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14.0 INTRODUCTION
An equation involving partial derivatives of a function w.r. to two or more independent variables is 
called a partial differential equation.
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Since many physical and social phenomena involve more than two independent variables, partial 
differential equations are the natural choice to deal with such problems. These equations arise in the 
study of fluid mechanics, heat transfer, electromagnetic theory and quantum mechanics.

14.1 ORDER AND DEGREE OF PARTIAL DIFFERENTIAL EQUATIONS
Definition 14.1 Order of a partial differential equation is the order of the highest order partial  
derivative occurring in the equation.

The degree of a partial differential equation is the degree of the highest order partial derivative 
occurring in the equation after the equation has been made free of radicals and fractions so far as the 
partial derivatives are concerned.

In example 1, order is 1 and degree is 1
In example 2, order is 2 and degree is 1
In example 4, order is 2 and degree is 1

14.2 LINEAR AND NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS
Definition 14.2 A partial differential equation is said to be linear if the dependent variable and the 
partial derivatives occur in the first degree and there is no product of partial derivatives or product of 
derivative and dependent variable.

A partial differential equation which is not linear is said to be non-linear.
In example 1, the equation is first order, linear.
In example 2 and 3, the equations are second order, linear.
In example 4, the equation is second order, non-linear.

The partial differential equations 
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14.2 ■ Engineering Mathematics

14.3 FORMATION OF PARTIAL DIFFERENTIAL EQUATIONS
Partial differential equations can be formed in two ways. 

 (i) By elimination of arbitrary constants from an ordinary functional relation between the variables
   If the number of arbitrary constants to be eliminated is equal to the number of independent 

variables, the resulting partial differential equation will be of first order.
   If the number of arbitrary constants to be eliminated is more than the number of independent 

variables, the resulting partial differential equation will be of second or higher order.
 (ii) By elimination of arbitrary function or functions from an ordinary relation between the variables.

The order of the resulting partial differential equation will be equal to the number of arbitrary func-
tions to be eliminated.

Usual Notation: If z is a function of two independent variables x and y, say z f x y= ( , ), then we 
use the following notations.
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WORKED EXAMPLES

Type 1: Formation of partial differential equation by elimination of arbitrary constants

EXAMPLE 1

Form the partial differential equation by eliminating arbitrary constants a and b from  
(i) ( )x a2 12 ( )y b z c2 1 52 2 2 and (ii) ( ) ( )x a y b z2 1 2 1 52 2 2 1.

Solution.
(i) Given ( ) ( )x a y b z c− + − + =2 2 2 2 (1)

Differentiating (1) partially w.r.to x and y, 

we get, 2 2 0( )x a z
z

x
− + ∂

∂
=  ⇒ ( )x a pz− + = 0 ⇒ x a pz− = −  (2)

and 2 2 0( )y b z
z

y
− + ∂

∂
=  ⇒    y b qz− + = 0 ⇒ y b qz− = −  (3)

Substituting (2) and (3) in (1), we get

 p z q z z c2 2 2 2 2 2+ + =  ⇒ ( ) ,p q z c2 2 2 21+ + =
which is the required partial differential equation.

(ii) In (i) put c = 1

∴ The solution is ( )p q z2 2 21 1+ + =

EXAMPLE 2

Form the partial differential equation by eliminating a and b from z x a y b5 1 1( )( )2 2 2 2 .

Solution.
Given z x a y b= + +( )( )2 2 2 2  (1)
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Partial Differential Equations ■ 14.3

Differentiating (1) partially w.r.to x and y, we get,

 
∂
∂

= + ⋅z

x
y b x( )2 2 2  ⇒ p y b x= +( )2 2 2  ⇒ 

p

x
y b

2
2 2= +  (2)

and 
∂
∂

= +z

y
x a y( )2 2 2    ⇒ q x a y= +( )2 2 2   ⇒ 

q

y
x a

2
2 2= +  (3)

Substituting (2) and (3) in (1), we get

 z
q

y

p

x
= ⋅

2 2
 ⇒ 4xyz pq= ,

which is the required partial differential equation.

EXAMPLE 3

Form the partial differential equation by eliminating the arbitrary constants a and b from 
log ( )e az x ay b2 5 1 11 .

Solution.
Given log ( )e az x ay b− = + +1  (1)

Differentiating (1) partially w.r.to x and y, we get,
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1
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⋅ ∂

∂
=   ⇒ ap az= −1     ⇒ a z p( )− = 1 ⇒ a

z p
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−
⋅ ∂
∂

=   ⇒ q az= −1      ⇒      az q− =1

∴  
z

z p
q

−
− =1  ⇒ 

z z p

z p
q

− +
−

=  ⇒      p

z p
q

−
=  ⇒ p q z p= −( ),

which is the required partial differential equation.

EXAMPLE 4

Find the partial differential equation of the family of spheres having their centres on the line 
x y z5 5 .

Solution.
Given that the centres of the spheres lie on the line x y z= =
∴ Centre of a sphere is ( , , )a a a . Let R be the radius.
So, the equation of the family of spheres is

 ( ) ( ) ( )x a y a z a R− + − + − =2 2 2 2 (1)

Where a and R be arbitrary constants.
Differentiating (1) partially w.r.to x and y, we get,

 2 2 0( ) ( )x a z a
z

x
− + − ∂

∂
=  ⇒ x a z a p− + − =( ) 0

⇒ x pz a p+ − + =( )1 0
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14.4 ■ Engineering Mathematics

⇒ x pz a p+ = +( )1  ⇒                             a
x pz

p
= +

+1
 (2)

and 2 2 0( ) ( )y a z a
z

y
− + − ∂

∂
=             ⇒       y a z a q− + − =( ) 0

⇒ y qz a q+ − + =( )1 0            ⇒                             a
y qz

q
= +

+1
 (3)

From (2) and (3), 
x pz

p

y qz

q

+
+

= +
+1 1

   ⇒        ( )( ) ( )( )x pz q y qz p+ + = + +1 1

⇒ xq x pqz pz yp y pqz qz+ + + = + + +
⇒ yp pz qz xq x y− + − = −       ⇒ p y z q z x x y( ) ( )− + − = −
which is the required partial differential equation.

EXAMPLE 5

Find the differential equation of all spheres whose centres lie on the Z-axis.

Solution.
Given that the centres of the spheres lie on the Z-axis.
∴ Centre is ( , , )0 0 c   and let R be the radius.
∴ Equation of the family of spheres is 

 x y z c R2 2 2 2+ + − =( )  (1)

where c and R are arbitrary constants.
Differentiating (1) partially w.r.to x and y, we get, 

 2 2 0x z c
z

x
+ − ∂

∂
=( )   ⇒ x z c p+ − =( ) 0 ⇒ ( )z c p x− = −  (2)

and 2 2 0y z c
z

y
+ − ∂

∂
=( )   ⇒ y z c q+ − =( ) 0 ⇒  ( )z c q y− = −  (3)

( )

( )

2

3
 ⇒  

p

q

x

y
=  ⇒ py qx= ,

which is the required partial differential equation.

EXAMPLE 6

Form a partial differential equation by eliminating the arbitrary constants a, b, c from  
z ax5 1by cxy1 .

Solution.
Given z ax by cxy= + +  (1)

In equation (1) the number of independent variables is two and the number of arbitrary constants is 
three.
∴ number of constants is greater than the number of independent variables. So, the resulting partial 
differential equation will be of order greater than one.
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Partial Differential Equations ■ 14.5

Differentiating (1) partially w.r.to x and y,

We get, 
∂
∂

= +z

x
a cy  ⇒ p a cy= +  (2)

and 
∂
∂

= +z

y
b cx  ⇒ q b cx= +  (3)

Using the three equations (1), (2) and (3) we cannot eliminate the three constants a, b, c. We need one 
more equation.
Differentiating (2) w.r.to x, we get

 
∂
∂

=p

x
0 ⇒ 

∂
∂

=
2

2 0
z

x
,

which is one partial differential equation obtained.

Note Different partial differential equations could be obtained depending upon the way, the 
elimination of the arbitrary constants is made. Instead of differentiating (2), if we differentiate (3) 
w.r.to y, then we get,

∂
∂

=q

y
0 ⇒ 

∂
∂

=
2

2 0
z

y
, which is another partial differential equation.

If we differentiate (2) w.r.to y, then

 
∂
∂

= ⇒
∂

∂ ∂
= ⇒ =

p

y
c

z

y x
c s c

2

 (4)

∴    (2) ⇒ p a sy a p sy= + ⇒ = −

and (3) ⇒ q b sx b q sx= + ⇒ = −

Substituting for a and b in (1), we get,

 z p sy x q sx y sxy= − + − +( ) ( )

⇒ z px sxy qy sxy sxy= − + − +      ⇒ z px qy sxy= + − , 

which is yet another partial differential equation,

Thus, three different partial differential equations could be formed. So, the resulting PDE is not 
unique when the number of constants is more than number of independent variables.

EXAMPLE 7

Form a partial differential equation by eliminating a, b, c from 
x

a

y

b

z

c

2

2

2

2

2

2 11 1 5 .

Solution.

Given 
x

a

y

b

z

c

2

2

2

2

2

2 1+ + =  (1)

Differentiating (1) partially w.r.to x and y, we get

 
2 2

0 0
2 2

2

2 2

x

a

z

c

z

x

x

a

pz

c
+

∂
∂

= ⇒ + =  (2)
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14.6 ■ Engineering Mathematics

and 
2 2

0 0
2 2 2 2

y
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z
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z

y

y
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qz

c
+

∂
∂

= ⇒ + =  (3)

Differentiating (2) w.r.to x,

 
1 1

0
2 2a

z+ +
c

p
z

x

p

x

∂
∂

∂
∂

⎡
⎣⎢

⎤
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=

⇒  
c

a
p z

d z

dx

2

2
2

2

2 0+ + =     ⇒  c

a
p zr

2

2
2 0+ + =  (4)

 [multiplying by c2]

From (2), 
x

a

pz

c

c

a

pz

x2 2

2

2
= − ⇒ = −  

∴ (4) becomes, − + + =pz

x
p zr2 0   ⇒  xp xzr zp2 0+ − =

which is the required partial differential equation.

Note As in example (6), we can get different partial differential equations in this example and they 
are zs pq+ = 0 and yzt yp zq+ − =2 0

EXAMPLE 8

Find a partial differential equation of all spheres of given radius.

Solution.
The equation of any sphere of given radius R is

 ( ) ( ) ( )x a y b z c R− + − + − =2 2 2 2 (1)

where a,b,c are arbitrary constants.
Differentiating (1) partially w.r.to x, y we get,

 2 2 0( ) ( )x a z c
z

x
− + − ∂

∂
=  ⇒ x a z c p− + − =( ) 0 (2)

and  2 2 0( ) ( )y b z c
z

y
− + −

∂
=

∂
 ⇒ y b z c q− + − =( ) 0 (3)

Differentiating (2) w.r.to x, 

 1 0+ − ∂
∂

+ ⋅ ∂
∂

=( )z c
p

x
p

z

x
 ⇒  1 0

2

2
2+ − ∂

∂
+ =( )z c

z

x
p

⇒  1 02+ − + =( )z c r p  since p
z

x
= ∂

∂
⎡
⎣⎢

⎤
⎦⎥

⇒  ( ) ( )z c r p− = − +1 2  (4)

and differentiating (3) w.r.to y,

 1 0+ − ∂
∂

+ ⋅ ∂
∂

=( )z c
q

y
q

z

y
 ⇒ 1 0

2

2
2+ − ∂

∂
+ =( )z c

z

y
q

⇒  1 02+ − + =( )z c t q  ⇒ ( ) ( )z c t q− = − +1 2  (5)
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Partial Differential Equations ■ 14.7

Now 
( )

( )

4

5
 ⇒  

r

t

p

q
= +

+
1

1

2

2  ⇒ r q t p( ) ( )1 12 2+ = + ,

which is a partial differential equation.

Type 2: Formation of partial differential equation by elimination of arbitrary function(s)

2(A) Equation with single arbitrary function of the form Z f x y5 ( , )

The resulting partial differential equation will be of first order.

EXAMPLE 9

Eliminate the arbitrary function f from z f
xy

z
5

⎛
⎝⎜

⎞
⎠⎟

 and form the partial differential equation.

Solution.

Given z f
xy

z
= ⎛

⎝⎜
⎞
⎠⎟
 (1)

Differentiating (1) partially w.r.to x and y, we get

 
∂
∂

= ′ ⎛
⎝⎜

⎞
⎠⎟

− ∂
∂

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

z

x
f

xy

z

z y xy
z

x
z

.
.

2
 ⇒ p f

xy

z

zy xyp

z
= ′ ⎛

⎝⎜
⎞
⎠⎟

−⎡
⎣⎢

⎤
⎦⎥2

⇒  
pz

zy xyp
f

xy

z

2

[ ]−
= ′ ⎛

⎝⎜
⎞
⎠⎟

 (2)

and 
∂
∂

= ′ ⎛
⎝⎜

⎞
⎠⎟

− ∂
∂

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥z

y
f

xy

z

zx xy
z

y

z2    ⇒  q f
xy

z

zx xyq

z
= ′ ⎛

⎝⎜
⎞
⎠⎟

−⎡
⎣⎢

⎤
⎦⎥2

⇒  
qz

zx xyq
f

xy

z

2

−
= ′ ⎛

⎝⎜
⎞
⎠⎟

 (3)

From (2) and (3) we get,

 
pz

zy xyp

qz

zx xyq

2 2

−
=

−
    ⇒ p zx xyq q zy xyp( ) ( )− = −

⇒  pzx xypq qzy xypq− = −  ⇒ pzx qzy px qy= ⇒ = ,

which is the required partial differential equation.

EXAMPLE 10

Find the partial differential equation of eliminating f from z xy f x y z5 1 1 1( )2 2 2 .

Solution.
Given  z xy f x y z= + + +( )2 2 2  (1)

Differentiating (1) partially w.r.to x and y,

we get,  
∂
∂

= + ′ + + + ∂
∂

⎛
⎝⎜

⎞
⎠⎟

z

y
y f x y z x z

z

x
( )2 2 2 2 2
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14.8 ■ Engineering Mathematics

⇒      p y f x y z x zp= + ′ + + +( )( )2 2 2 2 2

⇒      p y f x y z x zp− = ′ + + ⋅ +( ) ( )2 2 2

⇒      
p y

x zp
f x y z

−
+

= ′ + +
( )

( )2 2 2 2  (2)

and      
∂
∂

= + ′ + + + ∂
∂

⎛
⎝⎜

⎞
⎠⎟

z

y
x f x y z y z

z

y
( )2 2 2 2 2

⇒  q x f x y z y zq= + ′ + + +2 2 2 2( )( )

⇒  q x f x y z y zq− = ′ + + +2 2 2 2( )( )

⇒  
q x

y zq
f x y z

−
+

= ′ + +2 2 2 2( ) (3)

From (2) and (3), we get 
p y

x zp

q x

y zq

−
+

= −
+

⇒  ( )( ) ( )( )p y y zq q x x zp− + = − +

⇒  py zpq y yzp qx zpq x xzp+ − − = + − −2 2

⇒  py y yzp qx x xzp− − = − −2 2  ⇒  p y xz q x yz y x( ) ( )+ − + = −2 2

which is the required partial differential equation.

EXAMPLE 11
2B.  Formation of partial differential equation by eliminating arbitrary function f from 

f 5( , ) ,u v 0  where u and v are functions of x. y. z

Method 1: f( , )u v = 0  can be rewritten as v f u= ( ) or u g v= ( ) where u and v are functions of x, y, z.  
Then proceed as in 2(A).

Method 2: Given f( , )u v = 0, where u and v are functions of x, y, z (1) 

We have df = 0 ⇒ 
∂
∂

+ ∂
∂

⋅ =f f

u
du

v
dv 0

∴ differentiating (1) partially w.r.to x, we get

 
∂
∂

∂
∂

+ ∂
∂

⋅ ∂
∂

⎡
⎣⎢

⎤
⎦⎥

+ ∂
∂

∂
∂

+ ∂
∂

⋅ ∂
∂

⎡
⎣⎢

⎤
⎦⎥

=f f

u

u

x

u

z

z

x v

v

x

v

z

z

x
0

⇒  
∂
∂

∂
∂

+ ∂
∂

⎡
⎣⎢

⎤
⎦⎥

+ ∂
∂

∂
∂

+ ∂
∂

⋅⎡
⎣⎢

⎤
⎦⎥

=f f

u

u

x

u

z
p

v

v

x

v

z
p 0 (2)

Similarly differentiating (1) partially w.r.to y we get,

 
∂
∂

∂
∂

+ ∂
∂

⎡

⎣
⎢

⎤

⎦
⎥ + ∂

∂
∂
∂

+ ∂
∂

⋅
⎡

⎣
⎢

⎤

⎦
⎥ =f f

u

u

y

u

z
q

v

v

y

v

z
q 0 (3)

M14_ENGINEERING_MATHEMATICS-I _CH14_Part A.indd   8 5/17/2016   4:15:59 PM

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



Partial Differential Equations ■ 14.9

Eliminating 
∂
∂
f

u
 and 

∂
∂
f

v
 from (2) and (3), we get

 

∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

⋅

∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

=

u

x

u

z
p

v

x

v

z
p

u

y

u

z
q

v

y

v

z
q

0

⇒  
∂
∂

+ ∂
∂

⎛
⎝⎜

⎞
⎠⎟

∂
∂

+ ∂
∂

⎛
⎝⎜

⎞
⎠⎟

− ∂
∂

+ ∂
∂

⎛
⎝⎜

⎞
⎠⎟

∂
∂

+ ∂
∂

u

x

u

z
p

v

y

v

z
q

u

y

u

z
q

v

x

v

z
pp

⎛
⎝⎜

⎞
⎠⎟ = 0

⇒  
∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

u

x

v

y

u

x

v

z
q

u

z

v

y
p

u

z

v

z
pq

 − ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

⋅ ∂
∂

⎡
⎣⎢

⎤
⎦⎥

=u

y

v

x

u

y

v

z
p

u

z

v

x
q

u

z

v

z
pq 0

⇒  
∂
∂

∂
∂

− ∂
∂

∂
∂

⎛
⎝⎜

⎞
⎠⎟

+ ∂
∂

⋅ ∂
∂

− ∂
∂

⋅ ∂
∂

⎛
⎝⎜

⎞
⎠⎟

u

y

v

z

u

z

v

y
p

u

z

v

x

u

x

v

z
q = ∂

∂
⋅ ∂
∂

− ∂
∂

⋅ ∂
∂

u

x

v

y

u

y

v

x

⇒  

∂
∂

∂
∂

∂
∂

∂
∂

+

∂
∂

∂
∂

∂
∂

∂
∂

=

∂
∂

∂
∂

∂
∂

∂
∂

u

y

u

z

v

y

v

z

p

u

z

u

x
v

z

v

x

q

u

x

u

y

v

x

v

y

⇒  
∂
∂

+ ∂
∂

= ∂
∂

( , )

( , )

( , )

( , )

( , )

( , )

u v

y z
p

u v

z x
q

u v

x y

The partial differential equation is of the form Pp Qq R+ =  where P
u v

y z
= ∂

∂
( , )

( , )
, 

Q
u v

z x
= ∂

∂
( , )

( , )
, and R

u v

x y
= ∂

∂
( , )

( , )

This is a partial differential equation of order 1.

EXAMPLE 12

Form the partial differential equation by eliminating the arbitrary function f from 

f 2 5z xy
x

z
2 0,

⎛
⎝⎜

⎞
⎠⎟

.

Solution.

Given f z xy
x

z
2 0−⎛

⎝⎜
⎞
⎠⎟

=,

It is of the form f( , )u v = 0, where u z xy= −2 , v
x

z
=

∴ the partial differential equation obtained is of the form Pp Qq R+ =
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14.10 ■ Engineering Mathematics

where P
u v

y z
= ∂

∂
( , )

( , )
, Q

u v

z x
= ∂

∂
( , )

( , )
, R

u v

x y
= ∂

∂
( , )

( , )

Now u z xy
u

x
y

u

y
x

u

z
z= − ⇒

∂
∂

= −
∂
∂

= −
∂
∂

=2 2, ,

 v
x

z

v

x z

v

y

v

z

x

z
= ⇒

∂
∂

=
∂
∂

=
∂
∂

= −
1

0
2

, ,

∴  P

u

y

u

z

v

y

v

z

x z

x

z

x

z
=

∂
∂

∂
∂

∂
∂

∂
∂

=
−

−
=

2

0 2

2

2

 Q

u

z

u

x
v

z

v

x

z y

x

z z

xy

z
=

∂
∂

∂
∂

∂
∂

∂
∂

=
−

−
= −

2

1 2
2

2

and R

u

x

u

y

v

x

v

y

y x

z

x

z
=

∂
∂

∂
∂

∂
∂

∂
∂

=
− −

=1
0

∴ the partial differential equation is 
x

z
p

xy

z
q

x

z

2

2 22+ −⎛
⎝⎜

⎞
⎠⎟

=

⇒  x p z xy q xz2 22+ − =( )

Note Assuming the given equation can be written as z xy f
x

z
2 − = ⎛

⎝⎜
⎞
⎠⎟

, we proceed as in type 2(A) to 
eliminate f. It is an exercise to the reader.

EXAMPLE 13

Form the partial differential equation by eliminating f from f 1 1 1 1 5( , )x y z lx my nz2 2 2 0.

Solution.
Given  f( , )x y z lx my nz2 2 2 0+ + + + =  (1)

It is of the form f( , )u v = 0

where u x y z v lx my nz= + + = + +2 2 2 ,

∴ the PDE is Pp Qq R+ =

where P
u v

y z
Q

u v

z x
= ∂

∂
= ∂

∂
( , )

( , )
,

( , )

( , )
 and R

u v

x y
= ∂

∂
( , )

( , )
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Partial Differential Equations ■ 14.11

Now u x y z
u

x
x

u

y
y

u

z
z= + + ⇒

∂
∂

=
∂
∂

=
∂
∂

=2 2 2 2 2 2, ;   

 v lx my nz
v

x
l

v

y
m

v

z
n= + + ⇒

∂
∂

=
∂
∂

=
∂
∂

=, ,  

∴ P

u

y

u

z

v

y

v

z

y z

m n
ny mz ny mz=

∂
∂

∂
∂

∂
∂

∂
∂

= = − = −
2 2

2 2 2( )

 Q

u

z

u

x
v

z

v

x

z x

n l
lz nx=

∂
∂

∂
∂

∂
∂

∂
∂

= = −
2 2

2( )

and R

u

x

u

y

v

x

v

y

x y

l m
mx ly=

∂
∂

∂
∂

∂
∂

∂
∂

= = −
2 2

2( )

∴ the partial differential equation is 
 2 2 2( ) ( ) ( )ny mz p lz nx q mx ly− + − = −

⇒  ( ) ( )ny mz p lz nx q mx ly− + − = −

2(C)  Formation of partial differential equation by eliminating two arbitrary functions in 
z f x y g x y5 1( , ) ( , )

Given z f x y g x y= +( , ) ( , ) (1)

To form the partial differential equation first we find the equations

P
z

x
= ∂

∂
 (2) q

z

y
= ∂

∂
 (3) r

z

x
= ∂

∂

2

2  (4)

s
z

x y
= ∂

∂ ∂

2

 (5) t
z

y
= ∂

∂

2

2  (6)

From these six equations, we choose the suitable equations to eliminate f and g. The resulting partial 
differential equation will be a second order equation.

EXAMPLE 14

Form the partial differential equation by eliminating the arbitrary functions f and g in 

z x f y y g x5 12 2( ) ( ).

Solution.
Given  z x f y y g x= +2 2( ) ( ) (1)
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14.12 ■ Engineering Mathematics

∴  P
z

x
xf y y g x= ∂

∂
= + ′2 2( ) ( ) (2)

 q
z

y
x f y yg x= ∂

∂
= ′ +2 2( ) ( ) (3)

 r
z

x
f y y g x= ∂

∂
= + ′′

2

2
22 ( ) ( ) (4)

 s
z

x y
xf y yg x= ∂

∂ ∂
= ′ + ′

2

2 2( ) ( ) (5)

and t
z

y
x f y g x= ∂

∂
= ′′ +

2

2
2 2( ) ( ) (6)

(2) × x ⇒ px x f y xy g x= + ′2 2 2( ) ( )

(3) × y ⇒  qy x yf y y g x= ′ +2 22( ) ( )

∴  px qy x f y y g x xy yg x xf y+ = + + ′ + ′2 2 2[ ( ) ( )] [ ( ) ( )]

(5) ⇒  xf y yg x
s′ + ′ =( ) ( )
2

∴  px qy z xy
s+ = +2
2

 [Using (1)]

⇒  2 4( )px qy z xys+ = +

which is the required partial differential equation.

EXAMPLE 15

Form the partial differential equation by eliminating the arbitrary functions f and g in 
z f x y g x y5 1 1 2( ) ( )3 32 2 .

Solution.
Given  z f x y g x y= + + −( ) ( )3 32 2  (1)

∴  p
z

x
f x y x g x y x= ∂

∂
= ′ + ⋅ + ′ − ⋅( ) ( )3 2 3 22 3 2 3

⇒  p x f x y g x y= ′ + + ′ −3 2 22 3 3[ ( ) ( )] (2)

 q
z

y
f x y g x y= ∂

∂
= ′ + ⋅ + ′ − −( ) ( )( )3 32 2 2 2

⇒  q f x y g x y= ′ + − ′ −2 2 23 3[ ( ) ( )] (3)

 r
z

x
x f x y x g x y x f x y g x= ∂

∂
= ′′ + ⋅ + ′′ − + ′ + + ′

2

2
2 3 2 3 2 33 2 3 2 3 2[ ( ) ( ) ] [ ( ) ( 33 2 2− ⋅{ }y x)]
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Partial Differential Equations ■ 14.13

⇒  r x f x y g x y x f x y g x y= ′′ + + ′′ − + ′ + + ′ −9 2 2 6 2 24 3 3 3 3[ ( ) ( )] [ ( ) ( )] (4)

  s
z

x y
f x y x g x y x= ∂

∂ ∂
= ′′ + ⋅ − ′′ −

2
3 2 3 22 2 3 2 3[ ( ) ( ) ]

⇒  s x f x y g x y= ′′ + − ′′ −6 2 22 3 3[ ( ) ( )] (5)

and t
z

y
f x y g x y= ∂

∂
= ′′ + ⋅ − ′′ − −

2

2
3 32 2 2 2 2[ ( ) ( )( )]

⇒  t f x y g x y= ′′ + + ′′ −4 2 23 3[ ( ) ( )] (6)

(6) ⇒ ′′ + + ′′ − =f x y g x y
t

( ) ( )3 32 2
4

(2) ⇒ 
p

x
f x y g x y

3
2 22

3 3= ′ + + ′ −( ) ( )

Substituting in (4), we get r x
t

x
p

x
= ⋅ + ⋅9

4
6

3
4

2

⇒  r
x t p

x
= +9

4

24

 ⇒ 4 9 85xr x t p= + ,

which is the required partial differential equation.

EXAMPLE 16

Eliminate the arbitrary functions f and g from z f x iy g x iy5 1 1 2( ) ( ) and form a partial 
differential equation.

Solution.
Given  z f x iy g x iy= + + −( ) ( ) (1)

∴  p
z

x
f x iy g x iy= ∂

∂
= ′ + + ′ −( ) ( ) (2)

 q
z

y
f x iy i g x iy i= ∂

∂
= ′ + ⋅ + ′ − −( ) ( )( )

⇒  q i f x iy g x iy= ′ + − ′ −[ ( ) ( )] (3)

 r
z

x
f x iy g x iy= ∂

∂
= ′′ + + ′′ −

2

2 ( ) ( ) (4)

 s
z

x y
i f x iy g x iy= ∂

∂ ∂
= ′′ + − ′′ −

2

[ ( ) ( )] (5)

and t
z

y
i f x iy i g x iy i= ∂

∂
= ′′ + ⋅ − ′′ − −

2

2 [ ( ) ( )( )]

⇒  t i f x iy g x iy= ′′ + + ′′ −2[ ( ) ( )] ⇒ t r= −  ⇒ r t+ = 0 [using (4)]

which is the required partial differential equation.
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14.14 ■ Engineering Mathematics

EXAMPLE 17

Form the partial differential equation by eliminating f and f from z xf
y

x
y x5 1 f

⎛
⎝⎜

⎞
⎠⎟

( ).

Solution.

