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Real and Complex Matrices
&
Linear System of Equations

1.1 REVIEW

The student is already familier with the definition and properties of matrices. Matrix is
an inevitable tool in the study of many subjects like Physics, Mechanics, Statistics, Electronic
circuits and Computers. Here we will briefly review some definitions and properties of matrices.

Matrix Definition: A system of mn numbers (real or complex) arranged in the form
of an ordered set of m rows, each row consisting of an ordered set of » numbers between
[ JTor( )or] | is called a matrix of order or type m X n.

Each of mn numbers constituting the 7 % n matrix is called an element of the matrix.

Thus we write a matrix,

ALl Appecececennnnnd A1n
A1 A)eeevenincnnn Ay

A= e = [aii]mxn,whereISiSm,lSan
Al Qg eecevencencnd amn_mxn

In relation to a matrix, we call the numbers as scalars.
1.2 TYPES OF MATRICES

Definitions :
1.

If4= [a[.j]m «pand m = n, then 4 is called a Square matrix. A square matrix 4 of
order n x n is sometimes called as a n-rowed matrix 4 or simply a square matrix
of order n.

1 1. .
e.g. {2 5 is 2" order matrix.

. A matrix which is not a square matrix is called a Rectangular matrix.

1 -1 2
e.g. {2 3 4} is a 2 x 3 matrix.

. A matrix of order / x m is called a Row matrix.

eg [1 2 3] .,

. A matrix of order n x 1 is called a Column matrix.

1
eg |1

3x1
Row and Column matrices are also called as Row and Column vectors respectively.

LIfA4= [a;],, such that a;=1 for i =j and a;=0 for i « j, then 4 is called a Unit

matrix. It is denoted by 7 .
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100
eg I, =B ﬂ,g =010
001
6.1f4 = [al.j]m « » Such that a;= 0 V¥ i and j, then 4 is called a Zero matrix or a Null
matrix. It is denoted by O or more clearly O, , .

o _[000
eg U, 3~ 00 02X3

7. Diagonal Elements of a Square matrix and Principal Diagonal :

Definition : In a matrix 4 = [al.j]n « » the elements a . of 4 for which i =j (i.e. a,,, a,,,
....a, ) are called the diagonal elements of A. The line along which the diagonal elements
lie is called the principal diagonal of A.

8. A square matrix all of whose elements except those in leading diagonal are zero is
called Diagonal matrix. 1f d , d, ,...,d, are diagonal elements of a diagonal matrix 4, then 4
is written as 4 = diag(d,, d, ,...,d).

e.g. A=diag3,1,-2)= F)

0

S = O

0
0
-2

—

9. A diagonal matrix whose leading diagonal elements are equal is called a Scalar

matrix.

10. Equal Matrices :
Definition: Two matrices 4 = [ag'] and B = [bl.j] are said to be equal if and only if

30
eg B=10 3
00

w o o

(i) A and B are of the same type (or oder) and (i7) a; = bl.j for every i and ;.
Algebra of Matrices :
11. Addition of two matrices :

Let 4 = [al.j]m ww B= [bl.j]m « , be two matrices. The matrix C = [cl.j]m « , Where
c;=a;+ bl.j, is called the sum of the matrices 4 and B. The sum of 4 and B is denoted by
A+ B.

Thus [a,],, ., + (B, ., = [a; + by, ., and [a, + b, ., =lal, ., + B, .,
12. Difference of Two Matrices :

If 4, B are two matrices of the same type (order) then 4 + (—B) is taken as 4 — B.
13. Multiplication of a Matrix by a Scalar :

Let 4 be a matrix. The matrix obtained by multiplying every element of 4 by K, a scalar,
is called the product of 4 by K and is denoted by K4 or 4K.

Thus if 4 = [al.j]m « » then
K4 = [Kal.j] and [Kal.j]
Properties :

(i) OA = O (null matrix), (-1)4 = -4, called the negative of 4.
(i) K,(K,A)= (KK, A=K, (K ,A)where K|, K, are scalars.

m xXn an:K[aij]mxn:KA'
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(iii) KA=0=>A4=0ifK=#0.
(iv) K,4=K,4 and 4 is not a null matrix = K, = K.
14. Matrix Multiplication :

n

Let4=[a,], ., and B= [bkj]n ‘< p Then the matrix C = [cl.j]mxp where ¢; = zaikbk/ is

called the product of the matrices A and B in that order and we write C = AB.k_1

In the product AB, the matrix A is called the pre-factor and B the post-factor.

If the number of columns of 4 is equal to the number of rows in B then the matrices are
said to be conformable for multiplication in that order.

15. Positive Integral Powers of Square Matrices :

Let 4 be a square matrix. Then 4 is defined as 4.4. Now, by the Associative law,
A*A=(AA)A = A(44) = AA* so that we write

A’A = AA? = AAA = A3

Similarly we have 44™™' = 4™ 4= 4™, where m is a positive integer.

Further we have 4" 4" = 4™*" and (4™)" = 4™ where m, n are positive integers.
Note: "=1,0"= O

Theorem 1: Matrix multiplication is associative.

i.e.,if A, B, C are matrices, then (4B)C = A(BC).

Proof: Let A= [aij]m wp B= [bjk]n oS and C = [Ckl]p ‘q

Then  AB = [uy], ., where wu, = > a,;b, ()
j=1

p
Also  BC=1[v],. , where v, = kz_]l by .. (2

Now, A(BC) is an m % g matrix and (4B)C is also an m X g matrix.
Let A(BC) = [w,],, . g where w;, is the (i, /)™ element of A(BC).

j=1 j=

n n P
Then w,= Z a; v, = > [a[j { b Cle [by (2)]
k=1

Il
M~

H > a; b jk} ck,] [ -- Finite summations can be interchanged]

Jj=1

= kZ:_l Uy ¢y [From (1)]

= The (i, ) element of (4B)C
Hence, by the equality of two matrices, we have
A(BC) = (4B)C
Note : (4B)C = A(BC) = ABC
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Theorem 2: Multiplication of matrices is distributive w.r.t. addition of matrices.
ie, AB+(C)=AB+ACand (B+(C)A=BA+ CA

Note : ABB— C)=AB—-ACand (B— C)A =BA - CA

Theorem 3: If 4 is a matrix of order mxn ,then A, =1 A4 = A.

16. Trace of A Square Matrix :

n

Letd=[q,],,,- Then trace of the square matrix A4 is defined as z a; and is denoted

i=1

by ‘tr (A)".

Thus tr(4)= Zaﬁ =aj +ay +.....+a,,

i=1

Properties : If 4 and B are square matrices of order # and A is any scalar, then
@ tr(Ad)=AtrA.
(@) tr(A+B)=trd+uB
(iii) tr (4B) = tr (BA)
17. Triangular Matrix :
A square matrix all of whose elements below the leading diagonal are zero is called an
Upper Triangular matrix. A square matrix all of whose elements above the leading diagonal
are zero is called a Lower Triangular matrix.

12-3 0
04 2 1. Y .
€8 |o o —¢ 2| ISanupper triangular matrix
00 0 8
[ 70000
53000
and | -4 6 0 0 0 | is a lower triangular matrix.
2 1-850
20416

18. If 4 is a square matrix such that 42 = 4 then A4 is called Idempotent.

19. If 4 is a square matrix such that 4™ =0 where m is a positive integer, then 4 is
called ‘Nilpotent’. If m is least positive integer such that 4™ = O then 4 is called ‘Nilpotent’
of index m.

20. If A is a square matrix such that 4> = [ then 4 is called Involutory.

21. The Transpose of a Matrix :

Definition: The matrix obtained from any given matrix 4, by inter changing its rows
and columns is called the Transpose of A. It is denoted by 4’ or AT

If4= [aij]m « »» then the transpose of 4 is 4’ = [bji]n « y Where bji =ay;

Also (4')' =4
Note : If A" and B’ be the transposes of 4 and B respectively, then
) (A') =4

(ii) (4+ B) =A"+ B', A and B being of the same order.
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(iii) (KA)' = KA', K is a scalar.

(iv) (4B) =B'A’, A and B being conformable for multiplication.
Determinants :

22. Minors and Cofactors of a Square Matrix :

Let 4=[a;],., be a square matrix. When from A the elements of ith row and jth
column are deleted the determinant of (n — 1) rowed matrix M;; is called the minor of a; of
A and is denoted by |M;; |. The signed minor (-1)""/ | M;; | is called the cofactor of a; and is
denoted by Al.j.

Thus If A=|a,, a,, ay |then
31 d3p A3y

| 4| = ay [ My |—ay [My [+as M| = a4y +apdy a4
Note 1 : Determinant of the square matrix 4 can be defined as

] = ay Ay + apdy + aydys = aydy) T apdsy + agds;
or |A|=ay Ay + aydy +ay Ay = apdy Fapd, T agds,

= a3t aydy; T agdy,
Therefore, in a determinant the sum of the products of the elements of any row or
column with their corresponding co-factors is equal to the value of the determinant.
Note 2. If 4 is a square matrix of order n then |KA4| = k"|4|, where £ is a scalar.
Note 3. If 4 is a square matrix of order 7, then
|4]=]4"]

Note 4. If 4 and B be two square matrices of the same oder, then |4B| = |A|.|B]|

23. Adjoint of a square matrix : Let 4 be a square matrix of order n. The transpose
of the matrix got from A by replacing the elements of 4 by the corresponding cofactors is
called the adjoint of 4 and is denoted by adj A.

Note : For any scalar k, adj(k4) = k"' adj 4.

24. Singular and Non-Singular Matrices :

Definition : 4 square matrix 4 is said to be singular if | A|=0.If | 4|# 0, then 4 is said
to be non-singular. Thus only non-singular matrices possess inverses.

Note : If 4, B are non-singular, then AB, the product is also non-singular. Thus the
product of non-singular matrices is also non-singular.

25. Inverse of a Matrix :

Let 4 be any square matrix, then a matrix B, if exists such that AB = BA = I, then B is
called inverse of 4 and is denoted by A™!.

Note. For AB, BA to be both defined and equal, it is necessary that 4 and B are both
square matrices of same order. Thus a non-square matrix cannot have inverse.

26. Invertible :

A matrix is said to be invertible, if it posseses inverse.
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Theorem 4: Every invertible matrix Possesses a unique inverse.
(or) The inverse of a matrix if it exists is unique.
Proof: Let if possible, B and C be the inverses of A. Then

AB = BA=1 ()
and AC = CA=1 ... (2
Now B = BI=B(AC)=(BA)C=IC=C
: B =cC

Hence there is only one inverse of A, which is denoted by 4.
Note 1 : The inverse of 4 is denoted by A~!.

Thus A4 = 47'4=1

Also A'A=A4"'=TI= ") =4

— The inverse of matrix is invertible and the inverse of the inverse of the matrix is
itself.

Note 2. Since 1,1, =1,. we have I™' =1 i.e., the inverse of a unit matrix is itself.

Note 3. If 4 is an invertible matrix and if 4 = Bthen 4! = B!

Theorem 5: The necessary and sufficient condition for a square matrix to possess

inverse is that | 4| #0
Note : If | A|%0 then 4~ =|—;|(ade)

Theorem 6: If 4 is a m x n matrix and B is a n x p matrix then (4B) = B'4’.
Corollary : (ABC..2) = Z'Y"...C'B'A’
Theorem 7 : If A, B are invertible matrices of the same order, then

(i) (4B) ' = B4 (i) (') 1= (4
Proof: (i) We have
(B'A™"Y4B)=B ' (4'4)B=B'(IB)=B'B=1.

Similarly (4B) (B4 =1.
4B =B84
Note 1 : (B'4™")"' = 4B.
Note 2: (4B...Z) ' '=z"'..B'4".
(if) We have 4714 = A4 =1

A4 =44y =TI
= A'AY=ATYA =1
2 (A" = (A7) by the definition of the inverse of a matrix.
27. Cramer’s rule (Determinant Method):

The solution of the system of linear equations

ax+by+coz=d;; ax+by+c,z=d,; azx+byy+cyz=dj; is given by
x:ﬁ’ y=ﬁ and z=£(A¢O) where
A A A
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a b ¢ d b q aq d ¢ a b 4
A =la, by, o, A=|dy b, ¢, Ay=|ay, d, c,|, Ay=|a, b, d,
R dy by ¢ a; dy o a; by d

We notice that A, A, A, are the determinants obtained from A on replacing the first,
second and third columns by d’s respectively.

1.3 SYMMETRIC MATRIX

Definition: A square matrix 4 = [ay] is said to be Symmetric if a; = a; for every
iandj.

Thus : 4 is a symmetric matrix < 4 =A4" or A" = A.
1.4 SKEW-SYMMETRIC MATRIX

Definition : A square matrix 4 = [al.j] is said to be Skew - Symmetric if a;=-a; for
every i and j.

Thus : 4 is a skew —symmetric matrix < 4=-4" or A4 ' =-A.

Note : Every diagonal element of a skew-symmetric matrix is necessarily zero since

a; = —a;= a;=0.
a h g 0 a —b
e.g. |h b f|isa symmetric matrix and |-« 0 ¢ | is a skew-symmetric matrix.
gfc b — 0

(i) A is symmetric = KA is symmetric.
(i) A is skew-symmetric = KA is skew-symmetric.
1.5 ORTHOGONAL MATRIX

A square matrix 4 is said to be orthogonal if 44" = A’A = I. That is AT = 47",
Theorem 8: Every square matrix can be expressed as the sum of a symmetric and

skew-symmetric matrices in one and only way (uniquely).
OR
Show that any square matrix 4 = B + C where B is symmetric and C is skew-symmetric
matrices.

Proof: Let 4 be any square matrix. We can write
A= % U+ A+ % (4—A4")=P+ 0, say
where  P= L (4+A%and Q= % U—-A)
We have P' = {% (A+ A')} = %(A + A [+ (KA)' = KA']
1 1
=5 {A'+")} = 3 A4A+A4)=P
.. Pis a symmetric matrix.

Now 0= {% (4- A’)} = U= AY = ()

_l r_ :_l — A"y =—
S-S U-A)=-0
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- Q is a skew-symmetric matrix.
Thus Square matrix = Symmetric + Skew-Symmetric.
Hence the matrix A4 is the sum of a symmetric matrix and a skew-symmetric matrix.
To prove that the sum is unique :
If possible, let 4 = R + S be another such representation of 4 where R is a symmetric
and S is a skew-symmetric matrix.
S R'=Rand §' =-S.
NowA'=(R+S)=R'+S5 =R-Sand
1 1
E(A +4")= 5(R+S+R_S):R
1 1
5(A—A')= 5(R+S—R+S)=S
= R=Pand S=0Q.
Thus the representation is unique.

Theorem 9 : Prove that inverse of a non-singular symmetric matrix 4 is symmetric.

Proof: Since 4 is non-singular symmetric matrix,

A" exists and A= A4 (D)
Now we have to prove that 4! is symmetric.
We have (A" = (AT)y'=4" [by(1)]
Since (47")" = A, therefore, 4™ is symmetric.
Theorem 10: If 4 is a symmetric matrix, then prove that adj 4 is also symmetric.
Proof: Since 4 is symmetric, we have

AT=A4 (D)
Now we have  (adj A)" = adj AT [ adj 4" = (adj 4)']
=adj4 [by (1)]
Since (adj 4)" = adj 4, therefore, adj 4 is a symmetric matrix.
Theorem 11: If 4, B are orthogonal matrices, each of order n then AB and BA are
orthogonal matrices.

Proof: Since A and B are both orthogonal matrices,

AAT=ATA=1 .. (1) and BB"=B’B=1 ...(2)
Now (AB)T = BTAT
(4B)!(AB) = (BTAT) (4B)
— BY(ATA)B

= B'IB [by (1)]
=B'B=1 [by (2)]
.. AB is orthogonal.
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Similarly we can prove that B4 is also orthogonal.

Theorem 12: Prove that the inverse of an orthogonal matrix is orthogonal and its
transpose is also orthogonal.
Proof: Let A be an orthogonal matrix.

Then 4" a=44" =1
Consider 47 .4=1
Taking inverse on both sides, (47. 4y =77}
= A4 =1
= A4 H =1
.. 47! is orthogonal.
Again 47 4=1
Taking transpose on both sides, (47. 4)" =17
= Al (A =1
Hence 47 is orthogonal.
Note 1 : If 4 is orthogonal, then | 4 |=+1
Since AAT=ATA=1 . |A||A"] = |I]| (1)
But |47 |=|4|
~(D)= (A4l =[]or|4]7= 1] = [4P=1

SLlAl=+1
1 -2 3
Example 1 : Evaluate 4* 34+9/ where 4=| 2 3 -1| and [/ is a unit matrix.
-3 1 2
1 =2 3] 1 00
Solution: Given 4= 2 3 —l|and /={0 1 O
3 1 2] 00 1

Now A =44=] 2 3 -1|| 2 3 -1
-3 1 23 1 2

1 =2 31 =2 3]

=| 24643 —-4+9-1 6-3-2 11 4 1

[(1-4-9 —2-6+3 3+2+6 -12 -5 11
|-3+2-6 6+3+2 -9-1+4 -7 11 -6
(3 -6 9 9 0 0

34=] 6 9 -3|and 97=|0 9 0
-9 3 6 009
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-12 -5 11 36 9] [9 00
AP -34+9I=| 11 4 -l 6 9 3|+|/0 9 0

-7 11 6] |9 3 6] [0 0 9
-6 1 2
= 5 4 4}
2 8 -3

Example 2 : Express the matrix A as a sum of symmetric and skew-symmetric

3 2 6
matrix where 4=[2 7 -1

5.4 0

3 -2 6
Solution : Given A=2 7 -1

5 4 0
(3 2 5
AT =2 7 4
|6 -1 0
(3 2 6 3 25 6 0 11
Now A+4"=[2 7 -1|+|—2 7 4|=|0 14 3
5 4 0 6 -1.0| [11 3 0

11

1 Jo oo 30 1)

_1 ry_1 _ 3

Let P=—(d+d")=— 1o1 1;1 ; =lo 7 ¥
11/ 3

hoHhoo

We observe that P is symmetric.

3 -2 6 325 0 -4 1
Again 4-4"=|2 7 -1|-|2 7 4|=]|4 0 -5
5 4 0 6 -1 0 -1 5 0
o 1
{0 4 1] U

Let Q=2 (4-A")=

: 40—520—%

—150_4%0

Hence 4=P+Q which is sum of a symmetric matrix and a skew-symmetric matrix.

We observe that QO is skew-symmetric.

2 3 4
Example 3 : Find the adjoint and inverse of 4= {4 3 1]
1 2 4
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Ay Ay Ay
Ay Ay Ay
where Al.j are the cofactors of the elements a; Thus minors of a, are
M 31—10M—41—15M—4 3—5 M—3 4—4
=l 4T M=l =0 M= 5= M=, 1=
P2 I - I I I A
i | R § U/ e « S | R VR |
d M 23 6
an = =—
P43
Cofactors of a; = 4; =(-1)"/ M,
10 -15 51" [ 10 -4 -9
. Adjointof A=|-4 4 -1| =|-15 4 14
-9 14 -6 5 -1 -6
Now  |4]=2(12-2)-3(16-1)+4(8-3)
=20-45+20=40-45= -5 #0
: . 10 -4 -9
Hence A'= —adjd = —|-15 4 14
| 4] =5
5 -1 -6
1 2 2
Example 4 : Compute the adjoint and inverse of the matrix 4={2 3 0.
01 2

Solution : det 4 =1(6-0)—2(4-2)+0(0-6)=2 =0
— A is non-singular = A~! exists
The matrix formed by the cofactors of elements of 4 be

(6-0) —(4-0) (2-0) 6 4 2

B=|-(4-2) (2-0) —(1-0)|=[-2 2 -1
(0-6) —(0-4) (3-4)| |-6 4 -1

6 2 —6

AdjA=B"=|-4 2 4

2 -1 -1

-2 -6

a2 AGA L,y
detd 2

2 -1 -1
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Example 5 : Find the inverse of the matrix diag[a, b, c], a#=0,b#0,c#0.

a 00
Solution : Let A = diag[a, b,c]=]0 b 0
0 0 ¢
det A = abc
bc 0 0
Matrix formed by the cofactors of elements of 4is | 0 ca 0
0 0 ab
bc 0 0
~adjA={0 ca O
0 0 ab 1 0 0
be 0 0 .
L ytoadid_ 1 ca 0 _lo L :diag{l’l’l}
det4 abc b a b c
0 0 ab 1
0 0 —
. C_

Example 6 : Define adjoint of a matrix and hence find 4! by using adjoint of 4

1 1 3
where 4= 1 3 -3|.

2 4 4
1 1 3

Solution : Given A= 1 3 -3

2 4 -4
detA=1(-12-12)—-1(-4-6)+3(4+6)=—8=0
— A is non-singular = A~ exists.
Calculation of Cofactors :

Row 1
cofactor of 1=(-1)1*1] 3 |=_12-12=-24
4 4
cofactor of 1=(-1)!*2 e —~(-4-6)=10
2 4
cofactor of 3 =(-1)'*3 ; j =—(4+6)=2
Row 2
cofactor of 1= (-1)>"! b3 ‘ =(4+12)=-8
4 4
cofactor of 3 =(-1)>2 ; i =—(4+6)=2
1 1

cofactor of -3 = (-1)*"3

= _1(-4+2)=2
A ( )
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Row 3

cofactor of —2 = (-1)**"! b3 ‘z 1(-3-9)=-12

cofactor of —4 = (-1)>"2 b3 ‘ =1(-3-3)=6
11

cofactor of —4=(-1)>"3 | 3716 -D=2

-24 10 2
The matrix formed by the cofactors of elements of 4 is B —{ -8 2 2]

-12 6 2
24 -8 -12
L AdjA=B"=| 10 2 6

2 2 2
3 1 %
Hence Aflzgj{j: A A
/AR /A

Example 7 : Find the values of ‘x” such that the matrix ‘4’ is singular where

3—x 2 2
A=| 2 4-x 1
-2 4 (1+x)

Solution : Given 4 is singular = [4[=0

3—x 2 2
ie., 2 Ad—=x 1 =0
2 -4 —(+x)
Applying R, + R, we get
3-x 2 2 3-x 2 2
0 —x —x [=0=>x 0 -1 -1 |=0
-2 4 -l-x 2 4 -1-x
Applying C, — C,, we get
3-x 0 2 3-x 0 2
x| 0 0 -1 |=0 =x(x-3)) 0 0 -1 |=0 [Expandby C,]
-2 x-3 -1-x -2 1 -1-x

= x(x=3)[B-x)(-1)-0)]=0 = x(x-3)>=0 = x=0 or x=3.
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2 31
Example 8 : Is the matrix { 4 3 1] orthogonal ?
-3 19

2 31
Solution: Let A4 =| 4 3 1
-3 1 9

2 =3 1 2 4 -3
We have 447=| 4 3 1 -3 3 1
19

[ 4+9+1 8-9+41 =-6-3+9 14 0 0
=] 8-9+1 16+9+1 —12+3+9| =0 26 0| =1

3
|-6-3+9 —12+3+9  9+1+8I 0 0 91

Hence the matrix 4 is not orthogonal.

Example 9 : Prove that is orthogonal.

w | — L»“\) W |
L ]

W WIN W—
u“\) W= WM

Solution : Let 4 be the given matrix.

2 21 2 2
33 33 3 3
AA= |2 L 22 1 =2
3 3 33 3 3
2 2 132 2 1
13 3 3|3 3 3
T o2 277 9 0 0
=1 1 ) 2o 9 o]y
9 9
2 2 1 009

Hence 4 is orthogonal.
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0 2 ¢
Example 10 : Determine the values of a, b, c when |a@ b —c| is orthogonal.
a -b ¢
0 2b ¢

(or) Determine a, b, c so that 4 is orthogonal where A= |a b — |,

Solution : For orthogonal matrix, 447 =1

0 2b c¢||l 0 a a
So A" =la b —c||2b b -b

a -b c|| ¢ ¢ ¢

4b* +¢? 2b2 - ¢? -2b% +¢?
=| 202 -c? AP+b+P - - =1

202 +cr AP - - dP bt +ct

Solving 2> —¢? =0, a®>-b> —c* =0 (non - diagonal elements of I), we get
c=+\2b,a* =b* +c* =b* +2h> =30> > a=+/3b

From diagonal elements of I,

4’ +cP=1= 4’ +2b° =1 (- 2 =20 = b=

1
+—
NG

a=+3b==+ = and ¢ = +2b = +—
\F f J3
-2/3 1/3 2/3}

Example 11 : Prove that the following matrix is orthogonal | 2/3  2/3 1/3,
/3 -2/3 2/3
-2/3 1/3 2/3

Solution: LetA=|2/3 2/3 1/3
1/3 =-2/3 2/3

T AT S
WehaveAAT=A AA/% %
KA B B A
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4/9+1/9+4/9 -4/9+2/9+2/9 -2/9-2/9+4/9
=|-4/9+2/9+2/9 4/9+4/9+1/9 2/9-4/9+2/9
-2/9-2/9+4/9 2/9-4/9+2/9 1/9+4/9+4/9

1 00
=0 1 0=1
1

Hence the matrix is 4 orthogonal.

1
Example 12 : Show that 4 =3 is orthogonal .

— =
—_ =
|
— =
|
— =

-1 1 1 1]
. 1l 1 -1 1 1
Solution : Given A= —
201 1 -1 1
|1 1 1 =1
-1 1 1 1
gL
21 1 1 -1 1
[ G
(4 0 0 0 1 000
Now AAT:10400:0100:14
4]0 0 4 0 0 010
10 0 0 4 0 0 0 1

.. A is orthogonal.
Example 13 : Solve the equations 3x + 4y + 5z = 18, 2x — y + 8z = 13 and
5x — 2y + 7z = 20 by matrix inversion method.

3 4 S5|x| |18

Solution : The given equations in matrix formis |2 ~1 8| ¥ |=|13|je 4AX=B
5 2 7|z 20

3 4 5 X 18
where 4=|2 -1 8|,X=|ylandB=|13
5 2 7 z 20

det A = 3(~7+16) —4(14— 40) + 5(~4 +5) = 136
The matrix formed by the cofactors of the elements of A is
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(<7+16) —(14—40) (-4+5) 9 26 1
D=|-(28+10) (21-25) —(-6-20)|=|-38 —4 26
(32+5) —(24-10) (-3-8) 37 -14 11
9 38 37
L AdjA=D" =|26 -4 -14
1 26 -I1
-38 37
Hence 4™ = A9A__L —4 14
detd 136
1 26 -I1
9 -38 37118 162 — 494 + 740

A X=A'B= 26 -4 -14|/13 =ﬁ 468 —52 —280
1 26 -11//20 18+338-220

X : 408 3
. =—1/[136 |=]|1
le., Y 136

z 136 1
.. The solution is
x=3,y=Lz=1.

Example 14 : Solve the system of equations by matrix method:

Xy tx, txy =2 4x, —x, + 2x; =6, 3x, tx, T x; = 18

Solution : The given system of equations in the matrix form i.e., AX =B is
11 1 2
4 -1 2|lxy|=| -6
301 1llx | |-18

Now det A=1(=3)-1(-2)+7=6#0= A" exists .

iy -3 0 3
1 2MA LS
det4A 6
7 2 =5
We have ¥ =47'B
1—3 0 3 2 X 1—6—54 -10
ie, X==| 2 2 2| 6| or |x, |=—|4+12-36 |= —206
7 2 -5(-18 X 14-12+90 9
%

= x, =—10, x,=-10/3, x, = 46/3. This is the required solution.
Example 15 : Solve the equations 2x + y—z=1,x—y+z=2,5x+ 5y —4z=3 by
Cramer’s rule.
2 1 -1
Solution : Here A=|1 -1 1[[=2(4-5)-1(-4-5-1(5+5)=-3
5 5 A4
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1 -1
Ar=12 -1 1|=1(4-5)-1(-8-3)-1(10+3)=-3

3 5 4
2 -1

Ay=|1 2 |=2(-8-3)-1(—-4-5)-1(3-10)=-6
5 3 -4
2 1 1

Ay=|1 -1 2/=2(-3-10)-13-10)+1(5+5)=-26+7+10=-9
5 53

x:ﬁ_i: , :ﬁ:izzj Z:ﬁ:__9:3
A =3 A -3 A =3

Substituting x = 1, y = 2 in the equation 2x + y —z = 1, we get
2N +2-z=1=>z=3

. The solutionisx=1,y=2,z=3.

‘ EXERCISE 1.1 )

r 3 2
1. Provethat 43 — 442 - 34+ 111 = O where 4={2 0 -1]|.
1 2 3
1 -2 3

2. If 4=| 2 3 -1| and /1is the unit matrix of order 3, evaluate 42 — 44 + 9I.

-3 1 2

2 3 4
3. Find the adjoint and inverse of a matrix A4={4 3 1
1 2 4

3 3 4
4. If A=|2 -3 4| show that 4> =4".

0 -1 1

1 2 3
5. Ifd=|3 —2 1|provethatA4'=1. [JNTU 2003 (Set No. 3)]

4 21
6. Find the inverse of the matrix 4 = { a+il.) ¢ +i_d} ifa?+b%+c2+d*=1.

erid a=ib [JNTU 2003 (Set No. 3)]
1 2 2
7. Ifd= % 2 1 -2 | prove that 4! = A4', where A’ is the transpose of A.
-2 2 -1
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-1 1 1 1

cos® sinb -1

i is orth L.
in6 Cose} (ii) 1 1 -1 is orthogona

8. Prove that the matrix (i) 4 = {

1 1 1 -1
| -1 2 2
9. Prove that the matrix 3 2 -1 2] is orthogonal.
2 2 -1

cos@ 0 sinf
10. Provethatthematrix | 0 1 0 | isorthogonal.
sinf 0 cos6
11. If 4 is symmetric (skew-symmetric) matrix, prove that K4 is symmetric (skew-
symmetric) matrix.
12. If 4, B are symmetric (skew - symmetric), prove that 4 + B is also symmetric (skew-
symmetric).
13. If 4 and B are symmetric matrices, prove that AB is symmetric if and only if 4 and B
commute i.e., AB = BA.
14. If A be any matrix, prove that 44’ and 4’4 are both symmetric matrices.

15. Prove that every square real matrix can be uniquely expressed as a sum of a symmetric
and a skew-symmetric matrices. I

16. Express the matrix 4 as the sum of a symmetric and a skew-symmetric matrices where

4 2 -3 2 1 3
(HA=| 1 3 -6 (|1 1 4
-5 0 -7 -1 6 2

17. Solve the following equations by Cramer’s rule:
X+y+z=6, x—y+z=2, 2x—y+3z=9.

18. Solve by matrix method the system
X+y+z=3,x+2y+3z=4,x+4y+9z=6

r ANSWERS ~

-7 3 -1 10 4 -9 : 10 4 -9

5 301 5| g |-15 4 145 ——|-15 4 14 6{a—ib —c—id}

- - 5 - . .
5 7 -5 5 -1 -6 5 -1 -6 c—id a+ib

4 32 —4 0 12 1 21 1] [0 0 2

16.() [3/2 3 -3|+[-12 0 -3 G)|1 1 5|+ 0 0 -1

4 -3 7| -1 3 0 152 |21 0

17. x=1,y=2,z=3 18. x=2,y=1,z=0
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1.6 COMPLEX MATRICES

Previously we have considered matrices with real elements which are called real
matrices and their properties. We will now introduce matrices with complex elements which
are called complex matrices and define three important types of matrices which will be used
in many areas like quantum mechanics.

1. Conjugate of a matrix :

The matrix obtained from any given matrix 4, on replacing its elements by the
corresponding conjugate complex numbers is called the conjugate of A and is denoted by
A.

Thus if 4 = [aij]m « » then A= [bij]n « m Where bl.j = a,; , the conjugate complex number
of a;

Note : If 4 and B be the conjugates of 4 and B respectively, then

(i) (4) =4
(i) (A+B) = A+B
(iiil) (KA) = K A, K being any complex number.

(iv) (4B) = A.B, A and B being conformable for multiplication.

2 3 2-50 = 12 =3i 2+50
egl. If A_[—i 0 4l.+3lx3, thenA—[i 0 _4i+3l 3

2+3i 5 . 2-3i 5
eg2. IfA= . | then A =
6-7i —-5+i 6+7 —-5-i

2. The transpose of the Conjugate of a Square Matrix :

If A is a square matrix and its conjugate is 4 , then the transpose of A is (A)7. It can
be easily seen that (4)" = (A_T) . (i.e.) The transpose of the conjugate of a square matrix is
same as the conjugate of its transpose.

The transposed conjugate of 4 is denoted by A°.

LA =@ = (?)

Now 4 =[a)], . , = A% = [b,]

i.e. the (i, j)™ element of 4° = the conjugate complex of the (j, i)™ element of A.

5 0
}; A9 =|3+i  1-i
2i 4+i3X2

Note 1. A°=A"=(A) and (A%)° = A.

Note 2. If 4% and B® be the transposed conjugates of 4 and B respectively, then
(i) (9°=4
(i) (A= B)P=4%+BO

n xm’

where bl.j = a,

5 3-i -2
0 1+i 4-i

eg IfA= {

(iii) (KA)® = K 4°, where K is a complex number.
(iv) (4B)° = B4°
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3. Hermitian matrix :

A square matrix 4 such that AT =4 or (A)" = A is called a Hermitian matrix.

(This can also be written as (A7) = A)

. 4  1+3i - 4 1-3i 4  1+3i
e.g. consider 4= "|. Then 4= | and 47 = , :
i 7 1+3i 7 1-3i 7

Since 4" = 4, therefore, A is Hermitian.

Note that elements of the principal diagonal of a Hermitian matrix must be real.

A Hermitian matrix over the field of real numbers is nothing but a real symmetric
matrix.

Obviously a necessary and sufficient condition for a matrix 4 to be Hermitian is that
A%= 4.

4. Skew-Hermitian matrix :
A square matrix 4 such that A” = — A or (4)! =4 is called a Skew-Hermitian matrix.

(This can also be written as (A_T) =—A)

Let A= |: -3i 2+l:|.
240 i
- j —i =3i. —2+i — | =3 240
Then a=| > 271 . AT=| T "land —A=| '
—2—1i i 2 +i —i 2+1i —i

which shows AT =— A

It should be noted that elements of the leading diagonal must be all zero or all are purely
imaginary.

A Skew-Hermitian matrix over the field of real numbers is nothing but a real Skew -
symmetric matrix.

Obviously a necessary and sufficient condition for a matrix 4 to be Skew-Hermitian is
that 49 = —4.

5. Unitary matrix :

A square matrix 4 such that AT =471

ie., (A A=AA)" =1 or A%4 =1 is called a unitary matrix.

1 1

~i =3

eg |2 2
el \/— 1

2 2!

Observation: We can observe that every real symmetric matrix is Hermitian. Similarly

a real skew-symmetric matrix is Skew-Hermitian and a real orthogonal matrix is Unitary.

is a unitary matrix.

Thus Hermitian, Skew-Hermitian and Unitary matrices generalize symmetric, skew-
symmetric and orthogonal matrices respectively.
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SOLVED EXAMPLES

3 T-41 -2+51
Example1:If A= 7+4i 2 3+i
—2-51 3-i 4

then show that 4 is Hermitian and i4 is

Skew - Hermitian.

3 7—-4i -2+5i

Solution : Given 4=| 7+4i -2 3+i
2-5i 3-i 4
3 T+4i -2-5i 3 T-4i -2+51i]
A= T7-4i 2 3-i Thus(A)! =| 7+4i =2 3+i | =4
2450 3+i 4 —2-5i 3-i 4
Hence A4 is Hermitian matrix.
3i 4+7i -5-2i -3i  4-T7i -5+2i]
Let B=i.A=|—-4+7i -2i -1+3i|. Now B=|-4-7i 2i -1-3i
| 5-2i 143 4i 5+2i 1-3 4 |
[ -3 —4-7i 5+2i 3 4+7i -5-2i
B =] 4-7 2 1-3i|=(-1)|4+7i -2 ~-1+3i|=-B
| 5+2i —1-3i"" —4i 5-2i 1+3i 4

Thus B i.e., i4 is a Skew-Hermitian matrix.

Example 2 : If 4 and B are Hermitian matrices, prove that AB — B4 is a Skew-
Hermitian.

Solution : Given A4 and B are Hermitian.
A4 ad ®»= L (1)
Now (4B -BA) =(4B-BA)! =AU B-B 4)"

=B -B A" =B W -"'®B

= BA— 4B by (1)

=— (4B - BA)

Thus AB — BA is a Skew-Hermitian matrix.

1 =1+ . . .
Example 3 : Prove that EB i i itj 1S a unitary matrix.

Solution:LetA=l 1+l. _1+l. . Then AT=l 1+l. 1+l.
201+7  1-1 20-1+i 1-1i

— [ 1-i 1-i
0 — T\ = —
AT =4 2{—1—1' 1+1}
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M4i 14 1=i 1-i] 1[4 0] [1 0
o _ 1 _ L -
NowAA 4[1” 1_1}[_1—1‘ 1+z} 4[0 4} [0 J

Thus A44°=1 Hence 4 is a unitary matrix.

Example 4 : Show that 4 = (Z:Z _z t ifj is unitary if a2 + b2 + 2 + d* = 1.

b+id a-ic
— _ (a—ic -b—id
4 b—id a-+ic

Hence 49 = (Z)TZ( a—ic b—id)

Solution : Given 4 = (a +ic —b+ zdj

-b—id a+ic
o_ (a+ic —b+id) a-ic b-id
Now 44 (b+id a—icj(—b—id a+ic
a* + b+ +d? 0
0 A +brrct+d?

AA4% = Iifandonlyifa® + 2+ 2 +d? =1
i.e., A is unitary if and only if a® + b> + 2 + d? = 1.

Example 5 : If 4 is a Hermitian matrix, prove that i4 is a Skew-Hermitian
martrix.

Solution : Since 4 is a Hermitian matrix,

A% =4 ..(D)
Now we have(i4)® = 74° [-- (KA)®= K4°, K being a complex number]
= (DA (e i =)
= (4%

—(i4) [by ()]
Since (i4)® = —(i4), therefore iA is a skew-Hermitian matrix.

Example 6 : If 4 is a Skew-Hermitian matrix, prove that i4 is a Hermitian
matrix.

Solution : Let 4 be a Skew-Hermitian matrix. Then 4% = —4...(1)

We have (i4)? = [ 4° = ()4 = —(i4%) = —{i(~4)}[by (1)]
= —[-(i4)] = iA

Since (i4)? = i, therefore, iA is a Hermitian matrix.

Example 7 : Show that every square matrix is uniquely expressible as the
sum of a Hermitian matrix and a Skew-Hermitian matrix.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Solution : Let A be any square matrix.

Now (4 + 499 =49+ (499 =49+ 4

Since (4 + A%® =4+ A9 therefore, 4 + 4° is a Hermitian matrix.
1

Ly (4 + A% is also a Hermitian matrix.

Now  (A-49% = 49— (4%0=4—4=-(4- 4%

Hence A4 — A% is a Skew-Hermitian matrix.

1 . " .
iy (4 — 4%) is also a Skew-Hermitian matrix.

Now, we have 4 =%(A + 4% + %(A ~A%D=P+ Q (say)
where P is a Hermitian matrix and Q is a Skew—Hermitian matrix.
Thus every square matrix can be expressed as the sum of a Hermitian matrix and a
Skew-Hermitian matrix.
To prove that the representation is unique :
Let A = R + S be another such representation of 4, where R is Hermitian and S is
Skew-Hermitian. Then to prove that R = Pand S = Q.
Then 49=R + 5)°=RO+S0=R—§
(- R is Hermitian and S is Skew — Hermitian)
= (A =Pand S= (4= 4= 0

Thus the representation is unique.
Example 8 : Prove that every Hermitian matrix can be written as 4 + iB, where A4 is
real and symmetric and B is real and skew-symmetric.

Solution : Let C be a Hermitian matrix. Then C® = (C) ..(D

Let us take 4 = %(C+E) and B = %(C—E‘)
1

Then obviously both 4 and B are real matrices.
Now we can write

C = l(CJFE)Jrz'F(C—E)} =A+iB
2 2i
Now we have to prove that 4 is symmetric and B is skew-symmetric.

ST = %(C+Z’)T - %[CT +(©O) |
= J[emer] =Sy +c]. py

= Sl@r} we] = 5@ro =4
. A is symmetric.

Now BT = [i(C—E)T = L(C—E)T
20 2i
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= [c-©@]=5[c" -]
= ey -c] myay

Ir, _ 1 = —
- Y@y €] 40 o -2

.. B is skew-symmetric. Hence the result.

1+i 2 5-5i
Example 9 : Express the matrix:| 2i 2+i 4+2i| as the sum of Hermitian

-1+i 4 7
matrix and Skew-Hermitian matrix.

1+i 2 5-5i
Solution : Let 4=| 2i 2+ 4+2 | - . (D)
-1+i -4 7
1-i 2 545
Then A=| —2i 2-i 4-2i
-1-i -4 7
1—i =2i —1-i
s A== 2 2-i A (2)
545 4-2i 7

2 2.2 4-6i
() + (@) gives, 4+ 4" =242 4 2i
4+6i -2 14

2431 —i 7
This is a Hermitian matrix.

1 1 1-i 2-3i
Lethz(A+Ae)= +i 2 i

2% 242 6-4i
(1) - Q) gives, A—A%=| 2+2i 21  8+2i
—6-4i —8+2 0

i I+i 3-2i
LetQ—%(AAe){Hi i 4+i]
-3-2i —4+i 0
which is a Skew-Hermitian matrix.

. . 1 1-i 2-3i i 1+i 3-2i
.'.Azz(A+Ae)+E(A—Ae)=P+Q= Vi 2 0 |4 -l+i i 4+

243 - 7 3-2i —4+i 0
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. 0 142 ,
Example 10 : Given that A{l N B }, show that (I-4)(I+A4)™! is a
—1+
unitary matrix.
1 0 0 1+2i 1 -1-2i
Solution : We have -4 = - T :
01 -1+2i 0 1-2i 1

1 0 0 1+2i 1 1+2i
and 7+ 4= + =
0 1 -1+2i 0 —-1+2i 1

o 1 1 —1-2i] 1[ 1 -1-2i
EYVE) g =
1-(4i2 —1)[1-2i 1 6|1-2i 1

Let B=(I-A)(I+A)"

11 -2 1 —1-2i] 1 [1eae2i-1-20)  -1-2i-1-2i
C6l1-2i 1 ||1-2i 1 | 6| 1-2i+1=2i  (-1-2i)(1-2i)+1

1] 4 2-4i
T 6|2-4 -4

— 1| 4 244 —7 1 —4 2+4i
Now B=— d (B) =—
ow 6{2+4i 4 } and (5) 6{—2+4i 4 }

p(Bf - L[ 4 24 e 1736 0 {1 0}:,
T36|2-4i -4 ||-2+4i -4 | 36/ 0 36| LO 1

—T
Thus (B) =B ie, B is unitary matrix.

s (I-A) (I+4)7! is a unitary matrix.
Example 11 : Show that the inverse of a unitary matrix is unitary.
Solution : Let 4 be a unitary matrix. Then A4 =1.
e, = (44%'=1" e (D)
= A4t =1
= (4"4"'=1 Thus A7 is unitary.

. B is unitary ie., 47! is unitary.

Example 12 : Prove that the product of two unitary matrices is unitary.
Solution : Let 4 and B be the two unitary matrices.

A.A%=4%4=7and B.B*=B% B=1 e (D)
Consider (4B).(4B)° = (4B) (B®4%)

= A4(BB%A4° _ 474°, From (1)

-44°% =7, From (1)
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Again consider (4B)°. (4B)=(B%4%).(4B)
=B%4 4B =B°IB
-B%8 =1, From (1)

~.(4B).(4B)% = (4B)® . (4B) =1
Thus 4B is a unitary matrix.
Example 13 : Prove that the transpose of a unitary matrix is unitary.

. . . N |
Solution : Let A be a unitary matrix. Then (4" )= (A) =4
Taking transpose, we get (@)T = (A_I)T = (AT )_1

Let 47 =B. Now (1) becomes (E)T =B

Thus B is unitary i.e., AT is unitary.

0 i O i
Example 14 : Find the Hermitian form H for A = {i 1 21} with X { 1 }
0 20 2 ]

-l

Solution : The Hermitian form of A is H= X' AX

0 i 0[i
—[-i 1 i]{i 1 2%1}
0 2 2 ||-i

=[-i 1+1-2 0]{1}1@631)

-l

0 i 1
Example 15 : Find the Hermitian form of A :{ i (l)} with X = { } .
—i i

0 i 1
Solution :  Given A={ ' 0} and X :{}
—i

l

The Hermitian form of A is H=X'AX

I
=[-1 z]H =—1+i* =-2, real

2 3 4
Example 16 : Determine the skew-Hermitian form S for A = Ll Ol} with X :{ 15}
j -
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) 2i 3i 4i
Solution : Given A = ;X =
3 0 -5

We have Skew - Hermitian S for A is = X' AX

w2
=[8 -15i 12]&’}

=32i+ 60 — 60
=32i, purely imaginary.

2-i L+i
Example 17 : Find the Hermitian form of A = {23 g l} with X :{ ;l}
+1 !

Solution : The Hermitian form of A is

H=XTAX
3 2—i||1+1i
=[1-i =2i]| . . ,
2+1 4 2i

=[G-3i-4i-2%) @-i-2i+ =81 F;]

. . {Hz}
=[5-7HA-11)]|
21
:[(5—7i+5i—7i2)+(2i—22i2)J =[33] (real)

i 0 1
Example 18 : Find the Skew - Hermetian form for A = Ll) } with X = { }
—1

1

Solution : We have Skew-Hermetian form

S=XTAX

=[1—f]{(i) ﬂm L ﬂ]H
o]

[i-i]=[0] (real)
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. EXERCISE 1.2 w

—i 3+2i -2-i
—3+2i 0 3—4; |then prove that A is a Skew - Hermitian matrix.
2—-i 3-4i -2

1. IfA=

2 3+2i -4
2. If H=|3-2i 5 6i | show that H is Hermitian and iH is a Skew - Hermitian
-4 —6i 3
matrix.

2+3i 1-i 2+i
3. IfA=| -2i 4 2i | then find a Skew-Hermitian matrix.

—4i -4 i
i 2-3i 4450
4. Express the matrix {6” 0 4-5| as the sum of a Hermitian and Skew -
L Hermitian matrix. o 2mi 24 )
( ANSWERS )

0 4-2i 2+3i i —2—-i 2420
4. 4+2i 0 3-2i | +| 2-i 0 1-3i

2-3i 3+2i 2 =242 =1-3i i
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ELEMENTARY TRANSFORMATIONS (OR OPERATIONS) ON A MATRIX
(7) Interchange of two rows : If ith row and jth row are interchanged, it is denoted
by R, < R;.
(i) Multiplication of each element of a row with a non-zero scalar. If i row is
multiplied with & then it is denoted by R, <> kR. .
(iii) Multiplying every element of a row with a non-zero scalar and adding to the
corresponding elements of another row.
If all the elements of i row are multiplied with £ and added to the corresponding
elements of /" row then it is denoted by R; — R, +kR;.
The corresponding column transformations will be denoted by writing C, instead
of R,i.e,by C < Cj., C - C+ KC/., Cj - Cj + KC, respectively.
An elementary transformation is called a row transformation or a column
transformation according as it applies to rows or columns.
Important Result :
We can prove that elementary operations on a matrix do not change its rank.
1.8 EQUIVALENCE OF MATRICES
If B is obtained from A after a finite chain of elementay transformations then B is said
to be equivalent to 4. Symbolically it is denoted as B ~ 4.
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Important Results :
1. IfA and B are two equivalent matrices, then rank 4 = rank B.
2. If two matrices 4 and B have the same size and the same rank, then the two
matrices 4 and B are equivalent.
1.9 SUB-MATRIX
A matrix obtained by deleting some rows or columns or both of a given matrix is called
its sub-matrix.

15 6 7
eg Let A={8 9 10 5.
34 5 -1
Then [ ; 3 18 } is a sub-matrix of 4 obtained by deleting third row and 4" column
2x3
from 4.
. 1 56 7 . . . .
Similarly, [ 3405 1} is a sub-matrix of 4 obtained by deleting the second row
2x4
5 6 7
of4and | 9 10 5 | is another sub-matrix of 4.
4 5 -1

1.10 MINOR OF A MATRIX

Let 4 be an m xn matrix. The determinant of a square sub-matrix of 4 is called a minor
of the matrix. If the order of the square sub-matrix is # then its determinant is called a minor
of order .

2 1 1
31 2 .
eg Let A= L 2 3 be a matrix.
5 6.7 4x3
2 1. .
We have B = [ 3 1} 1S a sub-matrix of order 2.

det. B=2 —3 = -1 1s a minor of order 2 and

2 gl
cC=[3 12 1s a sub-matrix of order 3.
5 6 7 33

det. C =2(7-12) -1(21-10) + 1(18-5) =2(-5) -1(11) + 1(13)
=—-10-11+13 =—28 is a minor of order 3.

We will now study about the rank of a matrix, which plays a vital role in relation to the
application of matrices to linear equations, linear transformation, vector spaces etc.

1.11 RANK OF A MATRIX
Let 4 be an m x n matrix. If 4 is a null matrix, we define its rank to be 0 (zero).
If 4 is a non-zero matrix, we say that r is the rank of 4 if
(i) every (r + 1) order minor of 4 is 0 (zero) and
(if) three exists at least one rth order minor of 4 which is not zero.
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Rank of 4 is denoted by p(A4).
This definition is useful to understand what rank is.
To determine the rank of 4, if m, n are both greater than 4, this definition will not in
general be of much use.
Note 1 : It can be noted that the rank of a non-zero matrix is the order of the highest
order non-zero minor of A4.
Note 2 : (1) Every matrix will have a rank.
(2) Rank of a matrix is unique.
(3) p(4) > 1 when 4 is a non-zero matrix.
(4) If 4 is a matrix of order m x n, rank of 4 = p(4) < min (m, n).
(5) If p(4) = r then every minor of 4 of order » + 1, or more is zero.
(6) Rank of the identity matrix I is 7.
(7) If A is a matrix of order n and 4 is non-singular [(i.e.) det 4# 0],
then p(4) = n.
Important Results : The following two results will help us to determine the rank of a matrix.
(i) The rank of a matrix is < 7, if all minors of ( + 1)" order vanish.
(if) The rank of a matrix is > 7, if there is at least one minor of 7" order which is
not equal to zero.

SOLVED EXAMPLES

-1 0 6
Example 1 : Find the rank of the matrix 4=| 3 6 1
-5 103,

Solution : We have det 4 =—1 (18—1)—-0(9+5) + 6 (3+30)
=—17-0+6(33) =181 # 0

Since the minor of order 30,

~op(d)=3.

1 2 3
Example 2 : Find the rank of the matrix | 3 4 5
4 5 6

Solution : Let A be the given matrix. Then

1 2 3
det A=|3 4 5|=1(24-25)-2(18-20)+3(15-16)=—-1+4-3 =0
4 5 6
.. Rank A #3. So it must be less than 3.
Consider a minor of order2 = ; i =4-6=-2%#0

Hence there is at least a minor of order 2 which is not zero.
.. Rankof 4 =2
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1 2 3 4
Example 3 : Find the rank of the matrix |5 6 7 8 |.
8 7 0 5
Solution : Here the matrix is of order 3 X 4. Its rank < min (3, 4) =3

.. Highest order of the minor will be 3.

1 2 3
Let us consider the minor | 5 6 7 |.

8 7 0
Its determinant = 24 = 0

.. The order of the highest order non-zero minor of 4 is 3.

Hence the rank of the given matrix is 3.

.. There is at least a minor of order 3 which is not equal to zero.

.. Rank(4) = 3.

We find that the method of finding the rank by this method is laborious since it involves
evaluation of a number of minors. The rank of a given matrix can be determined by using what
are called row/column operations on a matrix.

Note : Consider the system of equations

3x+2y=7
2x+y:4} (D)
. . . g 3 2)\(x 7
In matrix notation, this system can be written as ( 2 1 ) ( y] = ( 4]
3.2 7
This is like AX = B where A=[ ],Xz[x], Bz[ ]
2 1 y 4
. (3 27
The matrix [4 | B] = (2 ) LJ ..(2)
is called the Augmented matrix of the system. By solving the system, we get
x=1
y= 2} ...(3)
In matrix notation this is same as ( Lo ) (Xj = (1)
0 1)\y 2
The Augmented matrix of this system is ( (1) (1) ‘ %) ..(4)

We can notice that to solve system (1), we have to convert the Augmented matrix [4 | B]
in (2) to the form (4) by a series of mathematical operations.

If we follow the usual procedure of solving system of simultaneous equations (as in (1)),
we note that

(i) We are interchanging the positions of two equations (if necessary).
or (if) We are multiplying (or dividing) an equation by a non-zero constant.

or (iii) We are adding & times an equation to another equation.
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These three precisely correspond to
(7) Interchange of two rows of [4 | B].

(if) Multiplication of a row of [4 | B] by a non-zero constant.

(7ii) Adding a constant times a row to another row.

It is interesting to note that the above three operations on the rows of a matrix have a
number of useful applications is (i) solving a system of simultaneous equations,
(i) determination of a rank, (7ii) finding the inverse of 4, (iv) determining whether a given
set of vectors are linearly dependent or independent etc.

Hence we formalize these ideas in the form of the following definition.
1.12 ZERO ROW AND NON-ZERO ROW

If all the elements in a row of a matrix are zeros, then it is called a zero row and if there
is at least one non-zero element in a row, then it is called a non-zero row.

1.13 ECHELON FORM OF A MATRIX
A matrix is said to be in Echelon form if it has the following properties.
(i) Zero rows, if any, are below any non-zero row.
(i) The first non-zero entry in each non-zero row is equal to 1.

(iii) The number of zeros before the first non-zero element in a row is less than the
number of such zeros in the next row.

Note: The condition (i7) is optional.

Important Result : The number of non-zero rows in the row echelon form of A4 is the

rank of 4.
(1 00 230
010 -1 11
eg. 1.]0 0 1 1 2 1] isarow echelon form.
000 0O00O0
10000 000
0000

2.10 1 0 0 0| isinrow echelon form.
100000
1 0 00
01 0 0] :.:

3. 0 0 1 ||isinrow echelon form.
00 00

Note: The rank of the transpose of a matrix is the same as that of the original matrix.

SOLVED EXAMPLES

Example 1 : Reduce the matrix 4= into echelon form and hence

[ I NS R N S

3
3
1
7

AN W N =
wn W N O

find its rank.
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Solution : Given matrix is A =

W N =
[e I \CTEN N NS
—_— 0 W
w N O

)}

75
Applying R, > R, - 2R, R, > R, - 3R,and R, - R, — 6R, we get

1 30
/. 0 -3 2
0 4 -8 3
0 4 -11 5
1 2 30
) 0 4 -8 3
Applying R, <> R,, we get 4 ~ 0 0 -3 2
0 -4 -11 5
1 2 30
) 0 4 -8 3
Now applying R, — R, — R,, we get 4 ~ 0”0 3 2]
0 0 -3 2
1 2 30
. . 0 4 -8 3
Finally applying R, — R, — R, we get 4 ~
0 0 -3 2
0 0 00

This is in Echelon form and the number of non-zero rows is 3.
.. Rank (4) = p(4) = 3.

5 3 14 4
Example 2 : Reduce the matrix |0 1 2 1 |into Echelon form and hence
find its rank. 1 -1 20
5 3 14 4
Solution : Let 4 be the given matrix. Then 4={0 1 2 1
1 -1 20
[1 -1 2 0]
Applying R, <> R, weget A~|0 1 2 1
5 3 14 4]
[1 -1 2 0]
Performing R, - R, —5R,; A~ 0 21
10 8 4 4

10
Performing R, — R, + R, and R, > R,—8R,; 4~ |0 1 2 1
00
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Applying R—i, we get 4 ~

S O =
S = O
w o
—_ = =

Applying R, — 3R — 4R, and R, — 3R, — 2R, , we get 4 ~

S O W

S W O

w o O
—

This is in row Echelon form. Here number of non-zero rows is 3.
Hence rank of the matrix is 3.

1 2 0 1
. . -1 1 0
Example 3 : Find the rank of the matrix 3 1 g
-1 -1 -1 1
1 -2 0 1
. .2 -1 10
Solution : Given matrix is 4 = 33 11
-1 -1 -1 1
Applying R, <> R, - 2R, R, <> R, - 3R and R, > R, + R,, we get
1 -2 0 1
0 3 1 =2
A~y 3 1 2
0o -3 -1 2

Applying R, - R, — R, and R, = R, + R,, we get

1 2 0 1
0 3 1 -2
A~ 0 0 0
0 00 O

This matrix 1s in Echelon form. In the above matrix, number of non-zero rows is 2.
Hence rank (4) = 2.

Example 4 : Reduce the matrix to Echelon form and find its rank.

-1 3 3 -1
1 1 -1 0
2 5 2 3
-1 1 0 1
-1 3 3 -1
. ' ... 11 1 -1 0
Solution : Given matrix i1s 4 2 -5 2 _3

-1 1 0 1
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ApplyingR, > R, + R, R, —> R, + 2R, and R, > R, — R, we get

-1 -3 3 -1
0 -2 2 -1
A~1o _11 8 s
0 4 -3 2

Applying R, — 2R, — 11R, and R, — R, + 2R, we get

(-1 -3 3 -1
0 2 2 -1
A=10 0 6 1
L0 0 1 0
Applying R, — 6R, + R,, we get
-1 =3 3 -1
0 -2 2 -1
A~10 0 =6 1
0 0 0 1

This is in Echelon form. Number of non-zero rows is 4.
Rank of 4 = p(4) = 4.
1 1 -1 12 -1
Example 5 : If 4=|2 -3 4|, B=| 6 12 6 | find the ranks of 4, B, 4 + B,

3 2 3 5 10 5
AB and BA.
11 -1
Solution : (/) Given A=| 2 -3 4
3 2 3
I 1 -1
A~ -5 6} (by R, >R, -2R, and R;—>R;-3R))

0 -5 6

1 1 1

~| 0 =5 6 |(by Ry > Ry - Ry)
0O 00

Here the matrix is in Echelon form. Number of non-zero rows is 2.

Hence the rank of matrix A4 is 2.

-1 -2 -1

(ii) We have B=| 6 12 6
5 10 5

2

1
: R, R R,
Applying R, — _—1,R2 s and R, — ?,weget B~|1

1

NN
—_— = =
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Applying R, >R, — R, and R,— R, —R, weget B~

S O =
S O N
S O

This is in Echelon form and number of non-zero rows is 1.
Hence the rank of the matrix B is 1.

{0 -1 —2}
(iii) We have A+B=|8 9 10
8 8 8
R 0 -1 -2
Applying R, — ?3 ,weget A+B ~[8 9 10
1 1 1
1 1 1
Applying R, <> R, weget A+B~ |8 9 10
0 -1 -2

1 1
ApplyingR, > R, —8R,weget A+B ~ |0 1 2
0 -1 -2
11 1
ApplyingR, > R, + R, wegetd+B ~ |0 1 2
000

S O O
S O O
S O O

Hence the matrix is in Echelon form and Number of non-zero rows=2.
.. Rankof 4 + Bis 2
1 1 -1(]-1 2 -1
(iv) We have AB =|2 -3 4 6 12 6| =
3 -2 3 5 10 5
We have defined the rank of null matrix is 0.
.. Rank of 4B 1s zero
Note : The above example indicates that p(4B) < p(A4) or p(B)
-1 2 -1]|1 1 -1 -8 7 -10
(v)Again BA= | 6 12 6|2 -3 4|=[48 42 60
5 10 S5{3 -2 3 40 -35 50

-8 7 -10
Applying R, — EC and R, — &, weget BA~| 8 -7 10
6 5
8 -7 10
-8 7 -10

Now applying R, > R, + R and R, > R, + R, weget BA~| 0 0 0
00 0
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This is in Echelon form. Since number of non-zero rows in one, rank is one.

.. The matrix BA is of rank 1.

Important Result :
The rank of a product of two matrices cannot exceed the rank of either matrix.

8§ 1 3 6
Example 6 : Find rank of the marix | 0 3 2 2.
-8 -1 3 4
8§ 1 3 6
Solution : Let A= 0 3 2 2
-8 -1 -3 4
8 1 3 6
Applying R, - R, + R, weget4A~ |0 3 2 2
0 0 0 10

This is in row Echelon form and number of non-zero rows is 3.

Hence rank of 4 is 3.

Example 7 : Define the rank of the matrix and find the rank of the following matrix

2135}
4 2 1 3
8 4 7 13
8 4 -3 1]

Solution : Rank of a Matrix : A number 7' is said to be the rank of the matrix A if it
possess the following two properties :

(i) There exist at least one minor of order ' which is non-zero.
(i) All minors of order (r+1)if they exists are zeros.

21 3 5
4 2 1 3
Let 4=
8 4 7 13
8§ 4 -3 -1
(2 1 3 5
00 -5 -7 ,
~ 00 -5 -7 (Applying Ry > Ry —2R;; Ry > Ry —4R; Ry > R4 —4R))
0 0 -15 -21
21 3 5
00 -5 -7
00 0 O (Applying Ry > Ry —Ry; Ry — R4 —3R,)
00 0 O
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This matrix is in Echelon form.
Rank of A = number of non - zero rows = 2

-2 -1 3 -1
1 2 3 -1
1 0 1 1
0 1 1 -1

Example 8 : Determine the rank of the matrix 4 =

2 -1 -3 -1

Solution : Given 4 =

5 _1 (Applying R, <> R,)

1 2 3 -1
0o 3 3 - .
“lo -2 4 (Applying R, - R, + 2R, and R, > R, - R))
0 11 -1
(12 3 —1]
00 O .
~ o o (Applying R, - R, — 3R, and R, —> R, - 2R,)
I 1 -1

S O O = O O O -

3
1
0 0 (Applying R, & R4)
0

S O = BN

This is in Echelon form.
.. Rank of A4 is 2 since the number of non-zero rows is 2.

4 4 3 1
Example 9 : For what value of K the matrix b has rank 3.
K 2 2 2
9 9 3
Solution : 4 4 -3 1
Let 4= 11 -10
K 2 2 2
9 9 K 3



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Applying R, > 4R,—R,, R, > 4R,—KR,, R, > 4R, —9R,, we get

4 4 3 1
0 0 -1
A~10 8-4K 843K 8-K
0 0 4K +27 3

The given matrix is of the order 4 x 4. If its rank is 3, then we must have det A= 0

0 -1 -1

=4[ 8—4K 8+3K 8—K | =0=> 1[(8 —4K)3]-1[(8 —4 K) (4K +27)] =0
0 4K +27 3

ie. (8—4K)(3—4K-27)=0

ie. (8—4K)(24-4K) =0 or 42— K)(-4)(6+K) =0

K=2or K=-6
1 2 3
Example 10 : Find the value of & such that the rank of |2 & 7 | is 2.

3 6 10
1 2 3
Solution: LetA= |2 f 7
3 6 10
Givenrank of A= p(A) =2 |A| =0

— 1(10k—42)~2 (20 —21) +3(12-3k)=0 or k=4

01 -3 -1

. . L. 1 0 1 1

Example 11 : Find the value of & it the Rank of Matrix Ais 2 where A = 31 0 2
11 k£ 0

o1 -3 -1
_ , . 10 1 1
Solution : Given matrix is = 31 0 2
1 1 k£ O
1 0 1 1

01 -3 -1 ,

~l3 1 o o |(Applying Rj &Ry)

1 1 k£ O
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_3 _p| (Applying R; -3R;,R4 -R;)
k-1 -1

S O o =
—_— = = O
|
w
|
—_

For the rank (A) to be equal to 2, we must have 3 rows is identical.
s k—1=-3=k=-2

1 1 -1 1
Example 12 : Find the value of k such that the rank of A=1 -1 &k -1|is2.
31 0 1

1 1 -1 1
Solution : Given A=(1 -1 k£ -1

~10 -2 k+1 -2|(Applying R, —R|;R3;-3R;)
0 -2 3 -2
1 1 -1 1

~|0 =2 k+1" 2| (Applying R3-R;)
00 2k 0
Since the rank of A is 2, there will be only 2 non-zero rows.

. Third row must be a zerorow = 2-k=0=k=2

2 -4 3 -10
1 -2 -1 -4 2
Example 13 : Find the rank of .
0 1 -1 3 1
4 -7 4 45
(2 -4 3 -1 0
Solution : Given A = b= -1 =42
0 1 -1 3 1
4 -7 4 45

Interchanging R, and R, we get

2 -1 -4 2
4 3 -1 0
1 -1 3 1
7 4 -4 5

A O b -
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Applying R, - R, - 2R, and R, - R, - 4R, we get

1 2 -1 -4 2
A~ 0 0 5 7 -4

0 1 -1 3 1

0 1 8 12 -3

Applying R, <> R,, we get

1 2 -1 -4 2

0 1 8 12 -3
A ~

0 1 -1 3 1

0 0 5 7 -4

Applying R; — R, — R, we get

(1 -2 -1 -4 2
A~ |0 1 8 12 -3
0 0 9 -9 4
0o 0 5 7 -4

Applying R, — 9R, + 5 R;, we get

1 <20 1.4 2
01 § 12 3
00 9 9 4
0.0 0 18 -16

This is in Echelon form.
Number of non-zero rows is 4. Thus, rank of A= p(A) = 4.

01 -3 -1]
Example 14 : Find the rank of matrix Lo !
31 0 2
11 -2 0
01 3 -1
Solution : Let A= Lol
31 0
11 -2 0
1 0 1 1
01 3 -1 Aoplvine R R
~l3 1 o ,|ApplyingR, ©&Ry)
1 1 -2 0
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(1 0 1 1]
01 -3 -1 .

~ 0 1 3 -1 (Applying R, -3R,R,— R1)
0 1 =3 -1
(1 0 1 1]
01 -3 -1 .

“lo o o ol @pPlyingR,—R;,R;-R,)
00 0 O

This is in Echelon for_m. The numbe; of non-zero rows is 2.
Rank of the matrix = 2.

1 4 3 2 1
-2 3 -1 4 3
-1 6 7 2 9
-3 3 6 6 12

[

1 4 3 21
2 3 -1 4 3
-1 6 7 2 9
3 3 6 6 12

Example 15 : Find the rank of

Solution: Let A=

I 4 3 -2 1
0O 5 5 0 5

~10 10 10 0 10| (Applying R, +2R,,R;+R,R,+3R))
10 15 15 0 15
(1 4 3 21
o1 1 0 1

~|0 1 1 0 1| (Applying &,&,&)
011 0 1 5710715
(1 4 3 21
o1 1 0 1

~10 0 0 0| (Applying R;-R,,R,-R,)
000 0 0

-. Rank (A) = p (A) = The number of non-zero rows in the matrix =2
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1 2 3 4)
. 2 31 2
Example 16 : Find the rank of 3 4 5 3
1 3 10 14
1 2 3 4
-2 -3 1 2
Solution: Let A=
-3 4 5 8
1 3 10 14
(1 2 3 4
01 7 10
~10 2 14 20| (Applying R, +2R; R; +3R; R, —R, )
01 7 10
(1 2 3 4
01 7 10
. Ry
~|0 1 7 10|(Applying 7)
01 7 10
1 2 3 4
01 7 10
~10 0 0 O [(Applying R;-R,;R,—-R, )
00 0 0

.. rank (A) = p (A) = Number of the non-zero rows in the matrix = 2

1 21 0
Example 17 : Find the rank of | -2 4 3 0
1 0 2 -8
Solution : Given matrix is
1 21 0
A=-2 4 3 0
1 0 2 -8
2 1 0
~/0 8 5 0| (ApplyingR,+2R,R,~R))
0 2 1 =8

1 0
~/0 8 5 0 J (Applying 4R )

0 -8 4 -32
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1 21 0

~[0 8 5 0 J (Applying R, + R))
00 9 -32

This is in Echelon form.

2. p(A)= The number of non-zero rows in the matrix = 3.

. p(A)=3

1 4 3 =2 1

-2 -3 -1 4 3

-1 6 7 2 9

-3 3 6 6 12

Example 18 : Find the rank of

(1 4 3 =2 1
2 3 -1 4 3
-1 6 7 2 9
-3 3 6 6 12

Solution: Let A=

1 4 3 =2 1
05 5 0 ‘
Ulo 10 10 o 10| Applying Ry +2R;;R; +R;R, +3R,)
10 15 15 0 15
(1 4 3 2 1
011 0 1
: l{2.113.114
U|o 1 10 T/ (Applying =7 575)
0 1.1 0 1
(14 3 2 1
011 0 1
Lj0 0 0 0 O] (Applyinjg R,-R,;R,-R,)
000 0 0

- p (A)= Number of non-zero rows in the matrix = 2.

-1 2 1 8
Example 19 : Find the rank of | 2 1 -1 0
32 1 7

-1 2 1 8
Solution: LetA =2 1 -1 0
32 1 7

1 =2 -1 -38]
~ 1 -1 0

(Applying —R))
32 1 7
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1 -2 -1 -8
Ng 5 i 1? (Applying R, —2R;R; -3R,)
(1 -2 -1 -8
0 8 4 31|
(1 -2 -1 -8
=108 4 3 (Applying R, > R))
10 40 8 128

1 -2 -1 -8
~ 8 4 31 .
(Applying R, -5R, )

0 0 -12 =27

. Rank of the matrix = Number of non-zero rows in the matrix = 3.

ie, p(A)=3.

12 3 2
Example 20 : Find the rank of the matrix {2 35 1]
1 3 45

1 2 3 2
Solution : Given matrix is A = {2 351
1 3 45
1 2 3 2]
R; —R;;R, —2R; gives 0 -1 -1 -3
0o 1 1 3]
(1 2 3 2]
R;+R, gives 0 -1 -1 -3
00 0 0]

This is in Echelon form.
No. of non-zero rows =2. Rank (A) =2.

EXERCISE 1.3

Find the rank of each of the following matrices
2 -1 31
3.]1 4 21
5 2 43

1 2 3 3 -1 2
1. 3 4 4 2. |6 2 4
7 10 12 -3 1 2
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1. 14 REDUCTION TO NORMAL FORM

There is another important method of finding rank of a matrix. We will discuss it and
state some theorems without proof.

0]

Theorem : Every m xn matrix of rank r can be reduced to the form 7, [7, OJor | ,

by a finite chain of elementary row or column operations, where /, is the r-rowed unit matrix.

The above form is called “normal form” or “first canonical form” of a matrix.

o]

Cor. 1: The rank of a m X n matrix 4 is r if and only if it can be reduced to the form o 0

by a finite chain of elementary row and column operations.
Cor.2: If A is an m xn matrix of rank 7, there exists non-singular matrices P and Q such that

I. O
PAQ=|T" .
o [5 o
SOLVED EXAMPLES
121 0
Example 1 : Reduce the matrix 4 = |-2 4 3 0| to canonical form (normal) an
1 0 2 -8
121 0
Solution: Given 4 =|-2 4 3 0
1 0 2 -8
1 00 O
Applying C, > C,-2C,and C, > C,—~ C,weget A~|-2 8 5 0
1 2 1 -8
1 00 O

Applying R, > R, + 2R, and R, > R, - R, weget4A~|0 8 5 0
0 -2 1 -8
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00 O
. G 0 1 5 0
Applying C, — =, we get A~
-1
0 — 1 -8
4
(1 0 0 o0
Applying C, > C,—5C,, weget 4~ |0 1 00
-1 9
0o — 2 -8
L 4
i 0 0 0
Applying R, — 4R, we get A~]0 10 0
0 -1 9 -32
1 00 0
Applying R, > R, + R, weget A~|0 1 0 0
00 9 -32
c [170 0 0
Applying C, — ?3 , we get A~|0 1 0 0
00 1 -32
(1.0 0 0
Applying C, - C, +32C,, we get A~ |0 1 0 0
00 10
The above matrix is in the form [/, O].
..Rank of 4 is 3.
012 =2
Example 2 : Reduce the matrix (4 0 2 6| to normal form and hence find
2 1 3 1
the rank. [INTU 2006, 2006S, 2007S (Set No.1)]
012 =2
Solution : Given A=|4 0 2 6
2 1 3 1
1 02 2
Applying C, <> C,, we get A~|0 4 2 6
12 3 1



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

1 0 2 =2
Applying R, — R, — R, , we get A~|0 4 2 6
0 2 1
R (1 0 2 2]
Applying R, — 72,we get A~]10 2 1
02 1 3
(1 0 2 2]
Applying R, > R, - R,,weget A~|0 2 1 3
000 0
0 0 0
Applying C;, - C,-2C and C, > C, + 2C, weget A~ |0 2 1 3
0 0 0 0
1.0 0 0
. G G,
Apply1ngC2—>7,C4—>T,wegetA~ 01 11
00 0 0
1 0 0 O
ApplyingC, > C,-C,C,—> C,-C,,wegetd~ |0 1 0 0
0 0 0
L 1, O
This is in the form o N (normal form).
Hence the rank of matrix 4 is 2.
2 =2 0 6
. ) 4 2 0 2 . )
Example 3 : Find the rank of the matrix 4 = 1 -1 0 3 by reducing it to canonical
1 -2 1 2
form.
2 20 6
. .. 4 2 0 2
Solution : Given matrix is 4 =
1 -1 0 3
1 -2 1 2

Applying R, <> R,, we get 4 ~

—_— N B =
[\
-0 O O
[\
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Applying R, > R, —4R,R, > R, - 2R,and R, - R, — R, we get

w

1 -1 0 3
4|0 60 -10
0 00 0
0 -1 1 -1
Applying C, — C, + C,, we get
1 -1 0 3
4 0 6 0 -10
“lo 0 0
0 1 -1
. R,
Applying R, — R, + o o we get
1 0 0 4/3
0 6 0 -10
4~10 0.0 0
00 1 -1

4
Applying C, —» C, - 3 C,C,—6C, +10C,and C, —» C, + 6C,, we get

1000
06 0O
=10 0 0 0
0010
Applying ot and R, — R,, we get
6
10 00
0100
A=19 0 1 0
0000
This is of the form {03 0} which is in canonical form.

.. Rank of 4 =3.

Example 4 : Reduce the matrix 4 to normal form and hence find its rank

3

A

Il
NN O N
AN N = BN

1
3
3 7
5
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21 3 4
Solution : Given A= 03 4
23 75
2 5 11 6 > 1 3 4
. 0 3 4 1
Applying R, > R, - R, R, > R, — R, we get 4 ~ 02 4 1
0 4 8 2
2 1 3 4
. 0 3 41
Applying R, > R, — 2R, we get A ~ 02 4 1
00 00
2 1 3 4
. 010 0
Applying R, > R, — R, we get 4 ~ 0 2 41
00 00
2 0 3 4
. 0100
Applying R, > R, - R, R, > R, — 2R, we get 4 ~ 00 4 1
0000
2 0 0 4
. 0100
Applying C, — 2C, - 3C,, we get A4 ~ 00 8 1
00 00
1 0 0 4
ApplyingCl—>%,C3—>%,weget A~ g é (i (i
00 0O
1 0 00
. 0100
Applying C, - C,-4C,C, > C, - C,, we get 4 ~ 00 10
00 00

I; O
This is of the form { 03 0} . This is the required normal form.

Hence rank of 4 = 3.

Example 5 : By reducing the matrix into normal form, find its rank.

AN W =N
p—
w
|
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2 3 -1 -1
1 -1 -2 -4
Solution : Given 4 =

3 1 3 =2

6 3 0 -7
1 -1 2 -4
Applying R, <> R I

in © we ge ~

pplymg kK, 1 g 31 3 -
6 3 0 -7

1 -1 2 -4
0 5 7
A~
0 10
0 9 12 17
(1 -1 —2 4]
. o 5 3 7
ApplyingR, - R,,weget 4~ 0 8
05 7]
-1 2 4
oo Lloos 3T
pplying R4—R2,Weget 0 4 10|
0 0 0
T R
. 0 1 -6 -3
0 0

Applying R, + R, weget A4~

(== -

Applying R, —4R,, we get 4~

Applying C, +8C,, we get 4 ~

S O O
S o = O S O = O O s~ = O
(93]
W
N
[\)

S O O =
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1 0 0 -7
. R 01 -6 -3
] A~
Applying TR get 00 3 )
00 0 0
(1 0 0 0
-y P CUREETE
ppy1ngC4+7C1,Weget 00 3 2 )
00 0 0
(1 0 0 0
J—y oo
pplying C; + 6C, , we get 00 3 2
000 0
(1 0 0 0]
J—y P R
ppy1ngC4+3C2,Weget 00 3 2 )
0 0 0 0]
(10 0 0]
. C. C 01 0 0
Appl 3 =4 t A~
000 0]
[1 0 0 0]
_ Lot oo
Applying C, - C,, we get 001 0l
000 0]
. I O .
This is of the form 0 0 . Hence Rank of 4 is 3.
1 2 3 4
Example 6 : By reducing the matrix |2 1 4 3 | into normal form, find its
rank. 30 5 -10

1 2 3 4
Solution : Given 4= |2 1 4 3
305 -10

1 2 3 4
Applying R, ~2R,, R, —3R,, weget 4~10 -3 -2 -5
0 -6 -4 -22
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R 1 2 3 4
Applying _—; , we get A~l0 3 =2 5] ;
0 3 211
1 2 3 4
Applying R, + R, , we get A~|0 -3 -2 -5
0 0 0 6]

1 0 0 O
Applying C22C1,C33C1,C44C1,wegetA{0 -3 2 5]

0 0 0 6
1 00 0
Applying 3C, -2C,,3C, - 5C,, we get A~[0 -3 0 0
0 0 0 18
(10 0 0]
A 1 1 C2 C4 A’\‘ .
pplymng =2, =, we get 01008
-3 18
_0 0 -
1.0 0 0]
Applying C, <> C,, we get A~ |0 100
10 0 1 0
This is innormal form [/, O]. Hence Rank of 4 is ‘3.
1 230
. . . _12 4 3 2
Example 7 : Reduce A4 to canonical form and find its rank, if 4 =
3213
6 8 75
1 230
Solution : Given4 = 2432
3213
6 8 75
1 2 3
Applying R, —2R,, Ry —3R,, R, — 6R, , we get A~

0 -4 -8

0
0 0 -3 2
3
0 4 -11 5
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2 0 -2 3
: 0 0 -3 2
Applying R, — Ry, 2R, + R;, we get A~
0 -4 -8 3
0 0 -3 2]
2 0 -2 3]
Applving R, — R ¢ L0032
pplymg R, — Rr,, WCge 0 4 -8 3
0 0 0 0
2 0 0 0
Applying C; + €}, 2C, - 3C ¢ oY @ W\
pplying C; + C;,2C, —3C,, we ge § 4\
0.0 00
1 0 0 0]
.G C G 00 -3 2
G 6 G Y
Applying —-. =~ we get 01 s
00 0 0
(1 0 0 0]
. 00 -3 2
Applying C; +8C,,C, —3C, we get A~ 01 0 0
00 0 0
[1 0 0 0]
001 1
. Cy C ~
Applylﬂg_—;,j“,weget 101 0o
10 0 0 0
(1 0 0 0]
L0010
Applying C, - C;, we get 010 0
10 0 0 0
(1 0 0 0]
0100
. A~
Applying R, <> Ry, we get 0010
10 0 0 0

This is in the form of | >
1S 1S 1n the form o o ol
.. Rank of 4 is 3’.
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2 3 -1 -1
. ) 1 -1 -2 3 .
Example 8 : Find the Rank of the matrix 4= 31 3 by reducing it
to the normal form. 6 3 0 -
2 3 -1 -1
. . 1 -1 -2 3
Solution : Given matrix 4 =
31 3 =2
6 3 0 -7 2 3 -1 -1
, 0 -5 -3 -5
Applying Ry > 2Ry —R,Ry; > 2Ry —3R|,Ry > R4 —3R|, A ~ 0 -7 9 -
0 -6 3 -4
2.0 0 0
. 0 -10 -6 -10
Applying C, — 2C, —3C;,C3 > 2C5+C1,Cq = 2C4 +Cy A~ 8N4 15
0 -12 6 -8
1 0 0 O
0o 6 3 4
1 0 0 O
Applying Ry —>5R; —=7Ry; Ry — 5R, —6R, P
0 0 66 30
0 0 33 10
(1 0 0 O]
Applying ¢, —>%;C3 —>%;C4 af—‘s‘;lj—i;lj—‘i A~ g (1) 212 é
0 0 11 2
1.0 0 0]
. 01 0 O
Applying C; > C3—Cy;Cy > C4 —Cy, A~ 00 22 6
0 0 11 2
1 0 0 O
Applying Ry — 2R, — R;, A~ g (1) 202 2
00 0 -2
1 0 0 O
Applying C, - 11C, -3C;5, A~ g :) 202 g
00 0 -22
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1 0 00
Applying Rs a%,RA‘—)_R—;z, A~ g (1) ? g -
00 01
. Rank of 4 =4.
Example 9 : Find the rank of the matrix A by reducing it to the normal form
1 1 1 1
where 4= bz3
35 =5
3 4 -5 8
1 1 1 1
Solution : Given 4 = b2
’ 2 3 -5
3 4 -5 8
r 1 1 1
0 2 =5
Applying Ry > Ry —R|,R; - Ry —2R|,Ry —> R4 -3R , A~ 01 3 -7
0o -7 8 5
(1 0 0 0
Applying C, > C, =C},Cy = C3 —(1,C4 - C4 —Cj, A~ g | i _3
0 -7 8 5
10 0 0]
Applying Ry —> Ry ~ Ry, Ry — Ry +7R, , A0 2
001 -2
10 0 6 -30]
10 0 0]
Applying C — C; —2C,,C4 — Cy +5C, A0 100
001 -2
|10 0 6 -30]
1 00 O
010 O
Applying Ry — Ry —6R;3, A~ 00 1 -
0 0 0 -18
1 00 O
. 010 O
Applying Cy — C4 +2C5, A~ 001 0
0 0 0 -18
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Applying C;, — C—“g , A~

S O o =
oS O = O
S = O O

. Rankof 4=4.

1 4 3 -2 1
. -2 -3 -1 4 3
Example 10 : Find the rank of ‘ 5 o [JNTU 2008(Set No.3)]
-1 7

-3 3 6 6 12

1 4 3 21
2 3 -1 4 3
-1 6 7 2 9
3 3 6 6 12|

Solution: Let A=

Operating R, - R, + 2R, R; - R, + R,, R, > R, + 3R, we get

1 4 3 2 1]
05 5 05
0 10 10 0 10
0 1515 0 15]

A ~

Operating —2 3

—_ = =

Operating R, - R;-R,, R, > R, - R,, we get

o O O
O O = =

Operating —, we get

S O O =
O O = =
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A ~ I, O

O O

SopA) = 2
Hence Rank of given matrix = 2.

01 -3 —1}
. 1 0 1 1
Example 11 : Find the rank of 31 0 2
11 -2 0
01 -3 -1
) 1 0 1 1
Solution: Let A= 31 0 2l Then
11 -2 0
11 =2 0
1 0 1 1
A~ 31 0 2 (Applylng R1<_>R4)
01 -3 -1
1 1 =2 0]
~ g _; 2 ; (Applying R, -R;, R; -3R,)
0 1 -3 -1
(1 1. -2 0]
~[0 =13 1 (Applying %)
0 -1 3 1
0 1 -3 -1
1 1 =2 0
0 -1 3 ,
~lo o o of (Applying R;—R;,R,+R;)
00 0 0

. Rank (A) = p (A) = Number of non-zero rows in the matrix = 2
Example 12 : Find the Rank of the Matrix, by reducing it to the normal form

1 2 -13
4 1 2 1
3 -1 1 2
1 2 0 1



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

1 2 -1 3
4 1 2 1
Solution : GivenA=|3 -1 1 2
1 0 %
1 -1 3 ]
0 -7 6 -11 '
L 0 -7 4 _7 (Applying Ry, —4R|,R; —3R|,R4 — R)
0 0 1 k-3
(7 0 5 -1
q 0 -7 6 -11
0 0 -2 4 (Applying 7R +2R,,R5 — Ry )
10 1 k-3 |
14 0 0 18
. 0 -7 0 1
0 -2 4 (Applying 2R, +5R;, Ry +3R3)
i 1 k-3
(14 0 18
0 -7 0 1 .
L 0 -2 4 (Applying 2R, + Ry)
L 0 2k-2
(1 0 0 18 |
01 01 GGG
L 00 1 4 (Applying 17 )
10 0 0 2k-2]
(1 0 0 0 |
01 00
Ulo 01 o (Applying C4 —18C,C4 —G,,C4 —4()
10 0 0 2k-2]

Let 2k—2=0=k=1. Then
The matrix will be of the form
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I; O
0
0 0

o o o =
oS o = O
o = o O
S O O O

Rank of A=3

2 3 7

Example 13 : Find the Rank of the Matrix | 3 -2 4 | by reducing it to the normal
1 -3 -1

form.

2 3 7
Solution : Given matrixis A=|3 -2 4
1 -3 -1

23 7
~|0 =13 =13 (Applying 2R, —3R|,2R; — R))
0-9 _ -9

R, R
~|0 1 1| Applyin —2,—3J
( pply g_13 9

~|0 1 1| (Applying B3 —R,)
~|0 1 1| (Applying R, —3R,)

~10 1 1| (Applying C5—-2C;)

~10 1 0| (Applying C5 -C5)
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[ =)
S O O

. R I, O
Applyin —IJD
( il g2 {0 O}

This is in normal form.
Rank of the matrix = 2

Example 14 : Find the Rank of the Matrix, by reducing it to the normal

21 3 5
4 2 1 3
form ]
8 4 7 13
8 4 -3 -1
(21 3 5
4 21 3
Solution : Let A= g 4 7 13
18 4 -3 -1
21 3 5
0 0 -5 - .
“lo 0 s 7 (Applying Ry —2R;,Ry — 4R, R, —4R))
100 —15 -21
21 3 5
0 0 -5 - .
“lo 0 o0 o |(APPYINgRy—3Ry,Ry—R;)
0 00 O
1050 4
0 0 -5 - .
- 0 0 0 0 (Applying 5R; +3R;)
0 0
11 0 4
001 - .G G G
o000 (Applymgm’?v_—s)
0 000
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1 000
001 - (Applying C, — C;,C, —4C))
~ ln p— , —_
00 0 0 pplymg €y —C, 04 1
100 00
(1 0 0 0]
0010 (Applying C, +7C3)
~ in,
00 0 0 pplying Cy4 3
10 0 0 O]
(1 0 0 0]
01 00 (Applying C; <> C3)
~ in,
00 0 0 pplying C; 3
10 0 0 O]
I, O
This is of the form 0 O which is in normal form.
. Rank of A=2
Example 15 : Find the Rank of the Matrix, by reducing it to the normal form
1 3 4 5
1 2 6 7
1 5 0 10
(1 3 45
Solution: Let A =|1 2 6 7
11 0 10
1 3 4 5
0jo -1 2 2| (Applying Bs —R;,R, — R))
02 45

1 0 10 11
ogjo -1 2 2 (Applylng Rl —)Rl +3R2,R3 —)R3 +2R2)

00 0 9
[1 0 0 0
010 -1 2 2| (Applying C3 —10C},Cy —11Cy)
00 009
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1 0 0 O
010 -9 18 0| (Applying9R, —2R3)
00 0 9

0o 1 2 0 (Applying’f—g)

010 1 0 2| (Applying G5 <> Cy)

gjo 1 0 0 (ApplyingC4—2C2,%)
0 01 0

0[1; O]
This is in normal form
Rank of the matrix =3

Example 16 : Find the Rank of the Matrix , by reducing it to the normal

W N = =
~N A~ W
wnm W N =
(o N SN S I S

form.

