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Ordinary First Order
Differential Equations

10.0 INTRODUCTION

In the physical world nothing is permanent except change. Differential equations are of fundamental
importance because they express relationships involving rate of change. These relationships form the
basis for studying the phenomena in a variety of fields in Science and engineering.

In fact, many practical laws are expressed mathematically in the form of differential equations. The
primary use of differential equation is to serve as a tool for the study of change in the physical world.

Definition 10.1 Differential equation
A differential equation is an equation involving one dependent variable and its derivatives with respect
to one or more independent variables.

Differential equations are of two types

(1) Ordinary differential equations (i1) Partial differential equations
EXAMPLES:
2

1. Q+4y:tanx 2. d{—3d—y+2y=e'2x

dx dx dx

2 2

3. a—L:+a—t;=0 4. xa—u+ya—u=x+y

ox* dy dx ~ dy

Definition 10.2 Ordinary differential Equation
An ordinary differential equation is an equation involving one dependent variable and its derivatives
with respect to only one independent variable.

Equations (1) and (2) are ordinary differential equations.

But (3) and (4) are partial differential equations.

In this chapter we consider only ordinary differential equations.

Definition 10.3 Order and degree
The order of a differential equation is the order of the highest ordered derivative involved in the
equation.

The degree of a differential equation is the degree of the highest ordered derivative involved in the
equation, after the equation has been cleared off the radicals and fractions, so far as the derivatives
are concerned.

Definition 10.4 Linear and non linear differential equations
A linear differential equation is one in which the dependent variable and its derivatives with respect to
the independent variable occur with first degree and no product of the dependent variable and derivative
or product of derivatives occur.

A differential equation which is not linear is called a non-linear differential equation.
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Examples of ordinary differential equations.

dy 2 dzy dy
1) x—+3y= 2 +3x——-y=uxe
()xdx y=x ()dx2 X Ty=xe
& d &y d
3) dxf+4xd—§+5y=o @) x2#+xd—i+(xz—pz)y20
s
d’y dy d’y { (dy)2]2
5) pEL o 6) LL =142
®) ydx2 xdx cosx © dx? dx

Equation (1) is linear, first order and first degree

Equation (2) is linear, second order and first degree.
Equation (3) is linear, second order and first degree.
Equation (4) is linear, second order and first degree.
Equation (5) is non-linear, second order and first degree.
Equation (6) is non-linear, second order and second degree.

Definition 10.5 Solution of a differential equation

The solution of a differential equation is a relation between the dependent and independent variables,
not containing derivatives or differentials, which satisty the equation.
The solution of a differential equation is also known as integral of the differential equation.

Definition 10.6 The general solution or complete integral
The solution of an ordinary differential equation which contains as many independent arbitrary constants
as the order of the equation is called the general solution or Complete integral.

Note

(1) Solve a differential equation means finding the general solution
(2) The general solution does not mean that it includes all possible solutions of the differential
equation

There may exist other solutions which cannot be deduced from the general solution (or not included in
the general solution). Such solutions not containing arbitrary constants, are called Singular solutions.

10.1 FORMATION OF DIFFERENTIAL EQUATIONS

A differential equation is formed by eliminating arbitrary constants from an ordinary relation between
the variables.

WORKED EXAMPLES

EXAMPLE 1
Form the differential equation by eliminating the constant from y =1+ x* + C\/1 + x’.

Solution.
The given equation is y = 1+ x” + Cy/1+x° (1)
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Since one constant is to be eliminated, we differentiate (1) w. r. to x, once

s

dx 241+ x?
cx cx dy Vi+x? (d_y_zx)

= =—-2x = c=
dx

Vi+x? Vi+x?  dx X

=2x+

Substituting in (1), we get

, 2
y=1+x’ +1+—x(jl— x)\/l-i-xz
X

x
2
=(l+x2)+(d—y—2x)(l+x )
dx X
2

= y=1+x [x+d—y—2x]

X dx

1+x*[d

= =2 [—y—x] = w2149 _x4x?)

x Ldx dx

d
(1+x2)—y—xy =x(1+x%)
dx
which is the required differential equation.

EXAMPLE 2
Form the differential equation by eliminating « and b from y = a tan x + b sec x.

Solution.
The given equation is y =« tan x + b sec x (1)
Since two constants a and b are to be eliminated, we differentiate (1) w. r. to x, twice
d
D _ asec? x+bsecxtan x 2)
dx
dzy 2
and T2 =aqa-2secxsecxtanx +b[secx-sec” x+tanx secx tan x]
X
d2
= y )2} = 2asec” xtan x + bsec x[sec’ x + tan” x] 3)
X
(1) X tanx = ytan x = a tan’ x + b sec x tan x 4)
_ dy _ 2 2 _ 2 2 9 C e cap? 2,
2)—@= d——ytanx =asec’ x—atan” x = g[sec” x —tan" x] =a [ sec’x —tan* x = 1]
X

dy
a=——ytanx
dx Y
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Substituting in (1), we get

d d
y= (d—y—y tanx)tanx +bsecx = dltanx —ytan’ x +bhsecx
X

x
d

= y(l+tan2x):—ytanx+bsecx
dx
d d

= ysec’ x = Ltanx+bsecx = bsecx = ysec’ X — - tanx
dx dx

Substituting in (3), we get
d’ d d
—); = 2(1—)/ tanx)s.ec2 x tanx +(y sec’ x ——ytanx)(sec2 x +tan” x)
dx dx dx

d d
=2sec’ x tanx dl — 2y sec’ x tan® x + y sec” x(sec’ x +tan”x) —;}tanx(sec2 x +tan’ x)
A X

d
= ltanx [2 sec’ x — (5602 X +tan’ x)] +y sec’ x [5602 x +tan’ x —2tan’ x]

d
= dltanx[sec2 x —tan® x]+y sec’ x[sec’ x —tan’ x]
x

d
= dltanx +ysec’ x

x
d’y d

= —f——ytanx—ysec2x= 0
dx® dx

which is the required differential equation.

Aliter:
The eliminant of @ and b from (1), (2) and (3) is

¥y tan x secx
d
&Y sec? x secxtan x =0
dx
d*y

2sec’ xtanx secx(sec’ x +tan” x)

dx*

Expanding by first column, we get

d
ysec’ x(sec’ x +tan” x) —2sec’ x tan” x] —d—y[tanx secx(sec’ x +tan’ x) —2sec’ x tanx]
x

2

+—[secx tan’ x —sec’ x] =0
x
d
= ysec’ x[sec” x +tan’ x — 2tan” x] ~ Y tanx secx[tan” x —sec’ x]
dx
d2
+2Y secx[tan? x —sec? x]=0

2
X
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= y sec’ x[sec’ x —tan’ x] +%secxtan x[sec’ x —tan’ x]

_ d;); secx[sec® x—tan® x] = 0
= ysec3x+%secxtanx— d; secx =0 [~ sec’ x—tan’ x =1]
= %—%tanx—yseczx=0

which is the required differential equation.

EXAMPLE 3

Find the differential equation of all parabolas each of which has latus rectum 4a and whose axis
is parallel to the x-axis.

Solution.
We know that, the equation of the parabola with vertex (4, k), axis parallel to the x-axis and latus rec-
tum 4a is (v — k)* = 4a(x — h) (1)

where 4 and k are arbitrary constants and a is a fixed constant.
We differentiate twice to eliminate 4 and k. Differentiating w.r.to x, we get

20-0P —sa = -0 2 =2 2)
dx dx
Differentiating again w.r.to x
( —k)fi—zz+£11-ﬂ—0 = ( —k)ﬂ+(ﬂ)z—0 3)
YTV T YT
Now (2) = y—k= 2a
dy
dx

Substituting in (3), we get
2 2 2 2 3
—ad—);Jr(@) =0 = 2ad—{+(d—y) =0
dy dx* \dx dx* \dx
dx
which is the required differential equation.

EXERCISE 10.1

Form the differential equation by eliminating the arbitrary constants from the following

l. y=ax*+bx% 2. y=Ce+C,cosx.
3. y=Cx+C-C. 4. sin"'x +sinTly=C.
5. xy=Ae"+Be™+x2% 6. y=C e*+C,e™ 7. y=ae*+be?~
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8. Find the differential equation of the family of parabolas with their focii at the origin and their axes
along the x-axis.
9. Find the differential equation of all parabolas having their axes parallel to the y-axis.
10. Form the differential equation with general solution is a)* = (x — ¢)?, where a and c are arbitrary

constants.
ANSWERS TO EXERCISE 10.1
2
1. d); 4x dy+6y 0 2. (sinx+cosx)d—);—Zcosx@+(cosx—sinx)y=0
dx dx dx
3 2 2
1—
(@) W iyry=0 4 Do N2V I e e
dx dx dx 1— x> dx® dx
6 i—Sd—y+6 =0 7 dz_y_'_d_y_6 =0 8 (d_y)2+2xd_y_ =0
sl d A W\ a7
3 2 2
9. 1Y g 10. 3 dfz(ﬂ)
dx dx dx

10.2 FIRST ORDER AND FIRST DEGREE DIFFERENTIAL EQUATIONS

The general form of a first order and first degree differential equation is

dy
i 1
=l )
. . dy
Generally, it is written as F'| x, y, 7 =0
X

10.2.1 Typel Variable Separable Equations

If the differential equation Z—y = f(x, y) can be rewritten as F'(x)dx + G(y)dy = 0, then the differential
X

equation is said to be variable separable.
The general solution is got by integration.

[F(x)dx+ [ G(y)dy =0

= b(x)+h(y)=C
where C is an arbitrary constant.

WORKED EXAMPLE

EXAMPLE 1
Solve sec? x tan y dx + sec? y tan x dy = 0.
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Solution.
The given differential equation is

sec’x tan y dx +sec’ ytanx dy =0

Dividing by tan x tan y, we get
2
sec” x sec’ sec” y dy=0

dx +
tan x tan y

Integrating, we get

J-seczxdx jsec Y iy =0

tan x tan y
= log, tanx +log, tan y = log, C
= log, (tanx -tany ) = log, C

which is the general solution.

EXAMPLE 2

N EACI
[. | e dx = log f(x):|

= tanx-tany =C

Solve the differential equation xdy + ydx + 41 — x’y’dx = 0.

Solution.

The given differential equation is xdy + ydx + 41— x"y*dx =0

= d(xy)+441—(xp)’dx =0
Dividing by \/1—-(xy)*, we get % +4dx =0
1=(xy)
. d(xy)
Integrating, we get '[ + 4J dx=0
VI=(xp)°
dx
= sin”' (xy)+4x =C |: j =sin x:|
VI-x?

which is the general solution.

EXAMPLE 3
Solve ydx — xdy + 3x*ye* dx =0.

Solution.
Given

Dividing by y?, we get
vdx — xdy N

2

y

ydx —xdy + 3x2yzexzdx =0

3x%e" dx =0
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3 3 3 dx —xd
= d(£)+d(e" )=0 |:'.'d(e‘ )=3x’¢" and d(ﬁ)zw}
y y y

Integrating, we get Id( ) Jd = = it =C
which is the general solution.
EXAMPLE 4

dy 2
Solve (x + y)’ — = a’.

(x+) i
Solution.
The given differential equation is (x + y)* Zy a’ (1)
x
Putu=x+y @:14_@ = dy ﬂ_
dx dx dx dx

2
()= Mz(@—l):az = ﬂ_lza_

dx dx u’
du a u+a
= == 2
dx u u
2
= ——du=dx
w+a
Integrating both sides, we get
J du—jdx
u'+a’
W +a*)-da’
= ——————du=|dx
-[ u'+a’ -[
2
a
= j(l—u2+az)du—jdx
= jdu—azj zdu 5 —J.dx
u +a
= u—a’ tanl(—)=x+C
a a
+
= x+y—atanl( y):x+C
a
+
= y—atanl(x y)=C
a

which is the general solution.
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EXAMPLE 5 ;
Solve y’ cos~/xdx —2/xe’ dy=0.

Solution. .
The given differential equation is y° cos Jxdx = 2/xe’ dy=0

1

1 ’
= 7 cos/xdx = 2\xe" dy COSNY iy = e—zdy (1)
| 24x y
Putu=+x . du=——dx
2x 1
! Lo o
andv=e’ . dv=e'|-—|dy=——dy
Y y
Substituting in (1), we get
cosudu=—dv
Integrating both sides, we get
Jcosu du = —Jdv
L 1
= sinu=—-v+C = sinvx=-e’+C = sinvx+e’ =C.
which is the general solution.
'EXERCISE 10.2

Solve the following differential equations
d
1. xyl+y" + y31+x° d_y =0.
X
dy

3. 2x(e’ —Ddx+e"dy=0. 4. (" +D)ydy+(y+Ddx=0. 5. d—:(4x+y+3)2.
X

\S}

. Q—xtan(y—x): L
dx

21 1 24y7 -1
6. (x+1)Pr1=2¢7. 7, G _ xQlogx+l) g L, XAy -l
dx dx siny+ycosy xdx 2(x"+y)+1
2_
9. @=e2’(’y+x3e’y. 10. ﬂ=w
dx dx x"—2x+2
ANSWERS TO EXERCISE 10.2
1. V1+x* +41+)y* =C 2. sin(y—x)=%e)‘ 3. log,(e" -)—(2x+De™ =C
4. (y+D)(1+e*)=ce’ 5. tan_lw=2x+c
6. (x+1)(2—e’)=C 7. ysiny=x’logx+C 8. x*+2y* =3log(x* +y* +2)+C

A 1 1
9. de’ =2 +x*+C 0. tan”! (x~1) ~— tan”’ (%):C
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10.2.2 Type ll Homogeneous Equation

The general differential equation is ? = f(x, ) (1)
x
If this equation can be rewritten as & = M, where f(x, y) and f)(x, y) are homogeneous
dx  f(x,¥)

functions of the same degree, then the differential equation is said to be homogenous.

Definition 10.7
A function f{x, y) is said to be a homogeneous function of degree n if f{tx, ty) = " f(x, y) for any ¢ > 0.

Solution of Homogeneous differential equation
Let the homogeneous differential equation be

dy _ /(%)) 0
dx  f(x, »)
To find the solution, put y=vx
A
dx dx
Substituting in (1), it reduces to variable separable type. Hence, we find the solution as in type I.
WORKED EXAMPLES
EXAMPLE 1
d 2
Solve =¥ = 3x Y -
x4y
Solution.
. ) . . .ody Xy
The given differential equation is — = ——— 1)
dx x’+y

Here f,(x, y) =x*y and f,(x, y) = x’ + * are homogeneous functions of the same degree 3.
For, fi(tx, ty) = (x)* - ty = x* y = £ fi(x, y)
Sx, ty) = () + (ty) = £ (P +)°) =F f)(x, )

.. the given equation is homogeneous

d dv
Puty=vx R AL
dx X
v xvx
V+x—

E_x}(l-i-v3)_l+v3

d _ 3 4

N x_":%_v:v v(1+v)=_ v
dx  1+v 1+v’ 1+v°
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3
I+ dv:—@ = (%+l)afv:—ﬂ
v X viow X

Integrating both sides, we get

J.(%+l)dv= (&
vl x

1
J‘v4dv+‘[—dv=— &
v X
p3
= —3+logev=—logex+C
1
= ——+log, v +log,x=C
3v
1 x3
= - sHlogw=C = —3—3+10gey=C = 3p’log,y —x* =3Cy°
Y

;)
X
which is the general solution of (1).

EXAMPLE 2
Solve (x* — 4xy — 2y))dx + (y* — 4dxy — 2x})dy = 0.

Solution.
The given differential equation is
(* —4dxy — 2H)dx + ()2 — dxy — 2x)dy =0
= (x? — 4xy — 29%)dx = —()* — 4xy — 2x})dy

dy (X -4xy-2y°)

= 2 2
dx vy —4xy—2x

Here f,(x, y) = x* — 4xy — 2)” and f)(x, y) = »* — 4xy — 2x* are homogeneous functions of the same
degree 2.
.. the given differential equation is homogeneous.

dy dv
.. to solve, put y =vx S =Vt x—
dx dx

Substituting in (1), we get
dv _(x2 —4x -vx —2v°x?)
dx vix® —dx vx —2x°
_ x2(2v? +4v 1) _ 2 +4v -1
x*vi—4v-=2) vi-4v-2

dv vi+dv—1
X—=—F———-V
dc vi—-4v-2
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_ Witdy —1-v(v> —4v =2)

vi—4v -2
_2v2+4v—1—v3+4v2+2v
vi-dv -2
_—v3+6v2+6v—1_—(v3—6v2—6v+1)
vi—dv -2 vi-dv -2
Vvi—4v-2 dx
S5 dvE-—
Vv =6V —6v+1 X
Integrating both sides, we get
vi—dv=2 dx
ng—d =-)—
v —6v° —6v+1 X
Now di(v3—6v2—6v+l)=3v2—12v—6=3(v2—4v—2)
v
—4 2
_J~ 3(v v— )dv— dx
—-6v+1 X
1 3 ) C
= gloge(v —6v" —6v+1) =—log,x +log, C =log, —
X
3 2
C
= loge(y—3— y—2—61+1) =3log,~
X X X X
3 2 x4} 3
= loge(y by 36xy al )zlogec—3
X X
3 2 _exyp gl 3
N Yy —bxy 36xy i =C—3 = ' -6x’—6x"y+x’=¢
X X
which is the general solution of (1).
EXAMPLE 3
Solve (1 + e3)dx +e (1 - f)dy =0.
y
Solution.
The given differential equation is (1 +e’ ) dx+e’ (1 - ﬁ) dy=0 €8
y
evy(l—xJ
= (1+ey)dx=—ey(1—£)dy = ﬂ=——xy
y dy 5
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X dx du
Put —=u = x=uy .. —=u+y—
dy dy
u+y@——e (1-u)
dy 1+e"
- u__ed-w)_
dy 1+e"
_ [era—wy+u+en]
B 1+e"
_[e“ —ue" +u+ue"] _ (u+e")
1+e" 1+e"
N 1+eu du:—d—y
u+e y
Integrating both sides
J‘l+eudu:_J‘d_y
u+e y
u d u u
= log, (u+e")=~log, y+log, C '.‘d—(u+e )=1+e
u
= log, (u+e") = logg
y
= u+e“=g = £+e;=£ = x+ye’ =C
y ¥
which is the general solution of (1).
EXERCISE 10.3
Solve the following homogeneous equations
l. Qzu. 2. (x2+y2)Q=xy. 3. x(y—x)dy = y(y+x)dy.
dx x+y dx
4. (xy=2y")dx— (x> =3xy)dy = 0. 5. (x*y=2xp*)dx —(x’ =3x’y)dy = 0.
_ 2 2 y 2y 2 Y .
6. ydx—xdy=+/x"+y dx. 7. (xtan——ysec —)dx+xsec =dy=0.
x x X
8. Q=Z+sinz. 9. xzﬂ: y* +2xy, given thaty = 1, when x = 1.
dx x X dx

10. (> =2xp)dx = (x> = 2xy)dy. 11. (x*+ y*)dx —2xydy = 0.
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ANSWERS TO EXERCISE 10.3

2
1. y?=x*+2xy=C 2. log,Cy = xz 3. y=xlog, Cxy
4. Y =Cxtoe” 5. Z+3log, L+logx =C 6. y+xi+yl=C

y X
7. xtan(¥)=c 8. x(1+cos1)=sinl 9. 2y=x(x+)
X X X

10. xy(y —x)=C 11. x> —y*=Cx.

10.2.3 Type lll Non-Homogenous Differential Equations of the First Degree

. . . . od +by+
Let us consider the non-homogeneous differential equation 9% AN )

where a, b, ¢, A, B, C are constants dx - Ax+By+C
Case (i) Let a # 2
A B
We shall reduce (1) to a homogenous differential equation by the transformation
x=X+h and y=Y+k
This transformation represents the shifting of the origin to the point (4, k),

Since dx =dX and dy=dY. d‘y:d_Y

dx dX

Then equation (1) becomes

dY a(X+h)+bY+k)+c
dX  AX+h)+B(Y +k)+C
dY = aX+bY+ah+bk+c
dX ~ AX+BY + Ah+ Bk+C

We shall reduce the equation (2) into a homogeneous differential equation.
For this, choose A, k such that ah + bk+c=0and Ah+ Bk+ C=0
By the rule of cross multiplication

=

2)

h k 1

= = h k 1
bC—Bc c¢A—aC aB-bA 5 A
c a
bC — Bc cA—aC o d d
= and k= 7 R4 R4
aB —bA aB —bA B C A B
d_Y_ aX +bY
dX AX+BY

which is a homogeneous differential equation in X and Y
It can be solved by type II by putting ¥ = v.X.
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Case (ii) Let % - % =K(say) = a=A4K, b=BK

.. the equation (1) becomes

dy AKx+BKy+c  K(Ax+By)+c

dx Ax+By+C Ax+By +C

Put u=Ax+ By ﬂ=A+Bd—yanddl=Ku+c
dx dx dc u+C
d_u:A+B(Ku+c)
dx u+C

_Au+C)+B(Ku+c) (4+BKu+AC+Bc
u+C u+C
utc -du =dx

(A+BKu+AC+Bc

Integrating this, we get the solution.

Note Some Equations of type (1) can also be solved by grouping the terms.

dy ax+by+c

Now =

dx ~ Ax+By+C
= (Ax+ By+C)dy = (ax+ by +c)dx
= (By+C)dy + Axdy = (ax + c)dx + bydx

= (By+C)dy—(ax+c)dx+ Axdy —bydx =0
Suppose 4 = —b, then we get

(By+C)dy —(ax+c)dx+ Axdy + Aydx =0
= (By+C)dy —(ax+c)dx+ A(xdy + ydx) =0
= (By+C)dy —(ax+c)dx+ Ad(xy) =0

Integrating, we get

[(By+Cydy = [(ax+cydx+ 4] d(xp) =0

2

2
= B%+Cy—(a%+cx)+Axy=K

where K is an arbitrary constant. This is solution of (1).
Thus, the grouping method is used if 4 = — b.
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WORKED EXAMPLES

EXAMPLE 1

Solve the differential equation L4 =

Solution.
dy

The given differential equation is 7
X

Here

b
B

i

1
2

NN

sLput x=X+hy=Y+k

.. equation (1) becomes

day X+h+2(Y+k) 3
ax 2X+h)+Y+k-3

x+2y-3
2x+y-3

=2

dx=dX,dy=dY

x+2y—-3
2x+y—3'

(M

dy dY

dx

and

dx

dYy X+2Y+h+2k-3

—= 2)
dX 2X+Y+2h+k-3

Choose 4 and k& such that
h+2k-3=0 3) and 2h+k-3=0 @)
B)X2= 2h+4k-6=0 5)
G-@= 3k—3=0 = 3k=3 = k=1
s h+2-3=0 = h=1
x=X+1 and y=Y+1 = X=x-landY=y-1
Y X+2Y
~.(2) becomes d— =—
dX 2X+Y
It is a homogeneous differential equation in X and ¥
soPut Y =vX £=v+Xﬂ
dX dX
dv  X+2vX X(1+2v) 1+2v
v+ X —
dX 2X+vX X2+v) 2+v
dv _1+2v
=
dxX  2+v
_l+2v—v(2+v)_l+2v—2v—vz_l—v2
2+v 2+v 2+v
2_
R e "D
X v+2
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Separating the variables, we get

v+2 X
= > dv=——
v -1 X
Integrating both sides, we get
JV+2dV—— d_X
v -1 X
v dv 1704
= dv+2 =—|—
Jvz—lv Jvz—l X
= lloge(v2 —l)+2llogv—_1:—logeX +log, C
2 2 v+l
= log,(v* —l)+2logv—_i:—2logeX +2log, C
v+
—1?
= loge(v2—1)+logEV l;zz—loge)(2+logec2
v+
=1 c’
= log (v?-1)-— =log, —
T S
_1)? 2
— (V2_1)%=C_2
v+ X
v-1)> ¢’
= v+1)(v—-1 =—
(v+IX )(v+1)2 X’
-1 c?
= — ==
v+1 X
3
() e
= &
()
X
. r-x _c
Xr+Xx) Xx°
= Y-X)=C*(Y+X)
= [y-1-(x-D] =C*(y-1+x-1) = (y-x)=C*(y+x-2)

which is the solution of the equation (1).

EXAMPLE 2

Solve X =4x—3y—-1
dx 3x+4y-—7
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Solution.
Givenﬂzw HereA=3,b=-3 .. A=-b
dx 3x+4y-7

.. we can find the solution by grouping method.

(Bx+4y—-T)dy =(4x—-3y—1)dx

= (4y—T)dy +3xdy = (4x —1)dx — 3 ydx
= (4y—T)dy —(4x —Ddx+3xdy+3ydx =0
= (4y—-Tdy—(4x—-1)dx+3d(xy)=0

Integrating, we get
[y =Dy - [ (4x=1ydx+3[d(xy) =0

2 2
y X
4—-Ty—|4d—-x|+3xy=C
2 7 ( 2 ) 4

= 2y =Ty =2x"+x+3xy=C = 2x*-y*)=-3xp—x+7y+C=0
which is the solution of (1).

EXAMPLE 3
Solve 2x +y + 1)dy = (x + y + 1)dx.

Solution.
The given differential equation is 2x + y + 1)dy = (x +y + 1)dx

1
- ﬂ: x+y+ (1)
dx  2x+2y+1
1 1
Here =1 21 a_b [Case (ii)]
A 2 B 2 A B
d x+y+1
&_ _xrryTl )
dx  2(x+y)+1
Putu=x+y
@:1+d_y
dx dx
1
and (2) = dy_ u+
dx 2u+l1
ﬂ—1+ u+l  2u+l+u+l 3u+2
dx 2u+1 2u+1 2u+1
2u+1
= u+ du = dx

3u+2
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Integrating both sides, we get

2u+1
J ur du=.[dx
3u+2
E(3u-i—2)—l
3 3., _
= —du—de
3u+2
2 1 du
= —du—— =|d
'[3 ! 3j3u+2 jx
2 1
= —u——logBu+2)=x+C
39
2 1 2 1 1
= g(x+y)—§log(3(x+y)+2)=x+C = 5y—;10g(3x+3y+2)=§x+c

EXAMPLE 4
Solve (2x* + 3y* — T)x dx = (3x* + 2y* — 8)y dy.

Solution.
The given differential equation is (2x* + 3y? — 7)x dx = (3x* + 2)* = )y dy

ydy _ 2x>+3y°=17)

= = 1
xdx (3x" +2y°-8) M
Putx*=X,)’=Y 2xdx = dX, and 2ydy =dY
v _dY oy _d¥
2x dx dX xdx dX

.. equation (1) becomes,
dY _2X+3Y-7 )
dX 3X+2Y -8

This is non homogeneous type.

a 2 b 3 a b
Here —=—, —=— s
A 3 B 2 A B
. put X=X"+h, Y=Y"+k
dX=dx’, dv=dv’ and -
dx dx’

.. the equation (2) becomes

dY'  2AX'+h)+3(Y +k)=T  2X 43V +2h-3k—7

dX’ 3(X'+h)+2(Y'+k)-8 C3X/42Y +3h+2k -8
Choose 4, k such that

2h+3k—=7=0 and 3h+2k-8=0
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By the rule of cross multiplication h k 1
A k 1 3 \<—7 x 2 P
24+14  -21+16 4-9 ) N g SN 3N,
1
= L=£ = = ﬁ=£=l = h=2k=1
-10 -5 -5 2 1

X=X'+2 = X'=X-2 and Y=Y'+1 = Y'=Y-I
Ay’ 2X'+3Y’
dX’  3X’+2Y’
It is homogeneous differential equation in X" and ¥’
To solve, put Y’' = vX’

ay i X dv
dx’ dx’

dv  2X'+3vX"  X'(2+3v) 2+3v

v+ X’ = = 2
dX' 3X'+2vX’ X’'(3+2v) 3+42v
. , dv _2+3v_v _2+3v—v(3-4—2v)_2+3v—3v—2v2
dX’ 342y 3+2v 3+2v
1,2 ’
N X,ﬂZZ(l V) N (3+2:)dv=2dX
dX’ 342y I-v ’

Integrating both sides, we get

3 2vdv dx’
= dv+ =2|—
J.l T J‘X'
1 1
= 3-—10ge1—loge(l—v2):210geX'+logeC
2 1-v
3
1 2
= loge(1+v) —log,(1-v?*)=log,(X")* +log, C
—v
3
I+v )2 1
= 1 : =log, C(X’)’
g{(l—v) a 2)} 8 CL)
3
I+v) 1
= — - =C(X’y
(1—\/) 1-v? X
3 1
1 2 1 1 2
= d+v)” =) = TE° _ cxy
(-v): (A+v)(1-v) (1—v)?
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Squaring,
1+ r
1 ’
( +v)5=C2(X')4 — X 5=C2(X')4
(1-v) (1_ Y’)
X/ Yr X/ 4 X,
= ( + )( 5) :CZ(X/)4
(X'-Y")
N X'+Yy
(X/_Y/)S
= X-2+Y-1=C*[X —2—(¥ -]
= X+Y-3=C*[x-Y-1I = x*+)°-3=C*(x*-y*-1)°
Which is the general solution of (1)
EXERCISE10.4

Solve the following non-homogeneous differential equations

1 dy 2x+5y+1 2 ﬂ+10x+8y—12_0
Codx Sx+2y-1 Cdx o Tx+5y-9 ’
3 Q: 6x+5y—7 . 4 Q+12x+58y—9:0.
dx 2x+18y—-14 dx  Sx+2y-4
5 dy _x+y+l 6 dy x—y-1
Cdx ox+y-1 Cdx o y-x-1
2 4
7. @zﬂ 8. ydy(x* +y* +a*)+xdx(x* + y* —a*)=0.
dx 4x+6y+5
ANSWERS TO EXERCISE 10.4
. 2Y : ;
1. (x+y)' =C x—y—g 2. (x+y-D)(y+2x-3y=C
3. 2x=-3y+1)’(x+2y-2)=C 4, 6x> —9x+5xy+y’ —4y=C
5. (x—=y)+log(x+y)=C 6. log(x—y)=x+y+C

7. 14(x+2y)—9log(14x+21y+22)-Tx=C 8. (X +y)(x*+y*+a*)=2a'x’ +a’C
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10.2.4 Type IV Linear Differential Equation

The general form of the first order linear differential equation in the dependent variable y is

L dy L+ (0 = () (1)

where a,(x) # 0

Dividing by a,(x), we get
Ay, 4 e
dx ay(x)”  a,(x)

dy
= ——+P(x)y=0(x) 2)
dx
where P(x) = @) and O(x) = 222 )
a,(x) a,(x)
The equation (2) is the standard form of the linear differential equation in y or Leibnitz’s linear
equation.
Solution of the linear differential equation (2)
. . d
Equation (2) is d_y +Py=0
X

Multiply (2) by ¢ ", we get

'[ Pdx

eJ'de EZX_'_ ejl%py ~ Qe
dx

- %( dex) 0-c J'de

Integrating w. 1. to x, we get
y~ejpdx = JQ-eJPdde+C
This is the general solution of (2).
Note (1) When the equation (2) is multiplied by ef de, the L. H. S becomes an exact differential and

SO ej " is called an integrating factor of the equation (2).

(2) But ej " is not an integrating factor of equation (1).

ej Pdx

An integrating factor of (1) is

. But solutions of (1) and (2) are same.
ay(x

. . . . . dx
(3) Sometimes, it is convenient to rewrite the equation as —+ px = O, where P and Q are
functions of y, which is linear in x. dy

Its solution is x eJ " J 0 eJ dedy +C
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WORKED EXAMPLES

EXAMPLE 1

Solve the differential equation (1— x’)% —xy=1.
Solution.
The given differential equation is (1— xz)% —xy=1

X

Dividing by (1—x7), we get

dy  x 1

dx 1-x’ 4 1-x°
This is linear in y. Here P =— —and O = al >

1-x I-x
.. the general solution is J = IQ eJ "di+C
Now _[de = —log (1-x*)=log, V1-

edex — elngv\/l_—,\'_2 — ll _x2 [ elogx — x]
N 1 .
and J J e I—dx =sin”' x
VI-x?

.. the solution is l—x* =sin'x+C
EXAMPLE 2
The gradient of a curve which passes through the point (4, 0) is defined by the equation
d 5
g_r, ad = (. Find the equation of the curve and find the value of y when x = 5.

dx x (x+2)(x-3)

Solution.
The given differential equation is &_y + o =
dc x (x+2)(x-3)
dy 1
- a1 5x

y —_—
This is linear in y. dx  x (x+2)(x=3)

Here P= 1 and Q=—5—x.
X (x+2)(x=3)
<. the solution is yel™ = fo e

Now Jde :J—l dx =—log, x =log, x™' =log, 1
X X
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1
edex eloge;:l
X
fx 1 1
and '[Q -ejpd dx=—J5—x— dx =—5J—dx
(x+2)(x-3) x (x+2)(x-3)
1 A B
Let = +
(x+2)(x-3) x+2 x-3
= 1=A(x-3)+B(x+2)
Put x = -2, then 1=4(-2-3)=-54 = A:—é
1
Put x =3, then 1=B(3+2)=5B = B:g

1 1 1
+2)(x-3)  5x+2) 5(x-3)

(x+2)(x-3) 5

dx 1 dx dx
j '[x+2 59 x— 3

=—§loge(x+2)+llogg(x—3)
=—{log (x —3)—log, (x+2)}——loge(x 3)

+2
IQeIded =-5 —log (x—3) =—loge(x_3)
2 x+2

i)

The curve passes through (4,0). So,x=4and y=0.

. 1
.. the solutionis  y-—=—log, (
X

.. the solution is Yo ~log, (X__3
X x+2

—xlo xX+2
y=xlog,| 2

which is the equation of the curve.

5+2 7
When x =5, y=>5log, =5log, —=-4.377.
6(5-3) 12

For practical purposes, the approximate value of y is —4.38.
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EXAMPLE 3

d
Solve 2 cos xay + 4 sinx -y — sin 2x =0 given that y = 0 when x = % Further find the

maximum value of y.

Solution.
The given differential equation is

d . .
2cosx L + 4sinx - y =sin2x
dx
Dividing by 2cos x, we get

dy sin x sin2x
= —42—y=

dx  cosx 2cosx
- Q+zsinxy:2sinxcosx

dx  cosx 2cosx

d .
= —y+2tanxy=smx.

dx
This is linear in y. Here P =2tanx and Q =sinx
.. the general solution is I e JQ ] "+ C
Now Jde =12tanx dx =2log sec x = log, sec’ x

eJP”x . elogk, sec? x — seCZ X
and jQ ejpdxdx — J.secz xsinx dx
-1
= —J(cosx)'z(—sinx)dx - Z(eosx)” _ =secx
-1 CoSx
... the general solution is
ysec’ x=secx+C
1 C 5

= y= +—5— =cosx+Ccos x

- secx sec” x
When x = 3 y =0, we get

1 1 1 1
0=cos o+ Ccos’® =-4C- = -C=--=C==2
3 3 2 7% 4

. the solution is y=cosx—2cos x (D)

To find the maximum value
y=cosx—2cos’ x

d . .
9 _ —sinx —2-2cos x(—sinx)
X
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= —sinx +2-2sinx cosx = —sinx + 2sin2x

2
and dy:—cosx+2-2cost = —cosx+4(2cos” x~1)
dx’
. . dy
For maximum or minimum, — =0
dx
= —sinx+2sin2x=0 = —sinx+4sinxcosx=0 = sinx(—1+4cosx)=0
. 1
= sinx=0 = x=0,w and 4cosx—-1=0 = cosxzz
. whensinx =0, cosx=1=1
d’y
When cosx=1, F=—1+4(2~1—1)=—1+4=3>0
X
d’y
and cosx =-—1, I =—(-D+4Q2-1-1) =1+4=5>0
X
s when  cosx==1,yis minimum,
1 d’ 1 1 L. 1 15
When  cosx=—, —f:——+4(2-——1):——+——4=——<o
4 dx 4 16 4 2 4
1
~. when cosx = 7 y is maximum.
Maximumvalueofy=l—2-L=l—l=l.
4 16 4 8 8

EXAMPLE 4
Solve (1 + y*)dx = (tan™'y — x)dy.

Solution.
The given differential equation is (1+ y*)dx = (tan™' y — x)dy

d
= (1+y2)—x:tan'1y—x
dy
= (l+y2)ﬂ+x=tan’1y
dy
dx 1 tan™
- d, L,
dy 14y I+y
1 tan”' y

This is linear inx. Here P = ~and O = >
I+y I+y

.. the solution is

X eIde = J.Q eIdedy+ C
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1
Now -[de :j " y2 dy = tan™' y eJ.de _ etan" y
y tan” y o,
and A gy = [ gy g
fQ ly J ) ly
4 . 1
Putz=tan™ y ..dt=1 > dy
+y

IQ ejmvdy:"-t edit=te' -1 =e@-1)= e™ Y(tan™ y—1)

.. the general solution is

1

xe V=(tan” y—1)e™ " +C = x=tan" y—1+Ce ™ ”

EXERCISE105
Solve the following linear equation
2 2
L. lQ+Ztanx:cosx. 2. Q—sin2x=yc0tx. 3. d_y+ fx y:c(;s_x'
xdx x dx de x +5 X +5

4, (x2+1)%+4xy: 5. (1+x2)tan’lx—jl+y=x,giventhaty=—1 when x =—1.
x s

x*+1
6. x(xz—l)ﬂ+(4x2—2)y+5x320. 7. ﬂ+ycosx=lsin2x.
dx dx 2

dy 3x*y 1+x°
—+ = :
dx 1+x° 1+x°

9. (x+2y3)ﬂ = .
dx

d . . ..
10. 23 yeotx =sin2x and y =2 when x = % Show that the minimum value of y is in the range

dx
. 2
0sx<mis —.
27
ANSWERS TO EXERCISE 10.5
x? X sin2x
1. y=Ccosx+7cosx 2. y=Csinx+2sin’ x 3. y(x3+5)=C+E+ 2
2 2 1 w 1 1 )
4. y(x*+1)"=x+C 5. ytan xzz—510g2+§10g(1+x)
6. yx*(x*-1)=C-x’ 7. y=sinx—1+C e

3
8. y(1+x3)=%+x+C 9. x= ' +Cy
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10.2.5 TypeV Bernoulli’s Equation
The first order first degree differential equation of the form j—y +Py=0y" 1)
X

where P and Q are function of x is known as Bernoulli’s Equation.

When r =0, it reduces to a linear differential equation when n = 1, it reduces to variable separable
type. For any other value of n, the equation is non-linear.

In this case, the equation (1) can be re-written as

ldy P . d -
-+ = = "—+ Py =
ey o yro Yy =0
Put  z=y" & (-my —Zi s ZZ

Ld_
(A-nydx > dx
Substituting in (2), we get

1 dZ dZ
——+Pz= Z - =(1-
(- dx z2=0 = o +(1=n)Pz=(1-n)Q
which is Leibnitz’s linear equation in z and hence can be solved.
WORKED EXAMPLES
EXAMPLE 1

d;
Solve cos x;‘v — ysinx = y’cos’x.

Solution.
. . . . § d .
The given differential equation is cosxd—y — ysinx =y’ cos” x
X

Dividing by cos x, we get

d i d
QMY cosxy = P tanx-y=)Pcosx (D)
dx cosx dx
This is Bernoulli’s form.
Dividing by y?, we get
1d 1 d
—S—y—tanx~—z=cosx = 2% anx y? =cosx )
v dx y dx
dy d d 1d
Put )f2 =z —2y’3—y=—z = S _ %

. dx dx 4 dx  2dx
.. the equation (2) becomes

1dz dz
————tanx-z=cosx = —+2tanx-z=-2coSXx
2 dx dx

This is Leibnitz’s linear equation in z.
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Here P =2tanx, Q =-2cosx

.. the general solution is

zejpdx :jQ ejpdxdx+C

Now '[de = thanx dx =2log, secx = log, sec’ x
eJ.de — elogk sec? x — SeCz X
and IQ ejpdxdx = J—2 cosx-sec’ x dx
=-2|cosx- dx
j cos” x

d.
= _I ~ = —2_[ secx dx = —2log, (secx+tan x)
cos X

... the general solution is

zsec’ x = —2log, (sec x + tanx) + C

= y7 -sec’ x = —2log, (sec x + tanx) + C
1 2
= —sec” x = —2log (secx +tanx)+C
y
EXAMPLE 2
dy

Solve 2y cos y* — — sin y* = (x + 1)°.

dc x+1

Solution.

. . . . 4. d 2 .
The given differential equation is 2y cos y* 2 sin Y =(x+1) 1)
dx  x+1
. dy du dy du
Put siny’=u .. cosy’-2y—=-— = 2ycosy’-—=—
4 oy dx dx F ey dx dx
.. the equation (1) becomes
2
du_ 2 u=(x+1y
dx  x+1
D L 2
This is linear equation in u. Here P= B and Q= (x+1)
X+

.. the general solution is

u ejpdx =IQ ejpdxdx-i-C

— 2 = = =
Now Jde = J_ﬁ dx =-2log,(x+1)=log,(x+1)" =log, (x+1)
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1
edex _ elog(x+l)2 _ l
(x+1)°
1
(x+1)°

and jQ eJdedxz'[(x+1)3-

.. the general solution is

2
L1 2:(x+1) e
(x+D 2
1 +1)°
= sin y* - - _ et +C
(x+1) 2
EXAMPLE 3

d
Solve Ey + x sin 2y = x’cos’y.

Solution.