Given  z xf
y

x
y x= ⎛

⎝⎜
⎞
⎠⎟

+ f( ) (1)

∴  p
z

x
xf

y

x

y

x
f

y

x
y x= ∂

∂
= ′ ⎛

⎝⎜
⎞
⎠⎟

−⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

+ ′2 f ( )

⇒  p
y

x
f

y

x
f

y

x
y x= − ′ ⎛

⎝⎜
⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

+ ′f ( ) (2)

 q
z

y
xf

y

x x
x= ∂

∂
= ′ ⎛

⎝⎜
⎞
⎠⎟

+1
f( ) ⇒  q f

y

x
x= ′ ⎛

⎝⎜
⎞
⎠⎟

+ f( ) (3)

 r
z

x
y

x
f

y

x

y

x
f

y

x x
=

∂
∂

= − ′′ ⎛
⎝⎜

⎞
⎠⎟

⋅ −⎛
⎝⎜

⎞
⎠⎟

+ ′ ⎛
⎝⎜

⎞
⎠⎟

−⎛
⎝⎜

⎞
⎠⎟

⎡

⎣

2

2 2 2

1 1
⎢⎢

⎤

⎦
⎥ + ′ ⎛

⎝⎜
⎞
⎠⎟

−⎛
⎝⎜

⎞
⎠⎟

+ ′′f
y

x

y

x
y x

2
f ( )

⇒  r
y

x
f

y

x

y

x
f

y

x

y

x
f

y

x
y x= ′′ ⎛

⎝⎜
⎞
⎠⎟

+ ′ ⎛
⎝⎜

⎞
⎠⎟

− ′ ⎛
⎝⎜

⎞
⎠⎟

+ ′′
2

3 2 2 f ( )

⇒  r
y

x
f

y

x
y x= ′′ ⎛

⎝⎜
⎞
⎠⎟

+ ′′
2

3 f ( ) (4)

 s
z

x y
f

y

x

y

x
x= ∂

∂ ∂
= ′′ ⎛

⎝⎜
⎞
⎠⎟

−⎛
⎝⎜

⎞
⎠⎟

+ ′
2

2 f ( ) ⇒ s
y

x
f

y

x
x= − ′′ ⎛

⎝⎜
⎞
⎠⎟

+ ′2 f ( ) (5)

and t
z

y
f

y

x x
= ∂

∂
= ′′ ⎛

⎝⎜
⎞
⎠⎟

⋅
2

2

1
 ⇒ tx f

y

x
= ′′ ⎛

⎝⎜
⎞
⎠⎟

∴  s tx
y

x
x= −⎛

⎝⎜
⎞
⎠⎟

+ ′2 f ( ) ⇒ ′ = +f ( )x s
yt

x

(3) ⇒  ′ ⎛
⎝⎜

⎞
⎠⎟

= −f
y

x
q xf( )

(2) ⇒  p
y

x
q x f

y

x
y s

yt

x
= − − + ⎛

⎝⎜
⎞
⎠⎟

+ +⎡
⎣⎢

⎤
⎦⎥

[ ( )]f

⇒  p
x

yq y x xf
y

x

y

x
xs yt= − + + ⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ + +1

f( ) [ ]

⇒  px yq z y xs yt= − + + +[ ] = + − +y xs yt q z[ ]

which is the required partial differential equation.
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Partial Differential Equations ■ 14.15

EXERCISE 14.1
I. Eliminating arbitrary constants form partial differential equation from the following:

 1. z ax by= +  2. z ax by ab= + +

 3. z ax by= +3 3 4. z x a y b= + +( )( )

 5. z ax byn n= +  6. z x a y b= + + +( ) ( )2 2

 7. z a x ay b= + +2 2  8. z x a y b= + +( )( )2 2

 9. 2 2z ax y b= + +( )  10. z
x

a

y

b
= +

2

2

2

2

 11. z ax
a

a
y b= −

+
+

1
 12. 4 1 2 2z a x ay b( ) ( )+ = + +

 13. ( ) ( ) cotx a y b z− + − =2 2 2 2 a, where a is a given constant.

 14. Find the differential equation of all planes cutting equal intercepts from the x and y axes.

II. Form partial differential equation by eliminating arbitrary function.

 15. z f x y= −( )2 2  16. z x y f xy= + + ( )

 17. z yf
y

x
= ⎛

⎝⎜
⎞
⎠⎟

 18. z f x y z= + +( )2 2 2

 19. z xy f x y= + +( )2 2  20. z e f x byay= +( )

 21. f( , )x y z z xy2 2 2 2 2 0+ + − =  22. f( , )x y z x y z2 2 2 0+ + + + =

 23. f( , )z xy x y− + =2 2 0 24. f( , )x y z xy z+ + + =2 0

III. Form partial differential equation by eliminating the functions f and g.

 25. z xf x t g x t= + + +( ) ( )

 26. z f x it g x it= + + −( ) ( ), where i = −1

 27. z f y x g y x= + + −( ) ( )2 3  28. z f x ay g x ay= + + −( ) ( )

 29. z yf x xg y= +( ) ( ) 30. z f x e g xy= +( ) ( )

ANSWERS TO EXERCISE 14.1
 1. z px qy= +  2. z px qy pq= + +  3. 3z px qy= +
 4. z pq=  5. nz px qy= +  6. 4 2 2z p q= +

 7. q py2 24=  8. 4xy pq=  9. q px qy2 = +

 10. 2z px qy= +  11. pq p q= +  12. z p q= +2 2
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14.16 ■ Engineering Mathematics

 13. p q2 2 2+ = tan a 14. p q− = 0 15. py qx+ = 0

 16. px qy x y− = −  17. z px qy= +  18. py qx− = 0

 19. qx py x y− = −2 2 20. q az bp= +  21. z p q y x( )− = −

 22. ( ) ( )y z p z x q x y− + − = −  23. yp xq y x− = −2 2 24. ( ) ( )x z p z y q y x− + − = −2 2

 25. 
∂
∂

− ∂
∂ ∂

+ ∂
∂

=
2

2

2 2

22 0
z

x

z

x t

z

t
 26. 

∂
∂

+ ∂
∂

=
2

2

2

2 0
z

x

z

t
 27. r s t+ − =6 0

 28. t a r= 2  29. xys xp yq z= + −  30. t q=

14.4 Solutions of Partial Differential Equations
Definition 14.3 A solution of a partial differential equation is a relation between the dependent and 
independent variables which satisfies the partial differential equation.

A solution is also known as an integral of the partial differential equation.
We have seen that a partial differential equation is formed by eliminating arbitrary constants and 

arbitrary functions. These relations are solutions of the partial differential equation formed. So, there 
are two types of solutions for partial differential equations.

 1. Solution containing arbitrary constants.    2.  Solution containing arbitrary functions.

Definition 14.4 Complete Integral or Complete Solution
A solution of a partial differential equation which contains as many arbitrary constants as the number 
of independent variables is called the complete integral or complete solution.

Definition 14.5 General Integral or General Solution
A solution of a partial differential equation which contains as many arbitrary functions as the order of 
the equation is called the general solution or general integral.

Note 

 (i) These two types of solutions can be obtained for the same partial differential equation.

  For example, z ax by= +  is the complete integral and z xf
y

x
= ⎛

⎝⎜
⎞
⎠⎟

 is the general integral of  
z = px qy+ .

 (ii) The general integral of a partial differential equation is more general than the complete integral.

  For example, the complete integral z ax by= +  can be written as z x a b
y

x
= + ⎛

⎝⎜
⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

. It is a  

particular form of the general integral z xf
y

x
= ⎛

⎝⎜
⎞
⎠⎟

, where f
y

x
a b

y

x
⎛
⎝⎜

⎞
⎠⎟

= + ⎛
⎝⎜

⎞
⎠⎟

   Thus, when we solve a partial differential equation, we should find the general integral.
   However, there are partial differential equations for which it is not possible to find the general 

integral directly. In such cases we find the general integral from the complete integral.
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Definition 14.6 Particular Integral
A solution of a partial differential equation obtained from the complete integral by giving particular 
values to the arbitrary constants is called a particular integral.

There is yet another solution called singular integral which does not contain any arbitrary  
constants and which cannot be obtained as a particular integral.

14.4.1  Procedure to Find General Integral and Singular Integral for a First Order Partial 
Differential Equation

Let  F x y z p q( , , , , ) = 0 (1) 

be a first order partial differential equation and 

let  f ( , , , , )x y z a b = 0 (2) 

be the complete integral, where a and b are arbitrary constants.

 1. To find the general integral of (1), put b f a= ( ) [or a = g(b)] in (2) where f(or g) is an arbitrary 
function.

  Then (2) becomes f[( , , , , ( ))]x y z a f a = 0 (3)

  Differentiating (3) partially w.r.to a, we get

 
∂
∂

=
a

x y z a f a[ ( , , , , ( ))]f 0 (4)

  The eliminant of a from (3) and (4), if exists, contains the arbitrary function f, which is the gen-
eral integral of (1).

  Geometrically, the envelope of the family of surfaces (3) is the general integral of (1).

 2. Singular integral
  The complete integral is f( , , , , )x y z a b = 0

  Find 
∂
∂

= ∂
∂

=f f

a b
0 0,

  The eliminant of a and b from these three equations, if exists, is the singular integral of (1).
   Geometrically, singular integral is the envelope of the two parameter family of surfaces 

f( , , , , )x y z a b = 0

WORKED EXAMPLES
Equations solvable by direct integration

EXAMPLE 1

Solve 
∂

∂ ∂

2u

x t
e xt5 2 cos , given u 5 0 when t 5 0 and 

∂
∂
u

t
5 0, when x 5 0. Show also that as 

t u x→ →∞, sin .

M14_ENGINEERING_MATHEMATICS-I _CH14_Part A.indd   17 5/17/2016   4:16:39 PM

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



14.18 ■ Engineering Mathematics

Solution.

Given 
∂
∂ ∂

= −
2u

x t
e xt cos

Integrating w.r.to x,

 
∂
∂

= +−u

t
e x f tt sin ( )

When x
u

t
= ∂

∂
=0 0,  ⇒ f t( ) = 0 ∴ 

∂
∂

= −u

t
e xt sin

Integrating w.r.to t, u
e

x g x
t

=
−

+
−

1
sin ( )

When t u= =0 0,  ⇒    − + =sin ( )x g x 0 ⇒ g x x( ) sin=

∴         u e x xt= − +− sin sin = − −sin [ ]x e t1

As t e t→ →∞ −, ,0    ∴             u x= sin

EXAMPLE 2

Solve 
∂
∂

2

2
0

z

x
z1 5  given that when x z e y5 5 20,  and 

∂
∂
z

x
51.

Solution.

Given 
∂
∂

+ =
2

2
0

z

x
z

Integrate w.r.to x, treating z as a function of x alone, we have

 
d z

dx
z D z

2

2
20 1 0+ = ⇒ + =( )

Auxiliary equation is m m i2 1 0+ = ⇒ = ±  

∴ z A x B x= +cos sin , where A and B are arbitrary constants.

Since z is a function of x and y, A and B are arbitrary functions of y, say f(y) and g(y).

∴  z f y x g y x= +( )cos ( )sin

Differentiating partially w.r.to x,

 
∂
∂

= − +z

x
f y x g y x( )( sin ) ( )(cos )

When x
z

x
= ∂

∂
=0 1,  ∴ g y( ) = 1     ∴    z f x x x= +( )cos sin

When x z e y= = −0,  ∴   e f yy− = ( ) ∴ z e x xy= +− cos sin .
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Partial Differential Equations ■ 14.19

EXAMPLE 3

Solve 
∂

∂ ∂

2z

x y
x y5 sin sin , when x

z

y
y5 520 2, sin

∂
∂

 and when y is an odd multiple of 
p

5
2

0, z .

Solution.

Given  
∂

∂ ∂
=

2z

x y
x ysin sin

Integrating w.r.to x, treating y as constant,

 
∂
∂

= − +z

y
x y f ycos sin ( )

Given, when x
z

y
y= ∂

∂
= −0 2, sin .

∴  − = − +2 0sin cos sin ( )y y f y  ⇒ f y y( ) sin= −

∴  
∂
∂

= − −z

y
x y ycos sin sin  = − +sin [ cos ]y x1

Integrating w.r.to y,
 z y x g x= + +cos [ cos ] ( )1

Given, when y n z= + =( ) ,2 1
2

0
p

∴  cos ( )y g x= ⇒ =0 0

Hence, z x y= +( cos )cos1

EXAMPLE 4

Solve 
∂
∂

∂
∂

z

x
x y

z

y
x y5 1 5 26 3 3 4and .

Solution.

Given 
∂
∂

= +z

x
x y6 3  (1)  and  

∂
∂

= −z

y
x y3 4  (2)

Integrating (1) w.r.to x, we get

 z
x

yx f y= + +6
2

3
2

( ) ⇒ z x yx f y= + +3 32 ( ) (3)

Differentiating (3) w.r.to y,

 
∂
∂

= + ′z

y
x f y3 ( )

⇒  3 4 3x y x f y− = + ′( )   ⇒ ′ = −f y y( ) 4

Integrating w.r.to y,

 f y
y

C y C( ) = − + = − +4
2

2
2

2  ∴ z x xy y C= + − +3 3 22 2  [using (3)]
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14.20 ■ Engineering Mathematics

EXERCISE 14.2
Solve the following equations

 1. 
∂
∂

=
2

2

z

x
xy 2. 

∂
∂ ∂

=
2

0
z

x y

 3. 
∂

∂ ∂
= +

2

2
z

x y
x y( ) 4. 

∂
∂

=
2

2

z

y
xysin( )

 5. 
∂
∂

= − ∂
∂

= − +z

x
x y

z

y
x y3 , cos  6. 

∂
∂

+ =
2

2 0
z

x
z , given that when x z e

z

x
y= = ∂

∂
=0 1, ,

ANSWERS TO EXERCISE 14.2

 1. z
x y

xf y g y= + +
3

6
( ) ( ) 2. z f y g x= +( ) ( )

 3. z xy x y f y g x= + + +( ) ( ) ( ) 4. z
x

xy yf x g y= − + +1
2 sin ( ) ( )

 5. z
x

xy y C= − + +3

2

2

sin  6. z x e xy= +sin cos

14.4.2 First Order Non-linear Partial Differential Equation of Standard Types
These standard types are Corollaries of a very general method known as Charpit’s method for solving 
first order partial differential equation F x y z p q( , , , , ) .= 0  So, their solutions are assumed to be known.

Type 1: F p q( , ) 5 0
It is known that the complete integral is z ax by c= + + ,  where F a b( , ) = 0  

 [Replacing p by a and q by b]
Solving b f a= ( )

∴ C.I is z ax f a y c= + +( )  (1)

where a and c are arbitrary constants.
To find the general integral, put c g a= ( ), where g is arbitrary.

∴ z ax f a y g a= + +( ) ( ) (2)

Differentiating partially w.r.to a,
 0 = + ′ + ′x f a y g a( ) ( ) (3)

Elimating a from (2) and (3), we get the general solution.

To find singular integral:
Differentiating (1) w.r.to a and c partially, we get 0 = + ′x f a y( )  
and 0 1= , which is not true.
∴ there is no singular solution for F p q( , ) = 0
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Partial Differential Equations ■ 14.21

WORKED EXAMPLES

EXAMPLE 1

Solve p q1 51.

Solution.
Given p q+ = 1, which is type 1.
∴   the complete integral is z ax by c= + + , 

where a b+ = 1 [replacing p by a and q by b]

⇒ b a= −1  ⇒ b a= −( )1
2

∴ the complete integral is  z ax a y c= + −( ) +1
2

 (2)
where a and c are arbitrary constants.
To find the general integral; put c f a= ( )

∴ z ax a y f a= + −( ) +1
2

( )  (2)
Differentiating partially w.r.to a, we get

 0 2 1
1

2
= + −( ) −

⎛
⎝⎜

⎞
⎠⎟

+ ′x a
a

y f a( )

⇒ x
a

a
y f a−

−( )
+ ′ =

1
0( )  (3)

Eliminating a from (2) and (3), we get the general integral.
Differentiating (1) w.r.to c, we get 0 = 1, which is not true.
∴ there is no singular integral.

EXAMPLE 2

Solve p pq q2 2 3 52 1 5 .

Solution.
Given p pq q2 2 3 5− + = ,    which is type1.

∴ the complete integral is z ax by c= + + ,

where a ab b2 2 3 5− + =  [replacing p by a and q by b]

⇒  b a a[ ]3 2 5 2− = −  ⇒ b
a

a
= −

−
5

3 2

2

∴ the complete integral is z ax
a

a
y c= + −

−
⎛
⎝⎜

⎞
⎠⎟ +5

3 2

2

 (1)

where a and c are arbitrary.
To find the general integral, put c f a= ( )

∴ z ax
a

a
y f a= + −

−
+5

3 2

2

( ) (2)
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14.22 ■ Engineering Mathematics

Differentiating (2) w.r.to a,

 0
3 2 2 5 2

3 2

2

2= + − − − − −
−

+ ′x
a a a a

a
y f a

( )( ) ( )( )

( )
( )

⇒ x
a a a a

a
y f a+ − + + −

−
+ ′ =[ ]

( )
( )

6 4 10 2

3 2
0

2 3

3

⇒  x
a a a

a
y f a+ + −

−
+ ′ =2 2 2

3 2
0

2

3

[ ]

( )
( )  (3)

Eliminating a from (2) and (3), we get the general integral.
Differentiating (1) w.r.to c, we get 0 1=  which is not true.
∴ there is no singular integral.

Type 2: Clairaut’s form
Equation of the form z px qy f p q= + + ( , ) is called Clairaut’s equation.

The complete integral is known to be z ax by f a b= + + ( , ) (1), 
replacing p by a and q by b, where a and b are arbitrary constants.
To find the general integral, put b a= f( ) in (1)

∴ z ax a y f a a= + +f f( ) [ , ( )] (2)

Differentiating (1) w.r.to a and eliminating b, we get the general integral.

To find the singular solution
Differentiating (1) w.r.to a and b, We get

 x
f

a
+ ∂

∂
= 0  (3)    and y

f

b
+ ∂

∂
= 0 (4)

Eliminating a and b from (1), (3), (4), we get the singular solution.
Normally, the singular integral exists for Clairaut’s equation.

WORKED EXAMPLES

EXAMPLE 3

Solve z px qy p q5 1 1 2 2.

Solution.
Given equation is    z px qy p q= + + 2 2

It is Clairaut’s form

∴ the complete integral is  z ax by a b= + + 2 2 (1)

To find the G.I, put b a= f( ) in (1) ∴ z ax a y a a= + ⋅ +f f( ) ( ( ))2 2 (2)

Differentiating (2) w.r.to a,

 0 2 22 2= + ′ + ⋅ ′ + ⋅x a y a a a af f f( ) ( ) ( ( ))  (3)

Eliminating a from (2) and (3), we get the general Integral.
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Partial Differential Equations ■ 14.23

To find singular integral
Differentiating the C.I. (1) partially w.r.to a and b, we get

 0 2 2= +x ab     ⇒  x ab= −2 2 (4)

and 0 2 2= +y a b   ⇒  y a b= −2 2  (5)

( )

( )

4

5
 ⇒ 

x

y

ab

a b

b

a
= −

−
=2

2

2

2  ⇒  
x

b

y

a
k= =

Now 
x

b
k=      ⇒   

x

k
b=  and  

y

a
k=  ⇒ 

y

k
a=

Substituting in (4), x
y

k

x

k
= − ⋅2

2

2   ⇒ k xy3 2= −         ⇒ k xy= −( )2 1 3 

Substitution in (1),  z
xy

k

xy

k

x y

k

xy

k

x y

k
= + + = +

2 2

4

2 2

4

2

⇒   kz xy
x y

k
= +2

2 2

3  xy
x y

xy
xy

xy xy= − = − =2
2

2
2

3

2

2 2

Cubing both sides, k z x y3 3 3 327

8
=  ⇒ − =2

27

8
3 3 3xyz x y  [using (6)]

⇒  − =16 273 2 2z x y  ⇒ 16 27 03 2 2z x y+ =

which is the singular integral.

EXAMPLE 4

Find the singular integral of the partial differential equation z px qy p q5 1 1 22 2.

Solution.
Given z px qy p q= + + −2 2

It is Clairaut’s form.
∴ the complete integral is z ax by a b= + + −2 2 (1)

To find singular solution:
Differentiating (1) partially w.r.to a and b, we get

 0 2
2

= + = −x a a
x⇒  and 0 2

2
= − =y b b

y⇒

Substituting in (1), we get

 z
x

x
y

y
x y= − ⋅ + ⋅ + −⎛

⎝⎜
⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟2 2 2 2

2 2

 = − + + −x y x y2 2 2 2

2 2 4 4
 = − +x y2 2

4 4
 ⇒ 4 2 2z y x= − , 

which is the singular solution.
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14.24 ■ Engineering Mathematics

EXAMPLE 5

Find the singular solution of z px qy p q5 1 1 1 12 2 1 .

Solution.
Given z px qy p q= + + + +1 2 2

This is clairaut’s form.

So, the complete integral is z ax by a b= + + + +1 2 2  (1)

where a and b are arbitrary constants.

To find singular solution:
Differentiating (1) partially w.r.to a and b, we get,

 0
1

2 1
2

12 2 2 2
= +

+ +
⋅ ⇒ = −

+ +
x

a b
a x

a

a b
  (2)

and 0
1

2 1
2

12 2 2 2
= +

+ +
⋅ ⇒ = −

+ +
y

a b
b y

b

a b
  (3)

Now,  x y
a

a b

b

a b

a b

a b
2 2

2

2 2

2

2 2

2 2

2 21 1 1
+ =

+ +
+

+ +
= +

+ +

∴ 1 1
1

2 2
2 2

2 2− − = − +
+ +

x y
a b

a b

( ) = + + − −
+ +

=
+ +

1

1

1

1

2 2 2 2

2 2 2 2

a b a b

a b a b

⇒ 1
1

1
2 2

2 2+ + =
− −

a b
x y

 ⇒ 1
1

1

2 2

2 2
+ + =

− −
a b

x y

∴ (2) ⇒ a x a b
x

x y
= − + + = −

− −
1

1

2 2

2 2

and (3) ⇒ b y a b
y

x y
= + + = −

− −
− 1

1

2 2

2 2

Substituting for a and b in (1), we get

 z
x

x y

y

x y x y
= −

− −
−

− −
+

− −

2

2

2

2 2 2 21 1

1

1

 = − −
− −

= − −1

1
1

2 2

2 2

2 2x y

x y
x y

⇒  z x y2 2 21= − −

⇒ x y z2 2 2 1+ + = , which is the singular solution.
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Partial Differential Equations ■ 14.25

EXERCISE 14.3
Solve the following partial differential equations:

 1. p q2 2 4+ =  2. p q npq2 2+ =

 3. pq p q+ + = 0 4. pq = 1       5.  q p+ =sin 0

Find the singular integral of the following partial differential equations.

 6. z px qy pq= + − 2  7. z px qy p q= + + +2 2

 8. z px q p q= + − 4 2 2 9. ( )( )p q z px qy+ − − = 1

 10. ( ) ( )1 2 3− + − = −x p y q z

ANSWERS TO EXERCISE 14.3

 1. C.I is z ax a y c= + − +4 2  2. C.I is z ax
a

n n y c= + ± −( ) +
2

42

 3. C.I is z ax
a

a
y c a= −

+
+ ≠ −

1
1,  4. C.I is z ax

y

a
c a= + + ≠, 0

 5. C.I is z ax y a c= − +sin  6. xy = 1        7.  x y2 2 1+ =

 8. z x y3 2 28 0+ =  9. z xy4 16=       10.  z = 3

Type 3: (a) Equation of the form F z p q( , , ) 5 0
Given F z p q( , , ) = 0

∴ assume that z f x ay= +( ) is a solution, where a is a constant.

Put u x ay= + , then z f u= ( )

∴ p
z

x

dz

du

u

x

dz

du

dz

du
= ∂

∂
= ⋅ ∂

∂
= ⋅ =1

 q
z

y

dz

du

u

y

dz

du
a a

dz

du
= ∂

∂
= ⋅ ∂

∂
= ⋅ =

Substituting for p and q, we get an equation of the form.

 
dz

du
g z a= ( , ) ⇒ 

dz

g z a
du

( , )
=

Integrating both sides,  f( , )z a u c= +     ⇒ f( , )z a x ay c= + +  (1)

which is the complete integral.

To find the general integral, put c h a= ( ) and proceed as in type 1.

Differentiating (1) partially w.r.to c, we get 0 1= , which is not true.

∴ there is no singular integral.

M14_ENGINEERING_MATHEMATICS-I _CH14_Part A.indd   25 5/17/2016   4:18:53 PM

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



14.26 ■ Engineering Mathematics

WORKED EXAMPLES

EXAMPLE 1

Solve z p q5 12 2.
Solution
Given  z p q= +2 2 (1)

This is of the form F z p q( , , ) = 0

∴ Put u x ay= + , then p
dz

du
q a

dz

du
= =,

Substituting for p, q in (1), we get

 z
dz

du
a

dz

du
= ⎛

⎝⎜
⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

2

2

2

 ⇒ z a
dz

du
= + ⎛

⎝⎜
⎞
⎠⎟

( )1 2

2

⇒ z a
dz

du
= +( )1 2

⇒ 
dz

du

z

a
=

+1 2
 ⇒ 1 2+( ) =a

dz

z
du

Integrating both sides,

 1 2 1 2+ =−∫ ∫a z dz du     ⇒ 1
1

2
1

2
1 2 1

+( ) − +
= +

− +

a
z

u c,  c is a constant.

⇒  1
1

2

2
1 2

+( ) = +a
z

u c   ⇒ 2 1 2 1 2+ = + +a z x ay c, (2)

which is the complete integral.
To find the general integral, put     c h a= ( )

∴ 2 1 2+ = + +a z x ay h a( ) (3)

Differentiating w.r.to a partially, we get

 2
1

2 1
2

2
⋅

+
⋅ = + ′

a
a z y h a( ) ⇒ 

2

1 2

a z

a
y h a

+
= + ′( ) (4)

Eliminating a between (2) and (4), we get the general solution.
Differentiating (2) partially w.r.to c, we get 0 1= , which is not true.
∴ there is no singular solution.

EXAMPLE 2

Solve 9 42 2( )p z q1 5 .

Solution.
Given  9 42 2⋅ + =( )p z q  (1)

This is of the form F z p q( , , ) = 0
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Partial Differential Equations ■ 14.27

Put u x ay= + , then  p
dz

du
q a

dz

du
= =,

Substitution for p, q in (1), we get

 9 4
2

2

2
dz

du
z a

dz

du
⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

=  ⇒ 9 4
2

2dz

du
z a

⎛
⎝⎜

⎞
⎠⎟

+ =( )

⇒  
9

4
12

2

( )z a
dz

du
+ ⎛

⎝⎜
⎞
⎠⎟

=

⇒  
3

2
12z a

dz

du
+ ⎛

⎝⎜
⎞
⎠⎟

=  ⇒ 
3

2
2z a dz du+ =

Integrating both sides,

 
3

2
2z a dz du+ =∫ ∫   ⇒  

3

2 1

2
1

2 1 2 1( )z a
u c

+

+
= +

+

 { [ ( ) ] ( )
[ ( )]

f x f x dx
f x

n
n

n

′ =
+

⎡

⎣
⎢

⎤

⎦
⎥∫

+1

1

⇒ 
3

2 3

2

2 3 2( ) /z a
x ay c

+ = + +  ⇒  ( )z a x ay c+ = + +2 3 2  (2)

which is the complete integral.
To find the general solution put c h a= ( ) in (2)

∴  ( ) ( )z a x ay h a+ = + +2 3 2  (3)

Differentiating (3) w.r.to a partially and eliminating a, we get the general integral.
Differentiating (2) partially w.r.to c, we get 0 1= , which is not true.
∴ there is no singular integral.

EXAMPLE 3

Solve z p q2 2 2 1 1( )1 1 5 . 

Solution.
Given  z p q2 2 2 1 1( )+ + =  (1)

This is the form F z p q( , , ) = 0

∴ Put u x ay= + , then p
dz

du
q a

dz

du
= =,

Substituting for p and q in (1), we get

 z
dz

du
a

dz

du
2

2 2

1 1
⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

+
⎡

⎣
⎢

⎤

⎦
⎥ =

⇒ z a
dz

du
2 2

2

1 1 1( )+ ⎛
⎝⎜

⎞
⎠⎟

+
⎡

⎣
⎢

⎤

⎦
⎥ =

⇒  z a
dz

du
z2 2

2

21 1( )+ ⎛
⎝⎜

⎞
⎠⎟

= −
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14.28 ■ Engineering Mathematics

⇒  z a
dz

du
z1 12 2+ = −  ⇒ 1

1

2

2
+

−
=a

z

z
dz du

Integrating, 1
1

2

2
+

−
= ∫∫ a

z

z
dz du

⇒  1 12 2 1 2+ − ⋅ = +∫a z zdz u c( )

⇒ − + − − = +−∫1

2
1 2

2
2 1 2a

z z dz u c( ) ( )

⇒  − + − = + +1

2

1

1 2

2 2 1 2a z
x ay c

( )
 ⇒  − + ⋅ − = + +1 12 2a z x ay c  (2)

which is the complete integral.
To find the general integral, put c h a= ( )

∴  − + − = + +1 12 2a z x ay h a( ) (3)

Differentiating (3) w.r.to a and eliminate a to get the general integral.
Differentiating (2) partially w.r.to c, we get 0 1= , which is not true.
∴ there is no singular integral.