1 21 2
Solution: Let  A=| > > >
olution : € = 2 4 3 4
137 5 6]
(1 2 1 2]
0110 .
“lo o 1 ol (Applying Ry —R;,R3-2R},R4-3R)
01 2 0]
(1 0 -1 2
01 1 0 ,
“lo o 1 ol (Applying Ry —2Ry,R4-R;)
00 1 0
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1 0 -1 2
01 1 0 .
“lo 0 1 o (Applying R4-R3)
00 0 0
(1 0 0 2
0100 .
“lo o 1 ol(Applying R;+R3,Ry —R3)
0 0 00
100 0
0100 ,
“lo o 1 of (Applying C4=2C))
0000

I, O
This is of the form { S O} which is normal form.

-. Rank of the matrix is 3.

1 2 -2 3

_ , 2 5 -4 6

Example 17 : Reduce the Matrix Ato its normal form where A=| 1 -3 2 -
2 4 -1 6

and hence find the rank.

1 2 -2 3
2 5 -4 6
-1 -3 2 2
2 4 -1 6

Solution : Given matrix 1s A =

(Applying Ry —2R;,R3 +R{,R4 —2Ry)

-2 3

0 ) Ry
| |(Applying Ry =2R3,R3+Ry,=%)

S O o =
S O = O

0
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(1 0 0 3]
0100 )

~ 00 0 1 (Applying Ry +2Ry)
0 0 1 0]
(1 0 0 0]
0100 '

- 00 0 1 (Applying C4 -3C))
(0 0 1 0]
(1 0 0 0]
0100 )

~ 0010 NI4 (Applylng R4 <_>R3)
(0 0 0 1]

This is in normal form.
Rank (A) = 4.
Example 18 : Find the Rank of the Matrix, by reducing it to the normal form.

2 4 3 -1 0
1 2 -1 -4 2
o 1 -1 3 1
4 -7 4 -4 5
2 4 3 -10
Solution : Given matrix is ~ b2 -1 -2
o1 -13 1
4 -7 4 -4 5
1 -2 -1 4 2
. 2 4 3 -10
R, < R, gives ~lo 1 13
4 -7 4 -4 5
1 2 -1 4 2
. 00 5 7 -4
R, -2R;;R4 —4Ry g1ves ~ 01 131
01 8 12 -3
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(1 -2 -1 -4 2
, 01 -13 1
R, <> R; gives ~lo o 5 7 4
01 8 12 -3
(1 0 -3 2 4
R, +2R,:R, R, gi 0L 13
ITERBR4 =Ry BVES ~ 1y g 5 7 4
00 9 9 —4
5R1+3R3; _5 O O 3 8_
. 050 22 1
2t gives “loos 7 -4
5R4—9R; -
10 0 0 —18 16 |
(1 0 0 31 8§
¢ C, Cy . 01 0 22 1
5755 8VOS “loo 1 7 -4
10 0.0 -18 16 |
1 0000 0
. 01 0 22 1
C4 -31C;;C5 —-8Cy gives ~ 001 7 4
0 0 0 —18 16
1 00 0 0]
‘ 01 0 0
Cy—22C,;C5-C, glves ~ 001 7 4
0 0 0 -18 16 |
1 00 0 0]
. 01 0
Cy —7C5;C5+4C5 gives ~ 00 1
0 0 0 -18 16]
1 00 00
Cy Cs . 01 000
~18° 16 V¢S "o o1 0 0
0001 1
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C5—C,4 gives ~

o o o =
oS o = o
[ R = ]
- o o O
S O O O

This is of the form [I, O] which is in normal form.
Rank (A) =4.
Example 19 : Find the rank of the Matrix by reducing it to the normal form.

4 3 2 1
5 1 -1 2
01 2 3
1 -1 3 =2
4 3 2
5 1 -1 2
Solution : Let =
01 2 3
1 -1 3 =2
1 -1 3 =2
5 1 -1 2 .
“lo 1 ; | (Applying R; & Ry)
4 3 1
1 -1 3 2]
~ g f _;6 2 (Applying R, —5R;;R, —4R,)
0 7 -10 9 |
1 -1 3 2]
L (Applying Ry <>R3)
0 7 -10 9 |
(1 0 5 1]
01 2 3 .
~lo 0 -2 _¢ |(Applying Ry +Ry;R3~6R;;R, ~7R;)
10 0 24 -12]
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1 0 5 1
01 2 3 R: R
~ Applying =3 =4
0 0 14 3|(Applying —-—5)
00 2 1
1 0 5 1
01 2 3 )
~lo o o 1|(ApPlying Rz < Ry)
0 0 14 3
2 0 0 3
~ g (1) 2 f (Applying 2R =5R3,R; —R5, R4 —7R3)
00 0 4
(2. 0 0 0]
010 4 ,
~lo 0 2 2 (Applying 2C, +3C;)
10 0 0 -8
2 0 0 0]
01 0 0 .
o @2 > (ApplyingC, —4C;)
100 0 -8
(2. 0 0 0]
010 O .
“lo 0 2 o |@pplying Cy—C3)
10 0 0 -8
(1 0 0 0
0 100 ivine B Rs Re
~lo 0 1 o (Applying 5nn T
0 0 0 1
~1,
. Rank of tthe matrix is 4.
1 0 -3 2
01 4 5 . .
Example 20 : Reduce the 13 0 matrix, to normal form and find its rank.
1 1 -2 0

[JNTU (A) June 2011, June 2013 (Set No. 2)]
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1 0 -3 2
. . .. 01 4 5
Solution : Given matrix is A = 13 2 0
11 =20
1 0 -3 2
R;-Ry 01 4 5
1VEeS ~
R,-R, & 0 3 2
01 1 -2
(1 0 =3 2]
Ry -3R, 01 4 5
Ry -R, gives 00 -7 -17
0 0 -3 -7 |
7R, -3R, (7 0 0 65
7R2+4R3gives |07 0 -33
7R, —3R, 00 -7 -17
oo 0 2 |
10 082
Z
33
R, R, R; R, . 0g 770 ——
I S R glVCS ~
77777172
001
Z
00 0 1 |
65
C“_TCI 1 000
c. _3Bc 01001h_h. "
4 7 2 gIVEeS ~ 00 1 0 4 wihicn 1S normal rorm.
1
c,-Ye, 0001
Z
. Rank (A) = 4.

9 7 3 6
Example 21 : Reduce the matrix { 5 -1 4 1] to normal form and find its rank.

6 &8 2 4
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9 7 3 6
Solution : Given matrixis |5 —1 4 1

6 8 2 4
(0 7 3 6]
9R, —5R; gives 0 —44 21 -21
6 8 2 4|
(0 7 3 6]
9R; —6R; gives 0 -4 21 -21
0 30 0 0 |
(0 7 1 2
Cy, C4 .
7374 gives 0 —44 7 -7
0 1 0 0
9 7 1 3
C4 +C5gives 0 —-44 7 0
0 1 00
[0 7 1 3]
R, +44R; gives 00 70
_0 0_
[0 71 3]
R, .
TZgIVCS 0 01
K 0 0
(9 1 3]
R, - 7R;gives 1
K 0 0
(9 0 0]
R, -R, gives 0010
K 0 0
_ o ol
C C .
71,72@%5 0010
01 0 0]
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C, —-C, gives 0010

R, <> Rjgives 0 00

I, 0
This is of the form { 3 } which is normal form.

0 0
Rank of A=3.
1 1 1 -1
Example 22 : Reduce the matrix to its normal form A=|1 2 3 4]
345 2

Solution : Given matrix A =

1 11 -1
1 2 3 4
3 45 2

11 -1
R2_R1;R3_3R1 giVeS 012 5
0 12
11 1 1]
R3—R2gives 01 2 5
100 0 ]
(1 0 1 —1]
C, -C; gives 012 5
100 0 O]
(1 0 0 0]
C3—C1;C4+C1 0125
[0 0 0 0]
1 0 0]
C3—2C2;C4—5C2 01 0 O
00 00

I, 0
This is of the form 0 0

This is to required normal form.
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1.15 ELEMENTARY MATRIX

Definition : It is a matrix obtained from a unit matrix by a single elementary
transformation.

For example,

010 1 00 1 20
001,10 10570 100 pe the elementary matrices obtained
0 01 00 2110 01

from I, by applying the elementary operations C, <> C,, R, — 2R, and R, — R, + 2R,

respectively.
2 3 4
An important note : Consider A=|1 2 7
8§ 1 1 8 1 1
Let us interchange 1st and 3rd rows. We get B=| 1 2 7
2 3 4

This B is same as the matrix obtained by pre-multiplying 4 with the matrix £, obtained
from unit matrix by interchanging 1st and 3rd rows in it.

0 0 1
Verification : Es=[0 10
1 0 0
00 1)(2 3 4 8§ 1 1
Ep-A=|0 1 0|12 7|=[12 7
10 0){8 11 2 3 4

Similarly interchange of two columns of a matrix is the result of the post-multiplication
by an elementary matrix obtained from unit matrix by the interchange of the corresponding
columns.

Similar observations can be made regarding row/column operations.
These ideas are used in the following example.

In this connection we have the following theorem.
Theorem : Every elementary row (column) transformation of a matrix can be obtained
by pre-multiplication (post-multiplication) with corresponding elementary matrix.

SOLVED EXAMPLES

Example 1 : Obtain non-singular matrices P and Q such that P4Q is of the form

1 1 2

I O ..
{0’ 0} where 4=|1 2 3 | and hence obtain its rank.
0o -1 -1
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Solution : We know by cor. 2 of theorem in 1.9 we can find two non-singular matrices

1. O
Pand Q such that PAQ = {0’ O} . For this we adopt the following procedure.

e i

Now we go on applying elementary row operations and column operations on the matrix

S = O
—_ O O

I 1 2 1
We write A=1,ALy ie, |1 2 3(=|0
0 -1 -1 0

SO =
O - O
—_ O O

A (the left hand member of the above equation) until it is reduced to the normal form {I’ 0} .

Every row operation will also be applied to the pre-factor /, of the product on R.H.S. and
every column operation will be applied to the post-factor /; of the product on the R.H.S.

1 1 2 1 00 1 0.0
Applying R, >R, -R,,weget |0 1 1|=|-1 1 0/4[0 1 0

0 -1 -1 0 0 1 0 0 1

1 1 2 1 0.0 1 00
ApplyingR, >R, +R,,weget |0 1 1| =|-1 1 0/4/0 1 0

0 0 0 -1 1 1 0 0 1
Applying C, - C, - C and C, — C, - 2C,, we get

-1 1 1 0 0 1

We can verify that det P=1 # 0 and det 0=1 = 0

1 00 1 0 0
01 1| =(-1 1 0{4/0 1
0 0 0 -1 11
1 00 1 00 1 -1 -1
Applying C, —» C, - C, weget [0 1 0 -1 1 .0(4(0 1 -1
0 0 0 -1 1 1 0 0 1
L o 1 00 1 -1 -1
This is of the form {02 O} PAQ where P=|-1 1 0|andQ=|0 1 -I
#

I, O
.. P and Q are non-singular such that PAQ = 02 0} . Hence the rank of 4 = 2.
Note : P and Q obtained in the above problem are not unique.
3 2 -1 5

Example2:If4 = > b4 =2 , obtain non-singular matrices P and Q such that
1 -4 11 -19

1. O . .
PAQ ={ (; o } by suitable elementary row and column operations.
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Solution : We write 4 = LAI,.

3 2 -1 5 1 00 é ? 8 8
ie. |5 1 4 2|=/0 10| A 00 10
1 -4 11 -19 0 0 1 000 1

New, we apply row operations on the prefactor /, in R.H.S. and column operations on

. 1. O
postfactor /, in R.H.S. to get { Or 0} =PAQ.

1 -4 11 -19 00 1 5388
Applying R <> R;,weget |5 1 4 -2|= 1 0A
32 -1 5 100 ' s
000 1
Applying C, - C, +4C,, C; —> C;-11C,, C, > C, +19C,
1 0 0 0 0 0 1 51—1313
521 =51 931=10 1 0A| -~ O
3 14 -34 62 100 00 o\
c, C, C,
R, > R,-5R,, Ry > Ry -3R, and C, > —,——, —, we get
77417 31
_1 4 11 19]
717 31
1oo0oo0] oo 1] |oL o o
033 3/=|01 -5[ua| 7 1
0222 10 =3 00 — 0
17
00 o L~
L 31

R R
Applying R, — ?2 and R, — 73, we get

_1i22_

i ] 7 17 31

1 0 00 0?1 0100
0111:05%5,4 71
01 1 1 | 3 00 — 0
PR |

- o0 0 —

L 31 |
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Applying C; > C;-C,, C, > C,-C,, we get

L 42 5
[ ] 7 119 2
1000 0 ? ! o L =t =
010 0|=|0 7 _?5 4l 7 71 7
0100 1 ; 5 0 0 o 0
L2 2 0 0 0 1
L 31 |
Performing R; — R, —R, , we get
4 9 9
[ 1 17 119 217
100 0 0 0 1 o L Z1-1
0100/=]|0 %‘?5 4 7 71 7
N 0
00 00 a1 0 0 T
12 3 6 w ) L
L 31 |
This is of the f Lo = PAQ
18 1S of the form o ol
1 4/17 9/119 9/217
0 0 ! 0o 1/7 -1/7 -1/7
where P=| 0 1/3 =5/3|and Q=
0 0 -1/17 0
1/2 -1/3 1/6
0 0 0 1/31

We can verify that P and Q are non-singular.

I, O :
, therefore, the rank of 4 is 2.

i th trix 4 ~
Since the matrix { 0 0

Example 3 : Find non-singular matrices P and Q so that PAQ is of the normal

1 -2 3 4
form, where 4={-2 4 -1 -3|.
-1 2 7 6

Solution : We write 4 =141,

1
ie.,

-1

-2

-2 4

2

3

-1

7

4

-3

6

1
0
0

S = O

- o O

S o o =

S O = O

S = O O

- o O O
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We will apply elementary row operations and column operations on 4 in L.H.S., to

0O O

the product on R.H.S. and every column operation will also be applied to the post-factor of

the product on the R.H.S.
Applying R, + 2R and R

reduce it to normal form { } . Every row operation will also be applied to prefactor of

, TR, we get

1 0 00
1 -2 3 4 1 00
0100
0 0 5 5|=|21 0|4 00 1 0
0 0 10 10 1 0 1
00 01
1 0 00
1 -2 3 4 1 00 01 0 d
Ry —2R, gives |0 0 5 5|=] 2 1 0|4
0 01 O
0 0 0O -3 21
00 0 1
10 00
1 -2 3 4 1 00
0100
1 . 01 1{=|04 02 0 4
— R, gives 00 1 0
5 00 -3 21
0 0 01
1 00 O
1 -2 31 1 0 0
. 010 O
C,—Cygives [0 0 1 0|=]04 02 0] 4
001 -1
0 000 -3 -2 1
00 0 1
1 00 O
1 -2 01 -02 06 0
0 0 10 04 02 0] 4 0100
R, — 3R, gives 00 1 -1
0 000 -3 -2 1
00 0 1
1 20 -1
1 000 -02 06 0
. 010 O
C,+2C, and C, —Cygives [0 0 1 0| =| 04 02 0| 4 00 1 -1
0000 -3 -2 1
0 0 1
1 0 2 —
1 000 -02 06 0
0100 04 02 0|4 0010
C, & G gives 01 0 -1
0000 -3 -2 1
00 0 1
1 02 -1
-02 -06 0
001 O I, O
Thus we have P=| 04 02 0|, 0= and PAQ=
01 0 -1 o 0
-3 -2 1
00 0 1

.. Rank of given matrix is 2.
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Example 4 : Find the non-singular matrices P and Q such that the normal form

1 3 6 -1
of A is PAQ where 4=|1 4 5
1 5 4

1|. Hence find its rank.
3
1 0 00
1 3 6 -1 1 00 0100
Solution : Wewrite A=LAl,ie,|1 4 5 1|=10 1 0] 4
0010
1 54 3 0 0 1
00 01
We will apply elementary row operations and column operations on 4 in L.H.S. to

0O O
the product on R.H.S. and every column operation will also be applied to the post-factor /, of
the product on the R.H.S.

reduce to a normal form { } . Every row operation will also be applied to prefactor 7, of

1 0 00
1 3 6 -1 00 010 0
ApplyingR,—R and R, —R,weget |0 1 -1 2|=/-11 0] 4 00 1 0
02 2 4 -1 0 1
00 01
1 0 00
1 3 6 -1 1 00 010 0
Applying R, — 2R, weget |0 1 -1 2|=|-1 1 0|4
0010
00 0 O 1 -2 1
00 01
Applying C, - 3C,, C, - 6C, and C, + C,, we get
1 3 -6 1
0 0 1 0
0 1 00
-1 2|=]-1 1 0| 4 0 0 1 0
00 00 1 21
0 0 01
Applying C, + C, and C, - 2C,, we get
1 3 9 7
1 000 1 00
0 1 -2
0100|=|-1 10| 4 0 0 1 0
00 0O 1 -2 1
0 0 0 1
1 3 -9 7
PO 0 1 1 -2
Thus |2 © =pP4Q where P= -1 1 0| and Q =
O O 0 0 1 0
1 -2 1
0 0 0 1

1
Since A4 ~ {02 g} , therefore, rank of 4 is 2.
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1 -1 -1
Example 5 : Find P and Q such that the normal form of 4=1 1 1| is
31 1
PAQ. Hence find the rank of 4.
Solution : We write 4 = I; Al;, i.e.,

I -1 -1 1 00 1 00
1 1 1}=(01 0/4{0 1 0
31 1 0 01 0 01

We will apply elementary row operations and column operations on 4 in L.H.S. to

reduce to a normal form { 0 0} Every row operation will also be applied to the prefactor

of the product on R.H.S. and every column operation will also be applied to the post-factor
of the product on the R.H.S.

1 00 100 111
Applying C, +C, and C, +C,,weget |1 2 2| =0 1 0470 10
3 4 4 00 1 00 1
"1 00 1 00 11

Applying R, — R, and R, =3R,,weget |0 2 2/ =|-1 1 0 4/0 1 0
0 4 4 3 0 1 00

1 0 0] 1 0 11
Applying%and %,Weget 01 1|=(-1/2) 1/2 A0 1 0
01 1] [-3/4 0 00
1 0 0 1 1
Applying R, — R, we get |© | 1| - —(1/2) 1/2 4]0 1 0
000 —(1/4) —(1/2) 1/4 0 0
1 0 0 1 1 0
Applying C, — C,, weget |0 1 0| = (1/2) 1/2 410 1 -1
0 0 —(1/4) —-(1/2) 1/4 00 1
- L O
Thus the L.H.S. is in the normal form .
0O 0O
1 0 0 1 1 0
Hence B,; = |—-(1/2) /2 0 and O3 =10 1 ~1
~(1/4) —(1/2) 1/4 00 1

I, O
Since A ~ { 0 0} therefore, rank of 4 is 2.
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21 3 -6
Example 6 : If 4=2 -3 1 2 | find non-singular matrices such that PAQ is
1 1 1 2

i normal form.
Solution : We write 4=1; Al,

1 0 00
2 1 -3 -6 1 00
. 01 00
ie, (2 -3 1 2|=101 0|4 0010
1 1 1 2 0 0 1
00 01

We will apply elementary row operations and column operations on 4 in L.H.S. to

0O O
the product on R.H.S. and every column operation will also be applied to the pre-factor /, of
the product on R.H.S.

reduce to a normal form { } . Every row operation will also be applied to prefactor 7, of

1 0 00
1 1 1 2 0 0 1
3 1 2|=]01 0} 4 0100
Performing R, <> R, we get - 0010
2 1 -3 -6 1 00
00 01
Performing R, — 2R and R, — 2R , we get
1 000
11 2 00 1
0100
0 -5 -1 -2|=(01 2|4
0010
0 -1 -5 -10 1 0 =2
00 0 1
1 0 -4 -8] [1 0 -1 Lo oo
o - 0100
Performing R, + R, we get 0 =5 -1 =2/=101 -2/ 4 001 0
0 -1 =5 —10] [1 0 2] | o,
- 4 (1 0 0 0]
1 0 40 0 -1 01
Performing C, - 2C,, weget |0 -5 -1 0|=|0 1 -2| 4 00
001 -2
0 -1 -5 0 0 -2
- 4t S oo o 1]
- - - 1 04 o]
1 0 00 0 -1
Performi 0 -5 -1 0|=|01 2|4 0 100
erforming C, + 4C|, we get = 00 1 -2
0 -1 -5 0 0 -2
- 4t S oo o 1]
- 1 0 20 O
1 0 0 0 1 0 -1 01 -1 0
Performing 5C, -C, weget |0 =5 0 0|=/0 1 -2| 4 00 5
0 -1 24 0 1 0 2
- 00 0 1
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Performing 24C, — C,, we get

1 =20 20 O
1 0 0 0 1 0 -1
0O 25 -1 O
0 -120 0 0|=|01 2|4
0o -5 5 =2
0 0 24 0 1 0 =2
0 0 0 1
Performing Ry ond B , we get
-120 -24
1 20 20 O
1 0 00 1 0 -1
0 25 -1 O
010 0]= 0 -1/120 1/60| 4
0 -5 5 =2
0010 -1/24 0 1/12
0o 0 1
Thus the L.H.S. is in the normal form [/, O]
10 - 1 —20 20
Hence P o —L L a0 0 25 -1 0
nce P = and O =
ence 120 60 0o - M -
-1 0 L 0 0 0 1
24 12

We can verify that P and Q are non-singular. Also rank of 4 = 3.

Example 7 : Find the non-singular matrices P-and Q such that PAQ is in the normal

1 2 3 2]
form of the matrix and find the rank of matrix 4={2 -2 1 3
3 0 4 1

Solution : Since A is 3x4 matrix, we write A=1; A,

1 0 00
1 2 3 =2 oo
0100
2 21 3|=/01 04
0010
30 4 1 0 0 1
00 01
Applying Ry, — R, —2R;,R; — Ry —3R; on L.H. S. and on pre-factor of A, we get
1 0 00
1 2 3 2 1 00
0100
0 6 -5 7|=-2 1 0|4
0010
0 -6 -5 7 -3 0 1
0 0 1
Applying C, - C, -2C, C3 > C3-3C;, C4 = C4 +2C; on L.H.S. and on post-factor
of A, we get
1 -2 3 2
1 0 0 O 1 00
01 0 O
0 6 -5 7|=|-21 0|4
0 0 1 0
0 -6 -5 7 -3 0 1
0 0 0 1

Applying R; — Ry — R, on L.H.S and on pre-factor of A, we get
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1 -2 3 2
1 0 0 O 1 0 0

01 0 0
O—6—57=—210A0010
0 0 0 O -1 -1 1

0 0 0 1

1 1/3 3 2
1 0 0 O 1 0

0 1/6 0 0
01 -5 7|=|-2 1 0o 0 1 o0
00 0 Of |-1 -1 1

0 0 0 1

Applying C3 - C3+5C,,C4 — C4—7C, on L.H.S. and on post factor of A, we get

1 1/3 -4/3 -1/3
0 -1/6 -5/6 7/6
0 0 1 0
0 0 0 1

I 1/3 -4/3 -1/3
1 0 0
h P > 1 0land 0= 0 -1/6 -5/6 7/6
where = —1 O an = 0 0 1 0

0 0 0 1

The matrix A is reduced to the form {g 8}

- The rank of 4=2.
1.16 THE INVERSE OF A MATRIX BY ELEMENTARY TRANSFORMATIONS
(Gauss-Jordan method)

We can find the inverse of a non-singular square matrix using elementary row operations
only. This method is known as Gauss-Jordan Method.

Working Rule for finding the Inverse of a Matrix :
Suppose A is a non-singular square matrix of order n. We write 4 = I A.

Now, we apply elementary row operations only to the matrix 4 and the prefactor /, of
the R.H.S. We will do this till we get an equation of the form

I =BA.
Then obviously B is the inverse of 4.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

SOLVED EXAMPLES

-2 1 3
Example 1: Find the inverse of A=| 0 -1 1| using elementary row
1 20

operations (Gauss-Jordan method).

-2 1 3
Solution: Given A=| 0 -1 1
1 2 0

-2 1 3 1 00
Wewrited = 1,4 ie,| 0 -1 1|=|0 1 0|A
1 2 0 0 0 1

Now we will apply row operations to the matrix 4 (the left hand member of the above
equation) until it is reduced to the form /;. Same operations will be performed on prefactor /7,

of R.H.S.
1 20 0 0 1
Applying R, <> Ry, weget | 0 -1 1|=|/0 1 0|A
-2 1 3 I 00
1 20 0 01
Applying Ry > R; +2R,,weget (0 -1 1|=/0 1 04
5 3 1 0 2
1 20 0 0 1
. 0 -1 1{=({0 1 0]|A
Appl R, = R, +5R,, t
Ppiymg K = g rafp,weget | o g 15 2
1 0 2 0 2 1
. 0 -1 1(=/0 1 0]A
Appl R, — R +2R,, t
pplying f; — & »weget o g 15 2

. R
Applying Ry — ?3, we get

1 02710 2 1
0 -1 1|=l0 1 04
o o 1| |1 22

L )

8
Applying R, &> R, —2R; and R, = R, — R;, we get

1 00 —
8

-1

[«
|
—
[«
1l
00| 0| oo |y

I
OOINO°|N PAES
N

1
- 8
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Applying R_zl’ we get

1 0 0 2 6 4
8 8 8 2 6 4
01 o=l 2 3 21411 520
8§ 8 8 1 5 2
00 1 1 52
L8 8 8] 2 6 4
This is of the form I; = BA where B:%{ 1 -3 2}
2 6 4 s 2
aat=p=L 1 32
1 52

Example 2 : Find the inverse of the matrix 4 using elementary operations (i.e., using
Gauss-Jordan method).

-1 -3 3 -1
1 1 -1 0
A_
2 -5 2 -3
-1 1 0 1
-1 -3 3 -1 1 0 0 0
Solution : We write A =1, 4 i.e., bob-10g 0 1007,
2 -5 2 3 0 0 10
-1 1 0 1 0 0 0 1

We will apply only row operations on matrix 4 in L.H.S. and same row operations on /,
in R.H.S. till we reach the result I, = BA. Then B is the inverse of 4.

Applying R, > R, + R, Ry > Ry +2R, and R, > R, —R,, We get

-1 -3 3 -1 1 000
0 2 2 -1{ | 1 100 4
0 -11 8 -5 2010
0 4 -3 2 -1 0 0 1

Applying R, = 2R, = 3R, R, — 2R, — 11R, and R, = R, + 2R, we get

2 0 0 1] [-1 30 0
0 2 2 -1 1 100
0 0 -6 1| |-7 -11 2 0|4
0 0 1 0 1 20
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Applying R, > R, — 2R, and R, = R, + 6R,, we get

2 00 1] [-1 30 0
0 20 1| |-1 =3 0 -2
0 0 0 T 2 6
0 01 0 1 20 1

Applying R, > R, — R, and R, > R, + R, we get

2 000 0 4 2 -6
0200 |2 2 2 4
o 00 1| |21 1 2 6"
0 0 10 12 0 1

Applying ﬁ, R and R, <> R,, we get
2 2

1000 [0 2 1 3
0100 |1 1 -1 =2
0010l [1 2 0 1
000 1] |[-11 2 6

This is of the form / = BA.

02 13
AR RE I B T
- AT=BE 9 0

11 2 6

Example 3 : Find the inverse of the matrix by elementary row operations

11 3
1 3 -3
2 -4 -4

Solution : We write 4 = L A

We perform elementary row operations on LHS to reduce it to /;. We will perform
the same row operations on prefactor /; on RHS. Then we will get an equation of the form

I,=BA.Then B = A"". That is,

1 1 37 [1 00
1 3 -3(=|0 1 0|4
-2 —4 —4| |0 0 1
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Applying Ry, > R, —R;, Ry = Ry +2R;, we get

1 1 3 1 00
0 2 -6|=-1 1 04
0 -2 2 2 0 1

R R
Applying 72 and 73 , we get

1 1 3 b oo
0 1 3=|= L ola
2 2
0 -1 1 .
1 0 —
L 2]

Applying Rj — R — R, and Ry — R; + R, , we get

. R;
0 |4 | Applying Ry —>—2

3 =y
0 6 |2 2
{ 3}_110/1
2 2
0 2]\ 1
22 2f
EAd SO
2 2
I
2
_1
4

1
S O =
S - O
|
—_— L N
I —|
Il
|
N

Applying Rj — R, —6R; and R, — R, +3R;, we get
3

too] | vV 3
0 1 0|=|-5/4 -1/4 —3/4|4
0 0 1| [-1/4 —1/4 —1/4

This is of the form /, = BA which gives
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3 o1 3
2
4= S 13
4 4 4
o S e |
4 4 4
1 -2 -3
Example 4 : Given A={0 2 0 |, find its inverse.
0 0 3

Solution : We write A=1LA .

Applying row transformations, we reduce LHS into 15 .

1 2 3 1 00
0 2 0(=/01 0lA
0o 0 3 0 01

Applying R, + R, , we get

1 0 -3 1 1 0
02 0|=|{0 1 0lA
0 0 3 0 0 1

Applying R, + R, , we get

1 00 I 11
0 2 0|=(0 1 0]A
0 0 3 0 0 1

Applying % and % , we get

1 00 ! 1 !
01 0)=0 3 0A

0 0 1 1

0 0 —

3
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This is of the form I, = BA

1 1

Thus B=A"=|0 0

o N | = =

0 —_
3
4 -1 1
Example 5 : If A=|{2 0 -1|, find A
1 -1 3

4 -1 1
Solution : Given matrixis A={2 0 -1
1 -1 3
We write A=1;A
We perform elementary row operations on A in LHS and make it equivalent to 15 .

We perform the same row operations on Iy in RHS and make the equation I, =BA.
Then B is the inverse of A.

4 -1 1 1 00
2 0 -1|=(0 1 OA
1 -1 0 0 1

2 0 -1] o1 0
R, &R, gives ~[4 -1 1|=|1 0 0|A

1 -1 2] |0 0 1

2 -1 1
Ry 2R, 01 3 (1) 2 gA
2R, R, gives ~ - = -

0 2 7] [0 -1 2

2 0 1] 0o 1 0
R;-2R, gives ~[0 -1 3 |=1 -2 0A

0 0 ] -2 3 2

R, +R, . 2 0 0 -2 4 2
R, - 3R, glveSNg -1 (1)= 7 -11 -6|A

-2 3 2
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- 1 0 0] [-1 2 1
71,—igives~010=—7 11 6|A
00 1| |2 3 2

This is of the form I, = BA

-1 2 1
=B=A"=[-7 11 6
2 3 2

Note 1 : To find the inverse of the matrix using column operations only we proceed as
follows.

We write 4 = Al

Now we go on applying column operations only to the matrix 4 in L.H.S. and perform
the same column operations on the prefactor /, in R.H.S. till we reach the result /, = AB.

Then obviously B is the inverse of 4.

Note 2 : While, in principle, 4! can be calculated by the determination of the adjoint of
A, the procedure is highly unpracticable in case of large #.
Even if n=4, we have to calculate 16 third order determinants.

For n=5, we have to calculate 25 determinants of 4™ order i.e., 25 % 16 x4 determinants
of second order and perform the needed additions and subtractions.

For large n, the impracticability need not be emphasized.

The Gauss-Jordan procedure is the best to calculate the inverse of 4 when 4 is of large
order. The procedure can be comfortably implemented on computer.

r EXERCISE 1.4 ~
Find the rank of the matrix by reducing it to normal form.
12 2 4
23 4 6 5 314 4
Ll 55 6 10 2. |0 1 21
11 -2 2 1 -1 20
12 30 L2 1
2 4 32
3.3 2 10 3 4.{—102]
68 75 213
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-3 -1

0 1
8 1 3 6 10 1 1 1 210
5 0o 3 2 2 6 31 0 2 7. |2 4 30
-8 -1 -3 4 11 -2 0 10 2 8
1 -1 2 -3 1—212}
4 1 0 2 2 =2 0 6
8.0 30 4 9014 2 o 2 | ]
0o 10 2
1—103J

10. Determine the non-singular matrices P and Q such that PAQ is in the normal form for
A. Hence find the rank of the matrix 4.

1 1 2 32 -1 5
@i)Ad=|1 2 3 () A=|5 1 4 -2

0 -1 -1 1 4 11 -19
1 2 3 2

@A=|2 2 1 3
30 4 1

2 -1 3
@Aa=|1 11
1 -1 1

. . -1
11. Determine whether the matrix 4 =

has inverse.

N O o= B
A O W O
N O = O

12. Find the inverse of the matrix -3

1 01 1 6 4
@A =|-2 1 0| @)4d=|0 2 3| byusingelementary operations.
0 -1 1 01 2
012 2
. . 1123 . .
13. Compute the inverse of the matrix 4 = 5 2 3 3 by using elementary operations.
2 3 3 3
‘ ANSWERS w
1. 3 2.3 3.3 4.3 5.3 6. 2 7.3 8.4
1 00 1 -1 -1
9. )P =|-110/,0=|0 1 -1|Rank =2
-1 1 1 0o 0 1
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SYSTEM OF LINEAR SIMULTANEOUS EQUATIONS
Definition : An equation of the form a,x, +a,x, +a;x; +...+a,x, =b (D)

where x;, x,,...,x, are unknowns and a,, a,,..,a,, b are constants is called a linear equation

in n unknowns.
1.17 DEFINITION

Consider the system of m linear equations in 7# unknowns x;, x,, ..., X, as given below :
ay X, +apX, +... +a,x, = b
Ay Xy + Ay Xy +... +ay, X, = b,

........................................ 2

where a;’s and b, b,,..., b, are constants. An ordered n-tuple (x,, x,,..., x,) satisfying all the
equations in (2) simultaneously is called a solution of the system (2).

Given a system (2), we do not known in general whether it has a solution or not. If there
is at least one solution for (2), the system is said to be consistent. If (2) does not have any
solution, the system is said to be inconsistent.

If the system is consistent, some questions that we may have to answer are the following
(i) Is the solution unique ?
(i) If not how many solutions are there.
(iii) In the most general solution, how many independent parameters exist ?
In the following, we propose to answer these questions.
The system of equations in (2) can be conveniently written in matrix form as
AX =B ...(3)

where 4=[q;], X =(x,%,,... x,)" and B=(B,b,..... b,)" (4

seees Uy
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The matrix [4 | B] is called the augmented matrix of the system (2). By reducing
[4 | B] to its row echelon form, all the questions related to the existence and uniqueness of
the solutions of 4X'=B can be answered satisfactorily.

1.18 DEFINITION

If B=0 in (3), the system is said to be Homogeneous. Otherwise the system is said to
be non-homogeneous.

The system AX=O is always consistent since X=0 (i.e., x, =0,x, =0, ..., x, =0) is
always a solution of AX=0.

This solution is called a trivial solution of the system.

Given AX = O, we try to decide whether it has a solution X # O. Such a solution, if

exists, is called a non-trivial solution.

Given AX = B, however, there is no certainity whether it has a solution (i.e.) whether it

is consistent.
Let us consider few examples.
Example 1 : Consider 2x+3y=0; 3x-2y=0.

Here x=0, y=0 is a solution. We cannot find any other solution. Here x=0, y=01is a

unique solution.
Example 2 : Consider 2x+3y=0; 4x+6y=0
This is a homogeneous system of two equations in two unknowns.
x=0, y=0 is a solution of the system.

Further (3%, 2k) where k is any number is also a solution of the system. Taking k=1,
(-3, 2) is a solution of the system. Hence the above homogeneous system has also non-trivial
solutions. In fact, it has infinitely many non-trivial solutions.

Example 3 : Consider 2x+3y=35; 3x+2y=35

This system does not possess any solution. This is an inconsistent system as the two
equations cannot simultaneouslybe satisfied by anyx,y.

Example 4 : Consider 2x+3y=35;4x+6y=10.

This is a system of two equations in two unknowns.

Using one of them we get 2x=5-3y(i.e.) X=§—%y. For any y=k, X=%—% k.

Thus for any value of &, x= % —%k, y =k is a solution of the system.
The system is consistent and has infinitely many solutions.

Note : A given system of m equations in 7 unknowns, may or may not have a solution
whether m < norm =nor m> n.
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1.19 WORKING PROCEDURE TO SOLVE AX=B
Let us first consider n equations in #» unknowns (i.e.) m =n.
The system will be of the form
ay X, +apXx, +... +a,x, =b
Ay Xy +ApXy +... tay, X, = b,
QX T A%y T +ay,x, = b,
The above system can be written as AX = B where A4 is an n X n matrix.
1. Solution by using A47':
If| A |0, we can find A~ Pre-multiplying the equation AX = B by 47!, we get

AN AX)=A"'B (ie) (A'A)X=A"'B
(ie) IX=(A"'B)(i.e) X=A"'B.
Thus a solution is obtained. (In fact, here this is the only solution).

2. Solution by Cramer's Rule :
If |A|#0, let us define 4, = matrix obtained by replacing the i column of 4 by B.

det A;
A fori=1,2,....n
) ) etA
In many of the real life examples, since the number of unknowns can be large, Cramer’s

rule will not be useful.
Further, priorily, we do not know whether a solution for the system exists or not.
Hence we will proceed to describe a procedure known as Gauss Jordan procedure to
solve the general system of m simultaneous equations in » unknowns given by AX=B.

SOLVED EXAMPLES

Example 1 : Write the following equations in matrix form AX = B and solve for X by

Then Cramer’s rule states that, the solution is given by x; =

finding A" :x+y-22=3,2x—y+z=03x+y-z=8. [INTU(K)June 2009 (Set No.1)]
1 1 =2 X 3

Solution : Taking the matrices A=|2 -1 1 |; X=|y|;B=]0| weget AX=B.
31 -1 z 8

Consider A =1,A . We apply row operations only and change LHS into I;.

1 1 -2 1 00
R, -2R;;R;-3R gives [0 -3 5 |=/-2 1 0[A
0 -2 5 -3 0 1

3 0 -1y (1 0 O

3R1+R2,3R3—2R2 gives 0 -3 5|=s{-2 1 0]A
0 0 5 -5 23

15 0 0 0o 3 3
5R,+R;,R,—R;gives |0 -3 0|=|3 3 -=3|A
0 0 5 -5 2 3
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(p L 1
(1 0 0) 5 5
R, R, R, | L010=—1 11 A
5735 &vesly ¢ 4 » 2 3
5 5
This is of the form I, = CA
(o L 1)
5 5
Al=Cc =-1 -1 1
4 23
5 5
Hence X =A"'B
- { 11
0o - =
X 5 513 8/5
= |y|=|-1 -1 1]/0|=| 5
z 1 -2 38 9/5
L 5 5
o 8 9
The solutionis x=—, y=5, 2=~
5 5
Example 2 : Solve the equations by finding the inverse of the coefficient matrix :
x+y+z=13x+5y+62=4,9x+26y+36z=16. [JNTU (K)June 2009 (Set No.3)]

Solution : This is left as an exercise to the student.
1.20 GAUSS - JORDAN PROCEDURE TO SOLVE A SYSTEM OF SIMULTANEOUS
EQUATIONS IN.n UNKNOWNS
Consider the system of m equations in #» unknowns given by
ap X +apx, +... +a,x, =b,
yX; + apXy . 4ay,x, =b,

a,.1% +am2x2 +... +a,,,x, = bm‘

ie)AX =B
(i.e.) ay ay a5..a, |b
ay Ay Gyy...0y, |by

The augmented matrix of the above system iS [A|B]=| ....cccccceerererernnnnns

At Yo Az Ay bm

Step L. Using row operations only on 1st row to last row, make the (1, 1) element equal
to 1. Let us not disturb the 1st row so obtained.
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Fixing the first row, using this and second row to last row make all other elements of the
first column equal to O [This is the end of stage (1)].
laf, aly...a, | b
0ay, ayy...ay, | b

Step I1. Now the augmented matrix looks like [A[B] = | wwwoeeereerseeeneees

4 ' ' '
0a,, ays..-ap, | by

Using R, to R, and row operations only, make the (2, 2) element equal to 1. Now fixing
the second row, using row operations, make all other elements of 2nd column equal to zero.
This does not disturb the first column obtained earlier [This is the end of stage (2)].

10 ay ay ... a bl”\
0lal aff .. a | b
00 a3y ayy ... a5 | by
Step II1. Now the augmented matrix looks like [4|B]= | 0 0 a;; aj ... aj, | by

Continuing the procedure as in step I and step II, making use of row operations only,
reduce the above (4 | B) to its row echelon form.
One of the following cases occurs. The augmented matrix becomes

100 .. ALy e A, | by
010 .. Ay, e Gy, | D)
(4] B~ 0 0 1 .. a,, Ay *b,
000 .. 0 .. o0,
000 .. e e 0D,
000 .. e e O B
Case (i) : If b, =b.,,...= b, =0, the system of equations is consistent.

If »=n, the system has unique solution.
If »<n, the system has an infinite number of solutions. In that case
g% * *
X = bl A4l Xpgle T ApXp
_ b* * *
Xy T DAy iy Xpylee —A2p Xy

_ b* * *
Xy T 0 —Qppi1 Xpyle — A%y
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Choosing x,,, =B, X,,, =B,..., x, =B, , where B, B,, ..., B

n+l = w2 = _, to be arbitrary we can

n
write (x;, X,, ..., x,) and this solution consists of (x — ») parameters (viz.) B,, B, , ..., B, .

Case (i) : If one or several of b,,,, b.,,, ..., b, are non-zero, the system of equations
leads to an equation like 0 = non-zero quantity, which is impossible.

In this case the system does not possess any solution (i.e.) and the system is inconsistent.

We note that this procedure terminates [(i.e.) has an end] since the number of stages
cannot be more than m.

The above discussion implies that in case(i) when the system is consistent row echelon
form of 4 has r non-zero rows (i.e.) its rank = r and row echelon form of [4 | B] has also r
NON-ZEro rows.

(i.e.)rank of [4 | B] is also r. (ie)pA)=p[4]| B]

In case (i7) when the sysem is inconsistent p(4) # p[4 | B]

This implies the following :

For Non-Homogeneous System :

The system AX = B is consistent i.e. it has a solution (unique or infinite) if and only if

rank of 4 = rank of [4/B]

(i) Ifrank of A =rank of [4/B]=r < number of unknowns, the system is consistent, but
there exists infinite number of solutions. Giving arbitrary values to n — r of the
unknowns, we may express the other 7 unknowns in terms of these.

(if) Ifrank of 4 = rank of [4/B]=r=n the system has unique solution.

(iéii) If rank of A # rank of [4/B] the system is inconsistent. It has no solution.

To obtain solutions, set (n —7) variables any arbitrary value and solve for the remaining

unknowns.

Thus irrespective of m < n or m = n, or m > n, we have decided about the existence
and uniqueness of solutions of a system of linear simultaneous equations 4X=B.

This procedure is illustrated through the following examples.

SOLVED EXAMPLES

Example 1 : Show that the equations x +y+z=4, 2x+5y—-2z=3, x+7y—-7z=5
are not consistent.
Solution : We write the given equations in the form AX =B, where

11 1 x 4
A=|2 5 2|, x=|y| B=|3
17 -7 z 5

11 1 4
Consider [A|B]=1]2 5 -2 3
17 -7 5
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Applying R, > R, —2R, and R; > R; —R,, we get

11 1 4
[4/B] ~| 0 3 -4 -5

06 -8 1
11 1 4
Applying R, - R, — 2R, we get [A/B]~|0 3 -4 -5
00 0 11

We can see that rank [A4|B]=3, since the number of non-zero rows is 3.
Applying the same row operations on 4, we get from above

11 1
A=0 3 4
00 O

Here the number of non-zero rows is 2 so the rank of 4=2.

Here we have rank (4) = rank [4/B]. .. The given system is not consistent.
Example 2 : Solve the equations x+y+z=9; 2x+5y+7z=52 and 2x+y—z=0
Solution : Writing the equations in the matrix form AX =B, we get

11 1)[x] [ 9
25 70|yl=|52
21 -1||z] |0

Applying R; —> R; —2R, and R, — R, — 2R;, we get

11 1][x 9
0 3 5/||lyl=| 34
HEE gk
11 X
Applying R, — 3R, + R,, we get 03 Sily|= 34
00 -4 ¢z -20
Writing in the form of linear equations, we get
x+ty+z=9 ..(1) 3y+5z=34 ..(2)
and —4z= -20= z=5
From (2),3y=34-52=34-25=9 = y=3
Again from (1), x=9-y—z =9-3-5=1.
Sox=1, y=3, z=15is the solution.
1 1 1
Note : We find 4 ~ {0 3 5} which is in Echelon form and number of non-zero
00 -4
{ 11 1 9}
rows is 3. Hence the rank of the matrix is 3. Again [A|B]~| 0 3 5 34| whichisin
0 0 -4 -20

Echelon form and rank is equal to 3. Hence we have rank of 4 = rank of [4|B] and the
system of equations is consistent. Here number of unknowns is 3 = rank of 4.

.. The solution is unique.
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Example 3 : Solve the system of linear equations by matrix method.

X+y+z=6, 2x+3y-2z=2, S5x+y+2z=13 [JNTU (H) June 2010 (Set No. 1)]
1 1 1 X 6
Solution : Let A= 32, X=|"|,B= 2
2 z 13

The given equations can be written in form, AX = B

I 11 ||x 6
— |2 3 =2|y|=|2
15 1 2 |z 13
11 1 ][x] [6 ]
N 0 1 4| y|=|-10|(Applying Ry —2R|,R; —5R))
10 4 3)z] |-17]
1 0 5 x| [6 ]
N 0 1 -4 ||y|=|-10|(Applying R| —R,,R3 +4R,)
10 0 —19]z| |-57]
(1 0 5 16 R
1 —4|| y|=|-10] Applying —-
— y ( pply g_ng
10 0 1 z 3
1 0 o]x] [1
N 1 O|ly|=|2|(Applying Rj —5R3,R, +4R3)
1000 1]z 3

Hence the solution is x=1,y=2,z=3.

Example 4 : Discuss for what values of A, 1 the simultaneous equations x +y +z=6,
x +2y+3z=10, x + 2y + Az = u have (i) no solution (i7) a unique solution
(i) an infinite number of solutions.  [JNTU 2001, 2002S, 2004S (Set No. 1), 2005 (Set No.3)]
Solution : The matrix form of given system of equations is

11 1 X 6
AX={1 2 3 y |=|10|=8B
1 2 M|z n
111 6
We have the augmented matrix is [4/B]=|1 2 3 10
1 2 A
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1 1 1 6
Applying R, > R, - R, and R, > R, — R, weget [4/B]~|0 1 2 4
01 A-1 p-6
I 1 1 6
Applying R, > R, — R, weget [A/B]~|0 1 2 4
00 A-3 u-10
Case L. Let L #3 then rank of 4 = 3 and rank of [4/B] = 3, so that they have same
rank. Then the system of equations is consistent. Here the number of unknowns is 3 which

is same as the rank of 4. The system of equations will have a unique solution. This is true for
any value of p.

Thus if 2 =3 and p has any value, the given system of equations will have a unique
solution.

Case II. Suppose ) =3 andp =10, then we can see that rank of 4 = 2 and rank of

[A/B] = 3. Since the ranks of 4 and [4/B] are not equal, we say that the system of equations
has no solution (inconsistent).

Case III. Let A = 3 and p = 10. Then we have rank of 4 = rank of [4/B] = 2.
.. The given system of equations will be consistent.

But here the number of unknowns = 3 > rank of 4.
Hence the system has infinitely many solutions.

Example 5 : Find for what values of A the equations x + y + z = 1,
x + 2y +4z=X, x + 4y + 10z = A” have a solution and solve them completely in each case.

Solution : The given system can be expressed as

11 1]« 1
AX=B(i.e.)[1 2 4} y}zlk} (1)
1410z ] | @

Applying R, > R, — R and R, = R, — R, we get
11 1] x] 1
01 3|[y|=]nr-1
0 3 9]| z| A2 -1

Applying R; — Ry —3R,, we get

11 1] x 1
01 3[|yl=] a1
00 0] A —3h+2

Now the given equations will be consistent if and only if, A>-31+2=0,i.e., iff

A=1lor =2 1
Case L. If A =1 then we have A{O
0

O = =

1
3} so that rank of 4 = 2.
0
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1 1 11
[4/B]~| 0 1 3 0| so thatrank of [4/B] =2 and the two ranks are equal.

0000

Then we have the system of equations is consistent.

1 1 1 X 1
We can write | 0 1 3 {[ Y [=]|0
0 0 0 z 0

Writing as linear equations, we getx +y +z=1,y+3z=0
Letz=+ktheny=-3kandx=1-y—-z=1+3k—k=2k+1

- ([

will have infinite number of solutions.

S O

} where £ is a parameter. In this case the system

S O =

1 1
Case II. A =2. Here A~{ 1 3} so that the rank of 4 is 2
00

1
and [4|B]= |0 and rank [4/B] = 2.
0

O = =
S W o=
O = =

Here we have rank 4 = rank [4/B] and the system will be consistent. Here no. of
unknowns = 3 > rank of 4. Hence the number of solutions is infinite.

|

Take z=c = y=1-3c and x=1-y—-z=1-1+3c—c=2¢

x 2¢ 2 0
.. The general solutionis | y |=| 1-3¢ |=c|-3|+|1
z c 1 0

Where c is a parameter. The system has infinitely many solutions.

S O =
O = =
O W =

1
:|=|:1:|:>x+y+z=l and y+3z=1
0

N =

The system can be written as {

Example 6 : Discuss for all values of A, the system of equations
x+ty+4z=6;x+2y—2z=06;Ax +y + z= 6 with regard to consistency

Solution : The above system of equations can be written in the matrix form

e

S = =
S \© [N
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11 4 X Q)
Performing R, >R, —R,, R, > R, —AR,, weget |0 1 -6 yi=| ©0
g RTR R TR, REE {0 1-2 1—4xHZJ {6—6XJ

For the above system to have a unique solution we must have rank 4 = 3 = number of
unknowns.
7
= det. A0 = (1-40)+(6-61)#0 = A *10

O 1 LA system is consistent and the solution is unique.
1 1 4

Ifk:%,wehave A~0 1 -6
3 -18
10 10
1 1 4
ApplyingR3—>R3—% R, weget A~|0 1 —6| sothatrank of 4 =2
00 O

1 1 4 6

Applying same operations, [4/B]~| 0 1 -6 0

00 O v
10
Here rank [A4/B] = 3.

.. We have rank of 4 » rank of [4/B] and system of equations is inconsistent

i.e., no solution.
Example 7 : If a + b + ¢ = 0, show that the system of equations 2x +y + z = a,
x—2y+z=bx+y—2z=c has no solution. If a + b + ¢ =0, show that it has infinitely

many solutions.
Solution : Given system of equations can be expressed in the matrix equation AX = B

-2 1 1||=x
I =2 1||y|=
1 1 -2 z

ie.

o &
1

1 1 -2 X c
Performing R, > R, weget| 1 =2 1||y|=|b
|2 1 1|z a
1 —2 i X C
Performlng R2 —> R2 — Rl’ R3 - R3 + 2R1’ we get 3 3 Yy |= b——c
3]z a+2c
1 1 2]« c
Performing R, — R, + R, we get 0 -3 yl=| b-c
0 z a+b+c|
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We have rank 4 = 2 and rank [4/B] =2 if a+b+c = 0, then rank of 4 = rank of [4/B].
.. The system will be consistentifa + b + ¢ =10

Number unknowns = 3> rank of 4 .. Number of solutions is infinite.

Ifa+ b+ c=0, thenrank A =rank [4, B]. Hence the system will be inconsistent.
Example 8 : Find the values of ‘a’ and ‘b’ for which the equations
x+y+z=3;x + 2y + 2z =06, x + apv + 3z = b have

(?) No solution (if) a unique solution (ii7) infinite number of solutions.  [JNTU 2001]
Solution : The system of equations can be written in the matrix form

I 1 1flx 3
AX=B,ie, |1 2 2||Y| = |°
1 a 3|z b
1 L[ x 3
Ry — R, gives, |1 2  2||y| = 6
0 a-2 1]|z b-6
11 1]x 3
Ry, —Rygives, |0 1 1||ly]| = 3
0 a-2 1]z b-6
11 1]« 3
Ry —R,gives, |0 1 1||ly| = 3
0 a-3 0]z b-9

Case 1. When a #3, b has any value, Rank 4 =3 and Rank [4/B] =3
No. of variables = 3; Rank 4 = Rank [4/B] =3
So, system has unique solution.
Case 2. Supposca =3,b=9
Then Rank 4 =2 and Rank [4, B] =2
No. of variables = 3
The system will have infinite no. of solutions with # —r =3 —2 =1 arbitrary variable.
Case 3. a=3and b=9
Then Rank 4 =2 and Rank [4/B] = 3
Since p(A)# p[A/B], Inconsistant
.. The system of equations has no solution.
Example 9 : Show that the equations x +y +z=6,x+ 2y +3z=14, x+ 4y +7z=30
are consistent and solve them.
1 1 1 X 6
Solution: Let A =|1 2 3|, X =|y| and B = |14
1 4 7 z 30

Then they satisfy the equation AX = B.
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1 11 6
Consider [4/B] = |1 2 3 14
1 4 7
1
Ry — R, R, — R, gives [4/B] ~ |0
0

11
Ry —3R,, gives [A/B] ~ |0 1
00

oS N

6
8
0
Above is the Echelon form of the matrix [4/B]. .. Rank of [4/B] =2

111
By the same elementary transformations, we get 4 ~ |0 1 2
000
.. Rank of 4 = 2. Since rank 4 = rank [4/B] = 2, the system of equations is consistent.

Here the number of unknowns is 3. Since rank of 4 is less than the number of un-
knowns, therefore, the system of equations will have infinite no. of solutions.

We see that the given system of equations is equivalent to the matrix equation

11 1]« 6
01 2||yl=]|8
00 0|z 0

=>y+2z=8andx+y+z=6
Taking z = k weget y = 8§ —2k and x = k=2 is the solution, where & is an arbitrary
constant.
Example 10 : Find whether the following equations are consistent, if so solve them.
x+ty+2z=4; 2x—y +3z=9;3x—-y—z=2
[JNTU May 2005S, 2005 (Set No.1), (A) Dec. 2013 (Set No. 4)]

1 1 2||x| |4
Solution : The given equations can be written in the matrix formas |2 -1 3 || y|=|9
3 -1 -1]]|z 2

ie. AX=B
1 1 2 4
The augmented matrix [AB]={2 -1 3 9
3 -1 -1 2
1 1 2 4
[A[B]~|0 -3 -1 1 |(Applying Ry >R, -2R and R, > R, —3R))
0 -4 -7 -10
1 1 2 4
[A|B]~|0 -3 -1 1 |(Applying R, = 3R, —4R))

(=

0 -17 -34
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Since Rank of A=3 and Rank of [4|B]=3 . Rank of A= Rank of [4|B]
The given system is consistent. So it has a solution.

Since Rank of A = Rank of [4/B] = number of unknowns,

.. The given system has a unique solution.

1 1 2 |«x 4
0 3 -1{yl=|1
0 0 -17|/z| |34

= x+y+2z=4 ... (1) By-z=1 v ) —17z=-34 0or z=2 .. 3
Substituting z=2 in(2) > -3y-2=1=-3y=3=>y=-1
Substituting y=-1,z=2 in (1), we get
x—1+4=4=x=1
s x=1,y=-1,z=2 is the solution.
Example 11 : Find whether the following system of equations are consistent. If so
solve them.
x+2y+2z=2; 3x—-2y—z=5;2x-5y+3z=-4;x +4y +62=0
[JNTU May 2005S, Sep. 2008, (H) June 2010 (Set No. 4), (A) Dec. 2013 (Set No. 4)]
Solution : The given equations can be written in the matrix form as AX =B

1 2 2 2
3 2 1| 5
ie. =
ety 53| |”] =]
zZ
4 6 0
1 2 2 2
The Augmented matrix [4, B]= =2 7S
T T2 5 3 4
1 4 6 0
1 2 2 2
. 0 -8 -7 -1
Applylng R2 —)R2—3R1,R3 —)R3—2R1;R4 —)R4—R1,Weget [A’B]N 0 9 ) g
. 0 2 4 =2
Applying R; —8R; —9R, and R, — 4R, + R, , we get
1 2 2 2 1 2 2 2 1 2 2 2
0 -8 -7 -1 0 -8 -7 -1 0 -8 -7 -1
[4B]~10 0 55 -55|~|o 0 1 -1 00 1 -1
o 0 9 -9 o 0 1 -1 o 0 0 O

. Ry R
[Applymg 5—2, 74 and Ry — Ry —R3]

Since Rank of A= 3 and Rank of [4,B]=3, we have Rank of A= Rank of [4,B].

-. The given system is consistent and it has solution.
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Since Rank of A = Rank of [4, B]= number of unknowns
. The given system has a unique solution.

1 2 2 2
X
0 -8 -7 |-
We have |0 0 1 4 -1
z
0o 0 O 0
= x+2y+2z=2 ...(1), By-7z=-1 ...(2)and z=-1
Put z=-1 in (2) = -8y+7=-1 = -8y=-8=y=1

Put y=lLz=-1in(l) = x+2-2=2 = x=2
. x=2,y=1,z=-1 is the solution.

Example 12 : Find the value of A for which the system of equations 3x — y + 4z =3,
x +2y—3z=-2, 6x + 5y + Az = — 3 will have infinite number of solutions and solve them

with that A value. [INTU May 2005S]
Solution : The given system of equations can be written in the matrix form as AX =B
3 -1 4] [x] [3]
Ge) [1 2 3||y|=|-2
6 5 A||z -3
3 -1 4 3
The Augmented matrix [4,8]=[1 2 -3 -2
6 5 A 3
3 -1 4 3

Applying R, 3R, —R|,R; > Ry —2R;, [4,B] ~|0 7 -13 -9
0 7 A-8 -9

3 -1 4 3
Applying Ry > R —R,, [4,B] ~|0 7 -13 -9
0 0 A+5 0

If » = -5, Rank of A=2 and Rank of [4,B]=2

Number of unknowns = 3

.. Rank of A= Rank of [4,B] = number of unknowns

Hence when ), = -5, the given system is consistent and it has an infinite number of

solutions.
3 -1 4 X 3
If ), = -5 the given system becomes 07 -Blyi=-?
0 0 O z 0
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3x—y+4z=3 ... (1) and 7y-13z=-9 ... 2
From (2), Let z= k- Then
Ty —13k =-9= 7y =13k-9= y=(13k-9)/7

Substituting the value of y in (1) , we get

3x—l(l3k—9)+4k=3 :3x=£k—4k+3—2
7 7 7
3x=—l—5k+£:x=l(—5k+4)
7 7 7

Sox= % (-5k+4),y= % (13k —9),z = k is the solution.

Example 13 : Find whether the following set of equations are consistent if so,
solve them.

x +tx,tx,+x,=0

X, tx,tx,—x, =4

X tx,-x, +tx, =4

X, —x,tx, +x, =2 [INTU M2005]

Solution : Given system of equations is

x, tx,tx,+x,=0

X, tx,tx,—x, =4

X, tx,—x,tx,=-4

X, —x,tx, +x, =2

1 1 1 1 X1 0

1 11 -1 X 4

= = =
Let 4 1 S a1l X % and B 4
11 1 1 Xy 2

Then the system of equations is of the form AX = B.

1 1. 1 1 0
1 1 1 -1 4
Consider [A | B] =11 1 -1 1 —4
I -1 1 1 2
Applying Ry - Ry —R;, Ry > R; —R; and R, —> R, — R, we get
1 1 1 1 0
0o 0 0 =2 4
0o 0 -2 0 +4
0o -2 0 0 2
This is in Echelon form. Number of non-zero rows is 4.
. Rank 4 =4 and rank [4 | B] = 4.
Hence the given system of equations is consistent.
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Writing in the equation form, we get
—2xy=2=x, =-1
=2x3=-4=x3 =2.
2x4=4=>x4=-2
and x;+xy,+x3+x4 =0
Substituting the values of x,, x,, x, in the last equation, we get
x=-1+2-2=0 = x =1
Thus x; =1,x, =-1,x3 =2,x4 =2 is the only solution.
Example 14 : Prove that the following set of equations are consistent and solve
them.
3x+3y+2z=1
x+2y=4
10y +3z=-2
2x—3y-z =5 [JNTU May 2006, April 2007, Aug. 2007, 2008,
(H) June 2009, (K) 2009S, (K) May 2010 (Set No. 1)]

Solution : The given system of equations can be written in the matrix form as follows:

303 2 1
X
1 2 0 A
AX=10 10 3| |7 T |20
zZ
2 3 - 5

33 1
1 4
[AIB] =
010 3 -2
2 =3 -1 5]
(1 2 0 4]
232 [Applying R; <> R, ]
~ m
0 10 3 —p|PPYIRSAITR
2 3 -1 5|
1 2 o0 4
0 -3 2 -1 ‘
“lo 10 3 _o | [Applying R, —3R, and R, - 2R,]
0 -7 -1 -3
1 2 0 4
|0 -2/3 11/3 [Applying &}
0 10 3 -2 -3
o -7 -1 -3
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12 0 4
|01 -2/3 U3 | [Applying R, — 10R, and R, + 7R, ]
0 0 29/3 -116/3

0 0 -17/3 68/3

12 0 1

0 1 =2/3 13| 3
00 1 4| | TPYEERT2
10 0 -17/3 68/3

12 0 1

0 1 =2/3 W3 . 1T
0 0 1 4 pplymg K4 3 03
00 0 0

Thus the matrix [A|B] has been reduced to Echelon form.
.. Rank [A|B] = no. of non-zero rows = 3
By the same row operations, we have

1 2 0
0 1 -2/3
A~
0 0 1
00 O
.. Rank (A) =3

Since Rank (A) = Rank [A|B] = 3, therefore the given equations are consistent.
Also rank (A) = 3 = no. of unknowns.
Hence the given equations have unique solution.

The given equations are equivalent to the equations

2 1
x+2y=4y-—z=—;z=-4
y y 3 3

On solving these equations, we get
x=2,y=1,z=-4.

Example 15 : Test for consistency and hence solve the system :

X+y+z=06,x—y+2z=53x+y+z=82x—-2y+3z="7 [JNTU 2008S (Set No.3)]

1 1 1 6

x
. . 1 -1 2 5

Solution : Consider A = ,B=| |, X=|y
3 1 1 8

z
2 -2 3 7

Then the system of equations can be written as AX =B

The Augmented matrix of the given equations is
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1 1 1 6
1 -1 2 5
[A/B]=
31 1 8
2 2 37
11 1 6]
0o -2 1 -1
L0 -2 -2 -10| (Applying R, —R,R; —3R|,R4 —2R;)
0 -4 1 -5
11 1 6]
0o -2 1 -1
Uj0 -2 =2 -10| (Applying R, —2R3)
00 0 0|
1 1 1 6
0 -2 1 -1
ujo 0 -3 -9|(Applying R;—R,)
0 0 0 O

Thus the matrix [A/B] has been reduced to Echelon form.
Rank [A/B] = no. of non-zero rows = 3
By applying same operations, we have Rank (A) = 3.
Since Rank (A) = Rank [A/B], therefore the given equations are consistent.
Hence the given equations have a unique solution.
From above Echelon form, we get
3z=-9=12z=3
2y+z=l="2y=-y=y=2
X+y+z=6= x=6y-3=6-2-3=1
The solutionis x=1,y=2,z=3.

Example 16 : Show that the equations x—4y+7z=14, 3x+8y—2z=13,

7x—8y+26z=35 arenot consistent. [JNTU 2008S (Set No.3)]
1 -4 7 14 x
Solution : Consider A=|3 8 -2|,B=113], x=|y|.
7 -8 26 5

V4

Then the given system of equations can be written as AX = B.
The Augmented matrix of the given equations is
1 -4 7 14

[A/B]=]3 8§ -2 13
7 -8 26 5
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Operating R, —3R; and Ry —7R;, we get
(1 -4 7 14
0 20 -23 -29
10 20 -23 -93]|
Operating R, —R,, we get
(1 -4 7 14
0 20 -23 -29
0 0 0 —64]

Number of non-zero rows is 3. -, Rank(A,B)=3.

We can observe that number of non-zero rows is 2. -, Rank (A) = 2.
Since Rank (A) Rank [A/B], the system is inconsistent.

Example 17 : Test for the consistency of x+y+z=Lx—y+2z=1, x—y+2z=5,

2x—2y+3z=13x+y+z=2. [JNTU 2008S (Set No.4), (A) Nov. 2010 (Set No. 3)]
Solution : Given system can be written as AX =B
1 1 1 1
X
1 -1 2 1
where A = ,X=|y|,B=
-1 2 5
z
2 -2 3 1

The Augmented matrix is

1 1 11
1 -1 2.1
[A.B]=
1 -1.25
272 31

Applying R, -R,,R; -R,R, —2R, , we get

1 1 1 1

021 0
[A,B]~|0 -2 1 4

0 4 1 -1

Applying R, -R,,R, -R,, we get
1
-2
0
-2

N

[A,B]~

oS O o =
S O = =

-1

Applying R, <> R, , we get
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1 1

0 -2
0 0

[A.B]~ 4

4

S O =

We can see that number of non-zero rows = 4.
Rank [A,B] =4.
1 1

But A ~ g , (l) (Applying Same operations)
0 0 O
Rank (A) =3.
Since Rank (A) » Rank [A,B], therefore the system is not consistent.
Example 18 : Solve the system of equations x+2y+3z=1,2x+3y+8z=2,x+y+z=3.
[JNTU(H) June 2009 (Set No.2), (A) Nov. 2010 (Set No. 2)]

— W N

— 0 W

L 1
>~

Il
1
N =
I — |

o)

Il
N NN e
W N~
1

1
Solution : Let A= {2
1

Then system can be written as AX =B

31
& 2
1 3

(1 2 3 1]
~|0 -1 2 0| (Applying R, -2R,R; -R,)
0 -1 2 2

—_— N =
— N

Consider [A,B] —{

(1 2 3 1]
~10 -1 2 0]|(Applying R;-R,)
10 0 —4 2]

This is in Echelon form. Number of non-zero rows is 3. .. p[AB]=3.

1 2 3 1
Now A~|0 -1 2| and B~|0
0o 0 4 2

Number non-zero rows is 3.

corank (A)=p(A)=3
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S p[AB]=p(A)=3
-, The above system has unique solution.
Now solve AX =B

1 2 3 X 1
0 -1 2||y|=|0
0 0 4|z 2

=>x+2y+3z=1

-y+2z=0
—4z=2

=>2z=1=z=-1/2
:—y+2(_71)=0:—y—1=0

=>-y=l=>y=-1

Now x+2y+3z=1

-1
= x+2(—l)+3(7jzl

2x—2—§=1 2x=2,
2 2
2
2
Thus X =| -1 | is the unique solution.
1
2

Example 19 : Solve the system of equations x+y+z=6,x—y+2z=523x+y+z-8

[JNTU (H) June 2009 (Set No.3)|
1 1 1 X 6
Solution: Let A=|1 -1 2;X=|y|;B=|5
3 1 1 z -8

Then the given system of equations are of the form AX =B

1 1 1 6
Consider [AB]=|1 -1 2 5
31 1 -8

1 1 1 6
~10 22 1 -1

0 -2 -2 -26

(Applying R, -R, and R; -3R,)
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1 1 1 6
0 -2 1 .

~ (ApplyingR; -R,)
0 0 -3 -25

No. of non-zero rows is 3.
.. The rank of [A,B] = p[A,B]=3.

1 1 1
A~|0 2 1
0 0 -3

Also we can easily see that rank (A) =p(A) =3
- p[AB]=p(A)=n=3

-. The given system has unique solution.

12

Consider AX =B

SR D

25
= —3Z=—2522=?,—2y+z=—1 andx +y+z=6

X
y
z

On solving these equations, we get

—1-z 1 1 25 14 14 25
= =—(+z)=—|1+=|=—and x=6—-(y+z =6—(—+—j=6—13=—7
vy =0 z( 3j 3 r+2) 3003

The solution is

X =7
X=|y|=|14/3
z 25/3

Example 20 : Show that the system of equations x+2y+z=3,2x+3y+2z=5,
3x—5y+5z=2, 3x+9y—z =4 are consistent and solve them. [JNTU(K) June 2009 (Set No.1)]

2 1
3 2
Solution : Take A = 5

1 3
2 * 5
3 _s ;X=y;B=2
3 9 -1 z 4
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The Angmented matrix of the given system of equations is

1 2 1 3
[A, B] _ 2 3 2 5
3 -5 5 2
3 9 -1 4

1 2 1 3

0 -1 0 -1

U {0 11 2 -7 (Applying R, 2R}, R; -3R;, R, -3R,)
0 3 -4 -5

1 2 1 3)

(

0 0 -1 0 -1
0 -11 2 -7| (Applying R, +3R,)
0

0 -4 -8
(1 2 1 3)
DLO 10 1J .
0 -11 2 -7| (Applying _—Z)
0o 0 1 2
1 2 1 3
0 -1 0 -1
. 0 0 2 4| (Applying R;-11R,)
0 0 1 2
1 1 3
0 -1 0 -1
. 0 0 1 2|(Applying % )
0 0 1 2
1 2 1 3
0 0 -1 0 -1
0 0 1 2] (Applying R,-R; )
0 0 O

This is in Echelon form. Number of non-zero rows = 3.
- Rank [A, B]=p[A,B]=3.

1 2
. 0 -1
Similarly A ~ 0
0 0
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This is in Echelon form. Number of non-zero rows is 3.
- Rank A= p(A)=3.
p[A, B]=p(A) = The system is consistent.

1 2
P 0 -1
rom |

0 0

—_ O

(=]

we get x+2y+z=3
—y=-1
z=2
>y=Lz=2
=>x=-1

=
|
—

oo X=|y|=| 1| isthe solution.

Example 21 : Find whether the following system of equations are consistent. If so
solve them. x+y+2z=9,x—-2y+2z=3,2x—y+z=3,3x—y+z=4
[JNTU(H) June 2010 (Set No. 3)]
Solution : The given system of equations is non-homogeneous and can be written in the
matrix form AX = B.

11 2 9
X

) 3

e |2 -1 1773
z

3 -1 1 4

Augmented matrix is [A, B]

—
|
—
— = NN
AW W O

(Applyll’lg R2 - R2 - Rl , R3 - R3 - 2R1, R4 - R4 - 3R1)
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1 1 2 9

0 1 0 3 R
~ Applying R —>—2)
0 -3 -5 -I5 (ppygz i)
0 -4 -5 -23

(1 0 2 6

0 1 .
~ 00 -5 —6 (Applyll’lg Rl_)Rl_RZ’R:i —)R3 +3R2,R4 —)R4 +4R2)
0 0 -5 -11

1 0 2 6

010 (Applying Ry — Ry — R3)
0 0 -5 —g| PPYIMES 47193
000 -5

This is in Echelon form. We observe that rank A = 3 and rank [A, B] = 4.

rank (A) % rank [A, B]

Hence the given system of equations is not consistent.

Example 22 : Find the values of p and ¢ so that the equations 2x+3y+5z=9,
Tx+3y+2z=8, 2x+3y+pz=gq have

i.  Nosolution ii. Unique solution

iii. An infinite number of solutions. [JNTU(H) Dec. 2010 ]

Solution : Given equations are 2x+3y+5z=9,7x+3y+2z=8, 2x+3y+pz=gq

The equations can be written in the matrix form AX =B

2 3 5||x 9
ie,|7 3 2|/y|=|8
2 3 pllz q
2 3 5 x 9
= |0 -15 -31||y|=| 47| (Applying 2R, -7R|,R5—R;)
0 0 p-5|lz q-9

Applying same operations,
2 3 5 9
[A, B]~|0 -15 -31 —47
0 0 p-5 ¢g-9
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2 3 5
We have detA=|7 3 2
2 3 p

=20B3p-6)-3(Tp-4)+5(21-6)
=6p—-12-21p+12+75 =—-15p+75

detA=0=>p=5

Case I : When p=5,4g+#9

The rank (A) =2 and rank [A, B] =3

The system will be inconsistent. The system will not have any solution.

Case II : When p#5, detA#0

The system will have unique solution.

CaseIll : p=5,4=9

rank A= 2 and rank [A, B] =2

Number of variables = 3

The system will be consistent and will have infinite number of solutions.

Example 23 : Find whether the following system of equations are consistent. If so
solve them.

x+2y—z=33x—y+2z=-1,2x-2y+3z=2,x—y+z=-1

[JNTU(H) June 2011 (Set No. 3)]

Solution : Given system of equations is
xX+2y—z=33x-y+2z=-1,2x-2y+3z=2, x—y+z=-1

The given system can be written in matrix form AX =B i.e.

1 2.=1 3
X
3 -1 2 B -1
2 2 3772
z
1 -1 1 -1
1 2 -1]- 3
X
0 -7 5 10 ,
= y|= (Applying R, -3R;,R3 -2R;,R4 —R;)
0 -6 5 —4
z
0 -3 2 |- —4
7 0 3] 1
X
0 -7 57| |-10 .
=10 0 5 yi= 3 (Applying 7R +2R,,7R3 —6R,,7R4 —3R,)
z
0 0 -1 2
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7 0 3 3
N ) _3120 R; R
Y= .
0 01 = | (Applying —.—)
z 5 5 -1
0 0 1
-2
3
7 0 3
X -10
0 753 32 | (Applying R, —R3)
=| = 1mn, -
=10 0 1 y 5 pplymg K4 3
z
00 0 K
L 5
Number of non-zerorows in A=3. - Rank (A)= 3.

No. of non-zero rows in [A, B] =4. Rank [A, B]=4
Rank (A) » Rank [A, B]
The given system of equations is inconsistent.

No solution exists.

Example 24 : Determine whether the following equations will have a solution, if so
solve them.

X +2%y +x3 =2,3x + x5 —2x5 =1;4% =3xy —x3 =3,2x; +4x, +2x3 = 4.

[JNTU(H) June 2011 (Set No. 4)]
Solution : Given equations are

X +2xy +x3 =2;3x + Xy —2x3 =1;4x —3xy —x3 =3; 2x +4xy +2x3 =4.

Writing the equation in the matrix form AX =B, we have

1 2 1 2
X
31 =2 1
Xy | =
4 -3 -1 3
X3
2 4 2 4
(1 2 1 2
0 -5 5| |-5 |
Tlo -1 5|2 s (Applying R, —3R;,R3 —4R;, Ry —2R;)
X3
0 0 0 0
1 2 1 2
o 1 1|7 |1 R,
~lo —11 —5||"2|7| s | (Applying =)
X3

0 0 0 6
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1 0 -1 0
X
01 1 1 '
~lo o 6176 (Applying R; —2R,,R3 +11R, )
X
00 o[- o

We can observe that A is in Echelon form. Number of non-zero rows = 3.

Rank (A) = Rank [A,B] =3 = no. of variables.

The system is consistent and solution is unique.

6x3=6=x3=1

Xp+x3=1=x=0

X—x3=0=>x =x3=1

- The solution is x; =1,x, =0,x3 =1

Example 25 : Find whether the following system of equations are consistent. If so
solve them. 2x—y+z=53x+y—-2z=-2,x-3y—z=2 [JNTU(H) June 2012 (Set No. 2)]

Solution : Given of equations are 2x—y+z =5;3x+y=2z=-2;x—-3y—z=2

2 -1 1 X 5
Taking A=|3 1 2;X=|y[;B=|-2|, weget AX=B
1 -3 -1 z 2
2 -1 1 5
Consider Augmented matrix, [A,B]=(3 1 -2 -2
1 -3 -1 2
2 -1 1 5
Taking 2R, ~3R;;2R; -R;, weget ~|0 5 -7 -19
0 -5 3 -1
[10 0 2 6
Taking 5R;+R,;R3+R,,weget ~|0 5 -7 -19
0 0 -10 —20

No. of non-zero rows =3
Rank A = Rank [A,B]=3.
No. of variables =3

.. The given system is consistent and unique.
From the matrix , —10z=-20=z=2

5y=-Tz=-19=5y=-"S5=y=-1
10x-2z=6=10x=10=x-1
s x=1,y=-1z=2 is the unique solution.
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Example 26 : Find the values of ‘@’ and ‘b’ for which the equations,
X+y+z=3,x+2y+2z=6, x+9y+az=5b have
i) No solution
if) A unique solution
iii) Infinite number of solutions. [JNTU (H) June 2012]
Solution : Given equations are x+y+z=3,x+2y+3z=6,x+9y+az=>b

111 x 3]
Taking A={1 2 3|, X=|y|and B=|6
19 a z b

The given equations can be written as AX =B

1
Augmented matrix is [A, B]=

—_— = =
O N =
w

ISY

—
—

1 3
2 3
a-1 b-3

R2 - Rl 5 .
R;-R, gives| 0

(=]
oo =

0 -1 0
0 1 2 3
0 0 a-17 b-27

R;—Ry;

R, -8R, &IVes

Casel: Let q=17,b=27.
Then rank of A = rank of [A,B]=2.

No. of variables =3

.. The system is consistent and there will be infinite number of solutions.
Case Il : Let a=17,b#27.

Rank of A =2 and Rank of [A,B]=3

. The system is inconsistant. (no solution)

Case IIl : a=#17,b#27

Rank A = Rank [A,B]=3= no. of variables

.. The system will be consistent and there will be unique solution.
Example 27 : Solve the system of linear equations by matrix method.

X+y+z=6, 2x+3y—-2z=2, 5x+y+2z=13 [JNTU (H) June 2010 (Set No. 1)]
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1 1 1 x 6
Solution : Let A= 23 2, x=1|Y ,B= 2
51 2 z 13

The given equations can be written in form, AX = B

1 11 |x 6
— |2 3 =2{y|=|2
15 1 2 |z 13
11 1 [x] [e6
= |0 1 4| y|=|-10|(Applying R, —2R|,R; —5R))
10 4 3)z] |-17]
1 0 5 x| [6 ]
= |0 1 —4 ||y|=|-10 |(Applying R, — Ry,R; +4R,)
10 0 —19]|z| |-57]
(1 0 5 16
01 -4 = -10 (A lyin &)
— y pply g—19
10 0 1 z 3
[1 0 0fx 1
N 0 1 Ofly|=|2|(Applying Rj —5R3,R, +4R3)
0 1|z 3

Hence the solution is x=1,y=2,z=3.
Example 28 : Solve the system 2x—y+4z=12;3x+2y+z=10;x+y+z=6; if it is
consistent. [JNTU (A) June 2011, June 2013 (Set No. 2)]
Solution : Given system of equations is 2x— y+4z=12;3x+2y+z=10;x+y+z=6
Writing in the form of matrix equation AX =B
2 -1 4||x 12
3 2 1f[y|=|10
1 1 1]|¢z 6

1 1 1]|x 6

R, &R, gives [° 2 L[|V 7|10

2 -1 4]|z] |12

1 1][x] [6

R, -3R, | - i
R, - 2R, gives Y=

-3 2 ||z 0
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I 0 —1|jx| |2
0 -1 =2(ly|=|-8
0 0 8|z 24

R, +R, )
R, -3R, gives

Rank of A = 3. With the same operations rank [A,B] =3
The system of equations is consistent. Also no. of variables =3 .
Hence the solution is unique.

8z=24=2z=3

X—z=-2=x=-2+z=1

—y—2z=-8

—y=-8+2z="2=y=2

. x=1,y=2,z=3 is the unique solution.

Example 29 : If consistent, solve the system of equations, x+y+z+¢=4;x—z+2t =2;

y+z-3t=-Lx+2y—z+t=3. [JNTU (A) June 2011 (Set No. 3)]

Solution : Given system of equations is

X+y+z4+t=4x—z+2=2y+z-3t=-1; x+2y—-z+t=3

11 1 1 X 4
Taking A = Loz ;X = 7 ;B= .
01 1 3 z =1
1 2 -1 1 t 3

We get the system as AX =B

11 1 1 4
10 -1 2 2
Consider augumented matrix, [A,B]=
01 1 -3 -1
1 2 -1 1 3
10 -1 2 2
R, &R, | 01 1 -3 -1
R,oR, BT 1 1 1 4
12 -1 1 3
10 -1 2 2
R;-R, 01 1 -3 -1
1ves ~
R,-R, 8 01 2 -1 2
02 0 -1 1
10 -1 2 2
Ry;-R, 01 1 -3 -1
R,-2R, 8V 1o 0 1 2 3
00 -2 5 3
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1 o -1 2 2

. 01 1 -3 -1

R, +2R; gives ~ 00 1 2 3
00 0 9 9

This is in Echelon form. Number of non-zero rows is 4.
. Rank (A,B) =4. Also rank of (A) = 4.
The given system is consistent. Also number of variables = 4.
The system will have a unique solution.
From the matrix 9s =9 = ¢ =1
z+2t=3=z=1
y+z=-3t=-1=y=1
X—z+2t=2=>x=1
~ x=Ly=Lz=1¢=1 is the unique solution.

Example 30 : Test for consistency and if consistent solve the system,

S5x+3y+T7t=4; 3x+26y+2t=9; 3x+26y+2{=9 [JNTU (A) June 2011 (Set No. 4)]
Solution : Given system of equations is
Sx+3y+Tt =4;3x+26y+2t=9;7x+2y+10t =5

5 3 7 X 4
Let A=|3 26 2 |X=|y|and B=|9
7 2 10 z 5

Then given system is of the form AX =B
The Augmented matrix is

573
[A|B]=|3 26 2
7 2 10 5

5 3 7 4

~|0 121 =11 331 (Applying 5R, -3R,,5R; —7R,)
0 -11 1 -3

5 3 7 4 R
~l0 11 -1 3 |(Applying 1—12)

0 -11 1 =3

[5 3 7 4

~|0 11 ~1 3| (Applying R;+R,)
00 0 0
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Number of non-zero rows = 2
Rank A =2 =Rank (A | B)

-, The given system is consistent.
Number of variables = 3

Number of solutions is infinite.

From the matrix
Sx+3y+7z=4
1ly—z=3

Let z=#%. Then

3+k
1ly=3+k = y=T

3+k
S5x=4-3y-7z :4_3(Tj_7k

44-9-3k-T77k 53-80k 53-80k
= = == X=
11 11 55

This will give infinite number of solutions.

Example 31 : Solve the equations 2x+3y+5z=9;7x+3y—-2z=8;2x+3y+Az=u

[JNTU (H) May 2012 (Set No. 2)]
Solution : Given simultaneous equations are

2x+3y+52=9;7x+3y-2z=8;2x+3y+Az=u

2 3 5 X 9
Taking A={7 3 -2;X=|y|and B=|38
23 A z u

We can write the system of equations as AX =B

23 59

Augumented matrix is [A,B]=|7 3 -2 8
2 3 A u

2 3 5 9
2R, —=7R;R;—R; gives |0 —15 -39 —-47
0 0 A-5 u-9
Case I : Let =54 =9. Then number of non - zero rows =2.
Rank of the matrix [A,B]=2 = rank of A
The system of equation is consistant.

No. of variable =3.
There will be infinite number of solutions.
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Case II : Let A =5,u=9. We will have rank [A,B]=3 and rank (A) =2.

The system will be inconsistant. There will be no solution.

Case III : If A =5,u=9 then rank(A,B)=rank (A)=3= no. of variables.

Then there will be a unique solution.

Example 32 : Find the values of A and u so that the system of equations
2x+3y+5z=9; Tx+3y—2z=8, 2x+3y+Az=p has (i) unique solution (iZ) No solution
(éi) infinite no. of solutions. [JNTU (H) May 2013]

Solution : Given equations can be written as AX =B where

2 3 5 X 9
A=|7 3 2|, X=|y|and B=|38
2 3 A z n
2 3 5
Consider the augumented matrix [A,B]={7 3 -2 8
2 3 A p

2 3 5 9
2R2 +7R1;R3—R1 giVGS ~10 -15 -39 -47
0 0 %=5 u-9

Case (i) : L =5 and r=9. Rank (A) = Rank (A, B) =3 = no. of variables.
The system will have unique solution.

Case (ii) : When L =5 and n#9. Rank (A) =2 and Rank (A, B)=3

The system is not consistant. There will be no solution.

Case (iif) : When L =5 and p=9.

Rank (A) = Rank (A, B) =2 and no. of variables = 3.

.. The system is consistant. It will have infinite no. of solutions.

r EXERCISE 1.5 w

1. Solve the system x—4y+7z=8; 3x+8y—2z=6; 7x—8y+26z=3l.
2. Show that the equationsx + 2y —z=3,3x—y +2z=1,2x -2y + 3z =2,
x —y +z =-1 are consistent and solve them. [JNTU 2003S (Set No. 3)]
3. Solve completely the equations x + y +z=3,3x— 5y +2z=28, 5x— 3y + 4z = 14.
4. Solve the equations Ax+2y—2z=1;4x+2 y—z=2; 6x+6y+ Az =3 for all values of A.
5. Solve x—y+2z+t-2=0; 3x+2y+t—1=0; 4x+y+2z+2t—-3=0
6. Solve 5x+3y+7z = 4;3x+26y+2z = 9;7x+2y+10z = 5.
7. Solve x—2y—5z=-9;3x—y+2z=5; 2x+3y—z=3;4x—-5y+z=-3.
(8. Solve x+2y+z=14; 3x+4y+z=11; 2x+3y+z=11. )
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9. Solve x—y+2z=4;3x+y+4z=6;x+y+z=1.

10. Solve x+y+z=6; x—y+2z=75; 2x—2y+3z="7. [JNTU2000, Sup.2008 (Set No. 3)|

11. Test for consistency and solve
@ 2x+3y+7z=35; 3x+y—3z=12; 2x+ 19y — 47z =32 [JNTU 2003S (Set No. 4)]
@) u+2v+2w=12u+v+w=23u+2u+2w=3,v+w=0 [JNTU (A) June 2013 (Set No. 3)]
(fii) 2x+y+5z=4;3x-2y+2z=2;5x—8y—4z =1 [JNTU (A) June 2013 (Set No. 1)]

12. Investigate for what values of A and p the simultaneous equations
2x+3y+52z=9,7x+3y—2z=8, 2x + 3y + Az = p have
(7) no solution (if) a unique solution (ii7) an infinite number of solutions.

13. Find the values of @ and b for which the equations x + ay + z =3, x + 2y + 2z = b,
x + 5y + 3z =9 are consistent. When will these equations have a unique solution.
[INTU 2004S (Set No. 1)]

14. Show that the system x+2y—-5z=-9,3x—y+2z=52x+3y—z=3,4x-5y+z=-3

is consistent and solve it. [JNTU (K) June 2009 (Set No.3)]
‘ ANSWERS )
X 23/8 -7/8
1. Inconsistent 2. x=-1,y=4,z=4 3. |y|=| /8 |+k|-1/8
z 0 1
4. When A # 2 unique solution exists, when A =2, x = 1 k,y=k z=0
= 2
) 1 R > 1 1
5. (7 =l ek | S lek| 2| 6 x==(-16ky=—(G+k), z=k
t 0 1 0
L 0 - L 1 -
1 3 5 . 5-3k k-3
7. AR S E 8. Inconsistent 9. x= 5 = ;z2=k
10.x=1, y=2, z=3 11. (i) No solution 12. OA=5pu=9@G)A=5
{ @EHA=5u=9 13. a=-1, b= 6; unique solution if @ = — 1 )

1.21 VECTORS

Definition : An ordered n-tuple of numbers is called an n-vector. The n numbers
which are called components of the vector may be written in a horizontal or in a vertical
line, and thus a vector will appear either as a row or column matrix. A vector over real
numbers is called a Real Vector and the vector over complex numbers is called a Complex
Vector.

