + 3

+
D

 s + 3 2               …… i  

Multiplying both sides by s2 s + 3 2 
    s + 1 =  As  s + 3 2+B s + 3 2+ Cs2 s + 3 + Ds2 
    s + 1 = As s2 + 6s + 9 + B s2 + 6s + 9 + Cs3+3Cs2+Ds2  
    s + 1 =  As3+6As2+9As + Bs2+6Bs + 9B + Cs3+3Cs2+Ds2 
    s + 1 =   A + C s3+ 6A + B + 3C + D s2 +  9A + 6B s + 9B 
Equating coefficient on both sides, 
Coefficient of s3 Æ  A +  C = 0                                             …… 3  
Coefficient of  s2Æ  6A + B + 3C + D = 0                       … … 4  
Coefficient of  s  Æ   9A + 6B   = 1                                     …… 5  
Constant term Æ     9B = 1                                                   … … 6  

                                         𝐁 =  
𝟏
𝟗

  

Equation  5  Æ  9A + 6.
1
9

 = 1 ;  9A = 1 −
2
3

  =
1
3

   ;     9A =  
1
3

 ;   

                                𝐀 =  
𝟏
𝟐𝟕

 

Equation  3  Æ   𝐂 =  
−𝟏
𝟐𝟕

               

Equation  4  Æ 6.
1

27
 + 

1
9

 + 3  
−1
27

 + D = 0;     
2
9

 +
1
9

 −
1
9

 + D 

= 0;      𝐃 =  
−𝟐
𝟗
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Now, equation  i  Æ     x =  
1

27
s

+
1
9
s2 +

− 1
27

s + 3
+

− 2
9

 s + 3 2 

Taking inverse L. T. on both sides, 

    L−1 x  = x =
1

27
L−1  

1
s
 +

1
9

 L−1  
1
s2 −

1
27

 L−1  
1

s + 3
 

−
2
9

L−1  
1

 s + 3 2  

                      𝐱 =  
𝟏
𝟐𝟕

 +
𝟏
𝟗

𝐭 −
𝟏
𝟐𝟕

𝐞−𝟑𝐭 −
𝟐
𝟗

𝐭𝐞−𝟑𝐭 
Now, 
Substituting the value of  x  in equation  2  

    −2y +  s + 5 
 s + 1 

s2 s + 3 2 =  
1
s2 

− 2y =  
1
s2 −

 s + 1  s + 5 
s2 s + 3 2 =

 s + 3 2 −  s + 1  s + 5 
s2 s + 3 2  

                                                     =  
s2+6s + 9 − s2 − 6s − 5

−2s2 s + 3 2  

               y  =  
4

−2s2 s + 3 2  =  
−2

s2 s + 3 2 

By partial fraction,   

               y =  
−2

s2 s + 3 2 =  
A
s

 +
B
s2 +

C
s + 3

+
D

 s + 3 2         …… ii  

Multiplying both sides by  s2 s + 3 2 
    −2 = As s + 3 2 +  B s + 3 2+Cs2 s + 3 + Ds2 
    −2 = As(s2+6s + 9) + B(s2+6s + 9) + Cs3+3Cs2 + Ds2 
    −2 = As3 + 6As2 + 9As + Bs2 + 6Bs + 9B + Cs3 + 3Cs2 + Ds2 
    −2 =  A + C s3+ 6A + B + 3C + D s2 +  9A + 6B s + 9B 
Equating coefficient on both sides, 
Coefficient of  s3Æ A + C = 0                                          …… 7  
Coefficient of  s2Æ 6A + B + 3C + D = 0                    …… 8  
Coefficient of  s  Æ  9A + 6B  =  0                                  …… 9  
Constant term    Æ  9B =  −2                                          …… 10  

                                        𝐁 =  −
𝟐
𝟗
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Equation  9  Æ 9A + 6  
−2
9

 = 0;   9A −
4
3

 = 0;    9A =
4
3

  ;   𝐀 =
𝟒
𝟐𝟕

 

Equation  7  Æ   𝐂 = − 
𝟒
𝟐𝟕

 

Equation  8  Æ  6.
4

27
+  

−2
9

 + 3  
−4
27

 + D = 0;  

                                                         
8
9

−
2
9

−
4
9

 + D =  0;    𝐃 =  
−𝟐
𝟗

 

Now,   Equation  ii  Æ     y =  
4

27
s

+
− 2

9
s2 +

− 4
27

s + 3
 +

− 2
9

 s + 3 2 

Taking inverse L. T. on both sides, 

L−1 y  =
4

27
 L−1  

1
s
 −

2
9

 L−1  
1
s2 −

4
27

L−1  
1

s + 3
 −

2
9

L−1  
1

 s + 3 2  

               𝐲 =
𝟒
𝟐𝟕

−
𝟐
𝟗

 𝐭 −
𝟒
𝟐𝟕

 𝐞−𝟑𝐭 −
𝟐
𝟗

 𝐭 𝐞−𝟑𝐭 

∴  𝐱 =
𝟏
𝟐𝟕

 +
𝐭
𝟗

−
𝐞−𝟑𝐭

𝟐𝟕
−

𝟐𝐭𝐞−𝟑𝐭

𝟗
  𝐚𝐧𝐝    𝐲 =

𝟒
𝟐𝟕

−
𝟐𝐭
𝟗

−
𝟒𝐞−𝟑𝐭

𝟐𝟕
−

𝟐𝐭𝐞−𝟑𝐭

𝟗
 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟓𝟑:  𝐒𝐨𝐥𝐯𝐞 𝐮𝐬𝐢𝐧𝐠 𝐋. 𝐓. 
𝐝𝐱
𝐝𝐭

 − 𝐲 = 𝐞𝐭 ,   
𝐝𝐲
𝐝𝐭

+ 𝐱 = 𝐬𝐢𝐧 𝐭   

𝐰𝐢𝐭𝐡  𝐲 𝟎 = 𝟎,   𝐱  𝟎 = 𝟏 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given,
dx
dt

− y = et  ;     
dy
dt

 + x = sin t 

Taking L. T. on both sides, 

      L  
dx
dt

 − L y  =  L et                                      L  
dy
dt

 +  L x =  L sin t  

     s x − x 0 − y =  
1

s − 1
                                    s y − y 0 + x =  

1
s2 + 1

 

                  s x − y  =  
1

s − 1
 + 1                                         s y + x =  

1
s2 + 1

 

                 s x −  y  =  
1 + s − 1

s − 1
                                          x + s y =  

1
s2 + 1

 

      s x − y  =  
s

s − 1
      …… 1               x + s y  =  

1
s2 + 1

     …… 2  

Now, 
 

Succ
es

sC
lap

SuccessClap: Best Coaching for UPSC Maths: Visit SuccessClap.com/ Whatsapp 9346856874