The given differential equation is

Dividing by cos?y, we get

1 d
D
cos” y dx
d
= sec? y 2 4 2tan y-x = x°
dx
du 5 dy
Put u = tan S —=8ec’ y—
7 dx ydx

.. the equation (1) becomes

du
—+2xu=x"
X

dv = [(x+1) dv =

(x+1y
2

= 2siny? =(x+ 1) [(x+1)> +2C]

d .
& 4 ysin2y =’ cos? y
dx

2sinycosy 4
e

cos’ y

This is Leibnitz’s linear equation in #. Here P =2x and Q0 = x’

.. the general solution is

uejpdx =JQ ejpdxdx+C

2
Now JdeZJ-2xdx=2x—=x2 eJPdX =e"
2
and JQ efpdxdx=‘[x3 e dx
1
Put t =x2 sdt=2xdx = Edtzxdx

x? ' 1 1 ' ' e 1 X2
Jx3 e dx:_[te Edt:E[te —1~e]:?(t—l)zze (x* =1

(M
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.. the general solution is

2

; 1 -
ue 256)‘ (x*-H+C

> 1 o 1 2
= tany - e =Ee" x*-D+C = ta11y=5(x2—1)+Ce")c
EXERCISE 10.6
Solve the following equations
dy  _x 3 3 dy
1. —+ =3-y% 2. (x+2y")==y.
dx l—xzy Y ( y)dx Y
3. Q—Zytanxzyztanzx. 4. (l—xz)ﬂ—xyzxzyz.
dx dx
d d
5. x—y+y=y210g£,x. 6. 3x(l—x2)y2—y+(2x2—l)y3=ax3.
dx dx
dy
7. (x+1)d—+l=263 8. (ylog, x—2)ydx—xdy=0.
X
9. (l—xz)ﬂ+xy=y2sin’1x. 10. 3d—y+y=e3xy4.
dx dx
ANSWERS TO EXERCISE 10.6
1 1
1. y2=C1-x*)*=(1-x%) 2. x=Cy+y’
2
3. X¢ x+ltan3x=C 4. l=\/1+)62(C+sin’1x)—)c
y o3 y
5. l=Cx+logx+1 6. ¥’ =ax+cx\l-x’
y
. 11 1,
7. e(x+1)=2x+C 8. —=—log, x+—+Cx
y 2 4
1
9. (1-x)=(C+2cosx)y’ 10. y'3:Ce‘—Ee3"

10.2.6 Type VI Riccati Equation

We shall now consider a special type of first order differential equation known as Riccati equation,
named after the Italian mathematician J.F Riccati who introduced this equation.

Definition 10.8 A first order differential equation of the form % = P(x)y* + Q(x)y + R(x) D)
X

is called a Riccati equation.
If P(x) = 0, then the Riccati equation reduces to the first order linear equation.
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If R(x) = 0, then the Riccati equation reduces to the Bernoulli’s equation.
When R(x) # 0, the equation (1) cannot be solved by elementary methods.
But if we can find a solution u(x) of (1) by inspection or otherwise, then by change of variables

1
= u(x) + —( ) (2)
we can reduce the Riccati equation to a linear equation and hence, it can be solved.
dy d 1 d
Differentiating (2) w.r.to x, we get — g4 2
dx dx z*dx

Substituting in (1), we get

@—LK—P( l) +Q(u+l)+R

dx z" dx z z
:P(u2+2—u+in+Qu+g+R
z oz z
:(Puz+Qu+R)+P(2—M+L2)+g 3)
z oz z
But u is a solution of (1).
ﬂzPu2+Qu+R
X
L Q3)= @—idz @+P 2—u+i2 +2
dx z'dx dx z z z
1 2 1
= _2%_13(_“_'__2)_‘_2
z° dx z z z
= —%%2—[P(2uz+l)+Qz]
z" dx
dz
= —d—zP(2uz+l)+Qz=(2uP+Q)z+P
X
= %-F(ZuP-i-Q)z:—P 4)
dx

which is first order linear equation in z, from which we can find the solution z = G(x), say

. the solution of the Riccati equation is y = u(x)+——

G( )
Working rule

Step 1: Find a particular solution u(x) by inspection or otherwise.

Step 2: Put y = u(x)+%

Step 3: Solve ? +(2Pu+ Q)z = —P and get the solution.
x
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Note Suppose the transformation or change of variable is y = u(x) + z(x), then the Reccati equation
reduces to the Bernoulli’s equation and hence, it can be solved.

For, ﬂ = @ + %
dx dx dx
(1) becomes
@+%= Pu+z)+Qu+z)+R
dx dx
=P’ + 2" +2uz)+Qu+Qz+R
But u is a solution of (1)
du

—=Pu’+Qu+R
dx

d
Pu2+Qu+R+d—Z=Pu2+Pz2+2Puz+Qu+Qz+R
X

= “ =QPu+Q)z+ Pz’
dx

This is Bernoulli’s equation in z.
Since linear equation is easier to solve than Bernoulli’s equation, we shall use the transformation (2)
and the linear equation is (4).

WORKED EXAMPLES

EXAMPLE 1 d
Solve the Riccati equation xay =3y +2y—3.

Solution.
The given equation is

d d > 2y 3
x—y=y2+2y—3 - DL 2y 2 (1)
dx dx x x Xx
S . 1 2 3
which is Riccati equation. Here P=—, O=—, R=——
X X x
Step 1: By inspection, we find y = 1 is a solution sulx)=1 (2)

1 1
Step 2: Put y =u(x)+——=1+—
z(x) z

Step 3: Then we get, % +(2Pu+Q)z=-P
X
dz ( 1 2) 1 dz 4 1
= —+|2—+—|z=—— = —+—z=——
dx X X X dx x x

o . . d. 4 1
This is linear in z and can be written as d—Z+ Pz=0Q, where P=—and(Q=-—
X X X
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.. the general solution is

zej% =JQeJM dx+C

4
Now JP dx=j—dx=4logex
X
edex — e410gex — elogg x4 — x4
X 1 *
jQ eJ.Pd dx = J——x“dx = —Jdex =L
. . x
.. the general solution is
4
at=-"1+C = z:—l—kg4
4 4 x
... the solution of the given equation is
1 1
y=u(x)+—=1+
z
R — + N
4 x*
4t AC—xt+axt_4C +3x*
=]+ = =
4C - x* 4C - x* 4C - x*
where C is an arbitrary constant.
EXAMPLE 2
Solve y' = —e™*y’ + y + e*.
Solution.
The given equation is 5
yi=—ely ty+e )
which is Riccati’s equation. Here P=—e™, =1, R=¢"
Step 1: By inspection, we find that y = e* is a solution of (1)
[-e'=—e e +e +e' =—e" +e" +e' =" which is true]
u(x)=e"
1 1
Step 2: Put y=u(x)+—=¢€"+—
z z
. dz
Step 3: The equation reduces to o +Q2Pu+Q)z=-P
X
d d
= —Z+[2e"(—e_“)+l]z:e”‘ = E_r=e
dx dx

This is linear in z and can be written as
dz e
d—+Pz=Q where P=—-land O =¢"
X
.. the general solution is

Zejpdx =JQ eJM dx+C
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Now Jdez_[—ldxz—x
eJP dx _ eix
jP dx 2 872x
and JQe dx=J'e’x~e’x dx =J.e’xdx=
... the general solution is
-2x -x
et =4 —4C = z=-2 ice
.. the solution of the given equation is
| 1
y=ux)+—=¢€"+
z ——e " +Ce"
2
o1
=e
1 .
- +Ce
2e"
. 2e"
=t
2Ce™ -1
e [-14+2Ce™]+2e"  —e' +2Ce +2e"  2Ce™ +e”
2Ce™ -1 2Ce™ -1 2Ce™ -1
where C is an arbitrary constant.
EXAMPLE 3
Solve y' = x*y* + x7'y — x°.
Solution.
The given equation is
yl=x3y2+x71y_x5 (1)

which is Riccati equation. Here P = x>, Q=x"", R=—x’
Step 1: By inspection, we find y = x is a solution of (1) .. u(x) =x

Step 2: Put y = u(x)+L = x+l
z(x) z

Step 3: The given equation reduces to

%+ QPu+Q)z=-P
dx

d. d.
= —Z+(2x3x+x’1 yz=-x" = —Z+(2x4 +xz=-x
dx X

This is linear in z and can be written as

dz
—+Pz=
dx 2=0
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where P=2x*+x'and Q=-x3

.. solution is

zejpdx =J-ermdx+C

1 5
Now Ide:j(2x4+x'1)dx :J(2x4+—)dx:2x—+logex
x 5
dex Ziw&loggx zi Jog, x 2£
e =e? =e S -e® =xe
Jde 3 2£ 4 Exs
and IQe dx=j—x -xe ° dx =—jx e’ dx
2 2 1
Putt==x’ oodt==5x‘dx = x'dx=—dt
5 5 2
[ pax 1, 1, 1%
e di=—|-e dt=——e =—=¢°
-[Q '[2 2 2
... the general solution is
2 2 5 2
2 1 2 1 2
zxed =—-—e° +C = z=———+£e 5
2 2x x

... the solution of the given equation is

1 C =
-——+—e>
2x X
25 2
2x —x+2Cxe 5 +2x x+2Cxe 3
s Y i 2 =T .
—1+2Ce * 2Ce ° -1 2Ce 5 -1
EXERCISE 10.7
Solve the following Riccati equations
1. xﬂzy2+y—2. 4. Q=2e”‘y2+3y—4e".
dx dx
2. xy'+y" =2y. 5.y +xy=x)?
3. 3/ =2y"-3y+1. 6. y=x"—2x—-1)y+x-1
ANSWERS TO EXERCISE 10.7
3x? 2 e’

Loy=1+ 2. y=2+ 3.y =1+

Yoy YT e YT e e

3 C 1

4. y=e +——" 5. y= 6. y=l+—m—

4 Ce™ —e™ 4 52 Ce™ —[x—1]

2
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10.2.7 Type VIl First Order Exact Differential Equations
A first order ordinary differential equation is of the form ? = f(x,y)
X

In a more symmetric form it can be written as Mdx + Ndy = 0,
where M and N are functions of x and y

Definition 10.9

The first order differential equation Mdx+ Ndy =0 is said to be an exact differential equation if
there exists a function u(x, y) such that du = Mdx + Ndy.

Then the equation is du =0

Integrating, u(x, y) = c is the general solution.

For example: xdy + ydx = 0 is an exact differential equation, since xdy+ ydx =0 = d(xy) =0

Integrating, xy = c is the general solution.

Theorem 10.1 A necessary and sufficient condition that the differential equation

Mdx + Ndy = 0 be exact is B_M = 8_N
dy  Ox

Proof Condition is necessary
If the equation Mdx + Ndy = 0 is exact, then there exists a function u(x, y) such that

du = Mdx + Ndy (1)
But du= a_u dx + a_u dy 2)
ox dy
Mdx + Ndy = a—udx-i-a—udy
ox dy
Since dx and dy are independent increments, we have
M= a_u and N = 8_14
ox dy
oM _ du ON _ du

—= and —=
dy  dyox ox  dxdy

If M and N have continuous partial derivatives, then

du _ du . OM _oN
dydx  Oxdy 9y ox
Condition is sufficient
Assume B_M = B_N 3)
dy  ox

Then we prove that the equation is exact. That is Mdx + Ndy is exact.



Let F = J- M(dx be the partial integral of M dx.

y constant

That is the integral is obtained keeping y as constant.
oF

Then — =M
ox
F_om _oN
dyox Jdy  ox
But IF _IF :i(a_F):_( y= M _ N
oxdy Jyox dy\ox ay T ox
2
= 8_N_8F=0 = iN—a—F=O
dx  Jxdy ox ay
Integrating partially w.r.to x,
oF oF
N———¢(y) = N= ¢(y)+—y
oF oF
Let u(x,y)=| )+ |y =Ja-dy+J¢(y>dy=F+ Jd(y)dy
] E)F d
Then 5= j b(y)dy =-+¢<y) N
)y a
Since u=F +J(b(y)dy
Ju OF ) BNV oF _du
o ar 9 ox
Jdu du
Then Mdx + Ndy = M+ —dy
ox dy
= Mdx + Ndy = du

So, the equation is exact.
Procedure to find the solution of Mdx+ Ndy =0

1. First, check the condition for exactness. i.e., to check aﬂ = E)N

2. Treating y as a constant, integrate M w.r.to x. Let F = Jde.

»y constant

3. Find N—a—F and compute G =J N—a—F dy.
dy dy

4. The general solution is

jdeJrj(N—aa—j)dy

y constant

= F+G=C
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(by (3))

@
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Note Sometimes the general solution is stated as below

J Mdx + j(terms of N not containing x)dy = C (Il) i.e., G = J(terms of N not containing x)dy
y constant
In some cases this formula fails to give the correct solution. So, it is not advisable to use formula II.
Refer worked example 1.
However in the exact equation Mdx + Ndy = 0, if N does not contain constant term, it is found that
(IT) also gives the correct answer.

WORKED EXAMPLES
EXAMPLE 1
in 2
Solve & = ysinZx
y© + cos'x
Solution. d_y _ ysin2x

The given equation is —_—
dx y“+cos’ x

= (y*+cos’ x)dy = ysin2xdx = ysin2xdx —(y’+cos’x)dy =0
This is of the form Mdx + Ndy = 0. Here M = ysin2x and N = —(y* +cos’ x)
o =sin2x and a—N = —2cosx(—sinx) =sin2x
dy ox
M _ov
dy Ox

Hence, the equation is exact.

To find the solution
Treating y as constant, integrate A/ w.r.to x

. cos2x y
F=|Mdx =|ysin2xdx = y| ———— [=—=cos2x
e
oF 1
— =——C0S2x
ady 2
F 1 1 1
and N—a—z -y —cos’ x+—cos2x = —y> —cos’ x+—(2cos’ x —1) = —p* ——
9y 2 2 2

Ao

.. the general solution is

F+G=C

3 3
= —XCOSZX—I:y—+Z:|=C = X(1+cos2x)+y—+C=O.
2 3 2 2 3
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Note Suppose we find the general solution by the formula (IT)
F+ J(terms of N not containing x)dy =

3 3

= —Zcos2x+J—y2dy=C = —Zeos2x-2-=C = Zcos2x++C=0
2 2 3 2 3

We notice that the term % is missing in this solution.

! 1cosZ
= — —_——_—— x’
2 YT

which contains a constant term. Because of this, the formula (II) fails to give the correct answer.

1+ cos2
In the given problem N = —(y” +cos’ x) = _(yz | Lcos2x ) )

EXAMPLE 2
Solve the differential equation (5x* + 3x’y*> — 2xp°)dx + 2x°y — 3x*y* — 5y*)dy = 0.

Solution.
The given equation is

(5x* +3x7y* = 2xp")dx +(2x°y = 3x*y* =5y )dy =0 )
It is of the form Mdx+ Ndy =0
Here M =5x*+3x’y* =2xy° and N =2x’y-3x*)*=5)*

oM ON

_6 6 d —_—= 2, 2
8y x’y —6xy* an m 6x"y —6xy
M _ov
dy  ox

Hence, the equation (1) is exact.

To find the solution
Treating y as constant, integrate M w.r. to x

F= J.de = J(5x4 +3x7y* =2x)° )dx

5 3 2
=5x?+3y2)C?—2y3)C?=)c5+x3y2—xzy3
F
aa—=2x3y—3x2y2
Y
8F 4 3 2.2 4
and N—a——?_xy 3x°y* =5yt —2x’y+3x*y* =-5y
Y

5

G= I(N——)dy J -5 4a’y— 5;} =—y5

- the general solutionis F+G=C = x’+x’y’'-x’y' -y’ =C

= X +yH)-yxP+yH)=C = (X +y)(x* -y )=C
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Note In this problem, N does not contain constant term and so we can find G by (II) is
G= j—5y4 dy =-y".

EXAMPLE 3

Solve the differential equation (y’e™ + 4x*)dx + (2xye” — 3y*)dy =0.

Solution.
The given equation is

(yze"”2 +4x7)dx + (2)cye"yZ -3y")dy =0
It is of the form Mdx+ Ndy =0

Here M = yze"yZ +4x’ and N = 2xye"yZ -3y’

aM 2 2 ,2
— =y’ eV 2xy+e¥ -2y =(2xy’ +2y)e”
dy
N 2 2 2
and %— =2y[xe” ~y2 +e¥ -1]= [ny3 +2yle”
X
E)M BN
ay T

Hence, the equation is exact.
To find the solution, integrate M w. r. to x, treating y as constant.

2
Xy 4
X 2
+4=—=¢" +x*
2 4

F={Mdx=[(ye” +4x)dx =y

oF 2 2 oF 2 >
—=¢Y 2xp=2xpe” and N —— =2xye” -3y’ —2xpe” =-3)°
oy oy

3

G={[n-2E)a 3yldy =32 =)
J( J y = [-3y%dy 7=V
... the general solution is

F+G=C = " +x'-)'=C

EXERCISE 10.8

Solve the following differential equations.

1. (x> =2xp+3yY)dx+ (3> +6xy—x>)dy=0. 2. (x> —4xy—2y")dx+(y* —4dxy—2x")dy = 0.

d
3. (2ysinx+cosx)dx =(xsiny+2cosx 4. ¥ seczyd—y+3x2tany=cosx.
X

+tan y)dy.
5. (e’ +ycosy)dx+(xe’ +xcosxy)dy = 0. 6. (xe¥ +2y)—+ye =0.
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7. (2xy” + ycosx)dx +(3x’y* +sinx)dy = 0. 8. sinxsin’ ydx —(cosxcos ytany
+cosxtan y)dy = 0.
N 5 d

9. (1+ey )dx+(1 —ﬁ)eydy =0. 10. x*sec? y 2 +3x? tan y = cos x.

y dx
d
1. p(x*+)° +az)d—y+x(x2 +y'—a*)=0. 12. (2xy+y—tany)dx+(x’ —x tan’ y

X

+sec’ y)dy = 0.

ANSWERS TO EXERCISE 10.8
1. X’ =3xy+9x*+)y’=C 2. X’ —6x’y—6x°+y'=C
3. xcosy—2ycosx—log,secy=C 4. xX’tany-sinx=C
5. xe¥ +sinxy=C 6. e"+y" =C
7. X’y +ysinx=C 8. sin” ycosx =C
9. x+ye'%:C 10. x’tany—sinx=C
1. x*+y*=2a°x*+2y*(@ +x*)=C 12. x’y +(y —tany)x +tany =C

10.3 INTEGRATING FACTORS

Sometimes the equation Mdx + Ndy = 0 may not be exact, but it can be made exact by multiplying it
by a suitable function pu(x,y). Such a function is called an integrating factor (L.F).

So, m(Mdx + Ndy ) = 0 is an exact differential equation.

Though there are standard techniques of finding the integrating factors of Mdx + Ndy = 0, in some
cases it is possible to find an L.F by inspection, after grouping the terms suitably.

The following list of exact differentials will be useful to recognize an integrating factor.

(1) xdy+ ydx = d(xy) ) ydx—_zxdy = d(ﬁ)
y y
. L 1
This means that ydx —xdy = 0 becomes exact by multiplying by —-.
y

1. . .
So, — is an integrating factor of ydx —xdy =0

Similarly,

xdy—ydx:d(l) @) xdy + ydx
x’ X Xy

(€) = d(log, xy)

. .1
[Integrating factor of xdy + ydx =0 is —]
xy
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INTEGRATING FACTORS

Sometimes the equation Mdx + Ndy = 0 may not be exact, but it can be made exact by multiplying it
by a suitable function p(x,y). Such a function is called an integrating factor (I.F).

So, m(Mdx + Ndy ) = 0 is an exact differential equation.

Though there are standard techniques of finding the integrating factors of Mdx + Ndy = 0, in some
cases it is possible to find an I.F by inspection, after grouping the terms suitably.

The following list of exact differentials will be useful to recognize an integrating factor.

(1) xdy+ ydx = d(x) ) ydx—_zxdy = d(ﬁ)
y

y
. L 1
This means that ydx —xdy = 0 becomes exact by multiplying by —-.
y
1. . .
So, — is an integrating factor of ydx —xdy =0
y

Similarly,

xdy — ydx xdy + ydx
3) %:d(z] ) %ﬁaoge x)

X X

. .1
[Integrating factor of xdy + ydx =0 is —]
xy
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(5) xdx+ ydy = Ld(x* +»?) (6) M = d(tan‘l 1)
2 X' +y y
- - 1
) 2, f) () M2 [logg " ]
xy y X -y 2 xX—y
(o) SIS d(—i]
Xy Xy

>

1
2

Note From this list, it is seen that the simple differential equation ydx—xdy =0 has —,
Xy

1 | . . .
—, — as integrating factors and so the equation can be solved in different ways.

x2+y Xy

Hence, LF is not unique. If p (x, y) is an LF, then k . (x, ) is also an L.F for any non-zero constant k.

WORKED EXAMPLES

EXAMPLE 1
Solve ydx — xdy + 3x2y2e’63 = 0.

Solution.
The given equation is ydx — xdy + 3X2yze"3 Z0
Dividing by y?,

yox—xdy

2

£3x% =0 = d(f)m(ex’):o
y

y
Integrating, we get
jd(fj+jd(e*‘)= 0 = Z+4e"=C = xtye' =Cyp
y y
which is the general solution

EXAMPLE 2
2
dy — ydx
Solve xdx + ydy = M.
x +y

Solution.
The given equation is

2
dx — yd.
xdx + ydy = M = xdx+ydy= azd|:tanl (i)]
X +y y
Integrating, we get

jxdx + jydy = azja’(tan'l i)

¥
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2
X

2
= LY | S|+ = x*+y’=2d’tan™ l+2c
2 2 y y
.. the general solution is

x> +y° =2a" tan™ (£J+ C’, where C'=2C
y

EXAMPLE 3
Solve xcos( )[ydx+xdy] ysm( )[xdy ydx]

Solution.
The given equation is

xcos( )[ydx+xdy] ysm( )[xdy v

Dividing by x%y, we get

x2
R e
xX/) Xy X X
R dey) Ty d(z)
el cosZ *
X

Integrating, we get

gl

xy
= log, xy = —log, cos( )+10g C
= log, xy +log, cos— log, C = log, xycos(z)zlogec = xycos(l)zC
X X

which is the general solution of the given equation.

EXAMPLE 4
1

Solve (xy* — e* )dx — x’pdy = 0.
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Solution.
The given equation is
1
(xy* —e* )dx—x"ydy =0

1

= xydx — x* ydy — e’ dx=0

1
= xy[ ydx — xdy]—e* dx =0

1
= x3yydx—_ZXdy—ex3dx=0

X

1

= —)ﬁ/[M]—e*’s dx=0
X

L

= x3yd(z)+ex3dx=0
x

1 1

= 1 = g
= x* (Z)d(z)+ erdr=0 = (X)d(z) +-—e dx=0 [dividing by x*]

X X X x) x

Integrating, we get

2
)
21 e 5

X 2
<1
Let I=|e’ —dx
Jer =
Puttzl3 dt=—-—dx = —ldtz%dx
X X 3 X
1
I= —lje’dt z—le’ z—le'*3
3 3 3

1 2 1+ i
—(Z) ——e” =¢c = 3y’ -2x" e* =60cx".
which is the general solution of the given equation.

10.3.1 Rules for Finding the Integrating Factor for Non-Exact Differential Equation
Mdx + Ndy = 0

Rule 1. If the equation Mdx + Ndy = 0 is homogeneous,
that is M and N are homogeneous functions in x and y of the same degree, then
an integrating factor if Mx+ Ny #0

Rule 2. If Mdx+ Ndy =0 is of the form f,(x,y)ydx+ f,(x,y)xdy =0,

is
Mx+ Ny

. 1
thatis M = f(x,y)y, N = f,(x, y)x, then v
X

isan LF if Mx— Ny #0
— Ny
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Rule 3. If Mdx+ Ndy = 0 is such that —(aaﬂ - %—) is a function of x, say f{x), then ej % s an LF
y X

Rule 4. If Mdx + Ndy = 0 is such that —(aa—N - %—J is a function of y, say g(»), then eJ %S an LF,
X Y

Rule 5. If the differential equation is of the type
x“y? (mydx +nxdy ) +x“y" (mydx +nxdy)=0,
where a, b, a,, b,, m, n, m , n are constants and mn, —mn # 0, has an LF of the form
x"y* where the constants / and k are given by
a+h+1 b+k+1 a+h+1 b+k+l

b}

m n m

n

1 1

Equivalently, we have
nh—mk = (m—n)+(mb—na) and nh—mk = (m, —n,)+(mb, —na,)

WORKED EXAMPLES

Problems using Rule 1

EXAMPLE 1
Show that the equation (2x — y)dy + (2y + x)dx = 0 can be made exact by the integrating

factor 5 and hence, solve the equation.
x +y
Solution.
Given (2x—y)dx+2y+x)dy=0 (1)
It is of the form Mdx + Ndy = 0.
Here M =2x—-y, N = 2y +x, which are homogeneous functions of the same degree 1.
Now Mx+Ny=2x—y)x+2p+x)y =2x"+2)" —xy+xy=2(x"+1°) %0

1 1
Mx+Ny 2(x>+?)

is an integrating factor.

Hence, — is an integrating factor omitting the constant factor 2, by Rule 1.

X +y )
Multiplying (1) by , it will become exact.
T4y

2 .
1 yd + 2y xzdy=015exact.
x*+y° X +y
2x 2y+
Here M = — and N = zy )(72
x+y X" +y

To find the solution, integrate M w.r. to x, treating y as constant.
e e

1
=log,(x* +y*) -y -—tan™ (i] =log,(x*+y?)—tan™ (i]
y y 3

x+y x+y
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2y+x

In N = ———, there is no term without x and there is no constant term. LG=0
X +y
.. the general solutionis F+G=C = log,(x’+y’)—tan 12 =C.
y

EXAMPLE 2
Solve (y° — 2yx*)dx + (2xy*> — x*)dy = 0.
Solution.
The given equation is

(¥’ —2yx*)dx+(2xy> = x*)dy =0 )
It is of the form Mdx + Ndy = 0, where M = y* —2yx” and N = 2xy” — x” are homogenous functions
of degree 3.
Now Mx+Ny=(y" =2y )x+(2xy° —x7)y

=xp’ =2x°y +2xy° —x’y =3xy’ =3x’y =3xp(y° —x*) 20 (ify-x#0)
1 B |
Mx+Ny 3xp(y* —x%)

is an integrating factor by Rule 1.

Hence, is an integrating factor.

2

(¥ —x

. 1 N
Multiplying (1) by —————, it will be exact.
w(y” —x7)

3 2 203
(y 22yxz)a,x+(2xy2 xz)
xp(y” —x7) p(y —x7)

dy =0 is exact.

2 _ 942 2% — x? 2_ 942 2% — 2
= Y0 ~ xz)dx+x( yz xz)dy=0 = Y 5 x2 dx + y2 x2
w(y —x7) (y"—x7) x(y -x7) oy —x7)
2 2 2 2
. . -2 292 —
For this exact equation M :% and :%
x(y7=x7) y(y°=x%)

To find the solution, integrate M w.r.to x, treating y as constant.

(o’ —2X) (o’ —X) x’
=[x ‘Jx(y x) = x(y* -

=|—dx - dx
x J.yz—x2
1 Ip 2
=|—dx+—|— xzdx
x 27 y"—x

1
= logex+510ge(y2 —-x*)=log, x+log, [y —x*
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YO =)y 1
N = I
yo i -x7)  yi-xt oy
which does not contain a constant term.
So, integrating the terms of N not containing x w.r.to y, we get

But

1
G=[—dy=log,y
y
... the general solution is F+G=C
= log, x+log, /y* —x* +log, y=log, C’
= logxy\y’ —x* =log, ' = xpy'-x" =C’
Problems using Rule 2

EXAMPLE 3
Solve (xy* + y)dx + (x — x*y)dy = 0.

Solution.

The given equation is (xy* + y)dx + (x —x’y)dy =0 (1)
It is of the form Mdx+ Ndy =0

where M=xy’+y=(y+)y=f(x,y)y

and N=x-x"y=(1-x)x= f,(x,y)x

Now Mx—Ny=(y+)y-x—(=x)xy =x*y* +xy—xy+x2y> =2x"y* #0
1 f—
Mx—Ny 2x°y’

is an integrating factor by Rule 2.

Hence, isan L.F

2 2
Xy

2
+ —
24 ydx—i-)C i

L 1 ? .
Multiplying (1) by —, we get a — > zy dy =0 is exact.
X

2.2
y Xy Xy
11 1 1
3 (FERPNEREI P
X yx Xy oy
. . 1 1 1
For this exact equation, M = —+— and N = — ——.
X yx xy. oy

Treating y as constant, integrate M w.r. to x.

F= Jde = j(l+%)dx = Jidx+i]x’2dx

X yx

1 [xl ] 1
=log, x+—|—|=log, x ——

yL-1 xy
But N does not contain a constant term.
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Now integrate w.r.to y the terms in N not containing x.

In N, the term not containing x is —i s G= j—idy =-log, y

.. the general solution is F+G=C

= logi,x—i—logi,yzc = logei—izC
Xy y Xy

EXAMPLE 4

Solve (x’y* + xy + D)ydx + (x*y* — xy + I)xdy = 0.

Solution.
The given equation is

(x*y* +xy+ D) yde+(x*y* —=xy+1)xdy =0

It is of the form Mdx+ Ndy =0
where M=y +xy+D)y=f(x,»)y
and N=(x"y" —xy+Dx=f,(x,y)x

Now  Mx—Ny=(x*y"+xp+D)yx—(x*y* —xy+1xy
=xy[x’y +xy+1-x"p  +xp—1] =xy-2xp =2x"y* 20

1 . 1 .
=—— isan LF and hence, —— is an LF, by Rule 2.
Mx—Ny 2x°y X7y

L I .
Multiplying (1) by ——, it becomes exact.
X

2 27
y

(xzyz-i—xy+1)ydx+(xzy2 —xy+1x

7y 2y dy =0 is an exact equation
1 1 1 1
:>(1+—+ p 2)ydx+(l——+ 5 szdy:O
Xy xy xy x'y
. . 1 1
For this exact equation, M={1+—+——|y
Xy Xy
1 1 1 1
and N:(l——+ - z)xzx__+_2
Xy Xy y xy

Treating y as constant, integrate M w.r.to x

1 1 1 1
o F=|Mdx=||1+—+—— |ydx = y|dx+|—dx+—|xdx
O S (R A Py o
1 x™ 1
=y-x+log, x+———=xy+log, x ——
, y(=D Xy

N does not contain constant term.
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Now integrate w.r. to y the terms of N not containing x

.. .1 1
In N, the terms not containing x is —— s G= j——dy =—log, y
y y
.. the general solutionis F+G =C
1 1
= xy+log, x——=log, y=C = xy+10ge(£]——=C
xy y) Xy

Problems using Rule 3

EXAMPLE 5
Solve (x* + xy*)dx + 2y’dy = 0.

Solution.
The given equation is (x* +xy*)dx+2y’dy =0 )
It is of the form Mdx + Ndy =0, where M =x’+xy"  and N =2y*

oM oN

— =4y’ and —=0

dy 4 ox

oM _ON. 4 M _N_,

dy ox dy Ox

y X y
LF = eJ T eI B2 e [by Rule 3]

Multiplying (1) by ¢*, it becomes exact.
" (x° +xp")dx + e 2y dy = 0 is exact differential equation.
For this exact equation M =" (x* +xy*) and N = ¢* -2)°

Treating y as constant, integrate M w.r.to x

F={Mdx=[e" (" +xp")dx = [ (x> + y*)xdx

Put = x* .'.dt=2xdx:>xdx=%
2 dt 1 4 1 4
F=e" (P +yxde=|e't+y)— == [te'dt+2—[e'dt=[te' ~1-¢']+2¢'

e’ 4 _i 2 4
=S l-D+ = -1

In N, there is no term without x and it does not contain constant term. ..G =0

2

. the general solutionis F+G=C = %(x2—1+y4)=C = (P —l+y)=20=C"
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EXAMPLE 6
Solve (x* + y* + x)dx + xy dy = 0.

Solution.
The given equation is (x* + y* + x)dx + xydy = 0 (D)
It is of the form Mdx + Ndy =0,
where M=x"+y"+x and N=xy
oM oN
—=2 and —=
dy 7 ox 7
oM oN
—_— ¢ JRN—
dy  ox
oM odN
and L oy =
o e XYY
1 (oM ON 1 1
—_ ] = — =— X
N(ay ax) xyy x J@)

1
. ~dx
LF= ejf( = ej)‘ =" = x, by Rule 3.
Multiplying (1) by x, it becomes exact differential equation

x(x* +y* + xX)dx+x*ydy = 0 is exact

For this exact equation M = x(x* + " +x) and N = x’y
Treating y as constant, integrate M w.r.to x.

F='[Ma’x=J‘x(x2 + 3% +x)dx :jx3dx+y2jxdx+Jx2dx

4 2 3 1

X 2 X X 4 2.2 3
=—+y  —4+—=—[3x"+6x"y +4x
4 Y 2 3 12 [ Y ]
In N, there is no term without x and there is no constant term. G=0
... the general solutionis F+G=C
1
= —[Bx*+6x*y* +4x’]=C = 3x*+6x*)y +4x’=12C=C’

Problems using Rule 4

EXAMPLE 7
Solve (ylog, y)dx + (x — log, y)dy = 0.
Solution.

The given equation is
(ylog, y)dx+(x—log, y)dy =0 )
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This is of the form Mdx + Ndy =0

where M =ylog,y and N =x-log,y
M 1
a—:y-—+10gey-1 =1+log, y and aﬂzl
dy y ox
oM JON
_i_
dy  Ox
N oM
and a——a—zl—l—log(,y =—log,y
ox dy
1 (N oM log,y 1
- | == =0
M\ ox 9y vlog,y y
LF is ejg(y)dy, by rule 4.
1 1 logs
Butfg(y)dy=f—;dy=—10gey = log, (;) jg(y)dy=e ’ 75

L 1 . . . .
Multiplying (1) by —, it becomes exact differential equation.
y

1 1 .
—(ylog, y)dx+—(x—log, y)dy = 0 is exact.
Yy Y

1
= logeydx+(£——loge y)dyzO.
Yy
For this exact equation,
1
M =log,y and N =£——logey
yoy
To find the solution, integrate M w.r.to x, treating y as a constant.
F= J.de = flogeydx =log, y-x=xlog, y

In N, there is no constant term and integrate w.r.to y the terms not containing x in N.

- .1
In N, the term not containing x is ——log, y
y

1 1 (log, y)*
G= J——logey dy = —flogey —dy =——7"—
y y 2
1 2
... the general solutionis F+G=C = xlogy — % =C

EXAMPLE 8
Solve (xy® + y)dx + (2x*y* + 2x)dy = 0.

Solution.
The given equation is

()9/3 +y)dx+(2x2y2+2x)dy:() (1)
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This is of the form Mdx + Ndy =0

Here M=xy +y and N =2x"y" +2x
%—Aj=3xy2+1 and %—];]=4xy2+2
%—Ajig—])\; and %—];]—aa—Aj=4xy2+2—3xy2—1=xyz+l
1 M > +1
© LFis & by Rule 4
Now 'fg(y) dy = J-idy =log, y ejg(’v)dy =% =y

Multiplying (1) by y, it becomes an exact differential equation.
Y(xy® + y)dx+ y(2x*y* + 2x)dy = 0 is exact.

= Y (xy* +Ddx + y(2x°y* + 2x)dy = 0
For this exact equation M = y*(xy*> +1) and N = y(2x°y* +2x)
Treating y as constant, integrate M w.r.to x.

F= J'de = jyz(xyz +1)dx = yzjxyzdx+ yzjdx

2 2_4

= y4jxdx+y2x =y -x?+y2x =27 +x°

In N = y(2x’y” +2x), there is no term without x and no constant term. .. G =0
.. the general solutionis F+G =C

x2y4
= +x°=C = xy'+2x’=2C=C’
Problems using Rule 5
EXAMPLE 9
Solve (2x*y — y*)dx + (x* — 2xy*)dy = 0.
Solution.
The given equation is (2x°y — y*)dx +(x* = 2xy*)dy = 0 )

Method1: It is homogeneous equation, use Rule 1 and find the solution.
[Same as example 2 page 10.47]
Method 2: Regrouping the terms, we get

2x7ydx —ydx+x’dy —2xy*dy =0
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= x> (2ydx+xdy)—y* (ydx +2xdy) =0
= x*(2ydx + xdy) + y* (—ydx — 2xdy) = 0
This is of the type

x*y? (mydx + nxdy) + x“ y" (m, ydx +nxdy) =0
So, x"y* is an LF, by rule 5

Here a=2, b=0, m=2, n=1 and a =0, b =2, m =-1, n=-2

2+h+1 O0+k+1

h+3=2k+2 = h-2k=-1 = h=2k-1 (2) [by formula]

2 1

and LHAFL_2%k+l o htl_ k43 2h2=k+3 = 2h-k=1 3)
-1 ) 1 2

(2)x2 2h—4k=-2 4)

Subtracting (4) from (3) -3k=-3 = k=land h=2k-1=2-1=1

.. integrating factor is xy
Multiplying (1) by xy, it becomes exact differential equation.

xp(2x°y — 3 )dx + xp(x* = 2xy* )dy = 0 is exact.
= Q2x*y* —xyHdx+(x'y —2x"y*)dy =0

For this exact equation M =2x’y* —xy*, N = x*y—2x")’

Treating y as constant, integrate M w.r.to x.
F= jde = j(2x3y2 —xpt)dx = 2y2'[x3dx —y4'[xdx

2 4

4 2
x x 1

=2 . ._:_x4 2_x24
VoY g 2[ y vl

In N = x*y—2x")", there is no term without x and there is no constant term. .. G=0
... the general solutionis F+G =C

1
= E(x4y2—x2y4)=C = xy(x’-y")=2C=C,

EXAMPLE 10
Solve (y* + 2x’y)dx + (2x’ — xy)dy = 0.

Solution.
The given equation is (y* +2x° y)dx + (2x° —xy)dy = 0 (1)

= Yidx —xydy +2x° ydx +2x°dy =0 = y(ydx —xdy)+ x> (2ydx +2xdy) = 0
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This is of the form x“y" (mydx + nxdy) + x“ y" (m,y dx + n,xdy) = 0
So, x"y* is an LE, by rule 5.
Here a=0, b=1, m=1, n=-1 and a =2, b,=0, m =2, n,=2

0+ha+1 1+k+1

| " h+l=-k-2 = h+k=-3 [By formula]

2+h+1  O0+k+1
2 2

and h+3=k+1 = h—-k=-2

Adding, 2h=-5 = h:_g and k=—3—h=—3+%=—%

5

1
integrating factoris x 2y ?2

5 1
Multiplying (1) by x 2y 2, it becomes an exact differential equation.

5 1 5 1

xizyiE (¥ +2x%y)dx + xiiyiz (2x® —xp)dy = 0 is exact

5 3 11 1 1 3 1
= x2y?+2-x 2y2)dx+(2x2y2—x 2yz)dy=0

5 3 1 1 1 1 31

For this exact equation, M=x2.y242x 2-y2and N =2x%y 2 —x 2y?

Treating y as constant, integrate M w.r. to x

3 1 1

F=Jde=J‘(x_§y5 +2x 2 -yE)dx

3 5 1 1
= yzjx 2dx+2y2_[x 2dx

3 L ERE R
=y2- 5 +2y2 :—§y2x2+4y2x2
——+1 ——+1
2 2
o1 31
InN =(2x2 -y 2 —x 2-y?), thereis no term without x and there is no constant term. .. G =0

... the general solutionis F+G =C

3 3 1 1 3 3

2 1 1 33
= —§y2x2+4y2x2=C = 12x2y?-2x 2y?=3C=C"’
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EXERCISE 10.9

Solve the following equations

1. (x+2y)dx+(2x+ y)dy =0. 2. y(y*=x)dx+x(y’ +x)dy = 0.

3. (3 +2x*y)dx+(2x° —xy)dy = 0. 4. (x*+y")dx —2xydy = 0.

5. (xy° —e"%)dx—xzydy =0.

6. (XY +x° Y +xy+D)yde+(x’y’ —x’y* —xy+1)xdy =0.

7. Bx*y* +2xy)dx+(2x°y’ —x*)dy = 0. 8. (3xy—2y")dx+(x* —2xy)dy = 0.

9. ydx+(x*—xy—y*)dy=0. 10. (x* = yx))dy+(y* +x7y*)dx = 0.
11. 2xy+e")dx—e'dy=0. 12. xdx+ ydy+4y*(x° +y )dy = 0.

13. (2y—3xy”)dx — xdy = 0 given that is has an integrating factor of the form x" y*.
14. Solve (5x* +12xy —3y*)dx + (3x*> = 2xy)dy = 0 given that x" is an integrating factor.
15. Solve (3xy —2ay” )dx + (x*> = 2ay)dy = 0 given that is has an integrating factor of the form x".

ANSWERS TO EXERCISE 10.9
1 33
. X’ +y +4xy=c 2. 2xy’ —x*=¢’ 3. 6(xy)? —x 2y =c
1 .+ 1y? 1
4. X’ —y* =cx S. —e* ——y—2=c 6. xy———=2logy=c
3 2x Xy
7. X’y +xt=cy 8. X’y—-x*y’=c 9. (x—y)y* =c(x+y)
1 1 i 2 x _ 2 2 4 _
10. —+—+logy—x=¢ 1. x*y+e" =c¢y 12. log(x*+y)+2y" =c¢
Xy
x* 3 5 3.2 4 3 2 2
13. ——x"=c 4. x¥’ =xy"+3x"y=c 15. X’y—ax"y" =c
y

10.4 ORDINARY DIFFERENTIAL EQUATIONS OF THE FIRST ORDER BUT OF DEGREE
HIGHER THAN ONE

We shall now consider differential equations of the first order, but of degree higher than one.

) dy .
For convenience d_y is denoted by p.

X
The general form of the differential equation of the first order and n™ degree is
p'+Pp T +Pp T+ .+ P p+P =0 )
where B, P,,..., P, are given functions of x and y.

In the general form, the equation (1) is not solvable. But there are some special cases which can
be solved.
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The following are the special types of equations:

1. Equations solvable for p 2. Equations solvable for y
3. Equations solvable for x 4. Clairaut’s equation

10.4.1 Type 1 Equations Solvable forp

Suppose the equation
p'+Rp" +Pp" -+ P p+ P, =0 (1)

of n™ degree in p can be resolved into 7 linear factors, then it can be put into the form

(p-a)p-a)--(p-a,)=0 2

where a,, a,, ..., a, are functions of x and y.