1
2} are two vectors.
1

eg [2301],
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The n-vector space :
The set of all n-vectors of a field F, to be denoted by V, (F), is called the n-vector space
over F The elements of the field F are known as scalars relatively to the vectors.

The multiple £X of an n-vector X by a scalar £ is the n-vector whose components are
the products by & of the components of X.

The sum of two n-vectors X, X, is the n-vector whose components are the sums of the
corresponding components of X, and X,.

2 4
e.g. (1) Suppose X=| 3 |. Then 2X=|6
4 8

5 3 8

(2) Suppose X, = _g and X, = g . Then X, +X, = _g

These two operations on n-vectors are only special cases of the same operations on
matrices, the laws corresponding to these operations are same as those in the case of matrices.
It is also clear that if X| and X, are two n-vectors over a field F' then k X, + kX, is also a
vector over I where k, and k, are elements of /.

The important concepts of linearly dependent and linearly independent set of vectors will
now be introduced.

1.22 LINEAR DEPENDENCE AND LINEAR INDEPENDENCE OF VECTORS

1. Linearly dependent set of vectors : Aset {X|,X,, ... X } of r vectors is said to be a
linearly dependent set, if there exist 7 scalars &, k,, ... k,, not all zero, such that k& X, + kX, + ...
+ kX = O, where, O, denotes the n vector with components all zero.

2. Linearly independent set of vectors : Aset {X, X, ... X } of r vectors is said to be
linearly independent set, if the set, is not linearly dependent, i.e., if k X; + &,X, + ... + kX = O,
where, O, denotes the n vector with components all zero.

=k =0, £,=0, .., k=0

3. A vector as a linear combination of a set of vectors : A vector X which can be
expressed in the form X = k X, + k,X, + ... + k X is said to be a linear combination of the set
of vectors X, X,, ..., X .

I

Here k|, k,, ..., k. are any numbers.
Important Results :

(i) If a set of vectors is linearly dependent, then at least one member of the set can be
expressed as a linear combination of the rest of the members.

(if) If a set of members is linearly independent then no member of the set can be
expressed as a linear combination of the rest of the members.
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1.23 CONSISTENCY OF SYSTEM OF HOMOGENEOUS LINEAR EQUATIONS
Consider a system of m homogeneous linear equations in # unknowns, namely

apx;+apx, +.....ta,x, =0
Ay X] + Ay Xy +..... +a,,x, =0
ay X +azyx, +..taz,x, =0
.......................................... .. (D
Ay X + Ao Xy +...+a,,x, =0
We write 0
ay ap...qp, Xq 0
a ayy...d X
4= |2 Gl x =" Jo=|o
.. (2)
Aml Ap2---Amp mxn Xn nxl
mx1
Then (1) can be written as AX = O which is the matrix equation.
Here 4 is called the coefficient matrix. It is clear that
0
0
x,=0=x,=x;=..=x, isasolution of (1) i.e., X =|0]| is a solution of (2).
0

This is called trivial solution of AX = O.

This AX = O is always consistent (i.e.) it has a solution.

The trivial solution is called the zero solution.

A zero solution is not linearly independent (i.e.), it is linearly dependent.

Theorem : The number of linearly independent solutions of the linear system AX = O
is n—r, r being the rank of the matrix 4, . and n being the number of variables.

Note:

X

1. If 4 is a non-singular matrix. (i.e., det 4 # 0) then the linear system AX = O has only
the zero solution.

2. The system AX = O possesses a non-zero solution if and only if 4 is a non-singular
matrix.
Working Rule for Finding the Solutions of the Equation AX = O :

Let rank of 4 = r and rank of [4/B] = r,.

Since all b’s are zero, r = r,, then

L.(i)) If r = n(number of variables) = the system of equations have only trivial solution
(i.e., zero solution).

(i) If r <n = the system of equations have an infinite number of non-trivial solutions,

we shall have n — r linearly independent solutions.
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To obtain infinite solutions, set (n — ») variables any arbitrary value and solve for the
remaining unknowns.

If the number of equations is less than the number of unknowns, it has a non-trivial
solution. The number of solutions of the equation AX = O will be infinite.

II. If the number of equations is less than number of variables, the solution is always
other than a trivial solution.

II1. Ifthe number of equations = number of variables, the necessary and sufficient condition
for solutions other than a trivial solution is that the determinant of the coefficient

matrix is zero.
SOLVED EXAMPLES

Example 1 : Solve completely the system of equations
x+y—2z+3w=0;x-2y+z—-w=0
4x+y—-52+8w=0;5x—-Ty+2z—w=0

Solution : The given system of equations in matrix form is

1 1 2 3 x

1 2 1 -1 »
AX = =0
4 1 =5 8| ¢z
5 =7 2 —1||lw
1 1 2 3
) 0o 3 3 4
Applying R, — R,, R, — 4R, and R, - 5R,, we get A ~ 0 -3 3 4
0 -12 12 -16
1 1 -2 3
Applying R, =5 ta~ |02
pplying Ry=> — 5, weget A~ | = . 4
0 -3 4
1 1 -2 3
Applying R, — R, and R, - R e
pplying R, — R, and R, — R,, we ge 0o 0 0 0
0 0 0 O

This is in the Echelon form. We have

rank 4 = the number of non-zero rows in this Echelon form = 2

Since rank A(= 2) is less than the number of unknowns (= 4), therefore, the given system
has infinite number of non-trivial solutions.

Number of independent solutions =4 —2 =2,



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Now, we shall assign arbitrary values to 2 variables and the remaining 2 variables shall
be found in terms of these. The given system of equations is equivalent to

1 1 =2 3« 0
0 -3 3 —4fy]| |0
0 0 0 ollz| |o

0 0 0 Ol w 0
This gives the equations x + y—2z+ 3w=0,—-3y +3z—4w=10

5
Taking z = A and w= p, we see that x = A — 5u,y=k—g U, z=A, w= QL constitutes

the general solution of the given system.

Example 2 : Determine the values of A for which the following set of equations
may possess non-trivial solution:

3x; tx, = Ax; = 0, 4x; — 2x, - 3x, = 0, 2hx; + 4x; + Ax; = 0
For each permissible value of A, determine the general solution.
Solution : The given system of equations is equivalent to the matrix equation,
31 [ x
AX=|4 =2 3|lx|=0
20 4 h || X,

The given system possess non-trivial solution, if rank of 4 <number of unknowns.
i.e., RankofA<3

31 A
Le., 4 -2 -31=0
20 4 A

=  3(=2A+12)—1(4r+6A)—A(16 +4L)=0
= 4\ -32A+36=0 = A?+8L-9=0
= A+tHYA-1)=0 .A=-9 or A=1
Case L. For A = — 9, the given system reduces to
3x, +x,+ 9%, =0
4x, —2x, - 3x;=0
—18x, +4x, - 9x; =0 s
Now rank of 4 = 2 <3 (number of variables) [ ‘4 _2‘ =-10=# OJ
System has infinite number of solutions.
Number of independent solutions =3 —2 = 1.

Let x; = 2K and from the first two equations, we get
X, + 9x; =— 6K and - 2x, — 3x, = - 8K
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. —4
On solving x, = 6K and x; = ?K, we get

—4 . .
x, = 2K, x, = 6K and x; = TK as the general solution of the given system.

Case II. For A = 1, the given system reduces to
3x,+x,—x;=0
4x, —2x, - 3x;=0
2x, t4x, +x,=0
Now rank of 4 = 2 <3 (number of variables)
Hence the system has infinite number of solutions.
Number of independent solutions =3 —2 = 1.
Let x, = K and from the first two equations, we get
x,—x;= 3Kand - 2x, - 3x; = - 4K
On solving, x, = — K and x; = 2K, where K is a constant
x, = K, x, =— K and x; = 2K is the general solution of the given system.

Example 3 : Solve the system of equations

x+y-3z4+2w=0; 2x—y+2z-3w=0;3x-2y+z—4w=0;—4x+y—-3z+w=0.

Solution : The given homogeneous system of linear equations can be expressed as
1 1 -3 2 X 0

2 -1 2 =3(|»y|_|o
3 2 1 —4||z]| |0 (1)
-4 1 3 1 w 0
ie, AX=0
1 1 3 2
. 2 -1 2 -3
Consider A= - .
-4 1 3 1
We will reduce this matrix to Echelon form using elementary row operations and find its
rank.
Applying R, > R, - 2R,R, > R, — 3R and R, > R, + 4R, we get
1 1 3 2
0 -3 8 -7
A~
0 -5 10 -10
0 5 -15 9
1 1 3 2
. R 0 -3 8 -7
Performing — , we get 4 ~
-5 o 1 -2 2
0 5 -15
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1 3 2
. 0 -3 9 -7
Performing R, — R, — SR, we get 4 ~ o 1 2 2
0 0 -5 1]
11 -3 2]
Performing R, - 3R, + R ca~ |0 8T
erforming R, — 3R, + R, we ge 0 0 3 -1
0 0 -5 -1
1 1 -3 2
. 0 3 8 -7
Performing R, — 3R, + 5R,, we get 4 ~ 0 0 381
0 0 0 -8

This is in Echelon form. The number of non-zero rows = 4
.. Rank 4 = 4. Here number of variables = n =4

We have number of non-zero solutions is n—r=4—4 =0
.. There are no non-zero solutions.

- x=y=z=w=0is the only solution.

Example 4 : Solve x, + 2y 722x,5 0;,2x, —x, —x, = 0; x; + 2%, —x,=0;
4x, —x, + 3x8—x, 5 0.

Solution : Writing the given system of equations in matrix form AX= O ...(1), we have

1 02 =2 X 0
2 -1 0 -1 X 0

A= , X = , 0=
102 -1 X 0
4 173 -1 X, 0

We will perform elementary row operations on 4 on L.H.S. We will perform same row
operations on O in right side But the matrix O will remain unaltered because of these row

operations.
Applying R, - R, = 2R, Ry, > R, — R, R, = R, — 4R, we get
1 0 2 2][x 0
0 -1 -4 3||x,| |0
0 0 0 I||lx]| |O
0 -1 =5 7||x, 0

0 2 2| x
-1 -4 3| x

Applying R, - R, — R, we get 0 0 1] x

S O O =
|
[N - =
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1 0 2 =2][x 0
0 -1 -4 3||x| |0
Applying R, <> R, weget |0 0 -1 4]|| x 10
0 0 0 1||x, 0
Here we can write system of equations as
X, +2x;-2x, =0
—xy —4x3+3x, =0
—x;+4x, =0 ..(2)

x, =0

Solving (2), we get x, =0, x;=0, x, =0 and x, =0.

Note : In the above form of the matrix 4, number of non-zero rows is equal to 4. Its
rank is 4. Number of variables is equal to 4. The number of non-zero solutions = n — » = 0.
Hence x, =0=x, = x5 = x, is the only solution.

Example 5 : Solve the system of equations

x+3y+2z=0, 2x — y+3z = 0, 3x-5y+4z=0, x+17y+4z= 0.

Solution : Given system of equations can be written as AX = O ... (1) where

3
-1
-5
17

—_ W N =
oS O O O

A OB W N

4%3 4x1

Performing R, - R, - 2R, R, > R, - 3R, R, > R, — R, we get

1 3 2 0
X
0 -7 -1 o
0o 14 2|77 ]o
0 14 2 - 0
1 3 2 0
R R R o7 1/|7] |o
Performing R, — —%,Ry ——>and R, — —%* , we get =
g 2—>_1, 3—>_2an 4—>2 g 07 1 y 0
z
0 7 1 0
1 3 2 0
. 0 7 1 0
Performing R, - R, — R, R, - R, — R,, we get o o oll” 15l . (2)
00 o0/t |o
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We observe that in the L.H.S. of the matrix, the number of non-zero rows is 2 so that
the rank of the matrix is 2. We have the number of unknowns is 3.
.. Number of non-zero solutions is 3-2 = 1.
We will find the non-zero solution in the following way.
Writing from the matrix equation (2), we get
x+3y+2z=0
Ty+z=0

Letz = ksothat y= _Tk From this, we get

3k 3k—14k 11k
x=-3y-2z 7 7 5
11k ] [-11]
X 7 7
~. Solution is givenby x =| y |=| =K | -4 | =1 | forall real values of .
z
k 1

Example 6 : Solve the system of equations
X+2y+2+k)z=0; 2x+(2+k)y+4z=0; 7Tx+13y+(18+k)z =0 for all values of k.
Solution : The given system can be expressed as

12 2+k]|[x 0
2 24k 4 ||yl=|0|Ge) ax =0 (1)
7 13 18+k||z 0

1 2 2+k
where A=|2 2+k 4
7 13 18+k

If the given system of equations is to possess non-trivial solution,
Rank of 4 <number of variables i.e., Rank of 4 <3

1 2 2+k
ie,det A=0=1(2 2+k 4 |=0
7 13 18+k%
1 2 2+k
Applying R, >R 2R and R.—R, — 7R, we get (0 k-2 -2k |=0[Expand by C ]
0 -1 4-6k

= (k—2) (4—6k)-2k=0 = 3k*-Tk+4=0= k=1 (or) k =
Now three cases arise.

Case I. When k # 1 and k = %

In this case det A = 0. Then rank 4 = 3 and number of variables is 3.

W&
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.. The number of independent solutions is # —»=3-3 =0
.. x=0 =y =z is the only solution.

1 2 3
Case II. If £ = 1, the equation (1) reduces to {0 -1 —2} {
0 -1 2

1 2 3]|x
Applying R, > R, —R,, weget [0 -1 -2|| y|=
0 0 0]z 0

0
0

We find that number of non-zero rows is 2 in the matrix equivalent to 4.
Hence Rank of 4 = 2 and number of variables = 3.
.. The number of non-zero solutions is 3-2 = 1.
The given system of equations is now equivalent to
x+2y+3z =0,—-2z=0
Letz =k Theny=-2k andx =-2y -3z =4k—-3k =k

by k 1
Thus X = =| -2k |=k -2 |, k is a parameter.

z k 1
This is the general solution of the given system. -

1 2 10
> 0
X
Case II1. If k:i,the equation (1) reduces to | 0 2 8 y|=0
3 330021 |o
0 -1 —4
Applying R, = R, — % R,, we get L i
1 2 Y
3 ¢ 0
-2 8|
0
0 0o ofl®

Here number of non-zero rows is 2. Hence rank of 4 = 2. The number of variables is 3.
.. The number of independent solutions =3-2 =1
The given system is now equivalent to

10 -2 -8
x+2y+—z=0and—y-—z =0
T3 37737

Letz = k. Then y = — 4k and xz%k
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14
X 3
. Solution is given by | V' |~ k| —4 , where k is a parameter.
z 1

which is the general solution of the given system.
Example 7 : Solve the equations x+y—z+t=0; x—y+2z—t=0; 3x+y+t=0.

Solution : Given system of equations can be written as AX = O .. (D)
where
X
1 1 -1 1 0
A=|1 -1 2 <1 ,x=|"| ,o=]o
z
3 1 0 1 3x4 ¢ 0 3x1

4x1

We write 4X = O and apply elementary row operations to reduce the matrix A4 in the
L.H.S. to Echelon form. We will perform the same row operations on matrix in R.H.S. But
it will not alter since it is a null matrix.

X
1 1 -1 1 0
y
Applying R, > R,— R and R, > R, 3R, weget |0 =2 3 2|1 =10
0 -2 3 =2 0
t
X
11 -1 1 0
Applying R, -> R, — R, weget |0 -2 3 -2 Y1210 . (2)
z
0 0 0 ©0 , 0

We find that in the above equivalent matrix, number of non-zero rows is 2, so that the
rank of 4 is 2. We have the number of variables is 4.
.. Number of non-zero solutions = 4—2 = 2. We will find them in the following manner.
From (2), we have
x+y—z+t=0
—2y+3z-2t=0
Let =k and z =k, Then 2y =3z—2t=3k — 2k = y= %kz—kl

. 3 -1
Againx= —y+z—-1t = —Ek2+k1+k2—k1 = 7]%

S
P 0 -1/2
N 3 -1 3/2
.. Solution is given by X = i =| Shka=k | =k 0 +ky !
! ky 1 0
Lk
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0 -1/2

. . -1 372
The independent solutions are 0 and .

1 0

Any solution of system (1) is a linear combination of these two solutions.

.. The number of solutions is infinite.

Example 8 : Solve the system Ax+y+z=0; x+Ay+z=0; x+y+Az=0 if the system
has non-zero solution only.

Solution : Writing the above equations in matrix form, we get AX = O ... (1), where

A1l X 0
A=|1 2 1|, X=|y]|, 0=|0
1 1 A z 0
If the system has non-zero solution then we must have rank 4 < 3.
A1l
(ie)det. A=0 = |1 A 1|=0
1 1 A N 1 1

ApplyingR, > R, —R,R, > R, —R,weget |[1-2 A-1 0 |=0

-~ 0 Ax-1

2

A1 1
= (1-2)(1-2) |1 -1 0]|=0 [Taking (I-A)common from R, and R.]
1 0 -1

= (1-1)° [A1-0)-1(-1=0)+1(0+D] =0
= (1-1)> 2+0) =0 =A=11 or A=-2

— e —
— e —

Case I. Let A = 1.Then 4AX = O becomes {

S O

0

0

0
1 1] [x 0
Applying R, > R, - R, R, > R,— R, we get 0 0fly|=]0
00 z 0

Writing in linear equations, we get x+y+z=0
Let z=k, and y=k,. Then x=-k -k,

IRNRHRI

-1 -1
Linearly independent solutions are X, ={ 1} and X, ={ 0} .
0 1

.. The solution is given by X = {

N =
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[—2 1 1
Case II. Let L =-2. Then we can write } {

1 -2 1

X
ApplyingR, <> R, weget (-2 1 1|/ y|=
1 1 -2 z

T
S o O
I

1 -2 1||x 0
Applying R, > R, + 2R, and R, > R,— R, weget |0 -3 3| y|=10
0 3 -3||:z 0
1 2 1| «x 0
Applying R, > R, + R,, we get 0 3 3r|=]0
0 0]z 0

Writing in linear equations, we get x—2y+z=0 and -3y +3z=0=y =z
Lety=z=k Thenx =2y —-z=2k—k=*k
k 1 1
CX=|k|=k|1]. Thus X =| 1 | is the only non-zero solution.
k 1 1

Example 9 : Show that the only real number A for which the system
x+2y+3z=2Ax; 3x+y+2z=Ay;2x +3y+z=2Az
has non-zero solution is 6 and solve them, when A = 6.

[JNTU 2005-May, 2006, 2006S (Set No. 1), Sep. 2008 (Set No.1)]
Solution : Given system can be expressed as AX = O where

I-x 2 3 x 0
A= 3 1=k 2 |, X=|y| ad O=]|0
2 3 1= z 0

Here number of variables = n = 3.
The given system of equations possess a non-zero (non-trivial) solution, if
Rank of 4 <number of unknowns i.e., Rank of 4 <3
For this we must have det. 4 =0
1-» 2 3
3 1-A 2 [=0

2 3 1-2 6-A 6-A 6-2A

ApplyingR, > R, + R, + R, wehave | 3 1-2 2 |=0

2 3 1-A
1 1 1

= 6-1)[3 1-2 2 |=0
2 3 1-2
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1 0 0
ApplyingC, - C, - C,and C; > C, - C,weget (6-A)[3 -2-1 -1 |=0
2 1 -1-A
= (6-1) [(-2-1) (-1-1)+1]=0
= (6-1)(A*+3L+3)=0= A =6 is the only real value and other values are complex.
When ) =6, the given system becomes

5 2 30[x] [o
3 5 2||y|=|0
3 5| |z] |o
5 2 3 7[x] [o
Ry —>5R, +3R,R; > 5Ry+2R = | 0 719 19 11v|=0
19 -19]|z| |o
5 2 37[x] [o
Ry Ryt Ry | O 19 19] y]=0
o 0o o]z |o

= S5x+2y+3z=0and -19y+19z2=0 =y =z
Since Rank of A < number of unknowns (Rank of A =2, number of unknowns = 3),
therefore, the given system has infinite number of non-trivial solutions.
Let z=k=y=k and -5x+2k+3k=0=x=k
. x=k,y=k,z=k is the solution.
Example 10 : Solve :
2x+3ky+ Gk +4)z=0; x +(k+4)y+(4k +2)z = 0; x+2(k +1)y+ Bk +4)z=0

Solution : The given system can be written as AX = O, where

2 3k 3k+4 x 0
A=|1 k+4 4k+2|, X=|y|, 0=]|0
1 2k+2 3k+4 z 0

The given system of equations possess a non-zero solution, if
Rank of 4 <number of variables i.e., Rank of 4 <3
For this, we must have
2 3k 3k+4
det. 4=0 ie., 1 k+4 4k+2|=0

1 2k+2 3k+4

1 2k+2 3k+4
Performing R, <> R, weget |1 k+4 4k+2| =0

2 3k 3k+4

1 2k+2 3k+4
Performing R, > R, — R and R, > R, - 2R, weget |0 —k+2 k-2 | =0
0 —k-4 —3k-4
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1 2k+2 3k+4

= (k2|0 I L l-o [Expand by C|]
0 —k—-4 -3k-4

= (k-2) [IGk+4+k+4)]=0= (k-2) (4k+8)=0

= 4(k-2) (k+2)=0 .. k=2 (or) k=-2

Now three cases arise.

Case L. Suppose k= +2. Then det.A=0 = rank of 4 =3

We have number variables is 3.
.. The number of solutions is n—r=3 -3 =0
. x=0 =y = zis the only solution. (Trivial solution)

2 6 10 X 0
Case II. If k=2 then AX = O becomes |1 6 10 ||y 0
1 6 10 z 0

(2 6 10]] x 0
Performing R, - R, — R, we get | 1 6 % 0
0 0 0 z 0

Performing R, — R, — R, we get

0
=10
0

|
—
(=)
=]
[ S

The equivalent matrix in L.H.S. is having 2 non-zero rows.
Its rank =2
Since number of variables is 3, we have number of independent solutions =3-2 = 1. We
will try to find it.
From the above matrix equation, we have
2x+6y+10z=0
—x=0 =>x=0

Letz = k. Then 6y =-10k = y—_160k _ook

3
0 0
x _ _
L X=|y = el =k = where k is a parameter.
3 3
Lk 1

which is the general solution of the given system.
Case III. If £ = -2, then the system of equations can be written as

2 -6 2||x 0
1 2 -6||y|=|0
1 -2 21|z 0



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Performing R, — Ri/2, we get

1 -3 -1]|x 0
1 2 -6||y|=|0
1 -2 2|z 0
-3 —1||x 0
Performing R, - R, — R and R, - R,weget |0 5 5|y |=|0
0 1 -1]|z 0

R 1 -3 -1||«x 0
Performing R, — ?2 ,weget |0 1 -1
0o 1 -1 z 0

<
Il
(e}

1 -3 -1
Performing R, -> R, - R, weget |0 1 —1||y|=]0
0 0 0]z 0

=
=]

Above matrix is in Echelon form and the number of non-zero rows is 2.
Rank of 4 = 2. Since the number of variables is 3, we have the number of non-zero
solutions =3 -2=1.

From the above matrix equation, we get

x—=3y—-z=0
y—z=0
Letz = ksothaty = k
L x=3y+z =4k

> o~ B
—_

k
The infinite solutions are X = { } = I{ }
Example 11 : Solve the system of equations
x+3y—2z=0; 2x—y+4z=0; x—11ly+ 14z=0.
[JNTU 2002, (K) May 2010 (Set No. 2), (A) Nov. 2010 (Set No. 1), Dec. 2013 (Set No. 2)]

1 3 2 x 0
Solution : Writing A=12 -1 4|, X =|y|, 0O=|0
1 -11 14 z 0
then the given system can be written as AX = O
1 3 2

Now A=12 -1 4

1 -11 14 L3 o

Applying R, - R, and R, -2R,,we get A~ |0 -7 8
0 -14 16
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1 3 2
Applying R, -2R,, weget A~ |0 -7 8
0 0 0

Thus the matrix is in Echelon form. Number of non-zero rows is 2.

.. The rank of matrix is 2.

Since number of variables is 3, this will have 3—-2 = 1 non-zero solution.
The corresponding equations are, x + 3y —2z = 0 and — 7y +8z = 0

-24 -10k
Let z = k. Then yzgk and x = -3y +2z =Tk+2k = —
-10,
x Zg [
d 7 7 7
z k
‘ -10
e X= 7 8
7

which is the general solution of the given system.
Example 12 : Find the values of A for which the equations
A-—1Dx+@Br+1)y+2Az=0
A-Dx+(@L-2)y+(A+3)z=0
2x+BA+Dy+3A-1)z=0
are consistent and find the ratio of x : y : z when A has the smallest of these values. What
happens when A has the greater of these values. [JNTU 2004S (Set No. 4)]
Solution : Given system of equations can be written in the matrix form as
A-1 3a+1 24 x
AX=|r-1 4%-2 r+3 ||y |=0
2 3+l 3A-1D || z
The given equations will be consistent, if | 4 | =0
[Since for non-trivial solution of homogeneous system, rank of A< no. of unknowns. ]
A—1 3A+1 2A
ie, if|A-1 4r-2 A+3|=0
2 3x+1 3x-3

A-=1 3A+1 2A
0 A=3 3-A
2 3241 3x-3

Applying R, — R, we get
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A-1 3A+1 5A+1
Applying C, + C,, we get 0 -3 0 =0 [Expand by R, ]
2 3A+1 6A-2

A—1  5h+1
2 203n-1)

or ifA=0 or 3
(/) When A = 0, the equations become

or if (A —3) =0 or if 6A(A—3)*=0

-x+y=0 . (1)
—x—=2y+3z=0 .. (2)
2x+y-3z=0 .. (3)
Solving (1), (2) and (3), we get
xX=y=z

(if) When A = 3, equations become identical (each is 2x + 10y + 6z = 0)

Example 13 : Determine whether the following equations will have a non-trivial solu-
tion if so solve them. 4x + 2y + z+ 3w=0, 6x+3y+4z+7w =0, 2x+y+w=0.

[INTU May 2006, 2006S (Set No.2)]

Solution : Given equations will have a non-trivial solution since the number of equations
is less than the number of unknowns.

In other words the system will have a non-trivial solution if and only if the rank 7 of the
coefficient matrix is less than # the number of unknowns.

Given equations can be written in the matrix form as follows :

x
4
Y
AX=16 3 4 =0
21 0 1|
_W_
o
1 4
or AX=14 3 6 7||”|=0 (Interchanging the variables x and z)
2 1|7
_W_

We shall now reduce the coefficient matrix A to the Echelon form by applying only
elementary row operations.

(1 2 4 3

A~10 =5 =10 =5 (ApplyingR, - 4R))
o2 1

2 4 3 R
~0 1 2 1 [Applying—éj
01 21 -
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1 2 4 3

~[0 1 2 1] (Applying R;-R,)
0 000

Thus the matrix A has been reduced to Echelon form.

.. Rank (A) = Number of non-zero rows = 2 < 4 (unknowns)
Hence the given system will have 4 — 2 i.e., 2 linearly independent solutions.
Now the given system of equations is equivalent to

N

= =<

1 2 43
AX=10 1 2 1
0000
w
ie, z+2y+4x+3w=0
and y+2x+w=0
Choose x = k; and w = k,. Then solving these two equations, we get
y=-2x—-w=-2k —k,and z=—4x-2y - 3w=—4k, -2 (-2k, - k,) -3k, = — k,.
.. The solution is

x=k,,y=—2k —k,, z=—k,and w = k,, where k, and k, are arbitrary constants.
Example 14 : Solve the system of equations x + y + w = 0,y + z = 0,x+y
+z+w=0, x+y+2z=0. [JNTU 2008, (H) June 2009 (Set No.1)|

Solution : The equations can be written in matrix form Ax = O.

I 1T 0 1 X 0
where A = NN O,X:y,O:O
I 1.1 1 z 0
120 w 0
I 1 0 1 I 1 0 1
Consider A= oo O oo (Applying Ry - R3 —R|,Ry > R4 —R))
I 11 1 0 01 O
I 1.2 0 0 0 2 -1
I 1 0 1
01 1 O
~10 0 1 0| (ApplyingR, —2R,)
0 0 0 -1
1 1.0 0
01 1 0
~[0 0 1 0| (ApplyingR,+R,)
0 0 0 -1
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Rank (A) =4 and Number of variables = 4
Therefore, there is no non-zero solution.
Hence x =y =z =w=0is the only solution.
Example 15 : Solve the system 2x—y+3z=0,3x+2y+z=0 and x—4y+5z=0.

[JNTU 2008S (Set No.1)]
Solution : The Given system can be written as AX =0

2 -1 3 x 0
where A=|3 2 1|, X=|y|and O=|0
1 45 i 0

Applying Ry <> R;, we get

(1 -4 5
A~13 2 1
2 -1 3

Applying R, —-3R, and R; —2R;, we get

1 -4 5
A~ |0 14 -14
0 7 -7

Applying 2R, —-R,, we get

1 -4 5
A~|0 14 —14
0.0 0

. R,
Applying Ta 2 We get

1 4 5
A~]0 1 -1
0 0 O

Since the number of non-zero rows is 2, we have rank (A) = 2
Here number of variables = 3

The system will have n—r =3 -2 =1 non-zero solution.

From the matrix, we have y—-z=0=>y=z

Let y=z=k. Then
x—4y+5z=0 =>x=4y-5z=4k-5k=—k
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X -k -1
. The solution is givenby X=|y |=| k |=k| 1
z k 1

Example 16 : Find all the solutions of the system of equations :

x+2y-z=0,2x+y+z=0,x—4y+5z=0 [JNTU 2008S (Set No.1)]

1 2 -1
Solution: Let A={2 1 1 |. Then
1 4 5
detA=1(5+4)-2(10-1)—1(-8—1)
—9-18+9=0
. The rank of Ais <3.
Applying R, - R, —2R;and R; — R; — R, we get

2 1]
A~[0 =3 3
-6 6

Applying R; — R; —2R,, we get

(1 2 -1

A_|0 -3 3
0 0 0]
Thus rank (A) =2. .. Number of non-zero solutions = n—r=3-2=1,

From the above matrix, -3y +3z=0 =>y=z
Let z=k. Then y=k.
x+2y-z=0=>x=z-2y =k-2k=-k

-1

-, The solutions are given by X =k| 1
1

Example 17 : Solve completely the system of equations :

x+3y—2z=0,2x—y+4z=0,x-11y+14z=0. [JNTU (A)June 2009 (Set No.1)]
1 3 =2 X 0

Solution : Taking A=|2 -1 4 [;X=|y[;0=|0], we get
1 -11 14 z 0

AX = O is the matrix form of equations.
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Consider A={2 -1 4

3 2
~10 -7 8 | (ApplyingR,-2R,R,~R))
0 -14 16
1 3 =2 Ry
~0 -7 8 | (Applying 7)
0 -7 8
1 3 =2
~10 =7 8 |.(ApplyingR, —R))
0 0 0

This is in Echelon form.

LpA)=2=r.

n =number of unknowns = 3.

sor<n

. Number of linearly independent solutions =n—r=3-2=1
.. The above system has infinite solutions.

Now solve AX=0.

1 3 =2)(x 0
ie., 0 -7 8 n[=po
0 0 O z 0

= x+3y-2z=0 .. (1)
8
—7y+82:0:y=7z, - (2)
From (1) and (2), we have
x+ﬁz—2220 2x+&=0 2x=—£z
7 7 7
8

Taking z =c, we get x:—gc; y==c

10

This gives the solution of the system of equations.
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Example 18 : Find all the non-trivial solutions of 2x—y+3z=0, 3x+2y+z=0,

x—4y+5z=0.
Solution : Given equations form homogeneous system and can be written in the matrix
form as
2 -1 3| «x 0
32 1{»|=|0

1 -4 51z| |0

We can see that, det 40
(2 -1 3 ][x] [0

07 =TIy [=|0] By Ry >2Ry =3R;R; 2R, ~R))
0 -7 7 ||z 0

(2 -1 3 [x 0
0 7 -7
00 0 |z

By Ry > Ry +R))

(2 -1 3 [x 0
01 -1
100 0 |z

R
0 (By R —>72)

The coefficient matrix is in Echelon form. Number of non-zero rows is 2. Thus its
rank is 2. It will have 3—2 = 1, non-trivial solution.

We can have the equations,
2x—y+3z=0, y—z=0=y=z=k (say)
2x=y-3z=k=3k=-2k

Thus X =|k |=k|1 | is the solution for the above system of equations.

Example 19 : Solve completely the equations 3x+4y—z—6w=0;2x+3y+2z-3w=0;
2x+y—14z—9w=0; x+3y+13z+3w=0 [JNTU (H) May 2012 (Set No. 3)]
Solution : Given equations 3x+4y—z—6w=0;2x+3y+2z-3w=0;

2x+y—14z-9w=0;x+3y+13z+3w=0

3 4 -1 -6 0

. 23 2 3
Taking, A = ; X = Y ;0= 0
21 -14 -9 z 0
1 3 13 3 w 0
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the given system becomes AX=0.

3 4 -1 -6
. 23 2 3
Consider A =
21 -14 -9
1 3 13 3

we will reduce this to Echelon form using elementary operations,

1 3 13 3
R, <> R gives 23 233
2 1 -14 -9
13 4 -1 -6
R, -2R,: 1 3 13 3
R; —2Ry; gives 0 = =
0 -5 -10 -15
R, -3R,
0 -5 —40 -15
(1 3 13 3
R4 —Rjy gives 0 3 24y
0 -5 —-40 -15
0 0 0 0
(13 13 3]
R, R; . 01 8 3
T30 s BV 01 8 3
00 0]
[1 3 13 3]
R; -R, gives 01 83
00 0 O
00 0 0]

Number of non-zero rows =2
. Rank (A) =2 and no. of variables =4
.. There will be 4—2 =2 non trivial solutions.

Rl - R2 giVCS

S O W O

5
8
0
0

S O O =
S O = N
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Let z=4 and w=k, then y=-8k —3k, .. (1)
x=-2-5z= —2(—8](1 - 3k2) - 5](1 = 11](1 + 6k2
The solution is given by

x| [11k +6k, |
y _ —8k1 —3k2
z B kl
w kz i
11 [ 6
k| k|
=k 2|
0 1
11 6
-8 -3 . .
X, = and X, = o | gives solution completely.
0 1

Example 20 : Solve completely the system of equations
2x=2y+5z+3w=0;4x—y+z+w=03x-2y+3z+4w=0; x-3y+7z+6w=0
[JNTU (H) May 2011 (Set No. 3), Nov. 2010 (Set No. 3)]

2 -2 53 X 0
Sol. Taking A = \J :X=|"| and 0= 0
3 -2 3 4 z 0
1 -3 7 6 w 0

We get the system of equations as AX =0

2 -2 53

. 4 -1 1 1
Consider A =

3 -2 3 4

1 -3 7 6

We find rank (A) using elementary row transformations.

I -3 7 6

. 4 -1 11

R; & Ry gives "3 5 3 a4
2 -2 53
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R, _4R,; 1 3 7 6
0 11 -27 -23
0 7 -18 -14
R, —2R,
0 4 -9 -9
(1 -3 7 6 |
e 0 4 -9 -9
2783 BIVES 0 7 -18 —14
0 4 -9 -9
1 3 7 6]
4R, —-7R, g 0 4 =9 -9
— 1VES ~
37/Re 8 00 -9 7
0 4 -9 -9
1 =3 7 6]
e o 0 4 -9 -9
— 1 ~
472 BIVES 0 0 -9 7
0 0 0 |

This is in Echelon form. No. of non-zero rows =3.
- Rank (A) =3

No. of variables =4

. No. of independent solutions is 4-3=1
x=3y+7z+6w=0

4y -9z-9w=0

-9z+7w=0

. 7 .
Taking w=c; we get z= 96y = 4c;x=(5/9)c we get as the solution.

Example 21 : Solve completely the system of equations:

x+2y+3z=0; 3x+4y+4z=0;7x+10y+12z=0 [JNTU (A) Jan 2014 (Set No. 2)]
1 2 3 X 0

Solution : Taking A=|{3 4 4| X=|y|and O=|0
7 10 12 z 0

We get the system of equations as AX =0
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1 2 3
Consider A=|3 4 4
7 10 12
1 2 3
R2—3R1;R3—7R1 ~[0 -2 =5
0 -4 -9
1 2 3
Ry~ 2R, ~l0 2 -5
0 0 1

This is in Echelon form. No. of non-zero rows is 3.
. The rank of A =3

.. No. of variables =3

.. No. of non-zero solutions =3-3=0

. x=0,y=0,z=0 is the only solution.

r EXERCISE 1.6 )

1. Solve completely the system of equations:

({)x+2y+3z=0; 3x+4y+4z= 0; 7x+ 10y + 12z = 0.
(@) 4x+2p+z+3w=0; 6x+3y+4z+Tw=0; 2x+py+w=0.
[JNTU 2004S, Sep. 2008 (Set No.2)]
@) 3x+4y—z—6w=0; 2x+3y+2z—3w=0;2x+y— 14z—9w=0;
x+3y+13z+ 3w=0. [JNTU 2002 (Set No. 3)]
@) 2x—2y+5z+3w=0;4x —y + z + w= 0; 3x — 2y + 3z + 4w = 0;
x—3y+7z+6w=0.
2. Show that the system of equations
2, — 2x, + x, = Ax,, 2x, — 3x, + 2x, = Ax,, — x, + 2x, = Ax

3

can possess a non-trivial solution only if L = 1, A =—3.

L Obtain the general solution in each case. [JNTU 2003S (Set No. 1)])
r ANSWERS \
. @(Hx=0,y=0,z=0 @) x=Ly==2l-myz=—m,w=m

(i) x = 11k, + 6k, y = — 8k, — 3k,, z =k, w=k,

@@v) ngk, vy =4k, z=gk, w=k

2. A=Lx=2-5x,=x,=8; A=-3,x, =, x,=-24,x,=
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1.24 SYSTEM OF LINEAR EQUATIONS - TRIANGULAR SYSTEMS
Consider the system of n linear algebraic equations in n unknowns,
ap X tapxy +...... +a1,Xx, = bl

ay1X) tdnyXy +....... +ay,Xx, = b2

................................................ (1)
a1 X +apnXy + e +a,,x, =b,
a Ay o Ay X1 bl
ayy dpyy .. . . . dpy Xy bz
Take A=| .. e e e e . 5 X=] s B=
a4yl Apy o e e Gy | | X, | | by |

Then (1) in matrix form is AX=B

We consider two particular cases

Case (i) : Suppose the coefficient matix A is such that all the elements above the
leading diagonal are zero. That is, A is a lower triangular matrix of the form

a 0
a1 4
A:
_anl a,, anzy .. . . ann_

In this case the system (1) will be of the form
ax = by
ayXy + Xy =by
a31X| +a3n%,) +azzxz = by L e (2)

This type of system is called lower triangular system.

From the system of equations (2), we get

by —ayx; 1 a
xlzi,xzzwz— |:b2_ib1i| andsoon.
a1 a a a1
The values x,x,,.......,x, given above constitute the exact solution of (2).

This method of constructing the exact solution, when the system is lower triangular is
called method of forward substitution.
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Case (ii) : Suppose the coefficient matrix A is such that all the elements below the
leading diagonal are all zero, i.e. when A is an upper triangular matrix of the form

_all Ay o e Ay

0 Ay . . . Oy
A:

0 0 00 . . a,]

In this case the system (1) will be of the form

_ 3
ap X tapxy +...... +a1,Xx, = bl

......................................... )

A system of the above type is called an upper triangular system.
From (3), we easily get

by
Xn = 5
a}’l}’l
b 1~ A0 X 1 Q10
X, | =4I = b,_1———>b, | and so on.
Ap-1n-1 Ap-1n-1 nn
The values of x,,,x,_;,......x; as given above form an exact solution of (1).

This method of constructing the exact solution when the system is upper triangular is
called method of backward substitution.

1.25 SOLUTION OF LINEAR SYSTEMS - DIRECT METHODS

The solution of a linear system of equations can be found out by numerical methods
known as direct method and iterative methods. We will discuss the Gauss elimination
method and its modification. Matrix inversion method and Gauss - Jordan Method are already
discussed in the previous chapters.
1. Gaussian Elimination Method

This method of solving a system of n linear equations in n unknowns consists of eliminating
the coefficients in such a way that the system reduces to upper triangular system which may
be solved by backward substitution . We discuss the method here for ; =3. The method is
analagous for > 3.

Consider the system

ay X +appXy +ap3xy = by

apx tapXy tapxy=bye (1)

a3 Xy +a3pXy +azxy = by
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The augmented matrix of this system is
ajp a;p a3 b

[4,B]=|ay ayp a3 b e (2)
@ a3y a3z by

Performing R, - R, —QRI and R; > Ry —aiRl , we get
a1 a1

ap ap a3 b
[4,B]~| 0 oy axy B ... 3)
0 a3 azz f3

a _ @1
Where Oy =dpy —ain [a_ﬂ] ; Op3 =dy3 —dp3 ( ap, J
11

— _| 931 _ | @31
Q3p =d3p —| — |Aip; Q33 =d33 —| — |13
an an

a a
Py =by {AJZH; B3 =bs —[‘3—1)[’1
aq a1

Here we assume a; #0

We call —22L “%1 45 multipliers for the first stage. a,is called first pivot.
41 911

Now applying Ry — Ry —&(Rz), we get
%22

appap a3 b
[4,B]~| 0 ayp oy B
0 0 v A

. (@

32 . 32
where v33 = a3 —[—] Ay, Az =3 —[— B2
22 22

We have assumed o,, #0.

32
22

Here the multiplier is — and new pivot is oy, .

The augmented matrix (4) corresponds to an upper triangular system which can be
solved by backward substitution. The solution obtained is exact.
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Note : If one of the elements a;;,0,,,033 are zero the method is modified by rearranging
the rows, so that the pivot is non- zero.

This procedure is called partial pivoting. If this is impossible then the matrix is singular
and the system has no solution.

SOLVED EXAMPLES

Example 1 : Solve the equations
2x; + Xy +x3 =10; 3x; +2x, +3x3 =18; x; +4x, +9x; =16
using Gauss-Elimination method.

21 1 10
Solution : The Augmented matrix of the given systemis [4|B]=|3 2 3 18
1 4 9 16

Performing R, — 2R, —3R; and Ry »>2R;—R;, we get

21 1 10
[4|B]~|0 1 3 6
0 7 17 22

2 1 1 10

Applying Ry > R;—-7R,, we get [4|B]~|0 1 3 6

00 4 20

This Augmented matrix corresponds to the following upper triangular system.
2x; + x5 +x3 =10; x5 +3x3 = 6; —4x3 =-20

= x3 =5,x, =—9,x; =7 by backward substitution.

.. The solution is x =7,x, =-9,x3=5

Example 2 : Solve the system of equations :

3x+y—z=3;2x-8y+z=-5; x—2y+9z =8 using Gauss elimination method.

31 -1 3
Solution : The Augmented matrix is [4|B]=|2 -8 1 -5
1 -2 9 8

. 1
Performing R, — R, —§R13 R R _ERI , we get

3001 -1 3
[4,B]~|0 —26/3 5/3 -7
0 -7/3 28/3 7
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3001 -1 3
Performing R, — Ry —2l6R2,[A|B]~ 0 -26/3 5/3 -7
0 0 693/78 231/26

From this, we get

3x+y-z=3; _26y+§Z:—7, 693  _231
3 3 78 26
=z=Ly=1and x=1.
.. Thesolutionisx=1,y=1,z=1.
Example 3 : Solve the equations x+y+z =6; 3x+3y+4z=20; 2x+y+3z=13
using partial pivoting Gaussian elimination method.

I 1 1.6
Solution : The augmented matrix of the system is [4,B]=|3 3 4 20
21 3 13
Performing the operations R, — R, —3R and Ry — R, —2R;, we get
1 1 16
[4,B]~|{0 0 1 2

0 -1 11 1 1 16
Using the operation R, <>R;, we get [4,B8]~|0 -1 1 1
0 0 1 2
This corresponds to the upper triangular system x+y+z=6;-y+z=1z=2
. By backward substitution, we get x=3,y=1,z=2.
Example 4 : Solve the system of equations 3x+y+2z=3, 2x—-3y—=z =-3,
x+2p+z=4 [JNTU 2008, (K) Nov.2009S (Set No.3)]

Solution : The given system of equation can be written in the matrix form as AX = B.

31 2 X 3
where A=1|2 3 -1|, X=|y|, B=|-3
1 2 1 z 4

The Augumented matrix of the given system is

31 2 3
[AB]=|2 3 -1 3
1 2 1 4

Operating R, <> R;, we get

1 2 1 4
[AB] ~ (2 3 -1 3
31 2 3
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Operating R, — R, — 2R, and R; — R, - 3R, we get

(1 2 1 4]
[AB] ~ |0 -7 =3 -11
0 -5 -1 -9

Operating R; — 7R, — 5R,, we get

12 1 4
[AB] ~ |0 -7 =3 -II
0 0 8 8]

This augmented matrix corresponds to the following upper triangular system.
x+2y+z =4 .. (1)
—Ty—-3z =-11 .. (2)

8z = -8
By back substitution, we have
z=-1 .. (3)

Substituting equation (3) in equation (2), we get
-7y =-113=y=2
Now from (1), we have
x+4-1=4=x=1.

The solutionisx =1,y =2,z =-1.

Example 5 : Solve the system of equations x +2y+3z=1,2x+3y+8z=2,x+y+z=3.
[JNTU 2008 (Set No.4)]

Solution : - The given non-homogeneous linear system of equations are
xX+2y+3z=1;2x+3y+8=2; x+y+z=3.

These can be written in matrix form as AX = B

1 2 3 x 1
where A=123 8,X=|y|landB=|2
1111 z 3
The Augmented matrix is
1 2 3 1
[AB] =2 3 8 2
1113
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Applying R, - 2R, R; — R,, we get

(1 2 3 1
[AB] =0 -1 2 0
0 -1 -2 2]
Applying R, - R,, we get
1 2 3 1]
[A,B]=1]0 -1 2 0
00 -4 2

Rank of [A, B] = 3. Using the same operations, rank (A) = 3.
The system of equations is consistent.
From the above Augmented matrix,

-1
-4z=2= 2=
-y+2z2=0= —-y-1=0 = y=-1
3
andx+2y+3z=1:>x—2—5=1:>x=5
'Thlt"—g—l—l
. The solutionisx= —, y=—1, 2=~
Example 6 : Solve the equations

3x+y+2z=3;2x-3y—z=-3;x+2y+z=4

Using Gauss elimination method [JNTU 2008S (Set No.4)]
Solution : The given system can be written as AX = B
31 2 X 3
where A=|2 -3 -1|,X=|y|,B=|-3
I 2 1 z 4
The Augmented matrix is
31 2 3
[AB]=|2 -3 -1 -3
1 2 1 4
1 2 1 4
12 -3 -1 =3|(Applying R, <>R;)
31 2 3
1 2 1 4

u [0 -7 3 11 (Applying R, - 2R , R, - 3R,)
0o -5 -1 -9
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1 2 1 4
L |0 =7 -3 -1l(Applying 7R, - 5R))
0 0 8 -8

This corresponds to upper triangular system.
This gives 8z=-8= z=-1
Ty+3z=11=7y=11-3z=14=y=2
X+2y+z=4=x=4-2y—-z —4_44+1=1
The solutionis x =1,y =2,z =—1

Example 7: Express the following system in matrix form and solve by Gauss Elimination
method.
2x, +x, + 2x, + x, = 6; 6x, — 6x, + 6x, + 12 x, = 36
4x, +3x, +3x, - 3x,=-1; 2x, +2x,—x;+x,= 10
[JNTU 2008, 2008S, (H), (A) 2009, (K) 2009S, (K)May 2010 (Set No.1)]
Solution : The Augmented matrix of the given equations is

2 1 2 1 6
6 -6 6 12 36
4 3 3 3 -1
2 2 -1 1 10

. R
Performing R,— —62—, we get

[A.B] =

2 1 2 1
[AB] ~ I -1 1 2

4 3 3 -3 -1

2 2 -1 1 10

Performing R, — R, gives,

1 -1 1 2 6
AR 2 1 2 1 6
e P O R

2 2 -1 1 10

[AB] ~
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Performing R, -3 R, -7 R,, R, —3R,-4R,, we obtain

-1 1 2 6
0o -3 -6
-3 -12 -33

3

AB] ~

[A,B] 0

0 -9 3 18
-3

1
0
0
0

Performing R, — R, R,, we obtain

1 -1 1 2 6
AB] |0 3 0 3 -6
0 0 -3 -12 -33
0 0 0 39 117

This corresponds to the upper triangular system

X, —x,tx;+2x, =6 (D)
3x,-3x, = -6 .. (2)
—3x; — 12x, = - 33 .. (3)
39x, = 117 . (4)
By back substitution,

4) = x, =3
Substituting the value of x, in (3) and (2), we get
x;=-land x, =1
Now substituting the values of x,, x; and x, in (1), we get
x,=l-1+6 =6= x =2
The solutionis x, =2, x,=1,x;,=-1,x,=3
2. Gauss - Jordan Method [Notincluded in Syllabus]
This method is a modification of the Gauss's elimination method. In this method the

unknowns are eliminated so that the system is in diagonal form. This can be done with or
without using pivoting. The method is illustrated in the examples given below.

SOLVED EXAMPLES

Example 1 : Using Gauss - Jordan method, solve the system

2x+y+z=10;3x+2y+3z=18;x+4y+9z=16. 21 1 10

Solution : The Augmented matrix of the system is [4|B]=|3 2 3 18

1 4 9 16
. . 1
Using the operations R, — R, —%Rl and Ry > R _E(Rl) , we get

2 1 1 10
[A|B]~|0 1/2 3/2 3
0 7/2 17/2 11
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2 1 1 10
Using the operation Ry — R; —7R,, we get [4|B]~|0 1/2 3/2 3
0o 0 -2 -10

. . 1
Using the operations R} — R, +5R3 , Ry > Ry +%R3 and R > R; —2R,, we get

2 0 O 14
[4]B]~|0 1/2 0 -9/2
0o 0 -2 -10
We see that A is reduced to diagonal form.

1
Weget 2x=14=>x=7; Ey=7:>y=—9; 2z=-10=z=5

Thus x=7,y=-9,z=5 is the solution.

Example 2 : Solve the equations 10x+ y+z =12; 2x+10y+z=13 and x+ y+5z=7 by
Gauss - Jordan method.

10 1 1 12
Solution : The Augmented matrix is [4,B]=| 2 10 1 13
1 1 5 7

1 -8 —44 -51
Performing R, — R, —9R;, [4,B]~|2 10 1 13
11 5 7
1 -8 —44 -51
Performing R, - R, ~2R|,R; - R3 —R|, [4,B]~|0 26 89 115];
0 9 49 58
1 -8 —44 -51
Performing R, = —R; +3R;,[4,B]~|0 1 58 59
0 9 49 58

b

1 0 420 421
Performing R — R +8R,,[4,B]~|0 1 58 59 |;
0 0 —473 —473 1001
Performing R, /(- 473),R; — R, —420R;,R, —> Ry —58R;,[4,B]~|0 1 0 1
. The solutionis x=y=z=1. 0011
Example 3 : Solve the equations
10x; + x5 + x3 =12; x; +10x, —x3 =10 and x; —2x, +10x3 =9 by Gauss - Jordan method.
Solution : The matrix form of the given system is AX = B where
10 1 1 x 12
A=|1 10 -1[;X=|x,|;B=|10
1 -2 10 X3 9
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EIGEN VALUES AND
EIGEN VECTORS

2.1 INTRODUCTION
Consider the transformation

u=>5x+4y
} . (D
This transformation transforms a vector (x, y) to the vector (u, v) where u, v are
obtained by using the equations in (1). For example (x, y) = (2, —1) is transformed to
(u, v) = (6, 0).

v= x+2y

Ny NY

2-1 -

We notice that the vector (6, 0) is not along (2, —1). In general the vector (u, v) will
not be along (x, y). However, it is possible that there exist some vectors (x, y) such that the
transformed vector (u#, v) and the original vector (x, y) will have the same direction. For
example take (x, y) = (1, —1). This after using the transformation (1), will be transformed to
(u, v) = (1, =1) which has the same direction of (x, y) (by chance here we had
(u, v) identical with (x, y) !]. Notice that (x, y) = (4, 1) using (1) will be
transformed to (24, 6) which is along (4, 1) itself since (24, 6) = 6 (4, 1). Hence we observe

that while the transformation
u)_(5 4\(x
v) "\l 2)\y

in general changes the magnitude and direction of ‘many’ vectors | * ) after the transformation,

there exist some vectors (x) whose direction will be same as that of the transformed vector

(1)

Let us now proceed to a more general situation.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

1 T
Consider a vector X = (x,, x,, -+, X,)
in the n dimensional space, where x,, x,, ---, x, are real.

If A is a scalar, we say that AX = (Ax, Ax,,..., kxn)T has direction along that of X.
Consider the transformation

=an X tap Xt ta, X,

Yy =ay Xt Ay X+t ay, X

Yp =p X T pp X+ F Ay, X,
In matrix notation this is same as ¥ = AX .. (2)
where Y:(yI:yZ:"':yn)T
r L3
X =00, %, x%,)
and A=[aij],13i,j3n

The equation (3) in general transforms every n dimensional vector X into another n
dimensional vector Y whose direction can be different from that of X. We note that, there
may exist vector X such that after the use of equation (3), ¥ = 4X will be precisely some AX
where A is a scalar which means that X and Y = A.X are along the same direction. Such
vectors are called characteristic vectors or eigen vectors of the transformation. Since the
transformation is defined by the n x n matrix 4, we refer to such vectors as characteristic
vectors or eigen vectors of the matrix A itself.

The eigen values and eigen vectors of a matrix that we discuss in this chapter have lots
of applications in various engineering disciplines.

2.2 DEFINITION

Let 4= [ail.] be an n x n matrix. A non—zero vector X is said to be a characteristic
vector of A if there exists a scalar A such that 4AX = AX.

If AX = AX, (X # O) we say that X is eigen vector or characteristic vector of 4
corresponding to the eigen value or characteristf'.%l éﬁﬂue A of A.

. (5 4 (1
Example 1 : Take A—(l 2),X_(_1)

(i (-1

We say that (_D is an eigen vector of A4 corresponding to the eigen value 1 of 4.

We also note that if X = (‘1‘) , then

_ (5 4)(4) _ [24) _ 4\ _
w= (3 3) (1) - (9) - o () -ox
We also say that (‘D is an eigen vector of 4 corresponding to the eigen value 6 of 4.

3
But X= (2j is not an eigen vector of 4,
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since AX = G 3) @) = (276) = A 8) for any scalar A.

8§ -6 2 2
e.g,Consider A=| -6 7 4], X=|=2
2 -4 3 1

8§ -6 2 2 30 2
Wehave AX =| -6 7 -4 ||2|=|-30|=15|-2|=15-X
2 4 3 1 15 1

Hence [—2] is an eigen vector of 4 corresponding to the eigen value 15 of A4.
1

1
Consider X = [2]

2
§ -6 2 1 0 1
Wehave AX=|-6 7 —4||2|=]0|=0|2|=0X
2 4 3 2 0 2

1
Hence | 2 | is an eigen vector of 4 corresponding to the eigen value 0 of A.
2

Note: We notice that an eigen value of a square matrix 4 can be 0. But a zero vector
cannot be an eigen vector of 4.

2.3 TO FIND THE EIGEN VECTORS OF A MATRIX

Let 4 = [al.j] be a n x n matrix. Let X be an eigen vector of 4 corresponding to the
eigen value A.
Then by definition, AX=A1X
ie, AX=A1IX
ie, AX-AIX=O0
ie, A-ADX=0
Note that this is a homogeneous system of 7 equations in #» unknowns.
This will have a non-zero solution X, if and only if
|A-w1| =0
(A=X1) is called characteristic matrix of 4. Also |A Al | is a polynomial in A of
degree n and is called the characteristic polynomial of 4. Also | A-M1 | = 0 is called the
characteristic equation of 4. This will be a polynomial equation in A of degree 7.
Solving this equation, we get the roots A =24, X,,---, A, of the characteristic equation.
These are the characteristic roots or eigen values of the matrix.

Corresponding to each one of these n eigen values, we can find the characteristic
vector X. Consider the homogeneous system

A-ADX.=0 for i=1,2,...,n

The non-zero solution X; of this system is the eigen vector of 4 corresponding to the
eigen value A..
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(all app ... aln\
Let A=|%1 92 - %nu| be the given matrix.
a, a,, ... a,,
(a, -\ a, ag ca, )
ay, Ay, =\ ay e Gy,
Its characteristic matrixis 4 —Al = | ay, as, y3— A ... 4y,
an ) an3 e pp — A

On the other hand, |A—- A1 | by expansion is a polynomial ¢ (L) of degree n. This is
called the characteristic polynomial of 4.
The characteristic equation of 4 is

a,—r ap o ap,
ay, ay -\ ... ay,

o(A) =14 - M| = =0
a, a,, vy, — A

Let A}, A5, ..., A, be its roots. These are the characteristic roots of 4. These are also
referred to as eigen values or latent roots or proper values of A.

Consider each one of these eigen values say A. The eigen vector X corresponding to
the eigen value A is obtained by solving the homogeneous system

ay —A ap o Oy, X 0
) dyy—h o a, X | 0
an [¢%) vt Ay A Xy 0

and determining the non-trivial solution.

We shall illustrate this procedure through examples.

SOLVED EXAMPLES

Example 1 : Find the characteristic roots of the matrix A =

—_— = N
N W N
N = =

Solution : Given matrix is A=

_— N
NS RERVS I \S)
.
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The characteristic equation of Ais |A-Al| =0

2—-A 2 1
ie, | 1 3-2 1 1=0
1 2 2-%

> 2-M[B-AMNQ2-A)-2]-22-A—-1]+1[2-3+A]=0

= A3 —7A%+ 111 -5 =0, on simplification

= A-1) A -61+5)=0

> A-DHA-DAR-5=0 . A=11,5
Hence the characteristic roots of A are 1, 1, 5.
Example 2 : Find the eigen values and the corresponding eigen vectors of (? g) .

[JNTU (K) Nov. 2009S (Set No.3)]

P _ (5 4
Solution: Let 4 = (1 2)

Its characteristic matrix = A -\ [ = (f‘ A ‘2‘_ A )

Characteristic equation of 4 is

|A=01|=0 (ie) Sh ‘ =0 ()
2-A
ie, 5-A)2-1)-4=0
On simplification, we get 2> —7A +6=0
= A-D(-6)=0 (2
The roots of the equation are A = 1, 6. Hence the eigen values of the matrix A are 1,6.
Consider the system G_k 42‘_0 (2) = (8) .. (3)

To get the eigen vector X corresponding to each eigen value A we have to solve the
above system.

Eigen vector corresponding to A = 1.

Put A =1 in the system (3), we get G‘ f) (xl) = (0)

The system of equations is
4x, +4x,=0
X +x,=0
This implies that x, = — x,. Taking x, = a, we get x, =—a.

N B RN 1 .
X _1) where a#0 is a scalar.

X

Hence [ J is eigen vector of A4 corresponding to the eigen value A = 1.
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Eigen vector corresponding to the eigen value A = 6.

Put & = 6 in (3). We get [_i —3) (2) - (8)

So—x t4x,=0 and x; —4x,=0

This implies that x; = 4x,. Taking x, =a, we get x, = 4a

X1 4o 4
‘. = = .
Xy o 1
Hence (?) is eigen vector of 4 corresponding to the eigen value A =6.

Example 3 : Find the eigen values and the corresponding eigen vectors of
1 2 -1
2

A= 2
0 2

0
0
Solution : If A is an eigen value of 4 and X is the corresponding eigen vector, then by
definition
1-2 2 -1 X,
A-2DX=0(ie) |0 2-n 2 X, q®
0 0  —2-%){x
The characteristic equation of 4 is | A-\I | =0
1-1 2 -1
ie, |0 2-L 2 =0 [Exand by (]
0 0 2-A
= 1-MD2-A)E=2-1)=0 . A=1,2,-2.
Important Observation : For upper triangular, lower triangular and diagonal matrices,
the eigen values are given by the diagonal elements.

(D

(=N )

Eigen vector of A correspondingtoA =1

0 2 -1 X1
Puti=1lin(1). Weget | 0 J 3 Z =

(.e) 2x,-x3=0

x2+2x3 =0 (2)
-3x;=0
This implies that x; = 0 and hence x, = 0. Note that we cannot find x, from these
equations. As x, is not present in any of these equations, it follows that x, can be arbitrary.

Hence X =0, x, =0, x;=0

X o 1
Then X [=]0]=a]0 where a # 0.
X3 0 0
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1

Hence [OJ is the eigen vector of 4 corresponding to A = 1.
0

[Here in this case one may wrongly conclude that x; =0 in which case [O] will be the
0
0
solution. Note that [8] cannot be eigen vector].

Eigen vector of A correspondingtoiA =2

_ -1 2 -1\ (X
Put A=2in(1).Weget| 0 0 2|| x, |=
00

4
Hence the equations are

—X; +2x, —x3=0
2x3=0
—-4x;=0
This implies that x; = 0. .. —x; +2x, =0 or x; = 2x,.
Letx, =B Thenx; = 2B
Sox=2B x,=B, x,;=0.

1 2p 2
Hence[sz =L B ] =B L 1 ] is eigen vector of A corresponding to A = 2.
0

X5 0

Eigen vector of A correspondingto ) =—2.

3 2 -1 X
PutA=-2in(1). Weget | o 4 2 x; =
00 0)|ux,

Hence 3x; +2x, —x3=0 }

4.)C2 +2.X3:0
0=0.

. (4)

= 2x3=—-4x, .. x3=-2x,and 3x;+2x, —x;=0
= 3x,+2x,+2x,=0 = 3x; +4x,=0 = 3x, = 4x,

—4X2
X = 3

; Xy =Xy; and x3 =-2x,

Taking x, =8, x, = —?, X, =0, x3=-26.

% —45/3 ~4/3
Hence | x, |= 3 =39 1 | is eigen vector of 4 corresponding to A =—2.
X3 -28 -2

Thus the eigen values of 4 are 1, 2, — 2 and the corresponding eigen vectors are
respectively o(1, 0, 0)7; B(2, 1, 0)7; 8(— 4/3, 1, - 2)T.
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An observation:

The sum of the eigen values is 1 + 2 — 2 = 1. This is same as trace of 4 = sum of the
principal diagonal elements of A.

Further the product of the eigen values is equal to the determinant of the matrix

ie,|A|=(1)(2)-2)=-4.

Example 4 : Find the eigen values and the corresponding eigen vectors of

-2 2 3
A= 2 1 -6
-1 -2 0

Solution : If X is an eigen vector of 4 corresponding to the eigen value A of 4,
we have (4 — ADX = O

-2-) 2 -3 X 0
ie, |2 I-» -6 xp =10 (1)
-1 =2 0-2){x) O
The characteristic equation of 4 is
2-x 2 3
|A=1I|=0 Ge)| 2 1-1 -6/ =0
-1 -2 A

Expanding by R |, we get
(2-M[ a- v -12]-2[-21-6]-3[-4+1-2]=0.
= —(2+x)[x2—x—12]+4(x+3)+3(x+3)=0
—A+ )M - A+3)+TA+3)=0
A+)[-A+2) -4 +7]=0

— (L +3) (A —21L-15)=0
A+3)A+3)(L—-5=0
". The eigen values of 4 are — 3, — 3, 5.

=
=
=
=

Eigen vector of A correspondingtoi=-3

1 2 3 X
Put A =-31in(1). Weget{ 2 4 —6] LxZ}:L

-1 -2 3

X3
1 2 3|0
The Augmented matrix of the systemis | 2 4 —6|0
-1 -2 3]0
‘ 12 3]0
Performing R, —2R,, R; + R, , we get [8 8 8 8]

Hence we have
X +2X2 —3)63 =0
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0=0 = x= —2)62 +3X3
0=0
Thus taking x, =a and x; =, weget x =-2a+3B; x =a; x3=p

X -2 3
Hence X, |=a| 1| +B| 0| isaneigen vector corresponding to A =— 3.
X3 0 1

-2 3
(Here we are getting [ 1 ] and [0 ] as eigen vectors of 4 corresponding to A =-3.
0 1

A linear combination of these two vectors is also an eigen vector of 4 corresponding to
A =-=13).
Eigen vector correspondingtoi =5

. , -7 2 3 (™
Putting A =5 in (1), we get L 2 -4 —6] szJ _[

-1 -2 -5

X3
Consider the Augmented matrix of the system
-7 2 3]0
2 -4 60
-1 -2 510
Performing R, <> Ry and R, — (-)R;, we get
1 2 510
2 -4 610
-7 2 =310
1 2 510
‘ _ L 0 -8 -16/0
Performing R, — 2R, Ry + 7R, we get 0 16 3o
R 1 2 510
i 2 0 1 210
Performing 2, we get 0 16 3|0
1 0 10
Performing R, — 2R,, Ry — 16R,, we get 8 (1) g 8
This implies that
.xl + .X3 = 0
X, +2x3=0
0=0
Taking x; = o, we get x; = — o3 x, = — 20,,.

X - oy -1
Hence X, | =|-20,|=0a, | -2
X3 oy 1

Hence the eigen vector of 4 corresponding to L = 5 is (-1, -2, 1)T.
Thus the eigen values of 4 are — 3, — 3 and 5.

. The eigen vector corresponding to A = -3 is a(=2, 1, 0)7 +B(3, 0, 1)7 and
The eigen vector corresponding to A = 5 is o, ( ~1, -2, DY,
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An observation :
Here again sum of the eigen values of 4 is —3 -3 +5=-1
and this is same as trace of A4.
The product of the eigen values is (-3)(-3)5 =45
and this is same as the determinant of A4.

Example 5 : Find the Eigen values and Eigen vectors of the following matrix :

5 20
2 6 2 [JNTU 2001, 2006 (Set No.4)]
0o 2 7
5 20
Solution: Let A=[-2 6
0o 2 7

The characteristic equation is given by |A A1 | =0 ie -2 6-2 2 |=0

= (5-N[6-2)(T-N)—4]+2[2(T-1]=0

= (5-A)[42— 130 +A2—4]+41—28=0o0r (5-1) A —131+38)+4L—28 =0
= 5026502+ 190 — 23 + 1302 - 381 + 41 -28=0
= A3+ 18A2—990 +162=0 = A3~ 1812+ 991 —162=0
= A-3)rA-6)RA-9=0
*. Eigen values are 3, 6, 9.
Eigen vector corresponding to ‘3’

M-3DX=0 =2 3 2||x|=0
0 2 4]|x 0
0 1 2||x 0
Applying R, + Ry, we get| -2 3 2||x, |=|0
0 2 4| x 0
0 1 2(|x 0
Applying (l)RrRl,we get| 2 3 2| %2 |=10
2 0 0| x 0

= Xy +2x; =0
—2x; +3x, +2x3 = 0
Let x; = k. Then
x,=-2k and 2x; - 6k+2k= 0 = 2x, - 4k=0 = x; = -2k
X -2k -2
Eigen vectoris | x, | = |2k | =k| -2
X k 1
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Eigen vector corresponding to ‘6’

-1 =2 0||x
=2 0 2||x|_
0 2 1||x

(-1 =2 0][x 0
0 4 2||x 0
0 2 1]|x 0

(A-6DX=0=

Applying R, — 2R, we get
(-1 =2 0][x 0
0 4 2||x 0
0 0 0||x 0

. R
Applying R, —72, we get

= X -2x,=0
x, +2x; = 0
Let x; = k. Then
A, = -2k = xy,=—kI2 Lox =k

X k 2
Eigen vectoris | x, | =|—k/2| = 7| =1
X3 k 2

Eigen vector corresponding to ‘9’

DO [~

-4 -2 0 ||x 0

A4-9HX=0 = -2 -3 2||x|=]0
10 2 2]|x]| |0]

(-4 =2 0][x] [O]

Applying 2R, — R, weget | 0 -4 4 ||x,|=|0
10 2 2]|x]| |0]

oS o O
[

R (-4 2 0][x
Applying R +72,we get |0 -4 4||x|=

= —4x;—-2x, =0 and —4x, +4x; =0
Let x; = k. Then x,=k and x; = —k/2

. Eigenvectoris |x, | =| &k |= % 2
2

X3 k
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6 -2 2
Example 6 : Find the characteristic roots of the matrix | _» 3 _| and the
2 -1 3
corresponding eigen vectors . [INTU May 20058, (A) Nov. 2010, (H) May 2012]

6-L 2 2
Solution : The characteristic equation of Ais [A-Al|=0=| -2 3-1 -1 |=0

2 -1 3-x
= (6-0)[G-1)*-1]+2[-2(B3=1)+2]+2[2-2(3-1)]=0

= (6-1)[9+1%2 —6h—1]+2[-6+21+2]+2[2—6+2A] =0
= (6-A)[A> —6L+8]+2[2h—4]+2[2A—4] =0
=310 +360-32=0= (L—-2) A% —10A+16) =0
S(A=2)(A-2)(h-8)=0=>A1=2,2,8

The eigen values of A are 2, 2, 8.
The eigen vector of A corresponding to A = 2.

(A-A)X=0 = (A-2)X=0

4 =2 27[x] Jo
2 1 -1||yl|=|0

4 2 2)[x] Jo
Applying Ry, — 2Ry +R|,R; > 2R; —-R;,weget [0 0 Of|x,|=|0

0 0 0]|x]| |0
= 4)61—2)62 +2X3 2032)61—)624')63 =0

Let Xy :kl,X3 :k2 . Then

k k
20—k +hky =0=2x =k —ky = x =?1_72
)
x| |2 2 1/2 -1/2
~X=|x|=| Kk |=k| 1 |+k| 0 | is the eigen vector of A corresponding to
X3 kz 0 1

) =2 where k;and k, are arbitrary constants (both are not equal to zero simultaneously).

The eigen vector of A corresponding toA =8
-2 -2 2 X 0
(A-8DX=0=|-2 -5 -1||x|=
2 -1 —5 X3

0
0
2 2 27[xy

0
Applying Ry > Ry —R,R3 > R3+R = | 0 -3 -3||x,|=|0
0 =3 3| |x| |0
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2 =2 27[x] [0
Applying Ry > Ry =Ry, weget| 0 =3 3| 1x =0
0 0 0]|x] |0

= —2)61—2)62 +2X3 ZOZ>XI+X2—X3 =Oand —3)62—3)63 ZOZ>X2 +X3 =0
Put x; =k.Then x, +k=0=x, =—k and x; —k—-k=0=x-2k=0=x =2k

X1 2k 2
. X=|x,|=|—k|=|-1|kis the eigen of vector of A corresponding to ) =8 where k£
X3 k 1

is any non - zero arbitrary constant.

Example 7 : Find the eigen values and the corresponding eigen vectors of

[JNTU May 2006, (H) June 2011 (Set No. 1)]
11
11
11

Solution: Let A=

—_
—_
P— = =

The characteristic equation of A is |A -M | =0

1-A 1 1
ie., 1 1-2 1 (=0
1 I 1-a
-2 0 1
ie., L -A 1 |=0 (Applying C,~ C,and C, — C;)
0 A 1-A
-2 0 1
ie., 0 - 2 |=0 (Applying Ry >R, +R))
0 A 1-A
ie, —A[-A(1-X)-2A]=0 [Expandingby C,]
ie, A(l-A+2)=0
or A (B-2)=0
: A=0,0,3

To find the eigen vectors for the corresponding eigen values i.e., 0, 0, 3 we will consider
the matrix equation
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(A= 1D X =0
-2 1 1 ][x 0
11 1= | 0

Eigen vector of A corresponding to A = 0
By putting A = 0, the matrix equation (1) will become

11 1] [x 0
11 1|[x|=]0
11 1] |x 0
e, x;+tx,+x3=0
Choose x, = a and x; = B. Then x; = —(a. +B)
X -1 -1
X =a|l]|+B]|O0
X3 0 1
| -1
Hence the eigen vectors of A corresponding to cigen value A = 0 are | 1 | and| 0
0 1

A linear combination of these two vectors is also an eigen vector of A corresponding to A = 0.
Eigen vector of 4 corresponding to A = 3

Putting A =3 in (1), we get

2 1 1][x 0
1 2 1|lx|=]|0
1 1 2||x 0

ie. —2x;+ x5+ x3=0
X—2x, +x3 =0
X txy,—2x3 =0
On solving the first two equations by cross-multiplication, we get

x, =k xy =k, xy=k

k
Hence the eigen vector of A corresponding to eigen value L = 1 is | &
1 k

1
1

By putting k£ = 1, we get the simplest eigen vector as

-1 -1 1

Thus the eigen values and eigen vectors of Aare 0,03 and | 1 |, | O |, [1].
0 1 1
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Example 8 : Find the eigen values and the corresponding eigen vectors of the matrix

8 -6 2
-6 7 4. [JNTU May 2006 (Set No. 3), 2008, (A) May 2012 (SetNo.3)]
2 4 3
8 -6 2
Solution: LetA=|-6 7 -4
2 -4 3

The characteristic equation of A1s |A -M | =0
8—A -6 2
ie., -6 7-A —4|=0
2 -4 3-)

On expanding, we get

M- 18A2+ 450 =0 ie. L (A2— 181 +45)=0
or AA-3)(A-15=0

r=0,3,15
To find eigen vectors for the corresponding eigen values 0, 3 and 15, we will consider

the matrix equation

(A-ADH)X=0
8-L 06 2 X 0
ie., -6 T-A 4 ||x =0 e (D)
2 4 3-A||x3 0
Eigen vector corresponding to eigen value A =0

Putting A = 0 in (1), we obtain
8 6 2 || x
-6 7 4| xp|=
2 -4 3 || x3
ie., 8x;—6x, +2x; =0
—6x,+ Tx, —4x; =0
2x,—4x, +3x; =0
Solving the first two equations by cross-multiplication, we get

S O O

N X X3
24-14 -32+12 56-36

i.e., ﬂ:x—zzx—:s or ﬂ:Q:x—:S:k
10 20 20 1 2 2
S x, =k, xy= 2k, x3 =2k
Choosing k = 1, we get
x=Lx,=x;=2 1

The eigen vector corresponding to eigen value A =01is | 2 |.
2
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Eigen vector corresponding to A = 3
Putting A =3 in (1), we get

5 -6 270 [x
-6 4 —4 %) =
2 —4 0 X3

oS O O

ie, S5x—6x,+t2x;=0
—6x,+ 4x, —4x; =0
2x,—4x, + 0x3=0

Solving any of the above two equations, we get

X, =—-2,x,=-1,x3=2 (taking k= 1)
-2
The eigen vector corresponding to eigen value A = 3 is | —1

2
Eigen vector corresponding to A = 15

Putting A =15 in (1), we get
-7 -6 2 x|
-6 -8 4| |x| =
2 -4 -12| | x

oS O O

= —7x1 _6.X'2 +2X3 :0, —6x1 _8.X'2 _4.X'3 :0, le _4.X'2 _12.X'3 =0.
Solving any two of the above equations by cross multiplication, we get
X =2,x%,=-2,x;= 1.
2
The eigen vector corresponding to eigen value A = 15 1is | -2 |.

1
Hence the eigen values of A are 0, 3, 15 and the corresponding eigen vectors of A

arc
=21 [2
L l=11, | =2
2 2 1

Example 9 : Verify that the sum of eigen values is equal to the trace of ‘A’ for the

_1 | and find the corresponding eigen vectors.

. [JNTU May 2007 (Set No.4)]
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The characteristic equation of Ais |[A—AL| =0
3-1 -1 1

1 -1 3-A
= B-M)[6-1) B=-A)—1]+1[-3+A+1]+1[1-5+A]=0
= B-1)2 5-A)+[3+A-2+A]+(A—-4)=0
= B-1>G-0)+BL-9=0 = B3-21)> -1 +3(h-3)=0
= (A=3) [(6-2) A-3)+3]=0 = (A-3) (-A> +8A—15+3)=0
= A=3) (A2 +8—-12)=0 = (AL-3) (A-2) (A=6)=0
SoA=23,6
Sum of Eigen values = 3+6+2=11
i.e. Traceof A=3+6+2=11
Thus sum of eigen values = trace (A), is verified.
Eigen Vectors corresponding to A = 3
Consider (A —Al) X=0

0 -1 1
= |-1 2 -1
1 -1 0

0

0

0

0 -1 1

Ry,+ R, gives|-1 1 0

1| |x 0
Ry+R, gives |11 01 1y|=|0
0 0 0]z 0
We can write -y+z=0 = y=z
and -x+ty=0 = x=y

Taking x =y =z = ¢, we get
X

y
z

1

1
X = = { } which is the required eigen vector corresponding to A = 3.

1
Similarly we can find other eigen vectors.
Example 10 : Find the Eigen values and the corresponding Eigen vectors of the matrix

220
250
. [JNTU Sep. 2008, (H) Dec. 2011 (Set No. 2)]
0 0 3
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220

Solution: Let A={2 5 0

0 0 3
The characteristic equation of ‘A’ is |JA— Al| = 0.

(2-M) [5-2) B-M] =2 (2(3-1) =0

QA (15-5L-31+A2) -4 (31 =0

30— 10A — 6L + 202 — 15A + 522 + 302 - A3 — 12+ 410 =0
— B +10A2-27A+18=0
A —10A2+27A—-18=0

ud Ul

We observe that A =1 is a root.
Dividing with (A — 1), we get

A—1) A2-9L+18)=0
ie,(A—1) W2 -6L-31L+18)=0
e, A—1)(A(A-6)-3(AL-6))=0
or A-1)(A=3)(A-6)=0

A=1,3,6

The Eigen values of ‘A’ are 1, 3, 6.

Case 1: The Eigen vector corresponding to A = 1 is given by

B

= x,+2x,=0 - (1)

S N =
S b
N OO
oS O O

and 2%,=0=>x;,=0
Let x, = k. Then
()= x, +2k=0=x,=-2k

.. The Eigen vector corresponding to A = 1 is X =
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Case 2 : The Eigen vector corresponding to A = 3 is given by
-1 2 0] ]|x 0
2 2 0f|x|=0
0 0 0f|x3] |0

= X +t2x=0= 2x,=x,
and 2x, +2x,=0 = x,=0

and -3x;, =0 = x;,=0
Let x; =k
0

The Eigen vector corresponding to A =3 is X, = | 0
1
Case 3 : The Eigen vector corresponding to A = 6 is given by

—4 2 0 X1 0
2 -1 0 Xy | = 0
0 0 -3||x| |0

= 2x;-x,=0and-3x;=0

2x, = x,
Let x; = k. Then x, =2k B
.. The eigen vector corresponding to A = 6 is X5 =| 2.
0
2110 1
The Eigen vectors correspondingto A = 1,3, 6.are | 1 [, [0, |2].
o] [1] |0
1 6 4
Example 11 : Find the eigen values and eigen vectors of 0 4 2
0 -6 -3

[JNTU 20088, (K) May 2010 (Set No.1)]

1 -6 —4
Solution: Let A=|0 4 2 |. Then
0 -6 -3

The characteristic equation is given by |A-AI|=0= (1-A)[(4—-1) (-3-A1)+12]=0
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= (1=-A) (-12=4AL+30+A7 +12)=0 = (1-A) A’ -1 =0 = (1-A)AL(A-1)=0
L =110 are the eigen values.

Eigen vector_corresponding to A=1

Let (A-ADX=0 =(A-1)X=0

0 6 4| |x 0
=0 3 2||y|l=|0
0 6 4|z 0
0 -6 4| |x 0
Applying R; — R, and 2R, + R, weget ([0 0 0| |y|=|0
0o 0 O z 0
= 6y-4z=0=>3y=-2z
Let z=k. Then y=—%k. Let x=k
k 1 0
X=| -2k |=k|0]+ 14| 2
3 0 3 3
k
1 0
X, =10|,X, =| 2| are the eigen vectors corresponding to ) =1.
0 3

Eigen vector corresponding to A=0.
Solving (A-A) X=0=AX=0

1 -6 —-4|(x 0
e, |0 4 2 ||ly|=|0
0 -6 3|z 0

or x—6y—4z=0;4y+2z=0;-6y-3z=0
The second and third equations are same i.e., 2y+z=0
. Solving x—6y—-4z=0 and 2y+z=0, we have

I A S G
-6+8 0-1 2+0 2 -1 2

=k (say)

i.e., x=2k,y=-k,z=2k. Taking k=1 we have x=2,y=-1,z=2

2

.. The eigen vector corresponding to A =0 is | —1].
2
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Example 12 : Determine the characteristic roots and the corresponding characteristic

8 —6 2
vectors of the matrix A = {6 7 —4 [JNTU(H) June 2009 (Set No.2)]
2 -4 3

Solution : Characteristic equation of Ais |A—-Al|=0

8-L -6 2
= -6 7-L —4|=0
2 4 3-1

= @B-M)[(7T-1) B-A)—16]+6[-6 (3—1)+8]+2[24 -2 (7-1)]=0
= AP +180% =450 =0 = A (A* =181+ 45) =0

= A[(x=15) (L-3)]=0=>1=0,15,3

Case (i) : Let =0

X
Let X = {le be the characteristic vector corresponding to the root A=0.
X3

Solving (A -ADX =0
= (A-0DX=0 or AX=0.

8 —6 270[x] [0
=6 7 —4||x|=
2 -4 3||x| |0

R, & R; gives

2 -4 37[x] Jo

-6 7 —4||x,|=|0

8 =6 2||x| |0
R, +3R,; R;—4R, gives

2 4 3 X 0

0 -5 5 ||x|=|0

0 10 -10] |x;| |0
R;+2R, gives
0
0
0

2 4 3| |x
0 =5 5| |x|=
0 0 0] |x
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= 2x—4x, +3x;, =0
=S5x,+5%, =0 = x, = x5
S2x -4 +3x%,=0=2x—x; =0

X
:2x1=x3:x1=73

G
Put x3 =¢, = x =E;x2 =q

X 1

fX=|x, =22
2

X3 2

1
{2] is characteristic vector corresponding to characteristic root ) =0
2

Case (i7) : Let 1=15

X
Let X= {le be the characteristic vector corresponding to the root A=15.

X3

Solving (A-ADX =0 = (A-151) X =0

7 -6 27[x7 [0
=|-6 -8 —4||x,|=|0
2 -4 -12||x] |0

R, &R, gives

2 -4 -12)[x] [0
6 -8 —4||x,|=]0
-7 -6 2 ||x] |0

1 .
_Rl;_ERz gives

(1 2 —6][x] [0
3 4 2||x|=|0
-7 =6 2] |x;] |0

R, -3R,;R; + 7R, gives

(1 =2 —61[x] [0
0 10 20| |x,|=]0
[0 20 —40| |x;| |0
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R;+2R, gives

0 10 20|/ x,|=
0 0 0]x

= x—2x,—6x;=0

0
0
0

10x, +20x; =0 = x, =—2x;
X +4x; —6x3 =0 = x = 2x;
Let x;=¢,

=X =20y;%, =—2¢,

X 2c, 2
S X=X =20 =6 2
X3 o) 1

2
{2] is characteristic vector corresponding to characteristic root ), =15 .
1

Case (i7i) : Let A =3

X
Let X= {le be the characteristic vector corresponding to the root ) =3.

X3

Solving (A-3[)X =0

5 -6 2||x 0
=>|-6 4 4| |x,|=
2 4 0| |x 0

R, © R, gives

2 4 0||x 0
-6 4 —4||x,|=|0
5 -6 2]|x 0

1 1
—R;;—R, gi
5 Ris5 R, gives

I 2 0||x 0
-3 2 =2||x,1(=|0
5 -6 2]|x 0
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R, +3R,;R; —5R, gives

(1 =2 0o][x] [o
0 -4 2||x,(=|0
10 4 2 |[x] |0

R; +R, gives

(1 =2 0o][x] [o
0 -4 2||x,(=|0
10 0 0[x] |O

= x-2x,=0

1
_4x2 —2)63 =0 :>—2x2—x3 =0 :)—2x2 =X3 =X, =—5x3

1
Lox +2(5)x3 =0=x =—x
Let x;=c;. Then

1
X| =—C3 and x, :_503

-2
{1] is characteristic vector corresponding to characteristic root ) =3.

6 2 2
Example 13 : Find the eigen values and eigen vectors of {2 3 1}.
2 -1 3

[JNTU (A)June 2009 (Set No.2)]

6 -2 2
Solution: Let A=|-2 3 -1

2 -1 3
Characteristic equation of Ais [A—AI|=0

6-1 2 2
-2 3-A -l
2 -1 3-A

. =0
ie.,
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2R, gives

6-A 2 2
-2 3-A -l
4 -2 6-2A

=0

Applying R —> R; —Rj3, we get

2-A 0 —442A

-2 3-» -1 |=0
4 2 6-2
1 0 =2
=>@2-M-2 3-2 -1 [=0
4 -2 6-2n

Applying C3 — C, +2C,(2-1), we get
1 0 0

-2 3-A -5
4 2 14-2)

=0

= (2-2)[B-1)(14-21)-10]=0
= (2-A)[(42-61—14x+2)> —-10)]=0
= (2-1) [(2A* =201 +32)]=0
=2-1)(A=8)(A=2)=0
—A1=2,228

Case (i) : Let A =2

xl
Let X = {le be the characteristic vector corresponding to the root A=2.

X3

Then (A -ADX=0=(A-2DX=0

[6-2 =2 2 [x] [0
=| -2 3-2 -1 ||x|=|0
|2 -1 3-2||x] |O
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R; & R; gives

2 -1 1
-2 1 -1
4 -2 2

Applying R, + R; and R; — 2R, gives

2 -1 1]|x 0
x, |=|0
X, 0

0 0 0
= 2x,—x,+x,=0

0 0 O

X X C C
Let x,=c and x;=¢,. Then x ==2-3="1_22

G 6

x| |2 3 1 -1
L X=lx =l ¢ Sl ) .
2 2
X, c, 0 2
1 -1
o |2]and | 0 |are the eigen vectors corresponding to the eigen value A = 2.
0 2

Case (ii) : Let A =8
Solving (A-ADX =0 = (A-81)X=0

[6-8 =2 2 |[x] [0
=| -2 3-8 1]{% {0]
| 2 -1 3-8|[x] |O
(-2 =2 20[x] [0
=|-2 -5 1][x2 = 0]
12 -1 =5{|x] |0

Applying R, -R,,R,

I —|

-2 =2 20[x ] [0]
0 -3 -3||x,|=]0
10 -3 3||x| |0

Applying R; - Ry —R,, we get
-2 =2 20[x ] [0]
0 -3 -3||x,|=|0
10 0 0lx] [0
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Ry , we get

-2 =2 2|[x7] [o
0 1 1{|x|=|0
0 0 0][x| [0

Applying R, — R—é , we get

I 1 —1f|x 0
01 1I}lx,|=|0
00 0]]x 0

=x +x,—x,=0;

Applying R, —

X, +x,=0
=>x, =-x
and x, —x,—x, =0 = x, —2x, =0 = x, =2x,

Put x,=c, = x,=2¢,, x,=—c,

X, 2c, 2
L X=lx = = | -1
X, C, 1

2
g {1] is the eigen vector corresponding to the eigen value A = 8.
1

Example 14 : Find the eigen values and the corresponding eigen vectors of

1 0 -1
1 2 1
2 2@

[JNTU (H) June 2010 (Set No.4)]

-1

N DO

1
Solution : Given matrix is A= | 1
2 3
The characteristic equation of A is |A -\ | =0

ie., 1 2-% 1 |=0 [Expandby R;]

= 1-V[2-MG-1)=2]-1[2-2(2-1)]=0
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= (1-1)(A% =51+ 4)—1[2A-2]=0
= (1-V)A2=50+4)+2(h-1)=0
= (1-M)[A2=50+4-2]=0

= (1-V)A2=50+2)=0

5+425-8 54417
2 2

17 5-17

2 72

Eigen Vector Corresponding to eigen value A = 1
Let X, be the corresponding eigen vector. Then

:>}\.:1:7\‘

S5+ .. .
A=l1, are the characteristic (eigen) values.