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com



 
 

Laplace Transform                                                                                                                 134 

 

Equation  1 × s        s2 x   −   s y    =  
s2

s − 1
 

Equation  2                   x     +    s y    =  
1

s2 + 1
 

Adding         

                                            s2 + 1  x    =  
s2

s − 1
+

1
s2 + 1

 

  ∴       x =  
s2

 s − 1  s2 + 1 +  
1

(s2 + 1)2                      ……  3  

Let    x1 =  
s2

 s − 1  s2 + 1   

By partial fraction, 

          x1 =  
s2

 s − 1  s2 + 1 =
A

s − 1
+

Bs + C
s2 + 1

            …… 4  

Multiplying both sides by  s − 1  s2 + 1  
    s2 =  A s2 + 1 +  Bs + C  s − 1  
    s2 =  As2 + A + Bs2 − Bs + Cs − C 
    s2 =  A + B s2 +  −B + C s +  A − C  
Equating coefficient on both sides. 
Coefficient of  s2Æ     A +  B =  1                          …… 5  
Coefficient of  s  Æ − B + C =  0                          …… 6  
Constant terms  Æ      A − C =  0                          …… 7  
Equation  5  Æ            B + C = 1                           … … 8  
Adding equation  6  &  8  − B + C + B + C = 0 + 1;    

               2C =  1 ;      𝐂 =
𝟏
𝟐

   

                         𝐀 =
𝟏
𝟐

 ;       𝐁 =
𝟏
𝟐

 

Equation  4  Æ    x1  =  
1
2

s − 1
+

1
2 s + 1

2
s2 + 1

 

Equation  3  Æ      x  =  
1
2

s − 1
+  

1
2 s + 1

2
s2 + 1

 +
1

(s2 + 1)2 

Taking inverse L. T. on both sides, 

L−1x  =
1
2 L−1  

1
s − 1 +

1
2 L−1  

s
s2 + 1 +

1
2 L−1  

1
s2 + 1 + L−1  

1
(s2 + 1)2  
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         x =  
1
2

et +
1
2

cos t +
1 
2

sin t +
1
2

  sin t −  t cos t  

                        w. k. t. L−1  
1

(s2 + a2)2  =  
1

2a3  (sin at − at cos at)  

         x =   
1
2

  et + cos t + sin t + sin t − t cos t  

         𝐱 =  
𝟏
𝟐

  𝐞𝐭 + 𝐜𝐨𝐬 𝐭 + 𝟐 𝐬𝐢𝐧 𝐭 − 𝐭 𝐜𝐨𝐬 𝐭  

Now, Substitute x  from equation 3  to equation 2  

Equation  2  Æ    s y =  
1

s2 + 1
−

s2

 s − 1  s2 + 1 −
1

(s2 + 1)2 

       y =  
1

s s2 + 1 −
s

 s − 1  s2 + 1 −
1

s(s2 + 1)2 

          =  
s2 + 1 − 1
s(s2 + 1)2 −

s
 s − 1  s2 + 1  

      y  =  
s

(s2 + 1)2 −
s

 s − 1  s2 + 1                           …… 9  

Take, y 1  =  
s

 s − 1  s2 + 1       

By partial fraction, y 1  =   
A

s − 1
+

Bs + C
s2 + 1

         …… 10  

Multiplying both sides by   s − 1  s2 + 1  
    s =  A  s2 + 1 +  Bs + C  s − 1  
    s =  As2 + A + Bs2 − Bs + Cs − C 
    s =   A + B s2 +  −B + C s +  A − C  
Equating coefficient on both sides, 
Coefficient of  s2 Æ       A + B = 0                        …… 11  
Coefficient of  s   Æ  − B + C = 1                        …… 12  
Constant term     Æ       A − C  = 0                         …… 13  
Equation  11   Æ     C + B = 0                               …… 14  
Adding equation  12  and  14   − B + C + C + B = 1 + 0 

    2C = 1, 𝐂 =
𝟏
𝟐

 ;    𝐀 =  
𝟏
𝟐

 ;      𝐁 = −
𝟏
𝟐

 

Equation  10  Æ    y 1  =  
1
2

s − 1
+

− 1
2 s + 1

2
s2 + 1
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Equation  9  Æ     y =  
s

(s2 + 1)2 −  
1
2

s − 1
+

− 1
2 s + 1

2
s2 + 1

  

Taking inverse L. T. on both sides, 

    L−1 y  = L−1  
s

(s2 + 1)2 −
1
2

 L−1  
1

s − 1
 +

1
2

L−1  
s

s2 + 1
 

−
1
2

L−1  
1

s2 + 1
  

     y =  
1
2

 t sin t −
1
2

 et +
1
2

cos t −
1
2

sin t 

     𝐲 =  
𝟏
𝟐

  𝐭 𝐬𝐢𝐧𝐭 − 𝐞𝐭 + 𝐜𝐨𝐬 𝐭 − 𝐬𝐢𝐧 𝐭  

∴  𝐱 =  
𝟏
𝟐

 𝐞𝐭 + 𝐜𝐨𝐬 𝐭 + 𝟐 𝐬𝐢𝐧 𝐭 − 𝐭 𝐜𝐨𝐬 𝐭      𝐚𝐧𝐝       

     𝐲 =  
𝟏
𝟐

 𝐭 𝐬𝐢𝐧𝐭 − 𝐞𝐭 + 𝐜𝐨𝐬 𝐭 − 𝐬𝐢𝐧 𝐭   
 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏𝟓𝟒:  𝐒𝐨𝐥𝐯𝐞 𝐮𝐬𝐢𝐧𝐠 𝐋. 𝐓.   𝐃𝟐 − 𝟑 𝐱 − 𝟒𝐲 = 𝟎,   
 𝐱 +  𝐃𝟐 + 𝟏 𝐲 = 𝟎,   𝐖𝐢𝐭𝐡  𝐱 𝟎 =  𝐲 𝟎 =  𝐲′ 𝟎 = 𝟎,   𝐱′ 𝟎 = 𝟐 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:   Given, 
     D2 − 3 x − 4y = 0                             …… 1  
      x +  D2 + 1 y = 0                              …… 2  
Now, Taking L. T. on both sides of equation  1  &  2  
Equation  1  Æ L D2x − 3x − 4y = L 0  
     s2 x − s x 0 − x’ 0  −  3x − x 0  − 4y = 0 
    s2 x − 2 − 3x − 4y = 0   ;     s2 − 3 x − 4y = 2              …… 3  
Equation  2  Æ L x + D2y + y = L 0  
     x +  s2y − sy  0 − y’ 0  + y = 0 
                  x + s2y + y = 0    ;      x +  s2 + 1 y = 0               …… 4  
Now,    
Equation  3 ×  s2 + 1    s2 + 1  s2 − 3 x − 4 s2 + 1 y = 2 s2 + 1  
Equation  4 × 4                                          4 x +  4 s2 + 1 y = 0 
Adding           
                                                                s2 + 1  s2 − 3 + 4 x =  2 s2 + 1  
       s4 − 2s2 − 3 + 4 x =  2 s2 + 1  
             s4 − 2s2 + 1 x   =  2 s2 + 1  
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     x  =  
2 s2 + 1 