Equating the factors of (2) to zero, we get n differential equations each of the first order and first
degree.

The component equation are

p-a,=0, p-a,=0, .. p-a =0
= d_y= 1 d_yz 29022 Q=an
dx dx dx

These equations can be solved by methods discussed earlier.

.. the solutions are ¢, (x, ,¢,) =0, d,(x,¥,¢,),....4,(x,y,¢c,)=0,
where ¢, ¢, ,..., ¢, are arbitrary constants.
All possible solutions will be included in the solution

(b[(xayacl)'¢2(x9yscz)"'¢n(x’y’cn) = O
Since the equation is of first order, it can have only one constant.
So, wetake ¢, =c, =c,...=¢, =¢

.. the general solution is & (x, y,c)-&,(x,y,c)...d,(x,y,c) =0
where c is arbitrary

WORKED EXAMPLES

EXAMPLE 1
Solve p* + 2xp — 3x* = 0.

Solution.
The given equation is p° +2xp-3x" =0 = (p—x)(p+3x)=0
The component equations are p = x and p = —3x
d
Now p=x = Yy S dy =xdx
dx
2 2

= dezfxdx = y:%.g.c = y———c=0
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and p=-3x dl=—3x = dy=-3xdx
dx
x’ x’
= dy=-3|xdx = =3—+4+¢c = +3——c=0
J y j y > y 5

... the general solution is
ol Rk
——-c||y+3—-c|=0
(y 2 N

Solve p* + 2xp® — y*p* —2xy’p =0.

EXAMPLE 2

Solution.
The given equation is

p+2xp’ -y’ p’-2x°p=0
= p[p2+2xp—y2p—2xy2]=0
= plp(p+20)-y (p+20)]=0 = pp+2x0)(p-»")=0

.. the component equations are
p=0, p+2x=0 and p—-3»>=0

Now p=0 :?:0 = y=c = y—-c=0
X
p+2x=0 = p=-2x = Z—y=—2x = dy=-2xdx
X

J.dy=—2J-xdx = y=—2~%+c = y=-x'+¢c = y+x'—-c=0

and p—y* =0 :>Q=y2 = d—);:dx
dx y
v !

insz/=J‘dx = —1=x+c = —-—=x+c = y(x+c)+1=0
- y

.. the general solution is

(r=o)(y+x’ =) {y(x+c)+1=0
EXAMPLE 3
Solve x*p* — 2xyp + 2y* — x> = 0.

Solution.
The given equation is
x’pt=2xyp+(2y° —x*)=0

Treating as a quadratic in p, we get
2xyi\/4x2y2 —4x*(2y° —x%)
p =

2x*
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B 2xyi\/4xzy2 -8x*y” +4x*
2x°
_ 2xy +4xt —4x?y? _ 2xy +2x4/x> -y’ B yE X =y’
2x? 2x? x
dy _yEyx’ =y’

dx X

This is homogeneous equation, since f,(x,y) = y++/x’ — )" and f,(x,y)=x
are homogeneous of the same degree 1

To solve, put y =vx .. ﬂ=v+xﬂ
dx dx
Fafy? — 2yl + 2
V+x@:vx_\/x V°X :vx_x\/I v =vim
dx X X
xﬂ=i 1-v = dv =J_rﬁ [Separating the variables]
dx 1—12 X

Integrating both sides, we get

J dv =ifd—x = sin'v=tlog, x+c = sin'(z)=ilog8x+c
Vi-v? x ' x
sin”' (Z) —log,x—c=0 ‘and sin’' (Z) +log,x—c=0
x x
.. the general solution is
|:sin1 (Z) —log, x— c][sin1 (X)+ log, x —c:| =0
X X
EXERCISE 10.10
Solve the following differential equations
1. p’=5p+6=0. 2. xp* =2yp+x=0.
3.y’ +(x—y)p—-x=0. 4. p—lzﬁ—l.
p vy x
5. xyp* + p(3x* =2y*)—6xy =0. 6. xyp° —(x*+y*)p+xy=0.
2 2
7. X’p*+3xp+2y° =0. 8. p’ +(x+y—21)p+xy+y—2—y—y—: 0.
X X X

9. p°—ple"+e)+1=0. 10. 2p° —(x+2y*)p+xy° = 0.
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ANSWERS TO EXERCISE 10.10

I. (y=3x—-c)(y—2x-¢)=0 2. (Y =X =) (y+y —x* —ex’)=0

3. (y—x—0)(*+x°—¢)=0 4. (xp—o) (x> =y —c)=0

5. (y—ex’ )3 +3x° =) =0 6. (y—cx)(y =x*=¢)=0

7. (xy—c)x’ —¢)=0 8. (ye' —ex)(y+x> —cx)=0
9. (y—e' —c)(y+e —c)=0 10. (4y—x> =)y +cy+1)=0

10.4.2 Type 2 Equations Solvable fory
Let the first order differential equation f(x,y,p)=0

d
where p = d—y, be solvable for y and let y=F(x,p) (1)
X
Differentiating w.r. to x, we get
F OF F F
d_y=8_+_a_.d'p '.'dy:a—dx+a—dp
dx dx dp dx dx dp
JF OF dp
= p=—+———
dx  dp dx
d
= p=¢(x,p,—”) )
dx
This is a first order equation in p and solving it, we obtain the solution
Y(x,p,c)=0 3)

Eliminating p using (1) and (3), we get the relation between x, y and ¢, which is the general solution
of (1).

Note

(1) Sometimes the elimination of p using (1) and (3) may be tedious or impossible.

(2) In such cases we may rewrite the solution as parametric equations x = x(p,c) and y = y(p,c),
treating p as parameter.

(3) When p is eliminated, the solution may result in a relation between the variables without any
arbitrary constant.

This solution is called the singular solution.

Remark: If the given equation is a quadratic in p, the discriminant = 0 is called the p-discriminant
relation.

If the general solution & (x, y, ¢) = 0 is a quadratic in ¢, its discriminant = 0 is called the
c-discriminant relation and it gives the singular solution. When p-discriminant and c¢-discriminant are
given, their common factor = 0 is the singular solution.

The discriminant is taken as B2— 4AC = 0.
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Type 2 Equations Solvable fory
Let the first order differential equation f(x,y,p)=0

d
where p = d—y, be solvable for y and let y=F(x,p) (1)
X
Differentiating w.r. to x, we get
F OF F F
d_y=8_+_a_.d'p '.'dy:a—dx+a—dp
dx dx dp dx ox dp
JF OF dp
= p=—+———
dx  dp dx
d
= p=¢(x,p,—”) @
dx
This is a first order equation in p and solving it, we obtain the solution
Y(x,p,c)=0 3)

Eliminating p using (1) and (3), we get the relation between x, y and ¢, which is the general solution
of (1).

Note

(1) Sometimes the elimination of p using (1) and (3) may be tedious or impossible.

(2) In such cases we may rewrite the solution as parametric equations x = x(p,c) and y = y(p,c),
treating p as parameter.

(3) When p is eliminated, the solution may result in a relation between the variables without any
arbitrary constant.

This solution is called the singular solution.

Remark: If the given equation is a quadratic in p, the discriminant = 0 is called the p-discriminant
relation.

If the general solution & (x, y, ¢) = 0 is a quadratic in ¢, its discriminant = 0 is called the
c-discriminant relation and it gives the singular solution. When p-discriminant and c¢-discriminant are
given, their common factor = 0 is the singular solution.

The discriminant is taken as B2— 4AC = 0.
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WORKED EXAMPLES

EXAMPLE 1
Solve xp’ —2yp + x = 0.

Solution.
The given equation is

xp’ =2yp+x=0
Solving for y, we get

x(1+ p*
y= a+p°)

Zyp:x+xp2 = 5
p

Differentiate w.r. to x, we get

dp 2 :I 2, dp
2p=—+(1+pH) 1| =x(1+ p*) ==
Qzlp[x p (4 p) Li=alt p)

dx 2 P
{2p2xdp+p<1+p2>—x(1+p2>d"}
1 dx dx
= p=— >
2 P
= 2p3=2p2x@+p(l+p2)—xd—p—xp2d—p
dx dx dx
= 2 = Ly pi+ ) - x L
dx dx
d
= 2p° - p(+ p) = x L (p? 1)
dx
d
= P -p=xL(p -1
dx
d
= (P~ =xL.(p* -1
dx
d
= p(p-D-(p -DxL=0
dx

= (p—xd—p)(p2—1)20 = p—x@=O or p’—1=0
dx dx

(M
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Case 1
Takep—xd—p=0.
dx
= xd_p=p = @=@ '[d—p:jﬂ = log, p=1log, x+log, c
dx p X p X '
= log p=log,cx = p=cx 2)

Substituting for p in (1), we get
x-’x*=2yex+x=0 = IxP-2cp+1=0 = 2cy=c’x"+1

which is the general solution.
Case 2

Let p’~1=0 = p=+=I

Substituting in (1), we get

x(*1)’ =2y(x)+x=0 = x*+2y+x=0 = 2xt2y=0
xxy=0 = x+ypy=0o x—y=0

which are the singular solutions, since they do not contain any arbitrary constants.
Aliter: The general solution is x*c*> — 2yc + 1 = 0.

Here A=x?, B=-2y, C=1

c-discriminant is B2—4AC=0 =4)—-4x>-1=0

= y-x*=0 = @-x)@+x)=0

= x—y=0o0orx+y=0
are the singular solutions.

EXAMPLE 2
Solve y + px = x*p’.

Solution.
The given equation is

y+px=x4p2 = y=—px+x4p2

.. differentiating w.r. to x, we get

dy ( dp) an dp 5 5
— =—| p-l+x—|+x*2p—+p’-4x
dx P dx pdx p
d
= p=-p+Q2x'p —JC)d—p+4pzx3
X

= 2p—4p2x3=x(2px3—l)d—p
dx
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= 2p(1-2px*) = x(2px* ~) D
dx
3 3 dp
= 2p(1-2px°)—x2px°-1)—=0
dx
= (2Px3—1)[2p+xd—p]=0 = 2pr 120 or 2p+ % =
dx dx
Case (i)
Let 2p+xd—p=0 = xd—p=—2p = d_pz_zﬂ
dx dx p X

J‘d—p=—2_l.@ = log, p=-2log, x+logc = log, p=logcx” = p=cx”
P x

Substituting for p in (1), we get

y-i—cx'z-xzx“czx_4 = y+cx'l=c2 = y+£=c2
x
which is the general solution
Case (ii)
1
Let 2px’ —1=0 = 2px’ =1 = P=—"7
2x
Substituting for p in (1), we get
+ ! o1 = + !
— X=X — — =
7 2x° 4x° 4 2x7 4x?

Multiplying by 4x°, we get
4x2y+2=1 = 4x2y+l=0,
which is the singular solution, since it does not contain any arbitrary constant.

Aliter: General solutionis  y+<=¢? = xc?—c—xy=0
x
HereA=x, B=-1, C=—-xy

L B2—4AC=0 = 1—-4x(—xy)=0 = 1 +4x% =0 is the singular solution.

EXAMPLE 3
Solve y*=1 + p.

Solution.
The given equationis > =1+p* = y=11+p’ M
Take y=4l+p’ @)

This is solvable for y.
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Differentiating w.r.to x, we get

d 1 d d 1 4
LA Y AN . SN @2 _1l=z0
dx 21+ p? dx 1+ p* dx 1+ p? dx
= p=0 or ! @—1:0 ! @z
1+ p? dx 1+ p? dx

d
Case (i) Take P _ i

1+ P
= J dp =jdx = loge(p+\/1+p2)=x+c

1+ p

x =log, (p+\ll+p2)—c and y=4/1+p°

which give the solutions.

Case (ii) If p = 0, then y* =1 is the singular solution.
Similarly, taking y = —/1+ p*, we can find the solution, x = —log (P+ J1+p? )+c’, y=—yl+p’

10.4.3 Type 3 Equations Solvable for x

Let the first order differential equation f{x, y, p) = 0 be solvable for x and let x = F( y, p) (1)
Differentiating w.r.to y, we get

& _OF OF Y _ 1_OF Fdp

1
& _ o 1
dy dy dp dy p dy Opdy

This is of the form d)(y, D g—pJ =0 )
Y

It is a first order differential equation in p.
Let the solution be ¥(y, p,c) =0 3)

Eliminating p using (1) and (3), we get the general solution.

Note

(1) Sometimes the elimination of p using (1) and (3) may be tedious or impossible.

In such cases we write the solution as parametric equation x = x(p, ¢), y = y(p, c), treating p as the
parameter.

(2) When p is eliminated the solution may result in a relation between the variables x and y without
any arbitrary constant.

This solution is called singular solution.
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WORKED EXAMPLES
EXAMPLE 1
Solve p?y + 2px = y.
Solution
The given equation is p?y +2px=y (D
. 1—p?
Solving for x, we get 2px=y—-py = xzu, p#0
Differentiating w.r.to y, we get 2p
d, d,
) p|-2p- L |-1-pHL
a_ti-pt U @
dy 2 p P’
1 1 d
= —==_2_ yz (2p2+l—p2)—p
p 2p 2 2 dy
1 1 d
___+£:_ yz( 2)_p
p 2p 2 2 dy
1+ p*
= TP y2(1+p2)d_p = ]:_Zd_p = d_y=_d_p
2p 2p dy pdy y o oor

jd—y=—jd—p = log, y=-log, pt+log,c = log€y=loge£ =3 y=£ (2)
y P p P
Substituting for p in (1) we get
2 2

2

c_z.y+2.£x=y = C_2+ﬂ=y = y2 =c*+2cx

y y y
which is the general solution of (1)
EXAMPLE 2
Solve y*log, y = xyp + p’.
Solution.
The given equation is y* log, y = xyp + p’ (D

Solving for x, we get
xyp=y’log, y-p’
Lo Ylogy p*_ ylogy p
w o w p Y

1 d d
p|y—+log,y —ylogeyl v pa
d_ Ty dv _

dy r’ y’

=

Differentiating w.r.to y, we get
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Ip
lo -

1 pl+log,y) 2% a4y 1dp p
= - = 2 - 2 __d_+_2

p p p yday 'y

1

- 1:l+110g8y_(w+1)@+%

p pp P y)dy

21 + p?
= (—y il ]d—p=llogey+£z
Py dy p y
(y’log, y+p’)dp (y'log, y+p°)
= 5 == 4
py dy Py

d
= (P log, y+ p) L =L ()2 log, y+ p*)

dy y

d
=>d—p(yzloggy+p2)—£(y210gey+p2)=0
Y y
4, d
= (yzloggy+p2)(—p—£)=0 = ylog y+p’=0 or L_L_y
dy 'y dy y
Case (i) Letd—p=£ = d_p=d_y
dy y p Yy

d d
J—p = J—y = log, p=1log, y+log, c =log,cy
p y
N p=cy )
Substituting for p in (1), we get

ylog,y=xy-cy+c’y’ = log,y =cx+c’

which is the general solution of (1)

Case (ii) Let y’log, y+p> =0 = p’=-y'log,y 3)
Substituting in (1), we get
2yl
ylog, y=xyp-y’log,y = xyp=2y"log,y = p=%
. 4y 4y .
Squaring, P’ = J; (logy) = —y’logy= ;; (log y)’ [using (3)]
X
4 2
= ~1=—log, y = X +4log, y=0 [y log, y # 0]
X

which is the singular solution, since it does not contain the arbitrary constant.
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Aliter: To find the singular solution
c+cex—logy=0
Here A=1,B=x, Czlogsy
B’-4AC=0 = x’-4(-logy)=0 = x’+4logy=0

which is the singular solution.

EXERCISE 10.11

Solve the following equations

1. y=3x+log, p. 2. 4y=x"+p’. 3. xp° +2px—y=0.
4. y=(+px+p” 5. x=p+p. 6. y=2px+y’p’.
7. x=tan"' p+ pz' 8. 3px—y+6p°y° =0.

I+p

ANSWERS TO EXERCISE 10.11
72 _

1. y=3x+log, 3 2. y:x P and 10geC(sz): z

1—ce™ 4 X p—x

3. (y—c)® = 4cx is the general solution and x + y = 0 is the singular solution.
2 5

4. x=2(1-p)+ce”, y=2—p*+(1+ p)ce”’ 5. )/2‘1)74-41)?—#c,x=p+p4

6. y* =2cx+c’ is the general solution and 27y* +32x* = 0 is the singular solution.
+1- +1-—
7. x- | cx(c_y) =tan" L5 8. 3’ =3c(x+2c)
\ c—» \ c-»

10.4.4 Type 4 Clairaut’s Equation

The first order differential equation y = px + f{p) is known as Clairaut’s equation, where f'is known
function.

The General and the singular solutions of Clairaut’s equation

The clairaut’s equation is y=px+flp) 1)
Differentiating w.r.to x,
dy dp . ., \dp
—=p+x—+ -
o PPy

d
= p=p+{x+ D}
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= {x+f'(p)}d—p=0 = d_p=0 or x+f'(p)=0
dx dx
Case (i) Let d_p =0 => p=c

dx

..substituting in (1), we get yv=cx+ f(c)
which is the general solution of (1).

Case (ii) Let x+f(p)=0 )
Eliminating p using (1) and (2), we get a solution without any arbitrary constant and which cannot
be obtained from the general solution. Hence, it is the singular solution of the differential equation.

Note (1) The singular solution is the envelope of the family of straight lines y = cx + f(c) given by
the general solution.
(2) To find the general solution replace p by c in the given clairaut’s equation.

Extended form of Clairaut’s Equation
The extended form of Clairaut’s equation is

y=xg(p)+f(p) 3)
It is also known as Lagrange’s equation of first order.
Differentiating w.r.to x, it will reduce to a linear equation in p and its solution is
F(x,p,c)=0 “4)
Eliminating p using (3) and (4), we get the general solution.

WORKED EXAMPLES

EXAMPLE 1
Find the general and singular solutions of y = (x — a)p — p*.

Solution.
The given equation is

y=@-ap-p. (D
It is Clairaut’s form. Replacing p by c, the general solution is

y=(x—a)x-c = A-(x—-a)c+y=0 )

To find the singular solution
The singular solution is the envelope of (2)

Since (2) is a quadratic in ¢ the envelope is B2—=4 AC =0
HereA=1,B=—(x—-a),C=y

R x—ay-49=0 = 4dy=(x-a)
which is the singular solution.
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EXAMPLE 2
Solve y = 2px + y*p°.
Solution.
The given equation is
y=2px+yp’ (1)
It is not Clairaut’s form, but it can be reduced to Clairaut’s form.
Multiplying (1) by y, we get

Y =2pxy+yp 2
dy dY dy 1dy 1 dy
Puty’=7Y, then 2y —=— = 2yp=—" = =——=—P, whereP= —
7 ydx dx P dx P 2dx 2 dx

. (2) becomes
3 3
Y=xP+(lP) = Y=xP+P—
2 8

This is in Clairaut’s form
3 3
Replacing P by c, the general solution is ¥ = cx + % = yl=cx+ ry 3)
To find the singular solution
The singular solution is the envelope of (3)
Differentiating (3) partially w.r.to c,

O=)c+§c2 = c2=—8—x 4)
3 3
Substituting in (3)
) ( 8x) cx 2 3y°
y =ex+—c| —— xXx—-—=—cx = c=—"
3 2x
3y? ’ 8x ! 8x
. (4) becomes (—) =—— = 9—=-— = 27y'=-32x
2x 3 4x 3
= 27y* +32x’ = 0 which is the singular solution.
EXAMPLE 3
Solve y = 2px + yp*.
Solution.
The given system is y = 2px + yp? (1)
It is not Clairaut’s form. It can be reduced to clairaut’s form.
Put X=2x and Y=)? s dX=2dx and dY=2ydy
ay 2y dy _ dy dY _dy

—= — = P=yp, where P =—, =
X 2 dx " dx P ax’ P
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Multiplying (1) by y, we get
yi=2pxy+y'pt =y =2(p)+Op) = Y=XP+P?
which is Clairaut’s form in P
-. the general solutionis ¥ = Xc+¢® = > =2cx+c’ (2)

To find the singular solution

The singular solution is the envelope (2)

Differentiating (2) partially w.r.to ¢, we get 0 = 2x+2¢ = c=—x
Substituting in (2) we get YV==2x"+x"=-x" = x*+)y°=0
which is the singular solution.

EXAMPLE 4
Find the general and singular solution of x*(y — px) = yp’.

Solution.
The given equation is x*(y — px) = yp’ (1)
It is not Clairaut’s form
But it can be reduced to Clairaut’s form
Put X=X and y*=Y s 2xdv=dX and 2ydy=dY
dY 2y dy ydy
dX  2x dx x dx

dy d
= Pzzp = pziP,wherePz— and p:_y
X y ax dx
2 2 2 2
-x°P) x
.. equation (1) becomes X y—x-iP):yx—sz = Xu:—P2
y y y y
= XY-XP)=XP* = Y-XP=P" = Y=XP+P’
This is Clairaut’s form in P
.. the general solutionis Y =cX+c¢® = ' =cx’+c ()

To find the singular solution

The singular solution is the envelope of (2)
2

Differentiating (2) partially w.rtoc, 0=x"+2¢c = c= X

oo , X, xz)z_ xoxt X 2, 4
Substituting in (2), we get y° = 5 x +( ) =3 + YR = 4y +x" =0
This is the singular solution.

Aliter:

2)is P+ cex*—y*=0.

It is quadratic inc. Here A=1,B=x%, C=—)?

.. the envelope of (2) is B*-44C=0 = x*-41-9»)=0 = x*+47?=0
This is the singular solution.
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Ordinary Second and Higher
Order Differential Equations

11.0 INTRODUCTION

An important class of differential equations is the class of linear differential equation of the second
and higher order with constant coefficients. Such differential equations arise in modelling physical
and engineering problems such as the theory of electric circuits, mechanical vibrations, biological
problems etc. The techniques used for second order linear differential equations can also be extended
to higher order linear differential equations with constant coefficients.

Some standard form of linear differential equations with variable coefficients can be reduced to
linear differential equations with constant coefficients and hence solved by using the methods of
second and higher order linear differential equations with constant coefficients.

11.1 LINEAR DIFFERENTIAL EQUATION WITH CONSTANT COEFFICIENTS

The general form of the n order linear ordinary differential equation with constant coefficients is

dny dnfly drka dy
a +a +a +ota _ —+ay=0(x 1
0 dx" 1 dxnfl 2 dxn—z n—-1 dx WY Q( ) ( )

where a,a,a,...a, _,a areconstants witha, #0
If O(x) = 0, then the equation (1) becomes

n dnfl d

a +a = 0 (2)
et dx! Y

4q n-1 4

dx
which is called the homogeneous equation corresponding to (1).

The general solution of (2) is called the complementary function of (1) and is denoted by y . The
general solution of (2) contains # arbitrary constants. Particular solution is a solution which does not
contain any arbitrary constants.

If y, is a particular solution of (1), then the general solution of (1) is

y=y,+Y,

Note The general solution of an ordinary linear differential equation is also known as complete
solution.

11.1.1 Complementary Function

d &

dVl
We denote D = —, D> =—

dx"

n

[N

d3
dx dx?’ _dx_3’ .

Then equation (1) can be written as

(a,D"+aD" "' +-+a_D+a )y =0(x) N
o 1 n-1 n
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To find the complementary function, we solve
(D" +a D" +---+a, D+a,)y =0 4
Replacing D by m in (4), we get the equation
am" +am"" +--+a,_m+a, =0 %)

This equation (5) is called the auxiliary equation of (4).
Letm,, m,, ..., m be the roots of (5).

Case (i): If the roots m, m,, ..., m_are real and different, then the
CFisy, =Ce" +Cye™ +---+C e""
Case (ii): If some of the roots are real and equal, say
m=m,=m;=--=m=m, r<n
and others are different, then the
CFisy, =(C,+Cx+Cx* +--+Cx" )™ +C, """ +---+C,e™"

r+l1
In particular, if 2 roots are equal, i.e., if 7 = 2, then the
CFisy, =(C, +Cyx)e™ +C,e™" +---+C e™"

Case (iii): If two roots are complex, say m, = o + i and m, = o — i} and the others are real and
different, then the

CFisy, =e*[C cosPx +C,sinPx]+C,e™ +---+C ™"
Case (iv): Ifm =m,=a+if and m,=m, =« —if and the other roots are real and different, then the

CFisy, =e*[(C,+C,x)cosBx +(C, +C,x)sinBx]+Ce"" +---+C e™"

11.1.2 Particular Integral

Equation (3) can be written as

AD)y = O(x), where f(D) = a,D" +a D" +--+a,_ D +a,
PI= LQ(x)
S D)
Depending upon the nature of the function Q(x), we have different methods of finding the particular

integral.
We shall consider here rules for finding the particular integral, when Q(x) is of the form e*, sin ax,
cos ax, x" and e* g(x), where g(x) is x", sin ax, cos ax, x" sin ax and x™ cos ax.

TYPE 1: Q(x) = &=

1
P.I “

=—e
f(D)
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ax

(1) If fla) # 0, then P.I = —— [replace D by a]
f(a)
(2) If fla) = 0, then f{ID) = (D — a)" g(D), where g(a) # 0
1 « 1 1 @ 1 x"e”

PI= - e’ = : —e" = :
(D—-a) g(D) g(a) (D-a) gla) r!
In particular, if r=1, 2, 3, ...

1 ax x ax ax 1 ax x2 ax xzeax
e =— =xe", —e" =—e" =
D-a I (D-a) 2! 2
1 3 3 ax
—(D s e = %e‘”‘ =28 e
WORKED EXAMPLES

EXAMPLE 1
Solve the differential equation (D> — 4D + 3)y = 0.

Solution.
The given equation is (D*-4D+3)y=0
Auxiliary equation is m—-4m+3=0 = m-1)m-3)=0 = m=1,3

The roots are real and different.
. the solution is y = C\e* + C,e™.

EXAMPLE 2
Solve the differential equation (4D*> — 4D + 1) y = 0.

Solution.
The given equation is 4D*—-4D+1)y=0

. L 11
Auxiliary equation is dm*—4dm+1=0 = (Cm-1?*=0 => m=—,—
The roots are real and equal, 22
.. the solution is v =(C, +C2)c)eE
EXAMPLE 3

Solve the differential equation (D?> — 2D + 2) y = 0.

Solution.
The given equation is (D*-2D+2)y=0
Auxiliary equation is m*=2m+2=0
2++4-8 2%i2
= m= 2 = 2 =1%i

The roots are complex numbers witha =1, 3 =1
.. the solution is y = ¢* [C, cos x + C, sin x]



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

EXAMPLE 4
d? d

Solve J; +62 45y =e.
dx dx

Solution.

The given equation is

(D*+6D+5)y=¢>

To find the complementary function, solve ~ (D*+ 6D+ 5)y=0
Auxiliary equation is m+6m+5=0
= m+5m+1)=0 = m=-5or-1.

The roots are real and different.
CF= Cle’Sx +Ce™

1 2x 2x 2x

and P.Izz—ezx :26— -_¢ ¢ [ f(a)#0, here a=2]
D" +6D+5 2°+6-2+5 4+12+5 21
the general solution is y=CF+PI
er
= y=Ce > +C,e ™ +
1 2 21
EXAMPLE 5
d’ d
Solve ‘}; +4 4 S5y =—2coshx.
X dx
Solution.

The given equation is

(D*+ 4D + 5)y = 2 coshxz—z[e' ’;e ]:—[ex +e™]

To find the complementary function, solve (D*>+ 4D + 5)y =0
Auxiliary equation is m* +4m+5=0

L AEV16-20 444 42

2 2 2

= =24

The roots are complex numbers with @ =—-2 and 3 = 1.

CF=e?[C, cosx+ C,sinx]

1
Pl=— [ +e™
D2+4D+5[ (€ te )]
1 .
= (=€)

—e)=P.I +P.I
D*+4D +5 (=) ' 2

. 1
(D*+4D +5)
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1 X X
Pl=——— ()= =
D" +4D+5 1+4+5 10
1 ] e e
PL=—— (¢ ")=- =-
? D2+4D+5( ) 1-4+5 2
PI=PI +PI, =-% _&
10 2
the general solution is y = C.F + PI
et e
= =e *[C cosx+C,sinx|-——
4 < ? | 10 2

EXAMPLE 6
Solve (D? — 12D + 16)y = (e* + e )%

Solution.
The given equation is

(D* - 12D + 16)y = (e* + e )

= (DP- 12D+ 16)y=e"+2e~+e*
To find the complementary function, solve (D’ — 12D+ 16)y =0
Auxi!iary equa.tion ism*—12m+16=0 201 0 —-12 16
By trial m = 2 is a root. 0 2 4 _16
the other roots are given by m?+2m—8=10 T2 8 |2
= m+4)(m—-2)=0 = m=—4m=2
the roots are m =2, 2, —4 and two roots are equal.
CF=Ce™ +(C,+Cyx)e™
SR B
D’ -12D +16
1 2x
=
(D+4)(D-2)
v f@)=f(+2)=0,
:l 1 Zezx _ ﬁeZX =xzezx { )
6 (D-2) 6 2! 12 we use e =1 ¢
(D —ay 2!
1 —-X 2 —-X 2 —-X
Pl=—F—F"——2¢"=2 3 ¢ = ¢ =2
D’ —-12D +16 (=)’ =12(-)+16 —-1+12+16 27
1 .
Pl,=————¢™

7 e
D -12D +16
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[Heref(a) =f(-4=0,

— 1 e—4x — 1 xe—4x — ie—étx 1
(D-2)*(D+4) (-4-2) 36 weuseD_ae =xe :|
the general solution is y = C.F + PI, +PIL, + PI,
= y=Ce™ +(C,+Cx)e™ +£ez" +ie”‘ + e
: 20 12 27 36
TYPE 2: Q(x) = sin ax or cos ax, where a is a constant
| B .
I=——sinax = > sin ax
/(D) f(D7) [rewriting in terms of D*]
= a;c iff(-a’) # 0 i.e., replacing D* by —a’
f(=a’)
) 1 . 1 .
If f(-a”)=0,then P.I= - sinax =x ————sinax
S (D7) J(D7)

where f’(D?) is the derivative of f(D?) w. 1. to D

X sin ax
and PI=— if f/(=a’)#0
f(=a*)
. , 1 . x? sin ax
If f'(—a”)=0, then PI=x"———-sinax = ———— and so on.
JUD") (=a)
Similarly, we get for cos ax replacing sin ax
In particular, ———sinax = iJ‘sinax dy = - L H
D" +a 2 2a
1 X X sinax
and ———cosax == | cosax dx = ,if f(—=a*)=0
I e

Aliter If O(x) = sin ax or cos ax

1

PI= ; sinax = L.P of

e'™ [L.P = Imaginary Part]
/(D) S (D)
1 1 .
and PI= cosax = R.P of ——¢'* [R.P = Real Part]
f(D) f(D)

Now apply Type 1 procedure.
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WORKED EXAMPLES

EXAMPLE 7
Solve (D? — 4D + 3)y = sin 3x cos 2x.

Solution.
The given equation is
(D* — 4D + 3)y = sin 3x cos 2x

1 1 1
= (D*—-4D +3)y =5[sin5x+sinx]=5sin5x +Esinx
To find the complementary function, solve (D*—4D +3)y=0
Auxiliary equation is m*—4m+3=0
= m-1)(m-3)=0 = m=1or3

The roots are real and different.
CF=Ce +Ce*

1 1
Pl =— —5———sin5x
2 (D*—4D+3)

1 1

=———  sin5x replacing D? by —5*
2(-5"-4D+3) [replacing vl

1
_— sin S5x
42D +11)

2D -11

- 4(4D* ~121) sin 5x [Multiplying Nr and Dr by 2D —11]

(2D -11)sin5x _ (2cos5x-5—11sin5x) 10 cos 5x —11sin 5x

- 4[4(_52)_121] 4[-100-121] 884

T

.
L]

I

2—5inx
(D* —4D +3)

sinx

Bl = = =

(-1’ 4D +3)

_1+2D [Multiplying Dr and Nr by 1+ 2D]
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_ (1+2D)sinx _ (sinx +2cosx) _sinx +2cosx

41— 4(-1%)] 4(1+4) 20

PI=PI +Pl, = (10 cos 5x —11sin 5x) N (sinx +2cosx)
884 20

the general solution is y = C.F + P

(10 cos 5x —11sin 5x) N (sinx +2cosx)
884 20

_ x 3x
= y=Ce" +C,e™ +

EXAMPLE 8
Solve (D? + 1)y = sin? x.

Solution.
The given equation is

(D*+ )y =sin*x

_l—cos2x _l_cos 2x

= D> +1l)y =
( » 2 2 2
To find the complementary function, solve  (D*+ 1)y =0
Auxiliary equation is m+1=0 = m’=-1 = m==i

The roots are complex numbers with ¢ =0 and 3 = 1
CF=¢e"(C,cosx+C,sinx)=C cosx+C,sinx

11 1 ox 1 1
Pli=—— == > e’ = =—
D +1.2 2(D"+1) 2(0+1) 2
I 1 1 2 2
PI,=———cos2x = —- Coj ¥ - S5
2 D™ +1 2 (-2°+)) 6
P.Izl— _ cos2x :l+cos2x
2 6 2 6
the general solution is y = C.F + PI
1 2
= y=C1cosx+Czsinx+E+cos6 al

EXAMPLE 9
Solve (D* — 3D + 2)y = 2 cos 2x + 3) + 2¢*.

Solution.
The given equation is

(D> =3D +2)y =2 cos (2x + 3) + 2¢*

To find the complementary function, solve (D*-3D+2)y=0
Auxiliary equation is m*—3m+2=0
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= m-2)y(m-1)=0 = m=2,1
The roots are real and different.
W CF=Ce+Ce™

1
Pl=——————(2cos (2x +3)+2¢"
D7 —3paC BRI

1 1
=——2cos(2x+3)+———
( ) D* -3

- 2¢* =PI, +PlI,
D*-3D+2 -3D+2

1
———————cos(2x +3) = 2—————cos(2x +3)
—22-3D+2 (-2-3D)

3D-2
cos(2x +3) = —2( 2 )
3D+2 9D* -4

> (3D cos(2x +3)—2cos(2x +3))
9(-2%)-4
[-3sin (2x +3)-2—2cos(2x +3)]
-36-4

1
P.I, = —————2cos(2x +3)=2-
D?-3D+2

=2 COS(2)C + 3) [Replace D? by —22]

=2

= %[—6 sin (2x +3)—2cos(2x +3)]

=— % [3sin (2x +3) +cos(2x +3)]

PlL=— b =1 o
D*-3D+2 (D-1)(D~2) L F@=0]
1
EPNNR TN R g [ e :xeax:l
(1-2) (D-1) D-a

~ PI=PI +PlI, = ——110—[3 sin (2x +3)+ cos(2x +3)]—2xe”

the general solutionis y=C.F +PI

1.
= y=Ce" +C,e™ —5[3 sin(2x +3) +cos(2x +3)] - 2xe”

TYPE 3: Q(x) = x™, where m is a positive integer
1

Pl=——x

/(D)

Take out the lowest degree term of D in f{D) and write the other terms as 1 + g(D) or 1 — g(D)

m

1 1
Pl=———x" =—(%g(D))"'x"
Dizgy’ D e
Since D"x™ = constant and D" *! x" = 0, expand [1 + g(D)]™" upto D™, using binomial series expansion.
To find the particular integral, we use the binominal series expansions of
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A+x)'=1-x+x>—x+---

A=-x)'=1+x+x2+x+---

(1-x)2=1+2x+3x>+4+ -
and 1+x)2=1-2x+3x>—4x>+ -

WORKED EXAMPLES

EXAMPLE 10
Solve (D° — D* — D + 1)y = 1 + x*

Solution.
The given equation is

DP-D*-D+1)y=1+x*
To find the complementary function, solve (D*-D*-D+1)y=0

Auxiliary equation is m—-m-m+1=0
= m(m-1)—(m—-1)=0
= m-1)(m*-1)=0
= m-1Dm-1)(m+1)=0 = m=+1,+1,-1

The roots are real with two roots equal and the third different.
CF=Ce™ +(C,+Cx)e*

1
T1-(D1D =D
=[1-(D+D*-D)]"'(1+x?)
=[l+(D+D*-D)+(D+D*-D*)* +--J(1+x°)

Pl=— 1 14y

1+x?
D*-D*-D+1 ( )

=(1+D+2D*)(1+x?) [Taking terms upto D*]
=1+x’+D(1+x*)+2D*(1+x%)
=1+x>+2x+2-2=x>+2x+5

the general solution is y = C.F + P

= y=Ce " +(C,+Cx)e" +x* +2x +5

EXAMPLE 11
Solve (D? + 4)y = x* + cosx.

Solution.

The given equation is
1+ 2 1 2
(D2+4)y=x“+coszx=x4+$=(x4 5)+COS2 X

To find the complementary function, solve (D?+4)y =0
Auxiliary equation is m+4=0 > m*=-4 = m=%2i
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The roots are complex with @ =0 and 3 =2

CF=C,cos2x +C,sin2x

2\
P.II:% UL Y PUME=A B (M
D*+4 2) 4 4 2
1. p* p*l[ , 1
=—|1-—+— +—
4l 4 16 2
S L N 0 (ST LI N
41 2 4 2) 16 2
_1 x4+1—4—'3x2+i4~3-2 1
47 T2 4
:l )c4—3xz+l+g :l[x4—3x2+2]
4l 2 2] 4
1 1 x X sin2x:| X sin2x )
Pl,=—-———cos2x=—-— 2xdx =— 7 v f(=2) =0
23 prra Ty g o 4[2 8 [ f(=27 =0l
the general solution is
y=C.F+PI +PL
1 in 2
= =C10052x+Czsin2x+Z(x4—3x2+2)+xsm al
EXAMPLE 12
Solve (D* + 3D + 2D)y = ¥* + 1.
Solution.
The given equation is
(D*+3D*+2D)y=x*+1
To find the complementary function, solve  (D*+3D*+2D)y=0
Auxiliary equation is m*+3m*+2m=0
= m(m*+3m+2)=0
= mm+1)(m+2)=0 = m=0,-1,-2

The roots are real and different.
CF=Ce” +C,e™+Ce™ =C,+Cre " +Cie™
1 1

Pl=—— (x*+1)= (x> +1)
3 2
D'+ 3D"+ 2D 2D|:1+2(3D+D2)]

:L[1+{3D+DZH (x2+1)
2D 2
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1 D D> 9D’
=— 1—3——— 2 (x*+1)
2D 2 2 4
[ 2
3,70
2D 2
0r
=— x2+1—§-D(x2+1)+zD2(x2+1)
2D | 2 4
:L x2+1—§-2x+1-2
2D | 2 4
:L xz—3x+2
2D | 2
=lj x2—3x+2 dx =l £—312—+9—x l:'.‘lf(x)=_|-f(x)dx:|
2 2 2\ 3 2 2 D
the general solution is
y=CF+PI
3 2
= y=C+Ce ™ +Ce™ +%|:%—3%+97x:|

Note It may be taken as a general rule to perform the operation % last, because it is simpler.
TYPE 4: If Q(x) = ™ g(x), where g(x) may be x" or sin bx or cos bx

1 ax _ 1
70° 2 oyt

The effect of taking the exponential function e* outside of the operator shifts the operator D to D + a.
This process is called the exponential shift.

then PI=

Now g(x) can be evaluated by using the methods in the types 1, 2, 3, depending upon the

1
f(D+a)
type of the function.

TYPE 5: If Q(x) = x™"cos ax or x"sin ax

then PI= !
f(D)

Since €% = cos ax + isin ax

x" cosax orx™ sinax

cosax=R.Pofe* and sinax=1P of e
m iax m

1 )
x" cosax = R.P. of e™ . x" =R.P. ofe

1
7(D) 7(D) f(D+ia)
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m

—x"sinax =LP. of ;em -x™ =LP. ofe™

1
7(D) 7(D) f(D+ia)"

These can be evaluated using Type 3.

WORKED EXAMPLES

EXAMPLE 13
Solve (D* — 2D + 2)y = &x> + 5 + e,

Solution.
The given equation is

(D> 2D +2)y=ex*+5+¢e>
To find the complementary function, solve (D> -2D +2)y =0

L 2EV4-8 232

2 2

Auxiliary equation is m-2m+2=0 =

The roots are complex numbers withae=1and 3 =1

CF=¢"[C,cosx +C,sinx]
1
Pl =—5———e¢'x’
D" -2D+ 2
X 1 2
e 5 x
D+ =2(D+1)+ 2

[exponential shifting]

X 1 2

= . X
D*+2D+1-2D-2+2
x 1 2
=e - ——x
D* +1
=e"(1+D*) 'x* =e"(1-D*)x* =e"[x* =D*(x?)] [- D(x*)=2x; D’(x*)=2]

= Pl =¢'[x’-2]

1 1 5
PlL=—————5 =———5.¢"=2
D" -2D+ 2 D -2D+ 2 2

-2x —2x

D*—2D+ 2 4-2(-2)+2 10

the general solution is y = C.F + PI + PI, + PI,

-2x

. 5
= y =e*[C,cosx +C, smx]+e"[)c2—2]+5+e10
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EXAMPLE 14
Solve (D? — 2D)y = x2¢* cos x.

Solution.
The given equation is
(D* - 2D)y =x%¢" cos x
To find the complementary function, solve  (D*—2D)y=0
Aucxiliary equation is m=-2m=0 = mm-2)=0 = m=0,2
The roots are real and different.