(A-1)X,; =0
00 —1x] [0

= |1 11 |Ix|=]0
2 2 2 |x] |0

0 0 —-1|lx 0
Ry —2Ry gives|1 1 1 |lxy[=]0
0 0 0 |x3 0
= x=0,x+x, +x3=0.
Let x, =k, xy=—x5 =—k;. Then
xl 0 0
X =X = kl = kl 1
X3 _kl -1

0

The eigen vector corresponding to A = 1is |1
-1

Example 15 : Find the eigen values and the corresponding eigen vectors of

32 2
{ 1 2 2] [JNTU (H) Jan. 2012 (Set No. 1)]
-1 -1 0
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Solution : Given matrix is A=

32 2
1 2 2
-1 -1 0

Characteristic equation of Ais |[A—AL|=0

ie.,

= B-M[Q2=21) (N +2]-2[-L+2]+2[-1+(2-1)] =0
= B-A) (A2 —2L+2)+2L—4+2-21=0
=GB-NQ*-21+2)-2=0
=32-6h+6-23+222-20-2=0

= A3 +502—8h+4=0or 2> -522+8-4=0
. A =2,2,1 are the roots.
Eigen vector corresponding to A =2

The eigen vectors of A corresponding to A are given by

(A-A)X =0 ie., (A-2)X=0

1 2 21[x] [0
:{1 . ”H
S -2 ] o
2 2][x 0
R3+R1gives{ 0 {xz}_{]
1 0| x3 0

From the matrix, x, =0 and x; +2x3 =0= x = 2x3

O = =
S NN

Taking x; =k = x; =2k

The eigen vector corresponding to A =2 is

-2k -2 -2
0 |=k[0 |; X;=|0 | is the eigen vector corresponding to A =2
k 1 1
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Eigen vector corresponding to A =1

2 2 2]y
1 1 2||x|=0
-1 -1 —1|x

= X1+X2+)C3=0

and x|+ Xy +2X3 20:>X3 =0. Take Xzzijlz—k

—k 1 1
Xy = {k ] =—k {1]; Xy = {1] is eigen vector corresponding to A =1.

0 0 0

. . . [2 1
Example 16 : Find the eigen values are Eigen vectors of A = p 5}

[INTU (H) May 2012, (A) Nov. 2012 (Set No. 2)]

2-X\ 1
Solution : Characteristic equation is (A—-Al) =0 = { A =0

5-A

= 2-0M)(5-1)-4=0

=A% =7h+10-4=0

=22 -7h+6=0

= A-6)A=1)=0

= L =6,1 are the eigen values.

Eigen vector corresponding to A =6
Let(A-LDX =0

e MH
=LA
e[

:>—4X1+X2=0

Let xlzk:>x2=4k

il
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1
" { 4} is the eigen vector corresponding to A =6

Eigen value corresponding to A=1
2-1 1 ][x] [0
4 5-1|[x ] |0
1 1 X1 _ 0
4 4llx,| |0

Xp + Xy =0

AR

1
L X= { J is the eigen vector corresponding to A =1

2 1 -1
Example 17 : Find the sum and product of the eigen value of A={3 4 2
1 0 2
[JNTU (H) May 2012, (A) May 2012 (Set No. 2)]
Solution : Sum of the eigen values = trace of the matrix =2+4+2=8
Product of the eigen values
2 1 -1
A = determinant of A=3 4 2
1 0 2

=2(8-0)—1(6-2)—1(0-4)=16-4+4=16
2.4 PROPERTIES OF EIGEN VALUES

Theorem 1 :

The sum of the eigen values of a square matrix is equal to its trace and product of the
eigen values is equal to its determinant.

i.e,if A1isann x n matrix and A, A, ..., A, are its n eigen values, then
AM+A,+ . +A, =Tr(d) and X.AyAsy ... A, = det(4)
[JNTU 2003S, 2004S, 2006, (A) May 2012 (Set No. 4)]
Proof: Characteristic equation of 4is |[A—X1|=0
a,—A ap s ap,
. a ap —A ... a
ie, | 2 2 -0

a, a,, v Ay, — A
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Expanding this, we get
(a;; = M) (ayy, — A) ... (a,, — L) — a;,(a polynomial of degree n — 2)
+ a,; (a polynomial of degree n —2) + ... =0
ie, (1)'"A —a; (A - ay)...(A — a,,) + a polynomial of degree (n —2) = 0
ie, 1)'[A"—(a;, +ay ... +a,,) A1 + a polynomial of degree (n — 2)]
+ a polynomial of degree (n —2)in A =0
(=D A" + (= )™ (Trace A) A" + a polynomial of degree (n —2)in L =0
If A, Ay, ..., A, are the roots of this equation,
="' Tr 4

D"
Further |4 —All= (-1)"A"+ ... + q,

Put A =0. Then |4 = q,

sum of the roots = = Tr (A).

~D)"N" +a, A v, , NP gy =0.

= Product of the roots = (_(D—l)nao =a :|A| =det A

Hence the result.

Theorem 2:
If A is an eigen value of 4 corresponding to the eigen vector X, then A" is eigen value of

A" corresponding to the eigen vector X. [JNTU 2000, 2003 (Set No. 4)]
(or) Prove thatif A;,A,,.....,A, are the eigen values of A then X{‘, 2K ,}J}; are the eigen
values of A*. [JNTU (A) Dec. 2011]

Proof: Since A is an eigen value of 4 corresponding to the eigen vector X, we have
AX = A X (D)

Premultiply (1) by 4, A(4X) = AL X)

(ie) (A X =2 (AX) (ie) A2X = A-AX= 22X [using (1)].

Hence AZ is eigen value of 42 with X itself as the corresponding eigen vector. Thus the
theorem is true to n = 2. Let the result be true for n = k.

Then AKX = MkX

Premultiplying this by 4 and using AX = A X, we get A1 x=2F"1x

which implies that 3**! is eigen value of A**! with X itself as the corresponding eigen
vector. Hence by the principle of mathematical induction, the theorem is true for all positive
integers 7.

Theorem 3 :
Show thatif A, A,, ...., A, are the latent roots of 4, then 43 has latent roots k31, k32, 731 .

[JNTU 2000, 2003 (Set No. 4), 2004S (Set No. 4), Sep 2008 (Set No. 1)]
Proof: Put n = 3 in the above theorem.
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Theorem 4 :

A square matrix 4 and its transpose 47 have the same eigen values.
[JNTU 2002 (Set No. 4), 2003S (Set No. 2), 2004S (Set No. 4)]

Proof: Wehave (4 —ADT= AT MT= AT -\
cAA=ADT = AT =M or A=A = AT =M (AT = 4D
. |4 —Ad = 0if and only if |47 — A1] = 0

i.e. ) is an eigen value of 4 if and only if A is an eigen value of 4.

Thus the eigen values of 4 and A7 are same.
Theorem 5 :

If 4 and B are n rowed square matrices and if 4 is invertible show that 418 and
BA™! have same eigen values. [JNTU 2003, 2005S, (A) May 2012 (Set No. 1)]

Proof: Given 4 is invertible = 47! exists.

We know that if 4 and P are the square matrices of order n such that P is non-singular,
then A and P~14P have the same eigen values.

Taking 4 = BA~! and P = A, we have
BA™" and 471(BA~1)A have the same eigen values
i.e., BA™" and (47'B)(4714) have the same eigen values
i.e., BA™' and (4"'B)I have the same eigen values
or BA! and 4'B have the same eigen values.
Theorem 6 :
If &}, Ay, ..., A, are the eigen values of a matrix 4, then kA, kA, ..., kA, are the eigen
values of the matrix k4, where k is a non-zero scalar.
[JNTU 2002 (Set No. 1), Sep 2008 (Set No.1)]
Proof: Let 4 be a square matrix of order n.
Then |kAd — Mkl = |k(A — AD)| = k"4 - M| (- |kA| = K"|A4])
Since k # 0, therefore |kA — Akl| = 0 if and only if |4 — AJ| =0
i.e., kA is an eigen value of k4 if and only if A is an eigen value of 4.

Thus kM|, kX, ... ,kk, are the eigen values of the matrix k4 if A}, A,, ..., A, are the
eigen values of the matrix 4.

Theorem 7 :

If A is an eigen value of the matrix 4 then A + k is an eigen value of the matrix A+k/

Proof: Let A be an eigen value of 4 and X the corresponding eigen vector.

Then, by definition ~AX= A X .. (D

Now (A+ KN X=AX+kiIX=AX+ kX = (A + kX [by (1)] .. (2

From (2), we see that the scalar A + k is an eigen value of the matrix 4 + K/ and X is
a corresponding eigen vector.
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Theorem 8 :
If2,, A, ..., A, are the eigen values of 4, then A | —k, A, —k, ..., A, —kare the eigen values
of the matrix (4 — K1), where £ is a non-zero scalar.
[JNTU 2005S (Set No. 3), Sep 2008, (H) June 2011 (Set No.1)]

Proof: Since A, A, ..., A, are the eigen values of 4,

The characteristic polynomial of 4 is

AN =, =2) (A=) ... (A, — D) .. (D
Thus the characteristic polynomial of 4 — &/ is
A-K-\A)X = |A—(k+ M)
= [AM -+, — (A +EH)]..[A,— A+ k)], from (1)
= [ =B =21 [(hy =B = AL [(,—K) 2]
This shows that the eigen values of A—klare A, —k, A, —k, ... 0, — k.
Theorem 9 :

If A}, Ay, ..., A, are the eigen values of A, find the eigen values of the matrix (A — A2
Proof: First we will find the eigen values of the matrix 4 — AL [JNTU 2003]
Since A, A,, ..., A, are the eigen values of 4,
.. The characteristic polynomial of 415 | 4 — &l [ = (A, —k) (A, — k) ... (X, — k) ... (1)
where £ is a scalar.
The characteristic polynomial of the matrix (4 — AJ) is

|A—A—kl|=|A—-(h+ k)|

=[A -+~ A+E)] ... [A,—(A+k)], from (1)
=[O KI(y =)~ K] . [0, )~ K]
which shows that the eigen values of 4 —Aare | —A, A, —A, ..., A, —A.
We know that if the eigen values of 4 are A, A, ..., A, then the eigen values of A? are
klz, 7»22, vy knz.
Thus the eigen values of (4 — AJ)? are (A~ L2, Ay — M2, (A, — M2
Theorem 10 :

If A is an eigen value of a non-singular matrix 4 corresponding to the eigen vector
X, then 17! is an eigen value of A™' and corresponding eigen vector X itself.

[JNTU 2003, 2003S, 2005 (Set No. 3)|
(OR)

Prove that the eigen values of A~! are the reciprocals of the eigen values of A.
[JNTU 2004S (Set No. 3)]

Proof: Since 4 is non-singular and product of the eigen values is equal to |4 |, it
follows that none of the eigen values of 4 is 0.
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.. If A is an eigen value of the non-singular matrix 4 and X is the corresponding eigen

vector, A #0 and AX =\ X. Premultiplying this with A™', we get
ATUX) =40X) => @ DX=)4'X = IX=24"X
LX=aA4X = AX=11Xx (v A #0)

Hence by definition it follows that 1! is an eigen value of A™! and X is the corresp-
onding eigen vector.
Theorem 11 :

If X is an eigen value of a non-singular matrix A, then 1] is an eigen value of the
g g " g

matrix adj 4. [JNTU 2003, 2005 (Set No. 3), (H) May 2012]
Proof: Since A is an eigen value of a non-singular matrix, therefore, A # 0.
Also A is an eigen value of 4 implies that there exists a non-zero vector X such that
AX =AX .. (1)
= (adj A)AX = (adj A)(AX) = [(adj A)A] X' = A(adj A)X
= X =) (adj )X [-(adj A)4 =|4]/]

A
= %X —(adj HX or (adj A)X = %x

4]

Since X is a non-zero vector, therefore, from the relation (1) it is clear that o is an
eigen value of the matrix adj A.
Theorem 12 :

If A is an eigen value of an orthogonal matrix then % is also an eigen value.

Proof: We know that if A is an eigen value of a matrix 4, then 1 is an eigen value of
e . : A
A~". Since 4 is an orthogonal matrix, therefore,
A=y
1
A
But the matrices 4 and A’ have the same eigen values, since the determinants |4 — AJ|
and |4’ — Al] are same.

is an eigen value of 4'.

Hence % is also an eigen value of 4.

Theorem 13 :

If 5 is aneigen value of A, then prove that the eigen value of
B=ayA*+a A+a,l is agh> +a; h+a, [INTU2003S, (A) May 2012 (Set No. 4)]

Proof: If X be the eigen vector corresponding to the eigen value A, then
AX=2X .. (1)
Premultiply by 4 on both sides, 4 (4X) = A(AX)
= A2X = MA4X) = 42X =L (AX) = A*X
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This shows that A2 is an eigen value of 42.
We have B = qyd’+a;A+a,l
BX = (agA*>+a A+ ayDX = ayA*X+ aAX + a, X
= aokzX-i- a X+ aX = (aok2 +ah+ a)X

This shows that aokz + a,;\ + a, is an eigen value of B and the corresponding eigen
vector of B is X.

Theorem 14 :
Suppose that 4 and P be square matrices of order # such that P is non-singular. Then 4
and P! AP have the same eigen values. [JNTU 2002, Sep 2008 (Set No.4)]

Proof: Consider the characteristic equation of P™' AP. It is
(P'AP) — Al = |P'AP - AP UP| (--1= PIP)
P14 — MD)PI= |P 1|4 — M|P
= |4 — A, since [PY|P| =1
Thus the characteristic polynomials of P™' AP and 4 are same.
Hence the eigen values of P! 4P and 4 are same.

Corollary :

If A and B are non-singular matrices of the same order, then 4B and BA have the same
eigen values. [JNTU 2002]

Proof: Notice that AB= IAB = (B~'B)(AB) = B1(BA4)(B)

Using the above theorem B4 and B~!(BA)B have the same eigen values. i.e., B4 and
AB have the same eigen values.

Theorem 15 :

The eigen values of a triangular matrix are just the diagonal elements of the matrix.

= . [JNTU 2002 (Set No. 2), 2003 (Set No. 2)]
apy ayy e Ay,
O (259 e Ay,
Proof: Let4=| .. .. .. .. |bea triangular matrix of order n.
1 0 0 a,,
a A an 23
0 ay A .. Dy
The characteristic equation of 4 is |4 — Al =0 i.e. oo e e =0
ie (aj; —2)(ay, — A ... (@, — L) =0. 0 0 ey — A

AT A, Ay, e A,

Hence the eigen values of 4 are a |, a,,, ..., a
of A4.

Note : Similarly we can show that the eigen values of a diagonal matrix are just the
diagonal elements of the matrix.

.n Which are just the diagonal elements
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Theorem 16 :

The eigen values of a real symmetric matrix are always real (or real numbers).
[JNTU (A) June 2010 (Set No.3)]
Proof: Let A be an eigen value of a real symmetric matrix 4 and let X be the
corresponding eigen vector
Then AX = AX (D)
Take the conjugate Ax = A\X

Taking the tranpose X7 (A)" = AX"; since A=A and A’ = A, we have

XTa=2x"
Post multiply by X, we get X7 4x = A X' x ..(2)
Premultiply (1) with X7, we get X7 AX =2XTX ..(3)

(2)—(3) gives A—1) X'X = 0; But XX # 0
A =21 = M\ isreal
Hence the result follows.

Theorem 17 :

For a real symmetric matrix, the eigen vectors corresponding to two distinct eigen
values are orthogonal.

Proof: Let &, L, be eigen values of a real symmetric matrix 4 and let X,, X, be the
corresponding eigen vectors. Let A, #i,. We want to show that X, is orthogonal to X,
(ie) x,"X, =0.

Since X), X, are eigen vectors of 4 corresponding to the eigen values A, A,, we have

AX; = A X, (1) AX, = A, X, .(2)

Premultiply (1) by x,”

X,"AX, =0, X, X,
Taking transpose, we have XITAT(XzT)T = lelT(XzT)T

(i.e.) X, AX, =2 X, X, . (3)
Premultiplying (2) by x,7, we get x,"AX, =%, X,"Xx, ... (4)
Hence from (3) and (4), we get (A, —%,) X,"X, = 0

= XlTXz = 0, since A, # X,

s X, 1is orthogonal to X,.
Hence the theorem.

Note: (i) IfA is an eigen value of an orthogonal matrix, then % is also its eigen value.
(@) If A is an eigen value of 4 and f{4) is any polynomiial in 4, then the eigen
value of f{A4) is f{L).

Theorem 18 :
Prove that the two eigen vectors corresponding to the two different eigen values are
linearly independent. [JNTU May 2006, (H) Dec. 2011 (SetNo. 1)]

Proof: Let A be a square matrix. Let X; and X, be the two eigen vectors of A
corresponding to two distinct eigen values | and ,. Then

AX; =X, and AX,=1,X, (1)
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Now we shall prove that the eigen vectors X; and X, are Linearly independent.
Let us assume that the X and X, are Linearly dependent.
Then for two scalars k| and k, not both zeros such that £, X| + kK, X, =0 ... (2)
Multiplying both sides of (2) by A, we get

A (g X; +kyX,)=4(0)=0

= k(4X)) +k(4X,) =0

= kl(}\’le) +kz(}\42X2) =0 ... (3) [using (1)]
(3) — A, (2) gives
k;y A=k, X, =0

= kl :0 ['.'}\.1 i}\.z and Xl 7&0]

= kz =0

But this contradicts our assumption that k,, k, are not zeros. Hence our assumption
that X, and X, are linearly dependent is wrong. Hence the statement is true.
Algebraic and Geometric Multiplicity of a Characteristic root:

Def: Suppose A is nxn matrix. If A, is a characterstic root of order t of the characterstic
equation of A, then t is called the algebraic multiplicity of 2,.

Def: If s is the number of linearly indipendent characterstic vectors corresponding to
the characterstic vector A, then s is called the geometric multiplicity of 2,.

Note : The geometric multiplicity of a characteristic root cannot exceed its algebraic

multiplicity. i.e., s <t.
SOLVED EXAMPLES

Example 1 : Find the eigen values and eigen vectors of the matrix 4 and its inverse,

1 3 4
where A=10 2 5 [JNTU 2000]
0 0 3
1 3 4
Solution: Given A=|0 2 5
0 0 3
The characteristic equation of ‘4’ is given by |A A1 | =0
1-X 3 4

0 0 3-A
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= 1-M)[2-A)@B-M]=0 = 1r=1,2,3
.. Characteristic roots of Aare 1, 2, 3.
To find characteristic vector of ‘1’.

For A = 1, the eigen vector of A is given by
03 4][x 0

A-DX=0 =01 5||x,|=|0
00 2||x 0

= 3x,+t4x; =0, x, +5x;=0and 2x; =0

This implies that x; = 0 and hence x, = 0. Notice that we cannot find x,; from these
equations. As x, is not present in any of these equations, it follows that x, can be arbitrary.
Hence x; = a, x, =0, x; = 0.

1

(04
SLX= {0] = o 0 | where a # 0 is the eigen vector corresponding to A = 1.
0 0

To find characteristic vector of ‘2’

For A = 2, the eigen vector of A is given by
-1 3 4||x 0

U-20x=0 =| 903 1ini_|0
00 1llx| |o

= —x; +3x, +4x;=0,5x, =0 and x; = 0

We take x; = k
k 1 1
LX= 10| =kj0]. Hence the characteristic vector is | 0 |.
0 0 0
To find characteristic vector of ‘3’
-2 3 4||x 0
AA-3DX=0 =| 0 -1 5|Ixn|=|0
0 0 0ffx 0

= —2x;+3x,t4x; = 0
Let xy= k. Thenx, =5k and —2x; + 15k +4k=0

= 20,= 1% =x =2k

19

7k 19
k

5k |or X= E 10

k 2

L X=



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Hence Eigen values of 47! are %%% ie, 1, %, % (Refer Theorem 2.10) and
1 2 3
eigen vectors of A~ are same as eigen vectors of the matrix A.

Example 2 : Determine the eigen values and eigen vectors of

B=2A2—%A+3I where A=(§ _i) [JNTU 2004S (Set No. 4)]
8 —47[8 —47] [56 —40
s . 2 = = =
Solution : We have A A. A {2 2}{2 2} {20 _4}
P | _[112 =80 [4 -2],[3 o] _[111 —78
L B=247= 5 A3l {40 8 |71 1]%0 3] 7|39 6
Characteristic equation of B is |B— Al|= 0
1r-x  -78
ie. =0
39 —6—x‘

= A +105L-2376=0=(A-33)(A-72)=0 = A=33 or 72
Eigen values of B are 33 and 72.
For A =33, the eigen vector of Bis given by (B—33)X=0

ie 78 =78 X ={0}iex Vg Y o ]
139 -39 x, | (0] 2 1 1
.. The eigen vector for A = 33is X, = B}
For A = 72, the eigen vector of B is given by (B— 720X = O
. 39 -78][x ] _ Jo
e 39 —78 | x, 0
= 39x, = 78x,=0 or x; = 2x,
X

2 1
.. The eigen vector for A = 721is X, = {ﬂ .

Hence the eigen vectors of B are (1, 1)7, (2, 1)T.

1 2 -3
Example 3 : For the matrix 4=| 0 3 2| find the eigen values of 343 + 542 — 64 +21.
00 -2

[JNTU 2003]
Solution : The characteristic equation of 4is |4 — 2 I|=0
1-A 2 -3
e, | 0 3-Xr 2 |=0[Expand by C|]
0 0 -2-A
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ie, (1-M[B-2)(-2-2)-0]=0
ie., (1-1)(3-1)(2+A)=0 or A=1,3,-2
.. Figen values of 4 are 1, 3, — 2.

We know that if ) is an eigen value of 4 and f{4) is a polynomial in 4, then the eigen
value of f(4) is f()).

Let fld) =343+ 54264 +2I.
Then the eigen values of f{4) are f{1), A3) and f{— 2).
S ) =313 +5(1)2-6(1)+2(1)=3+5-6-2=4
[--eigen values of /are 1, 1, 1]
FB)=30BP+5032-63)+2(1)=81+45-18+2=110
f(=2)=3(=2P+5(=22-6(=2)+2(1) =—24+20+12+2=10
Thus the eigen values of 343 + 542 — 64 + 2] are 4, 110, 10.
Example 4 : Verify that the geometric multiplicity of a characteristic root cannot
=2 2 -3
exceed its algebraic multiplicity given the matrix A= |2 1 =6,

-1 2 0

Solution : Proceeding as in Solved Example 3, we obtain the characteristic roots are
-3, -3, 5. Here -3 is a multiple root of order 2.

Hence the algebraic multiplicity of the characteristic root '-3' is 2.

-2 3
The characterstic roots corresponding to A =—-3 are [1 | and | 0.
0 1

Thus the geometric multiplicity of A = -3 is 2.
Here we notice that geometric multiplicity = algebraic multiplicity
2.5 EIGEN VALUES OF HERMITIAN, SKEW-HERMITIAN AND UNITARY MATRICES

The matrices under consideration have the property that their eigen values can be
generalized. We give the properties in the following theorems.

Theorem 1: The Eigen values of a Hermitian matrix are all real.
[JNTU 2005, (A) June 2010, 2011, Dec. 2011, May 2012 (Set No. 4), Dec. 2013 (Set No. 2)]

Proof: Let A be a Hermitian matrix. If X be the eigen vector corresponding to the
eigen value A of A, then

AX =X (1)
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Premultiplying both sides of (1) by X 9, we get
XO4x=2x% ..(2)
Taking conjugate transpose of both sides of (2), we get
(X 94%) % = (Lx °x) ©
ie. X%40X9)0=73x%x%° [+ (4BC)® = C®B%4%and (KA4)® = K4°]
or X049 = x%x [- X=X, 49°=4] ...(3)
From (2) and (3), we have
AXO0X=x% ie, -0X°Xx =0
= A-1=0 (- X9 X # 0, as X being non-zero vector)
A=A
Hence A is real.
Thus the eigen values of a Hermitian matrix are all real.
Corollary 1. The eigen values of a real symmetric matrix are all real.
[JNTU 2002S, 2004S(Set No. 4), (A) JUNE 2011 (Set No. 4) |

If the elements of a Hermitian matrix 4 are all real, then 4 is a real symmetric matrix.
Thus a real symmetric matrix is Hermitian and therefore the result follows.

Corollary 2. The eigen values of a Skew-Hermitian matrix are either purely imaginary
or zero. [JNTU 2002, (A) June 2010 (Set No.4)]

Let 4 be the Skew-Hermitian matrix. If X be the eigen vector corresponding to the
eigen value A of 4, then

AX=2AX or (iA)X=(IMX

From this it follows that 7\ is an eigen value of i4 which is Hermitian (since 4 is Skew-
Hermitian .. 49 =-4.

Now (i4)? = 1 4° = i4% = —i(—4) = iA. Hence iA is Hermitian).
Hence i) is real. Therefore either A must be zero or purely imaginary.

Theorem 2: The eigen values of a Skew-Hermitian matrix are purely imaginary or
Zero. [JNTU 2002, 2002S]

Proof: Let 4 be a Skew-Hermitian matrix whose eigen value is A with the corresponding
eigen vector X. Then, we have

(A-20)X=0

= AX=2X .. (1)
o AX =X

= AX) =axT
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= XTAT =xT (2
Since A4 is Skew-Hermitian, we have

AT =-A
X7 A =aX)T
5. We have XTA)X=rX)" X (3
But from (1), we have
XTax =(x)" AX
=1X) X ..(4)
Since X' X #0, (2)and (4) gives —A=A=A+A=0
For this we must have real A = 0 i.e. A is purely imaginary or A = 0.

Cor. “The eigen values of a Skew-Symmetric matrix are purely imaginary or zero”.
If the elements of Skew Hermitian matrix are all real then it is a Skew - Symmetric matrix.
Theorem 3: The Eigen values of an unitary matrix have absolute value 1.
[JNTU 2002 S, 2003 (Set No. 1)]
Proof: Let 4 be a square unitary matrix whose eigen value is A with corresponding
eigen vector X.

Then we have AX =2AX (D)
= AX=MX =>X'AT =)x" ..(2)
Since A is unitary, we have (4)" 4=1 ..(3)

(1) and (2) gives, X" A" - AX =\ XTX

(ie) XTX =1 X7x,by(3) =X X(1-2%) =0

Since X7 X #0, we must have 1-A1 =0 = Al =1

Since |A|=|A|we must have |A|=1

Cor 1. “The characteristic root of an orthogonal matrix is of unit modulus”.

If the elements of Unitary matrix are all real then it is an Orthogonal matrix.
[JNTU (A) Dec. 2013 (Set No. 1)]

Cor 2. The only eigen values of unitary matrix (and orthogonal matrix) can be + 1
or—1.
Theorem 4 : Prove that transpose of a unitary matrix is unitary.
Proof : Let 4 be a unitary matrix.
Then A4-49=4%.-4=1
where 49 is the transposed conjugate of A.
(AA9)T — (A9A)T= (I)T
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= (AG)TAT = AT(AG)T:I
= (AN AT = AT. (4T =1
Hence A7 is a unitary matrix.

Location of Eigen values of Complex Matrices
N
L — Skew-Hermitian (Skew-symmetric)

Imaginary A

Unitary (orthogonal)
‘[ Hermitian (symmetric)

Real &

Location of the eigen values of Hermitian, Skew-Hermitian and
Unitary matrices in the complex A-plane.

SOLVED EXAMPLES

Example 1 : Find the eigen values of the following matrices :

1, B
(i) 4 { ; 1_3’1 [INTU M-2006] (ii) B { 3 2”} Gi)c=| % 2
143 7 2+i i b1
2 2
4  1-3i
Solution : (i) Given matrix is A= L 37 }
Characteristic equation of Ais |A— Al =0
4-0 1-3i

= 43 T-)

=  (A-M)T-1M-(1-92*)=0
=

=

28-11L+2*-10=0
A -1 +18=0=>(A-9)(A—-2)=0=A=9 Or L =2
- 4  1+3i T
Also A= =A
% L -3 7 }
.. A is Hermitian.
This verifies that the eigen values of a Hermitian matrix are real.
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y 50 2+i] = [ -3 2-i
(il) We have B = [_zlﬂ. _il} so B = [_2_11. il}

and B" = [2?1'1. _2_;”} so that B = — B”. Thus B is a Skew-Hermitian matrix.

3i—-A 2+i

To4i Zi-a| =Y

The characteristic equation of Bis |[B—Al | =0 =

= A% —2ik + 8 =0 and the roots are 4i, — 2i.
This verifies that the roots of Skew-Hermitian matrices will be purely imaginary or

Z€10.
1, W3 ] -, B
(iii) C= 12 12 .Now C = 12 _21 and ¢ = 12 _21
AL PRGN P W

_ 1 0 4
We can see that (C)' C :{O ) } = J. Thus C is a Unitary matrix.

1 i = l\/g
The characteristic equation of C is | C-M | =0= 21 12 =0
—V3 —i-n
2 2
which gives A = g + %i and L2_3_ + %i as eigen values.

2
1

++/3 .
We also find ‘Tf + 5!

Thus the characteristic roots of unitary matrix have absolute value 1.

=1.

Example 2 : Find the eigen values and eigen vectors of the Hermitian matrix

2 3+4i
34 A [JNTU 2006S (Set No.4)]

3-4i 2
Its characteristic equation is given by | 4-11|=0

2 3+4i
Solution : Let 4=

2—-Lh 3+4i

ie.,
‘ 3—-4i 2-Xr

=0 ie, (2-1) —[32 —(4 zﬂ =0

ie, 4-41+2*-9-16=0
ie, A2—4r-21=0 or (A+3)(A=7)=0 or A+3=0,A-7=0
Thus the Eigen values of 4 are A =-3,7 which are real.

If x,x, be the components of an eigen vector corresponding to the eigen value 2,

bave [4-2 1]x =] 27+ 341 [%].]0
we have T13-4i 2-2]|x| |0
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, , 5 3+4i][x] [0
For ) = -3, eigen vectors are given by 3-4; 5 o=
- 2

ie, 5x+(3+4i)x, =0 or xlz—[

) ) 3-4i
Eigen vector 1s 5

Also every non-zero multiple of this vector is an eigen vector corresponding to A =-3.
For ) =7, eigen vectors are given by

-5 3+4i X1 _ 0 . . X %
3-4i -5 X, - 0 Le., —5X1+(3+4Z)X2=0 or 3+4i:?

. L |3+4i
. Eigen vector is .

5

, 3-4i 344
Hence the eigen vectors of 4 are 5 and 5 |

1| i 3
Example 3 : Prove that E{ N, } is a unitary matrix. Find its eigen values.

, i[i 3 1= B gt B
Solutlon:LetA—EL/_ z} Then AzEL/g _l}and 4 _ELE _il

Consider 4.(4)" —%{
l{z ﬁ“ 31_1{ 143 ﬁi—ﬁi}
413 S| 4] BB 341

o il i

Thus (Z)T =47 i.e., A is a unitary matrix.

>~

- &
I—I
NI»-
l—|
I k‘
~ W
| |

1
4

The characteristic equation of 4 is | A—%1|=0

L_}\‘ ﬁ ; 2 \/g 2
ie., 2 2 =0 ie., [——k] —(—] =0

3o 2 2

— —=A

2 2

1 . 3 i+ /i2 | +
ie., —Z—zk+kz—z=0 or WM2—in=1=0 A = 1= ;+4 = 1_2\/5

Thus the eigen values of 4 are

V3+i and —_\/gﬂ .
2 2



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

. I 1+i| . . .
Example 4 : Prove that the matrix %L +l} is unitary and determine the

3(1-i -1
eigen values and eigen vectors. [JNTU (A) Dec. 2013 (Set No. 2)]
Solut Given Ao L 1 1| L[ 1 1-
ion : =— = =—
olution iven Gli-i -1 Blivi -1
— I 1+
AGZ(AT):L !
3(1-i -1
I 1+ I 1+
Now AAe:l : :
31— -1 ||1-i -1
1 1+2 (+)—-(1+i] 1[3 0] [1 0
3a-0)-(1-0) 2+1 “3l0 3] |01
=1

Thus A is an unitary marix.

Example 5 : Prove that the determinant of a unitary matrix is of unit modulus.

Solution : Let A be an unitary matrix.
Then AA® =1=|AA°|=|1|
=|A||A% =1 = |A|AT =1
=|Al|Al=1 =|AF =1

=|A] is of unit modulus.

Hence if A is unitary then | A | is of unit modulus.

0 i
Example 6 : Show that the matrix { . (l)} is Skew - Hermitian and hence find eigen
i

values and eigen vectors.

0 i — 0 —i
Solution : Let A= { . } . Then A= { ) }
i 0 -i 0

Now (K)T{O _11:{0 i}:—A
-i 0 i 0

Hence A is Skew - Hermitian.

The characteristic equation of A is det (A —AI)=0
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=

i
=0=>1%-i?=0
i —x‘ ’

-. A== are the eigen values.

Casel: L=i

The eigen vector corresponding to A =; is given by
(A-i)X =0

o 2
= - X=0
i 0] |0 i

=i ifx| |0
i =ilx]| |o

. - 1 X1 _ 0

R, +R; gives { 0 O}LJ = {0}
= i(xn-x)=0=>x=x

SRR

1
Thus { J is the eigen vector corresponding to ), = j

Casell : A=—i
The eigen vector corresponding to A = —; is given by (A+iDX=0

y N

= y+tx=0=>x=-x

x| 0 s

1
Hence LJ is the eigen vector corresponding to A =—i.
. . . . a b+ic
Example 7 : Find the Eigen vectors of the Hermitian matrix A = { bei i }
—ic
[JNTU (A) May 2013]
Soluti A a b+ic
olution: A=| .
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The characteristic equation of Ais |A—AI|=0
a-h b+ic
=

b—ic k-\
=(a-ANk-1)-(b+ic)b-ic)=0
= (a=-L)(k=1)=b>+c*
=22 —(a+k)h+(ak-b>-c*)=0

:(a+k)i\/(a+k)2—4(ak_b2_cz)
2

SA

(@+ k) £+Ja? + k2 + 2ak — dak + 4% + )
2

_(@+R) @k +40* + )
2

are the eigen values.

—b? +c? !
(a=2)(b-N) 1}

The corresponding eigen vectors are {

i 0 0
Example 8 : Show that 4=|0 0 i | is a Skew-Hermitian matrix and also Unitary.
0 i 0
Find eigen values and the corresponding eigen vectors of A.
[JNTU May, Sep. 2006 (Set No. 4)]

i 0 0 - 0 0
Solution: Given A=|0 0 i|.Now 4 {0 0 i]
0 i 0 0 —i 0
- 0 0 i 00
(Z)T{o 0 —i|= -0 0 I}A
0 - 0 0 i 0

Hence A is Skew-Hermitian matrix.
Now we prove that A is Unitary. For this, we have to show that A(Z)T = (Z)T A=1.

i 0 0||-= 0 O 1 00
0 0 i||0 O —i|=(0 1 0|=1
0 - 0 0 01

0 i 0

Now AT =
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-i 0 0||i 0 O 1 00
Also (AH'a={0 0 —i||[0 0 i|=|0 1 0|=1
0 - 0|0 i O 0 0 1
AA =) 4=1.
Hence A is unitary matrix.
The characteristic equation of A is |A -\ | =0
i-A 0 0
ie, | 0 0-A i |=0 [Expand by R, ]
i 0-2

e, ((—n) A24=0or A3 —ir2+n-i=0 or (L+i)(h—)*=0
A= —0 0,0

To find the eigen vectors for the corresponding eigen values, we will consider the
matrix equation

AA-A)X=0
i—A\ 0 0 X1 0
ie. 0 0-A i Xl =10 . (1)
0 i 0-2 X3 0
Eigen vector corresponding to A = — i
Putting A =—iin (1), we get
20 0 0[x] [0
0 i i Xy | = 0
0 i i X3 0
. %) X3
= 2ix=0,x%+x3=0 = x=0,x=-x;3 or x=0, 1

0
.. Eigen vector corresponding to A =—iis X =| 1
Eigen vector corresponding to A = . -1
Putting A =i in (1), we get
0 0 0][x
0 —i i %) =

oS O O

0 i —i X3

= —ix, +ix3 =0, ixy, —ix3 =0 = x, = x5.
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Choose x; = ¢, where ¢, is arbitrary. Then we have two Linearly independent eigen
vectors (withx; =0, x,=land x; =1,x,=0).

0 1
Eigen vectors corresponding to A =i are X, =|1| and X3 =|0].
1 0

Example 9 : Prove that the modulus of each latent root (eigen value) of a
Unitary matrix is unity.

Solution : Let 4 be a unitary matrix. Then 4%4=1 . (D
Let ) be aneigen value of 4.  Then 4x=2x ... 2)
Taking conjugate transpose of both sides of (1), we get

AP =2x® or O 0 _5x® (3)
From (2) and (3), we have (x%4%)(4x)=n3xx?
or x%4%4) x =2xx® or x°r x =2xx® [by (1) ]
or xOy_xx® or xX°xox-n=0 . (4)

Since X%X =0, (4) gives
AM—1=0 or A=1 or [rL[P=1=|r|=1.
1{1+i 1-i

Example 10 : Verify that the matrix A=— =i 141
—1 l

5 } has eigen values with unit

modulus.

. 1[{1+i 1-i
Solution:  Given A =—

201-i 1+i
— 1|1=i 1+
s A=—
20{1+i 1-i

If (A)T(A)=1 then the matrix A is unitary matrix.

N (K)T(A)_l_l—i 1+il[1+i 1-i
o Tallei 1-i[1-i 14

Cafa-Ara-?) a-A)+a+i?
A+ + (1= A-iH)+A-%)

1[4 0_10_I
400 4] |0 1)

Thus A is a unitary matrix.

Hence the Figen values of the matrix A have unit modulus.
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. . . . 2i 3i
Example 11 : Find the eigen vectors of the Skew - Hermiton matrix A = {31 Ol}
l
[JNTU (A) Nov. 2012 (Set No. 2), (H) May 2012 (Set No. 2)]
Solution : The characteristic equation is

2i-\h 3i

|[A-Al|=0= ]
3i -\

= (2i-1) (1) =9i* =0

= 2 +A2+9=0=> A= =ix+10i

2i+4i* =36 2i+2J10
T2

- Eigen values are (1++/10)i and (1-+10) i

Eigen vector corresponding to (1+ J10) i
Let (A-ADX=0

:{21' 311_ (1++/10)i 0 {xl}:m
30 0 (a+10)i][x2] L0

. (1-+/10)i 3i |:xl:|:|:0:|
3i —(1+10)i|lx] [0

(1=~/10)i x; +3ix, =0
= (l_m)l X = —3iX2

X X2

=3 (1-+10)

=3
Eigen vector is =
¢ Ll—m )z}

Eigen vector corresponding to (1—+/10)i

o el

(1++/10)ix; +3ixy =0

N o X2

=3 (1+410)i

=3i
*. Eigen vector is,
g {(l +4/10 )i }
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2.6 DIAGONALIZATION OF A MATRIX

Diagonalization of a Matrix : A matrix A is diagonalizable if there exists an
invertible matrix P such that P'AP = D where D is a diagonal matrix. Also the matrix P is
then said to diagonalize A or transform A to diagonal form.

Similarity of Matrix: Let A and B be square matrices of order n. Then B is said to be
similar to A if there exists a non-singular matrix P of order n such that B = P'AP. 1t is

denoted by A~B.
The transformation Y = PX is called similarity transformation.

Thus a matrix is said to be diagonalizable if it is similar to a diagonal matrix. We now
prove some important theorems relating to the diagonalization.

Theorem 1: An n x n matrix is diagonalizable if and only if it possesses n linearly
independent eigen vectors.

Proof: Let A be diagonalizable. Then A is similar to a diagonal matrix D = dia[A,
A,,...,A,]. Therefore there exists an invertible matrix P = [X, X,,...,X ] such that

P'AP =D

iie, AP=PD
e, A[X.X,X,,.. X ]=[X,X,,... X ]dia[A;A,, ..., A ]
e, [AX,AX,,. .AX ]=[AX,, X, AX 5 A, X, ]
ie, AX, =AX,AX,=1X,,. ,AX =L X

So X, X,....,X, are eigen vectors of A corresponding to the eigen values A, A,,..., A,
respecitvely. Since the matrix P is non-singular its column vectors X, X,,...,X  are linearly
Independent. Therefore A possesses n linearly indipendent eigen vectors.

Conversely given that X, X,, ..., X be eigen vectors of 4 corresponding to the eigen
values A, A,, ..., A, respectively and these eigen vectors are linearly independent.

Define P = (X, X,, ..., X))
Since the n columns of P are linearly independent, |P|# 0.
Hence P! exists.

Consider AP =A[X, X, ... X,] = [AX, 4X, .. AX)]
=NX] A Xy AX]

A 0 .0
=X X X o, L o
0 o o A,

= PD where D =diag (A, A,, ..., A,).
AP=PD
=  P'(4P) = P(PD)
=  P'4P =P 'P)D=ID=D =diag(h;, Ay ,..., A,)
Hence the result follows.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Note: 1. If X}, X,,..., X, are not linearly independent, this result is not true.

2. If the eigen values of A are all distinct, then it has » linearly independent eigen
vectors and so it is diagonalizable.

3. The reduction of matrix 4 to the diagonal form by a non-singular matrix P
using the transformation P! AP is called the similarity transformation.

4. An interesting special case can be considered here. Suppose A4 is a real
symmetric matrix with z pair wise distinct eigen values A, A, ..., A . Then
the corresponding eigen vectors X, X, ..., X are pairwise orthogonal.

X X,

X
Hence if P= (e, e,, ..., e ), where ¢, =—— e, =—*-, . €, =——"
b € ) A P X,

then P will be an orthogonal matrix.
ie. PIlP=PPT =] Hence P! =pPT
P-'4P =D = P"4P =D
2.7 MODAL AND SPECTRAL MATRICES
Def : The matrix P in the above result which diagonalise the square matrix A is called
the modal matrix of A and the resulting diagonal matrix D is known as Spectral matrix.
Note:The diagonal elements of D are the eigen values of A and they occur in the same
order as is the order of their corresponding eigen vectors in the column vectors of P.
Theorem 2: If the eigen values of an # x n matrix are all distinct then it is always
similar to a diagonal matrix.
2.8 CALCULATION OF POWERS OF A MATRIX
We can obtain the powers of a matrix by using diagonalisation.
Let A be the square matrix. Then a non-singular matrix P can be found such that
D=P 4P
. D? =(P'uP) P 4Py =Pl 4PP Y AP =P ' 4?P (-PP'=1)
Similarly D = P! 4*P
In general D" =P '4"P (1)
To obtain 4" , pre-multiply (1) by P and post-multiply by p~!.
Then pp"pP~' = p(P~'a"P)P~! = (PP~ 4" (PP )= 4"

0 0 .. 0
0 A% 0 .. 0
Hence 4" =P| o A0 p!

0 0 0 .. A
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SOLVED EXAMPLES

3
1] and hence diagonalize 4.
1

—_ O

1
Example 1 : Determine the modal matrix P for A= | 1
3

Solution : The characteristic equation of 4 is

-2 1 3
|A-M| =0 (Ge) |1 5-2 1 |=0
31 1-a

On expansion and for factorization we note that this is (A + 2)(A —3)(A —6) = 0.
Thus the eigen values of 4 are A; = -2, A, = 3, A, = 6 (say).
The corresponding characteristic vectors X are
-1 1
X1= 0 ,X2= —1 ,X3=
1 1

(Workout ?)

—_ N

Notice that A, A,, L, are pairwise distinct.
Hence X,,X,, X, are linearly independent.

Further 4 is a real symmetric matrix. Hence X, X,, X; are pairwise orthogonal.
-1 11
The matrix P=(X; X, X3)=| 0 -1 2| is modal matrix of 4.
1 11

2 0 0
Also P'AP = [ 0 3 0].

0 0 6
However, since X;, X,, Xy are pairwise orthogonal, take

i T

2 5 %

P:(Xl ’X27X3j: o L 2
XX 1T ] V3 6

S .

NS

Then p~' = pT [+ A is symmetric]

.. Diagonalised matrix =
P7AP = pT 4P
VN R VNG o

=| /B =13 1B 1
/M6 2/4J6 1/46 |13

311-14V2 1B 146
1 0 -1/\3 2/\J6
L2 143 146

Y
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—1v2 0 1222 33 6/46
=| /3 -1/\3 1B 0 -3/43 12/6
N6 2/4M6 146 || =2/v2 3143 6/46

200
=l0 30
0 0 6

Note : If 4 is non-singular matrix and its eigen values are distrinct then the matrix P is
found by grouping the eigen vectors of A4 into square matrix and the diagonal matrix has the
eigen values of 4 as its elements.

-2 2 -3
Example 2 : Determine the modal matrix P of A= [ 2 1 - 6] . Verify that p~'AP

. . . -1 -2 0
is a diagonal matrix.
—2-A2 -3
Solution : The characteristic equationof 4is | 2 ~ 1-A -6 | =0
=1 -2 -\
= A=-5A+3)2=0
Thus the eigen values are A =5, A =-3, and A=-3.
-7 2 -3 X 0
When A =5, we have 2 4 -6||y|=160
12 5| % 0
. . . 1
The corresponding eigen vector is X; = | 2
-1
Similarly for the eigen value A = — 3 we can have two linearly independent eigen
2 3
vectors X, = | -1 | and X5 = |0
0 1

Observe that X|, X, and X; are not orthogonal. But they are linearly independent.
Consider P = (X, X, X;)

1 2 3
P =1 2 -1 0|=Modal matrix of A
-1 0 1

Now det P=1(-1) -2(2)+3(0-1) =-1-4-3=-8
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1 —

| : -1 -2 3
2 (adj P) = < -2 4 6
-1 -2 -5

-1 =2 2 3 E -5 -10 15
Plg=_ 1 6 -12 -18
-1 2 -5{|-1 =2 36 15

40 0 O
and P-14P = 81 024 0|=|0 =3 o0 —d1ag(5 _3,-3)
0O 0 24 0O 0 -3

Hence P'4P is a diagonal matrix.
1

11
Example 3 : fA=| 0 2
4 4

1] find (a) A% (b) A*
3

1-A 1 1
Solution : The characteristic equation of 4is | 0 2-A 1 | =0
-4 4 3-x
which gives (1-A)2-A)B-A)=0
.. The characteristic values are A=1L,A=2A=3.
Characteristic vector correspondingtoi=1
0 1 1 X 0
-1 1 1 |[x 0]
0 2-1 1 y|l=1]0] Ge) | O L 1||y|=]0
4 431 [0 4 4 2|2 0

=y+z=0,y+z=0 and —4x+4y+2z=0
Take z = k. We have y = — k. Then 4x = 4y + 2z = -4k + 2k = 2k

k
X - “k 1
= 2] === 2

k

z

Now

1
2] is the eigen vector corresponding to A = 1.

-2

X =

Characteristic vector corresponding to A =2

[«

1-2 1 1 X
We have 0 2-2 1 y|=[0
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S o O

it

=>—x+y+z=0, z=0and 4x+4y+z=0

il

X, = l: 1:] is the characteristic vector corresponding to A = 2.
0

ie, —x+y=0,z=0

Let x = k. Then y = k. Now

Characteristic vector correspondingto A =3

<o L
240

Then we have —2x+y+2z=0; —y+z=0and—-4x+4y=0
Lety=4k Thenz=rkandx =k

[i4 1

.. The eigen vector of 4 correspondingto ), =3 is X; = | 1

1 11
Consider P = [X;, X, X;]=| 2 1 1
-2 0 1

-1 1 0
We have |P|=—-1and P! = | 4 -3 —1]

2 2 1
1 0 0]
Wehave P14P=|0 2 0| =diag(l,2,3)=D (say)
0 0 3]
? o o 1 0 0
(@ D¥=10 2 0|=1]0 25 0
0o o 3° 0 0 6561
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We have A® = pp8p~!

1 11 1 0 0 -1 1 0
2 11110 256 0 4 -3 -1
-2 0 1(|{0 0 e6561||-2 2 1

{—12099 12355 6305}

—-12100 12356 6305 |.
—-13120 13120 6561

4
m 0 0 1 0 0
(b) D*=l0 2* o|=|0 16 0
4| |o
0 0 3

Now 4% = PD* P,

1 11 0 0 1 0
=] 2 11 16 0 4 -3 -1
|2 0 1 0 81|12 2 1

1

0

0
1 16 81 0
=12 16 81 4—3—1
1

2 0 8l

[—1+64-162 1-48+162 0—16+81] {—99 115 65]

= | 2+64-162 2-48+162 0-16+81|=|-100 116 65
| 2+0-162 —2-0+162 0-0+81 -160 -160 81
1 0 -1
Example 4 : (@) Find a matrix P which transform the matrix A={1 2 1| to
2 .23

diagonal form. Hence calculate 4*. Find the eigen values and eigen vectors of A.

(b) Determine the eigen values of A~!.
1 6 1

(c) Diagonalize A=|1 2 0] and hence find A8,
0 0 3

Solution : (a) Characteristic equation of 4 is given by [4—1 I| =
1-A 0 -1

ie., 1 2-A 1 |=0 [Expandby R;]
2 2 3-A

e, (1-2)[2-1)(3-1)-2]-0-1[2-2(2-1)]=0

ie, 2-622+111-6=0 or (A=) (A-2)A=3)=0

“A=LA=2 or A=3

Thus the eigen values of 4 are 1, 2 and 3.
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If x, x5, x3 be the components of an eigen vector corresponding to the eigen value ) ,
we have

[A-21]X=| 1 2-1 1
22 3-1]|x

=
[\S)

Il
oS o O
~
—
~

00 —1][x

0
For A = 1, eigen vectors are givenby |1 1 1 ||x|=/0
22 2|5l |0

ie, 0.x(+0.xp—x3=0 and x+x;+x3=0

ie. x3=0andx; +x,+x;=0 = x3=0, x;, =—x,

X =1,X2 =—1,X3 =0

Eigen vector is [1 -1 O]T . Also every non-zero multiple of this vector is an eigen vector

corresponding to ) =1.
For ) =2, eigen vectors are given by

10 ~17[x] Jo 0 0 0][x] [0
1 0 1 X2 =10 or 1 0 1 X2 =10
2 2 1| |x| |0 2 2 1 |x| |0
=>x+0.x+x3=0 and 2x+2x,+x3=0
Solving, M _ =% = B or 1 _%_B or x=-2x =1,x=2
0-2 1-2 2-0 -2 1

Eigen vectoris [-2 12]" .

Also every non-zero multiple of this vector is an eigen vector corresponding to } =2
For ) =3, eigen vectors are given by

-2 0 -1 xl 0

bo-1 T hix =0 [Putting ) =3 in (1)]

2 2 0 X3 0
ie., —2)61+0.X2—X3=0 and X]— Xy + X3 =0

. 1 _ " _ B M_X2_ X __ _ _
Solving, 0-1_ 241 2-0 °F i or xy=—lx=Lx3=2

Eigen vector is [-1 1 2]T.

Writing the three eigen vectors of the matrix 4 as the three columns, the required
transformation matrix is
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1 =2 -1
P—{l 1 1]
0 2 2
The matrix P is called Modal matrix of 4.
0 2 -1
- Pl—l{z 2 0]
2
2 -2 -1
0 -1 17211 o =17[1 =2 =17 11 o o
Now PIAP{1 -1 0”1 2 1”1 1 1]{0 > OI_D(say)
11 12|22 3([0o 2 2| |o o0 3

1 =2 <171 0o o070 -1 1/2] [-49 —50 —-40
Hence A*=pPD*P7'=|-1 1 1]]0 16 0|l=1 -1 0 |=|65 66 40

0 2 2]|0 0 8|1 1 1/2 130 130 81

11
(b) The eigen values of A™! are 1,5,5 (Refer Th. 10)

(¢) The characteristic equation of Ais |A—Al|=0

= (1-M)Q2-VB-1)~6(3-21)=0
= G-M[1-M2-21)-6]=0
=GB-L)(A*=31-4)=0

= (B-V)(A=HR+1)=0

= L =3,4 are the eigen values of A
The eigen vector corresponding to ) =3

(A-3)X=0

[1-3 6 1][x] [0
=11 2-3 0f|x|=
L0 0 Oflx3] [O

From the matrix, x; —x, =0= x = x,
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Takmg X =Xy =k
X3 szl—6)C2 =2k—-6k=—4k

]

Eigen vectorcorresponding to A =4

1

] is the eigen vector corresponding to A =3
—4

(A-4D)X=0
[1-4 6 1 [x] [0
1 2-4 0 ||x]|=
| 0 0 3-4||x] |0
(-3 6 1][x] [0

1 -2 0 Xy |= 0
10 0 —1]|x] |O

We get, X3 =0, X1—2X2 =0

= x; =2x, taking x, =k we get x; =2k

.

Eigen vector corresponding to A=-1
(A+D)X=0

2
1

] is the eigen vector corresponding to A =4
0

1+1 6 1 0[x] [0
1 241 0 ||x|=]0
0 0 3+1||x] |0

4X3ZOZ>X3 =0

X+ 3)62 =0= X; = —3)62 taklng Xy = k, X = -3k

i
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-3
oo Xs —{ 1 ] is the eigen vector corresponding to A =-1
0

1 2 -3
COl’lSider P= [Xl X2 X3] =1 1 1
-4 0 O

detP =1(0)—2(4)-3(4) =—8—-12=-20 %0

Jo o =spr 23] (300
P‘IAP=;—O ~4 12 4 A1 1 1 |=|0 4 0|=D=diag(3,4,-1)
00

4 8 1 -4 0 O -1

6561 0 0
D =| 0 65536 0

0 0 1

. We can calculate A® = PD3p~!

8§ -8 2
Example 5 : Diagonalize the matrix 4 = {4 -3 2] [ ]
3 4 1

8§ -8 2
Solution : Given4=|4 -3 -2
3 4 1
The characteristic equation of Ais |[A-AL| =0
8—A -8 -2
4 3-n =2
3 -4 1=

ie. =0

= B-A)[(3-A)A-A)-8]+8[4(1-A)+6]-2[-16-3(3-A)]=0
= —MB+602-111+6=0 =13 -6A2+111-6=0

A=3,1,2.

S = O
N OO

3
.. Diagonal matrix is {0
0
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To find the eigen vector for A = 3.

_5 -8 =2 x| _0 le — 8XZ - ZX3 =0
= 4 —6 2 Xy =10 = 4x1 — 6)62 — 2X3 =0
_3 -4 -2 X3 _0 3)61 - 4X2 - 2X3 =0

For solving let x, = x; = k;. Then x; =2x, =2k, .. X, =

2

Eigen vector corresponding to A =3 is X; = | 1
1

To find the eigen vector when A = 1

8§-1 -8 -2 x| 0 7T -8 21| |x 0

7x, —8xy —2x3 =0 ...(1)}

4x —4xy —2x3=0 ...(2)
3x =4x, ..(3)
For solving, let x, = k,. Then
x; = (435, x5 = ky, x3=(2/3)k,.

4
. X, =| 3 | Eigen vector corresponding to A, = 1 is

2

To find the eigen vector when A = 2




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

For solving, let x, = k;. Then

X, = 32y, Xy = kg, x5 = (112)ks.
3

.. Eigen vector corresponding to A =2 is X3 =|2
1

2 4
Thus P=[X; X, X3]=|1 3 2
1 2 1
300
Hence P!AP=D=|0 1 o}
00 2

-1 2 2
Example 6 : Diagonalise the matrix { L2 1 ]
-1 -1 0

-1 2 =2
Solution: Let A= 1 2 1
-1 -1 0

Characteristic equation of Ais |A=AI|=0
—-1-A 2 -2
= 1 2-1 1

-1 -1 A

=0

“1-% 2 0
| 1 2=n 3=A
B W |

=0 (Applying C, +C))

=>CE1-M)[Q-V)(A-D+1GC3-V)]-2[(-A-D+1(B-1)]=0

=23 A2 -50+5=0 (on simplification)

=MA-1) (A -5=0

—=r=1 A*=5

==l £/5

- Ais diagonalisible.

[Constructing matrix P = [e] e, e3] is left as an exercise to the student]
1 0 0

The required diagonalised matrix is P! AP = | 0 NER
0 0 —5
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9 4 4
Example 7 : Show that the martix A= | -8 3 4| is diagonaizable. Also find the
-16 8 7

diagonal form and a diagonaizing matrix P.

Solution : The characteristic equation of A is
-9-A 4 4
-8 3-2 4 |=0
-16 8 7-X

Applying G > G +C, +C5, we get
—“1-% 4 4

“1-% 3-1 4 |=0
“1-» 8  7-A

1 4 4
= —(1+M)|l 3-1 4 |=0
18  7-2

Applying R, —R; and Ry — R, we get

1+l 4 4
0 -1-2 0 [=0
0 4 3-%

= {1+A)A+2)3B-1)=0
Characteristic Roots (i.e., eigen values) of A are —1, —1, 3.

The eigen vectors X, of A corresponding to the eigen vlaue —1 are given by

A+DX =0
-8 4 4]x] [o
ie,|-8 4 4| x,|=|0
-16 8 8| x3| |0

Applying R, - R, — R, and Ry — Ry — 2R;, we get
-8 4 4||lx 0
0 0 Oflx|=|0
0 0 0l x 0
Since the rank of the coefficient matrix is one, it will have (3 — 1) = 2 linearly
independent solution.
From the above matrix equation, we have —2x, +x, +x,=10
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1 0
Clearly X, = L, X, = 1| are two linearly independent solutions of this equation.
1 -1
So X, and X, are two linearly independent eigen vectors of A corresponding to the eigen
value —1. Thus the geometric multiplicity of the eigen value —1 is equal to its algebraic
multiplicity.
Consider the eigen vectors of A corresponding to the eigen value 3 are given by
(A-3DA=0

[-12 4 4][x 0
ie., -8 0 4| x|=|0

Applying R, > R, — R and Ry > R; — R,

[-12 4 4][x 0
4 -4 0 Xy | = 0
—4 4 0 X3 0

Applying Ry — R; + R, , we get

~12 4 4][x ][0
4 -4 0 %) 0
0 0 0fx]o0

Applying %—IZ& , we get

31 1]x] [0
1 -1 0 Xy | = 0
0 0 0fx]| |0

Here the rank of the coefficient matrix is 2.

It will have (3 — 2) = 1 independent solutions.
From the matrix, we can write the equations as
=3x+x +x3=0, xy —x, =0

Let x; =k = x, =k. From this we get x; =2k {

Thus the eigen vector corresponding to eigen vlaue 3 is given by X, = ! .
2
The geometric multiplicity of eigen value 3 is one and its algebraic multiplicity is also 1.

Thus each eigen value of A has its gemetric multiplicity equal to its algebraic multiplicity.
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A is similar to a diagonal matrix i.e., it can be diagonalized.

10 1
LetP=[X},X,,X3]=[1 1 1
1 -1 2

The columns of P are linearly independent eigen vectors of A corresponding to the
eigen values —1, —1, 3. P will transform A into the diagonal form D by the relation

-1 0 0
PIAP=D=|0 -1 0
0 0 3
2 3 4
Example 8 : Show that the matrix A= |0 2 —1| cannot be diagonalized.
0 0 1
2 3 4
Solution : GivenA= |0 2 -1
0 0 1
2-A 3 4
The characteristic equation is |0 2-2 -1 [=0

0 0 1-A

=  (2-M2-1)1-1)]=0
= A=2,21
2, 2, 1 are the characteristic values of A

The characteristic vector corresponding to A =2 is given by (A —2) X =0

[0 3 4 |[x 0
= |0 0 -1{x,|=|0
10 0 —1]|x3] |O

R, - R, gives

[0 3 4 |[x 0
0 0 —1{x,|=|0
10 0 0 |[x3] |O
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The rank of the coefficient matrix is 2. So, these equations will have 3 — 2 = 1
independent solution. Thus the geometric multiplication of the eigen value 2 is 1 and algebraic
multiplicity is 2. Since the algebraic multiplicity is not equal to geometric multiplicity, A is not
similar to a digonal matrix. Thus, the matrix cannot be diagonalized.

2.9 NILPOTENT MATRIX
A non-zero matrix A is said to be nilpotent, if for some positive n, A” = O.

Theorem 1 : A non-zero matrix is nilpotent if and only if all its eigen values are equal
to zero.

Theorem 2 : A non-zero nilpotent matrix cannot be similar to a diagonal matrix i.e., it
cannot be diagonalised.

0 1
Example 9 : Prove that the matrix A= {0 0} is not diagonalizable.

0 1 0 11]0 1 0 0
Solution : Given A= 0 0 — A= o ollo 0:01

Thus A is nilpotent and hence can not diagonalised.

(or) The characteristic equation of A is IA =l l =0

- 1

2
= | —k‘ =0=2"=0=2%=0,0 gre the characteristic values.

For A = 0 the characteristic vector is given by (A-ADX =0 = AX =0

0 1% [o
= _0 0 X - 0 = x2=0,Letx1:k

k 1
Then the characteristic vector is { 0} =k { 0}

1
The given matrix has only one linearly independent characteristic vector 0

corresponding to repeated characteristic value 0.
The matrix is not diagonaizable.
210 ORTHOGONAL REDUCTION OF REAL SYMMETRIC MATRICES

Definition : Let A and B be two square matrices of order n. Then B is said to be
orthogonally similar to A, if there exists an orthogonal matrix P such that B = P-'AP.

If A and B are orthogonally similar then, they are similar.

Theorem 1 : Every real symmetric matrix is orthogonally similar to a diagonal matrix
with real elements.

Theorem 2 : A real symmetric matrix of order » has n» mutully orthogonal real eigen
vectors.
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Theorem 3 : Any two eigen vectors corresponding to distinct eigen values of a real
symmetric matrix are orthogonal.

Theorem 4 : If X occurs exactly p times as an eigen value of real symmetric matrix
A, then A has p, but not more than p mutually orthogonal real eigen vectors corresponding
to A.

Working Rule for Orthogonal Reduction of Real Symmetric Matrix :
Suppose A is a real symmetric matrix.

(7)  Find the eigen values of A.

(i)  If the all the eigen values of A are different then they are all orthogonal.

(7ii) If A is an eigen value of A having p is its algebraic multiplicity, we shall be able to find
an orthonormal set of p eigen vectors of A corresponding to their eigen values.

(iv) This process is repeated for each eigen vlaue of A.

(v)  Since the eigen vectors corresponding to two distinct eigen values of a real symmetric
matrix are mutually orthogonal, then n eigen vectors found in this manner constitute an
ortho normal set.

(vi) The matrix P having as its columns the members of the ortho normal set obtained
above, is orthogonal and is such that P'AP isa diagonal matrix.
We will illustrate the above with few examples

SOLVED EXAMPLES

Example 1 : Find an orthogonal matrix that will diagonaize the real symmetric matrix

1 2 3
A=1]2 4 6|, Also find the resulting diagonal matrix.
3 69
I-A 2 3
Solution : The characteristic equation of A is |2 4-1 6 |=0

Applying C, +C; —2C,, we get 3 6 9-4

-1 2 3
2L 4-1 6 =0
-1 6 9-A
-1 2 3

= A2 4-r 6 =0
-1 6 9-A

Applying R, + 2R, and R; — R, , we get
-1 2 3

A0 8-A 12 =0
0 4 6-—L
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=  AAr-140)=0

= A(-14)=0
The eigen values of A are 0, 0, 14.

The eigen vector corresponding to the eigen value A = 14 is given by

(A-14)X=0
13 2 3 7[x] Jo
2 =10 6 |[x,|=]0
j—
3 6  =5|x]| |0
From this, we get the equations
—13x1 +2.X'2 +3X3 =0 and le _10.X'2 +6.X'3 =0
Solving, we get x; =1, x, =2 and x3 =3
1
X, = 2| is the eigen vector corresponding to A = 14
3
To find the eigen vector corresponding to A = 0.
We write AX =0
1 2 3 X1 0
2 4 6 Xy | = 0
j—
36 9|x| |0
j— xl +2.X'2 +3.X'3 =0
We can casily see that x; = 0,x, =3,x; =-2 is a solution.
0
Then X, = |3 | is an eigen vector corresponding to the eigen value A = 0. Let the
-2 X
eigen vector orthogonal to this is X, = Y|, Then we have

V4

x+2y+3z=0 (X, satisfies the equation)
Ox+3y—-2z=0 (. X,,X; are orthogonal)

-13

From this, we get X, = 2 is another eigen vector corresponding to A = 0
3
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Normalizing these vectors,

1
1 i
X 2
ForX,=|2| ||x|=V1+4+9=14, L =| =
1 1” X1|| \/ﬁ
3
r 7 - - 14
1 V14 |
0 J182
X
Similarly 2 =| = | X3 _|_ 2
[ V13 ] | Vis2
-2 3
V182 ] | V182 |
Consder =P = [ X X X }
il I3l (s
1, ]
Ji4 J182
2 3 2
= V14 V13 182
3 -2 3
R VRN ERN T
We can verify that
14 0 0
PIAP=[0 0 0|=diag(14, 0, 0)
0 0 0
I 0 0
Example 2 : Diagonalize the matrix where A= |0 3 —1| by orthogonal reduction.
0 -1 3
Solution : The characteristic equationis | A—Al|=0
1-A 0 0
. 0 3-2 -1 |=0
ie.,
0 -1 3-A

= (=W -1]=0 = 1002 —6r+8)=0 = (I-DA-4(h-2)=0

The eigen values of A are 1, 2, 4.
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We can find out the eigen vectors corresponding to the above eigen values as

0 0
0f,|1]and|-1
0 1 1

We notice that these vectors are pairwise orthogonal.

0 0
1
o X X, 1 X3 -1
Normalizing these vectors, we get =L _1o], 73 B il B
14 ol | V2 x| V2
0 1 1
) ) V2 V2]
1 0 0
Consider P= |0 L
NG
o L L
L V2 V2
1 0 0
Then PT=P1= |0 » L
N
o =L L
L N2 V2
1 00
We can easily verify that PAP~! = D where D = diag (1, 2,4) = 020
0 0 4

Thus A is reduced to diagonal form by orthogonal reduction.

Example 3 : Find the diagonal matrix orthogonally similar to the following real symmetric
7 4 -4

matrix. Also obtain the transforming matrix. A=| 4 -8 -1
-4 -1 -3

[JNTU (H) Mar. 2012 (Set No. 4)]

Solution : The characteristic equation of A is
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7-A 4 0
C3+C, gives | 4 —-8-A -9-A|=0
—4 -1 -9-2
7=\ 4 0
-9-M)| 4 —8-1 1[=0

<4 -1 1
(~9-W)[(T-1){-8-A+1} -4 {4+4}]=0
(=9-M[(7-1) (~r-7)-32]=0
(=9-2) (> -49-32)=0

(=9-2) (A2 -81)=0
A=9,-9,—-9 are the eigen values.
Eigen vector corresponding to A =9

Let (A-A)X =0

[7-9 4 —-4][x ] [0
| -4 -1 -17||x3] |0
2. 4 -4[x] [o
R; +R, gives, { 4 17 -1 Hh] {0]
0 18 -18||x3| |0

we have, -18x, —18x3 =0=x3 =—x,

—2)61 +4x2 —4)63 =0 —2)61 +4X2 +4X2 =0
:>—2x1+8x2=0:>x1=4x2
take x, =k then x =4k and x; =—k

X1 4k 4
Then X=|x, |= =k|1
X3 —k -1

4

- Xy =|1 | is the eigen vector corresponding to A =9
-1

Eigen vector corresponding to A=-9

Let (A-A)X=0
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[7+9 4 -4 1[x 0
=] 4 -8+9 -1 [|x|=|0
| -4 -1  -8+49][x3| |0

(16 4 —4][x 0
—| 4 1 ~1||x|[=|0
-4 -1 1 ||x3| |0

we have, 4x1 +Xy — X3 =0 take Xy Zkl,X3 =k2 then 4x1 =X3—Xp =k2 _kl

) ky —ky
X1 4 -1 1
S X = Xy | = kl =ﬁ 4 +k—2 0
4 4
_)C3 kz 0 4
—11 1
4 | and | 0 | are two mutually orthogonal vectors corresponding to A =-9
0 4

Normalizing, we get

[ 4 1 1]
JiIs V17 17
1 4
P= E NiTl 0 | is the required orthogonal matrix that will diagonalise A.
1 0 A N
LVig 17 |

Thus P~'AP = P! AP = diag (9,-9,-9)

Example 4 : Determine the diagonal matrix orthogonally similar to the following

3 -1 1
symmetric matrix A=-1 5 -1
1 -1 3
3-2 -1 1
Solution : The characteristic equationis, | =1 5-A -1 |=0
1 -1 3-A

3-42 -1 1
C;+C,y+C5 gives, [3-A 5-1 -1 |=0
3-A -1 3-A
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1 -1 1
—=G-M|1 5-% -1 [=0
1 -1 3-A
R, -Ry,R3-Ry
1 -1 1
G-M|0 6-1 -2 |=0
0 0 2—A

=(3-21)(6-1) (2-1)=0
s A=2,A=3,A=6 arethe eigen values which are all distinct.
Eigen vector corresponding to A =2
Let (A-ADX=0
1
0
0

[3-2 -1 1 [xy
—=| -1 5-2 -1 |[x|=
1 -1 3-2|x
(1 -1 1][x] [0]
= -1 3 -1 Xy | = 0
|1 -1 1]|x] |O]
1 -1 1][x]| [0
R, +Ry gives, [0 2 0}/x [=
1 -1 1[x] [0
SoXp =0 and x1+x3:0:>x1=—x3 take X =k:>)C3 =—k

X1 [k 1
~. Eigen vectoris, | X2 [=| 0 |=k| O
X3 _—k -1

1
X, = { 0 ] is the eigen vector corresponding to A =2
-1

Eigen vector corresponding to A=3

0 -1 11[x] [0
(A-3DX=0=|-1 2 -I||x,|=|0
1 -1 0 X3 0

We have —X2+X3ZOZ>X2 =X3 and —x1+2x2—x3=0:>x1=2x2—x3=x3

taking x; =k we get x; =x, =k
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1
Xy = {1] is the eigen vector corresponding to A =3
1

Eigen vector corresponding to A =6

-3 -1 1||x 0
(A6I)X—O:>{1 -1 1] {le—{ ]
I -1 -3||x3 0
=3 -1 1 ||x
R; +R, gives, {1 -1 1”;@]—{ ]
0 -2 —4||x]| |0

—2)62—4)63 =0= Xy Z—2X3 and —X] —Xp —X3 20:>X1 ==Xy —X3 22X3 —X3 = X3

(=

taking x; =k we get x, =-2k and x; =k
X1 k 1

X = Xy | = 2k |=k| -2
X3 k 1

1
S X3 = {2] is the eigen vector corresponding to A =6
1

1 1 1
NN
X4 X3 1 2
Take P=| L2220 L -2
NG NI
-
V2 36
2 00
Since P is orthogonal PT =P ! and P'AP=PTAP=D={0 3 0|=diag(2,3,6)
0 0 6

Example 5 : Determine the diagonal matrix orthogonally similar to the following

6 -2 2
symmetric matrix A={-2 3 -1].
2 -1 3
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Solution : The characteristic equation of A is
6-L 2 2
-2 3-A -l
2 -1 3-A

0

Applying R; +R, , we get

6-1 -2 2 6-1 -2 2
2 3-A -1 |=0=>@-M -2 3-% -1]|=0
0 2-1 2-x 0 1
6-1 -2 4
C;-C, gives, 2-1)| =2 3-L A-4|=0
0 1 0

= (2—%)[(6—%) (—r+4)+4 (—2)] =0

= (2-2) (A2 -10L+24-8)=0

= (2-2) A2=101L+16)=0
=2-N)(A-8)(A-2)=0

- A =8,2,2 are the characteristc values.
Eigen vector corresponding to X =8

(A-8DX =0
[6-8 2 2 1[x] [o
= | -2 3-8 -1 |(|lx|=
| 2 -1 3-8f[x3] |0
(-2 =2 2 [x] [0
= —2 —5 _1 x2 = 0
_2 -1 =5 X3_ 0
-2 =2 21[x] fo
R,—-Rjgives, | 0 -3 -3|[x, |=|0
2 -1 -5 X3 0

From matrix, we get
—x; =Xy +x3 =0 and —x, —x3 =0. Taking x; =k, we get x, =—k
and X] =—Xp tX3 = 2k .

X1 2k 2
Then X=|x, |=|—k|=k|-1
X3 k 1
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2

Thus X; =|-1] is an eigen vector corresponding to A =8.
1

Eigen vector corresponding to A =2.
This is of algebric multiplicity 2.
So we will find two mutually orthogonal eigen vectors corresponding to . =2.

(A-2DX =0

2)61 —Xy X3 = 0
Taking X3 = kz and Xy = kl we get 2)61 = kl —k2
k —ky

N A A
X=| & |==[2]+2]0

2 2
ky 0 2

1 -1

s Xy =|2|and X3=| 0 | are eigen vectors corresponding to A =2.
0 2

These two vectors are not orthogonal.
X

Let X=| y| be another eigen vector corresponding to A =2 and orthogonal to X, .
z

2x—y+z=0;x+2y=0.
Then, x=-2,y=1,z=35 is a solution.

-2
Then take X3 =| 1
5
2 1 -2
X;=|-1|,X,=]2| areand X3 =| 1 | are the required eigen vectors.

1 0 5
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Normalizing we get,

2 1 2] 2 a1 1
% 5 Jo % %
o2 et | L2

i IV vl e IV
1, 5 2 15
NN NN

8 0 0
We can verify that, PIAP{O 2 Ol—diag (8,2,2)
00 2

2 01
Example 6 : Diagonalize the matrix by an orthogonal transformation {0 6 0. Also
4 0 2
find the matrix of the transformation.
2-A 0
Solution : The characteristic equation is |A=Al{=0=| 0 6-1 0
4 0 2-A

= (2-M[(6-2) 2-1)~0)]+1[0-4(6-1)]=0
= (6-0)[(2-1)>-4]=0
= (6-M)A —4r+4-4)=0

= (6-A)A(A—4)=0
. The eigen values are A =0,L=4,L=6

S O O
S b~ O

N © O
[

Since the eigen values are all different diagonal matrix = {

Eigen values corresponding to A =0

2.0 1[x] [0
=0 6 0||x,|=]0
402)63 _0

2.0 1][x] [0
R3—2R1 0 6 0 Xy | = 0
0 0 0)[xs 0

2X1+X3=0, 6)62 =0



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

= xp =0;x3 =-2x].
Take, X = k= X3 = -2k

k 1
Eigen vectoris | 0 |=k| 0
-2k -2

1
- Eigen vector corresponding to 3, =0 is X —{ 0 ]
-2

Eigen vector corresponding to ) =4

2-4 0 1 X 0
(AM)X—O:{ 0 6-4 0 ]{le—{]
4 0 2-4||x 0
-2 0 1 ||lx 0
SERIEe
4 0 2||x3 0

2X2=0:>X2=0

= —2X1+X3 20:>X3=2X1
Take, X Zk:>X3 =2k

k 1
The eigen vector is { 0 ] = 1{0]

2k 2

1
- Eigen vector corresponding to A =4 is X, = {0]
2

Eigen vector corresponding to A =6

2-6 0 1 |[x] [0
(A-ADX=0=| 0 0 0 |[x|=
4 0 2-6]|x3] |0

B
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-4 0 1 X1 0
R, +Rsgives | 0 0 0 |lx =
0 0 3||x| |0

3)63:0:))63:0
= —4X1+X3=0:>X1=0
Take x, =k

o] o 0
The eigen vectoris |k |=k| 1|, X53=|1
o] o 0

1 0

1
Diagonalision matrix =P=| 0 0 1| such that PTAP=D
-2 20

f EXERCISE2:1 \

1. Determine the eigen values and the corresponding eigen vectors of the following matrices:

|1 2 . 25 8 —4
5 il CYON I I R
200 200 6 3 2
@iy 310 ((v)[-3 1.0 (v)|-2 3 -1| [JNTU2003, 2005S (Set No. 3)]
12 3 123
] 2 -1 3
2 0 1] 1 2 =2
(vi)|0 2 0 (vii)|1 1 1| [JNTU 2003S(Set No.2)|
1 0.2] 1 3 -1
31 4 1 1 3
(viii) |0 2 6 [[JNTU 2003S, 2004S, (K) Nov. 2009S(Set No.4)] (ix) |1 5 1
00 5 311
2 2 3 1 0 2
(x)| 2 1 -6| [JNTU1995,2005S (SetNo.4)] (xi) | 0 0 0 |[JNTU2008S (Set 3)]
-1 =2 0 2 0 4
1 1 1
(xif) | -1 -3 =3| [INTU 2008S, (K) May 2010 (Set No. 2)]
2 4 4

2. Show that the eigen values of a triangular matrix are its diagonal elements. [JNTU 2002]
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3. Find A% if A = [21 j}

32 2
4. Diagonalize the matrix (7) { 1 2 1]
-2 2 -1

2 1 -1
(i) { ! ][JNTU (A) June 2013 (Set No. 1)]
-2

0
(iii) { > 2] [JNTU (A) June 2013 (Set No. 2)]
6
0 1 1
@) |1 0 —1|[JNTU (A)June2013 (Set No. 3)]
1 -1 0

1 20
») {2 2 2] [JNTU (A) June 2013 (Set No. 4)]
02 3

- 12 2
2 1
12 1
1
3 (”)L 1 0}

) [JNTU 2004, (H) June 2009 (Set No. 1)]

>—>—l\)

5. Diagonalize the matrix (7) {

10 O
6. Diagonalize the matrix 4 where A= [0 3 1} [JNTU 2003S (Set No. 4),M2005]
0o -1 3

7. Determine the eigen values of A~! where A =

1 0 -1
1 2 1
2 2 3

[JNTU 2003S (Set No. 3), 2004S (Set No. 3)]

1 13 2 -1 1
8. If 4=[1 5 1|find 4*. 9.1f A=|-1 2 1| find 4°.
L 1 1] L -1 2]
4 1 0
10. Forthe matrix 4=|1 4 1|, determine the matrix P such that P! 4P is a diagonal
0 1 4

matrix.

11. Indicate whether the following matrices are Hermitian, Skew-Hermitian or Unitary
and find their eigen values and eigen vectors.

1 i

] 7= 7=l 4 1-31| 3 2+i 2i 3i
o [44] @ ; ; I O I O
L 2 W2 J
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( )

1] 1 1+i
12. Show that the matrix ﬁL_i _1} is unitary. Find the eigen values and eigen
vectors.

1
13. Verify that the matrix 4= 5 {
[Hint : Refer Th.3]

: ANSWERS ~
1]

1 5
(i1) (a) Characteristic values 3, — 1; Characteristic roots { } L} (b)4,6; } Lz}
K
1

0 0 1] [o
(iii) x—l,x—z,x—s;{ 1]{ }]H V) r=1,1=2,1=3; ] { 1] {o]
-1| [-1] |0 1 1| |0
1 2 | 0
o 4 ool o o
0

1 1] [3 -1 1] [1
(vii) 1,2,-2  (viii) 3,2, 5; {0] , {1} , H (ix) 2,3, 6; { 0], {—1], H
0 0] |1 1 1| |1

1+i 1-i

=i 14 l] has eigen values with unit modulus.

1.(i) Characteristic values 0, 5; Characteristic roots [721} [

SN =
|
»—-O»—-

) 100 500
3.6251 4. diag | 0 1 0} 5. (i) {0 1 0}
00 2 00 1
. 11
6. Cannot diagonalize. 7.1, 23
171 371 193 1366 —1365 1365 1 1 1
g 325 873 3714 |-1365 1366 -1365 0.0 -2 2
144 325 171 1365 —1365 1366 b1

11. (i) Skew Hermitian; Eigen values : i,—i; Eigen vectors : E},F J

(if) Hermitian; Eigen values : 3 +/2,3-+/2; Eigen vectors : [, 1-v2] [, 1+2]"
(iif) Unitary; Eigen values : 1,—1; Eigen vectors : [1, i—iv21",[1, i+iv2]"

(iv) Hermitian; Eigen values : 9, 2

(v) Skew Hermitian; Eigen values : 4i,-2i

(vi) Skew Hermitian; Eigen values : 1++/10 i
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CAYLEY- HAMILTON THEOREM
We now give some difinitions and proceed to prove Cayley - Hamilton Theorem.
2.11 DEFINITIONS
1. Matrix Polynomial :

An expression of the form F(x) = A+ Ax+ Ax>+-- +A x", A, #0, where

Ay, 4y, Ay, -+, A, are matrices each of order n x n over a field F, is called a matrix polynomial
of degree m.

The symbol x is called indeterminate and will be assumed that it is commutative with
every matrix coefficient.

The matrices themselves are matrix polynomials of zero degree.

2. [Equality of Matrix Polynomials :

Two matrix polynomials are equal if and only if the coefficients of like powers of x are
the same.

3. Addition and Multiplication of Polynomials :

Let G(x) = 4y + A4x+ 4,x" ++-+ 4,x" and

H(x) =B, + Bx + B,x> +--- + B,x".

We define : If m > k, then

G(x) + H(x)=(A) + B)) + (A + B) x + ...+ (4, + B)xF+ 4,  xk*1+ . +4 xm

Similarly, we have G (x) + H (x) when m = kand m < k.

Also G (x)-H (x) = AyBy + (4,B; + A, By)x

+ (AyBy + 4B, + AyBy)x? + ...+ A, B xk+m

Note that the degree of the product of two matric polynomials is less than or equal to
the sum of their degree.

Theorem : Every square matrix, whose elements are polynomials in x, can be expressed
as a matric polynomials in x of degree m, where m is the highest power of x having by any
element of the matrix.

We illustrate the theorem by an example.

2x 3% +4 x—x+x
Consider the matrix 4 = | x* =5 0 4475

, 6 8x? “3x 42
We write

A =] -54+0x+0x2+x> 0+0x+0x>+0x> 4+0x+7x%+0x°
6+0x+0x>+0x 0+0x+8x>+0x> 2+0x—3x*+0x°

[0 4 0 2 0 1 0 3 -1 0 0 0
=|-5 0 4|40 0 O|x+|0 0 7|x*+|1 00
| 6 0 2 0 0 0 0 8 -3 0 0 0
Ay + Ax+ AxT + A

[0+2x+0x% +0x> 4+0x+3x2+0x° O+1x—1x2+1x3]
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2.12 THE CAYLEY-HAMILTON THEOREM

Theorem: Every square matrix satisfies its own characteristic equation.
[JNTU 2002S]

Proof: Let 4 be an n-rowed square matrix. Then
| A-\I | = 0 is the characteristic equation of A4.

Let |4 — M| = (=1)"[A" + a A"~ I+ a\"~ I+ a37»”*2 +...+a,]

Since all the elements of 4 — Al are at most of first degree in A, all the elements of
adj (4 — Al) are polynomials in A of degree (n — 1) or less and hence adj.(4 — Al) can be
written as a matrix polynomials in A.

Let adj.(A-A)=B\'"'+BXN">+--+B, ,\' +B,,, where By,B,..,B, | are
n-rowed matrices.

Now (4 — Al) adj(4 — Al)

=14 - MI(4-M)BA" "L+ BAM 2+ +B, ,A+B, )
=D)"A + a1+ ta ]l
Comparing coefficients of like powers of A , we obtain
- B, =(-D"1,
AB, - B, =(-1)"q, I,
AB,-B,=(-1)"a, I
AB,  =(-1)"a, I
Premultiplying the above equations successively by 4", 47~ 1, ..., I and adding,
we obtain
0=(-D)"A"+(-1)"a; A" '+ (=)"a, A"+ 4+ (-D)"a, I

= ()" [4" +a A" +a, A" +..+a, [1=0

Which implies that 4 satisfies its characteristic equation.

Applications of Cayley - Hamilton Theorem :

The important applications of Cayley - Hamilton theorem are

1. To find the inverse of a matrix.

2. To find higher powers of the matrix.

Remark : Determination of A™' using Cayley-Hamilton theorem :
A satisfies its characteristic equation
ie.(-1)"[A" +a A" + @, A"+ +a,11=0
A"+ A" a4, 4" 4 4a, =0
S A4 a4+ azA”’2 +...+a,I1=0 (Multiplying by A7" on both sides)

if 4 is non-singular, then we have

anA*1=—A”*1—a1A”*2—...—a 1

n—1
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-1
a

= A1=(

Thus by Cayley - Hamilton theorem, we can find out the inverse of a matrix (if it exists
i.e., a, #0) by computing the linear combination of higher powers of A.

SOLVED EXAMPLES

J[A"1+a1A"2+ Y |

Example 1 : IfA= g ; i] verify Cayley- Hamilton theorem. Hence find A™".
-1 0 -2
Solution : The characteristic equation of 4 is | A-\I | =0
2-% 1 2
ie,| 5 3-A 3 [=0
-1 0 -2-A

e, 2=A)[-6-3L+21L + 2] =5[-2-A]-1(3-6+21)=0
ie. Q=M (6—A+AH)+10+50+3-21=0
e, —12-20+ 207 + 6L + A7 =17 + 13+ 3% =0
ie. =M +3 +7h+1=0
ie. AN -3V-7A-1=0
To Verify Cayley-Hamilton theorem, we have to show that
A -34%-74-1=0.
That is, to prove that 4 satisfies A’ — 30> — 7% — 1 =0, the characteristic equation of 4.