 s4 − 2s2 + 1  =  
2 s2 + 1 
(s2 − 1)2 =

2 s2 + 1 
  s − 1 (s + 1) 2 

∴  x  =  
2 s2 + 1 

(s − 1)2(s + 1)2  =  
1

(s − 1)2 +
1

(s + 1)2           … {Note 

      Taking inverse L. T. on both sides, 

    L−1 x  = L−1  
1

(s − 1)2 + L−1  
1

(s + 1)2  

             x =  tet + te−t  =  t et + e−t  
             𝐱 =  𝟐 𝐭 𝐜𝐨𝐬𝐡 𝐭                                              ∵ et + e−t =  2 cos ht   
Now, 
Equation  3                          s2 − 3 x  −  4y                              =  2 
Equation  4 ×  s2 − 3     s2 − 3 x  +  s2 + 1  s2 − 3 y =  0 
Substracting                         −                −                                        −  
                                                           −4 −  s2 + 1  s2 − 3  y  =  2 
∴  −4 −  s4 − 2s2 − 3   y = 2 
        −4 − s4 + 2s2 + 3  y = 2 
                −s4 + 2s2 − 1  y =  2 
                   s4 − 2s2 + 1  y = −2 
                           (s2 − 1)2y   = −2 

                                              y  =
−2

(s2 − 1)2  =
−2

  s − 1 (s + 1) 2 

By partial fraction  

y =  
−2

(s − 1)2(s + 1)2  =  
A

s − 1
+

B
(s − 1)2 +

C
s + 1

+
D

(s + 1)2    … 5  

Multiplying both sides by (s − 1)2(s + 1)2 
  −2 =  A(s − 1)(s + 1)2 + B(s + 1)2 + C (s − 1)2(s + 1) + 
                D(s − 1)2                     …… (6) 
Put  s = 1 in equation 6 ,   − 2 =  B(1 + 1)2;     −2 = 4B;   𝐁 = −𝟏

𝟐
 

Put  s = −1  in equation 6 ,    − 2 = D(−1 − 1)2;  −2 = 4D ;   

         𝐃 =  
−𝟏
𝟐

 

Put  s = 0 and put B = D =
−1
2

in equation 6   

    −2 = A  −1  1 2 +  
−1
2

  1 2 + C −1 2 1 +  
−1
2

  −1 2 
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    −2 =  −A −
1
2

+ C −
1
2

 ;    −1 = −A + C ;          

      −A + C = −1                      …… 7  

Put   s =  2;   B = D =
−1
2

 in equation  6  

    −2 =  A 1  3 2 +  
−1
2

  3 2 + C 1 2 3 +  
−1
2

  1 2 

    −2 =  9A −
9
2

 + 3C −
1
2

 

    −2 =  9A + 3C − 5 ;       9A +  3C = 3 ;        
             3A + C = 1    …… 8  
Now, 
Equation  7         − A +  C =  −1 
Equation  8            3A +  C =   1 
Subtracting          −       −          − 
                                       −4A    =  −2 

     A =  
2
4

=
1
2

  ;   𝐀 =  
𝟏
𝟐

  

    Equation  8  Æ  3.
1
2

 +  C = 1 ;  C =  1 −  
3
2

 =  
−1
2

;        𝐂 =
−𝟏
𝟐

 

∴ Equation  5  Æ    y =  
1
2

s − 1
+

− 1
2

(s − 1)2 +
− 1

2
s + 1

+
− 1

2
(s + 1)2 

Taking inverse L. T. on both sides 

    L−1 y  =
1
2

 L−1  
1

s − 1
 −

1
2

 L−1  
1

s − 1)2 −
1
2

L−1  
1

 s + 1  

−
1
2

L−1  
1

s + 1)2  

               y =  
1
2

 et −
1
2

 tet −
1
2

 e−t −
1
2

 te−t  

                  =  
1
2

  et − tet − e−t − te−t        =  
1
2

  et −  e−t − t et + e−t   

                  =  
1
2

  2 sin h t − t 2cos h t  

              𝐲 = 𝐬𝐢𝐧 𝐡 𝐭 − 𝐭 𝐜𝐨𝐬 𝐡 𝐭 
    ∴  𝐱 = 𝟐𝐭 𝐜𝐨𝐬 𝐡 𝐭     𝐚𝐧𝐝     𝐲 = 𝐬𝐢𝐧 𝐡 𝐭 − 𝐭 𝐜𝐨𝐬 𝐡 𝐭 
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𝐄𝐱𝐞𝐫𝐜𝐢𝐬𝐞 
𝟏: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦𝐬 𝐨𝐟 

1) L f(t)  =  4, 0 ≤ t < 1
3, t > 1       

         7) L  2t +
cos 2t − cos 3t

t
 + t. sin t  

2) f(x) =  sin(x −
π
3

) ,    x > 𝜋/3 

0,                          x < 𝜋/3   
    8) L   

e− 2t sin h t sin t
t

∞

0

 dt   

3) f t =   
t2, 0 < 𝑡 < 2
t − 1 , 2 < 𝑡 < 3
7, t > 3         

                   9) L   te−t

∞

0

sin4t dt  

4) If L f t  =  
1

s s2 + 1  , find L e−t f 2t         10) Prove that: 

5) L  
(sin t sin 5t)

t
                               i  L   

e−2t sinh t
t

∞

0

dt  =
1
2

log 3 

6) L  
eat − cos bt

t
                              ii  L   

e−tsin2t
t

∞

0

dt =
1
4

log 5 

𝟐: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐈𝐧𝐯𝐞𝐫𝐬𝐞 𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦𝐬 𝐨𝐟 

