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Laplace
Transform

1 Introduction

In mathematics the Laplace transform is an integral transform
named after its discover Pierre — Simon Laplace. It takesa function
of a positive real variable t (often time) to a function of a complex
variable s (frequency).

The transform method provides an easy and effective means
for the solution of many problems arising in engineering .

This subject originated from the operational methods applied
by the English engineer Oliver Heaviside (1850 - 1925), to problems
in electrical engineering.

It was found that Heavisides operational calculus is best
introduced by means of a particular type of definite integrals called
Laplace transforms.

The Laplace Transformmethod is a technique for solving linear
differential equations with initial conditions. It is commonly used to
solve electrical circuit and systems problems.

The Laplace transform is very similar to the Fourier transform.
While the Fourier transform of a function is a complex function of a
real variable (frequency), the Laplace transform of a function is a
complex function of a complex variable. Laplace transforms are
usually restricted to functions of t witht > 0.

1.i Definition
Let f(t) be a function of t defined for all positive value of t.

Then the Laplace transforms of f (t), denoted by L { f (t)} is
defined by

oo

L{f(t)} = fe_“ f(t)dt = f(s) or F(s)

0
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Laplace Transform 2

provides that the integral exists, s is a parameter which may be a real
or complex number, f(t) is called objective function defined fort > 0,
f(s) or F(s) is the resultant or image function, L which transforms f(t)
into f(s)is called the Laplace transformation operator.

1.ii Formulae

1
ML{1} = 5 s >0
1
@ L{t} = 2 s >0
n! n+1
B)L{t"} = it OF ls““ wheren =0,1,2,3, ...
1
(4) L{et} = p— s >a
1
(5)L{e} = p——p s >0
. _ a
(6) L{sinat} = T2 s >0
S
(7) L{cosat} = 71 s >0
a
(8) L{sinhat} = - s > |a|
S —a
S
(9) L{coshat} = - s > |a|
S —a
) b
(10) L{eat smbt} = m
b
11D L{e?sinbt} = ————
ADL{e™ sy =
S—a
(12) L {eat cos bt} = m
s+a
13)L{e™ bt} = ——————
(13) L{e ™ cos bt} (s +a)? + b2
) b
(14) L { et sinh bt} = (s—a)—z—bz
Tt b
(15) L{e A sinhbt = (S+a)—2—bz
S—a

(16) L {e* coshbt} = [ )
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s+ a

(17) L { e 3 cosh bt} = (S+a)—2—b2

2 Laplace transform of standard functions

1
1) Prove that L{1} = 5
Proof: By definition, L{f(©)} = f e st f(t)dt
0

[ee]

L{1} = f et (1)dt

(o]

—st 1®°
= | = 1 et _ g
-s |, s
1
= -5 o-1 {~e*=0¢e=1
1
L{1} = 5 ... Hence proved

1
2) Prove that L{e?'} = s_a S5>2

Proof: By definition, L{e*'} = f e St et dt
0

[o¢]

< e—(s—a)t *®
- [ etar) < feoara o[£
—(s—a)],
0 0
h [e- G =G0 = -1 [0 — 1]
s—a s—a
o L{e?} = p— ... Hence proved

3)P that L{sinat} = ——
) Prove that L{sinat} T az

Proof: By definition, L{sinat} = f e St.sinat dt
0

@St @
= {[m] [—ssinat — a cos at] }

0
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a
~ Lisi =
{sinat} 71
e—at
{':fe at sin btdt :m[—a51n bt - bcos bt]
OR
eiat _ e—iat 1
L{si =L :_Liat —L —iat
{sinat} { o } i [L{e™} - L{e™™}]
_ 1[ 1 1 ] _ 1[s+ia—s+ia]
~ 2ils—ia s+ia  2i l(s—ia)(s+ia)
. : _ w2
~ L{sinat} = i a2 ..Hence proved {+ i*=-1

4) Prove that L{cos at} = ——
) ¢ J s? + a?

Proof: By definition, L{cos at} = f e St cosatdt

0
e—St *®
= | ——— | —scosat + asinat
s2 4+ a2 [ ]
0
~ L{cosat} =
t } s2 4 a2
e—at
OR | e sinbtdt = ——— [—asin bt - bcos bt
{ f a2 + b2 [ ]

eiat + e—iat
L{cosat} = L [T]

1 ) )

= S e e

_ 1[ 1 1 ] _ 1[s+ia+s—ia
2 ls—ia s+ial ~ 2[(s—ia)(s+ia)

~ L{cosat} = ——— ... Hence proved
{cosat} = Z—— p

. S
5) Prove that L{sinh at} = o

eal _ gmat
Proof: L{sinhat} = L{ T}

1 t —at
= 3 e} - L)
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_ 1[ 1 1 ] _1[s+a—s+a
- 2ls—a s+a 2 l(s—a)(s+a)
a
= a2 ... Hence proved

s
6) Prove that L{coshat} = Z_a

eat +e—at
L{ ———
=

1
= 5 [+ L]

Proof: L{coshat}

_1[ 1 4 1 ] _1[s+a+s—a
~ 2ls—a s+a T 21l(s—a)(s+a)
S
= 77 ...Hence proved
J(n+1) n!
7) Prove that L{t"} = sl ey

Proof: By definition L{t"} = fe_St t" dt
0

Putst =u, t =

w|c

du dt _du
dt ’ s

when t > 0then u > 0; whent - oothen u » o«

Differentiating w.r.t t, s =

[ee] [ee]

f L{th)} = fe—u (E)“ @ — ll f e~ u" du

S S st's

0
1
sn+

T fe—uun+1—1 du
0
{ f e*x"1 du = |n (gamma of n)
0

|(n+1) n!

= T R W ... Hence pI'OVGd
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3 Properties of Laplace transform

1) Linearity property: Then L{f(at)} = 1 ﬁ

If a,b, c be any constants and __a a

f, g h any functions of t, 7) If L{f(©)} = f(s) ,

Then L[af(t) +bg(t) — ch(®)] : 1

= aL{f(D)} + b L{g(®) — cL{h(}| Then L { f f(©) dt} =5
0

2) First shifting property:
IFL{f(D} = £(s)

Then L{ef(t)}= f(s+a)
or L{etf(}= fGs—a)

3) Second shifting property:
IfL{f(t)} = f(s) and

o- [0 2

L{f(D} = e™ £(s)

4) Multiplication of t™:
IfL{f(D)} = £(s)

Then L {t"f(t)} = (—1)"

Then

n

ds™

0]

5) Division of t:

If L{f(D)} = f(s)

Then L{@}zf@ ds
0

6) Change of scale property:
IFL{f (1)} = f(s)

8) If L{f(1)} = f(s),

[ee]

Then L{f e 3 f(t) dt} = f(a)
0

9) If L{f(t)} = f(s)

Then L{%f(t)} = s f(s) — f(0)
Note: f(0) = 11_{% f(t)

10) Convolution Theorem:
IfL{f (0} = £ (5),

L{f,(s)} = F,(s)
Then

() .f(s) =

L{ffl(u).fz(t—u)du}
0

f().R0) =

L{ffl(t—u).fz(u)du}
0

3.1

Examples on Linearity Property

Example 1: Find the Laplace transform of (t> + 1)2

Solution: Let,
f(s) = L{t* +2t2 + 1}

L{f(0} = L{t* + 1)?}



SuccessClap: Best Coaching for UPSC Maths: Visit SuccessClap.com/ Whatsapp 9346856874

Laplace Transform 7
= L{t*}+ 2L{t?} + L{1}

41 2! 1 . n!
eSS b = o
24 N 4 1
g5 g3 s

24 + 452+ s*

f(s) = ——
S
E le 2: Evaluat L{tZ_SHZ}
xample 2: Evaluate: L{——
P Vi
t2 —3t+2
Solution: Let, L{f(t)}= L{ ——
{f()} { NG }
t2 3t 2 1
f(s) = L - — 71+t 1} {'.‘\/azaf
tz2 t2 t2
3 1 1
= L{t2—3t2+2t_2}
3 1 1
= L{tZ} -3 L{tz} +2 L{t 2}

3 1 1
gt 33 2(=p)! by _ N
-3 1 + 1 L{t} n+1

Sz-l—l S§+1 S—j+1

31 1

>3V 3 3V 2vm -1
= 2 25 — 23 + 1 (7) | :\/E

s2 s2 s2
S m[31 31 1
i) = |~ [ _____ ] 7 =
(s) s l4s2 2s a Va

Example 3: Find the Laplace transform of (sin 2t — cos 2t)?
Solution: Let,  L{f(t)} = L{ (sin2t — cos 2t)?}
= L{sin®2t + cos? 2t — 2sin 2t cos 2t}
{+(@a—b)? =a*+b%-2ab
L{1 —sin4t} {- sin®0+ cos?0 =1, 2sin6.cos O = sin 20
= L{1} — L{sin 4t}
1 4

fG) =S — 7716

Example 4: Evaluate by Laplace transform of cos? 2bt
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Solution: Let, L{f(t)} = L{cos? 2 bt }
1 + cos 4bt
_ L fLrcosthy [+ costo =
2
1

5 [ L{1} + L{cos 4 bt}]

m_1 1+ S ]
= 25 T s2+ 16b2

1+ cos 26
2

Example 5: Find L. T. of cost.cos 2t.cos 3t
Solution: Let, L{f(t)} = L{cost.cos2t.cos 3t}

1
= L{cost 3 [cos 5t + cost]}

E [cos(x +y) + cos(x — y)]

{ COSX.COSy = 2

1
= EL{cost. cos 5t + cos’t}  { cos(—B) = cos @

1 + cos Zt}

1 1
= —L{E[cos6t+cos4t]+ >

2
= %[L{cos 6t} + L{cos 4t} + L{1} + L{cos2t}]
S 1

m—l > + =+ ]
S "~ 4ls2+36 s2 +16 S s2+4

Example 6: Find L{sin’t}
Solution: Let,  L{f(t)} = L{sin®t}

3sint —sin3t 3 3sin® —sin 30
= L{—} { sin°30 = ——m
4 4
3 1
= ZL{Sint}_Z L{sin 3t}
3 1 1 3 _ 3[ 1 1
T 4s2+1 4s2+9  4ls2+1 249

s“4+9 —s* -1
[(52+1) (sz+9)]

):

(s + 1)(52 +9)

Example 7: Find L{cosh 2t.sinh 2t}
Solution: Let, L{f(t)} = L{cosh 2t.sinh 2t}
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. e2t 4 o2t g2t _ o—2t
a 2 2
s cosh = Ginng = S
- coshO = > ,sinh@ = 5
1 4 —4 1 4 —4t
= JLe"—e™) = [l - L]
_ 171 1 1
f =_[ -
®) =12 5712

Example 8: Find L{sin® 2t}
Solution: Let, L{f(t)} = {sin3 2t}

3sin 2t — sin 6t ) 3sin20 — sin 66
= L{ } { sin320 =
4 4
= 3 L{sin 2 ! L{sin 6
= 2 {sin 2t} — ) {sin 6t}
3 2 1 6 p. 3[ 1 1
45244 452436 | 2ls2+4 s2+36

3[s?+36—s%—4
2|(s®?+4)(s?> + 36

e 48
(s) = (s2 +4)(s? +36)

Example 9: Find L{sin(wt + o)}
Solution: Let, L{f(t)} = L{sin(wt + o)}

= L{sin wt cos a + cos wtsin o}
{- sin(x + y) = sinx.cosy + cosx.siny
= cos a L{sin wt} + sina[L{cos wt}]

w i S
=cosu——— +sinao———
s24w?2 s24-w?
—— wcosa+ssina
f(s) = > >
s+ w

3.ii Examples on First Shifting Property

Example 10: Find L{cos at.sinh at}
Solution: Let, L {f(t)} = L{cosat.sinh at }

eat _ e—at eB_ e—B
=L t———— v sinh® = ————
{COS a 2 } { Sin >
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1
=3 [L{ e cosat } — L{ e cos at}]

_ 1 s—a s+a

2l (s—a)2+az (s+a)2+a2]
B [ (s—a)[(s+a)’+a%] — (s+a) (s—a)2+a2]]
- [(s —a)?+a?][( s+ a)?+a?]

1 [(s —a)(s? + 2sa + 2a%) — (s +a)(s®>—2sa + 2a?%)
(s?—2sa + 2a?)(s?+2sa + 2a?)

_ 1[s®+ 2as® + 2a®s — as®—2a’s — 2a° — s® + 2as*—2a’s —as® + 2a’s —2a
T2 s* + 2as3 + 2a2s? — 2as3 — 4a?s? — 4a3s + 2a2%s? + 4a3s + 4a*

_ 1 [2as*—4a’ _ 1 2a(s* —2a%)
2| s*+4at 2 st 4+ 4at
ol a(s?-2a?%)
S s* + 4a%

|

Example 11: Find L{e 3'(2 cos 5t— 3 sin 5t)}
Solution: Let,  L{f(t)} = L {e 3'(2cos5t— 3sin5t)}
= 2 L{e73% cos 5t} — 3L{e~3". sin 5t}

B (s+3) 5

" (s+3)2+25 (s+3)2+25

_ 2s+6—15 _ 2s—9

~ (s+3)2+25 "~ s24 65s+9425
S 2s—9
)= Fies132

Example 12: Find L{e?" cos’t}
Solution: Let,  L{f(t)} = L{e* cos?t}
L{eZt 1 +c052t}

2

1 + cos 26

29 —
{COS 5

- % [L{ %t} + L{e?t cos 2t}]

— 1 s—2
f(s) =E[s— (s—2)2+4
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Example 13: Find L{vte3'}
Solution: Let,  L{f()} = L{e% . vt}

1, 1
Now, L{\/E} = L {t%} = (%) = ¥
S§+1 s2
Now, By shifting theorem L{e“tF(t)} = m]
L{e3t_ \/E} :1 Vn :
( 3)2
) = g .
(s— 3)2

3.iii Examples on Change of Scale Property

1 1
Example 14: Find L{e ".f(3t)}, if L{f(t)} = ;eT

1 21
Solution: We have, L{f(t)} = 5 es = f(s)

177/5
Now, By change of scale property L{f(at)} = 2 f (E)
11 -1 1 _3
= — s/3 =_ a 3
L{f(3t)} = 3573 e v

Now, By shifting theorem L{e® F(t)} = F(s — a)}

L{e*f(3t)} =

e s+ti1
1

3.iv Examples on effect of multiplication of t"

Example 15: Find L{t.sint}
Solution: Let, L{f(t)} = L{t.sint}

| {—
Now, L{sint} = 11 F(s) (say)
Now, By ef fect of multiplication by t,

L F©) = (-1

L{t.sint} = (-1)— IS [52 1
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12

= [

- 2s
f8)= Gz 12

Example 16: Find L{t sin23t}
Solution: Let,  L{f(t)} = L{ tsin?3t}

1 — cos 6t S
Now, L{sin?3t} = L{T} =F(s) (say)
{ . 5 1 —cos26
v sin“d = ——
2
1
= E[L {1}- L {cos6t}]
_ 1 [1 S
~ 21ls s2+36
Now, By effect of multiplication by t,
n
Lt F(0} = (-1)" = F(5)
1 dr1 S
1230 = —(—1)— |- - — 2>
L{tsin"3t} 2( D ds [s s2 +36]

-1r71d1 d S

—1[-1 (s®+36)—s(29)
2 |2 (s2+36)?
—-1[-1 —s®2+36

2 [s_z ~ (s2+36)2 ]
— 1[1 -s*+36
f®=3 [s_2+(sz+36)2]

Example 17: Find L{te3'sin 2t}
Solution: Let,  L{f(t)} = L{te3sin2t}

| 2
Now, L{sin 2t} = 11" F(s) (say)
Now, By ef fect of multiplication by t,

n —
7en F(s)

L{t"F()} = (="
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i d 2
L{t. Sin Zt} = (—1)£ (m)
1 Vo-u—u d v
- u dx~  “dx
= 2 |——-x.2 w—— = 4X _ dX
[(52 + 4)? S] dx v v2
_ 4s
T (s2+4)?
Now, By shifting theorem L{e® F(t)} = F(s — a)}
4(s—3 4(s—3 A
L{t e3tsin 2t} = ( ) = ( ) _ f(s)

[(s —3)2 + 4]2 (s —6s + 13)2

Example 18: Find L{t(2 sin 3t — 3 cos 3t)}
Solution: Let, L{f(t)} = L{t(2sin3t — 3 cos 3t)}
Now, L{2 sin 3t — 3 cos 3t}

= 2L{sin 3t} — 3L{cos 3t}

3 s _ 6 3s
219 S940 24075749
6 —3s S

= 2+ 9) =F(s) (say)
Now, By ef fect of multiplication by t,

at ——
L{t"F(0)} = (=) —— F(s)

dsm
L {t(2sin 3t — 3 cos 3t)}
d (6 =23s)
BT
(s2+9)(—3) — (6 — 3s)(25)
Y (s2 4 9)2 ]
—35%—27 — 125 + 65° 3 —12s—27
Bl [ (s249)? ] T [ (s249)2 ]
——  3(9—s?+4s)
()= o

=2

Example 19: Find L{t?cost}
Solution: Let, L{f(t)} = L{t? cos t}
S _
Now, L{cost} = 11 F(s) (say)
Now, By effect of multiplication by t,
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n

dsm Fs)

L{t"F(©)} = (-1
d S
ds s2 + 1

d d
(2 + 1) —s(2s) cdu vguTugy
- _{ (s? + 1)2 } - 2

L{tcost} = (—1)

Tdx v \Y
2
= ﬁ =F(s) (say)
Now, By again ef fect of multiplicationof ‘t
d s?-1
" ds (s% +1)?
[(s2 + 1)2(2s) — (s> — 12 (s + 1)(2s)
i [(s +1)%)?
[25° + 453 + 25 — 4s(s* — 1)
i (s + 1)*
[—255 + 453 + 65 —2s(s*—2s%2 —3)
7+ 1) ] B _[ G2+ D7
2s(s® +1)(s?> = 3)
(s?+1)*
) = 2s(s? — 3)
(s2+1)3

L{t%cost} =

Example 20: Find L{t? cos kt}
Solution: Hint: Same as above problem no. (19)
_ 2s(s? —3Kk?)
f(s) =—————
(s + k2)3

E le 21: Find L{Z\/E} if L{ ! } 1
xXample rIn —(,1 _— = —=
P N Jmt Vs

1 1 —
Solution: Given, L{ —} =—=F(s sa
N=S = (s) (say)

Now, By ef fect of multiplication by t,

L{E"F(D)} = (-1)" 7= F(5)
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) -codl it
i
{
) -

3.v Examples on effect of division of t

Il |
~ /r\
|
5 —
Il
|
|
Il
Il
T
(WY
—
/N
|
| L
——
72}
|
|
|
-
Il
N =
wn
|
N W

ﬂkwﬂl

e
d

1—cost

Example 22: Find the Laplace transform of \

1—cost
Solution: Let, L{f(t)} = L{ }

Now, L{1—cost} = L{1} — L{cos t}

1 S <

=~ 5= =FE. Gay)

[ee]

1 -
Now, Effect of division by t, —F(t)} f F(s)ds

S
L1—cost j‘[ ]d
SZ+1 >

[l [
_OSSOSZ+1S

1 [ee]
= [logs]e — [Elog( s? + 1)] {~» log o = nothing = 0
S

= (0 —logs) — [0 —%log( s2 + 1)]

1
(s +1)2

1
=—10gs+zlog(52+1) = log S

VsZ+1

S

f(s) = log

1
Example 23: Find L{; (1 —cos at)}
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— Vs?+a?

Solution: Hint: Refer problem (22) f(s) = log .

. cos at — cos bt
Example 24: Evaluate using Laplace transform: I —

. cosat — cos bt
Solution: Let, L{f(t)} = L{ . }

Now,  L{cosat — cosbt} = L{cosat} — L{cos bt}

s s _
T $2t+a2 s2t+b? F(s)  (say)

1 [ee]
Now, Effect of division by t, L {;F(t)} = f F(s)ds
N

L{cosat—cosbt _Jo‘o[ ]d
t ) Is? 4 @ sz+b2 °

S
1
= [log(s +a%) —log(s? + b?)]¥
1
=3 [0 —log(s? + az) + log(s? + b?)] {~ logoo = 0 not defined
) = 1 | sZ + b?
T2 %% ar

e—at _ e—bt
Example 25: Find L{f}

e—at _ e—bt
]
t

Solution: Let, L{f(t)}

Now, L{e @ —e ™™} = L{e™} — L{e ™"}
1 L 5
T sta s+b O (say)

1 [ ——
Now, Effect of division by t, L {?F(t)} = j F(s)ds

[o¢]

gmat_ g~bt 1 1
5 - T
t s+a s+b
S

[log(s+a) —log(s +b)]Y
[0 —log(s+a)+1log(s+ b)]
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(s+b)
8 (s+a)

f(s) =1

1
Example 26: Find L{I (eat—ebt)}
Solution: Hint: same as before problems no. (25)

S -b
f(s) = log EZ — a§

sinh t

Example 27: Find L{

r\—w

Solution: Let, L{f(t)} =

1
Now, L{sinht} = —
S —

1 ) I
Now, Effect of division by t, L {;F(t)} = f F(s)ds

51n ht j‘o
_1[ |s—1°° { 1 q _11 |x—a|+
2 Tx2—aZ 7T 22 Blx+ c
> [otos| ] (¢ Togeo = 0
= — o oo =
2 ] o8
f()_l |s+1 {“1 a l b
S 2 s—1 o8 b 08
Example 28: Find L{t ‘e 'sint}
Solution: Let, L{f(t)} = L{t e tsint}
Now, L{sint} = ) =F(s) (say)
Now, Effect of division by t, F(t) f

[o¢]

Lpsind = [ g d
S I I

S

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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= [tan~1s]? { 1 dx =tan"'x +c
= tan"loo — tan~!s
n -1 vtan—lo, — 1
= 5 —tan”'s {-tan 0=z
= cot™!s

Now, By shifting theorem L{e® F(t)} = F(s — a)}
L{e~*t !sint} = cot™1(s + 1) = f(s)

3.vi Examples on other properties

d sint

Example 29:Find the L. T. of: — ——
dt t

. d sint

Solution: Let, L{f(t)} = L{aT}

] =F(s) (say)

Now, L {sint} =

1 P
Now, Effect of division by t, L {?F(t)} = f F(s)ds
S

[ee]

L {sin t} J‘ 1 d { tan-1
= . o0 =
t 241 an

L{F1(D}

N A

[tan~!s]? = tan~loo — tan~!s

n -1
——tan s

= cot™!s = Fi(s) (say)
d _—
Now, W.k.t. L{%Fl(’c)} =s F(s) — F(0),
Where, F;(0) = %irzz Fi(t)

d sint
— —t= scot ls—f(0
i ©
1 _ sint
= scot™ s — lim——
t-0 ¢t

f(s) = scot 1s—1

t
. sint
Example 30: Find L fetT dt

0
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t
sint
Solution: Let, L{f(t)} =L f etTdt

(0]

Now, L {sint} =

s?2+1 "
. 1 ==
Now, Effect of division by t, { F(t)} = f F(s)ds
© N
smt f
s?