21 2721 2 7 5 3
Now A’ =] 53 3|5 3[=122 14 13
10 2|[-1 0 =2 0 -1 2
7 5 312 1 2] [36 22 23
A=A A =22 14 13|]| 5 3 3| =101 64 60
0 -1 2||-1 0 2] |-7 -3 -7
36 22 23 (—21 -15 -9
Now 4> -342-74-1=[101 64 60| + |66 -42 -39
-7 -3 -7 | 0 3 -6
-14 -7 -14
-1 0 0
+-35 21 21|, | 9 1 o
7 0 14 0 0 -1
000
=10 0 0|=0
000

. This verifies Cayley — Hamilton theorem.
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To find A1

AL =342 -T74-1=0 = A (L -342-74-1)=0
= A2 -34-T1-47"=0 = A" =4>-34-71

7 5 3 -6 -3 -6 -7 0 O -6 2 3
AT=2 14 B3| +|15 9 9|+ 0 -7 0|=|7 2 4
0 -1 2 3 0 6 0o 0 -7 3 -1 1

Check : AA' =1

1 -1 0
Example 2 : Find the inverse of the matrix [0 1 1] by using Cayley-Hamilton

theorem. 2 12

1 -1 0
Solution: Let A =0 1 1
2 1 2

The characteristic equation of 4 is |A -\ | =0
1-x -1 0

0 1-A 1
2 1 2-A

=0

i.e.

ie, (1-M[2-A—21+2% —1]+[0-2]=0

ie. 1-2))A=31+2%)-2=0

or 23432 +4h+1=0

By Cayley-Hamilton theorem, A satisfies its characteristic equation.
LA 44 4441=0

S AN A -4 +44+ D=0 (- |A|=-120)

=A% —44+41+ 471 =0

= A =4 44-41 (D)
1 -1 0o][t =1 0] [1 =2 -1
Now 42=4.4=/0 1 1}lo 1 1]=l2 2 3
2 1 2{2 1 2l 1|6 1 5
(-1 2 1] [4 4 0] [-4 0 0
Al =2 =2 3[+|0 4 4+ 0 -4 0 |[by()]
6 -1 5] |8 4 8] |0 0 —4
(-1 =2 1]
=2 -2 1
|2 3 1]

Check : AA™ =1
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Example 3: State Cayley-Hamilton theorem and use it to find the inverse of the matrix

3 1 -1
Solution : Cayley-Hamilton theorem : Every square matrix satisfies its own
characteristic equation.

1 2 3
A=12 -1 4. [JNTU 2001]

1 2 3
Given A=|2 -1 4
301 - 1-x 2 3

The characteristic equation of 4 is |A -Al | =0 ie| 2 -1-2 4 |=0
3 1 —1-A
=1 -2 [1+A)2—4]2[2(1 +A)—12] +3[2+3(1 +1)] =0
=AM +A2-18L-40=0
By Cayley-Hamilton theorem , we have
A3 +4%-184-40I=0
Multiplying with 4~ on both sides, we get

2 _ -1 S I B iy
A2+ 4 —181=404 = 4 _40[,4 + 4 181]

14 3 8
Wehave 4% =|12 9 -2

2 4 14
(14 3 8 1 2 3 18 0 0
A_1:41—0 129 2042 -1 a4|-|o 18 o
2 4 14] 31 -1 0 0 18
(-3 5 11]
11
= A4 '=—1|14 -10 2
40
|5 5 -5

Example 4 : Using Cayley-Hamilton theorem find the inverse and 4* of the matrix

7 2 -2
A=|-6 -1 2. [JNTU 2002]
6 2 -1
7 2 =2
Solution: LetA=|-6 -1 2
6 2 -1
The characteristic equation is given by |A -M | =0
7-=X 2 =2
ie. -6 —-1-A 2 =0
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-2 0  a-1
0 1-% 1-2
6 2 —(1+1)

Performing R| — Ry and R, + R;, we get =0

10 -l
01 1
6 2 —(1+2)

=  (1-12

Il
o

=1 =M1 -2 -2)-1(=6)]= 0
= (1-2)3-A]=0 =23 -5A2+7L-3 =0

By Cayley-Hamilton theorem, we must have

A3-5A2+74-31=0 (1)
25 8 -8 79 26 -26
We have 42=|-24 -7 8 |and A3 =|-78 -25 26
24 8 -7 78 26 -25

To find 4~!, multiply with 47!

AMA3 -5A2+7A-311 = O
= A2 -54+71-341=0
= 341 =42-54+71

1
= A :§[A2—5A+71] ..(2)

25 8 -8][35 10 -10] [7 0 0 -3 2 2
Now A?-54+71=|-24 -7 8 |-|-30 =5 10 |+|0 7 0|=]|6 5 -2
24 8 7|13 10 5|0 0 7 6 -2 5

3-2 2
6 5 -2 [by(2)]
-6 -2 5

oA = %
Multiplying (1) with 4, we have
A*-543+742-34=0
= A% =543 - 74> + 34
395 130 -130
=1-390 -125 130

390 130 -125

175 56 =56 21 6 -6
- —-168 49 56 |+|-18 -3 6
168 56 —69 18 6 -3

241 80 -80
=|-240 -79 80
| 240 80 -79
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1
Example 5 : Find the characteristic polynomial of the matrix 4 = [—1 5 = l] o
1 -1

Verify Cayley-Hamilton theorem and hence find A~ [JNTU 2002]

1 -1 5
Characteristic polynomial is det (4 — A /)

3 1 1
Solution : Given4=|-1 5 -1]|.

3-4 1 1
Nowdet (A—A)=| -1 5-14 -1
1 -1 5-4
3-4 1 1 3-14 1 1
Applying R, — R4+ Ry, weget [A—-Al|=| -1 5-4 -1 [=(4-)1)] -1 5-1 -1
0 4-1 4-2 0 1 1
Applying Cy — C; — C, , we get
3-4 1 0
A—Al=(@E-L)| -1 5-1 —6+A
0 1 0

=@ -M[B-1)6-21)~1(0)] =@ -1)[18-3%—6A+A%]
=@4-1)[A2 -9+ 18] =— 1%+ 1302 - 540 + 72
Since A satisfies the characteristic equation, we must have

— A3+ 13 42-544+72I=0

301 1 9 7 7 27 37 37
We have A= | -1 5 -1 o A%2=1-9 25 —11|and 43=|-63 127 -89
1 -1 5 9 -9 27 63 -63 153

Substituting the values of 4, 42, 43 in — A3 + 13 42 — 544 + 721, we get
— A3+ 13 42544+ 721

27 37 37 9 7 7 31 1
=—|-63 127 -89 | +13|-9 25 -11|-54|-1 5 -1|+72
63 -63 153 9 -9 27 1 -1 5

0 0 0
=(0 0 0|=0
0 0 0

L —A3+1342-544+721=0

1 0
0 1
0 0

0
0
1

Hence Cayley-Hamilton theorem is verified.
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Multiplying the above equation with 4!, we get
o — A2+ 134541+ 72471 =0 =72 471 =42 - 134+ 541

(o 7 7 31 1 100
= 72471 =1-9 25 —11|-13|-1 5 -1{+54/0 1 0
19 -9 27 1 -1 5 0 0 1
[24 -6 —6
= 72471 = 4 14 2
4 4 16
24 -6 -6 12 -3 -3
LA =4 14 2 =12 7
72 36
-4 4 16 -2 2 8
1 2 2
Example 6 : Show that the matrix 4 = | | _» 3| satisfies its characteristic equation.
1 0 -1 2
Hence find 47! [JNTU 2002, (A) May 2011]

Solution : Characteristic equation of 4 is det (4 — 1) =0

-2 =2 2
= 2-2 3 |=0
0 -1 2-2
I-2 0 2 I-4 0
C,—>C+C; gives| 1 1-A2 3 |=0 ie.(1-») [ 1 1 3 =0
0 1-42 2-2 0 1 2-2

= (1-)[1-1)2-1-3)+2]=0 [Expanding by C]
S A=) =142]=0 = 1-D) A2 +1)=0 =23 22 +A-1=0

By Cayley - Hamilton theorem, we have A’ -A2+A-1=0

1 =2 2 -1 0 0 -1 2 =2
NowA=|1 -2 3 LAR=]-1 -1 2|, 43=]-2 2 -1
0 -1 2 -1 0 1 -1 1 0

Substituting the values of 4, A%, A3, we have

(-1 2 =27 -1 0o o] [t =2 211t 0 0
AP AT rA-TI=|=2 2 —1|-|-1 -1 2|+|1 =2 3|-|0 1 0
-1 1 0] |[-1 0 1] |0 -1 2] |0 0 1

=0

Il
S o O
oS o O
oS O O
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Multiplying A3 —AZ+A-1=0 with 4!, we get AZ-A+I=A"
-1 0 O 1 -2 2 1 00 -1 2 2

AT = -1 -1 2]-]1 =2 3|+|0 1 o|=|—2 2 -1
-1 0 1 0 -1 2 0 0 1 -1 1 0

12
Example 7 : If 4 ={ } , express A% — 445 + 84* — 1243 + 1442 as a polynomial in 4.

-1 3
Solution : The characteristic equation of 4 is |A —-Al | =0
) )
ie =0 = A2—40+5=0
-1 3=

AP —44+51=0 = A =44-5]

A =44 sA A =48 547 A =44t 583, A0 =44 547

Now A% — 44 + 84% — 1243 + 1442 = (445 — 54%) — 445 + 84% — 1243 + 144>
= 34% - 1243 + 1442

3 (443 - 54%) < 1243 + 1442

124° = 154% — 1243 + 1442 = — 42

44 +5] (- A2—44+51=0)

which is a linear polynomial in A.
Alternate Method :
The characteristic equation of 4 is 27 =41 +5=0

.. By Cayley-Hamilton theorem, 4% —44+57/ =0

We can rewrite the given expression as

A® — 443 + 54% + 34% — 1243 + 1442 = 4% (A% — 44 + 5]) + 34%[4% — 44 + 5] - A2
=0+0-A4%>=5I-44 (using A%>—44+ 5= 0)

Example 8 : [fA= [_f ;:| write 243 — 34* + 4% — 41 as a linear polynomial in 4.

Solution : We have A = [_?1’ 21} . Its characteristic equationis |4 —Al|= 0
3-2 1
-1 2-A

By Cayley-Hamilton theorem, 4 must satisfy its characteristic equation.

=0 =>A2-5A+7=0

Therefore, we must have 42 —-54+77/=0 ..(1)
= A*=5A-171I
Multiplying both sides with 4, we get
A3= 54274 ...(2) A* =543 742 .(3) A3 =s544-743 ...(4)
Consider24° —3A* + A> —41 =2(5A* - 7A%) - 3A" + A> — 41

= A 1443 + 42 —4] = T (54 —74%) 144> + A* - 41
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214° —484% — 4l 21(54% —74) - 484% -4l
57A4% 147441 57(54—-11)—1474 -4l
1384 — 4031 which is a linear polynomial in A.

Aliter: We have 4% -54+71=0

245 —3A4% + A2 — 41= 24 —104* +144° +74" 144> + 4 -4l
=24 (A2 =54+T1)+74* —1144 + 4> —4I
= 0+74% -354° +494% +214° — 4847 — 41 , using (1)
= T4 (4> =54+71)+214> —1054> +1474

+574% —147A4— 41

= 04214 (4> =54+ 71)+574% ~1474 41 , using (1)
= 0+574> —1474-41 , using (1)
=57 (4> =54+ 71)+1384~403]
= 57(0)+1384 —4037 , using (1)

= 1384 -4031.
0 ¢ -b
Example 9 : Show that the matrix 4 = |—¢ 0 a | satisfies Cayley-Hamilton
theorem. b —a 0 [INTU (A) May 2013]
0-» ¢ -b
Solution: Wehave [A~%|=| —c 0-% a
b —a 0-A

=L (W* +a*)—c(ch —ab) - b (ac + b))
= -A@*+b*+ch)
.. The characteristic equation of matrix 4 is given as
N +rh(@+b +c*)=0

To verify Cayley-Hamilton theorem, we have to prove that 4 +(a® +b* +¢*)4=0

0 ¢ -b||0 ¢ -b
We have 2=|—c 0 all-c 0 a
b —-a O b —-a O
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—c% —p? ab ac 0 ¢ —b
A=A 4= ab 2 -d? bc - 0 a
ac be b2 -g*|Lb —a O
0 A —bPc—a*c b +b+d’b
=| S +ale+b’e 0 —ab* —ac® -d*
~bc? -b*-d®b  ac® +ab*+ 0
0 ¢ b
=—(a2+b2+cz) - 0 a
b —a 0

—— (@b +P) 4
LA (@b +P)A=0
. A satisfies Cayley-Hamilton theorem.
2 11

Example 10 : If 4= [0 1 0], find the value of the matrix

1 1 2
A8 — 547+ 74 — 345+ A — 543+ 84 - 24+ I

Solution : The characteristic equation of 4 is |4 — Al =0
2-) 1 1

iee.| 0 1-2 0 [=0 e W —502+70-3=0
1 1 2-2

-. By Cayley—Hamilton theorem, A3 —54%+74-31=0 ...(1)
We can rewrite the given expression as
A(AP =542+ TA-3D)+ AA3 =542+ 84 -2+ 1
=A[(A> =54 +74-30)+(Ad+ D]+1

=0+ A3 542+ 74 -31)+ A%+ A + I, using (1)
—A>+A+]
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Example 11 : Find the eigen values of 4 and hence find A" (n is a + ve integer) if

A= b2 .
4 3
Solution : The characteristic equation of 4 is |4 — AI| =0
o l1ea 2 5
ie. =0=>A—-4A-5=0=>A=-1,5
4 3-

When A" is divided by (A2 — 4 — 5), let the quotient be Q(L) and the remainder be
ak + (b)
Then  A"= (A2 -4k —5) O(A) + (ak + b) ..(D
Putting A = —11in (1), we get

—a+ b=(-1)" (2
Putting A =51n (1), we get 5a + b= 5" ...(3)

Solving (2) and (3), we obtain
1 n n 1
= _ —(-1 — ‘lgn 1\
a 6[5 ( )]landb 6[5 +5( 1)]]

Replacing A by Ain (1), we get
A" = (A% — 44— 51) OQ(A) + aA + bl
=0 xQ(A)+ad +bl = ad + bl

ool 2 Lsescap[! O
=[5~ ]L 3}6[5 +5(-1) ]{0 1]

8§ -8 2
Example 12 : Verify Cayley - Hamilton theorem for the matrix A=|4 -3 -2
3 -4 1

[JNTU 20058, 2006S, (H) June 2011 (Set No. 3)]
Solution : The characteristic equation of Ais |A—AI|=0

8-r =8 2

4 3-%n -2 |=0
3 -4 1-a

ie.

= B-M)[(-3-1) (1-1)—8]-4[-8(1-A)+8]+3[16—2 (-3—-1)] =0

= 8= A2 +2A—11]—-4[8A]+3[24+22]=0 = 13 602 —A+22 =0
Cayley - Hamilton theorem states that every square matrix satisfies its characteristic
equation.

To verify Cayley - Hamilton theorem, we have to prove that A’ —6A% —A+221=0
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8 -8 2 (|8 -8 2 38 48 34
Now A2=A-A=|4 -3 =2||4 3 =2|=|14 -15 12
3 4 1 3 4 1 11 -16 15

8 -8 27[38 —48 347 [214 -296 206
and A>=A-A%=|4 3 —2||14 -15 12|=| 88 115 70

3 -4 1|11 -16 15| | 69 -100 69
Now A% -6A% - A+221

214 296 206 38 48 34 8 -8 2 1 00 0 0
=/ 8 -115 70 |-6|14 -15 12|-|4 -3 -2|+22/0 1 0|=|0 0l=0
69 -100 69 11 -16 15 3 4 1 0 0 1 0 0

Hence Cayley - Hamilton theorem is verified.

1 2 3
Example 13 : Verify Cayley -Hamilton theorem for the matrix A=[2 4 5
3 5 6
Hence find 47'. [JNTU 2005S, (A) May 2012 (Set No. 2)]
Solution : The characteristic equation of Aiis [A—-AI|=0
1-A 2 3
2 4-A 5 =0
3 5 6-A
= (1=0)[(4=1) (6=1)=25]-2[2(6-4)—15]+3[10-3 (4—1)] =0
= (1-1) [\ —10A—1]-2[-2—3]+3[31—2] =0
= A7 +10A% + A+ A7 “10A —1+4+6+90-6=0 = 1> —11A2 41 +1=0
Cayley - Hamilton theorem states that every square matrix satisfies its characteristic
equation.

ie.

To verify Cayley - Hamilton theorem, we have to prove that A®> —11A% —~4A+1=0
14 25 31
= {25 45 56
3
5
6

31 56 70
157 283 333
=|283 510 636
353 636 793

AP =A-A%=]25 45 56

1 2 311 2 3
AZ=A-A=|2 4 5||2 4 5
2

4

31 56 70 5

5

14 25 31||1
2
3

A3 —11AZ —4A +1

157 283 353 14 25 31 1 2 3 1 0 0 000
=1283 510 636 |-11|25 45 56|-4|2 4 5(+/{0 1 0|={0 0 0|=0
353 636 793 31 56 70 3 5 6 0 0 1 000
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To find A! :
AP 11IAZ —4A+1=0=1=-A +11A% +4A
Multiplying by A ™!, we get
A = A2 1 11A + 41
14 25 317 [11 22 33] [4 0 0 1 -3 2
=|-25 -45 -56|+[22 44 55|+|0 4 0|=|-3 3 -1
31 -56 -70| |33 55 66| |0 0 4 2 -1 0

1 2
Example 14 : Using Cayley - Hamilton theorem, find A8, if A = {2 J .

2

[INTU July-2003]
)

1
Solution : Given A ={2

Characteristic equation of Ais |A— Al =0
1-A 2

= 2 g _
) _1-n 0 = A°-5=0

ie.

By Cayley - Hamilton theorem, A satisfies its characteristic equation. So we must
have A% = 5I.

A3 = 5A5= 5(A2) (A?) (A?)
5(51) (51) (51) = 6251.

1 2 -1
Example 15 : If A= |2 1 2| verify Cayley-Hamilton theorem. Find A* and
2 2 1
A~! using Cayley-Hamilton theorem. [JNTU Sep. 2006 (Set No. 4)]
1 2 -1
Solution : GivenA=|2 1 -2

2 2 1
Characteristic equation of A is given by |A - M| =0

-2 2 -1
=2 1-2 2|=0
2 -2 1-A
3-» 0 A
ApplyingR; >R, +R;,weget| 2 1-2 -2|=0
2 -2 1-A

— (3—x)[(1—x)2 —4}—x[—4—2(1—x)] -0
= A +32+34-9=0 = 2307 -34+9=0 (D)
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By Cayley-Hamilton theorem, matrix A should satisfy its characteristic equation.

ie, A3~ 3A2-3A+91=0 . (2)

1 2 -1 1 2 -1 3 6 -6
Now A2=|2 1 =2|1]2 1 =2| = {0 9 6}
2 2 1 2 2 1 0 0 3
1 2 -1 3 6 -6 3 24 -21
and A3= [2 1 =210 9 —-6| = |6 21 -24
2 =2 1} L 0 3} L -6 3 }

A3 —3A2-3A+91

3 24 21 3 6 -6 1 2 -1 1 00
6 21 -24|-3|10 9 —-6|-3/2 1 -21+9|0 1 0
6 -6 3 0 0 3 2 21 0 0 1

Hence Cayley - Hamilton Theorem is verified.

To find A1,

Multiplying equation. (2) with A~! on both sides, we get
AT [A-3A23A+ 911 =A"! (O)
=A2-3A-31+9A 1 =0

= 9A1 =3A+ 31— A2

1
oA =§(3A +31 - A?)

36 3] [300][36 6
_Ule 3 =6 +{030}{096}
Ylls -6 3 00300 3

I, 1

3.0 3 3 3
1630}210
e 6 3| |3 3
i 2 21

13 3 3]
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Now A [A3 —3A2 3A+91]=0 = A*-3A3-3A2+9A=0
= A* =3A3+3A2-9A

(9 72 -63 9 18 -I18 9 18 -9
=18 63 -72|+|0 27 -18| —|18 9 18
|18 -18 9 0 O 9 18 -18 9
(9 72 -72
At =0 81 -72/
0 0 9
1 -2 2
Example 16 : Show that the Matrix A= || 7 3| satisfies its characteristic equation.
Hence find A~L. 0 -1 2 [INTU May 2007 (Set No. 3)]
Solution : Given
1 -2 2
A=1]1 2 3
0 -1 2

The characteristic equation of A is
[A-=A1=0

I-» =2 2
N 2-A\ 3] 0
0 -1 2-A
= (1-2) [(2—%)2+3]+2 [2Q-A)-0]+2(-1)=0
= A3-502+131-9=0.
By Cayley - Hamilton theorem, we must have

A3 -5A2+ 13 A-91=0.

1 =2 2)(1 =2 2 -1 -8 0 -9 -14 -26
Now A2=|1 2 3[|1 2 3|=|3 -1 14[;4£=]2 22 31
0 -1 2)Jlo -1 2 -1 4 1 -5 -7 -I12

A3 —5A2+13A-91

-9 -14 -26 -5 -40 O 13 -26 26 9 0 0
=2 22 31| —-|15 -5 70{+/13 26 39| -0 9 O
=5 -7 -12 -5 =20 5 -0 -13 26 0 0 9

Il
o o o
o o o
o o o

Il

o
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A3 —5AZ+13A-91=0. (D)
This verifies Cayley - Hamilton Theorem.
To find A~':

Multiplying (1) with A1, we get

AZ-5A+131-9A71=0

—l:l 2
= Al=5 (A2-5A+13)

7 2 -10
Al L]2 2 -1
91 -1 1 4
Example 17 : Verify the Cayley-Hamilton theorem and find the characteristic roots,
1 2 2
where A=|2 1 2 [JNTU (A)June 2009 (Set No.4)]
2 2 1

Solution : Characteristic equation of Ais [A=AI|=0

-2 2 2
=/ 2 1-2 2 |=0
2 2 1-A
-1-2 0 1+ -1 0
R, —R, gives 2 = 2 =0 =>(A+D| 2 1-A 2 |=0
2 2 1= 2 2 1-A
-1 0 0
C,+C, gives(1+A)| 2 1-A 4 |=0
2 2 3=

=0+ ED[A-2)B-A)-8]=0

=S (1+A) (A +40+5)=0= 1> +30° +9A+5=0
=1+A=0; -2 +41+5=0

= A=-1;5;-1 are charecteristic roots.

-, Characteristic equation of Ais )} —3)2-9%—-5=0
Verification : we must have A’-3A’-9A-51=0
L.H.S.: A’-3A’-9A-5]

41 42 42 27 24 24 9 18 18 500
=42 41 42|-|24 27 24|-|18 9 18|-|0 5 O
42 42 41 24 24 27 18 18 9 0 0 5
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[ 41-27-9-5 42-24-18+0 42-24-18-0
=|42-24-18-0 41-27-9-5 42-24-18-0
142-24-18-0 42-24-18-0 41-27-9-5

[0 0 0
=0 0 0|{=0=R.H.S.
00 0
Hence the Cayley - Hamilton theorem is satisfied.
3 41
Example 18 : Verify Cayley-Hamilton Theorem for the matrix A={ 2 1 6|. Hence
-1 4 7

find A 3 4 1 [JNTU (K) June 2009 (Set No.1)]

Solution: Let A= 2 1 6
-1 4 7
Characteristic equation of Ais |A —AI|=0.
3-2 4 1
=2 1-A2 6 (=0
-1 4 T-A
R, —R; gives
4-L 0 —6+A
2 1-A 6 (=0
-1 4 7=\

=3 -7 +122=0

Cayley - Hamilton Theorem says "every square matrix satisfies its characteristic
equation”.

Now we have to verify that A® —11A*+1221=0.

3 4 1)\(3 4 1
A’=[2 1 6|2 1 6
-1 4 7)\-1 4 7

9+8-1 12+4+4 3+24+7 16 20 34
=| 6+2-6 8+1+24 2+6+42 |=| 2 33 50
-3+8-7 —4+4+28 -1+24+49 -2 28 72

16 20 343 4 1
AP=A%A=|2 33 502 1 6
-2 28 72)\-1 4 7
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48+40-34 64+20+136 16+120+238 54 220 374
=| 6+66-50 8+33+200 2+198+350 |=| 22 241 550
—-6+56-72 —-8+28+288 -2+168+504 -22 308 670

Now A’ —11A%+1221

54 220 374 176 220 374 122 0 0 000
= 22 241 550 |- 22 363 550+ 0 122 0O | ={0 0 0|=0O
-22 308 670 -22 308 792 0 0 122 000
. Cayley-Hamilton theorem is verified.
Take A’ —11A°+1221=0
Multiplying with A™', we get
A2 4 1IA | -17 24 23
A+
S>A'l=——— =20 22 -16
122 122
9 -16 -5
1 0 3
Example 19 : Verify Cayley - Hamilton theorem and find the inverse of | 2 -1 —1|.
1 -1 1
N [JNTU (H) June 2010 (Set No. 1)]

Solution : Let A= |2 -1 -1
1 -1 1
The characteristic equation is |A - M| =0

-1 0 3
e, |2 —1-x -1 [=0
1 -1 1-x
= 1-M)A2-1-1)+3(-2+1+1)=0
= 1-M)A2-2)+3rL-1)=0
= (1-0)%*-5)=0

= A A 50 +5=0
By Cayley-Hamilton theorem, we must have

A3-A2-5A+51=0
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1 0 3 |1 0 3 4 -3 6

Verification: A% = 2 -1 ~1p2 -1 -1} -1 2 6

I -1 1 (|1 -1 1 0 0 5

4 -3 6|1 0 3 4 -3 21
Al=]-1 2 6|2 -1 -1|=|9 -8 1
0 0 541 -11 5 55

NowA’ — A2 — 5SA+ 51

4 -3 21 4 -3 6 5 0 15 0 0 0O
=9 -8 1 |-|-1 2 6|-|10 =5 =5(+/0 5 0|={0 0 O|=0
5 =55 0 0 5 5 =55 0 05 0 00

Cayley-Hamilton theorem is verifed.
To find A~': We have A’ — A? - 5A+51=0
Multiplying with A" , we get A2~ A-5+5A"=0
= SA'=-A*+A+5I

1
= Al= S (A+A+SD

-4 3 —-6| |1 0 3 500

M:%l 2 “6|+|2 -1 -1[+/0 5 0
0 0 =5/ {1 -1 1 005
23 -3
P
5

1 11

1 1 3

Example 20 : Verify Cayley Hamilton theorem and find the inverseof | 1 3 -3 |.
2 4 -4

[JNTU (H) Jan. 2012 (Set No. 3)]

1 1 3
Solution : Glven matrixis A=| 1 3 =3
2 4 —4

Characteristic equation of Ais |[A—AL|=0
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= (1-1)[B-1) (4=1)—12]-1[(-4-1)— 6] +3[-4+6—-2A] =0
= (1-1) A% +1—24)—1(-AL—10) +3(-21 +2) = 0
SA24A-24-2 22 + 240+ A +10-6L+6=0
= -3° +204-8=0-
By Cayley - Hamilton, we must have —A> +20A +81=0.

Verification :
1 1 3171 1 3 -4 -8 -12
Now AZ=|1 3 -3||1 3 -3|=|10 22 6
-2 4 —4||-2 4 4 2 2 22
-4 -8 -12][1 1 3 1220 60
andA3=|10 22 6 |[1 3 -=3| =[/20 52 —60
2 2 22|22 4 -4 -40 —80 -8R
(12 =20 -60 200 20 60 8 00
© —A34+20A-161 =|-20 =52 60 |+| 20 60 —60|—-|0 8 0O
| 40 80 88 —40 -80 -80| |0 0 8
(0 0 0
=0 0 0/=0
10 0 0

Hence Cayley - Hamilton theorem is verified.

Example 21 : Verify Cayley-Hamilton Theorem and find A7 for A

30
Solution: A=|5 4
3 6

- o O

|

w wn W
N b~ O
o (=) (=]

o

[JNTU (H) Dec. 2012]

Characteristic equation is | A—AI|=0

=>03B-M)[E-MNA-M)]=0
. A =3,4,1 are the roots.

= GB-MNA2-51+4)=0
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=2 A +302 — 150 +12=0
=482 190 +12=0

By Cayley- Hamilton theorem, —A> +8A%2 —19A+121=0

Verification :
(3 0 0][3 0 0 9 0 0
A*=|5 4 0|5 4 0]=[35 16 0
13 6 1[[3 6 1 42 30 1
(9 0 0][3 0 0 27 0 0
AP=|35 16 0||5 4 0|=|185 64 0©
42 30 1|3 6 1] |279 126 1

27 0 0 72 0 0] [57 0o o0
A3+ 8AZ _19A+121=|-185 —64 0 |+|280 128 0|-|95 76 0
| 279 -116 —1| |336 240 8| [57 -114 19

[0 0 0
=0 0 0|=0
000
Thus Cayley - Hamilton theorem is verified.

To find A~

We have —A>+8A2 —19A+121=0

Multiplying with A~!, we have
~AZ+8A-191+12A 1 =0

1
A" :E(A2—8A+19I)

| 9 0 0| (24 0 0| |19 0 O
= 35 16 0|—(40 32 0|+|{ 0 19 O
42 30 1 24 48 8 0 0 19

400
=55 3 0
18 18 12

Example 22 :Verify Cayley - Hamilton theorem and hence find A~ for the matrix

2 -1 -1
1
A=gl-1 2 -l [JNTU (H) May 2012 (Set No. 4)]
1 -1 2



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

2 -1 -1
. .. 1
Solution : Given matrix 1s A = Z{l 2 1]
1 -1 2

Characteristic equation is | A—AI|=0

2 -1 1] [x» 0 0
= %{1 2 1]{0 ) 0] -0
1 -1 2|10 0 &
2-4n -1 -1
:% -1 2-4 -1 |=0
1 -1 2-4n

- (2—4x)[(2—4x)2 —1}1[— (2—41)+1]-1[1-(2—41)] =0

= (2-40)(4+16)2 —16).-1)=0
= 8+320% =320 —2— 16X — 640> + 6402 + 41 =0
= — 640° +960% — 440+ 6=0

—320° +48)2 224 +3=0
By Cayley - Hamilton theorem, we must have

“32A% +48A%7 —22A+31=0
Verification :

2 -1 -1][2 =1 -1
A= 2 allao 4

" 16
o—1 201 -1 2

1'(4+1—1) (2-2+1) (-2+1-2)
=7g|(2=2-D  (+4+D)  (1-2-2)
| 2+1+2) (-1-2-2) (-1+1+4)
[4 -3 -3]
s 6 3
16
|5 -5 4
1'4 -3 3][2 -1 -1
3
A’ =—| — — — —
i
|5 =5 4|1 -1 2

(-10-6-3) (5+12+3) (5-6-6)

[ ®+3-3  (-4-6+3) (-4+3-6)
! (10+5+4) (-5-10—4) (-5+5+8)
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X 8§ -7 -7

- -19 20 -7

19 -19 8

“32A3 +48A% —22A +31
1'8 -7 -7 4 -3 -3 112—1—1 300
5—19 20 —7+3—56—3—7—12—1+030
|19 -19 8 5 =5 4 1 -1 2110 0 3

[(—8+24-22+6) (7-18+11+0)
(19-30+11+0) (-20+36—22-6)

—

(7-18+11+0)

(7-18+11) ]

| (-19+30+1) (19-30+11)  (-8+24-22+6)
000

=0 0 0[=0
000

Thus Cayley- Hamilton Theorem is verified.
Consider, —32A% +48A% —22A +31=0 multiplying with A™,
“32A% +48A-221+3A7' =0

32A7-48A+221
- 3

4 -3 -3 2 -1 =1] 22 0 o0
_32 5 6 -3 48 1 2 =1|+|0 22 0
" 16 4

5 -5 4 1 -1 2 0 0 22

=A"!

4 2 -1 0

[(8-24+22)
(-10+12+0)
| (10-12+0)

1'6 6 6
=—|2 10 6
3

2 2 6

(-6+12+0)
(12-24+22)
(-10+12+0)

| -3 -3 -1 220
3 2|15 6 -3|-12(-1 2 1|+ 0 22 O
5 =5 4 1 -1 2 0 0 22

(-6+12+0)
(-6+12+0)
(8-24+22)

|
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Verification :

| 6 6 6][2 -1 -1
AA‘1=E 2 10 6||-1 2 -1
2 2 6|1 -1 2

1 (I12-6+6) (-6+12-6) (-6-6+12)
T (4-10+6) (-2+20-6) (-2-10+12)
(-4-2-16) (2+4-6) 2-2+12)

1 00
= 0 1 0 =I3
0 0 1
r EXERCISE 22 ~
, 2 21 , .
1. Show that the matrix A = {1 3 1] satisfies Cayley-Hamilton theorem.
1 2 2

11 2
2. Show that A = {3 1 1] satisfies the characteristic equation. Hence find 4.
2 31

2 -1 1
3. Show that {—1 2 —1] satisfies its characteristic equation. Hence find 4.
1 -1 2

[JNTU 20008, 2002]
0 2

1
4. Find the inverse of the matrix | 0 1 2} using Cayley-Hamilton theorem.
1 20

r ANSWERS Y
2 5 —1 3 1 -1 4 3 2
1 1
2. L4 _ 3.5 1 3 1 4. = |2 2 =2
TR 4 6
7 -1 -2 -1 1 3 -1 =2 1

OBJECTIVE TYPE QUESTIONS

3 10 5
-2 -3 -4]is

3 5 7

1. The characteristic polynomial of

(@) A3 +72%2 161 +12 (d) A3 —72%2 +161 12
(€) M =602 +150-9=0 d) 23 -72%2 -161=12
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QUADRATIC FORMS

3.1 QUADRATIC FORM

A homogeneous expression of the second degree in any number of variables is called a
quadratic form.

Note: A homogeneous expression of second degree means each and every term in any

expression should have degree two.

e.g. 1. 3x? + 5xy—2y* is a quadratic form in two variables x and y.

e.g. 2. 2x* +3y? —4z% + 2xy— 3yz + 5zx is a quadratic form in three variables x, y
and z.

e.g. 3. xlz — 2x22 + 4x32 — XXy + XyXy + 2x,x, — 5x53x, is a quadratic form in four
variables x,, x5, x5, x4.

The most general form of Quadratic form in # variables is defined as follows:

Def. An expression of the form Q = X74X = Z Z a;X;X; where a. y .5 are constants,
i=1j=1

is called a quadratic form in 7 variables x|, x,, ..., x,. If the constants «;'s are real numbers
it is called a real quadratic form.

ie., XTAX= ZZ% XiX

i=1j=1
— 2 2
ap X" tapxx, o ta, XX, T ay XX 1 ay xt
2
= Ay )sz Tt a4 XX + o X% Tt Ayun X
= 2
ayx? + (alz tayxxy ot (g, anl)xlxn T ay%,
2
. ‘+ (ay; + ay,) X3 Tt (ay, Taxx, ... ta, x .
This quadratic form can be written as

ar adp ... Ay X1
aryy dryp ... Ay || X2
Q= Zzalj iXj =[x x5 ... X, ]
e
a1 Ap2 Aun || *n
= Xx'AX
X
X2
where X = and A is known as the matrix of the quadratic form.
293
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a h X
Ex:If A=|h b f” ,X=|y|and X7 =[x y z]then the quadratic form is given by
g f ¢ z
XTAX = ax? + by? + cz® + 2fyz + 2gzx + 2hxy.
Theorem : Every real quadratic form in 7 variables x, x,, ..., x, can be expressed in

the form X7 4X where X =[x, x, ---x,]" is a column matrix and 4is a real symmetric matrix of

order n.
[The matrix 4 is called the matrix of the quadratic form x7 4x ]

3.2 QUADRATIC FORM CORRESPONDING TO A REAL SYMMETRIC MATRIX

Let A=[g;],,,be a real symmetric matrix and let X = [x, x, ... x,]’ be a column

matrix. n_n
Then X7AX will determine a quadratic form z a;x;x ;. On expanding this we seen
to be the quadratic form i=l j=I

n

2 .
zaiixi + zzazy XX, ((#))
i

i=1

Note 1 : Consider the quadratic form a;; xlz +2a, x| Xy + (yy x%

We write this as a;; x? + (a;, + ay,) X%, +ay, x3 where a;, =a,,
.. a, a X
This is seen to be (x; x,) ( R~ j ( 1)

Aoy Ay X2
Note 2 : Consider the quadratic form
a )C12 + ajy )CZZ + ass X% + 2a12 X1 X2 + 2a13 X1 X3 + 26123 Xy X3
Write a1y = ay1,a13 = a3y,a3 = a3,
G G 43 | N
With this the above quadratic form = (x;, X5, X3) | ay;  ay  ap || X,

@G &y A3 )\ X3
. T Here A i . . dratic fi . iabl
i.e. X"AX, where 4 is a symmetric matrix. Quadratic forms in more variables can

similarly be written in the form X7 AX by suitably defining A.

Note: 1: To find the quadratic form of a matrix, it must be symmetric otherwise we
make it symmetric by defining a new matrix B as follows:

b; =a; and bl-j :bji =%(al-j +ajl-)
Note 2 : Rank of the symmetric matrix A is called the rank of the quadratic form.
3.3 MATRIX OF QUADRATIC FORM
We know that any quadratic form Q can be expressed as Q = XTAX

The symmetric matrix A is called the matrix of the quadratic form Q and |A| is called
the discriminant of the quadratic form.
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If |A| = 0, the quadratic form is called singular, otherwise non-singular. In other words,
if the rank of A is 7 < n (number of variables) then the quadratic form is singular otherwise
non-singular.

To write the matrix of quadratic form, follow the diagram given below.

For example, consider the quadratic form

X+ 2y2 +722+ 2xy +6xz+10yz

Write the coefficients of square terms along the diagonal and divide the coefficients of
the product terms xy,xz,yz by 2 and write them at the appropriate places.

x y oz
x| XX
2 2
y |2 2 X2 b write only their coefficients
2 2
z z Z z
> Y
Thus the matrix of the above quadratic form is
1 2/2  6/2 1 1.3
2/2 2 10/2 ie 1 25
6/2 10/2 7 13805 7

Rule to write the matrix of a Quadratic Form

1
Step 1: In the first row, write the coefficient of x12 (= xlxl),% coefficient of xlxz,z

coefficient of xx; etc.

Step 2: In the second row, write %coefficient of x,x(=xx,), coefficient of

2 1 :
x; (= xzxz),g coefficient of x,x;, etc.

Step 3: In the third row, write %coefficient of x3x(=xx3), %coefficient of

. 2
X3X, (= x,x3), coefficient of x3 (= x3x3) etc. and so on.

SOLVED EXAMPLES

Example 1 : Find the symmetric matrix corresponding to the quadratic form
xl2 + 6xx, + 5x22.

Solution : Given quadratic form can be written as

Xy . x;+3x; 0%, +3x,. %, +5x, . x,
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. . . . 1 3
Let 4 be the symmetric matrix of this quadratic form. Then A= { 3 s }

X

Let X:{ } sothat X7 =[x, x,]

X

1 3 X
We have XTAXz[xlxz]{ }{ 1}=x12+6x1x2+5x§
35 X,
2

Example 2 : Write the matrix relating to the quadratic form ax? + 2hxy +by? |

Solution : The given quadratic form can be written as (x y) (Z Z) (;)

.. The corresponding matrix is [ " Z} .

Example 3 : Find the symmetric matrix corresponding to the quadratic form
X%+ 2y2 +3z% + 4xy + Syz + 6zx.
Solution : The above quadratic form can be written as

x~x+2xy+3xz+2yx+2y.y+§yz+3zx+§yz+3z.z

Let 4 be the symmetric matrix of this quadratic form. Then

1 2 3 X
A=|2 2 52| Let X=|y|then X' =[x y z]
3 52 3 z

and we can verify that X7 AX = x* +2y® +3z% + 4xy + 5yz + 62zx .
Alternate Method: Given quadratic form is in three variables x, y and z.

Now write the coefficients of square terms. i.e., x?, )2, 2> along the diagonal and also
write the coefficients of product terms xy,xz and yz divided by 2 at the appropriate places as
shown below.

| X y z

x | x? xy/2 xz/2

y|yx/2 y2 yz/2
z | zx/2 zy/2 2

1 2 3

. The matrix of the given quadratic form is [ 2 2 5/2
3 5/2°3
Example 4 : Find the symmetric matrix corresponding to the quadratic form

xf +2x3 + dx,x5 + X3x,.
Solution : The above quadratic form can be written as
xp.x; + 0xpx, + 0.xpx5 + 0.xpx, + 0xy.0) + 20505 + 20505 + 0.x5.%,

1 1
+0.03x; + 2x3x, + 0.x3x5 + 5 X3%y + 0.x4x; + 0.x4x, + 5 X3% + 0.x4.x4.
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1 0 0 O
.. The matrix relating to the above quadratic form is 8 % % 1;)2
0012 0

Alternate Method :
Given quadratic form is in four variables x;,x,,x;and x,.

Now write the coefficients of square terms along the diagonal and also write the
coefficients of product terms at the appropriate places as shown.

X1 Xy X3 X4

x| x XX XX,

X x12 142 143 144
2 2 2

Xy X Xy X Xy X,
X 22 1 x% 22 3 224
x3 X3X1 X3Xo x32 X3X4
2 2 2

XaXp  XqXy X443 2
Ml Ty

Hence the matrix of the given quadratic form is

1 0 0]
0 2 0
020l

2
00 — 0
L 2

NS

o K 0o
—_—

a
Example 5 : Find the quadratic form corresponding to the matrix A = {h
8

[ x a h g
Solution : Let X = y] and A = {h b f ] Then the quadratic form is
g f ¢

|

a h gllx
XTAX:[X)/Z] hb flly]|=ax®+by* +cz® +2 fyz + 2yzx + 2hxy
g fcllz
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0 5 -1
Example 6 : Write down the quadratic form corresponding to the matrix | 5 1 6

-1 6 2
X 0 5 -1

Solution : Let X =| Y | and A=
z -1 6

The qudratic form corresponding to the symmetric matrix A is given by

[0 5 —1][x
XTAX=[xyz]5 I 6|y
-1 6 2|z

[0-x+5-y+(-])z
= [x b% z] S5x+1-y+6-z
|[(-Dx+6-y+2-z
[ Sy-z
= [x y z] Sx+y+6z

|—x+6y+2z

= xy-2)+y(Ox+y+62)+z(—x+6y+2z)
= 5xy—xz+5xy+yz+6yz—zx+6zy+12z2
XTAX = y2 +1222 +10xp+12yz —2zx

1
Example 7 : Find the quadratic form relating to the symmetric matrix l%

W= N

— 0 W
I |

Solution : The Quadratic form related to the given matrix is X7 AX where

X 1 23 T
X=|yl,A=12 1 3| and —
) 2 13 and XT =[x 5 2]

1 2 3| x
Required quadratic form = XTAX=[x y z]|2 1 3|y

3 3 1§z
x+2y+3z

= [x y Z] 2x+y+3z
3x+3y+z

= x(x+2y+32)+y(2x+y+32)+zBx+3y+2)

= xz+2xy+3zx-|—2xy-|—y2+3yz—i—3zx+3yz+z2

= x? +y2 +22 +4xy+6yz+62x
Alternate Method:

Here a), =1, a5, =1, a33=1; a;, = a,, =2; a;3 =ay; =3; ay; =az, =3.
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Then the corresponding Quadratic form is
2 2 2
ay X°+ay yo+ayy zt +(ap +ay) wt(as+as) 2x + (ay + ay) yz

This simplifies to x? + 2 + 22 + 4xy + 6xz + 6z
Example 8 : Find the quadratic form relating to the matrix diag [A; A, ... A ].

X1

Solution : Let x =| *2 | sothat X7 = [x; x5 ... x,]

X

A 0 0 0 .. 0
0% 0 0 .. 0
LetA=diag[A; Ay ..A,]=|0 0 23 0 .. 0

0 0 0 0 .. A

n

The required quadratic form is X7 AX = klxlz + szzz + . Knxnz

W N =

Example 9 : Find the Quadratic Form corresponding to the matrix

AN L b~ W

2
3
4
5

w o = O
N

[INTU (H) May 2012 (Set No. 4)]

Solution : Given matrix is A =

AN K b~ W

2
3
4
5

W N - O
2 oW

From this Q. F. = (0.x” +1.xy+2xz +3xt) + (xp + 2y% +3yz + 4y1)
+ (2zx+3zy+ 422 + Szt)+ (3xt + 4ty + 5zt + 6t2)

= 2y2 +4z% + 617 + 2xy +6yz+4zx+6xt+ 8yt +10z¢
This is the required Quadratic Form

. EXERCISE 3.1 ~

Write down the (symmetric) matrix of the following quadratic forms:

L (0)x? +2x7 — Tx2 —4x x, +8x, x,
(ii) X2 + 2x,2 — Tx3% — 4x x, + 8xyx3 + 5xyx3 [JNTU 2003 (Set No. 3)]
2. 2x %, + 6x; x; —4x, X,

3.x2+2)% + 322 + 4xy + Syz + 62x
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Obtain the quadratic form corresponding to the matrix :

123 2 15 1 25
42 0 3 s 1 03 2 6.2 0 3|  [INTU 2003(Set No.3)]
33 1 5 2 4 5 3 4
r ANSWERS w
-2 4 1 2 4 01 3
L@ 2?20 Gyl 2 2 2.1 0 2
4 0 -7 s 2 3 2.0
4 2 7
2
1 2 3
3. |2 2 >/2 4. x? +x7 + 4x,x, + 6%%; + 6X, x5
3 5/2 3
L 5. 2x7 +3x7 + 4x; + 2x,x, +10x,x, — 4x,x, 6. x% + 422 + 6yz + 10zx + 4xy )

3.4 LINEAR TRANSFORMATION OF A QUADRATIC FORM

Let the point P(x, y) with respect to a set of rectangular axes OX and OY be transformed
to the point P'(x’, y') with respect to a set of rectangular axes OX' and OY’ by the following
relations:

!

x' = ax+tay YV =bxtby
MRS
of v b by

x' a a, X
or X=AYwhere X=| ,|,A= and Y=
y b b, y

Such a transformation is called Linear transformation in two dimensions.
Example : Let (x, y) be the coordinates of a point P referred to the coordinate axes
OX and OY. Also let (x',y") be the coordinates of the same point referred to the axes OX'
and QY', obtained by rotating the axes OX and OY through an angle 6.
Then the transformation is given by
x"=xcosO+ ysind
y':—xsin6+ycos(9} - (1)

o . | X'| | cos® sin® | x
which in matrix notation is 5 | sin® cosO y

such transformation as (1) is called linear transformation in two dimensions.

Similarly the linear transformation in n-dimensions can be defined.
In general, the relation Y = AX where
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N a1 a2 - iy X

2 a1 dyp ... oy X2
Y = TA= T X =

Yn Apl Ap2 - Ay Xn

gives a linear transformation from » variables x;,x,,...,X, to the variables ¥i,Y2,--» ¥,

i.e., the transformation of the vector X to the vector Y.

The transformation is called linear because it holds the linear relations
AX +X,) = AX, + AX, and A(KX) = KAX.
If X = AY and Y = BZ be the two linear transformations, then X = CZ, where C = AB

is called composite linear transformation.

Consider a quadratic form X" AX ..(1). Let X=PY ..(2)is a non-singular linear
transformation, where P is a non-singular matrix.

Substituting X in (1), we get

X7 ax = (PY)" A (PY)=(YIPT) A(PY)= Y!(PTAP)Y = Y'BY where B = PTAP.
Here B is also a symmetric matrix, so that v"By is also a quadratic form.
If X" AX is a quadratic form in n variables Xy, Xy, ..., X, and Y'BY is a quadratic form

in n variables y,, v, ..., y, , we can see that X = PY transform the original quadratic form
into a new quadratic form.

If the matrix P is singular, the transformation is said to be singular otherwise non-
singular. A non-singular transformation is also called a regular transformation. In this case
the inverse transformation exists i.e., Y = P~LX.

3.5 ORTHOGONAL TRANSFORMATION
If A is an orthogonal matrix and X, Y are two column vectors, then the transformation
Y=AX . (1)
is called an orthogonal transformation.
From (1) it follows that
YT =(AX)T =xXTAT =xTA™! [+ Aisorthogonal AT =A"'] .. (2)
From (1) and (2), we obtain
YTy =x"a'ax=xTx - (3)
- If Y=AX is an orthogonal transformation then X'X =Y'Y = (AX)'(AX) = X'A’AX
which is possible only if A'’A=1.

| N

Y2

It X=|"2| and Y=|"2 |, then by (3)

n Yn
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or

N X1

%) X
1 Y2 -l =[x X5 oo X, ]

yn xn

OF YE+ Y3+t V2 =X} +X3 4ok X3

Thus an orthogonal trannsformation Y = AX transforms ¥ x,-z into X y,-2 .

SOLVED EXAMPLES

Example 1 : Find the inverse transformation of
N =2x1 +x2 +.X'3, Yo =X +.X'2 +2.X'3, y3 =X _Z.X'3

Solution : The given transformation can be written as

wl 21 1y
b2, y=ax
Y3 1 0o -2 X3
21 1
Now |a|=[1 1 2|=22-0)-1(22+10-1)
1 —

4+4—-1==-1-0
Thus the matrix A is non-singular and hence the transformation is regular.

The inverse transformation is given by

X = Ay

X 2 2 -1[n
pe, |2 =|7* 3 2
X3 L |

X=2y1=2yp =3, Xy =—4y+5y,+3)3, ;=Y =3
This is the required inverse transformation.

Example 2 : Show that the transformation y; =x; cos0+x,sin®, y, =—x sin®+x, cosd

is orthogonal.

Solution : The given transformation can be written as Y = AX

V| cosO sinb x
whre Y = s ,A= and X =

—sin® cosO Xy
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Here the matrix of transformation is

cos® sin6
A= —sin® cos©O

{cos 0 —sin0O

sin® cosﬁ} A, the transformation is orthogonal

Since Al =

3.6 RANK OF A QUADRATIC FORM

Let x" 4x be a quadratic form over R. The rank » of 4 is called the rank of the
quadratic form. If » < n(order of A) or |[4| = 0 or 4 is singular, the quadratic form is called
singular otherwise non-singular.

3.7 CANONICAL FORM (OR) NORMAL FORM OF A QUADRATIC FORM

Def. Let X" AX be a quadratic form in n variables. Then there exists a real non-
singular linear transformation X = PY which transforms XTAX to another quadratic form of
type Y'DY = 0,32 + hyp? +...+ &, y2, then YIDY is called the Canonical form of
XT AX. Here D = diag A Ay e AL

3.8 INDEX OF A REAL QUADRATIC FORM

When the quadratic form X7AX is reduced to the canonical form, it will contain only
terms, if the rank of 4 is r. The terms in the canonical form may be positive, zero or negative.

Def. The number of positive terms in canonical form or normal form of a quadratic
form is known as the index (denoted by s) of the quadratic form.

We now state a theorem (without proof) about invariance of index of a quadratic form.

Theorem : The number of positive terms in any two normal reductions of a real
quadratic form is the same. (or) The index of a real quadratic form is invariant from all
normal reductions.

Note : The number of negative terms in any two normal reductions of quadratic form
is the same. Also the excess of the number of positive terms over the number of negative
terms in any two normal reductiions of a quadratic form is the same.

3.9 SIGNATURE OF A QUADRATIC FORM

If 7 is the rank of a quadratic form and s is the number of positive terms in its normal
form, then the excess number of positive terms over the number of negative terms in a
normal form of XTAX i.e. s — (r — s) = 2s — r is called the signature of the quadratic
form.

In other words, signature of the quadratic form is defined as the difference between
the number of positive terms and the number of negative terms in its canonical form.

3.10 NATURE OF QUADRATIC FORMS
The quadratic form X”4X in n variables is said to be
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(i) positive definite, if » = n and s = n (or) if all the eigen values of 4 are positive.
(i) negative definite, if » = n and s = 0 (or) if all the eigen values of 4 are negative.

(iif) positive semidefinite, if » < » and s = r (or) if all the eigen values of 4 > 0 and
at least one eigen value is zero.

(iv) negative semidefinite, if » < n and s = 0 (or) if all the eigen values of 4 <0 and
at least one eigen value is zero.

(v) indefinite, in all other cases.
Note: If the quadratic form Q is negative definite (semi-definite) then — Q is positive
definite (semi-definite).

3.11 THEOREM : SYLVESTER’S LAW OF INERTIA

The signature of quadratic form is invariant for all normal reductions.

We can conclude from the above two theorems that the signature and index of a
quadratic form does not depend on the linear transformation X = PY and the resulting normal

form.
SOLVED EXAMPLES

Example 1 : Identify the nature of the quadratic form
x12 + 4)622 ar )C32 - 4x1x2 + 2)61)63 - 4X2)C3

Solution : Given quadratic forms is x12 + 4x22 + x32 —dxxy +2X) X3 — 4xp X3

1 2 1
The matrix of the given quadratic form is A = _12 42 _12
1-A =2 1
The characteristic equation is | -2 4-1 —2(=0
. -2 1=\

Applying R; —R;, we get

A 0 A

2 4-L -2|=0

1 -2 1=\

-1 0 1
= A2 4-A -2|=0 [Taking A common from R, ]

1 -2 1=\
= M-H@-M)(1-1)-4+1(4-4+1)]=0 [Expand by R,]
= A-(4-4h-A+22—4)+1]=0
=  A5L-A2+A]=0
= A2A-6)=0 = 32=0 or A=6=0

Eigen values are A =0,0,6, which are positive. and two values are zero .
The quadratic form is positive semi definite.
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Example 2 : Discuss the nature of the quadratic form x2 + 4xy + 6xz — y* + 2yz + 422
[JNTU 2008 (Set No.1)]
Solution : Given quadratic form is
X%+ 4xy + 6xz — )2 + 2yz + 422

This can be written in matrix form as

1 2 3
A=12 -11
31 4

Characteristic equation of Ais |A— Al =0

1-x 2 3

2 1-» 1 |=0

3 1 4-A
A-M)[EE1-2D)@-1V)-1]-28-21-3)+3(2+3+30)=0
A —ar?-150=0
AA2—4r-15=0
A=0(r)A2—4r-15=0
A=0, 2+./19, 2-+/19
Thus the given quadratic form is indefinite.

Methods of Reduction of Quadratic Form to Canonical Form
(or Sum of Squares Form)

Any quadratic form may be reduced to canonical form by means of the following
methods:

U

uudl

1. Diagonalisation (Reduction to canonical form using Linear transformation or Linear
transformation of Quadratic form).

2. Orthogonalisation (Reduction to canonical form using orthogonal transformation)
3. Lagrange's reduction.

Reduction to canonical form using (Diagonalisation of a symmetric matrix) Linear
Transformation:

Let XTAX be a quadratic form where A is the matrix of the quadratic form.
Let X = PY be the non-singular linear transformation.

Then we have
XTAX

(PY)TA(PY)

(YTPTHA(PY)

YT(PTAP)Y

YTDY where D = PTAP (Transformed quadratic form)



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Here YTDY is also a quadratic form in variables yj,y,,...,y, and known as canonical
form.

YTDY is the linear transform of the quadratic form XTAX under the linear transformation
X =PY and D = PTAP (The matrix D is symmetric).

Congruent Matrices: The matrices D and A are congruent matrices and the
transformation X = PY is known as congruent transformation.

In the linear transformation X = PY to reduce the quadratic form to canonical form the
matrix P is obtained by congruence transformation as follows:

Working Rule to Reduce Quadratic Form to canonical Form by Diagonalization:
Step 1: Write the symmetric matrix a of the given quadratic form
Step 2: Write the matrix A in the following relation: A, =1 Al .

Step 3: Reduce the matrix A on left hand side to a diagonal matrix (i) by applying elementary
row operations on the left identity matrix and on A on left hand side (i7) by applying
elementary column operations on the right identity matrix and on A on left hand
side.

Step 4: By these operations, A = IAI will be reduced to the form
D = PTAP
where D is the diagonal matrix with elements d,,d,,...,d, and P is the matrix used
in the linear transformation.

The canonical form is given by

dl 0 0 N1

0 d2 0 %)
YTDY = [yl Yo . yn]

0 0 .. d,| v,

2 2 2
= dl)’l +d2y2 +"'+dnyn

Here some of the coefficients d,,d,,...,d, may be zeros.

SOLVED EXAMPLES

6 -2 2
Example 1 : Reduce the matrix A= -2 3 -1 ] to a diagonal form and interpret the
2 -1 3

result in terms of quadratic form.

—Oo o
SO =
o~ O

_ 6 2 2 10
Solution : We write A=, Al;, = | -2 3 -1|=|0 1
2 -1 3 00

Il

—o o
I



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

We will now reduce 4 to diagonal form by applying elementary row operations and
elementary column operations. The corresponding row operations will be applied on the

prefactor 7; and corresponding column operations will be applied on postfactor 7, on R.H.S.
. 1 1
Applying R, = R, + §R1; C,—>Cy+ §C1

and R3—>R3—%R1;C3—>C3—%Cl,we get

6 0 0 1 00 1 1/3 -1/3
0 7/3 -1/3|={1/3 1 0]4|/0 1 0
0 -1/3 7/3 -1/3 0 1 0 0 1

Applying Ry —> Ry + 3Ry, Cy — Cy+ + C,, we obtain

6 0 0 1 0 0 1 1/3 =2/7
0 7/3 0 |=|1/3 1 040 1 1/7
0 0 16/7 =2/7 1/7 1 0 0 1

ie D= diag[@%,% —PT 4P

6 0 0 1 1/3 -2/7 L0 o
where D={0 7/3 0 and P=|0 1 1/7 | so that pT = { /3 1 0],
0 0 16/7 00 1 =2/7 17 1
We know that Quadratic form corresponding to 4 is
XTAX = 6x{ +3x3 +3xF —4xyxy — 2xy%3 + 42713 . (D)

Non-singular transformation corresponding to the matrix P is given by X = PY.

X, 1 1/3 =2/7][»
l‘_e,) X2 = O 1 1/7 y2
X3 0 0 1 V3

which can be written as x =y, +%J/2 —%yg; X, =Y, +%y3; X3=); . (2)
The canonical form of the quadratic form given by (1) is

6 0 0 »
Y'Y =[y y, »]|0 73 0 ||»
0 0 16/7]

_ 2, .2 E 2
=6y; + 302t (sum of squares) .. 3

Note : Here the rank of Quadratic form is 3 and it is reduced to sum of three squares
(canonical form).
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Example 2 : Discuss the nature of the quadratic form x2 + 4xy + 6xz — y* + 2yz + 422
[JNTU 2008 (Set No.1)]

Solution : Given quadratic form is x% + 4xy + 6xz — y2 + 2yz + 422

This can be written in matrix form as

1 2 3
A=l2 -11
31 4

Characteristic equation of Ais |A— Al =0

-1 2 3
ie., 2 1-» 1 |=0
3 1 4-2

= (1-M)[1-0)@-2)-11-28-2A-3)+3(2+3+34)=0
= M-42-151=0
= AA2-4r-15)=0
= A=0(r)A2—4rL-15=0

k=0,2+\/179,2—\/5.

Thus the given quadratic form is indefinite.

Example 3 : Find the nature of the quadratic form 2x% +2 y2 +222 42 yz.
[JNTU (H) Jan. 2012 (Set No. 3)]

Solution : Given Q. F. is 2x? +2y% +22% + 2z

2.0 0
Matrix of the Q. F.is [0 2 1
01 2
2-L 0 0
Characteristic equationis | 0 2-A 1 |=0

=(2-M[2-1)*-1]=0

=2-M) A -4r+3)=0

=@2-V)A=-3)A-1)=0

. The roots of the characteristic equation are 1, 2, 3.
All the roots are positive. The Q. F. is + ve definite.

Example 4 : Find the rank, signature and index of the quadratic form
2x12 + x22 - 3x32 + 12x,x, — 4x,x; — 8x,x; by reducing it to canonical form or normal form.
Also write the linear transformation which brings about the normal reduction.
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Solution : The given quadratic formis 2x7 + x5 — 3x3 + 12x,x, — 4X,x3 — 8xyx3

2 6 2
Its matrix is givenby A = | 6 1 -4

-2 -4 3
We write A = I AL,

2 6 2 1 00 1 00
6 1 -4(=]01O0[A|0 1 0
-2 -4 3 0 0 1 0 0 1

We apply elementary operations on 4 in L. H. S. We apply the same row operations on
the prefactor and column operations on the postfactor in R. H. S.

Applying R, > R, —=3R,R; > Ry + R, and C, > C, - 3C,, C; = C; + (), we get

(2 0 o0 100 1 -3 1
0 -17 0|=|-3 10[A]l0 10
0 2 -5 1 0 1 0 0 1

Again applying Ry — Ry + %RZ, C;—> G+ % C,, we get

2 0 0 10 0 1 =3 11/17
0 -17 0 |=| -3 1 0|Al0 1 217
o U1 lir on7 o] loo 1
i 17
Applymg_l _1 By & R, ﬂ C, E we get
\E 2" 177 7 1 1
1 1L =2 1o
5 0 0 2 Ji7 17Vs1
-3 | 12 17
— —— 0 |Al0 —— = /]2
} J17 \/ﬁ 17 17 V8l
ul 21 [
17V8r 17Vs1 V81| 81

Thus the given quadratic form is reduced to the normal form yl2 - y22 - y32 ... (2) by
the linear transformation X = PY.

13

g [FE e

Where X=|x, [P=| O ﬁ 781 and Y= |y,
X

3 0 0 ;_71 Y3

We have the rank of quadratic form, r = No of non-zero terms in the normal form

( iy - ) =3
Index of the quadratic form, s = 1 and signature =2s —r=2(1) -3 =-1
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Example 5 : Reduce the following quadratic form to canonical form and find its rank
and signature.
X2+ 42 + 922 + 2 — 12pz + 62x — 4xy — 2xt — 62t.
Solution : Given quadratic form is
X2+ 42 + 922 + 2 — 12yz + 62x — dxy — 2xt — 62t (D)
The matrix of the quadratic form is given by

1 =2 3 -1
|2 1 %6 o
A=1'3 6 9 3
10 3 1

We write A = 1, Al,

We will perform elementary operations on 4 in LHS. The corresponding row operations
will be performed on prefactor and corresponding column operations will be performed on
postfactor in RHS.

Applying R, — R, + 2R, Ry > Ry - 3R, R, > R, + R,

and C,—>C,+2C,C,—>C,-3C,Cp—> Cy+ C, we get

1 00 O 1 000 172 3.1
0 00 =2y_} 2 100,10 100
0 00 O] (3010 00 10

0 20 0/ [ 100 1| |00 0 1]

Performing R, —» R, +R,, we get

[1 o0 ol [rLoo0ooO] [12 -3 1]
0 20 -=2y_| 310154101 00
0 00 O |30 10 00 10
0 -2 0 O 1 00 1 00 01

Performing corresponding column operations C, — C, +C,, we get

1 00 O 1 000 1 3 31
040 =21_|3 101,101 00
0 00 Ol |3010 00 1 O
0 -2 0 0 1 0 0 1 01 0 1

. 1 1
Performing R4 —> Ry —ERZ,C4 —Cy _ECZ , we get

-1
1 0 00 b3 =3+
10 00 31 0 1 -
0 4 00|_|3 0 1 0|a Lo —
0 0 00 ] :
0 0 0 1 - 9 = 0 1 0
2 2 2 Lo L
L 2

. R
Applying R, — TZ,CZ — %C2 , we get
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-1
1 00 O 1 32 -3 >
1 000 31,1 | ]
0 -1 00[_| 2 2 2|4 =0 =
0 00 0 3 01 0 2 2
0O 0 0 1 -1 -1 1 0O 1 O
— — 0 = 1 1
2 2 2 - 0 -
L 2 2 ]
This is same as D = PTAP - -
The canonical form is
I 0 0 0fl»n
0 -1 0 0 »
YIDY = [M 72 »3 vl 00 0 0||" y? = y3 + y2 (sum of squares)
0 0 0 1]y

The linear transformation is X = PY.

Rank of the given quadratic form r = number of non-zero terms in its normal form = 3.

The index of the quadratic form is the number of positive terms in its normal form
s=2.

The signature of the given quadratic form is the excess of the number of positive terms
and the number of negative terms in the normal form (i.e. difference between the no. of +ve
terms and no. of —ve terms) =2 —-1=1 (or) 2s—r=4-3=1.

Example 6 : Reduce the quadratic form 7x* + 6)% + 5z2 — 4xy — 4yz to the canonical
form. [JNTU May 2007 (Set No. 1)]

Solution : Given quadratic form is 7x2 + 62 + 5z% — 4xy — 4yz

Its matrix is given by

7-2 0
A=|-2 6-2]|.
0-2 5
We write 4 = I, Al,
7-2 0 100 100
~ 2 6-2| _|o10[l4[010
0-2 5 001 001

We apply elementary operations on A in LHS to reduce it to diagonal form. We apply
same row operations on pre factor and same column operations on post-factor of
A in RHS.

Applying Ry, - 7R, +2R;,Cy > 7C, +2C}, we get

7 =2 0 100 100
0 38 -14|=|270{4(010
0 -2 5 001 001
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Applying Ry - 7R, +2R|,Cy = 7C, +2C;, we get

7 0 0 10 0] [1 20
0 266 —14(=2 7 0[4[0 7 0
0 -14 5 00 1] [0 01
Applying ﬁ, G , we get
NEANG

1 1T 171 2 7

— 0 0 . )
1 0 O ﬁ ﬁ\/ﬁ

1—1:%%0A0L0

0 -1 5 Vid

Lo 0 1] 0 0 1

=0 o[22
10 0 277 NCANIVIRNIY
01 0|l=|— — 0 77
A0 — =
00 4 Jf\/? V14 14
= =1 0 0 1
V14 V14 ] -
Applying i’% , we get
1 00__LLL_
10 0 J7 J7 V14 214
2 7 7 7
01 0|=| — — 04 0 —— ——
0 0 1 V14 14 Ji4 214
Y S S I AP 1
1214 214 2] | 2

i.e. The canonical form of the given quadratic form is

1 0 0 yl
YIDY = [ 2 1][0 1 0|y |=yf+y3+3
0 0 1 y3

.. The normal form of the Quadratic form is yl2 + y§ + y32 .
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Example 7 : Find nature of the quadratic form, index and signature of
10x? +2)% + 522 —4xy — 10xz + 6yz.  [INTUAPril 2007 (Set No. 4), Sep. 2008 (Set No.1)]
Solution : The given quadratic form is 10x% + 2y2 +572% - 4xy — 10xz + 6yz

10 -2 -5
Its matrix is given by A= -2 2 3
-5 3 5

We write 4 = I; Al; and follow the procedure described earlier.

100 o7 ([1oo0] (1 11 Anpl Ry >5Ry + R,C, —5C + G,
_ n
0 40 20|=[1 5 0]4/0 5 0 plyt gR3_>2R3+R1,C3—>2C3+C1
|0 20 10] |1 0 2| [0 O 2
(10 0 0 1 0 0 1 1 -1
0 40 0|=|1 5 0[4[0 5 0 | (Applying Ry —2Ry— Ry, C; —2C5—Cy)
_0 0 0 _1 —5 4 0 O 4
(1 0 0_ R _1_
1 o o] |10 J10 V40 s
0 . o N10°VI0
01 0l=|— —— 014l0 I ppylngR C
0 0 0 Va0 a0 v G0
-1 -5 4|10 0 4 Va0 a0

Thus the normal form of the quadratic form is ylz + y% .
This is by the linear transformation X = PY;

1 1
— — -1
V10 /40
5
Here, P=1|0 — -5
J10
0 0 4

N

and new quadratic form is Y = PTAP where Y = | )2
V3

Hererank ,r=2,n=3
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Index, s = no.of positive terms in normal form = 2
Signature =2s —r=2(2) -2 =2.
Since » = s < n, the quadratic form is positive simidefinite
Example 8 : Find the transformation which will transform
4x2 + 3y% + z2 — 8xy — 6yz + 4zx into a sum of squares and find the reduced form.
[JNTU 2008 (Set No.4)]
Solution : Given quadratic form can be written as
4x2 — 4xy + 2xz — 4xy + 3y% — 3yz +2zx — 3yz + 22

The corresponding matrix is

4 -4 2
A=|-4 3 3
2 31

We write A=1; Al,.

We apply elementary operations on A of L.H.S and we apply the same row operations
on the prefactor and column operations on the post factor.

4 -4 2 1 00 I 00
-4 3 -3 =0 1 0{40 1 0
2 3 1 0 0 1 0 0 1

Applying R, + R, 2R, -R,, C, +C, 2C; - C,, we get

4 4 2 1 00 1 1 -1
0O -1 -1 =1 1 0(4/0 1 0
0 -2 0 -1 0 2 0 0 2

Applying 2 R, — R;, R, —2R;, 2C, —- C;, C, - 2C,, we get

4 0 2 3 0 4 3 3 -1
0 0 2|=1]3 2 2|40 2 0
0 -2 0 -1 0 2 -4 -2 2

Applying R, +R,, C, + C,, we get

4 0 O 6 2 -6 6 3 -1
0 0 2| =3 2 2142 2 0
0 -2 0 -1 0 2 -6 -2 2
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Applying &1L %2 13 *1 22 *3 | we get

AN RN
6 2 -6 |

1 0 o0 5 5 5 6/2 3/\2 -1/42
{ } =13/42 2/V2 2/2142/72 2142 0
120 2/\2 | |-6/2 2/42 2/4\2

Applying R, <> R;, we get

A ) T
1 0 o0 2 2 2 6/2 —1/V2 3/42
{o -1 o} = |-1/N2 0 22 |4 202 0 0 242

0 0 -1 3/2 2/2 221 =672 2/V2 —2/4\2

1 0 0 6/2 —1/\2 3/2 ]
ie., D=PTAP where D=0 -1 0 |and P=| 2/2 0 2/\2
0 0 -l —6/2 2/\2 —2/2)

=l2/2 0 2/\2||»n

x] 6/2 -1/N2 3/V2 |y,
—6/2 2/\2 —2/42 |13

The linear transformation is X = PY i.e. { y

z

1 3
ie, x=3y,———=V) +—=
N \/5)’2 \/§y3
y=y+2y;

z==3y +2y;, -2y

The canonical form is reduced to X'AX =(PY)TA(PY)=Y!(PTAP)Y =Y DY

1 0 0 N
YIDY =01 y2 »]|0 -1 0|y |=yi-13-»}

0 0 -1 3
Thus the given quadratic form is reduced to normal form yl2 - yz2 - y32 by the linear

X
P=|1 0 2/J2|and Y=
3 V2 2

transformation X = PY where X= | x»

Y2 -
Y3

b

3 —1/32 3/\2 r}

X3
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Example 9 : Find nature of the quadratic form, index and signature of
10x% + 2y2 +52% 4xy — 10xz + 6yz. [JNTU APril 2007 (Set No. 4), Sep. 2008 (Set No.1)]

(or) Find the transformation that will transform 10x2 +2 y2 +522 46 yz—10zx —4xy into a
sum of squares and find its reduced form. [JNTU (K) 2010]

Solution : The given quadratic form is 10x% + 2y2 +522 - 4xy — 10xz + 6yz.

10 -2 -5
Its matrix is given by A= | =2 23

-5 3 5
We write 4 = I3 Al,

[10 2 -5 1 0 0] [1 0 0]
: -2 3(=10 1 0/4|0 1
l.e.

|5 5 0 0 1 0 0 1]

0 —2 =51 [1 0 0] [1 0 0]

8§ 10| =|1 040 1 0
4 5 1 2 0 1

(Applying R, >5R, +R, ; Ry > 2R; +R))

10 0 O 1
40 20| =1 5 0|40 5 0
20 10 1

(Applying C, 5 5C, +C;; C3 —>2C3+C())

(10 0 0 1 0 0
0 40 20(=|1 5 O|A|0 5
10 0 0] |1 -5 4] |0 0 2

S =

(Applying Ry — 2R3 — R, )

(10 o o] [t 0o o] [1 1 1
0 40 20(=1 5 O0|A|0 5 -5|(Applying C; > 2C;—-C,)
10 0 0] |1l -5 4] |0 0 4

Thus the given quadratic form is reduced into normal form.
ie., D =PTAP where
10 0 O 11 1

D=0 40 Ofand P=|0 5 -5
0o 0 O 00 4
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The linear transformation is X =PY i.e., |V|=|0 5 —5{|»

Le. x=y+yy+y3; ¥y=5y,-5y3; z=4);
The given quadratic form is reduced to

xTAax = (PY)" A(PY) = YT (PTAP)Y = YTDY

10 0 0]y
2 2
=y, 31| 0 40 0|y, =10y +40y3
0 0 0|

Nature of the quadratic form is positive semi - definite (Here r =2, n=3, s=2)
Index, s = no.of positive terms in normal form = 2

Signature =2s —r=2(2) — 2 = 4.

Example 10 Reduce the quadratic form to the canonical form
2

x° + y2 +222 - 2xy+4zx +4yz [JNTU (H) June 2010 (Set No. 3)]

Solution : Given quadratic form is x2 + y2 +272 o xy+4zx +4yz

1 -1 2
The matrix of the quadratic formis | —1 1 2
2 2 2

We wirte A = [LAl,. We will apply row and column operations and reduce A on the
L.H.S. to the diagonal form. Same row operations will be applied on prefactor, and same
column operations will be applied on post factor is R.H.S. and reduce R.H.S. to the form

PTAP.
I -12 1 00 1 00
-1 1 2(={0 1 0(4/0 1 O
2 2 2 0 01 0 01
1 0 2 1 0 1 0
R2—)R2+R1 . |:
gives|0 0 4 1 1 0(4/0 1 O
C2—)C2+C1
2 4 2 0 01 0 01
1 0 I 00 I 1 =2
Ry 2R,
gives|0 0 =1 1 040 1 0
C3 -2
0 4 -2 0 1 0 01
1 0 I 00 1 -3 =2
Ry +2R;
gives| 0 8 =-3 1 2{40 1 0
C2+2C3
0 0 -2 0 1 0 2 1
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B
8 I N =
-f3/8 ==
G 1007 |1 0 0 / 2
fgiveso 10 [=]-3/v8 1/8 2/\8 4]0 1/8 0
3
NA 00 -1] | =2 0 1 2/8 1
o 7 NP M5
h J
The normal form is ylz +y% —y32 .
X
This is done by the linear transformation X =PY where X = |V
z
_ 5
1 38 —=
/ V2 N
P={0 1/N8 0 |andy=|»2
1 V3
0 2/\8 —
MR

Example 11 Reduce the quadratic form to the canonical form

3x2 +2)2 +322 —2xp-2yz. [INTU (H) June 2010 (Set No. 4)]

Solution : We write A = [,Al,. We will perform elementary operations on Ain L.H.S.
The corresponding row operations will be performed on prefactor and the corresponding
column operations will be performed on the prefactor in R.H.S.

3..-10 1 0 0 (I 0O
-1 2 -1{=(0 1 0]4/0 1 O
0 -1 3 0 01 0 01

Applying Ry - 3R, + Rj; C; —»3C, +C;, we get

30 0 1 0 0|1 1 O
0 5 -3|=I1 3 0(4/0 3 0
0 -3 3 0 01 0 01

Applying 5R; +3R, ,5C; +3C, , we get

3
0
0

S »h O
AN © O

1
=1
3

O W O

0] |1
04|0
5 0

S W=

3
9
5
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V335576 Ve
(1 TT7T1 1 3]
boo 133 \635\/96
01 0l=|—= = 0 |A|l]0 — —
5 5 NEENG
00 1
302 S lo o 2
N6 N6 el | V6 |

This is of the form PTAP. The normal form is 7 + 33 + 3, where this is done using

the linear transformation X = PY,

1 1 3

X N Bos e

where X=|X |, Y=|)2| P= 1|0 % —\}%
X3 V3 5

0 0 Y

Example 12 : Reduce the quadratic form to the canonical form 2x2 +5y% +322 +4xy .

[JNTU (H) June 2011 (Set No. 1)]

Solution : Given quadratic form is 2x% +5y% +32% +4xy

220
The matrix of the quadratic form is given by A=[2 5 0
0 0 3

We write A=1, Al

We will perform elementary operations on A in L. H. S. The corresponding row
operations will be performed on pre factor of A and coresponding column operatiions
wll be performed on post factor of A in R. H. S.

(2 2 0] [1 0 0] [T 0 O
2 5 0(=/0 1 0/A|0 1 0
100 3] |00 1] |0 01

Applying R, —R;C, —-C; , we get

(2 0 0] [1 0 0] [T -1 0
0 3 0|=|-11 0l|A|0 1 0
00 3] [0 0 1] [0 0 1
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oo o] L L
10 0 2 2 V3
01 0= L 0 (A] O L 0
NG 5
0 0 1 | |
0 0 — 0 0 —
i V3] L V3
1 00
This is of the form D=PTAP, where D={0 1 0| isa diagonal matrix and
_ 1
0 0 o 00
2
1 1
Pl=|-——= = 0
NG
1
0 0 —
i V3]
x
The canonical form is y2+ 7 +y7 which is given X=PY where X=|y
z
N
and Y=|y,
Y3

Example 13 : Reduce the quadratic form to the canonical form

3x2 =3y% —52° —2xy—6yz —6xz [JNTU (H) June 2011 (Set No. 4)]

Solution : Given quadratic form is 3x% —3)? —5z% —2xy—6yz —62x

3 -1 3
Matrix of the quadratic formis A={ -1 -3 -3
-3 -3 -5

We erte A= I3AI3

We apply elementary row and column opeation on A in LHS. We apply the same row
operations as prefactor of A and column operations on postfactor of A in RHS.



3
0
0

0
=30
-12

_5_

-3
-12
-8

(1 0 0
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(Applying 3R, +R;)

(Applying 3C, +Cy)

S W O

1 00 1 10
1 3 0|A|0 3 O|(Applying R3+R/)
1 01 0 0 1

111
1 3 0|]A{0 3 O|(Applying C5 +C)
1

10 00 1

0]A 0 3 0|(Applying SR3 —2R,)

I

R;3

/80

3
-6

0|A|0 3 -6 |(Applying 5C;—-2C,)

3 0 0 5

3. we obtain

C
Applying —L "0

NERNERNETRNET

1
B
0

w

=) &‘u&‘»—‘
[e] [e]
- &>

m%‘
S

z|

|80 80 /80

The canonical form of the quadratic form is y12 - y% + y32 .

Example 14 Reduce the quadratic form to the canonical form

3x2 =3)% =522 —2xy—6zx—6yz [INTU (H) June 2012 (Set No. 2)]

Solution : Given Q. F. is 3x% —=3)? =522 —2xy—6zx— 6z
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3 -1 -3
The matrix of Q. F.is A=| -1 -3 -3
-3 -3 -5

We write A =13Al;.

We will perform elementary operations on A in L. H. S. and the corresponding row
operations will be performed on pre factor and corresponding column operations will
be performed on post facter of A in R. H. S.

We will reduce A in L. H. S. to diagonal form

3 -1 31100 00
1 =3 3|=[0 1 olalo 1 o
3 3 -5/ 100 1| |0 01
Wyer, [P 7 B [roo] [t
R, +R, gives (0 —-10 -12 I 3 0]A|0 1 O
0 4 8| |10 1] {001
30 071 [t o o] [1 11
3G lo 30 —12l=[13 olalo 3 o
C,+C, 8ives
0 -12 8] |10 1] |0 0 1
30 0 1 0 0] 111
5R3;—2R, gives |0 —30 —12(|=[1 3 O0[Al0 3 0
0O 0 16| |3 =6 5| [0 0 1

1 0 0 11 3
5C3—2C2glves =30 0 (=1 3 O0|A0 3 -6
3 65| |00 5
RGR G R G
5 0 0 756 o &Ves
Lo, o] L L 3]
1 3 3 6
0 -1 O0j]=g|——= —= 0 |A| 0 — -—
o o 1| |30 o0 NN
3 -6 5 0 0 5

This is in the form D =PTAP where D is a diagonal matrix.

The canonical form of the Q. F. is y12 - y% + y32 .
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Find the rank and signature of the quadratic form
[JNTU (H) Dec. 2012, (A) Nov. 2012 (Set No. 3)|

Example 15
XXy — 4)61)64 = 2)62)63 als 12)63)64

Solution : Given quadratic form is xjx, —4x;x4 —2xyx3 +12x3x4

_ . ;
= -2
0 2 0
. . 1
The matrix of Q. F.is, A= 5 0 -1 0
0 -1 0 6
2 0 6 0

We write A =[,Al,

We will perform elementary operations on Ain L. H. S. The corresponding row operation
will be performed on the pre-factor and corresponding column operations will be performed
on the post-factor in R. H.S. We will reduce L. H. S to diagonal form.

1
0 5 0 =21 rr 000] 1000
1 01 00[ 0100
~ 0 -1 0]= A
2 001 0[loo0 10
0 =10 61 19000 1/ 10001

2 0 6 0]

R; © R,;C; & C, gives

SRR

0 5 L0l o1 0070100
1 1 1

1 40 loft 000l o000
2 001 0[]00T10
-1 0 0001|0001
0 26 0

R3 +2R,;C5 +2C, gives

. _

0 7 0001000120
1 1 000/ |1 000
~ 0 0 -2|= A

2 201 000010
00 0 2 19000 1/ ]000°1
0 2 2 0|
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R, +R3;C, +C; gives

1
0500 r9 1000320
1 1 1
Loy o olf3 0ot 000
2 201 0/°]0o1 10
00002 19001/ 1|000 1
0 0 2 0]
R: R Cy C, .
V2R 2Ry, 22 20 V205,22 gives
1 2\/5\/5 1 2\/5\/5
0o 2 0 o] o 32 42 o0
0100 |32 0 2 o J2 0 00
1 0 00 1 1
= - A —_—
000 1 V2 oﬁo 0 ﬁﬁo
0010 o 0 o0 - o0 o -
L V21l V2
Rl L d R2;R3 e d R4 giVCS
32 0 V2 o] [3v2 0o o 2
1 000 0 2 0 0 0 V2 0 0
0100 | |
- 1A L
00 10 0 0 0\/5 2o oﬁ
00 01 1 1
V2o — o 0 0 — 0
i V2 1L V2
32 0 0 2]
0 J2 0 0
This is of the form I, =PTAP where P=| /7 o 0 1
2
0 0 —— o
L 2 ]

The cononical form is yf +y3 +y? +y; with the linear transform X =PY when

N
2
y3
Y4
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r =Rank of the Q. F. = number of non-zero terms in the normal form = 4

s = index of the Q. F. =number of positive terms in the normal form = 4

Signature =2s—r=8-4=4

Example 16 : Determine the matrix, index and signature of the quadratic form

x12 + 2x§ + 3x(2) +2xp X3 — 2x3X) +2X1 X, [JNTU (H) May 2012 (Set No. 1)]

1 1 -1
Solution : The matrix of the given Q. F.is A= 1 2 1
-1 1 3

We will reduce the matrix to a diagonal form using linear transformations.
We write A=1;Al;. We will reduce A in L. H. S. to diagonal form by using elementary

matrix operations. The corresponding row operations will be performed on pre-factor and
corresponding column operations will be performed on post-factor in R. H. S.

1 1 -1] [t 0o 0] [1 0 0]
1 2 1]|=/0 1 0|A|O0O 1 0
-11 3 00 1| [0 0 1]

Performing R, -R;;C, —C;;R5 +Ry;Cy+C; we get

(=

0 1 00 1 -1 1]
0 1 2|=|-11 0|Al0 1 0
0 2 1 0 1] {0 0 1]

[\

R, -R;3,C, —C5 gives
1 0 0 o0 0 1 21

0 -1 0j=-2 1 -1|1A|0 1 O
0 2 2 0 1 0 -1 1

R3 +2R,;C3+2C, gives

1 0 0 1 0 O 1 -2 -3
0 -1 0j=|-2 1 —-1|A{0 1 2
0 0 2 -3 2 -1 0 -1 -1

1 0 0
This is of the form D=PTAP where D=|0 -1 0| is a diagonal matrix and
0 0 2
1 -2 3
P=j0 1 2
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X1 N
The non-singular on transform X =PY where X=|x, | and Y =| »,
X3 3

gives the canonical form of the Q. F. as y? — y3 +23.

Here rank of the Quadratic form=, =3, Index =s= no. of the terms =2,
Signature =2s—-r=4-3=1.

Here r=n and s<n.

.. The Quadratic form is indifinite.

3.12 REDUCTION TO NORMAL FORM BY ORTHOGONAL TRANSFORMATION

If, in the transformation X = PY, P is an orthogonal matrix and if
X = PY transforms the quadratic form Q to the canonical form then Q is said to be reduced
to the cononical form by an orthogonal transformation.

Consider the quadratic form
2 2 2

ay Xj +ay Xy +agy X3+ (ap +ay) x4 Xy (a3 +ay) Y X3+ (ay; +an) X, X

where a; =aj; forall i, j and a;'s are all real.
L . 4y G a3 .
Thisis same as X7 Ax, where X' =(x; x, x3)and A = | ay; ay, ay | with ¢;=a;.
431 Az 33

The following points may be carefully noted when we propose to reduce X’ AX to its

canonical form (or normal form).

(1) If A has eigen values A, A,, A; (not-necessarily distinct) and X;, X,, X; are three
eigen vectors which are linearly independent, we can construct normalized eigen
vectors e, e,, ¢y corresponding to A, A,, A, which are pairwise orthogonal.
Then we define
P=(e e, e3) where ¢ =X,/[| X[, &, =X,/1| X, I, 5 =X/ X5 .

(Note: If X = (a, b, c¢) be a vector then || X || = m)
This P will be an orthogonal matrix.
i.e., PTP=PPT =1 and PTAP = diag(A, Ay, A3)
Then defining X = PY, we get
XT4x = YT PT APY = YIDY, where D = diag[A, , A, , A4]
= hpp® + hgyy® + Ay
This is the required normal form.

(2) If A4 is an nth order square real symmetric matrix, the above results can be
generalized.

(3) If A4 is of order n and it is not possible to have n linearly independent pairwise
orthogonal eigen vectors, the above procedure does not work.
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Procedure to Reduce Quadratic form to canonical form By Orthogonal
Transformation :

1. Write the coefficient matrix A associated with the given quadratic form.

2. Find the eigen values of A.

3. Write the canonical formusing A, y,> + A, »,> + ... + Ay 2.

4. Form the matrix P containing the normalized eigen vectors of A as column vectors.
Then X = PY gives the required orthogonal transformation which reduces Quadratic
form to Canonical form.