1) L−1  
2s − 5

4s2 + 25
+

4s − 18
9 − s2   

2) L−1  
s

 2s − 1  3s − 1         

3) L−1  
s2 − 10s + 13

 s − 7  s2 − 5s + 6       

4) L−1  log  
s + 1

 s + 2  s + 3    

5) L−1  log
s2 + 1

(s − 10)2  

6) L−1 cot−1 s   

𝟑: 𝐔𝐬𝐢𝐧𝐠 𝐂𝐨𝐧𝐯𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐞𝐯𝐚𝐥𝐮𝐚𝐭𝐞 

1) L−1  
1

(s2 + 4s + 13)2    

2) L−1  
1

 s + a  s + b   

3) L−1  
1

s3 s2 + 1   

4) L−1  
1

s2 s + 1  2
  

5) L−1  
1

 s − 2 (s + 2)2   

        

𝟒: 𝐒𝐨𝐥𝐯𝐞 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐃𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭𝐢𝐚𝐥 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧𝐬  𝐛𝐲 𝐋𝐚𝐩𝐥𝐚𝐜𝐞  
𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦 𝐦𝐞𝐭𝐡𝐨𝐝 
1)  D2 − 1 x = a cosh t,   x 0 = x′ 0 = 0         
2)  D2 − 3D + 2 y = 4e2t   with y 0 = −3,   y 0 = 5   
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3) 
d2y
dt2 + 2

dy
dt

− 3y = sint,    y =
dy
dt

= 0  when t = 0 

4) y′′ + 2y′ + 5y = 5y = 5 t − 2 , y 0 = 0,   y′(0) = 0 

5) 
d3y
dt3 − 3

d2y
dt2 + 3

dy
dt

− y = t2e2t ,  

        when y = 1,
dy
dt

= 0,
d2y
dt2 = −2 at t = 0 

𝟓: 𝐒𝐨𝐥𝐯𝐞 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐒𝐢𝐦𝐮𝐥𝐭𝐚𝐧𝐞𝐨𝐮𝐬 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧𝐬 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠  
𝐋𝐚𝐩𝐥𝐚𝐜𝐞 𝐭𝐫𝐚𝐧𝐬𝐟𝐨𝐫𝐦𝐬 

1) 
dx
dt

+ y = sin t ,
dy
dt

+ x = cos t ,   given that x = 2 and y = 0  

when t = 0  

2) 3
dx
dt

+
dy
dt

+ 2x = 1.
dx
dt

+ 4
dy
dt

+ 3y = 0;  given x = 0, y = 0  

when t = 0 
3)  D − 2 x −  D + 1 y = 6e3t ;   2D − 3 x +  D − 3 y = 6e3t    
given x = 3,   y = 0 ,   when t = 0    
 

𝐀𝐧𝐬𝐰𝐞𝐫𝐬 
 

𝟏:  1.
4
s 

– 
e−s

s
        2.

e−πs
3

s2 + 1
          

3.
2
s3 −

e−2s

s3 2 + 3s + 3s2 +
e−3s

s2 5s − 1  

4. e−2πs
3

s
 s − 1  s2 − 2s + 5              5.

1
2

 log  s2 + 36  s2 + 16      

6.
1
2

log  
s2 + b2

 s − a 2               7.
1

s − log2
+

2s
 s2 + 1 2 +

1
2

log  
s2 + 9
s2 + 4

   

8.
π
8

                     9.
8 s + 1 

s s2 + 2s + 17  

𝟐:  1.
1
2

 
cos 5t

2
−

sin 5t
2

 − 4 cosh 3t + 6 sinh 3t         

2. 3e
t
2 + 2e

t
3                        3.  2e3t −

3
5

e2t −
2
5

e7t              

4. e−t − e−2t − e−3t            5.  
2
t
 et − cos t                6.  

sint
t
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𝟑:  1.
e−2t

54
 sin 3t − 3t cos 3t           2.

e−bt − e−at

a − b
           3.

t2

2
+ cos t − 1 

4. t e−t + 1 + 2 e−t − 1          5.
1

16 e2t − e−2t − 4te−2t  

𝟒:  1. X =
at
2

sinh t        2. Y =  4e2t 1 + t − 7et  

3. y =
1
8

et −
1

40
e−3t −

1
10

 2 sin t + cos t     

4. y =  
−12

5
+

12
5

e−t cos 2t +
7

10
e−t sin 2t 

5. y =  e2t x2 − 6x + 12 − et 15x2 + 7x + 11  

𝟓:  1. x = et + e−t , y = e−t − et + sin t     3.   x = 2 + t2

2
, y = −1 − t2

2
 

2. x = 1
10

(5 − 2e−t − 3e6t/11), y = 1
5

(e−t − e6t/11 ) 

3. x = e6 1 + 2t + 2e3t ,   y = sinh t + cosh t − e−3t − tet  
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APPENDIX  

USEFUL FORMULAE 

 

 
  𝐈.  𝐀𝐋𝐆𝐄𝐁𝐑𝐀𝐚 

 𝐀  𝐏𝐫𝐨𝐝𝐮𝐜𝐭 𝐅𝐨𝐫𝐦𝐮𝐥𝐚:   Fundamental Identities 
1. (a + b)2 =  a2 + 2ab + b2 =  (a − b)2  +  4ab 
2. (a − b)2 = a2 − 2ab + b2 = (a + b)2 − 4ab 
3. (a + b)3 = a3 + 3a2b + 3ab2 + b3       = a3 + b3 +  3ab(a + b) 
4. (a − b)3 = a3 − 3a2b + 3ab2 − b3       = a3 − b3 −  3ab (a − b) 
5. (a + b + c)2 =  a2 + b2 + c2 + 2ab + 2ac + 2bc 
6. (a − b + c)2 =  a2 + b2 + c2 − 2ab + 2ac −  2bc 
7. (a + b − c)2 =  a2 + b2 + c2 + 2ab − 2ac − 2bc 
8. (a − b − c)2 =  a2 + b2 + c2 − 2ab − 2ac + 2bc 
9. (a + b + c)3 =  a3 + b3 + c3 + 3ab(a + b) +  3ac(c + a) +

                              3bc(b + c) + 6abc 
10. (a + b + c + d)2 =  a2 + b2 + c2 + d2 + 2ab + 2ac + 2ad +

                                      2bc + 2bd + 2cd 
11.  x + a  x + b = x2 +  a + b x + ab 
12.  x + a  x + b  x + c = x3 +  a + b + c x2 +  ab + bc + ac x +

                                               abc 
 

 𝐁  𝐁𝐢𝐧𝐨𝐦𝐢𝐚𝐥 𝐅𝐨𝐫𝐦𝐮𝐥𝐚:  
Note ∶  C0 

n =  Cn 
n = 1,   C1 

n = n,   1!  =  1,   0!  =  1 
(a + b)n =  an + nan−1 b + n n−1 

2!
 an−2 b2 + n n−1  n−2 

3!
 an−3 b3 +

                       … +  bn   
 
[𝐂] 𝐋𝐚𝐰𝐬 𝐨𝐟 𝐈𝐧𝐝𝐢𝐜𝐞𝐬: 
 𝐈  𝐏𝐨𝐰𝐞𝐫𝐬: Bases  positive real numbers  a, b and powers(rational  
numbers): n, m. 
1.  am an =  am+n  