0

= [tan"!s]?
U

= tan"loo —tan"ls = 7= tan~ls
= cot™ s

Now, By Shifting theorem, L{e® F(t)} = F(s —a)
sint
L{et T} =cot1(s—1)
t

Now, W.k.t., L fF(t)dt =
0

F(s)

1 ——
S
t

sint 1 —
L fe — dt; = S cot (s —1) =f(s)
0

t

Example 31: Find L fx. coshx dx

0
t

Solution: Let, L{f(t)} =L f X. cos hx. dx
0

s

Now, L{coshx} = —
sc—1

Now, By effect of multiplication by x,

Lix"F(x)} = (- 1)"

s
ds s2 -1

L{x.coshx} = (- 1)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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(s —=1) — s(2s) —s?2 -1
CESV B (L
_ s?+1
C (s2-1)2
‘ 1 —
Now, W.k.t., L fF(t) dt =5 s)
0
t 2 1
s“ + —
L fx.coshxdx = ﬁ= f(s)
0
t
. _at s1n3t
Example 32: Find L e
0
‘ 3
sin t
Solution: Let, L{f(t)} = LS e™* f
Now, L{sin 3t} =
ow {sin 3t} 719 )
Now, Effect of division by t, { F(t)} f F(s)ds
» N
L{sin?at}_ J‘ 3 d
t ) ) 2432
S
1 s1%° 1 1 X
— - -1- .. — _ -1
—3.3[tan 3]5 {.fxz_l_ade—atan at
S T
= tan"loo —tan_1§ = E—tan_l—
S
= t_l—
cot™ 2
‘ 1 ——
Now, W.k.t., L{fF(t)dt =;Fs)
0
1
s

Now, By Shifting theorem, L{e® F(t)} = F(s—a)
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t
sin 3t 1 (s +4)
L{ et f dt; = —— =f
€ t 512 3 —fe

0

t
Example 33: Find L{cosht fex cosh xdx
0

Solution: Let, L{f(t)} = L {cosht eX cos hx dx
s

Now, L{coshx} = —

Now, By Shifting theorem , L{e® F(t)} = F(s —a)
s—1 B (s—1)
(s—1)2-1 s2-2s

L{e* coshx} =

t

1
Now, W.k.t., L fF(t) dt 2 = F(s)
0
t 1 (s—1) 1
s — s —
X = — = =
L J.e cosh x dx s 2= 2) G -2) G(s) (say)

0
t

et+et
Now, L coshtf eXcoshxdxy; =1L 3 G(t)
0

...where G(t) = f e* cosh x dx
0

X % [L{e" G} +L{e " G(t)]]

s—1
s?(s—2)

= %[G(s —1) +G(s + 1) ...where G(s) =

. sint
Example 34: Find L{ e dt}
0

sint
Solution: Let L{f(t)} = L{ —~ dt}

0

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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Now, L{sint} =
ow {sint} 711

1 [——
Now, Effect of division by t, L {?F(t)} = f F(s)ds

[0¢]

sint 1
L{T} =f ds = [tan~1s]?

s2+1
S
= tan loo —tan" s
n -1 e o=l
= —tan's { tan~leo = 2
= cot™!s

Now, W.k.t., L{f e F(t) dt} = F(a)
0

Example 35: Find L{f e 2tsin3t dt}
0

Solution: Let,  L{f(t)} = L{ f e 2t sin3t dt}
0

{3Sil’lt— sin3t}
3 i 1

= ZL{sint} ~ 3 L{sin 3t}

3 1 1 3

4s24+1 4s2+9

_ 3[ 1 1 ]
41s2+1 s2+9

oo

Now, L{sin’t} = L

Now, W.k.t., L{f e % F(t) dt} = F(a)
0
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‘ 3 1 1
—2tein34l — .. _
LUe sin t}_ 1[22+1_22 +9] b puts =2
0
B 311 1 _ 3[13—5]
415 131 T 4l 65
S 6
f = —
&) = %5

(00

Example 36: Find L{f

e 3ttsint dt}
0

[ee]

Solution: Let, L{f(t)} = L{f e 3t sintdt}
0

Now, L{sint}= 711
Now, By effect of multlpllcatlon by t,

L{e"F®)} = (- 1)”

d 1
(_1)5 s+ 1

- ol
2s
(s? + 1)?

[ee]

Now, W.k.t., L{f e % F(t) dt} = F(a) {- here puts=3
0

4 2(3) 6
L{| e3ttsintp=——— = —
{Of g } (32 + 1)? 100
3
50

r sin ht
Example 37: Find L{f e 2t . dt}

0

L{t sin t}

@:

r . Sin ht
Solution: Let, L{f(t)} = L{ f }
0

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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) 1
Now, L{sinht} = v

(e o)

1 -
Now, Effect of division by t, L {?F(t)} = f F(s)ds

N
[0¢]

sinht 1 _
L{ . }:fsz_lds { - log o0 = 0, not defined
S
s—11”
= m[log|
1 s—1
= 5 |0~ os]
1 s+ 1 a
= Elogs_1 {"logg=—log—

Now, W.k.t., L{f e F(t) dt} = F(a)

r _,, Sinht 2+1
Li| e dty = = og {~ Fors =2
t

1
f(s) = ElogB

. cos 6t — cos4t
Example 38: Find L.T.of: f — <

r cos 6t — cos4t
Solution: Let, L{f (1)} = L{ f — dt}
0

Now,  L{cos 6t — cos 4t} = L {cos 6t} — L {cos 4t}
s s

s2+36 s2+16

1 -
Now, Effect of division by t, L {?F(t)} = f F(s)ds

S
oo

L{cos6t—cos4t f S )d
2+36 sz +16/°°
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[log (s® + 36) — log (s®> + 16)] 2

1 | s2+36\]”

2 '8\ sz 116

1 0 s? + 36
sz+16

2
_11 s2 +16
— 2%\ 2136

[ee]

Il
N =

b
log b= — log 3

Now,  W.k.t. L{ f e—at £ (¢) dt}= F@@)

0

r ot €OS 6t — cos 4t 1 0% + 16
L fet—dt = log ————] {~ Replace s=0

t 0% + 36
(0]
1

_1 (16)2 1 16 _1 4
°8\36 8 |36 T8 %

_ 2

f(s) = log —

(s) 08 3

3.vii Examples on using definition
Example 39: If f(t) = a, 0<t<b

=0, t>Db Find L{f(t)}
Solution: By definition of L. T.

[o¢]

LEO) = f e~ £(t) dt
0
b o)

fe‘St f(t) dt + f et f(t)dt

b

0
b

= fe_Stadt+0
0

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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f(s)

Solution:

L{f(©}

a
= —(1- —bs
(1)
Example 40: Findthe L. T.of f(t) =t 0<t <4
=5 t >4
By definition of L. T.
= f e St f(t) dt
0
4 oo
= f e st f(t) dt + f e St f(t) dt
0 4

[ee]

Il
—
~//
nl |

| L

ml

NS

1%]

|

(¢
7}
[ EENS
1%,]
\—/
|
N

o

|
7}

o =
N——
e—

+

ol
—

o

|

(¢}
| |
wl| £
e—

—4 e—4s 1 e—4s
— __a4s _ _ 5 R 0
s © s? +sz + S (e
e—4s
= —[-4s-1+ e*s + 5s]
s
- e—4s 4
f(s) = - [e*s + s —1]

Example 41: Findthe L.T.of f(t) =0, 0<t< 1
=2 1<t<?2
=0 t>2

Solution: By definition of L. T.

LD} = f et £(t) dt
0
1 2 oo

= j e St f(t) dt + f e st f(t)dt + j e st f(t)dt

0 1 2
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2

=0 + fe_StZdt +0
1

—st12 _
:z[e ] :_z[e—Zs_e—s]

@ — % (e—s _ e—Zs)

Example 42: Find the L.T.of f(t)=0, 0<t< 1
=t, 1<t<2

=0, t>2
Solution: By definition of L. T.
L{f(t)} = f e St f(t) dt
1 2 0
f e st f(dt + f e St f(t)dt + f e St f(t)dt
0 2

2
O+fe5ttdt+0
1
—st

— 2
e e st
—s g2

1

<2e—25 e—ZS > e~s e—s(l)

52

—a 2 1 1 1
f(S) = —e %S (— + —2) + e S (— + —2)
S S S S

Example 43: Findthe L. T.of f(t)= (t+1), 0<t<?2
=3 , t >2
Solution: By definition of L. T.

L{f()} = f e St f(t) dt
02 0o
= f e St (t) dt + f e St f(t) dt
0 2

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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2 oo

= [er rnar+ e @
0 2
e—st e—st 2 et o
= [(t+ 1) - — ] +3 [ ]
—s S —s
0 2
e—Zs e—Zs e—O e—O e—ZS
=) (G-l =
—s S -s s —s
-2
:_E —ZS_e " 1 i Ee—Zs
s s2 s  s?2
_ e 1 1
f i
(s) s2 s +s2

Example 44: Findthe L.T.of f(t)=sint , 0< t<m
=0 ,t>m
Solution: By definition of L. T.

[ee]

f e St f(t) dt

0

T [ee]

f —St(t) dt + f e (1) dt

T
[ee]

e St sintdt +f st (0)dt

T

L{f(©}

T

—ssint— cos t)]
0
—at

f
it
[J-

“Atsinbt dt = 2157 [—asinbt — bcosbt] + ¢
e—oo
= [52 1 (—ssinm—cosm) — 211 (—ssin(0) — cos(0))
e_ST[
= 1 — — —ST 1
s24+1 52+1 sz+1[e 1
— 1
f(s) = [e™™ + 1] {~cosm = —1,cos (0) =1
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- _ ((t-1)3 t>1
Example 45: Find the L.T.of f(t) = {0’ 0<t<1
Solution: By definition of L. T.
L{f(t)} = f e St f(t) dt
0
1 oo
- f et (0) dt + f et (t—1)? dt
0 1
e~st est est 6e~St]”
— —1)3 _ —1)2 _ g
=0+ [(t 1) - 3(t—1) )2 +6(t—1) ESSHREDE \
e—S
=0- (-6) vy
—  6e7°
f(s) = -
OR Second shifting property:
rony _(ft—a), t>a
If L) = &) and f@ =47 2

Then L{f(D)} = e™% f(s)

~Here, a=1 f(t)=((t—-1)3
1

L) = L{ = D= e F L0 = e

N 6eS
f(s) = -

4 Initial value theorem and Final value theorem
Initial value theorem:

_ B Lt Lt
Prove that: If L[f(t)] = F(s), then >0 f(t) = s 5o F(s)

Proof : W.k.t.
LIf (0] = sL[f(D] —f(0)
= sF(s) — f(0)

s F(s) —f(0) = L[f'(D)]

[o¢]

= fe‘St f'(t) dt

0

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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oo

bR - = M e r@ar
0
; itoos F(S) — f(O) =0 { e = 0

Lt Lt
e S F(s) = f(0) = o Of(t)

Lt Lt
Hence to0 f(t) = S0 F(s)

Final value theorem:

Lt _
t- oof(t) -

Proof : w.k.t. L[f ()] = sL[f(t)] - f(0)

Lt

N g

Prove that: If L[f(t)] = F(s), then 0S F(s)

SLIFO] - £(0) = L[f (0] = f =St E () dt
0

[ee]

Lt

LU -] = M e foa

0
0

- f F@©dt = [fO]F
0

Lt B
s o 0F(s) — f(0) = f (o) —f(0)

Lt Lt
Hence to oof(t) = <508 F(s)

2.4.i

Examples on Initial value theorem and Final value theorem
Example 46:

_ . Lt Lt
IfL[f(t)] = s5ta) find t 5 oof(t) and o Of(t)
Solution: Given, L{f(t)} = SGta) = F(s)
i) Final value theorem states that,
Lt _ Lt
t—>oof(t) = S_)OSF(S)
Lt 1 Lt 1

g — = _—
s> 0 s(s+a) s—>0s+a
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Lt £(t) = 1

t-> a

ii) Initial value theorem states that,

Lt Lt
t—>0f(t)_ S_)oosF(s)

Lt Lt 1
_s—>ooSF(S) T s> s(s+a)
Lt 1 _1
s> ows4+a o
Lt
f(t) =
to0 ®=0

Example 47: Verify the initial and final value theorem for the
function f(t) =1+ e '(sint+ cost)
Solution: Given, f(t) = 1+ e *(sint + cost)
Now, L[f(t)] = F(s) = L{1 + e *(sint + cos t)}
= L{1} + L{e7*(sint)} + L{e *(cos t)}
1 1 s+1
s T GrEFl G2+l
1 s+ 2
& + &
s - (s+1)?+1
i) Initial value theorem states that, 11_{% f(t) = sll_)tg s F(s)

L.H.S. = lir{)l f(t) = {il‘l(‘)l [1+ e *(sint+cost)]=1+1=2

R.H.S. =1 F(s) = li [1+ t2 ]
S =l sE® = s |4 G

_ i N s(s+2) —im 4 s? +2s
—SLrg_ s+1%2+1 ~ o8 s2+2s+2

[ (149 142
= lim 1+ﬁ = lim 1+T
S—00 2 =t ~ S—00 bt “
s[1+s+52] 1+5+5

=141 =2
L.H.S. = R.H.S. ... Initial value theorem verified.
ii) Final value theorem states that, tlim f(t) = lirr(} s F(s)
—00 S—

L.H.S. = tlim f(t) =t1im[1 + e7'(sint +cost)] =1+ 0 =1
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Laplace Transform 32

RH.S. =lim sF(s) = I [1+ St2
S TR ST RIS ST 241
s(s+2)
= lim{fl+———| =1+0=1
500 (s+1)?+1
L.H.S. = R.H.S. ... Final value theorem verified.

Example 48: Verify the initial and final value theorems for
f(t) = 3e 2t
Solution:  Given, f(t) = 3e™%t

L[f(t)] = L[3e7%] = S_}_izz F(s)

i) Initial value theorem states that, tLto f(t) = Lt sF(s)
- sS—00
L.H.S.= Lt f(t) = Lt 3e™%* = 3
t—0 t—0

R.H.S.= Lt sF = Lt ( )
s—>ooS (S) s—>ooS S-|—2
LS S 3 s
_5_’°°S+2_S—>OO 2 _s—>oo 2 -
s(1+5) 1+(3)
L.H.S.= R.H.S. ... Hence Initial value theorem verified.
ii) Final value theorem states that, tlim f(t) = lirrg sF(s)
—00 sS—
L.H.S.= Lt f(t) = Lt 3e7%t =0 {ve® =0

3
R.H.S.= sL—'>t()Sf(S) = slitos<s+2) =0

L.H.S.= R.H.S. ... Hence Final value theorem verified.
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Inverse Laplace Transform [ 1. L. T.]

5 Inverse Laplace Transform [L.L.T.]
5.1 Definition

IFL{f(D} = £(s)

Then f(t) is called Inverse laplace transform of f(s)

e L1 {@} — (t)

5.ii Formulae of inverse Laplace transform

1
DL —} =1
) S
1
2) Lt } = e
s—a
1
3) Lt } = e
s+ a
1 tn—l tl’l—l
4)L_1 —} =, l’l=1,2,3=01‘=
s" (n—1)! [(n—1)+1
L1y t
5L s“+1} = or il
4 1 1
6) L sz+a2} —gsmat
7))Lt ! } inh at
= —sinha
s? — a? a
S
-1 =
8) L {Sz_l_az}—cosat
S
9) L1 {sz —aZ} = coshat

10) L= {f(s — a)}
11) L {f(s — a)}

eat -1 {@} = eat f(t)
eat 1 {@} = e-at f(t)

-1
12) L1 { } = et v
(s—am (n—1)!
1 sin bt
-1 — @at
13)L {(s —a)? + bz} “ T
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1 1 _ ot sinh bt
14) L —(s—a)2 _— e b
B 1 ___ sinht
15) L™ (s +a)? +b? =" b
1 sinh bt
L rar 5 =" b
17) L1 578 1 _ eateosht
(s—a)? +b?
s—a
18) L1 (s—a)—z—bz = e? coshbt
19) L1 _s*ta ) _ e ' cos bt
(s +a)? +b?
20) L7t _s*ta ) _ e~ cosh bt
(s+a)? —b?
d" ——
20 17 {0 f(s)} — o f(D)

22) L7t {@} = ff(t) dt
S 0
23) L7t {ff(_s)ds} = @

24) LY £,(5) .£,(s)} = ffl(t—u).fz(u) du ORffl (w).f,(t —u) du
0 0

25) L {sf(s)} = dit f(t), if £(0) =0

f(t—a); t=a

20 @) = (792

5.iii Summary of L.T. and I.L. T. Formulae

L.T LL.T.
DL{f®} = f(s) HL{fe)} = fo
DL} = % 2) L‘l{é} —1

n! [n+1 B 1 tn
HL{"} = S_ or ———— 3)L ! {Sn+1} za
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1 T
4) L{t} = S_Z 4) L1 {S_z} =
1 1
5 L{e*} = 5) L1 { }
L) = Lt —
i -4 _ 1 sinat
6)L{sinat} = s? + a? 6) L 1{sz+a2} - T a
: _ a _ 1 sinhat
7) L {sinhat} = R 7) L1 {sz - az} =
S _ s
8) L {cos at} = a2 8) L1 {sz - aZ} cosat
9) L {coshat} = —— 9) L {5——} =(cosh
) L {coshat} = 7 a2 ) 7 —g2) =¢os at

6 Propertiesof L.T. and L.L.T.

Sr. | Laplace Transform (L.T.) | Inverse Laplace Transform (I.L. T
No.| Definition: L {f(t)} = f(s) Definition: L™ { f(s) } = f (t)

1. | Linearity property Linearity property

LTaf(t) - bg®)] L'[af(s) — bg(s)]

=aL{f®} - bL{g®}} | =alk'{f(s)} — bL'{g(s)}
2. | Firstshifting property First shifting property
L{e®f(t)}=f(s+a) and | L"1{f(s +a)}= e * L' {f(s)} and
L{e*f()="F(s-a) L {f(s—a)}= e L'{{(s)}
3. | Second shifting property | Second shifting property
If £(6) = { f(t—a) ;t>a |If L''{e*f(s)} Then,

0 itsa £t {f(t a) ;t>a
Then, L {f(t)} =e™* f(s) © = ;t<a
4. | Multiplication of tn Multiplication of t"

& _
L {t" ()} = (- 1)n o= f(s)} = L))

5. | Divisionoft Divisionof t

{f(t)} f f(s) ds Lt {Iw@ ds} = @

6. | Change of scale property | Change of scale property

L{f(at)}= % f G) L1 {@} = a. f(at)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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o o

; L{ff(t)dt}=1;@ L‘%%@}J[L‘%@}dt]

[oe]

8. No Property
L feat f(t) dt = f(— a),

(o]

Replacings = —a

d — —_ d
L{af(t)} =sf(s) - F(0) | L7(sTs)} = 5 f©
If F(0) =0

lim
Where F(0) = t50 f(t)

6.i Examples on fundamental of inverse Laplace transform
1

Example 49: Find the inverse Laplace transform of: G-1°

Solution: Let, L1 {@} = L‘l{

1
ol
e 85

t# 1 tn
_ ot -1 -
BT { L {s““} Y

f(t) = {*n =nmh+1)(M-1)....

o

35+1}

. Fi -1
Example 50: Find L {(s 12

3s+1
(s+ 1)2}

3G+ -2 (3 2
:Ll{ Gt D2 } _Ll{s+1_(s+1)2}

= 3L {s%}_z L {(5:1)2}

Solution: Let, L1 {@} = L‘1{

=3et—2e't
f(t) = et (3-21)
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oy L, (36+1) -2 e 1(35—2
ORLl{f(s)}=L1{W} =e Ll{ }

3s 2
— a—t-1
SERU ]

- et prf) -2

f(t) = et (3- 2t)

4s + 15
Example 51: Find: L1 {m}
_1{ 4s + 15 }

16s2 — 25
S 1
=4L N ————i +15L7" {—}
{1652 — 25} 1L g6z — 25

S
=4L ' {———z+15L"

16 (s2 —%) 16 (s2 —5)

Solution: Let, L1 {@} =

— L—l S 1_5 L—l 1

16 §2 = (5)2 T 16 2 _ (5)

15 1 5

t+——smh t

= —cosh= 16 5/4

5
4 4
1 5
f(t) =~— coshz

t+3 i hst
2 sinh

4

1
Example 52: Find L‘1{ }

Vv2s+ 3
_ 1
Solution: Let, Lt {f(s)} = L1 { \/m}
s

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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1, 1
1 _3, 2 1 3.t 2
:ﬁe 2 1 ZEE 1
(z-1): (-2):
1 31 1 1 /-1
=—0e 2" — — e q = — —|=
\/fe t% N { a an’ ( 2 vm
3
e 2t
f(t) =
V21t

] ls+1
Example 53: Find L 1{ 7 }

3
Solution: Let, L1 {@} =11 {

f(t) =

Note:i) n! =n(n— DM —-2)(n—3)..[n— (n—1)]
ii)|[n =m-D[n-1 =@-DMO-2)[n-2 =--

! = factorial, | = gamma

1

. Fi -1
Example 54: Find L 3

(s+4)2

Solution: Let,

-1 {@} — -t

(s +4)7
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1
e—dt -1 {13} _ et 3t2
SE (7 - 1) !
1 1
cenl e
7! ZVm
t
f(t) = Ze_‘“\/:
i1
Example 55: Find L—l{ is+12 }
rAampre s: Tl s2+8s+ 16
— 4s + 12
A -1 -1
Solution: Let, L {f(s)} =L {—Sz e 16}
1 { 4s + 12}
=1L _—
(s+4)?
(A +H -4
- (s +4)2
4s — 4
_ -4t y-1
=e L { s2 }

- e o T
f(t) = e [4(1) — 4(D)]
f(t) = 4e ¥ (1-1)

7 Second ( 2"?) Shifting Theorem

i) <[ L2

7.i Examples on 2" Shifting Theorem

8e—3s
s2+4

Example 56: Find the inverse Laplace transform of:

L_1 8e—35
sz +4

= 8L {e_35

Solution: Let, L1 {@}

52+4}
1

Now, L™ {@} =L { S2 i_ 4} =L { s2 + 22}

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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sin 2t

=— = F(t) (say)
W.k.t. 2" Shifting theorem L7t {e‘as m}
={F(t—a) ;t > a
0 ;t<a
o ge—3s o - 8sin2(t—3)' >
s2+4) Lo ’ t <3
4sin2(t—-3), t=> 3
f(v) = {0 , t<3

e—Zs
. Fi -1
Example 57: Find L {m}

- e—Zs
Solution: Let, L1 {f(s)} = L1 { —}

sz +8s + 25
1
= L pe™ s2 +8s +42 —42 + 25}
1
= L™ (s+4)?%+ 9}
1
= L e™ (s+4)2+ 32}
Now, L—l {@} — L—l {m} — e_4t Slggt _ F(t) (Say)

W.k.t. 2" Shifting theorem L1 {e_“s F(s)}

_{F(t—a) ;t = a
Lo it <a
L1 {e—ZS—l }= o
s2 4+ 8s+ 25 _
| PR L TR0
0 <2
e—as

Example 58: Find L' z
(s+b)2
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Laplace Transform a1
. e—as
Solution: Let, L™ {f(s)} = L™ -
(s+b)2
— 1 1
Now, L1 {F(s)} =t = bty {—5}
(s+b)2 s?
5, 3 3
— bt t — bt t — bt t
(E _ 1) | 3 l\/— 3
2 2 2VT Zvm
3
4 t2
=—eP — =F({) (say)
3 T

W.k.t. 2" Shifting theorem L7t {e‘“s F(s)}

0 ;

e L b= : bt a).(t\_/_a)z, >
2 TC

(s +b)2 0 ; t<a

2
1-—-+s
Example 59: Find L‘1{< 52\/—> e_s}

2
Solution: Let, Lt {f_(sj} = L1 i(l ;2‘/§> e—s}
— 1-+s 1-2vVs+
o )28

}
- w-a e
}

2

s
1 1 S
ey R NPT —1(3
L {54 2L {57/2}+L {54}
7
t3 , tz 71 t2
= — — +—
3] (7 e 2
5 !

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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= s - =t =FO ()

W.k.t. 2" Shifting theorem L7t {e‘as F(s)}
={F(t—a) ;t > a
0 st < oa

(Vs ) [e-p 1ec-vi a-12
e 22

- + ;6>
s2 6 15 /n 2
0 ; t< 1

8 Third (3") term

If as? + bs + c cannot be factorised then we can use 3™ term
First convert

2 2, D¢ rd
as“+bs+c to a(s +gs+5) then apply 3" term

Note: Coefficient of s must be 1, if not then make it first then apply 3" term.
2

1
3" term = (coefficient of s x E)

8.i Examples on 3" term

s+1
Example 60: Obtain the inverse Laplace transform of -———
11 s“+s+1
— s
Solution: Let,  L71if =L—1{—}
olution: Le {(s)} T

s+1
= L1
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Laplace Transform

43

I
5
=

N——
+
N —

N =
+

f_—'A—_N\
VN
%]
VN
wn
+
N =

—_— .
P — ~ 4+
%]
]
+
R
NSy
N —

N
/N
NSy

— )

Il
[¢)
N| =
-t
=
[y
%]
+
N =

NG

N——
N
—
\S)

Il
CDI
N =
(s
1 p———————
o
_
%]
)
+
/|«

I
o
N]
(]
o
v

(i
b
—t

+
N| -~
N|é||>—x

1,
f(t) = e 2

[ V3 1 \/5]
coOs—t+—=sin—t

N
3s+7 }
s2—-2s—-3
1 f®) = 1
_1{ 3s+7 } _1{ 3s+7 }
=L =1

s2—2s+1-1-3 (s—1)2—22
:L_1{3(5—1)+10}

Example 61: Find L‘l{

) 3s+7
Solution: Let, }

sZ —2s—3

3s+ 10
_ -1
=e'l {sz - 22}

= ¢t [3 1

}+ 1007 {52 i 22}]

10
= ¢t [3 cosh 2t + > sinh Zt]

S2_22

f(t) = e'(3cosh2t+ 5sinh2t)
Note: This problem can also solve by partial fraction method by

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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factorising Denominator
(s + 1)(s — 3) but answer get different and meaning is same.