EXAMPLE 4

Solve q z p p2 2 2 215 2( ).

Solution.
Given  q z p p2 2 2 21= −( ) (1)

This is of the form F z p q( , , ) = 0

∴ Put u x ay= + , then p
dz

du
q a

dz

du
= =,

Substituting for p and q in (1), we get

 a
dz

du
z

dz

du

dz

du
2

2

2

2 2

1
⎛
⎝⎜

⎞
⎠⎟

= ⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

Since z f u= ( ) is not a constant, 
dz

du
≠ 0

∴ dividing by 
dz

du
⎛
⎝⎜

⎞
⎠⎟

2

, we get

 a z
dz

du
2 2

2

1= − ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ ⇒ a z z

dz

du
2 2 2

2

= − ⎛
⎝⎜

⎞
⎠⎟

⇒  z
dz

du
z a2

2

2 2⎛
⎝⎜

⎞
⎠⎟

= −

⇒  z
dz

du
z a= −2 2  ⇒ 

z

z a
dz du

2 2−
=
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Partial Differential Equations ■ 14.29

Integrating,  
z

z a
dz du

2 2−
= ∫∫

⇒  
1

2
22 2 1 2( )z a z dz u c− ⋅ = +−∫

⇒  
1

2 1

2
1

2 2 1 2 1( )z a
x ay c

−
− +

= + +
− +

⇒  
1

2 1

2

2 2 1 2( )z a
x ay c

− = + +  ⇒ ( )z a x ay c2 2 1 2− = + +  (2)

which is the complete integral.
To find the general integral, put c h a= ( ) in (2)

∴  z a x ay h a2 2− = + + ( ) (3)

Differentiating (3) partially w.r.to a and eliminating a, we get the general integral.
There is no singular integral, since differentiating (2) partially w.r.to a, we get 0 1= , which is not true.

Type 3(b): Equation of the form F x p q( , , ) 5 0
Put q a= , a constant and solve for p x a= f( , )
Since z is a function of x and y,
 dz pdx qdy= +

⇒  dz x a dx ady= +f( , )

Integrating,  z x a dx a dy c= + +∫∫f( , )  = + +f x a ay c( , )  (1)
which is the complete integral.
Differentiating (1) partially w.r.to c, we get 0 1= , which is not true.
∴ there is no singular integral.

WORKED EXAMPLES

EXAMPLE 5

Solve q px p5 1 2.

Solution.
Given q px p= + 2 (1)

It is of the form F x p q( , , ) = 0

Put q a=  in (1)

∴  a px p= + 2 ⇒ p px a2 0+ − =  ⇒ p
x x a= − ± +2 4

2

We know that  dz pdx qdy= +  ⇒  dz
x x a

dx ady= − ± + +
2 4

2

Integrating,  z x x a dx a dy= − ± +( ) + ∫∫1

2
42
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14.30 ■ Engineering Mathematics

⇒  z
x x x a a

x x a ay ce=
−

±
+

+ + +( )⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

+ +
1

2 2

4

2

4

2
4

2 2
2log  (2)

which is the complete integral.
The general integral is found by putting c a= f( ) and differentiating w.r.to a partially and eliminating a.
Differentiating (2) partially w.r.to c, we get 0 1= , which is not true.
∴there is no singular integral.

EXAMPLE 6

Solve p q x1 5 .

Solution.
Given  p q x+ =
It is of the form F x p q( , , ) = 0

∴ Put q a=  then p q x+ =

⇒  p x a= −  ⇒ p x a a x= + − 2  (squaring)

We know that, dz pdx qdy= +  ⇒ dz x a a x dx ady= + −( ) +2

Integrating  z x a a x dx a dy= + −( ) +∫ ∫2

⇒  z
x

ax a
x

ay c= + − + +
2 3 2

2
2

3

2

 [where a and c are arbitrary 
 constants]

⇒ z
x

ax
a

x ay c= + − + +
2

3 2

2

4

3
 (2)

which is the complete integral.
The general integral is found by putting c a= f( ) and differentiating (2) partially w.r.to a and elimi-
nating a.
Differentiating (2) partially w.r.to c, we get 0 1= , which is not true.
∴ there is no singular integral.

Type 3(c): Equation of the form F y p q( , , ) 50
Given F y p q( , , ) = 0 (1)

Put p a=  and solve for q y a= f( , )

Since z is a function of x and y,

 dz pdx qdy= +  ⇒ dz adx y a dy= + f( , )

Integrating, z a dx y a dy= +∫ ∫f( , )

⇒ z a f y a c= + +( , )  (2)

where a and c arbitrary are constants. Which is the complete integral.
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Partial Differential Equations ■ 14.31

The general integral is found by putting c a= f( ) and differentiating (2) partially w.r.to a and elimi-
nating a.
Differentiating (2) partially w.r.to c, we get 0 1= , which is not true.
∴ there is no singular integral.

WORKED EXAMPLES

EXAMPLE 7

Solve pq y5 .

Solution.
Given  pq y=  (1)

This of the form F y p q( , , ) = 0

∴ Put p a= , then aq y=  ⇒ q
y

a
=

We know that dz pdx qdy= +  = +adx
y

a
dy

Integrating, z a dx
a

ydy= +∫ ∫1
 = + +ax

a

y
c

1

2

2

 (2)

where a and c are arbitrary. Which is the complete integral.
There is no singular integral.

The general integral is obtained by putting c a= f( ) in (2) and differentiating w.r.to a and eliminating a.

EXAMPLE 8

Solve q py p5 1 2.

Solution.
Given q py p= + 2 (1)

This is of the form F y p q( , , ) = 0

∴ Put p a= , then  q ay a= + 2

We know that  dz pdx qdy= +  = + +adx ay a dy( )2

Integrating,  z ax a
y

a y c= + +
⎛
⎝⎜

⎞
⎠⎟

+
2

2

2
 (2)

which is the complete integral.
There is no singular integral.
The general integral is found by putting c a= f( ) in (2), differentiating (1) w.r.to a and eliminating a.
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14.32 ■ Engineering Mathematics

Type 4: Separable equations
A first order partial differential equation is said to be separable if it can be written as

 f x p g y q( , ) ( , )=

Let f x p g y q a( , ) ( , ) ,= =  where a is an arbitrary constant.

then f x p a( , ) =  ⇒ p x a= f( , ) and g y q a( , ) =  ⇒ q y a= c( , )

Since z is a function of x and y,
 dz pdx qdy= +  ∴  dz x a dx y a dy= +f c( , ) ( , )

Integrating, z F x a G y a c= + +( , ) ( , ) , which is the complete integral.

There is no singular integral and general integral is obtained as usual.

WORKED EXAMPLES

EXAMPLE 9

Solve p y x qx2 2 21( )1 5 .

Solution.
Given p y x qx2 2 21( ) .+ =      It is separable type.

∴  
p x

x

q

y
a

2 2

2

1( )+ = =  [a is a constant]

∴ q ay p
ax

x
= =

+
, 2

2

21
 ⇒ p

ax

x
=

+1 2

We know that dz pdx qdy= +  =
+

+ax

x
dx aydy

1 2

Integrating,  z a
xdx

x
a ydy=

+
+∫ ∫

1 2

 = + ⋅ +−∫ ∫a
x xdx a ydy

2
1 22 1 2( ) /

⇒ z
a x ay

c=
+

+ +
2

1
1

2
2

2 1 2 2( ) /

 = + + +a x
a

y c1
2

2 2  (1)

This is the complete integral.
There is no singular integral.
The general integral is obtained by putting c a= f( )  in (1), differentiating w.r.to a and eliminating a.

EXAMPLE 10

Find the complete integral of p q x y1 5 1sin sin .

Solution.
Given p q x y+ = +sin sin .       It is separable type.
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Partial Differential Equations ■ 14.33

∴ p x y q a− = − =sin sin , say

∴ p a x q y a= + = −sin , sinand

We know that dz pdx qdy= +  = + + −( sin ) (sin )a x dx y a dy

Integrating,  z a x dx y a dy= + + −∫ ∫( sin ) (sin )

⇒ z ax x y ay c= − − − +cos cos

This is the complete integral.

EXAMPLE 11

Solve p q x y2 2 2 21 5 1 .

Solution.
Given p q x y2 2 2 2+ = + .      It is separable type.

∴ p x y q a2 2 2 2− = − =

∴ p x a2 2= +  ⇒ p x a= +2  and q y a2 2= −  ⇒ q y a= −2

We know that dz pdx qdy= +  = + + −x a dx y a dy2 2

Integrating, z x a dx y a dy= + + −∫ ∫2 2

⇒ z
x

x a
a

x x a
y

y a
a

y y a c= + + + +( ) + − − − −( ) +
2 2 2 2

2 2 2 2log log  (1)

This is the complete integral.
There is no singular integral.
The general integral is found by putting c a= f( ) in (1), differentiating w.r.to a and eliminating a.

14.4.3 Equations Reducible to Standard Forms
(A) Equation of the form F x p y qm n( , ) = 0 (1)

and F z x p y qm n( , , ) = 0 (2)

Case 1: If m n≠ ≠1 1, , put x X y Ym n1 1− −= =,

∴ dX

dx
m x

dY

dy
n ym n= − = −− −( ) , ( )1 1

∴  p
z

x

z

X

dX

dx

z

X
m x m= ∂

∂
= ∂

∂
= ∂

∂
− −( )1

⇒  p m x Pm= − −( ) ,1  where P
z

X
= ∂

∂
⇒  x p m Pm = −( ) .1
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14.34 ■ Engineering Mathematics

Similarly, y q n Qn = −( ) ,1   where Q
z

Y
= ∂

∂
Then  (1) becomes f P Q( , ) ,= 0  which is standard type (1)

and  (2) becomes f z P Q( , , ) ,= 0  which is standard type 3(a).

Case 2: If m n= =1 1, , then the equations are F xp yp( , ) = 0 and F z xp yp( , , ) = 0

Put X x Y y= =log , log ,   then   dX

d x

dY

d yx y
= =

1 1
and

∴ p
z

x

z

X

dX

dx
P

x
= ∂

∂
= ∂

∂
= 1

   ⇒ px P=  

and q
z

y

z

Y

dY

dy
Q

y
=

∂
∂

=
∂
∂

=⋅
1

 ⇒ qy Q=

where P
z

X
Q

z

Y
= ∂

∂
= ∂

∂
,

Then (1) becomes F P Q( , ) ,= 0  which is standard type (1)

and (2) becomes F z P Q( , , ) ,= 0  which is standard type 3(a).

(B) Equation of the form F x z p y z qm k n k( , 0) =

Case 1: If m n k≠ ≠ ≠ −1 1 1, , . Put X x Y y Z zm n k= = =− − +1 1 1, and .

∴
dX

dx
m x

dx

dX

x

m

Z

z
k zm

m
k= − ⇒ =

−
∂
∂

= +− −( ) ( ) .1
1

11 1 and

∴    P
Z

X

Z

z

z

x

dx

dX
k z p

x

m
k

m

=
∂
∂

=
∂
∂

⋅
∂
∂

⋅ = + ⋅
−

( )1
1

 ⇒  x z p
m

k
Pm k⋅ ⋅ = −

+
( )1

1

Similarly, y z q
n

k
Qn k = −

+
( )1

1

∴ the equation reduces to F P Q( , ) ,= 0  which is standard type (1).

Case 2: If m n k= = = −1 1 1, , , then the equation is F
px

z

qy

z
, .

⎛
⎝⎜

⎞
⎠⎟

= 0  

Put X x Y y Z z
dX

dx x

dY

dy y

Z

z ze e e= = = ∴ = =
∂
∂

=log , log log . ,and
1 1 1

and

∴ P
Z

X

Z

z

z

x

dx

dX

px

z
=

∂
∂

=
∂
∂

⋅
∂
∂

⋅ =

Similarly, Q
qy

z
=

∴ the equation becomes F P Q( , ) ,= 0  which is standard type (1).

M14_ENGINEERING_MATHEMATICS-I _CH14_Part A.indd   34 5/17/2016   4:19:38 PM

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



Partial Differential Equations ■ 14.35

(C) Equation of the form F( , )z p z qk k 5 0

Case 1: If k ≠ −1, put Z z k= +1,    then  
∂
∂

= +
Z

z
k z k( ) .1

∴ P
Z

x

Z

z

z

x
k z pk= ∂

∂
= ∂

∂
⋅ ∂
∂

= + ⋅( )1  ⇒ 
P

k
z pk

+
=

1

Similarly,  
Q

k
z qk

+
=

1
∴ the equation is F P Q( , ) ,= 0   which is standard type 1.

Case 2: If k = −1, the equation is  F
p

z

q

z
,

⎛
⎝⎜

⎞
⎠⎟

= 0 

 Put Z ze= log ,      then P
p

z
Q

q

z
= =,

∴ the equation is     F(P, Q) = 0, which is standard type 1.

WORKED EXAMPLES

EXAMPLE 12

Solve x p y q z2 2 2 2 21 5 . 

Solution.
Given x p y q z2 2 2 2 2+ =

⇒ 
xp

z

yq

z
⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

=
2 2

1 (Dividing by z2)

It is the form F
px

z

qy

z
,

⎛
⎝⎜

⎞
⎠⎟

= 0 [m = 1, n = 1, k = −1, (B) Case 2]

Put X x Y y Z ze e e= = =log , log , log

∴  P
Z

X

px

z
Q

Z

Y

qy

z
=

∂
∂

= =
∂
∂

=, and

∴ the equation is P Q2 2 1+ = , which is standard type (1).

The complete integral is Z aX bY c= + + , where a b2 2 1+ =  ⇒ b a= −1 2

∴  log log loge e ez a x a y C= + − +1 2  (1)
which is the complete integral.
There is no singular integral.
The general integral is found by putting c a= f( ) in (1), differentiating w.r.to a and eliminating a.

EXAMPLE 13

Solve x p yzq z4 2 22 5 .

Solution.

Given x p yzq z4 2 2− =  ⇒ 
x p

z

yz

z
q

4 2

2 2 1− =
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14.36 ■ Engineering Mathematics

⇒ 
x p

z

yq

z

4 2

2
1− =  ⇒ 

x p

z

yq

z

2 2

1
⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

=  (1)

It is of the form F x z p y z qm k n k( , ) = 0 with m k n= = − =2 1 1, , .

∴ put

 

X x x Y y Z z

dX

dx
x

dX

dx
x

dY

dy y

m
e e= = = =

= − ⇒ = − = ⇒

− −

−

1 1

2 21
1

, log log

( ) ,

and

ddy

dY
y

Z

z z
=

∂
∂

=and
1

.

 P
Z

X

Z

z

z

x

dx

dX
=

∂
∂

=
∂
∂

⋅
∂
∂

⋅  = ⋅ − = −
1 2

2

z
p x

x p

z
( )

and Q
Z

Y

Z

z

z

y

dy

dY z
qy=

∂
∂

=
∂
∂

⋅
∂
∂

⋅ =
1

 

Substituting for P and Q in (1) the equation is P Q2 1− =

So, the complete integral is Z aX bY c= + + , where a b2 1− =  ⇒ b a= −2 1

∴ log loge ez ax b y c= + +−1

⇒ log ( ) log ,e ez
a

x
a y c= + − +2 1  which is the complete integral.

There is no singular integral.
The general integral is found by putting c a= f( ) , differentiating w.r.to a and eliminating a.

EXAMPLE 14

Solve z p x q2 2 2 2 1( ) .1 5

Solution.
Given  z p x q2 2 2 2 1( )+ =  ⇒ ( ) ( )xzp qz2 2 1+ =  (1)

This is of the form F x z p y z qm k n k( , ) = 0

Here m k n= = = ≠1 1 0 1, ,

∴ Put X x Y y y Z z z

dX

dx x

dx

dx
x

dY

dy

dy

dY

e
n k= = = = =

= ⇒ = = ⇒ =

− +log ,

,

1 1 2

1
1 1

and

andd
∂
∂

=
Z

z
z2 .

∴  P
Z

X

Z

z

z

x

dx

dX
z p x=

∂
∂

=
∂
∂

⋅
∂
∂

⋅ = ⋅ ⋅2  ⇒ 
P

xzp
2

=

and     Q
Z

Y

Z

z

z

y

dy

dY
z q=

∂
∂

=
∂
∂

⋅
∂
∂

⋅ = ⋅ ⋅2 1    ⇒  Q
zq

2
=

∴

∴

∴
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Partial Differential Equations ■ 14.37

Substituting in (1), we get

 
P Q2 2

4 4
1+ =  ⇒ P Q2 2 4+ =

This is of standard type (1),
∴ the complete integral is Z aX bY c= + +

where  a b2 2 4+ =  ⇒ b a= −4 2

∴  z a x a y ce
2 24= + − +log  (2)

This is the complete integral.
There is no singular integral.
The general integral is found by putting c a= f( )  in (2), differentiating w.r.to a and eliminating a.

EXAMPLE 15

Solve ( ) ( )x pz y qz1 1 1 52 2 1.

Solution.
Given ( ) ( )x pz y qz+ + + =2 2 1

Put Z z zk= =+1 2 
∂
∂

= =
Z

z
z k2 1[ ]{

∴ P
Z

x

Z

z

z

x
z p= ∂

∂
= ∂

∂
⋅ ∂
∂

= ⋅2  ⇒ zp
P=
2

 Q
Z

y

Z

z

z

y
z q= ∂

∂
= ∂

∂
⋅ ∂
∂

= ⋅2  ⇒ zq
Q=
2

∴ the equation becomes  x
P

y
Q+⎛

⎝⎜
⎞
⎠⎟

+ +⎛
⎝⎜

⎞
⎠⎟

=
2 2

1
2 2

⇒  x
P

y
Q

a+⎛
⎝⎜

⎞
⎠⎟

= − +⎛
⎝⎜

⎞
⎠⎟

=
2

1
2

2 2

∴  x
P

a y
Q

a+ = + = −
2 2

1,

⇒  P a x Q a y= −( ) = − −( )2 2 1,

We know that dZ Pdx Qdy= + = −( ) + − −( )2 2 1a x dx a y dy

Integrating,  Z a x dx a y dy= −( ) + − −( )∫ ∫2 2 1

⇒  z ax
x

ay
y

c2
2 2

2
2

2 1
2

= −
⎛
⎝⎜

⎞
⎠⎟

+ − −
⎛
⎝⎜

⎞
⎠⎟

+

 z ax x ay y c2 2 22 2 1= − + − − +
There is no singular integral.
The general integral will be found by putting c a= f( ) in (2), differentiating w.r.to a and eliminating a.

∴
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14.38 ■ Engineering Mathematics

EXERCISE 14.4
Solve the following partial differential equations.
 1. p q qz( )1+ =  2. ap bq cz+ + = 0 3. z p q2 2 21= + +

 4. z p z q2 2 2 2 1( )+ =  5. pz q= +1 2  6. p q z3 3 8+ =

 7. p q z2 2− =  8. p q q z a( ) ( )1 2+ = −   9. p z q p q2 2 2 2+ =

 10. p qx= 2  11. p q x+ = 2  12. pq y=

 13. q py p= + 2 14. p q x y+ = +  15. p q x y2 2 2 2+ = +

 16. p q x y2 2+ = +  17. pq xy=    18. 
x

p

y

q
+ + =1 0

 19. px qy+ = 1

 20. p x y zq z2 4 2 22+ =

  [Hint: x z p y z q m n k2 1 2 1 2 2 2 1− −+ = = = = −; , , . Put X x Y y Z ze= = =− −1 1, , log ]

 21. p q z x y2 2 2 2 2+ = +( )

  Hint :
p

z

q

z
x y

⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

= +
⎡

⎣
⎢

2 2

2 2 .  Here k = −1, Put Z ze= log  then p
z

x

p

z
Q

y

z
=

∂
∂

= = ⎤
⎦⎥

,

 22. 2 3 04 2 2x p yzq z− − =

  Hint : 2 32 1 2 1( ) ( ) .x z p yz q− −− =
⎡

⎣
⎢  Here m n k= = = −2 1 1, , .

  Put X x Y y Z z= = =−1, log , log  ∴x z p p Q yz q2 1 1= − = −, , 

  where P
z

X
Q

Z

Y
= ∂

∂
= ∂

∂
,  ∴ 2 32 2P Q− =

⎤

⎦
⎥

 23. pz x qz y2 2 2 2 1sin cos+ =

   Hint : Put Z z=
⎡

⎣
⎢

3
  P

Z

z

Z

z

z

x
z p Q

Z

y
z q= ∂

∂
= ∂

∂
⋅ ∂
∂

= = ∂
∂

=3 32 2 2;

  P x Q ysin cos2 2 3+ =  ∴ P x y asin cos2 23= − =
⎤

⎦
⎥

ANSWERS TO EXERCISE 14.4
Complete integral is given below

 1. log ( )e az x ay c− = + +1  2. log ( )e z
c

a bk
x ky c= −

+
+ + ′

 3. log ( )e z z
a

x ay c+ −( ) =
+

+ +2

2
1

1

1
 4. ( ) ( )/z a x ay c2 2 3 2 3+ = + +

 5. z z z a a z z a x ay ce
2 2 2 2 2 24 4 4 4− − + + −( ) = + +log ( )

 6. 3 1 43 1 3 2 3( ) ( )+ ⋅ = + +a z x ay c 7. 2 1 2− = + +a z x ay c
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Partial Differential Equations ■ 14.39

 8. 2 1bz ab x ay c− − = + +  9. z a x ay c= + +tan( )

 10. z ax ay c= + +2  11. z x a ay c= −( ) + +1

6
2

3

 12. z ax
y

a
c= + +

2

2
 13. z ax

a
y a y c= + + +

2
2 2

2

 14. 3 3 3z x a y a c= + + − +( ) ( )

 15. 2 1 2 2 2z a
x

a
x x a y y a a y y a ce= + + + − − + −( ) +−sin log

 16. z x a y a c= + + − +2

3
3 2 3 2{( ) ( ) }/ /  17. z

ax y

a
c= + +

2 2

2 2

 18. z
a

a

x a
y c= −

+
⋅ + +

1 2 2

2
2  19. z a x a y ce e( ) log log1+ = + +

 20. log
( )

e z
a

x

a

y
c= +

−
+

2 2  

 21. 2 2 2 2 2log log loge e ez x x a a x x a y y a a y y a c= + + + +( ) + − − + −( ) +

 22. log ( ) loge ez
a

x
a y c= + − +2 32  23. z a x a y c3 3= − + − +cot ( ) tan

14.5 LAGRANGE’S LINEAR EQUATION 
A partial differential equation of the form Pp Qq R+ = , where P, Q, R are functions of x, y, z and 

p
z

x
q

z

y
= ∂

∂
= ∂

∂
, , is called Lagrange’s linear equation.

We have seen already that elimination of f from f( , )u v = 0, where u and v are functions x, y, z 
leads to Lagrange’s equation.

∴ f( , )u v = 0 is the general solution of Pp Qq R+ = , where f is an arbitrary function.

The method to find the solution of Pp Qq R+ =  is known as Lagrange’s method.

Working Rule: To solve Pp Qq R+ = , where P, Q, R are functions of x, y, z.

 (i) Form the auxiliary equations or subsidiary equations

 
dx

P

dy

Q

dz

R
= =

 (ii) Solving the subsidiary equations, find two independent solutions u x y z a( , , ) =  and v x y z b( , , ) = , 
where a and b are arbitrary constants.

 (iii) Then the required general solution is f( , )u v = 0 [ ( ) ( )]or oru f v v g u= =
  where f (or f or g) is an arbitrary function.
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∂
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14.40 ■ Engineering Mathematics

Note
 1. The subsidiary equations are known as Lagrange’s subsidiary equations.
 2. The subsidiary equations can be solved by (i) the method of grouping and (ii) the method of 

multipliers.

 If 
dx

P

dx

Q

dz

R
= = , then by the properties of ratio and proportion each ratio = + +

+ +
l dx m dy n dz

l P m Q n R

  where l, m, n may be constants [or functions of x, y, z] and are called Lagrange’s multiplers

  If l, m, n are found in such way that l P m Q n R+ + = 0, then l dx m dy n dz+ + = 0

  Integrating, we get one solution u a= .
  Similarly, we can find another set of independent multipliers ′ ′ ′l m n, ,  or grouping method to find 

another solution v = b. Then the general solution is f( , )u v = 0

Remark
 1. Since we have to find two independent solutions u = a and v = b, it is advisable to find one  

solution by grouping method and the other by multiplier method or both by two independent set 
of multipliers.

   When both the solutions are obtained by grouping it is quite possible that they are not 
independent.

  For, example, if the subsidiary equations are

 
dx

y z

dy

z x

dz

x y+
=

+
=

+

∴ each ratio = −
− −

= −
− −

= −
− −

dx dy

x y

dy dz

y z

dz dx

z x( ) ( ) ( )
 ⇒ 

d x y

x y

d y z

y z

d z x

z x

( ) ( )

( )

( )−
−

= −
−

= −
−

∴ 
d x y

x y

d y z

y z

( ) ( )

( )

−
−

= −
−

Integrating, log ( ) log ( ) loge e ex y y z a− = − +

⇒ 
x y

y z
a

−
−

= .     This is u = a 

and 
d z x

z x

d y z

y z

( )

( )

( )−
−

= −
−

⇒ 
z x

y z
b

−
−

= .     This is v = b

we note that u and v are not independent for

 1 1+ = + −
−

= − + −
−

= − −
−

= −u
x y

y z

y z x y

y z

z x

y z
v

( )

∴ v u= − +( )1

 2. Sometimes we use the first solution to find the second solution.
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Partial Differential Equations ■ 14.41

WORKED EXAMPLES

EXAMPLE 1

Solve 
y z

x
p xz q y

2
21 5 .

Solution.
Given 

y z

x
p xz q y

2
2+ =

This is Lagrange’s equation Pp Qq R+ =

Here P
y z

x
Q xz R y= = =

2
2, ,

The subsidiary equations are 
dx

P

dy

Q

dz

R
= =

⇒ 
dx

y z

x

dy

xz

dz

y2 2= =  ⇒      
xdx

y z

dy

xz

dz

y2 2= =

Considering the first two ratios,

 
xdx

y z

dy

xz2 =     ⇒      x dx y dy2 2=

Integrating, x dx y dy2 2∫ ∫=

⇒ 
x y

c
3 3

3 3
= +   ⇒ x y c3 3 3− =  ⇒ x y a3 3− =  (1)

Considering the first and last ratios, 
xdx

y z

dz

y2 2=     ⇒      x dx z dz=

Integrating, x dx z dz∫ ∫=

⇒ 
x z

c
2 2

2 2
= +

 x z c2 2 2= +     ⇒ x z c2 2 2− =  ⇒ x z b2 2− =  (2)

∴ the general solution is f( , )x y x z3 3 2 2 0− − = , where f is arbitrary.

Note We can also write the solution as x y f x z3 3 2 2− = −( ) or x2 − z2 = g(x3 − y3)

EXAMPLE 2

Solve x y z p y z x q z x y( ) ( ) ( )2 1 2 5 2 .

Solution.
Given x y z p y z x q z x y( ) ( ) ( )− + − = −
This is Lagrange’s equation, Pp + Qq = R

Here  P x y z Q y z x R z x y= − = − = −( ), ( ), ( )
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14.42 ■ Engineering Mathematics

The subsidiary equations are 
dx

P

dy

Q

dz

R
= =

⇒ 
dx

x y z

dy

y z x

dz

z x y( ) ( ) ( )−
=

−
=

−

∴ each ratio = + +
− + − + −

dx dy dz

x y z y z x z x y( ) ( ) ( )
= + +dx dy dz

0

∴ dx dy dz d x y z+ + = ⇒ + + =0 0( )  

Integrating, x y z a+ + =  (1)

Also 

1 1 1

x
dx

y z

y
dy

z x
z

dz

x y( ) ( ) ( )−
=

−
=

−

∴ each ratio =
+ +

− + − + −

1 1 1

x
dx

y
dy

z
dz

y z z x x y
 each ratio

Sum of Nrs

Sum of Drs.
=

⎡

⎣
⎢

⎤

⎦
⎥

.