2.  
am

an =  am−n  

3.   a × b m = am × bm  

4.   a
b
 

m
= am

bm   

5.   am n =  am.n  
6.  ao =  1   
7.  a1 =  a 
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8.  a∞ =  ∞ 

9.  a−∞ =
1

a∞ =
1
∞ =  0 

10.  a−m = 1
am  

 
 𝐈𝐈  𝐑𝐨𝐨𝐭𝐬: Bases a, b and Power  rational numbers : n, m , 
                      where  a, b ≥  0 

1.   a =  a
1
2 

2.   an  =  a
1
n  

3.   amn  =   am 
1
n  = a

m
n  

 

4.    an  
m

=   amn  

5.    anm   =   amn   
6.   an .   bn  =   a. bn

 𝐃  𝐑𝐮𝐥𝐞𝐬 𝐨𝐟 𝐥𝐨𝐠𝐚𝐫𝐢𝐭𝐡𝐦: 
Positive numbers: x, y, a, c, k and Natural number ∶ n 
 

1.  loga  xn = n logax       
2.  loga xy = loga x +  logay    
3.  loga  x

y
 = logax − loga y  

4.  logaa  =  1        
5.  alog a

x    =  x         
6.  loga1  =  0        

7.  loga0 =  −∞   if   a > 1
+∞  if  a < 1

 
 
  

𝐂𝐨𝐦𝐦𝐨𝐧 𝐥𝐨𝐠𝐚𝐫𝐢𝐭𝐡𝐦 𝐭𝐨 𝐛𝐚𝐬𝐞 𝟏𝟎: 

   log10 x =  log x ;             log x =
1

ln10
 ln x = 0.43429 ln x  

𝐍𝐚𝐭𝐮𝐫𝐚𝐥 𝐥𝐨𝐠𝐚𝐫𝐢𝐭𝐡𝐦 𝐭𝐨 𝐛𝐚𝐬𝐞 𝐞:        ln x =
1

log e
log x =  2.30258 log x 

 
  𝐈𝐈.  𝐒𝐄𝐑𝐈𝐄𝐒𝐚 

1) ex = 1 + x + x2

2!
+ x3

3!
+ ⋯  

 

2) ax = ex log a = 1 + xloga + (x log a)2

2!
+ (xlog  a)3

3!
+ ⋯  

3) sinx    = x −
x3

3!
 + 

x5

5!
−

x7

7!
+ ⋯              
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4) cos x     =  1 −  x2

2!
+ x4

4!
− x6

6!
 + ⋯  

5) sinh x   =  x +
x3

3! +
x5

5!
+

x7

7!
+ ⋯               

6) cosh x    = 1 + x2

2!
+ x4

4!
+ x6

6!
+ ⋯  

7) tan−1x =    x −  
x3

3
+

x5

5
−

x7

7
+ ⋯            

8) tanh−1x = x + x3

3
+ x5

5
+ x7

7
+ ⋯  

 
  𝐈𝐈𝐈.  𝐓𝐑𝐈𝐆𝐎𝐍𝐎𝐌𝐄𝐓𝐑𝐈𝐂 𝐅𝐎𝐑𝐌𝐔𝐋𝐀𝐄𝐚 

 𝐀  𝐑𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐚𝐦𝐨𝐧𝐠 𝐭𝐫𝐢𝐠𝐨𝐧𝐨𝐦𝐞𝐭𝐫𝐢𝐜 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧𝐬  
1) 1

sin  A
= cosec A  

2) 1
cosec  A

= sin A  

3) 1
cos  A

= secA   

 4) 1
sec  A

= cosA  

 5) 1
tan  A

= cotA   

 6) 1
cot  A

= tanA 

7) sin  A
cos  A

= tan A  

8) cos  A
sin  A

= cot A 

 𝐁  𝐓𝐡𝐞 𝐜𝐢𝐫𝐜𝐮𝐥𝐚𝐫 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐟𝐨𝐫𝐦𝐮𝐥𝐚𝐞 𝐛𝐲 𝐄𝐮𝐥𝐞𝐫′𝐬 𝐦𝐞𝐭𝐡𝐨𝐝 

1. sin x  =  
eix − e−ix

2i
        

2. cos x  =  
eix + e−ix

2
   

3. tan x   =  
eix − e−ix

i(eix + e−ix )
       

4. cot x   =  
i eix + e−ix  

eix − e−ix   

5. sec x       =  
2

eix + e−ix    

6. cosec x =  2i
eix −e−ix

 𝐂  𝐓𝐫𝐢𝐠𝐨𝐧𝐨𝐦𝐞𝐭𝐫𝐢𝐜 𝐑𝐚𝐭𝐢𝐨𝐬 𝐨𝐟 𝐀𝐥𝐥𝐢𝐞𝐝 𝐀𝐧𝐠𝐥𝐞𝐬: 
 𝟏  sin π −  θ = sin θ 
       cos π −  θ = − cos θ     
 𝟐  sin π +  θ  =  − sin θ  
       cos π +  θ  =  − cos θ 
 (𝟑) sin (− θ)  =  −sin θ 
        cos(− θ)   =  cos θ 

(𝟒) sin  π
2
− θ  =  cos θ   

       cos  π
2
− θ  =  sin θ  

 𝟓  sin  π
2

+ θ  =  cos θ  

         cos  π
2

+ θ =  − sin θ 

 𝟔  sin 2π − θ    = − sin θ 
       cos 2π −  θ   =  cos θ 
(𝟕) sin(2π +  θ)  =  sin θ 
       cos(2π +  θ)  =  cos θ 
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 𝐃  𝐀𝐝𝐝𝐢𝐭𝐢𝐨𝐧 𝐚𝐧𝐝 𝐒𝐮𝐛𝐭𝐫𝐚𝐜𝐭𝐢𝐨𝐧 𝐎𝐫 𝐒𝐮𝐦 𝐃𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐜𝐞 𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐞: 
1) sin( x + y) = sin x . cos y + cos x. sin y 
2) sin( x − y) = sin x . cos y − cos x. sin y 
3) cos( x + y) = cos x . cos y − sin x. sin y 
4) cos( x − y) = cos x . cos y + sin x. sin y 

5) cot( x + y) =  
cot x . cot y − 1
cot y + cot x

 

6) cot( x − y) =  
cot x . cot y +  1

cot y −  cot x
 

7) tan( x + y) =  
tan x  + tan y 
1 −  tan x. tan y

 