E le 62: Find L—l{ st2 }
xam : Fin —_—
ampre s2 —4s+ 13
— s+ 2
lution: Let, L1if = L_l{—}
Solution: Let { (s)} 745713
_ -t s+ 2 }
a s2-4s +22-22 +13

_ s+ 2
=L 1{(5—2)2+32}
_ L_l{(s—2)+4}

(s —2)2+432
a1 s+ 4
=L {sz+32

_ 2t y-1 S —1{ 1 }]
- ¢ [L {sz+32}+4L s 4 32

1
= g2t [cos 3t+4 3 sin 3t]

4
f(t) = e?tcos3t + 3 e?tsin 3t

Example 63: Find L {m}
_ s
Solution: Let, L7! {f(S)} =L {m}
=114 552 ~ =L~ X 39
st+55+(3) - (3) +16 (s+2) +7
( 5 5 |
"y (s+3)-3 §
|
)
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Y. ()
_3 | S 5 1 |
= e 2% |I 14 2$ S L - $|
| |52+ @) I SZ+<@> Il
| 2 ) ) \ 27 ) )]
B V5 1 vg—gt
= > 2 35 sin >
2 |
_gt \/Et 5 x/@t‘
= e COS sin
2 V39 2

9 Partial fraction
Types of partial fraction

1) Linear and non — repeated (distinct):
1 A B C

(s+a)(s+b)(s+c):s+a +s+b+s+c

2) Linear and repeated (same):
1 A B C D E F

ZGtalitb)? s 2Tsta Gra)l G+b)  (S+b)2

3) Non — linear and non — repeated (distinct):

1 _as+B Cs+D
(s +a)(s®+b) N sz+a+ s2+b
4) Non — linear and repeated (same):
1 As+B Cs+D Es+F Gs+H
Z1a)2(24b)?  +a (122 2+b  (SZ+b)?
5) Mixing
i 1 A B C Ds+E
1)s(s+a)2(sz+b) :§+s+a+(s+a)2+sz+b
i 1 As+B Cs+D Es+F G

(sz+a)(sz+b)2(s+c): s?+a +52+b +(sz+b)2 +s+c

9.i Examples on partial fraction

S
Example 64: Find L_1 {m}

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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Solution: Let, L7t {@} =L {ﬁ}

s
- )
(s+2)(s+3)
= By using partial fraction method,

S A B
= . (D

(s+2)(s+3) s+2 s+3

s _ -2 _

T s+3l.,  —243 "
B=— - o3

Ts+ 2l T =342 7

S -2 3

Equation (1) b , =
quation (1) becomes (s+2)(s+3) s+ 2 +s+3
Takingl. L. T. on both sides

L_l{m} = -2 {s-ll-Z}+ 3 L_l{s -Il- 3}
f(t) = —2e72' +3e™

1
. Fi -1
Example 65: Find L {s(s T DG+2)(s+ 3)}

_ = B 1
Solution: Let, L™ {f(S)} = L 1{s(s+ DG +2)(s + 3)}

= By partial fraction method,

1 _A, B C D
ss+D(s+2)(s+3) s s+1 s+2 s+3
1 _Y6, -1/2 172 -1/6

sG+DGE+2)s+3) s s+1 s+2 s+3
TakingI. L. T. on both sides

_ 1
L 1{s(s+ DG12G1 3)}

OGRS R = R e
6 s) 2 s+1) 2 s+2) 6 s+3
1 1 1 1
f(t) = ——Zet4_e2t__g3t
(t) s 2e +2e 6e
1
f(t)=g[1—3e_t+3e 2t _ g3t
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Laplace Transform a7

s?+1
. Fi -1
Example 66: Find L {m}

— s?+1
Solution: Let,  L7! {f(S)} =L {m}

—L‘l{ s2+1 } —L‘l{ 241 }
a s(s2+3s+2)) s(s+ D(s+2)

= By using partial fraction method,

s?+1 A B C
_ = — ¢ +
s(s+1)(s+2) s s+1 s+2

s?+1 1/2 =2 5/2

— =" +
s(s+1)(s+2) s s+1 s+2
Takingl. L. T. both sides

1 s2+1 1 L‘1{1}+2L‘1{ 1 }+5L‘1{ 1 }
ss+Dis+2) ) 2 s s+1) 2 s+2

1 5
= (1 _2—t VA
2() e +2e

1
f(©) =3 (1-4et+5e7 %)

2s2—6s+s
s3—6s2+11s—6
2s2 —6s+s }

Example 67: Find L‘l{

s3—6s2 +11s—6
4 252 —6s +s
=L
s—D(s—2)(s—3)
{+s3—6s2+11s—6=(s—1)(s—2)(s—3)
-~ By using partial fraction method,

Solution: Let, L1 {@} =11 {

25> —6s+s A B C
= + +
s—D(—-2)(s—3) s—1 s—2 s—3
-3 3
2s2 —6s+s > 2 2

s—1D(G=-2)(s—-3) - s—1+s—2 s—3
TakingI. L. T. on both sides

1 252 —6s +s
-DG6-2)(s-3)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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S et R e L P
2 s—1 s—2) 2 s—3

3 3
f(t) = ——et + 2e2t + = @3t
® 2e+e +2e

E le 68: Find L—l{ e }
xample 68: Fin (s— 12(s +2)

— 4s+5

— -1 e

Solution: Let, L {f(S)} L {(s —1D2(s + 2)}

=~ By using partial fraction method,
4s +5 A B C
= + +
(s—12(s+2) s—1 (s—=1)?2 s+2
Multiplying methods by (s — 1)?(s + 2)
4s+5 = A(s—1)(s+2)+B(s+2)+C(s—1)? ... (2)
Put s = 1in equation (2), 9 =3B; B=3

Put s = —2 in equation (2), —-3=09C; C= 3

1
Put s=0,B=3 & C= -3 in equation (2)

-1
5=ACFD@2+302)+ 3 (—1)?
5=-2A+6 L 5 17—2A- 2 _ 2A ; A—1
- 3’ 3 3 ’ 3
4s+5 1/3 3 -1/3

Equation (1)>

G-226+2 G- G-DZ "s+2
Takingl. L. T. on both sides
_ 4s + 5
R e )
(s—1)2(s+2)

RS

1 1
ft - — t 3t. t_ -2t
Q) 3e+ e 3e

s+ 29
E le 69: Fi dL—l{ }
rampre 6 T 2+ 9+
s+ 29 }

Solution: Let, L7 {f(s)}= L! {m
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~ By using partial fraction method,

s+29 _As+B+ C )
(s2+9)(s+4) s2+9 s+4 7
s+29 = (As +B)(s+4) +C(s2+9) ... (2)

Put s = — 4in equn(2), 25 = 25C; c=1
Put s =0, C =1inequation(2),
29 = B4)+1(09); 29-9 =4B
20 = 4B ; B=75
Put s=1, B=5,C = 1inequation (2),
30 = (A+5)(5)+ (1)(10)

=A+5; 4=A+5; A=-1

s+29 _ —s+5 4 1
(s2+9)(s+4) s2+9 s+4
Takingl. L. T. on both sides

Equation (1) 2

N {%}

- ) P )
=L {sz+32}+5L s2 4 32 L s+4
5sin3t

+e4t

= —cos3t+

5
f(t) = e ** — cos 3t + 3 sin 3t

\ 1 55+ 3
Example 70: Find L {(s D2+ 25 + 5)}
— 55+ 3
Solution: Let, Lt {f(s)} =L {(s T 5)}
By partial fraction,
5s+3 A Bs+C
= + — ... (D
(s—1D(s?+2s+5) s—1 s?2+2s+5
55 +3=A(s?+25+5)+(Bs+C)(s—1) ... 2
Puts = 1in equation (2), 8 = 8A; A=1

Put s=0 and A =1 inequn (2), 3 =5+ (-0); CcC=2
Put s=—-1,A =1,C = 2inequn (2)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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-2 =4+ (-B +2)(-2)

—-6=-2(2-B); 3=2-B; 3-2=-B; B=-1
55+ 3 1 —s+ 2

(s—1D(s®2+2s+5) =s—1+sz+25+5

Takingl. L. T. on both sides

L‘1{ 55+ 3 }:L—l{i}+L—1{ —s+2 }
(s—1(s®+2s+5) s—1 s2+4+ 2s+5
—s+ 2
sZ+25+1—1+5}
—(s+1)+3

—s+3
— at —t L—l{ }
e + e 21722

_ it —t |11 -1 S —1{ 1 }]
=e + e [( 1L {sz m 22} + 3L RY
3 sin 2t]]

Equation (1) 2

=e' + L‘l{

=e' + L‘l{

= et +et [—cos 2t +

3
f(t) = et — e tcos2t+ 2 e Usin 2t

1
Example 71: Find L! {—}

s2(s2+1)
Solution: Let, L1 {@} = L1 {2;}
s2(s? +1
1 1 1
m = S_Z - m ... Note

Taking I.L.T. on both sides

1 1 1

L 1{ s2(s? +1)}: L 1{5_2}_L 1{52 +1}
f(t) = t—sint
) . s2 -3

Example 72: Find L {(s T 2)(5-3)(s? + 25 + 5)}

_ = s?—3
Solution: Let, L™ {f(5)} = L 1{ (s +2)(s=3)(s? + 25 + 5)}

By partial fraction
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s?—3 A B Cs+D
= + ... (D
(s+2)(s—3)(s?+2s+5) s+2 s—3 s2+2s+5

Multiplying both sides by (s + 2)(s — 3)(s? + 2s + 5)
—3=A(—3)(s?+2s+5)+B(s+2)(s* +25s+5)

+(Cs+D)(s+2)(s—-3) ... (2)
-1
Put s = —2 in equation (2), 1 = A(-5)(5); ~A = 75
3
Puts = 3inequation(2), 6 = B(5) (20); ~ B = S0
Pt—OA—1 dB—3 (2)
ut s= 0, = 55 an 0 in equn
-3 = ( 3) (5)+ (2) B)+ D@)(=3)
—21_ D 21X1_D_ p .’
5 576 7 7T 10
Puts=1 A=—t B=> andD=-_ 2)
ut s = , —25, 50 an 10 mequn
—2 = —( z)<8)+—<3><8>+(c+ ) ®2)
, - 16+ 72 o 21
~ 25 ' 50 5
(2 16 72 21)_ -~ 3 - -1 —c--c—_l
25 50 5/ ’ 25 50 77 750

Substituting the value of A, B, C and D in equn (1)
and TakingI. L. T. on both sides, we get

L_l{ s?—3 }
(s+2)(s—3)(s?+2s+5)
L CT AT
25 s+2) 50 s—3) 50 (s +2s+05)
_|_l L—l{;}
10 s2+2s+5

w3 s L[ D-1
25 50 50 (s+ 1)2+22

+ 7 L‘l{ ! }
10 (s+1)2+22

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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_ -1 ot + 3 3t 1 [{ s+1 } L_l{ 1 }]
=25 ° 50 © T 50(s + 12422 (s + 1)2+22

4 7 _, sin2t
10° 2
1 3 sin2t 7
=o et +%e3t —55 [e_t cos2t — et 5 ] +%e_t sin 2t

-1 1 350
=<0 [ 2e 2t — 33t 4 etcos 2t — Ee_tsin 2t — 50 e tsin Zt]

-1
f(t) = 50 [2e72t — 3e3t + etcos 2t - 18 e 'sin 2t |

. 4 s+2
Example 73: Find L {m}

_ L (— B s+2
Solution: Let, Lt {f(S)} =L {_Sg(s _ 1)2}

By partial fraction method
s+ 2 A B C D E
s3(s—1)2 s -l_s_2 +s_3+s—1 +(s—1)2
Multiplying both sides by s3(s — 1)?
s+2=As?(s—1)2+ Bs(s—1)2+C(s— 1)? + Ds3>(s — 1) + Es3
s+2=As?(s?—=2s+1)+Bs(s? =25+ 1) +C(s* =25+ 1)
+ Ds3(s — 1) + Es®
s+ 2 =As* — 2As® + As? + Bs® — 2Bs? + Bs + Cs* — 2Cs + C
+ Ds* — Ds? + Es3
s+2=(A+D)s*+ (-2A+B—-D+E)s®> + (A— 2B + O)s?
+(B—-2C)s+C
Equating Coefficent on both sides.

Coefficientof s*> A+D=0 .. .. )
Coefficientof s> — 2A +B-D+E =0 ... 3)
Coefficientof s> > A—2B+C=0 ... (4)
Coefficientof s » B -2=1 ... (5)

Constantterm > C = 2

Put C = 2 in equation (5), B-—22)=1; B=1+4; B =5
PutB =5& C = 2 in equation (4), A-2(5+2=0; A=8
Put A = 8, in equation (2), 8+D =0; D =-8
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Laplace Transform 53
Put A=8, B =5, C =2, D =—-8inequation(3)
-28)+5—-(-8)+E =0
-3+ E =0; E=3
Now, Substituting A, B, C, D, & F values in equation(1)
Takingl. L. T. on both sides

L‘1{ s+ 2 }—L—1{8+ 5+2+—8 4 3 }1
s3(s—1)2) s s2 s3 s—1 (s—1)2

1 1 1 1
=8L1! {—} + 5171 {—2} + 2171 {—3} - 8L‘1{ }
S S S s—1

+ 31:1{

oy
(s—1)?
t? (1
= 8(1) + 5t + 25 —8e' +3e".L {—2}
2! S

f(t) = 8+ 5t + t2 — 8e' + 3tet

1
. Fi -1
Example 74: Find L {m}

. : 1 A~ B C Ds+E
Solution: Hint: By P.F. SETD > Y5 +s_2 +S_3 _|_m
Simplify by equating coffefficient method A= -1, B=0, C

=1, D=1, E=0
2
~f)=-1 + 5 +cost

21s—33
(s+1)(s— 2)3}
21s — 33
(s+1D(s—2)3
A B C D

:s+1+s—2+(s—2)2+(s—2)3

Simplify by equating coffefficient method A =2, B=-2, C
=4 D=3

Example 75: Find L‘1{

Solution: Hint: by P.F.

3
~ f(t) = 2et— 2e?' +4t.e?t + EtzeZt

) 4 s?+2s+3
Example 76: Find L

(s2+2s+2)(s2+2s+5)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com



Laplace Transform 54

s2+2s+3
(s?+2s+2)(s?+2s+5)

Solution: Let L1 {@}:L—l

By partial fraction
s?+2s+3 kis +k; kss + ky
(s2+2s+2)(s?+2s+5) T2+ 2s+2 242545
Multiplying both sides by (s?+2s + 2)(s? + 25 + 5)
s2 +2s+3= (k;s+ky)(s? +25s+5) + (kss + ky)(s? + 25 + 2)
s? + 2s + 3 = k83 + 2kys% + 5k;s + kys% + 2k,s
+5ky+ k3s3+ 2kgs? + 2kss + kys? + 2kys + 2k,
s +2s+3 = (ky+ks3)s® + (2k; +ky+2ks + ky)s?
+ (5kq + 2k, + 2k3 + 2ky)s + (5k, + 2ky)
Equating coefficient on both sides

Coefficient of s3> k;+k; =0 ... 2
Coefficient of s> 2k +k, +2ks +k, =1 ... 3)
Coefficient of s = 5k; + 2k, + 2k; + 2k, =2 ... 4)
Constantterm - 5k, +2k, =3 ... (5)
Equn (3) X 2 4k1 + 2k2 + 4k3 + 2k4 =2
Equn (4‘) 5k1 + 2k2 + 2k3 + 2k4 =2
Subtraction — — — — —
—k; + 2kz3 =0 ... (6)
Equn (2) ki + ks 0
Equn (6) — k; +2ks =0
Adding 3k3 =0
k3 =0

Equn(2) > k; + 0=0 ~ k;=0
Put k; & k3 values in equation (3)>
200+ k,+ 2(0)+ k4 =1

k, +k, =1 . (7
Now, Eqn(7) x 2 2k, + 2k, =2
Eqn (5) 5k, + 2k, =3
Subtracting - — -
-3k, =-1

W =

k2=
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1
Putk, = 3 in equation (7)>

Sk =1; k= 1o 2=t 2 Ky = 2
3 Z ) 4 — 3 - 3 - 3! 4 — 3
Substituting all kq,k,, k3 and k4 values in equation (1)
and TakingI. L. T. on both sides equation(1) >
1 s?+2s+3
(s2+2s+2)(s2 +2s+5)
(o +s o +E
- 52+Zs+2+sz+25+5
1 2 1
ol e bk
3 sZ2+2s+2 +3 s2+2s+5
-3 ferrre 5V e
"~ 3 (s+12+12) "3 (s + 1)2 + 22
1 ¢+ 2 _ sin2t
=gz e sin 3 € >
-1 _t't+1 ~tsin 2t
=3 e 'sin z ¢ sin
1 . .
f(t) = 3 e ' (sint+ sin 2t)
Example 77: Find L‘1{ > }
ple 77 (SZ+1)(sZ + 4)
Soluti . Hintbv P.F S _ k15+k2 k3$+k4
ofution: HIg PV (24 1)(s2+4) st+1 s2+4
Simplify by using equating coefficient method
1 -1
ki = 5,1;2—0,1(3—?,1(4—0
f(t) = §(cost— cos 2t)
S
E le 78: Find L™'{—(———
xample in {54 T 1}
— s
P -1 _ -1
Solution: Let, L {f(s)}— L {s4+52+1}
s
Weh = ... Not
enave, i1 st +2s24+1-—52 oe
_ S .. 2 _ w2 —
T 52+ 1) —s2 { usea® —b” = (a—b)(a+b)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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N =

1
2

s
(s2+1—5)(s2+1+5s)

1[ 1 1 ] Not
2_52—s+1 s2+s+1 - Note

1 1

st () ~(0) v s () ()

... By using 3rd term

1 1

Z 2
(5-2) +3 (+2) +3

Takingl. L. T. on both sides , we get

(
1 1 1
L_1{4 S }__ L-l{ —
st+s24+1) 2 2 2 2 2
| 1 V3 1 V3
(5-2) +<7> (s+2) +(7>
[ ( \ ( )]
1| | 1 | | 1 |
=§|L_14 1\2 \/§2¥_L_14 1\2 \/§25
(s-3) +(5) | (s+3) +(5) |
| (72 2)) \®72 2) )]
_ e%t sm@ ok smgt
i V3
| 2 2
12 ¢ V3 2 _t 43
= Z —3 e Sll’l7t _ﬁ e sm7t
12 V3t _t 12
:Z—Bsm7t[e2—e 2] Eﬁsmzt[Z smhz]
2 V3 |t
f(t) =ﬁsm Tt smhi
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Solution: Let L1 {f(s)} - L—l{ }

st — 34
S3 53
Consider, pr—— = & =)
s° 2_ W2
T (2 -ad)(s2 +a?) {+ usea®—b" =(a—b)(a+b)
1
=7 2 -2 + 2 1 az] ...Note

Takinginverse L. T. on both sides

s3 1 S S
-1 _ ~1-1
- {54—a4}_2L {sz—a2+sz+a2}
1 s
_ Ly -1
_z[L { —aZ} +L {sz+a2}]
1
f(t) = —[coshat+cosat]
E le 80: Find L—l{ st2 }
Xam : Fin 29
ampfe s?2(s+3)
Solution: Hint: by P.F. — i’ —A+B+ :
olution: Hint: y..SZ(S+3)— S 2 s+3
1 2 1 1.2 1
A=—, B==, C==— fO=5+3t—5e™
5 B=3 9 ©=g5+3t-ge
1 s
Example 81: Find L {m}
1{5c) 1 —SZ
Solution: Let, L {f(S)}Z L {(Sz_az)z}
SZ SZ S2

Considen, @@=y “[G-aGral  G-a7G+ay
By partial fraction
s? A B C D
(s—a)?(s +a)? “s-a +(s—a)2 +s+a+(s+a)2
Multiplying both sides by (s — a)?(s + a)?
2=A(s—a)(s+a)?+B(s+a)’+C(s—a)’(s+a) +D(s —a)%..(2)
Put s = ain equation(2)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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58

a’? =B(a+a)?; a® = 4a°B; B =

|

Put s = —a in equation (2)
(—a?) =D(—a—a)?; a’ = 4a°D; D =
A C 1 1 1
+ :_[ - ]
s—a s+a 2als—a s+a
A C L L
+ __2a + 2a
s—a s+a s—a s+a

P

Consider,

-1

1
N* h A=— =
. Compare N' on both sides a & C= 2a

~ Substituting values of A, B, C,and D in equation(1)

and Takinginverse L. T. on both sides
1 1 1

1

4

2 = _2
_ S — 2 4 2
1 1 a a
— =1 + + +
{(52 —32)2} s—a (s—a)? s+a

-2 }+1L‘1{ : } N
" 2a s—a) 4 (s—a)2 2a s+a

1 1

— 2 eat + at (t) _ —at + —at (t)
1

— _ (pat_a—at L (aat g .—at
A (e*—e )+ 2 (e +e™)

1 t
= o 2sinhat + 7 2 cosh at

1 t
f(t) = ;smh at + Ecosh at

1
4

_L_li

(s +a)?

1
(s +a)?

}

2 _ .2
s“—a
. i -1
Example 82: Find L {m}

__ 2 _ 2
Solution: Let, Lt {f(s)} =11 {i}

(s? + a?)?
By partial fraction
s — a2 As+B Cs+D
= - ... (D
(s?+a%)? s?+a? (s?+a?)?

Multiplying both sides by (s? + a?)?
s? —a? = (As + B)(s*+a%) + (Cs + D)
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s? —a% = As® + Aa’s+Bs? + Ba? 4+ Cs+D
s? —a%? = As® + Bs? + (Aa? + C)s + (Ba? + D)
Equating coefficient on both sides
Coefficientofs3 > A =0
Coefficientofs?> B =1
Coefficientof s > Aa’+C=0 ... (2)
Constantterm = Ba?+D=-a*> ... (3)
Put A = 0 in equation (2) 0a’+C =0; cC=0
Put B =1 in equation (3) (1)a? + D = —a?; = —2a?
Substituting values of A, B, C and D in equn(1)
and Takinginverse L. T. on both sides
(-1 s? —a? _ 0(s)+1 N 0(s) + (—2a%)
(s2 +a?)? s? + a? (s? +a?)?
1 1
B e R e
s? + a? y (s? + a%)?
sin at 1 2s
SRR N o]
a 4 s l(s? + a?)?
sin at 1
= 1 {— G(s)} ...Note
a s
t
sinat
f(o) =222 e f GO dt . @) ... Note
0
—& 2s
Where, ( ) m
2s
: -1 _ -1
Takingl. L.T. L2 {G(s) } = L {m}
d 1
=17 & (52!
ds \s2 + a2

G(t)

of

Equn (2) becomes

sin at

f(t) =

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com

sin at

{ L1 {% f(s)} = —tf (D)

da

sin at
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sinat

o | 2

t
ftsin at dt
a
0

. . t
sin at —cosat —sinat
- —a[t.( ) .o )]
a a a 0
sin at —t sinat
= —a [— cosat + —— — ]
a a a
sinat sin at
= 3 + tcosat —

f(t) = tcosat

1
E le 83: Find L—l{ }
xample n 3 +a

— 1

Solution: Let L 1{f(s)} = L1 {m}
Consider,

1 1
S +as (s+a)(s? —sa+a?)
By partial fraction

1 A Bs +C

(s+a)(s2—sa+a?) s+a +sz—sa+az

Multiplying both sides by (s + a) (s*—sa + a?)
1 =AG%-sa+a®)+ (Bs+C)(s+a) ... (2)

{~ a3+b% = (a+b)(a®*—ab + b?)

Puts=—ainequn(2)>1=A(a? + a*+a?); A = —

1 1
Puts=0and A = 32 inequn(2)>1 = Q(az) +C(a);

1 2
C=1--:C=—
(a) 3 3a

Now, from equn(2)
1 = As?’—Aas + Aa®? + Bs? + Bas + Cs + Ca
1= (A+B)s?+ (—Aa+ Ba+ C)s+ (Aa® + Ca)
Equating coefficient on both sides )
3a?
Substituting values of A, B, and C in equation (1) & Takinginverse L. T.