 =
+ +dx

x

dy

y

dz

z

0
 ⇒ 

dx

x

dy

y

dz

z
+ + = 0

Integrating,  
dx

x

dy

y

dz

z∫ ∫ ∫+ + = 0

⇒ log log log loge e e ex y z b+ + =   ⇒ log loge exyz b xyz b= ⇒ =  (2)

∴ the general solution is f( , )x y z xyz+ + = 0

EXAMPLE 3

Solve ( ) ( ) ( )x y yz p x y zx q z x y2 2 2 21 1 1 1 2 5 1 .

Solution.
Given ( ) ( ) ( )x y yz p x y zx q z x y2 2 2 2+ + + + − = +
This is Lagrange’s equation, Pp + Qq = R.

Here  P x y yz Q x y zx R z x y= + + = + − = +2 2 2 2, , ( )

The subsidiary equations are 
dx

P

dy

Q

dz

R
= =

⇒ 
dx

x y yz

dy

x y zx

dz

z x y2 2 2 2+ +
=

+ −
=

+( )

 each ratio = −
+ + − + −

= −
+

dx dy

x y yz x y zx

dx dy

z y x2 2 2 2( ) ( )

∴ 
dx dy

z y x

dz

z x y

−
+

=
+( ) ( )

 ⇒ dx dy dz− =
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Partial Differential Equations ■ 14.43

Integrating, x y z a x y z a− = + ⇒ − − =  (1)

Also each ratio = +
+ + + + −

x dx y dy

x x y yz y x y xz( ) ( )2 2 2 2

∴

 = +
+ + + + −

x dx y dy

x x y xyz y x y xyz( ) ( )2 2 2 2 =
+

+ +
x dx y dy

x y x y( )( )2 2

⇒ 

x dx y dy

x y x y

dz

z x y

x dx y dy

x y

dz

z

+
+ +

=
+

+
+

=

( )( ) ( )2 2

2 2

⇒     
1

2

2 2
2 2

( )x dx y dy

x y

dz

z

⋅ + ⋅
+

=  ⇒ 

1

2
2 2

2 2

d x y

x y

dz

z

( )+

+
=

Integrating, 
1

2

2 2

2 2

d x y

x y

dz

z

( )+
+

= ∫∫

⇒ 
1

2
2 2log ( ) log loge ex y z c+ = +

⇒  log ( ) log loge e ex y c z c z2 2 2 22+ = =

⇒ x y c z2 2 2 2+ =  = b z2 ⇒ 
x y

z
b

2 2

2

+ =  (2)

∴ the general solution is f x y z
x y

z
− − +⎛

⎝⎜
⎞
⎠⎟

=,
2 2

2 0

EXAMPLE 4

x y z p y x z q z x y( ) ( ) ( )2 2 2 21 1 1 5 2

Solution.
Given  x y z p y x z q z x y( ) ( ) ( )2 2 2 2+ + + = −
This is Lagrange’s equation, Pp + Qq = R.

Here P x y z Q y x z R z x y= + = + = −( ), ( ), ( )2 2 2 2

The subsidiary equations are  
dx

P

dy

Q

dz

R
= =

⇒ 
dx

x y z

dy

y x z

dz

z x y( ) ( ) ( )2 2 2 2+
=

+
=

−

Using multipliers, x, −y, −1, we get

 each ratio = − −
+ − + − −

x dx y dy dz

x y z y x z z x y2 2 2 2 2 2( ) ( ) ( )
 = − −x dx y dy dz

0
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14.44 ■ Engineering Mathematics

∴ x dx y dy dz− − = 0

Integrating, x dx y dy dz∫ ∫ ∫− − = 0

⇒ 
x y

z
a2 2

2 2 2
− − =  ⇒ x y z a2 2 2− − =  (1)

Also, 

dx

x
y z

dy

y

x z

dz

z
x y2 2 2 2+

=
+

=
−

∴ each ratio =
−

−
=

−

dx

x

dy

y

y x

dz

z
x y2 2 2 2

⇒  
dx

x

dy

y

dz

z
− = −  ⇒ 

dx

x

dy

y

dz

z
− + = 0

∴  
dx

x

dy

y

dz

z∫ ∫ ∫− + = 0

⇒  log
e
 x − log

e
 y + log

e
 z = log

e
 b ⇒ loge e

xz

y
b

xz

y
b= ⇒ =log   (2)

∴ the general solution is f x y z
xz

y
2 2 2 0− −

⎛
⎝⎜

⎞
⎠⎟

=,

EXAMPLE 5

Find the integral surface of the partial differential equation x y z p y x z q x y z( ) ( ) ( )2 2 2 21 2 1 5 2  
and passing through the straight line x y z1 5 50 1, .

[Note Equation of a surface which satisfies the P.D.E is called an integral surface]

Solution.
Given x y z p y x z q x y z( ) ( ) ( )2 2 2 2+ − + = −
This is Lagrange’s equation Pp + Qq = R.

Here  P x y z Q y x z R x y z= + = − + = −( ), ( ), ( )2 2 2 2

The subsidiary equations are 
dx

P

dy

Q

dz

R
= =

⇒ 
dx

x y z

dy

y x z

dz

x y z( ) ( ) ( )2 2 2 2+
=

− +
=

−
Using multipliers x, y, −1, we get

 
( ) ( ) ( )

each ratio = + −
+ − + − −

x dx y dy dz

x y z y x z x y z2 2 2 2 2 2
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Partial Differential Equations ■ 14.45

 = + −
+ − − − +

x dx y dy dz

x y x z x y y z x z y z2 2 2 2 2 2 2 2  =
+ −xdx ydy dz

0

∴ x dx y dy dz+ − = 0

Integrating, x dx y dy dz+ − =∫ ∫∫ 0

⇒ 
x y

z
a

x y z a
2 2

2 2

2 2 2
2+ − = ⇒ + − =  (1)

Again, 

dx

x
y z

dy

y

x z

dz

z
x y2 2 2 2+

=
− −

=
−

∴ each ratio =
+ +

+ − − + −

dx

x

dy

y

dz

z

y z x z x y2 2 2 2  =
+ +dx

x

dy

y

dz

z

0

∴ 
dx

x

dy

y

dz

z
+ + = 0

Integrating, 
dx

x

dy

y

dz

z∫ ∫ ∫+ + = 0

⇒ log
e
 x + log

e
 y + log

e
 z = log

e
 b  ⇒ log

e
 xyz = log

e
 b ⇒ xyz = b (2)

∴ the general integral is f( , )x y z xyz2 2 2 0+ − =  (3)

From this family of surfaces, we want to find the surface passing through the line

 x y z+ = =0 1,  (4) 

i.e., we want to find the particular function f for which the surface (3) satisfies (4). It is difficult to 
find the particular f. So, we proceed as below.

We eliminate x, y, z using (1), (2) and (4) and get a relation between a and b, from which we find 
the particular surface.

From (4), x y z= − =, .1 Substituting in (1) and (2), we get

 2 22y a− =  and − = ⇒ = −y b y b2 2

∴ − − =2 2b a and a b+ + =2 2 0 (5)

Now replace a and b by x y z2 2 2+ −  and xyz in (5).

∴ x y z xyz2 2 2 2 2 0+ − + + = , 

which is the integral surface through the line (4)
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14.46 ■ Engineering Mathematics

EXAMPLE 6

Solve 
b c

a
yzp

c a

b
xzq

a b

c
xy

2
1

2
5

2⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

.

Solution.

Given 
b c

a
yzp

c a

b
xzq

a b

c
xy

−⎛
⎝⎜

⎞
⎠⎟

+
−⎛

⎝⎜
⎞
⎠⎟

=
−⎛

⎝⎜
⎞
⎠⎟

This is Lagrange’s equation Pp + Qq = R.

Here P
b c

a
yz Q

c a

b
xz R

a b

c
xy= −⎛

⎝⎜
⎞
⎠⎟

= −⎛
⎝⎜

⎞
⎠⎟

= −⎛
⎝⎜

⎞
⎠⎟

, ,

The subsidiary equations are 
dx

P

dy

Q

dz

R
= =

⇒  
dx

b c

a
yz

dy

c a

b
xz

dz

a b

c
xy

−⎛
⎝⎜

⎞
⎠⎟

=
−⎛

⎝⎜
⎞
⎠⎟

=
−⎛

⎝⎜
⎞
⎠⎟

⇒  
a dx

b c yz

b dy

c a xz

c dz

a b xy( ) ( ) ( )−
=

−
=

−

Using x, y, z as multipliers, we get

each ratio = + +
− + − + −

ax dx by dy cz dz

b c xyz c a xyz a b xyz( ) ( ) ( )
 = + +ax dx by dy cz dz

0

∴  ax dx by dy cz dz+ + = 0

Integrating, a x dx b y dy c z dz+ + =∫∫∫ 0

⇒  a
x

b
y

c
z A2 2 2

2 2 2 2
+ + =  ⇒  ax by cz A2 2 2+ + =

Now using ax, by, cz as multipliers, we get

each ratio = + +
− + − + −

a x dx b y dy c z dz

a b c xyz b c a xyz c a b xyz

2 2 2

( ) ( ) ( )
 = + +a x dx b y dy c z dz2 2 2

0

∴  a x dx b y dy c z dz2 2 2 0+ + =

Integrating, a x dx b y dy c z dz2 2 2 0+ + =∫ ∫∫

⇒  a
x

b
y

c
z B2

2
2

2
2

2

2 2 2 2
⋅ + + =  ⇒ a x b y c z B2 2 2 2 2 2+ + =

∴ the general integral is f( , )ax by cz a x b y c z2 2 2 2 2 2 2 2 2 0+ + + + =
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Partial Differential Equations ■ 14.47

EXAMPLE 7

Solve ( )p q z z x y2 5 1 12 .

Solution.
Given ( )p q z z x y− = + +2  ⇒ zp zq z x y− = + +2

This is Lagrange’s equation,  Pp + Qq = R.

Here P z Q z R z x y= = − = + +, , 2

Subsidiary equations are  
dx

z

dy

z

dz

z x y
=

−
=

+ +2

Considering the first two ratios, 
dx

z

dy

z
=

−
 ⇒ dx dy= −

Integrating,               dx dy= −∫∫  ⇒ x y a= − +  ⇒ x y a+ =  (1)

Here neither the grouping method nor the multiplier method can be used to find the second solution. 
So, we use the first solution to find the second solution.

∴  
dx

z

dz

z a
dx

z dz

z a
=

+
⇒ =

+2 2
 

Integrating,  dx
z dz

z a
=

+∫∫ 2  =
+∫1

2

2
2

z dz

z a

∴  x z a be= + +
1

2
2log ( )  ⇒ 2 2x z x y be− + + =log ( )  (2)

∴ the general solution is f( , log ( ))x y x z x ye+ − + + =2 02

EXAMPLE 8

Solve p − q = log
e
(x + y).

Solution.
Given p − q = log(x + y)
This is Lagrange’s equation.   Here P = 1, Q = −1, R = log(x + y)

The subsidiary equations are  
dx

P

dy

Q

dz

R
= =

⇒ 
dx dy dz

x ye1 1
= =

+− log ( )

∴ dx dy dx dy= + =− ⇒ 0

Integrating, dx dy x y a∫ ∫+ = + =0 ⇒  (1)

we use the first solution to find the second solution.
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14.48 ■ Engineering Mathematics

Using (1) we get, dx
dz

ae

=
log

∴
 

dx
a

dz x
z

a
b x

z

x y
b

e e e
∫ ∫= = + −

+
=

1

log log log ( )
⇒ ⇒

∴ the general solution is f x y x
z

x ye

+ −
+

⎛
⎝⎜

⎞
⎠⎟

=,
log ( )

.0

EXERCISE 14.5
Find the general integral of the following partial differential equations.

 1. px qy z+ =  2. px qy z x y2 2− = −( )

 3. yzp zxq xy+ =  4. x p y q z2 2 2+ =

 5. x y z p y z x q z x y( ) ( ) ( )− + − = −  6. ( ) ( )y xz p yz x q x y− + − = −2 2

 7. ( )x y z p xy q xz2 2 2 2 2− − + =  8. ( ) ( )x y p y x z q z− + − − =

 9. ( ) ( )1 1+ + + =y p x q z  10. ( ) ( ) ( )( )y xz p yz x q x y x y− + − = + −

 11. 
y z

yz
p

z x

zx
q

x y

xy

−⎛
⎝⎜

⎞
⎠⎟

+ −⎛
⎝⎜

⎞
⎠⎟

= −
 12. ( )y z p xy q xz2 2 0+ − + =

 13. p x q y ztan tan tan+ =  14. y p xy q x z y2 2− = −( )

 15. x y z p y z x q z x y( ) ( ) ( )2 2 2 2 2 2− + − = −  16. ( ) ( )mz ny p nx lz q ly mx− + − = −

 17. ( ) ( )x yz p y zx q z xy2 2 2− + − = −  18. ( ) ( )y z p z x q x y+ + + = +

 19. x y z p y z x q z y x( ) ( ) ( )2 2 2 2 2 2+ + + = −  20. ( ) ( )3 4 4 2 2 3z y p x z q y x− + − = −

 21. p q x y− = +log( )  22. x y z p y z x q z x y2 2 2( ) ( ) ( )− + − = −

ANSWERS TO EXERCISE 14.5

 1. f
x

y

x

z
,

⎛
⎝⎜

⎞
⎠⎟

= 0 2. f
1 1

0
x y

x y

z
+ +⎛

⎝⎜
⎞
⎠⎟

=,

 3. f( , )x y y z2 2 2 2 0− − =  4. f
1 1 1 1

0
x y y z

− −
⎛
⎝⎜

⎞
⎠⎟

=,

 5. f( , )x y z xyz+ + = 0 6. f( , )xy z x y z+ + + =2 2 2 0

 7. f
y

z

x y z

z
,

2 2 2

0
+ +⎛

⎝⎜
⎞
⎠⎟

=  8. f x y z
z

x y z
+ +

− +
⎡

⎣
⎢

⎤

⎦
⎥ =,

2

0

 9. f x y
x y

z x y− + − −
⎛
⎝⎜

⎞
⎠⎟

=
2 2

2 2
0, ( )   10. f( , )xy z x y z+ + + =2 2 2 0
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Partial Differential Equations ■ 14.49

 11. f( , )x y z xyz+ + = 0   12. f
y

z
x y z, 2 2 2 0+ +⎛

⎝⎜
⎞
⎠⎟

=

 13. f
sin

sin
,
sin

sin

x

y

y

z

⎛
⎝⎜

⎞
⎠⎟

= 0   14. f( , )x y x yz2 2 2 0+ + =

 15. f( , )x y z xyz2 2 2 0+ + =   16. f( , )lx my nz x y z+ + + + =2 2 2 0

 17. f
x y

y z
xy yz zx

−
−

+ +
⎛
⎝⎜

⎞
⎠⎟

=, 0   18. f
x y

y z
x y z y z

−
−

+ + −
⎛
⎝⎜

⎞
⎠⎟

=, ( )( )2 0

 19. f
x

y z
x y z

+
− +

⎛
⎝⎜

⎞
⎠⎟

=, 2 2 2 0   20. f( , )2 3 4 02 2 2x y z x y z+ + + + =

 21. f x y x
z

x y
+ −

+
⎛
⎝⎜

⎞
⎠⎟

=,
log( )

0   22. f
1 1 1

0
x y z

xyz+ +
⎛
⎝⎜

⎞
⎠⎟

=,

14.6 HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND AND 
HIGHER ORDER WITH CONSTANT COEFFICIENTS

A linear partial differential equation in which all the partial derivatives are of the same order is called 
a homogeneous linear partial differential equation.

We shall consider here homogeneous linear equation in two independent variables x and y.

Examples

 1. 
∂
∂

− ∂
∂ ∂

+ ∂
∂

= +
2

2

2 2

23 2
z

x

z

x y

z

y
x y   2. 

∂
∂

− ∂
∂ ∂

+ ∂
∂ ∂

+ ∂
∂

= +
3

3

3

2

3

2

3

34 5
z

x

z

x y

z

x y

z

y
ex y

are homogeneous linear partial differential equations of the second and third order respectively.

 1. The general form of a homogeneous partial differential equation of the nth order with constant 
coefficient is 

 a
z

x
a

z

x y
a

z

x y
a

z

x y
a

zn

n

n

n

n

n n

n

n n

n

0 1 1 2 2 2 1 1

∂
∂

+
∂

∂ ∂
+

∂
∂ ∂

+ +
∂

∂ ∂
+

∂
− − − −

…
∂∂

=
y

R x y
n

( , )  (1)

  where a a an0 1, , ,…  are constants.

  Denoting D
x

D
y

D
x

r
r

r= ∂
∂

′ = ∂
∂

= ∂
∂

, , , ′ = ∂
∂

D
y

r
r

r  and D D
x y

r s
r s

r s′ = ∂
∂ ∂

+

,

  the equation (1) can be written as 

 ( ) ( , )a D a D D a D D a D z R x yn n n
n

n
0 1

1
2

2 2+ ′ + ′ + + ′ =− − …

⇒  F D D z R x y( , ) ( , )′ =  (2)
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HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND AND 
HIGHER ORDER WITH CONSTANT COEFFICIENTS

A linear partial differential equation in which all the partial derivatives are of the same order is called 
a homogeneous linear partial differential equation.

We shall consider here homogeneous linear equation in two independent variables x and y.

Examples

 1. 
∂
∂

− ∂
∂ ∂

+ ∂
∂

= +
2

2

2 2

23 2
z

x

z

x y

z

y
x y   2. 

∂
∂

− ∂
∂ ∂

+ ∂
∂ ∂

+ ∂
∂

= +
3

3

3

2

3

2

3

34 5
z

x

z

x y

z

x y

z

y
ex y

are homogeneous linear partial differential equations of the second and third order respectively.

 1. The general form of a homogeneous partial differential equation of the nth order with constant 
coefficient is 

 a
z

x
a

z

x y
a

z

x y
a

z

x y
a

zn

n

n

n

n

n n

n

n n

n

0 1 1 2 2 2 1 1

∂
∂

+
∂

∂ ∂
+

∂
∂ ∂

+ +
∂

∂ ∂
+

∂
− − − −

…
∂∂

=
y

R x y
n

( , )  (1)

  where a a an0 1, , ,…  are constants.

  Denoting D
x

D
y

D
x

r
r

r= ∂
∂

′ = ∂
∂

= ∂
∂

, , , ′ = ∂
∂

D
y

r
r

r  and D D
x y

r s
r s

r s′ = ∂
∂ ∂

+

,

  the equation (1) can be written as 

 ( ) ( , )a D a D D a D D a D z R x yn n n
n

n
0 1

1
2

2 2+ ′ + ′ + + ′ =− − …

⇒  F D D z R x y( , ) ( , )′ =  (2)
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14.50 ■ Engineering Mathematics

The equation  F D D z( , )′ = 0  (3)

is called the reduced equation and its general solution is called the complementary function  
of (1). The complementary function should contain n arbitrary functions for the nth order  
equation.

Particular integral of (1) is P I.
( , )

( , )=
′

1

F D D
R x y

  which will not contain any arbitrary function
  The general solution of (1) is z = C.F + P.I 
  The method of solving (1) is similar to the method of solving ordinary linear differential equation 

with constant coefficients.
  Assuming z y mx= +f( ) is a solution of (1), where f is arbitrary, we get 

 Dz
z

x
m y mx= ∂

∂
= ′ +f ( ), 

 D z m y mx D z y mx2 2= ′′ + ′ = ′ +f f( ), , ( )… ,

 ′ = ′′ +D z y mx2 f ( ),… and D D z m y mxn r r n r n− −′ = +f( ) ( )

  ∴ equation (1) is

 ( ) ( )( )a m a m a m a y mxn n n
n

n
0 1

1
2

2 0+ + + + + =− − … f  (3)

  Since f is arbitrary f( ) ( )n y mx+ ≠ 0,

  (3) ⇒ a m a m a m an n n
n0 1

1
2

2 0+ + + + =− − …  (4)

  The equation (4) is called the auxillary equation. 

  Thus, z y mx= +f( ) is the solution of (1) if m is a root of (4). 

  The auxillary equation is obtained by replacing D by m and ′D  by 1.

14.6.1 Working Procedure to Find Complementary Function
To find the complementary function of F D D z R x y( , ) ( , )′ = , solve  F D D z( , )′ = 0

The auxillary equation is F m( , )1 0= , replacing D by m and ′D  by 1.

⇒ a m a m an n
n0 1

1 0+ + + =− …

It has n roots m
1
, m

2
, .... m

n
 which are real or complex.

Case 1: If the roots are different, then

 C F. ( ) ( ) ( )= + + + + + +f f f1 1 2 2y m x y m x y m xn n
…

Where f f f1 2, , ,… n are n arbitrary functions.
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Partial Differential Equations ■ 14.51

Case 2: If two roots are equal, say, m m m1 2= =  and others are different, then

 C F. ( ) ( ) ( ) ( )= + + + + + + + +f f f f1 2 3 3y mx x y mx y m x y m xn n…

If 3 roots are equal, say m m m m1 2 3= = =  and others are different, then

 C.F = + + + + +f f f1 2
2

3( ) ( ) ( )y mx x y mx x y mx

 + + + + +f f4 4( ) ( )y m x y m xn n…

Note There is no separate rule for complex roots as in the case of ordinary differential equation.

14.6.2 Working Procedure to Find Particular Integral

In symbolic form P.I =
′

1

F D D
R x y

( , )
( , ).

Type 1: Let R x y eax by( , ) 5 1

 (a) If F a b( , ) ≠ 0, where F a b( , ) is got replacing D by a and ′D  by b in F D D( , )′ , then 

 P I
F a b

eax by.
( , )

= +1

 (b) If F a b( , ) = 0, then D
a

b
D− ′  or its power will be a factor of F D D( , )′

  We know 
1

D
a

b
D

e x eax by ax by

− ′
=+ + ,    

1

22

2

D
a

b
D

e
x

eax by ax by

− ′⎛
⎝⎜

⎞
⎠⎟

=+ +

!
,

 
1

33

3

D
a

b
D

e
x

eax by ax by

− ′⎛
⎝⎜

⎞
⎠⎟

=+ +

!
, …

Aliter for (b): If F a b( , ) = 0, then multiply the numerator by x and differentiate 

F D D( , )′  in the denominator w.r.to D and then replace D by a and ′D  by b. 

Even then if the denominator is 0, proceed as above again.

Type 2: Let  R x y ax by( , ) sin( )5 1  or cos( )ax by1

Since  D ax by a ax by2 2sin( ) sin( )+ = − +

 DD ax by ab ax by′ + = − +sin( ) sin( )

 ′ + = − +D ax by b ax by2 2sin( ) sin( )

 F D DD D ax by F a ab b ax by( , , )sin( ) ( , , )sin( )2 2 2 2′ ′ + = − − − +
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14.52 ■ Engineering Mathematics

∴  P.I =
′ ′

+1
2 2F D DD D

ax by
( , , )

sin( )

 =
− − −

+1
2 2F a ab b

ax by
( , , )

sin( ) if F a ab b( , , )− − − ≠⎡⎣ ⎤⎦
2 2 0

Similarly, P.I =
′ ′

+1
2 2F D DD D

ax by
( , , )

cos( )

 =
− − −

+1
2 2F a ab b

ax by
( , , )

cos( ) if F a ab b( , , )− − − ≠⎡⎣ ⎤⎦
2 2 0

If F a ab b( , , )− − − =2 2 0, then D
a

b
D2

2

2
2− ′  will be factor of F D DD D( , , )2 2′ ′

As in ordinary differential equation

 
1

22
2

2
2D

a

b
D

ax by
x

ax by dx

− ′
+ = +∫sin( ) sin( )  = − +x

a
ax by

2
cos( )

and 
1

22
2

2
2D

a

b
D

ax by
x

ax by dx

− ′
+ = +∫cos( ) cos( )  = +x

a
ax by

2
sin( )

Aliter: If F a ab b( , , )− − − =2 2 0, then multiply the numerator by x and differentiate the denominator 

w.r.to D and then replace D2 by −a2, DD′ by −ab and ′D 2 by −b2.

Type 3: Let R x y x ym n( , ) 5

Then P.I =
′

= ′ −1 1

F D D
x y F D D x ym n m n

( , )
[ ( , )]

If m ≥ n, rewrite [ ( , )]F D D ′  by taking out the highest power of D, as 1
1

± ′⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

−

F
D

D

and expand using binomial series in powers of 
′D

D
.

If m < n, rewrite taking out the highest power of ′D  and expand in powers of 
D

D ′

We have 
1

D
f x y f x y dx y( , ) ( , ) ,= ∫  constant and 

1

′
= ∫D

f x y f x y dy x( , ) ( , ) ,  constant
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Partial Differential Equations ■ 14.53

Type 4: General rule
R (x, y) may not always be of the above types. If R (x, y) is any function of x, y, we can use this method.

 P.I =
′

1

F D D
R x y

( , )
( , )

F D D( , )′  can be factorised into n linear factors, in general, 

∴ P.I =
− ′ − ′ − ′

1

1 2( )( ) ( )
( , )

D m D D m D D m D
R x y

n…

We know that 
1

D mD
R x y R x c mx dx

− ′
= −∫( , ) ( , )  [ ]y c mx= −

where c is replaced by y + mx after integration. 

By repeated application of this rule, P.I is evaluated.

Note This general method can also be used in types 1 and 2 when the denominator become zero 
i.e., in the cases F a b( , ) = 0 and F a ab b( , , )− − − =2 2 0

Type 5: R x y e f x yax by( , ) ( , )= + . Exponential shifting.

 P.I =
′

+1

F D D
e f x yax by

( , )
( , ) =

+ ′ +
+e

F D a D b
f x yax by 1

( , )
( , )

This can be evaluated by any of the above methods.

WORKED EXAMPLES
Type 1:

EXAMPLE 1

Solve ( )D D D DD D z3 2 2 3 01 2 2 5′ ′ ′ . 

Solution.
Given  ( )D D D DD D z3 2 2 3 0+ ′ − ′ − ′ =

The auxiliary equation is m m m3 2 1 0+ − − =

⇒                                m m m2 1 1 0( ) ( )+ − + =  ⇒ ( )( )m m+ − =1 1 02  ⇒ m = − −1 1 1, ,  

Two equal roots.

∴ the general solution is z y x x y x y x= − + − + +f f f1 2 3( ) ( ) ( )
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14.54 ■ Engineering Mathematics

EXAMPLE 2

Solve ( )D D z4 4 02 5′ .

Solution.
Given ( )D D z4 4 0− ′ =

Auxiliary equation is m 4 1 0− =  ⇒ ( )( )m m2 21 1 0+ − =  ⇒ m i= ± ±, 1 [Roots are different]

∴ the general solution is z y ix y ix y x y x= + + − + + + −f f f f1 2 3 4( ) ( ) ( ) ( )

EXAMPLE 3

Solve 
∂
∂

∂
∂ ∂

∂
∂

3

3

3

2

3

3
23 4

z

x

z

x y

z

y
e x y2 1 5 1 .

Solution.
Given equation is   ( )D D D D z ex y3 2 3 23 4− ′ + ′ = +

To find the C.F, solve ( )D D D D z3 2 33 4 0− ′ + ′ =

Auxiliary equation is  m m3 23 4 0− + =

⇒ m m m m m3 2 24 4 4 4 0+ − − + + =

⇒ m m m m m2 1 4 1 4 1 0( ) ( ) ( )+ − + + + =

⇒ ( )( )m m m+ − + =1 4 4 02  ⇒ ( )( )m m+ − =1 2 02  ⇒ m = −1 2 2, ,

∴ C.F = − + + + +f f f1 2 32 2( ) ( ) ( )y x y x x y x

 P.I =
− ′ + ′

+1

3 43 2 3
2

D D D D
ex y

 =
− ⋅ + ⋅

=+ +1

1 3 2 4 2

1

273
2 2e ex y x y  [Relpacing D by a = 1 and ′D by b = 2

∴ the general solution is z = +C.F P.I

 = − + + + + + +f f f1 2 2
22 2

1

27
( ) ( ) ( )y x y x x y x ex y

EXAMPLE 4

Solve ( )D DD D z e ex y x y3 2 3 23 22 1 5 12 1′ ′ .

Solution.
Given ( )D DD D z e ex y x y3 2 3 23 2− ′ + ′ = +− +

To find the C.F, solve ( )D DD D z3 2 33 2 0− ′ + ′ =
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Partial Differential Equations ■ 14.55

Auxiliary equation is m m3 3 2 0− + = .  By trial 1 is a root. 

Other roots are given by m m m m2 2 0 2 1 0+ − = ⇒ + − =( )( )  

⇒ m = −2 1,

∴ the roots are m = −1 1 2, ,

∴ C.F = + + + + −f f f1 2 3 2( ) ( ) ( )y x x y x y x

 P.I1 3 2 3
21

3 2
=

− ′ + ′
−

D DD D
e x y

 =
− ⋅ − + ⋅ −

−1

2 3 2 1 2 13 2 3
2

( ) ( )
e x y  =

− −
−1

8 6 2
2e x y  = −1

0
2e x y , case of failure.