8) tan( x − y) =  
tan x −  tan y 

1 + tan x. tan y
 

 
 𝐄  𝐅𝐮𝐧𝐝𝐚𝐦𝐞𝐧𝐭𝐚𝐥  𝐎𝐑  𝐏𝐲𝐭𝐡𝐚𝐠𝐨𝐫𝐚𝐬 𝐈𝐝𝐞𝐧𝐭𝐢𝐭𝐢𝐞𝐬: 
1) sin2x + cos2x = 1 
2) 1 + tan2x = sec2x  

3) 1 + cot2x
= cosec2x 

 
 𝐅  𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐞 𝐚𝐧𝐝 𝐒𝐮𝐛 − 𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐞 𝐀𝐧𝐠𝐥𝐞 𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐞:

1) sin 2x  =  2 sin x. cos x    =  
2 tan x

1 + tan2x
             

2)  tan2x  =  
2 tan x

1 −  tan2x
 

3) cos 2x  =  cos2x − sin2x  =  
1 −  tan2x
1 + tan2x

      

                    =  1 − 2sin2x    =  2cos2x − 1 

4) sin3x =  3 sin x − 4 sin3x     i. e.   sin3x =  
3 sin x − sin 3x

4
 

5) cos3x =  4cos3x − 3 cos x    i. e.  cos3x =  
3 cos x + cos 3x

4
 

6) tan3x =  
3 tan x −  tan3x

1 − 3 tan2x
     i. e.  tan3x 

= 3 tan x − tan 3x(1 − 3 tan2x) 
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 𝐆  𝐅𝐚𝐜𝐭𝐨𝐫𝐢𝐳𝐚𝐭𝐢𝐨𝐧 𝐎𝐑 𝐒𝐮𝐦 − 𝐓𝐨 − 𝐏𝐫𝐨𝐝𝐮𝐜𝐭 𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐬: 

1)sin A + sin B = 2sin  
A + B

2  cos  
A − B

2   

 
2)sin A − sin B = 2cos  

A + B
2  sin  

A − B
2   

3)cos A + cos B = 2cos  
A + B

2  cos  
A − B

2   

 
4)cos A − cos B = 2sin  

A + B
2  sin  

𝐁 − 𝐀
𝟐   

 

 𝐇  𝐃𝐞𝐟𝐚𝐜𝐭𝐨𝐫𝐢𝐳𝐚𝐭𝐢𝐨𝐧 𝐎𝐑 𝐏𝐫𝐨𝐝𝐮𝐜𝐭 − 𝐓𝐨 − 𝐒𝐮𝐦 𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐬: 

1) sin x. cos y =
1
2

[sin x + y + sin(x − y)] 

2)cos x. sin y =
1
2

 sin x + y − sin x − y   

3) cos x. cos y =
1
2

 cos x + y + cos x − y   

4) sin x. sin y =
−1
2

 cos x + y − cos x − y  

 
 𝐈  𝐔𝐬𝐞𝐟𝐮𝐥 𝐑𝐞𝐬𝐮𝐥𝐭𝐬: 

1) 1 + sin x =  cos
x
2

+ sin
x
2
 

2
           

2) 1 − sin x =  cos x
2
− sin x

2
 

2
   

3) 1 + cos x = 2cos2 x
2

      i. e.  cos2x =  
1 + cos 2x

2
 

4) 1 − cos x = 2sin2 x
2

      i. e.   sin2x =  
1 − cos 2x

2
              

5) tan2x  =  
1 − cos 2x
1 + cos 2x

 
 𝐉  𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬 𝐨𝐟 𝐈𝐧𝐯𝐞𝐫𝐬𝐞 𝐓𝐫𝐢𝐠𝐨𝐧𝐨𝐦𝐞𝐭𝐫𝐢𝐜 𝐅𝐮𝐧𝐜𝐭𝐢𝐨𝐧: 
𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲  𝟏 
sin−1 sin x  = x           
cos−1 cos x = x  
 

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲  𝟐 
sin sin−1 x   = x    
cos cos−1 x = x       
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𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲  𝟑 

cot−1  
a
b
      = tan−1  

b
a
  

cosec−1  
a
b
 = sin−1  

b
a
  

sec−1  
a
b
     = cos−1  

b
a
  

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲  𝟒 

sin−1 x + cos−1 x =
π
2

    

tan−1 x + cot−1 x =
π
2

   

sec−1 x + cosec−1 x =
π
2

   

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲  6 

1) sin−1  1
x
  =  cosec−1 x   

2) cos−1  1
x
  =  sec−1 x   

3) tan−1  1
x
  =  cot−1 x   

4) cot−1  1
x
  =  tan−1 x   

5) sec−1  1
x
  =  cos−1 x  

6) cosec−1  
1
x
 =  sin−1 x      

 
 

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲  𝟓 

1) tan−1 x + tan−1 y = tan−1  
x + y

1 − xy
   if xy < 1 

2) tan−1 x − tan−1 y = tan−1  
x − y

1 + xy
  if xy > −1 

 
  𝐈𝐕.  𝐇𝐘𝐏𝐄𝐑𝐁𝐎𝐋𝐈𝐂 𝐅𝐎𝐑𝐌𝐔𝐋𝐀𝐄𝐚 

 𝐀  𝐓𝐡𝐞 𝐡𝐲𝐩𝐞𝐫𝐛𝐨𝐥𝐢𝐜 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐟𝐨𝐫𝐦𝐮𝐥𝐚𝐞 𝐛𝐲 𝐄𝐮𝐥𝐞𝐫’𝐬 𝐦𝐞𝐭𝐡𝐨𝐝 

1. sinh x  =  
ex − e−x

2
     2. cosh x =  

ex + e−x

2
 

 
 𝐁   𝐀𝐝𝐝𝐢𝐭𝐢𝐨𝐧 𝐚𝐧𝐝 𝐒𝐮𝐛𝐭𝐫𝐚𝐜𝐭𝐢𝐨𝐧  𝐎𝐫 𝐒𝐮𝐦 − 𝐃𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐜𝐞 𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐞:
1.  sinh( x + y)  = sinh x . cosh y + cosh x. sinh y 
2.  sinh( x − y)  = sinh x . cosh y − cosh x. sinh y 
3.  cosh( x + y) = cosh x . cosh y + sinh x. sinh y 
4.  cosh( x − y)  = cosh x . cosh y − sinh x. sinh y 
 