Coefficientofs?> A+B =0 ; B=—-A; B =

on both sides,
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1 -1 2
1 1 <o 3aZ , 3al'3a
s3 +ad s+a s2 — as + a2

_1L_1{1} 1L_1{ S }+2L_1{ 1 }
"~ 3a2 s+a) 3a? s2—as+a?) 3a sZ —as + a2

1 1 S

:3_2e_at__2 - 2 2
A

L B N 7 S R QLA TR I S
3a? 3a? ( _a\? | 3a? 3a ( ] a)2 3a®
s S 7

\ ( h
1 s+5 I 1 |
= et ___ et~ 2 2$+—e2tL‘1<—2¥
3a? 3a? V3a\’ | 3a 3a\” |
2+ | —5— s2+|—5—
(%)) ()
. ) )l
1 1 al s a 1 |
= ze—at——zeitIL‘14—2¥+—L—1<—2¥|
3 3a [ l52+ﬁ | 2 (e, (¥3 'J
2 ) ) L 2 ) )
3
+£e%tsm Sat
3a NE

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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1, 1 s 3 asin—>-at| 2 3 2 V3
=§ —3—2 ez cos7 at+§ \/§ 3ae ﬁsm—at
Ta
= i —at ieat cosﬁat ez sinE at
3a2 3a2 2 3\/§az 2
4 e2' V3
§ \/§a2 sm7 at
et 2t 43 ezt V3
f(t) = cos—at + sin —at

3a2  3a? 2 V3a2 2

s+1 }

. Fi -1
Example 84: Find L {(sz T 25 +2)°

S s+1
Solution: Let, L7t {f(S)} = L {m}

) d 1 —(2s+2) -2(s+1)
Consider, ds {sz +2s + 2} - (s2 + 2s + 2)2 - (s? +2s +2)?
 s+1 -1d 1
T (s2+2s +1)2 _7£(sz+25+2)

Takingl. L. T. on both sides
_1{ s+1 } -1 _,|d { 1 }
Y =
(s?+2s + 1) 2 ds(s? +2s+2

Now, W.k.t, L™ {( 1)n—F(s)}_tn HF(@)} =t"F@®),

Heren =1
B s+1 -1 _ 1
-1 {m} == () F(t) = 5t F© ... €Y
Where F(t) = L{F(5)} = L™ {ﬁ}

s
s2+2s+12-12+2

F(t) = L—l{ !

_— = —tgj t
(s+1)2+12} ¢ s

1
Equation (1) > f(t) = Et e tsint
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3s+1 }
(s+1)*

Example 85: Find L‘l{

_ L (— . (3s+1
Solution: Let, L1t {f(S)} = L {(s T 1)4}
— L—l M
(s+1)2
35— 2 3s =2
e I

t2 t3 3
— —t T oAty 2 T At 3
= e [3—2! 2—'] —2et e 't
3 1
f — —t<_2 - 3)
® e 2t 3t

s
Example 86: Find L {s“-|-—4a4}

S— S
A -1 =[]

Solution: LetS L {f(S)}— LS' {s4+4a4}

Consider S+ a2t (s2)2 + (2a2)2

S
T (D2 + 2(s%)(2a2) + (2a2)2 — 2(s2)(2a2)
S
= (s? + 2a%)% — 4a?s?
S
(s? + 2a%)? — (2as)?

...Note

S 2_12 _
_ - a2—b? = (a—b)(a+b
(s® + 2a? — 2as)(s? + 2a® + 2as) tra (a=b)(a+b)
By partial fraction
s
(s®+ 2a? — 2as)(s? + 2a® + 2as)
kls + k2 k3S + k4_

T s2+2a2 —2as | s2+ 2aZ + 2as
Multiplying both sides by (s? + 2a% — 2as)(s? + 2a® + 2as)
s = (kis +ky)(s? + 2a% + 2as) + (k3s + ky)(s? + 2a% — 2as)
s = k8% + 2a%k;s + 2ak;s? + kys% + 2a%k, + 2akys + kssB
+ 2a%kgs — 2akss?+kys? + 2a’k, — 2ak,s

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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S = (k1+k3)53+(23k1+k2—23k3+k4)52
+(2a%k; + 2ak, + 2a’ks — 2aky)s + (2a’k, + 2a%k,)
Equating coefficient on both sides

Coefficientof s> k;+ks =0 .. (2)
Coefficient of s> > 2ak;+k,—2ak; +k, =0 ... (3)
Coefficientof s = 2a%k; + 2ak, + 2a’k; —2ak, =1 ... (4)
Constantterm = 2a%k, + 2a’k, =0
ky+k,=0 .. (5)

Equation (3) 2 2ak;— 2ak; =0

ie. kj—kz=0 . (6)
Now, Addingequn(2)and (6)>2k;=0; k;=0; k3=0
Puttingk; =0 ; k3 = 0 inequn(3) 2 k,+ ks, =0 ... (7)
Puttingk; =0 ; k3 = 0 inequn(4) > 2ak, —2ak, =1 ... (8)
Now,
Equation (7) x 2a  2ak, + 2ak, =0
Equation (8) 2ak, —2ak, =1
Adding 4ak, =1

1
2~ 4a
' 1 1
Equation(7) = E-l_ ky=0; Kkyg= a
Substituting values of kq,k,, ks and k4 in equaion(1)
0 +7 0+ (~75)

s
_1 _ —
L {54 + a4} =L s2 4+ 2a% — 2as + s242a2 + 2as

1 1 1 1
- —L—l{—}— —L—l{—}
4a s2 — 2as + 2aZ2 4a sZ 4+ 2as + 2a2

— 1 L—l{ 1 }
"~ 4a s2 —2as + a% — a2 + 2a2

S0 1 |
4a s2 + 2as + a2 —a? + 2a2

1 1 1 1
SV I
4a (s—a)?+a?) 4a (s +a)? + a?

1 sin at 1 sinat
= — eat _ _—  mat

4a a 4a € a
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1
= —sinat(e® —e ™) = ——sinat 2sinhat
432 ( ) 432
1
f(t) = 222 sin at sinh at
a

10 Logarithmic function

Steps: 1)First simplifying @ by using rules of logarithm

o = . d—=
2) First differentiate f(s) w.r.t. ‘s’ i.e. Ef(s)

d —
3) Takingl.L.T.on bothsides ; L~! {Ef(s)} = —tf(t)

and proceed.

10.i Examples on Logarithmic function
Example 87: Evaluate by using inverse Laplace transform of

s+b
tog ()

— s+b
Solution: Let,  L7! {f(S)} =L {log (s " a)}

- +b
Consider, f(s) = log (z-l-_a) = log(s + b) —log(s + a)
Differentiating w.r.t.’s’ on both sides

%@ = % [log(s + b) —log(s +a)]

d d
= log(s +b) — I log(s + a)

d ) = 1 1
ds ) T s +b s+a
Takinginverse L. T. on both sides

L_l{% @}: L_l{s-ll-b_s-ll-a}
1 1
i =0t )
—t f(t) = e Pt —gat

—bt at
f(t) =

e —e
—t

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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—at__ e—bt

f(t) = "

1-s
Example 88: Find L1 {log <1 = s)}

— 1-s
Solution: Let,  L7! {f(S)} = L {log(l n s)}

— 1-s
Consider, f(s) = log <1—+s) =log(1 —s) — log(1 +s)

Differentiating w.r.t.’s’ on both sides

% © =% log(1 —s) —log(1 +5)]
=% log(l—s)—% log(1 +s)
- D
%@: 1_—15_1-1I-s
Le %f(_s)z sil_s-ll-l

Takinginverse L. T. on both sides
d — 1 1
-1{4 _ -1 _
L {ds f(s)} L {s -1 s+ 1}

—tf(t) = L‘l{ ! }—L‘l{ ! }
s—1 s+1
—tf(t) = et — et
et—e™  2sinht

f(t) = < T
—2sinht
f(t):$

1 s—1
Example 89: Find L1 {E 10g< )}

s+1
Solution: Hint: Solve by as like above problem,
—sinht
Ans. f(t) = "

1 s + a?
Example 90: Find L1 {E log ('Sz n bz)}
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_ 1 s2 + a2
Solution: Let, L! {f(S)} =L {E 10g< 2 + b2>}

_ — 1 s? + a?
Consider, f(s) = Elog —-—

s + b2

f(s) = %[log(s2 +a%) —log (a% + b?)]

Differentiating w.r.t. 's’

d d1
gf(s) = % E[log(s2 +a?) —log (s* + b?)]
171d d
= 2% 00052 + 22) — L 100(s? 2]
> |35 og(s* +a“) IS og(s* + b*)
_ 1[ 1 ) 1 2]
2 1s2 4 a? S sZ + b2 >
d 21 S S
Ef(s): 2 -sz+a2_sz+b2]

Takinginverse L. T. on both sides

d S S
L—l{—f }: L™ —
ds ) {sz +a?2 s?2+ bZ}

_ -1 S A S
tfo =L {sz + aZ} L {52 +b2}
cos at — cos bt
f(t) = ——t
cos bt — cos at
f(t) = "

22
Example 91: Find L™! {log (1 + s_2>}

. 2
Solution: Let, L {f(s)} = L™ {log<1+ a—)}

$2
. — s?+a?
Consider, f(s) =log

)
f(s) = log (s®+a?) — log s?
f(s) = log (s®+a%) — 2logs

Differentiating w.r.t. 's’

d — d
—_— = — 2 2y
IS f(s) IS [log(s“+a®) — 2logs]

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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—dl Zt+a? zdl
—dsog(s a)ldsogs

L= 22
dss_sz+aZS S

Takinginverse L. T. on both sides

L {é @} = L" {52 -T— aZ} -2 1™ {3

—tf(t) = 2cosat—2 (1)
2cosat— 2
ft) = ————

—t
(1 —cosat)

t

f(t) = 2

1 s? - a?
Example 92: Find L™! {E 10g< 2 )}

1 — coshat
Ans. f(t) = —

o s2+1
Example 93: Find L! logm

—_ 2+1
Solution: Let, L1 {f(S)} =L {log sis n 1)}

2
s(s+1)
f(s) = log(s? + 1) — [logs + log(s + 1)]
f(s) =log(s? + 1) —logs — log(s + 1)
Differentiating w.r.t. ‘s’ on both sides

=log(s® + 1) —logs(s + 1)

Consider, @ = log

d — d
- = 2 — —
i f(s) i [log(s* + 1) —logs —log(s + 1)]

d d d
— 2 -
=% log(s“ + 1) I log s I log(s+1)

1 1 1

d f(s) = 2
s T 21175 s+1
Takinginverse L. T. on both sides,

o g2 o - - )
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—t f(t) =2cost— 1—et

1
f(t) = ;(1 +et—2cost)

1 1
Example 94: Find L1 {; log (1 + S—Z)}

— 1 1
Solution: Let, Lt {f(s)} =L"1 {glog (1 + S_Z)}

_ — 1 s2+1
Consider, F(s) = 10g<1 + S—Z) = log 32

F(s) =log(s?+1) —logs?
Differentiating w.r.t. ‘s’ on both sides

d — d d
_— = — 2 —_— 2
IS F(s) log (s“ +1) IS log s

ds
_ 1(2s) 1
s2 41 s2
d —— 2s 2
—TF — _Z
ds ) s24+1 s

Takinginverse L. T. on both sides

o {5 O | = i) )
—t F(t) =2cost=2(1)

FO = 2(cos_tt— 1)
2(1 — cost)
t

m:

Now, W.kt, L7t {%@}: ft F(t) dt
0

t

1 (1 1 2(1 —cost)
i ftiog (142 - [ 2125080 o
s s J t

Example 95: Find L1 { cot™? (%)}

Solution: Let, L7t {@} = L {COt_l (%)}
Consider,  f(s) = cot™! (%)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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Differentiating w.r.t. ‘s’ on both sides

d — d S d -1
—_— f —_—— t_l —_ {... —_ t—l —
ds ) ds co (2) ds cot X x2+1
d m -1 <1) -1 /1 —4 1
- ) a0
ds (%)+12 ST+12 s+ 4 \2
d — _
— f - =
ds ) sZ +4
Takinginverse L. T. on both sides
d —
-
ds () s + 22
sin 2t
—t f(t) = -2
2
—t f(t) = —sin2t
—sin 2t
f(t) =
—t
sin2 t
f(t) = ¢

2
Example 96: Find L™! {tan_1 (—2)}
s

— 2
Solution: Let, L! {f(s)} =11 {tan_l (S_Z)}

— 2
Consider, f(s) = tan~! (S—Z)

Differentiating w.r.t. ‘s’ on both sides

d — d 2
R
ds ) ds o o\2
dﬁ— 1 d(Z) {"dt .1
ds 7 272 "ds\s? s XTI
1+(3)
1 d 1 d
= 4.2(—2)5—3 { — = =—x2
14+ = ds x ds
s
—4573 d N 11
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st s —4
s (m)
—4s —4s
T st 14 st +4s?+4— 4s2
—4s

(s? +2)2 — (2s)?
_ —4s
T (s242—25)(s2+ 2+ 25)

{va’-b?’=(@—-Db)(a+b)

1 1
= — ...N
s2—2s+2 s24+2s+2 K
d f(s) = 1 ! {- 3rdt
ds T GHDZ+1 (s—DZ+1 ' & ale
Takinginverse L.T.on both sides
d 1 1
0] - ) e
ds () (s+1)2+12 (s—1)2+12
—t f(t) = e 'sint—e’sint
sint (et —et sint (et —e7t sint 2.sinht
oo SntE o) sint@e e
—t t t
2 sint.sin ht
fO) = ————

Example 97: If s is sufficiently large show using series expansion

of tan~1 (g) that L1 {tan—l (g)} sinat

t
Solution: Let, L7! {@} = L1 {tan_1 (g)}
3 x5y
w.k.t. tan"lx = X—3 + = + oo
Replace x = -
a\® (a\® ray’
tan-1 G) _ : _ (53) + (55) _ (57) +
3

tanl (=)= - -5+ —=—-— = +
an (s) s 353 5s5 757
Taking Inverse L. T. on both sides

L {tan! (g)}

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com



Laplace Transform 72

- (- T e T - )
- @ s 3 s3 5 s5 7 s/

adt2 a5ttt a7t

R R TR TR T
=1 [at - (at)” + (a0 - (a0’ + ] Note
t 3! 5! 7!
@=lsinat {':sinx=x—§+i—£+... here x = at
t 31 51 71

Example 98: Show that

L_1{1 1}_1 t? N tt t°
sO%S) T T @D TNz T (e))2

S 1 1
Solution: Let, L1 {f(s)} = L1 {E cos E}

. _ooxroxt xS
Consider, w.r.t. cosx = 1—§+Z—a+-.-
Replace x ==,  cos (1) 1 (5) N (5) _ (5)

s s 20 4 6!

11 11 11

T2 ms ol
L . 1 1 1 1 11 11 11
Multiplying both sides by 3 ECOSEZ T s_3+$s_5_as_7

1

Takinginverse L. T. on both sides

1y oy 1o 1y 1 1y 1 1
L tw%}—L{ﬂ‘aL tﬂ*aL tﬁ‘aL;7
— 1 t2 1t* 1t
fO=1-Z2+27 &e
t2 t# t®
_|_ —_
2Nz (4nz (eH?
L.H.S.= R H.S. ...Hence proved

L.HS=1-
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11 Convolution Theorem
t

L {f®) = £® = f f,(t—u).f,(u)du  OR

0
t

L {f®) = f® = f £, (u). £, (t — u) du

0
Steps:

1) Given f(s), split it into two parts f; (s) and f,(s) (say).

2) Takinginverse Laplace transform of both f;(s) & f,(s) we get
f; ()& f,(t) respectively.

3) Any one function replace t = u and other replace t = t — u and
put in formula and proceed.

11.i Examples on convolution theorem

a
Example 99: Using convolution theorem find L1 {—s(s — a)}

PP 1 (fa)l = —1f__ 2 }

Solution: Let, L {f(s)} L {s(s—a)
__ a a 1
Consider, f(s) = = —
s(s—a) s's—a

Let f,(s) = g LME® = {3 = a = 40

- 1 ~ 1

— =i —1-1 — pat —

Let 50 = <, LML} =1 {S_a} et = £,(t)

By convolution theorem

(. =1 ({9} = LHE® 5O} = [ - w.6w du
0

t t
=faea“du =afeau du
0 0
auqt
= 3 [T]O — [eau]g = eat _ ea(O) = eat _ e0
f(t) =e?*—1

Example 100: Using C.T.find L™! {—s(sz m az)}

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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__ 1
Solution: Let L1 {f(s)} = ! {—}

s(s? + a?)
) = 1 _ 1 1
© = &va T
— 1 S 1
let B® =< MEE) =17 {g} =1=£(
1 1 i
E® = RO =1 o = 5 =0

By convolutlon theorem

(© =17 (&) = L HR® BO) = | - w.H du
0

t t
sin au 1
f 1. =— f sinau du
a
0 0
1 —cosau -
= ] ==z [cos aul}
-1 -1
— [cosat —cosa(0)] = =~ [cosat — 1]

f(t) = a_2 (1 — cosat)

1
(s—2)(s+2)2

Solution: Let, Lt {@} =L {m}

1 1 1

) = T hGT2E = 52 G 27

Let, E@=-15; LGEE) =) =e"=60

Example 101: Using C.T.find inverse of @ =

_ 1 — 1
— .-l — -1 — t a2t
f,(5) = T LR} =L {(s+2)2} t.e
= (1)
By convolution theorem

f(t) =L {@} =L Hf,(s) .f,(s)} = f f, (t —u).f,(u) du
0
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t

= fez(t_”) .e”2U y du

0
t t

= ert.e_Zu.e_zu.u du = erte_‘“‘udu
0
e—4u

— A2t —4u — a2t _ € t
=e E!-ue du = e [u_4 (_4)(_4)]0

o+(0)
_ et _ o=
s (-5

= el2t [Tt e _1_16 e Ht +% el
= 1e (—4te 2t —e72t + ¢2Y)
f(t) = 1—16(e2t—e_2t — 4te™2t)
Example 102: Using C.T.find L™! { 2 }
(s+ l)gs2 +1)
Solution: Let, 1 L1 {f(s)} =y 1 {m}
6 = S
Let f;(s) = s-l—Ll ;o fil) = et
f,(s) = 771 f,(t) =sint

By convolution theorem

(© =1 (o) = L HE® £O) = [ - w.6w du
0

t t
= fe_(t_“) sinudu :fe_t e'sinu du
0 0

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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t
=et fe” sinu du { f e sin bx dx
ax
= m[asinbx— bcosbx] + ¢

t
u

12 412

— et - eO .
= et > [smt—cost]—? (sin0 — cos 0)

= e_t

[(1) sinu— (1) cos u]]

0

et 1
=et [E(Sint— cost) _E(—l)] {+ sin0=0, cos0O=1

1 1
=3 (sint — cost) +§ et

1
f(t) = > (sint—cost+ e™)

§2
Example 103: Using C.T.find L1 {—(s2+4)2}

2
Solution: Let, Lt {@} = 11 {(S_}

s2+4)2
2

— s s S

f = = .

() (s2+4)2 s2+4's2+4
- S

Let f;(s) = 712’ f; (t) = cos 2t

- S

f; (S) = m ;b (t) = cos 2t

By convolution theorem

(© =17 {{®) = LHE® 5O} = [ - w.6w du
0

= f cos 2(t —u) .cos 2u du

0
t

= j cos(2t — 2u). cos 2u du
0
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t

1
= fi [cos(2t — 2u + 2u) + cos(2t — 2u — 2u)]du
0

1
{ cosA.cosB = > [cos(A + B) + cos(A — B)],
Here A =2t—2u& B =2u

1 t
= Ef[cos(Zt) + cos(2t — 4u)] du

0
t t
= lcos 2t f 1du + f cos(2t — 4u) du

0 0
1] sin(2t — 4w)|'
= — |cos 2t [u]§ + [¥] ]
2 —4 0
1 1
= 51608 2t (t—0) — 1 [sin(2t — 4t) — sin(2t — 4(0)]}
17 1
= — |tcos 2t — = (sin(—2t) — sin 2t)]
2L 4
1 1
= Et' cos 2t — 3 (=2 sin2t) {~ sin(—0) = —sin 6
1

f(t) = =t 2t+1 in 2t
= 2 .COS 4sm

1
Example 104: Using C.T.find L' {—(sz " az)z}

_ 1
Solution: Let, L1 {f(S)} =L {_(sz n az)z}

m _ 1 1
R (s?2 +a?)2 (s? +a?)
— 1 sin at
Let f; (S) = m ;o fi (t) = 3
R 1 sinat
f,(s) = 2 1a? ;o ()= 3

By convolution theorem

f(t) =L {@} =L Hf,(s) .£,(s)} = ffl (t—uw).f,(u) du
0

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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t
sina(t —u) sinau
= du

a " a

0

1
= — f sin(at — au) sinau du
a
1
{sinA.sinB =-3 [cos(A + B) — cos(A — B)]

t
= — f[cos at — cos(at — 2au)] du
0
t

1
= —— |cos atf 1du-— f cos(at — 2au) du
2a

0

= 1 {cosat[U]t [Sin(at—Zau) t}
= -5 b |——=

a2 _
=2 {cos at (t -0) + — [sm(at — 2at) — sm(at — Za(O))]}
= _12 {t cos at + — (— sinat — smat)} { - sin(—0) = —sin®

-1
2a2

1
{ tcosat + — (—2sin at)]
2a

1
f(t) = [sm at — at cos at]

(s +2)?
E le 105: Using C.T.find L™!
xample sing in {(sz T s 182
— (s + 2)?
Solution: Let, L 1if(s)f= L 1{——7—
olution: Le { (s)} {(52 T s 18)°
5 = (s +2)? _ s+2 s+2
5= (s2+4s +8)2  (s2+4s+8) (s%+4s+8)
S s+ 2 (s+2)
et W)= Giys T v+ Z-2+8
(s+2) _
= Gri+ 22 =f,(s)  {~ Byusing3™ term

f(t) = e ?tcos2t = f,(t)
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By convolution theorem
t

(® =17 {0} = 1 {HE L) = f £, (t — ). £, (u) du

0

e~2t=W o5 2(t — u) . e 2%, cos 2u du

et e2% cos(2t — 2u) .e"%¥ cos 2u du

O\r—r o\r—r

t

=e 2t f cos(2t — 2u).cos 2u du {ve?t et =gl =1

0
t
= on
0

[cos(2t — 2u + 2u) + cos(2t — 2u — 2u)] du

N =

1
{ cosAcosB = 3 [cos(A + B) + cos(A — B)]

R ;
= f[cos 2t + cos(2t — 4u)] du
0
e—2t t t
= cos 2t f 1du+fcos(2t—4u) du
0 0
e 2t sin(2t — 4u)]"
= ——|cos 2t [u]§ + ¥
2 —4 0
e 2t 1
= ——[cos2t[t—0] -7 [sin(2t — 4t) — sin(2t — 4(0)) ]]
—e_Zt t 2t 1['(Zt) in 2t]
=7 cos 2 [sin sin
-2t sin 2t . .
f(t) = 5 [t cos 2t + ] {~ sin(—B) = sin O

2
s
Example 106: Use C.T.find L1 {—(sz " az)z}

2
Solution: Let, L1 {@} =11 {(S—}

s? + a?)?

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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s
f(s) = .
() 52+a2 s2 4+ a2

Let f,(s) = f,(s) =

—1 {fl(_s)} = L1 {fz(_s)} =L {ﬁ} = cosat = f; (t) = f,(t)

f1(t) = f5(t) = cos at

By convolution theorem
t

(© =17 (&) = L HR® BO) = | - w.H du

0
t t

fcos a(t—u).cosaudu = f cos(at — au). cos au du
0

[cos(at — au + au) + cos(at —au — au)]du

Il
o Lo
N =

[cos at + cos(at — 2au)]du

Il
N| =
O\H

1
{ cosA.cosB = > [cos(A + B) + cos(A — B)]
t

= cos at f 1du + f cos (at — 2au) du
0

cosat[u]f + [

sin(at — 2au) ¢
—2a 0

cosat(t—0) — l sin(at — 2at) — sin(at — 2a(0)
2a

[ 1
tcosat — >a (sin(—at) — sin at)]

NIR, N, N, N~

[ 1
tcosat —— (—2sin at)]
| 2a

1
f(t) = 3a [at cos at + sin at]

2
. i _1
Example 107: Use C.T.find L {(sz T ab)(s2 + bz)}
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- - ) - SZ
Solution: Let,  L7'{f(s)}=L"" {(52 +a?)(s? + bz)}

s? s s

(s?2 + a?)(s? +b?) = s2+a?'s? + b2
s

s? + a?
s

f,(s) = 5——

2(8) s? + b?