CF=C, +C,e™

1 ) 1
PI=———x%"cosx =¢" 5 x?cosx
D’—2D (D+17-2D+1)

1
=" — x? cosx
D +2D+1-2D -2

x 2 ix

1 ’
=e z—lxzcosx =e* R.P.of

D D? —lx ¢
x x 1 2
=e R.P.Of@ —2)(?
(D+i)* -1
f " 1
=€" R.P. ofe"‘ z—xz
D" +2iD-1-1
X ix 1 2
=e R.P.Ofe 2—)6
D*+2iD-2
=-< RP.ofe" ! 2
2

X [ 2 -1
—_C Rrp.ofer|1-|ip+ 22| »?
2 2

X 2 2 2
—_C rp.ofe |14+ 24 |ip+ 2] |»2
2 2 2

x ) D2
- —% R.P.of &” 1+iD+7—D2:|x2

x ) D2
—_% RP.ofe"|14iD-=—|x?
2 2

X

. 1
= —% R.P. of (cosx +isinx) l:x2 +iD(x?) —EDz(xz):|
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x

= —% R.P. of [cosx +isinx] [x? + 2ix —1]

X x

= —62 [cosx - (x? —1)—2x sinx] = %[(l—xz)cosx +2xsinx]

the general solution is
y=C.F+PI

= y=C,+C, e+ & [(1 x?)cosx +2x sinx]

EXAMPLE 15

2

Solve Z 4y =cosh (2x —1) +3".
X

Solution.
The given equation is
(D*-4)y=cosh (2x— 1)+ 3*

2x-1 —(2x-1)

= (D2—4)y=e—+ze—+3*
2 | P e b
= D —4)yy =—e™" + +3*
( )y > >

To find complementary function, solve (D?—4)y =0
Auxiliary equation is m—-4=0 = m=4 = m=%2
The roots are real and different.

CF.=Ce ™ +C,e™
1 1 1 1
P.I] — _z—eZX—l _—e—l . 2x
2(D"-4) 2(D-2)(D+2)
e 1 1 -

e
"2
e e
T 2(2- 2)(D+2)

e 1 o

e
s+2)° T8¢ T3

PI +PlI, 8[ ol _ g xm 1)]— 2 sinh (2x —1)
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1 1 exlog(3 log 3" xlog 3

Pl = 3= we know 3" =e =e
* D'-47 D'-4 [ ]
~ exlog03 ~ 3x
~(log, 3 -4 (log,3)’ -4
the general solution is
y=CF+PI +PIL+PI,
—2x 2x X . 3x
= y=Ce " +Ce™ +—sinh 2x - 1)+ ——5—
4 (log, 3)" -4
EXAMPLE 16
Solve (D* — 1)y = e* cos x.
Solution.
The given equation is
(D*=1)y=e"cosx
To find the complementary function, solve (D*—1)y=0
Auxiliary equation is (m*=1)=0
= m* -1 (m*+1)=0 = m*-1=0, m*+1=0
= m==l, m==i

Two roots are real and different and the other two roots are complex numbers with « =0 and 3 =1

CF=Ce ™ +C,ue” +C, cosx +C, sinx

PI= e“cosx =¢*

—FC
D -1 (D+1)* -1

0S X

1
* C
D*+4D*+6D* +4D+1-1
1
=e" —; 5 5 cosx
D" +4D° +6D" +4D
. 1
e 5 > > COSX
(-1°)" +4D(-1")+6(-1°)+4D
1 _e'cosx e’ cosx

e — X COSXx = -
1-4D —6+4D -5 5

oS X

X

the general solution is

y =CF+PL

e’ cosx

= y=Ce" +Ce" +C, cosx +C, sinx —
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EXAMPLE 17
d’ d -
Solve —J;+21+y =e—2.
dx dx X
Solution.
The given equation is
e—x
(D*+2D+1)y= =

To find the complementary function, solve (D*+2D+ 1)y=0
Auxiliary equation is m+2m+1=0=(m+1*=0 = m=-1,-1
The roots are real and equal.

CF=(C, +Cyx)e™

1 e 1 e’ ™"
Pl=————| 5 |= 3|+
D" +2D+1\ x (D+1)°\ x?

N 1 (1)
=e - —— —
(D-1+1)* \ x?

—x 1 =2
= -—2x
(D-1+1)
1
= 67)C 'Exd
| 1 1 -2
=e —J.x dx
1] x> | dx
=e " — =— " —[x"]=—e"|—=-e"log,x
D |:—2+1:| D L] '[ X &
the general solution is y = C.F + P
= y=(C, +C,x)e™ —e " log,x =e™*[C, +C,x —log, x]
EXAMPLE 18
d2
Solve J; + a’y = tanax.
X
Solution.

The given equation is
(D* + a*)y = tan ax

To find the complementary function, solve (D*+a?)y =0
Auxiliary equation is m*+a*=0 = m=dia
The roots are complex numbers with e =0 and B =a

CF=C,cosax +C, sinax
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——tanax = L
D +a (D +ia)(D —ia)

1 1 1
=— - tanax
2aqi| D—ia D+ia

PlI= tan ax

tanax —

1
= tan ax
2ai[D—ia D +ia ]

Now tanax = e Jtanax e “dx |: D;f(x) =e* _[f(x) e“"dx]
—a

D—ai

= e’”‘jtanax(cosax —isinax)dx
sin® ax
=e’”"J. sinax —i dx
cosax
. ) (1=cos®*ax
e’“‘j sinax —i| ——— |pdx
COS (X

= e”"j[sinax —i(secax — cosax )| dx

e | [ —cosax ) |1 sin ax
=e [(—)—z{—log(secax +tanax) — H
a a a

iax

=——[(cosax —isinax)+ilog(secax +tanax)]
a

1 . .
=——e'" [e"“‘Y +ilog(secax + tanax)]
a

1 )
= ——[1+ ie" log(secax +tanax)]
a

Changing i to —i, we have

1 )
tanax = ——[l —ie ™ log(secax +tanax)]
a

D +ia
1 1 i 1 . iax
“ PI=— ——{l+ze log(secax +tanax)}+—{l —ie ™ log(secax +tanax)}
2ial a a
1 l iax l —iax
=—|——e" log(secax +tanax) ——e " log(secax + tanax)
2ia|l a a

1 : A
= ———log(secax +tanax)| e +e

- log( )| ]
1
——Flog(secax+tanax)-2cosax

1
= —a—zlog(secax + tanax)- cosax
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the general solution is

y=C.F+PI
= y=C,cosax+C,sinax - al—zcos ax -log, (sec ax + tan ax)
EXERCISE 11.1
Solve the following differential equations.
3 2 3
AL R P 2. 4y 2dy2+4dl+8y=o
dx’® dx’ dx dx’® dx
3. (D*=5D+6)y=e* 4. (D*+4D+8)y=(1+ e
5. 3D+ D - 14)y=13¢> 6. (D°— 12D+ 16)y = (¢ + e )
7. (D*+3D+2y=e*+ e 8. (4D*—4D+1)y=4
3
9. dy+zdy @ _ g 10. (D*-2D+ )y =x+1
dx’ dx dx
1. (DP-D—-D+1)y=1+x 12. (D*-3D+2)y=sin5x
13. (D*+4)y=3cos*x 14. (D*+16)y =e™ + cos 4x
15. (D*+4)y=cos’x 16. (D*+ 16)y=cos’x
17. (D> +2D -3y =e> (1 +x) 18. (D*-3D>+3D— )y =x%"
19. (D*-2D+4)y=e"cosx 20. (D*+ 2D+ D)y = x%* + sin*x
21. (D*+ Dy =x*+2x+4 22. (D*+2D-3)y=e"cosx+e* x?
23. 4y”—dy’+y —x_SIH?" 24, (D?— 4D + 13)y = ecos 3x
25. (D*-TD-6)y=(1+ x) ex 26. (D*+4D+ 13)y=e* cos 3x
2
217. Z ): —y =xsinx +(1+x%)e” 28. (D*—4D+4)y=(1+x)*e*
X
29. (D* +4)y = tan 2x 30. (D*P+1)y=secx
d’ . .
31. dx{ — 4y = xsinhx 32. (D +2)% = e > sinx
33. (D*-3D+2)y=xcosx 34. (D*-4D +4)y =x** cos 2x
d’ d
35. );—2—y+y—xe sinx 36. (D*—1)y=xsinx+ (1 +x%)e
dx dx
37. (D*+ 1))y =x*cosx 38. (D?—4D +4)y = 8(e* + sin 2x + x?)
39. (D*+4)*y =cos 2x 40. (D*+4D+3)y=e"*sinx + xe*
41. (D*+4D +3)y = e *sinx 42. (D*+D*+ DYy =5x*+cos x
2
43. d): +y = cosec x 44. (D*+ a?)y =sec ax
X
ANSWERS TO EXERCISE 11.1
1. y=C +e™(C,cos3x+ C,sin 3x) 2. y=Ce™+C,cos 2x + C, sin 2x

2x

1 . 1 2 e
3. y=Ce™ +C,e” +—e* 4. y =e(C,cos2x +C,sin2x)+—+—e" +
g 1 ’ 2 g © : ) 8 13 20
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_ 2x —7x/3 2x
5. y=Ce™ +Cpe +xe

2 2 X
6.y =(C,+Cx)e™ +Ce™ + X e 1 — e 1 X o-
y=G+6y) ’ 12 27 36
7. y=Ce™*+ Cze’“ +x(e™ —e™) 8. y=(C, +C2)c)e‘”2 +4
2x

9. y=C,+(C,+Cx)e ™ + 618

4x

10. y=(C,+Cx)e*+x+3

1 .
11. y=Ce™+(C,+ Cx)e" + x>+ 2x + 5 12. y =Cle~‘+C2e“+ﬁ(9cos3x—7sm3X)
. 3 . ) -3x : 4
13. y =C,cos2x +C, sm2x+§(1+xsm2x) 14. y=C,cos4x +C, s1n4x+e25 +XSI2 al
1 1
15. y=C, COSZx+C2Sin2x+%(1+xsin2x) 16. y=Clcos4x+C2sin4x+§cos3x+Ecosx

2x 5
17. y=Ce ™ +C,e’ +e5 (xz —%+§—Z) 18. y =(C,+Cx +Cx*)e" +)6C_Oex

x

xe
20

19. y =Ce™ +e"(C, cosx +C, sinx)+—(3sinx —cosx)

e*( , 7Tx 11) 1
=c, +(c,+cx)e +—|x" ——+— |+—(3sin2x + 4cos2x
20. Y + (e, 3 ) ] ( g 6 100( )

3

21. y=C,+C,e™ +x?+4x

X . —x 1
22, y=Ce*+Ce™ +%(4smx —cosx)—e4 (xz +E)

—x

e

23. y=(C, +C.x)e"* +x +4+
y =(C,+Cyx) s

(7sin2x —24cos2x)

24, y =e”(C, cos3x +C, sin3x)+%ezx sin3x

. oy . e 17
25. y=Ce " +Ce ™ +Ce” T x+?

26. y =e™(C, cos3x +C, sin3x) + —e > sin3x
1 2 4

! 1 X 2 3
27. y=Ce " +C,e" —Z sinx ——cosx + = 3_x_x_+x_
2 2 2{2 2 3
4
28. y =(C, +C,x)e™ +%e2x

. 1
29. y=C,cos2x+C,sin2x — 7 cos2xlog,[sec2x +tan 2x]
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30. y=C,cosx+C,sinx+xsinx+cosxlog, cosx

3. y=Ce™ +Ce™ —i(x +z)+e—|:x —%:|
6 3 6 3

32. y =[C,+C,x —sinx]e™

33. y=Ce* +C,e™ +—[(5x —6)cosx —(15x +17)sinx]

1
%[

2x
e

8

35. y =(C,+Cyx)e" —e*[xsinx +2cosx]

34, y=(C,+Cx)e”™ +

[[4x sin2x +(3-2x")cos 2x |

x

1 X
36. y =Ce™ +Coe" ~ [xsinx +cosx]+f—2[2x3 ~3x? +9x]

1
37. y =(C,+C,x)cosx +(C, +C,x)sinx * e [4x” sinx +(9x" =x*) cosx |

38. 3y =(C,+Cx)e™ +4x’e™ +cos2x +2x> +4x +3

2

39. y =(C,+C,x)cos2x +(C, +C,x)sin2x ——;—200st

-x —3x
! ’ . ] 5
40. y = Cle’3A +Che™ = 65 [2cosx +sinx |+ 824 l:x _E]

41. y=Ce ™ +Ce™" _eS [2cosx +sinx]

N TR
42, y=C,+Cyx+e > |C cos£x+C sinﬁx +5] 2~ —x? |—sinx
o ) 2 12 3

43. y=C cosx+C,sinx+sinxlog, sinx —xcosx

. X . 1
44. y=C cosax+C,sinax+=sinax+— cosax log, cos ax
a a

11.2 LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS
11.2.1 Cauchy’s Homogeneous Linear Differential Equations

An equation of the form

d" a-' d
y+a1x”’l—ﬁ+~~-+an71xl+any=Q(x) (D

dx" dx" dx

where a, a,, a,, ..., a, are constants with a,# 0, is called Cauchy’s homogeneous linear differential

equation. It is also known as Euler—Cauchy linear equation or Euler’s linear equation.

This can be reduced to a linear differential equation with constant coefficients if we put

n
a,x
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LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS
Cauchy’s Homogeneous Linear Differential Equations

An equation of the form

n n-1

d . d

): + lxn 1 ngj
dx dx
where a, a,, a,, ..., a, are constants with a # 0, is called Cauchy’s homogeneous linear differential

equation. It is also known as Euler—Cauchy linear equation or Euler’s linear equation.
This can be reduced to a linear differential equation with constant coefficients if we put

ax" +~~-+an71xdl+any =0(x) (H
dx
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. dz 1
x=e = z=log,x S—=—
dx x

Now DDl b1 by by

dx dz dx dz x dx dz
If Ozdi,then xdl:ﬂy = ny 20_)/ = xD=0
'z x

dy _i(le_i(ld_y)__Ld_y+li(le
dx*  dx \dx dx \ x dz x?dz xdx\dz
__Ld_y_’_l d (dy)dz
x2dz xdz\dz )dx
dz 1
1 1d*y 1 1 o 3 I:--_=_:|
=-—0+——F —=——0p+—-0 :
2 o Y dz? x 2 V. B Y dx x
2d2)’ 2 2d2y 212 _
= x =0y-0y =x d—2=9(9—1)y = x D" =000-1)
X

3

Similarly, x° Z—); =0(0-1)(0—2)y and so on.
x

Substituting in (1), the equation reduces to linear differential equation with constant coefficients in
y and z, which can be solved by using the methods discussed earlier.

Note Remember x = ¢ (or z = log x)

and 0= di, thenxD =8, xD*=0(0— 1), D*=0(0 — 1) (6 —2) ctc.
%
WORKED EXAMPLES
EXAMPLE 1
2
Solve xzd—{—xdl+y =0.
dx dx
Solution.

The given equation is
@*D*—xD+1)y=0 (1)

which is Cauchy’s equation.

Putx:ezand():i, thenxD =0, x*D*=0(0-1)

dz
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the equation (1)is[@ (0 —-1)-0+1]y=0
= 0*-20+1)y=0
Auxiliary equation is m-2m+1=0 = m-12=0 = m=1,1
The roots are real and equal.

the general solution is y = (C, + C,z)e = (C, + C, log x)x

EXAMPLE 2
Solve (x:D? — 3xD + 4)y = x? given that y(1) = 1 and y’(1) = 0.

Solution.
The given equation is
(*D*=3xD+4)yy=x? 1)
which is Cauchy’s equation.
Putx=e and § di, then xD=0, x*D*=0(0—1)
zZ
the equation (1) is

0O-1)-30+4)y=¢e*
= (0°—46+4)y=¢*
To find the complementary function, solve (6>°-40+4)y=0
Auxiliary equation is m—-4m+4=0 = (m-27=0= m=2,2
The roots are real and equal.

CF=(C, +C,z)e* =(C,+C,log, x)x’

1 2z 1 2z e 1 2.2
PI=— e’ = e’ = =—(log, x)"x
0°-40+4 0-2) 2 2
the general solution is y = C.F + P
1
= y =(C,+C,log, x)x* Jrzxz(logex)2
Whenx=1,y=1,s0we get C =1
d 11 1
Now lZ(Cl+C210g£,x)2x+x2‘CZ—+—(x2210gex~—+(logex)2~2x)
dx x 2 X
dy
Whenx=1,-—=0. So,weget 0=C,-2+C, = C(C,=-2C =-2
X
. 1
the solution is y =(1-2log, x)x’ +5x2(loge x)?

= y :x2|:1—210gex+%(logl,x)zj|
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EXAMPLE 3

2
Solve x’ Z—‘Z + 4le +2y =xlog, x.
X X

Solution.
The given equation is

(*D* +4xD + 2)y = x log x (1)
which is Cauchy’s equation.

d
Putx=ezand0=d—,thenxD=0, xXXD*=0(0-1)
zZ

the equation (1) is O0O—-1)+40+2)y=¢"z
= (02+30 +2)y=z¢
To find the complementary function, solve (0? + 30 +2)y =0
Auxiliary equation is m*+3m+2=0 = m+2)(m+1)=0 = m=-2,-1
The roots are real and different.

CF=Ce™ +Cie™ =Ca 40t = 14 &2
X X

1 .. 1
Pl=————z¢" =e¢ 2 z
0°+30+2 O+ +3(0+1)+2
. 1

= z
0°+20+1+30+3+2
1

——2 z
0°+50+6
1

eZ
=z
6( 50+02]
1+
6

T (50+92)]1
1+ p z

[ 2
S PG L D
6| 6

el 5 e’ 5 X 5.1 x 5
1220222 -200) =Y 1og x =22 [= X 1og x -2
6| 6 ]Z 6[2 6 (Z)] 6[0g€x 6] 6|:Og"x 6:|

the general solution is y = C.F + P.I

= —Q+&+£ lo x—é
4 x x> 6 & 6

o |®

EXAMPLE 4

d’ d 1
Solve xzd—":+4xdl+2y =x’+—.
X X x
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Solution.
The given equation is

1
(x’D*+4xD +2)y =x2+—2 (1
X
which is Cauchy’s equation.

Putx=eand =L then xD=0, D*=0(0—1)

dz

>

the equation (1) is  (0(0—1)+40+2)y =e* + %
e

= (02+30+2)y=e*+e*

To find the complementary function, solve (0 + 30 +2)y=0

Auxiliary equation is m+3m+2=0 = m+2)(m+1)=0 = m=-2,-1
The roots are real and different.
CF=Ce™ +Cpe”

1 2z 2z

Pl =— e =—° N
0" +30+2 443:2+2 12
1 2z 1 2z 1 -2z -2z
PI, == e’ = e =——————e " =—ze
0" +30+2 O+1)(0+2) (—2+1)(0+2)
the general solution is y = C.F + PI + P,
e” C, C, x’
= =Ce " +Ce"+——ze ¥ =—t+—2+———log, x
7 TN ? 12 PEREIE TR
EXAMPLE 5
212 logx :
Solve (x*D* —xD +1)y =| ———|.
x
Solution.
The given equation is
1 2
(x’D* —=xD +1)y =(E) (1)
X

which is Cauchy’s equation.

Put x = ¢ and B:di’ then xD=0, x*D’=0(0-1)

7
oV
*. the equation (1) is 0O-1)-0+ 1)y = (_z)
e
= (0*—-20+ 1)y =z%*
= (0—1)y=z%>

To find the complementary function, solve @-1)»=0
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Auxiliary equation is m-12=0 = m=1,1
The roots are real and equal.

CF=(C, +C,z)e?

P.I =—1 5 72 == —l 5 z?2
(CER)) 0-2-1)

the general solution is y = C.F + P

= =(C +Cz)ez+eizz zz+iz+%
Yy 1 2 9 3 3

1 4 2
=(C,+C,log, x)x + 97 [(loge x)’ +§10ge X +§:|
EXAMPLE 6

Solve x%y” + 3xy” + 5y = x cos (log x) + 3.

Solution.
The given equation is

(x*D* +3xD + 5)y =x cos (logx) + 3 (1)

which is Cauchy’s equation.

Putx=¢"and 0 = di’ then xD=0, x2D*=0(0-1)
zZ

" the equation (1) is (6(0 — 1)+ 30 + 5)y =e*cosz+3
(02+20 +5)y=¢ecosz+3

To find the complementary function, solve (0 +20 + 5)y=0

24420 _ 2%di

2 2

Auxiliary equation is m*+2m+5=0 =
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The roots are complex numbers with &« =—1 and § =2

CF=e”[C cos2z +C,sin2z]

Pl =————¢ cosz
0°+20+5

e’ ! cosz
O+1)>+2(0+1)+5
1
> COSz
0°+20+1+20+2+5

z

=e 2—COSZ
0°+40+8

z

e ——— C0Sz
-1+40+8

=e
40+7
40-17

COoSz

z

z

—e’ (48-7)cosz _ —2—5[4(—sinz)—7COSZ] = [4sinz +7cosz]

16(-1)—49 65
P, = — 1 Ao 1 0s 3 3
0" +20+5
the general solution is
y=CF+PI +Pl,

2 '3’@ = =
0" +20+5 0+0+5 5

= y=e [C cos2z +Czsin2z]+2—5[4sinz +7cosz]+§

1
=—[C, cos(2 log, x)+C, sin(2 log, x)]+ g—5[4 sin(log, x)+7cos(log, x)]+§
X

EXAMPLE 7
Solve (x?D* — xD + 4)y = x* sin (logx).

Solution.
The given equation is
(x*D* —xD + 4)y = x* sin (logx) (1)
which is Cauchy’s equation.
Putx=¢and @ = di’ then xD=0, x*D*=0(0-1)
zZ

the equation (1) becomes (6(0 — 1) — 0 + 4)y = e*sin z

= (0°—20 +4)y=e*sinz
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To find the complementary function, solve (0 — 20 + 4)y =0
Auxiliary equation is m=2m+4=0
+/4 - +i
o 2_\/;1 16 _ 2_122\/5 1403

The roots are complex numbers with ¢ =1and 3 = NE)

CF=e¢’ [C1 cos~/3z +sin \/gz]

Pl= meh sinz
-20+
22 ! sinz
(0+2)>—2(0+2)+4

¥ — ! sinz
0°+40+4-20-4+4

=

Z—Sinz
0°+20+4

=e” ———sinz
1> +20+4

=e” sinz
20+3
20— 20 -3)si >

=e* 92 3 sinz =e* m:-e (2cosz —3sinz)
40° -9 4(-1")-9 13

the general solution is
y=CF+PI
2z
= y=e [C1 cos+/3z +sin 32]—61—3[20052—3sinz]

2
=x[C, cos \/glog x |+ C, sin \/glog x)- 2cos(log, x)—3sin(log, x)
1 e 2 e 13 e e

EXAMPLE 8
2
Solve x’ d—{ + 4xdl +2y =e".
X dx
Solution. 2
. .. d’y dy
The given equation is x> —= + 4x — + 2y ="
given equ i PR (D

(*D*+4xD +2)y =¢*
which is Cauchy’s equation.

Putx:éandﬂzdi, then xD=0, x*D*=0(0-1)
z

the equation (1) becomes (0(0 — 1) + 40 + 2)y =
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= (0> +30+2)y=¢"
To find the complementary function, solve (02430 +2)y=0
Auxiliary equation is m*+3m+2=0 = m+1)(m+2)=0 = m=-1,-2

The roots are real and different.
CF=Ce” +C,e™

1 1 .

PI=— e = e
0°+30+2 O+1)(0+2)
1 1 . T . .
= ————¢° [Splitting into partial fractions]
[0+1 0+2}
Lo 1 e =PI, -PlI,
0+1 0+2
PI = Lee: = Le’z e’ e =e” ! ee’ =e” lezeez = e’zjezeez dz
0+1 0+1 0-1+1 0
But x=e sody=e'dz 2)
1
Pl =e~ J.ex dx=e"e" =—e"
X
P.Iz — Lee‘" — L872 2z .ee: — 2 1 eZz e
0+2 0+2 0-2+2
— 672: lQZZeL
0
1
= —ZJ‘xeX dx )
x [Using (2)]
L. =D o (1 l)x
=—[xe" —l-e'|=——e" =|———|e
x® [ ] x? (x x?
PI=PI, —PI, =L —(l—%Je* S
X X X b
the general solution is y = C.F + P.I
= y=C1e’z+C2e’2z+%=—1+—j+%
X X x° Xx
11.2.2 Legendre’s Linear Differential Equation
An equation of the form
dn n—1 n—=2 d
(ax+b)" Y +a (ax+b)""1 7}1} +a,(ax+ b)"'2 j +--+a,_ (ax+ b)—y-i- a,y=0(x) (1)
dx" ! dx" dx

where a, b and a,’s are constants, is called Legendre’s linear differential equation.
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It can be reduced to a linear differential equation with constant coefficients by the substitution.

ax+b=¢e" and szi = z =log(ax +b)
z

dy dy dZ dy 1 .a = (ax+b)jl=djl=dey = (GX"‘b)D:ae
X zZ

dx  dz dx Cdz ax+b

Similarly, (ax +b)*D* = a*0(0—1) and so on.
Substituting in (1) we get an equation with constant coefficient, which can be solved by using the
methods discussed to solve the equations of the type 2.1.

WORKED EXAMPLES

EXAMPLE 9

2
Solve (x +2)> —— (x+2)—+y—3x+4
dx’

Solution.
The given equation is
[(x+2D*—(x+2)D+1]y=3x+4 )
which is Legendre’s equation.
Put x+2=¢ = x=e&-2 and 0=i
dz
then (x+2)D=0 and (x+2yD*=00-1) [ a=1]
the equation (1) is [60-1)-0+1)y=3(e-2)+4
= (0°=20+ 1)y=3¢e-2
To find the complementary function, solve (0> —20 + 1)y =0
Auxiliary equation is m*—-2m+1=0 = m-1y =0 = m=1,1
The roots are real and equal.
CF=(C +C,z)e’
1 ) (N 1 ' U o X .
Pl=— (3¢ —2)=— 3¢ —2— ¢ =3¢ -2 | ———e"="p
0-1 0-1 0-1) 2 (D-a) 2
the general solution is
y=CF+PI
= y:(C1+sz)eZ+%zzeZ—2

= {(C1 +sz)+ézz}ez -2

{c +C, log, (x +2)+= (loge(x+2)) }(x+2)—2
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EXAMPLE 10

2
Solve (1+ x)> —= + a+ x) + y = 2sin[log, (1 + x)].
dx’

Solution.
The given equation is
[(1 +x)*D*+ (1 +x)D + 1]y =2 sin (log (1 +x)) (1)
which is Legendre’s equation.
Put l+x=¢ = x=é&-1 and ():i
dz
then (1+x)D=6 and (1+xD*=0(0-1) [ a=1]

the equation (1) is (00— 1)+0+ 1)y=2sinz = (0*+1)y=2sinz
To find the complementary function, solve (0? + 1)y =0
Auxiliary equation is m+1=0 = m==i
The roots are complex numbers with =0 and 3 = 1

. CF=C cosz +C,sinz

PI= 2sinz :2-%jsinzdz =z(—cosz)=—zcosz [f (-a*) =f(-1°)=0]

+1
the general solution is
y=C.F+PI

= y =C,cosz+C,sinz —z cosz

02

=C, cos[log, (1+x)]+C, sin[log, (1+x)]—log, (1+x)-cos(log, (1 +x))

EXAMPLE 11
2 d’ y

=3x? +4x +1.

Solution.
The given equation is
[Bx+2)*)D*+ (B3x+2)D—36]y=3x*+4x + 1 (D)
which is Legendre’s equation.
€ =2 4nd 0= a4

dz
Then (B3x+2)D=3-0 and (Bx+2)y’D*=3*>-00-1)=90(0-1) [ a=3]
the equation (1) is

Put 3x+2=¢* = x=

2 z
(90(0—1)+3-30—36)y=3-{e ;ZJ +4(‘3 3‘2)+1
= (992—36)y=%(e22 —4ez+4)+§ez —§+1

2 1 2z 2 1 2z
= 9(0 —4)y:§[e -1 = (0 —4)y:2—7[e —1]
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To find the complementary function, solve (0> —4)y =0
Auxiliary equation is m-4=0 = m=4%2

The roots are real and different.

CF=Ce* +Ce™

1 1 1 1 1
Pl=——|—(* -1)|=— e’ — eoz:|
02—4[27( ):l 270 60° -4 0’ -4

R PR W _(‘_1)

27 (0+2)(0-2) 4
=L ;-zezz +l =L[zezz +1]
2712+2 4] 108

the general solution is
y=CF+PI

1
= =Ce* +C,e™ +—[ze* +1
y 1 2 108[2 1

1
=C,(3x+2) " +C,(3x+2)7 + ﬁ[(3x +2)*log, Bx +2)+1]

EXERCISE 11.2
Solve the following Cauchy’s linear differential equations.
d’ d
1. x? dyz +xdl+y = logx 2. (2D - 2xD — 4)y = 32 (log x)?
x X
3. (2D —4xD + 6)y =x*+ 2 log x 4. x’y”=2xy’ -4y =x*
d’y dy d’y dy sin(logx)
5. x° —3x—+4y =x" +cos(logx 6. X’ ——-3x—+y =——2"2
dx’ dx 4 (logx) dx’ dx 4 X
2 2
1
7. xzd};—xdl—3y=leogx 8. xzd—);+4xdl+2y=x+—
dx dx dx dx X
2
9. xzj—);+le+y = logx -sin(logx) 10. (x*D* +2xD —20)y = (1 +x)*
X X
2
1. x’y”—xy’+y =x 12. xzd—);—xdl—3y=leog€x
dx dx
d’y dy . d’y ldy logx
13. x2== +x-L+y =4sin(l 14. +—2 =12
g dx’ xdx 4 sin(log.x) dx*  x dx x’

Solve the following Legendre equations.
15. [(x+ 1)*)D*+ (x + 1)D + 1]y =4 cos[log(1 + x)]
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16. (x+2) (x+2)—+y—x+2
17. (1+2x) y 6(1+2x) +16y 8(1+2x)*

18. (x +a)’ =X 19. (2x+3)*y” —(2x +3)y’ =12y = 6x

ANSWERS TO EXERCISE 11.2
1. y=C, cos (log x) + C, sin (log x) + log x

1
2. y=Cx*+Cyx™! —8[(logx)2 —%logx +§3:|

2 4
3.y=Cx*+Cux™ —%—%logx +§ 4. y=Cx'+Cx" +x?10gex

(x logx)

5. y=(C,+C,logx)x’ + >

2 [3cos(logx) 4sin(logx)]
2 NE) ) 1 :
6. y=x"(Cx¥ +C,x )+H[6cos(logx)+5s1n(logx)]
X
3

1

7. y=Cx ' +Cx’ —%(ng +§) 8. y=Cx'+Cyx~* +%+—logx
x

. 1 . 1
9. y =C, cos(logx)+C, sin(logx) + Zlogx sin(logx) — Z(logx)2 cos(logx)

10. y =C1x4 TG AN 11. y=(C,+C, logex)x+%(logex)2

12. y=Cx’ +%—§|:loge X +§:|

13. y =C, cos(log, x)+C, sin(log, x) —2log,-cos(log, x)

14. y =2(logx)’ +C,(logx)+C,

15. y =C, cos[log(x +1)]+ C, sin[log(x +1)] + 2log(x +1)sin[log(x +1)]
16. y =(x +2)[C, +C, log(x +2)]+ %(x +2)[log(x +2)1°

17. y = (1+2x)*{[log(1+2x) + C, log(1+ 2x)+C, }

1
18. y=C1(x+a)2+C2(x+a)3+5(x+a)—%
(3+\/§) (3+«/§) 3
19. y=C,(2x+3) * +C,(2x+3) * —ﬁ(2x+3)+z
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11.3 SIMULTANEOUS LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS

So far, we have considered single differential equation with one independent variable x and one
dependent variable y. We shall now consider linear differential equations with one independent
variable ¢ and two dependent variables x and y. To solve for two variables x and y, we need two
differential equations. That is, we have a system of two linear differential equations, known as
simultaneous linear differential equations, for which the solution is to be determined. The equa-
tions need not be of the same order. In this section, we shall consider only first order linear dif-
ferential equations with constant coefficients and we shall consider the following three types of

equations.

d
Type I: al—x+b1y =f() and azd_y+b2x =g(t)

dt dt

d
Type 1I: ald—);+b1x +oy =f() and g, (jl—);+b2x +e,y =g(t)
dx dy dx dy

Type I11: —+b —+cx=f() and —+b,——+c,y =g(t
yp a, dar OV ar ex =f (1) a, Ut 2t v =8()

To solve these three types of equations, first eliminate one of the variables, say y, from the two equa-
tions and obtain a second order linear differential equation with constant coefficients in x and ¢, from
which x can be determined by using the methods discussed earlier. Then y can be determined by using
the given equations. The solution will be x = F(¢); y = G(?).

WORKED EXAMPLES
TYPE I
EXAMPLE 1
Solve d—x—y =t;dl+x =¢°.
dt dt

Solution.
The given equations are

dx dy

& _,= (1) and —4x =t (@)

ar° dr
First we eliminate y.

. . Cd’x dy
Differentiate (1) w.r.to . A A |
e’ dt
From (2), dl =t —x
dt
2 2
d—f—(tz -x)=1= d_)2c+x =1+ = D’x+x=1+1>, whereD = 4
dt dt dt

= (D* +1)x =1+¢°

This is a second order linear differential equation with constant coefficients in x.
To find the complementary function, solve (D> + 1)x =0
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Auxiliary equation is m>+ 1=0 = m==i

C.F=C, cost+C,sint [a=0;B=1]
1
PI= 1+)=1+D*)"'(1+¢
DUt =( ) (1+17)
=(1-D*+D"—--)(1+¢1°)
=(1-D)H(1+) =1+ -D*(A+1*) =1+ -2=1" -1
x=CF+PlI
= x =C, cost+C,sint+1* -1 3)
dx d
From (1), =——t =—J[C,cost+C,sint +t> —1]—t
y i dt[ 1 2 ]
=-C,sint+C, cost +2t -t = C, cost —C, sint +1¢ “
the solution is x =C, cost+C,sint+t> —1 and y = C, cost = C, sint +t
EXAMPLE 2

d. d
Solve d—x+y =sint, d—J;+x = cost, givenx =2,y = 0 atr = 0.

Solution.
The given equations are
dx . dy
= 4+ y =sint () and ——+Xx = cost (2)
i ° dr
First we eliminate y.
. . . d’x dy
Differentiate (1) w.r.to ¢. s — 4+ =cost
dr*  dt
dy
From (2), ——=cost —x
dt
2 dZ d
—f+cost—x=cost = d—f—xzo = (D’-Dx =0, whereDzE 3)
t

This is a second order linear homogeneous differential equation with constant coefficients.
Auxiliary equation is m-1=0 = m==lI
: x=Ce'+Ce”

dx .
From (1), y = —E+smt = —%[Cle‘ +C,e”" ]+sint

=-Cie' =C,e”'(-1)+sint =C,e” —C,e' +sint
Given when t=0,x=2,y=0
C,+C,=2andC,-C =0 = C =C,
2C,=2 = C,=1 and C =1

the solutionis x =e’ +e” and y =e™ —e' +sint
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EXAMPLE 3

d d
Solve d—':+ 2y =5e'; d—‘l;— 2x =5e',givenx = —1 and y = 3, when ¢ = 0.

Solution.
The given equations are
dx dy
42y =56 (1) and = -2x=>5¢ (2)
a7 dr
Differentiating (1) w.r.to ¢, we get
2
X Y s
dt dt

2

= ij_);+ 22x+5e']=5" = D’x+4x+10e' =5¢' = (D’ +4)x=-5¢" [Using(2)]
t

This is a second order linear differential equation with constant coefficients in x
To find the complementary function, solve  (D*+4)x=0

Auxiliary equation is m+4=0 = m==x2i
: C.F=C, cos2t+C,sin 2t [ a=0,B=0]
5¢'
PI= —5e')= - = —¢'
prra )T
solution is x=CF+PI
= x=C, cos2t+C,sin 2t —e
. dx
1)is —+2y =5e¢
(D Tt
d . ‘ ‘
= 2y =_E[Cl cos2t+C,sin2t —e']+5e
= 2y ==(-2C,sin2t +2C, cos2t —e") + S¢'
= 2y =2C,sin2t —2C, cos 2t + 6e'
= y =C,sin2t —C, cos 2t + 3¢’

Given when =0, x=-1and y =3
: -1=C/cos0+C,sin0-¢" = -1=C -1 = (=0

1

and 3=C;sin0-C,cos0+3" = 3=-C,+3 = (=0
the solution is x=—€" and y=3¢

TYPE 11

EXAMPLE 4

d d

Solve —x+5x—2y =t;l+2x+y =0 givenx =y = 0 when ¢ = 0.
dt dt

Solution.

The given equations are

d—x+5x—2y =t and dl+2x+y =0
dt dt
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LetD:di,then (D+5)x—2y=1 1)
t
2x+(D+1)y=0 )
First we eliminate y.
We solve (1) and (2) as simultaneous algebraic equations, making y terms equal.
Operate (D + 1) on (1) and multiply (2) by 2.
. D+1D)(D+5x-2(D+1)y=(D+ 1)t
= D*+6D+5)x—-2(D+1)y=1+t¢ 3)

and 4x+2(D+1)y=0 4)
B+ = (D*+6D+5x+4x=1+¢
= (D*+6D+9)x=1+¢

This is a second order linear differential equation with constant coefficients in x.
To find the complementary function, solve (D*+ 6D +9)x=0
Auxiliary equation is m+6m+9=0 = m+3>=0 = m=-3,-3
The roots are real and equal.
CF=(C +Cpe™
1

Pl=—(1+¢
D2+6D+9( )

=é-+(1+¢)
{1+(6D+D )]
9
1+(6D+D2)}

(I+71)

1= (1+1)

[ 6D 1 6) 1 1 1
1—*—](l+t)—§(1+t—§J—§[t+§:|—ﬁ(3t+l)

(6D +D?)
9

1
9
1
9
1
9

=CF+PI =(C, +Cyr)e™ + 2i7(3z +1) )
From (1), 2y =(D+5)x —t=Dx +5x —t

d 1 s, L
=Z[(C‘+C2t)e ’ +2—7(3t+1)}+5[(C1+C21)e } +2—7(3t+1)]—t
=[C, +C,t](-3e)+e(C )+i+5(C +C t)e’3’+§t+i—t

1 2 2 27 1 2 9 27
1

=e'[-3C,-3C,t+C,+5C, +5C2t]—it+i+—
9 27 9

8
=e[2C,+C, +2C,t]— t+—
27

1| 5 8
= = "[2C, +C, +2Ct t+— 6
y 2{ [ 1- 27} (6)
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When t=0,x=0,y=0.
1 1
o = Ci+—=0 = C =—-—
27 27

6 = l{[2C1+C2]+£}:0 = 2-(—L)+C2+£:0 = sz—i __2
2 27 27 27

1 2 1
x= (————t)e'” +—@3t+1)
27

1 1 1
=——(1+60)e +—Bt+1)=—[l+3t-(1+61)e™
> ( )e 27( ) 27[ ( )e ']

1 -2 4 2\ 4 8
and y== e —_—— | -— 4 —
2 27 9 9 9 27
S B (£+itJ—i(3t—2)
2 27 9 27
L B Y Gt+2)+(2-31)]= i[2 ~3t—e(3t+2)]
2x27 27
. 2
. _ _ =3t _ = _ _ 3t
. the solution is x—27[1+3t (1+61)e ]andy_27[2 3t—e”'(3t+2)]

EXAMPLE 5
d d

Solve —x+2x—3y =t;l_3x+2y =eZt
dt dt

Solution.
The given equations are

d—x+2x—3y =t and d—y—3x +2y =e”
dt dt

= (D+2)x-3y=t¢, WhelreD=di (D
t

and “B3x+(D+2y=¢€* 2)
First we eliminate y.
Operate (D + 2) on (1) and multiply (2) by 3.

D+2x-3D+2)y=(D+2)t

= (D+2x—-3(D+2)y=1+2¢ (3)
and —9x + 3(D +2)y =3¢ 4)
B3+4 = (D+2)x—9x=1+2t+3e
= (D*+4D+4-9)x=1+2t+3e
= (D*+4D = 5)x=1+2t+ 3e*

This is a second order linear differential equation with constant coefficients in x.
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To find the complementary function, solve (D*+4D —5)x=0
Auxiliary equation is m*+4m—-5=0 = @m+5)m-1)=0 = m=-5,1
The roots are real and different.

CF=Ce™+Ce

1
I =————(@1+2
" prrap—s A

1
— 1+ 2t
5 (1+21)
1

5

1
[ _(4D+D2):|

__1[,_@p+D
5

} (1+2¢)

1 4D+ D’
=——|1+

}[1+2z]
1[. 4D
__§_1+_5 }(1+2t)

1 4 1 4 1 1
=——|1+2t+=D(1+2t) |=—=|1+2t+—=-2 =——|:21+—3}
51 5 5 5 5 5

1 2t 2t
I B
D*+4D -5 414-2-5

7
2t
~osolution x=C.F+P.I +Pl, =Ce™ +C,e' _é(zt +?)+ 367
From (1), 3y=(D+2)x—-1¢

= 3y = d_x+ 2x —t
dt
2t 2t
_4 Cle5’+C2e’—l(2t+E)+3e— +2 Cle5’+C2e’—l(2t+E)+3e_ —¢
dt 5 5 7 5 5 7
2 2t 4 ) 21
=Ce ' (-5)+Ce' —=+ Ge +2Ce™ +2Ce' M 26 Gem
5 7 5 25 7
12
= 3y =-3C,e™ +3C,e’ —2t+—ez’ _36
5 25
4 12
= y=—Ce™ +C,e —§t+—ez’ -
7 25

2t
the solutionis x =C,e™ +C,e' M B3 ana y==Ce™ +Cye' 3t 12
5 5 7 5 7 25
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TYPE III
EXAMPLE 6
dx  d
Solve d—x—dl+2y =cos2t, LY ox=sin2e.
dt d dt dt
Solution.