∴ P.I1 2 2
21

3 3
= ⋅

− ′
−x

D D
e x y  [Multiply Nr. by x and differentiate Dr. w.r.to D]

 = ⋅
⋅ − −

−x e x y1

3 2 3 12 2
2

( )
 = ⋅

−
=− −x e

x
ex y x y1

12 3 9
2 2

 P.I2 3 2 3

1

3 2
=

− ′ + ′
+

D DD D
ex y  =

− +
+1

1 3 2
ex y  = +1

0
ex y , case of failure.

∴ P.I2 2 2

1

3 3
= ⋅

− ′
+x

D D
ex y  = ⋅ = =+ + +∫x

x

D
e

x
e dx

x
ex y x y x y

6 6 6

2 2

∴ the general solution is z = C.F + P.I

⇒ z y x x y x y x
x

e
x

ex y x y= + + + + − + +− +f f f1 2 3
2

2

9 6
( ) ( ) ( )

Type 2:

EXAMPLE 5

Solve ( ) sin( )D D D DD z x y3 2 24 4 6 3 62 1 5 1′ ′ .

Solution.
Given  ( ) sin( )D D D DD z x y3 2 24 4 6 3 6− ′ + ′ = +

To find the C.F, solve ( )D D D DD z3 2 24 4 0− ′ + ′ =

Auxiliary equation is m m m3 24 4 0− + =

⇒   m m m( )2 4 4 0− + =  ⇒ m m m( ) , ,− = ⇒ =2 0 0 2 22  

 C.F = + + + +f f f1 2 32 2( ) ( ) ( )y y x x y x

  P.I =
− ′ + ′

+
1

4 4
6 3 6

3 2 2D D D DD
x ysin( )

1 1 0 3 2

0 1 1 2

1 1 2 0

−
−

−
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14.56 ■ Engineering Mathematics

 =
− ′ + ′

+
1

4 4
6 3 6

2 2D D DD D
x y

( )
sin( )

 =
− − − ⋅ + −

+
6 1

3 4 3 6 4 6
3 6

2 2D
x y

[ ( ) ( )]
sin( )

 =
− + −

+
6 1

9 72 144
3 6

D
x y

[ ]
sin( ) 

 = − × +
6

81

1
3 6

D
x ysin( )

 = − +∫
2

27
3 6sin( )x y dx  =

− − +⎛
⎝⎜

⎞
⎠⎟

2

27

3 6

3

cos( )x y
 = +

2

81
3 6cos( )x y

∴ the general solution is z = C.F + P.I

⇒  z y y x x y x x y= + + + + + +f f f1 2 32 2
2

81
3 6( ) ( ) ( ) cos( )

EXAMPLE 6

Solve 
∂
∂

∂
∂ ∂

3

3

3

2
22 4

z

x

z

x y
e x yx y2 5 1 11 sin( ) .

Solution.
Given ( ) sin( )D D D z e x yx y3 2 22 4− ′ = + ++

To find the C.F,  solve ( )D D D z3 22 0− ′ =

Auxiliary equation is m m3 22 0− =  ⇒ m m m2 2 0 0 0 2( ) , ,− = ⇒ =  

∴  C.F = + + +f f f1 2 3 2( ) ( ) ( )y x y y x  

 P.I1 3 2
21

2
=

− ′
+

D D D
ex y  =

− ⋅ ⋅
= −+ +1

1 2 1 2

1

3
2 2e ex y x y

 P.I2 3 2

1

2
4=

− ′
+

D D D
x ysin( )

 = ⋅
− − −

+4
1

2 1D D
x y

( )
sin( ) [ ( ) ]{ DD D′ = − ⋅ = − = − = −1 1 1 1 12 2and

 = ⋅ +4
1

D
x ysin( ) = +∫4 sin( )x y dx  = − +4cos( )x y

∴ the general solution is z = C.F + P.I

⇒  z y x y y x e x yx y= + + + − − ++f f f1 2 3
22

1

3
4( ) ( ) ( ) cos( )
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Partial Differential Equations ■ 14.57

EXAMPLE 7

Solve ( ) sin( )D DD D z e x yx y2 2 520 42 2 5 1 21′ ′ .

Solution.
Given  ( ) sin( )D DD D z e x yx y2 2 520 4− ′ − ′ = + −+

To find C.F, solve ( )D DD D z2 220 0− ′ − ′ =

Auxiliary equation is  m m2 20 0− − =

⇒  m m m2 5 4 20 0− + − =

⇒  m m m( ) ( )− + − =5 4 5 0 ⇒ ( )( ) ,m m m+ − = ⇒ = −4 5 0 4 5 

∴ C.F = − + +f f1 24 5( ) ( )y x y x

    P.I1 2 2
5

2
51

20

1

5 5 1 20
=

− ′ − ′
=

− ⋅ −
+ +

D DD D
e ex y x y  = +1

0
5e x y

Since denominator is zero, we use the alternate method in type 1.

∴  P.I1
51

2
=

− ′
+x

D D
e x y  [Multiply Nr. by x and diff. the Dr. w.r.to D]

 =
⋅ −

=+ +x
e

x
ex y x y

2 5 1 9
5 5

 P.I2 2 2

1

20
4=

− ′ − ′
−

D DD D
x ysin( ) =

− − + − −
− = −

1

4 4 20 1
4

1

0
4

2 ( ) ( )
sin( ) sin( )x y x y

Since denominator is zero, we use the alternate method.

  P.I2

1

2
4= ⋅

− ′
−x

D D
x ysin( ) = ⋅

+ ′
− ′

−x
D D

D D
x y

2

4
4

2 2
sin( )

  = ⋅
+ ′ −

− − −
x

D D x y( )sin( )

( ) ( )

2 4

4 4 12 2

 
=

− + −
− +

x D x y D x y[ sin( ) sin( )]2 4 4

64 1

′

  =
− ⋅ + − −

−
x x y x y[ cos( ) cos( )( )]2 4 4 4 1

63

   = − = − −−
7

63
4

9
4

x
x y

x
x ycos( ) cos( )

∴ the general solution is z = C.F + P.I

⇒  z y x y x
x

e
x

x yx y= − + + + − −+f f1 2
54 5

9 9
4( ) ( ) cos( )
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14.58 ■ Engineering Mathematics

EXAMPLE 8

Solve 
∂
∂

∂
∂ ∂

2

2

2

2 2
z

x

z

x y
x y2 5 sin cos .

Solution.

Given ( ) sin cosD DD z x y2 2 2− ′ = ⋅  = + + −
1

2
2 2[sin( ) sin( )]x y x y

To find C.F, solve ( )D DD z2 2 0− ′ =

Auxiliary equation is  m m m m m2 2 0 2 0 0 2− = ⇒ − = ⇒ =( ) ,  

∴ C.F = + +f f1 2 2( ) ( )y y x

 P.I1 2

1

2

1

2
2=

− ′
+⎛

⎝⎜
⎞
⎠⎟D DD

x ysin( )  =
− − − ⋅

+
1

2 1 2 1 2
2

2[( ) ( )]
sin( )x y  = +

1

6
2sin( )x y

      P.I2 2

1

2

1

2
2= ⋅

− ′
−

( )
sin( )

D DD
x y  =

− − − −
−

1

2 1 2 1 2
2

2[( ) ( ( ))]
sin( )x y  = − −

1

10
2sin( )x y

∴ the general solution is z = C.F + P.I

⇒  z y y x x y x y= + + + + − −f f1 2 2
1

6
2

1

10
2( ) ( ) sin( ) sin( )

Type 3:

EXAMPLE 9

Solve ( )D DD z e x yx2 2 322 5 1′ .

Solution.
Given  ( )D DD z e x yx2 2 32− ′ = +

To find C.F, solve  ( )D DD z2 2 0− ′ =
Auxiliary equation is     m m m m m2 2 0 2 0 0 2− = ⇒ − = ⇒ =( ) ,  

∴  C.F = + +f f1 2 2( ) ( )y y x

 P.I1 2
2

2
2

21

2

1

2 2 2 0 4
=

− ′
=

− ⋅ ⋅
=

D DD
e e

ex x
x

 [Here a = 2, b = 0]

 P.I2 2
31

2
=

− ′D DD
x y  

⎡
⎣⎢
Here m = 3, n = 1, m > n and so, take out D2 and write as a series in 

′ ⎤
⎦⎥

D

D

 =
− ′⎛

⎝⎜
⎞
⎠⎟

1

1 22

3

D
D

D

x y

 = − ′⎛
⎝⎜

⎞
⎠⎟

−
1

1 2
2

1

3

D

D

D
x y
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Partial Differential Equations ■ 14.59

 = + ′ + ′ +
⎛
⎝⎜

⎞
⎠⎟

1
1 2 4

2

2

2
3

D

D

D

D

D
x y…

 = + ′⎛
⎝⎜

⎞
⎠⎟

1 2
2

3 3

D
x y

D
D x y( )  [ ]{ ′ = ′ =D y D y1 02and

 = +
1 2

2
3

3
3

D
x y

D
x( ) ( )

 = + ∫∫
1 23

2
3

D
x y dx

D
x dx

 = +
1

4

2

4

4

2

4

D

x
y

D

x
 = +∫ ∫

y
x dx

D
x dx

4

1

2

14 4  = + ⋅ = +∫
y x x

dx
x y x

4 5

1

2 5 20 60

5 5 5 6

∴ the general solution is z = C.F + P.I

⇒  z y y x
x y x

= + + + +f f1 2

5 6

2
20 60

( ) ( )

Note

 (i) 
1

2
3

D
x y( ) means integration of x y3  twice w.r.to x. keeping y constant and 

1
3

3

D
x  means integra-

tion of x 3 w.r.to x thrice.

 (ii) First differentiate and then integrate.

EXAMPLE 10

Solve ( )D DD D z x y e x y2 2 2 361 2 5 1 1′ ′ . 

Solution.
Given:  ( )D DD D z x y e x y2 2 2 36+ ′ − ′ = + +

To find the C.F solve  ( )D DD D z2 26 0+ ′ − ′ =
Auxiliary equation is  m m2 6 0+ − =  ⇒ ( )( ) ,m m m+ − = ⇒ = −3 2 0 3 2 

∴ C.F = − + +f y x f y x1 23 2( ) ( )

 P.I1 2 2
21

6
=

+ ′ − ′D DD D
x y

Here m = 2, n = 1, m > n  ∴ take out D2 and proceed.

∴ P.I1 =
+ ′ − ′⎡

⎣
⎢

⎤

⎦
⎥

1

1
62

2

2

2

D
D

D

D

D

x y  = + ′ − ′⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

−
1

1
6

2

2

2

1

2

D

D

D

D

D
x y

 = − ′⎡
⎣⎢

⎤
⎦⎥

1
1

2
2

D

D

D
x y
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14.60 ■ Engineering Mathematics

 = − ′⎡
⎣⎢

⎤
⎦⎥

1
2

2 2

D
x y

D

D
x y( )

 = −
1 1

2
2

3
2

D
x y

D
x( ) ( ) [ ( ) ]{ ′ =D x y x2 2

 = − ∫∫
1 12

2
2

D
x y dx

D
x dx

 =
⎛
⎝⎜

⎞
⎠⎟

−
⎛
⎝⎜

⎞
⎠⎟

1

3

1

3

3

2

3

D

x
y

D

x

 = −∫ ∫
y

x dx
D

x dx
3

1

3
3 3  = ⋅ − ∫

y x x
dx

3 4

1

3 4

4 4

 = − ⋅ = −
yx x yx x4 5 4 5

12

1

12 5 12 60

 P.I2 2 2
3

2
3

31

6

1

3 3 1 6 1 6
=

+ ′ − ′
=

+ ⋅ − ⋅
=+ +

+

D DD D
e e

ex y x y
x y

∴ the general solution is z = C.F + P.I

⇒  z f y x f y x
yx x e x y

= − + + + − +
+

1 2

4 5 3

3 2
12 60 6

( ) ( )

Type 4: General method

EXAMPLE 11

Solve ( ) cos sinD DD D z y x y2 22 21 1 5 2′ ′ .

Solution.
Given  ( ) cos sinD DD D z y x y2 22 2+ ′ + ′ = −

To find the C.F solve ( )D DD D z2 22 0+ ′ + ′ =

Auxiliary equation is  m m m2 22 1 0 1 0+ + = ⇒ + =( )  ⇒ m = − −1 1,

∴  C.F = − + −f y x xf y x1 2( ) ( )

  P.I1 2 2

1

2
2=

+ ′ + ′D DD D
ycos  =

+
=

1

0 1
2 2cos cosy y  [ , ]{ a b= =0 1

  P.I2 2 2

1

2
=

+ ′ + ′
−

D DD D
x y( sin )

  =
−

+ ′ + ′
1

( )( )
sin

D D D D
x y

  = −
+ ′

+∫
1

( )
sin( )

D D
x c x dx  [ ]{ y c mx c x= − = +

  = −
+ ′

− + + +
1

1
( )

[ ( cos( )) (sin( ))]
D D

x c x c x  [by Bernoulli’s formula]

  =
+ ′

−
1

( )
[ cos sin ]

D D
x y y  [replacing c]

M14_ENGINEERING_MATHEMATICS-I _CH14_Part B.indd   60 5/17/2016   4:27:22 PM

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



Partial Differential Equations ■ 14.61

  = + − +∫ [ cos( ) sin( )]x c x c x dx  [Replacing y by c + x]

  = + − ⋅ − + + +[ sin( ) ( cos( )) cos( )]x c x c x c x1

  = +[ sin cos ]x y y2  [Replacing c after integration]

∴ the general solution is z = C.F + P.I

⇒ z f y x xf y x x y y= − + − + +1 2 2( ) ( ) sin cos

EXAMPLE 12

Solve 
∂
∂

∂
∂ ∂

∂
∂

2

2

2 2

2
4 3 3

z

x

z

x y

z

y
x y2 1 5 1 .

Solution.
Given   ( )D DD D z x y2 24 3 3− ′ + ′ = +
To find the C.F, solve ( )D DD D z2 24 3 0− ′ + ′ =
Auxiliary equation is m m2 4 3 0− + =  ⇒ ( )( ) ,m m m− − = ⇒ =1 3 0 1 3 

∴ C.F = + + +f y x f y x1 2 3( ) ( )

 P.I =
− ′ + ′

+
1

4 3
3

2 2D DD D
x y  =

− ′ − ′
+

1

3
3

( )( )D D D D
x y

 =
− ′

+ −∫
1

3 3
( )

( )
D D

x c x dx  [ ]{ y c mx c x= − = − 3

 =
− ′

−∫
1

3 8 1 2

( )
( )

D D
c x dx

  =
− ′

−

−

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

1 3 8
3

2
8

3 2

( )

( )

( )D D

c x
 { ( )

( )

( )
ax b dx

ax b

n a
n

n

+ =
+
+

⎡

⎣
⎢

⎤

⎦
⎥

+

∫
1

1

  = −
− ′

+ −
1

12
3 3 8 3 2

( )
[ ( ) ]

D D
y x x /

 [ ]{ c y x= + 3

  = −
− ′

+
1

12
3 3 2

( )
[ ] /

D D
y x

  = − − +∫
1

12
3

3 2
[ ( ) ]

/
c x x dx  [Now y = c − x]

  = − −∫
1

12
3 2

3 2
( )c x dx

  
= −

−

−
= + −

1

12

3 2
5

2
2

1

60
3 2

5 2
5 2( )

( )
[ ( ) ]

/
/c x

y x x

   = +
1

60
3 5 2[ ] /y x  

[{ c y x= + ]
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14.62 ■ Engineering Mathematics

∴ the general solution is z = C.F + P.I

⇒  z f y x f y x x y= + + + + +1 2
5 23

1

60
3( ) ( ) ( ) /

EXAMPLE 13

Solve ( ) log ( )4 4 16 22 2D DD D z x ye2 1 5 1′ ′ .

Solution.
Given  ( ) log ( )4 4 16 22 2D DD D z x ye− ′ + ′ = +
To find the C.F solve  ( )4 4 02 2D DD D z− ′ + ′ =

Auxiliary equation is 4 4 1 0 2 1 02 2m m m− + = ⇒ − =( )   ⇒ m =
1

2

1

2
,

∴  C.F = +⎛
⎝⎜

⎞
⎠⎟

+ +⎛
⎝⎜

⎞
⎠⎟

f y x xf y x1 2

1

2

1

2

  P.I =
− ′ + ′

+
1

4 4
16 2

2 2D DD D
x yelog ( )  =

− ′ − ′
+

1

2 2
16 2

( )( )
log ( )

D D D D
x ye

  = ⋅
− ′⎛

⎝⎜
⎞
⎠⎟

− ′⎛
⎝⎜

⎞
⎠⎟

+
16

4

1

1

2

1

2

2

D D D D

x yelog ( )

  = ⋅
− ′⎛

⎝⎜
⎞
⎠⎟

+ −⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥∫4

1

1

2

2
1

2
D D

x c x dxelog  { y c x= −⎡
⎣⎢

⎤
⎦⎥

1

2

  = ⋅
− ′⎛

⎝⎜
⎞
⎠⎟
∫4

1

1

2

2

D D

c dxelog

  = ⋅
− ′

⋅4
1
1

2

2
D D

c xelog

  =
− ′

+4
1
1

2

2
D D

x x yelog ( )  { y c
x

c x y= − ⇒ = +⎡
⎣⎢

⎤
⎦⎥2

2 2  

  = + −⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥∫4 2

2
x x c

x
dxelog

  = ∫4 2x c dxelog  = ⋅ = +4 2
2

2 2
2

2log log ( )e ec
x

x x y

∴ the general solution is z = C.F + P.I

⇒  z f y x xf y
x

x x ye= +⎛
⎝⎜

⎞
⎠⎟

+ +⎛
⎝⎜

⎞
⎠⎟

+ +1 2
21

2 2
2 2log ( )
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Partial Differential Equations ■ 14.63

Type 5: Exponential shifting

EXAMPLE 14

Solve ( )D DD D z x y e x y2 2 2 2 222 1 5 1′ ′ .

Solution.
Given ( )D DD D z x y ex y2 2 2 2 22− ′ + ′ = +

To find the C.F solve ( )D DD D z2 22 0− ′ + ′ =
Auxiliary equation is m m2 2 1 0− + =  ⇒ ( ) ,m m− = ⇒ =1 0 1 12  

∴  C.F = + + +f y x xf y x1 2( ) ( )

P.I =
− ′ + ′

+1

22 2
2 2

D DD D
x y ex y  =

− ′
+1

2
2 2

( )D D
x y ex y

  =
+ − ′ +

+e
D D

x yx y 1

1 1 2
2 2

[ ( )]
 [By shifting D D D D→ + ′ → ′ +1 1, ]

  =
− ′

+e
D D

x yx y 1
2

2 2

( )
 [Here m = n = 2]

  =
− ′⎛

⎝⎜
⎞
⎠⎟

+e

D
D

D

x yx y 1

12

2
2 2

  = − ′⎛
⎝⎜

⎞
⎠⎟

+
−

e
D

D

D
x yx y 1

1
2

2

2 2

  = + ′ + ′ +
⎡

⎣
⎢

⎤

⎦
⎥

+e
D

D

D

D

D
x yx y 1

1 2
3

2

2

2
2 2…

  = + ′ + ′⎡
⎣⎢

⎤
⎦⎥

+e
D

x y
D

D x y
D

D x yx y 1 2 3
2

2 2 2 2
2

2 2 2( ) ( )

  = ⋅ + ⋅ + ⋅⎡
⎣⎢

⎤
⎦⎥

+e
D

x y
D

x y
D

xx y 1 2
2

3
2

2
2 2 2

2
2

  = ⋅ + +⎡
⎣⎢

⎤
⎦⎥

+ ∫ ∫e
D

x y x y dx
D

x dxx y 1
4 6

1
2

2 2 2 2

  = ⋅ + +
⎡

⎣
⎢

⎤

⎦
⎥

+ ∫e
D

x y
x

y
x

dxx y 1 4

3
6

32
2 2

3 3

  = ⋅ + +
⎡

⎣
⎢

⎤

⎦
⎥

+e
D

x y x y
xx y 1 4

3
2

42
2 2 3

4

  = + ⋅ +
⎛
⎝⎜

⎞
⎠⎟

+ ∫e
D

x y x y
x

dxx y 1 4

3 2
2 2 3

4
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14.64 ■ Engineering Mathematics

  = + ⋅ +
⎡

⎣
⎢

⎤

⎦
⎥

+e
D

x
y

y x xx y 1

3

4

3 4 10

3
2

4 5

  = + +
⎛
⎝⎜

⎞
⎠⎟

+ ∫e
x

y
y

x
x

dxx y
3

2 4
5

3 3 10
 = + +

⎡

⎣
⎢

⎤

⎦
⎥

+e
x

y
y x xx y

4
2

5 6

12 3 5 60
 = ⋅ + +

⎡

⎣
⎢

⎤

⎦
⎥

+e
x y x y xx y

4 2 5 6

12 15 60
∴ the general solution is z = C.F + P.I

⇒  z f y x xf y x
x y x y x

ex y= + + + + + +
⎛
⎝⎜

⎞
⎠⎟

+
1 2

4 2 5 6

12 15 60
( ) ( )

EXAMPLE 15

Solve ( ) cosD D D DD D z e yx3 2 2 3 21 2 2 5′ ′ ′ .

Solution.
Given  ( ) cosD D D DD D z e yx3 2 2 3 2+ ′ − ′ − ′ =

To find the C.F solve ( )D D D DD D z3 2 2 3 0+ ′ − ′ − ′ =

Auxiliary equation is  m m m3 2 1 0+ − − =

⇒  m m m2 1 1 0( ) ( )+ − + =

⇒  ( )( )m m+ − =1 1 02  ⇒  ( ) ( ) , ,m m m+ − = ⇒ = − −1 1 0 1 1 12

∴  C.F = − + − + +f y x xf y x f y x1 2 3( ) ( ) ( )

  P.I =
+ ′ − ′ − ′

1
2

3 2 2 3( )
cos

D D D DD D
e yx

  =
+ ′ − ′

1
2

2( ) ( )
cos

D D D D
e yx

  = ⋅
+ + ′ + − ′

e
D D D D

yx 1

1 1
2

2( ) ( )
cos  [By shifting D D→ +1,

  =
+ ′ + − ′ +

e
D D D D

yx 1

1 1
2

2( ) ( )
cos

  =
+ ′ + − ′ +

e
D D D D

ex i yR.P.
1

1 12
2

( ) ( )
 [Here a = 0, b = 2i]

  =
+ − +

e
i i

ex i yR.P.
1

2 1 2 12
2

( ) ( )
  [Replace D by a = 0, ′D  by b = 2i]

  =
+ +

e
i

ex i yR.P.
1

1 2 1 4
2

( )( )
 [ ( )( ) ]{ 1 2 1 2 1 4+ − = +i i

since a = 1, b = 0]

M14_ENGINEERING_MATHEMATICS-I _CH14_Part B.indd   64 5/17/2016   4:31:22 PM

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



Partial Differential Equations ■ 14.65

  =
−
+

e i
e

x
i y

5

1 2

1 4
2R.P

( )
 

  = − +
e

i y i y
x

25
1 2 2 2R.P( )(cos sin )

  = + + −
e

y y i y y
x

25
2 2 2 2 2 2R.P [cos sin (sin cos )]

⇒  P.I = +
e

y y
x

25
2 2 2[cos sin ]

∴ the general solution is z = C.F + P.I

⇒  z f y x xf y x f y x
e

y y
x

= − + − + + + +1 2 3 25
2 2 2( ) ( ) ( ) (cos sin )

Note In the evaluation of P.I, we have used Real part of ei y2  similar to the one in ordinary differential 
equation, because the usual method is difficult for this problem.

EXAMPLE 16

Solve 
∂
∂

∂
∂

=
2

2

2

2
2 3

z

x

z

y
e x yx y2 12 sin( ) . 

Solution.
Given  ( ) sin( )D D z e x yx y2 2 2 3− ′ = ⋅ +−

To find the C.F solve ( )D D z2 2 0− ′ =
Auxiliary equation is  m m2 1 0 1− = ⇒ = ±  

∴  C.F = + + −f y x f y x1 2( ) ( )

  P.I =
− ′

+−1
2 3

2 2D D
e x yx y sin( )

  =
+ − ′ −

+−e
D D

x yx y 1

1 1
2 3

2 2( ) ( )
sin( )  [By shifting D D D D→ + ′ → ′ −1 1, ,

  =
− ′ + + ′

+−e
D D D D

x yx y 1

2
2 3

2 2 ( )
sin( )

  =
− − − + + ′

+−e
D D

x yx y 1

2 3 2
2 3

2 2( ) ( )
sin( ) [Replacing D 2 by −22, ′D 2by −32]

  =
+ ′ +

+−e
D D

x yx y 1

2 5
2 3

( )
sin( )

  =
+ ′ −

+ ′ −
+−e

D D

D D
x yx y 2 5

4 25
2 3

2

( )

( )
sin( )

  =
+ ′ − +

+ ′ + ′ −
−e

D D x y

D D DD
x y [ ( ) ]sin( )

[ ]

2 5 2 3

4 2 252 2

since a = 1, b = −1 in ex − y ]
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14.66 ■ Engineering Mathematics

  =
+ ′ + − +

− − + − −
−e

D D x y x yx y [ ( )sin( ) sin( )]

[ ( )]

2 2 3 5 2 3

4 2 3 2 6 252 2

  =
+ ⋅ + ⋅ + ⋅ − +

− −
−e

x y x y x yx y [ cos( ) cos( ) sin( )]

( )

2 2 3 2 2 2 3 3 5 2 3

4 25 25

  =
−

+ − +
−e

x y x y
x y

125
10 2 3 5 2 3[ cos( ) sin( )]

  = − + − +
−e

x y x y
x y

25
2 2 3 2 3[ cos( ) sin( )]

∴ the general solution is z = C.F + P.I

⇒  z f y x f y x
e

x y x y
x y

= + + − − + − +
−

1 2 25
2 2 3 2 3( ) ( ) [ cos( ) sin( )]

EXERCISE 14.6
Solve the following partial differential equations

 1. ( )D DD D z2 25 6 0+ ′ + ′ =  2. ( )D DD D z2 24 4 0− ′ + ′ =

 3. ( )D D D DD D z3 2 2 3 0+ ′ − ′ − ′ =  4. ( )5 12 9 02 2D DD D z− ′ − ′ =

 5. ( )D DD z ex2 4+ ′ =  6. 
∂
∂

−
∂

∂ ∂
+

∂
∂

= +
2

2

2 2

2
5 6

z

x

z

x y

z

y
ex y

 7. ( )D DD D z ex y2 2 22 8− ′ + ′ = +  8. ( ) ( )9 62 2 2 2D DD D z e ex y+ ′ + ′ = + −

 9. ( )D DD D z e ex y x y3 2 3 23 2− ′ + ′ = +− +  10. ( ) sin( )D DD D z x y e x y3 2 3 37 6 2− ′ − ′ = + + +

 11. 
∂
∂

−
∂

∂ ∂
+

∂
∂

=
2

2

2 2

2
2

z

x

z

x y

z

y
xsin  12. 

∂
∂

−
∂
∂

= ⋅
2

2

2

2
2 3

z

x

z

y
x ycos cos

 13. ( ) cos( )D DD D z x y2 26 2+ ′ − ′ = +  14. ( ) cos( )D D D DD D x y3 2 2 3 2+ ′ − ′ − ′ = +

 15. ( ) sin4 42 2 3 2D DD D z e xx y− ′ + ′ = +−  16. ( ) sin( )2 5 2 5 22 2D DD D z x y− ′ + ′ = +

 17. ( ) cos( )D DD D z x y3 2 37 6 2 4− ′ − ′ = + +

  Hint: P.I R.P and use type 11 3 2 3
21

7 6
=

− ′ − ′
⎡
⎣⎢

⎤
⎦⎥

+

D DD D
ei x y( )

  P.I , multiply by and diff. w.r. to2 3 2 3
0 01

7 6
4=

− ′ − ′
⎤
⎦⎥

+

D DD D
e xx y D

 18. 
∂
∂

+
∂

∂ ∂
+

∂
∂

= + +
2

2

2 2

2
2 22

z

x

z

x y

z

y
x xy y  19. 