SOLVED EXAMPLES

Example 1 : Reduce the quadratic form 3x2 + 2)2 + 322 — 2xy — 2yz to the normal
form by orthogonal transformation. [JNTU (A) Nov. 2010 (Set No. 4), (H) Dec. 2011, (Set No. 1)]

3 -1 0
Solution : The matrix 4 of the quadratic form is l: -1 2 -1 }
0 -1 3

Characteristic equation is |A -l | =0
3-A -1 0
-1 2-A -1 =0
0 -1 3-A
which gives (A — 3)(A — 1)(A —4) = 0 so that the eigen values are A =3, A =1, AL =4
which are all different.
When A =3, we have

ie.,

~x—-y—z=0

. y=0, x=—z The corresponding eigen vector is X; =

When A =1, the vector is given by
2x—-y=0
—x+y-z=0
-y+2z=0

Letz=ksothaty=2kand 2x =2k =>x =k

X k 1
Slyl=l2k]|=k]2
Z k 1
. . . 1
Thus the corresponding eigen vector is X, = | 2
1

1
Similarly for & =4, we have eigen vector is X, = l: —1:]
1

We observe that these 3 vectors are mutually orthogonal. We normalize these vectors
and obtain



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

. e
1 _ _
= J6 3
\/50 2 1
e, = e, =|—=|,e.=|—
1 ) 2 Jg 3 \/g
— 1 1
P — — _ ;
R NI N L
V2
Let P = The modal matrix in normalised form =[e, e, e;]=| 0

-1

L2

Diagonalization: Since P is orthogonal matrix P~! = PT so PTAP = D where D is the

diagonal matrix.
Vi Vals el Ve J6
. D=PTAP = %@ %@ /\E 1A Ny 7@ A

0" =13
VAANA VAANAS

Sl-&lv &~
S-&| L&

300
D=10 1 0|=diag|[3, 1, 4] and the quadratic form will be reduced to the normal
form 0 0 4
30 0}ln
YDY = [y1 2 y3] 0 1 0y |= 3y +y+4y} by the orthogonal trans-
00 41
formation X = PY.
. YooV )3
ie., xX= N +% +$
2 1
y= %J’z —E%
1 1 1
z :Eyl +%J’2 +—3Y3
6 -2 2
Example 2 : Find the eigen vectors of the matrix —é ? —;J and hence reduce

6x% + 32 + 322 — 2yz + 4zx — 4xy to a sum of squares.
[JNTU 2000, (A) June 2009, Nov. 2010 (Set No. 2), (H) June 2011 (Set No. 2)]

Solution : Let 4 be the given matrix. Its characteristic equation is
6-A -2 2
-2 3-A -1

2 -1 3-A

=0
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On simplification, this becomes
A-22>r-8=0 ..A=2238
Hence 2, 2, 8 are the eigen values of the matrix A.
Eigen vector corresponding to A = 2
6-2 -2 2) (x 0
Consider | -2 3-2 —1||y|=10
2 -1 3-2)1\z 0
(i.e.) 4x -2y +2z=0
2x+y—-z=0
2x-y+z=0
Solving these, we get y=2x + z
Take x = o, z= 0. Then we have

X =
y=2a+90
z=29
X 1 0
y| =0of2(+31
z 0 1

1 0
Thus [2 J [ 1 J are two eigen vectors corresponding to A =2.
0 1

Eigen vector correspondingto A =8
Consider the equations
6-8 -2 2 X
-2 3-8 -1 y|=
2 -1 3-8 z
(ie) —-2x-2y+2z=0
—2x-5y-2=0
2x—-y—5z=0.
The augmented matrix is

oS O O

-2 -5 -1

R
by R, _>_;

1 1 -1 0
~|0 -3 3 0|by B, >R, + 2R, and R; - R, — 2R,

0 -3 -390

0
0
0
0
0
2 -1 =510
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—

-1(0

1
R R
~{01 1|0 byR2—>_—:2))andR3—>_—:33
01 1|0
1 0 2|0
~|(0 1 1|0 by RR—>R ~R,and B3 > R; - R,
00 0/0

= x—-2z=0 and y+z=0
= x=2z and y=-z
Take z=p-Then x=2f3, y=—p and z=f

e 1

2
g [ —% is the eigen vector corresponding to A = 8.

=

Taking | = 2, A, = 2, A, = 8, corresponding eigen vectors are

1 0 2
X, = [2] X, = [1] X; = [—1] linearly independent
0 1 1

(these are not pairwise orthogonal)

1o 2
Define P = (X, X, X3) =2 1 -1
0 1 1

2 2 2
Calculating p-!, weget P! = é [—2 1 SJ (work out ?)
2 -1 1

Then P'AP =diag(2 2 8)
Hence the above matrix P is a modal matrix matrix of the matrix A.

Since P is not an orthogonal matrix this is not useful to transform X’ AX to normal
form.

1 0
Hence consider the eigen vectors (2)] [ % ]
1

0
Corresponding to A, =2, o] 2 |+3]1
0 1

is also an eigen vector corresponding to A = 2.
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0
Let us choose a, d such that this is orthogonal to [ 1 ]
1

o 0
@ie) 200+ 8 ] is orthogonal to [ 1 ]
5 1
Hence 0+200+8+6=0 = a=-9§
. -3 1. . .
@i.e) -5 j ~ [ 1] is also an eigen vector corresponding to A = 2.
5 -1

1 0 2
Thus X, =| 1 X, =|1}] X3 =] -1
-1 1 1

are pairwise orthogonal eigen vectors of 4 corresponding to A = 2, 2, 8.
The normalized eigen vectors are

X 1 ! 1 0 1 2
ep=—L =—| lleg=—|1|eg=—4| -1
1 b €2 b €3

(2T L V2|, V6| |

Hence the normalized modal matrix is

1, 2
NG NG
11 -1
P=15 2 ¥
RIS
NG

We can verify that PPP == PPT and P’ Ap= diag (2, 2, 8)
Consider the orthogonal transformation X = PY. Sustituting it, we get

xTax =y'PT 4Py =yY"(PT 4P)=Y" DY

2.0 0 2 0 0]y
=YT10 2 0|Y=[y y, »]|0 2 0|y |=2){+2y3 +8y3
00 8 00 8

This is the required normal form.

Note : Sum of squares = &, y,2 + A, y,2 + Ay y32 = 2y,% + 2,2 + 8y.2
r =rank = no. of non - zero terms = 3
s = index = no. of + ve terms = 3
Signature =2s —r=6-3 =3

Example 3 : Reduce the quadratic form 3x2 + 5y2 +322 —2yz+2zx—2xy to the

canonical form by orthogonal reduction.
[INTU 20058, 2006S, 2008 (Set No. 3), (K) June 2009, May 2010 (Set No.2), (A) May 2011]
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Solution : Comparing the given quadratic form with
a 1x2 + a22y2 + a3322 +2apyxy +2a13xz +2ay3yz
we have a1 =3;ay, =5;a33 =3
2ap =2=app =—1=ay
2a3 =2=a;3=1=ay,
2ap3=-2= a3 =-1=a3 3 -1 1

The matrix of the given quadratic formis 4={-1 5 -I

1 -1 3
The characteristic equation of Ais | A—A7|=0
3-0 -1 1
= -1 5-A -11=0
1 -1 3-A

= B-M)[G-1)G-A)-1]+1[-1G=A)+1]+1[I-(5-1)] =0
=3-A[A2 —8h+14]+[A—2]+[A—4]=0

=32 240+ 4223 +80 2 1A+ A -2+ 1 —-4=0

=22 +110% -360+36=0 = 1> —11A% + 361 —36 = 0

= (-2 (A2 -9 +18)=0= (A—2) (L=3) (L=6)=0

L A=2,3,6

The eigen values of A are 2, 3, 6

The corresponding eigen vectors are given by (A —AI) X =0

3-a -1 1 X K

ie,| -1 5-& -l x| =0 o (1)

1 -1 3= | x 0

Case (1) : Let A = 2. Then

1 -1 17 [x 0
nH = -1 3 ~1| [x|=]0
1 -1 1| |x 0]
= X=X, tx; =0 .. (2)
—x; +3x,—x3=0 .. (3)
X=Xy, tx; =0 .. (4)
Solve (2) & (3)

-1 1 1 -1

or
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X, =

I}A yAn
, X=| o

0
/.
V2
Case (2) : Let A =3. Then

1
0 -1 1 X
1 = |-1 2 -1 |x|=
1 -1 0 X3

0
0
0

:> —)C2+)C3 = O ...(5)
X+ 2x,-x3=0 ... (6)
)Cl —)Cz = O oo (7)

Solve (5) & (6)

-1 1 0 -1

Case (3) : Let A =6. Then

=3 -1 1 X 0
(H = |-1 =1 -1} |x|=|0
I -1 3| | x 0

= 3x;-xtx; =0 ... (8)
— X=X, =Xy =0 ... (9)
X, =Xy —3x; =0 ... (10)
Solve (8) & (9)
—1 1 -3 -1
-1 -1 -1 -1
X Xy X3 X Xy X3
2 a2 TR Tk
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Here X,,X,,X; are pairwise orthogonal.

-1 1 1
The modal matrix is [X; X, X3]= { 0 1 2]
1 1 1

11 1]
NERNRNG
ST S 1 2
The normalised modal matrix is P=[X; X, Xj] - =
1 A2 A3 \/3 \/g
L
L2 3 6
This is an orthogonal matrix.
Diagonalised matrix D = P! 4P = PT 4P
1y L 1L 1]
N | P
1 1 1 1 =2
D=|— — —||-1 5 -1/ 0 — =
NN L ¥ J NN
1o =2 1 o L L
V6 6 6] V2 A3 el
LR
V2 2[4 Vo | 20 0
or D:%%% 0 3 2¥6[=[0 3 0
Lo L2 Ve ] o0
V6 6 6.

Canonical form = YIDY

2 00 N 2y1
0 3 0|y |=n »21l|3n]| =2y +3y3+6)35

0 0 6 » 6y3

which is the required canonical form.

= y2 3l

The orthogonal transformation which reduces the quadratic form X" AX to canonical

0 1/\B —2/6]]y,

I VAVC R VAVE I VAN [
] 142 1/3 1/6 LJ

form is given by X =PY = {xz
X3
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Example 4 : Reduce the quadratic form 3x12 4+ 3x22 + 3x32 +2x1X +2x%3 — 2x,x3 Into
sum of squares form by an orthogonal transformation and give the matrix of transformaton.
[JNTU 2003 (Set No.3), 2005 (Set No.1), Sep. 2008 (Set No.2)]

Solution : The given quadratic form is 3x2 +3x3 +3x3 + 2x,x +2x;X3 — 2X)X3

31 1
The matrix of the given transformationis 4=1 3 -1
1 -1 3
3-4 1 1
The characteristic equation of Ais | 13- -1 |=0
1 -1 3-A

= B-M[B-1)B=-1)-1-1[G-1)+1]+1[-1-(3=2)]=0
= (A=) (L-4)> =0

wA=1 44
2 1 1[x] [o
Let A =1. Then the eigen vector is given by (A-MNX =0=|1 2 -1||x, |=|0
1 -1 2||x]| [0
2.1 1][x] [o
R2 —)2R2—RI,R3 —)2R3—R1 giVCS 0 3 3 Xy |= 0
0 -3 3||x]| |0

2 1 17 [x
R3 —)R3 +R2 giVeS 0 3 3 Xy
0 0 0 X3 0

= 2x1+x2+x3=0
and 3)62 —3X3 =0= Xy =X3
Let x3=k=x, =k and x; =—k .Then

—k -1
Xl = k =k 1
k 1
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11 1x] [o
R2 —)Rz +R1 and R3 —)R3 +R1 giVeS 0 00 Xy | = 0
0 0 0flx] |0

f— —x1+x2 +.X3 =0 or X] — Xy —X3 =0

Let X3 Zkl and Xy =k2 . Then X Zkl +k2

Hiknbat

L X=lx =l k |=K|0|+k]|1

X3 ky 1 0
1

1
Hence X, = {0]; X5 = {l] are the eigen vectors corresponding to A =4.
1 0

1 1 1
Consider a|0|+b]| 1 |orthogonal to | 0
1 0 1
a+b 1
ie.,| b | orthogonalto |0
a 1

=>a+b+a=0=>2a+b=0=>b=-2a

Required vector is
1 1 a-2a —a -1
al0|-2a =| —2a |=|-2a|=a|-2
1 0 a a 1

. The vector orthogonal to | 0

T 1
— —
L 1

—-

2]
1
—_ |

N =
L 1

= A !
h 72 )
Hence X = E , X, =| 0 |,X5=|~-1] are the three normalised vectors.
1 1 1
_ \/5 2
L3 -
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-t 1
V322
1
Take, P=[X; X, X3]=—= 0 -1
1 2 A3 \/g
L S
V3 V2 2

Since P is orthogonal, we have PT =p~!

Thus D=P 'AP=PTAP

S S S I M S S
BB B B2 2
1 1 1
| 0 ——|Al-—— 0 -1
NN N
11 111
L 2 2] (V3 V2 2
(1 0 0
—|0 4 0]|=diag(,4,4)
0 0 4
1 0 0f|n N
2 2 2
0=Y"DY=[y y, ;1[0 4 0|y | =l 4 4331 »2 [=21 +4y3 +4)3
0 0 4] |y 73

This is the required canonical form.
The Orthogonal transformation which reduces the quadratic form to canonical form is
given by X = PY

Ao, 2

X 3 Ve N

i.e., X: xz :L L L yz

X3 o2 Vs y3
B
V3 V2 Vel

-1 2 1 1 1 1 1 1
=S XN =Nt =N M EENtEN Y B EE = =Y
1 \/g 1 \/6 3, 2 \/g 1 \/E 2 \/g 3, "3 \/g 1 \/E 2 \/g 3
Here P is the matrix of transformation.
Example 5 : Find the orthogonal transformation which transforms the quadratic form

2 a2 a2 .
x{ +3x5 +3x3 —2x,X3 to the canonical form.
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Solution : Comparing the given quadratic form with
a11x12 +a22x% + Cl33)€32 + 26112)(1)(2 + 26113)(1)(3 +2a23x2x3 , WC have
ayp =lay =3a33=3
26112 =0= aln =0=a21
26113 =0:>a13 =0=a31
2a23 =-2= an3 = -1= asy

1 0 O
The matrix of the given quadratic formis 4={0 3 -1
0 -1 3
I-» 0 0
The characteristic equation of Ais |A-A[|=0=| 0 3-A -1 |=0
0 -1 3-A

= (1-W[B-2)*=1]1=0 = (1-2) A—4) (L -2) =0

L A=1,2,4

. The eigen values of Aare 1, 2, 4.

The eigen vector of A corresponding to ), =1is given by

(A-DX =0
0 0 0][x] [0

ie. 0 2 -1 Xy | = 0
0 -1 2 X3 0
0 01 [x] To

ie. |0 —-1| | x, |=]0|(Applying Ry > 2R;+R,)
00 3|[x3! |0

:>2x2 —X3 20,3)63 ZOZ>X3 20,X2 =0
Let x; =k;. Then

X1 kl 1
Xy =|x|=| 0=k |0] is the eigen vector of A corresponding to 3 =1,
X3 0 0

where k; is an arbitrary constant.

The eigen vector of A corresponding to ) =2 is given by
-1 0 0][x] [0

(A-2DX=0=|0 1 ~—1||x |=|0

0 -1 1||x]| |0
-1 0 0][x] [0
ie |0 1 —1||x|=|0 (Applying Ry —> R3 +R,)
0 0 0|x]| |0
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_xl :0, X2 _.x3 :0:>.x1 :0 and .x2 :.X'3

Let X3 =k2 =X =k2 . Then

X1 0 0
Xy =|xy |=|ky |[=ky| 1] is the eigen vector.
X3 kz 1

The eigen vector of A corresponding to ) = 4 is given by
0

3 0 0]|x 0
A-4DX=0=|0 -1 -1||x|=
0 -1 -1][x; 0
0

3 0 0][x
= 0 -1 -1 x2 =
0 0 0|x]| |0

= 3x=0=x=0;and -x,-x3=0=x, =—x3

(Applying Ry — Ry = R;)

Let X3 = k3 =Xy = —k3 . Then

X1 0 0
Xy=|x, |=| k3 |=k5| -1 is the eigen vector
X3 k3 1

1 0 O
Modal matrix =[X; X, Xﬂ—{o 1 l]
01 1

1 0 0

Normalised modal matrix P =|0 1
NG

o - L

NG

[

SIL &= =
Sl-&l- o
S-Sl
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1 0 0 1 0 0 1 0 0
1 1
=0—2$0\/§—2\/§=020
Lo lo V2 22 ] (004
0 — —
NG
The canonical form of the given quadratic form is
1 0 0 N
Y'DY =y y; 13]]0 2 0| |
0 0 4 »3
N
2 2 2
= 2y 41| y2 | =01 +2y3 +4y3
Y3

The othogonal transformation which reduces the quadratic form to canonical form is
given by X =PY

1 O 0
X 1 -1 N
=>|x|=0 = —=
2 £ |7
X3 1 1 Y3
0 — —
V2 2

1 1 1 1 1 1
=>x=), X =Ey2 —Eyg =$[J’2 —-y3] and x3 =$J’2 +$J’3 ZE[M + 3]

This is the orthogonal transformation which reduces the given quadratic form to canonical
form.

Example 6 : Reduce the quadratic form to canonical form by an orthogonal reduction
and state the nature of the quadratic form 2x% + 2)? + 222 — 2xy — 2yz — 2zx.

[JNTU 2008 (Set No. 2), Nov. 2010 (Set No. 4)]

Solution : The quadratic form can be written in matrix form as
2 -1 -1
A= |-1 2 -1
-1 -1 2
Characteristic equation of Ais |A— Al =0

-1 -1 2-Ax
= 2-M[Q-2)2-1]+1[r=2-1]-1[1-1+2]=0
= Q-M[4+A2—4r—-1]+A1-3+1-3=0
= 6+202—8L—3A—AZ+4A2 20 —-6=0
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= —MBHAZ-1A2L=0= A3 - 602+ 90 =0

= A(A-6L+9) =0=>A=00rA2—6L+9=0
= A=0or(A-3)(A-3)=0.

A =0, 3, 3, are the eigen values of A.

Hence the given quadratic form is positive semi-definite.

&

Let X = | X2 | be the eigen vector corresponding to A. Then

X3
A-AD)X=0
[2-2 -1 -1 X, 0
ie,| -1 2-%2 -1 x| =10 (D)
-1 -1 2= x| O
Case (1) : Let A =0. Then
[ -1 -1 0
(1 = 0
-1 -1 0
= 2x1—x2—x3 = O .. (2)
| 2% —x3 =0 .. (3)
X, =X, +2x; = 0 . (@)

-1 -1 2 -1
Solve )& (3). 5, 4 _; 5

Me_ X X3 X B
3°3 3 h=27=7"77k
xl 1
. Xl_ Xy | = kll
X3 1
1
or X =1 [-- Putk, =1]
1

Normalised eigen vector is, X; = %/3
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Case (2) : A =3
-1 -1 1] [y 0
1) = |-1 -1 1| |x|=|0
S I S I S 0
—xl—xz—x3=0
= XXy~ X3 =0 (5)
—xl—xz—x3=0

These three are identical and give only one independent equation x; +x, +x3 =0.
Let x, =k, and x; = k;. Then

[~y — ks -1 -1
Now X,=| ko |=ky|1|+k|0
ks 0 1

[—1 -1
X2 = 1 N X3 = 0
0 1

Consider a (X,)+b (X3) orthogonal to X,

-1 -1 -1
ie., a| 1 |+b/.0 | orthogonalto | 1 |.
0 1 0

—-a—b -1
ie., a orthogonalto | 1 |.
b 0

= a+b+a=0=b=-2a

-1 -1 a 1
. The required vector is a| 1 |-2a =l a |=a|l
0 1 —2a -2

-1 1
Thus { 1 ] and { 1 ] are the eigen vectors corresponding to A =3.
0 -2
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-1 1
2 J6
: , 5 1 . 1
Normalised eigen vectors are X, =| — | and X; =|—
g 2 NG 3 N
0 =2
V6 |
(L1 ]
NI
1 1 1
The normalised modal matrixis P=|— — —|.
NEIENGIENT
1 0 =2
3 J6 |
Since P is orthogonal, PT =P~! and
D=P 'AP=PTAP
LIS T O IR S 0
BB By, B BT
I S DR S | IR e o
NN | IR
1t 2 .50 =2
L V6 o e NE] 6 |
0 0 0 13 -1/42 146 00 0
=1=3/42 3/42 0 0 13 142 1/46 |=0 3 0
| 3/V6 3/4J6 -6/ 6|[1/N3 0 —2/46] [0 03

000
030
0 0 3

N
Y2
y3

22 a2
=3y +3)3

i

The canonical form is YTDY=[J’1 » J@]{

This is possible through the transformation X = PY

ie., {

X

X2

|

X3

Sl &l -

1

[\

S &- &

1
V2
0

N
Y2
r3

|
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and

Example 7 : Reduce the quadratic form to canonical form by an orthogonal reduction
state the nature of the quadratic form 5x% +26y° +10z° +4yz +14zx +6xy

[JNTU (H) June 2009 (Set No.3)]
Solution : The matrix of the given quadratic form is

5 3 7
A=|3 26 2
7 2 10

We will find characteristic roots and vectors.

The characteristic equation of Ais |A—Al|=0

5-A 3 7

7 2 10-A
= (5-M)[(26—-1) 10-1)—4]-3[30—3%—14]+7[6—-182+T1] =0
= -\’ +4107 -378L=0
= A (A —41L+378)=0
fA=0,h=14,1=27.
Eigen values are all different.
Since one eigen value is zero and other eigen values are positive, the given quadratic

form is positive semi-definite.

Case (i) : Let A=0. Then
(A-ADX =0
=AX=0

5 3. _T1|x 0

=3 26 2|ly|=|0
7 2 10||z| |0

5R, —3R,;5R; —7R, gives

5 3 77([x] [o
0 121 -11||y|=|0
0 -11 1 ||z]| |0

R, .
;] &ives
5 3 7][x] [0
0 —11 1||y|=]0
0 -11 1||z] |o
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R; -R, gives

ik

= 5x+3y+7z=0
—1ly+z=0
Let z=k. Then y:i:i
11 11
-16

x=——o=%F
= 11

-16
X, —{ 1 ] is the eigen vector corresponding to A =0 .

Case (ii)) : L=14.
The corresponding eigen vector is given by (A-ADX =0

[5-14 3 7 x]lo
|7 2. 10-14||z]| |0
(9 3 7][x] |0
|7 2 —4]|z] [0

3R, +R;9R; + 7R, gives

(-9 3 77 [x] [0
0 39 13||yl|=|0
10 39 13]|z] [0

R;-R, give

2]

(-9 3 77 [x] [0
0 39 13||yl|=|0
0 0 0]|z] |0
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R gives
13

-9 3 7| (x| |0
0 3 1||y|=|0
0 0 0f|z] |O
= 9x+3y+7z=0

3y+z=0

Let Z=k2y=—§

Ox=-3y-T7z=k-Tk=-6k = x=§k

2
X, = { 1] is the eigen vector corresponding to ) =14 .
3

Case (iii): ) =27. The corresponding eigen vector is given by (A-271)X=0

(5-27 3 7 x| [o
i 3 26-27 2 yl=|0

|7 2 10-27|1z] |0

(22 3 7 0
. 3 -1 2 =0
le.,

|7 2 -17 0

22R, +3R,; 22R, + 7R, gives

-22 3 7 x 0
0 -13 65 y|=|0
0 65 -325| |z 0
R, R
X 0
y|=|0
z 0

X
y
z

R Ry L
13 g5 gives

=22 3 7
0 -15
0 -15
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R, —-R, gives

=22 3 T||=x 0
0 -1 5||y|=|o0
0 0 0]z 0

Let z=%

~y+5z=0 = y=5z=5k
Now 22x=3y+7z=15k+7k =22k = x=k

k 1
w X=|5k|=k|5
k 1
1
. X, =|5| is the eigen vector corresponding to j =27
-16

1
2 1

=-1], X, =|5

11 3 ]

We observe that the three vectors are mutually orthogonal.
We normalize these eigen vectors.

S5}

[ ~16 ] 2] T
\/378 J14 27
o =| | o |- 5
1= ) il Bl =| —F—
378 SN T M e
11 3 1
| V378 | | V14 | |27 |
[ -16 2 1]
378 Ve 27
. .. 1 1 5
The normalised Modal matrix is P =[¢, e, e;]= -
PRI BIs Va7
11 3 1
378 14 27

TAP =D where D is the

a)

Diagonalization: Since P is orthogonal matrix, P~ = PT so
diagonal matrix.
0 0 0
= D= PTAP—{O 14 0] i.e., D=diag (0, 14, 27)
0 0 27
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The Quadratic form reduces to canonical form = YTDY = 14y; +27y;
Index of Quadratic Form = no. of + ve terms in normal form = 2.

Example 8 : Reduce the quadratic form to the canonical form

2x% +2y% +22% —2xp+2zx—2yz [JNTU (H) Jan 2012 (Set No. 4)]
Solution : Given Q. F. is 2x% + 2y2 +222 —2xy+2zx—2yz

2 -1 1
The matrix of the Q. F.is A=|-1 2 -1
1 -1 2

The characteristic equation is |A —AI|=0

2-% -1 1
ie,] -1 2-1A -1 |=0
1 -1 2-A

= Q2-M[2=-0)> —1]+1[A=2+1]+1 (1-2+1)

=23 +602—9n+4=0 or 1> —60% +9h-4=0
A =1,1,4 are the roots.

Eigen vector corresponding to the value ) =1

1 -1 1% ] [o
11 —1|xyl=]0
1 -1 1]lx] lo
X —Xp +)C3:0. Take X3=k1 and X2=k2

Then X] =Xy — X3 =k2 _kl

X1 kz _kl -1 1
X = Xy | = kz = kl 0 |+ kz 1
X3 kl 1 0

-1 1
Vectors are | 0 | and | 1 |. But these are not orthogonal.
1 0

-1 1 -1
Consider a| 0 |+b| 1| orthogonal to | 0
1 0 1
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-a+b -1
b | orthogonal to | 0
a 1

a-b+a=00r 2a=5H

HlRs

1

— -1
6 J—

Bloon

Take normalized vectors E and | O | for the value A =1
1

1 -

% 2

For L =4, the corresponding eigen vector is given by

2 -1 17[x] [o
1 2 -1||x|=|0
1 -1 =2||x] |0
2 1 1][x] Jo
Ry +R, gives| 1 72 TH|[%2 |7
0 3 3|lxa| |o

—3)62 —3)63 =0= Xy = —X3
Let Xy Zk:>X3 =—k

—2)61—)62 + X3 2032)61 ==X tX3=-k—-k =2k =X =—k

R

Normalized vector is

$\|H§‘iH$\|H
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1 -1 1
Jo 2 3
Consider P = % 0 _T;
1 1 1
V6 V2 3]

Since P is orthogonal matrix, PT =P~' we have PTAP =D

A2 tpgp o=t
Vo Vo Jo| |Vo V2 B3
ie., —% 0 % A % 0 —% = diag (1,1,4)
L L N I O SRS S
V3 V3 B Ve V2o V3

The required canonical form is (y? + 2 +4y3)

Example 9 : Reduce the quadratic form x* +4xy +y* to the canonical form by or-

thogonal reduction. Find the index, signature and nature of the quadratic form.
[JNTU (A) May 2011 (Set No. 3)]

Solution : Given Q. F. is o+ 4xy + y2
. 12
Its matrix is A =
2 1
2 ‘

1-Xx
Charecteristic polynomial is | A=Al |= ‘ 2 1=X

=(1-1)% -4

=1+2%2 214

=22 -20-3

=(A=3)(L+1)
. A =3,-1 are the eigen values,

Casel : Let A=3. Then
(A-3)X=0

e MK
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—2x+2y=0
2x-2y=0
Let x=y=k

- 1
SiEtH
y 1
X ZH is the corresponding eigen vector.

Case II : Let ), =—1. Then
A-DX)=0

2 2x 0
= =

2 2|y 0
=2x4+2y=0=>x+y=0

Let x=k=>y=-k
<[
y -1

1
Xy = {_J is the corresponding eigen vector.

X, and X, are orthogonal.
Normalizing the eigen vectors,

1 1

2 2
e = , € =
N ¢ L
2 V2
L
Let P=[e e;]= \/15 \/? . Then
22
11
i _pr |2 2
11
22

Diagonal Matrix D = PTAP
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L
V2oV V2 2|30
LI I
V2o 2 2 2

=diag (3,-1)

The normal form is 3 y12 - y%

301n
Y'DY =
L yz]{o —J LJ
index = number of positive terms in its normal form

- Index s =1
r = rank = no. of non-zero terms in the normal form = 2

Signature =2s-r=2-2=0 and n=2
Here r=n and s=0.
.. The quadritic form is negative definite.

Example 10 : Reduce the quadratic form ¢ = 2x% +2x3 + 2x32 +2x,X3 into a canonical

form by Orthogonal reduction. Find the index, signature and nature of the quadratic form.
[JNTU (A) May 2012 (Set No. 1)]

Solution : Given quadratic form is g = 2x? + 2x3 + 2x2 +2x,x;

2 00
The matrix of the Q. Fis A={0 2 1
01 2

The characteristic equation is |A—AI|=0

= 2-M)[2-2)>-1]=0
S 2-M)AF-4n+3)=0
= 2-V)A-3)r-1)=0
S A=LA=2,2=3 are the eigen values

Casel : ) =1. The eigen vector is given by (A-A)X=0

10 0][x] [0
:}0 1 1 X2=0
0 1 1 X3 0
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From the matrix, x; =0;x, +x3 =0

Let x3 =k,x, =—k. Then

0
X= [1] is the eigen vector corresponding to A =1.
1

0

. . . 1

Normalized Eigen vector is | ——= |.
s NG}

1

V2

Case Il : 3 =2. The eigen vector is given by (A-20)X =0

00 0lx] [0
=10 0 1|lx|[=]0
01 0x/| [0

From the matrix, x, =0,x3 =0,Let x; =k

1 1

X =|0| is the eigen vector corresponding to A =2. | 0| is the normalised vector
0 0

CaseIll : A =3. The eigen vector is given by (A-3)X=0

-1 0 x| [0
= |0 -1 1 |lx|=
_0 1 -1 X3 0

:>x1=0 and —X2+X3ZOZ>X2=)C3.

=

0
0 *
- | 1| is the eigen vector corresponding 3 =3. | +/2 | is the normalised vector
1 1

NG
0 1 0
Take. P=|—= 0 ——| as the modal matri
akKe, =|— — | as € modal matrix
V2 V2
1, L
V2 V2
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This is an orthogonal matrix . s pl=pT

Then P! =|1

5= = 51

Then P'AP=D =

(=
S DO
w o O

The canonical form is ylz + 2y% +3 y32
For the quadratic form ,
s = Index = no. of positive terms =3
r= rank = number of non-zero terms =3
Signature =2s—r =3
Example 11 : Reduce the following quadratic form by orthogonal reduction and obtain
the corresponding transformation. Find the index, signature and nature of the quadratic form
q=2xy+2yz+2zx . [JNTU (A) May 2012 (Set No. 2)|

Solution : Given quadratic form is g =2xy+2yz+2zx

0 11

Matrix of the Q. F.is A=|1 0 1
1 10

The characterstic equation is |A—AI|=0

A 11
=1 -» 1/=0
1 1 -

=23 +30+2=0

s A=-1,-1,2 are the eigen values.

Case I : For A =-1 the characterstic vector is given by
1 X1 0

11
11 1f|x|=|0
11 1|x] |0
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= XI+X2+X3=0

Let X3 = kl and Xy = k2 . Then X = _kl —k2

X1 _kl —k2 -1 -1
X = Xy | = kz = kl 0 |+ kz 1
X3 kl 1 0

-1 -1
g 01 and | ! | are the eigen vectors, corresponding to ) =—1.
1 0

But these two vectors are not orthogonal .

-1 -1 -1
Let, c{ 0 ]+b{ 1 ] is orthogonal to {0]
1 0 1

—a-b -1
=| b is orthogonal to | 0
a 1

a+b+a=0= b=-2a

-1 ~1] [-a#+2a a 1
~al 0 |-2a =| —2a |=|—2a|=a|-2] is the required vector.
1 0 a a 1

NN
J4 2
. . 2 -2
. Normalized eigen vector =| -—— |=| —
J4 2
1 1
BB

Case Il : (A-2D)X=0

2 1 17751 Jo
S|t 2 1n)s
11 =2||x| [0

e 2R R E
R2_>2R2+R1 0 3 2 m=
- +

3 ST 0 3 3| |0
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-2 1 1| x 0
R;+R, | 0 -3 3 Xy | =
0 0 0]|x 0

—3)62 +3X3 =OZ>X2 =X3
Let Xy = X3 =k

—2x1+x2 +X3 2032)61 =Xy +X3 =2k

L
| V3
1
X =|1|. Normalized eigen vector is Nl
: o
V3]
[
V22 B
Normalised modal matrix, P=| 0 C A
2 3
Uy 1
V22 3]

Since P is orthogonal P! = '

Thus we have PTAP =D where D is the diagonal matrix.

L I R I S U S
o=l o 2 Lidjo 4o
2 2 2 2@002
11 1 1 1
B BB TE 2R

The canonical form of Q. F. is —x? —x3 + 247

r= Rank = no. of non-zero terms = 3
s = index = no. of positive terms = 1
Signature = 25—r=2-3=-1

X =PY is the linear transformation
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-t
X \/5 2 \/g X1
Slyl=] 0 22 Ll
2 B2
z X3
L
V2 2 3
Thus taking,
-1

1 1 1
z=—=x +— Xy +—=X3, we reduced the given Q. F. into canonical form.
N AN given Q

Example 12 : Reduce the quadratic form, ¢ = 3x? —2y° ~22 —4xy+12yz +8xz to the
canonical form by orthogonal reduction. Find its rank, index and signature. Find also the
corresponding transformation. [JNTU (A) May 2012 (Set No. 3)]

Solution : Given quadratic form is g =3x*> —2y% —z% —4xy +12yz +8xz

3 2 4
The matrix of the Q. F.is A=|-2 -2 6
4 6 -1

The characteristic equation is |A—AI|=0

= G=M[Q+A)(1+1)=36]+2[(2+21) —24]+4[-12+8+41] = 0
= (B=M)(A +30+2-36)+2[2h —22]+ 4(4L—4) =0

= B=A)(A2 +30—34)+4A—44+161L—-16=0

= (3=1)(A2 +31-34)—20(3—- 1)

(B-2) (A +3L-54)=0

G-1)(L+9) (A-6)=1
A=3,L=6,A=-9 are the roots.
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Eigen vector corresponding to ) =3 is given by
(A-3)X=0

0 -2 4][x] o
= |2 -5 6 Xy | =
4 6 -4 X3 0
0 -2 4][x] [o
R;+2R, gives, |2 =5 6]/ x |=|0
0 -4 8|[x| |0
0 -2 4][x] [o
R;—-2R; gives, | =2 -5 6| x; |=|0
0 0 0flx| |0

—2xy +4x3 =0= xy =2x3
Let x3 =k. Then x, =2k
and —2x; —5x, +6x3 =0
= 2x; =-5x, +6x3
=—-10k + 6k
=—4k

= X = 2k

X1 -2
X = Xy =k| 2 . Thus
X3 1

-2
{ 2 ] is the eigen vector corresponding to ), =3.
1

-2/3
The normalized eigen vectoris | 2/3 |.

1/3
Eigen vector corresponding to ) =6

-3 2 4 X1 0
2 -8 6 ||x|=]0
4 6 -T|lx| |0

3 2 4
Ry 03 20 10 N
3R;+4R, S1VES B 2=

0 10 =5||x| |0
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10xy —=5x3 =0 = x3 =2x,
Let x, =k = x3 =2k
=3x—2x5 +4x3 =0

“3x —2k+8k=0=x =2k

“3x+6k =0
2%k 2

BEA
2%k 2|

2 2/3
{1] is the corresponding vector and the normalized eigen vector is | 1/3
2 2/3

Eigen vector corresponding to ) =-9

12 =2 4][x] [o
2 7 6||x|=|0
4 6 8|lx]| |0

6R, +R: 12 ;2 : X 0
3Rs R, gives | 0 40 40 || x |=
0 20 20]|x3 0

= X2+X3ZOZ>X2 =—X3
Let X3 =k . Then Xy =—k.

1
12x) = 2x) +4x3 =0 = 12x) + 2x+ 4k =0 = 12x; = — 6k = X =—Ek.

L1
2 —k

. The eigen vectoris | —k | = 7{ 2 ]
k

1/3
- | 2/3 | is the normalized eigen vector.
—(2/3)

Consider P = as modal matrix.

W~ WM u.)|ll)
|
w o W N W|—

W W~ W[
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Since P is orthogonal, we have P! = pT

Then we have PTAP =D

-2 2 1 -2 2 1
3 3 3| |3 3 3
I ERNEES N ER ) IR
3 3 3 3 3 3
1 2 =2 1 2 2
13 3 3] [3 3 3]

The row form of the Q. F. is 3y12 +6y§ —9y32 .
This is from done by X =PY

X N
ie,|y|=P|»
z 3

Rank of the Q. F. =r = no. of non-zero terms =3
Index =s= no. of +ve terms =2

Signature =2s—r =1

Example 13 : Reduce the quadratic form g = x + x3 + x2 +4x,x, —4x,x; +6x;x; into a
canonical form by diagonalising the matrix of the quadratic form.
[JNTU (A) May 2012 (Set No. 4)]

Solution : Given Q. F.is g = x12 + x% + x32 +4x1x5 — 4x5x3 + 6X3X

1 2 3
The matrix of the Q. F.is A={2 1 2
3 2 1

We write A =13Al;.
We will use elementary matrix operators to reduce the matrix in LHS to diagonal
form.

We will apply same row operations on the prefactor of A and same column operation
on post factor of A in RHS.

1 2 3 1 00 1 00
2 1 -2/={0 1 0jA{0 1 O
0 01 0 01

R,-2R,: . 1 2 3 1 00 1 00
gives |0 -3 -8(=|-2 1 O|A{0 1 O

Ry -3R;
0 -8 -8 -3 0 1 0 01
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1 0
gives| 0 -3
0 -8

1 00 1 -2 -3
-2 1 0|A[0 1 O
-3 0 1 0 0 1

C2 - 2C1,
C3-3C

0

_8=

-8

10 o] 1 o0 0] 1 =2 -3

3R; -8R, gives,| 0 -3 -8[=[-2 1 0[Al0 1 0
0 0 40 -8 3] [0 0 1
10 o] [1 o0 o] [1 =2 7

3C;-8C, gives, [0 -3 0 |=|-2 1 0JAl0 1 -8].
0 0 40| [7 -8 3] [0 0 3

This is of the form D =PAPT.
The matrix on LHS is in diagonal form. Using this diagonal matrix,

the new form of the Q. F. is 1 —3y3 +40y3

1 -2 7
The modal matrixis, P=|0 1 -8
0o 0 3

X =PY is the transform which changes given Q. F. to canonical form

X 1 =2 7 yl
y|={0 1 =8||»m
z 0 0 3|l

=>x=y-2y3+7y350 =y, —8y3,2=3)3

Rank of the Q. F. =, = no. of non-zero terms =3

Index = no. of +ve terms =g=2

Signature =25 —r=4-3=1
3.13 REDUCTION TO CANONICAL FORM USING LAGRANGE'S METHOD
Procedure to Reduce Quadratic Form to canonical form:

1. Take the common terms from product terms of given quadratic form.
2. Make perfect squares suitably by regrouping the terms

3. The resulting relation gives the required canonical form.

SOLVED EXAMPLES

Example 1 : Reduce the quadratic form X2+ y2 +22% - 2xy +4xz +4yz to canonical

form by Lagrange's reduction. [JNTU 2006 (Set No.2)]
Solution :

Given Quadratic Form = x? —2xy+ dxz + 1% +22% +4yz
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= (x—y+2z)2—222+8yz
= (x—y -|-2z)2 —2(z2 —4yz)
= (x—y+2z)2—2(z—2y)2—i—8y2
= -2 +8)3
where yj=x-y+2z, y,=z-2y and y;=y

which is the required canonical form.
Example 2 : Using Lagrange's reduction, transform

X} —4x3 +5x3 +2xxy —4xx3 + 2x7 — 6x3x, to canonical form.

Solution :
Given Quadratic form = (x12 +2x1xy —4x1x3) — 4x% + 6)(?32 + 2x£ — 6x3xy
= (X +X —2x3)7 + x5 (<4 —1)+ x5 (6 — 4) + 2x7 — 6x3x4 +4xyX3

= (y+xy—2x3 )2 —Sx% +4xyx3 + 2)632 + 2x42; —6x3x4

1
= (X +x - 2x3)2 —g(ZSx% —20xyx3)+ 2x32 + 2x§ —6x3x,
1 4
= (xq+x-2x = g(sz -2x3 ) + x32 2+ g) + 2x§ —6x3x,
~ P o2, 14 2 50
= (xq+x-2x) E(sz 2x3) +?x3 +2x3 — 6234

2
1 51(14 14
— (xl + Xy —2)(73)2 —E(S.XQ —2.X'3)2 +ﬁ[(?] .X'32 —6'?X3X4jl+ 2)(742

2
= o) sy — 2?2 M 3 | 20202422
= (% +x —2x3) 5(xz x3) a5 T EVRCER

2
= (x+x —2x3)2 —%(sz —2x3)2 +%(%x3 —3x4j —%xﬁ

2 1 o 5 5 17 5
= —— Y5y ——
N SJ/2 14)/3 4 V4

14
where  yj =x; +x, =2x3, yy =5x% —2x;, V355 %3 —3x4 and y, = x, which is the
required canonical form.

Example 3 : Reduce the quadratic form 6x12 +3x§ +3x32 —4x1xy) —2Xyx3 + 4x3x, tO

canonical form by Lagrange's reduction.
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Solution : Given Quadratic form

2
= 6{x12 ——x1(x, —x3)}+3x§ +3x32 —2Xyx3

2
= 6{x1 —%(xz —x3)} +3x% +3x32 —2xyx3 —%(xz —x3)2

7
—x3

11 5 7,5 2
=6(x ==Xy +—X3)  +—X) —— X X3 +
(% 2+3 3) 32 T3Rn T
= 6(x; —lxz +lx3)2 +Z(x% —%x2x3)+—x3
3 7 3
I 1T Y 757 1,
=60 —=x+=X3) +=| X —=x3 | +—x5 ——xX—x
(13233) 3(273j 33 307

16 -
—x}

1 1 2 7 2
=600 —=xp+=x3)" +=(xp ——x3)" +
(x; 273 3) 3( 277 3) ;
2,7 2 16 o )
= 6y{ +—¥> +— »3 which is in the canonical form

1
where V1 =X —2Xp+7X3, V2 =X =7%3 and y; =x;
3 3 7
Example 4 : Reduce the following quadratic form to canonical form by Lagrange’s

reduction. x? —14y% +222 +4xy+16yz+2zx and hence find the index, signature and nature
[JNTU (A) Nov. 2011]

of the quadratic form.
Solution : Giving Q. F. is x? —14y? + 222 + 4xy +16yz + 2zx

= x? +4xy+22x+222 —l4y2 +16yz
= ()c+2y+z)2 +22 —18y2 +12yz
= ()c+2y+z)2 +(z+6y)2 —54y2
Taking x+2y+z=x;, z+6y=xy, y=x3
We get x12 +x§ —54x32 as the new form of the Q. F.
s=1index = no. of +ve terms =2
r= rank = no. of non-zero terms =3
Signature =2s-r=4-3=1
The Q. F. is indefinite.
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( EXERCISE 3.2 )

1. Reduce the following quadratic forms to canonical form by linear transformation.
(i) x? +4y2 +22 +axy+6yz+2zx (i) 20 +9y% + 62 +8xy +8yz + 6x
(D) x*+y* +22% - 2xy + zx
2. Reduce the following quadratic forms to canonical form by orthogonal transformation.
(1) 2x% + 2% + 222 — 2xp + 2zx — 2z [INTU 2006S, 2008 (Set No.2)]
(i1) 4x® +3y* + 22 —8xy—6yz + dzx
(T17) 3x7 +3x3 +3x3 + 2x,%, + 2,25 — 22,
(V) xf +3x3 +3xF - 2333 [JNTU 2004S(Set No. 3), 2005S (Set No. 2,4)]
(V) 3x7 +5x3 +3x3 —2xyx3 +2x;%3 — 23, %, [JNTU 2005 (Set No. 3)]
(Vi) 6x% + 3y7 + 322 — 4yz + 4xz — 2xy
3. Identify the nature of the quadratic form
(@) 3):12 + 3x§ + 3x32 +2x1%) +2X1X3 — 2xp X3 (i) —3x12 = 3x§ = 3x32 —2x10p —2x%3 + 2xpX3
4. Reduce the following quadratic form to sum of squares by linear transformation
x>+ 42 + 22 + dxy + 6yz + 2zx.
5. Reduce the following quadratic form to canonical form and find its rank and signature
6x7 +3x3 +14x7 + dxyx; +18x3x; +4xpx, - [JNTU 2001]
6. Reduce the quadratic form : 3x* + 5)? + 322 — 2yz + 2zx — 2xy to the canonical form.
Also specify the matrix of transformation. [JNTU 2003 (Set No. 2),2005S (Set No. 3)]
7. Using Lagrange’s reduction, transform
(1) xi +2x5 —7x; —4xx, +8xx; to canonical form [JNTU 2003S (Set No. 3)]
(i) 2x% +7x3 +5x3 —8xx, —10x,x; +4x,x; to canonical form.

8. By Lagrange’s reduction transform the quadratic form XTAX to sum of squares form

for A=
4 -2 18

1 2 4
2 6 - 2] . [JNTU 2003S, 2006 (Set No. 1)]

9. Reduce the quadratic form 3x? —2y* —z? +12yz+8zx—4xy to canonical form by an
orthogonal reduction and state the nature of the quadratic form.

[JNTU 2008S (Set No.2)]
10. Reduce the quadratic form 8x* +7y* +3z> —12xy —8yz+4zx into a 'sum of squares' by
an orthogonal transformation and give the matrix of transformation. Also state the

nature. [JNTU 2008S(Set No.3)]

. J
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11. Reduce the quadratic form to canonical form by an orthogonal reduction and state the
nature of the quadratic form.

Xt + 2305 + 2063 — 2305 200,00 — 200,50, - [JNTU (H) June 2009 (Set No.2)]
12. Discuss the nature of the quadratic form and reduces it to canonical form
x12 + Zx% + 3x32 +2x1%) — 2x1X3 + 2X5x3 [JNTU (A) June 2009 (Set No.2)]
% ANSWERS 3
Lo () Feydend @) 2R-T8-T0% (ii)yiesie ]
2. (@) 4ayi+yi+y; @4y -y+x (i) yi + 4y +4y3
(V) y2 +2y5 +4yF (V) 297 +3y3 + 63 i) 4x* + 3% + 27

3. (i) Positive definite (i) Negative definite
5. r=3,s=-1

7. (@) (- 2x, + 4)(3)2 —2(xy — 4)(3)2 + 9x32 (@) 2(x; — 2x, — x3)2 — (x, + x3)2 + 4x32]

L

[+ 2(x, +253)]% + 2(x, — 5x3)% — 48x5

3.14 SYLVESTER'S THEOREM

This theorem is useful in finding the approximate value of a matrix to a higher power
and functions of matrices.

If the square matrix A has » distinct eigen values A;,A,,...,A,, and P(A) is a polynomial
of the form P(A) = COA”+ClA“’1+C2An’2+...+Cn71A+Cn.In where C, C,, C,,...,C, are

constants then the polynomial P(A) can be expressed in the following form:
n
P(A) = 2 P() - Z(h,) =P(A1)- Z(M) + P(Ay) - Z(h) + P(R3) - Z(A3) + ..
r=1

[f ()]
S')
Here f(A)=[AI-A
[ £(A)] = Adjoint of the matrix [AI—A]

where Z(M.,) =

af
and ) = Lan -
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SOLVED EXAMPLES

1 0

0 3} , find A0

Example 1 : IfA = {

[JNTU 2008, (H)2009,(K)May2010(Set No.4)]
Solution : Consider the polynomial P(A) = A0

Now [AI-A] :B ﬂ{é 2}{7“;1 ;ﬁ?}

A-1 0
fO) =AI=Al=| o 4

=(h=D(A-3)=22 —4r+3 o (D)
". Eigen values of f(A) are A, =1 and A, =3
From (1), f'(A)=2A—-4 .. (2)

ffMH=2-4=-2, f'(3)=6-4=2
[ £(A)] = Adjoint matrix of the matrix [Al— A]

A=3 0
= 0 7\‘_1 TRy (3)
A
Now Z\,) = %,r=l,2weget
[f(A)] LS (Ap)]
200 = ) 20D

@] 1[1-3 0 '
L) =21 = W:_E{ 0 1—1}’ using (2) and (3)

_1{=2 0} |1 0
~ 2/0 of |00
[f3)] 1/3-3 0 ‘
mza{ 0 3_1} using (2) and (3)

= e

Thus by sylvester's theroem, we get
P(A) = P(h))-Z(A)) + P(\y)-Z(N,)

and Z(\,y) = Z(3)
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1 0 0 0
) 50 50
ie., ASO = A {0 0}7»2 {0 J [.. P(A) = ASO]
~ 1501 0+3500 0
B 0 0 0 1
oo
1 0T° (1 0]
or 03] [0 3]
2 0
Example 2 : Using sylvester's theorem, find A2%0, if A = 0 1

Solution : Consider a special polynomial P(A) = A200
A 0] |2 0] fA-2 0
0 Al |0 1] [ 0 a-l

0
x_1‘=(K—l)(K—2)

LI —A]

A=
) |M—A]—{ 0
= -3z - (D)
. Eigen values of f{L) are )\, =1and L, =2
[f(M)] = Adjoint of the matrix [Al —A]

A-=1 0
= 0 -2 .. (2)
. From(l), f'(A) = 2A-3 .. (3)
A
Now, Z(\,) = %, r=1,2. We get
1 1
Z(h)=2(1) = f,(kl)[f(l1)]=m[f(1)]

1{1-1 0
= Z1l o 1-2 , using (2) and (3)

o]

Ly 1[271 0 10
209=22) = 71y 4 5 5]=0 0
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Thus by sylvester's theorem, we get

0 0 1 0
A200 — P(Kl)-Z(K1)+P(Kz)'Z(Kz)ZMZOO{0 JM%O({O 0}

B 0 1 0 0 0 1 0 o0 0 1

‘ EXERCISE 3.3 )

Using sylvester's theorem, find

(e
| IS

1 0

1. A% if A= 0 3} [INTU(K) Nov.2009S(Set No.4)|
2 0

2. Al ifA= 01 [INTU(K) Nov.2009S(Set No.3)|

2 0
3. A0 ifA= }

0 2

4. A0 ifA= }
ANSWERS \
7100 150 2200
2, 0 1 3. 0 1 4. 0 2200

1 0
1. {0 3256}
OBJECTIVE TYPE QUESTIONS

1. The symmetric matrix associated with the quadratic form x? +3 y2 —8xy I

1 4 12 1 4 1 -8
@) {4 —3} (b) {2 3} ©) {—4 3} (d) {—8 3}

2. The symmetric matrix associated with the quadratic form xlz —2x1%y + Zx% is

-1 11 - 1
(@) {—1 2} (b){l 2} © {—1 1/2} (d){z 2}

3. The symmetric matrix associated with the quadriatic form ax? + 2hxy + by? is

a 2h a -—h a 0 a h
@) {2}; b} (®) {—h b} ©) {0 b} (d) {h b}

J
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Vector Spaces

1.1. Let P be a point (4, ay, a3) with respect to the frame of reference OXYZ. Let
OP be denoted by the vector z . Now the vector z is associated with the point P given by

the ordered trial (a1, @3, a3). Conversely the ordered triad (;,a,,a3) defines a point P

associated with the vector 7.
Z A

o7
L7 Plap,ay,a3)

N
v
=

Y

This shows that the set of all points in 3-D space has a one to one correspondence with
the set of all vectors starting from the origin. Thus each vector is representable as an

ordered triad of three real numbers. This enables us to write a =(a;, &), a3).
From this we can visualise the 3.dimensional space as an ordered set of triads

(a1, ay, a3) where ay, a,,a; are real numbers.

This space is denoted by R?.
| 1.2. ALGEBRAIC STRUCTURE OF 3-D VECTORS |

Let V be the set of 3.D vectors and F be the field of scalars.
Now it is easy to verify the following algebraic structure with the vector addition (+)

and scalar multiplication (e) of a vector.
G :(1) Closure: a+Be VV a,pe V
(2) Associativity : o+(B+y)=(a+p)+y ¥ &PrEV
(3) Identity : a+0=0+0a=0 V ae Vnull vector  is the additive in V.
(4) Inverse : o +(-a)) =0 =(—a)+a. Every vector in V has the additive inverse.
(5) Commutativity : a+p=p+a V a,fe V

- (V,+) is an abelian group.
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A : Admission of scalar multiplication in V
(1) aae VV ae F and ae V
(2) l.a=a V ae V,where 1 is the unity of F.
S : Scalar multiplication
(1) a(a)=(ab)a V a,be Fand ae V
Scalar multiplication of vectors is associative
(2) a(a+P)=ao+af V acF and o,BeV
Multiplication by scalars is distributive over vector addition.

3) (a+b)a=aoc+bo V a,beF and aeV

Multiplication by vectors is distributive over scalar addition.

The above verified GAS structure leads us to define abstract vector spaces or simply
vector spaces or linear spaces.
[1.3. THE n - DIMENSIONAL VECTORS |

Now we can generalise the 3-D vector concepts to n-dimensional vectors. Thereby, a

point in the n-dimensional vector space has n coordinates of the form (q;, a5, ..., a,,) . Hence

we define an n-dimensional vector z as an ordered n-tuple, such as a=(q, ay, a3, ..., a,)

where each a; is a number, real or complex. This space is denoted by R" or C".
[1.4. SCALAR MULTIPLICATION OF A VECTOR |

Let a=(a, ay,...,a,) be a vector in R” and k be a scalar.
Then we define ko = (kay, kay, ..., ka,)) .
[1.5. ADDITION OF VECTCRS |

Let a=(a;,ay,..5a,), B=(,b,,....b,) be two vectors of R”.
Then we define o+B=(a;+b,ay +by,...,a,+b,)
[1.6. INTERNAL COMPOSITION |

Let Fbeaset. If aobeF forall a,beF.Then 'y is said to be an internal composition
in the set F.
[1.7. EXTERNAL COMPOSITION |

Let Vand F be two sets. If aoaeV forall aeF and forall a eV, then 'o' is said the
be an external composition in V over F. Here the resulting element a o o is an element of
the set V.
1.8. VECTOR SPACES

Definition. Let V be a non-empty set whose elements are called vectors. Let F be

any set whose elements are called scalars where (F,+,e) is a field.
The set V is said to be a vector space if
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(1) there is defined an internal composition in V called addition of vectors denoted
by +, for which (V, + ) is an abelian group.

(2) there is defined an external composition in V over F, called the scalar
multiplication in which aa.eV for all aeF and aeV.

(3) the above two compositions satisfy the following postulates

(@) a(a+PB)=aa+ap (i) (a+b)o=aa+bo (iii) (ab)a=a (o) (v) loa=o

V a,beF and a,BfeV and 1 is the unity element of F. Instead of saying that V is a
vector space over the field F, we simply say V(F) is a vector space. Sometimes if the field
F is understood, then we simply say that V is a 'vector space’.

[1.9. VECTOR SPACE |

If R is a field of real numbers, then V(R) is called the real vector space.
If C is the field of complex numbers, then V(C) is called the complex vector space.

Note.1. In the above definition (V, + ) is an abelian group implies that for all o, B,y eV

(@) a+BeV () a+@B+y)=(a+p)+y

(c) there exists an element OeV such that a+0=0

(d) To every vector aeV there exists —o €V such that o+ (- a)=0

(e) a+PB=B+a

2. The use of symbol + for two different compositions (for the addition in the field F
and for the internal composition in V') should not cause any confusion. It should be understood
according to the context in which it is used.

3. In vector space, two types of zero elements come into operation. One is the zero
vector O of V and the other is the zero scalar 0 of the field F.

1.10. NULL SPACE OR ZERO VECTOR SPACE

The vector space having only one zero vector O is called the zero vector space or null
space. It clearly satisfies all the postulates on any field of scalars.

Theorem : Let V(F) be a vector space and 0,0 be the zero scalar and zero
vector respectively. Then

1) a0=0 V acF 2 0a=0VY aeV
B) a(-a)=—(aa) ¥V a€F, VaeV 4) (-a)a=(-aa) VaeF, YVaeV
(5) aa=0 = 4=0 or a=0 (6) a(a-P)=aa—-afVacF, Va,peV

(7) (—a)(—a)=aa YaeF, VaeV
Proof. (1) a0O=a(0+0)=a0+a0

5. a0+0=a0+a0 ( Distributive Law )
0=a0 ( Left Cancellation Law )
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2) 0a=(0+0)a=00+00a
L 0+0a=0a+0a= O=0a ( Cancellation Law )

(3) alo+(-)]=a0 = aa+a(-a)=0
= a(—a) is the additive inverse of a0 = a (-a)=—(a o)

4) [a+(-a)]oo=0a = ao+(-a)a=0
= (-a) a is the additive inverse of a a
= (a)a=—(aa)

(5) aa=0 and 4 =0. Then there is nothing to prove. aa=0 and ¢ =0
Now a#0,acF = there exists. aleF suchthat ua ' =g la=1
Now ¢a=0 = ¢ l(aa)=a'0 = la=0 = a=0

" aa =0 = a=00r o=0

(6) a(a-P)=ala+(-P)] =aa+a(-P)=ac-af

(1) (o) (-w)=—[a(-0)] =-[-(@x)]=aq

1.11. Theorem. Let V(F) be a vector space

(1) If a,beF and o€V where oz0 then aa=bo = a=b

(2) If acF where ¢+ 0 and a,B€V then aoa=af} =>a=0.

Proof: (1) aa=ba = ao+(-ba)=ba+(-ba) = (a-b)a=0

= a-b=0as a0 = a=h

(2) aa=aB=aa-aPf=0 = a(@a-P)=0= a-B=0 as qg#0= a=p.
[SOLVED PROBLENS]
Ex. 1. Theset C, of all n-tuples of complex numbers with addition as the external

composition and scalar multiplication of complex numbers by complex numbers is a
vector space over the field of complex numbers with the following definitions.

@ If a,peC, and o =(q, ay,...a,) and B=(h,b,,....b,) forall a;,b, € C
o+B=(a+b,a,+by,...,a,+b,) € C,
@) xa=(xq,xay,...,xa,) ¥V xe C
Sol. (i) By definition x+ y is an n-tuple of complex numbers. Hence C,, is closed.
(ii) (a+P)+y=C(ay+b, ay+by,....a, +b,)+(q,....Cp)
where v =(c, ¢3,...,c,) With ¢;'s € C
={(ay+b) +cp,(ay +by)+cy, ..., (a, +b,)+ ¢, }
={a + b +¢)), ay +(by +¢3),...,a, + (b, + ¢,)} since + is associative in C

=(a, ay,....,a,) + (b +c1, by +cy,.... 0, +¢c,) = a+ (P+y)
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-, Vector addition is associative in C,, .
(iii) a+O=(ay, a,...,a,)+(0,0,..,0) =(a +0,a, +0,...,a, +0) =(a, @3, ..., @) =0
Similarly O+ =g = a+0=0+a=a
. The n-tuple 0=(0,0,...,0) is the identity in C,, .
@) oa+(-)=(a;,ay,...,a,)+(-a;,—a, ...,—a,)
=(ay—ay, ay —ay, ...,a, —a,) =(0,0,0,...,0)=0. 5o+ (-)=0
= (-a) e€C, is the additive inverse of o in C
V) a+B=(aq+b,ay+by,...,a,+b,)
=(b +a),ay+by, ..., b, +a,) (- +iscommutativein C)
=B+a.
(vi) By definition xeC,aeC,= xaeC,
(vii) Let x,yeC. x(yo)=x(yay, yay, ..., ya,) ={x(vay), x (yay), ...,x (ya,)}
={(x)ay, (W)ay, ... (W)a,} =x)(a, ay, .. ,a,)=(xy) a
(viii) x €C and a,BeC,
= x(a+B)=x(a;+b,a, +by,...,a,+b,)
={x(ay +b)), x(ay +by), ...; x(a, +b,)} = (xay +xby, xay +xb,, ... ,.xa, +xb,)
= (xay, xay, ..., xa,) + (xby, xbs, ... ,xb,) = x o+ xp

(ix) x,y €C and aeC,

= (x+y)o=x+y)(a,ay, .., a,) ={(x+y)a, (x+y)ay, ...(x+y)a,}

={(xq +yay), (xay + yay), ..., (xa,+ya,)}(Since distributive law is true in C)
= (xay, xay, xa,)+(ya;, ya,, ..., ya,) =x o+ ya

x) lL.a=1(a,a,....a,)=(ay,ay, ..., a,) =0

Since all the postulates are verified C, (C) is a vector space.

Ex.2. Prove that the set of all real valued continuous functions defined in the
open interval (0,1) is a vector space over the field of real numbers, with respect to the
operations of addition and scalar multiplication defined as

(f+8) (x)=f(x)+g(x) (1)
(af) (x)=af (x).a isreal .. (2) where 0<x<1

Sol: Let V be the set of all such real values continuous functions and R be the field of
real numbers.

(i) The sum of two continuous functions is again a continuous function
(f+g)eVV f,geV.

(iD) {(f+g)+h} (x)=(f+g)x+h(x) (by def. (1))
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=f(x)+g(x)+h(x) = f(X)+(g+M)(x) ={f+(g+M)}(x)
= (f+g)+h=f+(g+h). . Vis associative
(iii) Let the function O be defined as O (x)=0
2 (0+b) () =0 () = f(x) (by def (1))
=0+ f(x) = f(x) as the real number 0 is the additive identity in R.
LO+f=f,VfeV
(V) {f+ENHE) =)+ (/) =f()—f(x)=0=0(x)
The function (-f) is the additive inverse of f
5. f+(=f)=0 ( the identity function)
) (f+8)(®)=f()+g(x)
=g(x)+ f(x) (real numbers are commutative under addition)
=(g+/)(x) by definition (1)
Thus f+g=g+f, V g, feV. . (V, +) is an abelian group
(vi) Forall aeR and f,geV, a(f+g)=af +ag
Now [a (f+@)](x)=al(f+g) ()] =al/f(x)+g(x)] =af(x)+ag(x)

= (af )(x) + (ag)(x) =(af +ag)(x) La(f+g)=af +ag

(vii) If a,beR and f eV then, {(a+b) f} (x)=(a+b) f(x) (by (2))
=a f(x)+b f(x) (as f(x) is real)
=(a ) (x)+(b J) (x) =(af +bf )(x) (by (1))

= (a+b) f=af +bf

(viii) If a,beR and f eV then, {a(bf)}(x) (by (2))

= a{(bf )(x)} = a {bf (x)}
=(ab) f(x) as f(x) isreal ={(ab) f}(x) = a(bf)=(ab) f
(ix) Since 1 is the identity of the field R and f eV,

we have (1) (x)=17f(x)=f(x) L lf=f
All the postulates of vector space are verified. Hence V (R) is a vector space.

Ex. 3. Vis the set of all mxn matrices with real entries and R is the field of real
numbers. "Addition of matrices' is the internal composition and 'multiplication of a
matrix by a real number' an external composition in V. Show that V (R) is a vector
space.

Sol: Let o, B,yeV and x, y eR where a=[q;], B=[b;],v=I[c;] for a's,b's,c's eR

(i) Addition of two matrices is a matrix. .. a+BeVV a,feV
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(@) oa+PB+y)=[a;l+[b; +c;] =lay + (b +c;)] =[(a; +by)+c;]
(Since real numbers are associative in R )
=lay +by]+[cy] =(a+p)+y - Vs associative.
(iii) If O =[o;] is the null matrix then o+0O =[a;1+[0;]1=[a; +0;]1 =[g;]=a
Thus ¢+0=0+a=0a. = The null matrix O is the additive identity in V.
(v) o+(-o)=[a;]+[-a;] =[a; —a;]=[-0;]1=0
(—o) is the additive inverse of every o in V
(v) Clearly a+B=p+a s (V,+)1is an abelian group.
(vi) For xeR and aeV. xa = x{a;]=[xa;]= xaeV
(vii) For x,yeR and aeV
x(ve) = x(va; 1) = x{vag 1 = [wag ] = (o)lag ] = ()
(viii) x(a.+P) :[aij +b,~j] :[x(aij +b,~j )] :[xaij +xbl-j] :[xa,j]+[xb,~j]
:x[a,j]+x[b,~j] =xa+xp
() (x+¥)a=+0la;] =[(x+y)agl=[ra;+ya;]
=[x aij]+[y aij] :x[al-j]+y[al~j] =xo+yo
(x) l.oa=I[g;]=[g;]=0 Hence V (R) is a vector space.
Ex.4. Let V be the set of all pairs (a, b) of real numbers and R be the field of real
numbers. Show that with the operation (ay, b))+ (ay, b)) =(a+ay,0), c(ay, b)) = (cay,b))

V (R) is not a vector space.

Sol: If any one of the postulates of a vector space is not satisfied, then V (R) cannot
be a vector space. ~ Let (x, y) be the identity in V.

Now (a,b)+(x,y)=(a,b) V a,beV = (a+x,0)=(a,b) . (1)
If 5+ 0, then we cannot have the equality (1).
Thus there exists no element (x,y) eV such that (a,b)+(x,y)=(a,b) V a,beV
-, Additive identity does not exist in V and hence V (R) is not a vector space.
| EXERCISE 1 (a) |

1. Show that the set of all triads (x, x,, x3) where x;, x,, x; are real numbers forms a

vector space over the field of real numbers with respect to the operations of addition
and scalar multiplication defined as

(&) (x, xp, x3)+ (V> Y2, ¥3) = (X + ¥, X3 + ¥y, X3+ y3) and

(@) ¢ (x,x9,x3)=(c xy,¢xy,cx3)c is a real number.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

2. Let P be the set of all polynomials in one indeterminate with real coefficients. Show
that P (R) is vector space, if in P the addition of polynomials is taken as the internal
composition and the multiplication of polynomial by a constant polynomial (i.e. by an
element k) as scalar multiplication.

3. IfFisafield, the F (F) is a vector space, if in F the addition of field F is taken as the
internal composition and the multiplication of the field F is taken as the external
composition in F over F.

4. Let R" be the set of all ordered n-tuples of real numbers given by
R" =[(x1, %, ...,x,) | x; eR ]
The internal and external composition in R” are defined by
() (01, X955 %) + (V15 V25000 V) = (0 + 215 X 43050052 £ V)

@) a (x,x,..., x,) = (ax], ax,, ...,ax,), acR. Show that R” (R) is a vector space.

5. LetF be any field and K any subfield of F. Then F (K) is a vector space, if the addition
of the field F is taken as the internal composition in F, and the field multiplication is
taken as the external composition in F over K.

6. LetV (R)be avector space and W ={(x,y)|x,yeV}. For (x,y) and (x;,y,) in W
we have (x;, ) +(xy,2)=(x +x9, y; +¥y) and if o =aq| +ia, € C, we define
a (x,y) =(a;x] —arxy, ayx; +a;x,) . Prove that W (C) is a vector space.

7. The set of all real valued differentiable or integrable functions defined in some interval
[0,1] is a vector space.

8. Let V be the set of all pairs of real numbers and let F be the field of real numbers with
the definition (xj, 1)+ (x2,32) =GBy +3y2, =% —x), ¢ (x,11)=Bcy,—cx)
Show that V (F) is not a vector space.

9. Vs the set of all polynomials over real numbers of degree atmost one and F = R.
If f()=ag+ait and g()=bhy+b(t) in V; define
SO +g@)=(ag+by)+(aphy + a1by) ¢t and  kf (¢) = (kag) + (kay) t, ke F
Show that V (F) is not a vector space. (Hint: Additive identity does not exist)

10. Cis the field of complex numbers and R is the field of real numbers. Show that C (R)
is a vector space and R (C) is not a vector space.

11. Let V be the set of all pairs (x, y) of real numbers, and let F be the field of real
numbers. Define (x, y)+(x;, y) = (x+x, y+y), ¢(x,y)=(cx, )

Show that V (F) is not a vector space.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

1.12. VECTOR SUBSPACES|

Definition. Let V (F) be a vector space and W V. Then W is said to be a

subspace of 'V if W itself is a vector space over F with the same operations of vector
addition and scalar multiplication in V.

Note.1. If W (F) is a subspace of V (F) then W is a sub-group of V.
Note.2. Let V (F) be a vector space. The zero vector space { 0 } cVand VcV.

-. {0} and V are the trivial subspaces of V.

1.13. Theorem. Let V (F) be a vector space and let W V. The necessary and
sufficient conditions for W to be a subspace of V are

(i) aeW,peW=a-BeW (ii) acF,aeW= aaeW. (S.¥. U 2011)
Proof. Conditions are necessary
(i) W is a vector subspace of V
= Wisasubgroup of (V,+) = (W, +)isa group
= ifa,peW then a—pfeW.
(if) W is a subspace of V
= W is closed under scalar multiplication = for a€F, aeW; aaeW
Conditions are sufficient.
Let W be a nonempty subset of V satisfying the two given conditions
aeW, aeW = a-aeW = 0eW (by ()
.. The zero vector of V is also the zero vector of W
OeW, aeW = O-aeW = (—a)eW (by (7))
— additive inverse of each element of W is also in W
Again aeW, BeW = aeW, (-f)eW = a—(-feW (by (7))
= a+PeW
i.e., W is closed under vector addition

As W c V, all the elements of W are also the elements of V. Thereby vector addition
in W will be associative and commutative. This implies that (W, +) is an abelian group.

Further by (ii), W is closed under scalar multiplication and the other postulates of
vector space holdinwas Wc'V.

- W itself is a vector space under the operations of V.

Hence W (F) is a vector subspace of V (F)

A more useful and abridged form of the above theorem is the following.

1.14. Theorem. Let V (F) be a vector space. A non-empty set Wc V.
The necessary and sufficient condition for W to be a subsapce of V is
abeF and a,peV=aa+bpfeW e (D)

Proof. Condition is necessary.
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W (F) is a subspace of V (F) = W (F) is a vector space
~ aeF,aeW=a0 €W and beF, BeW=bB €W

Now aaeW, bp eW=aa+bBeW

Condition is sufficient.
Let W be the non-empty subset of V satisfying the given condition

ie., a,beF and a,peW=aa+bBeW .. (D)
Taking a=1,b=-1and a,peW = la+(-1) feW

= a-PBeW [0eW= aeV and la=a in V]

(HcG and g,hbeH= aob ' eH then (H, o) is subgroup of (G, 0)).

- (W, +) is a subgroup of the abelian group (V, +).

= (W, +) is an abelian group. Again taking b = 0

a,0eF and o,pe W= aa+0BeW = aaeW = acF and aeW= aaeW
- W is closed under scalar multiplication.

The remaining postulates of vector space holdin W as W c V.

. W (F) is a vector subspace of V (F).
1.15. Theorem. A non-empty set W is a subset of vector space V (F). Wis a

subspace of W if and only if acF and o, V= aoa+PeW. )
Proof. Condition is necessary. ~ W is a subspace of V (F)

= W (F) is a vector space. .aeF,aeW= aaeW

Further aaeW,peW= aa+peW
Condition is sufficient. W is a non-empty subset of V satisfying the condition.
aeF and a,peW= aa+pBeW

(/) Now taking 4 =—1, for a € W we have (-])o+aeW= OeW

(if) Again aeF,a,0eW= aa+0eW=aaeW
- W is closed with respect to scalar multiplication.
(iiiy -1€F and a,0e W= (-)a+0cW=—-acW. - Inverse exists in W.

The remaining postulates of vector space hold good in W since they hold in V of which
W is a subset.
Hence W is a subspace of V (F).

| SOLVED PROBLEMS |
Ex.1. The set W of ordered triads (x, y, 0) where x,y €F is a subspace of V; (F).

Sol: Let a,feW where a =(x;, y1,0) and B =(x,, y,,0) for some x;, y;, x5, y, €F.
Let a,beF. Soaa+bB=a(xg, y, 0 +b(x,, yy,0)

= (axi, ayy, 0)+(bxy, by, 0) = (ax; +bx,, ayy +byy, 0)
Clearly ax; +bxy,ay;+by, €eF = aa+bBeW forall q,beF and a,BeW
Hence W is subspace of V;(F).
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Ex.2. Let p, q, r be the fixed elements of a field F. Show that the set W of all
triads (x, y, z) of elements of F such that px+qy+rz =0 is a vector subspace of V5 (F).

Sol: By definition W #¢. Let o, e W where o= (x|, y;,z) and B=(x,, y,, z;) for
some xj, Xy,¥1,¥2, 2,2, €F.

Then by definition px; +qy +rz; =0 ... (1) pxy +qy, +1rz5 =0 .. (2)

If a,beF, then we have aoa+bB=a (x,y,z)+b(xy,¥2,2))

= (axy, ayy,azy) + (bxy,by,,bzy) = (ax) +bxy, ay + by, ,az; +bz,)

Now p (ax; +bxy)+q (ay; +byy) +r (az) +bzy)

=a(px;+qy +712))+b (pxy +qyy +72y) = a.0+5.0=0 (by (1) and (2))

ad+bp=(ax; +bxy, ay +by,, azy +bzy) e W.  Hence W is a subspace of V; (F).

Ex. 3. Let R be the field of real numbers and W = { (x, v, z) / x, y, z are rational
numbers }. Is W a subspace of V5 (R).

Sol: Let a=(2,3,4) be an element of W ; ,—./7 is an element of R.
Now ao=+7 (2,3,4)=27,37,4/7) ¢ W.

( . 27,37, 4+/7 not rational numbers ).
- W is not closed under scalar multiplication.

Hence W is not a subspace of V5 (R).

Ex. 4. Let V be the vector space of all polynomials in an indeterminate x over the
field . Let W be a subset of V consisting of all polynomials of degree <n. Then W is
a subspace of V.

Sol: Let o, € W. Then a, 3 are polynomials over F of degree <n .

If a,beF then aa+bp will also be a polynomial of degree <.

~aa+bB e W= W is a subspace of V.

Ex. 5. Let V be the set of all nxn matrices and F be the field. If W is the subset
of nxn symmetric matrices in V, show that W is a subspace of V (F).

0o 0 0 .. O

0 0 . . .
Sol: O, ,, 1s a symmetric matrix

0o 0 .. .. 0

since i — j th element of O =0= j—ith element of 0
o W=¢. Let a,beF and P,Q €W where P=[p;]. Q=[g;]
- P, Q are symmetric, p;; =P and q; =q; . (1)

L aP+Q=alp;l+blg;]l =lap;l+[bg;]  =[ap; + bgjj 1,
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The i—j th element in aP+bQ =ap; +bq; =ap;; +bg; (by(1))
= j—i th element of aP +5Q
= aP+bQ is a symmetric nxn matrix = aP+bQe W
. W is a vector subspace of V (F).
Ex. 6. Let F be a field and A be a mxn matrix over F.
B, is the set of all 1xm matrices defined over f forming the vector space F iy (F).
Define W={X=[x,xp,...x,]€Fy,, IxA=0y, }.
Prove that W is a subspace of F i, (F).
Sol: Let X,YeW and gq,beF. By def of W, XA=0,,, and YA= O,
Now (aX+bY) A =(aX)A+(BY) A =a(XA)+b(YA) =a Oy, +b Oy, =0,
. aX+bY eW - W is a subspace of F,, (F).
Note. W is called a solution space of XA = O.

| EXERCISE 1 ()|
1. Let R be the field of real numbers. Show the set of triads that
(1) {(x,2,32)/x,y,zeR} (8. K. U. 2013)

(2) {(x,x,x)/ xeR} form the subspaces of R}R).

2. Let V=R®={(x,y,2)/x,y,zeR} and W be the set of triads (x,y,z) such that
x—=3y+4z=0. Show that W is a subspace of V (R).

3. Show that the set W of the elements of the vector space V;(R)of the form
(x+2y,y,—x+3y) where x,y €R is a subspace of V; (R).

4. Prove that the set of solutions (x,y,z) of the equation x+y+2z=0 is a subspace of
the space R’ (R).

5. Show that the solutions of the differential equation (D> —=5D +6) y =0 is a subspace of
the vector space of all real-valued continuous functions over R.
[Hint. Let y= f(x) and y=g(x) be two solutions.

5 DXf(x)=5Df(x)+6/(x)=0 .. (1), D*g(x)—5Dg(x)+6g(x)=0 ... (2)

(D a+(2)b gives: D*[af (x)+bg(x)]—5D [af (x) + bg(x)]+6 [af (x) + bg(x)] =0
. af (x)+bg(x) is also a solution of D.E. etc.]
6. Show that the subset W defined below is not a subspace of R? (R) .
(i) W={(a,b,c)|a,b,c arerationals } (ii) W ={(a,b,c)|a®+b*+c* <1}
7. Let V be the vector of nxn matrices over a field F. Show that W the set of matrices
which commute with a given matrix T is a subspace of V.

W:{A:[aij] eV:AT=TA}
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8. Vs the vector space of 2x2 matrices over a field F. Show that W is not a subspace

of Vwhere (i) W={A eV|det. A=0} (i) W={A eV|AZ=A}

1 0 0 0
. . _ B .
[Hint. (i) Take A {O J and { 0 J in W.

A+B:L1) ﬂ with det. (A+B)=0 etc.

1 0
[Hint. (if) Clearly I= {O J eW . As (21)% =21 scalar multiplication in W fails].

9. Let V be the set of all real valued functions defined on [—1,1]. Which of the following
are subspaces of V (R).
() Wi={/ eVI[f(0)=0} (i) Wo={f eV|f(h=/f(-D}
(i) Wy={f eVI[f(x)=0if x<0} (V) Wy={f eVI[f(x)=/f(-x)}

10. W is the subset of 3. Which of the following are the subsapces of 3 (C) .

(i) W={(ay,0,,a3) €C |a isreal }

(i}) W ={(a,0,,03) eC?|either o) =0 or o, =0}

11. Let x be an indeterminate over the field F. Which of the following are subspaces of F
[x] over F ?
(7) All monic polynomials of degree atmost 10.
(7i) All polynomials having o and B in F as roots. (iii) All polynomials divisible by x.
(iv) All polynomials f(x) such that 2 7(0)= f(1).

12. Prove that W={A(1,1,1) |~ R} is a subspace of R>.

| ALGEBRA OF SUBSPACES|

1.16. Theorem. The intersection of any two subspaces W, and W, of vector
space V (F) is also a subspace.
Proof. W, and W, are subspaces V (F)

= 0ecW, and OecW, = 0cW NW, LOWNW, %0

Let a,b€F and a,Be W W, soo,peW, and o, BeW,
Now a,beF and a,peW, = aoa+bBeW,

a,beF and o,feW, = aoa+bBeW,

aat+bBeW W, s W)n'W, is a subspace of V (F)

1.17. Theorem. The intersection of any family of subspaces of a vector space

is also a subspace.
Proof. Let V (F) be a vector space.
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Let W, W,, W5 ...W, be the n subspaces of V (F).

n
Let WzﬂWiz{aeV:aeWn‘v’n}

i=1

— _ n n
OeW, for i=1,2,...,n = OﬂWI- and ﬂW,- =0
1

i=1
n
Let o, eﬂW,- = o,BfeW,Vn
i=1
Since each W, is a subspace we have a,beF and o,feW, > aa+bp €W, Vn
n n
= aa+bp e ﬂWi . Hence ﬂWi is a subspace of V (F).
1 i=1
Note : The union of two subspaces of V (F) may not be a subspace of V (F).
e.g. Let W, and W, be two subspaces of V; (R) given by
Wi ={(0,»,0)]y eR}, W, ={(0,0,2)z eR}
K Wl UW2 {(O:J’:O)U(O:O,Z)U’:Z ER}
Now (0, y,0)+(0,0,2)=(0, y,z) € WU W,
Since neither (0, y, z) € W; nor (0, y,z) € W,
Thus W, U W, is not closed under vector addition.
- W; U W, is not a subspace of V ().

1.18. Theorem. The union of two subspaces is a subspace if and only if one is
contained in the other.

Proof. Let W, and W, be two subspaces of V (F).

Condition is necessary. Let W; c W, or W, = W,

© WUW, =W, or W, = W, UW, is asubspace of V (F)
Condition is sufficient. Let W; UW, be a subspace.

Let us suppose that W; ¢ W, and W, ¢ W,

Now W, ¢ W, = there exists x e W; and x ¢| W, (D)

W, ¢ W, = there exists ye W, and y¢ W, .. (2)

. xeWjUW, and ye WU W,

= x+yeWUW, (*+ W, UW, is a subspace)

= x+tye Wyor x+ye W,.

Now x+y,xe W, (subspace)= 1(x+y)+(-1) xe W, =>yeW .. (3)
Similarly x+y, ye W, (subspace) = 1(x+y)+(-1) ye W, =>xeW, . (@)

Thus (3) and (4) contradict (2) and (1). . Either W, c W, or W, c W,.
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1.19. LINEAR SUM OF TWO SUBSPACES |
Definition. Let W, and W, be two subspaces of the vector space V (F). Then the

linear sum of the subspaces W, and W,, denoted by W, +W,, is the set of all sums
oy +a, such that a; e Wy, o, e W, ie, W +W,={a;+a,/0 € W,0, eW,}

1.20. Theorem. If W, and W, are any two subspaces of a vector space (F) then

@) W, +W, is a subspace of V (F).

(i) Wy =W, +W, and Wy = W, +W, .

Proof. (i) Let o,Be W, +W,. Then

a=o0;+0a, and B=p; +p, where a;,p; e W, and a,,B, e W,.

If a,beF then aay,bB; W, (- W, subspace)

and ao,,bBy €W, (. W, subspace)

Now aoa+bB=a(a;+oy)+b(B+By) =(aoy,bP))+(aay,bBy)e W W,

~a,beF and o,Be W)+ W, = aa+bPe W, +W,

Hence W, + W, is a subspace of V (F).

(ll) aleWI and 66W23G1+6€\V1+W2. OLIEWI = (11€W1+W2
= W, < W +W,. Similarly, W, € W; +W, . Hence W, UW, c W, +W,.
|SOLVED PROBLEMS |

Ex.1. Let V be the vector space of all functions from R into R. Let S, be the
subset of even functions, f(-x)=f(x) S, be the subset of odd functions, f(-x)=-f(x).
Prove that (1) S, and S, are subspaces of V (2) S,+S,=V (3) S,nS, =1{o}

Sol: (1) Let f,,g,€S, and a,beR

oo @, +b8,) () = af (~x) + bg, (~x) = af, (¥)+ bg,(x) = (af, +bg,) (¥)

= af, +bg, is an even function.

5o for 8o €S,.a and beR = af, +bg, €8,

Hence S, is a subspace of V. Similarly we can prove that S, is a subspace of V.

(2) Since S, and S, are subspaces of V. S, +S, is also a subspace of V
1 1
S, +S,cV.  Let g(x)= E[f(X) +f(=0], k()= E[f(X) —f(=x)]
Clearly g, is an even function and #, is an odd function
1 1
Now f(x)= E[f(x) +f(=0)]+ E[f(x) =S (0] = g, (x) + 7, (x) = (e + 11)(x)

= f=g,+h, where g,€S,,h, € S,
Thus feV= feS,+8S, VeSS, +S,. Hence S,+S,=V.
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(3) Let O denote the zero function i.e., O(x)=0VxeR

Let fe S,NS, then f(-x)= f(x) and f(-x)=—f(x)

L) ==f()= 21(x)=0

= f(x)=0=0(x)=f =0. Hence S,nS, ={0}.

Ex.2. Let W, and W, be subspaces of a vector space V such that W;+ W, =V
and W;n'W, ={0}. Prove that for each vector o in V there are unique vectors
oy € Wy, o, € W, such that oo=o;+a,.

Sol: aeV=0eW+W, (- V=W +W,)

= a=0;+0a, where a; e W,a, e W,

If possible let o =B, +B, where B; € W,B, e W,

Loy tap =P+, o =Py =Py -0y

Now oy —B; € Wy and B, —o, e W,

= a;-B;eW, and o) -p; e W,

= a; B eW;NnW, = ay—p; =0 (- W, AW, ={0})

= B~y =0

= oy =p; and a, =B,. Hence a.=o0, +a, is unique.

[1.21. LINEAR COMBINATION OF VECTORS|

Definition. Let V (F) be a vector space. If oy 0,,..,a, €V then any vector

Y=a 04 + a0, + ...+ a,0, where a a,....,a, €F is called a linear combination of
the vectors oy 0, ..., 0, .

Note.1. v is a vector belonging to V (F).
[1.22. LINEAR SPAN OF A SET|

Definition. Let S be a non-empty subset of a vector space V (F). The linear span
of S is the set of all possible linear combinations of all possible finite subsets of S.

The linear span of S is denoted by L (S)

~LS)={y:vy=Y ga;,q cF 0;€S}

Note.1. S may be a finite set but L (S) is infinite set.

L (S) is said to be generated or spanned by S

2. If S is an empty subset of V then we define L (S) = {0}

3. ScL{S}

1.23. Theorem. The linear span L(S) of any subset S of a vector space V (F) is
a subspace of v (F).

Proof. Let o,feL (S) and a,beF
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L o=aoy +ay0, +...+a,0,, B=bPB+bB, +...+0,B,
where a';s,b';s € F and a';s,B";s € S
Lao+bB=a(qog+ayo, + ... +a,0,)+b B +bBy +...+5,B,)
=(aaq)oy+(aay) oy, ...+ (aa,)o,, + (b b)B+(bby)By +...+(bb,)B,
= a a+bp is alinecar combination of finite set
oy, 0y ... 0y, B, By B, Of the elements of S. = (¢ a+bB)eL (S)

Thus a,b€F and a,BeL(S)= (aa+bP)eL(S) .. L (S)isasubspaceofV (F).

1.24. Theorem. Let S be a non-empty subset of the vector space V (F). The
linear span L (S) is the intersection of all subspaces of V which contain S.

Proof. Let W be the subspace of V (F) containing S. Every linear combination of
finite set of elements of S is an element of W as W is closed.

But the set of every linear combination of finite set of elements of S is L (S).
~L(S)cW

~. L(S) ¢ Intersection of all subspaces of V containing S (- Sc L(S))
The intersection of all subspaces of V containing S < L (S)

Hence L (S) is the intersection of all subspaces of V containing S.

| SOLVED PROBLEMS |

Ex.1. Express the vector a=(,-2,5) as a linear combination of the vectors

e =(L11), e, =(1,2,3) and e3=(2,-1,1)

Sol: Let av=(1,=2,5) =x(LL)+y(123)+z (2, -11)
=(x+y+2z,x+2y—z,x+3y+z2)

Hence x+y+2z=1, x+2y—-z=-2, x+3y+z=5

Reducing to echelon form we get a+p+2y=1, p-3y=-3, 5y=10

These equations are consistant and have a solution given by oo =—-6,=3,y=2
Hence o =-6¢ +3e, +2e;
Ex.2. Show that the vector a.=(2,-5,3) in R® cannot be expressed as a linear
combination of the vectors e =(1,-3,2),e, =(2,—-4,-1) and e3=(1,-5,7)
Sol: Let o =ae +bey +cey
e, (2,-53)=a(l,-3,2)+b(2,-4,-1)+c(1,-5,7)
=(a+2b+c,-3a—-4b—5¢c,2a-b+7c)

= a+2b+c=2, -3a-4b—-5¢=-5, 2a—b+7c=3
Now reducing to echelan form we get a+2b+c=2, 2b-2c=1, (=3
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As the system is inconsistant, the equations have no solution. Hence o cannot be

expressedas a /. cof ¢,e,,e3.
Ex.3. The subset S=1{(1,0,0),(0,1,0),(0,0,1)} of V5(R) generates the entire vector
space V3(R).
Sol: Let (a,b,c) eV then we can write (a, b, ¢)=a (1,0,0)+5 (0,1,0)+¢ (0,0,1)
= (a,b,c) eL(S) = VcL(S). But L(S)cV Hence L(S)=V.
Ex.4. In the vector space R3R). Let a=(1,2,1),p=(3,1,5),v=(3,-4,5). Show that
subspace spanned by S={o,B} and T = {a,B,y} are the same.
Sol: L (T)=1/.c. ofthe vectors of T ={aa+bB+cy/a,b,ceR}
Let y=xa+yB= (3,-4,5=x1,2,)+y(3,1,5)
x+3y=3,2x+y=-4,x+5y="5
x=-3, y=2 satisfy all the three equations. (3, -4,5=-3(,2,)+2(3,1,5)
“c(3,-4,5=-3¢(1,2,)+2¢(3,1,5) =>cy==3ca+2cP
“aa+bB+cy=aa+bB-3c a+2cP
=(a-3c)a+(b+2c)p=pa+qp when p,geR
. But pa+gBeL(S). o L(T)=L(S).
Ex.5. In the vector space R¥*R) let S = {91, 0, 0), (0, 1, 0)}. Find L (S).
Sol: L(S)={a/a=a(1,0,0)+b(0,1,0),a,becR} ={a/o=(a,b,0);a,beR}
Geometrically the linear span is the plane Z = 0.
1.25. Theorem. If W, and W, are two subspaces of a vector space V (F) then

L(Wl UW2)=W1 +W2.