The given equations are d
Dx—Dy+2y=cos2t, where D=—

= Dx — (D —2)y=cos 2t dt (1)
and Dx+Dy—-2x=sin2t = (D-2)x+Dy=sin2t )
First we eliminate y.

Operate D on (1) and (D —2) on (2)
o D> — D(D —2)y =-2 sin 2¢ (3)
and (D -2+ DD —-2)y=(D-2)sin2¢
= (D —-2)x+ D(D —2)y=2cos 2t — 2 sin 2¢ 4)
B)+@) = Dx+(D-2)yx=2cos2t—4sin2t¢
= (2D*—4D + 4)x = 2[cos 2t — 2 sin 2f]
= (D*—2D + 2)x = cos 2t — 2 sin 2¢

This is a second order linear differential equation with constant coefficients in x.
To find the complementary function, solve = (D*—2D+2)x=0

L _2+\4-8 2402

Auxiliary equationis m?*-2m+2=0 = 5 5

=1=%i

The roots are complex numbers with e =1 and B =1

C.F=¢'[C, cost+C,sint]

1 1
“ Pl = —5———cos2t=——————cos2t
D" -2D+2 —4-2D+2
1
=— cos 2t
2(D+1)
D-1
=—¥cos2t
2(D" -1)
_ —(D—-1)cos2t
2(-4-1)

= L [D(cos2t)—cos2t]= i[—2 sin 2t —cos 2t] = _L [2sin 2t + cos 2¢]
10 10 10

1
and Pl =———(-2sin2¢
2 D2—2D+2( )

() —in
~4-2D+2

b G
—2(D+1)
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———sin 2t

D-1)sin2t 1 2 1
_ (D—Dsin2t t=——[2cosZt—Sin2t]=——00521+—Sin2f
—4-1 5 5 5

x=CF+PI +PlI,

1 2 1
=e'[C, cost +C, sint] —E[2sin2t +c052t]—§cos2t + gsinZt

. 1
=¢€'[C, cost+C, sint] —ECOSZt

Now adding the given equations, we get

22—x+2y —2x =cos2t +sin2¢
t

. d.
= 2y=cos2t+sm2t—2d—);+2x
. d| , . 1
= cos 2t +sin 2t —25 e’ (C,cost +C, smt)—zcos2t
4 1
+2[e’(C1 cost+C, Slnl‘)—ECOSZI]
= c0s2¢ +sin 2t — 2[@’(—C1 sint +C, cost)+(C, cost +C, sint e’
1 . . . 1
—E(—251n2t) +2|e'(C,cost +C, smt)—Ecos2t
=2¢'[C, sint —C, cost —C, cost —C, sint + C, cost + C, sint]
+cos 2t —cos 2t +sin 2t — 2sin 2t
: . . . 1.
= 2y =2¢'[C;sint —=C,cost]—sin2t = y=¢'[C, sint—C, cost]—zsm2t

. 1 . . 1.
the solution is x =e'[C, cost +C, smt]—zcos% and y =e€'[C,sint-C, cost]—Estt

EXAMPLE 7
Solve 2d_x+ d —-3x=e'; d_x+ dl+ 2y =cos2t.
dt dt dt  dt
Solution.
The given equations are P
2D-3x+Dy=¢ [D:E] (1)
and Dx + (D +2)y=cos 2t (2)

First we eliminate y,
Operate (D + 2) on (1) and D on (2)

(D+2) (2D =3)x+ (D +2)Dy = (D + 2)¢'
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= Q2D*+D—-6)x+(D+2)Dy=¢'+2¢ =3¢ 3)
and D-Dx + D(D +2)y =D (cos 2¢)

= D>+ D(D +2)y =-2 sin 2t 4)
G)-H= (D*+ D —6)x =3¢ +2 sin 2t

This is a second order linear differential equation with constant coefficients in x.
To find the complementary function, solve (D*+D—-6)x=0
Auxiliary equationis m*+m—-6=0 = m+3)m-2)=0 = m=-3,2
The roots are real and different.

CF=Ce™ +C,e”

t t
Pl L 3 e _ 3¢

T D'+ D-6 “1+1-6 4

1 1
and Pl =————2sin2 =2 —————sin2s
D*+D-6 —4+D-6

_ 2(D+10)sin 21
O —4-100

1
=——[D(sin2t)+10sin 2¢
52[ (sin27) ]
1 . 1 .
=——1[2cos2t+10sin2¢] = ——[cos 2t + 5sin 2¢]
52 26

x=CF+PI +Pl,

t

1
=Ce™ +C,e” —%—%[cos 2t +5sin 2t]

Subtracting the given equations, we get

d—x—3x -2y =e' —cos2t
dt
= 2y:d—x—3x—e‘+0052t
dt
d 3e'

1
=L Ce™ +Ce” 25 - —[cos2t+5sin2f]
dt 4 26

3 t

1 .
- 3|:C]e_3’ +C,e™ - % —2—6{cos 2t +5sin Zt}:| —e' +cos2t
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3 1 .
=-3C,e™ +2C,e” —Ze’ ~ 2—6(—2 sin2¢+10cos2t)—3Ce™

9 3 15 .
—-3C,e* +=e' +——cos2t+—-sin2t —e' +cos2t
4 26 26

t

1 1
= —6Ce™ —CLe™ + % + %cos 2+ P gin

C t
y=-3Ce™ ——2e” 0 D osor+ gin o
4 52 52
s s -3 u 3e 1 .
the solution is x=Ce™ +C,e —T—%[cos 2t +5sin 2¢]
C t
and y=-3Ce™ ——2e” 0 D s+ gin
2 52
EXERCISE 11.3
Solve the following simultaneous linear differential equations.
d
1. —x+y=e’; Lap—
dt dt
2. Dx+y=sin 2t —x + Dy =cos 2t.
dx . dy N
3. —+2y=>5€ — —2x=5¢" given thatx=-1and y =3 when r=0.
dt dt
dx . dy )
4., —+y=sint; X+——=cost giventhatx=2andy=0at¢=0.
dt dt
dx . dy :
5. —+y=sint+1; —+x=cost giventhatx=1andy=2at¢=0.
dt dt
6. d—x+2y = —sint; dl—Zx = cost.
dt dt
dx dy
7. —+2x+3y =2e%,; —+3x+2y =0.
dt 4 dt Ty
dx dy .
8. E+2x -3y =5¢; d——3x +2y =0 given that x(0) = 0, y(0) =-1.
t
dx dx 2t
= -3y =¢: ——-3x+2y =e
9. 7 +2x -3y =¢; r Y .
dx dy
10. = =3x+8y, = —x =3y, x(0)=6, y(0)=-2.
dr g dr g
11. (D+2)x+3y=0; 3x+ (D +2)y =2

12. @+2x+3y:2et; Q+3x+2y:0.
dt dt
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13. (D-3)x+2(D+2)y=e* 20D+ 1)x+(D—-1)y=0, whereD = di
14. 4d—x+9dl+2x+31y:e’; 3d—x+7d—y+x+24y:3.
dt dt dt dt
ANSWERS TO EXERCISE 11.3
1. x=C,cost+C,sint+sinh¢, y=C sint—C, cost—cosht+e.
2. x =C, cost+C, sint —%cosZt, y =C,;sint —C, cost +%sin2t.
3. x=-¢, y =3e'.
4. x =2(1+1)e’, y = —2te' +sint.
5. x=e", y =1+sint+e™.
6. x=C, cos 2t+ C,sin 2t —cos t, y=C, sin2t—C, cos2t=sint.

8 6
7. x=Ce™ +C,e' +;€2t7 y=Ce™ —C,e' —762’.
3 13 3 12
8. x==e" +2" -2t ——, y=—>e"+2e" -3t-——.
5 5 5 5
3 2t 13 3 12
9. x=Ce' +Cre™ +=e* -=—-—, y=Ce -Ce” -=—-—.
5 25 5 25
10. x=4¢e' +2¢7, y=—[e'+e].
6e” 8
11. x=Ce™ +C,e' - e7 , y=Ce™ =C,e' +;ez'.
=5t t 8 2t =5t 6
12. x=Ce™ +C,e +7e ) y=Ce™ —=C,e' —;e
L 2 L4 6
13. x=Ce *+C,e™ -, y=Ce*——Ce ™ +—e”.
49 3 49
e L oe 31, 93
14. x =—(C, cost +C, sint)——(C, sint —C, cost)+—e' ——
2 2 26 17°
6 2
4
= C,cost—C,sint)+———.
y=e G ASTANE

11.4 METHOD OF VARIATION OF PARAMETERS

The method of variation of parameters, due to Lagrange, is a powerful method of finding a particular
integral to a second order equation of the form

d’y

7 +P(x)—+Q(X)y R(x)

(1
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11.4 METHOD OF VARIATION OF PARAMETERS

The method of variation of parameters, due to Lagrange, is a powerful method of finding a particular
integral to a second order equation of the form
d’ d
T+ P) S+ 00y = R(x) (1)
dx dx
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when its complemeptary function C, )'/l(x) + C, y,(x) is known where C|, C, are arbitrary constants and
¥,(x), ,(x) are two independent solutions of

d?
dyz +P(x)—+Q(X)y 0 )

The method of variation of parameters replaces C , and C, in the C.F by functions of x, u(x) and v(x)
which are to be determined so that

y, = u)y, +v(x)y, 3)
is a particular solution of (1). It can be seen that

R R
u(x)= —J)}zT(Jc)dx, v(x)= J'yIT(x)dx and W is the Wronskian of y, and y, and W # 0

Yooy
ie., = 1, 2, #0
Yi Va2
the general solution of (1) is
y=C.F +y,
= y= Cly1 + C2 y,+ u(x)y, + v(x)y2

11.4.1 Working Rule

Step 1. Rewrite the given equation in the form

d’
P T 0ty = REx)
Step 2. Findthe CF=C,y +C,y,
Yooy R
Step 3. Find W = 1 2, \ u(x)z_jyz (x)dx
Yoy w
1 2

and

v(x)= jy—]];x)dx
Step 4. PI1=u(x)y, + v(x)y,

Step 5. General solution is y=CF+PI
= Clyl + Cz »t ”(x)yl + V(x)yz

WORKED EXAMPLES

EXAMPLE 1

2

Solve —— + a’y =secax.
Solution.
The given equation is
(D*+ a®)y = sec ax
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To find the complementary function, solve  (D*+a?)y =0
Auxiliary equation is m+a*=0 = m=tia
The roots are complex numbers with e =0 and B =a

: CF=C, cosax+ C, sin ax

To find PI=u(x)y, +v(x)y,
Here y, =cosax, y,=sinax, R(x)=secax
oo N cosax  sinax 5 .
W=, L= ) =afcos” ax+sin" ax]=a #0
vy, —asinax acosax
R(x sin ax - sec ax
Now uzu(x)z—‘[yz—()d = J—dx
w a
_ __J- sin ax dx
a* cosax
sinax 11 1
=—J.— dx = —-—logcosax = — -logcosax
cosax a a a

and v :v(x)=jy1];/(x) Jcosaxsecax fjdx =

Pl=u(x)y, +v(x)y,

1 LW, cosax X .
= — logcosax-cosax+—sinax = ——logcosax+—sinax
a a a a

the general solution is
y=CF+PlI

. cosax X .
y =C cosax +C, sinax + —,—logcosax + —sinax
a

=

EXAMPLE 2

2

Solve by method of variation of parameters —- + y = xsinx.

Solution.
The given equation is
(D*+ l)y=xsinx

To find the complementary function solve  (D*+ 1)y=0
Auxiliary equation is m+1=0 m==i [@=0,B=1]

CF=C, cosx+C,sinx

To find Pl=uy +vy,
Here y,=cosx, y,=sinx, R(x)=xsinx
cosx sinx

N W
= = =cos’ x+sin’ x =1

’

o

—sinx cosx
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yzR(x)dx :_J-sinx-xsinx dx

w 1
= —jx sin® x dx

1—cos2
jx (I=cos2x) cgs x)dx

Now uzu(x)z—J

1 1
= ——Jx dx +—Jx cos2x dx

2 2

x> 1] sin2x  (—cos2x)
=——+—x -1 >

4 2 2 2

2
1
=% 4 ~[2xsin2x +cos2x]
48

R xsi
and v =v(x)=J‘y1W(x)dx=jcosx lxsmxdx

1 .
= —stmZxdx
2

L) ocos2e) —Smfx = oxcos2x +sin2x]
2 2 2 8

S| . 1 . .
PI= {—%+§[2x sin2x +cos2x | pcosx +§[—2x cos2x +sin2x]sinx

2
X 1 . . . .
= —:cosx+§[2xcosxsm2x+cosxcost—2xs1nxcos2x+smxs1n2x]

2
x 1 ) . . .
= —Tcosx + P [2x{s1n 2XCOS X —COS2x s1nx} +cos2xcosx +sin2xsinx]

[ o : 1 .
= —%cosx+§[2xs1n(2x—x)+cos(2x—x)] = —%cosx+§[2xsmx+cosx]

the general solution is
y=C.F+PI

2
. X 1 .
=C, cosx +C,sinx ——cosx +—[2x sinx +cos x ]
4 8

2
. x X . 1
=C,cosx +C,sinx —Tcosx +—sinx, where C, =C, +—

EXAMPLE 3
2
Jz) + y = cosecx cotx using method of variation of parameters.
X

Solve

Solution.
The given equation is

(D*+ 1)y = cosec x cot x
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To find the complementary function solve (D?*+ 1)y=0
Auxiliary equation is m+1=0 = m==i
The roots are complex numbers with @ =0 and 8 = 1.
CF=C, cosx +C,sinx
Tofind P.I=uy +vy,

Here y,=cosx, y,=sinx, R(x)=cosecx cotx

NN cosx sinx

=cos’x+sin*x=1#0

’ ’ .
" A —Smmx Cosx

COS x

dx = —logsinx

R .
Now, u =u(x) = —f)}z—mdx = —jsmxcosecxcotxdx = —J.
w sin x

R
and v =v(x) =jy1 W(x) dx = Jcosxcosecxcotxdx
= ch)ﬁcotxdx
sin x
= Icotz x dx

= I(cosec2x—1)dx =—cotx—x=—(x+cotx)
PI=uy, +vy, =—logsinx-cosx—(x+cotx)sinx
= —cosxlogsinx —xsinx —cosx = —cosx[1+logsinx]—xsinx
the general solution is
y=C.F+PI
= v =C, cosx +C,sinx —cosx[1+logsinx]—xsinx
=(C, —I)cosx +C, sinx —cosx logsinx —x sinx

=C, cosx +C, sinx —cosx logsinx —x sinx, where C, =C, -1

EXAMPLE 4
,d’y dy 2
Solve x +x— —y =x"logx by the method of variation of parameters.
dx’ dx
Solution.

The given equation is

2
xzd);+xdl_y:leogx = x’D’y +xDy —y =x’logx (1
dx dx

This is Cauchy’s equation.

Putxzezand():di, thenxD=0, x2D*=0(0-1)

z

the equation (1)is [0(0 — 1)+ 0 — 1]y = ze*
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= 0 -0+0-1)y=ze* = (0*°—1)y=2ze*
which is a second order linear differential equation with constant coefficients in y.
To find the complementary function solve, (0> — 1)y =0

Auxiliary equation is m-1=0=>m==1
The roots are real and different.

CF=Ce+Ce =Cx+C, L
X

To find the P.I=uy, + vy,, we write the equation in the form

dzy ldy 1 L 5
e +;E——y =log, x [dividing (1) by x?]
Here Y =X, y2:l, R(x)=log, x
X
HEE N P S O T
y1’ yzl 1 _i roX X
x2
logx
Y R(x)
Now u=u(x)=—|=2 dx= —dx-— log, x dx
() =-[ = =] 3 J1ee.

X

1 1 1
= E[logex X —J;-xdx] = E[x log, x —x] = %[logex —1]

yR(x) xlog, x
and VY= .[ 1 .[ 2 dx =——J.x log, x dx
x
1 x3 1 x° [Taking u = logx,
=——|log, ~——j—~— X 5
3 x 3 dv =x"dx]

3

1 ; x| x
6[ g, X 3} 18[ g, X]

1
Pl=uy, +vy, = %(logex ~1)x +)1“—8(1—3 log, x)
2 2 2

= x—8[9(logex —1)+1-3 logex]=)lc—8(6logex ~8)= %(3logex —4)

the general solutionis y=C.F+P.I
2

C,
= =Cx+—= +—(310g x—4)
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EXAMPLE 5
Solve by the method of variations of parameters

2

d{+2 -
dx dx X

d -X
dy oo

Solution.
The given equation is

—-X

e
2
X

(D*+2D+1)y =

To find the complementary function, solve (D*+2D + 1)y =0
Auxiliary equationis m*+2m+1=0=m+1)P?=0=>m=-1,-1
The roots are real and equal.

o CF=eX(C,+Cx)=Ce~+Cxe™

To find PI=uy +vy,

e—x
y1=eﬂ’ y2=xe—x’ R(x): 2
X
-X —X 1
W = yl, yz, =|° e |=e" e v =e ™ (l-x+x)=e™ 20
V. YV, - —xe " te™” -1 1-x
R(x) xe " e 1
N _ _ (22 _ I WU R W
ow u=u(x)= J. W dx = Je_h 6 dx = J.xdx— log, x
y,R(x) et e’ R T |
and % =v(x)="‘17dx=‘[em ?—dx —Ix—zdx—Jx dx—_—l——;

PI=(-logx)e™ + (—l) -xe " =—e (logx+1)
... the general solution is ¢
y=CF+PI=Ce™" +Cxe" —e "(logx+1)
=(C,—De"+C,xe™" —e " logx
=C,e" +C,xe™" —e " logux; C,=C -1

EXAMPLE 6
2

d d
Find the general solution of x’ y J: —x(x + Z)dl + (x +2)y =x’ given thaty = x, y = xe*
X X

are two linearly independent solutions of the corresponding homogeneous equation.

Solution.
The given equation is
2

2d7y

~ =
X

X x(x+2)dl+(x+2)y =x’
dx
Q_x+2dl+(x+2)

= 2 2
dx x dx X

y=x

Given y =x, y=xe"are two independent solutions of
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dzy
dx?

_x+2dl
x dx

CF=Cx+C,xe"

+2
+2 —y =0

To find PI=uy +vy,
Here Y =x, y,=xe', R(x)=x
Now
yl y2 X xe-“ X x x 2 x
=, L= . L |Ex(xe" +e")—xe" =x"e
vV, 1 xe'+e
Y,R(x) xe" x
u=u(x)=- dx = =—|dx=-
() === =dv=—[ J
R(x) _ _
and v=v(x) = [2 dx = dx=|e " dx=—e"
) '[ w Jx e’ '[
PI=(—x)y, +(=e ™)y, =(=x)x+(—e )xe' = —x> —xe’ = —(x> +x)
the general solution is y=CF+PlI
= y=Cx+Cyxe" —(x’+x)
EXERCISE 11.4
Solve the following equations by the method of variation of parameters.
dZy dy 3x dZy dy
. ——-6—+9y = 2. —-2—+2y =¢" tanx
dx? dx 7 x’ dx? dx 7
2 2
3. d}; =X CosX 4. Zd—);—dl—y:%e“
dx dx® dx
d’y dy y
5. x? =xlogx 6. X’ —S+4x—+2y =x"+—
dx’  dx g dx’ 7
7. (x%+x )Zl—(Z+x)y =x(x +1)* if the complementary function is known to be
X
Ce + Cx
dZy dy —x 2
8. dx—2+25+ = x2 9. dxz +y =secx
2 dzy
10. (D" -2D)y =e" cosx 11. d—2+4y = tan 2x
d’y 3y
12. —+y =cosecx 13. (D* + a?)y = tan ax
X
14. x? 24" CF 45 & +6y =sin(logx)

dx? dx
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. . d? d .
15. Find the general solution of (2x +1)(x +1) 7 )2/ +2x dl -2y =(2x+ 1)2 by the method of vari-
Ix X
. . 1 . . .
ation of parameters given that y=x and y = —+1 are two linearly independent solutions of the
X

corresponding homogeneous equation.

ANSWERS TO EXERCISE 11.4
1. y=e"[C,+Cx—logx] where C,=C, —1
2. y=¢e[C, cosx+ C,sinx] - e cos x log [sec x + tan x]

2
. x° . X 1
3. y=C,cosx+C, smx+—4 sinx +ZCOSX where C, =C, ——

8
4. y=Ce’™ +Ce™ —2¢™* —5xe™
1 c, C ’
5. y =Cxlogx +C,x +—x(logx)’ 6. y :4+—§+x———2logx
6 x x° 12 x
3
7. y=Ce +Cpx "' —x —1—% 8. y=(C, +Cx)e™ — e~ log x
1
9. y =C,cosx +C,sinx —cosx logsecx +x sinx 10. y =C,+C,e™ —Ee" cosx
1
11. y=C, cos2x +C,sin2x —Zcos2x log(sec2x +tan 2x)
12. y=C cosx+ C,sinx —x cosx + sin x log sin x
13. y =C, cosax +C, sinax —izcosax log(secax +tanax)
a
2 3 1 : =Cx +&+ M
14. y=Cx"+Cyux +E[sm(logx)+cos(logx)] 15. L e+ )

11.5 METHOD OF UNDETERMINED COEFFICIENTS
We have seen solution of non—homogeneous differential equations by finding complementary func-
tion and particular integral.

All these methods use operator method for finding the particular integral, except the variation of
parameters method.

We shall now discuss another method, the method of underdetermined coefficients to find the
particular integral when complementary function is known. This method is applicable only for linear
differential equations with constant coefficients.

Consider the linear differential equation

d" dr d
_y 3; +.“+anfll
dx" dx

+a,y, =0(x)
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where a, a, ..., a , are constants and Q(x) is of special form having a finite family of derivatives
consisting of independent functions.

(i) If Q(x) =x™, then
Q'(x)=mx"", Q"(x)=m(m-1)x"",..., Q" (x)=m!
Thus, all the derivatives of x™ can be written interms of the finite family of independent functions
{x’", x" xR X, 1}.

So, the particular integral y (x) can be written as
yp(x) = CO_XVM + Clxm—l + szm—z + . 4 Cm_lx + Cm

(i1) If O(x) = e, where a is a constant, then
Q/(x) — aeax’ Q//(x) — a2eax’
Thus, the derivatives can be expressed in terms of the finite family {e*}.
So, y, (x)=Ce™

(iii) If Q(x) = sinax(or cos ax),

then Q’(x) = acosax, Q”(x) = —a’ sinax, Q””(x) = —a’ cosax
Thus, derivatives can be expressed interms of the finite family of independent functions
{sinax, cosax}

So, y, (x) =C;sinax +C, cos ax
(iv) IfQ(x)=x" -e“, then

-1 -1
O'(x)=x"ae™ +e“mx"" =ax"e" +me“x"

Q"(x)= a{xmae‘” +e™ ~mx'”'1}+ m {e‘” (m—1x"? +x'"_1ae‘“}

=e” {azx'” +2am x" "+ (m)(m —l)x""z}
and so on.
Thus, derivatives can be expressed interms of the finite family {x’" e

So, y, () =e“ {Cx" +Cx" " +-+C,_x+C,, |
(v) If  O(x)=e™ sinbx(or e” cos bx)

ax

m=1 _ax ax ax
,x" T e™, . xe”, e }

then Q’(x)=e™ b cos bx+sin bx - a e™ = e™[bcosbx + asin bx]

0" (x)=e" [—b2 sin bx + ab cos bx] + [b cosbx + asin bx] ae™
and so on.
Thus, the derivatives can be expressed interms of the finite family {e“‘ sin bx, e” cos bx}
That is the product of the family {e*} and the family {sin bx, cos bx}
So, y, (x) =e® {C1 cos bx +C, sin bx}

Note However the above method fails if the derivatives involve an infinite family of functions.
For example if O(x) = tanx or secx the method fails.
If O(x) = tanx, then Q’(x)=sec’x

0”(x)=2sec’ xtanx, Q”(x)=2sec’x +sec’xtan’x

OW(x)=16sec’ x tanx +8sec’ x tan’ x +4sec’ x2tanx and so on.
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Thus, Q" (x) involves tan""™" x and sec"’ x and so as n increase the terms will increase.

So, it is not possible to write all the derivatives interms of a finite set of independent functions.
We will now list some of the special type of functions with finite family of derivatives.

Table 1
O(x) PI=y
1. K (constant) C
2. K'eﬂ.\’ Ceax
3. K sinax or K cosax C, cosax +C, sinax
4. K x" Cyx"+C x" "' +-+C,_x+C,
. e” sinbx or e” cosbx e“(C,cos bx +C, sin bx)
6. Kx"e® e (Cyx" +C, x" kO x+C,)
7. Kx" sinax . . - .
(or) x"(a, cos ax +b, sinax)+x""(a, cos ax +b, sin ax)
or
” +---+x(a,_, cosax +b,_ sinax)+(a, cosax +b, sinar)
Kx" cosax
Remark
Modification Rule

If any term in the choice of the particular integral is also a term of the complementary function, then
multiply this term by x (or x™ if the root of the auxiliary equation is of multiplicity m).

Working Rule
Given f(D)y = QO(x) is a linear differential equation with constant coefficients.

1. Find the complementary function y_ by solving AD)y = 0.
2. Depending upon the nature of Q(x), the particular integral y is written as per the above Table 1.
3. The constants occurring in y, are determined such that y _satisfies the given equation.
4. The general solution is y = C.F + PI
WORKED EXAMPLES
EXAMPLE 1
Solve (D* —9)y =9x* — 2x.
Solution.
The given equation is
(D*-9)y =9x° —2x (1)
To find the complementary function, solve (D> —9)y =0

Auxiliary equation is m-9=0 = m=9=m==3
g CF=Ae ™+ Be*
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To find the P.I
Since Q(x) = 9x* — 2x, which is a quadratic, assume the particular integral as

y=C,x*+C x+C, 2)
Choose C, C,, C, such that it satisfies the given equation (1)
Differentiating (2) w.r.to x, we get

dy d’y
E:zcox +C1 and dx_2=2C0
Substituting in the equation (1), we get

2C,-9C, ¥+ C x+C)=9x*—2x
= (2C,-9C) - 9C, x = 9C, x* = 9x* — 2x
Equating like coefficients on both sides, we get

2C,-9C,=0, -9C,=-2 = c:% and -9C,=9 = C,=-1
=

2
2(-1)-9C,=0 = 9C,=-2 C, =5
P.I=—x" +%x _2
9 9
the general solution is y=C.F +P.I
. 2 2
= y=Ade +Be” —x*+=x—=
9 9
EXAMPLE 2
'y
Solve —-+y =2cosx.
X
Solution.
The given equation is (D* +1)y = 2cosx (D)
To find the complementary function, solve (D> + 1)y =0

Auxiliary equation is m+1=0 = m==%i
: CF=4cosx+Bsinx

To find the P.I
Since Q(x) =2 cos x, we have to assume the PI as
y=C cosx+C, sinx
But these appear as terms in the C.F.
So, we have to modify the PIas y = x(C, cos x + C, sin x) (2) [Refer remark]
Now choose C, and C, such that it satisfies the given equation (1).
Differentiating (2) w.r.to x, we get

Zl =x[-C,sinx +C, cosx]+(C, cosx +C, sinx)-1
x
d*y . . .
and d_2 =x[-C,cosx —C, sinx]+[-C,sinx +C, cosx]— C,sinx +C, cosx
X

=x[-C, cosx —C, sinx]-2C, sinx +2C, cosx
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Substituting in the equation (1), we get
x(=C, cosx —C, sinx)—2C, sinx +2C, cosx +x(C, cosx +C, sinx) = 2cosx
= —2C,sinx +2C, cosx = 2cosx

Equating like terms on both sides
-2C,=0 =C =0 and 2C,=2=C,=1

PI=xsinx
the general solution is y = C.F + P.I

= y=A cosx + Bsinx +xsinx
EXAMPLE 3

. . . dzy dy 2 x
Solve by the method of undetermined coefficients the equation —- — 3;1— +2y =x"+e".

X X
Solution.
The given equation is
d2 dy 2 x
-3—+2y =x"+e (1
dx
. d’y _dy 2
To find the complementary function, solv = =0 = (D" -3D+2)y=0
%

Aucxiliary equation is
m-3m+2=0 = (m—-1)(m-2)=0 =>m=1,2

CF=Ae +Be*
To find the P.I
Since Q(x) = x* + ¢*, we have to assume the P.I as

y=C,x¥*+C x+C,+C, e
Slnce e* is there in the C.F, we modify by multlplylng e by X [ m=11is a simple root]
Plisy=C,x¥*+C x+C,+C xe 2)

Choose C,, C,, C,, C, such that it satisfies the given equatlon (1)
Differentiating (2) w.r.to x, we get

Z—i= 2Cx +C, +C,[xe" +e]

Z—y_zc +C,[xe" +e' +e"]1=2C, +C, e* (x +2)
X

Substituting in the equation (1), we get

2C, +Cy(x +2)e* =3{2C x +C, + Cy(x +1)e* }+2(Cox> +Cx +C, +Cyxe*) = x> +e*
= 2C, =3C, +2C, +[Cyx +2C, =3Cyx +2Cyx]le” — 6C,x +2C,x* +2C,x =x" +e"
= 2C, —3C,+2C, +Ce* +(2C, —6C,)x +2C,x*> =x* +e*
Equating like powers on both sides, we get

1
2C,~3C, +2C;=0 : 2¢,=1 = G=5 . +G=I
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and 20, -6C,=0 = 20, =6xL = c =3
2 2
1 2_
2——3-§+2C2:0 = —9+2C2:0 = 2c2:z:,, szz
2772 2 2 4

1 3 7 1 ¢
Pl=—x’+>x+—+xe" =—[2x>+6x+7]+xe"
2 2 4 4

the general solution is y = C.F + P

o1
= y=Ae"+15’e2"+Z[2x2+6x+7]+xe)C
EXAMPLE 4 pE P
Solve the equation ‘): —2 sinx.

dx dx
Solution.
The given equation is
(D*> -2D)y =e" sinx (1)
To find the complementary function, solve (D* —2D)y =0
Auxiliary equations is m-2m=0 = m(m-2)=0 = m=0,2

CF=4Ae"+Be*=A+Be*

To find the P.I
Since O(x) = ¢* sin x, we have to assume the Pl as

y=e"(C,cosx+ C, sinx) 2)
where C,, C, are chosen such that it satisfies the equation (1)

Differentiating (2) w.r.to x, we get
Zl =e"[-C,sinx +C, cosx]+[C, cosx +C, sinx]e”*
x
=e'[(C,—Csinx +(C, +C,)cosx]
2

d ) . . )
and 7 J; =e'[(C,-C))cosx —(C, +C,)sinx]+[(C, —C,)sinx +(C, +C,)cosx]e”
x

=e"[2C, cosx —2C, sinx]

Substituting in the equation (1), we get

e*[2C, cosx —2C, sinx]-2e*[(C, —C,)sinx +(C, +C,)cosx] =e" sinx

= e'[(2C,-2C, -2C,)cosx —(2C,+2C,—-2C,)sinx]=¢" sinx
= e"[-2C, cosx —2C, sinx]=e" sinx
= —2C, cosx —2C, sinx =sinx

Equating like coefficients on both sides, we get

2C,=0 = =0 and -2C,=1 = c2=—%
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Pl=¢e" —lsinx :—isinx
2 2

the general solutionis y=C.F+P.I

= y=4A4 +Be* —%e" sinx

EXAMPLE 5
Solve the differential equation y” — 4y’ + 4y = 5¢**.

Solution.
The given equation is

y” -4y’ +4y =5¢" = (D*—-4D+4)y =5 (1)

To find the complementary function, solve (D> —4D +4)y =0

Aux111ary equationis m>*—4m+4=0 = m=-2P=0=>m=2,2
C.F=(4 + Bx)e* = Ae* + Bx ¥

To find the P.I
Since Q(x) = 5e*, assume P I asy = C, &>
But ¢* is a term of the complementary function, so we have to modify by multiplying e* by x
(smce 2 is the root of the auxiliary equation of multiplicity 2).
Plisy=Cx?e> )
Choose C such that it satisfies the equation (1)
Differentiating (2) w.r.to x, we get

2

d
Y= dy ClPe™ 246 - 2x] = 2C (x> +x)
X

2

d
and == 2 =20 (e + 1)+ (37 +x)e™ -2} = 2Ce™ (2% +4x +1)
x
Substituting in the equation (1), we get

2Ce™ (2x* +4x +1)—4-2C ™ (x* +x)+ 4Cx’e™ = 5¢™

N 2Ce™ +2Ce™ [2x° +4x —dx> —4x +2x°] = 5e**

= 2Ce™ =5¢* = Czé

P.I==x%*
2

the general solution is
y=C.F+PI

y=(A+ Bx)e™ +%x262x = (A+Bx+%x2}32"
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EXAMPLE 6

2_ 7

Solve x“y” —5xy’ + 8y =log, x using undetermined coefficients.

Solution.
The given equation is
x’y” —5xy’+8y =log, x = (x’D*> —=5xD +8)y =log, x

It is Cauchy’s equation
First we have to reduce it to an equation with constant coefficients.

Put x=¢ and 0=i,thenxD=0 and x’D?=0(0-1)
zZ

0BO-1)-50+8)y=z = (OB*-60+8)y=z (1)
This is a second order linear differential equation with constants coefficients.

So, we use the method of undetermined coefficients to find the PI.
To find the complementary function, solve, (6> — 60 + 8)y =0

Auxiliary equationis m?’—-6m+8=0 = m-4)(m-2)=0 = m=2,4
g CF=A4e*+Be*

To find the P.I
Since Q(x) = z, assume the particular integral as

y=C z£C, )

where C| and C, are chosen such that it satisfies the given equation (1)
Differentiating (2) w.r.to z, we get

dy d2y
0y=—=C and 0’y=—=
) dz ! oy dz? 0

Substituting in the equation (1), we get

0-6C, +8(Cz+C,)=z = 8Cz-6C +8C,=z
Equating like coefficients on both sides, we get 8C, =1 = (, = %

3
32

and 8C,-6C,=0 = 8C,=6C, = C, =

0| &N
0 | —

PI= lZ +i
8 32

the general solution is y = C.F + P

1 3 1 3
= y=4e” +Be* +—z+-—=Ax’+Bx* +-log, x +—
g8 32 8 32
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EXERCISE 11.5
Solve the following equations using undetermined coefficients.
1. y”7+2y’=3y =4e" 2. y”—4dy =12 +4de™
3. y”—4y =8x* -2x 4. y”+2y’+4y =2x> +3e”"
5. y”+y =sinx 6. (D*+6D+9)y =24e™* 7. x*y” +xy’+4y =sin(2log, x)
ANSWERS TO EXERCISE 11.5
l. y=Ce ™ +C,e" +xe 2. y=Ce™ +Ce™ +e* —xe™*
2
. 1

3. y=Ce*+Ce™ —2x7 +%—l 4. y=e"(C,cos\Bx +C, s1n\/§x)+x7—5x +e™”
5. y =C, cosx +C,sinx —%cosx 6. ¥y =(C,+C,x)e™ +12x% ™

. 1
7. y =C,cos(2log, x)+C, sin(2logx) —Zloge x -cos(2log, x)]

SHORT ANSWERS QUESTIONS

1. Solve (D* + 1)y = 0 given y(0) = 0;’(0) = 1. 2. Solve (D — 2)’y = €
3. Find the P.I of (D*—2D + 1)y = cosh x. 4. Find the particular integral of (D — 1)%y = sinh2x.
5. Find the particular integral of (D — 1)’y =¢*sinx. 6. Find the P.I of (D? + 4)y = sin2x.
7. Find the P.I of (D? — 2D + 4)y = ¢* cos x. 8. Find the P.I. of (D*+ 1)y = xe*.
9. Find the PIof (D* + D)y = x? + 2x + 4. 10. Find the PIof (D*+1)y = sinxsin2x.
11. Find the P.T of dzyz — 4y =3 12. Solve x” dz): —x W oy,
dx dx dx
13. Solve x? d’): + 4x$l +2y =0. 14. Solve (x’D* + xD +1)y =0.
15. Transformxthe equati):)n (2x + 3)2y" — (2x + 3)y’ + 2y = 6x into a differential equation with constant
coefficients.
16. Transform the equation (2x + 3)’ Z;J; -212x+3) % —12y = 6x into a differential equation with

constant coefficients.

2.7

17. Transform the equation x“y” + xy’ = x into a linear differential equation with constant coefficients.

d’ d
Y _3x dl + 3y =x into a differential equation with constant coefficients.
x

2
X

18. Reduce x*

19. Eliminate y from the system Z—x+ 2y =—sint and b _ 2x =cost.
t

d. d
20. Eliminate y from the simultaneous equations £+y =sinz and dl+x =cost.
t
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Geometrical Applications
a) Orthogonal Trajectories in Casterian Coordinates

Let F(x, y, ¢) = 0 be a family of curves in a plane such that through a given point there is only one
curve of the family.

A trajectory [in Latin it means cut across] of a family of curves is a curve which cuts each member
of the family at a given angle. This curve is called an isogonal trajectory.

An Orthogonal trajectory is a curve which cuts each member of the family of curves at right angles

If there exists a family of curves G(x, y, ¢’) = 0 such that each of its members cut orthogonally the
curves of F(x, y, ¢) = 0 then the family G(x, y, ¢’) = 0 is said to be orthogonal trajectories of the family
F(x,y,¢c)=0.

It is obvious F(x, y, ¢) = 0 is the orthogonal trajectories to G(x, y, ¢’) = 0.

Practical examples of Orthogonal trajectories.

1. In the electric field, the paths along which current flows are orthogonal trajectories of the
equipotential curves (i.e., lines of constant velocity potential) and vice versa.

2. In two dimensional heat flow the curves along which the heat flow and the isothermal curves are

orthogonal trajectories.

Meridian and parallels on a globe are orthogonal trajectories.

4. In fluid dynamics, the stream lines and equipotential lines (i.e., lines of constant velocity) are
orthogonal trajectories.

5. In geometry, the circles x? + * = a® and the lines y = mx are orthogonal trajectories.

W

y
X’ X
y
Fig. 12.2
Procedure to find the orthogonal trajectories.
Given the family of curves F(x, y, C) = 0 where C is an arbitrary constant. (1)
1. Form the differential equation f (x, v, dl) =0 2)
by eliminating C. dx
dy 1 dx . . . . . .
2. Replace — by ——— or —— in (2), since at a point of intersection, product of the slopes is —1.
dx dy dy

dx
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L d
3. The new equation is f (x, v,— d_x) =0 3)
'y
4. Solve the equation (3), to find the orthogonal trajectories G(x, y, C’)=0 4)
WORKED EXAMPLES
EXAMPLE 1

Find the orthogonal trajectories of the curve of y* = 4ax, where a is a parameter.

Solution.
The given curves are
y?=dax (D
Differentiating (1) w.r.to x, we get
dy dy
2y —=4a = —= )
Y dx Y
Substituting the value of 2a in (1), we get
dy dy
2 _ -y ~—x = =2x = (2)
4 7 dx 4 dx
dy

To find the orthogonal trajectories, replace o
x

dx .
by —— in (2)
y a0

y =2x(_d_x) = ydy =-2xdx
dy

Integrating, j ydy = —2J.x dx

2 2 2
= y_:—zx_+C = x2+y—=C 3)
2 2 2

) ) ) Fig.12.3
which represents a family of ellipses.

Hence, the orthogonal trajectories the family of parabolas y* = 4ax is the family of ellipses (3).

EXAMPLE 2

2 2
X

Find the orthogonal trajectories of the confocal conics — +
a

PEREY =1, where A is a parameter.

Solution.
2 2

The given family is x_2 +
a

=1 1
N &
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Differentiating w.r. to x, we get

EN N
a  (b*+N\)dx
oy & ) a’y dy
= Clz (b2+)\) dx = b +)\=_TE
Substituting in (1), we get
x’ y? x* xy 1
—2+2—:1 = _2__2d_:1
a (_aydy) @ @&
X X dx
xy 1 x? x’—d PN
N = 1= = X" —a )—=Xx 2
e dl e e ( )dx Y (2)
dx
. . dy dx .
To find the orthogonal trajectories, replace — by —— in (2)
dx dy
d 2_ 2
(xz—az)(——x)=xy - e dx =—ydy
, dy x
Integrating,
2 2
Iudx:—Iydy
X
a2
= J(x ——)dx =—ydy
X
xZ 2
= T—azlog(,xz—y?+C = x’+)’-2a’log, x=2C

which is the equation of the orthogonal trajectories.

EXAMPLE 3

Find the orthogonal trajectories of semi cubical parabolas ay > = x°, where a is a parameter.

Solution.
The given family is ay* = x° (1)
Differentiating w.r.to x, we get
2
PN NE RN _3x
o dx 2 dy
Substituting in (1), we get -
dx
3 x? 3 3 1 3 dy
3 ey 5 3,1 5 3,8 2)
2dy T 2 T
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dx

To find the orthogonal trajectories, replace d by —— in (2)
dx dy
3 dx 3
—y=—x— = —ydy = —xd.
5 y=—x o 3 ydy = —xdx
Integrating,
3 3y’
—|ydy =—|xdx = L - 4
yJrar=-] 22 2
2 2
= Ty 3 =C
2 4
x2 2
= 26 +3y? =4C = ?+y7=c’ (Dividing by 6)

which is an ellipse.

.. the orthogonal trajectories of the given family of semi-cubical parabolas @y > = x° is the family of

2 2
ellipse LA A1
3 2

12.1.5 (b) Orthogonal Trajectories in Polar Coordinates

Let F(r, 0, C)=0 (1) be the given family of curves, where c is
an arbitrary constant. Form the differential equation

dr
2= 2
f(r, 0, 0) 0 2)

by eliminating C from (1).
Let I'” be the curve orthogonal to the curve T at the point P.
If & is the angle between the tangent at the point P to I" and the

radius Vector OP, then we know that tand = r Z—e
3

If ¢’ is the angle between the tangent at P to I and the
radius vector OP, then &’ =ddb+90, since the tangent, are

perpendicular.
Hence, tan’ = tan(p + 90)
1 1 dr
=—cotp=———=———
¢ p do  rde
Replace r@ in (2) by _ :dr_lﬂ
dr - de rdo
dr
. . . do
This is equivalent to replacing ar by —r* —
de dr
de
0r i),
4 (r g dr

Solving, we get the orthogonal trajectories G(r, 0, C’) =0

N

(

Fig. 12.4
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WORKED EXAMPLES

EXAMPLE 1

Find the orthogonal trajectories of the system of circles » = a cos 0 where a is parameter.