By convolution theorem

e =

Let f;(s) = ; f1(t) = cosat

; f,(t) = cosbt

(© =17 (o) = L HRE £6) = | - 05wy
0

t

f cosa (t—u).cosbudu

0
t

= f cos (at —au).cosbu du

’_\

t
fz [cos(at — au + bu) + cos(at — au — bu)] du
0

1
{ cos A.cosB = = [cos(A + B) + cos(A — B)]

) 2
= % f cos (at —au + bu)du + f cos (at — au — bu)du
|0 0
1 \ sin(at — au + bu) ¢ sin(at — au — bu) '
T2 [ (-a+b) L [ (-a—Db) ]
1 ( sin(bt) sin(at) sin(—bt)  sin(at)
‘E{—(a—b)_—(a—b) —(a+b)_—(a+b)}
_ 1 ( sinbt sinat sinbt  sinat
-2 {—(a—b) TG +(a+b)+a+b}

{ sinifi—-0) = —sin 6

(=5 7p)smoes (a7 na
a=b a+b) " “b a+p/"?

N =

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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_ 1{—a—b+a—b — a+b+a—-b t}
"2l G-ma+b) TG -bp@+b 8
1( -2b 2a
= E{m smbt+msmat}
B 1 {Zasinat— 2b sinbt}
2 aZ—b?
a sin at — bsin bt
f(t) = 2Z b2
- - — 1
Example 108: Using C.T.find L 1{(82 T +9)}
S 1
A -1 _ -1
Solution: Let, L {f(s)} =L {sz+1)(sz +9)}
S 1
fl = .
) s241's249
Let, f,(s) = 711 ;0 f(t) =sint
sin 3t
f,(s) 2132 f,(t) = 3

By convolution theorem

(© =1 {{®) = L HES 5O} = [ - w.Lw du
0

f sin(t —u)

0

sin 3u du
3

-1
{ sinA —sinB = > [cos(A + B) — cos(A — B)]

<_1> [cos(t —u+ 3u) — cos(t —u — 3u)] du

= 1 f[cos(t + 2u) — cos(t — 4u)]du

0
1 t t
3y [fcos(t+2u)du—fcos(t—4u)du

0 0
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-1 sin(t+2u)t sin(t—4u)t
o e el |

0

= %1 [% (sin(3t) — sint) +% (sin(—3t) — sint)]

= st L sine — Lginat 1't]
= 6 251n —25111 —4Sln —4Sln

_—1 (1 1)'3t (—1 1)'t]
_6 2—4sm + 2—4sm
—_11'3t3't] = lin3t+sint
=% 4sm —4sm —24sm +8sm

f(t)—l[- t— L 3t)
—8 Sin —351n

S
E le 109: Using C.T.find L—l{ }
xample Sing m (s2+1)(s2+4)(s2+9)

S S
Solution: Let, L7 {f(s)} = L {(52 F (2 + 4)(s2 + 9)}

S
(s2+ 1)(s®2 +4)(s*+9)
1 S
(s2+1)(s?+9) s> +4
1
(s2+1D(s?2+9)
Consider, s?=p

f(_s)z

Let fi(s) =

By partial fraction
1 1 A B
5 5 = = + (1)
*+DE*+9) e+DE+9 e+ (P+9)

1 -1
1 1 1 8 3

PID(P+9) GrDE) (+(-8 GZ+1D  (Z+9)
Equation (1) 2

Mo s e e e
(s2+1)(s>+9)) 8 s2+1) 8 s2+9
1 1 sin 3t
=§Sll’1t—§ 3

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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f(t)—1 t 1 3t
1 = 8sm 24sm

; f(t) = cos 2t

S
NOW, fz(S) = 2—+4

By convolution theorem
t

(© =1 {@} HRE EE) = [ -5 du

0

1 1
<§ sinu — 22 sm3u) cos2(t—u) du

Il
o

[ocRIT

t
1
f [sin u.cos(2t — 2u) — gsin 3u.cos(2t — 2u)| du
0

1
{ sinA.cosB = 3 [sin(A + B) + sin(A — B)]

f [l [sin(2t — u) + sin(3u — 20)]
0

[ocRT
[\.)

- % [sin(u + 2t) + sin(5u — 2t)]] du

1 “— cos(2t—u) cos(3u— 2t)]t]

[ t
_ % [— cos(u + 2t) + —COS(SE —2Y ] ]
1 cost cos 2t
= —6[cost+T—c052t— 3 ]
17 cos 3t cos 2t
—E_—c053t+T+c052t— z ]

1(1+1> t+[1(1 1) 1(1+1)] 2t
16\ 73/ |16 3) 48 5] €%°
1 (1 1) 3t
4-8 5 COoS

f(t) = 1 t 1 2t + ! 3t
12COS 1OCOS 6OCOS
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Example 110: If

t
L {Jo(x)} = show that f Jo () Jo (t — x) dx = sint
0

1
VsZ+1

Solution: By Convolution theorem

Let f;(x) =Jo(x) = f,(x)

Given, L{Jo(x)} =

[EEN

s +
1

~ fi1(s) = £,(s) = 52—+1

1 50 =1 (e ]

=L‘1{ 1 }:sint
s24+1

t
= Equation (1) > f]o(x) Jo(t—x)dx =sint ..Hence proved.
0

12 L.T.of Periodic Function

If f(t+T) = f(t)
~ f(t) is periodic function of period T
Ex. sin(t+ 2m) = sint
~ T = Period = 21
f(t+rT) =f(), r=0,1,23. ie f(t+T) = f(t+ 2T)
= f(t+3T) = .. =1(t)
T

Y / 1 _
Definition: L{f(t)} = 1T fe St f(t) dt
0

12.i Examples on L.T. of Periodic Function
Example 111: Find the L. T. of the following periodic functions

Kt
f(t) = T ,0<t< T and f(t)=f(t+T)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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Kt
Solution: Given, f(t) = T 0< t<T

and f(t) = f(t+T)
= f(t) is periodic function of period T = T
=~ By definition of periodic function,
T

L{f(t)} = % f e St f(t) dt

1—esT
T
— K 1 ft —st dt
B T(l—e—ST)O ¢
K 1 e st (Dest]"
= = — t - (D
T (1—esT) (=% |,
K 1 e—sT e—sT e0
== T - —(o-=
T (1-e>T) < - 52 ) < SZ)]
5] = K 1 —TesT 5T N 1
=T (1—esT) s s2 s2

Example 112: Find the L. T. of f(t) if
1|
f(t) = asinpt, 0 <t< 5
T 2n
= 0, - <t< —
P P
2n
and f(t) = f<t+?)

T
Solution: Given, f(t) =asinpt ; 0 <t< —

p
pii 21
=0 ; —<t< —
p p
2m
and f(t) = f(t + ?) ... periodic function
T 21
= f(t) is periodic function of period ? ~T= F

= By definition of periodic function,
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T

1
L) = o7 [ e O at

0

- T 2T
) P > 1|
= —— fe_St asinptdt + f est (0)dt|
1—epP P |0 T l
b ]
— % _I
1 |
= —— afe_Stsinpt dt +0|
1—eP 0 J

I
<8}
—
@
%
(e

p
> (—ssinpt — pcos pt)]
1—epP 0

—ax

{ f e ¥ sinbx dx = aj-l-_bz( —asinbx =bcosbx) + ¢

il ()- pee () 0 -peonr 0]

{~sin0=0, sinmt=0, cos0=0, cosm=—1
_gs
a e
= 2l 5 (p) — 52+p (-p)

s2+p

_ | p _%S 1
= s\ 2|52 + p2 e P+

Example 113: Find the Laplace transform of the function

) 013
f(t) =sinot , 0 <t<;

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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2n

il
=0 , —<t<—
w w

Solution: Here, f(t)is a periodic function with period T = —

By definition of periodic function
T

L{f(t)}= 1_ST f e St f(t) dt

2n
w

f e~ (0)dt

w

[%
1 lf e St sin wtdt +
— | |

e—at
{ wktf ~at sinbt =aZ+—bz(—asinbt—bcosbt)+c

T
1 e—st W
= —s sin wt — w cos wt
1 —_ e_u)ﬂs Sz + (DZ [ ] 0
1 e ot .m
— 1_6%5 SZ+ 2[ ssmu);—wcoswa
Q0

“Tr ol [—ssin w(0) — w cos w(0)]

_m,
1 e o
= ﬂ SZ+(D2 ( (,l)( 1)) 2 ( (1)(1))

l—-eow

W _m
— e mt +1]

[12 — (e_m) ](s2 + w?)

{+cos0=1,cosmt=—1,sin0 = 0,sint=0
w T
= — = [e ot 4 1]
(1 — e_ﬁ) (1 + e_m) (s?2 + w?)
)

e = (1 - e_%) (s + w?)
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Example 114: Draw the graph of the periodic function
f(t)

t , 0<t<m
f(t)_{n—t, n<t <2nm ¥
and find its Laplace transform.
Solution: Given, o : 2T
11 1 t
t , 0<t<m i
f(t)_{n—t,n<t< 2 -m =

Note: f(t) = t isastraightline passing
through centre.
Here f(t) is a periodic function of period T = 2n

and its graph is in fig.

=~ By definition of periodic function,
T

1 _
1 ‘ b1 21
= "o [f e St dt+f e St (m — t)dt
0 b1
1 e~st (1)e—st ™ @St e—st 2m
= 1= e—ZTtS {[t s - (—S)Z ]0 + (T[ A t)—_S - (_1) (—S)Z }
1 me~sT e~ST e0
- e ()
T =21 e—sZTt e—sZTt
+ [( ) +—
—S S

B < (m—m)es™ N e‘Z“)]}
—s s

1 - e sT 1 T, @ 2ms ST
=] — e - tat e -—

1—e2ms | g s2 s2 s2
() — 1 T —-2ms —Tts 1 —2ms —ms
f(S)—m ;(e — e )+S—2(1+e — 2e )
t
Example 115: If f(t) = 3 , 0<t< a
1
=;(2a—t), a<t< 2a

and f(t) = f(t+ 2a) Find L {f (t)}

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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Solution: Given, f(t) = f(t+ 2a)
=~ f(t) is a periodic function of period T = 2a
=~ By definition of periodic function,
T
1
0
1 [t T
= o7 fe_StS dt +f e—sta (2a —t)dt
0 a
1 1 a 1 2a
= o |3 fe_St.tdt + 3 f e ' (2a — t)dt
0 a
1 1 e St est 1°
= —2as) 4 [t - (1) ]
(1—e2as) g —s (=s)(—s) 0
est est 2a
+ [(2a—t)— — (—1)—] }
[ - (=s)(=s)],
— 1 —a —as 1 —as 0 1ef 0
T a(l—e2)| s ¢ Tet TV T e +
1 e 1
+ e 2 — ((Za —a) + —Ze_as>}
S —s s
— ;{__ae—as _le—as +i+ ie—ZaS 4 —eas
a(l —e2as) (s s2 sz s2
—_ l e_as}
2
1 1
_ - -2
a1 —e_zz"s){s_2 (1-2e7® +e as)}
1 1
— —(1—es 2
a[12 — (e-)?] Sz( e™™)
1
_ —as)2 . 2
= Sa—emarem 4 @t
=a? —2ab + b?
1 (1—e™)

as? (1 +e)
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_a
2
1-25 _as
1 e2 _as_as  _as _as e 2
=— 3 Note: e =e 2 2 =e 2. 2 =—f
as e 2 ez
1 as
ez

1 (eazs—e 2)/e2

2 @ @\ &
as (ez +e 2)/e2
0 -0

m_ 1 ¢ h(as) - tanh@ = e’ —e
$) = asz M CAMY = 28 e

Example 116: Find the Laplace transform of the square wave
function of a period is defined as

a
f)=1 ; 0<t<§

1 a<t<
= — ; — a
2

Solution: Given, f(t) is a periodic function of period T = a

=~ By definition of periodic function,
T

L) = T—or [ e F)

a

2 |
1 ) - |
e st (1)dt + | e st (—1)dt
bf f Jl

|
o= |

0
[
—st 2 @St a
T 1-e —SL
2

—1 =t —as :
=m{(e 2 —eo)—(e o2

_as,
e +e 2 ]

N

-1
s(1— e_as)[e

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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—5(1—e—as)[1 ~2e

1 _as
= e ?)

11—e 2
=< as
S14e 2
as as
1le4d —e 4 as
== = ... Multiplying Nr and Dr by e 4
e4 +e 4
— 1 as @® _ o6
f(s) = S tanh (Z) { tanh® = ———

Example 117: If f(t) = t2, 0<t <2, f(t) = f(t+ 2).
Find L{f(t)}
Solution: Given, f)= f(t+2)

=~ f(t) is a periodic function of period T = 2

=~ By definition of periodic function,
T

LI} = % f e~ (1) di

= —St2 dt
1—e 2 fe

0
—St

_ 1 e €
= 1_e—zs[t = T AT s)(—s)(—s)]o

1 e—ZS e—Zs e—Zs e0
— 2 _ — -
= % {(2) — 20— +2—3 (0 0+ _53)}

1 —4e” 4 2 L2
C 1—e2s s 52 °© 53 © s3
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3 1 —2e7 %\ 2
= d—em = (2s +25+1)+S—3

2—2e (252 +2s5+1)

f(s) =
(s) $3(1—e-25)
Example 118: If f(t) = t, 0 < t <1
=0, 1<t<2

f(t) = f(t+ 2) Find L {f(t)}
Solution: Given, f(t+2) =f(t)
=~ f(t) is a periodic function of period T = 2

=~ By definition of periodic function,
T
1
L{f(t)} = Fpp—_ f e St f(t) dt

2

0
1 1
= m |:fe5t tdt+ fe_St (O)dt
0 1

1 te—st . e—st 1
T 1—e2| —s (=s)2 0

1 es e e?
= 1en [“)_—s‘ (O‘s—z)]

_ 1 [—e_s e’ s 1]

= —— ¥ - 4 =
1—e? | s s2 s2
1 e s
Siten e (ST1te)
— eS(eS—-s—1)
fs) = — “2s
s*(1—e%5)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com



Laplace Transform 94

13 Unit Step Function or Heavisides Unit Step Function
At times, we come across such fractions of which the inverse
transform cannot be determind from the formulas so far derived.
In order cover such cases, we introduce the unit step function
(or Heavisides unit function). )
Definition: Unit step function isa £(t)
cover which has the value zero at all u(t) or H(t)
points to the left of the origin and is
unity at all the points on the right of
origin.
It is denoted as H(t) or U(t) 0
u® =0, t<0 t
=1,t=>0
Lu(®) = =

S

Displaced unit step function: f(t)
Definition: It represents the curve
u(t) which is displaced to the right u(t - )
through a distance 'a’ along the —
direction of t — axis denoted by
u(t — a).
u(t—a) =0, t<a
=1, t=a

L{u(t—a)} = e

S

Application of unit step and displaced unit step function:
1) Representation of f(t) fort > 0:

When the function f(t) is multiplied
by u(t). Then f(t) u(t) will represents the

part of f(t) on the right of the origin, the f( Ad
part of the left of the origin being cut off.
~fOu®=0 t<0 = f(Du(t)
=f(), t>0
L {f(t).u(®)} = L{f(©)} = f(s) 0 .
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2) Representation of f(t) for t > a:

When the function f(t) is f© f(t)
multiplied by

u (t — a) will represent the part of f(t) Ot — 2)

on the right of t = a. The part of the left [\

oft = abeing cut off.

~f@ut—-a)=0, t<a 0
=f(t), t>a

L{f(Qu(t—a)} = e L{f(t+a)}

Qf==————-
~—t+

3) Representation of f(t) for a< t <b:
When the function f(t)is f(t)

f(t)

multiplied by u(t —a) — u (t—b),
Then f(t){u(t —a) — u(t — b)} will /\
represent the part of f(t) in [\ (O =) ~u(t-b)
a < t < b the part on the left of i :,
t=aand on therightoft=b 0 a lb t
being cut off.

0, t<a
& f){u(t—a)—u(t—b)} = {f ), a<t<hb

0, t>Db
L{f(t — a)u(t —a)} = e S L{f(t)} ... called 2" shifting property.
Note:

1
L} =-
1

2)L{ut—a)}= 5 e

3) L{ft—a)u(t—a)} = e L{f()} = e f(s)
4)L{f(t).u(t—a)} = e L{f(t+a)}

5) If f(t — a) = F(t), then f(t) = F(t+ a)

6) When a =0, L{f(t).u(®} =L {{f©)}= f(s)

7) L1 {f(_s)} = f(t) u(t)

8)L! {e_as @} = f(t—a) u(t—a)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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13.i Examples on L. T. of Unit Step Function

Example 119: Find L. T.of (t— 1)? u(t—1)
Solution: We have,

L{f(t—a)u(t—a)} = e L{f(t)} and

If f(t —a) = F(t),then f(t) = F(t+ a)

Here a =1
~L{fe— Dut—1} = eSL{fH)} ... (D
Now,

ft—1) = (t—1)?

~f@) = [(t+1) —1]? = t?
2! 2

WO} = k=5 =5
S S

Equation (1) 2 L{(t —1?u(t— 1)} = s% e s

Example 120: Find L. T. of sint u(t — )
Solution: We have,
L{ft—a)u(t—a)} = e L{f(t)} and
If f(t — a) = F(t), then f(t) = F(t + a)
Here a=m

~L{ft—mut—m} = e ™L{f(t)} ... (D
Now,
f(t — ™) = (sint)
~ f(t) = sin(t+ m) = —sint
~L{f®} = f(s) = L{—sint} = — L{sint} = sz_+ -
Equation (1) 2> L{sintu(t—m)} = %

Example 121: Find L. T.of e 3t u(t — 2)
Solution: We have,
L{ft—a)u(t—a)} = e L{f(t)} and
If f(t — a) = F(t), then f(t) = F(t + a)
Here, a =2
~L{f(t—2u(t—2)} = e * L{f(t)}
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Now,
ft—2) = e3¢

- f(t) = e 3(t+2) — o—3to—6

~L{f()} = e ®L{e 3} = e7®

s+3
Equation(1) > L{e 3 u(t—2)}= e % R
quation e u = € S+3—S+3e

Example 122: Find L. T. of (1 +2t—3t% + 4t3) u(t—2)
Solution: We have,

L{ft—a)u(t—a)} = e L{f(t)} and
If f(t —a) = F(t),then f(t) = F(t+ a)

Here a =2
SL{fE-2)ut—-2)}=e L)} ... (D
Now,

f(t—2) =1+ 2t — 3t% + 4¢3
A ()= 142(t+2) —3(t+2)2 +4(t+2)3
= 14+2t+4—-3(t>+4t+4)+ 43 +6t>+ 12t + 8)
= 1+2t+4—3t2 =12t — 124 4t3 + 24t% + 48t + 32
f(t) = 4t3 4+ 21t% + 38t + 25

~ L{f()} = 4 L{t3} + 21 L{t*} + 38 L{t} + 25 L{l}
3! 2! 1
3+1+21 ot 38 +25—

24 42 38 25

st s3  s2 s

=4

24 42 38 25
. 1 _ -2
~ Equation(1)~> L{f(t—2)u(t—-2)}=e S(S_4+s_3+s_2+?)

Example 123: Obtain the Laplace transform of
e '[1—u(t—2)]
Solution:
L{e™t(1 —u(t-2))}
L{e7t —e tu(t — 2)}
= L{e '} — L{e tu(t—2)}
{~ L{ft—a)u(t—a)} = e L{f(t)}

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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DL e f(t—a) = et
s+1 o f(t) = em(tH)
1
=1 e 2e72 L{e™}
— a—2(s+1)
b ey b 1=
s+1 s+1 s+1

1-— e—Z (s+1)

L{e™"[1 —u(t-2)]} = s+ 1

Example 124: Using L.T. evaluate

fe—t(1+2t—t2+t3)H(t—1)dt

0
Solution: We have,

L{ft—a)u(t—a)} = e L{f(t)} and

If f(t —a) = F(t), thenf(t) = F(t+ a)

Now, L{(1+ 2t—t?>+t3)H({t—-1)}

Here, a = 1

~L{(A 42t -2+ t3) H( - 1)}
=eSL{14+2(t+1)— (t+1D*+(t+ 13}
= e SL{1+2t+2—({t2+2t+1)+ (3 +3t2 + 3t + 1)}
=eSL{(1+2-1+1) +@t—2t+3t) + (—t% +3t?) + t3}
= e SL{3 + 3t + 2t>+t3}
= e S[3L{1} + 3L{t} + 2L{t%} + L{t3}]

sz

= 3- + 3— +2—=-+—

SHERE

S
f e '(1+ 2t + t?+t3)H(t— 1) dt}
0
3

3 6
= (gt F ) =100
{'-'fe_at f(t) =f(a),~ put s=1

0
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[0¢]

16
LU e '(1+2t+ 2+t3HH(t — 1) dt; = -
0

Example 125: Express the following in terms of unit step
function and hence find their Laplace transform.
If ftH) = (t—a)* t>a
=0 , 0 <1 < a, find L{f(t)}
Solution: If can be express in unit step form as
f(t) = (t—a)*u(t—a)
We have,
L{ft—a)u(t—a)} = e L{f(t)} and
If f(t —a) = F(t),then f(t) = F(t + a)
Here a = a
~L{t—a)*ut—a)l}= e L{fE®): ... (D)
Now, f(t—a) = (t—a)*
f( = (t+a—a)* =t*
|
(@) = L) = & =g

4l e3s 24
Equation (1) > L{f(t—a) u(t — a)} = —— = 22 g-as

Example 126: f(t)= e ', 0<t < 3
=0 , t>3
Solution: . It can be expressed in unit step form as
f(t) = e Yu(t—0) —u(t— 3)}
= e tult) —etult—23)
= e tu(t) — e 3yt —3)
f(t) = e tu(t) — e 3.e 3yt —3)
Taking L. T. on both sides
L{f(©)} = L{e tu(®)} — e3L{e"Du(t - 3)}
1 1

— _ a—3,—3s _ —
=<3 e Je — LL{f(t—a)ult—a)}

= eas @

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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1-— e—3(s+1)

@: s+1

etcost , 0 <t<m
etsint , t >n findL{f(t)}

Example 127: If f(t)

Solution:

The first part
Let fj(t) = ecost, 0 < t < m writtenas

f;(t) = etcost{u(t) —udt-m} ... ()
The second part
Let f,(t) = e'sint, t > 7 written as

f,(t) =etsintfut-m™}y ... (i)

From equation(i) & (ii)
~ () = f1(0) +£,() = e.cost{u(t) —u(t—m} + e'sint{ult—m}
et costu(t) —etcostu(t—m) + e'sint u(t —m)
et cos tu(t) — et=™*" cos[(t — 1) + mt]ult — 1)
+eEM+ sin[(t — ) + ] ut — 1)
= et cost u(t) — e“et_“(—cos(t - n)) u(t—m)
+ e"e™M[—sin(t — m)Ju(t — 1)
f(t) = et.cost u(t) + e"e®™ cos(t — 1) u(t— 1)
—e"e™ sin(t — 1) u(t — m)
Taking L. T. on both sides
L{f(t)} = L{e'.cost u(t)} + e“L{e(t_“) cos(t —m u(t —m)}
—e™ L{e®sin(t — m)u(t — m)}

We have,
L{f(t—a)u(t—a)} = e L{f(t)} and
If f(t — a) = F(t), then f(t) = F(t + a)

~ L{f(®)} = 1 Sl

T, —TCS
e

G-1Z+1 7%® Go1Z+1
1

— @M@ Ts

(s —1)2+12
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Example 128: Express the function shown
in fig. in terms of unit step function and

find its Laplace transform. g
Solution: Form given fig.the function is in §
unit step function as: ol 1 2 3
t—1, 1<t< 2
f(t)_{s—t, 2<t<3
f) = t—=Dut—-1) —u@t—-2)}+ B —1t) {ut—2) —u(t—=3)}

=t-Dut-1)-Ct-Dut-2)+B—-tult—2)
—B=tut-3)
t—Dult—1)—tult—2)+ult—2)+3u(t—2)
—tu(t—2) + (t—3)u(t—3)
f)= t—-Dut-1D)—-(Ct—-1-3+)ut—2)+E—3)ult—23)
f)= t—-Dut-1D)-2t—-2)ut—-2)+(t—-3)u(t—13)
We have,
L{ft—a)u(t—a)} = e L{f(t)} and
If f(t — a) = F(t), then f(t) = F(t+ a)

Now,
L{f®)} = L{t—Dult—=1) = 2(t—2u(t—2) + (t— 3)u(t — 3)}
= L{t—-Dut—1}—-2L{(t—2)ult—2)}
+ L{(t — 3)u(t—3)}
1 1 1
= 78 S_Z _ Ze—Zs S_Z + e—3s S_Z
e7S = 2e7% 473 eS(1—2e % +e7%)
. e—S(l _ e—S)Z
) = ——5——
Example 129: Express in terms of unit step function and hence
find L. T,
[t 0<t<1 .
f(t) = {4t ' t > 1 Find L{f (t)}
L (2, o0<t<1
Solution: Given, f(t) = { st =1