Proof. Let a; € W, and OeW, LoyeW and OeW, = o, +0e W+ W,

. Bvery o1 e W, = a; e W+ W,

oo W e Wi+ W, . Similarly W, ¢ Wi+ W, . Hence W, UW, c W;+W,

Also W; and W, subspaces of V = W, UW, subspace of W;+ W, .

s L(W; UW,) is a subspace of W;+ W, . Again let o e W;+ W,

. Bydef. a=0;+0a, where o, € W, and o, e W, S0, 0y € W UW,

Now, =0y +a,=1.a;+1.a, = /. c. of elements of W, UW,

"~ oe L(W,UW,) 5 Wit W, © L(W, UW,) .. ()

Also we know that L (W, UW,) is the smallest subsapce containing W; UW, and
W, UW, € W+ W, . S LW UW,)c Wi+ W, ... (i)

From (i) and (ii) L (W, U W,)=W,+ W,
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1.26. Theorem. If S is a subset of a vector space V (F) then prove that
(@) S'is a subspace of V< L(S)=S (S. VU 2001/0) (I) L (L (S)) =L (S).

Proof. I. (i) Let S be a subspace of V,
Let aeL(S). Then a=q a;+a, oy +...+a,, o, wWhere q,a,,...a, €F
and o, ;... o, €S
- S is a subspace of V, it is closed w.r. to scalar multiplication and vector addition.
a0+ a0y ... +a,o, =0 €S
Thus aeL(S)=aeS ~ L) cS
Let BeS. Now B=1.p=/c. of infinite elements of S
= Ppe LS . ScL(S. Hence L (S) = S.
(i) Suppose L (S)=S.
We know that L (S) is a subspace of v. = S is a subspace of V.
II. We know that L (S) is a subspace of V. By I, L (L (S)) =L (S).

1.27. Theorem. If'S, T are the subsets of a vector space V (F), then
I ScT=LEOcL@ dI) LEuUD=LE)+L()

Proof. I) Let ae L(S)

O =aoy + ayo, +...+a,0, where a;'s €F and o;'s €S

~ ScT,then {a, 0y ..a,} T

oo o=l c.of finite subset of T = o e L (T)

Hence L(S)c L(T).

(II) Let ae L(SUT)

0= a0y + ay0y .+ a0, +b B +bB, ...+ b,B, Where a,a; ...a,,,b,b,y...b, €F

oy, 0y ..o, €S and By, B, .5, eT.

(1) But gqjoq + a0, +...+a,0,, €L (S), b, byfy +...+B, € L(T)

. o= an element of L (S) + an element of L (T)

~aeL(S)+L(T) = L(SUT) cL(S)+L(T) (D)

(i) Let aeL(S)+L(T)

~o=y+0 where yeL(S), L (T) -~ y= Lc. of a finite no. of elements of S
§ = lc. of a finite no. of elements of T

~ o=y+0 = lLc. of a finite no. of elements of SUT = a=y+8eL(SUT)

. L(S)+L(T) cL(SUT) (2

Hence from (1) and (2) : L(SuUT)=L(S)+L(T).



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

EXERCISE 1 ( ¢)

1. Show that each of the following set of vectors generates R3(R).

(0) {(1,0,0),(1,1,0), (1,1,1)} (@) {(1,2,3),(0,1,2), (0,0,1)} (i) {(1,2,1),(2,1,0), (1,-1,2)}
2. Ifa=(12,-1),B=(2,-3,2),y=(4,13) and 5=(-3,1,2) are the vectors of V;3(R) show
that L ({o, B}) # L ({y,8}) .

3. Prove that the subspace spanned by a non-empty subset S of a vector space V is the
set of all linear combinations of vectors in S. (V. U)

[1.28. LINEAR DEPENDENCE OF VECTORS |

Definition. Let V (F) be a vector space. A finite subset {ay,0y,...,0,} of vectors

of V is said to be a linearly dependent (L.D.) set if there exist scalars oy,0, ,..,0, € F,

not all zero, such that a0y +aya, +...+a,0, =0.
[1.29. LINEAR INDEPENDENCE OF VECTORS |

Definition. Let V (F) be a vector space. A finite subset { oy, oy, ...,a,} of vectors of
V is said to be linearly independent (L.L) if every relation of the form

oy + a0 +...+a,0, =0,a;'se F

= 4 =0,ap=0,..,a,=0.

1.30. Theorem. Every superset of a linearly dependent (L.D) set of vectors is
linearly dependent (L.D.).

Proof. Let S = {ay,0,,..,,} be a linearly dependent set of vectors.

- There exist scalars ¢, a,,...,a, €F, not all zero such that
@04 + a0y + ... +a,0, =0 (D)

Let S'= {a;,a; ...a,,B,B,.-B,} be asuper set of S. then (1) can be re-written as
@0y + @Yoy + ... +a,0, +0B;, 0By +...+0B, =0 - (2)

In (2) all the scalars are not zero = S'is linearly dependent (L.D.)

Hence any super set of an L.D. set is L.D.

1.31. Theorem. Every non-empty subset of a linearly independent (L.1.) set of]
vectors is linearly independent (L.1.)

Proof. Let S = {ay,0,,...,0,,} be a L.l set of vectors

Let us consider the subset {ay,0,,...,0;} Where 1<k <m.

Now aqjoy +ayo +...+a oy =0
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= @0y + ar0 + ... + a0y, + 00y, +...+0a,, =0
= a;=0,a,=0,a;, =0 (-- Sis L.I set.)

Hence the subset {ay, ay,...,0;} is L.L

1.32. Theorem. A set of vectors which contains atleast one zero vector is linearly
dependent.

Proof. Let 0;=0 and ay,05...0,, #0
Then 10y +00y +003...+0a,, =0, @ =1e F with atleast one scalar g # 0

= {0,0,,...,0,,} L.D. set.

Hence the set of vectors containing zero vector is linearly dependent (L.D.).
Note. A L.I. subset of a vector space V (F) does not contain zero vector.

1.33. Theorem. A single non - zero vector forms a linearly independent (L.1.)
set.

Proof. Let L = {} be a subset of V (F) where a#O

If aeF then aa.=0 = a=0. -, The set S is linearly independent.
Note. {a} is a L.D. set.
| SOLVED PROBLEMS |
Ex.1. Show that the system of vectors (1,3,2), (1,-7,-8), (2,1,—-1) of V3(R) is linearly
dependent.

Sol. Let a,b,ceR,then a(1,3,2)+b(1,-7,-8)+¢ (2,1,-1)=0

= (a+b+2c,3a-Th+c,2a—-8b—-c)=(0,0,0)

= a+b+2¢=0,3a-7b+c=0,2a—-8b—c=0

= a=3,b=1c=-2 -, The given vectors are linearly dependent.

Ex.2. Show that the system of vectors (1,2,0),(0,3,1),(-1,0,1) of V3(Q) is L.I. where
Q is the field of rational numbers.

Sol. Let x,y,z,€Q then x(1,2,0)+y(0,3,1)+z(-1,0,)=0
= (x—2z,2x+3y, y+2)=(0,0,0)

= x-z=0,2x+3y=0,y+z=0 = x=0,y=0,z=0
Hence the system is L.I.

Ex.3. If two vectors are linearly dependent, prove that one of them is a scalar
multiple of the other.

Sol: Let o, be two L.D. vectors of V (F)

Then there exist a,b € F, not both zero such that a a+bp= 0

b
Let 420, then o= (—;j B =« is a scallar multiple of

If p 0, similarly we get B=a scalar multiple of o .
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Ex.4. Prove that the vectors (x,y) and (xy,y,) of Vo(F) are L.D. if
Ny =%y =0.

Sol. Let a,beF then a(x;y)+b (x,)=1(0,0)

= (axy+bxy,ay+byy)=(0,0) = ax+bxy;=0,ay+by, =0

These equations are consistant.

X

X2
If det. |: y2:|:0 = X1)2 =N =0

N

Ex.5. In the vector space V,(F), the system of n vectors e =(1,0,0...0),
e; =(0,1,0...0), ........ , e, =(0,0,..1) is linearly independent where 1 is unity of f.

Sol. Let 4, ay,...,a, €F, then a e+ ayey +..+ a,e, =0

= (10,..,0)+a,(0,1,0...)...+a,(0,0,...,0,) =0

= (4,a,...,a,)=(0,0,...,0) = a;=0,a, =0, ...q, =0

= The given set of vectors is linearly independent.

Ex.6. Prove that the four vector o =(1,0,0),p=(0,1,0), y=(0,0,1), §=(1,1,1) in
V3(C) form L.D. set, but any three of them are L.I.

Sol. Let a,b,¢c,deC Lao+bPrcy+d8=0

= a(1,0,0)+5(0,1,0)+¢(0,0,)+d (1.1,1) =0

= (a+d,b+d,c+d)=(0,0,0)

= a+d=0,p+d=0,c+d =0 sa=-d,b=-d,c=-d

Thus if ¢ = —k, then a=k, b=k, ¢ =k, showing that a+B+y-8=0

- The four vectors a,p,y,d are L.D.

(if) But aa+bB+cd8=0 = a(1,0,0)+5(0,1,0)+c(1,1,1)=0

= (a+c,b+c,¢)=(0,0,00= a+c=0,b+c=0,c=0,

= a=0,b=0,c=0 = the vectors a,B,d are L.I.
Similarly we can show that any other three vectors are L.I.

Ex.7. If o, B,y are linearly independent vectors of V (R) show that o.+B,B+y,y+a
are also L.I.

Sol. Let a,b,ceR.

a(@+B)+b(P+y)+c(y+0)=0 = (a+c)o+(a+b)B+(b+c)y=0
Given a, B3,y are linearly independent.

= a+0.b+c=0, a+b+0.¢c=0, 0.a+b+c=0.
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Now the coefficient matrix A of these equations is A =

O =
—_ = O
—_ O

where rank of A= 3 i.e., equal to the no. of unknowns.
= a=0,b=0,c=0 is the only solution of the given equations.

. o+pB,B+y,y+a are also L.I.
Ex.8. Let F(x) be the vector space of all polynomials over the field F. Show that

the infinite set S = {1,x,x%,..} is linearly independent.

Sol. Let S'={x",x",..,x"} be any finite subset of having a vectors, where
my, my,...m, are non-negative integers.
Let a,a, ...a, €F

1 2 n

L ax™ +ayx™ +..+a,x™ =0 (i.e.zero polynomial)

Then by definition of equality of two vectors we have ¢ =0, 4, =0, ......,a, =0

= Every finite subset of S is L.I. and hence s is linearly independent.

Ex.9. Let V be the vector space of 2x3 matrices over R. Show that the vectors A,
B, C form L.I set where

2 1 -1 11 -3 4 -1 2
A=13 5 4| B, ¢ 5| ad C=1 5 3
Sol. Let a,b,c R then for L.I.

aA+bB=cC=0 = a=0,b=0,c=0
Now a A+bB=cC=0

2 1 -1 1 1 -3 4 -1 2 00 0
= a +b +c =

{3 -2 4} {—2 0 5} L -2 —3} {0 0 O}

{2a+b+4c a+b—-c —a—3b+2c}_{0 0 O}

3a-2b+c -2a-2c 4a+5b-3c 00 0

= 2a+b+4c=0, a+b-c=0, -a-3b+2c=0
3a-2b+c=0, —2a-2c=0, 4a+5b-3¢c=0
These equations have only one solution a=0,6=0,c=0.
Ex.10. Prove that the set {1,i} is L.D. in the vector space C (C) but is L.1. in the
vector space C (R).

Sol. Since (-i)i=1 with (-i)eC, (one vector is a multiple of other)
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= theset {1,i} inC (C)is L.D.
There exists no real number a such that a i = 1.

Hence {1,i} isnot L.D and so L.l in C (R).
Ex. 11. Prove that the set {(1,0,0,-1),(0,1,0,—1),(0,0,1,—1),(0,0,0,1)} is linearl

Sol. Let o, =(1,0,0,-1),a, =(0,1,0,-1), a5 =(0,0,1,-1), 00, =(0,0,0,1)
Let a0, +a,0, + as0,; + a0, =0, OeV,(R)

= ¢,(1,0,0,-1)+ a,(0,1,0,-1) + a,(0,0,1,-1) + a,(0,0,0,1) = (0,0,0,0)
= (ay,a, +a,,ay,—a, —a, —a, +a,)=(0,0,0,0)

=a, =0,a,=0,a,=0,a,=0

Since all the co-ordinates are equal to zer0, the set is linearly independent.

1.34. Theorem. Let V (F) be a vector space and S = {0,0, ,...,0,,} IS a finite
subset of non-zero vectors of V (F). Then S is linearly dependent if and only if some
vector oy €S, 2<k<n, can be expressed as a linear combination of its preceding

vectors.

Proof. Given S = {oy, oy, ..., 0, ...,0,} is L.D. Then there exist oy, a,,...,a, €F, not
all zero, such that  qoy +ayon + ... + @0y +.. 4,0, =0

Let k be the greatest suffix of a for which a; #0.

Then aoy +ayon +...+a 0y +00y g +...+ 00, =0 = @04 +ay0, +... +azoy =0
Now suppose k=1,(1) = ao;=0

But ¢, #0, so o; =0, which contradicts that each element of S is a non-zero vector.
Hence >1, ie, 2<k<n.

Again from (1) we have a oy =—-a0 —ar0, ... —ap_10;_;

= ap (apoy) = (=410 —ayay ...~ ap_10_y)

= o =(a;'q) oy +(=ag ay) oy + e+ (—a _y) Oy

= (L.C. of its preceding vectors).

Conversely. Let some o, €S be expressible as a linear combination of its preceding
vectors i.e., for b,b,,....b, €F.

O, =by 0y +by Gy +ot by 0, = Byoy+by ag+.+ b, o, +(-Da, =0

= the set {ay,0y,..,a,} is L.D. ... [(-1) is a non-zero coefft.]

Hence the superset S = {04, 0, ..., &} is L.D.
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Note. If B is a linear combination of the set of vectors o, a,, ...,a,, then the set of
vectors {B, ay, oy, ..., o, } 15 L.D.
1.35. Theorem. Let S = {o;,0,...,0,} be a subset of the vector space V (F). If]

o; €S is a linear combination of its preceding vectors then L (S) = (S') where

S'= { Oy, 0l g eeey Olj_15 Oljy ] 5 oves (X.n}

Proof. Clearly S'cS = L(S)cL(S). Let BeL(S) then for q,a, ...q, €F.
Lo B=agqatayontata o+ ta,

But given that o, =b oy +by 0y ...+b_j0;; V b'seF

SoB=aqog a0+ a; (Boy + b0y b o) a0 et a, O
=(aq+a;b) oy +(ay +ajby) oy +...+(a_ +a;b;_y) 0 +a;,,0,...+a,q,

= L.C. of the elements of S'

. BeL(S) =L(S)cL(S). Hence L (S)=L(S").

EXERCISE 1 (d)
1. Determine whether the following sets of vectors are L.D. or L.I.

(@) {(2,-3),(6,-9)} in Rz(R) (b) {(4,3,-2),(2,-6,7)} in V3(R).

1 -2 4 3 -6 12
(¢) {A, B} where A = 301 -1 and B = 9 3 -3 in the vector space of 2x3
matrices over R.

(d) {p(x), po(x)} where p,(x)=1- 2x+3x? and p,(x)=2-3x in the vector space of all
polynomials over R.

2. Determine whether the following sets of vectors in R3(R) are L.D or L.L.

(@) {(L-2.1), (2,1,=1), (7,~4,1)} (b) {(2,0,5),(3,-5,8), (4,-2,1), (0,0,1)}

(©) {(=121),(3,0,-1),(-5,4,3)}

3. Determine whether each of the following sets of vectors V,(Q) is or L.D. or L.I., Q
is the field of rational numbers.

(@) {2,L1,1),(1,3,1,-2),1,2,-1,3)} (b) {(0,1,0,1),(1,2,3,-1),(1,0,1,0), (0,3,2,0)}

() {(1,2,-1,1),(0,1,-1,2),(2,1,0,3), (1,1,0,0)}

(d) {1,1,2,4),(2,-1,-5,2), (1,-1,-4,0), (2,1,1,6)}

4. Show that the set {1, x, x—x*} is L.I., set of vectors in F (x) over the field of real

numbers.
5. If «,B,y are the vectors of V (F), and «a, b eF show that the set {a,p,y} is L.D, if

the set {a+aPB+by,B,v} is linearly dependent.
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6. IfS={o;,a,..qa,} isany linearly independent subset of a vector space Vand B¢ L (S),
then prove that o, a, ...a,,B} is linearly independent.

7. Under what conditions on the scalar B is the subset {(B,1,0), (1,,1),(0,1,p)} of R3,
linearly dependent ?
8. If f(x) is a polynomial of degree n with real coefficients prove that

d}’l
— f(¥)( is a linearly independent set.

2
{f(X), L, L p,
dx dx dx
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Basis and Dimension

|2.1. BASIS OF VECTOR SPACE |
Definition. A subset S of a vector space V (F) is said to be the basis of V, if

(i) S is linearly independent. (ii) the linear span of S is V i.e., L(S)=V
Note: A vector space may have more than one basis.
|2.2. FINITE DIMENSIONAL SPACE. |

Definition. A4 vector space V (F) is said to be finite dimensional if it has a finite
basis. (OR)

A vector space V (F) is said to be finite dimensional if there is a finite subset S in
V such that L (S) = V.

Ex. 1. Show that the set of n vectors ¢ =(1,0,...,0), e, =(0,1,0,...,0), ¢, =(0,0,...,1) is a
basis of V,(F).

Sol. Let S = {e,e;,...,€,}. (i) It can be easily verified that the set S is L.I,
(i1) Now any vector o =(ay,a; ...a,) e V,(F) can be put in the form
(q,a,....a,)=a1(1,0, ..., 0)+a,(0,1,...,0) ... +a,(0, ..., 1) =a1¢ +aye, +... +a,e,

= [ c. of clements of theset S = a <L (S).

~aeV= aeL(S) ~ V=L (S). Hence S is a basis of V,(F)
Note 1. The set S={e,e,, ..., e,} is called the standard basis of V,(F) or F"

Note 2. The set {(1,0,0), (0,1,0), (0,0,1)} is the standard basis of V3(R) or R>.

Ex. 2. Show that the infinite set S={1.x,x*,..,x",..} is a basis of the vector space
F[x] over the field F.

Sol. (i) The set S is clearly L. 1. (ii) Let f(x)=ay+ax+..+a,x" € F[x]

where ay,aqy,...,a, €F

S f(x)eL(S) = F[x]=L(S) -, Sis abasis of F[x]

Let 8'={1, x, x,...,x"} be a finite subset of S. If g(x)=cy+c; x+cy x> ... +c,x" and
n>m it is not possible to write g(x) as a l.c. of the element of S'.

Hence the vector space F[x] is not finite dimensional.
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2.3 Theorem. IF V(F) is a finite dimensional vector space, then there exists a
basis set of V.

Proof. Since V (F) is finite dimensional, there exists a finite set S such that, L (S)=V

Let S={oy, a5 ,...,0,}
We may assume that S does not contain the O vector.

IfSis L. L, then S is a basis set of V. If Sis L. D. set, then there exists a vector o; €S
which can be expressed as a linear combination of the preceding vectors,.

Omitting o; from S, let S; ={oy, 0y, ..., A_y, A5 -0, } = Sy =S

By previous theorem L (S;)=L(S). Now L(S)=V= L(S))=V

If S; is L.I set then S; will be a basis of V.

If S; is linearly dependent, then proceeding as above for a finite number of steps, we

will be left with a L. I. set S; and L (S;)=V . Hence S; will be the basis of V (F)

Thus there exists a basis set for V (F)
[2.4. BASIS EXTENSION|

Theorem. Let V (F) be a finite dimensional vector space and S={o,,0, ,...,0,,} @

linearly independent subset of V. Then either S itself a basis of V or S can be extended
to form a basis of V. )

Proof. Given S={a,,a,,...a,} is L. I. subset of V.

Since V (F) is finite dimensional it has a finite basis B. Let B={pB;,B, ... B,}

Now consider the set S; ={ oy, oy, ..., 0o, B> Bo, B, }

written in this order. Clearly L (S) = V.

Each o can be expressed as a l.c. of B's as B is the basis of V. = S, is L. D.

Hence some vector in S; can be expressed as a /.c. of its proceeding vectors. This
vector cannot be any of «'s, since S is L. I. So this vector must be some f; .

Consider now the set.

Sy ={ o, &g, e Oy, Brs Byt iyt 5B} =Sy —{B;} obviously L(S,)=L(S)=V.

If S, is L. I, then S, forms a basis of V and it is the extended set.

If S, is L. D. then continue this procedure till we get a set S, =S such that S, is L. L.

L L(S)=L()=V

S, will be extended set of S forming a basis of V.

Note. 1. Every basis is a spanning set but every spanning set is not a basis.
2. If a basis of V(F) contains n elements, then <y .
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2.5. Theorem. Let S={0,,0,,...,a,} be a basis set of a finite dimensional vector

space V (F). Then for every a.€ V there exists a unique set of scalars ay,a,,...,a, €F

such that o= a1 0p tay oy +...+a, a,

Proof. If possible let there exist another set of scalars b, b, ...b, € F such that
oa=boy+bya,+...+b,0,

a0y tap 0y +...+a, o,=boy+bo, +...+b,0,

= (a=by) oy +(ay =by) 0y .. + (@, =b,) &, =0

Since the set S={ay, 0, ...a,} is L. L.

we have a _bl =0, a, —b2 =0...an _bn =0= a :bl:aZ sz 500y Ay Zb”
|2.6. COORDINATES |

Definition. Let S={oy,0,..a,} be the basis set of a finite dimensional vector
space V (F). Let BeV be given by B=ao,+ara, ..+a,0, for a,a,..,a, cF then
the scalars (aj,a,,...,a,) are called the coordinates.

Note. Coordinates change with the change of basis.
SOLVED PROBLEMS

Ex. 1. Show that the vector (1,1,2), (1,2,5), (5,3,4) of R’ (R) do not form a basis

set of R3(R).

1
Sol. Writing these vectors as rows of a matrix we have | 1
5

1 1 2 1 1 2

Reducing to echelon form, weget (0 1 3 |~|0 1 3
0 -2 -6 000

But in the last matrix there are only two non-zero rows, hence the given vectors are

L.D. Therefore they ean not form a basis of R3(R).

Ex. 2. Show that the set {(1,0,0),(1,1,0),(1,1,1)} is a basis of C3(C). Hence find the
coordinates of the vector (3+4i,6i,3+7i) in C3(C).
Sol. Let S = {(1,0,0), (1,1,0), (1,1,1)}

1 00
Keeping these vectors as rows of a matrix we get A=1 1 0
1 11
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1 00
Reducing to echelen form, A~{0 1 0] ie, R, —-R; and R;—-R,
0 0 1
-, rank A = no. of unknowns. = The given setis L. L.

Let zeC3 be z=(a,b,c) where a,b,ceC

Now (a,b,¢)=p (1,0,0)+¢ (1,1,0)+r (1,1,1) for p,q,r€C =(p+q+r,q+r,r)
= a=p+q+r, b=qg+r,c=r. = r=c,q=b-c,p=a-b

. z=(a-b) (1,0,0)+(>-c)(1,1,0)+c (1,1,0)

= [.c. of the given vectors of S = z €L (S). - Sisabasis of C3(C)

Now if (a,b,c)=(3+4i,6i,3+7i) then p=3-2i,gq=-3—-i,7=3+7i which are the
coordinates of the given vector.

Ex. 3. The set Sy ={a,B,v, 8} where a.=(1,0,0),=(,1,0),y=(1,L1) and §=(0,1,0)

is a spaning set of R3(R) but not a basis of set.

Sol. Keeping the vectors in matrix form

=R ™K
O = = =
— e O
S = O O
S O O
S O = O
oS = O O

§ - row reduced to zero row.

= & can be expressed as l.c of a,B,y = SisL.D.

(o} 1 00 1 00
Consider Sy =1{a,B,y} Bi=|1 1 0|~/0 1 0
Y 1 11 0 0 1

Whenever [a fy] can be reduced to the standard basis set, S; will be the basis of
V3(F) ie, L (S3) =V. As S3 C S4, L (S3) =L (S4) =V
Thus S, is a spaning set of V;(F) but not a basis set.

Ex. 4. If a=(1,-1,0), 3 =(2,1,3) find a basis for g3 containing o and B.

Sol. Let ¢ =(1,0,0), e; =(0,1,0), e3 =(0,0,1) and S={e|,e;,e3} we know that S is a
standard basis for R?

We have BeR>. Let S; ={P, e, e, e3} then L (S;)=L (S)=R>
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Now B=2el+e2+3e3

1 1
= & =§l3—§ @ =3 ¢ which shows that e; isa L. C. of B.ej. e,

Let S, ={B, e, e,} then we have L (S)=L (S)=R>. Again ¢ eR>

Let S, ={o, B, e, e;} then L (S,)=L (S;)=R>

We have o =¢ —e, = e, =—a.+0B + ¢ which show that e, isa L. C.of o, B, ¢
Remove e, from S, and let S3 ={a. B, ¢} then L (S;)=L (S)=R’

Since the dimension of R® is 3. We have S; is a basis of R?.

- {(1,-1,0) (2,1,3) (1,0,0)} is a basis of R3.

Note: We can prove that {a, B, e,} and {a, B, e;} are also basis of R>.

Ex. 5. Show that (2,2,1)(2,1,1)(2,1,0) from a basis of (1,2,1)in V5(F)

Sol. Let (1,2,1) = a(2,2,1) +B(2,1,1) +y(2,1,0)

=Qa+2B+2y,20+ B+ 7,0 +B)

Comparing, 20.+2p+2y =1 (1)
200+4y=2 .. (2)
a+p=1 .. (3)

Solving we get a=3/2,=-1/2,y=-1/2
3 1 1
L 1,2,)=2(2,2,)—=(2,1,1) == (2,1,0
1,2,1) 2( ) 2( ) 2( )

Ex. 6. Find a basis for R* write (3,2,5,4), (6,3,5,2) as numbers.
Sol. Let a; =(3,2,5,4), a, =(6,3,5,2)

el = (1: 0: 0: 0): e2 = (0>1: 0: 0): e3 = (0: 09 1: 0): e4 = (0: 0: 0: 1)

We know that {e;, e,, e;, ¢4} is a basis of R?

we have Oy = 681 +3e2 + 583 + 284

. 0y,e,6p,e3,e4 arc L.D. ie. ey 1saL.C. of 0y,€e,6,63
Suppose we remove e, from the set {o,,ej,ep,e3,e4} then {a,,e,e,,e3} is L.1. set

Consider {o;,0,,¢,e,,e3}. Since the dimension of g4 is 4 this must be a L.D. set.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Consider xjoy +x,015 + X3¢ + X465 +x5¢3 =0

then 3x; +6x, +x3 =0 . (1) 2x;+3xy +x4 =0 .. (2)
5x;—=5xy +x5 =0 .. (3) 4x;+2x5 =0 e (4

(4) = x, =-2x; substituting (1), (2), (3) we get

1 1 1
—9x1+x3=02x1 =§X3; —4x1+x4=02x1 IZ)C4; —5x1+x5 202)(1 ngs

X =Lxy=-2,x%3=9,x4=4,x5=5

. -1 2 9 4
" (11—2(12 +9e1+4e2 +5€3:0 Le., e =?a1+ga2—§el —gez

which proves that e; is a L. C. of oy,a,, ¢, e,

We can prove that {o;,a,, ¢, e} is L.I. set, which gives a basis for R%.

Ex. 7. If o,=(1,2,-1),0, =(-3,-6,3), 03 =(2,1,3) and oa,=(8,7,7) and if
S={oy, 09, 03,04} is such that L (S) = W, find a basis by reducing S.

Sol. We observe o, =-3a; =30, + 003 + 004

o, isal.C.of a,a3,04

Let S; ={ay, 03,04} . We have L(S;)=L(S)=W

Again a4 =20, +305. Thus a, is L. C. of o; and o5

Let S, = {oy, a3} then L(Sy)=L(S;) =W

Now aay +bay, =0 = a(1,2,-1)+5(2,1,3)=0

= (a+2b,2a+b,—a+3b)=(0,0,0) = a+2b=0

2a+b=0, —a+3b=0
on solving : a = 0 = b is the only solution which proves that S, is L.I. set
Thus S, is a basis for W

Note : In every step we can remove one vector which is a L. C. of other vectors.
In the above problem any subset of S containing 2 vectors will become a basis of W.

Ex. 8. Find the co-ordinates of (2,3,4,-1) with respect to the basis of V,(R),
B={1,1,1,2),(1,-1,0,0),(0,0,1,1),(0,1,0,0)}
Sol. Let (2,3,4,-1)=a (1,1,1,2)+ b (1,—-1,0,0) + ¢ (0,0,1,1) + d (0,1,0,0)
=(a+b,a—b+d,a+c,2a+c)
Equating the components, we get a+b=2,a—b+d =3,a+c=4,2a+c=-1
Solving we get a=-5,b=7,c=9,d =15
-, The co-ordinates are (-5,7,9,15)
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EXERCISE 2 ( a)

1. Show that the set {(1,0,0), (1,1,0), (1,1,1)} is a basis of C3 (C) but not a basis of cl (R) .
2. Find the coordinates of o with respect to the basis set {x, y, z} where
(@) a=(4,5,6), x=(1,L1), y=(-1L1), z=(1,0,-1)
(i) o= (1,0,-1), x=(0,1,-1), y = (1,1,0), z = (1,0,2)
(iii) o =(2,1,3), x=(LL1), y =(~1,1,0), z = (1,0,—1)
3. Show that the four vectors {(2,1,0), (0,1,2), (-7,2,5), (8,0,0)} is nota basis of R3 (R)
4. Show that if {oy, oy, 03} is a basis of R¥(R) then the set { oy + oy, oy +03, 013 + 04y}
is also a basis of R3(R)

5. (i) Show that the set {(1,2,1), (2,1,0), (1,-1,2)} forms a basis of V;(F)
(if) Show that the set of vectors {(2,1,4), (1,-1,2), (3,1,-2)} form a basis for R3.

6. Show that the set {(1,i,0), (2i,1,1),(0,1+4,1—i)} is a basis of V;(C) and find the
coordinates of the vectors (1,0,0), (0,1,0), (0,0,1) with respect to this basis.

7. Show that the set {(3-1i,2+2i,4),(2,2+4i,3),(1—i,-2i,1)} a basis of V3(C) and find
the coordinates of the vectors (I, 0, 0) and (0, 0, I) with respect to this basis.

8. Show that the vectors (1,1,2), (1,2,5), (5,3,4) in R3 (R) do not fonn a basis set of R3.

9. Find the coordinates of (i) (2i,3+4i,5) (i) (6i,7,8))  (iii)) (3+4i,6i,3+7i)
with respect to the basis set {(1,0,0), (1,1,0), (1,1, 1)} of C3(C).

10. Under what conditions on the scalar a<R is the set {(0,1,a),(a,0,1), (a,1,1+a)} a

basis of R (R).

2.7 Invariance Theorem . Let V(F) be a finite dimensional vector space. Then
any two bases of V have the same number of elements.

Proof. Let S
Sn = { Bl: BZ: ees Bn}
Obviously both S,, and S, are L.I. subsets of V.

» and S, be the two bases of V(F) where S,, ={o,a,,..,0,,},

(7) Consider S,, as the basis of V and S, and L. L. set.

= LS,)=V and n(S,)=m
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. S, can be extended to be a basisof V. = n<m

(ii) Consider S, as the basisof Vand S,, as L.I.set = L(S,)=Vand n(S,)=n

S, can be extended to formabasisof V = m<n

m
But both S,, and S, are bases of V. o n<mand m<p = m=n

Thus any two bases of V have the same number of elements.
|2.8. DIMENSION OF A VECTOR SPACE |

Definition. Let V (F) be a finite dimensional vector space. The number of
elements in any basis of V is called the dimension of V and is denoted by dim V.

Note: The dimension of zero vector space {O} is said be zero.

e.g. The set S = {(1,0,0), (0,1,0), (0,0,1)} is a basis of V3(R)

dim V = no. of elements of S = 3.

2.9. Theorem. Every set of (n+1) or more vectors in an n dimensional vector

space is linearly dependent.
Proof. Let V (F) be the vector space with V.= n

Let S={oy, ay,...., a,,41} be any subset consisting of (n+1) vectors of V (F)
If Sis L I. then S itself is the basis or can be extended to be a basis of V (F).

In any of these two cases S will have more than or equal to (r+1) vectors. But every
basis of V must contain exactly 7 vectors. Therefore S can not be L.I.
Hence S (i.e. every n+1 or more vectors in V) is L.D.

Note. The largest L.I. subset of a finite dimensional vector space of dimension
n is a basis.

2. 10. Theorem. Let V (F) be a finite dimensional vector space of dimension n.
Then any set of n linearly independent vectors in V forms a basis of V.

Proof. Given dim V = n.
Let S={oy, ay,....,a,} be L. I. set of n vectors in V.

If S is not a basis of V, then it can be extended to form a basis of V. In such a case the
basis will contain more than n vectors.

But every basis of V must contain exactly n vectors. Therefore our presumption is
wrong and S must be a basis of V.

2. 11. Theorem. Let V (S) be a finite dimensional vector space of dimension n.
Let S be a set of n vectors of V such that L (S) =V. Then S is a basis of V (F).

Proof. Let S={o;,a, ,...,a,} be the subset of vector space V (F).

If S is L.I. and because L (S) =V, the set S becomes the basis of V.

If S is L.D. then there exists a proper subset of S forming a basis of V. In such case
we get a basis of V consisting less than a vectors.
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As every basis of V must contain exactly n vectors, S cannot be L.D. Hence S is a
basis of V.

Note. If V is a finite dimensional vector space of dimension #, then V cannot be
generated by a set of vectors whose number of elements is less than #.

2.12.Theorem. V is a vector space which is spanned by a finite set of vectors
B1, B, ---- B, then any independent set of vectors in V' is finite and contains no more
than n elements.

Proof. Let {0, a,,....,a,,} be a linearly independent subset of vector space V (F)
Let S={By,B5,.-,B,} and L (S) =V.

Then any vector of V is /.c. of the elements of S.

Let a,, € V be a linear combination of the elements of S.

= S’:{amaﬁlgﬁz,...., Bn} iS L D

.. There exists a vector in S' which is a linear combination of its preceeding vectors.
This vector must be one among B's .

Let it be B;. oo By =le of a,,B1, B, Big

If Sy ={ o, By, Bos s Bicts Bits - B} - Then L(S))=L(8)=V
Again the vector a,,_; €V is a /c.of the elements of S;

o Olyy1s O B Bos ves Bicts Bists -+ By, are L.D.

.. There exists a vector in this set which is a /.c. of its predecessors.

Such vector is one of B's as a,,_;,0, are L. 1. Letitbe B.

m=1>
If Sy = {1, Qs Brs wois Bt Brits s Bits Bigts By} then

By =1 ¢ of the elements of S;. ~ L(S)=LS)=L@S)=V
Continuing this process further for 5 -3 times

We get S| ={ 0y, 03,50, Bits Bins Binems1] - So that L(S,_)=V.
This set consists of atleast one f;. Otherwise S,,_; ={a,,03...0,,}

So that a; is a Lc. of a,, a3 ...a,,

This can not happen as the set o, 03 ..., o, is L. L.

m

Hence S,,_; consists of atleast one B, = n—-m+1>1 = n>m

-. The no. of elements of the L. I. setin V<n.
DIMENSION OF A SUBSPACE |

2.13. Theorem. Let V(F) be a finite dimensional vector space of dimension n
and W be the subspace of V. Then W is a finite dimensional vector space with

dim W<n.
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Proof. Dim V= n = each (n+1) or more vectors of V form an L.D. set.
Given W is a subspace of V(F)

— each set of (n+1) vectors in W is a subset of V and hence L.D.
Thus any LI. set of vectors in W can contain at the most » vectors .
Let S={oy, a,,...,a,} be the largest L.I. subset of W, where m<n .
Now we shall prove that S is the basis of W.
For any e W consider, S; ={a, 05, ..., o, B }

Since S is the largest set of L.I. vectors, S; is L.D.

-, Therefore there exists q;, a5, ...,a,,, b€ F not all zero such that
oy + a0y +...+a,0,, +bp=0
Let b = 0, then we have g0y + ay05 +...+ a0, =0

= g =0,a,=0,...,a,=0 as Sis L. L.
This proves that S; is L.I which is a contradiction.

. b#0. Therefore there exists »~! e F such that ™' =1

4oy +ayoy +...+a,o, +bp=0 = b =-agqo04 -ara, ...a,0,

= B=(=b"la)+(-b 'ay) oy + ...+ (=b"la,) o,

= PB=a linear combination of elements of S. = BeL(S)

Also S is L.I. Hence S 1s the basis of W.

. W is a finite dimensional vector space with dim W <n.

2.14. Theorem. Let W, and W, be two subspaces of a finite dimensional vector
space V (F). Then dim (W, + W,)=dim W, +dim W, —dim (W; n'W,)

Proof. Since W, and W, are subspace of V, W;+ W, and W; "W, are also subspace
of V.

Let dim (W; "nW,) =k and S={y,v,,...,;} be a basis of W nW,.

Clearly Sc W, and ScW, and Sis L.I.
Since S is L.I. and S< W, the set S can be extended to form a basis of W;.
Let Bl = {'}/1, Y25 eees Vs Ops Oy ey (Im} be a basis of Wl . oo dim Wl =k+m.

Again since S is L.I. and Sc W, , the set S can be extended to form a basis of W, .
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Let By ={v{, Y25 V> B> B2, -, B;} be a basis of W,. oo dimW, =k + ¢

©odim Wy +dim W, —dim (W W) =(k+m)+(k+t)—k=k+m+¢

Now we shall prove that the set

S = {15V o> Vi» Of5 A3y oo s Oy B> Bos - By} 18 @ basis of W+ W, and hence
dim (W + W) =k+m+t.

(i) To prove that S"is L.1.

NOW ¢y + ¥y + oo+ Cp Y + 10 +ay0y + ... +a,, 0, +5B; +53By +...+ 5B, =0 ... (1)

= P +bBy + .+ DB, ==y — - — Yk — @O — ... — @, 0,

= L.c. of elements of B; and e w

= bf+bBy+.. .+ 5B, e W,

Again Oy; +0y, +... 0y + bB; +53B5 +... + BB,

= l.c. of elements of B, and .. € W, = b +bfy+...+ 5P, € W,

Therefore by (1) and (2) = b +b5:B, +...+ B, € W N'W,

Hence it can be expressed as a [c.of the elements of the basis S of Wy "W,

Let 5B +b:By + ...+ BB, =dyyy +doyy + . +dyyy

S BBy +byBy o+ BB, —dyyy —doyy . —dyy, =0 = (Lc. of elements of basis B, )= 0O

by =0,by=0..b=0,d =0, ..k =0

Substituting in I we have ¢y, +cyvy + ... + g + @0y + @30, ... + a0, =0

= (l.c.ofelements of basis B;)= 0 = ¢, =0,¢,=0...¢;, =0,4,=0,a, =0...a,, =0

Thus the relation [ implies that ¢, =¢, =...=¢; =a;=ay =...a,, =0,by =by =...=b, =0
. S"is L.I. set.

(i) To prove L(S)=W,+ W,

Every vector of S' is a vector of W; + W,. L LSYecW,+ W,

Let e W +W,. o d=oa+p where ae W,BeW,

&= (lc. of elements of B;) + ( lc. of elements of B,)

= (lc.of y'sand 's)+ (lc.of y'sand B's) = lc.of y's, g'sand B's.
= [Lc. of elements of S'.

. 8eL(S) .. W +W,cL(S)

L L(ES)Y=W +W,. Hence S' is the basis of W; +W, .

sodim (W) +Wy)=k+m+t. Hence the theorem.
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SOLVED PROBLEMS

Ex. 1. Let W, and W, be two subspaces of R* given by
W, ={(a,b,c,d):b-2c+d =0}, W, ={(a,b,c,d):a=d,b=2c}. Find the basis and
dimension of (i) W, (ii) W, (iii) Wy "W, and hence find dim (W, +W,).

Sol. (i) Given V ={(a,b,c,d):b—2c—d}

Let (a,b,c,d)eV then (a,b,c,d)=(a,2c—d,c,d)

=a(1,0,0,0)+¢ (0,2,1,0)+d (0,—1,0,1), . (a,b,c,d) =Lc. of L.I. set

{(1,0,0,0), (0,2,1,0), (0,—1,0,1)} which forms the basis of W; .. dim W, =3.

(i) Given W, ={(a,b,c,d):a=d,b=2c}.

Let a e W, > a=(a,b,c,d) where a=d,b=2c

~a=(d,2c¢0cd) =d(1,0,0,1),+¢(0,2,1,0) = a =Lc of L.Lset {(1,0,0,1), (0,2,1,0)}
-, It forms a basis s dimW, =2,

(iil) W, "W, = {(a,b,c,d)/ b-2c+d =0,a=d,b="2c}

Now b-2c+d=0,a=d,b=2c gives b=2¢,a=0,d =0

s (a,b,c,d)=(0,2¢,c,0)=¢(0,2,1,0) = (a,b,c,d)= multiple of the vector (0,2,1,0)
- Basisof W n'W, =(0,2,1,0) = dim W W, =1

(iii) dim (W;+W,) =dim W, +dim W, —dim W, "W, =3+2—1=4

Ex. 2. If Wis the subspace of V, (R) generated by the vectors (1,-2,5,-3),(2,3,1,—4)

and (3,8,-3,-5) find a basis of W and its dimension.

Sol. Arranging the given vectors as rows of a matrix

1 -2 5 3
LetA= 23 1 4 . Reducing to echelon form,
3 8 -3 -5
12 5 -3 1 2 5 -3
RZ—ZRI,R2—3R1;AN 0 7 -9 2 1. Agamby R3—2R2,AN 0 7 -9 2
0 14 -18 4 o 0 0 O

Hence the two non-zero rows viz ; (1,-2,5,-3), (0,7,-9,2) form the least L. I. set and

hence a basis of W. .. dimW=2
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Ex. 3. V is the space generated by the polynomials o = x> +2x> —2x+1,
B=x>+3x2 —x+4, y=2x"+x>—7Tx—7. Find a basis of V and its dimension.
Sol. Now V is the polynomial space generated by {a,B,y} given above
o=x>+2x2 —2x+1

— the coordinates of are (1,2,-2,1) w. r. to the base {x*,x?,x,1}

Similarly the coordinates of $ and vy w. r. to the same base are (1,3,-1,4) and

(2: 1: _7: _7) .
Forming the matrix A with these co-ordinate as rows
1 2 -2 1
A=|l 3 14 Reducing to echilon form,
21 -7 -7
1 2 -2 1
by R,—R;,R;-2R;,~|0 1 1 3
0 3 3 -9
1 2 =21
againby R3+3R;,A~0 1 1 3
00 0 O

Hence the basis of V is formed by the coordinate vectors (1,2,-2,1) and (0,1,1,3)

Now the polynomials are o = x* —2x? —2x+1 and § = x* +x+3
Thus the base of Vis {a, 6} s dimW=2

Ex. 4. Vis the vector space of polynomials over R. W, and W, are the subspaces
generated by {x*+x? —1,x> +2x> +3x,2x> +3x> +3x—1} and

(3 +2x2 +2x-2, 207 +3x7 +2x -3, x> +3x% +4x -3} respectively.

Find (i) dim (W, + W) (i) dim (W, A W,)

Sol. The coordinates of the polynomials w.r.to the basis {x, x?, x,1} are respectively

{(1,1,0,-1), (1,2,3,0), (2,3,3,-1)} and {(1,2,2,-2), (2,3,2,-3), (1,3,4,-3)! .

(7) Arranging the vectors generating W, as rows of a matrix and reducing to echelon

1 1 0 -1 1
form A=|{1 2 3 0]|~]|0
2 3 3 -1 0

-1

s T e
S W O

1
0

= the basis of W; contains 2 vectors = dim W; =2 similarly we get dim W, =2.
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(i1) Now the subspace W, + W, is by all the six vectors. Hence arranging them in
rows of a matrix and reducing to echelon form.

1 10 -1 11 0 -1
1 23 0 01 3 1
2 3 3 -1 00 -1 -2
P= ~ =Q
1 2 2 2 00 0 O
2 3 2 3 00 0 O
1 3 4 3 00 0 O

= The basis of W; + W, consists of the three non zero row vectors in Q.

= dim (W, + W,)=3.

Now we have the formula dim (W, + W,) = dim W, + dim W, —dim (W; "'W,)

= dim (W, " W,) =dim W, +dim W, —dim (W, +W,) = 242-3=1

Ex. 5. If U={(1,2,1),(0,1,2)}, W ={(1,0,0),(0,1,0)} determine the dimension of
U+W

Sol. Given U ={(1,2,1),(0,1,2)}, W=/{(1,0,0),(0,1,0)} are vector spaces

We can observe that, dimU =2,dimW =2

To find a basis for U~ W

Let xeUNW =xyeUand xeW

=>x=a(,2,1)+5(0,1,2) =(a,2a +b,a+2b) and x=c(1,0,0)+d (0,1,0) =(c,d,0)

Equating the values a=c,2a+b=d and a+2b=0

Solving we get, a=2/3d,b=-1/3d,c=2/3d

wx=(c,d,0) =(§d,d,0j :%d(2,3,0) - UNW is generated by (2,3,0)

dmUnW=1. dimU+W)=dimU+dimW-dim(UnW)=2+2-1=3
|EXERCISE 2 (b)|

1. P and Q are the two subspaccs of R* defined by P={(a,b,c¢,d):b+c+d =0};
Q={(a,b,c,d):a+b=0,c=2d}. Find the dimension and basis of P, Q and PnQ .
2. Let W, and W, be the subspaces of R* generated by
{1,1,0,-1), (1,2,3,0), (2,3,3,-1)} and {1,2,2,-2),(2,3,2,-3), (1,3,4,-3)} respectively.

Find the dimension of (l) Wl (ll) W2 (lll) W1+ W2 (ZV) Wl M W2 .
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QUOTIENT SPACE

2.15. Coset : Let W be a subspace of a vector space V (F) then for any element
o€V, theset W+oa={x+a/xe W} is called the right coset of W in V,generated by o..

Similarly the set o+ W ={a+x/xe W} is called the left coset of W in V, generated
by a.
Since (W, +) is a subgroup of the abelian group (V. +), by commutative property

x+a=oa+x VaeV, xeW
Hence W +a is called simply the coset of W in V, generated by o.
Note 1. For OeV, O+W=W. . W isitselfa cosetinV, generated by O.
Note. 2. For xe W, x+W=W. - Coset x+ W = coset W.
Note. 3. Any two cosets of W in V are either identical or disjoint.
i.e. Either o+ W=B+W or (a+ W)N(B+W)=¢
Note 4. If o+ W and B+ W are two cosets of W in V then
o+ W=B+W < a-pfeW
2.16. QUOTIENT SET |
Let W be a subspace of V (F). Then the set of all cosets of W in V denoted by

V/IW= {W+aVaeV} iscalled Quotient set.

2.17. Theorem. Let W be a subspace of vector V (F). Then the set V /W is a
vector space over F for the vector addition and scalar multiplication defined by

W+o)+(W+B)=W+(@a+p)Va,peV - (1)
aW+a)=W+aaVYaeF, aeV .. (2)

Proof. First of all let us prove that the above two compositions are well defined.

() Let W+a=W+a'thenit = a-a'e W
W+pB=W+p' thenit = B-p'eW. Hence (a—-a)+(B-p)eW
= (@+B)-(a+B)eW = W+ (a+B)=W+(a+p"
-, Addition of cosets is well defined
(@) WHo=W+a'= a-a'e W
o-a'eW,aeF= a(a-a)eW = aa-aa'eW = W+ga=W+aa'

.. Scalar multiplication is well defined.
Now we shall show that V/W is a vector space.

1. Closure axiom. o,feV= a+feV and W+o, W+BeV/W

S (WH+a)+(W+B) =W+ (a+P) by (1)
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As W+ (o +PB) € V/W, itis closed under addition.
2. Associativity. Let W+o, W+, W+y e V/W for o,B,y €V.
S LW @)+ (W B+ (Wy) =[W + (@ +B)]+(W +7)
W@ +B)ry =Wrat(Bey)
[W+ o]+ [W o+ (B+7)] = (W+ )+ [(W +B)+ (W+7)]
V/W is associative.
3. Identity. W+O,W+oeV/W for aeV
5 (W+0)+(W+a)=W+(O+a)=W+o ( O being the identity of V)
and (W+o)+(W+0)=W+a = W+O is additive identity in V /W
4. Inverse. acV = —aeV
5 (W+o)+[W+(-a)]|=W+(a—a) =W +0 = additive identity
= additive inverse exists in V /W.
5. Commutative. (W+a)+(W+B)=W+(a+p) for o,feV
=W+ B+a)=(W+B)+(W+a) = addition is commutative
V/W is an abelian group for addition defined in (1).
6. acF and W+o,W+BeV/W = a[(W+a)+(W+B)]=a[W +a+p)]
=W+a(@a+pB) =W+@a+aPB)=(W+aa)+W+aB=a(W+a)+a(W+p)
7. a,b €eF and W+aeV/W= (a+b)(W+a)=W +(a+b)a
=W+ (@a+ba)=(W+aa)+(W+ba)=a(W+a)+b(W+a)
8. a,b €F and W+o0eV/W
(@b)y(W+a)=W+(ab)a=W+a®a)=a[W+bo]=a[b(W+a)]
9. W+aeV/W andtheunity 1 eF, = I1(W+a)=W+l.a=W+a

This shows that all the postulates of vector space are satisfied. Hence V/W is a vector
space.
The vector space V /W is called the Quotient space of V relative to W.

DIMENSION OF QUOTIENT SPACEl

2.18. Theorem. Let W be a sub space of a finite dimensional vector space V(F),
then dim V/W=dim V—-dim W.

Proof. Since V is finite dimensional, W is also finite dimensional.

Let the set B={oy,0,,...a,,} be the basis of W. .. dimW=m.
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Since the set B is L.I. it can be extended to form a basis of V.
Let the set S={oy,a,,...a,,,B;,B, ...B;} be the basis of V. . dimV=m+I
dmV-dimW=(m+l)-m=1
Now we shall prove that the set S'={W +8;, W+, ... W +f,} is a basis of V/W and
hence dimV/W=/.
(i) To prove S"is L.1
The zero vector of V/W is W
Now b (W +B))+by (W+By)+...+b, (W+B,)=W e (1)
= (W+hB)+(W+bBr)+...+ (W+5HB,)=W
= W+BB +bsPy 4o+ bB)=W = (b +bsBy +..+bB,) e W
But any vector of W is /.c. of elements of B.
Let 5B; +b,B5 + ...+ BB, = qjoy +ay05 ...+ a0y,
= b +bBy + ..+ b B, — a0 —ar0ly ... — a0, =0
= (Lc. of elements of L.I set ) = O
= b=b=.=b=0,qi=ay=...=a, =0 = ThesetS'is L.I
(if) To Prove L (S') = V/W.
Since S is the basis of V, oo V can be expressed as
o =0 +C0y + ...+, 0, +d B +drB5 ... + d;B,
=y +d\B +dyB, ... +d;B; where ¢'s,d's e F where y=co +¢0 ...c,,0p,
= (lLc. of the elements of B) = yeW
ForoeV,W+aeV/W
Now W+ oa=W+y+dB; +dsB, ... +dif;
=W+dB+dyBy ... +dif; [y eW=>WHy=W]
=(W+diB)+(W+dyy) ... +(W+d)B;) =di(W +By) +dy(W+By) ... +d)(W+))
( l.c. of elements of S")
.~ W+aeL(S) ~ L(S)=V/W
Therefore S' is the basis of V/W and hence dimV/W =/=dim V-dim W .
Ex. If W is a subspace of V (F) then for a,b €V show that
(i) o ePB+W) (i) PBe (a+W) are equivalent.
Sol. aeB+W=a=p+y forsome yeW = a-pfeW

For (-)eF,(-D)(a-B)eW = f-aeW= B-a+a)eW+a = BeW+a.
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Linear Transformations

[3.1. VECTOR SPACE HOMOMORPHISM |

Definition. Let U and V be two vector spaces over the same field F. Thus the
mapping f:U —V is called a homomorphism from U into V if

(@) floa+B)=f(0)+ /(B Vapel (i) fla)=af(0)VaeF;VaelU
Note. 1. If fis onto function then V is called the homomorphic image of f.

2. If fis one - one onto function then f'is called an isomorphism. Thus it is said that U
is isomorphic to V denoted by Uz vV .

3. The two conditions of homomorphism are combined into a single condition, called
the linear property to define the linear transformation as below.

3.2. LINEAR TRANSFORMATION

Definition. Let U(F) and V(F) be two vector spaces. Then the function. T :U — V is
called a linear transformation of U into Vif T(ao+bB)=aT(a)+bT(P)Va,be F;a,peU.

Clearly the vector space homomorphism is equivalent to linear transformation.

Linear Operator : Definition. /f T: U > U (i.e T transforms U into itself) then T
is called a linear operator on U.

Linear Functional : Definition. If T: U > F (i.e. T transforms U into the field F)
then T is called a linear functional on U.

|3.3.ZERO TRANSFORMATION|

Theorem. Let U(F) and V(F) be two vector spaces. Let the mapping T:U —V

be defined by T (a)=0V o.cU where O (zero crown) is the zero vector of V. Then T

is a linear transformation.

Proof. For a,beF and a,fe U= aa+bpecU (- Uis V.S.)

By definition we have T (aa+5B)=0 = a0+ 5O = aT (o) +5T (B)
-, By the definition of linearity T is a linear transformation.

Such a L.T. is called the zero transformation and is denoted by O.
|3.4. IDENTITY OPERATOR|

Theorem. Let V(F) be a vector spaee and the mapping 1:V — V be defined by

I(@)=a VYaeV. Then, Iis alinear operator from V into itself.




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Proof. g4becF and a,peV = aa+bpeV (- VisL.S)

By definition we have T (aa+bB)=aa+bB =al(a)+b1(B) (by def.)

- TisaL. T from V into itself and I is called the Identity Operator.
[3.5. NEGATIVE OF TRANSFORMATION|

Theorem. Let U (F) and V (F) be two vector spaces and T:U —>V be a linear

transformation. Then the mapping (-1 ) defined by (-T)(@)=-T(@)VaeU is a
linear transformation.

Proof. 4hcF and o,feU = aa+bBecU (- Uis V.S))

Now by definition (- T ) (act+bB) =—[T (ac +bB)]
=—[aT ()+bTP)]=-aT ()-bT(P)
=a[-T(W)]+b[-TP)] =al[(=T) ()]+b[(-T)(B)]

= —T 1s a linear transformation.
| PROPERTIES OF LINEAR TRANSFORMATIONSl

3.6. Theorem. Let T:U — Vis a linear transformation from the vector space
U(F) to the vector space V(F). Then (i) T(6)=6, where 0 <U and OeV
@) T((0)=-T(@)VaelU (iii) T (a—B)=T(@)-TPE)Va,peU

(iV) T (alocl +a20L2 ..t a,,(xn) =a1T ((xl)+a2T (0.2) +anT ((X.n) \Y a; € F and o'se U .

Proof. (i) ,0eU = T(a), T(O)eV
Now T(at)+ T(0) =T(cu+0) (TisL.T.) =T(x)=T(@+0 (0eV)
By cancellation law T (0)= 0
@) T(-a)=T(-1.a) =(-D T (o) =-T ()
@) T(@-PB)=Tla+-DR]I=T@)+-DTP) =T (a)-T (B) (- TisL.T)
(@) For n=1, T (qo)=a T (o)) (- TisL.T.)
n=2, T(qoy+ayo;)=aT(a)+ayT ()

Let this be true for n=m
s T (a0 + ayo,y +a,0,,) =T (o) +a,T (o) ...+ a,T (a,,) . (1)
Now T [aj0y +...4 @00 ) + 101 17 T (@0 +.o4 @00, ) + T (@) 41001)

= aT(a)+...+a,T (o,)+ a,1T (0,,41) - The relation is true for n=m+1

Hence it is true for all integral values of 7.
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DETERMINATION OF LINEAR TRANSFORMATION

3.7. Theorem. Let U(F) and V(F) be two vector spaces and S = {o,0, ,...,0,,} be

a basis of U. Let {8, ,...,5,} be a set of n vectors in V. Then there exists a unique

linear transformation T:U—V such that T (o;)=9; fori=1, 2, ... n.

Proof. Let aeU. Since S = {a;,a, ..a,} is a basis of U, there exist unique scalars
a, a ...a, € F such that a=aqo; +a0, +...+a,a,
(7)) Existence of T, §,8,,..,8, e V= (8 + @8, +...+a,8,) eV
We define T: U — Vv, such that T (o) =48, +a,8, +... + 4,8,
- T is a mapping from U into V.
Now a;=0.0y+0.0;+0.0, ..+1.a; +0.0a;,y+..+0. 0,
. by the definition of T mapping
T(0;)=0.8;+0.6;+0.6, ..4+6;+0.8;,; ...+0.95, = T(e;)=9;, Vi=12,..n
(if) To show that T is L.T:
Let a,beF and o,feU

S0 =aoy +ayoy +...+ a0, ; B=boy +bo, +...+b,0,,
s T ((1) = a181 + a282 +..+ an8n; T (B) = b181 +b282 +...+ bn8n
Lao+bB=a(aoy +ay0, +...+a,0,) +b(Boy+b0, +...+b,0,) (by def.)

= (aa; +bb))oy + (aa, +bby)o, +... +(aa, +bb,)o,
oo T (ao+bB) =T [(aay +bby)oy + (aay +bby)o, + ...+ (aa, +bb,)a,, ]
= (aay + bby)d; + (aay +bby)d, +... +(aa, +bb,)5,
=a(m0) +a0) +...+a,0,) +b(bd +...+5,0,) =aT () +b T (B)

- TisaL.T.
(iéii) To show that T is unique.

Let T': U — Vv be another L.T. so that T (o;) =8, for i=12,..n
If a=qoy+ay05...+a,0,
then T (o) =T' (g0 +ay0 +... +a,0,) =a;T' (o)) + @ T' (o)) + ... +a, T' (o0,,)
=0 +aydy +...+a,0, =T (o)
. T'=T and hence T is unique.

Note. In determining the L.T. the assumption that {o;,as,...,,} is a basis of U is

essential.
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3.8. Theorem. Let S = {oy,04 ,....,0,} and S’ = B, ,...,8,,} be two ordered bases
of n, dimensional vector space V(F). Let {a,a, ,...,a,} be an ordered set of n scalars
such that o.=aj04 +a,a,, ... ,a,0,, and B=a; +a;B; , ..,a,B,. Show that T (o)=p where

T is the linear operator on V defined by T (a;)=p;, i=1,2,..,n.

Proof. Now T (o) =T (o +ap05 +...+ a,0.,,)
=aT (o) +ay T (o) +...+a,T (o)) (Tis L.T.)
=aB+afy +...+a,p, = B
|SOLVED PROBLEMS)|

Ex. 1. The mapping T : V3(R) —> V,(R) is defined by T (x, 3, z) = (x—y,x-z).
Show that T is a linear transformation.

Sol. Let o= (x, y;,z) and B=(x,, y,,2z,) be two vectors of V3(R)
For a,beR
Tlao+bB]=T [a (x1, y1.21) +b (X3, ¥2, 25)] =T (ax; +bxy, ay| +by,,azy + bz,)
= ((ax; +bxy) —(ay; +by,), ax) +bxy =(azy +bzy))
=(a(x =y +b(xy=y2),a(x —z)+b(xy=23))
=(a(x =y, a(x—2)+ (b (x3 = y2).b (5 = 23))
=a(x =y, % —2)+b (X3~ yy, X~ 2)
=aT (x, 1, 2)+bT (63,52,2) =aT (a)+b T (B)
= T is alinear transformation from V;(R) to V,(R).
Ex. 2. If T:15(R) > V,(R) is defined as T(x;,xy,x3)=(x] —X3,% +x3)
Prove that T is a linear transformation.
Sol. Let a.=(p;,q1,4),.B=(p2,95,n) be two vectors of V5(R). Let a,becR.
Let T(aa+bB) =T [a(p1,q1,1)+b(p2.42.7)]
=T [ap; +bpy. aqy +bgy.an +br, ]
= (apy +bpy —aqy + bqy ,ap; +bp; + an + bry)
=(a(py—q1) +b(p2 —qp),a(py +1) +b(py +13))
=a(py =g, P +1)+0(P2 =92, P2 +12)
=dT(p,q1,1) +bT(pa,q2,75) =aT(o) +bT(R)
Similarly we can prove T(ca) =cT(a) for ceR

Thus, T:V5(R) = V,(R) is a linear transformation.
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Ex. 3. The mapping T :V;(R) — V;(R) is defined by T (a,b,c)=a* +b> +c*; Can T
be a linear transformation ?
Sol. Let a.=(a,b,c¢) and B=(x,y,z) be two vectors of V3(R).

For p.qeR, T(pa+qx, pb+qy, pc+qz) =(pa+qx)’ +(pb+qy)* + (pc+qz)’
Now =pT()+qTPB)=pT(a,b,c)+q T (x,y,2)

=p @+ +)+q (P 4y +28) =T (patap) = p T(@)+q T (B)

- TisnotaL.T from V5(R) to V;(R).

Ex. 4. Let V be the vector space of polynomials in the variable x over R. Let
f(x)eV(R), show that

(i) D:V >V defined by Df(x):@
X

(i) 1: V>V defined by If (x)= I f(x)dx are linear transformations.
0

Sol. Let f(x),g(x)e V(R) and a,heR

d d
(1) Dlaf(x)+bg(x)]= % [af (x) +bg ()] == faf (x)]+ = [bg(x)]

—a - [f(01+ b4 (8] =a D f(x)+5D ()

.. D is a linear transformation and D is called a differential operator.

(i) 1l () +bg(0)] = [laf () +bg(0 dx =a [ £(r) dv+b [ g0 dx =al f(x)+b1g(x)
0 0 0

-, lis a linear transformation and is called Integral transformation.
Ex. 5. Let P,(R) be the vector. space of all polynomials of degree n over a field
R. If a linear operator T on P,(R) is such that Tf(x)= f(x+1), f(x) e B,(R).
p* p? D"

D
Show that T=1+—+—+—+ ..+ —
120 3! n!

Sol. Let f(x)=a, +a1x+a2x2 weta,x" ¥V a;eR

2 3 n

D D° D D
I+ —+—+—+ . +— f(x)=a0+a1x+a2x2 et a,x"

o2 3! n!

1 - 1 -
+F(0+a1+2a2x+3a3x2+...+nanxn b +;(0+0+2a2 +6az +...+n (n—1)a,x" 2)
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1
b e + (04040 .. +a, 1)
n.

=ay+a (x+l)+a2(x+l)2+...+an (x+1)"

=f(x+) =T f(x) (by def.)
2 n
. T=(1+2+D—+...+D—J,
2! n!

Thus T is a linear operator from P,(R) into P,(R).
Ex. 6. Is the mapping T:R> — R? defined by T (x, y, z) = (| x|, 0 )a linear
transformation.

Sol. We have T:R> - R? defined by T (x, y,2)=(]|x],0)

Let o,peR> where a=(x,¥,2) and B=(xp, y3,2))
For a,beR, aoa+bBp=a(x,y,21)+b (X9, ¥5,25) = (ax; +bxy, ayy + by,, azy + bz,)
2T (ao+bBB) =T (ax) +bxy, ayy + by, , azy +bzy) =(|ax; +bx, |, 0)
And aT(a)+bT B)=a T (x, y,2))+bT (x5,¥7,2))
=a(|x,0)+b([x1,0) = (a|x [+b | x; ], 0)
Clearly T (ao+bB)#aT (a)+bT (B). Hence T is not a linear transformation.

Ex. 7. Let T be a linear transformation on a vector space U into V. Prove that the

vectors xi,x,,...x, € U are linearly independent if T (x)), T (x,)...T (x,)) are L.L
Sol. Given T:U(F) —» V(F) isa L.T. and x{, x,...x, € U.

Let there exist a;,a, ...a, € F such that g +ayx, +...+a,x, =0 ...(1) (OeU)

Ty +ayxn + ... +a,x, =T((_)) = a T(x)+a; T(xp)...+a, T(x,) =8 (()EV)
But T(x), T(x), ...,T(x,) are L. L. Loq=ay=..=a,=0.

s From (1) x,x,...x, are L. L.

Ex. 8. Let V be a vector space of nxn matrices over the field F. M is a fixed
matrix in V. The mapping T:V —V is defined by T (A) = AM + MA where AeV.
Show that T is linear.

Sol. Let a,beF and A,BeV. Then T (A)=AM+MAand T (B)=BM + MB

.. T (aA+bB)=(aA+bB)M+M (a¢A +bB) =a (AM+MA)+b (BM + MB)

=aT (A)+bT (B). T is a linear transformation.
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Ex. 9. Describe explicitly the linear transformation T:R* —R? such that
T(23) =(45) and T (1,0) = (0, 0).
Sol. First of all we have to show that the vectors (2,3) and (1, 0) are L.I.

Let =a(2,3)+b(1,0)=0
= (2a+b,3a+0)=(0,0) = 2a+b=0,3a=0 = 2a=0,b=0
o S={(2,3),(1,0)} is L.L. Let us prove that L (S) = R?

Let (x,y)eR? and (x,y)=a (2,3)+b(1,0) = (2a+b, 3a)

3x-2
= 2a+b=x, 3a=y = a=§;b= 3 L

Hence S spans R?
y 3x-2y
Now T (x,y)=T B 23 +="=, 0)}

y 3x-2y y Ix=-2y (4)} SyJ
==T2,3)+—T(1,0) == 4,5 +—(0,0) = | —, —
3 (2,3) 3 (1,0) 3( ) 3 (0,0) 373
- This is the required transformation.

Ex. 10. Find T (x, y, z) where T:R> >R is defined by T (1,1,1) = 3, T(0,1,-2)=1,
T(0,0,1)=-2.

Sol. Let S={(1,1,1),(0,1,-2), (0,0,1)}

(i) Let a(LLD)+b(0,1,-2)+¢(0,0,1)=0

= (a,a+b,a—2b+c)=(0,0,0) (- 0eR)

= a=0,a+b=0,a-2b+c=0= a=0,b=0,c=0 (.. SisL.L set)

(i) Let (x,y,z)eR>

(x,y,2)=a (1,L1)+b(0,1,-2)+ ¢ (0,0,1) =(a,a+b,a—2b+c)

= a=x,a+b=y,a-2b+c=z = a=x,b=y—-x,c=z+2y-3x
S spans R’

Hence T (x,y,z)=T[x(1,1,D)+ (@ —x) (0,1,-2)+(z+2y-3x) (0,0,1)]

=xT(LLD+ @ -x)T(0,,—-2)+(z+2y-3x) T (0,0,1)

=xB3)+@y-x)D)+(z+2y-3x) (-2)

=8x—3y—2z which is the required linear functional.
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Ex. 11. Let T:U -V be a linear transformation {(1,2,1),(2,1,0),(1,-1,-2)} and

{(1,0,0),(0,1,0),(1,1,1)} are the basis of U and V. Find T for the transformation of the
basis of U to the basis of V. )

Sol. Let o, =(1,2,1),a, =(2,1,0),a; =(1,—1,-2) and let {a,,a,,0,} form a basis for
U.

Let B, =(1,0,0),B, =(0,1,0),B; = (1,1,1) and {B,,B,,B,} form a basis for V.
We define T:U — Vv as follows : T (a,;)=8,,i=1,2,3

Let aeU. Let a=q0,+a,0,+a;0,

= a,(1,2,1) +a,(2,1,0) + a; (1,-1,-2)

=(a, +2a, +ay,2a, + a, — ay,a, —2a;) =(x,y,z) (say)

Then x=q, +2a, +ay;y =2a,+a, —ay;z = a, —2a,

Equating the components, x =, +2a, + a;,y =2a, +a, — a5,z = a, — 2a,4
. 1 1
Solving we get, g, =§(—2x-|-4y—3z);a2 =x-y+z;a 25(—x+2y—3z)

T(a) =T(qa, +a,a, +a;o;)
=q,T(o) +a,T(a,)+a;T(a;) (T isaLl.T)
= a,B, + a,P, + a,B; (by the dfinition of T)
=a,(1,0,0) +a,(0,1,0) + a;(1,1,1)
=(a, +a;,a, +ay,a;)

T ((X,) =T (xayaz): (al +a39a2 +a3’a3)

B

3 3

This gives the required linear transformation.

=(—x+2y—2z,2x_y —x—2y+32j

Ex. 12. Show that the transformation T :R> — R’ defined by

T(x,y,z2)=(x—y,0,y+2z) is a linear transformation
Sol. T:R* —» R? is defined as T(x,y,z)=(x—,0,y+2)
a=(x,y,z) and B =(x,,¥,,2,) € R* (domain)
then o+ B =(x, +x,,¥, + 5,2, +2,) and ca = (cx;,cy,,¢z))

T(a+B) =Ty +x,, 3, + ¥y,2, +2,)
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=(x +x, —W,O,yl T, +E)
=0 =y +% =,,0,y, +2,+y, +2,)
=5 =100 +2)+ (5 =2,,0,y, +2,)
=T(a)+T(P)
S T+B)=T(a)+T (P) (D)
T(ca) = T(ex;,cp,,¢2))

=(cx; —,,0,¢p, +cz) =c (x; = 3,0, + z,) =cT(a)

T(ca) = cT(a) .. (2)
by (1) & (2) T is a linear transformation.
|EXERCISE 3 (a)|

1.  Which of the following maps are linear transformations ,
(a) T:V; > V3 defined by T (x) = (x, 2x, 3x) .
(b) T:R? - R? defined by T (a,b) = (2a+3b, 3a—4b).
(¢) T:R? - R? defined by T (x,y.2)=(x—y, x—2).
(d) T:P—>P defined by T (x)=x>+x.
2

(¢) T:P P defined by T p(x) = p(0)+2p' )+ p" (0).

(H T:R> 5 R? defined by T (x,y,2)=(x+1, ,2).

(g) T:R? - R? defined by T (x,)=(x",)°)-

2. Let V be the space of mxn matrices over the field F. Let P be a fixed mxm matrix
and Q is a fixed nxn matrix over F.

T:V —>V is defined by T (A) = PAQ. Then show that T is a linear transformation.
{ Hint : T (¢A+bB)=P (aA+bB)Q=(a PA+bPB)Q
=aPAQ+bPBQ=aT (A)+bT(B)).
Find a linear transformation.
3. T:R?> - R?suchthat T (1,0)=(1,1)and T (0,1)=(-1,2)
4. T:V,—>V,suchthat T (1,2)=(3,0)and T (2,1)=(1,2)
5. T:V3—>V;suchthatT (0,1,2)=(3,1,2)and T (1,1,1)=(2,2,2).
6

T:V,(R) > V3(R) such that T (1,2)=(3,-1,5) and T (0,1)=(2,1,-1)
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7. T:R? > R3 suchthat T (2,-5)=(-1,2,3) and T (3,4) =(0,1,5)

8. Find a linear transformation. T:R? — R?,such that T (1,0) =(1,1) and T (0,1) = (-1,2)
Prove that T maps the square with vertices (0,0), (1,0), (1,1), (0,1) into a parallelogram.

| SUM OF LINEAR TRANSFORMATONS |

3.9. Definition. Let T, and T, be two linear transformations from U (F) into V
(F). Then their sum T;+ T, is defined by (Tj+T,) (a)=Ty(a) + T () Ve U

3.10. Theorem. Let U(F) and V(F) be two linear transformations. Let T, and
T, be two linear transformations from U into V. Then the mapping T, +'l, defined by

(T +T) () =T(a) + (@) VaeU is alinear tranformation.

Proof. Given T;:U—>V and T,:U—>V, (T1+T)(0)=T(a)+T,(a) VaeU
Ti(w)eV and Th(w)eV = Tj(o)+T,(a)eV. Hence (Tj+T,):U—>V
Let a,beF and o,BeU. Then (Tj+ T,) (ae+5B) = Ty (ac. + bB) + T, (ac. + bB) (by def.)
=aTi()+b Ty(B)+a Tr(a)+b Ty (B) = a [Ty (o) + Tr ()] + b [Ty (B) + To(B)]
=a(j+T,)) (@)+b(Tj+T,) (B) oo Ty+T, isa L. T. from U into V.
[3.11. SCALAR MULTIPLICATION OF AL. T|

Theorem. Let T:U[F) > V (F) be a linear transformation and acF. Then the

function aT defined by (aT)(@)=aT(@)VaeU is a linear transformation.

Proof. Given T:U (F) » V (F) and (aT) (a)=a T (o), a€F, aeU

Now T(w)eV=aT(a)eV. . (aT) is a mapping from U into V

For ¢,d €F and o,peU

(@T)[ca+dB]l=aT (co+dp) (by def)
=a[cT(a)+d T(B)] =acT(a)+ad T(B) =c (aT) () +d (aT) (B)

Hence 4T i1s a L.T. from U into V.
|SOLVED PROBLEMS |

Ex. 1. Let T:V3(R)> V,(R) and H:V3(R)—> V,(R) be the two linear

transformations defined by T (x,y,z)=(x—y,y+z) and H (x,y,z)=(2x, y—z)
Find (i) H+T (i) aH
Sol. (l) (H+T) (x’ysz) :H(x’yaz)+T(x’y’Z) :(zx’ y_Z)+(x_y’ y+Z) = (3x_y’ zy)

(i) (aH) (x,y,2)=aH(x,y,z) =a(2x, y—z) = (2ax, ay —az)
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Ex. 2. Let G:V3 —> V3 and H:V; — V3 be two linear operators defined by
Gle) =¢ +ey, G(ey) =e3, Gle3) =y —e3 and H(e) = e3, H(ey) = 2e; —e3, H(e3) =0
where {e|, ey, e3} is the standard basis of V;(R).
Find () G+H (i) 2G
Sol. Let S = {(1,0,0), (0,1,0), (0,0,1)} be the standard basis of V;(R) so that
e, =(1,0,0), e, =(0,1,0), 3 =(0,0,1)
Gle) =¢ +e, = G(1,0,0)=(1,1,0), G(e)=e; = G(0,1,0)=(0,0,1)
G(e3)=ey —e3 = G(0,0,0) =(0,1,—1)
Again H(e)) =e; = H(1,0,0)=(0,0,1), H(ey)=2er —e; = H(0,1,0) =(0,2,-1)
H(e;)=0 = H(0,0,1)=(0,0,0)
(i) (G+H) (¢)=G(e)+H(e) =, +ey +e3 = (G +H) (1,0.0=(1,1,1)
(G+H) (ey) = G(ey)+ H(ey) = 2¢, = (G + H)(0,1.0) = (0,2,0)
(G +H) (e3) =G(e3) +H(e3) =€y —e3 = (G + H) (0.0,1) = (0,1,-1)
(if) 2G (e;) =2G(e)) =2¢; +e5, 2G (e3) =2G(ey) =2e5, 2G (e3) = 2G(e3) = 2e, — 23 etc.
|[PRODUCT OF LINEAR TRANSFORMATIONS)|
3.12. Theorem. Let U(F), V (F) and W(F) are three vector spaces and T:U—>W

and H:U—>V are two linear transformations. Then the composite function TH (called
the product of linear transformations) defined by (TH)(a)=T[H(a)]Vae U is a
linear transformation from U into W.
Proof. Given H: U(F) —» V(F) and T : V(F) » W(F)
Forg e U = H(a) e V
Again H(a) e V= T[H(w)] € W = (TH) (a) € W
TH is a mapping from U into W
Now Let a.p € F, a,B € U. Then (TH) [ac. +5B] = T[H(ac. + bB)]  (by def)
= T[aH(o) + bH(B)] (His L.T.)
= a(TH) (o) + b(TH) (B)
- TH is a LT. from U to W.
Note. The range of H is the domain of T.

3.13. Theorem. Let H, H' be two linear transformations from U(F) to V(F). Let
T, T' be the linear transformations from V(F) to W(F) and 4 ¢ F.

Then (i) T(H+H') = TH + TH' () (T+T)H=TH+TH
(@) a(TH)= (¢D)H=T(aH)
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Proof. (i) Let o ¢ U. Then TH+H") (o) =T [H(w) + H'()]
=TH (o) + TH' (o) = (TH + TH") ()
(i) Similar to (7)
(iii) Letat o e U. a(TH) (o) = aT[H(e)] = [(aT)H] ()
Again [T(aH)] (o) =T [aH(W)] = [a(TH)] (cv) . < a(TH)] = (@T)H =T (aH)
[3.14. ALGEBRA OF LINEAR OPERATORS |

Theorem. Let A, B, C be linear operators on a vector space V(F). Also let O be
the zero operator and I the identity operator on V. Then

@ AO=0A=0 @) AI=1IA=A

@ii) A B+C)=AB + AC vy (A+B)C=AC +BC

v) A(BC) =(AB)C

Proof. Let o € V

(i)  AO(a)=A[O(c))]=A(O) (by def. of 0)
=0 (AisL.T) =0(a) (V aelU)

Similarly OA (o) =O[A(0) =0=0(ct) = OA=0. Thus AO =0A = O.
(77) Similar to (7)
(iii) [A(B+C)](a) = A[(B+C)(a)] = A[B(c) + C(a)] = AB (@) + AC (1) = (AB + AC) (ct)
- A(B+C) =AB+AC
(iv) Similar to (iii)
(v) [ABO)J(o) = A [(BC) ()] = A[B{C(a)}] = (AB) [C(a)] =[(AB) C] ()
A(BC) = (AB) C
| SOLVED PROBLEMS|

Ex. 1. Let T:R> 5 R? and H:R> - R? be defined by T (x, y, z)=(3x, y+z) and
H(x, y, z)=Q2x—x, y). Compute (i) T+H (i) 4T-5H (@iii)) TH (v) HT
Sol. Since T and H map V, the linear transformations T + H and 4T -5H are defined.
@) (T+H)(x,y,2)=T (x,y,2)+H(x,y,2) =@x, y+2)+(2x—z,y) =(5x—z,2y+2)
(i) (4T-5H) (x, y,z) =4T (x,y,z)-5H (x,y,2)
=403x, y+2z)-5Q2x—-2z,y) =(2x+5z,—y+4z)

(iii) and (iv) both TH and HT are not defined because the range of T is not equal to
the domain of H and vice versa.

Ex. 2. Let T, :R?® 5 R? and T, :R? > R? are two linear transformations defined

by Ty (x,y,2)=(Bx,4y-2), T, (x,»)=(-x,y). Compute T|T, and T,T;.
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Sol. (i) Since the range of T, i.e. R? is not equal to the domain of T, i.e., R®, T|T,
is not defined.

(i7) But the range of T i.e. g3 is equal to the domain of T,, T,T; is defined.

(TZTI) (x:yaz) = T2 [Tl (x’yaz)] = T2 (3x,4y—z) = (_3x’ 4y—Z)
Ex. 3. Let P(R) be the vector space of all polynomials in x and D, T be two linear

operators on P defined by D[f(x)]= Zl and T[f(x)]=x f(x)V f(x)eV
X

Show (i) TD#DT (ii) (TD)*> =T?D?+TD
Sol. (i) (DT) f(x)=DI[T f(x)] =D [x f(x)] =f(x)+x f(x)

(TD) /(1) =T[D f(x)]=T [%} —x f1)

Clearly DT #TD- Also (DT) f(x)—(TD) f(x) = f(x)
= (DT-TD) f(x)=1 f(x) (Iis identity) = DT-TD=1

y df df
(ii) (TDY* f(x)=(TD) [(TD) f(x)] =(TD) [x dﬂ =T {D (x Eﬂ

i 2 2
=T £+x—df =x£+x2—df
| dx dx? dx dx?

2
Now (T2D?) f(x)=T?D {Df (1)} =T {D (%ﬂ _ 12 (MJ

: dx?
2 2 2
-T T{d fﬂ T {xﬂ}zg ar
L \ax? dx? dx?
d*f  _df

5 (TDATD) f(0) = (12D + D) £(0)+(TD)f (1) =% — 5 +%

. (TD)? f(x)=(T*D*+TD) f(x) V f(x)eP.  Hence (TD)> =T>D*+ TD.
| TRANSFORMATIONS AS VECTORS|

3.15. Theorem. Let L (U, V) be the set of all linear transformations from a
vector space U (F) into a vector space V (F). Then L (U, V) be a vector space relative
to the operations of vector addition and scalar multiplication defined as

(@) T+ ()=T@+H(@) @) (@@)=aT(@) forall acU.acF and
T,HeL(U,V). The set L (U, V) is also denoted by Hom (U, V)

Proof. We have already proved that for all T, HeL (U, V) and a€F,

(T +H) and (aT) or (aH) are linear transformations and hence €L (U, V).

Now we verify the remaining properties of vector space.
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(i) Associativity.
[T+(H+G)]()=T (0)+(H+G) (o) =T (o) +[H () + G ()]
=[T (a)+H (0)]+G () (addition in V associative)
=(T+H) ()+G () =[(T+H)+G] () L T+H+G)=(T+H)+G
(if) Additive identity in L (U, V)
Let O be the zero transformation from U into V i.e., O (a)= O V oe U, OeV
. 0eL(U,V)
Now (0+T)(a)=0(a)+T () =0+T (o) =T (o) (0 is additive indentity in V)
. 0+T=T VTeL(U,V)
= O is the additive identity in L (U, V)
(iii) Additive inverse.
For TeL (U, V) let us define (-T) as (-T)(a)=-T(ar) V aeU
Then (-T)eL (U, V).
Now (-T+T) (a)=(-T) () +T () == T (a)+T (&) =5 (0eV)
= —-T+T=0 forall TeL(U,V).
(iv) Commutativity
= (T+H)(@)=T () +H (o) =H (a)+ T (o) (addition in V is commutative)
=H+D(w= (T+H)=H+T)
. L (U, V)is an abelian group w.r. to addition
(v) Let aeF and T,H €L (U,V),aeU

Then [a (T + H)] () = a [(T + H) (o) (by def.)
=a[T (a)+H ()] (by def.)
=aT()+aH () =(@@aT)(a)+(a H) (o) (by def.)

—@T+aH)(0) > a(T+H)=aT+aH
(vi) Let a,beF and TeL(U,V). Then [(a+b)T] (o) =(a+b) T (o) (by def))
=aT (a)+bT(a) ( -+ V is a vector space)
=@T) () +(T)(a) (bydef) =@T+bT)(a)= (a+b)T=aT+bT
i) [(ab)Tla=(ab)T(a) =a[bT (a)] (.- V is vector space)
=a[(bT) ()] (by def) =la(®dT) ()] = (@b)T=a(bT)
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(viii) Let 1eF and TeL (U, V).

Then (1.T)(o)=1.T ()=T () (by def)) = 1.T=T.
Hence L (U, V) is a vector space over the field F.

3.16. Theorem. Let L (U, V) be the vector space of all linear transformations
|from U(F) to V (F) such that dim U = n and dim V = m. Then dim L (U, V) = mn.

Proof. Let Bl = {(11, Oy, eeey (In} and B2 = { Bl, Bz, ...,Bn}
be the ordered basis of U and V respectively. By the previous theorems there exists

uniquely a linear transformation T;; from U to V such that
T, (o) =P, T, () =0, ..., T; (o) =0 where g, 0eV.
ie. Ty (@)=B;, i=1,2..n j=12..m and T; (0;)=0,k#i.

Thus there are mn such T;;'s € L (U, V) . We shall show that S= {T;} of mn elements

is a basis for L (U, V)
(i) To prove S is L.1.

n m
For @;'s €F let us suppose that ) >~ a; T; =0 (OeL (U, V))
=l j=1
n m
For o, eU, k=12..n we get > a;; Ty | (o) =0 (o)
=l =1
" L/ Ea n = N
=2 ZaijTij(ak):O = Zaijkj(ak):O (0eV)
=1 j=l j=l

= Ay O +apy Oy +...+a, o,y =0 = qp =0, apo =0...akm =0 ( Bl 1S LI)

Hence S={T;} is an L.L set.

(if) To show that L (S) = L (U,V).

Let TeL(U,V). The vector T (a;) eV can be expressed as
T (o) = by 1By +D21Ba + . + by By

In general for i=12..m

T (o) =0y By +b2iBy + - + by By (1)

M=

Consider the linear transformation H = Z b; Ty

n
i=

1L

Il
—
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Clearly H is a linear combination of S={T;} ; therefore He L (U, V).

Let o €U for k=1,2...n. Since Ty(ak):(g) for k#i, We have Ty (oy)=B;

Consider H (o) =" > b; Ty (ay) = by Ty (o) =Y by B,
=

=1 j=1 j=1
i.e. H(oy)=bygy By +bp By + .t by By =T (aty) [ by (1)]
Hence H (a;)=T(a) for each k. . H=T
Thus T is a linear combination of elements of S.  ie., L (S)=L (U, V).
S is a basis set of L (U, V) s dim L(U, V) = mn.
| EXERCISE 3 (b)|

1. Let T:R? 5 R? and H:R? — R3 be two linear transformation defined by
T(x,y,z)=(x-3y-2z,y-4z) and H (x,y) =(2x, 4x—y,2x+3y)
Find HT and TH. Is product commutative ?

2. Define on g2 linear operators H and T as follows H (x,y)=(0,x) and T (x,y) = (x,0)

and show that TH=0,HT # TH and 12 _ .

3. Give an example of a linear operator T on g3 such that T =0, T2 %0 but T2=0.

[Hint: T:R3 - R3 where T(x,1,2)=(0,x,)]

4. Let P be the polynomial space in one indeterminate x with real coefficients. Let
D:P—P and S:P— P be two linear operators defined by .

D f(0 = ang S /(=] f0)ds ¥ f(0)=P
X 0
Show that DS =1 and SD =1 where I is the identity transformation.
5. Let T:V3(R)— V3 (R) be defined by T (a,b,¢)=(3a,a—b,2a+b+c)
Prove that (T?-1)(T-31)=0.
|3.17. RANGE AND NULL SPACE OF ALINEAR TRANSFORMATION|

RANGE. Definition. Let U (F) and V (F) be two vector spaces and let T:U —>V
be a linear transformation. The range of T is defined to be the set

Range (T)=R({T)={T(a):ae€U}.

Obviously the range of T is a subset of V. i.e. R(T)c V.
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3.18. Theorem. Let U(F) and V(F) be two vector spaces. Let T:U (F)—>V (F)
be a linear transformation. Then the range set R (T) is a subspace of V (F).