Solution.
The given system of circles is ¥ = a cos 0 (1)
Differentiating w.r.to 0, we get
dr
—=q-(—sin@) = —asin® 2
20 ) 2)
To eliminate a, divide (1) by (2)
r cosO 1 dr
—_— === = rtan@=-——
dr  sin®  tan® de
do
To find the orthogonal trajectories, replace dr by - a9
do dr
rtanﬂzrzﬁ = iz—&:@—sedﬂ
) dr r tan® sin®
Integrating,
= @158y
r sin©
= log, ¥ =log, sin®+1log, C =log, Csin®
= r=Csin0

where C is arbitrary.
... the orthogonal trajectory is a family of circles.

EXAMPLE 2

Find the orthogonal trajectory of cardioids » = a (1 — cos 0), « being the parameter.

Solution.
The given family of cardioids is
r=a(l—--cos0) (1)
Differentiating w.r.to 0, we get
dr
— =asin0 2
70 )

To eliminate a, divide (1) by (2)
r _1-cos

dr  sin®
do

. . d do
To find the orthogonal trajectories, replace _d; by - 2 we get
r
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r :1—0050 N _ﬂzl—.cosede
2 @ sin @ r sin©
dr
dr 2sin’ g sin g
—=——=—d0 =- do
- ; 00 0
2sin—cos— cos—
2 2 2
Integrating,
i sin 0
a5 dr [\ )5
j7=_j—9d0 - j7=2j—0 de
cos — cos —
2 2
0
= log, r =2log, cosz+ log, C
= = log, cos” g+ log, C =log, Ccos’ g
= r=Ccos29=£(1+cosﬂ)
2 2
’ ’ C
= r=C’(1+cos0), where C =E
which are cardioids.
.. the orthogonal trajectories of cardioids are again cardioids.
EXAMPLE 3 5
Find the orthogonal trajectories of the confocal and coaxial parabolas r = —aﬁ, a being the
parameter. cos
Solution.
The given family is r= 2a = 2a = asec’ 9 )
I+cos® , -0 2
cos” —
Differentiating w.r.to 0, we get
£=a-2sec9-secgtan9-l = £=a56029tan9 2)
do 2 2 22 de 22
To eliminate a, divide (1) by (2)
2 0
- asec 2 ! 0 dr

—=—%t— __ = rtan—=—
Z% aseczgtang tan 2 2 d9
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To find the orthogonal trajectories, replace j—; by —2 Z—G, we get
r

0 0 1
ar_ —j—sgde = log,r=-2] 2 2,44
r s1n9 sing
2 2
. 0
= log, r=-2log, smE +log, C
., 0
= log, r = —log, sin” — +log, C =log,
2 sin® —
2
C 2C
= r= =
. .0 1-cos®
sin” —
2

which is a parabola.
.. orthogonal trajectories are also parabolas.

EXERCISE 12.4

1. Find the orthogonal trajectories of xy = ¢, where c is a parameter.

2. Find the orthogonal trajectories of y = ax’, where a is a parameter.

3. Obtain the differential equation of the family of circles touching the x-axis at the origin and
hence, derive the equation of the orthogonal trajectories of these circles.

4. Find the orthogonal trajectories of a system of confocal and co-axial parabolas y° = 4a(x +a),
where a is a parameter.
5. Find the orthogonal trajectories of the system of hyperbolas x*> —y* = a’, a is a parameter.
2 2

6. Show that the family of confocal conics 2x—+ Zy
a+N b +A

=1 is self orthogonal, where A\ is the

parameter.
7. Find the orthogonal trajectories of the family of curves r = a(1+cos9).
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Laplace Transforms

19.0 INTRODUCTION

Laplace transform is a powerful tool for solving linear differential equations. Laplace transform
converts a linear differential equation with initial conditions to an algebraic problem. This process of
changing from operations of calculus to algebraic operations on transforms is known as operational
calculus, which is an important area of applied mathematics. The advantage of Laplace transforms in
solving initial value problems lies in the fact that the initial conditions are taken care of at the outset
and the solution is directly obtained without resorting to finding the general solution and then the

arbitrary constants.
The name is due to the French mathematician Pierre Simon de Laplace who used this transforms

while developing the theory of probability.

Definition 19.1 Let f(¢) be defined for all # > 0, then the improper integral

oo

e feyar
0
is defined as the Laplace transform of f'(¢), if the integral exists.
This integral is a function of the parameter s.
Symbolically, we write LI f(®)]=F(s)

oo

Thus, LIf 0= [e™ f(t)dt = F(s) (1)

0

L is called the Laplace transform operator.
The operation is multiplication of f(¢) by e "and integration between 0 and oo,

Note (1) The parameter s is a real or complex number. We shall assume s is a real number.
Some times p is used instead of s.

19.1 CONDITION FOR EXISTENCE OF LAPLACE TRANSFORM

Let f(¢) be defined for all # >0 such that
(i) f(?) is piecewise continuous in the interval [0, )
and (ii) f(¢) is of exponential order e > 0, then the Laplace transform of f(¢) exists for s > a.

Note
1. By piecewise continuity on [0, o), we mean that the function is continuous on every finite
sub interval 0 <7 <a, except possibly at a finite number of points, where they are jump
discontinuities i.e., f(x+), f(x—) exist, but not equal.
2. f(?) is of exponential order o > 0 if | f (t)| < Me* for all =20 and some positive constant M.

Equivalently lim{e '/ (¢)} is finite.
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Geometrically, it means that the graph of f(¢), t 20 does not grow faster than the graph of the
exponential function g(¢) = Me*, t >0
For example, ¢" is of exponential order as  — oo.

n |
— — lim—— [by L'Hopital’s rule]

e DeQe

=0

lim(e ") = lim
t—>o0 t—oo

*. t" is of exponential order o > 0.
Similarly, sin at, cos at, e“, e all satisfy this condition.
3. The above conditions are sufficient, but not necessary.

—at

For example, Laplace transform of 1 exists, but it is not continuous at £ = 0and hence it is not
piece-wise continuous in [0, o). t

4. Generally, functions that represent physical quantities satisfy these conditions and hence we
assume they have Laplace transforms.

5. When Laplace transform for a given function exists, it is unique. Conversely, two continuous
functions having same Laplace transform must be equal and hence we say that inverse Laplace
transform is unique. This is of practical importance because Laplace transforms are used in
solving boundary value problems.

19.2 LAPLACETRANSFORM OF SOME ELEMENTARY FUNCTIONS

1. Lic]= 5, s >0 and c is a constant.

Proof
Llc]= J‘e’”c dt
0
:cje—vd,:c A :_E[e—w_eO]ZE ifs>0 (o 1>0)
0 =S |, N s
In particular, L[1]=l, s>0 and L[0]=0 [
S
2. L[e’”]= ! ifs>a
s —a

Proof

o oo o e*(.&'fa)t >
L [e“’] = J‘e’”e‘” dt = !e G dr = |:—(s —a):|0

0
This limit exists if s —a>0 as ¢ > 0.

1

s+a

ifs>—a

3. Similarly L[e™ | =
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n!
+

4. L[r]=

Proof

— if s>0andn=0,1,2,3,....
S

L [t] = Te’”t” dt, s>0
0

Put st=u dt = d_u
s

When =0, u=0and when t =00, = o0

et
L[t ]—'([e s

:Ljefuu(nﬂ)fl du = 1 F(n+l)= r(n-"l-l)

n+l
s 0

ifn+1>0, s>0

n+l n+
N

We know, if  is a positive integer, then I'(n +1) = n!

n!
LIt |=— u
[ ] sn+l
1 1
Corollary Ll]=-, s>0 and Lft]=—, s>0
s s
5 L[sinat]—L s>0
) st+a®’
Proof
. T o e 4 d . B
L[smat]zje‘ sinatdt =| — 2(—ssmat——(smat))
o s"+a dt o
e . i
=| ———(-ssinat —acosat)
s”+a o
eO
=0- (0—acos0) = ifs>0 [ e™ =0 ifs>0]
st +ad s*+a -
s
6. L[cosat] =75 S >0
s°+a

Proof

oo

it —st d
L[cosat]= je’” cosat dt = 2e > |:—s cosat ——(cos at)]
0 s“+a dt )

oo

e™ .
=|———[-scosaf +asinat]

0
0

ifs>0

— (=scos0+asin0) = —
s*+a s”+a
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d __s
o an L[cost] E

The Laplace transform of many functions can be obtained from the Laplace transform of
elementary functions and some general properties justas in differentiation of functions. One such general
property of Laplace transform is the linearity property.

In particular, L[sint]=

19.3 SOME PROPERTIES OF LAPLACE TRANSFORM

Property 1 Linearity property
Let f(¢) and g(¢) be any two functions whose Laplace transform exist and a, b are any two constants
then

Llaf (t)+bg(t)] = aL [f (1)1 +bL[g(1)]

Proof By definition,
Llaf (1) +bg(1)] = J.e“’ laf (1) +bg(1)]dt

= '[e“”af(t)dt + Te""'bg(f)df

0 0
= - [
=afe'f()dt +b[e ' g(t)dt = aL [f (t)]+bL [g(1)]
0 0
Note Because of this property the Laplace transform operator L is a linear operator.
Using this we can find (1) L [sinhar] and (2) L [coshat]
Proof
at _,—at
1. L[sinhat]=L|:e ¢ }
2
= %{ Lle“]1-Lle ™1}, [by linearity property]
:l|: 1 ] ifs>a,s>-a
2ls—a s+a
_srazb-e) e _ a4 ifs >l
2s—a)s+a) 2s —a) s -—a
. a .
L[sinhat]=—; 5 if s > |a|
s —a
2. L[coshat]:L|:e te :|:%{L[e‘”]+L[e“”]}

[ 1 1 .
=_ + ifs>a,s>-a
2ls—a s+a
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_stats—a __ X __ S5 if s> o
2s—a)(s+a) 2s"-a’) s -a
Llcoshat]= —— if s >|a| n
s —a
WORKED EXAMPLES

EXAMPLE 1

Find the Laplace transform of ¢~"2

Solution.
Letf(n=t"" = L["]= ]ie'”t_l/z dt
0
Put st=Xx sdt=dx = dt:d_x
s
When t=0,x=0and when f = oo, x = o0

x " dx
Pl I
s s

,_xxl/z—l dx _ 1 F(1/2) _ ﬁ [ 1—*(1/2) — \/;:I

EXAMPLE 2
Find the Laplace transforms of (i) sin 27 sin3z

Solution.
(1) Let f(#) = sin 2¢ sin3¢

= %[cos(3t —2t)—cos(3t +2t)] = %[cost —cos 5]

LIf(t)]= %[L(cost) — L(cos5t)]

_l s s __[s +25—-s —1]__ 24
20 s*+17 %452 2 (sT+1)(s*+25) 2| (7 +1)(s> +25)

12s

= L[sin2tsin3t]=———5——
(s*+D(s” +25)
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We shall now list some important Laplace transform pairs f(f) and F(s) for ready reference to do

problems.
Function £(7) Laplace transform
F(s)=Llf®]
n!
(1) "1 =0,1,2,3,... S s>0, 1=0,1,2,3,...
S
®) >0 F@tD) 0,550
S
1
3) e ,s>a
S—a
. a
4 sin at —,5>0
s*+a
S
(5) cos at 558 >0
s +a
(6) sinh at >4
S _—a
S
(7) cosh at 5,8 > ‘a‘
S —a
®) i \/E §>0
S
EXAMPLE 3
Find the Laplace transforms of (i) cos2# (ii) sin32z
Solution.
. 1+ cos 4t
(i) Let f(t)=cos*2t = —

1
LI f(t)]= E[L(l) + L(cos4t)]
_l[l+ s }_1 s416+s” | 1 25°+16 | 5°+8
T 2ls s 447 ] 2| s(sP+16) | 2| s(sP+16) | s(s®+16)

(ii) We know sin30 =3sin@—4sin’0 = sin’Q= i[3 sin @ —sin 39]

L[sin’2t]=L |:% (3sin2¢ —sin 6t)]
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1
L[sin2t]— ZL [sin6¢]

2 _l 6
2427 4 2 +6°

1 _ 1
sP+4 s +36

3 s +36-5s> -4 3 32 B 48
2| (s +4)(s>+36) | 2| (s> +4)(s* +36) _(s2+4)(s2+36)

3,
4
3
45
3
T2

Property 2 First shifting property (or the s-shifting)
If L[f (1)] = F(s) then () L[e“f(t)|=F(s—a) if s—a>a
(i) Llef(®)]|=F(s +a) if s+a>a

Proof Given L[f(¢)]=F(s)

Lle"f )] = [e™e s (t)at

T ()dt= F(s —a) - (if s —a> o)

]
0
=Je
0
Similarly, L[e™f(1)|=F(s+a) ifs+a>a ]

Note The above properties are called shifting properties because the multiplication of f(f) by
e” and e™ shifts the argument s to s —a, s +a respectively.

The results can be rewritten as L [e”’f (t)] =[F(s)), s = LI ()]

s—s—a

and L{efO]=IF() ew = LS.,

‘s — s +a’ means s is replaced by s + a or s changed to s + a

Property 3 Change of scale property

If LIf()]= F(s), then L[f (at)] = 1F(i), a>0
a a

Proof Given L[f(®)]=F(s) (where s > at)
Now L{f(at)] = [e™"f (at)dt
0
Put at=u .. adt=du = dt=ldu, a>0
a

When t=0,u=0and when t =00, t = o0
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T d 17 1
Lif@)=[e fu)= ==[e s w)du =—F(5) L
0 a asy, a a
1 (s—a 1 _(s+a
Note L|e"f(bt)|==F ; Lle™f(bt)|=—F
[e“f 0] b(b] [efb1)] b(b)
WORKED EXAMPLES
EXAMPLE 4
Find the Laplace transform of the following functions:
() e“t", neN, (i) e”sinbt, (iii) ¢ sinh bt.
Solution.
(i) L{et"]=[L¢")] by shifting formula

n! n!
- Sn+1 s—s5—a - (S - a)n+l

(i)  L[e"sinbt|=[L(sinb)] :[ b } b

S0 As—ay +b°
(iii) L[e”sinhbt|=[L(sinhbr)] =[ b ] __ b
s s —a S2 _b2 e (S_a)Z_bZ
EXAMPLE 5
Find L cost )
Jt
Solution.
2 4 6
o) ()
cosvr =1- + - +--
21 41 6!
cos\/t_:L 1_L+£_i+.,, =z"/2—it‘/2+it3/2—ﬁ+-"
N/EEN A I TRV 2! 4! 6!
cos\/t_ 1 1 1
L =L}t -—L["1+—L[+*1-—L[**]+
{\ﬁ] [ ]2![]4![]6![]

:\/E_LFG/D+LF(5/2>_LF<7/2>+,,.
S

21 ¢ 4 2 61 7P

=\/E_1/2r(1/2)+l3/2.1/2r(1/2)_l5/2.3/2-1/2-1“(1/2)
S

21572 41 s7? 6! s

= 11 1 1 1 1 \F L
=, —|l-——+— - ct|= e ®
s 114s 2! (4s)” 3!(4s) s
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EXAMPLE 6

Find the Laplace transform of cosh af cos at.

Solution.

at + —at
L[coshat cosat]=L [%- cosat}

a

1 1
=—L[e” cosat]+—L[e ™ cosat
5 [ ] 5 [ ]

s —s—a s—s+a

1 s N 1 K
2 S2+a2 s—s—a 2 S2+a2 s—s+a

:l[ s-a_ s+a }

2l (s—a)’ +d° (s+a) +d’
_(s—a)[(s+a)2+a2]+(s+a)[(s—a)2+a2]
- A(s—a)* +a’ (s +a)* +a’]
_(s—a)[(s+a)[s+a+s—a]+a2[s+a+s—a]]
B 2(s* =2as +a’ +a’ (s’ +2as +a* +a’)
_ 2s(s* —a*)+2sa’

(% +2a° —2as)(s> +2d* +2as)

1 1
= E[L[cosat]] +5[L[cosat]]

_ 25 —2a*s +2a’s
2(s* +2a" ) —4a’s?]
2s° s?

B 2[s* +4a’s* + 4a* —4a’s?] st +4dt

EXERCISE 19.1

Find the Laplace transform of the following functions:

1. sin 6f+ 5¢7'+ cos 3¢+ 2 2. cos*3t 3. sin 2f cos 3¢
4. sin 5¢ - sin 3¢ 5. sinh?2¢ 6. (P+1)
7. (sin ¢ — cos t)? 8. cosh (5¢+2) 9. sin 3¢ cos?t
10. e sin 4¢ 11. £e 12. e sin’t
13. e (3 sinh 2z — 5 cosh 2¢) 14. (t+2)%' 15. e cost
16. (1 +1te™)3 17. e*sin 2t cos ¢ 18. e¥sin 2t.sin t
19. (2e'+ e 1 20. ¢ 21. et
22. e cosht 23. e” coshbt 24, e't™"?

25. coshat sinbt 26. e (2cos5t —3sin5t) 27. (1+te™)’
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(i —1)?
29, 2~
Jr

28. e'sin’ 2t 30. sin /7

31.

S

ANSWERS TO EXERCISE 19.1

—_—

6 5 K 2 s 1 3 1 5 1
T2 + T3 t— 2 2 T3 3.5 2 T2
s°+36 s+3 s°+9 s 4 s°+81 s°+9 21s°+25 s7+1

4 S) 11 s 1) s 1 6. 24,41
"2 st +4 sP+64 C2|sP=16 s s s
2 -2 2
7.1_2 8.le+e 9.2 1 ” s°—13
s s’+4 2ls—=5 s+5 21s2=9 s*—10s>+169
0. — 4 o 12. 2
s*+4s+20 (s+3) (s +1)(s* +25+5)
1-5s 2(2s% =25 +1
13, 57— g, 2B 24D 15, 1|1 s+3
s°+25-3 (s=1) 2|s+3 (s+3)*+4
16. l+ 32+ 63+ 64 17,1 3 + 1
s s+ (s+2) (s+3) 2l (s—=4)*+9 (s—4)"+1
_ _ 2
18.1 s=3 __ s=3 19. 83+ S+ 83
2l (s=3)+1 (s-3)°+9 (s=2) (s+4) (s+])
20. Lf/z 21, 2, sS4
2s (s+5)° (s—a) +b’
23, 574 24, Vm ifs—1>0
(s—a)’ —b* s—1
25. b L1 2. B9
2| (s—a)+b> (s+a) +b’ (s+3)"+25
27. l+ 3 + 6 + 6 28. 48
so(s+D? (s+2) (s+3)* [(s =1 +4][(s —=1)* +36]
5o, Ym(l+29)-4Vs 30 ‘/;e*/“f 3. - s—a>0

2572 T g2 s—a
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19.4 DIFFERENTIATION AND INTEGRATION OF TRANSFORMS

Theorem 19.1 Differentiation of transform (or multiplication by t")

d,, (F(s)), n=1,2,3,...

If  L[f®)] = F(s) then L[¢" f(r)] = (—1)" "

oo

Proof By definition, F(s)=[e™f (t)dt
0
Differentiating w.r.to s under the integral sign by Leibnitz’s theorem,

we get %=I—te”f(t)dt (1)

oo

- j e”"tf (t)dt = —L[tf (1)]
Ligf (0] = —?

Differentiating (1) w.r.to s, we get

ES) T
o= ey

0

= [e 7 f)di = (=1 [ f ()t = (1Y LI /(1]

, L d&*F
LIF f()] = (~1) T(s)

Proceeding in this way, we get

L[t”f(t)]=(—1)”%, n=12,3,... [

Theorem 19.2 Integration of transform (or Division by t)

If L[f(#)] = F(s), then L [@] = TF(s) ds

Proof

By definition, F(s)=[e™f (t)dt
0
Integrating both sides w.r.to s from s to e, we get

]:F(s)ds = ]:]:e’s‘f(t)dt
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Since ¢ is independent of s, changing the order of integration, we have
oo oo oo hd e—.\'t >
[F(s)ds =_[f(t)|:_[e“"ds:|dt =[r (t)[_—t] dt
s 0 s 0 s
= j& [e™ —e™ \dt
0o !

=]ie’” [&:ldt =L|:&:| [vt>0;5>0;e =0]

t t
L[@} = IF(S) ds ]

Note
1. In theorem 19.1 multiplication of f(¢) by ¢ results in differentiation of L[f(f)] = F'(s) w.r. to s.
Multiplication by # results in differentiation of L[f(¢)] twice and so on, with proper sign.
2. In theorem 19.2 division of f(¢) by ¢ results in integrating F'(s) from s to oo,
Division by #* will result in integration w.r.to s twice

—ft(zt)— = I:!';F(s)dsds

L

Proceeding like this, we get

L j% = '[j . -J.F(s)(ds)" , where # is a positive integer.
~ WORKED EXAMPLES
EXAMPLE 1
Find L]t cos’t].
Solution.
Let f(t) = cos’t

" tf(?) is the multiplication of f() by .

We know cos3t = 4cos’t —3cost = Cos}t:i[0053t+3cos”

F(s)zL[f(t)]zL[cos3t]=%[L[cos3t]+3L[cost]]=i|: S 43t ]

sT4+9 T st+1
L[tcosSt]:—iF(s):—i[l( T . 38 ):|
ds

ds|4\s>+9 5741
_ 1 (S2+9)-l—s-25+3{(S2+1)-1—s-2s}
4 (s*+9)° (s> +1)°

1 (9—s2)+3(1—s2) 1 (s2—9)+3(s2—1)
42497 (P41 | 4| (57497 (P +1)
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EXAMPLE 2
Find Ljte " sin¢].
Solution.

Let f(t)=e"sint

F(S)=L[f(t)]=L[eISint]=L[sint]Hm=|: ! } |

Sl (4141

Now te™ sint =#f (¢) is the multiplication of f(7) by .

_dFs)_ d| 1
Liren= ds ds [(s+1)2 +1}
B I W a1 ) o]
{(s +1)? +1}2 d\x*+a’) (X’ +a’)
_2s+))
{s+1y +1}2
EXAMPLE 3

Find L[fe~¥ sin 21].

Solution.
Let f(t) =sin 2¢
LIPS ()] = L[ sin 2] = (—1)° szgs)’

where

2
F(s)=L[sin2t] =
()= Llsin21]= 5

e (2 Y, d[ (D25
' L[tf(t)]_ds2(s2+4) 2ds|:(sz+4)2:|

<[]
ds| (s +4)

:_4[(s2+4)2.lzs.2(52+4).zs]:_4[S2+24_4S2]:+4[3S2_4]
(" +4) (s +4)° (s +4)

4[3s> — 4]
(s> +4)

L[t’e™ sin2t]= L[t* sin2¢t]

L[t sin2t] =

s—s+3

4G5> -4 _ 4-[3(s+3)* —4] _ 4[3s% +18s+23]
LT | L, [s+3) 4P (s +6s+13)
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EXAMPLE 4
1—cos 2t ]

Find L l:
t

Solution.
Let f(®H)=1-cos 2t

s
s +4

F(s)=L[f(t)]= L[1-cos2t]= L
s

. [1 —cos 2l:| _1 [&] [division of f(¢) by {]
t t

= [F(s)ds [By theorem 19.2, page 19.11]

Tl 1
el
s sT+4
T1 T sds

=|—ds—
j!_.s j!‘s2+4

2s ds
s +4

~[log, s] ~£]

s

) -
= l:loge 5= Eloge (s> + 4):|

1 ) -
3 5[2 log, s —log, (s~ +4)]

1
= 5[10& s* —log, (s> + D]

_l—lo [ s” :H“’
21 8 sP+4]],
1 1 T

=—[1
5 og, 4]

[ 1 4
= 3 log, 1-log, 4 } [sinces—2 —0ass > oo:|

—log, —— [ log, 1=0]
s
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EXAMPLE 5
—,t
Find the Laplace transform of 1= .
t
Solution.
Let fHh=1-¢
. P
F)=Llf O]l =L[l-e']=L[]-L[e']=--—
s s—1
_ t oo
L [lTe:| =L [fg—t)] = jF(s)ds [division of f () by ¢]
HENE!
-
\s s—
=[logs —log(s = D7
¢ T
=|log—
1 1 -1
=logl-log——=0-log——= —logL = log(s—)
1 1 s—1 s
1-- 1-=
s s
EXAMPLE 6
sinat
Find the Laplace transform of p
Solution.
Since lim > a_ lim asinar o a, ST 45 continuous V' 720
=0 =0 qf t
.. Laplace transform of SN ists.
t
Let f(t)=sinat
F(s)=L[f@®)]=L[sinat]= 55—
s +a
inat t T o
L[g] = L[Q} = JF(S) ds [division of f'(¢) by ¢]
3 T ads
'+ d

Lo (2] - (3] - (3o ()
=q-—|tan | — =tan oco—tan |—|=——tan | —|=cot | —
a aj], a 2 a a

Note [, [cos atjl does not exist because the function cosat is discontinuous at ¢ = 0.
t t
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EXAMPLE 7
—at_ o bt

t

Find the Laplace transform of ¢

Solution.
Let f)=et—et

F(s)=LI/ ()] = L[e™ —e™]= ﬁ_sib

. |:e-at —e™ :| _ [&} _ TF(S)dS [division by f]

:T[ s+b]

[log, (s +a)—log,(s+b)]

__10 s+al
| &b X

1+4 1+4
=|log, ZS) =log, 1—-log, Z =—loges+—a=loge sth
1+2 1+2 s+b s+a
L § N
EXAMPLE 8
—3t .
Find [ | ¢ sin 2¢ )
t
Solution.
Let f(t) = e sin 2¢
2
F(s)=L[f(t)]=L[e™” sin2t] = [L[sin2t =——
(s)=L[f()]=L[ I=[L[sin2t]] ., G137 44
=3t .
L{e_smf} [ (t)} I Fs)ds [division of £ (¢) by 7]
t

'—.8

ds
s+3) +4
=2 ltan_1 (—S+3)
2 2 i
=tan"' co—tan™’ ﬂ :E—tam’1 ﬂ =cot™! ﬂ
2 2 2 2
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EXAMPLE 9
Find L l:l—cost :|
t2
Solution.
Let f(H)y=1-cos t
F(s)=L[1-cost] = L[1]— L[cost] = — — —
N +1
L [1"—2"5’] [f (t )} [dividing f(£) by £]
t
= [[F(s)ds-ds [by theorem 19.2]

2sds
gtz

= l:loge s —Elog‘, (s> + 1):|

Now JF(s)ds = jl:s

- %[zloge s—log,(s*+1) |

—llo s* -
2| 8 sP+1 A

oo

l-cost| 71 s +1
L[t—z]z‘!.zloge( S )ds
—lT[lo (s> +1)—log, s*]ds
- 2 ge g(’

-
= Ej[loge (s> +1)—2log, s1ds

= %Jloge(s2 +1)ds —Jloge sds = %Il -1,

z - 71
where 1, = [log,(s* +1)ds =[ slog, (s> +1) | —jsz 255 ds
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= [S log, (S2 +1):|:° B 2;’2%ds

i ~ = 1
= [s log, (s + 1)1 - 2j[1 - m}ds

s

=[slog,(s*+] —2[s—tan"'s]

oo
s

and J = Jloge sds =[slog, s]’ —js -lds =[slog, s]7 —[s]’
s

s

L [1 _;"S’] = %{[s log, (s* +DI7 —2[s —tan"'s]"} ~{[s log, s ~[s1}

= %loge(s2 +1)—s+tan"'s —sloges+s:|

=|slog, Vs +1+tan"' s —slog, s:|

s7+1 o
=|slog, [—5— +tan" s
s

. s +1 . st +1 o
=limslog, ——+tan e~ -slog, ,[—5— —tan" s
g s s
s 1 T fs2+1
=lim—log [1+— |+—-slo — —|-tan's
s g‘( 32) 2 ge[ s’ ]

s 1 1 1 T - Vst +1
=lim—|——-— - +5—tan s—slog,

+_
st 28t 3s° K

111 1 o Vs +1
=lim—f—-——5+——-|+cot” s—slog,

N

2 2
+1 +1
=0+c0t1s—s10ge[ e ]zcotls—sloge s
N N
EXAMPLE 10
4
Find the Laplace transform of f(¢) = £, 0<i<
5 t>4
Solution.
. t, 0<t<4
Given f@t)=
5 t>4
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LI (0] = [e™f (t)dr = e-Sff(t)de Y (@)di

4
]
0
4
je “tdt +_[ ~'5dt
0
{f

4 —4s —4s 0
:—{ ¢ +e2 —(0+e—2):|—§[e_°°—e45]
s s s s

EXAMPLE 11
Find the Laplace transform of f(t) = |t —1|+|t+1], 7 >

Solution.
Given @) =|t=1|+|t+1], 120 0 ! -
We know |x|=x ifoOand|x|=—x ifx<0

If0<t<l,thent+1>0andr—1<0 o lr+1l =r+1andlt—1 =—(@-1)
fO)==@-D+1+1 =2 if0<r<]1

If 121, t+1>0,0-120 o [r+l|=t+1, [1-1|=1-1
f@)=t+1+t—-1 =2t ifr=>1

Th 2 if0<t<1

us =
a {m ifr>1

LI 0] = [e ' (0)de = [e™f ()t + [e ™' (t)at

= J‘e’“2dt +Te*“ 2t dt
1

0

—st ! —st —st x
=S —s (=s)" |,
2 e’ e’
=—"e —eo]—2|:0—( +— )]
s s s

2 (1 1) 2 2° 2 ,
=——(e”—l)+2€“°(—+—2)=—+ s+
S S N N S S
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EXERCISE 19.2
Find the Laplace Transform of the following functions.
1. te™' sin2t 2. tcosh 3¢ 3. te” sinat 4. £ cos®2t
5. (t+2)cos 3t 6. te™ sinht 7. te™ cosht 8. t’e” sinht
=3t —4t —t .
9. cos 2t —cos3t 10, €€ 1. l-e 12, cos 4t sin 2¢
t t t t
-2 —at .
13. sin” ¢ 14, l—e 15. £(r)= sint,0<t <nr
t t 0, t=m
. .
16. ()= e 1.f0<t<1 1. £(t)= c'ost 1.f0<t<1'r
0 ifr>1 sint if t>m
t i£0
18. f(y=4c "USPSC 19 rcos3r. 20. te™ sindr.
1, if t>c¢
21. t*e” cost. 22. £sin at. 23. 1 sin 37 cos 2t.
04, cosat—cosbt 25 e”’—cosbt.
t t
ANSWE;RS TO EXERCISE 19.2
4(s+1) s°+9 2a(s —a) 1 s(s*—48)
L. 2 2 2. 2 2 2 232 4. St 3
(s +2s5+5) s"-9) (s°—2as+a") s® (s”+16)
s*-9 2s 2(s +2) st4+25+2 1 1
5. — >+ B | ) —_— 8. —+—=
(s> +9)* s*+9 (5% +4s+3) st 45’ +4s7 (s=2)" (s-4)
2
9. llog S2—+9 10. log s+4 11. log s+l 2.1 tan™ > —tan™' =
2 s°+4 s+3 s 2 2 6
2 —7s —s
13. Liog ¥ Fd g jogf 14 15, dre™) 16. 1=¢¢
2 s? s 57 +1 s—1
1 s°=9
17. s+(s—De™ 18, ——(e™ —1 19, —————
s2+1[ (s=De ] szc( ) (s*+9)°
6(s+4 2 - 2a[3s* —d’
20. +(42+)92 51 2s+DIs 2+2s3 2] a[zs 2a}] 2. 25s 4 2s :
[(s+4)"+9] [(s+1)*+1] (s"+a’) (s> +25)* (s> +1)
1 *+b° 2 1 p?
24. —log, S2 =| 25 1 og Lbz
2 s*+a 2 (s—a)
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19.5 LAPLACETRANSFORM OF DERIVATIVES AND INTEGRALS

Theorem 19.3 Laplace transform of derivative

Let f(¢) be continuous for all ¢ > 0 and f”(¢) be piecewise continuous on every finite interval 0 < ¢t < a
in [0, o). If f() and f”(¢) are of exponential order as ¢ — o, then

LIfOl=sLIf (O]l — f(0).
Proof By definition

oo

LY (00]= [e'f "ty dr

0

=[e™f )]y = [-se”f ()at

[using integration by parts]

= lime ™"/ (1) =€/ (0) +s[ef @yt

Since f(¢) is of exponential order, lime™'f(r)=0, ifs>a

LIf O] =s[e™f (t)dt £ (0) = sL[f (1)] £ (0)
LIf" 0] =sLLf ()] - f(0) n

Note Laplace transform of f”(¢) results in multiplication of L [f(#)] by s

Corollary LIf (@)= s"LIf ()] (0)=f"(0)
We have, LIf'®]l=sLIf(t)]-f(0)
LIf "= s L [f"O]-17(0)
=s{sLLf(O]= F(0)} = f/(0) = s* LLf ()] =5 f(0)~ f7(0)
LIf"®O1=s" LIf (O] = s f(0) = £7(0)
Similarly, we can prove
LIf" 1= S LIf O] = 5" £(0) — sf"(0) — f7'(0)
and in general
LIf"OI=s"LLf@O1 = s"" £(0) = 5" f/(0) == s f"2(0) — £V (0)

Theorem 19.4 Laplace transform of integral

If f(¢) is piecewise continuous in every finite interval 0 < ¢ < a in [0, o) and f'() is of exponential order
a>0andif L[f(¢)] = F(s), then

L|:j.f(u)du]=M for s>«
" s
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ie., |:Jf( )du :| L ®l fors >a
Proof Let g(t) = jf(u)du
Then g/(t)=f(t) and g(0)=[f ()du=0

LIf()]=LIg'®)]
=sL[g()]-g(0)=sL[g(®)]=5sL [ jf(u)du}

_L[f(t) Df(u)du:| - L|:'[f( Ydu :| L[f(t)] .

Note
1. The Laplace transform of integral of f(¢) results in division of L[f(#)] by s.

t
2. Replacing the dummy variable u by ¢, the above result is usually written as L D f (t)dt] =
0

_LF@)]
S2

LIf )]
S
Similarly L [j [r@dear

3. jf(t)dt - jf(t)dt +jf(t)dt

jf(t)dt = jf(t)dt —jf(t)dt

L [jf(t)dt:| =L [jf(t)dt:| -L [j[f(t)dt:|

But ‘a[f (t)dt is a constant, say K.
L{jf(t)dt]d[K] —kLm==
0 s

. L
L[Jf(t)dt:|:;jf(t)dt

LF@®)]

[Jf(t)dt:| jf(t)dt
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WORKED EXAMPLES

EXAMPLE 1

t
Find the Laplace transform of jte " sint dt .
0

Solution.

’ ) L(te™" sint
L|:_[te" s1ntdt:|= Lite” sint) [by theorem 19.4] (1)
0 S
Let f(@)=e"sint
1

F(s)=L[f(t)]= L[e"'sint]= L[sint] , ,| = ———
(s+1)"+1

Llte™ sint]= L[t (¢)] = _d];f) - _;’_S{(Hll)z +1]

=_|:(—1)-2(s+1):| 2s+1)  2As+])

[(s+1)* +1F 4 [(s+1)* +17 - [s* +2s+2T

Substituting in (1) we get,

0 . 1 2(s+1
L J.te"’ sint dt =—‘%
o s (s +25+2)
EXAMPLE 2
[ e~ sint
Find L| | dt}.
v ¢
Solution.
M+ - . 1 —t -
L je ALY ) L [by theorem 19.4]
Lo t s t
oo -
But L[e fln’}sz[e' sint]ds [by theorem 19.2]
T 1
B S -
(s+1)"+1

=[tan”'(s+1)]” =tan"' co—tan"'(s+1) = % —tan"'(s+1)=cot'(s+1)

t ot s -1
L|:Je smtdt:|:cot (s+1)

0 t N
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EXAMPLE 3

t .
Find L [dex +te™ cos® 2t:|.
X
0

Solution.
t . 7 s .
L [J SIUY v +1e cos? 2t | = L J-smx dx]+L[te” cos® 2t] (1)
X X
! - -0 [By linearity property]
Now L| [T e || [T gy
o X | Lo t
. -1
= lL l:y] _cot s [example 6, page 19.15]
N t s
L[te™ cos® 2t]= L[e ™'t cos” 2t]
=L[tcos’ 2t] ., = li—iL(cos2 21)]
dS s —s+1
Let f(t)=cos’2t = I+ C;S d
1+ cos4t 1
L[/’(f)]=L[ ] o+ Licosar = 1] L+ =
2 2ls s°+16

L[tcos® 2t]1=L[tf (1)]
L[tcosz2t]=—iL[f(t)]
ds
o]
= <-4+ —
ds|2|s s*+16

1 1 (s*+16)-1—s-2s 11 s -16
Y I B Iy
s (s”+16) 2(s° (s”+16)

{1 -1
L[teif cosz2t]=— —2+s2—62
2|57 (P16 |

_1 1 N (s+1)> =16 1 1 N s*+2s5-15
2l s+ [(s+1>+167 | 2| (s+1)° (5" +2s+17)
Substituting in (1), we get

t .
sinx _
L J dx +te™ cos? 2t:|=
x

0

cots 1| 1 57 +2s—15
+— 2+ 3 7 |-
s 21 (s+1)” (s"+2s+17)
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19.5.1 Evaluation of Improper Integrals Using Laplace Transform

For the definition of Improper integrals, refer Chapter 7.

WORKED EXAMPLES
EXAMPLE 4
Evaluate fe‘z’t sin3t dt.
0
Solution.
Let I= J‘e’”t sin 3t dt.
0
If f({t)=tsin3t,
then 1= _[e_Z’f @)dt =[F(s)],_, = F(2), [by definition of Laplace transform]|
0
and F(s)=LI[f(t)] = L[tsin3¢]
d . d 3 3(-1 6
=——L[sm3r]=—“( : ):‘ N R
ds ds\s +9 (s°+9) (s*+9)
6x2 12 12
) (2*+9)* 169 2) 169
EXAMPLE 5
T, sin’t
Evaluate J.e_’ —dr .
° t
Solution. = in?t
Let I={e" =——ar
s t
sin’ ¢ T .\
If £(1)= then /= [e'f(t)dt =[F(s)],_, = F(1), [by definition of L. T]
t 0

) oo
But F(s):L|:SH;—t:|: Lsin® t]ds

s

=J-L[l—0052t:|ds
s 2

171 Ky 1 1 -
=—||-- ds==|log s——log (s* +4
Z‘EL s2+4] 2[ g.s =7 loe )l
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h i[z log, s —log,(s* +4)]
= %[loge s —log,(s* + 4)I|j

—lVlo s |
4 g S +4 1

— —~oo

log 1 1|log, 1-1log b 1 s’
= — ¢ 4 =— et e 4 |= __10 -
4 (1+) 4 1+— 4 %71y

—

S2 ) SZ
2
= F(s) = “log, 5% and F) = log,(144) = L1og, 5
4 s 4 4
log, 5
I =F()=—2=~
M 4
EXAMPLE 6
- 1—
Evaluate '[e_‘ (ﬂ)dt.
° t
Solution.
Let Izje_’(l_COStJdt
s I3
17 (6) = =L then = [ef@0yde =[Fs)]_, = FQ)

s=1
t 0

But F(s)=L[f ()] :L[I_COSt]
t

L[1—cost]ds

Il
|
[

]

aQ
)
2}
|
N | =
—_—
o
o
—~
)
)
+
—_—
~
“ 8
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2

s +1 1 1+1 1
and F(D==1lo —|=—=log 2
2 M 5 ge( 1 ) 5108

e

= F(s)= %10g8

[=F(l)=%loge 2

EXAMPLE 7
—1/4s

Given L[sinv/t] = % show that L[“’\s/tfq = \/sEe_”‘”.
Solution.

1/4s
Given L[sin Jt t]= %
If F(t)=sint
then £(0)=0 and f’(r)= cosr - J ; co\sﬁ\f
We know LIf"O]=sL [f(#)]-f(0)
= L[%CO\S/;\/;}:SL [sin\/;]—O
N 1, cos\/t_ \/_e’/”‘” Dyt cos/t _ \/_ s [T s

P \/; 2532 \/lt Sl/z P

19.6 LAPLACETRANSFORM OF PERIODIC FUNCTIONS AND OTHER SPECIAL TYPE OF
FUNCTIONS

Mathematical representation of physical quantities whose values repeat periodically give rise to
periodic functions.

Definition 19.2 A real function f() is said to be periodic if there exists a positive constant 7" such that
f(t+ T)=f(¢) for all values of ¢. The smallest such 7'is called the period of the function or fundamental
period.

For example: sin (¢4 27) =sin ¢, sin(f +4m) =sint,  sin(t+6m)=sinz VteR

*. 247 is the smallest number which satisfies sin(t +7) =sint V¢.

So, the period of sin 7 is 27.

Note It is clear that f@+T)=f(@)Vt

= f@+2T)Y=f@t+T+T)=f(+T)=f(t) and so on.
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In general, f@+nT)=f(¢t) V¢t wherenis an integer positive or negative.

The advantage of periodic function is that it is enough we study it in an interval of length 7,
because copies of it only will be available in all other intervals of length 7. So, the Laplace transform
of f(#) will be expressed as an integral of e f(f) over the interval (0, 7) of length T.