The given f(t) in terms of unit step function as:

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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f(t) = t2ult) + 4t —t>)ult—-1)
Taking L. T. on both sides,
L{f(t)} = L{t?u(t)} + L{(4t — t)u(t — 1)}
Now, L{f®} = L{f(O}+eSL{HLDO} ... (D)
We have,
L{f(t—a)u(t—a)} = e L{f(t)} and
If f(t —a) = F(t),then f(t) = F(t+ a)
)=t & ft—a)=f(t—1) = (4t-t?) {+a=1
2= 4t+1D) —(t+ 12> =4t+4—-t>—-2t—1
f,(t) = 2t +3 —t2
- Equation (1) & L{f(t)} = L{t?} + e SL{2t + 3 — t?}
2 3 2)

2
L{f(t)} = S_3+ e s (S_2+;_S_3

Example 130: Express in terms of Heavisides unit step function

and hence find L. T.,

cost, 0< t<m
f(t)={c052t , T < t< 21
cos 3t , t>2n
cost, 0<t<m

Solution: Given, f(t) = {cos 2t , m <t < 2m
cos 3t , t > 2n

The given function is in unit step function written as:
f(t) = cotu(t) + (cos 2t — cost) u(t — m)
+ (cos 3t — cos 2t) u(t — 2m)
Taking L. T. on both sides.
L{f(t)} = L{costu(t)} + L{(cos 2t — cost)u(t — 1)}
+ L{(cos 3t — cos 2t)u(t — 2m)}
L{f®} = L{O}+ L{LO}+LiEOY .. €Y)
We have,
L{ft—a)u(t—a)} = e L{f(t)} and
If f(t — a) = F(t), then f(t) = F(t+ a)
i) L{f; (©)} = L{cost u(t)}, Here f(t) = cos t

- L{f;(D} =

s
s2+1

L{cost u(t)} = L{cost} = 211
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ii) L{f,(t)} = L{(cos 2t — cos t) u(t — m)}
Here f(t — 1) = cos 2t — cos t
~ f(t) = cos2(t + 1) — cos(t + )
= cos(2t + 2m) — cos(t + m)
= cos(2m + 2t) — cos(m + t)
=cos2t — (—cost)
{~ cos(2m + 0) = cos O, cos(m+0) = —cosO
f(t) = cos 2t + cost
o L{(cos 2t — cos t) u(t — m)}

e ™ L{f(t)} = e™™ L{cos 2t + cos t}
e ™ [L{cos2t} + L{cost}]

B0} = e[ ]
iii) L{f3(t)} = L{(cos 3t — cos 2t)u(t — 2m)}
Here f(t— 2m) = cos 3t — cos 2t
o f(t) = cos 3(t + 2m) — cos 2(t + 2m)
= cos(3t+ 6m) — cos(2t+ 4m)
= cos(6m + 3t) — cos(4m + 2t)
f(t) = cos3t— cos 2t {- cos(2nmt + 0) = cos O
S L{f(t—2m) u(t —2m)} = e 2™ L{f(t)} = e 2™ L{cos3t — cos2t}}
= e ?™[L{cos3t} + L{cos2t}]

~ L{f3(D} = e ™ [Sz j_ 9 2 j_ 4]
- Equation (1) 9
L{f(D} =

oS S S
2+1 [sz+4+sz+1]

temi [5219 B 5214]

Example 131: Express in terms of unit step function and hence
sint , 0 S t<m
find L. T., f(t) = { sin2t , Tt <t< 2n
sin 3t , t=>2n
sint , 0 <t<m
Solution: Given, f(t) = {sin 2t , T <t<2m
sin 3t t > 2n
Given f(t) is in unit step function as follows:

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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f(t) = sint[u (t — 0) —u(t — m)] + sin 2t [u(t — ) — u(t — 2m)]
+ sin 3t [u(t — 2m)]
=sint u(t) — sint u(t — @) + sin 2t u(t — m)
— sin 2tu(t — 2m) + sin3t u(t — 2m))
f(t) = sintu(t) + (sin2t — sint) u(t — m)
+ (sin 3t —sin 2t) u(t — 2m)

We have,
L{f(t—a)u(t—a)} = e L{f(t)} and
If f(t — a) = F(t),then f(t) = F(t+ a)
Taking L. T. on both sides
L{f(t) = L{sint u(t)} + L {(sin 2t — sin t)u(t — )}
+ L {sin 3t — sin2t)u(t — 2m)}
= L{sint} + e ™L {sin 2(t + ) — sin(t + 1)}
+ e 2™ L{sin 3(t + 2m) — sin2(t + 2m)}
L{sint} + e ™ L{sin(2t + 2m) — sin(t + 1)}
+ 2™ L{sin(3t + 6m) — sin(2t + 4m)}
L{sint} + e ™ L{sin 2t + sint} + e 2™ L{sin3t — sin2t}
{ Note: sin(m+ 0) = —sin®,
sinff2nm + 6) = sind

. 1 —TS 2 1
FLIY = G te <sz+4+sz+1)
2 2
+e "S<

sz+9_sz+4)

13.ii Examples on I.L.T. of Unit Step Function

Example 132: Find the inverse Laplace transform by using unit
—S

(s + 1)2
Solution: We have, Lt {e_as @} =f(t—a)u(t—a)

step function

Here a=1

P ! {e—s @} = ft—Dult—1) ... (1)

Where, @ = m
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-l = -1 — a—tf —

~ L {f(s)} =L {(S m 1)2} = e tt =1(t)

fft=1D=e V-1 ..Replacet =t—1

Eqution (1) > L7t {e_s @} = e EDE-Dult-1)

10— 1)e®D it —
Ll{(s+1)2}—(t De~ D u(t— 1)

Example 133:Find the inverse Laplace transform by using unit
—TsS

s2+4
Solution: We have, L1 {e_as @} = f(t—a)u(t—a)

step function.

Here a = n

a1 {e_" s @} — ft—mult=1 ... (1)
Where, @ = m

— 1 in 2
A @) =1 o) = s o

s f(t—m) = %sin 2(t—m) = %sin(Zt —2m) = %sin[—(Zn —2t)]

» sin(—0) = —sinH

= Trsin@n-20 == (~sin20) |
= 7 sinén -2t === (=sinat sin(2m—0) = —sin®

1
ft—m) = Esin 2t

e TS 1
- Equation(1) > L™ {sz " 4} = Esin 2t u(t—m)

Example 134: Find the inverse Laplace transform by using unit
S

. se 2+me”®

step function. —————

s2 + m?
Solution: We have,
S S
-5 -5 -5 —s
_1)se 2+me _ -1 se 2 _l{ne } ...... (1)
sz +m? sZ +m? sZ + m2

Now, L1 {e_as @} f(t—a) u(t—a)
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S

A\ F se 2
i) For Py
H _ 1

ere a = >

s — 1 1
L_1{e_§ f(S)}= f(t—z)ll(t—z) ...... (2)
— S

Where, f(s) = =

o {@} = f(t) = cosmt

(=D meosn(i-1) =eos(-D)
o ) = COoST 2 =cos\m 2

m T
= cos (E - ?) {* cos(—0) = cos O
1 LW s )
f(t—§>=sm; { cos(z—9)=sm9
- -1 —EL_-E(_E)
Equation (2) 2 L {e Z.S2 _th} = sin . uft 7 ) - 3)
e—S
ii) For — )
Here a =1
e ()= fe-Due-1 L 4
Where, f(S) = Sz+—T[2

L1 {@} = f(t) = sinmt
o f(t—1) =sinm(t—1) = sin (mt—m)
= —sin(m — Ttt)
f(t—1) = —sinmt  {~ sin(—6) = —sin®H, sin(m—0) =sin®

Equation (4) > L7! {e_S } = —sinmt u(t—1) ...... (5)

s +m?
From equation (3) & (5) equation (1) 2
S
se 2+ me S 1
Lt — sin Tt u(t—z) + [—sinmt u(t — 1)]

f(t) = sinmt [u (t—%) —u(t-— 1)]
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Example 135: Find the inverse Laplace transform of
e S—3e 3
3z by using unit step function
Solution: We ahve,
e™S —3e73s 1 e 38
-1 _7-1).- -1
L {S—Z}—L {ess—z}—3L {sz} ...... (D
By Second shifting property:
(. —as TN t—a), t>a
L 1 as — {f( )
{e f (s)} 0 , t<a
1 (t—-1) t>1
-1 -s _{ - ’
Now, L {e 52} {O , t< 1
In unit step function it can be writtenas, = (t = 1)u(t—1)
1 (t-3), t>3
-1 -3s _{ _ )
Now, e o {57
(t=3)u(t—3)

In unit step function it can be writtenas, =
_ (e —3e7%
~ Equation (1) > L {————
S

= (t-Dut—-1)-3t=3)ut-—3)

—as

se
Example 136: Find inverse L. T. of 2ol ,a > 0 by using

unit step function

s
P —1},—as
Solution: We have L {e 2 _ u)Z}

By Second shifting property:
Sifmas 7 (ft—a), t>a
L {e f(s)}_{o , t<a
S _
1 s _ (coshw(t—a), t > a
L {e sZ—wZ}_{O t< o0
In unit step function it can be written as, f(t)
= coshw(t—a)u(t—a)

—Cs

Example 137: Find inverse L. T. of m, ¢ > 0 by using

unit step function

1 _
: . -1 —Cs —1-1 —Cs
Solution: L {e ST a)} L {e f(s)}
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Where f(s) = ————
ere f(s) s?(s+a)
B tial fracti ! —A+B+C (D
y partial fraction, P6ry - stetsya
Multiplying both sides by s?(s + a)
1= As(s+a)+B(s+a)+ Cs? ... (2)
1
Put s = 0 in equation (2), 1 = B(0 +a); B = a
1
Put s = —ainequation (2), 1 = C(-a)} C = =z
1 1 )
Put s=a, B=- & C=— inequation 2)
a a

1

1 1,
A(a)(a+a)+g(a+a)+a—2(a)

1=2a%A+2+1
, -2 —1
1-3 = 2a A; EZA; A:a—2
1 -11 11 1 1
i S —
s?(s+a) a2's as? a?(s+a)

Takingl. L. T. on both sides.
1 -1 1 1 1 1 1
et~ e e

s?(s+a) a2 S +a s2 +a2 s+a

— -1 t 1
-1 —_ _ _ pamat —
LHf(s)} = = (1) + St e f(t)
By Second shifting property:

a), t>a

e Ty = {7 2

~ Equation (1) >

-1 1 1
1 - - _ — s—alt—o)
Now, L_l{e_CSSZ(s+a)}:{az tot-o+ge »t>c
0 , t<c

In unit step function it can be written as,
-1 1 1
[a_z + 2 t-o+ =z e_a(t_c)] u(t—oc)

1

m} = a—lz [a(t - -1+ e_a(t_c)] u(t—oc)

L—1 {e—cs
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14 Unit Impulse function Or Dirac delta function
The idea of a very large force acting f(t) /\
for a very short time is of frequent -
occurrence in mechanism. To deal with /
such and similar ideas, we introduce the /
unit impulse function. /
(also called dirac delta function) A
Thus unit Impulse function is o ST

considered as the limiting form of the
function

Se(t—a) =

§.(t—a)

o | -
L

\%

,as<t< a+e

(LI

= 0, Otherwise
As € — 0.Itis clear from fig. That as € — 0, the height of the strip
increase indefinitely and the width decrease in such a way that its
area is always unity.
Thus the unit impulse function 6(t— a) is defined as follows:
§(t—a)=o fort=a; &(t—a)=0
Such that

fS(t—a)dt=1 (a=0) .fort# a
0

Laplace Transform of unit impulse function:

If f(t) be a function of t continuous at t = a, then
ate

f £(t) 8ot — a)dt = f f(t)% dt
0 a

= (a+e—a) f(n)%

{ wherea<n<a+¢g

= f(n) By mean value then for integral

As £ > 0, weget f f(t) S(t—a)dt =f(a)
0

Note:
DL{s(t—a)}=e
2)L{6f()} =1
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3L {1} = 8()
4)L{f(t) 6(t—a)} = e ™ f(a)
5) L {f(t) 8()} = f(0)

14.i Examples on L.T. of Unit Impulse Function

s
Example 138: Evaluate f sin2t § (t - Z) dt
0

[ee]

Solution: We know that, f f(t).8(t—a)dt = f(a)
0

T
Here, a= 7 f(t) = sin 2t

[ee]

., fsinZtS(t—g)dt =sin(2 E): 1
0

1
Example 139: L{; S(t— a)}
Solution: W.k.t. L{§(t—a)} =™

L {% 5(t—a)}= fL{S(t—a)} ds
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Application to Differential equation

15 Solution of linear Differential equation.
Laplace transforms of linear differential equation are as

R __ .

1. L{d_xz} =s3y(s) —s?y(0) —sy'(0) —y (0)
d? —_ ,

2. L{d_x}zl} =s2y(s) —sy(0) —y (0)
d _

3. L{d—i} =sy(s) — y(0)

4. Ly} =y@)

15.i Examples on solution of linear Differential equation

Example 140: Solve the differential equation by using Laplace

d’y _d’y dy

transform m + E — &— Zy =0
giveny(0) = y (0)=0and y"(0)=6

Solution: Given D.E.is

dy _d’y dy
—+2——-——-2y =0
dx3 dx? dx

Taking L. T. on both sides

By 2d%y d
L{ y oy —X—Zy}z L {0}

dx3 ' dx?dx

dy d?y dy
|5 Y& — s2y(0) = sy (0) —y" (0] + 2[s? y(&) = s y(0) -
y' 0= sys— y0—2ys=0
(3422 —s—2)y(s)—6=0
(s3+252—s—2)@ =6
— 6
y(s) = (s3+2s2—-5—-2)
6
(s—=DG+1D(s+2)

y(s) =
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6 6 6

+ +

s—1D6 G+D(2) (s+2)3)
— -3

y(s) = s—1+s+1+s+2

Takingl. L. T. on both sides , we get

S 1 1 1

Cye) =1t s e )
{y(s)} s—1 3 s+1+ s+ 2
y(t) = et— 3et+2e7 %

y(s) =

Example 141: Use transform method to solve

ﬂ—2§+x=etwithx=2 %:—lattzo
dt? dt Todt

) _ ~d%x dx .
Solution: GivenD.E.is Froie 2 G +x=e" ... (D

X =2, t=0-> x(t)=x(0)=2

dx B

=

Now, TakingL.T.on both sides of equation(1)
d?x dx

L {P} - ZL{a} +L{x} = L{e%)

57 36) - 5%(0) = ¥(0) - 2| (s X6 - %)) + Tg:é

-1, t=0-> xX@t)=x'(0)=-1

v (s2=2s4+1) @—25—(—1)+2(2):$

—_ 1
v (s?—=2s4+1) x(s) = ——+2s—5

s—1
_1+(6-1)2s-5  1+2s°—55—25+5
- s—1 B s—1
— 2s2-7s+6
(S—l)ZX(S) = T
—— 257546
x(s) = —(5_1)3
By partial fraction
2s2—7s+6 A B C
G- =S_1+(S_1)2+(S_1)3 ...... (1)

Multiplying both sides by (s — 1)3
2s2 = 7s+6=AG—1)?2+B(s—1)+C
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2s? —7s+6=A(s*—-2s+1)+Bs—B+C
2s> —7s+6=As?+(-2A+B)s+ (A—B+0)
Equating coefficient on both sides
Coefficient of s> > A =2
Coefficientof s > —2A+B=-7; -2(2)+B=-7; B
= -3
Constantterms 2> A—-B+C =6; 2—(-3)+C=6; c=1
~ Eqution(1) becomes by TakingI. L. T. on both sides

1 2s2 —7s+6
(s—1)3

= 211 {Si 1} —3L {(S _11)2} N {(s —11)2}

2

—_— t
L{x(s)} = 2e' —3te + 7€

t2
x(t) = et [2—3t+7]

Example 142: Solve (D3 — 3D% + 3D — 1)y = t?e' by using
Laplace transform

Given that y(0) =1, y'(0) =0, y"(0) = -2

Solution: Given D.E.can be written as:

d’y _d% _dy -

F—swﬁ'sa{ —y=te

y(0) =1, y'(0) =0, y"(0) = -2
Taking L. T. on both sides

d3 d2 d
L{%} -3 L{d—tf} +3 L{d—':} — L{y} = L{t%e%}
s Y — $?y(0) — sy (0) — y" ()] - 3[s¥() — s y(0) -y (0)]
+3[5@—Y(0)] —@=ﬁ

2 (s3 =352 +3s— 1) y(s) — s2(1) — (—=2) + 3s(1) — 3(1)
2
T G-D?
a(s—13y(s)—s?+2+3s—-3= -

(s—=1)3

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com



Laplace Transform 114

a(s—1)3y(s) = ﬁﬁsz —3s+1)

— 2 s2—-3s+1
“YS) = gopet oo r. e (1)
Take y;(s) = —52 —3st ]

(s—-1)3

By partial fraction

s?—3s+1 A B C

G-D3 :s—1+(s—1)2+(s—1)3 ...... (2)

Multiplying both sides by (s — 1)3

s2—3s+1=A(s—1)2+B(s—-1D+C

s2—3s+1= A(s>—-2s+1)+Bs—B+C

s?—3s+1= As? —2As+A+Bs—B+C

s2—3s4+1= As?+(—2A+B)s+ (A—B+0)
Equating coefficient on both sides,
Coefficient of s’°> A =1
Coefficientof s 2 —2A +B =-3; -2(1)+B=-3; B=-1
Constantterm - A—-B+C =1, 1-(-1)+C=1; c=-1
= Equation (2) > 3541 = ! + - + !

(s—1)3 s—1 (s—-12% (s—1)3
2 1 1 1

Equation (1) > y(s) = (s—1)° + s—1 (s—1)2 - (s—1)3

Takingl. L. T. on both sides

Lt {@} =2L7" {(s _11)6} +17 {s i 1} - {(s —11)2}
-1 1
Rl =

t5 t2
y(t)=2§et+et—tet—iet
1 1
t) = t(—t5 1—t——t2)
yO =Gt 2

Example 143: Solve the D.E. by using Laplace transform

d’y _dy 3t e ,
W—Sa+2y— 4t + e’t, with y(0) =1, y'(0) = —-1.
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d’y 3dy

ez dt
y(0) =1, y'(0) = -1

Taking L. T. on both sides, we get

2
L{d } 3 L{f1 } + 2{y} = 4 L{t} + L{e3}

Solution: GivenD.E.is + 2y = 4t + €%,

dt?

(527 - sy -y (0] - 3[sy&) - y(®)] + 2y

_, ] 1

- 5_2 +s—3
(52—3s+2)@—s(1)—(—1)+3(1)=§+£

(52—35+2)@—s+1+3—;47 +ST13-
(s2=3s+2)y(s) —(s—4) = ;12+S 13
(s2=3s+2)y(s) —(s—4) = ;12+S 13
(s> —3s+2) y(s) = ;iz+$+(s_4)

— s—4
y(s) = s2(s2 —3s5+2) +(s—3)(sz—3s+2) +sz—3s+2
@_ 4(s—=3)+s2+(s—4)(>(s—3)

s2(s=3)(s2 —3s+2)
_ 4(s—3)4+s*+(s—4)(EH(—-3)
he y(s) 5 2G5 -3)(-D(-2)
{vs2=3s+2=(s—1(s—2)

By partial fraction
— A B C D E

= —4+——+—+—" .. 1
y(s) s+52+s—3+s—1+s—2 @

Multiplying both sides by s?(s — 1) (s — 2)(s — 3)

4(s —=3)+s?+(s—4)s?’(s=3)=As(s—1(s=2)(s—3)
+B(s— DG —2)(s—3)+C(sH)(s—1D(—2)
+D(sH)(s—2)(s—3)+EGH)(s—1(s—=3) ... (2)

Now,
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B 4(s—3)+s?+ (s—4)s?’(s—13) _ —12 B2
B (s—D(s—2)(s—3) — 6
B 4(s —3)+s?+ (s—4)s*’(s—3) 9 c—l
B s2(s — 1D(s—2) s 18 T T2
b - 4(s—=3)+s?+(s—4)(s>)(s—3) -1 D_—1
a s2(s —2)(s — 3) iy 2 7 T2
4s—3)+s*+(s—4s*(s—3 8
po Hs-3) 45"+ - s —3) _8 . gy
s2(s—1)(s—3) - —4
Now,
1 -1
Put s=4, B=2, C=E, D=7,E=—2ineqation(2)

4 +16 = AWB)D) +23)(2)(D) + % (16)(3)(2)

+ (%1) (16)(2)(1) + (=2)(16)(3)(1)

20 = 24A +12+48—-16—-96; 20 = 24A —52; 72
= 24A; A =3
= Equation (1) becomes by taking I. L. T. on both sides

o5} = s e b i

s—1
1
—2L—1{ }
s—2

1 1
3+2t+§ e3t—§ et — 2e%t

y(®)

1 1
ie y()= 3+2t—iet—2e2t+§ e3t

Example 144: Solve the D.E.by using L. T.
y"'(t) —y'(t) — 2y(t) = 20 sin 2t,
with y(0) = -1, y'(0) = 2.
Solution: GivenD.E.is
y" () —y'(t) — 2y(t) = 20sin2t, y(0) = -1, y'(0) =2
Taking L. T. on both sides.
Liy" (0} - L{y'(© — 2L{y(D)} = 20 L{sin 2t}

52 y(s) — s y(0) —y'(0) — {s y(s) — y(0)} = 2y(s) = 20

sZ+4
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40

s2+4
40

s2 +4

(s2—=s—=2)y(s)— s(-1) =2+ (-1) =
(s2—=s—2)y(s)+s—3=

(s —s-2)y(s) =
40 4 3—s
(s2+4)(s2—s—2) s:—-—s—2
40 4 3—s
2+ +1D(6-2) (s+1)(s—-2)
—— 40+ (B-5)(s*+4)
y(s) = —
(s2+4)(s+1)(s—2)
By partial fraction method
S 40 + (3 —s)(s> +4) As+ B C D
y(s) = 7= = = + +
(s2+4)(s+1)(s—2) s2+4 s+1 s—2
Multiplying both sides by (s? + 4)(s +1)(s — 2)

404+ (B3—=5)(s’+4) =(As+B)(s+ D(s=2)+C(s?+4)(s—2)

SZ_|_4+3—s

y(s) =

y(s) =

+D(s? +4)(s+1) ... (2)
40+ (3—95)(s>+4 60
Now, = ( US ) =—— ; C=-14
(s2+4)(s—2) -, 15
40+ (3 —5)(s* +4) B o,
S+ [, 24 T
Now, Put.s = 0, C = —4, D = 2inequn(2)
40 + (3)(4) = B(1(-2) + (- (4)(-2) + 2(H) (D)
52 = -2B+32+8; 52 —40 =-2B ; 12
= —2B
12 =B; B=-6
—2 7 -

Now, Put s=3, B =—-6, C =—4, D=2,inequn(2)
40+ 0 = [AQ3) + (-6)]() (1) + (=) (13)(1) + 2(13)(4)
40 — 28 = 12A ; 12=12A +~A =1

Now, Equation (1) = and takingI.L. T. on both sides
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s2 +4

- o e
y© =L {52+22} oL sz 422 L s+1

1
2L71 { }
+ s—2
sin2t

(-1 { @} _ - {M} + (—4)L™? {S_*_%} + 217! {S i 2}

y(t) = cos 2t — 6 — 47t 4 2%t

i.e.  y(t) =cos2t—3sin2t—4e "t + 2e?t

Example 145: Solve (D? + 2D + 5)y = e 'sint, y(0) =0,

: d
y'(0) =1, D=— usingL.T.

dt
Solution: Given D. E. can be written as:
d’y _dy e
a +ZE+5y = e 'sint

Taking L. T. on both sides.