∂
∂

+
∂

∂ ∂
+

∂
∂

= +
2

2

2 2

2
3 2

z

x

z

x y

z

y
x y

 20. ( ) cosD D z e
x yx y− ′ =

+⎛
⎝⎜

⎞
⎠⎟

+2 22
2

 21. ( ) sin( )D D z e x yx y2 2 2 3− ′ = ⋅ +−
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Partial Differential Equations ■ 14.67

 22. ( )D DD D z x y e x y2 2 3 42 2 3− ′ − ′ = + + +  23. ( ) sinD DD D z y x2 22+ ′ − ′ =

 24. 
∂
∂

−
∂

∂ ∂
+

∂
∂

=
2

2

2 2

2
5 6

z

x

z

x y

z

y
y xsin  25. ( )D DD D z xy2 23 2 12+ ′ + ′ =

 26. ( ) sinh( )D DD D z x y ex y2 2 22+ ′ + ′ = + + +

ANSWERS TO EXERCISE 14.6

 1. z f y x f y x= − + −1 22 3( ) ( ) 2. z f y x xf y x= + + +1 22 2( ) ( )

 3. z f y x f y x xf y x= + + − + −1 2 3( ) ( ) ( ) 4. z f y x f y
x

= + + −⎛
⎝⎜

⎞
⎠⎟1 23

3

5
( )

 5. z f y f y x ex= + − +1 2 4( ) ( )  6. z f y x f y x ex y= + + + + +
1 22 3

1

2
( ) ( )

 7. z f y x xf y x ex y= + + + + +
1 2

28( ) ( )

 8. z f y x xf y x e e ex x y y= −⎛
⎝⎜

⎞
⎠⎟

+ −⎛
⎝⎜

⎞
⎠⎟

+ + +− −
1 2

2 2 41

3

1

3

1

36
2

1

16

 9. z f y x xf y x f y x
x

e
x

ex y x y= + + + + − + +− +
1 2 3

2
2

2
9 6

( ) ( ) ( )

 10. z f y x f y x f y x x y
x

e x y= − + − + + − + + +
1 2 3

32 3
1

75
2

20
( ) ( ) ( ) cos( )

 11. z f y x xf y x x= + + + −1 2( ) ( ) sin  12. z f y x f y x x y= + + − + ⋅1 2

1

5
2 3( ) ( ) cos cos

 13. z f y x f y x
x

x y x y= − + + + + + +1 23 2
5

2
1

25
2( ) ( ) sin( ) cos( )

 14. z f y x f y x xf y x x y= + + − + − − +1 2 3

1

9
2( ) ( ) ( ) sin( )

 15. z f y x xf y x e xx y= +⎛
⎝⎜

⎞
⎠⎟

+ +⎛
⎝⎜

⎞
⎠⎟

+ −−
1 2

3 21

2

1

2

1

64

1

4
sin

 16. z f y x f y x
x

x= + + +⎛
⎝⎜

⎞
⎠⎟

− +1 22
1

2

5

2
2 4( ) cos( )

 17. z f y x f y x f y x x y
x

= − + − + + + + +1 2 3

3

2 3
1

75
2

2

3
( ) ( ) ( ) sin( )

 18. z f y x xf y x x x y x y= − + − + − +1 2
4 3 2 21

4
2 2( ) ( ) ( )

 19. z f y x f y x x y
x

= − + − + −1 2
2

3

2
1

2 3
( ) ( )
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14.68 ■ Engineering Mathematics

 20. z f y x xf y x x e
x yx y= + + + +

+⎛
⎝⎜

⎞
⎠⎟

+
1 2

2 2

2
( ) ( ) cos

 21. z f y x f y x e x y x yx y= + + − + + − +−
1 2

1

25
2 3 2 2 3( ) ( ) [sin( ) cos( )]

 22. z f y x f y x
x

x y e x y= + + − + + − +
1 2

3
2 3 45

6

3

2

1

35
( ) ( )

 23. z f y x f y x y x x= + + − − −1 2 2( ) ( ) sin cos

 24. z f y x f y x x y x= + + + + −1 22 3 5( ) ( ) cos sin

 25. z f y x f y x x y x= − + − + −1 2
3 42 2

3

2
( ) ( )

 26. z f y x xf y x x y
ex y

= − + − + + +
+

1 2

21

4 9
( ) ( ) sinh( )

14.7 NON-HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE 
SECOND AND HIGHER ORDER WITH CONSTANT COEFFICIENTS

Equations of the type 
∂
∂

+
∂

∂ ∂
+

∂
∂

−
∂
∂

+ = +
2

2

2

2 3
z

x

z

x y

z

x

z

y
z e x y

where all the partial derivatives are not of the same order is called a non-homogeneous linear 
equation.

More generally, in the linear equation F D D z R x y( , ) ( , )′ =  (1)
If F D D( , )′  is not homogeneous, then the equation (1) is called a non homogeneous linear partial 

differential equation. 
 As in the case of homogeneous equation, the general solution is z = C.F + P.I
To find the C.F, solve F D D z( , )′ = 0

We factorize F D D( , )′  into linear factors of the form D m D c− ′ −

The solution of ( )D m D c z− ′ − = 0 is z e f y mxcx= +( )

For ( )D m D c z Dz mD z cz− ′ − = ⇒ − ′ − =0 0 

⇒ p mq cz− = , which is Lagrange’s equation.

The subsidiary equations are 
dx dy

m

dz

cz1
=

−
=

⇒ − = ⇒ + =mx dy dy mdx 0 

Integrating,  y mx a+ =  is one solution.

  
dx dz

cz
cdx

dz

z1
= ⇒ =  
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Partial Differential Equations ■ 14.69

Integrating,     log log logz cx k
z

k
cx= + ⇒ =  

⇒  
z

k
e

z

e
kcx

cx
= ⇒ =  

∴ the general solution is 
z

e
f y mx

cx
= +( )  ⇒ z e f y mxcx= +( )

 (i) If F D D z D m D c D m D c( , ) ( )( )′ = − ′ − − ′ −1 1 2 2  …( )D m D c zn n− ′ −

  Then C.F = + + + +e f y m x e f y m xc x c x1 2

1 1 2 2( ) ( ) … + +e f y m xc x
n n

n ( )

 (ii) if ( )D m D c z− ′ − =2 0  then z e f y mx xe f y mxcx cx= + + +1 2( ) ( )

  i.e., for repeated factors z e f y mx xf y mxcx= + + +[ ( ) ( )]1 2

 (iii) If both repeated and non repeated factors occur, then a combination of case (i) and case (ii) 
is applied.

Note Solution of ( )′ − − =D n D c z 0 is z e f x nycy= +( )

and solution of ( )′ − − =D n D c z2 0 is z e f x ny yf x nycy= + + +[ ( ) ( )]1 2

To find P.I, the rules are the same as those for homogeneous linear partial differential equations.

WORKED EXAMPLES

EXAMPLE 1

Solve ( )D DD D z2 1 02 1 2 5′ ′ .

Solution.
Given ( )D DD D z2 1 0− ′ + ′ − =

⇒ [( ) ( )]D D D z2 1 1 0− − ′ − =

⇒  ( )( )D D D z− + − ′ =1 1 0

⇒  ( )( )D D D z− − ′ + =1 1 0

⇒ [ ][ ( )]D D D D z− ′ − − ′ − − =0 1 1 0

Here m c m c1 1 2 20 1 1 1= = = = −, , ,

∴ the general solution is z e f y e f y xx x= + +−
1 2( ) ( )

EXAMPLE 2

Solve ( ) sin( )D DD D D D z x y2 22 2 2 21 1 2 2 5 1′ ′ ′ .

Solution.
Given ( ) sin( )D DD D D D z x y2 22 2 2 2+ ′ + ′ − − ′ = +
To find the complementary function, solve 

 ( )D DD D D D z2 22 2 2 0+ ′ + ′ − − ′ =

⇒  [( ) ( )]D D D D z+ ′ − + ′ =2 2 0
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14.70 ■ Engineering Mathematics

⇒  ( )( )D D D D z+ ′ + ′ − =2 0

⇒ ( ( ) )( ( ) )D D D D z− − ′ − − ′ − =1 1 2 0

Here m c m c1 1 2 21 0 1 2= − = = − =, , ,

∴ C.F = − + −e f y x e f y xx x0
1

2
2( ) ( ) = − + −f y x e f y xx

1
2

2( ) ( )

  P.I =
+ ′ + ′ − − ′

+
1

2 2 2
2

2 2D DD D D D
x ysin( )

  =
− + − ⋅ + − − − ′

+
1

1 2 1 2 2 2 2
2

2 2( ) ( )
sin( )

D D
x y

  =
− − − ′

+
1

9 2 2
2

D D
x ysin( )

  =
−

+ ′ +
+I.P

1

2 2 9
2

D D
ei x y( )

  = −
+ +

+I.P
1

2 2 2 9
2

i i
ei x y

( )
( )  [Replacing D by a = i, and ′D  by b = 2i]

  = −
+

+I.P
1

9 6
2

i
ei x y( )

  = −
−
+

+ + +I.P
( )

[cos( ) sin( )]
9 6

81 36
2 2

i
x y i x y

  = − + + + + + − +I.P
1

117
9 2 6 2 9 2 6 2[ cos( ) sin( ) ( sin( ) cos( ))]x y x y i x y x y

  = − + − +
1

117
9 2 6 2[ sin( ) cos( )]x y x y

  = + − +
1

39
2 2 3 2[ cos( ) sin( )]x y x y

∴ the general solution is z = C.F + P.I

⇒  z f y x e f y x x y x yx= − + − + + − +1
2

2

1

39
2 2 3 2( ) ( ) [ cos( ) sin( )]

EXAMPLE 3

Solve ( )D D D D z xy2 2 3 3 72 2 1 5 1′ ′ .

Solution.
Given ( )D D D D z xy2 2 3 3 7− ′ − + ′ = +

To find the C.F, solve ( )D D D D z2 2 3 3 0− ′ − + ′ =

⇒ ( ( ))D D D D z2 2 3 0− ′ − − ′ =
⇒ ( )( )D D D D z− ′ + ′ − =3 0

Here m c m c1 1 2 21 0 1 3= = = − =, , ,

∴ C.F = + + −e f y x e f y xx x0
1

3
2( ) ( ) = + + −f y x e f y xx

1
3

2( ) ( )
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Partial Differential Equations ■ 14.71

 P.I =
− ′ − + ′

+
1

3 3
7

2 2D D D D
xy( )

  =
− ′ + ′ −

+
1

3
7

( )( )
( )

D D D D
xy

  =
− − ′⎛

⎝⎜
⎞
⎠⎟

− + ′⎛
⎝⎜

⎞
⎠⎟

+
1

3 1 1
3

7

D
D

D

D D
xy( )

  = − − ′⎛
⎝⎜

⎞
⎠⎟

−
+ ′⎛

⎝⎜
⎞
⎠⎟

+
− −

1

3
1 1

3
7

1 1

D

D

D

D D
xy( )

  = − + ′ + ′ +
⎡

⎣
⎢

⎤

⎦
⎥ +

+ ′ +
+ ′ +

+ ′ +
⎡

⎣
⎢

⎤

⎦
⎥

1

3
1 1

3 9 27

2

2

2 3

D

D

D

D

D

D D D D D D… …( ) ( )
(( )xy + 7

  = − + ′⎡
⎣⎢

⎤
⎦⎥

+ + ′ + + ′ + ′ + + ′⎡

⎣
⎢

⎤

⎦

1

3

1
1

3 3 9

2

9 9 27

3

272

2 2 3 2

D

D

D

D D D DD D D D D
⎥⎥ +( )xy 7

  = − + + ′ + + ′ + ′ + ′ + ′ + ′ + ′⎡
⎣⎢

⎤
⎦⎥

1

3

1 1

3

1

3 9

2

9

1

9 3 9 272D

D

D

D
D DD

D

D

D

D

D DD
xy( ++ 7)

  = − + + ′ + + ′ + ′ + ′⎡
⎣⎢

⎤
⎦⎥

+
1

3

1 1

3

2

3 9

1

3

4

27
7

2D

D

D

D
D DD

D

D
xy( )

  = − + + + + + + + +⎡
⎣⎢

⎤
⎦⎥

1

3

1
7

1

3
7

2

3

1

9

1

3

4

27 2D
xy xy

D
x y x

x

D
( ) ( ) ( )

  = − + + + + + + + +⎡
⎣⎢

⎤
⎦⎥∫ ∫∫

1

3
7

1

3

7

3

2

3 9 3

4

27

1
( )xy dx xy x dx

y x

D
x dx

  = − + + + + ⋅ + + + +
⎡

⎣
⎢

⎤

⎦
⎥∫

1

3 2
7

3

7

3

2

3 2 9 3

4

27 2

2 2 2x
y x

xy x y x x
dx

  = − + + + + + + + +
⎡

⎣
⎢

⎤

⎦
⎥

1

3 2
7

3

7

3 3 9 3

4

27 6

2 2 3x y
x

xy x y x x

  = − + + + + + + +
⎡

⎣
⎢

⎤

⎦
⎥

1

3 2 3 6 3 3 9
7

67

27

2 3 2x y xy x x x y
x

∴ the general solution is z = C.F + P.I

⇒ z f y x e f y x
x y xy x x x yx= + + − − + + + + + +

⎡

⎣
⎢

⎤

⎦
⎥1

3
2

2 3 21

3 2 3 6 3

22

3 9

67

27
( ) ( )

EXAMPLE 4

Solve ( )2 6 32 2D DD D D D z xe yey x2 2 1 1 5 1′ ′ ′ .

Solution.
Given ( )2 6 32 2D DD D D D z xe yey x− ′ − ′ + + ′ = +
To find the C.F, solve ( )2 6 3 02 2D DD D D D z− ′ − ′ + + ′ =
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14.72 ■ Engineering Mathematics

Now  2 2 2 2 2 2D DD D D DD D D− ′ − ′ = − ′ + − ′
  = − ′ + + ′ − ′D D D D D D D( ) ( )( )

  = − ′ + + + ′( ) ( )D D D D D

  = − ′ + + ′( ) ( )D D D D2

∴  2 6 3 22 2D DD D D D D D l D D m− ′ − ′ + + ′ = − ′ + + ′ +( )( )

  = − ′ + ′ + + ′ + − ′ +( ) ( ) ( ) ( )D D D D l D D m D D lm⋅ 2 2

  = − ′ − ′ + + + − ′ +2 22 2D DD D l m D l m D lm( ) ( )

∴   2 6l m+ =

and  l m l l− = ⇒ = ⇒ =3 3 9 3    ∴ m = 0

∴ 2 6 3 3 22 2D DD D D D D D D D− ′ − ′ + + ′ = − ′ + + ′( )( )

∴ ( )2 6 3 02 2D DD D D D z− ′ − ′ + + ′ =

⇒  ( )( )D D D D z− ′ + + ′ =3 2 0

⇒  ( ( ))D D D D z− ′ − − − −⎛
⎝⎜

⎞
⎠⎟

′
⎛
⎝⎜

⎞
⎠⎟

=3
1

2
0

Here m c m c1 1 2 21 3
1

2
0= = − = − =, , ,

∴ C.F = + + −⎛
⎝⎜

⎞
⎠⎟

−e f y x e f y xx x3
1

0
2

1

2
( )  = + + −⎛

⎝⎜
⎞
⎠⎟

−e f y x f y xx3
1 2

1

2
( )

 P.I1 2 2

1

2 6 3
=

− ′ − ′ + + ′D DD D D D
xe y

 =
− ′ + − ′ + + + ′ +

e
D D D D D D

xy 1

2 1 1 6 3 12 2( ) ( ) ( )

 [ ]′ ′ +D D→ 1

  =
− ′ − − ′ + ′ + + + ′ +

e
D DD D D D D D

xy 1

2 2 1 6 3 32 2( )

  =
+ + ′ + − ′ − ′

e
D D D DD D

xy 1

2 5 2 2 2

  = + + ′ + ′ − ′ − ′⎡
⎣⎢

⎤
⎦⎥

−
e

D D D DD D x
y

2
1

1

2
5 2 2

1

( ) ( )

  P.I1 2
1

5

2 2

5

2

1

4
2 5= −⎡

⎣⎢
⎤
⎦⎥

= −⎛
⎝⎜

⎞
⎠⎟

= −
e

D x
e

x x e
y y

y( )

  P.I2 2 2

1

2 6 3
=

− ′ − ′ + + ′D DD D D D
yex

  =
+ − + ′ − ′ + + + ′

e
D D D D D D

yx 1

2 1 1 6 1 32 2( ) ( ) ( )
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Partial Differential Equations ■ 14.73

  =
+ + ′ + − ′ − ′

e
D D D DD D

yx 1

8 10 2 2 2 2
( )

  = + + ′ + − ′ − ′⎡
⎣⎢

⎤
⎦⎥

−
e

D D D DD D y
x

8
1

1

8
10 2 2 2 2

1

( ) ( )

  = − + ′⎡
⎣⎢

⎤
⎦⎥

e
D D y

x

8
1

1

8
10 2( )…

  = − ′⎡
⎣⎢

⎤
⎦⎥

= −⎡
⎣⎢

⎤
⎦⎥

= −
e

D y
e

y y e
x x

x

8
1

1

4 8

1

4

1

32
4 1( )

∴ the general solution is z = C.F + P.I

  z e f y x f y x x e y ex y x= + + −⎛
⎝⎜

⎞
⎠⎟

+ − + −−3
1 2

1

2

1

4
2 5

1

32
4 1( ) ( ) ( )

EXERCISE 14.7
Solve the following partial differential equations

 1. ( )D DD D z e x2 1+ ′ + ′ − = −  2. ( )D DD D z ex y2 22 3− ′ − = +

 3. ( ) cos( )D DD D z x y e y2 1 2− ′ + ′ − = + +

 4. ( ) cos( )2 3 3 3 22DD D D z x y′ + ′ − ′ = −

  [Hint: ′ ′ + − =D D D z( ) ,2 3 0  Here n c n c1 1 2 20 0 2 3= = = − =, , ,

  ∴ C.F = + −f x e f x yy
1

3
2 2( ) ( )]

 5. ( ) cos ( )D DD D z x y2 21 2− ′ + ′ − = +  6.  ( )D DD D D D z e x y2 2 32 2 2 4+ ′ + ′ − − ′ = ++

 7. ( )( )D D D D z x y+ ′ − + ′ − = + +1 2 3 4 3 6

ANSWERS TO EXERCISE 14.7

 1. z e f y e f y x xx x x= + − −− −
1 2

1

2
( ) ( )  2. z f y e f y x ex x y= + + − +

1
3

2
22

1

6
( ) ( )

 3. z e f y e f y x x y xex x y= + + + + −−
1 2

1

2
2( ) ( ) sin( )

 4. z f x e f x y x y x yy= + − + − + −1
3

2 2
3

50
4 3 2 3 3 2( ) ( ) [ cos( ) sin( )]

 5. z e f y e f y x x y x yx x= + + + + + + −−
1 2

1

50
4 2 4 3 2 4

1

2
( ) ( ) [ sin( ) cos( )]

 6. z f y x e f y x e xx x y= − + − + −+
1

2
2

31

8
2( ) ( )  7. z e f y x e f y x x yx x= − + − + + +1

3
2 2 2 6( ) ( )
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20.0 INTRODUCTION
In Chapter-14 we have indicated that partial differential equations arise in the study of fluid mechanics, 
heat transfer, electromagnetic theory, quantum mechanics and other areas of physics and engineering. 
In fact, the areas of applications of partial differential equations is too large compared to ordinary 
differential equations.

The important partial differential equations that will be discussed in this chapter are the following.

 1. One-dimensional wave equation

 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
 (1)

 2. One-dimensional heat equation

 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
 (2)

 3. Steady state two-dimensional heat equation or two dimensional Laplace equation

 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 (3)

Generally, a partial differential equation will have many solutions. For example, the functions  
u = x2 − y2, u = ex cos y, u = log

e
(x2 + y2) are different solutions of (3).

In practical problems we seek to obtain unique solution of a partial differential equation  
subject to certain specific conditions called boundary – value conditions. The differential equation with  
the boundary - value conditions is called the boundary – value problem. For instance, consider the 

partial differential equation 
∂2

2
2

2

2

y

t
c

y

x∂
=

∂
∂

. The solution y(x, t) is unique when obtained under the  

conditions y(x, 0) = x2, 
∂
∂

=
y

t
x x( , )0 5 , called initial conditions and the conditions y(0, t) = 0,  

y(l, t) = 0, called boundary conditions. 
The initial conditions and the boundary conditions together are known as boundary – value 

conditions. 
The differential equation 

∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
 with these boundary – value conditions is known as a 

boundary – value problem.

Note When conditions are prescribed at the same point, we call them as initial conditions. Here  

u(x, 0) = x2 and 
∂
∂

=
u

t
x x( , )0 5  are initial conditions. When conditions are prescribed at different 

points, we call them as boundary conditions. Here u(0, t) = 0 and u(l, t) = 0 are boundary conditions.

Applications of Partial 
Differential Equations
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20.2 ■ Engineering Mathematics

20.1 ONE DIMENSIONAL WAVE EQUATION – EQUATION OF VIBRATING STRING
Consider an elastic string which is stretched to a length l and fixed at its ends A and B.

Choose the end A as origin and AB as x-axis in the equilibrium position. The line through A and 
perpendicular to AB is taken as y-axis.

If the string is deflected from its original position at some instant say, t = 0, and released from rest, 
then the string vibrates transversely. That is, it vibrates at righ angles to the equilibrium position in the 
xy-plane. Our aim is to find the shape of the string at any instant. i.e., to find the displacement of the 
string y(x, t) at any point x and at any time t > 0

In order to derive the partial differential  
equation satisfied by y(x, t) in the simplest form, 
we make the following physical assumptions.

 (i) The string is homogeneous. i.e., the mass 
of the string per unit length is constant. The 
string is perfectly elastic and so it does not 
offer any resistance to bending.

 (ii) The tension T caused by stretching the 
string before fixing it at the ends is so large 
that the action of the gravitational force on 
the string can be neglected.

 (iii) The string performs small transverse 
motions in a vertical plane. That is every 
particle of the string moves vertically so that the deflection y and the slope 

∂
∂
y

x
 are small in  

absolute value, hence their higher powers may be neglected.

20.1.1 Derivation of Wave Equation
Consider the forces acting on a small portion PQ of string. Let m be the mass per unit length of the 
string.

∴ mass of the string PQ is mΔx. [{ PQ is small, PQ is almost a straight line and so PQ = Δx]

Since the string does not offer resistance to bending, the tension is tangential to the curve of the string 
at each point. Let T

1
, T

2 
be the tension at the end points P and Q of the element string PQ. Since 

the points of the string move vertically, there is no motion in the horizontal direction. Hence, the  
horizontal components of the tension must be constant.

∴ T
1
 cos a = T

2
 cos b = T, a constant (1)

In the vertical direction we have forces −T
1
 sin a and T

2
 sin b of T

1
 and T

2
 

By Newton’s second law, the equation of motion in the vertical direction is

 m x
y

t
T TΔ

∂
∂

= −
2

2 2 1sin sinb a= −
T T

cos
sin

cos
sin

b
b

a
a = −T (tan tan )b a  [using (1)]

∴ tan tanb a− =
∂
∂

m x

T

y

t

Δ 2

2
 ⇒ 

1 2

2Δ
− =

∂
∂x

m

T

y

t
(tan tan )b a

But tan a and tan b are the slopes of the string at the points x and x + Δx

y(x, t)

T1

A B Xx x + Δx

T2
Q

Δx

α
P

Y

β
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Applications of Partial Differential Equations ■ 20.3

∴ tan a =
∂
∂

⎛
⎝⎜

⎞
⎠⎟

y

x x

 and tan b =
∂
∂

⎛
⎝⎜

⎞
⎠⎟ + Δ

y

x x x

 ∴ 
1 2

2Δ
∂
∂

⎛
⎝⎜

⎞
⎠⎟

−
∂
∂

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ =

∂
∂+ Δ Δx

y

x

y

x

m

T

y

tx x x

∴ lim
Δ →

+ Δ Δ

∂
∂

⎛
⎝⎜

⎞
⎠⎟

− ∂
∂

⎛
⎝⎜

⎞
⎠⎟

Δ
=

∂
∂x

x x x

y

x

y

x

x

m

T

y

t0

2

2
 ⇒ 

∂
∂

=
∂
∂

2

2

2

2

y

x

m

T

y

t

⇒ 
∂
∂

=
∂
∂

2

2

2

2

y

t

T

m

y

x
 =

∂
∂

=c
y

x
c

T

m
2

2

2
2, where

Note
 1. This is the partial differential equation giving the transverse vibrations of the string. It is called 

the one-dimensional wave equation.
  “One dimensional” is due to the fact that the equation involves only one space variable x.

 2. The one dimensional wave equation 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
 is involved in the study of transverse  

vibrations of a string, the longitudinal vibration of rods, electric oscillations in wires, the  
torsional oscillations of shafts, oscillation in gases and so on. This equation is the simplest of the 
class of equations of the hyperbolic type.

 3. The solution y(x, t) of the wave equation represents the deflection or displacement of the string at 
any time t > 0 and at any distance x from one end of the string.

 c
T

m
2 = =

Tension

mass per unit length of the string

  Since T and m are positive, we denote 
T

m
 by c2, rather than c.

 4. Some times the equation is written as 
∂
∂

=
∂
∂

2

2
2

2

2

u

t
c

u

x

20.1.2  Solution of One-Dimensional Wave Equation by The Method of Separation of 
Variables (or The Fourier Method)

One-dimensional wave equation is 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
 (1)

Since the solution y(x, t) is a function of x and t, we seek a solution (not identically equal to zero) 
of the form y(x, t) = X(x) T(t), where X(x) is a function of x only and T(t) is a function of t only.

∴ 
∂
∂

= ′
y

t
XT  and 

∂
∂

= ′′
2

2

y

t
XT
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20.4 ■ Engineering Mathematics

 
∂
∂

= ′
y

x
X T  and 

∂
∂

= ′′
2

2

y

x
X T

∴ the equation (1) becomes  XT″ = c2 X″ T  ⇒ 
′′ = ′′X

X

T

c T2
 (2)

Since the L.H.S is a function of x alone and R.H.S is a function of t alone and since x and t are  
independent variables, the equation (2) is possible if each side is a constant k.

∴ 
′′ = ′′ =

X

X

T

c T
k

2
 

⇒ 
′′ =

X

X
k    and    

′′ =
T

c T
k

2

⇒ X″ = kX  and     T″ = kc2T
⇒ X″ − kX = 0   and T   ″ − k2c2T = 0 (3)

Thus, we get two second order ordinary linear differential equations with constant coefficients.  
The solutions of (3) depend upon the nature of k. i.e., k > 0 or < 0 or 0

Case (i): If k > 0, let k = l2, l ≠ 0
Then (3) ⇒ X″ − l2X = 0
∴ auxiliary equation is m2 − l2 = 0  ⇒ m = ±l

∴ X Ae Bex x= + −l l

and T″ − l2c2T = 0
∴ auxiliary equation is m2 − l2c2 = 0  ⇒ m = ±lc

∴ T Ce Dect ct= + −l l

∴ the solution is y(x, t) = (Aelx + Be−lx) (Celct + De−lct)
where A, B, C, D are arbitrary constants.

Case (ii): If k < 0, let k = −l2, l ≠ 0
Then (3) ⇒ X″ + l2X = 0
∴ auxiliary equation is m2 + l2 = 0 ⇒ m = ± il
∴ X A x B x= +cos sinl l

Also (3) ⇒ T″ + l2c2T = 0
∴ auxiliary equation is m2+ l2c2 = 0 ⇒ m = ±ilc
∴ T C ct D ct= +cos sinl l

∴ the solution is y(x, t) = (A cos lx + B sin lx) (C cos l ct + D sin l ct)
where A, B, C, D are arbitrary constants.
Case (iii): If k = 0, then (3) ⇒ X ″ = 0    and T ″ = 0

⇒ X ′ = A   and T ′ = C

⇒ X = Ax + B and  T = ct + D

∴ the solution is y(x, t) = (Ax + B) (Ct + D)
where A, B, C, D are arbitrary constants.
Thus, there are three possible solutions of the wave equation and they are

 y Ae Be Ce Dex x ct ct= + +− −( ) ( )l l l l  (I)
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Applications of Partial Differential Equations ■ 20.5

 y = ( cos sin ) ( cos )A x B x C ct D ctl l l l+ + sin  (II)

and y Ax B Ct D= + +( ) ( ) (III)

Proper choice of the solution
Of these three solutions, we have to choose the solution which is consistent with the physical nature of 
the problem and the given boundary-value conditions. Since we are dealing with the vibrations of the 
elastic string, the displacement y(x, t) of the string at any point x and at any time t > 0 must be periodic 
function of x and t. Hence, the solution (II) consisting of trigonometric functions, which are periodic 
functions, is the suitable solution to the one-dimensional wave equation.

The constants A, B, C, D are determined by using the boundary-value conditions of the given  
problem. So, in problems dealing with vibrating string, we shall assume the solution II,

 y x t A x B x C ct D ct( , ) ( cos sin ) ( cos sin ),= + +l l l l  

where A, B, C, D, l are constants, of which only 4 are independent constants to be determined.  
Hence, four conditions are required to solve the one dimensional wave equation.