Theorem 19.5 Laplace transform of periodic function
If f(¢) is a periodic function with period 7, then

fe‘”f(t)dt
L[f(®)] :Ol—_r

Proof Since f(¢) is periodic with period 7, we have

fO=ft+T)=f(t+2T)=---=f(t+nT) forall ¢

By definition,
Llf@)]=[e ' (t)dr
2 2T 3r
= [e'f()de+ [ e If e+ [ e 'f (t)de +---

0 T 2T

Put t=u + T in the second integral
t =u + 2T in the third integral and so on.

Then dt=du
In the second integral, whent=7, u=0 and when =27, u=T
In the third integral, when =27, u=0 and when t=37, u=T and so on

LI 0] = [e™f (Ot + e "f (u+T)du+ [e“f (u+ 2T )du + -

T T T T
= J.e_”f(t)dt +e" J.e_“‘f(u)du +e 7 Je_“‘f(u)du +e™7 J‘e'“‘f(u)du .-
0 0 0 0

T
=[1+e™ " +e T+ 4] [ (1)dt
0

T
e”*'f(t)dt
1 'T[ () d !‘ / [l+e” " +e™" +... is a infinite
I-e™" I—e™" geometric series with CR ™" ]
|

Note Iff(x) is periodic with period 7, then f(ax + b) is periodic with period r ifa>0.
a
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WORKED EXAMPLES

EXAMPLE 1

Find the Laplace transform of the function

) 0y
sinwt, 0<t<—
»

2
f(@)= with period =
™ 0 0]

0 , —<t<—
w w
Solution.

. . . 2 . T . 2 .
Here f(¢) is given in the interval (0,—“) and f(#) is periodic with period T = il because sin t is
o) o)

periodic with period 27.

T

[e=if @)ar
Llf@®)]= 07 [by theorem 19.5]

e -0dt

i
®

=— J‘e’” sinw? dt +
0

gla—ely

)
[0}
J‘e"“’ sin wz dt
0

-2t
l—e @

™
w

e .
5 [—S sinw! — w cos ]
st 0

1 e® . y ™ e’ .
= —| 5——{-ssin| @— [~@cos| ®— |} ————{-ssin0—wcos0}
251w ® o) s’+o
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o|l+e @
B ) B )

(s2+(u2)|:1—es‘::||:l+es‘::| (s2+m2)[1—e_%] (s2+m2)(l—e_‘s"“J

257 —ms \2
[ e © =[ewJ andaz—bzz(a—b)(awtb)jl

27
Note This function is called the half-sine wave rectifier function of period P

EXAMPLE 2

Find the Laplace transform of the periodic function

t, 0<t<a

(0 ={ and f(t+2a)= f(2).

2a—-t, a<t<2a

Solution.
t, 0<t<a

and f'(¢) is of period 2a.
2a—t, a<t<2a

Given f(t)= {

. by theorem 19.5,
T 2

[e='f@)ar fe'“f(t)dt
UG l1—e™" N l—e™®

je'”f(t)dt +Te_”f(t)dt

0 a
l-e

—2as

j‘e'”tdt + Te_”(Za —t)dt

0 a

B l1-e
B S s
l1-e —s (=s)" ], —s (=) |,
_ 1 {[_(a.e‘” +87:S )+(0+§):|
l1-e N s s
+[(O+e22”)_(_ae‘” +eij ):H
s s K

—2as

—2as
—2as
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B 1 i+672as _zef,m
l—e?|s* s 52
1 l—e™)? l—e™) 1—e™ 1 as
_ L ey ety et e
- s s (l—e“)1+e™) s (14+e™) =

Note This function is called the triangular wave function of period 2a.

EXAMPLE 3
Find the Laplace transform of the square-wave function (or Meoander function) of period a

1 when0<¢< %
defined as f(¢) =

-1 when%<t<a fit)
Solution.
a W @ —
1, ifO0<t<—
Given f(t)= 2 :
-Lif S<r<a —+ 1
? 2! : Sa
= f(¢) is of period T=a E (I >
By theorem 19.5
3 .
T —st —st
[e1r @y !e F@)di+ [ef (1)dt
L )= 0 = 2
0=t —
2 a
je_” -1dt +J‘€_‘”(—l)dt
_ 2
1_6*511
__ v e[t
[1—e™]|| —s o = 1.
1 _eT 60 efsa eT
[l_eﬂa] N N K Ky
1 ;m —=sa
= —[1-2¢ 2 +e¢™]
S(l_e Sll)
—sa 2
- et L

—sa —sa - 4
S[l—e 2 :||:1+e 2 :| s[l+e 2] s
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Theorem 19.6 Initial value theorem
If the Laplace transforms of f(¢) and f”(¢) exist and L[f (¢)] = F(s),

then 1111011 f(t) =lims F(s).
Proof We know that LIf'®O]=sL[f(®)]-f(0)

= [e=rr ()t = F )~ (0)
lirg]qe"”f’(t)dt =lims F(s)—f (0)
Tlirge’“f’(t)dt =lims F(s)—f (0)

Since ¢ is independent of s, lime™ =0 .- J‘lime’s’f'(t)dt =0.
§—>o0 0 §—>oc0

S (0)=lims F(s)

= limf (¢) = lims F(s) [Since f{(¥) is continuous on the right at 0,
t—0 §—o0
limf (1) =/ (0)] u

Theorem 19.7 Final value theorem

If the Laplace transform of f(¢) and f”(¢) exist and F(s) = L[f (¢)], then
lim f(z) = liIIOlSF(S).
t—eo s

Proof We know that LIf’®O]=sL [f )]~/ (0)

= Jef"(t)dt =s F (s)-1 (0)
lingTe’S’f'(t)dt = lim (s F(s)~£ (0))
= T{i_r)lge'”f’(t)dt = lims F(s)~f (0)

- [F 0ydt =tims Fs) -7 0)

= @] = lims F(s)=f(0)
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= limf (1)~ (0) = lims F(s) ~/ (0)

= lim £ () = lim s F (s) u
t—oo 5§

Note Since f(7) is defined for all 7 € [0, =), f(0) is the first value or initial value of f(¢) and limf (¢)

is the final value of (7). o

WORKED EXAMPLES

EXAMPLE 4

Verify initial value theorem for the function f(¢) = e sint.

Solution.
Initial value theorem is limf (z) = lims F(s)
t—0 §—o0
Here f(H)y=e'sint
1
F(s)=L[f(#)]=L[e”" sint]= ————
() =LY @)=Ll sinf] = 25—
Now LH.SS. =limf (t) = lime ™" sin? =e’0=0
and R.H.S. = limsF(s) = lim ———— [f form]
s soe(s+1)"+1 oo
- ) [by L Hopital’s rule]

im——=0

s==2(s +1)
LHS=RH.S.

Hence the theorem is verified.

EXAMPLE 5
Verify final value theorem for f(¢) =1+ e (sint + cost) .

Solution.
Final value theorem is limf (t) = lims F(s)
t—o0 50
Given f(t)=1+e™ (sint +cost)

limf () = lim[l1+e " (sint +cos?t)] =1+0=1
t—oo t—o0

F(s)=L[f(1)]
= L[l+e™'(sint + cost)]
= L[]+ L[e” sint]+ L[e™ cost]
1 1 s+1

+
s (s+D*+1 (s+1)*+1
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lims F(s) = lims| 14— 4 **1
s=0 =0 s (s+1)°+1 (s+1)°+1

. s st +s
=lim|1+ > + D =1
§=0 (s+D)"+1 (s+1)"+1
limf (¢) = lino1s F(s)
Hence the theorem is verified.

EXAMPLE 6
Verify the initial and final value theorems for f (1) = e~ (t + 2)°.

Solution.

(1) Initial value theorem is limf (¢) = lims F(s)
1—0 §—o0
Here ft)y=e ' (t+2)

F(s)=L[f ()] =L[e” (t2 +4t+4)]
= Lle"'t? ]+ 4L e 't]+4L [e™]
2 1 4
= +4- +—
(s+1)° (s+1° s+l

Now LHS. = linolf(t) = lirrol(e”(t+2)2 =e’(0+2)° =4
t— t—
and RLS. = lims F(s) = lim| ——+ 2 45
s soel (s+1)°  (s+1)° s+l
But lim = lim = By L'Hopital’s rule
(s +1) e 3(s+1) [By L'Hop ]
. 4s . , .
lim > = lim = [By L'Hopital’s rule]
soe(s+1)° 5o 2(s+1)
im = —fim—t =4
s ¢ +1 §—>e0 1 l
s
Hence, RHS. =limsF (s)=0+0+4 =4
L.H.S.=R.H.S.

Hence, the initial value theorem is verified.
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(2) Final value theoremis limf (¢) = lims F (s).
oo 5s—0

2)? o
Now LHS. = lime” (1 +2)° =lim 2 [— form:|

t—oo t—o0 e oo

i 20+2)

t—o0 et

[By L'Hopital’s rule]

= limi =0 [By L'Hopital’s rule]

1 of

and R.H.S. = l,inols F(s) = l‘irrO1|: 2s 4s 45 :|:

+ +
(s+1)° (s+1)> (s+1])
L.H.S.=R.H.S.

Hence, final value theorem is verified.

Definition 19.3 Unit step function or Heaviside function

The unit step function u is defined by u(¢) = 0, ifr<0
L ift=0

This function has jump discontinuity at 1 =0
More generally, if a is any positive number, then u(¢ — a) is the unit step function shifted @ units to
the right and is defined as

. 0, ift<a
WED= s a

u(f) u(t)

((UR))

u(t — a) is also denoted by u ()

Note The unit step function may be thought of as a flat signal of magnitude 1 or a flat switching
function. It is also called Heaviside function in honour of the British electrical engineer Oliver
Heaviside.
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19.6.1 Laplace Transform of Unit Step Function

By definition, Llu(t—a)]= J-e'”u(t a)dt

eu(t—a)dt +J.e’”u(t a)dt

i
!

—st —as
=]e™- 0dt+j ~dt = 0+[e :| =—l[e’°°—e_”]=e ifs>0
) . S N
e—as .
Llu(t — a)]l= ifs>0
N
Theorem 19.8 Second shifting property (or t-shifting)
If L[f (t)] = F(s), then L[f (t — a)u(t —a)] = e “F(s)
Proof The unit step function is
(t—a)= ift<a
u\t —a
1 ift>a
F—a( - ift<a
—aju (1 =
f(t a), ift=>a
LIf(t —ayu(t —a)) = [ ™[ (t —ayu(t —a)dt
0
=[ef (t - aw(t —aydt + [e™'f (¢ —ayu(t — a)dt
0 a
= [ 0dt + [ef (t—a)dt = [e™f (t —a)ar
0 a a
Put t—a=x . dt=dx
When t=a,x=0and when f = oo, x = o
LIf (t —ap(t —a)] = [ *f (x)dx = e fef (x)dx = e F(s)
0 0
LIf (¢ ~ayu(t —a)] = e LIf (¢)] =

Note The above property can also be stated without using the name unit step function as below.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

0 ift<a
If L[f(t)]= F(s) and G(t):{f(t—a) sy
then LIG(t)l=e “F(s)=e “L[f(1)]

19.6.2 Unit Impulse Function

Many engineering applications involve the concept of an impulse, which may be considered as a very
large force acting for a very short time.

For example: the force due to a hammer blow. u(f)
We can model an impulse as below in terms of unit step
function. (0, 1/e)f-mmmmmmaaaen (€, 1/e)
For any positive number €, the impulse function 8_ is
defined by ;
1 0
—[u@)—-u(t—¢€)], 0<t <e € t
NP b= CORIGR)
0, otherwise

This is a pulse of magnitude land duration €.
€

Note that the area of the graph representing the pulse is l =1, which remains a constant 1 ase — 0.
€

19.6.3 Dirac-delta Function

The function §_ (7) obtained by taking € — 0'is called the u(t)
Dirac delta function and denoted by &(%).
Thus o) = lil’l(;l o_(1)
. (0, 1/E) """"""" [
In other words ()= 0 ifr=0
o ift=0 : l
[ 1 ] E i
E—>0=>——>o
€ o) a ate t
0 ift#a

The shifted delta function is §(¢ —a) = { '
o ift=a

19.6.4 Laplace Transform of Delta Function

We have Se(t—a):l[u(t—a)—u(t—a—e)] ifa<t<ate
€

Then L[o_(t—a)]= lL[u(t —a)—u(t —a—e)]
€

= é[L[u(t —a)]-L[t —(a+€)]]

1 [eas e*(aw&e)s } B efa_v (1 _e*ES)

(S (S

N N
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Ase—0, L[8(t—a)]=e™™ lim [l—e :|
€0+ es

_ . 1=
ie. L8t —-a)]=e™ [ lim =1]

x—=0 X

In particular if a = 0, then we get L[8(1)] =€’ =1
An important property of Dirac-delta function is _[ f(@)o( —a)dt = f(a)
0

Note Paul Dirac (1902—84) was a British physicist who was awarded the noble prize in 1933 for his
work in quantum mechanics.

In mechanical problems delta function is used to represent an impulse. In electrical systems it is
used to represent the application of a very large voltage for a short time or the sudden discharge of
energy contained in a capacitor. This function is applied to study the behaviour of circuits subjected to
transients like high input voltage. Sometimes the system may break down. So, before a circuit is built,
transients are modeled by the delta function and their effects on the circuit are studied to set safety
standards for the system to be fabricated.

WORKED EXAMPLES
EXAMPLE 7
Find L[(t =1 u(t —-1D)].
Solution.
Here f(H="r
: fit-1)=(-1) and a=1
LIt -Du(t —D)]=e “L[t*]=e” 2 = 26; [By theorem 19.8]
s s
EXAMPLE 8

Find Lle *u(t -1)] .

Solution.
Lle™u(t —1)]= L[e™ ™ u(t )] = e *Lle™ u(t - 1)]

Here ft)y=e™ anda=1
1
—4(t-1) _ _ =S -4ty _ -8
Lle ut=l]=e Lle " ]=e 14 [By theorem 19.8]
1 PRt
Lle u(t—]=e"-e™- =
[ (t=1] s+4 s+4

EXAMPLE 9

Find L |:(sint)u (t - %):| .
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Solution.
{(smt)u t—— Llsm{t——+—}{u(t—§)}:|
ot 33
2
I 0
=e 2 L [cost] Voas Py [Using theorem 19.8]
_m o 2
=e 2, =
sS+1 0 57+l
EXAMPLE 10

t—1, 1<t<2

Find the Laplace transform of £(¢) = .
P J® {3—t, 2<t<3

Solution.
We shall rewrite f(¢) in terms of unit-step function.

S @)= =Dlu@ =D —u(t =2)]+ G -0)[u( - 2)—u(t —3)]
Fou(t—1)=1, u(t-2)=0in 1<t<2; ut-2)=1,

u(t—3)=01in 2<t<3]
SO =0-Du@-D)+[3—t—t+1u(t —2)+( —3)u(t —3)

=(t—Du(t =1)=2( = 2u(t —2)+(t = 3u(t —3)
LIf ()] = L[t —Du(t —1)]—2L[(t = 2)u(t —2)]+ L[t —3)u(t —3)]
=eL[t]-2e " L[t]+e " L[t]

1 —2s —3s =S

—em ¢ 0. € _e_[l_ze-s+e-25]_M
$2 2 §? $2 §?
EXERCISE 19.3
Evaluate the following integrals using Laplace transform.
ot -3t o o
- dt 6t — 4¢

1. jL 2. Iudt 3. _[e”ﬁcostdt

0 t 0 t 0
4. jt3e" sint dt 5. Ie‘zrtsin3t -dt 6. jte" sint dt 7. J‘eﬁt tsint dt

0 0 0 0
g Te —e U o Icosat cosht i . ]ie” sin/3t U

0 t 0 t

0
Verify initial and final value theorems for the following functions.

1. f(t)=1-¢ 12. f(t) =t 13. f(t)=(2-3 14. f(t)=ae™
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15.

16.
17.

18.

19.

20.

21.

23.

25.

26.

27.

28.

29.

30.

K, 0<t<a

Find the Laplace transform of the square-wave function f{(f) given by f(¢) =
-K, a<t<2a

and f(t+2a)= f(1).

Find the Laplace transform of the full-sine wave rectifier function f () =|sinet|, >0

Find the Laplace transform of the periodic saw-tooth wave function givenby £ (¢) = of ,0<t<w
o)

and f(t+w)= f(2).

Find the Laplace transform of the periodic function defined by the triangular wave

t
—, 0<t<a

f(t)= and f(t +2a)=f ().

2 -
t ast<2a
a
Find the Laplace transform of the periodic function

f)= {cost O<t<mr f+2m) =1 ().

0, w<t<2m
Find the Laplace transform of £ (¢) = ! for 0g <= and f(t +2m) =f(¢).
w—t for m<i<2w
Find L[e-zfj(l _COS”)du]. 22. Find L[e™ [ costdr].
0 u 0
Find L[je jmtdt:|. 24. Find L[e™ [t costdi]].
0 0

t
Find the Laplace transform of e”_[ sin

ki

: 2
Find L [SH; at:| and hence prove that J—dt = 7

2 2
. o —a
Using Laplace transform of derivative formula, prove that L[f cosat] = ﬂ
s”+a

. 2ms .
If L[tsinwt]=———- evaluate L[wfcosw? +sinwt].
s T+ )

Find the Laplace transform of the saw-toothed wave function of period T given by

f(t)— , 0<t<T.

3% +5s+2

I Fls) = 5 =

th en find (0) and f(co).
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ANSWERS TO EXERCISE 19.3
168 12
1. log. 3 2. log = 3. — 4. 0 —
s S 10° 169
6. 1 7. 3 8. log, 2 9. log,2 0. ®
2 50 a 3
—ms 1
15. Etanh “ 16. —2_coth| == 17. iz_ae—_w 18. — tanh| £
s 2 s+ 20 ws® s(1-e™) as’ 2
1 —ST 2 X
19— 20, Stanh T T g L jopf £ A
(s"+D(1-e™) K 2 s(l+e) 2(s+2) si+4s+4
2(s*+25 -2 s+2 t (s +1
2, B2y L) 24. e J* 5. ot 6+D
(s°+2s+2) s (s+1)(s” +2s+2) s+1
(s*-a) 20s° 1 e’
27. 5 - T 2o 29. *‘z—ﬁ 30. 3and 1
(s°+a°) (s"+w) Ts™ s(1-e™")
19.7 INVERSE LAPLACE TRANSFORMS

Definition 19.4 If the Laplace transform of a function f(#) is F(s), then f(¢) is called the inverse
Laplace transform of F(s) and is written as L' [F(s)] = f(¢)

ie., if L[f ()] = F(s), then L7 [F(s)] = (t)

L' is called the inverse Laplace transform operator.

S—a

For example: [ !
s—a

:|= e, since L[e” =

Linearity Property

If LIf ()] = F(s) and L[G(t)] = G(s)

then L' [aF(s)+bG(s)]|=aL '[F(s)]+bL'[G(s)]

First shifting property

If LIf(O)]=F(s), Lle™f(t)]=F(s+a) and L[e"f(t)]=F(s —a)

then (i) L'[F(s+a)]=e “L'[F(s)] (i) L'[F(s—a)]=e“L"'[F(s)]



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

INVERSE LAPLACE TRANSFORMS

Definition 19.4 If the Laplace transform of a function f(#) is F(s), then f(¢) is called the inverse
Laplace transform of F(s) and is written as L' [F(s)] = f(¢)

ie., if L[f ()] = F(s), then L7 [F(s)] = (t)

L' is called the inverse Laplace transform operator.

For example: [ !
s—a

=e”, since L[e”]=
s—a

Linearity Property
If L[f(t)]=F(s) and L[G()]=G(s)

then L' [aF(s)+bG(s)]|=aL '[F(s)]+bL'[G(s)]
First shifting property
If LIf(O]=F(s), Lle™f(@)]=F(s+a) and L[e“f(t)]=F(s—a)

then (i) L'[F(s+a)]=e “L'[F(s)] (i) L'[F(s—a)]=e“L"'[F(s)]
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(s +4) (s +4) s s°

We have seen while finding Laplace transforms of most of the functions F(s) are rational algebraic
functions. Hence, to find the inverse Laplace transforms, the most important technique is to split F'(s)
into partial fractions and using the table given below, we get L~/[F (s)].

Many problems given under the other types can also be done by partial fraction method.

The following table is important in finding the inverse Laplace transform.

For example: 1 { s+2 :| =L" {S 4 _2] =e ML [#] =e ML [l_i] =e¥[1-21]
s

S.No. LIf ()]=F(s) L7'F(s)]=1 (1)
| L[l]:l L"[l]zl
S S
1 1
2 L[f]ZT,S>O Lil[*z]:t
P
3 L[t"] 'ﬁp n=1,2,3, L"[ nlﬂ]: n, n=12,3,
S
4 L=, L‘l[ ; } .
K= “l |7 Pla+1)

« is a real number > —1

1
5 Lle“]= ,s>a L“[ ]:e”’
s —a s—a
1 1
6 Lle™]= , §>—a L'1|:— =e”
s+a s+a
. _ 1 sinat
7 L[sinat]=—5—, s>0 Ll[ —|=
s“+a s +a a
s O s ]
8. L[cosat]=——, s>0 L —— | =cosat
s +a s +a |
. _ 1 sinhat
9. L[sinhat]= —5—, s>‘a‘ L l|: > 2:|=
s —a s —a a

10. L[coshat]=

2 2
s —a

s> ‘a‘ L’l|:
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19.7.1 Type 1 - Direct and Shifting Methods

WORKED EXAMPLES
EXAMPLE 1
Find | 3343,
s’+9
Solution.
J) Sl Y N 7Y
s°+9 s°+9 s +9
_ 3COs3t+5sin3t _ 9cos3t +5sin3t
3
EXAMPLE 2
. 1|87 —=3s+4
Find L ‘[s—3 .
Solution.
2
L' {—S _3SS+4} =L" [1}—3L1 [%}+4L’ [%} =1-3t+2¢
s s s s
EXAMPLE 3
Find |5+ |,
s —4s+13
Solution.
= : s+3 g s2+3
s°—4s+13 (s=2)"—4+13
_ s—245
(s—2)*+9
=¥ [Szijl [by shifting property]
s°+9
— o L—l[ 23 :|+5L_1|: 21 ]
s°+9 s°+9
o sin3t ]| e* .
=e” | cos3t+5. =?[3cos3t+5s1n3t]
EXAMPLE 4
Find L' | —— |
(s +6)” |
Solution.

L"IV s _ s+6—6
[ (s+6)° | (s+6)
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ot 1| S—06 - a1 S 1
e[ e {L.H_&IH}
s s S
2

19.7.2 Type 2 - Partial Fraction Method

WORKED EXAMPLES
EXAMPLE 5
Find L™ [L]
s(s +4)(s +9)
Solution.
Given F(s)= _s*s 2
s(s+4)(s+9)

Splitting into partial fractions, we get

s+2 4 B C
s(s+4)(s+9) s s+4 549

= s+2=A(s+4)(s+9)+Bs(s+9)+Cs(s+4)
Puts=0. -  AO+4)0+9)=2 = 364=2 o= A:%
Puts=—4. - B(-4)(—4+9)=4+2 = -20B=-2 = B:%
Puts=—9. . C(-9)(9+4)=—9+2 = 45C=-7 = c=—%
o=+t 171
185 10 s+4 45519

CEesy) = e Lo e T
187 |s] 107 [s+4] 457 [s+9

1 e—4t 7e—9t

_+_ _
18 10 45

EXAMPLE 6

Find L“[ 55 +3 :|

(s =D(s* +2s +5)
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Solution.
) +
Given F(s)= SSZ 3
(s=D(s"+2s+5)
For s*+2s+5, b*—4ac=4-20<0 So, it cannot be factorised into real factors.

Splitting into partial fractions, we get

55+3 A Bs+C

(S—l)(S2+2S+5):S—1 sP+25+5

= S5s+3=A(s’+25+5)+(Bs+C)(s —1)
Puts=1. -  A(+2+5=5+3 = 84=8 = A=1
Puts=0. .. 54A-C=3 = (C=-3+54=-3+5=2.
Equating, the coefficients of s> on both sides, we get A +B=0 = B=-4=-1
e A v
1 s—2 1 s+1-3

o e L 6 s+1-3
LFen=L L—l} ¢ |:(s+1)2+4:|
:et_e—tL—l{Sz_?’}

s°+4

Ty s - 1
=e' e Ll[z :|—3L1|:2 ]
s°+4 s°+4

=e —e”' [cosZt - 3sin2t] =e' —%[ZCOSZI —3sin2¢]
EXAMPLE 7
Find 7! [—‘“ +3 }
s =D +2)
Solution.
Given F(s)= ds+5

(s—1)(s +2)

Splitting into partial fractions, we get

4s+5 A B C
- = 4y 4
(s=D*(s+2) s—1 (s=1° s+2

= 45+5=A(s—1)(s+2)+B(s +2)+C(s — 1)’
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Puts=1. . B(1+2)=4+5 = B=§=3
Puts=-2. - C(2-17=-8+5 = 9C=-3 = C:_é
Equating coefficients of s2, we get 4 +C =0 = 4 =_C=§

1 1 1 1 1
—. +3. — .
3 (=1  (s—1? 3 (s+2)

S I oW U P
LFo1=L [s—1]+3L |:(s—1)2] 3t [Hz]

= le‘ +3e'L! [iz:| - le’z’
3 K 3

F(s)=

1 1 t =2t
= e +3¢ ~t—§e-2’ =SS

3
EXAMPLE 8
Find L' [i]
(s> +1(s* +4)
Solution.
Given Fy= a5 ¥16

()52 +4)
Since there is no odd powers of's, we can regard F(s) as a function of s> and write the special partial
fraction treating s as x.

x+16 A B
D +4) x+1 x+4
= x+16=A4A(x+4)+B(x+1)

Putx=-1. A(-1+4)=-1+16 = 34=15 = A=5
Put x =—4. B(-4+1)=—-4+16 = -3B=12 = B=-4
x+416 5 4
(x+D(x+4) x+1 x+4
- s*+16 _ 5 4

P +D)(s*+4) s +1 sP+4
5 4
- F(S):s2+1_s2+4

-1 =7l 1 g7l 1
L'[F(s)]=5L LZH} 4L [S2+4]

= 55int—4~%sin2t = 5sint —2sin 2t
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EXAMPLE 9

Find L' | ——|.
5" +4a

Solution.
S S

st +4at (s> +2a*)’ —25° 24"

Given [ @ +b* =(a+b) —2ab]

s
(s> +2d°) —(2sa)’

B s

B (s> +2a* + 2sa)(s* + 2a° — 2sa)
_ s

B (s> +2sa+2a’ (s> —2sa+2a’)

Splitting into partial fractions, we get

s _ As+B p Cs+D
(s> +2as +2a°)(s* —2as +2a°) s*+2as+2d> s° —2as+2d’

s=(As+B)[s* —2as +2a*]+(Cs + D)[s* + 2as + 24" ]

Equating coefficients of s3, s%, s and constant terms on both sides, we get
A+C=0 = (C=-4 (1)
—2a4 +B+2aC+D =0 = 2a(C—A)+B+D =0 2)

2a*A —2aB +2a*C +2aD =1

= 2a’(A +C)+2a(D-B)=1 = 2a(D-B)=1 [using ()] (3)
and 2a’B+24’D=0 = B+D=0 = D=-B 4)
2¢[-B-B]=1 = —4aB=1 = B=_4L [ D=-B]
a
_ b
4a

Substituting C=-4 and B+ D =01n (2), we get

2a(-4-4)=0 = 44=0 = 4=0 . C=0

s 1 1 1 1
2 2\ o2 NS T e ol R 2
(s"+2as+2a")(s” —2as+2a") 4a|s” +2as+2a 4a|s” —2as +2a



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

1 1 1 1
= Fs)=—|—|+—| —
dals* +2as+24a* ] 4als® —2as+2d°

1 1 1 1
L'F@$)]=-—L"————|+—L"' [—]
L)l 4a [s2+2as+2a2] 4a s*—=2as +24°
:_LL-I ; +LL-‘ ;

4a (s+a)y+d’ | 4a (s—a) +d’

e 1 e” 1
=——1L" +—L"
4a [52 +a’ ] 4a |:s2 +a2:|

e sinat+e‘” sinat smat[ o)< sinat sinh at
4a a 4a” a 4d* 24°

19.7.3 Type 3 - 1. Multiplication by s and 2. Division by s
1. If L7'[F (s)] = f(¢) and f(0) = 0, then
L [s F(s)] =) = —{L '[F(s)}
In general, L'[s"F(s)1=f"(@). if £(0)=0,f"(0)=0,---, /"(0)

2. If L7'[F(s)]=f(t), then L [ (S)] j F(t) dt

Similarly, L [F () } = jjf(t)dt dt
3. We know that L[t ()] = —g[F(s)] =F'(s)

LF/(s)]=~tf (1) = ~tL'[F(s)]

WORKED EXAMPLES

EXAMPLE 10

Find 17'|— % |,
[(s2+a2)2:|

Solution.

Let F'(s)= ————, then L™'[F'(s)]=— L"[F(s)]
(s +a’)
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Integrating (1) w.r.to s, we get

F(s) = Im% - %I(s2 +a*)?-2sds

1ty ] [ o _[f(x)"”]}
BErTEE S AT oy ===~
RV = L -
L7[F'(s)]=—IL { 2(sz+a2):|
—£L1|: 1 :|_Lsinat_tsinat
2 ss+a*| 2 a  2a
EXAMPLE 11
Find L-l[ 1 }
s(s +2)°
Solution.
. 1 L[ Fes) nore o)
‘ L(s+2)3}_L [ s ] where FO= 1y
1
- =L by formula (2
L L(s+2)3} L[F(s)]dt y formula (2)

L'{ : 3}#
(s+2)

—— ~ O — O C— © —_—~

=

= é[—e’”(le +2u+1)+1]= %[1 —e (2% 20 +1) ]

Note This problem can also be done by partial fraction method.
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EXAMPLE 12

Find | — ST 2 |,
(s"+4s +5)

Solution.
, s+2 s+2
Let F'(s)=————. Then F(s)= J‘ﬁds
(s"+4s+5) (s"+4s+5)
1
Putx =s>+4s+5 .. di=2s+4=2s+2)ds = 5dx=(s+2)ds
dc  1¢
F(s)=J.2x—2=5-[x dx
B l x—2+1 B _L_ B 1
21 2+1 2x 2(s* +4s+5)
But L'[F'(s)]=—t L'[F(s)] [Formula 3, page 19.48]

L [;}
2(s> +4s+5)

2 (s+2)y+1| 2 sT+1] 2

+2
L' % =£e’2’ sint
(s +4s+5) 2

19.7.4 Type 4 - Inverse Laplace Transform of Logarithmic and Trigonometric Functions

e WORKED EXAMPLES
EXAMPLE 13
Find L™ [loge (S * 1]]
s—1
Solution.
s+1
Let F(s)=log, T log, (s +1)—log, (s —1)
5
1 1
F(s)=————
<) s+1 s-—1

1 1 1 1

But we know that Litf()]=-F(¢) =—-—+—=———
s+1 s-1 s-1 s+1

U [
tf(t)ZL |:ST1:|—L [Sj]—e e
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e —e 2sinht
)= =
/@) ; X
+1
= L' |:10g(, (s_):| = Zsinht.
\s—1 t
EXAMPLE 14
Find L | 1og, S$ D |,
sT+1
Solution.
+1
Let  F(s)=log, S(f 1) = log, 5 +log, (s +1)—log, (s> +1)
s7+
1 1 1
F(s)=—+——- 2s
) s s+l s7+1

1 1 2s 2s 1 1
But Lt ()= -F’ - 4 —
7 ()] () s s+l sP41 s*41 s s+1

tf(t)=2L" 2s - a . L =2-cost—l—e”
s”+1 s s+1

2cost —(1+e™)

t)=
S .
o s(s+1)| 2cost—(1+e™)
¢ st +1 t
EXAMPLE 15
Find 1! [tan_1 E:|
s
Solution.
2
Let F(s)=tan™ = .. F'(s)= 1 2(_%)=_ 22
s 2 s s°+4
1+()
s
2
But LItf ()] = ~F'(s) =
s°+4
a4 2 . 1.
(@)=L > =sin2t = f(t)=-sin2¢
s”+4 t

I tan’lz =sin2t
s t
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EXAMPLE 16

Find L' |slog,  +eot’'s|.
sT+1

Solution.
Let F(s)=slog, 5 +cotls=s|:10ges—lloge(sz+1):|+cotls
Vs 2
s”+1
1 1 1 -1
F'(s)=s|—— 25 |+|1log s —=log (s* +1) |- 1+
( ) [S 2(S2+1) :| [ ge 2 ge( ):|
2
K
=1- +1lo ——lo +1
s2+l st+1 8s g (s )
2
:1—S2+1+loges—lloge(s2+l):loges—lloge(sz+1)
s +1 2 2
But Lltf(t)]=-F'(s)= %loge (*+1) —log, s
-1 1 2
tf(t)=1L [Eloge(s +1)—10ges]
1| 1 )
f(t):; L Eloge(s +1)—log, s
1 1 2s 1 s 1
Let G()==log (s*+1)=log.s -~ G'(s)=—. = _L
2 & )~ log, ) 2°s*+1 s s?+1 s
1
But Lltg(0)]==G'(s) =~ =~
s s +1
1 r s
wec ol
s s +1
2t 2 .,
= tg(t)=1-cost =2sin > = g(t)——sm 5
1 2 b 2 .t
t = —c— — T — —
/® t 2 tzsm 2

2 . ,t
L|slog, ———+cot™'s = —sin’ =
st +1 t 2

EXAMPLE 17

- 2
Find the inverse Laplace transform of cot™' |: n 1:|.
s
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Solution.

Let

But

F(s)=cot™ (i)
s+1

352
st+1
2s+1

st +s

1.

s
s*+4s+5

10. =57

3s+2

13.
st—4

16. S

25 +55+2

ey — 1 _ .
Flo)=- L4 [ (s+1)? ] G+D*+4
(s+1)°
LUf (O] = ~F(s) = ———5—
(s+1)Y +4
tf(t)=-2L" _
(s+1) +4
| 1 = _
=2e'L | 5—|="2e". =—e" sin2t
s*+4
e ' sin2t
f)y=———"7"—
o
= |:cot'( 2 ):|=_e sin 2¢
s+1 t
FX_ERPISE 19.4
Type I Find the inverse Laplace transform of the following:
S 3 35> —4s5+6
C(s+2) ‘ st
5 s 6 S5s+3
L +4s+8 LS 42545
] 3s+7 9 35 -2
s°=25-3 s*—4s5+20
4s +15 s’ =35> +85—6
1. -5 ¢ 12, — % 2
16s° —25 (s"—2s+2)
s
> 25 =3
14. 52, ;2 15, =272
as +b S +as+13
ho
(s=3)

st—4s+5

Type II Find the inverse Laplace transform of the following functions by partial fraction method.

18 _s=-b
C 243542

19 s+2

s(s—D(s—4)

1-s

0. 5
(s+1)(s” +4s+13)
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s+5 1 52

2 e ) S )
24 Ky 2 2 4s5-2 2 Ts—11
TSP HD)(sP+4) Cs(s+3)(s=2) " (s+D)(s—2)°
27. — 5 [Hint: s* +s> +1= (s> +1)* =s> = [(s* + ) +5][(s* +1) —5]]
st st 41
28 — > 29 — > 30, b
(s+D(s—-2) (s+D°(s"+1 s°(s*+8)
1 s 25% —6s+5
31, ————— 32, —— - 33. S S
(s+a)(s+Db) (s—=4)(s+5) $* =65 +11s—6
s+9 2s+1 s
—_— 35— —— 36/ ———— 73
(s+2)(s”+3) (s+2)(s=1 (s“+a’ )(s“+b°)

Type III Find the inverse Laplace transform by multiplication by s and division by s types.

s s? s
37. j 38. ﬁ . —4
(s=2) (s-1) (s+2)
1 1 s?
N 4. 2. ———
s(s+2)° s(s*> =25 +5) (s*+a*)
1
43, ————
(s> +a*)’

Type IV  Find the inverse Laplace transform of the following Logarithmic and trigonometric

functions.
’ s+2 s +d
44. log| 1+ — 45. 1o 46. 1o
g( szJ g(s+-4 g s*=b’
47. log( f_az) 48. tan™ (LJ 49. cot™ (w)
s +a s+1 b
1+
50. loge( zs) 51 slog s+l 52. tan1(3)+cotl(iJ
s cg—1 s b
ANSWERS TO EXERCISE 19.4
1. 3cost—2sint 2. e (1-21) 3. 3t =22+¢°
4. 1+e™ 5. e (cos2t —sin2t) 6. e'(5cos2t —sin2t)

7. e (cost —2sint) 8. 4e¥ —e” 9. e*(3cosdt +sin4t)
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10.

13.

16.

19.

21.

24.

27.

30.

33.

36.

39.

42.

45.

48.

51.

2t

61—6(12r+39z2 +206%)

3cosh 2t + sinh 2¢

e’ {cost +2sint}

1
__et +_e4t

2 2

2e' +3sint —2cost
1
E(cost —cos2t)

2
—sin—3t.sinh£
2 2

V3

L . sin 9¢
81 9

t

%[1—2e’ +5e]

1
bz—z[cosat —cosbt]
—a

1 =2t 2 3
—e (3t =2t
p ( )

1 .
—[t-acosat +sinat]
2a

1
;(e Y —e™)
e sin2t
t
2

> [t cosh —sinht]

~

11.

14.

17.
20.

2.
25.
28. 1

4
31,
34,
37,
40.
3.
46.
49.

52.

1
g(e"’ —e ™ cos3t —2e™

1
—(2t —sin2¢
8( )

3sin \/gt
NE)

e —cosy/3t+
4e” (1421)

1 -2t 2

§[1 —e™ (27 + 2t +1)]
L[sinat —at cosat ]
24°

2

?(coshbt —cosat)

1

;e’“’ sinbt

;(sin at +sinbt)

12.

15.

18.

sin3t)

23.

26.

29.

32.

35.

38.

41.

44,

47.

50.

—2e™" +3e

bZ

e’ (cost + 2t sint)

%[6cos3t—7sin3t]

—2t

[asinat —bsinbt]

e +2e* +te™
1(sint te™)
— —te
2
l[4e4’ +5¢7]
9
t
_[el _e72l]

3
tr 4

6
Lo :
—[e" sin2¢ —2e’ cos2t +2]
10
2
?(l—cosmt)
1 a
;(2cosat—e )

}(2—6')

19.7.5 Type 5 - Method of Convolution

Definition 19.5 Let f(¢) and g() be two functions defined for all # > 0. The convolution of (#) and g(¢)
is defined as the integral

[ fang(e —wau.
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It is denoted by [ =g@or (f+g)0

f@xg) = [ fw)g(t— u)du
Note

J@)*g() = [t =gt -t —u) du [ [reoax = [fa-x)ax

=)/t —u)g(u)du = _[g(U)f(f —u)du = gt)*f (1)

=3

.. the operation of the convolution or convolution product is commutative.
Theorem 19.9 Convolution theorem

If LIf()]=F(s) and L[g(1)] = G(s),
then LIf (1) #g0)] = LIf (OILI(0)] = F(s).G(s)

Equivalently, L™'[F(s).G(s)]=f(t)*g(t) = L' [F(s)]* L' [G(s)]

Proof Wehave f(f)*g(t)= jf(u)g(t —u) du

0

LI () * ¢ = [ [ @) #g1dr = [ Df(u)g(t —u)du]dr

= LY (1) 780 = [ [e ' gt ~u)duds (1)

0

The region of integration of this double integral is bounded by the linesu =0, u=¢,¢t=0and r =
as in figure.

Changing the order of integration, we take a strip parallel to #-axis.

t varies from u to oo and u varies from 0 to oo

LIf (6)*g()] = Jf(u)[ | e”g(t—u)dt:|du

Putv =t —u in the inner integral ... dv=dt

When t=u, v=0 andwhen f=o0, v =00

oo oo

[e™g(t —uyde = [ g(v)dv

u 0

oo

=e™ Je"“'g(v )dv

0
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L[f(t)*g(t)]=Jf(u){e‘”fe‘”g(u)dV}du

0

= ]‘;e”?“f(u)duje’"g(v )dv
=L[f(O]-L[g(®)] = F(s)-G(s)

L'[F(5)G()] = f(t)* g(t) =L [F(9)]* L [G(s)]

It can be written as ~ L'[F(s)G(s)] = jf(u)g(t —u)du [ |

WORKED EXAMPLES

EXAMPLE 1

Find L' [ using convolution theorem.

-5
(s ‘44t )2
Solution.

) s 1

(s2 -i—az)2 - (52 +az)'(s2 +a2)

We can write

st and  G(s)=

st+a st+a

1
L § 7 K .
|:(s2+a2)2:| [S2+a2 2 +d
7 N By 1 [by convolution
- (s> +d*) (s> +d%) theorem]

I .
= cosat *—sinat
a

Here F(s)=

2

t

1.

= Jcos au.—sina(t —u)du

a
0

1 ¢,
= —IZSIH(at —au)cosaudu
aO

16 ,
= Z—J.{sm(at —au+au)+sin(at —au —au) }du
a 0
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= LJ’{sinat + sin(at — 2au)}du
2a,

1 [ . cos(at—2au):|r
=—|smat-uy——mm—
a —2a 0
1 . 1 cosat |
= —|tsinat + —cosat —| 0+ = —tsinat
2a 2a 2a 2a
EXAMPLE 2
Apply the convolution theorem to find L™ % .
s(s"—a’)
Solution.
We can write 21 > 21. 21 3
s(s“—a’) s (s°—a’)
1 1
F(s)=— and G(s)=—5—
s s —a
. 1 (1 » 1 [by convolution
L (6% %) =L N *L S2—a2) theorem]|
1. 1.
=1*—sinhat = —jsmhau ldu
a as,
Here f(t)=sinhat, g(t)=1 = f(w) g(t—u) = f(u) -1 = sinh au
1 1[ coshau | 1 1
L! —|= —[COS au:| = —[coshat —cosh0] = —[coshar —1] [ cosh0=1]
s(s*—a’)| a a. |, a a
EXAMPLE 3
B 2
Find ! S using convolution theorem.
_(sz +a’)(s’+b?%)
Solution.