2
L {ﬂ} + ZL{d—y} + 5L{y} = L{e ‘sint}

dt? dt
& s y(s) = sy(0) —y'(0) + 2[s y(s) — y(0)] + 5 y(s)
_ 1
o (s+1)?%+1
— 1
(<2 1=
“ 725+ 5)y() -1 s24+2s+1+1
2 v(<) =
(s*+2s+5)y(s) = sz+25+2+1
R 1 L1
T YS)= (s2+2s+2)(s2—2s+5) s2+2s+5
SOOI S e vory— P (1)
Take, y;(s) By using partial fraction method
1
y1(s) = (s2 +2s+2)(s2 +2s+5)
As+B Cs+D
...... )

=52+25+2+52+25+5
Multiplying both sides by (s? + 2s + 2)(s? + 2s + 5)
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1 = (As+B)(s®?+2s+5) + (Cs + D)(s? + 25 + 2)
1 = As® + 2As? + 5As + Bs? + 2Bs + 5B + Cs® + 2Cs? + 2Cs
+ Ds? + 2Ds + 2D
1= (A+C)s?+ (2A+ B+ 2C + D)s? + (5A + 2B + 2C + 2D)s

+ (5B + 2D)
Equating coefficient on both sides
Coeffient of s> >A+C =0 ... (3)
Coeffient of s2 > 2A+B+2C+D=0 ... (4)
Coeffientof s > 5A+2B+2C+2D=0  .... (5)
Constantterm-> 5B +2b =1 ... (6)
Equation (4) x 2 4A+2B+4C+2D =0
Equation (5) SA+2B+2C+2D =0
Substrating - = - =
—A+2C =0 ... (7)
Equation 3) A+ C =0
Equation (7) —A +2C=0
Adding 3 =0 . C=0
Equation (3) > A = 0
Equation (5) > 2B+ 2D =0~ ... (8)
Now
Equation (6) 5B+2D =1
Equation (8) © 2B+2D =0
Subtrating. — - —
3B =1 B = 3

1 5 3-5
Equation (6) > 5(—) +2D=1, 2D=1—-=-=——;

3 3 3

— 2 . —_ _1
2D = -3 D= 3

1 1
0 +3 06 +(-3)
s24+2s+2  sZ42s+5

Equation (2) 2 y;(s) =

Equation(1) 2> y(s)
_ 1 1 1 1 4 1
" 3s242s4+2 3s24+2s+5 s2+4+2s+5
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e 12 1
Y = 32+ 2s+2 352+ 25+5
1 1 2 1

1 L2
YO = 3G 2 T3 G 22

TakingI. L. T. on both sides,

S 1 1 2 1
R AT
be =3 GrDZ+18 3" G+1)2+22
1 2 sin2t
P Lot
y(t) 3 e tsint+ 3 e 5
1
y () = 3 e '(sint + sin 2t)

Example 146: Solve (D2 + nz)x = asin(nt + «), given
x(0) = x'(0) = 0 using L.T.
Solution: Given D.E.can be writtenas: D?x + n’x
= asin(nt + «)
Taking L. T. on both sides.
L{D?x} + n? L {x} = a L{sin(nt+x)}
s? X(_s) —sx(0) —x'(0) + n? @
= a L{sin ntcos « + cos ntsin «}
« (s? +12) x(s) = a[cos x L{sinnt} + sin « L{cosnt}]
n S
= acos X sz-l-—r12+ asin « Tz
—_ n . S
~ X(s) = acos x m + asin x m
Takingl. L. T. on both sides,

L1 {@} =ancos « L1 {ﬁ}

=~ Solve it by Convolution theorem

1 {@} o cos o f sinn(t — u) sinn(u) du

n n

S
; -1
+asin « L {m}

0
t

+ asin ocfcosn(t—u)
0

sinnu

u
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t
1
x(t) = an cos « Ff sin (nt — nu) sin(nu) du
0

t

1
+ asin « Hf cos (nt — nu) sin(nu) du
0

 sinA.sinB = - [cos(A + B) — cos(A — B)];

cos A.sinB = = [sin(A + B) — sin(A — B)]

f—_-/\—_\

N| -

t

a -1

-« x(t) = - Cos & f - [cos (nt — nu + nu) — cos (nt — nu— nu)] du
0

t
a 1
+ - sin « fz [sin(nt — nu + nu) — sin(nt — nu — nu)] du

0
t
—a
= Ecos x f[cos nt — cos(nt — 2nu)]du +
0

t
a
> sin « f[sin nt — sin(nt— 2nu)]du
0

— COS & {[cos nt(u) —

sin(nt — 2nu) ¢
2n —2n 0

+ =sin {[sin nt(u) — (= cos(nt — 2nu))] }
" —2n o

—a 1 . sinnt
= —(0s X {t cosnt + —sin(nt — 2nt) — }
2n 2n 2n
a ) 1 cos nt
+ — sin x {tsm nt — —cos(nt — 2nt) + }
2n 2n
—a 1 sinnt
= — C0S X [tcosnt——smnt— ]
2n n 2n
a | ) 1 cosnt
+ —sin X [tsmnt——cosnt+ ]
2n 2n n
—a 1 a .
= —cCoS X [t cos nt — —sin nt] + —sin « (tsinnt)
2n n 2n
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acos «
= (sin nt — nt cos nt) +

oz t sin nt

d?x
Example 147: Solve : — + 9x = cos 2t,if x(0) =1,

dt?
11
X(z) =-1
. ) d?x
Solution: Given, © +9x=cos2t ... (D
i
x(0) = 1, x(z) =1

But x (0) is not given. Let x'(0) =a
Now, Taking L. T. both sides of equn(1)

d?x B
L {W} + 9 L{x} = L {cos 2t}

52 x(s) — s x(0) —x'(0) + 9x(s) = ﬁ

— S
2 (24 9x(s) = 55— +s+a

sc+4
—_ S S a
- x(9) = (sz+4)(sz+9)+sz+9+sz+9 """ @
—_— S
Take x;(s) = CEYEET))
By partial fraction,
S As+B Cs+D
(52+4)(52+9):Sz+4+52+9 """ 3)

Multiplying both sides by (s + 4)(s? + 9)

s = (As+B)(s>+9) + (Cs+D)(s? +4)

s = As® +9As + Bs? + 9B + Cs® + 4Cs + Ds? + 4D

s = (A+C)s® + (B+ D)s? + (9A + 4C)s + (9B + 4D)
Equating coeffient on both sides.
Coeffientof s >A +C=0 ... (4)
Coeffientof s?>B +D =0 ... (5)
Coeffientof s »9A+4C =1 ... (6)
Coeffientterm > 9B+4D =0 ... (7)

Now,
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Equation (4) x4  4A +4C =0

Equation (6) 9A +4C =1

Subtrating - - —

5A =—1 A—1
B 5

Now, equation (4) > C = _?

Equation (5) x4 4B + 4D = 0
Equation (7) 9B +4D =0
Subtrating —— —
—5B=0 B=0
Equation (5) > D=0
s %s +0 —%s +0

Equation (3) 2

(s2+4)(s2+9) T s2+4 1 sz +9
Equation (2) 2

ﬂ_1 S 1 s + S L a
M = 5244 55249 's249 752409
— 1 s 4 s a
x(s) = =

552+4 55219 52409
Takingl. L. T. on both sides

— 1 S 4 S 1
-1 g | - ~1
L {X(S)}_ 5 L {sz+22}+5 L {SZ+32}+alL {sz+32}
_ 1 , 4 3t 4+ sin 3t
= geos £ Cos a—
1 5
x(t) = = (cos 2t +4cos3t+ §a sin 3t) ...... (8)

Now, given x(g) =-1, att :g

Equation (8) > (“) 1( 2™y 4cos3 T '3“)
uation X|—]= —|COS4L— COS o — —asinos—
d 2/ 5 2 273 2
1 5
1 == [-1440) +2a(-1
5( +4(0) + 2 ))
{“ ) T[_l ) 37[_ 1 - _1 311_0
. Slnz— , SInN 2 = COSTt = , COS 2 =
1_—1 a a 1_|_1 a_4 _43 _12
5 3° 3 ' 37§ @Tye AT
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5 12
~ Equation (8) > x(t) = (cos 2t + 4 cos3t + 3T sin 3t)

1
x(t) = = (cos 2t + 4 cos 3t + 4 sin 3t)

t

d
Example 148: Solve d_)t, + 2y +fydt = sint,
0

given y(0) = 1 using L. T.
t

d
Solution: Given, d—i,+ 2y +fydt = sint
0

Taking L. T. on both sides.

t
+2y fydt = L {sint}
0

dy
{dt}+2L{y}+ L J‘ydt =771

- — 1 —
sy(8) =y(0) + 2y() + < y(8) =
1

= oa

+2+—) = +1
(S s y(s) sz +1

s+2s+1 — 1 .
s O et
(s+1)? — 1
s Y(S)_52+1+1
— S S S
YO e+ tery VO Y ery oW

Take by partial fraction
S As+B C D

“ns) = (s2+ D(s+ 1) T2 +1 +s+1+(s+1)2

Multiplying both sides by (s? + 1)(s + 1)?
s= (As+B)s+1)?+C(s? +1)(s+1)+D(s®> +1)
s= (As+B)(s?+2s+1)+C(s®+s?+s+1)+Ds>?+D
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s= As3 +2As? + As+Bs?2 +2Bs+ B+ Cs3 + Cs2 + Cs+ C

+Ds?+D
s =(A+Cs*+(2A+B+C+D)s?2+(A+2B+C)s
+(B+C+D)
Equating coefficient on both sides.
Coefficientofs*> A+C=0 ... (3)
Coefficientofs> > 2A+B+C+D=0 ... (4)
Coefficientof s > A+2B+C=1 ... (5)
Constantterm ->B+C+D=0 ... (6)
Now,
Equation (3) 2 A+ C = 0 put in equation (5)
1
Equation (5) > 2B =1, B = 2
Equation (6) 2 B+ C+ D = 0 put in equation (4)
Equation (4) >2A =0, A =0
Put A = 0inequation(3), C = 0
1 1 1
Put B=§, C =0,in equn (6) 3 +0+4+ D = 0; D=—§
1 -1
. Equation(2) > { 97,0 Z
~ Bquation (s2+1)(s+1)?  s2+1  s+1  (s+1)2
1 1
. IR 2 2 S
Equation(1) - = -
quation() 2= y() =7 T ~Gr 0z T i)
1
- 1 1 S — 7
y(s) = 2s2+1 (s+1)2
Now, TakingI. L. T. on both sides
1
W 1 s—5
L—l — _ L—l{ } L—l 2
{Y(s)} > ot Griz
(3 L t+ L1 (S+1)_%
A (s + 1)?
1 — E
= — sint+ e tL7! > 2
S
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3
1 S 2
= —sint+e 'L —-%&
2sm e Z 732

- ot v [
= 25111 e S B SZ

—1't+ —t[l t]
—25111 e

3
y(t) = —sint + et — > tet

Example 149: Solve ty"” + 2y’ +ty = cost given that y(0)
=1, y (0) =0.
Solution: Given, ty +2y +ty=cost
Taking L. T. on both sides,
L{ty"}+ 2 L{y'} + L{t y} = L{cos t}

(f snn @]

- 5[50 = 550~y )] +2[555 -5 0)] + (-5 76)
S
g

[w. k.t L{t" (O} = (—1)

S
s24+1
S
s2+1
52 5 — 25 YO 4 2556 ~ 1§ = e +1

S
11

d ,— d d _ d—
Q2 — — -2 —— =
%S s“ y(s) +dss+dSO+25 y(s) — 2 dSy(s)

d— — — dy—=
_[Szgy(s) +y(s) ZS] +1+0+2sy(s) —2 —d—Zy(s) =

(1) Y = |

—s 1
s2+1)2 s?2+1
TakingI. L. T. on both sides

) - 1 T )

=‘”%§$ﬁﬂ‘”%?§ﬂ

d —
wye) = (
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1 ) ) 1 S 1
—ty(t) = — —= tsint—sint { L {—} = —t.sinat

2(1) 2a

: (t)—l't+1't
-y —251n tSlI'l

(s? + a%)?

1 2
Or y(t) = Esmt(l +I)

Example 150: Solve Using L.T. y + 4y = f(t), y(0) =0,
y(0)=1

Where, f(t)={1’ 0<t<1

0, t>1
Solution: Given, y'+4y = f(t) ... D

Where, f(t) = {é 0 <tt><11

It can be express in unit step functions:

f(t) = Lu(t) —u(t—1)]
Equation(1) 2 y”" + 4y =u(t) —u(t=1)
Taking L. T. on both sides,

L{y"} + 4L{y} = L{u(®} - L{u(t=w)}
Given, y(0) =0, y'(0) =1

s’y —sy(0) —y'(0) +4y = % v, e‘ﬁ

1 e

25 S —
—1 +45= - —
s’y Vi s

(2 +Hy= =1
s s
1 e s 1 1
s(s2+4) s(s? +4)+ 2+4
Now, By partial fraction
1 A Bs+C
s(s2+4) s + s2+4
Multiplying both sides by s(s? + 4)
1 =A(s?+4)+ (Bs+0)(s)
1 =As?+4A+ Bs?+Cs
1 =(A+B)s?+Cs+4A
Equating coefficient on both sides,

y:

Let 'y, =
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Coefficientof s2>A+B =0
Coefficientof s > C = 0

1 -1
Constantterm > 4A=1;A=-—,
4 4
—%s+0
+—
s?+4
Now, By partial fraction,
Let yp = o —es 1 —es
V2Tt ra ¢ sGEya N
% —%s +0
eS|+ ——r
s s?+4

Z I NN

Equation (3) 2 y; =

—S

%e — Zse_S
y2 = S + ) s (5)
Now, Using equation (4) & (5) equation (2) becomes -
1 -1 1
= —~ + +
s s2+4+4 s sz +4 sz +4

Equation (2) > y=

Takingl. L. T. on both sides,

—S

1 1 1 S 1 e 1 se”S
o= )3 )b e g
=712 {sz n 22} 4 STt sTrz

o
+ s2 422
1 1 1 1
y(t) = 2 —ZCOSZt—Z u(t—1)+Zc052(t—1) u(t—1)
sin 2t
2
1 cos2t sin2t u(t—1 cos2(t—1Du(t—1
o L_gos2t sin2t_u(t-1)  cos2(t- Dult-1)
4 4 2 4 4

16 Simultaneous L.D.E. with constant coefficient by L. T.

Let x and y be dependend variable occurring in the simultaneous
system and ‘t’ independent variable.
Steps:

, dx dy
1) Given the D.E. Ex. T ax + by and i cx +dy
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Or Ex. D?x + Dy +ay =0 and D%y +Dx +by =0
2) TakeL.T.of given D. E.
3) Using initial conditions, we get two simultaneous equation in X & ¥y
4) Solve these equation simultaneously we get X & §
5) Takel.L.T.of X & y we get solution x(t) & y(t)

16.i Examples on Simultaneous L. D. E. with constant
coefficient by L. T

Example 151: Solve g =2x— 3y ﬂ =y— 2x
dt Todt
using L. T. being given x(0) = 8, y(0) =3
Solution: Given % =2x—3y; y = y— 2x
’ dt Todt
Taking L. T. on both sides,
dx
L{a} = 2 L{x} - 3L{y}
L{%} - L{y} - 2L{x}
sx— x(0) = 2x—3y sy—y(0) =y —2%
SX— 8=2%— 3y sy—3=y— 2%
(s=2)X+3y=8 ... (1) 2+ (s—1Dy=3 ... (2)
Now,
Equation (1) X (s—1) (s—1)(s—2)x+3(s—1)y=8(s—1)
Equation (2) X 3 6X +3(s—1)y=9
Subtrating - - —
[—1)(s—2)—6]X =85s—8-9
~(s?=3s+2-6)%X = 85— 17
_.8s=17 85-17
X T2 3s—4 (s+1D(s—4)
_ , _ 8s — 17 5 3
~ By partial fraction, X = GTDG-D =71 + )

Takinginverse L. T. on both sides.

L1(®) = 5Lt {S%% 3L‘1{Si4}

x(t) = x = 5et+ 3ett
Now,
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Equation(1) x 2

2(s—2)X + 6y

=16

Equation(2) X (s—2) 2(s—-2)X +(s—1)(s—2)y=(s—2)3

Subtrating —

[6— (s?—3s+2)]y =16 —3s +6

(6—s?2+3s—2)y=22-3s
(—s®+3s+4)y =22 —3s
(s2—35s—4)y=—-22 +3s

_ 3s-22  3s—22
Y= 3s—4  G+Dis—4
3s — 22

5

[6— (s—1)(s—2)]y = 16 —3(s—2)

(-2)

By partial fraction, y

Taking Inverse L. T. on both sides.

Ly} =5L" {H%} —-2L {

y(t) =y = 5et—2e#t

~x=5et'+ 3et and y =5et-

s—4

2e4-t

T G+DG-4) =5t1 s—a

Example 152: Solve the simultaneous equations

dx
dt dt
when t=0
. . dy
Solution: Given, s +2x+y =0,
Taking L. T. on both sides
dy
L {— 2 } = L{0
it +2x+y {0}
d
L {d—’t'} +2L{x} + Ly} = 0

sy—y(0)+2x+y=0

Given, x=0, y=0 when t=0 ;

(s+Dy+2x=0 ... D
1

-2y + (s + 5)X =7 - 2

1|
1|

dx
dt

dx
dt
dx
dt

sXx—x(0) +5x— 2y =

~ x(0) =0,

} 4 5L{x} — 2L{y} =

d
+5x—-2y=t, —y+2x+y=0beinggivenx=y =0
+5x—2y =t

+ 5x — Zy} = L{t}

1

g2
1
g2

y(0) =0
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Equation (1) x 2 2(s+ 1)y +4x =0
s+1
Equation (2) X (s+1) —2(s+ 1y +(s+1D(s+5)x= 2
Adding
s+1
[4+(+1D(E+5)]x = 32
) _ s+1
(4+s°+6s+5x = 7
) _s+1
(s“+6s+9)x = )
L s+ 1 s+ 1
TX= s2(s2+6s+9)  s2(s+3)2
By partial fraction,
s+1 A B C D
X = =—+— (1)

sZ(s + 3)2 _§+sz+s+3+(s+3)2 """
Multiplying both sides by s?(s + 3)?
s+ 1= As(s+ 3)2+B(s + 3)?+ Cs?(s + 3) + Ds?
s+ 1 =As(s?+6s+9)+B(s%2+ 6s+9) + Cs3+3Cs2+Ds?
s+ 1= As3+6As?>+9As + Bs>+6Bs + 9B + Cs3+3Cs?+Ds?
s+1= (A+C)s3+(6A +B+ 3C+D)s? + (9A + 6B)s + 9B
Equating coefficient on both sides,
Coefficientofs® > A+ C=0_~ ... 3

Coefficient of s> 6A +B+3C+D=0 ... (4)
Coefficientof s 2 9A+6B =1 ... (5)
Constantterm-> 98 =1 ... (6)
B 1
9
Equati (5)99A+61—1 9A =1 2 _1 9A—1
quation 9= = 3 T3 =37
A 1
27
Equation (3) > c= 1
quation =57
Equati (4)961+1+3<_1)+D—0 2, 1 1.y
quation 277 9 27 Y 97979
0 p=_2
=0 = 5
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12
n 27 9
s2 s+3 (s+3)2

1 1
Now, equation (i) > X = 25_7 + %

Takinginverse L. T. on both sides,

- fed v

27 9 27 s+ 3
2 1
-5 o597
9 (s+3)2
1 1 1
= — y_ a3t _ -3t
X 27 + 9 t 27 e 9 te
Now,
Substituting the value of X in equation (2)
(s+1) 1
_2_ —_—
y-i_(s-i_5)52(5+3)2 s?
9o = 1 (s+1D(+5) _(s+3)2—(s+1)(s+5)
Y= s2(s +3)2 sZ(s + 3)2
_ s?+6s+9—s?>—6s—5
B —2s2(s + 3)2
_ 4 B -2
Y= 252(s+3)2  si(s+3)?
By partial fraction,
-2 A B C D
y=5—"-5=—"+5+—+—5 ... (ii)

sZ(s + 3)2 s +s_2+s+3+(s+3)2
Multiplying both sides by s?(s + 3)2
—2 =As(s+3)? + B(s+ 3)?+Cs?(s + 3) + Ds?
—2 = As(s?+6s +9) + B(s?+6s + 9) + Cs3+3Cs? + Ds?
—2 = As® + 6As? + 9As + Bs? + 6Bs + 9B + Cs3 + 3Cs? + Ds?
-2 =(A+C)s3+(6A + B +3C+D)s? + (9A + 6B)s + 9B
Equating coefficient on both sides,

Coefficient of s3*>A+C =0 ... (7

Coefficient of s>>6A +B+3C+D=0 ... (8)

Coefficientof s > 9A+6B =0 ... 9

Constantterm -»> 9B =-2 ... (10)
p=_2

9
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Equati (9)99A+6<_2)—0 OA—Z_0, 9A=2. A=~
quation 5) =0 3 =0 =3 A=
4
E ti 7)> C=— —
quation (7) 7
Equation (8) > 6. <_2) 3(_4) D=0
quation .27+ 9 + 27 +D=0;
8z fip=0 D=2
9 9 9 T 9
4 2 4 2
. . -_ 2 9, 27 )
Now, Equation (ii) > y= T+s_2+s+3 G+ 3)2

Takinginverse L. T. on both sides,

- B2 - e e B )

4 2 4 2
—_—_— = a3t _ -3t
Y=27 9t 37¢ ~gte
o1 +t e 3t 2te 3t d 4 2t 4e73t 2te 3t
" XT27 797 27 9 M Y =577 9727 9
dx d
Example 153: Solve using L.T. at - y = et, d_}t’ +Xx =sint
with y(0) =0, x(0) =1
Solution: Gi dx =e'; y+—'t
olution: Given, it y =e'; it X = sin
Taking L. T. on both sides,
dx dy
el — t el _ .
L{ dt} Liy} = L{e%} L{ dt}+ L{x} = L{sint}
% —%(0) = = — 7 —y(0) +X = ——
XN ¥ =51 Y=Y Tt
o I |
sx—y—s_1+1 SY+X_SZ+1
o 14+s—-1 _ _ 1
SX—y = — X+sy=52_|_1
o S B _ 1
SX—y =7 e (D x+sy—sz_}_1 ...... (2)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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Equation (1) Xs s“X — sy =

Equation (2) X + sy =
Adding

s—1+sz+1

X= (s—1(s%2+1) + (s2+1D)2%2 T

SZ

(s—=1D(s%2+1)
By partial fraction,
_ s? A Bs+C
MTGoDE D s—1sEr1
Multiplying both sides by (s — 1)(s? + 1)
2= A +1D)+Bs+0(G—-1)
s?= As?’+A+Bs?—Bs+Cs—C
s2=(A+B)s?+(-B+0C)s+(A-0)
Equating coefficient on both sides.
Coefficientof s> A +B=1 ... (5)
Coefficientof s > —B+C = 0
Constantterms » A-C=0 ... (7
Equation (5) 2 B+C=1 ... (8)
Adding equation (6) & (8) —B +C +B+C =0+ 1;

20=1; C=

Let §1 =

©n
Il

ey

2
A—1 B—1
2 S 2
1 1 1
z .2°%2
s—1 sz2+1
1 1 1
z 2%%3 1
s—1 s?2+1  (s®+1)?
Takinginverse L. T. on both sides,

1 19y 1 s 1 1 1
- g
L ey {52+1}+2 ) e (e Ay

Equation (4) 2 X3

Equation 3) > X =
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2 2
[W.k.t. L_l{

1 1 1 1

X = —et +—cost+551nt+5 (sint— tcost)
1 1 _

T = 7 (mat- atoosa

1
x= 3 [e' + cost + sint + sint — tcos t]

1
— [et + cost + 2 sint — tcos t]

X =
2
Now, Substitute X from equation(3) to equation(2)
) _ 1 s2 1
Bquation (2) 2 $Y= 1 " 6D A D (&2 71)2
B 1 S 1
y= sGs2+1) (—-1D(G2+1) s(s? +1)2
s2+1-1 S
TsEE+1)?2 G-D(Z+1)
_ s s
YT -DEPFD o T )
s
Take V1 = oD+ D
. ) _ A Bs + C
By partial fraction, WL g + 211 (10)

Multiplying both sides by (s —1)(s? + 1)

s=AG*+1D)+Bs+0(G—-1)

s = As’+A+Bs?—Bs+Cs—C

s =(A+B)s?2+(-B+0s+(A-0)
Equating coefficient on both sides,
Coefficientof s>> A +B =0
Coefficientof s > —-B+C=1 ... (12)
Constantterm > A-C =0
Equation (11) > C +B=0
Adding equation (12) and (14) —B+C +C+B =140

20=1, C=2; A=, B=-1
’ 2’ 2’ 2
R g e
Equation (10) > y; = s—1+ 211

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com



Laplace Transform 136

1 1,1
_ ~ s 2 "2%%3
Equation (9) > ¥ = (s2+1)?% |s—1 s2+1

Takinginverse L. T. on both sides,

R S A

(s2+1)32) 2 s—1 s2+1
REY
2 s2+1
—1t't 1t+1 t 1't
y = 5 tsint =5 e'+2cost——sin
1
y =3 [t sint — e + cost — sin t]
1 .
LX = E[et+cost+25mt—tcost] and
1
y = E[tsint—et+cost—sint]

Example 154: Solve using L. T. (D2 - 3)x -4y =0,
x+ (D? + 1)y = 0, With x(0) = y(0) = y'(0) =0, x'(0) =2
Solution: Given,

(D?-3)x—4y =0 ... (D

x+D>*+y =0 ... (2)
Now, Taking L. T. on both sides of equation (1) & (2)
Equation (1) = L{D?x — 3x — 4y} = L{0}

[s2 % —sx(0) —x(0)] = [3x —x(0)] —4y =0

$?X—2-38—4y=0; (s?=-3)x—4y=2 ... (3)
Equation (2) = L{x + D%y + y} = L{0}

X+ [s?y —sy (0) —y'(0)] +§ =0

X+s’§y+y=0 ; X+(s2+Dy=0 ... (4)
Now,
Equation (3) x (s +1) (s? + 1)(s®? —=3)x —4(s®> + Dy = 2(s®* + 1)
Equation (4) x 4 43+ 4(s2+ 1Dy =0
Adding

[(s? +1)(s? —3) +4]x= 2(s> + 1)
(s* =252 -3+ 4)x=2(s*+1)
(s* =252+ 1Dx = 2(s?+1)
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2(s2+1) 2(s2+1) 2(s2+1)
TGP o2s2+D)  ($2-1DZ [G-DG+ D
_ 2(s2+1) 1 1
TG o1 T ernz v Note
Takinginverse L. T. on both sides,
1 1
L =1 1{(5 _ 1)2}+ L 1{(s n 1)2}
x = te' +te™t = t(e'+e7")
= 2 tcosht {et+et = 2cosht
Now,
Equation (3) (s2—=3)x — 4y =2
Equation (4) x (s? = 3) (s? =3)x + (s> + 1)(s*=3)y= 0
Substracting — — -

[-4—(s>+1D(s? =3y = 2
-4 —(s*—2s2-3)]y=2
(—4—-5s*+2s>+3)y=2
(—s*+2s2-1Dy=2
(s* =252 +1)y=-2
(s* =1’y =-2
B 2 2

Y =6T-1)?2 " [G-DG+ D

By partial fraction
_ -2 A B C D
Y S G212 s—1 G-1? s+l Gr1y
Multiplying both sides by (s — 1)?(s + 1)?
=2 =AG—-DGE+D2+B(s+1D2+C(s—D?*(s+1) +
D(s—1)% ... (6)

Put s = 1in equation(6), —2 = B(1+1)?>; —-2=4B; B= _71

..(5)

Put s = —1 in equation(6), —2 =D(-1-1)%; -2 =4D;

D=—
2

Put s =0andputB=D = 7in equation(6)

—2 = A(-D@)? + (_71) (1)? + C(—D2(1) + (_71) (-1)?