 𝐂   𝐅𝐮𝐧𝐝𝐚𝐦𝐞𝐧𝐭𝐚𝐥  𝐎𝐑 𝐏𝐲𝐭𝐡𝐚𝐠𝐨𝐫𝐚𝐬 𝐈𝐝𝐞𝐧𝐭𝐢𝐭𝐢𝐞𝐬: 
1.  cosh2 x − sinh2 x = 1 
2.  1 − tanh2 x = sech2 x 
3.  coth2 x − 1 = cosech2 x 
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 𝐃   𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐞 𝐚𝐧𝐝 𝐒𝐮𝐛 − 𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐞 𝐀𝐧𝐠𝐥𝐞 𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐞:
1.  sinh 2x   =  2 sinh x. cosh x  
2.  cosh 2x  =  cosh2x + sinh2x  =  2cosh2x − 1   =  1 + 2sinh2x  

3. tanh 2x    =   
2 tan hx

1 + tanh2x
   

4.  sinh3x  = 3 sinh x + 4 sinh3x          i. e.  sinh3x =  
sinh 3x −3sinhx

4
 

5.  cosh3x = 4cosh3x − 3 cosh x          i. e.  cosh3x =  
cosh 3x + 3coshx

4
 

 
 𝐄  𝐃𝐞𝐟𝐚𝐜𝐭𝐨𝐫𝐢𝐳𝐚𝐭𝐢𝐨𝐧 𝐎𝐑 𝐏𝐫𝐨𝐝𝐮𝐜𝐭 − 𝐓𝐨 − 𝐒𝐮𝐦 𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐬: 
1.  sinh x. cosh y  =  1

2
[sinh x + y + sinh(x − y)]  

2.  cosh x. sinh y  =  1
2
 sinh x + y − sinh x − y    

3.  cosh x. cosh y =  1
2
 cosh x + y + cosh x − y    

4.  sinh x. sinh y   =  1
2

[cosh x + y − cosh(x − y)]   
 
[𝐅] 𝐅𝐚𝐜𝐭𝐨𝐫𝐢𝐳𝐚𝐭𝐢𝐨𝐧 𝐎𝐑 𝐒𝐮𝐦 − 𝐓𝐨 − 𝐏𝐫𝐨𝐝𝐮𝐜𝐭 𝐅𝐨𝐫𝐦𝐮𝐥𝐚𝐬: 

1.  sinh A + sinh B  = 2 sinh  A+B
2

 . cosh  A−B
2

    

2.  sinh A − sinh B  = 2cosh  A+B
2

 . sinh  A−B
2

   

3.  cosh A + cosh B = 2 cosh  A+B
2

 . cosh  A−B
2

   

4.  cosh A − cosh B = 2 sinh  A+B
2

 . sinh  A−B
2

    

 
 𝐆  𝐔𝐬𝐞𝐟𝐮𝐥 𝐑𝐞𝐬𝐮𝐥𝐭𝐬: 

1.  1 + sinh x =  cosh x
2

+ sinh x
2
 

2
  

2.  1 − sinh x =  cosh x
2
− sinh x

2
 

2
  

3.  1 + cosh x = 2cosh2 x
2

     i. e.  cosh2x =  
cosh 2x + 1

2
 

4.  cosh x − 1 = 2sin2 x
2

        i. e.  sinh2x =  
cosh 2x − 1

2
             

5.  tan2x =  
1 − cos 2x
1 + cos 2x
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 𝐇  𝐑𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬 𝐛𝐞𝐭𝐰𝐞𝐞𝐧 𝐇𝐲𝐩𝐞𝐫𝐛𝐨𝐥𝐢𝐜 𝐅𝐮𝐧𝐭𝐢𝐨𝐧𝐬 
1.  sinh − x    =  − sinh x 
2.  cosh  − x  =  cosh x 
3.  tanh − x   =  − tanh x 

4.  coth − x     =  − coth x 
5.  sech(− x)      =  sech x 
6.  cosech − x = − cosech x 

 
 𝐈  𝐑𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐛𝐞𝐭𝐰𝐞𝐞𝐧 𝐡𝐲𝐩𝐞𝐫𝐛𝐨𝐥𝐢𝐜 𝐚𝐧𝐝 𝐭𝐫𝐢𝐠𝐨𝐧𝐨𝐦𝐞𝐭𝐫𝐢𝐜 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧𝐬 
1.  sin(ix) = isinh x 
2.  cos(ix) = cosh x 
3.  tan(ix) = itanh x 
4.  cot ix = −icoth x 
5.  sec(ix) = sech x 
6.  cosec ix  = −icosech x 

7.  sinh(ix) = isin x 
8.  cosh(ix) = cos x 
9.  tanh(ix) = itan x 
10.  cosec ix = −icosech x 
11.  sech(ix) = sec x 
12.  cot ix = −icot x 
 

  𝐕.  𝐃𝐄𝐑𝐈𝐕𝐀𝐓𝐈𝐕𝐄𝐒 𝐀𝐍𝐃 𝐈𝐍𝐓𝐄𝐆𝐑𝐀𝐓𝐈𝐎𝐍𝐚 
 𝐀  𝐏𝐫𝐨𝐝𝐮𝐜𝐭 𝐑𝐮𝐥𝐞 

1) 
d

dx
 u. v = u

d
dx

v + v
d

dx
u            

2)  
d

dx
 u. v. w = u. v

d
dx

w + u. w
d

dx
v + v. w

d
dx

u  

 
 𝐁  𝐐𝐮𝐨𝐭𝐢𝐞𝐧𝐭 𝐑𝐮𝐥𝐞   

                    
d

dx
 

u
v
 =

v d
dx u − u d

dx v
v2        

 

 𝐂  𝐂𝐡𝐚𝐢𝐧 𝐑𝐮𝐥𝐞     
du
dx

=
du
dv

.
dv
dx

 

 
 𝐃  𝐏𝐚𝐫𝐚𝐦𝐞𝐭𝐫𝐢𝐜 𝐅𝐮𝐧𝐜𝐭𝐢𝐨𝐧      

 x = f t ,   y = f t ,   where t is a parameter.   
dy
dx

=
dy
dt
dx
dt

 

 
 𝐄  𝐂𝐨𝐦𝐩𝐨𝐬𝐢𝐭𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧   

    
d

dx
sin logx = cos logx 

d
dx

 logx = cos logx .
1
x
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 𝐅  𝐈𝐧𝐭𝐞𝐠𝐫𝐚𝐭𝐢𝐨𝐧 𝐛𝐲 𝐏𝐚𝐫𝐭𝐬 𝐨𝐫 𝐋𝐈𝐀𝐓𝐄 𝐫𝐮𝐥𝐞 
   𝐋 = Logarithmic function                        𝐄𝐱. Log x, log (x2 + 1) etc. 
   𝐈  = Inverse trigonometric function     𝐄𝐱. sin−1x, tan−1x etc. 
   𝐀 = Algebraic function                            𝐄𝐱. x2  +  1, x +  1, xa etc 
   𝐓 =  Trigonometric function                  𝐄𝐱. sin x, cos x, cos sec x etc. 
   𝐄 =   Exponential function                      𝐄𝐱. ex , ax , 5x  etc. 