—

I 52 - s s
_(sz+a2)(sz+b2) sP+a® st +b?

i s O s
|:S2+a2:| l:s2+b2]

= cosat *cosbt

= J.cosau.cosb(t —u)du

0
= %J‘ 2 cosau cos(bt —bu)du
0
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cos{(a byu+bt}+cos((a+bu— bt)]

[sm (a— b)u +bt] , sin[(a-+b)u —bt]}t
a+b 0

:2(a b)[sm{(a bt +bt}—sin{(a—b).0+bt}]

* 2T [sin{(a+b)t —bt}—sin(0—bt)]

1
(sinat —sinbt) + (sinat + sinbt)
2(a+b)

" 2a-b)

1|:a+b+a—b . a-b—(a+bh) . }
=—| ——sinat + ——=sinbt
2| (a+b)a-b) (a+b)a—b)

_l|: 2a . 2b Sinbtjl_asinat—bsinbt
= e —.> - 70

2l 7= 7 sinat — _ e
EXAMPLE 4

4
Using convolution theorem find the inverse Laplace transform of ———-.
(s"+2s+5)

Solution.

o]
(s> +2s+5)°

o 2 2
(s> +25+5) (s> +25+5)

e

(s +2s+5) (s +2s+5)

[ [l
(s+1)" +4 (s+1)" +4

2 2
—e 'L . we [ .
s +4 s +4

=e ' sin2t*e ' sin2t

“sin2ue ™™ sin2(t —u)du

e sin2usin(2t — 2u)du

o'_,N OO_.N

—t t

= %J [cos(4u —2t) —cos 2t |du
0
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[ sin(4u - 2t)

¢ —Ccos2t-u
2 | 4

Jdo

% i[sin 2t —sin(0 —2¢)] —cos 2¢[t — 0]]

e [ sin2¢ +sin 2¢ ;
2 [ 4

—t "2 : 2 -
_e 51;1 f_tcoszt}%[sinZt—%coﬂf]

cos 2t

EXAMPLE 5

Find ! [( o 21 > 2):| using convolution theorem.
s+1)(s"+2s +

Solution.

o 1 _ 1 1
(s+1)(s* +25+2) (s+1) s* +2s+2
! L w7 — _1
s+1 sT+25+2
= L [ 1
s+1 (s+1)7+1

]
sT+1

=e " xe” sint

t
_4 —u —(t-u)
# {e sinue " "du [Here () = e sint, g(t) = ']

t
= e"’Jsin udu=e"'[—cosu], =—e '[cost—cos0] = e [l —cos]
0

EXERCISE 19.5
Using convolution theorem evaluate the inverse Laplace transform of the following functions.
1 s
' (s+a)1(s+b) Y Yoy
1 s*+s s

4, ——— 5. 6. —/——
s +9) (S +D(s*+25+2) (s> +4)
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1 2 1

7. ———— 8§, —— 9. —
s(s*+4)° (s+1)(s>+4) sA(s+1)°
10. = no— . L
st +4 (s+1)(s+2) (s+D(s™+1)
ANSWERS TO EXERCISE 19.5
1 [e —e™] 2 l[1—c052t] 3 l[sint+2tcosZt]
" b-a 4 4
1 . 1., . .
4. 2—7[3t—sm3t] 5. —[e™'(sint —3cost)+sint +3cost]
1 1
6. L[sinZt—ZtcosZt] 7. —[1—cos2t —tsin2¢t] 8. —[2e™ +sin2t —2cos2t]
64 16 5
9. t—2+e(t+2) 10. w 1. e'(l-e™)

1
12. E[Sim —cost+e™]

19.7.6 Type 6: Inverse Laplace Transform as Contour Integral

Let f'(f) be a piecewise continuous function for all # = 0 and is of exponential order & > 0. Suppose
L [f (t)]= F(s), where s is complex and Re s > .. Then F(s) is analytic in the domain Re s > a.

If F(s) > 0 as s — oo, then

1 st
f(t)—ﬁc:[me F(s)ds,c>a (1)

where a is large enough so that all the finite number of singularities of F(s) lie in the part of the
Res<a.

The integral (1) is called the complex inversion formula or Bromwhich’s integral formula,
which gives the inverse Laplace transform of the given function F{(s).

The complex line integral (1) is evaluated by using the residue theorem, choosing a contour C
consisting of the line L, from ¢—iR to c+iR and the semicircle of radius R and centre at s = ¢
lying on the left of the line L as in figure. The radius R is taken so large such that C encloses all the

singularities of the function e F (s). y
As R — oo, we get L c+iR
Ct+ioo / C+1
-1 1 st Res=c
JO=LF©)]=== [ " F(s)ds
2mi =
|
n o afc X
= ZRes [e" F(s)],, >0 ool = R
k=1 §-C| = L
S~ c-— iRR
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Working Rule
Given F(s), where L[f(¢)]=F (s) and F(s) > 0 as s — oo, then

Ctico

fO=LFO=5 [ e Fe)ds

c—i

= Sum of the residues of e F(s) at the poles of F(s).

WORKED EXAMPLES
EXAMPLE 1
Evaluate L' {m} by method of residues.
Solution.
Given F(s)= m Clearly as s — oo, F((s) = 0

By contour integral, L™'[F(s)]= Sum of the residues of ¢* F(s) at the poles of F(s).
The poles of F(s) are given by (s —1)(s’ +1)=0 = s=1and s =i,
which are simple poles.
R(1)=lim(s—1)e” F(s)=lim(s=1)e" ———
(1) =lim(s e F(5)=lim(s=De”
est et et
im——=—=—
Sl +l 141 2
v
(s—D(s+i)s—1i)

st it

R (i) = lim(s —i)e™ F (s) = lim(s — )™

= lm = ¢
s> (s =) (s+i) (G—-D@E+i0)
B eit _ eit __eit(l_l-)
2(-1-19) 2(1+14) 4
Changing i to —i, R(-i) = —$

L' [ﬁ} = Sum of the residues of e* F(s) at the poles of F(s)
s=1(s"+

é_ e"(1-i) 3 e (1+1)

2 4 4

1. P .
=___[elt+eﬂt]+i[elt _eﬂt]
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EXAMPLE 2
Evaluate the inverse Laplace transform of e e by the method of residues.
s°(s"—a
Solution.
. 1
Given F(s)=——5—- Clearlyas s — oo, F((s) >0
s°(s”—a’)

By contour integral,
L'[F(s)] = Sum of the residues of e™ F(s) at the poles of F(s)

The poles of F(s) are s = 0, s = ta, where s = 0 is a pole of order 2 and s = a, —a are simple poles.

1 d st
R(0) = lim—[s%e"F(s)] _q1. 4| 2 e
© (2-1)!s>0 dS[ ()] —lslirolg[s §2 S2—a2):|
d eit
=1l —
s=0ds | (s”—a
2 2y st st
=lim(s a )2e t2 2e 2s
s—0 (S —a )
(=a*)e’ t —0xe" _ a’t _ ¢
(0 a2)2 a4 a2
R(a) =lim[(s —a)e™ F(s)]
est est eal eaz
=lim(s —a = = =
S—m( )52(52 -a’) s’(s+a) d2a 2
efat efat
Changing a to —a, R(~a)=——=—.
she o) 2(-ay  2d°

1 :
L' [—:l = Sum of the residues of e* F(s) at the poles of F(s)

SZ(SZ_GZ)
3 t eut e—at
a 28 24°
t 1 _ t sinhat 1 .
=——+— (" —e")=——+—5—=—[sinhat —ar]
a  2a a a a

EXAMPLE 3

1
Find the inverse Laplace transform of m , by the method of residues.
s

Solution.

1
Given F(s)= —)2 Clearly as s — o0, F((s) > 0

(s> +1
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By contour integral L™'[F(s)]= Sum of the residues of e* F(s) at the poles of F(s).

The poles of F(s) are s = +i, which are poles of order 2.

N 1 . i 2 st
R(l)_—(Z—l)!lslglds [(s=i)e” F(s)]

=1imi[—(s_i)zem ]
soids | (s+i)° (s —i)

. d| e
= lim— =
s—i dS[(S+l) :|

=l].m(s+i)2~e“ t—e"2s+i)-1
=i (s+i)
_lim (s+i)e™ —2e"
s (s +i)’
_(i+iye" —2e"  2ite" —2e"
G+ =8

1.
= —Z[te“ +ie"]

. 1 .
Changing i to —i, R(—i)= —Z[te'lt —ie™"]

Ll[( 5 ! 1)2]= —i[teit +ie“]—%[te’it —ie "]
ST+

= —i{t(eit +e ) +ile" —e ™}

1 . 1 . 1.
=—Z[t 2cost+i 2ismt]=—E[tcost—smt]:E[smt—tcost]

EXERCISE 19.6
I. Evaluate the Laplace transform of the following functions by using the method of residues:
1 1 25 +3
(s—=2)(s"+1) (s=D7(s"+1) (s=2)(s+1D
1 : 2
4, ——— 5. ——— 6. ————
(s+1)°(s—2) (s +4) (s+D(s”+1)
5 2
7. —— § —— L=
s°(s+5) (s +D(s"+4) 25 +1
0. 1 25 -2

(s+1)(s—2) H- (s+1)(s> +25+5)
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ANSWERS TO EXERCISE 19.6

1 1 7 1

1. —[e" —2sint —cost 2. —[e'(t—1)+cost 3. —e® —=(7+3t)e™
5[ ] 2[ (t=1) ] 9 9( )
e e 1. . .

4, —(t-D)+—[3t+4t+2] 5. —[sin2t+2sint] 6. e ' +cost+3sint
27 54 4

7. L[e’“+1]+£[e’51—1] 8. cost —cos2t 9. cos| =
5 25 V2

10. é[e’t+e2‘(3t—1)] 11. e ‘[cos2t +sin2t —1]

19.8 APPLICATION OF LAPLACE TRANSFORM TO THE SOLUTION OF ORDINARY
DIFFERENTIAL EQUATIONS
Given the linear differential equation with constant coefficients, we apply Laplace transform L on both
sides and get the solution of the differential equation.
For this we apply the formulae

d
L[d—ﬁ}L[y']:sL[y]—ym)

L[iztf } =Lly"1=5LIy]=59(0)-y"(0)

and L[%]=L[y”’]=s3L[y]—szy(O)—Sy'(O)—y”(O)

Then the equation is reduced to an algebraic equation in L[y] and s, incorporating the initial conditions.
We group the terms and obtain L[y] = F(s)

y=LF(s)]=f(t)

which is the required solution.

19.8.1 First Order Linear Differential Equations with Constant Coefficients
Refer Chapter 10 for basic concepts.

WORKED EXAMPLES

EXAMPLE 1 i
Solve the equation ﬁ + x =sinw?, x(0) = 2 by using Laplace transforms.

Solution.

. . d .
The given equation is d—);+x = sinwt (D)

and when ¢t =0, x = 2.
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19.8 APPLICATION OF LAPLACE TRANSFORM TO THE SOLUTION OF ORDINARY
DIFFERENTIAL EQUATIONS
Given the linear differential equation with constant coefficients, we apply Laplace transform L on both

sides and get the solution of the differential equation.
For this we apply the formulae

d
L[d—ﬁ}L[y']:sL[y]—ym)

L[iztf } =Lly"1=5LIy]=59(0) -y (0)

and L[%]=L[y'”]=s3L[y]—szy(O)—Sy'(O)—y”(O)

Then the equation is reduced to an algebraic equation in L[y] and s, incorporating the initial conditions.
We group the terms and obtain L[y] = F(s)

y=LF(s)]=f(t)

which is the required solution.

19.8.1 First Order Linear Differential Equations with Constant Coefficients
Refer Chapter 10 for basic concepts.

WORKED EXAMPLES

EXAMPLE 1

d
Solve the equation ﬁ + x =sinw?, x(0) = 2 by using Laplace transforms.

Solution.

. . d .
The given equation is d—);+x = sinwt (D)

and when ¢t = 0, x = 2.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Taking Laplace transform on both sides of equation (1), we get

L [z—j]+L[x] = L[sin wt]

= sLx]-x(0)+L(x)=

s +w’
- (s+DL[x]-2= ———
STt
= (s+DLlx]= 5 +2
STt+m
2
- L[x] ©

= +
(s2 +w2)(s +1) (s+1)

x:L'1|: 2 ]+L‘1|: 2 :|:L'1[—2—°;—:|+2e"
s+ )(s+1) (s+1) (s"+w)(s+1)

Using partial fractions,
1 A Bs+C

Let —— =% 4277~
*+o’)s+l) s+1 s+’
1=A4(s" +0°)+(Bs +C)(s+1)
1
Putting s=-1, 1=4(l+w’) = 4=

1+’

Equating coefficients of s> and s on both sides, we get

A+B=0 = B=-4= !

I+’
and B+C=0 = C=-B= 12
l+w
1 1
1 __ 1 1 _’__1+u)zs+l+oo2
+DE"+w?)  (+’) (s+1) S+’

_ 1L 1 [_ s, 1 ]
(+w?) (s+1) 1+0’| s+’ F+0’

_ ® [0 _ 1 [0 _ ) 1 _ )
L 2 N 2 L1|: ]_ 2L1[ 2 2]+ 2L1|: 2 2]
s+ " +w) | (I+o) s+1] l+o s +m I+ ST+

() = [O) .
= 7€ - 3 coSwf + 3 Sin ot
1+ w l+m I+ ®
()

_ 1 .
= e’ + [sin ! — w cos ot ]
1+’ l+ o’
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.. the solution is

~ [0 S 1 .
x =2+ e+ > [sinwf —wcos wi]
I+ I+
= x=|2+ > le” + > [sinw? —wcoswt]
I+ I+
EXAMPLE 2 P
Using Laplace transform, solve % —y =1-—2¢, given that y = —1when ¢ = 0.
Solution.
. .. dy
The given equation is o y=1-2¢t 1)

and when =0, y =—1.
Taking Laplace transform on both sides of equation (1), we get

L[%}—LU]:L[I—%]
= SLV 1=y [0]-L{y] = LO]-2L[/]
= -DIp]+1=1-2
7
(s=DLlT=2 - %1
= 1 2 1 s=2 1

Liy]=

- s=2 —L-'[L]—L-‘ s=2 _
SR TP s—1] " |s6-1

s—=2 4 B C

Using partial fractions,

Let W=:+S 7

= s=2=As"+Bs(s—1)+C(s—1)
Putting s =0, we get -2=-C = C=2
Putting s =1, weget 1-2=4 = A4=-1

Equating coefficients of s°on both sides, we get
A+B=0 =B =-4=1

s=2 1 1 2

- = 4
(s —1)s’ s=1 s s’
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i A [L] +L [1] +2L" [iz} = —¢' +1+21
(s—=1D)s s—1 s s

.. the solution is
y=—e +14+2t—e'=1+2t-2¢'

19.8.2 Ordinary Second and Higher Order Linear Differential Equations with Constant
Coefficients
Refer Chapter 11 for the basic concepts.

WORKED EXAMPLES
EXAMPLE 1
. d’y dy S . \ Y —
Solve, using Laplace transform o —4 m +3y =e™', given y(0) = 1 and y'(0) = 0.
t t
Solution.
The given equations is y” -4y’ +3y =e”’ )

and y(0)=1,y’(0)=0

Taking Laplace transform on both sides of equation (1), we get

Lly”1=4L[y 143L[y]=Lle™]

= 5"L[y]=sv(0) =y (0) = 4sL[y]1-y(0)} +3L[y]= .

s+1
= [ A5+ 3L T =+ — 4 [Since (0) = 1"(0) = 0]
s+

_s(s+D)+1-4(s+1)
s+1

_s2 +s+1-4s—-4 _s2—3s—3
s+1 s+1

s?=3s-3 s? =353

Liy]l=

(s —4s+3)s+1)  (s-3)s (s +1)

7 s =3s-3
P G236 =D +1)
sP=3s-3 A B C

Let = 4+t
(=3 -D(s+) s-3 s-1 s+1

= §2=3s=3=A(s=D)(s+1)+B(s +1)(s =3)+C(s = 3)(s = 1)

Puts=3,then A(3-1)3+1)=9-9-3 = 84=-3 = A=_§
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Puts=1,then B(+1)(1-3)=1-3-3 = 4B=-5 = B=

®|—= Nhlw

Puts=-1,then C(-1-3)(-1-1)=1+3-3 = 8C=1 = (C-=

s?=3s-3 3 1 PR
(s=3)s—Ds+1)  8(s=3) 4 (s—1) 8(s+1)

I s =3s-3 _ 31 +§. 1 +l 1
(s=3)s-Ds+D | 8 (s=3) 4 (s—1) 8(s+1])

= Y] DL AU R ] B
8 s—=3] 4 s—1] 8 s+1
1 1
= —363/ +§e’ +—e” =—[e" =3e” +10e']
4° 78
EXAMPLE 2

2
dy +‘;_J;=12+2t given that y = 4 and y’ = —2 when ¢ = 0.

Using Laplace transform, solve i
t

Solution.
The given equation is y” +y’ =¢> +2¢

andy=4,)"=-2whent=0.

Taking Laplace transform on both sides of equation (1), we get
Lly”1+Lly’]=L[t*]1+2L[¢]

2! 1
= L= 0~y OFSLy]-y ()= 5+2-—

= (s2+s)L[y]—4s+2—4=2(sjl)
S
= s Ly]=ds+24 25D _ oy pog4 28T
S A
L[y]:z+i+%
s s+1 s

S ER Y
s s+1 K

©* 6(l+e)+1’

3
—2142-e" 12 = oasey+ =
31 3 3
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EXAMPLE 3
2
Solve d_y + dl — 2y =3cos3t —11sin3¢ with y(0) = 0 and dl =6 att = 0 using Laplace
dt*  dt dt
transforms.
Solution.
The given equation is y”+y’—2y =3cos3t —11sin 3¢ ()

andy=0,y =6att=0

Taking Laplace transform on both sides, we get

L[y”1+L[y"]-2L[y]=3L[cos3t]—11L[sin3¢]

= SLD]-9(0)~y (0 +sLly]-y(0)~2L[y] =35 11~
s +9 s”+9
= (s2+s—2)L[y]—s-0—6—0=3(S21191)
A
B 3(s—11)
= (s+2)(s-DL[yl= " 19 +6
. Ly JOTIDH66T£9) | 65" 435421

(=D +2)E7+9)  (s—D(s+2)(s>+9)

7 6s” +3s+21
Y oD+ 2)57 +9)

6s° +3s+21 A B Cs+D

Let > :—+—+2—

(s=D(s+2)(s°+9) s-1 s+2 s°+9
= 65’ +35+21=A(s+2)(s* +9)+B(s —1)(s* +9)

+(Cs+D)(s —1)(s+2)

Puts=1. . A1+2)1+9)=6+3+21 = 304 =30 = A=1
Puts=-2 .- B(-2-1)(4+9)=24—-6+21 = —39B =39 = B=-1
Equating coefficients of s°, A+B+C=0= 1-1+C=0 = C=

0
Equating the constant terms, 184 —9B-2D =21 = 18+9-2D=21 =-2D=-6=D=3

1 1 3
=L —- +
7 l:s—l s+2 s2+9]

s =l P Rl e
s—1 s+2 s +9

sin3t

=e' - +3 —e ™ +sin3t
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EXAMPLE 4 e pe p p e
Solve the differential equation ‘); +2 "; A 2y =0, where y =1, Y= 2, ’f =2 at
dt dt dt dt dt
t=0.
Solution.
The given equation is
3 2
9y 0y &5y (1)

dr’ d dr

2
and when t=0,y=1,dl=2andd);
dt dt

Thatis, when t =0, y =1, y’(0)=2 and y”(0) = 2.

Taking Laplace transform on both sides of equation (1), we get

L[Q}+2|:Q}—L|:dl:|—ﬂ[y]=0
dt dt dt

= $'Ly]=s"p(0)=sy"(0) =y "(0)+2[s’LLy ] =5y (0) = y (O]~ [sL[y 1=y (0)] - 2L[y]= 0

=2

= [s° +25% —s —2]L[y]—s" —25—2-25s—4+1=0
= [s*(s+2)—(s+2)IL[y] (s> +45+5)=0
= [(s* =D (s+2)L[y]=s"+4s+5

- Lly]= s*+4s+5 s +4s+5

2=D(s+2) (s=D(s+D(s+2)

- s +4s+5
YR =D+ D +2)

Using partial fractions,

et s +4s+5 _i+i+ C
(s—D(s+DE+2) s-1 s+1 s+2
= S +4s+5=A+D(s+2)+B(s=D)(s+2)+C(s =1)(s+1)

Putting s = 1, we get 1+4+5=A>1+1)(1+2) = 64=10 :>A=§
Puttings=—-1,weget 1-4+5=B(-1-1)(-1+2) = -2B=2 = B=-1

. 1
Putting s =-2, weget 4-8+5=C(2-1)(-2+1) = 3C=1 ﬁng

st+4s+5 51 1 1 1

G-Ds+)+2) 3s5-1 s+1 3s+2
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2
| S HAsES | 5 [ 1 }—L“[ 1 ]+1L-‘[ 1 }
(s=Ds+Ds+2)| 3 s—1 s+1] 3 s+2
= yzgf_eff_"__efzt
" the solution is
y =§e’ +le e =l[5e' +e ' ]-e”
3 3 3

19.8.3 Ordinary Second Order Differential Equations with Variable Coefficients
Refer Chapterl1, Section 11.4, page 11.44

We know that d
LUf )=~ “HLY O}

S
Litf ()] = —%{L[f’(t)]}

Litf ()] = —j—S{L[f”(r)]}

Using these formulae, we can solve second order differential equations with variable coefficients.

WORKED EXAMPLES
EXAMPLE 1
d’ y dy
Solve the differential equation 1 —- + 2 + ty = cost, given that y (0) =1.
Solution. 2
The given solution is t Ccllt); + 2‘;—);+ty = cost )

and whent=0,y=1
Taking Laplace transform on both sides of equation (1), we get

d dy
L[tf}+2L[dt ]+L[ty] = L[cost]

d ” n_d __s
= —g{L[y 13 +2L[y7] 7 Lyl o
d_, , d
= —d—[s Lly1-sy(0) =y (O]+2[sLy]-y(0)]-—{L[y]} = zs
s ds sT+1
dr, , d
= — (L= 5=y O |+ 25012 =L} = 5
J J - ¥’(0) is a constant
= —{s g{L[y]}+2sL[y]}+1+2s{L[y]}—2—£{L[y]}:S2+1 di(y'(O))=o
AY
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2 L s
= —(s +l)ds{L[y]}_S2+1+1
d s !
= g{L[y]}__m—sz-i_l
711 —_7-1 N o 1
) st [(sm)z} ’ Lm]
We know L'[F'(s)]=—tf(t), where L[f (t)] = F(s). Here y = (1)
-1 ; o _ ; .
—ty=-L |:(52+1)2} sint = ty=1L {(S2+1)2:|+s1nt
ToﬁndL‘{%}
(s*+1)
Weknow  Lifl=— & Lfre']=——
s 1)
rsingy = — S
= L[t(cost +isint)] = G —i)z(s e
= L[tcost]+iL[tsint]:s2_1+2is o571 2

P +i
(s2 + 1)2 (s2 +l)2 (s2 + l)2

Equating imaginary parts, we get

Ltsint] =

(s> +1)°

= tsint = 2L71 %
(s”+1)

1
Lil % = —tsint
P+ 2

I . .
ty= Etsmt+smt

1. sint 1 1.
= y =—sint+—— =|—+-—[sint
2 t 2t

EXAMPLE 2
Solve the differential equation y” + 2ty  —4y =1, y(0) =y’(0) = 0.

Solution.
The given equation is

vy 42y’ -4y =1 ()

and when ¢t =0,y =0 and y" =0
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Taking Laplace transforms on both sides of equation (1), we get

LIy"1+2L[t y']=4L[y] = L[1]
We know 1 y1= -y ']}——i{sL[ 1- »(0)}
V1= = ALY = ——sly] -y

2 7’ d
S L= 3(0) = V()= 2 [(sL] - 90 - 4201 = %

) d
- SLy]- 2[sd—(L[y])+ L[y]] arpy)=t
S S
- —2sdi(L[y]) (6] =+
S S
d 6 — s> 1
= g(L[y]) + y Lly]l= )

This is linear equation in L[y ], where

*. the solution is

Ly’ =erJ”S ds+c

2 2
Now, J.Pdszj‘(%—%st =3loges—%=loges3—%

-[ , s $2
Pds loggs™ =y 3 T
e =e t=g57e ¢
2

fras ¢ 1 S 1
and er ds—j—z—szse“ds——zj.e“sds

2
Put%=t:> %ds=dt = sds=2dt

JQeJPdsdsz—%Je’ZZdt =—|:e—]=e’ =ei§

8
s

All the initial conditions are used.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

*. there is no initial condition to determine c.
Since we must have

lim L[y ]=1lim F(s) = 0, we choose ¢ = 0.

1 1 1
Lyl=— = y=L"'Y—=|==¢* t20
] s? Y [s3:| 2

L 1
. the solution is y = Etz’ t>0
EXERCISE 19.7
I. Solve the following first order differential equations
1. d—y+2y =e”, giveny =0, when ¢ = 0. 2. d—x+x =¢', givenx(0)=1.
dt dt
dy * ,
3. Sy =y 0)=-1 4.y (6)=4y()=1,y(0)= 1.
5. Doy Zsinep(0)= 1.

dt
II. Solve the following second and higher order differential equations:
1. y”+2y’ =3y =3 given y(0) =4, y'(0) = -7.
2. y"+4y " +3y =7, p(0) =y’ (0)=1.

3. y”=3y’+2y =4r+e”, when y(0)= 1 and y"(0) = -1.

2
4. d_y+2dl_3y :Sin[’y :6;—);:0 when = 0.

dt* dt
2
5. X o ® s — e sin, when x(0) = 1, x'(0) = 1.
dt dt
6. y'+y =t,y(0)=1y"(0)=-2
dy dy . . dy
7. +4—+4y =10sint, given y = () = — when t=0.
a e Sy =0
2
8. d2+x—t0052t ,x(0)=0,x’(0)=0.
d? d
9. d}; +6dy +9y =27, y(0)=1,y"(0) = 2.

10. y”-3y’+2y =e™, giveny(0)=1,y’(0)=0.

1. y"=2y"+y =e', giveny(0)=2,y’(0)=1.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

12. 2y”=5y"+2y =3sint, given y(0) =1,y ’(0) = 0.

d’y b
-8y =0, given y(0) =3,)(0) = 6.
g la Vs

13.

14. (D*+4D + 4)y = e given that »(0) =0, y’(0) = 0.
15. (D*+9)y = cos2t given that y(0) =1, y (%) =-1.

2
16. d__zd_x+x—e withx =2, d_x=_1 atr=0.
dt* dt dt

17. y”+5y’+6y =2 gives y’(0) =0 and y(0) = 0.
18. y” -3y’ +2y =4 given that y(0) =2, ’(0) = 3.

d’y . dy i}

19. —3=+2y =¢" with y(0) =1 and ’(0) = 0.
ar a7 ¢ H M
dy d’y dy

20, —+2— -2 0, given y(0)=1 0)=2 and y”(0)= 2.
PO i given y(0) =1,y"(0)=2 and y“(0) =
d’y d’y dy .

21, —+2———-——-2y =0, 0)=y’(0)=0 and y”(0)=6.
P given y(0)=y’(0)=0 and y"(0)

2 ﬂ—d— 2c0st,1(0)=3, y'(0) =2, y”(0) =1.

Cdr dt Y Y ’

dy d’y . dy Yo , ”

23. S5 -30 T 43 5y =16, given y(0)=0.y'(0) = 4. y(0) =6.
d4y dzy

24. 3 +2 12 +y =sint, given y(0) =y’(0) =y ”(0) =y " (0) = 0.

III. Solve the following second order differential equations with variable coefficients:
25. ty”+(1-2t)y’—2y =0, when y(0)=1,y'(0)=2.

26. y”+2ty’—y =t,when y(0)=0,y’(0)=1.

27. ty”+2y’ +ty =cost, given y(0) =1.

ANSWERS TO EXERCISE 19.7

-t

Loy =3l ~e"] 2. y= or cosht 3. y=e'(x-1)
1 1 1

4. y =__z_§e4’ 5. y=—e’ ——cost+§sint
4 4 2 2 2
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II.
1 t -t 1 -t =3t -t
1. y =15 +5¢7 ~4) 2. y=z(7e —3e™ —2te™)
3 —2t+3+l(e3t—e’)—2e2t 4 —le’—ie"3t—L(25int+cost)
7 2 TR T 1o
5. x=§-e”(sint+sin2t) 6. y =t —sint +cost
U 1 .
7. y=5(56 —e ") +sint — 2 cost 8. x=§(4s1n2t—551nt—3tcos21)
9. y=e ' (1+t+t%) 10. y:l(e_’+9e'—482’)
6
11. y=%-er(t—2)2 12. y=é(3sint+62’—4e”2)
13. 2e* +e™ 14. e’ =(1+t)e™
5. %[4(cos3t+sin3t)+cos2t] 16. %[t2—6t+4]
1
17 S0-3¢7 +2¢7) 18, 2-3(e' —e™)
1
19. §~e'—z~ez’+l-e”. 20. y=—[5¢" +2e*]-e"
2 3 6 3
t —t -2t 7 f ef’
21. y=e' =3¢ +2e 22. yzae +——cost
1 1
23. y =Z[ez’ +e ¥ +21] 24. y =§[(3—t2)sint—3t cost]
I1I.
2 1 2.
25. y=e 26. y =t 27. y=5 1+? sint

19.8.4 Simultaneous Differential Equations
Refer Chapter 11, Section 11.3, page 11.34.

WORKED EXAMPLES

EXAMPLE 1 p p
Solve by using Laplace transform d—): +y =sint, % + x = cost given that x = 2 and y = 0,
when ¢ = 0.

Solution.
The given equations are

dx . dy
—+y =sint 1 and ——+Xx = cost 2
P (1 i (2)
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Whent=0,x=2and y=0
Taking Laplace transform on both sides of equations (1) and (2), we get

dx .
L [E:|+L[y] = L[sint]

1

= sL[x]=x(0)+ L[y] =

2 +1
= sL[x]-2+L[y]=—
s”+1
= sLIx]+L[y]=2+— (3)
s +1
and L[dl:|+L[x]—L[cost]
dt B
= SLLY] = p(0)+ L[x] = >
s +1
- Llx]+sLly]=— (4)
s”+1
(B)xs = S LIx]+sL[y] =25+ (5)
s-+1
(5)-(4) (s> =DL[x] =25+ ——————=2s
s +1 s +1
= I[x]= 2
s —1

s =1

2
x=L']|: 5 :| =2cosht=e' +¢

dx
)= =sint ——
(D y 7

. d - . , . _
=s1nt—d—(e’ +e)=sint—[e' —e']=sint —e' +e”’
t

.. the solution is

t t

x=e +e” and y =sint—e' +e”

EXAMPLE 2

The coordinates (x, y) of a particle moving along a plane curve at any time # are given by

d d

D+ 2x =sin2s and = 2y =cos 21, (1 > 0).

dt dt

Ifatz = 0,x =1 and y = 0, then show that by Laplace transforms, that the particle moves along

the curve 4x* + 4xy + 5y? = 4.
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Solution.

The given equations are
dx dy .
——2y =cos2t 1 and ——+2x =sin2t 2
P 1) i 2

Given, when t=0,x=1and y=0.
Taking Laplace transform on both sides of equations (1) and (2), we get

dx
L[E]_ZLD’] = L[cos2t]

N

= sL[x]-x(0)-2L[y]=—
s°+4
= SLx]-1-2L[y] = —>
s”+4
= SLx]-2L[y] = ——+1 3)
s +4
dy .
and L o +2L[x]= L[sin2¢]
= sL[y]=y(0)+2L[x] = —
ST+
= 2L[x]+sLly]=— “)
s +4
(B)x2 = 2sL[x]=4L[y] = 22S +2 (5)
s”+4
D 2s
@ xs= 2sL[x]+s"Lly]=— (6)
s +4
) -03= (s> +4)L[y]=-2
Lly]=——2 y=—L'1[ } = —sin2¢
= [)’]——s2+4 = 14 = y=-sn
. . dy . d . .
From equation (2), 2x =sin2t — m =sin2¢t _E(_ sin 2¢t) = sin 2¢ + 2 cos 2t
= x = %[sinZt +2cos2¢]

.. the general solution is

1 .
x = 5(s1n2t +2cos2t)

and y =—sin2t
This is the parametric equations of the curve.
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Eliminating ¢, we get the Cartesian equation.
y =—sin2t = sin2t=-y

X = %[—y —2cos2t] = x+%y =—co0s2t = cos2t= _2x2+y
and sin 2f =—y
2 2
But cos’ 2t +sin*2t=1 = %+y2=1
= 4x’+dxy+y +4y’ =4 = 4dx +4xy+5y° =4 7
.. the particle moves along the curve given by equation (7).
EXAMPLE 3
2
Solve the differential equations ax + Ll =t and ): —y =e",given x =3, dx ==2,y=0
dt dt dt dt
when 7 = 0.
Solution.
The given equations are
dx dy d’x _
—+——=t 1 and ——-y=e”’ 2
dr dt D dar’ @
Given when ¢ =0, x(0)=3, x’(0)=-2 and y(0)=0
Taking Laplace transform on both sides of equations (1) and (2), we get
L dx +L i = L[t]
dt dt
1
= sL[)c]—x(O)+L[y]—y(O)=S—2
1
= sL[x]=3+sL[y]-0=—
s
1 1 3
= S(LIx]+LyD=—+3 = Lx]+Ly]l=—+~- 3)
s s* s
d’x
and Ll— |-Llyl=L[e"
[dt2:| 1=Lle"]
= szL[x]—sx(O)—x'(O)—LD/]=L
s+1
1 1
= S’ L[x]-3s+2-L[yl=— = s’Llx]-L[y]l=—+3s-2 4)
s+1 s+1

B+ = (S2+1)L[x]=i3+§+L+3s_2
s s s+l
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1 3 1 3s 2

= + + +
SP+D) s@sP+1) (s+DEPHD) sT+1 57+

= x=L" {;]Jﬁ[l |: ! :|+L‘1 [;]
s (sP+1) s(s>+1) (s+D(s>+1)

+3L“[ 2 ]—ZL“[ | ]
s +1 s +1

L“[ ! :|dtdtdt
+1

= L[x]

Now L_l % =
s7(s*+1)

’ 2 2

g
t t
=|——(—cost)| =——-0+][cost —cos0]=—+cost—1
2 2 2

0

and L' + =JL1[ 21 ]dt
s+ ] 5 s +1

= Jsintdt =[—cost]; = —(cost —cos0) =1—cos?
0

To find L™ {;2]
(s+D(s"+D

Using partial functions,
1 A Bs+C

Let —_—— = —
(s+DEs"+D) s+1  s°+1

1=A(s* +1)+(Bs+C)(s +1)

1
Putting s = -1, 1=24 :>A=E
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Equating the coefficients of s* and constant terms on both sides, we get

A+B=0 = B=-4 =—%

N | —
N | =

and and A+C=1 = C=1-4=1-

ro.1
1 11 3575

G 1D 2G+D s+l

Lt —1 —lL_l[L:l—lL_][ S :|+l
+Ds*+D) | 27 |s+1] 27 [$2+1] 2

1, 1 1.
=—e ——COoSt+—sint
2 2

1
L—]
l:s2 + 1:|

1 .
Ll[ 2s 1]=c0st and Ll[ S l:lzsmt
s+ s”+

t? 1 1 1. .
x =—+cost —1+3(l=cost)+—e”' —=cost +—sint +3cost —2sint
2 2 2 2

t? L1 3.
= X =—+—¢ +—=cost——sint+2 5)
2 2 2 2
. d’
From equation (2), y= d—f —e”
t

Differentiating Eq. (5) with respect to #, we get

dx 1 ., 1. 3
—=t——e ' ——sint ——cost
dt 2 2 2
d’x 1,
—2:1+—e ——Cost +—sint
dt 2
1, 1 3. -
y =1+—e"' ——cost+—sint —e
2 2 2
1, 1 3.
=]l——e™ ——cost+—sint
2 2 2
.. the solution is
t? L1 3.
x=—+—e ' +—cost——sint+2
2 2 2 2

1 ., 1 3.
and y =1——e" ——cost+—sint
2 2
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19.8.5 Integral-Differential Equation

Differential equations involving integrals is known as integral—differential equation.

EXAMPLES:
dy ! dx t
1. E+3y +2_([ydt=t 2. E=t+'([x(t—u)cosudu
WORKED EXAMPLES
EXAMPLE 1

d t
Solve the integral-differential equation % =t + J.x(t —u)cosudu,x (0) = 2.
0

Solution.
The given equation is
t t
%=t+jx(t—u)cosudu = x'(t)=t+[x(t-u)cosudu (1)
0 0
and x (0) = 2.

In this equation, the integral is a convolution integral.

We know, f()*g(t)= j.f(u)g(t —u)du

_[x(t —u)-cosudu = cost *x(t)
0
.. the equation (1) becomes
x'(t)=t+cost*x(t) )
Applying Laplace transform on both sides of equation (2), we get
L[x’(#)]=L[t]+ L[cost]-L[x ()]

1
= sL[x(t)]—x(O)zS—2+S2STL[x(t)]
- [s— = :|L[x(t)]—2=L2

s +1 s
N [—S(Szjl)_s}L[x(t)]: 1

s +1 K

3
A

st+1

Llx()]= SLZ+2

= Lix(t)]= %[iﬁz}
S S
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7 +1

= [1+2s5°]

SS

st 425 14257 3574250 +1 3
S5 S5 S3

s [e [e2]
N S S

1 1
=3—"+2-1+—¢*
2 4!

3, ¢
= x()==t"+—+2

2 24
which is the solution.

EXAMPLE 2 .
Solve the integral-differential equation y” + 3y + ZJ- ydt =t, y(0)=0.
0

Solution.
The given equation is

t
y'+3y+2J‘ydt=t )
0
and whenr=0,y=0

Applying Laplace transform on both sides, we get

L[y’ J+3L[y]+2L |:J.y dt:|=L[t]

= sL[y]—y'(0)+3L[y]+2-lL[y]=i2
N N
= sL[y]—oJrsL[y]JrzL[y]zi2
N N
= |:s+3+z]L[y]=i2
N N
- |:s2+3s+2:|L[y]:L2
N N
= Ly] ! 1

TS5 +3542) st 12)

—1 1
y=1L [s(s+1)(s+2)]
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Using partial fractions,

1 A B C
s(s+D(s+2) s s+1 s+2
= I1=A(+1D)(s+2)+Bs(s+2)+Cs(s+1)
Putting s =0, then 1=24 = 4= %
Putting s = —1, then 1=B(-D(1) = B=-1
1
Putting s = -2, then 1=C(-2)(-1) = C= 5

=1Ll[l:|—Ll L +~1—L71 ' :|
2 s s+1] 2 s+2

:l-l—e_’ +—e
2 2

= %[1—26” +e ¥ ]= %(l—e”)2
EXERCISE 19.8

1. Solve the following simultaneous equations:

dx dy .
. —+2y =35e',—-2x=>5¢", given x =—1,y =3 whent=0
a7 dr s 4

d . d .
2. d—);+y =sinf +1, d—J;+x =cost, giventhatx=1andy=2at¢t=0

X . dy .
3. —+y =sint,—+x =cost,givenx=2,y=0atr=0
i di s d

d d i
4. Zo4Sx-2y =125+ 2x+y =0, givenx=y=0when =0

II. Solve the following integral-differential equations:

1. y'(t)—4y(t)+3jy(t)dt =t,y(0)=1 2. y')-y(@t)= 6jy(t)dt+sint,y(0) =2

3. y(t)=1+jsin(t—u)y(u)du 4. y(t)=e”+:[sin(t—u)y(u)du
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ANSWERS TO EXERCISE 19.8

t

l. x==¢',y =3¢ 2. x=e',y=1+sint+e"

3. x=e'+e',y=e" —e' +sint 4. x:%[l+3t—(l+6t)e_3’],y:2—27[2—3t—e'3’(3t+2)]

IL
1 5 7 1 63 22
. yt)==—e" +=¢" 2. t)=———cot——sint +—e” + —e
Y0=3 3 Y= 55t S s
t2
3. y(t):1+3 4. y(@)=-1+t+2e"
SHORT ANSWER QUESTIONS
1. State the conditions under which Laplace transform of £(7) exists.
2. What is Laplace transform of 13;2? 3. Find the Laplace transform of ¢'7'2.
4. Find the Laplace transform of —. 5. Find L [t cosh 31].
e
6. Find L[# sin at]. 7. Find L[sin at — at cos at].
. t, 0<t<4
8. Find L [f(9], where f(¢) = 5 (>4 9. State and prove final value theorem.
, >
10. Find L [cos(3t — 1)]. 11. Find the Laplace transform of f(¢) = cos? 3¢.

12. State the initial value theorem and final value theorem for Laplace transforms.

13. Give examples of two functions for which Laplace transform do not exist.

14. Evaluate Je" cos 27 dt. 15. Evaluate J.e_z' sin3¢ dt.
0 0
. - . 1
16. 10 L| "% |= cor! > then find [S0% g 17, Find 17| —|.
t a o t s"+4s +4

18. Find the inverse Laplace theorem of ———.
(s+1

19. Verify intial value thorem for 1+ ¢ (sint + cos¢r). 20. Find L™’ # .
(s—3)+4

OBJECTIVE TYPE QUESTIONS

A. Fill up the blanks
Find L[fe™] =
. The Laplace transform of e sin 5¢ is

N —

4. L[sin(2t+3)] =
5. The Laplace transform of # ¢ sin ¢ is
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