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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2 =-A 1+C ! 1 =-A+C
- 2 2; - )
-A+C=-1 ... (7)

-1
Put s = 2; B=D = - in equation (6)

2 = AR + (71) (3)2 + C(12(3) + (71) (1)2
9 1
-2 = 9A—E +3C—E
—2=9A +3C-5; 9A + 3C =3;
3A+C=1 ... (8)
Now,
Equation (7) —-A+C=-1
Equation (8) 3A+C=1
Subtracting - = —
—4A = =2
2 1 1
A=g=7:A4=3
. 1 _ _ 3 _ -1 _—1
Equatlon(8)93.§+C—1,C—1—5——, C_T
1 _1 _1 _1
2 2 2 2

» Equation (5) > § = + + *
quation (5) y s—1 (s—1)2 s+1 (s+1)?

Takinginverse L. T. on both sides
1 1 1 1 1 1
-3 e e )
W=yl oz ooy T2t G

S e
2 s+ 1)?

1 1 1 1
y=3 et ~3 tet—z e_t—z te™t
1 1
=3 [e' —tet —e Tt —tet] = 3 [e' — et —t(e' +e™")]

=3 [2sinht—t2cos ht]

y =sinht—tcosht
~ X =2tcosht and y =sinht—tcosht
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Exercise
1: Find the Laplace transforms of

(4, 0<t<1 ¢ cos 2t — cos 3t ] }

DL{fO)} = {3, o1 7)L{2 +—— " 4 tsint
i T > /3 T V2tginhtsint

2) f(x) ={ sin(x—3), x>mu/ 8)LU dt}

0, x<m/3 0

t2, 0<t<?2 P
D) =1t—-1,2<t<3 9)Lft Esin*t dt

7, t>3 0

1
— : —t .

4) If L[f(t)] e ,find L[e™*f(2t)]  10) Prove that:
(sintsin 5t) . ¢ e~2tsinht 1
5)L{—} (i) L f—dt =—log3

t t 2
o
6Leat—cosbt ()Lfe smtdt_l1 .
) t 1 t ~ 38
2: Find the Inverse Laplace transforms of
1L‘1{ 2s—5 +4s—18} 4)L‘1{1 [ s+1 ]}
) 452425 9 -—5s2 o8 (s+2)(s+3)
~1 S } B s2+1
2)L {(Zs —1D@Bs=1) 5L {log m}

(s=7)(s* —5s+6)
3: Using Convolution theorem evaluate

3)L-1{ s* — 105 Q3 } 6) L~ {cot™1(s)}

L {(52 + 4s + 13)2} HL {sz(s -1|- 1) 2}
1
L {(s T a)l(s T b)} L {(s DG+ 2)2}
— 1
3L {53 (s2 + 1)}

4: Solve the following Differential equations by Laplace
transform method

1) (D? = 1x =acosht, x(0) =x'(0) =0

2) (D? — 3D + 2)y = 4e?* withy(0) = -3, y(0) =5

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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d? d d
3) dtZ+2dy 3y = sinit}, y—d—ZZO whent=10

4)y" +2y +5y=5y=5(t—-2), y(0)=0, y(0)=0

By dy _dy
7 < Yy — t2a2t
S)dt?’ 3dt2+3dt =t e,
dy  d?
wheny = 1,2 =0,— = —2att =0

5: Solve the following Simultaneous equations by using
Laplace transforms

dx . dy .
1) a+y= sint,——+x=cost, giventhatx=2andy =10

dt
whent=0
dx dy dx dy .
2)3a+a+ 2X = 1.a+4a+3y:0; givenx =0,y =0
whent =0

3)(D-2)x— (D + Dy =6e3; (2D - 3)x + (D — 3)y = 6e3t
givenx=3, y=0, whent=20

Answers
_Ts
Lo e
"T's s 's2+1
2 e—ZS e—3s
3. — +
s3 s3(2+3s+3s%) s2(5s—1)
—zﬂ S 5 1 1 2 2
4, 3 .= + 36 + 16
© G-DE-25+5) 7 108{(s” +36)(s” + 16)}
61l s? + b? ; 1 N 2s +11 s?+9
298 (s —a)? ‘s—log2 (s +1)2 2 %\s21a
s 8(s+1
g & 5 ( )
8 s(s?2 +2s+17)
1<c055t sin5t) 4 cosh 3t + 6 sinh 3t
5\ 5 cos sin
t t 3 2
2.3eZ + 2e3 3. 2e3t —geZt —§e7t

2 sint
4.e7t — g2t — 73t 5. < (et —cost) 6. —
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e 2t e~bt _ g—at 2
3: 1. 2 (sin3t — 3tcos 3t) Z.ﬁ 3.E+cost—1
1

4.t(et+1)+2(et—-1)

5.
16(e2t — e—2t — 4te—2t)
at
4: 1.X = 5sinht 2.Y = 4e*'(1+1t) — 7et

1 1 1
3_y=§et—Ee—3t—1—O(Zsint+cost)
hy= 2212 s ot Letsin2t
y= = ce ' cos g€ 'sin

5.y = et(x? — 6x + 12) — e'(15x? + 7x + 11)

2 2
5:1.x=e'+e,y=e"t—e' +sint 3. x=2+%,y=—1—%
2.x = (5 —2e7" — 3e%/11) y = < (e7* — S/1T)

3.x = e%(1 + 2t) + 2e3, y =sinht+ cosht— e 3t — te'

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com



APPENDIX
USEFUL FORMULAE

I. ALGEBRA

[A] Product Formula: Fundamental Identities

(a+b)? = a%?+2ab+b?= (a—b)? + 4ab

(a—b)?2 =a%? —2ab+b? = (a+b)? —4ab

(a+b)®> =a%+3a%b+3ab? +b3> =a3+b3+ 3ab(a+b)

(a—b)®> =a%—3a’b+3ab? —b3> =a3-b3- 3ab(a—h)

(@a+b+c)? = a? +b? + c? + 2ab + 2ac + 2bc

(a—b+c)? = a? +b? + ¢? — 2ab + 2ac — 2bc

(a+b—0c)? = a® +b? + c? + 2ab — 2ac — 2bc

(a—b—0c)? = a® +b? + c? — 2ab — 2ac + 2bc

(@a+b+c)®=a®>+b3+c®+3ab(a+b) + 3ac(c+a)+

3bc(b + ¢) + 6abc

10. (a+b+c+d)? = a% + b? + c? + d? + 2ab + 2ac + 2ad +
2bc + 2bd + 2cd

11. x4+ a)(x+b) =x*+ (a+b)x+ab

12. x+a)E+b)E+c0)=x3+@+b+0)x*+(@ab+bc+ac)x+

abc

L 0N oUW N

[B] Binomial Formula:

Note: "Co= "C, =1, "C;=n, 1! = 1, 0! = 1

(@a+b)"=a"+na"'b+ —n(nZ’—l) a" 2 b? + —n(n_13),(n_2) a" 3 b3+
ot bP ' '

[C] Laws of Indices:
[I] Powers: Bases (positive real numbers) a, b and powers(rational

numbers): n, m.

1. ama® = amtn a\™ _ am
qm 4. (b) T pm
2. a_“= am 5. (@m)" = gm=®

3. (@axb)™ =a™ x p™ 6.a%° =1

7. al

I
v
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8. 2% = 10. a™ = =
m
1 1 a
9 a_°° = 7 = —_—= 0
a oo

[II] Roots: Bases a,b and Power (rational numbers): n,m,
where a,b = 0

1 Va= a? 4. (Va)" = Va®
2.“\/__1 5.m%:mn\/a
m 6. Va. Vb = Va.b

3. Vam = (am)n —an

[D] Rules of logarithm:

Positive numbers: x,y, a, ¢, k and Natural number : n

1. log, (x") = nlog,x
2. log,(xy) =log,x + log,y
3. log, (3) = log,x — log.y
4. log,a =1
5. a8 = x
6. log,1 =0
_(—oo if a>1
7 loga0_{+oo ifa<1
Common logarithm to base 10:
1
logiox = logx; logx—mlnx—043429 In x

1
Natural logarithm to base e: Inx = @logx = 2.30258logx

2 3
e =1+x+ ’;—,+%+

..... (x log a)? (xlog a)3
3!

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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2 x4t ¢
4) cos X =1_E+Z_a+'"
3 5 7
. x> x> X
5) sinhx _X+?+§+ﬁ+'"
XZ X4 X6
6) cosh x =1+Z+Z+E+"'
7 tan-! x3+x5 x7+
an 'x= X— —+———+ -
3 5 7

7

3 5
8)tanh_1x=x+%+%+"7+...

III. TRIGONOMETRIC FORMULAE
[A] Relationship among trigonometric functions

sin A

1 1 T —
1 oo = cosec A 4) i cosiiA 7) A tan A
— i L _ by cos A
2) cosec A = sin A 5) tan A - COtA 8) sin A - COtA
1 i L tani
3) — = sectA 6) e taniA

[B] The circular function formulae by Euler s method

' eix _ e—ix i(eix + e—ix)
l.sinx = —(—— 4.cotx = ——
2i ex —e ™
eix + e—ix 5 _ 2
2.cosx = B a— S
el — e 6.cosecXx = —a_
3.tanx = P r——— eiX _g—ix
i(eX 4+ e X)

[C] Trigonometric Ratios of Allied Angles:

(1) sin(m— 6) =sin® cOS (% - 9) = sin 0
cos(m— 0) = —cos O .

(2)sin(m + 8) = —sin® (5) sin (5 + 9) = cos®
cos(t + 8) = —cos® cos(%+9) = —sin®

(3)sin(=6) = —sin @ (6) sin(2m—0) = —sin 0
cos(—0) = cos 0 cos(2m— 0) = cosO

(7) sin(2m + 6) = sin©

. T _
(4) sin (2 6) = cos® cos(2m + B) = cos 0
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[D] Addition and Subtraction Or Sum Difference Formulae:
1) sin(x +y) = sinx.cosy + cos X.siny

2) sin(x —y) = sinX.cosy — cos x.siny

3) cos(x+y) = cosx.cosy —sinx.siny

4) cos(x —y) = cosx.cosy + sinx.siny

cotx.coty — 1

5) cot(x +y) = coty + cotx

cotx.coty + 1

6) cot(x —y) = coty — cotx
tanx + tany
Nwan(x+y) = T K tany

tanx — tany
8) tan(x—y) =

1 + tanx.tany

[E] Fundamental OR Pythagoras Identities:
1) sin?x + cos?x =1 3) 1 + cot?x

2) 1 +tan?x = sec’x = cosec’x

[F] Multiple and Sub — Multiple Angle Formulae:

i i 2tanx
1) sin2x = 2sinx.cosx = ————
1+ tan<x
2) tan2 2tanx
an2x = —————
1= tan®x
) . 5 1 — tan®x
3) cos2x = cos“X —sin“Xx = ————
1+ tan®x
= 1-— 2sin®x = 2cos’x—1

3sinx — sin 3x
4) sin3x = 3sinx —4sin3x ie. sindx = ————

4
3 i 3 3cosx + cos3x
5) cos3x = 4cos’x —3cosx i.e. cos’x = 2
6) tan3 3tanx — tan3x can®
an3x = ————— l.e. tan’x
1 — 3 tan®x

= 3tanx — tan 3x(1 — 3 tan®x)

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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[G] Factorization OR Sum — To — Product Formulas:
A— B)
2

A+B
1)sinA +sinB = 251n< > )cos(

A sinB =2 <A+B _<A—B)
2)sin sin B = 2cos > )sm >

A+B A—B
3)cosA+cosB=2cos< > )cos( > )
A B ocn (ATBY, (B=A
4.)(:05 —COSb = sm( B )sm( 2 )

[H] Defactorization OR Product — To — Sum Formulas:

1) sinx.cosy = = [sin(x +y) +sin(x — y)]

2)cosx.siny = = [sin(x + y) — sin(x — y)]

3)cosx.cosy = =[cos(x +y) + cos(x —y)]

| I
[N

4)sinx.siny = [cos(x + y) — cos(x — y)]

[I] Useful Results:

1)1 +sinx = [cosE + sinz]2
B 2

2
2
inx = X _sin®
2)1—smx-[cos2 smz]
X 2 1 + cos 2x
3)1+cosx=2cos§ i.e. cos XZT
X . 5 1 — cos 2x
4)1—cosx=251n§ i.e. sin XZT
5 tan? 1 —rcos2x
)tanx = 1 + cos 2x

[J] Properties of Inverse Trigonometric Function:
Property 1 Property 2
sin~1(sinx) =x sin(sin"1x) =x
cos 1(cosx) = x cos(cos™1x) =x
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Property 3 Property 6
cot—1 (%) — tan-1 (g) 1) sin™? i) = cosec™!x
1
a b 2) cos™t(=) = sec™!x
cosec™! (—) = sin™! (—) (X)
b a 3) tan! (l) = cot™!x
sec™! (3) = cos™! (E) )
b a 4) cot™! ;) = tan"!x
Property 4
- 5) sec™? l) = cos™!x
o1 1y _ X
sin” "X+ cos” "X = E 1
T 6) cosec™! (—) = sin7'x
tan"'x + cot™lx = > X
T
sec”!x+ cosec™!x = 2
Property 5
X+y
1) tan"!x+tan"ly =t —1[ ]'f <1
) tan" " x4+ tan" 'y =tan T—xy if xy
2) tan"'x—tan"ly =tan~! [X — y] ifxy >~—1
1 +xy

IV. HYPERBOLIC FORMULAE

A] The hyperbolic function formulae by Euler’s method

] e —e™X e +e*
1.sinhx = 5 2.coshx = —

] Addition and Subtraction Or Sum — Difference Formulae:
. sinh(x 4+ y) = sinhx.coshy + coshx.sinhy

[B

1

2. sinh(x —y) = sinhx.coshy — coshx.sinhy
3. cosh(x +y) = coshx.coshy + sinhx.sinhy
4

. cosh(x —y) = coshx.coshy —sinhx.sinhy

[C] Fundamental OR Pythagoras Identities:
1. cosh? x — sinh? x = 1
2. 1 —tanh? x = sech? x

3. coth? x — 1 = cosech? x

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
We provide Question Bank Solutions and PYQ Solns from 1992-2020. Checkout SuccessClap.com
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[D] Multiple and Sub — Multiple Angle Formulae:

1. sinh2x = 2sinhx.coshx
2. cosh2x = cosh®x + sinh?x = 2cosh?x—1 = 1+ 2sinh?x
3 tanh 2x = 2 tan hx
A X anh?x
. ) ) ) ) sinh 3x —3sinhx
4, sinh3x = 3sinhx + 4 sinh3x i.e. sinh3x = 2
3 ] 3 cosh 3x + 3coshx
5. cosh3x = 4cosh°x — 3 coshx i.e. cosh’°x = 2

[E] Defactorization OR Product — To — Sum Formulas:
sinhx.coshy = % [sinh(x + y) + sinhifk — y)]

=

2. coshx.sinhy = % [sinh(x +y) — sinh(x — y)]
3. coshx.coshy = % [cosh(x +y) + cosh(x —y)]
4. sinhx.sinhy = %[cosh(x + y) — coshifk — y)]

[F] Factorization OR Sum — To — Product Formulas:
sinh A 4+ sinh B = 2 sinh A+B) co ( )

120) o (15)
1), con (1)
129) o (15)

=

2. sinhA — sinhB = 2cosh

A/—\/—\

3. cosh A + coshB = 2 cosh

4. coshA — coshB = 2sinh

N

[G] Useful Results:
1+ sinhx = [cosh® + 'hi]2
sinhx = |cosh> + sinh_

=

2
. _ X .3 X
2. 1 —sinhx = [cosh2 sinh 2]

X ) cosh2x + 1
3. 14 coshx = 2cosh“ = i.e. cosh“x = —
X ) ) cosh2x —1
4. coshx—1 = 2sin > i.e. sinh“x = —
) 1 — cos 2x
5. tan“x =

1+ cos 2x
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[H] Relations between Hyperbolic Funtions

1. sinh(—x) = —sinhx 4, coth(—x) = —cothx

2. cosh (—x) = coshx 5. sech(—x) = sechx

3. tanh(—x) = —tanhx 6. cosech(— x) = — cosech x

[I] Relationship between hyperbolic and trigonometric functions
1. sin(ix) = isinh x 7. sinh(ix) = isin x

2. cos(ix) = coshx 8. cosh(ix) = cos x

3. tan(ix) = itanh x 9. tanh(ix) = itan x

4. cot(ix) = —icoth x 10. cosec(ix) = —icosech x

5. sec(ix) = sech x 11. sech(ix) = secx

6. cosec(ix) = —icosech x 12. cot(ix) = —icot x

V. DERIVATIVES AND INTEGRATION

[A] Product Rule

1 d( ) = d +

)dx SV =Y TV

5 ( )= d N d N d
)dx u.v.w —u.Vde u.wdxv V.Wqu

[B] Quotient Rule

d d
d (u) 4 Vgl T UV

dx \v v2
[C] Chain Rul du du dv
b dx  dv dx

[D] Parametric Function

dy

x = f(t), y = f(t), wheretis aparameter d_y _dt
) ) . dX %

dt

[E] Composite function

d d 1
&sm(logx) = cos(logx)& (logx) = cos(logx) 3

Practice All Qns from Question Bank and PYQs is enough to score 350+ Marks in Upsc Maths.
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[F] Integration by Parts or LIATE rule

L = Logarithmic function Ex.Log x,log (x? + 1) etc.

I = Inverse trigonometric function Ex.sin™'x,tan"x etc.

A = Algebraic function Ex.x? + 1,x + 1,x% etc

T = Trigonometric function EX. sin x, cos X, cos sec x etc.
E = Exponential function Ex. e*,a%, 5" etc.

{u.v dx = ufvdx— f[%;fvdx]dx
[ [va - af[%ufvdxldx

f u.v.dx
[G] Useful Result:

a

1. fex [f(x) + f (x)dx = e*.f(x) + ¢

2 [E® = log If

: ) X = log |f{(x) |+ ¢
f n+1

3 [ 10 = o

') _

4. f\/f(_x = 2fx) + ¢

5. f ef® P(x)dx = ef® + ¢
f(x)

6. faf(x).f’(x) dx = li)ga +c

[H] CALCULUS FORMULAE [Circular Functions]

Sr. DERIVATIVES INTEGRATION
No. (ANTI — DERIVATIVES)
d
1 —k =0 fkdx =kx+c
ciix
2 —x =1 f 1dx =x+c¢
ciix

3. _ Xn+1
—X(X)rl =nx""! fx“ dx = + c
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4. d 1 1
xx % @ =gt
5. d 1 1
Sl [LgeaRe
dx 2vx Vx
6. 4 ogx) = 1 f Lax =logx+
dX(OgX)_X - x =logx+ c
d
7. &(ex) — eX fex dX =ex + c
) d a*
8 —(@*) = a* (loga) fax dx = + c
dx log a
9. d :
&(smx) = COS X cosx dx =sinx+c
d
10. &(COSX) = —sinx fsinx dX = —CoOSX+c¢C
d
1 &(tan x) = sec’x f sec’x dx = tanx + ¢
d
12. &(cotx) = — cosec?x fcoseczx dx = —cotx+c
13. d _
&(sec X) = secX.tanx secx.tanx dx = secx+ ¢
d
14. &(cosec X) f cosec X.cotxdx = — cosecx + ¢
= — cosec X.cot X
d 1 1
1. —(sin"t'x) = f dx=sin"lx+ ¢
dx V1-—x2 V1 —x?
d -1 -1
o (cos71x) = f dx=cos ' x+c¢
dx V1 — x?2 V1 —x2
17. d 1 1 — a1
&(tan X)=m f1+xz dx =tan""x+ c
18. d_ -1 f -1 .
dX(cot X) 11 T2 X =cot™'x+ ¢
9. d ., ._ 1 1 .
dx(sec x)—X = fmdx—sec X+ cC
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20. %(Cosec_l x) = ﬁ f}(\/%dx = cosec ' x+c
Zl.ftanxdx = log(secx) + ¢

Zz.fcotxdx = log(sinx) + c

23. J secxdx = log(secx + tanx) + ¢

24, J cosec xdx = log(cosec x — cotx) +

ZSIIJﬁdX = sin™! (z) +c

26.[ ! dx =10g|x+\/X27—az|+c

VxZ—a2
X = log|x+\/a2 + x2 | +c

1
27.f—d
Vva?z + x?2

1 1 (%
28faz+—X2dX =gtan (5)+C

1 1 a+ x
29.f—az_xzdx =Zlog|a_x|+c

3of ! ax =—1 |X_a|+
-Xz_azx _Zaogx+a ¢

2
31.f\/a2 —x2dx =

a X
a? —x? + —sin™! (—) + c
2 a

2
a
Vx% —a? —?log(x+\/xz—a2 )+ c

2
X a
33.f a2+X2dX=E a2+xz+7log(x+\/az+x2)+c

N X

32.f x2 —aldx =

N X

ax

34, f e*sinbxdx = 07 (asinbx — bcos bx) + ¢

e—ax

35. f e ¥ sinbxdx = 307 (—asinbx — bcos bx) + ¢
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ax
36. | e cosbxdx = ———— (acosbx + bsin bx) + ¢
f aZ + b2 ( )
e—ax
37. ] e ® cosbxdx = ——— (—acosbx + bsin bx) + ¢
f a? + b2 ( )

[I] Properties of Definite Integrals

b b
Property 1 : ff(x)dx = ff(t)dt
a a
b a a
Property 2 : ff(x)dx = — ff(x)dx ...... ff(x)dx= 0
a b a
b b b
Property 3 : f f(x)dx = f f(x) dx + f f (x) dx
a C C

b b
Property 4 : f f (x)dx f f(a+ b —x)dx
a a

a a
Property 5 : ff(x)dx = ff(a —x) dx
0 0

2a a
Property 6 : f f(x)dx = ff(Za — x)dx
0 0
Property 7:
a a
(i) f fx)dx = 2 f f (x)dx, if fis an even function,
—a 0
i.e. if f(—x) = f(x)
a
(ii) f f(x)dx= 0, if fis an odd function,
—a

ie. if f(—x) = —f(x)
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