Proof. For OcU = T(0)=0eR(T) .. R(T)isnon-empty setand R (T)cV
Let o4,0, €U and B;,B, €R (T) be such that T (o) =p; and T (o) =P,

For a,beF, aa+bo, €U (-~-Uis V.S)) = T(aa;+ba,)eR(T)

But T (ao + baty) = aT (o) +bT(cty) =a By +b B, € R (T) (- TisL.T)
Thus a,beF and B;,B, eR(T) = aP;+bP, eR(T)

R (T) is a subspace of V(F). R (T) is called the range space.
[3.19. NULL SPACE OR KERNEL|

Definition. Let U (F) and V (F) be two vector spaces and T:U —V be a linear
transformation. The null space denoted by N (T) is the set of all vectors o €U such

that T (0)=0 (zero vector of V).

The null space of N (T) is also called the kernel of T i.e., N(T)={aeU:T(a)=0€V}.
Obviously the null space N(T)c U . (S. V. U. 2011)

3.20. Theorem. Let U (F) and V (F) be two vector spaces and T:U—V is a
linear transformation. Then null space N (1) is a subspace of U (F).

Proof. Let N(T)={o.c U: T(a)=0 eV}
C T@)=0 = 0eN(T) (0eU,0eV)
N(T) is a non-empty subset of U.
Now a,BeN(T) = T(a)=0,T ()=0

For a,beF. T(aa+bP)=aT(@)+bTB) =a.0+5.0=0 (TisL.T.)

. T(@oa+bP)=0

By definition a a.+5 B e N(T)

Thus a,beF and o,peN(T) = aa+bpeN(T)
- Null space N (T) is a subspace of U (F).

3.21. Theorem. Let T:UF) >V (¥) be a linear transformation. If U is finite
dimensional then the range space (1) is a finite dimensional subspace of V (F).
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Proof. Given U is finite dimensional

. Let S={ay, a, ...a,} be the basis set of U (F).
Let BeR(T), the range space of T.
Then there exists o € U such that T (o) = .
oo =aoy +ayoy, ...a,o, for a'seF
= T(a)=T (g0 + @y, ...a,0,) = PB=aT(a;)+a,T (0y)...+a,T (a,)
But §'={T (o), T (aty) ... T (ct,,)} € R(T)
Now BeR(T) and B=Ic ofelements of S'= BeL(S).

Thus R(T) is spanned by a finite set S'.
- R(T) is finite dimensionalsubspace of V(F).
| DIMENSION OF RANGE AND KERNEL|

3.22. Definition. Let 7:U(F) — V(F) be a linear transformation where U is finite

dimensional vector space.
Rank : Then the rank of T denoted by p(T) is the dimension of range space R(T).
p(T) = dim R(T)
Nullity : The nullity of T denoted by v(T) is the dimension of null space N (T).
W(T) = dim N(T)
RANK - NULLITY THEOREM :

3.23. Theorem. Let U(F) and V(F) be two vector spaces and T:U—>V be a
linear transformation. Let U be finite dimensional then p(T)+ v(I)= dimU
i.e. rank (T) + nuliity (T) = dim U.

Proof. The null space N (T) is a subspace of finite dimensional space U (F).
= N (T) is finite dimensional

Let S={a;, o, ...a; be a basis set of N (T). s dimN(T)=v(T) =k

" T(a)=0,T () =0...T () =0 (1) (0eV)

As S is L.I. it can be extended to form a basis of U (F)

Let S; ={oy, 0 ...ay, 67,0, ...0,,} be the extended basis of U (F). .. dimU=k+m
Now we show that the set of images of additional vectors

S, ={T (6;), T(8,)...T (0,,)} is a basis of R (T). Clearly S, < R(T)

(@) To prove S, is L. 1.
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Let aj,a, ...a, €F be such that, 4T (6,)+a,T (0,)+...+a,T (8,,)=0
= T[a0+ay0,+..+a,0,]=0

= 0 +a,0, ...+ a,0, € N(T), null space of T.

But each vector in N(T) is a /.c. of elements of basis S

- Forsome b,b, ..., €F, let a0, +ay0, ...+ a,,0,, =bjoy +bya, +... b oy
= ab+..+a,0, -bo;—..-boy = 8
= a=0,ay=0..a,=0,b,=0..5, =0 (- S;isLL) = S, isL.L set
(ii) To prove L(S,)=R(T)
Let B e range space R (T), then there exists o € U such that T () =
Now a e U = there exist c¢'s,d's € F such that

o =0y +C0y ...+ ¢ 0y +d10; +dy0, ... +d,0,,
= T(a) =T [qoy +...+ oy +di10 +...+ d,,0,,]

=T () + ..+ ¢, T () +dT (0)+..+d,T(O,)
= B=d,T(0))+d,T(©0,)..+4d,T(O0,,) (by (1)) = BeL(S,)
~. S, is a basis of R(T) and dim R(T) = m.
Thus dim R(T) + dim N(T) =m + k=dim U ie, p(T)+w(T)=dimU.
ISOLVED PROBLEMS|

Ex. 1. If T:V4(R) = V3(R) is a linear transformation defined by

T (a,b,c;d)=(a—b+c+d,a+2c—d,a+b+3c-3d) for a,b,c,d eR,

then verify p(T)+w(T) =dim V4(R)

Sol. Let S={(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1)} be the basis set of V4(R).
The transformation T on B will be T (1,0,0,0) =(1,1,1), T (0,1,0,0) =(-1,0,1)

T (0,0,1,0)=(1,2,3), T(0,0,0,1)=(1,-1,-3)

Let S, = {(1,1,1), (=1,0,1), (1,2,3), (1,-1,-3)} 5 S; < R(T)

Now we verify whether S; is L.I. or not,. If not, we find the least L.I. set by forming

1 1 1
. -1 0 1 .
the matrix, S, = Lo 3 applying R, +R;,R3-R{, R4 —R;
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1 1 1 1 1 1
Sy~ 0! Again apply R4 +2R5,R3-R,, S, ~ 0 12
0o 1 2 ’ > Pl 0 0 0
0 -2 -4 00 0

-, The non - zero rows of vectors {(1,1,1), (0,1,2)}
Constitute the L.I. set forming the basis of R (T) = dimR (T) =2

Basis for null space of T. aeN(T) = T (a)=0
" T (a,b,c,d)=0 Wwhere 0 =(0,0,0)e V5(R)

= (a-b+c+d,a+2c—d,a+b+3c—-3d)=(0,0,0)

= a-b+c+d=0, g+2¢-d =0

a+b+3c—3d =0, we have to solve these for a, b, ¢, d.

I -111 I -1 1 1

Coefficient matrix = |1 0 2 -1} by R,-R,;R3-R;=[0 1 1 -2
11 3 -3 0 2 2 -4
1 -1 1 1
by R3 —2R,, the echelon form is Pl o 2
0 0 0 O

- The equivalent system of equations are
a-b+c+d=0,b+c-2d =0 =>b=2d-c,a=d-2c

The number of free variables is 2 namely ¢, d and the values of a, b depend on these
and hence nullity (T) = dim N(T) = 2.

Choosing ¢=1,d =0 ,we get a=-2,b=-1, o (a,b,c,d) =(-2,-1,1,0)

Choosing ¢=0,d =1 ,weget a=1,b=2. 2 (a,b,c,d)=(1,2,0,1)

- A{(-2,-1,1,0), (1,2,0,1)} constitute a basis of N(T)

- dim R(T)+dim N(T) = 2+2 =4 =dim V,(R)..

Ex. 2. Find a linear transformation T:R> —R> whose range is spanned by
1,2,0,-4), (2,0,-1,-3).

SoL Given R (T) is spanned by {(1,2,0,-4), (2,0,-1,-3)}

Let us include a vector (0, 0, 0, 0) in this set which will not effect the spanning property
so that

S={{1,2,0,-4),(2,0,-1,-3),(0,0,0,0)}

Let B={a, 0,03} be the basis of R®. We know there exists a transformation T
such that
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T(oy) =(1,2,0,—4) ; T(ay)=(2,0,-1,-3) and T(a3) =(0,0,0,0)
Now if a eR3 = a=(a,b,c)=aa;+ba, +c o
s T(a,b,e) = T(aap+boy+coz)=aT (a)+bT (ay)+cT(a3)
=a(1,2,0,-4)+b (2,0,-1,-3)+¢ (0,0,0,0)
~. T (a,b,c) =(a+2b,2a,—b,—4a—3b) is the required transformation.
Ex. 3: Find F:R?® > R* is a linear transformation whose range is spanned by
(1,-1,2,3) and (2,3,-1,0).
Sol. Consider the standard basis for g3 e}, e,,e3 where ¢ =(1,0,0), e, =(0,1,0),
e; =(0,0,1). Then F(e)) =(1,-1,2,3),F(e;) =(2,3,-1,0) and F(e;) =(0,0,0,0).
We know that, (x,y,z)=xe| + ye, + ze3
s F(x,,2) =F (xe; + ye, + ze3) = xF(e)) + yF(ey) + zF(e3) (.- F is alinear transformation)
=(x,—x,2x,3x)+ 2y, 3y, —»,0)+(0,0,0,0) =(x+2y,—x+3y,2x-y,3x)

Ex. 4. Let V be a vector space of 2x2 matrices over reals. Let P be a fixed matrix

1 -1
of V., P= {_2 2} and T:V —V be a linear operator defined by T(A) = PA, A€ V.
Find the nullity T.

b
Sol. Let A—{“ } eV
c d

~

The null space N (T) is the set of all 2x2 matrices whose T - image is O

- = of S0 e
c d c d||-2 2 0 0

- a-c b—d B 00 a-c b-d B 00
2a+2c -2b+2d| |0 O a-c b—d| |0 0
= a-¢c=0,b—-d=0=>a=c,b=d,

The free variables are ¢ and d. Hence dim N(T) = 2.

Ex. 5. Find the null space, range, rank and nullity of the transformation

T:R?> >R3> defined by T (x,y)=(x+y,x—y,¥). (S. VU.M12,02000, K. U. M 2013)
Sol. (i) Let aa=(x,y) € R%. Then ae N(T)= T (a) =0 (8 eR?)

e, T(xy)=(0,0,00= (x+y,x—y,y)=(0,0,0)
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= x+y=0,x-y=0,y=0= x=0,y=0 . a=(0,0)=(0eR?)

Thus the null space of T consists of only zero vector of R?
o mullity T=dim N(T) =0
(if) Range space of T={BeR?:T (a)=p for o eR?}

. The range space consists of all vectors of the type (x+y,x—y, y) forall (x,y) eR?>

(iii) dim R(T) + dim N(T) = dim R?> = dimR(T)+0=2= rank of T=2.

Ex. 6. Let V (F) be a vector space and T be a linear operator on V. Prove that the
following statements are true

()The intersection of the range of T and null space of T is the zero subspace of T.

i.e., R(T)NN(T)={O} @) If T[T(0)]=0, then T (a)=0
Sol. (i) = (ii)

Let R(T)AN(T)={0}. Let T(a)=p .. BeR(T) . (1)
Now T[T (a)]=0=T (B)=0=p e N(T) .. (2)

From(1) and (2) BeR(T)NAN(T). But R(T)AN(T)={0}=p=0 = T(a)=0

Thus T[T (2)]=0=T (a) =0

(if) = (i) Given T[T (0)]=0=T (a) =0

Let BeR(T)NN(T). .. BeR(T) and BeN(T)

Now BeR(T)= T (a)=p for some aeV and peN(T)= T (B)=0= T[T ()] =0
=T (@)=0=p=0. Thus R(T)N N(T)=0

Ex. 7. Verify the Rank-Nullity theorem for the linear map T:V, — Vs defined by

T(e)=h+fa+ Sz, T@)=h-Na+/f3, T(e)= /i, T(es) = fi+ /3 when {e, ey, e3} and
{fi, />, [z} are standard basis V, and Vs respectively

Sol.:Let ¢ =(1,0,0,0), e, =(0,1,0,0) e; =(0,0,1,0), ¢, =(0,0,0,1) and

N1 =1,0,0), f =(0,1,0), f3=(0,0,1)

{e, e, e3,e4}, {f1, [, f3} are the standard basis of V, and V; respectively.
wehave T (¢)=fi+ L+ f3 = T(1,0,0,0)=(1,0,0)+(0,1,0)+(0,0,1) = (1,1,1)
Te)=H—-fH+/f = T(0,1,0,0)=(1,0,0)-(0,1,0)+(0,0,1) =(1,-1,1)

T(e3)=f; =T(0,0,1,0)=(1,0,0); T(ey)=rf1+ 3 = T(0,0,0,1)=(1,0,0)+(0,0,1)
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Let aeVy. The o can be written as o = ae| + be, +ces +dey
Then T(a)=aT(¢)+bT(e;)+cT(e3)+d T (e4)

=a(L,1L,)+b(1,-1,D+c(1,0,0) +d (1,0,1) =(a+b+c+d,a—b,a+b+d)

1 1 1 R, —R,-R, 1 1 1
, 11 0 2 0
Consider B=| = = | Ry=Rs-Ry} = =
Lo 1] TRy g
1 1 1 1 00 1 00
Ry =R, 4R | O I IO S
0o -1 -1 01 1 00 1
0 0 0 00 0 0 0 0

Then {(1,0,0) (0,1,0) (0,0,1)} is a basis set for R(T).
Thus dim R(T) = 3. Suppose T (a)=0 = (a+b+c+d,a—b,a+b+d)=(0,0,0)

Which gives a+b+c+d=0,a-b=0,a+b+d =0

From this we have ¢=0,b=a and 4=-24. Thus [ a,b,c,d]=[1,1,0,-2]
. Rank of the null space N(T) = 1. . Rank of T =dim R(T) =3
Nullity = dim N(T) = 1. Dim Vv, =4

Thus Rank + Nullity = Dimension, is verified

Ex. 8. Verify Rank - nullity theorem for the linear transformation T:R> — R’
defined by T(x,y,z2)=(x=y,2y+z,x+y+2)

Sol. Given T:R’-5R*® defined by T (x,y,z)=(x—y,2y+z,x+y+z) is a linear
transformation.

We know that dimension of R’ =3 (D)

Let o= (x,,2)eR? . If a e N(T)then T(a)=0

ST 0,2)=0 = x-y,2y+x,x+y+2)=(0,0,0)
Comparing the components, x—y=0;2y+z=0;x+y+z=0
taking y=k we get x=k and z=-2k

(6 y,2) =k k,2k) =k(1,1,-2)

Thus every element in N(T) is generated by the vector (1,1,-2).
Thus dim (N(T)) =1 .. (2)

Again T (x,y,2)=(x—y,2y+z,x+y+2)
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from this T (1,0,0) = (1,0,1);T (0,1,0) = (-1,2,1) and T (0,0,1) = (0, 1,1)

1 0 1
Let S={(1,0,0),(~1,2,1),(0,1,1)} andlet A=| -1 2 1
0 1 1

1 01
R, +R, gives ~|0 2 2
011
1 01
&gives~ 0 11
2 0 11
1 01
R;-R,gives ~|0 1 1
0.0 0

Thus the set {(1,0,0),(0,1,1)} constitute the basis of R(T) i.e. range of T.
Thus, dim (R(T))=2 .. 3)
Substituting in rank - nullity theorem, rank + nullity = dimension

=142=3. This verifies the theorem.

Ex. 9. T:R’ >R’ be the linear transformation defined as T(x,x,,x;)
=(x; —X,,x, +x3). Find the Rank (T), and Nullity (T).

Sol. Let T (x;,x,,x;) =(0,0) = (x; —x,, % +X3)

x—x,=0and x, +x,=0; x =x, and x, =—x;. SX =X

Let x, =k,x, =k and x; =—k

S (g, x,,2) = (k,k,—k) = k(1,1,-1) - (1,1,-1) constitutes a basis for N(T)
dim{N(T)} = 1 =Nullity. We know that, dim (R*)=3

from rank - nullity theorem, we have rank + nullity = dimension=> rank (T) =3-1=2

Ex. 10. Find the Kernal of the linear transformation T:R* — R*> defined as
7(1,0)=(L,1) are T(0,1)=(~1,2)

Sol. We know that {(1,0),(0,1)} is a standard basis for R?

Let (x,y)eR?. Let a=(x,y)=x(1,0)+y(0,1)
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Now T(x,y)=xT(1,0)+ yT(0,1) =x (L, D)+ y (-12)

Thus, T (x,y)=(x—y,x+2y)

To find the null space

If (x,») e N(T),T(x,) =0 = (x-y,x+2y)=(0,0)

Comparing components, x+ y =0,x+2y =0

Solving x=0,y=0. ~. (0,0) is the only element in null space.
Thus N(T)={(0,0)}

Ex. 11. If T:R*>R* be a linear transformation defined by

T(x,y,2)=(x—y,y—z,z—x) then show that T is a linear transformation and find its
rank.

Sol. Given T:R3 — R® is defined as T(x,y,z)=(x—y,y—z,2—x)

Let o= (xl,yl,zl) and B: (XZ,yz,Zz)

T(o+B)=T(x; +x2, 01 + 2,21 +22)

= (Y Xy =V Y2 T V) 2 F 27 F 5 =X+ X)

=[(n =3+ (2 = 32,1 =20) + (12 —22), (21 = 31,25 — %))
=[(q =y =z = x)]+[(v = 2.0 = 22,25 = 3y)]
=T(o)+T(B)

T(ca) = T(exy, ey, c21) = (ex) — ey, ¢y —czp,¢21 —cxp)
= c[(x =) =2, (7 —x)]
=cT(a)
- T:R3 - r3is a linear transformation.
We have T(a)=(x—y,y—z,z—X)
=x(1,0,-1)+ y(-1,1,0)+ z(0,—-1,1)
- R(T)=L{(L,0,-1),(-1,1,0),(0,-1,1)}
Let (1,0,-1)=a (-1,1,0)+5 (0,—L,1) =(— a,a—b,b)
Comparing g =-1,b=-1
o (1,0,-1)=1(-1,1,0)—1(~1,1,0)
.. R(T) is generated by {(-1,1,0),(0,—1,1)}
Rank of T=2.
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| EXERCISE 3 ( ¢)|

1. Let T:V, — V; bea linear transformation defined by T (o)) =(1,1,1); T (ay) = (1,-11) ;
T (a3) =(1,0,0), T (0y) = (1,0,1) . Then verify that p(T) +v(T) = dim V,

2. Describe explicitly the linear transformation T:R3 — R> whose range space is spanned
by {(1,0,-1),(1,2,2)} .

3. Let T:R> - R? be a linear transformation defined by T (x,y,z) = (x+y, y+2)
Find a basis, dimension of each of the range and null space of T.

4. Let T:R? - R? be the linear mapping defined by

Tx,y,z2)=(x+2y—z, y+z,x+y—2z2)
Find the rank, nullity and find a basis for each of the range and null space of T.

5. Let T:R? > R? be defined by T (x,y,z)=(x—y+2z, 2x+y—z,—x—2y)
Find the null space of T.
6. T:V3(R)—> V,(R) is defined by T (a,b,c)=(a,b)V (a,b,c)eR>

Prove that T is a linear transformation. Find the kernel of T.

7. LetV (F) be an n dimensional vector space and let T be a L.T. from V into V such that
range and null space of T are identical. Prove that » is even.
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Vector Space Isomorphism

4.1. Definition. Let U(F) and V(F) be two vector spaces. The one-one onto
transformation T:U—V is called the isomorphism and is denoted by U(F)= V(F).

Now we prove some more properties of vector space isomorphism.

4.2. Theorem. Two finite dimensional vector spaces U and V over the same
field F are isomorphic if and only if they have the same dimension.

i.e. UF)=V(F)<dimU=dimV

Proof. Let U(F) and V(F) be finite dimensional and U(F) = V(F). Then there exists an

one-one onto transformation T: U — V
To prove that dim U=dim V.
Let S={a,a, ...a,} be abasis of U. s dimU=n

Let S'={T (o), T () ... T (ar,,)} be the set of T-images of S = S'cV
(i) To show that S'is L.I.

Consider the equation ¢T (o) +a,T (1) ... +a, T (ar,) = 0 a'seF OeV
= Tlaoy +ayay ...+ a,0,]=T(0) (TisL.T.; OeU)

= a0y +a50 ... +a,0, =0 (- T is one-one)

= a;=0,a,=0,..a,=0 (.- SisL.LI)

= S'is L.I. set.
(ii) To show that L (S') =V
Let Be V. Since T is onto there exists; o€ U such that T (o) =
But a €U = a=/c of elements of basis
=ba +by0, ...+ b0, (b'seF)
= T(a)=T (o +bya, ... +b,0,)
= B=HT () +bT (0y)...+5,T (at,) (Tis L.T.)
— =lc. ofelements of S' = BeL(S)

~ L(S)=V. As §S' isalso L..I. ; S' forms a basisof V. .. dimV=n =dimU
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Converse. Let dim U = dim V. To prove UzV .

Let S={ay,0, ..a,} and S'={p, B, ...B,} be the bei of U and V respectively so that
dimU=n=dim V.

noelU = a=q¢o+60, ...+c,0, for some c's eF

Now define T':U — V such that T' () =¢\B; +¢3B; ... +¢,B, = DB

(a) To show T' is one - one

Let 6 U such that, 6=djo+...+d,a, d'seF

= T'(0)=dp; +...+d,B, (by deft.)

Now T'()=T'(0) = ¢ +cBy ... +¢,B, =d|B +doBy ... +d B,

= (¢, —dy) Py +...+(c,—d,)B, =0 (OeV)

= ¢q-dy=0,..c,—-d, =0 (S"is L.I.)

= ¢ =d,..c,=d,

Loy +60y .. +c,0, =dioy +dyo, . +d,0,

= a=06 - T'is one-one.

(b) To show T' is onto

For 3eV, wecanexpress &=¢|p+cP,...+¢,p, for c'seF

If y=¢o4 +ey0, ... +¢,0, by definition T'(y) =8

. For 6V there exists y € U such that T'(y) =6 -~ T" is onto.

(¢) To show that T"is L. T.

Let a,beF and «,0 U, then T'(aa+50)=T'[a X c;0; +b X d;0;]
=T'[Z(ac;+bZEd)a;] =Z(ac;+bd;)B; (by def.)
=aXcP;+b2dB; =aT (a)+bT"'(0)

T’ is a linear transformation.

Thus T':U—V is one-one onto linear transformation.

Hence T' is an isomorphism L Uzv

Corollary. The image set of a basis set under an isomorphism is a basis set.

The proof of this statement is the first part of the above proof.
4.3. FUNDAMENTAL THEOREM OF HOMOMORPHISMl

Theorem. Let U(F) and V(F) be two vector spaces and T:U—V is a onto
linear transformation. N is the null space of T. Then U/N =V
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Proof. N is the null spaceof T = NcU
The quotient space, U/N={N+a:a e U} is the set of all cosets of N in U.
We know that (N+a,))+(N+0,)=N+(o; +0y) Vo, €U, a(N+a)=N+aa VaeF
Let a function f:U/N —V be defined such that f (N+o)=T (o) Vo €U
Now to prove f is an homomorphism.
Let oy,a, €U and a,beF, then f[a N+a))+b(N+0a,)]=f[(N+ao;)+(N+ba,)]
= f[(N+(aoy +bo,)] =T (aa, +ba,)
=aT (a)+b T (ay) =af (N+0,)+b(N+0ay)
- f is a homomorphism.
(i) To prove f is one-one
f(N+op)=fN+ay) = T(o)=T (o) = T(a)-T (0r)=0
:T(al—a2)=6 = -0, eN = N+o;=N+a,
(if) To prove fis onto
Since T:U — V is onto for every BeV, there exists some o € U such that T (o) =
- Forthis aeU, NW+a)e U/N. Hence f (N+a)=T (a)=8.

- Forall BeV, there exists N+a e U/N, so that f (N+a)=

= f is onto, thus f'is one-one homomorphism

-, fis an isomorphism from U/Nto V ie U/Nz2V.

Note. In the above theorem, if T is not given as onto then the statement will be as :

Let U(F) and V(F) be two vector spaces and T:U—V be a linear transformation.

U
Then N T (U) where N is the null space of T.

4.4. Theorem. Every n-dimensional vector space V(F) is isomorphic to F".

Proof. Let S={a;,a, ...a,}be the basis of the n-dimensional vector space V(F)
For a eV there exist q, a, ...a, €F such that a =aa; +ay0, ... + a,0,,

Let a mapping T:U — F" be defined by T (a) = (04, a0y ... ;)

i.e., then the T-image of o is the n-tuple of the coordinates of o
(i) To show that T is one-one

For ao,BeV, a's,b'seF

Let a=aqo; +aya, ...+ a,0,=X a,0;; B=boa;+byo, ...+ b,0,=2Zba;
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Now T(a)=TPB) = (4, ...a,)= (b, b,y ... b,)
= a =b,ay=by,..a,=b, = Zago;=Xha; >o=p. - T is one-one
(it) To show that T is onto
For given any (¢, c, ...c,) e F" there exists y € V such that y = (cjo + 05 ... + c,01,)
S T)=(q,c ...c,) (by def.) - Tisonto
(iii) To show that T is linear
Let a,beF and o,BeV
T (ao+bB)=[a X a;o; +b X ba;] =T[Z (aa; +bb;)a;]
=(aa, +bby, aa, +bb,, ...aa, +bb,)
=a(a,ay..a,)+b(b,by...b,) =aT ()+bT )
-, T is a linear transformation.

Thus T is an isomorphism from U to g7 i.e, U= p”
|SOLVED PROELEMS |

Ex. 1. Let T, : V3(R) = V3(R) defined by T (x,y,z) =(x,y,kz), k # 0,k € R show that
T, is an isomorphism. What about T, if T,:Vz(R)—> V3(R) defined by
T (x,y,2) =(x,»,0).
Sol. Let a,Be V3(R) where a=(x,y,21), B=(xy,¥2,25)
s T (o) =(xp, 31, 21), TB) = (x2, 125 22)
(i) For a,beR, Ty(ao+bB)=Tila(x, ¥, 2)+b (xy, ¥, 2)]
= Tk(axl +bX2, ay; +by2, az +bZ2) = (axl +bX2, a +by2, k(azl +bZ2))
= (axy,ayy,akzy) + (bxy, byy, bkzy) = a(xy, yy1,kz)) +b(xy, y2, kzy)
=aT, () +bT, (B) . . Ty is a linear transformation
(i) To prove Ty is one one
Now T (x, y1,21) =Ty (X3, ¥2,22) = (X, 11.k2))(x2, ¥, kz5)
:>k21=k22 :>Zl=Zz k=0
= (x5, Y1521) = (%2, Y2, 29) - T is one one.

(iii) To prove T is onto

. . z
Since k#0, for every vector (x;,y,,z)e R? there exists a vector (xl, Y1 ;lj

: z .
in R such that T (xl, hLE ;lj = (x, 1> 21) - T is onto.
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Thus T is one-one onto linear transformation from g3 onto itself and hence t is an

isomorphism.
Clearly T iS LT To(xl, 4D Zl) = TO (X2, 2, Z2) = (xl, s 0) = (X2, Y2, 0)
does not = (x, y1, z1) =(x2, 2, 23) . T, is not one one

Also T, is not onto and hence T, is not an isomorphism
Ex. 2. If A and B are subspaces of a vector space V over a field F, then prove
A+B - L
B ANnB’
Sol. We know that A +B is a subspace of V containing B
_ A+B
B

that

is a vector space over F.

Also A ~B is a subspace of A. is a vector space over F.

A
ANB
A+B

An element of is of the form a+B+B where ac A, BeB.

A+B

But +B=B. -, An element of is of the form o +f

Define a map T:A%% by T(a)=a+BVaeA
Clearly T is well defined and onto.
Let a,beF and aj,a,€A. .. ao;+ba, €A
Now T (aoy +ba,) = (aay +bo,)+B =(aa; +B)+(bo, +B)
=a(oy +B)+b(a, +B) =aT(a;)+bT(a,)
-, T is a linear transformation.

A _A+B
Hence (By Theorem 4.3) KaT B

A+B
Now KerT={aeA/T(0L)=00f ={aeAla+B=B}=ANB.
A A+B A+B A
Th = .e., =—
BA~B B " "B "TAnB

|4.5. DIRECT SUMS |

Definition. Let Uy, .....,U, be subspaces of a vector space V (F). Then V is said
to be the internal direct sum of Uy, .....,U, if every veV can be written in one and

only one way as v=u +uy +...+u, where u; eU; V i.
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Now we introduce another concept, known as the external direct sum as follows:

Let Vi,....,V, be any finite number of vector spaces over a field F. Let
V={(V, s v,)/v; €V;}. We take two elements (v,.....,v,) and (v'|,.....,v',) of V to
be equal if and only if for each i,v; =v';. We define addition on V as (v,....,v,) +
Ve V') = ([ +V' 5 e v, +v',) . Finally we define scalar multiplication on V as
a(vy, oo V) =(avi,....,av,) where acF.

We can easily see that V is a vector space over F for the operations defined
above (by checking the vector space axioms). V is called the external direct sum of

Vi5 e, V,, @S denoted by writing V =V & ...0V,

Theorem. If Vis the internal direct sum of Uy, .....,U,, then V=U;®..0U,.

Proof. Let ve V. Since V is the internal direct sum of Uy,....,U, , v can be written in

one and only one way as v=u +...+u, ... (1) where u,elU, Vi

Define T:V—->U;®....®& U, by TO)=(u,....;u,)
T is well defined since y ¢ v has a unique representation of the form (1).

@ If @'\+.....+u') is any element of U;+....+U, then

v'=u'|+....+u', €V and is such that T (v;,)= ("} .....u",) - T is onto.

Let v=u'\+....+u', and v'=u'{+....u', where v',,u'; e U;.

= Uy e ty) = (U], e tt'y) = up =", e iy, =u'),
= Uty =t tu', = v=y" o Tis1-1.
(iii) Let a,beF and v,v'eV av+bv'eV

=T [(auy +bu'))+....+ (au, +bu',)] =(auy + bu'l,....., au, +bu',)
=(auy,...., auy )+ (bu'y,....bu',)) =a(uy,....,u,)+b Ww'y,....,u',)
=aT(v)+bT(v"). -, T is a homomorphism.
Thus T is an isomorphism and hence V=U;®....®U,,.

Note. Because of the isomorphism proved above, we shall henceforth merely
refer to a direct sum, not qualifying that it be internal or external.
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|4. 6. DIRECT SUM OF TWO SUBSPACES,|

Definition. Let W, and W, be two subspaces of the vector space V(F). Then V is
said to be the direct sum of the subspaces W, and W, if every element a.e€V can be
uniquely written as o=, +0, where o; €W, and a, eW,.

Thus V=W, ®W, and every element of V can be uniquely written as sum of an
element of W; and an element of W, .

We denote "V is the direct sum of subspaces W|,W," as V=W, ®W,.
| DISJOINT SUBSPACES :|

Definition. Two subspaces W, and W, of the vector space V(F) are said to be

disjoint if their intersection is the zero subspace i.e. if Wy "W, = {O}.

Theorem. The necessary and sufficient conditions for a vector space V(F) to be
a direct sum of its subspaces W, and W, are that (i) V=W, +W, and

(i) Wy,NW, ={O} i.e. W, and W, are disjoint.

Proof. The conditions are necessary.
V is the direct sum of its subspaces = Each element of V can be uniquely written as
sum of an element of W, and an element of W, = V=W,+W,.

If possible, let O o e W W .
~aeW,0eW, =0aeV and a=0+a where OcW,aecW,

and o=0+0 where a.e W;,0eW,

Thus an element in V can be written in at least two different ways as sum of an
element of W; and an element of W, . This is a contradiction of the hypothesis. Hence O

is the only element of V common to both W; and W, i.e. W, "W, ={O}.

Thus the conditions (i) and (i7) are necessary.
The conditions are sufficient.

Let V=W, +W, and W,nW, ={O}
V =W, + W, = Each element of V' can be written as sum of an element of W, and an
element of W, = a=0;+0, where o eV and o; e W, a, e W,.
If posaible, let o =p; +B, where B; e W|,B, e W,.
Loy top =P +Py =0y =B =Py —ay e W AW,

Since o EWI’BI EWI =0y _Bl EWI
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0y eWy,BreW, =0y, —B,eW,
Since W, "W, :{5}, oy =By :Z:az —B, = oy =Py and a, =P,
= a €V is uniquely written as an element of W; and an element of W,
SV=W,0W,

Thus the conditions (i) and (#i) are sufficient.

| SINGULAR AND NON-SINGULAR TRANSFORMATIONS

|4.7. SINGULAR TRANSFORMATION |

Definition. 4 linear transformation T:U(F)—V(F) is said to be singular if the
null space of T consists of atleast one non-zero vector.

i.e. If there exists a vector o.eU such that T(a)=0 for a0 then T is singular.
|4. 8. NON - SINGULAR TRANSFORMATION |

Definition. A linear transformation T:U(F)— V(F) is said to be non-singular
if the null space consists of one zero vector alone.

i.e., aeU and T(oc):é:o(:é :>N(T):{E)}

4. 9. Theorem. Let U(F) and V(F) be two vector spaces and T:U—>V be a

linear transformation. Then T is non-singular if f, the set of images of a linearly
independent set, is linearly independent.

Proof. (i) Let T be non-singular and let S={o,, a,,...a,}

be a L.I. subset of U. Then its T - images set be S'={T(a,), T(aty), ... T(ct,,)}

Now to prove S'is L.I. ~ For some 4y, a, ...a, €F

Let aT(oy)+arT(oy)+... +a,T(a,) =O (0eV)

= Tlaoy + a0, +...+a,0,]= 0 (.- TisL.T.)

= a0y + a0, +...+a,a, =0 (- T is non- singular)
= a=0,ap=0,..,a,=0 (- SisL.L)

Thus S' is linearly independent.
(if) Let the T - image of any L.I. set be L.I., then to prove T is non-singular.

Let a €U and a=O. Then the set B={a} is L.I. set and its image set B'={T(a)}
given to be L.I.

= T(a) %0 (- {O} vectors is L.D.)

Thus 00 = T(a)#O. ~. T is non-singular.
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4.10. Theorem. Let U(F) and V(F) be two finite dimensional vector spaces.
The linear transformation T:U — V is an isomorphism iff T is non singular.

Proof. (i) Let T:U(F) - V(F) be an isomorphism so that T is one- one onto.

To prove T is non-singular
Let ae U, then T(a)=0 = T(a) = T(O) (*> T(0)=0 in any L.T.)
= a=0 (T is one-one)

T is non-singular

(it) Let T be non-singular .

ie. aeU,T(a)=0 = a=0; N(T)={0}, .. dim N(T) =0

For a;, 0, € U, T(ay) =T (1) = T(atg)—T (o) =O [OeV]
= T(oy—a,)=0 (- TisL.T.)
= o-0y=0 = o, =0, (-- T is non-singular)

T is one-one
(iii) dim U = dim R(T) + dim N(T) = dim R(T) (- dim N(T) = 0)
Also T:U—V is one-one by (ii)) = V=R(T). = T is an onto mapping

Again dim U = dim V. Hence T is an isomorphism.
|SOLVED PROBLEMS |

Ex. 1. 4 linear mapping T:R> - R> is defined by

T (x,y,z) = (x cos —y sin 6, x sin0+ y cos6, z). Show that T is non-singular.

Sol. Let T(x,y,z)=0

= (xcosO—ysin 0, xsinB+ y cosH, z) =(0,0,0) = xcosB—ysinO=0
xsinB+ycos0=0, z=0

Squaring and adding x*> + 1> =0 = x=0,y=0

Thus T(x,y,2)=0 = (x,»,2)=(0,0,0). . T is non singular.

Ex. 2. Show that a linear transformation T:U —V over the field F is non-singular
if and only if T is one-one.

Sol. (i) Let T be non-singular i.e., aeU T(a)=0 = a=0

Now for ay, 0, e U, T(oy) =T (cty)

= T(a;) - T(ay) =0 (0eV)
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= T(a;—a,)=0 (- TisL.T.)
= oy -0, =0 ( -+ T is non-singular)
= 0] =0y

- T is one-one.
(if) Let T be one-one
zero element O of V is the T - image of only one element € U.

= null space of U consists of only one element.
null space N(T) c U, it must consist of O .

= null space N(T) consists of only one Q element.

= N(T)={0} = T isnon-singular.

Ex. 3. Let T:U—V be a linear transformation of U (F) into V (F) where U (F) is

finite dimensional. Prove that U and the range space of T have the same dimnesion iff
T is non-singular.

Sol. (i) Let dim U = dim (Range T) = dim R(T)
- dim U =dim R(T) + dim N(T) = dim N(T) =0
= The null space of T is the zero space {O}
= Hence T is non-singular
(if) Let T be non-singular. Then N(T) = {O and nullity T = 0.
As dim U = dim R(T) + dim N(T) =dim R(T) +0
= dim U = dim R(T).
Ex. 4. If U and V are finite dimensional vector spaces of the same dimension,

then a linear mapping T:U—V is one-one iff it is onto.
Sol. T is one-one < N(T)={0} < dim N(T)=0
< dim R(T) + dim N(T) =dim U =dim V
< R(T)=V < Tisonto.
Note. In view of the above examples, we can state the following theorem.

Theorem. Let U and V are vector spaces of equal (finite) dimension, and let T: U —» Vv
is a linear transformation. Then the following are equivalent.

(a) T isone - to one (b) T is onto (¢) rank (T) = dim (U)
We note that linearity of T is essential in the above theorems.
Ex. 5. Let T:P,(R) > P;(R) be the linear transformation

defined by T {f(x)} = 2f'(x)+]£3f(t) dt
0
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Now T (1)=0+[3dt=3x, T(x):2+I3(t)dt:2+%x2, T (x*) = 4x+ [ 3¢ dt = 4x+x°
0 0 0

- R (T) =span ({T(1), T(x), T(x*)}) = span (3x, 2+ % X2, 4x+ x3j

Since {3x, 2+ % x? Ax+x° } is linearly independent.

We have rank (T) = 3. Also dimP;(R) =4, T is not onto.
From Rank Nullity theorem, nullity (T) + 3 = 3. Thus nullity (T) = 0.
So N (T) = {0}. We have T is one to one.
Ex. 6. Let T:F* — F* be the linear transformation defined by T (¢;,a,) = (¢, + a,,a,) .
We can easily see that N (T)={0}. Then T is one - to - one. T must be onto.
[4.11. INVERSE FUNCTION |

Definition. Let T:U—>V be a one-one onto mapping. Then the mapping
T7V.U >V defined by T7'B)=a < T(a)=B, acU,BeV is called the inverse
mapping of T.

Note: If T:U—V is one-one onto mapping then the mapping T™!: v — U is also

one-one onto.

4. 12. Theorem. Let U (F) and V (F) be two vector spaces and T:U—>V be a

one-one onto linear transformation. Then T' is a linear transformation and that T
is said to be invertihle.

Proof. Let By,$, €V and a,b,eF

Since T is one-one onto function there exist unique vectors oy,0, €U such that

T (o) =P and T (o) =P - Hence by the definition T,

we have o,=T'(B;) and a,=T'(B,) .Alsoa;,0, €U and a,b,e F=>ao;+boy eU
L T(aog+bay)=aT(a)+bT (o) =aP;+bB, (-~ TisL.T.)

. By the definition of inverse T™! (aB;+bBy)=aa;+bo, =aT '(B)+bT 1(B,)

- T7! is a linear transformation from V into U.

4. 13. Theorem. A linear transformation T on a finite dimensional vector space
is invertible if and only if T is non-singular.

Proof. Let U (F) and V (F) be two vector spaces.

Let T:U — V be a linear transformation.
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(i) Let T be non-singular i.e. For o, U, T () =0=> 0.=0

Now to prove T is invertible, it is enough to show that T is one - one onto. For this
refer proof of theorem 4.8.
(ii) Let T be invertible so that T is one - one onto. Now to prove T is non-singular.

For q e U, T (a)=0="T (0) (- TisL. T.)

= a=0 T is one-one. .. T is non-singular.

4.14. Theorem. Let U(F) and V(F) be two finite dimensional vector spaces
such that dim U = dim V. If T:U—>V is a linear transformation then the following
are equivalent : -

(1) T is invertible (2) T is non-singular (3) The range of T is V

4) If {04, 0y, ...,a,} is any basis of U, then {T(c;), T(ay),....T(,)} is a basis of V.

(5) There is some basis {0,,0,,..,0,} of U such that {T(a,), T(a,),...,T(a,,)}
basis of V.

Proof. Here we shall prove a series of implications

viz, (1) > 2) = 3) = 4) = (5) = (1)

Now (1) = (2)

If T is invertible then T is one-one and therefore T(a)= 0= TO) = a=0.

Hence T is nonsingular.

(i) = (iif)

Let T be non -singular. Let S={0,a, ..a,} bea basis of U.

Then S is L.I. set. Since T is non-singular the set S'={T(c), T(aty)... T(a,,)} 1s a
linearly independent set in V. But dim V =, hence the set S' is a basis of V. Then a vector
BeV can be expressed as = T(o))+a,T(ay)...+a,T(a,) for some a;'seF

=T [aqo +ayay ...+a,0,] =T(@), aeV (- TisL.T.)

= Be range of T.

Thus every vector in V is in the range of T. ~ R(M=V

G =®

Let the range of T be V i.e. T is onto. If S={a,,a,,...,a,} is a basis of U, the
T-images of these vectors S'={T (o), T(at,) ... T(at,,)} span the range of T i.e. V.

~ L(SH=V.

Since S'is a L.I. set of n vectors and dim V = #, the set S' is a basis of V.

(4) = (5). This is obvious in the above proof. 6 = 1)
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Let S={a;,a, ...a,} be abasis of U such that S'={T (o)), T(a,) ... T(et,,)} is a basis
of V.

Since L (S') =R (T) it is clear that R (T) =V. i.e. T is onto.

Let o€ null space of T i.e. N(T) then a €U

a=hoy +ba, ...+ b,0, forsome b;'seF. Hence T (@:8.
= T[boy +byoty ...+ byo,]=0
= BT (o)) +bT(0y) ...+ b,T(ct,) = O (. TisL.T))

= b =0,b,=0..b,=0 = 0,=0 (-~ S'is L.L)

. This shows that T is non-singular and one-one. Hence T is invertible.
ISOLVED PROBLEMS]

Ex. 1. If T:R> 5 R? is invertible operator defined by
T (x,9,2) = (2x,4x—y,2x+3y—-2). Find T7".
Sol. Since T is invertible. T (x,y,2) =(a,b,¢) = T '(a,b,¢)=(x,,2)

So(2x,4x-y,2x+3y—-z)=(a,b,c) > 2x=a,4x—y=b,2x+3y—-z=c
Solving x=%,y=2a—b,z=7a—3b—c_ Hence Tl(a,b,c)=(%,2a—b,7a—3b—cj

Ex. 2. The set {e, e, e3} is the standard basis of V3(R). T:V3(R)—>V;3(R) is a
linear operator defined by T(e)=e +ey, T(e))=ey+e3, T(e3)=¢ +ey+e3. Show that
T is non-singular and find its inverse.

Sol. Let ¢, =(1,0,0), e, =(0,1,0), e5 = (0,0,1)

Now T:R> 5 R? isdefinedby T(e)=¢ +e; = T (1,0,0) = (1,1,0);

T(ey)=ey +e3 =T (0,1,0)=(0,1,1); T(e3)=¢ +e; +e3 =T (0,0,1)=(1,1,1)

Let a=(x,y,2z) € V3(R)

. a=x(1,0,0)+y (0,1,0)+z (0,0,1)

o T(o)=xT (1,0,0)+y T (0,1,0)+z T (0,0,1) = x (1,1,0)+y (0,1,1)+z (1,1,1)

The transformation is given by T (x,y,z) =(x+z,x+y+2z, y+2)

Now If T (x,y,z)za ,then (x+z,x+y+z y+2)=(0,0,0)

= x+z=0,x+y+z=0,y+z=0= x=y=2z=0.

o T(a) = 0=0=0. Hence T is non-singular and therfore -1 exists.

Let T (x,y,2) =(a,b,c) = (x+z,x+y+z,y+2z)=(a,b,c)
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= x+z=a Solving x =p—¢
X+y+z=b,ytz=c,y=b—-a, z=g-b+c
- T (a,b,e)=(x,y,z) =(b—c,b—a,a—b+c)
Ex. 3. 4 linear transformation T is defined on V5(C) by T (a,b) = (ao.+bB, ay +b d)

where o, B, v, 0 are fixed elements of C. Prove that T is invertible if and only if
oad—By=0.

Sol. T:V,(C) > V,(C) is a L.T. and dimV,(C)=2

T is invertible if and only if T is one-one onto.

T is onto iff the range of T is the whole set V, i.e. R(T)=V,(C)
Now S={(1,0), (0,1)} is a basis of V, = L(S)=V,.
T10)=1.00+0.B,1.y+0.8)=(a,y); TO,D)=(0.a+1.B,0.y+1.8)=(B,d)
- T is invertible iff S'={(a,v), (B,8)} span V,(C).
As dimV,(C) =2, the set S' containing two vectors will span V, if S'is L.I.
For x,yeC, x(a,y)+y (B, d)=(0,0)
= (xa+ B, xy+y8)=(0,0) = xo+)B=0,xy+»5=0

These equations will have the only solution x=0, y =0 iff

o« P #0 i.e, 00—Py=0
Yy o

- Tisinvertible < ad-Py=0

Ex. 4. Show that the linear operator T defined on R* by T(x,y,z)=(x+z,x—z,))
is invertible and hence find T™' (0. U. 2011)

Sol. Let (x,y,z) e N(T)= T(x,y,2)=0 = (x+2z,x-2z,»)=(0,0,0)

—x+2z=0,x-2z=0,y=0. Solving x=0,y=0,z=0 = N(T) = {0}

Hence T is non-singular and so it is invertible.

(2) Let T(x,y,2)=(a,b,c)=T "(a,b,c)=(x,y,z)

So(x+z,x—-zy)=(a,b,c) > x+z=a;x—z=b;y=c

a+bh Z:a_(a+bj:a—b
’ 2 2

from this we get, 2x=a+b = x=

Tl(a,b,@{“b,c,“‘bj
2 2
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EXERCISE 4

1. Show that each of the following linear operators T on g3 is invertible and find T-1.

(@) Txy,2)=0Cx,4x—y,2x+3y—2) (b) T(a,b,c)=(a—3b—2c,b—4c,c)
(¢) T(a,b,c)=Ba,a—b,2a+b+c
(d) T(x,py,2)=(x+y+z,y+z,2) (e) T(a,b,c)=(a—2b—c,b—c,a)

2. Theset {e,e,, e3} is the standard basis set of V3(R). The linear operator T - g3 _s R3
is defined below. Show that T is invertible and find -1
@) T(e)=¢ +ey, T(ey)=¢ —e;+ez, T(e3) =3¢ +4e3
(i) T(e)=e—ey, T(er)=ey, T(e3)=¢;+ey—Tes

(lll) T(el)zel—ez +e3, T(e2)=3e1—5e3, T(e3)=3e1—2e3

3. Let T:U—V be anon. singular linear transformation then prove that (T™')!=T.

4. 15. Theorem. The necessary and sufficient condition for a linear operator T
on a vector space V (F) to be invertible is that there exists a linear transformation H
on V such that TH=HT = I.

Proof. Given T:V (F) > V (F) isa L.T.

(/) Let T be invertible. Hence T exists and is one-one onto.
Let eV and T (o) =B sothat ¢ =T '(p)
ITHE =TT E=T(@=p=1() = TT"' =1
Again (T'T)(@) =T T ()] =T 'B)=a=1(a) = T 'T=1
L TT=TT=1
Taking 1 =T~! we get TH=HT =1 such that H:V —V is one - one onto L.T.

(i7) Let there exist a linear operator H:V — V such that TH =HT =1L

To prove T is invertible.

For o, 0, €V T (o) =T (o)

= H[T (a)]=H[T ()] = (HT) (o) =HT) (o)

= I((II)ZI((I2):> o] =0y ( HT:I:TH)
- T is one-one

For B eV there exists o€V such that H(B) =« (“H:VoV)

= THP)=T(a) = T(B)=T(@w) = p=T(a)

. For any a €V there exists B eV such that T(a) =B, therefore T is onto.

Thus T is one-one onto and hence T is invertible.
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4.16. UNIQUENESS OF INVERSEl

Theorem. Let T be an invertible linear operator on a vector space V(F). Then T
possesses unique inverse.

Proof. Let Hand G be two inverses of T. Then

HT=TH=Tand GT=TG=1

Now G (TH) =Gl =G - again G (TH)=(GT)H=IH=H
Since product of linear transformation,s is associative

~ G=G(TH)=(GT)H=H = G=H.  Hence the inverse of T is unique.

4.17. Theorem. Let T be an invertible operator oa a vector space V (F). Then

show that (i) a T is invertible linear operator. where a=0 and acF.

— 1, __
i) @D =—T" @ii) T is invertible and (1) =T

Proof. T is an invertible operator T is one-one onto and TT ' =T 'T =1

_ 1
For a#0 and aeF=a '==€¢F
a

T is a linear operator = (a T) is a linear operator.
Also (aT) (a T Y =a[T@ ' T Y =ala (T H =@ ) (TTH=1.1=1
For oj,0, €F (¢ T)(0y)=(aT)(ary)
= aT(o)=aT(a,) = T(aoa;)=T(aa,)
=S ao=ao0, = o =0, (-- T is is one-one)

a T is one-one. Also T is onto = a T is onto.
Hence (a T) is invertible operator. For o,p €V and c¢,d e F
@) (ca+dB)=aT (ca+dP) =T (ac a+ad P)

=acT (a)+adT (B) =c (aT) (o) +d (aT) (B)

Hence (a T) is a linear transformation.

Thus (a T) is a one-one onto linear operator on the vector space V (F).
Hence (a T) is invertible.

(if) Since TT ' =T !T=1

we have (aa ) (TT V) =(a'a) (T'T)=1 (v aa'=ala=1)

= @) (@ 'T =@ 'Th) (@D =1 = @) '=g'7! :%T,l
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(iii) Again TT ' =T 'T=1

— that the inverse of T is T. i.e. (T Hl=T

4.18. Theorem. If T and U are invertible linear operators on a vector space

V(F) then show that TH is invertible and (TH)'1 o

Proof. Given T and H are invertible — T!, H! existand TT '=T !T=1
HH !'=H'H=1

Now (H'T™)(TH)=H ' (T"'T)H =H TH=H'H=1

Again MTH)H'TH=THH YT =TIT =TT =1

Thus (TH) H'T )= H'T Y (TH)=1 = (TH)'=H T

- T H is invertible and (TH)™' =H!T"!
| SOLVED PROELEMS |

Ex. 1. If A. B, C are linear transformations on a vector space V (F) such that
AB=CA=1 then show that A is invertible and A~'=B=C

Sol. (i) To prove A7! exists
For 0,0, eV A(oy)=A(0y) = CA(oy)=CA(a,)

= (o) =I(0y) = oy =0, -, Asone one.
Let BeV. Since B:V >V then B(B)eV
For some o€V let B(B)=o — A[B(®)]=A (o) = (AB) (B)=A (a)
= I(P)=A(a) = B=A(a)
Thus for some BeV there exists o €V such that A (a)=p. - Ais onto

Thus A is one one onto = A~! exists.

(ii) To prove pA~l—B=C

Now AB=1. = A'(AB)=A"1= (A'A)B=A"! = IB=A"'= B=A"'
AgainCA=1 = ca)A'=1a"= caaH)=A"= c1=Aa""1= Cc=A"
Hence A”'=B=cC.

Ex. 2. If T is a linear operator on a vector space V (F) such that T>-T+1=0,
then show that T is invertible.

Sol. If T2-T+1=0, then T-T? =1
(i) To prove T is one one

Let o, a, eV, then T (0)=T (ay) e (1)
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= T[T (o)]=T[T (a)] = T? (o) =T? (ap) e (2)
Subtracting (2) from (1) = T (a;)-T? (a;) =T (at,) = T? (@)

= (T-T?) (@) =(T-T) (@) = Hap)=1(a) = a =0
- T is one one
(if) To prove T is onto

ForoaeV, T(a)eV and a-T (a)eV
Now T [a—-T ()] =T ()= T*(et) =(T -T*) (o)) =1 (@) =@t
Thus for aaeV there a—T (a) eV suchthat T [a-T (a)]=a

T is onto. Thus T is one one onto and hence invertible.

Ex. 3. If A and B are linear transformations on a finite dimensional vector space
V(F)and if A B =1, then show that A and B are invertible.
Sol. (i) To prove B is invertible

Let o, a, e V(F), then B(a;)=B(a,)
= A[B(a)]=A[B(ay)] = (AB)(ay)=(AB) (o)
= () =I(ay) = a;=0a, . . Bis one one.
Since B is a. L.T on a finite dimensional veotor space such that B is one-one, B will be
onto.
Now B is one-one onto = B is invertible = B~ exists
(if) To prove A is invertible
Now AB =1 = (AB)B'=IB' = ABB)=B"!
= AI=B' = A=B"'
Hence B'B=BB '=1 = AB=BA=1
— Ais invertible and A™'=B.

Ex. 4. Let A={a, 0, ..a,} and B={PB,B; ..B,} be two ordered bases of a finite
dimensional vector space V (F). Prove that there exists an invertible linear operator T
on V such that T (a;) =p;.

Sol. Already we have proved in a previous theorem that there exists a linear
transformation T on V such that T (a;) =B; fori=1, 2, ..n.

Now we prove that T is invertible. This is equivalent to proving T is non-singular.

For a eV = o =1c of elements of A.

= a0 + a0, ...+ a,a, for a'seF -~ T(o)=0

= T (@0 +ayty ..+ a,0,)=0 = aT (a))+a,T (0y)... +a,T (a,) =0
= aify+aBy ..+ a,B, =0 (o T(a)=B;)

= a;=0,ay=0.. a,=0 = o.=0 (- Bis L.L)

Thus T (o) =0 = a=0. . T is non-singular and hence invertible.
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Matrix of Linear Transformation

5.1. Let U(F) and V(F) be two vector spaces so that dim U = n and dim V = m.Let
T:U—V be a linear transformation.

Let B, ={oy, a5, ...,a,} bethe ordered basis of U. and B, ={p, B, ..., ,,} be the ordered
basis of V.
Forevery a eU= T(a)eV and T (a) can be expressed as a lc. of elements of the

basis B, . Let there exist a's € F such that
T(ap)=ayPr+anPr + - +aBy, T(az)=apf+apnPs+..+a,npB,
oo T(Otj)zaljﬁl-i-azj[?)z +...+aijm .. (A)

cees T(an):alnﬁl +a2n'32 +'"+aman

Writing the coordinates of T (o), T (oty) .. T (at,,) successively as columns of a matrix

ar a;n alj ey
(253} (25X) Clzj e oy
w¢e get
a a;n aij a;,
_aml [ B amj amn_mxn

This matrix represented as [aij Imxn 1s called the matrix of the linear transformation T
wr. to the bases B; and B,. Symbolically [T : By, By] or [TI=1[4; 1,

Thus the matrix [4;;],, completely determines the linear transformation through the
relations given in (A). Hence the matrix [@;],,x, represents the transformation T.

Note. Let T: Vv — v be the linear operator so that dim V = n.

If B;=B, =B (say) then the above said matrix is called the matrix of T relative to the
ordered basis B. Itis denoted as [T ; B] = [Tlg =[a;],x,.

5.2. Corollary. Let V (F) be an n dimensional vector space for which B is a basis.
Show that

90
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(i) W:Bl=1,,, (i) [O:B]=0,,, where I and 0 are the identity and zero
transformations on 'V, respectively.

Proof. Let B={a;, 0, ...a,}

@ I(y)=1l.04+0.05..40.0,, I(ay,)=0.0;+1.0,..+0.0,
I(a,)=0.0y+0.0, ... +1.0,

b

-, The matrix is the unit matrix

0 0 0
o1 0 .. 0 . N
Lixn= 6U=1’l=]
=[8;71,x » ; Kronecker delta 0.i% i
=0,i# ]
0o 0 O 1
nxn
(i) Now O (a)=0=0.04+0.0 ...+0. 0, O (0))=0=0.04y+0.01 ... +0. 0,
, 0 (a,)=0=0.0y+0.0, ...+0.0,
.0
. The matrix of zero transformation [O;B]= =0, .
0o o0 .. 0

SOLVED PROBLEMS

Ex. 1. Let T:V, > V5 be defined by T (x, y)=(x+y,2x—y,7y) Find [T:B;,B;]
where By and B, are the standard bases of V, and V;.
Sol. B, is the standard basis of V, and B, that of V;
~ By ={(1,0),(0,1)} B, ={(1,0,0), (0,1,0), (0,0,1)}
- T(L,0)=(1,2,0) =1(1,0,0)+2(0,1,0)+0 (0,0,1)
T(0,H)=(1,-1,7) =1(1,0,0)-1(0,1,0)+7 (0,0,1)

1 1

. The matrix of T relative to B; and B, is [T:B;,B,]=|2 -1
0 7

Ex. 2. Let T:R> > R? be the linear transformations defined by

T(x, y, z2)=Bx+2y—4x, x—5y+3x). Find the matrix of T relative to the bases

B, ={(L,L1),(1,1,0),(1,0,0)}, By = {(1,3),(2,5);
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Sol. Let (q,h) eR? and let (a,b) = p (1,3)+¢ (2,5) =(p+2q,3p+59)

= p+29=a,3p+5¢=h. Solving p=-5a+2b. g=3a-b
(a,b) = (=5a+2b) (1,3)+ Ba—b) (2,5)

Now T (1,1,1) = (1,-1) = =7 (1,3)+4(2,5), T (1,1,0)= (5,-4)=-33(1,3)+19(2,5),
T (1,0,0) = (3,1)=—13 (1,3)+8(2,5)

-7 =33 —13}

. : : T:B,,B,]=
. The matrix of L. T. relative to B, and B, . [T:By, B, ] {4 9 8

Ex. 3. If the matrix of a linear transformation T on V;(R) wr. to the standard

0 1 1
basisis | 1O | what is the matrix of T w.r.to the basis. {(0,1,-1), (1,-1,1), (-1,1,0)}
-1 -1 0

Sol. (i) Let the standard basis of V5(R) be B = {(1,0,0), (0,1,0), (0,0,1)}

0o 1 1
Let a; =(1,0,0), o, =(0,1,0), a3 =(0,0,1). . Given [T]p —{ 1 0 1]

-1 -1 0
o T(og) =00y +1, 09 + (=) ay =(0,1,-1)

T(ay)=1l.oy+0.0a5-1.053 =(1,0,-1), T(az)=l.0q—-1.0a,+0.05=(1,-1,0)
Let (a,b,c) € V53(R) then (a,b,¢)=a (1,0,0)+5 (0,1,0)+c (0,0,1) =a o +b oy +c ay
= T(a,b,c)=aT(ay)+bT(on)+c T(az) =a (0,L,-1)+5b(1,0,-1)+c (1,-1,0)

=(b+c), a—c,—a—b) which is the required transformation.
(i) Let By ={P;, B, B3} where B; =(0,1,-1), B, =(1,-11), B3 = (-1,1,0)
Using the transformation T(a,b,c)=(b+c, a—c,—a—b) we have
TP =T(0,1,=1)=(0,1,=1) ; T(B2) = T(1,~1,1)=(0,0,0), T(B3) =T(-1,1,0)=(1,-1,0)
Now Let (a,b,¢) =xB; + By +zB3 =x(0,L,-1)+y (I,-1,1)+z (-1,1,0)
=(y-z,x—y+z,—x+y)
y-z=a,x—y+z=b,—x+y=c = x=a+b,y=a+b+c,z=b+c
So(a,be)=(a+Db)B+(a+b+c)By +(b+c)Bs

T(BI)Z(O,l,—l)Zl.BI +0.B2 +0.B3
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5 T(By)=(0,0,00=0.B, +0.B, +0.p;3, 5 T(R3) =(1,-1,00=0.B, +0.B, —1.B;
10 0

S [T;By]=[0 0 0
00 -1

Ex. 4. Let D:P; > P, be the polynomial differential transformation D (p) :Z—p.
X

Find the matrix of D relative to the standard bases. B, = {1,x, x2,x3) and B, = {l,x, X2}
Sol. D(1)=0=0.1+0.x+0.x%>, D(x)=1=1.1+0.x+0.x°

D) = 2x=0.142.x+0.x%, D) = 3x>=0.14+0.x+3. x>
01 00
-, The matrix of D relative to B; and B, is [T:B;;B,]={0 0 2 0
00 0 3

Ex. 5. T:R* - R? such that T(1,1)=(2,-3),T(1,-1)=(4,7). Find the matrix of T
relative to the basis S =1{(1,0),(0,1)}

Sol. T:R? > R*is defined as T (1,1)=(2,-3); T (1,-1)=(4,7)

Let, S={(1,0),(0,1)} is the ordered basis for R>.  Let, S'={(1,1),(1,-1)}

1 1 1 1
LO)=—(LD+—(L-1); (0,.)==(11)-—=(,-1
We know that (1,0)=—(L.D*=2(1,=1); 0. =201 -=(.-1)

given, T is a linear transformation,

1 1
T(1,0)= T[E(l’l) + 5(1,—1)}

1 1 1 1
= ET(l,l) _ET(L_D = 5(2,—3) —5(4,7) =(3,2)

=3(1,0)+2(0,1)
T(0,1) —T[l(l n-La —1)}
b - 2 9 2 9

1 1 1 1
= ET(U) —ET(l,—l) = 5(2,—3) —5(4, 7 =(-1,-5)=-1(1,0)-5(0,1)

3 -1
Matrix of T is { }
2 -5
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5.3. Theorem. Let U(F) and V(F) be two vector spaces such that dim U = n and
dim V =m. Then corresponding to every matrix |a;j),, <, of mn scalars belonging to
F there corresponds a unique linear transformation T:U—>V such that

[T:B;B|=la;l,,x, where B and B' are the ordered bases of U and V respectively.

Proof. Let B={a;,a,,...a,} and B'={B,B,,...B,,} be the ordered bases of U and V

respectively.
fay ay .. aj . ay |
ay Ay .. Ay .. Ay,
Given [%1mxn = G ay - a a,
| Gml A2 e Qi e Gy |
Now a;eB=T(a;)eV. Let T:U-»V be defined by

m
T(G,j) = aljB1 +a2j[32 + ... +a,~j[3i + ... +aijm = Zaljﬁl
i=1

Let o €U be any vector then o = b +byoy +...+ b0,
5 T(o) =B T(oy)+ by T(0y) + ... +5, T(at,))
m m m n m m n
=blzailﬁi +bzzaizﬁi +bnzain[3i = ij ZaijBi =2 zaijb' Bi
i=1 i=1 i=1 j=1  \i=l i=1 | j=1
m n
=2.6Bi where & =2, q5bj =B+ ey 4.t B,
i=l i=1
= T(a) is expressible uniquely as a /.c. of the elements of B' ( “» B's are unique)

= T is unique.

Thus for all Za,-jB,- €V thereis a L.T. from U to V such that

T(a;) = a;B; G=1,2..n)
i=l1

Thus corresponding to the matrix [4;l,x, there corresponds a transformation

T:-U->V.
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5.4. Theorem. 1. Let U(F) and V(F) be two linear transformations so that
dimU=n and dim V=m. Let B and B' be the ordered bases for U and V respectively.

Let T:U—V then forall acU, [T:B;B'l[alg =[T (a)lp:

where [aly is the coordinate matrix of o with respect to the basis B and [T (o)]g
s the coordinate matrix of T (o) €V with respect to B'.

Proof. Let B= {0, oy, ...a,} and B'={B,B,,...B,,} be the ordered bases of U and V
respectively.

Let A=[g;] be the matrix of T relative to B and B'. Then [T:B, B'l. A=[g;], .,

m
= For O(,j EB’ T((lj) =a1j[31 +a2j[32 ...+al~j[3i +...+amiBm =Zla1jBi
i=

Forany aeU, a=hoy+by0, ...+b,0, V b'seF

by

by
- The coordinate matrix of a=[a]g =

b

n

= T(a) =B T(ay)+ by T(ay)... + b, T(c,) :ibjT(a P
Jj=1

= jzn:lbj [iaijﬁz‘] :i [fbjay]ﬁi

j=

a
. ayby +apby + ...+ ayby, ay ap .. a, || b
2
a21b1 + Clzzbz + ...+ aann as ap a,
[T()]B'=| ¢35 |= = " =Ala]p
¢ amlbl + am2b2 + ...+ amnbn Ayl Ao o Gy bm
L ~m |

Thus [T (a)]g =[T:B, B'][T ()]
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Theorem. 2. If V is an n dimensional vector space over F and B is an ordered
basis of 'V, then prove that for any linear operator T on Vand a €V, [T (a)lg =[Tlg [alg:-

Proof. Let T:V —V is a linear transformation and B 1s an ordered basis of V.

Let B={ay, ay,..0,}.

Let A=[a;],, be the matrix of T relative to B.

Then [T] =A= [azj ]n X n
n
Voo eB) T(o)=ap0q +ay;0, +..+a;0, + ...+ a,0, Z

Forany eV, a=ba;+boa, +..+b,a, forevery beF.

- The coordinate matrix of o =[a]z =

. T(OL) = T(blal +b2(12 + ... +bnan) = blT((Il)+b2T((12)+ +bnT(an)

=ijT(aj)—ij[zaij Oﬂz} =Z[ijay}af=21[2 i ,]
=) j=1 ~\i=l / =l \J=

i=1\ j=1

M=

4ij Oj

=" ¢i% where € =
1

i=1 J

-. The coordinate matrix of T(a) w.rt basis B is

_ o=l _ -
§] n a lbl +Cl12b2 +...+a1nbn
() Zazj bj a21b1 +a22b2 +...+a2nbn
. =1
[Tz =| : |=|’ S| s
| | | @by +ayby + .. +a,,b, |
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a Ay e Qpy _bl_
ayy dpyp ... Qpy b2

S s =Al()]g =[T15 [l
191 Gp2 - Gy | _bn_

5.5. Theorem. Let U(F) and V(F) be two vector spaces so that dim U = n and
dim V=m. Let T and H be the linear transformations from U to V. If B and B' are
the ordered bases of U and V respectively then

(@) T+H:B: B]=[T:B;B]+[H:B; B';]
@[cT:B;B|]=c|[T:B; B'| where ccF.

Proof. Let B={o;,a, ...a,} and B'={B;,B, ..B,,}

m

Let [4j]x» be the matrix [T:B;B1. T(Otj)=20tijﬁi , j=1,2..n
i=l1

m
Let [b;1x, be the matrix [H : B ; B']. . Tay) =D byb; , j=1,2..n
i-1

(i) Now (T+H) (a,)=T(a,)+H(et;)) j=1,2 .. n

n m n
=Zaij5i+zbij[3i :Z(aij +b;) B;
i=l1 i=l1 i=l1

- Matrix of [T+H:B;B7 =[T:B,B']+[H:B;B']

(@) (cT)(a;)=cT(a;) G=1,2..n) =c iaijﬁi = i(ca,-j)ﬁi
i=1 i=1

.. The matrix of (T relative to B and B' is

[cT:B:Bl=[ca;lyxn =clajlyx,=c[T:B;B]

Note. If U =V and the bases are such that B = B'
Then (i) [T+H]=[T]+[H]  (ii) [cT]=c[T]

5.6. Theorem. Let T and H be linear operators on an n-dimensional vector
space V(F). If B is the basis of V then [TH] = [T] [H]

Proof. Let B={a;, 0, ...a,} . Let [@],xn be the matrix [T]

n
T(a) =D ax & k=1,2..n.
i=1
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n
Let [b;1,xn be the matrix [H]. Then H(a;)= > by oy j=1,2 .1
k=1

. Now (TH) (a,)=T [H(a,)]

by T(o) [TisL.T.

:T(ib,g. J -

k=1

»
M=

n n n n n n
= Zbkj (Z aikaiJ =2, (Z aikbij a; = Zcij o; where ¢; =D ay by
=1 — i=1 \k=1 i-1 k=1

- The matrix [TH]=[c;;],x, =[Z ay bijlyxn =lag] [by] = [T] [H].

5.7. Theorem. Let T be a linear operator on an n-dimensional vector space V)
and let B be an ordered basis for V. Then T is invertible iff [Tlg is an invertible

matrix and [T |y =[[’[]B]_1

Proof. (i) Let T be invertible. o T 'existsand T 'T=1=TT"'
= [Tl =l =[TT"]y = [T [Tl =1=[T]s[T I
= [Tl is invertible and [[T]B]_1 =[T;.

(if) Let [T]p be an invertible matrix. [T],-1 exists.

-. There exists a linear operator H on V such that [T]™' =[H]
= [H][T]=[]=[T][H] = [HT]=[I]=[TH]
= HT=1=TH = T is invertible.

| CHANGE OF BASIS |

5.8. Transition Matrix. Let V(F) be an n-dimensional vector space and

B={o,0,,..a,} and B'={B;,B,,...5,} be two arbitrary bases of V.

Let us suppose
Bl =a110q +ay 0y +...a,10, ; Bz =a1p0 +dy 0y +...a,,0,

............... ; B, =a,04 +ay,0, +...a,,a,

The matrix of transformation from B to B'is P =

. The matrix P is called the transition matrix from B to B'.
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Note. Since B'={B,p,,...p,} is an L.I. set, the matrix P is invertible and p-! is a
transition matrix from B' to B.

5.9. Theorem. Let P be the transition matrix from a basis B to a basis B' in an n-

dimensional vector space V(F). Then for a€V (i) Plalg =[alg (i) [a]g = p! [alg

Proof. Let B={o,0, ...a,} and B'={B, B,, ..., } be two ordered bases of V,(F)

Let the transition matrix P =[a;],«,. Then there exists a unique linear transformation
TinVsuchthat T(a;)=B; ;j=1,2..n.
Since T is an onto function, then T is invertible.
= [T]z =P is a unque matrix and hence invertible.
n

i=1

n
For a eV, a=Lc. ofeclements B'= bB, +by, ... +b,B, = 2. b; B; (b'seF)
=1

by

. : by

—  The coordinate matrix of [@]p'=|

b,
n n n n n n

Also 0L=ij Bj:ij Zaijai :z aljbj a; :Z(ailbl +al-2b2...+al-nbn)oti
J=1 J=1 =1 J=1 i=1

i=1

-, The coordinate matrix of o relative to B

allbl +a12b2 + ... +a1nbn a app ... Ay bl
[a]B _ a21b1 +a22b2 + ... +a2nbn _ as| Ay ... dyy b2
oo [alg =P [alg
a b +a,nby +...+a,,b, a, Ay - Ay, b,
(ii) Pre multiplying by p-1. P’l[a]B =p7lp [a]g
= P alz =1[alp = P alp =[alp-

5.10. Theorem. Let P be the transition matrix from a basis B to a basis B' in a
vector space V,(F). Then for any linear operator Ton 'V, [T ; B] P=P [T ; B]

Proof. Let o€V be arbitary vector. Then by the previous theorems we have

Plalp =[als ..(1) and [T]g[ols = [T@)y ()
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Now pre-multiplying (1) by P’I[T]B we get P*I[T]B Plalz = P*I[T]B [a]g
=P '[T()] (by(2) =[T()]p (by (1))
~ PU[Tlg Plalp =[Tlp [alp = P7'[Tlz P=[Tly

Premultiplying with P [T]z P=P[T]z or [T:B]P=P[T:B']
|SOLVED PROBLEMS|

Ex. 1. Let T be the linear operator on g2 defined by T (x,y)=(4x-2y,2x+y)
Find the matrix of T wr. to the basis T {(1,1), (-1,0)}.

Also verify [Tlz [alg =[T1(@)z ¥ oeR>

Sol. Let (a,b) eR?. Then (a,0)=p (L) +q (-1,0) =(p—¢,p)

= a=p-qand b=p = p=band g=b-a

o (ab)=bL1)+(b-a)(-1,0) (D)

(i) Given transformation is T (x,y) = (4x—2y,2x+ )

L TALD)=(23) =30D+1(-10) ... (by (1))

3 -2
T (-1,0)=(-4,-2) =-2(L1)+2(-1,0) [T:B]:[T]B:L 2}

(if) Let o, e R?* where o =(a,b)

b
" a=(a.b)=b 1)+ (b-a) (-1,0) [“]B{b—a}

, 3 2] b 2a+b
- [Tlplalp = U2 Upeal™l 20430 . (1)

Again T(a) =T (a,b) = (4a—2b, 2a+b)

Let (4a-2b,2a+b)=x(1,1)+y (-1,0) =(x—y,x)

= 4a-2b=x—y and 24+b=x = x=2a+b and y=-2a+3b
Hence T(a)=T (a,b) =2a+b)(1,1)+(-2a+3b) (-1,0)

) ) 2a+b
-, The matrix of T(a) w.r to the base Bis [T(a)]p ={ }

—2a+3b - (2)

~ From (1) and (2) [T]p [a]p =[T(a)]p.
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Ex. 2. Let T be a linear operator on V3(R) defined by

T (x,,2) = (3x+2,-2x+ y,—x+2y+2z) . Prove that T is invertible and find T'.
Sol. Consider the standard basis B = {(1,0,0),(0,1,0),(0,0,1)}

Given transformation is T (x,y,z) =(Bx+z,-2x+ y,—x+2y+z)

- T(1,0,0)=(3,-2,~1) =3 (1,0,0) -2 (0,1,0)—1(0,0,1)

- T(0,1,0)=(0,1,2) =0 (1,0,0)+1(0,1,0)+2 (0,0,1)

= T (0,0,1)=(1,0,4) =1(1,0,0)+0 (0,1,0)+4 (0,0,1)

3 01
[T]B—{Z 1 0]—P (say) Tisinvertible if [T]z is invertible .

-1 2 4
3 01
detP={-2 1 0|=9 -+ det P # 0, the matrix P is inversible
-1 2 4
: 4 2 -1
Calculating P! _adi P we get Pl=—|8 13 2| ~p! =[T]§l =[T’1]B
detP 9 3 6 3

To find the transformation T~ take o e V where a =(a,b,c)
1

4 2 -1[a
We know that [T (a)]p =[T 'z [alp =—| 8 13 -2||b

o o Q

= a=a(,0,0)+5(0,1,0)+c (0,0,1) :>((1)B_|:

9

-3 -6 3]|c

4a+2b-c
T )] =| 8a+13b—2¢
—3a—-6b+3c

=T Y a)=T Na,b,c) = (4a+2b-c,8a+13b—2c, —3a—6b +3c)
Ex. 3. Let B={(1,0),(0,1)} and B ={(1,3),(2,5)} be the bases of R>.

Find the transition matrices from B to B' and B' to B.

Sol. (/) Given B ={(1,0),(0,1)} and B’ ={(1,3),(2,5)}
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Now (1,3) =1(1,0)+3(0,1);(2,5) =2 (1,0)+5 (0,1)

1 2
. The transition matrix from B to B' = L 5}

(i) Again (1,0) = a (1,3)+b (2,5) = (a +2b,3a+ 5b)

© 1=a+2b and 0=3a+5b =ag=-5and p =3

Similarly (0,1) =x (1,3)+y (2,5) =(x+2y,3x+5y) = x+2y=0 and 3x+5y=1
—~x=2and y=-1. Hence (1,0)=—-5(1,3)+3(2,5);(0,1) =2 (1,3)~1(2,5).
Ex. 4. Let T be the linear operator on V5(R)defined by T (x,y,z)=(2y+z,x—4y,3x)
(i) Find the matrix of T relative to the basis B={(1,1,1),(1,1,0),(1,0,0)}

(it) Verify [T(a)lp =[T]p [a]p

Sol. Let a=(a,b,c) € V53(R)

~oa=(ab,c)=pLLD)+q(1,1,0)+r(1,0,0) =(p+qg+r,p+q,p)
La=p+q+r,b=p+q,c=p =>p=c,q=b-c,r=a->b
sa(a,b,e)=c,L)+((b-c)1,1,0)+(a—-b) (1,0,0)

C

=[alp=|b-c : _

. Given T (x,y,z) =2y +z,x—4y,3x)
a->b

A TALY=(3,-3,3) =1 (WL +m (1,1,0)+ 7 (1,0,0) = (I +m+n,l +m,])
=l+m+n=3,l+m=-3 and ] =3 =[=3,m=-6,n=6

o T LY =3(L,1L1)—6(1,1,0)+6 (1,0,0)

Similarly T (1,1,0) = (2,-3,3) =3 (1,1,1) =6 (1,1,0)+5 (1,0,0)

3 3 3
T (1,0,0)=(0,1,3)=3(1,1,1)-2 (1,1,0)—-1(1,0,0) S [Tlg=|-6 -6 =2
6 5 1
3 3 3 c 3a
Now (D)g(a)pg=|-6 -6 -2||b—c|=| 2a-4b e (1)
6 5 1 a-b —a+6b+c

Again T (o) =T (a,b,c) = (2b+c,a—4b,3a)
=3a (1,1,1) +(a—4b—3a) (1,1,0) + (2b+ ¢ —a +4b) (1,0,0)
=3a (1,1,1) = (2a +4b) (1,1,0) + (—a + 6b +¢) (1,0,0)
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3a
~ [T(a)] _{ —2a—4b ] ) Hence [T(a)]g =[T15 [a]5-
—a+6b+c

Ex. 5. Let T:R> > R? be a linear transformation defined by T(x,y,z)=
(2x+y—-2z,3x-2y+4z).
(i) Obtain the matrix of T relative to the bases
By ={(1,1,1),(1,1,0),(1,0,0)} ; By ={(1,3),(1,4)}
(if) Verify for any vector oeR? [T:By,B,] [a:By]=[T(a): B 1]
Sol. Let (a,b) eR? and let (a,b) = p (1,3)+q (1,4) = (p+q.3p+4q)
=a=p+q and b=3p+4q = p=4a-b and g=b-3a
. (a,b) = (4a—b) (1,3)+(b—3a) (1,4) (D)
Given T (x,y,z)=(2x+y—2z,3x -2y +4z)
S TALD)=(2,5=04.2-51,3)+(5-3.2)(1,4) =3(1,3)+(-1) (1,4)
T(1L,L0)=3,1)=11(1,3)-8 (1,4)
(ii) Let o.=(x,y,z)eR>
o (o, 2) =1 (L) +m (1,1,0) 42 (1,0,0) = (I +m+m,0+m,])
S>x=l+m+ny=Il+mz=1 =>l=zm=y—z,n=x-y
o=y =z(LLD)+(y-2) (LL,0)+(x-y)(1,0,0)
z z
- [alp {yz] [T:Bl;le(aB){B' ! 5} {yz]{sxwgz}
1 R 0 R Bx-5y+7z
x—y x—y
Also T(a)) =T(x,y,z) = (2x+y —z,3x -2y +4z)
={42x+y—-2z)-Cx-2y+4z) 1,3)} +{Bx—-2y+4z)-32x+y—-2)} (1,4)
= (5x+6y—82) (1,3) +(=3x=5y+72) (1,4)

3x—5y+7z FromIandIl: [T:B;,B,] [a:B;]=[T(a):B,]

Ex. 6. Let V(F) be a vector space of polynomials in x of degree atmost 3 and D
be the differential operator on V.

If the basis for V(F) is B={l,x, xz,x3} verify [D:B] [a:B]=[D (a):B].
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Sol. The basis B = {1,x,x%,x°} . ~D(0)=0=0.1+0.x+0.x> +0.x°
D(x)=1=1140.x+0.x>+0.x°; D(x?)=2x=0.1+2.x+0.x* +0.x°

D(x*)=3x>=0.140.x+3. x> +0.x°

0100
. [D:B]= 00201 Let o= f(x)=a+bx+cx’ +dx° eV
000 3
0 0 00
[a 010 0][a b
oo [a:B] = b .. [D:B] [a:B]= 002 010 3 by
c 00 0 3||¢ 3d
d 00 0 0[ld| |0

Again D (o) =D {f(x)} = b+2cx +3dx>
b
2c
[D (o) : B]= ad |-
0

Hence [D:B] [o:B]=[D ():B]

1 2
Ex. 7. Let A ={3 4] Let T be a linear operator on R* defined by T (0)=A o,

where o is written as a column vector. Find the matrix of T relative to the basis

{(1,0),(0,1)}
TlO—lz 1—1—110+301
Sol. Let (5)_3 4 0_3_ (9) (7)
ton=|" 2122 =20,0+4, e L
©.h= 3 4011 |al” (1,0)+4(0,1) . The matrix of T=[T]= 3 4

Ex. 8. If C(R) is a vector space having the bases B| ={l,i}and B, ={1+i,1+2i},
find the transition matrix of T from B;to B,

Sol. Now (1+i)=1)+1(@G); A+2)=11)+2 ()

1 1
. The transition matrix from B;to B,is [T :B;;By]= L 2}
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5.11. We complete this section with the introduction of the "Left-Multiplication
Transformation " L, , where A is mxn matrix. This transformation is most useful in

transfering properties about transformations to analogous properties about matrices and
vice versa.

5.12. Def : Let A be an mxn matrix with elements from a field F. We denote by
L., the mapping L, :F" —F" defined by L, (x)=A x (the matrix product of A and x)

for each column vector xeF". We call L, as "Left - Multiplication transformation".

ELtA—121
X.C—O12

Then A€M, (R) and L, :R? -»R?

1

1 21 6
Take x=| 3 | then LA(x)=Ax={ } 3 ={ }
1 01 2 1 1

5.13. Theorem. Let A be an m xn matrix with elements from F. Then the left

multiplication transformation L, : F" — F" is linear. Further, if B is any other mxn

matrix (with elements from F) and B,y are the standard ordered bases for F" and

F", respectively then we have
) [LA]; =A @) L,=Lg iff A=B (iii)) Ly,p=L,+Lg, L, =aL,VaeF
@@v) If T:F" > F" is linear, then there exists a unique mxn matrix ¢
such that T=L in fact C=[TJ}

(v) IfE is an »x p matrix then L,; =L,Ly () If m=n, then LI, =1,

Proof. Let g,b<F and x,y are two vectors then we have L, (ax+by)=A (ax+by)
=A (ax)+A (by) =a (Ax)+b (Ay)
=al,(x)+bL,(y)

Thus L, is a linear transformation.

(i) The ;" column of [L, ]E =Ly (e)).

However, La(e;)=A(e;). Thisisthe ;j# column of A.
Thus [L,];=A

(i) If L, =Ly, we have by (i) [L, ]E = [LB]E =B converse is trivial.
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(iii) Ly,5(x)=(A+B)(x)=Ax+Bx =L, (x)+Lg(x)
s Lyp=L,+Lg
L) =(A)x=a(Ax)=aL,(®)
Ly =al,
(iv) Let C=[T];. We know that [T(x)], =[T]} [x]yor T(x)=C, =L(x)V x € F"
Thus T=L.
Uniqueness of ¢ follows from (ii5), (v), (vi) are simple to follow.

As remarked earlier we use the definition of L, , to prove the properties of matrices.
Here we prove the associativity of matrix multiplication.

Theorem. Let A, B, C be the matrices such that A (BC) is defined. Thus
(AB) C is also defined and A(BC) = (AB) C. i.e. matrix multiplication is associative.

Proof. We can use properties of matrices to show that (AB) C is defined.

Now Lamco) =La(Lpc) =LA (LgLc)

=(LaLp) Le =(Lap)Lc = L(AB)C
EXERSICE 5

1.  Find the matrix of linear transformation T on R> defined by

T (x,y,z)=(2y+z,x—4y,3x) with respect to the ordered basis

B={(1,0,0),(0,1,0),(0,0,1)}
. 2 . .. 2 _3 .
2. Ifthe matrix of T on R“relative to the standard basis is L1 find the matrix of T
relative to the basis {(1,1),(1,-1)} .

3. Ifthe matrix of T on R? relative to the basis {(1,0,0),(0,1,0),(0,0,1)} is

0 1 1

I 0 =1 find the matrix relative to the basis {(0,1,-1),(1,-1,1),(-1,1,0)}
-1 -1 0

4. If the matrix of transformation T on V;(R) relative to the standard basis is

“I 1 1 find the matrix of T relative to the basis S = {(1,2,2),(1,1,2),(1,2,1)}
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5. Let T be a linear operator on R® defined by T (x,y) = (2y,3x—y)
Find the matrix of T relative to the basis {(1,3),(2,5)}

6. Let T be a linear transformation from R> toR?defined by T (x,y,2) = (x+,2z —x)
Find the matrix of T from the basis {(1,0,-1),(1,1,1),(1,0,0)} to the base {(0,1),(1,0)}

7. If T be linear operation on R* defined by
T (x1,x5,x3) = (3x) + X,—2x] +X5,—X],2x, +4x3) determine the matrix of T relative to

the standard basis of R>

1 2
8. LetA= L 4} and T be the linear operator on R? defined by T (o) = A o, where o is

written as a column vector. Find the matrix of T relative to the basis {(1,3),(2,5)}
9. IfC(R) is a vector space having the basis as B, ={l,i}and B, = {1+,1+2i}
Find the transition matrix from B, to B,
10. Let the matrix of T relative to the bases B, and B, be
Find the linear transformation relative to the bases B, and B, where
(1) B; and B, are standard bases of V,and V; respectively.
(@) By ={(LD,(-LD}:By = {(1,1,1),(L,-11),(0,0,1)}
(@) By ={(1,2),(=2,1)}; B, = {(1,=1,-1).(1,2,3),(-1,0,2)}

1
11. Given [T:B;;B;] ={

W\ 0} find the linear transformation when

() B, and B, are standard bases of V; and V, respectively.
(i) By ={(LL1),(1,2,3),(1,0,0)} ; By ={(LD),(1,-1)}
(”l) Bl = {(1:_1: 1):(1:2:0): (07_1:0)}’ B2 = {(1:0):(2:_1)}

12. The matrix of linear transformation T:V,; — V3

3

[T:B;;By]= -1 .Find the transformation when

0

—_ = =
N O =
S = N

() B; and B, are standard bases of V, and V; respectively.
(@) B, ={(1,1,1,2),(1,-1,0,0),(0,0,1,1),(0,1,0,0)} ; B, ={(1,2,3),(1,-1,1),(2,1,1)}
13. Let Abe an mxn matrix. Then A is invertible if and only if L, is invertible.

Further (L)™' =L,".
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14. Let T:U — V be a linear transformation from an #n - dimensional vector space V to an
m dimensional vector space V. Let B and v are the ordered bases for U and V
respectively. Prove that
(7)) rank (T) =rank (L,)

(i) Nullity (T) = nullity (L, ) where A =[T]g

0 2 1 303 3 ) 10
1 a0 -6 -6 2 /2572 00

1. @) (if) 2. 3/2 5/2 3.
30 0 6 5 i 10

-1

(3 0 1
~30 -48 31 -1 ae N
> LS 29} 6'{1 2 1} 13 NS {6 10}
1.2 4
3 4
R 10. (i) T (x,y)=(x+2y,,—x+3y)

1
@) T (x,y) =2y —x,,3y—3x) (iif) T(x,y)=§(2x+4y,—x—2y,—l7x+y)
11. (i) T (a,b,c)=(a—b+2c,3a+b) (i) T (a,b,c) = (2a+8b—6¢,2a —8b+4c)
(iii) T (a,b,¢) = (5a—2b,—a—2c¢)
12. (i) T(a,b,c,d)=(a+b+2c+3d,a+c—d,a+2b)

(i) T (a,b,c,d)=(Ta+2b+11c—8d,1la+Tb+22c¢—-19d,13a+8b+30c—23d)
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