The conditions to be satisfied by the solution y(x, t) of the one-dimensional wave equation are  
 (i) y(0, t) = 0 and (ii) y(l, t) = 0 for all t ≥ 0

since the string is fixed at the end points, there is no displacement at the end points.
If the string is pulled up into a curve y = f (x) and released (with or without a force) the conditions 

are (iii) y(x, 0) = f (x) and (iv) 
∂
∂

⎛
⎝⎜

⎞
⎠⎟ =

=

y

t
g x

t 0

( ) or 0 for all x ∈ [0, l]

The conditions (i) and (ii) are the boundary conditions and the conditions (iii) and (iv) are the 
initial conditions.

The four conditions togehter are the boundary value conditions.

WORKED EXAMPLES

TYPE 1. Problems with non-zero initial displacement and zero initial velocity. i.e., the string is 
pulled up to the shape y 5 f (x) and then released from rest. f (x) may be given in 

(a) trigonometric form (b) in algebraic form.

TYPE 1(a). Initial displacement y(x, 0) 5 f (x) is in trigonometric form

EXAMPLE 1
A string is stretched and fastened to two points l apart. Motion is started by displacing the string 

in the form y
x

l
5 a

p
sin  from which it is released at time t 5 0. Show that the displacement of 

any point at a distance x from one end and at time t > 0 is given by y x t a
x ct

( , ) sin cos .5
p p

l l

Solution.
The motion of the string is given by the partial differential equation 

∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
The solution is 

 y x t A x B x C ct D ct( , ) ( cos sin ) ( cos sin )= + +l l l l  (1)
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20.6 ■ Engineering Mathematics

where A, B, C, D, l are constants to be determined.
The boundary-value conditions are

 (i) y (0, t) = 0 and (ii) y (l, t) = 0 ∀ t ≥ 0, which are boundary conditions.

 (iii) 
∂
∂

=
y

t
x( , )0 0 and (iv) y x f x a

x

l
( , ) ( ) sin0 = =

p
, 0 ≤ ≤x l, which are initial conditions.

First we use the conditions with R.H.S = 0
Using condition (i), that is, when x = 0, y = 0 in (1),    we get,

 ( cos sin ) ( cos sin )A B C ct D ct0 0 0+ + =l l

⇒ A C ct D ct( cos sin )l l+ = 0 ⇒ A = 0, since C ct D ctcos sinl l+ ≠ 0

[If C cos l ct + D sin l ct = 0, then the solution y (x, t) = 0, which is trivial]

∴ (1) becomes y(x, t) = B sin l x(C cos l ct + D sin l ct) 
Using condition (ii), that is, when x = l, y = 0, in (2), we get

 B sin ll(C cos l ct + D sin l ct) = 0
⇒ sin ll = 0,  since B ≠ 0 and (C cos l ct + D sin l ct) ≠ 0

⇒ ll = np ⇒l = 
n

l

p
, n = 1, 2, 3, …

∴ (2) becomes y x t B
n x

l
C

n ct

l
D

n ct

l
( , ) sin cos sin= +⎛

⎝⎜
⎞
⎠⎟

p p p
  (3)

Differentiating (3) partially w.r.to t, we get

 
∂
∂

= − ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⋅
y

t
B

n x

l
C

n ct

l

n c

l
D

n ct

l

n
sin sin cos

p p p p ppc

l

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

Using condition (iii), that is, when t = 0, 
∂
∂

=
y

t
0, we get

 B
n x

l
D

n c

l
sin cos

p p⎛
⎝⎜

⎞
⎠⎟

⋅ + ⋅⎛
⎝⎜

⎞
⎠⎟ =0 0 0 ⇒ B

n x

l
D

n c

l
sin

p p
⋅ = 0 ⇒ D = 0

∴ y x t B
n x

l
C

n ct

l
n( , ) sin cos , , , ,= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

=
p p

1 2 3 …

 = ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

=BC
n x

l

n ct

l
nsin cos , , , ,

p p
1 2 3 …

Before using the R.H.S non-zero condition, we find the general solution.
The general solution is a linear combination of these solutions. 
So, the general solution is

 y x t B
n x

l

n ct

ln
n

( , ) sin cos= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p p

1

 (4)

[If BC = k, then the linear combination is

 C k
x

l

n ct

l
C k

x

l

ct

l1 2

2 2
sin cos sin cos

p p p p⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜⎜

⎞
⎠⎟

+…
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Applications of Partial Differential Equations ■ 20.7

If C
n
 k = B

n 
, then the linear combination is as in (4)]

Using condition (iv). that is, when t = 0 in (4), we get y x f x a
x

l
( , ) ( ) sin0 = = ⎛

⎝⎜
⎞
⎠⎟

p

∴ y x B
n x

ln
n

( , ) sin cos0 0
1

= ⎛
⎝⎜

⎞
⎠⎟

⋅
=

∞

∑ p

⇒ a
x

l
B

n x

ln
n

sin sin
p p⎛

⎝⎜
⎞
⎠⎟

= ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1

⇒ a
x

l
B

x

l
B

x

l
sin sin sin

p p p⎛
⎝⎜

⎞
⎠⎟

= ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

+1 2

2 …

Equating the like coefficients, B
1
 = a, B

2
 = 0, B

3
 = 0, …

Substituting in (4), we get

 

y x t B
x

l

ct

l
B

x

l

c
( , ) sin cos sin cos= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⋅1 2

2 2p p p p tt

l

y x t a
x

l

ct

l

⎛
⎝⎜

⎞
⎠⎟

+

= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

…

( , ) sin cos
p p

Note In general, a single solution will not satisfy the initial conditions, especially the R.H.S ≠ 0 
condition. So we find the general solution for applying condition (iv). R.H.S = 0 conditions are applied 
before the general solution.

EXAMPLE 2

A slightly stretched string with fixed ends x 5 0 and x 5 l is initially in a position given by 

y x y
x

l
( , ) sin0 0

35
p

. If it is released from rest from this position, find the displacement y at 

any distance x from one end and at any time t. 

Solution.

The displacement y(x, t) of the vibrating string is given by the wave equation 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
The solution is

 y(x, t) = (A cos lx + B sin lx) (C cos l ct + D sin l ct) (1)

The boundary-value conditions are

(i) y(0, t) = 0 and (ii) y(l, t) = 0 ∀ t ≥ 0

  (iii) 
∂
∂

=
y

t
x( , )0 0 and (iv) y x f x y

x

l
x l( , ) ( ) sin ,0 00

3= = ⎛
⎝⎜

⎞
⎠⎟

≤ ≤
p

    Using condition (i), that is, when x = 0, y = 0 in (1), we get

 (A cos 0 + B sin 0) (C cos l ct + D sin l ct) = 0
⇒ A(C cos l ct + D sin l ct) = 0 ⇒ A = 0, since C cos l ct + D sin l ct ≠ 0
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20.8 ■ Engineering Mathematics

[For, if C cos l ct + D sin l ct = 0, then the solution y(x, t) = 0 for all t, which is trivial]

∴ (1) becomes y(x, t) = B sin lx(C cos l ct + D sin l ct) (2)

Using condition (ii), i.e., when x = l, y = 0, in (2), we get

 B sin ll(C cos l ct + D sin l ct) = 0

But B ≠ 0. ∴ sin ll = 0 ⇒ ll = np  ⇒ l
p

= =
n

l
n, , , ,1 2 3 …

∴ y x t B
n x

l
C

n ct

l
D

n ct

l
( , ) sin cos sin= ⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

p p p
 (3)

Differentiating w. r. to t,

 
∂
∂

= ⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⋅ + ⎛
⎝⎜

⎞
⎠⎟

⋅
y

t
B

n x

l
C

n ct

l

n c

l
D

n ct

l

n
sin sin cos

p p p p ppc

l

⎡

⎣
⎢

⎤

⎦
⎥

Using condition (iii), i.e., when t = 0, 
∂
∂

=
y

t
0, we get

     B
n x

l
D

n c

l
sin cos

p p⎛
⎝⎜

⎞
⎠⎟

+ ⋅⎡
⎣⎢

⎤
⎦⎥

=0 0 0 ⇒ B
n x

l
D

n c

l
sin

p p⎛
⎝⎜

⎞
⎠⎟

⋅ ⋅ = 0  ⇒ D = 0

∴ y x t B
n x

l
C

n ct

l
( , ) sin cos= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⋅ ⎛
⎝⎜

⎞
⎠⎟

p p

 = ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

=BC
n x

l

n ct

l
nsin cos , , , ,

p p
1 2 3 …

∴ the general solution is a linear combination of these solutions for n = 1, 2, 3, ......

The general solution is y x t B
n x

l

n ct

ln
n

( , ) sin cos= ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1

p p
 (4)

Using condition (iv), i.e., when  t = 0,  y = f (x) = y
x

l0
3sin

p

∴ we get y
x

l
B

n x

ln
n

0
3

1

0sin sin cos .
p p⎛

⎝⎜
⎞
⎠⎟

= ⎛
⎝⎜

⎞
⎠⎟

⋅
=

∞

∑

⇒ 
y x

l

x

l
B

n x

ln
n

0

14
3

3
sin sin sin

p p p⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = ⎛

⎝⎜
⎞
⎠⎟=

∞

∑  [since sin 3u = 3sin u − 4 sin3 u

 ⇒ sin ( sin sin )]3 1

4
3 3u u u= −

∴ 
y x

l

x

l
B

x

l
B0

1 24
3

3 2
sin sin sin sin

p p p⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = ⎛

⎝⎜
⎞
⎠⎟

+
pp px

l
B

x

l

⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

+3

3
sin …

Equating like coefficients, we get

 B
y

B B
y

B B1
0

2 3
0

4 5

3

4
0

4
0= = =

−
= = =, , , …
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Applications of Partial Differential Equations ■ 20.9

(4) is y x t B
x

l

ct

l
B

x

l

c
( , ) sin cos sin cos= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⋅1 2

2 2p p p p tt

l
B

x

l

ct

l

⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

+3

3 3
sin cos

p p …

∴ y x t
y x

l

ct

l

y x

l
( , ) sin cos sin cos= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⋅
3

4 4

30 0p p p 33pct

l

⎛
⎝⎜

⎞
⎠⎟

TYPE 1(b): The initial form of the string y(x, 0) 5 f (x) is in algebraic form.

EXAMPLE 3

A tightly stretched string of length l has its end fastened at x 5 0, x 5 l. At t 5 0, the string is in 
the form f (x) 5 kx(l 2 x) and then released. Find the displacement at any point on the string at 
a distance x from one end and at any time t > 0. 

Solution.
The displacement is given by the wave equation

 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
The solution is
 y x t A x B x C ct D ct( , ) ( cos sin )( cos sin )= + +l l l l  (1)

The boundary-value conditions are

 (i) y(0, t) = 0 and (ii) y(l, t) = 0 ∀ t ≥ 0

 (iii) 
∂
∂

=
y

t
x( , )0 0 and (iv) y(x, 0) = f (x) = kx(l−x); 0 ≤ x ≤ l

Using condition (i), i.e., y = 0 when x = 0 in (1), we get

 (A cos 0 + B sin 0) (C cos l ct + D sin l ct) = 0 ⇒ A = 0, since C cos l ct + D sin l ct ≠ 0
∴ (1) becomes y(x, t) = B sin lx (C cos l ct + D sin l ct) (2)

Using condition (ii), i.e., y = 0 when x = l in (3), we get

 B sin ll (C cos l ct + D sin l ct) = 0
⇒ sin ll = 0, since B ≠ 0 and C cos l ct + D sin l ct ≠ 0

∴ ll = np ⇒ l
p

= =
n

l
n, , , ,1 2 3 …

∴ (2) becomes y x t B
n x

l
C

n ct

l
D

n ct

l
( , ) sin cos sin= +⎛

⎝⎜
⎞
⎠⎟

p p p
 (3)

Differentiating (3) w.r.to t, 
∂
∂

= − ⋅ + ⋅⎡
⎣⎢

⎤
⎦⎥

y

t
B

n x

l
C

n ct

l

n c

l
D

n ct

l

n c

l
sin sin cos

p p p p p

Using condition (iii), i.e., when t = 0 and 
∂
∂

=
y

t
0, we get

 B
n x

l
D

n c

l
sin

p p
0 0+ ⋅⎡

⎣⎢
⎤
⎦⎥

=  ⇒ BD
n x

l

n x

l

p p
sin = 0 ⇒ D = 0
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20.10 ■ Engineering Mathematics

∴ (3) becomes y x t B
n x

l
C

n ct

l
( , ) sin cos= ⋅

p p

 = ⋅ =BC
n x

l

n ct

l
nsin cos , , , ,

p p
1 2 3 …

∴ the most general solution is the linear combination of these solutions

∴ y x t B
n x

l

n ct

ln
n

( , ) sin cos= ⋅
=

∞

∑ p p

1

 (4)

Using condition (iv), i.e., when t = 0, y = kx(l − x) in (4), we get

 kx l x B
n x

ln
n

( ) sin cos− =
=

∞

∑ p

1

0

⇒ kx l x B
n x

ln
n

( ) sin− = ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p

1

 (5)

Since f (x) is given in algebraic form, to find B
n
 we expand 

 f (x) = kx(l − x), 0 ≤ x ≤ l, as a half-range sine series

Let kx l x b
n x

ln
n

( ) sin− = ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p

1

 (6)

where b
l

f x
n x

l
dxn

l

= ⋅ ⎛
⎝⎜

⎞
⎠⎟∫

2

0

( )sin
p

Compare (5) and (6), we get B
n
 = b

n

Now  b
l

kx l x
n x

l
dxn

l

= − ⎛
⎝⎜

⎞
⎠⎟∫

2

0

( )sin
p

 = − ⎛
⎝⎜

⎞
⎠⎟∫

2 2

0

k

l
lx x

n x

l
dx

l

( )sin
p

 

= −
− ⎛

⎝⎜
⎞
⎠⎟

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

− −
− ⎛

2
22k

l
lx x

n x

l
n

l

l x

n x

l
( )

cos

( )

sin
p

p

p

⎝⎝⎜
⎞
⎠⎟

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

+ −

⎛
⎝⎜

⎞
⎠⎟

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

n

l

n x

l

n

l

2 2

2

3 3

3

2
p

p

p
( )

cos

⎬⎬
⎪⎪

⎭
⎪
⎪

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

= − − ⎛
⎝⎜

⎞
⎠⎟

+

0

2
2

2 2

2

l

k

l

l

n
lx x

n x

l

l

n
l

p

p

p
( ) cos ( −− ⎛

⎝⎜
⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

=
−⎡

⎣⎢

2
2

2

3

3 3
0

x
n x

l

l

n

n x

l

k

l

l

n

l

)sin cos
p

p

p

p
(( ) cos ( )sin cos cosl l n

l

n
l l n

l

n
n

l

n
2 2

2

2 2

3

3 3

3

3 3
2

2
0

2
0− + − − − −p

p
p

p
p

p

⎛⎛
⎝⎜

⎞
⎠⎟

⎤

⎦
⎥

= −
⎡
⎣⎢

⎤
⎦⎥

= ⋅ − −
2 2 2 2 2

1 1
3

3 3

3

3 3

3

3 3

k

l

l

n

l

n
n

k

l

l

np p
p

p
cos [ ( )) ] [ cos ( ) ]n nn{ p = −1

⇒ b
kl

nn
n= − −

4
1 1

2

3 3p
[ ( ) ]
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Applications of Partial Differential Equations ■ 20.11

If n is odd then (−1)n = −1 ∴ b
kl

n
b

kl

nn n= ⇒ =
4

2
82

3 3

2

3 3p p
( )

If n is even then (−1)n = 1 ∴  b
n
 = 0

∴ B
kl

n
nn = =

8
1 3 5

2

3 3p
, , , , …

∴ (4) becomes y x t
kl

n

n x

l

n ct

ln

( , ) sin cos
, , ,

=
=
∑ 8 2

3 3
1 3 5 p

p p

…

 =
=
∑8 12

3 3
1 3 5

kl

n

n x

l

n ct

lnp

p p

, , ,

sin cos
…

EXAMPLE 4

Find the solution of the wave equation 
∂
∂

∂
∂

2

2
2

2

2

u

t
c

u

x
5 , corresponding to the triangular initial 

deflection f x

kx

l
x

l

k

l
l x

l
x l

( )
,

( ),

5

2
0

2
2

2

< <

− < <

⎧

⎨
⎪⎪

⎩
⎪
⎪

 and the initial velocity is 0.

Solution.
In this problem, the wave equation is given using u(x, t) [instead of y(x, t)]

∴ the solution of wave equation 
∂
∂

=
∂
∂

2

2
2

2

2

u

t
c

u

x
 is

 u(x, t) = (Acos lx + B sin lx)(C cos l ct + D sin l ct) (1)
The boundary-value conditions are
   (i) u(0, t) = 0  and (ii) u(l, t) = 0 ∀ t ≥ 0

 (iii) 
∂
∂

=
u

t
x( , )0 0 and (iv) u x f x

kx

l
x

l

k

l
l x

l
x l

( , ) ( )
,

( ),

0

2
0

2
2

2

= =
< <

− < <

⎧

⎨
⎪⎪

⎩
⎪
⎪

Using condition (1), i.e., when x = 0, u = 0 in (1), we get

 (A cos 0 + B sin 0)(C cos l ct + D sin l ct) = 0
⇒ A(cos l ct + D sin l ct) = 0 ⇒ A = 0, since C cos l ct + D sin l ct) ≠ 0
∴ (1) becomes u(x, t) = B sin lx (C cos l ct + D sin l ct) (2)

Using condition (ii), i.e., when x = l, u = 0 in (2), we get

 B sin ll(cos l ct + D sin l ct) = 0

⇒ sin ll = 0, since B ≠ 0, C cos l ct + D sin l ct) ≠ 0

⇒ ll = np ⇒ l
p

= =
n

l
n, , , ,1 2 3 …

∴ (2) becomes u x t B
n

l
x C

n ct

l
D

n ct

l
( , ) sin cos sin= ⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

p p p
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20.12 ■ Engineering Mathematics

Differentiating (3) w. r. to t, we get

 
∂
∂

= ⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⋅ + ⎛
⎝⎜

⎞
⎠⎟

⋅
u

t
B

n x

l
C

n ct

l

n c

l
D

n ct

l

n
sin sin cos

p p p p ppc

l

⎡

⎣
⎢

⎤

⎦
⎥

Using condition (iii), i.e., when t = 0, 
∂
∂

=
u

t
0, we get

 B
n x

l
D

n c

l
sin

p p⎛
⎝⎜

⎞
⎠⎟

+ ⋅⎡
⎣⎢

⎤
⎦⎥

=0 0 ⇒ BD
n x

l

n c

l
nsin , , , ,

p p⎛
⎝⎜

⎞
⎠⎟

⋅ = =0 1 2 3 …

⇒ D = 0, since the other factors are ≠ 0

∴ (3) becomes u x t B
n x

l
C

n ct

l
n( , ) sin cos , , , ,= ⋅ =

p p
1 2 3 …

 = ⋅ =BC
n x

l

n ct

l
nsin cos , , , ,

p p
1 2 3 …

∴ the most general solution is the linear combination of these solutions.

∴ u x t B
n x

l

n ct

ln
n

( , ) sin cos= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p p

1

 (4)

Using condition (iv), i.e., when t = 0, u(x, 0) = f (x), we get

 f x B
n x

ln
n

( ) sin cos= ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p
0

1

 ⇒ f x B
n x

ln
n

( ) sin= ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p

1
 (5)

Since f (x) is given in algebraic form, to find B
n
, we express f (x) as a Fourier sine series.

Let f x b
n x

ln
n

( ) sin= ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p

1

 (6)

where b
l

f x
n x

l
dxn

l

= ⎛
⎝⎜

⎞
⎠⎟∫

2

0

( )sin
p

Now b
l

f x
n x

l
dx f x

n x

l
dxn

l

ll

= ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩
∫∫

2

20

2

( )sin ( )sin
/

/
p p

⎪⎪

⎫
⎬
⎪

⎭⎪

 = ⎛
⎝⎜

⎞
⎠⎟

+ − ⎛
⎝⎜

⎞
⎠⎟

⎧
⎨ ∫∫

2 2 2

20

2

l

kx

l

n x

l
dx

k

l
l x

n x

l
dx

l

ll

sin ( )sin
/

/
p p⎪⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

 

= ⋅
− ⎛

⎝⎜
⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−
− ⎛

⎝⎜
⎞
⎠⎟

⎛
2 2

1
2 2

2

l

k

l
x

n x

l
n

l

n x

l

n

l

cos sin
p

p

p

p
⎝⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎧

⎨
⎪⎪

⎩
⎪
⎪

+ −
− ⎛

⎝⎜
⎞
⎠⎟

⎛

⎝

0

2l

l x

n x

l
n

l

/

( )

cos
p

p

⎜⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− −
− ⎛

⎝⎜
⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

( )

sin

/

1
2 2

2

n x

l

n

l l

p

p

22

l ⎫

⎬
⎪
⎪

⎭
⎪
⎪
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Applications of Partial Differential Equations ■ 20.13

 

2

2

2 2

4k

l

l

n
x

n x

l

l

n

n x

l
= − ⎛

⎝⎜
⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦p

p

p

p
cos sin ⎥⎥

⎧
⎨
⎩⎪

− − ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

0

2
2

2 2

l

l

n
l x

n x

l

l

n

n x

l

/

( ) cos sin
p

p

p

p

ll

l

k

l

l

n

n l

n

n l

n
l l

/

cos sin ( / )

2

2

2 2

2 2

4

2 2 2
0 0 2

⎫
⎬
⎪

⎭⎪

=
−⎧

⎨
⎩

+ − − − −
p

p

p

p

p
ccos sin

cos si

n l

n

n

k

l

l

n

n l

n

p

p

p

p

p

p

2 2

4

2 2

2

2 2

2

2 2

2 2

+
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

=
−

+ nn cos sin
n l

n

n l

n

np

p

p

p

p

2 2 2 2

2 2

2 2
+ +

⎧
⎨
⎩

⎫
⎬
⎭

 = ⋅
4 2

22

2

2 2

k

l

l

n

n

p

p
sin

⇒ b
k

n

n
n =

8

22 2p

p
sin

From (5) and (6), we get B
n
 = b

n

∴  B
k

n

n
nn = =

8

2
1 2 3

2 2p

p
sin , , , , …

Substituting in (4), we get 

  u x t
k

n

n n x

l

n ct

ln

( , ) sin sin cos= ⋅ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ 8

22 2
1 p

p p p

Note We can simplify further.

If n is even, say n = 2m,   then sin sin
n

m
p

p
2

0= =

If n is odd, say , n = 2m + 1, then  sin sin( ) sin
n

m m
p p p

p
2

2 1
2 2

= + = +⎛
⎝⎜

⎞
⎠⎟  

 = = − = −
−

cos ( ) ( )m m
n

p 1 1
1

2

∴ sin ( ) , , , ,
n

n
np

2
1 1 3 5

1

2= − =
−

…

∴ u x t
k

n

n x

l

n ct

l

n

n

( , )
( )

sin cos=
− ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

−

=
∑8 1

2

1

2

2p

p p

odd 

= ⋅ − ⋅⎡
⎣⎢

+ ⋅
8 1

3

3 3 1

5

5 5
2 2 2

k x

l

ct

l

x

l

ct

l

x

lp

p p p p p
sin cos sin cos sin cos

ppct

l
− ⎤

⎦⎥
…

Type 1 (c): The initial form of the string y(x, 0) 5 f (x) in algebraic form is to be found from the 
given problem

EXAMPLE 5

A string is tightly stretched and its ends are fastened at two points x 5 0 and x 5 l. The mid point 
of the string is displaced transversely through a small distance b and the string is released from 
rest in that position. Find an expression for the transverse displacement of the string at any time 
during the subsequent motion. 
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20.14 ■ Engineering Mathematics

Solution.
The tight string AB fixed at x = 0, x = l is lifted to C and 
released from rest. So, the initial position of the string 
is ACB.

 A = (0, 0), B = (l, 0), C
l

b= ⎛
⎝⎜

⎞
⎠⎟2

, .

AC is the line joining A(0, 0) and C
l

b
2

,
⎛
⎝⎜

⎞
⎠⎟

∴ the equation of AC is 
y

b

x
l

−
−

=
−

−

0

0

0

2
0

 

⇒ 
y

b l
x=

2
 ⇒ y

b

l
x x

l
= ≤ ≤

2
0

2
,

BC is the line joining B = (l, 0), C
l

b= ⎛
⎝⎜

⎞
⎠⎟2

,  

∴ the equation of BC is   
y b

b

x
l

l
l

−
−

=
−

−0
2

2

 ⇒ 
y b

b

x
l

l
−

−
=

−
2

2

⇒ y b
b

l
x

l
− =

−
−⎛

⎝⎜
⎞
⎠⎟

2

2
 = b

b

l
x b− +

2  

⇒  y b
b

l
x= −2

2
 = − < ≤

2

2

b

l
l x

l
x l( ),

∴ the initial position is y x

b

l
x x

l

b

l
l x

l
x l

( , )
,

( ),

0

2
0

2
2

2

=
≤ ≤

− < ≤

⎧

⎨
⎪⎪

⎩
⎪
⎪

This is exactly the Example 4 with k = b
Thus, the boundary-value conditions are

 (i) y(0, t) = 0 and (ii) y(l, t) = 0 ∀ t ≥ 0

 (iii) 
∂
∂

=
y

t
x( , )0 0 and (iv) y x

b

l
x x

b

l
l x x l

( , )

( )

0

2
0

1

2
2 1

2

=
≤ ≤

− < ≤

⎧

⎨
⎪⎪

⎩
⎪
⎪

 if 

 if 

The solution of the wave equation 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
 is obtained as in Example 4 with b instead of k and 

y(x, t) instead of u(x, t)

∴ y x t
b x

l

ct

l

x

l

ct

l

x

l
( , ) sin cos sin cos sin c= ⋅ − ⋅ + ⋅

8 1

3

3 3 1

5

5
2 2 2p

p p p p p
oos

5pct

l
−⎡

⎣⎢
⎤
⎦⎥

…

y

x
B

b

C

(l, 0)(0, 0) D
A

l
2

, 0

l
2

, b

M20_ENGINEERING_MATHEMATICS-I _XXXX_CH20-Part A.indd   14 5/19/2016   8:09:56 PM

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



Applications of Partial Differential Equations ■ 20.15

EXAMPLE 6

A tightly stretched string of length 2l has its ends fastened at x 5 0, x 5 2l. The midpoint of 
the string is taken to a height b and then released from rest in that position. Find the lateral 
displacement of a point of the string at time t from the lateral displacement of a point of the 
string at time t from the instant of release. 

Solution.
The string AB is fixed at the ends x = 0 and x = 2l.
The mid point of the string is lifted to a height b and 
then released from rest. So, the initial position of the 
string is ACB, where A = (0, 0), B = (2l, 0), C = (l, b)

Equation of AC is y
b

l
x x l= ≤ ≤, 0

Equation of BC is 
y

b

x l

l l

−
−

=
−
−

0

0

2

2

⇒ 
y

b

x l

l
= −

− 2

⇒ y
b

l
l x l x l= − ≤ ≤( ),2 2

∴ the initial position of the string is

 y x f x

b

l
x x l

b

l
l x l x l

( , ) ( )
,

( ),

0
0

2 2

= =
≤ ≤

− ≤ ≤

⎧

⎨
⎪⎪

⎩
⎪
⎪

The one dimensional wave equation is 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
The boundary value conditions are

 (i) y(0, t) = 0 and (ii) y(2l, t) = 0 ∀ t ≥ 0

 (iii) 
∂
∂

=
y

t
x( , )0 0 and (iv) y(x, 0) = f (x). 0 ≤ x ≤ 2l

The solution is

 y(x, t) = (A cos lx + B sin lx)(C cos l ct + D sin l ct) (1)

where A, B, C, D, l are constants to be determined.
Using condition (i), i,e., when x = 0, y = 0 in (1), we get

 (A cos 0 + B sin 0)(C cos l ct + D sin l ct) = 0

⇒ A(C cos l ct + D sin l ct) = 0 ⇒ A = 0 [{ C cos l ct + D sin l ct ≠ 0]

∴ y(x, t) = B sin lx (C cos l ct + D sin l ct) (2)

y

x
B

b

C(l, b)

(2l, 0)(0, 0) D
(l, 0)

A
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20.16 ■ Engineering Mathematics

Using condition (ii), i.e., when x = 2l, y = 0, in (2), we get 

 B sin l 2l (C cos l ct + D sin l ct) = 0

⇒ sin 2ll = 0, since B ≠ 0 and C cos l ct + D sin l ct ≠ 0

∴ 2ll = np ⇒ l
p

= =
n

l
n

2
1 2 3; , , , …

∴ y x t B
n x

l
C

n ct

l
D

n ct

l
( , ) sin cos sin= ⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

p p p

2 2 2

⎞⎞
⎠⎟

 (3)

Differentiating (3) w. r. to t, we get

 
∂
∂

= − ⎛
⎝⎜

⎞
⎠⎟

⋅ + ⎛
⎝⎜

⎞
⎠⎟

⋅
y

t
B

n x

l
C

n ct

l

n c

l
D

n ct

l

n c
sin sin cos

p p p p p

2 2 2 2 22l

⎛
⎝⎜

⎞
⎠⎟

When t = 0, 
∂
∂

=
y

t
0 

∴ B
n x

l
D

n c

l
sin

p p

2
0

2
0+ ⋅⎛

⎝⎜
⎞
⎠⎟ =

⇒ BD
n c

l

n x

l

p p

2 2
0sin

⎛
⎝⎜

⎞
⎠⎟

=  ⇒ D = 0, n = 1, 2, 3, …

∴ y x t B
n x

l
C

n ct

l
( , ) sin cos= ⋅

p p

2 2

 = ⋅BC
n x

l

n ct

l
sin cos

p p

2 2
 for n = 1, 2, 3, …

are all solutions.
The most general solution is the linear combination of these solutions.