       u. v  dx =  u  v dx −    
d

dx
u  v dx dx 

       u. v. dx
b

a

 =    u  v  dx 
a

b
 −    

d
dx

u  v
 

 

 dx 
b

a

dx 

 
 𝐆  𝐔𝐬𝐞𝐟𝐮𝐥 𝐑𝐞𝐬𝐮𝐥𝐭: 

1.   ex [f x + f’ x dx = ex . f x +  c 

2.   
f ′ (x)
f(x)

 dx          =  log |f(x) | +  c 

3.   [f(x)]n  f’(x)     =  
f (x)n+1

n + 1
 +  c 

4.   
f ′ (x)

 f(x)
 dx         =  2  f(x)  +  c 

5.   ef(x)  f’(x) dx =  ef(x)  +  c 

6.   af(x) . f’(x) dx =  
af(x)

log a
 +  c 

 
 𝐇  𝐂𝐀𝐋𝐂𝐔𝐋𝐔𝐒 𝐅𝐎𝐑𝐌𝐔𝐋𝐀𝐄 [𝐂𝐢𝐫𝐜𝐮𝐥𝐚𝐫 𝐅𝐮𝐧𝐜𝐭𝐢𝐨𝐧𝐬] 
𝐒𝐫. 
𝐍𝐨. 

𝐃𝐄𝐑𝐈𝐕𝐀𝐓𝐈𝐕𝐄𝐒 𝐈𝐍𝐓𝐄𝐆𝐑𝐀𝐓𝐈𝐎𝐍  
(𝐀𝐍𝐓𝐈 − 𝐃𝐄𝐑𝐈𝐕𝐀𝐓𝐈𝐕𝐄𝐒) 

1.  d
dx

 k    = 0     k  dx     =  k. x +  c 

2.  d
dx

 x    = 1          1  dx     =  x +  c 

3.  d
dx

(x)n  = nxn−1  xn  dx   =
xn+1

n + 1
+  c 
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4.  d
dx

 
1
x

      =  −  
1
x2  

1
x2   dx = −  

1
x

 +  c 

5.  d
dx  x     =

1
2 x

  
1
 x

   dx = 2 x  +  c 

6.  d
dx

(log x) =
1
x

  
1
x

 dx     = log x +  c 

7.  d
dx

 ex  = ex   ex  dx   = ex +  c 

8.  d
dx

 ax = ax   log a   ax  dx   =
ax

log a
+  c 

9.  d
dx

 sin x = cos x   cos x  dx = sin x + c 

10.  d
dx

 cos x = − sin x  sin x  dx  = − cos x + c 

11.  d
dx

 tan x = sec2x  sec2x  dx = tan x + c 

12.  d
dx

 cot x = − cosec2x  cosec2x  dx = − cot x + c 

13.  d
dx

 sec x = sec x. tan x  sec x. tan x  dx = sec x +  c 

14.  d
dx

 cosec x 

= − cosec x. cot x 

 cosec x. cot x dx = − cosec x + c 

15.  d
dx

 sin−1 x =  
1

 1 − x2
   

1
 1 − x2

 dx = sin−1 x +  c 

16.  d
dx

  cos−1 x =
−1

 1 − x2
  

−1
 1 − x2

 dx = cos−1 x + c 

17.  d
dx

 tan−1 x =
1

1 + x2  
1

1 + x2  dx = tan−1 x +  c  

18.  d
dx

 cot−1 x =
−1

1 + x2  
−1

1 + x2  dx = cot−1 x +  c  

19.  d
dx

 sec−1 x =
1

x x2 − 1
  

1
x x2 − 1

 dx = sec−1 x +  c 
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20.  d
dx

 cosec−1 x =
−1

x x2 − 1
  

−1
x x2 − 1

dx = cosec−1 x + c 

21.  tan x dx = log sec x +  c                

22.  cot x dx = log(sin x) +  c 

23.  sec x dx = log sec x + tan x + c      

24.  cosec x dx = log cosec x − cot x + c 

25.  
1

 a2 − x2
dx = sin−1  

x
a
 + c         

26.  
1

 x2−a2
dx   = log  x +  x2−a2 + c 

27.  
1

 a2 + x2
dx = log  x +  a2 + x2   + c 

28.  
1

a2 + x2 dx    =
1
a

tan−1  
x
a
 + c      

29.  
1

a2 − x2 dx    =  
1

2a
log  

a +  x
a –  x

  + c 

30.  
1

x2 − a2 dx    =
1

2a
log  

x –  a
x +  a

 +  c 

31.   a2 − x2 dx =
x
2

 a2 − x2 +
a2

2
sin−1  

x
a
 +  c 

32.   x2 − a2 dx =
x
2

 x2 − a2 −
a2

2
log( x +  x2−a2  ) +  c 

33.   a2 + x2 dx =
x
2

 a2 + x2 +
a2

2
log( x +  a2 + x2  ) +  c 

34.  eax sin bx dx     =  
eax

a2 + b2  asinbx − bcos bx + c 

35.  e−ax sin bx dx   =  
e−ax

a2 + b2  −asinbx − bcos bx + c 
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36.  eax  cosbx dx     =  
eax

a2 + b2  acosbx + bsin bx + c 

37.  e−ax  cosbx dx   =  
e−ax

a2 + b2  −acosbx + bsin bx + c 

 
 𝐈  𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬 𝐨𝐟 𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐞 𝐈𝐧𝐭𝐞𝐠𝐫𝐚𝐥𝐬 

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲 𝟏 ∶   f
b

a

 x dx =   f
b

a

 t dt     

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲 𝟐 ∶   f
b

a

 x dx =  −   f
a

b

 x dx              …… f
a

a

 x dx =  0  

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲 𝟑 ∶   f
b

a

(x) dx =   f
b

c

(x) dx +  f
b

c

(x) dx 

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲 𝟒 ∶   f
b

a

 x dx =   f
b

a

 a + b − x dx  

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲 𝟓 ∶   f
a

0

 x dx =  f
a

0

(a − x) dx 

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲 𝟔 ∶   f
2a

0

(x) dx =   f
a

0

(2a −  x) dx 

𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐲 𝟕:    

 i  f
a

−a

 x dx =  2  f
a

0

  x dx, if f is an even function, 

               i. e.  if  f −x = f(x)  

 ii  f
a

− a

 x dx =  0 , if f is an odd function,  

               i. e.  if  f  − x = −f x  
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