∴ y x t B
n x

l

n ct

ln
n

( , ) sin cos= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1 2 2

p p
 (4)

Using condition (iv), i.e., when t = 0, y(x, 0) = f (x), we get

 f x B
n x

ln
n

( ) sin cos= ⎛
⎝⎜

⎞
⎠⎟

⋅
=

∞

∑
1 2

0
p

 = ⎛
⎝⎜

⎞
⎠⎟=

∞

∑B
n x

ln
n 1 2

sin
p

, 0 ≤ x ≤ 2l (5)

Since f (x) is given in algebraic form., to find B
n
, we express f (x) as a Fourier half-range sine series in 

(0, L) where L = 2l

∴ f x b
n x

Ln
n

( ) sin= ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1

p
 = ⎛

⎝⎜
⎞
⎠⎟=

∞

∑b
n x

ln
n

sin
p

21

 (6)

where b
L

f x
n x

L
dx

l
f x

n x

l
dxn

lL

= ⎛
⎝⎜

⎞
⎠⎟

= ⎛
⎝⎜

⎞
⎠⎟∫∫

2 2

2 20

2

0

( )sin ( )sin
p p

Comparing (5) and (6) we find B
n
 = b

n
, ∀n = 1, 2, 3, …

and b
l

f x
n x

l
dxn

l

= ⎛
⎝⎜

⎞
⎠⎟∫

1

20

2

( )sin
p
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20.18 ■ Engineering Mathematics

EXAMPLE 7

The points of trisection of a tightly stretched string of length l with fixed ends are pulled aside 
through a distance d on opposite sides of the position of equilibrium and the string is released 
from rest. Obtain the displacement of the string at any subsequent time and show that the 
midpoint of the string always remains at rest.

Solution.
Let OA be the stretched string of length l fixed at 
the ends x = 0 and x = l.
The points of trisection B and C of the string 
are pulled to a distance d in opposite directions  

and released from rest. So, the initial position of 

the string is ODEA.

Where O D
l

d( , ), , ,0 0
3

⎛
⎝⎜

⎞
⎠⎟  E

l
d A l

2

3
0, , ( , )−⎛

⎝⎜
⎞
⎠⎟ .

Equation of the line OD is 

y
d
l

x=

3
 
=

3d

l
x ,

 

0
3

≤ ≤x
l

Equation of DE is 
y d

d d

x
l

l l
−

− −
=

−

−

3
2

3 3

⇒ 
y d

d

x
l

l
−

−
=

−

2
3

3

 ⇒ y d
d

l
x l− = − −

2
3( )

⇒ y
d

l
x d= − +

6
3  

d

l
l x

l
x

l
= − ≤ ≤

3
2

3

2

3
( );

Equation of EA is 
y d

d

x
l

l
l

+
+

=
−

−0

2

3
2

3

 ⇒ y d
d x l

l
+ =

−( )3 2

⇒ y
d

l
x d d= − −

3
2  = − ≤ ≤

3 2

3

d

l
x l

l
x l( ),

∴ the initial shape of the string is y(x, 0) = f (x)

and f x

d

l
x x

l

d

l
l x

l
x

l

d

l
x l

l
x l

( )

,

( ),

( ),

=

≤ ≤

− ≤ ≤

− ≤ ≤
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⎨
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⎪
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⎪
⎪

3
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3
3

2
3

2

3
3 2

3⎪⎪

y
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C

d

d

B

D(l/3, b)

(l, 0)O
(0, 0)

E 2l
3

, −d
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Applications of Partial Differential Equations ■ 20.19

One-dimensional wave equation is 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
The boundary value conditions are

 (i) y(0, t) = 0 and (ii) y(l, t) = 0 ∀ t ≥ 0

 (iii) 
∂
∂

=
y

t
x( , )0 0 and (iv) y(x, 0) = f (x). 0 ≤ x ≤ l

The solution is
 y (x, t) = (A cos lx + B sin lx)(C cos l ct + D sin l ct) (1)

Using condition (i), i.e., when x = 0, y = 0 in (1), we get

 (A cos 0 + B sin 0)(C cos l ct + D sin l ct) = 0

⇒ A(C cos l ct + D sin l ct) = 0 ⇒ A = 0, since C cos l ct + D sin l ct ≠ 0

∴ y(x, t) = B sin lx (C cos l ct + D sin l ct) (2)

Using condition (ii), i.e., when x = l, y = 0, in (2), we get 

 B sin l l (C cos l ct + D sin l ct) = 0
⇒ sin ll = 0,  [{ B ≠ 0, C cos l ct + D sin l ct ≠ 0]

∴ ll = np ⇒ l
p

= =
n

l
n, , , ,1 2 3 …

∴ y x t B
n x

l
C

n ct

l
D

n ct

l
( , ) sin cos sin= ⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

p p p
 (3)

Differentiating w. r. to t partially, we get

 
∂
∂

= − ⎛
⎝⎜

⎞
⎠⎟

⋅ + ⎛
⎝⎜

⎞
⎠⎟

⋅
⎡

⎣
⎢

y

t
B

n x

l
C

n ct

l

n c

l
D

n ct

l

n c

l
sin sin cos

p p p p p ⎤⎤

⎦
⎥

Using condition (iii), i.e., then t = 0, 
∂
∂

=
y

t
0. 

∴ B
n x

l
D

n c

l
sin

p p⎛
⎝⎜

⎞
⎠⎟

+ ⋅⎡
⎣⎢

⎤
⎦⎥

=0 0

⇒ BD
n

l

n c

l
sin

p px⎛
⎝⎜

⎞
⎠⎟

⋅ = 0  ⇒ D = 0 {B
n x

l
≠ ≠⎡

⎣⎢
⎤
⎦⎥

0 0, sin 
p

∴ y x t B
n x

l
C

n ct

l
( , ) sin cos= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

p p
, n = 1, 2, 3, …

 y x t BC
n x

l

n ct

l
( , ) sin cos= ⋅

p p
 for n = 1, 2, 3, …

∴ the general solution is the linear combination of these solutions.

∴ y x t B
n x

l

n ct

ln
n

( , ) sin cos= ⋅
=

∞

∑
1

p p
 (4)
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20.20 ■ Engineering Mathematics

Using condition (iv), i.e., when t = 0, y = f (x), we get

 f x B
n x

ln
n

( ) sin cos= ⎛
⎝⎜

⎞
⎠⎟

⋅
=

∞

∑
1

0
p

 B
n x

ln
n

sin=
=

∞

∑
1

p
 (5)

Since f (x) is given in algebraic form., to find B
n
, we express f (x) as a Fourier sine series in 0 ≤ x ≤ l

∴ f x b
n x

ln
n

( ) sin=
=

∞

∑
1

p
 (6)

where b
l

f x
n x

l
dxn

l
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2

0

( )sin
p

Comparing (5) and (6), we find   B
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n
, ∀n = 1, 2, 3, …
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⎧
⎨
⎩

⎫
⎬
⎭

+ −
−

−⎛
⎝⎜

⎞
⎠⎟ ⋅⎛

⎝⎜
⎞
⎠⎟ +0

2

3 3
2

2

2 2

l

n

l
l

n

l

l l

n

n

lp

p

p

p
cos sin ⋅⋅⎛

⎝⎜
⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

⎡

⎣
⎢

⎤

⎦
⎥
⎫
⎬
⎪

⎭⎪
2

3

l

 
=

− ⎛
⎝⎜

⎞
⎠⎟ + ⎛

⎝⎜
⎞
⎠⎟ + ⎛

⎝⎜
6

3 3 3 3

2

32

2 2

2 2

2d

l

l

n

n l

n

n l

n

n

p

p

p

p

p

p
cos sin cos

⎞⎞
⎠⎟

⎧
⎨
⎩

− ⎛
⎝⎜

⎞
⎠⎟ + ⎛

⎝⎜
⎞
⎠⎟ +

2 2

3 3 3

22

2 2

2 2

2 2

l

n

n l

n

n l

n

n

p

p

p

p

p
sin cos sin

pp

p

p

p

p

3

3

2

3

2

3

6 3

2 2

2 2

2

⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟ − ⎛

⎝⎜
⎞
⎠⎟

⎫
⎬
⎭

=

l

n

n l

n

n

d

l

l

cos sin

22

2 2

2

2 23

3 2

3n

n l

n

n

p

p

p

p
sin sin

⎛
⎝⎜

⎞
⎠⎟ − ⎛

⎝⎜
⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

 

= ⎛
⎝⎜

⎞
⎠⎟ − ⎛

⎝⎜
⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

= −

18

3

2

3

18

3

2 2

2 2

d

n

n n

d

n

n

p

p p

p

p

sin sin

sin sin nn
n

d

n

n
n

n
n

n

p
p

p

p
p

p
p

p

−⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

= − ⋅ − ⋅

3

18

3 32 2
sin sin cos cos sin

33

18

3 32 2

⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

= + ⋅{ }d

n

n
n

n

p

p
p

p
sin cos sin

⇒ b
d

n

n
n

n= + −⎡⎣ ⎤⎦
18

1 1
32 2p

p
( ) sin

If n is odd, (−1)n = −1 ∴ b
n
 = 0

If n is even, (−1)n = 1 ∴ b
d

n

n
nn = ⋅ =

18
2

3
2 4 6

2 2p

p
sin , , , , …

⇒ b
d

n

n
nn = ⋅ =

36

3
2 4 6

2 2p

p
sin , , , , …

∴ B
d

n

n
nn = =

36

3
2 4 6

2 2p

p
sin , , , , …
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20.22 ■ Engineering Mathematics

∴ y x t
d

n

n n x

l

n ct

ln

( , ) sin sin cos
, , ,

= ⋅ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠=

∑ 36

32 2
2 4 6 p

p p p

…
⎟⎟

 = ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟=

∑36 1

32 2
2 4 6

d

n

n n x

l

n ct

lnp

p p p

, , ,

sin sin cos
…

This is the displacement of the string at any time t.

Mid point of the string is x
l

=
2

.

When x
l

=
2

, the displacement is given by y
l

t
2

,
⎛
⎝⎜

⎞
⎠⎟ .

But, then sin sin sin
n x

l

n

l

l np p p
= ⋅ =

2 2

Since n is even, say n = 2m, sin sin
n

m
p

p
2

0= =

∴ y(x, t) = 0, when x
l

=
2

 and for any t.

So, the midpoint of the string is not displaced at all.
That is the mid point is at rest.

Type 2. Zero initial displacement and non-zero initial velocity.
That is the string in equilibrium position is set vibrating with an initial velocity 
∂
∂
y

t
x g x g x( , ) ( ), ( )0 5  may be in trigonometric form or in algebraic form.

WORKED EXAMPLES

Type 2(a): Initial velocity 
∂
∂
y

t
x g x( , ) ( )0 5  is in trigonometric form

EXAMPLE 1

A tightly stretched string with fixed end points x 5 0 and x 5 50 is initially at rest in its 

equilibrium position. If it is set to vibrate by giving each point a velocity v
x x

0 50

2

50
sin cos

p p
⋅ , 

then find the displacement of any point of the string at any subsequent time.

Solution.
The displacement y(x, t) is given by the equation

 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
The boundary value conditions are

   (i) y(0, t) = 0 and (ii) y(50, t) = 0 ∀ t ≥ 0
   (iii) y(x, 0) = 0, since there is no initial displacement

and   (iv) 
∂
∂

= ⋅
y

t
x v

x x
( , ) sin cos0

50

3

500

p p
 0 ≤ x ≤ 50
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Applications of Partial Differential Equations ■ 20.23

The solution is

 y(x, t) = (A cos lx + B sin lx)(C cos l ct + D sin l ct) (1)

Using condition (i), i.e., when x = 0, y = 0 in (1), we get

 (A cos 0 + B sin 0)(C cos l ct + D sin l ct) = 0
⇒ A(C cos l ct + D sin l ct) = 0 ⇒ A = 0, since A(C cos l ct + D sin l ct) ≠ 0

∴ y(x, t) = B sin lx(C cos l ct + D sin l ct) (2)

Using condition (ii), i.e., when x = 50, y = 0, in (2), we get 

 B sin 50l(C cos l ct + D sin l ct) = 0
 sin 50l = 0,  since B ≠ 0 and C cos l ct + D sin l ct ≠ 0

∴ 50l = np ⇒ l
p

= =
n

n
50

1 2 3, , , , …

∴ y x t B
n x

C
n ct

D
n ct

( , ) sin cos sin= +⎛
⎝⎜

⎞
⎠⎟

p p p

50 50 50
 (3)

Using condition (iii), i.e., when t = 0, y = 0, in (3), we get

∴ B
n x

Csin cos
p

50
0 0 0+( ) =  ⇒ BC

n x
sin

p

50
0=

⇒ C = 0 since B ≠ 0; sin
n xp

50
0≠

∴ y x t B
n x

D
n ct

( , ) sin sin= ⋅
p p

50 50

 = ⋅BD
n x n ct

sin sin
p p

50 50
, n = 1, 2, 3, …

∴ the general solution is a linear combination of these solutions.

 y x t B
n x n ct

n
n

( , ) sin sin= ⋅
=

∞

∑
1 50 50

p p
 (4)

Differentiating w.r.to t, 
∂
∂

= ⋅ ⋅
=

∞

∑y

t
B

n x n ct n c
n

n 1 50 50 50
sin cos

p p p

Using condition (iv), i.e., when t = 0, 
∂
∂

= ⋅
y

t
v

x x
0 50

2

50
sin cos

p p

∴ v
x x

B
n x n c

n
n

0
150

2

50 50
0

50
sin cos sin cos

p p p p
⋅ = ⋅ ⋅

=

∞

∑

⇒ 
v x x

B
n c n x

n
n

0

12

3

50 50 50 50
sin sin sin

p p p p
−⎡

⎣⎢
⎤
⎦⎥

= ⋅ ⋅
=

∞

∑

 
v x v x

B
c x

B
c x

B0 0
1 22

3

50 2 50 50 50

2

50

2

50
sin sin sin sin

p p p p p p
− = ⋅ ⋅ + ⋅ ⋅ + 33

3

50

3

50
⋅ ⋅ +

p pc x
sin …
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20.24 ■ Engineering Mathematics

Equating like coefficients, we get

 
pc

B
v

50 21
0= −  ⇒ B

v

c1
025

= −
p

, B
2
 = 0,

 B
c v

3
03

50 2
⋅ =

p
   ⇒ B

v

c3
025

3
=

p
,    B

4
 = 0,  B

5
 = 0 …

∴ y x t B
x ct

B
x ct

B
x

( , ) sin sin sin sin sin= ⋅ + ⋅ + ⋅1 2 350 50

2

50

2

50

3

50

p p p p p
ssin

3

50

pct
+…

⇒ y x t
v

c

x ct v

c

x ct
( , ) sin sin sin sin= − ⋅ + ⋅

25

50 50

25

3

3

50

3

50
0 0

p

p p

p

p p

 = − ⋅ + ⋅⎡
⎣⎢

⎤
⎦⎥

25

3
3

50 50

3

50

3

50
0v

c

x ct x ct

p

p p p p
sin sin sin sin

Type 2(b): Initial velocity 
∂
∂
y

t
x g x( , ) ( )0 5  is in algebraic form

EXAMPLE 2

A tightly stretched string with end points x 5 0 and x 5 l is initially at rest in its 
equilibrium position. It is set vibrating giving each point a velocity l 2x l x( ), then show that

y x t
l

a n

n x

l

n at

ln

( , ) sin sin .
, , ,

5
l

p

p p

5

8 13

4 4
1 3 5 …
∑ ⋅  

Solution.
The displacement y(x, t) is given by the one-dimensional wave equation 

∂
∂

=
∂
∂

2

2
2

2

2

y

t
a

y

x
 [{ a is in the answer instead of c]
The boundary value conditions are
 (i) y(0, t) = 0 and (ii) y(l, t) = 0 ∀ t ≥ 0
 (iii) y(x, 0) = 0, since there is no initial displacement

 and (iv) 
∂
∂

= = −
y

t
x g x x l x( , ) ( ) ( )0 l , 0 ≤ x ≤ l

The solution is

 y(x, t) = (A cos lx + B sin lx)(C cos l at + D sin l at) (1)

Using condition (i), i.e., when x = 0, y = 0 in (1), we get

 (A cos 0 + B sin 0)(C cos l at + D sin l at) = 0
⇒ A(C cos l at + D sin l at) = 0 ⇒ A = 0 since C cos l at + D sin l at ≠ 0

∴ y(x, t) = B sin lx (C cos l at + D sin l at) (2)

Using condition (ii), i.e., when x = l, y = 0, in (2), we get 

 B sin ll (C cos l at + D sin l at) = 0

M20_ENGINEERING_MATHEMATICS-I _XXXX_CH20-Part A.indd   24 5/19/2016   8:10:30 PM

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



Applications of Partial Differential Equations ■ 20.25

⇒ sin ll = 0,   since B ≠ 0, C cos l at + D sin l at ≠ 0

∴ ll = np ⇒ l
p

= =
n

l
n, , , ,1 2 3 …

∴ y x t B
n x

l
C

n at

l
D

n at

l
( , ) sin cos sin= +⎛

⎝⎜
⎞
⎠⎟

p p p
 (3)

Using condition (iii), i.e., when t = 0, y = 0 in (3), we get

 B
n x

l
C Dsin cos

p
0 0 0+ ⋅( ) =  ⇒ BC

n x

l
sin

p
= 0 ⇒ C = 0, since B ≠ 0; sin

n x

l

p
≠ 0

∴ y x t B
n x

l
D

n at

l
( , ) sin sin= ⋅

p p

 = ⋅BD
n x

l

n at

l
sin sin

p p
, n = 1, 2, 3, …

∴ the general solution is the linear combination of these solutions.

∴ y x t B
n x

l

n at

ln
n

( , ) sin sin= ⋅
=

∞

∑
1

p p
 (4)

Differentiating w. r. to t, 
∂
∂

= ⋅ ⋅
=

∞

∑y

t
B

n x

l

n at

l

n a

ln
n 1

sin cos
p p p

Using condition (iv), i.e., when t = 0,    
∂
∂

= = −
y

t
g x x l x( ) ( ).l

∴ l
p p

x l x B
n x

l

n a

ln
n

( ) sin cos− = ⋅ ⋅
=

∞

∑
1

0

⇒ l
p p

x l x B
n a

l

n x

ln
n

( ) sin− = ⋅
=

∞

∑
1

 (5)

Since the initial velocity is in algebraic form, to find B
n
, express g(x) = lx(l − x) as 

a Fourier sine series in 0 < x< l

∴ g x x l x b
n x

ln
n

( ) ( ) sin= − =
=

∞

∑l
p

1

 (6)

where b
l

g x
n x

l
dxn

l

= ∫
2

0

( )sin
p

Comparing (5) and (6), we see B
n a

l
bn n

p
= , n = 1, 2, …

Now b
l

lx x
n x

l
dxn

l

= − ⎛
⎝⎜

⎞
⎠⎟∫

2 2

0

l
p

( )sin
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20.26 ■ Engineering Mathematics

 

= − ⋅
− ⎛

⎝⎜
⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− −
− ⎛

⎝⎜
⎞

2
22l

p

p

p

l
lx x

n x

l
n

l

l x

n x

l
( )

cos

( )

sin
⎠⎠⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

+ −

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟

n

l

n x

l

n

l

2 2

2

3 3

3

2
p

p

p
( )

cos

⎟⎟

⎤

⎦

⎥
⎥
⎥
⎥

=
−

− ⎛
⎝⎜

⎞
⎠⎟

+ −

0

2
2

2 2

2
2

l

l

l

n
lx x

n x

l

l

n
l x

n x

l

l

p

p

p

p
( ) cos ( )sin

⎛⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

= + −

2

2
0 2

3

3 3
0

2

2 2

l

n

n x

l

l

l

n
l l n

l

p

p

l

p

cos

( )sin pp
p

p
p

l

p
p

− − −
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

= −

2 0
2

0

2 2

3

3 3

3

3 3

3

3 3

l

n
n

l

n

l

l

n
n

cos cos

cos ++
⎡
⎣⎢

⎤
⎦⎥

= ⋅ − = − −
2 2 2

1
4

1 1
3

3 3

3

3 3

2

3 3

l

n l

l

n
n

l

n
n

p

l

p
p

l

p
[ cos ] [ ( ) ]

If n is even, (−1)n = 1 ∴ b
n
 = 0

If n is odd, (−1)n = −1 ∴ b
l

n

l

nn = =
4

2
82

3 3

2

3 3

l

p

l

p
( ) ,  n = 1, 3, 5, …

∴ B
n a

l

l

n
nn ⋅ = =

p l

p

8
1 3 5

2

3 3
, , , , …

⇒ B
l

n a
nn = =

8
1 3 5

3

4 4

l

p
, , , , …

Substituting in (4), we get

 

y x t
l

n a

n x

l

n at

l

l

n

( , ) sin sin
, , ,

= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

=

=
∑ 8

8

3

4 4
1 3 5

l

p

p p

l

…

33

4 4
1 3 5

1

p

p p

a n

n x

l

n at

ln

sin sin
, , ,

⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∑
…

EXAMPLE 3

A string is stretched between two fixed points at a distance 2l apart and the points of the string 

are given initial velocities v

cx

l
x l

c

l
l x l x l

5

in

in

0

2 2

< <

− < <

⎧

⎨
⎪⎪

⎩
⎪
⎪ ( )

 x being the distance from an end point. 

Find the displacement of the string. 

Solution.
The displacement y(x, t) is given by the one-dimensional wave equation 

∂
∂

=
∂
∂

2

2
2

2

2

y

t
a

y

x
 [{ c is used in the hypothesis, we are taking a in the P.D equation]
The boundary value conditions are

 (i) y(0, t) = 0 and (ii) y(2l, t) = 0 ∀ t ≥ 0
 (iii) y(x, 0) = 0 ∀ x ∈ (0, 2l), since there is no initial displacement

and (iv) 
∂
∂

=
y

t
x v( , )0 , 0 ≤ x ≤ 2l
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Applications of Partial Differential Equations ■ 20.27

The solution of the P.D.E is
 y(x, t) = (A cos lx + B sin lx)(C cos l at + D sin l at) (1)
where A, B, C, D, l are constants to be determined.
Using condition (i), i.e., when x = 0, y = 0 in (1), we get

 (A cos 0 + B sin 0)(C cos l at + D sin l at) = 0

⇒ A(C cos l at + D sin l at) = 0 ⇒ A = 0, since C cos l at + D sin l at ≠ 0

∴ y(x, t) = B sin lx (C cos l at + D sin l at) (2)

Using condition (ii), i.e., when x = 2l, y = 0, we get 

 B sin 2ll (C cos l at + D sin l at) = 0

⇒ sin 2ll = 0,   since B ≠ 0, C cos l at + D sin l at ≠ 0

∴ 2ll = np ⇒ l
p

= =
n

l
n

2
1 2 3, , , , …

∴ y x t B
n x

l
C

n at

l
D

n at

l
( , ) sin cos sin= ⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

p p p

2 2 2

⎞⎞
⎠⎟

 (3)

Using condition (iii), i.e., when t = 0, y = 0 in (3), we get

 B
n x

l
C Dsin cos sin

p

2
0 0 0+( ) =  ⇒ BC

n x

l
sin

p

2
0=

⇒ C = 0 { B ≠ ≠⎡
⎣⎢

⎤
⎦⎥

0
2

0; sin
n x

l

p

∴ y x t B
n x

l
D

n at

l
( , ) sin sin= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

p p

2 2

 = ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

BD
n x

l

n at

l
sin sin

p p

2 2
, n = 1, 2, 3, …

∴ the general solution is the linear combination of these solutions.

∴ y x t B
n x

l

n at

ln
n

( , ) sin sin= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1 2 2

p p
 (4)

Differentiating w. r. to t, 

 
∂
∂

= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

⋅
=

∞

∑y

t
B

n x

l

n at

l

n a

ln
n 1 2 2 2

sin cos
p p p

Using condition (iv), i.e., when t = 0, 
∂
∂

=
y

t
v .

∴ v B
n x

l

n a

ln
n

= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1 2

0
2

sin cos
p p

 v B
n a

l

n x

ln
n

= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1 2 2

p p
sin  (5)
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20.28 ■ Engineering Mathematics

Since v is the given algebraic form

 v

cx

l
x l

c

l
l x l x l

=
< <

− < <

⎧

⎨
⎪⎪

⎩
⎪
⎪

if

if

0

2 2( )

to find B
n
, we express v as a Fourier sine series in (0, L), where L = 2l.

∴ v b
n x

Ln
n

= ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1

sin
p

, where b
L

f x
n x

L
dxn

L

= ⎛
⎝⎜

⎞
⎠⎟∫

2

0

( )sin
p

⇒ v b
n x

ln
n

= ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1 2

sin
p

 (6)

where b
l

f x
n x

l
dxn

l

= ⎛
⎝⎜

⎞
⎠⎟∫

2

2 20

2

( )sin
p

Comparing (5) and (6), we get B
n a

l
bn n

p

2
= ,  n = 1, 2,3, …

Now b
l

f x
n x

l
dx f x

n x

l
dxn

l

l

l

= ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩
∫ ∫

2

2 2 20

2

( )sin ( )sin
p p

⎪⎪

⎫
⎬
⎪

⎭⎪

 

= ⎛
⎝⎜

⎞
⎠⎟

+ − ⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩
∫∫

1

2
2

2

2

0l

cx

l

n x

l
dx

c

l
l x

n x

l
dx

l

ll

sin ( )sin
p p

⎪⎪

⎫
⎬
⎪

⎭⎪

=
− ⎛

⎝⎜
⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−
− ⎛

⎝⎜
⎞
⎠1 2

2

1
2

l

c

l
x

n x

l
n

l

n x

l
cos sin

p

p

p
⎟⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎧

⎨
⎪
⎪

⎩
⎪
⎪

+ −
−

n

l

c

l
l x

n x

l

l

2 2

2
04

2
2

p

p

( )

cos
⎛⎛
⎝⎜

⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− −
− ⎛

⎝⎜
⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟n

l

n x

l

n

l

p

p

p

2

1
2

4

2 2

2

( )

sin
⎡⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎫

⎬
⎪
⎪

⎭
⎪
⎪

=
−

⋅ ⋅ ⎛
⎝⎜

⎞
⎠⎟

+

l

l

c

l

l

n
x

n x

l

l

n

2

2

2

2 2

2

2

4

p

p

p
cos siin

( ) cos

n x

l

l

n
l x

n x

l

l

n

l

p

p

p

2

2
2

2

4

0

2

2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

⎧
⎨
⎩⎪

− ⋅ − ⎛
⎝⎜

⎞
⎠⎟

+
pp

p

p

p

p

2

2

2

2 2

2

2

2

2

4

sin

cos

n x

l

c

l

l

n

n l

l

l

n

l

l
⎡

⎣
⎢

⎤

⎦
⎥

⎫
⎬
⎪

⎭⎪

=
−

⋅
⋅⎛

⎝⎜
⎞
⎠⎟ +

22

2

2 2

2

2
0

0
4

2
2

2

sin

sin

n l

l

l

n

n

l
l

l

n

p

p

p

⎛
⎝⎜

⎞
⎠⎟ −

⎡
⎣⎢

⎤
⎦⎥

⎧
⎨
⎩

− + ⋅⎛
⎝⎜

⎞
⎠⎟ −

pp

p

p

p
cos sin

n

l
l

l

n

n l

l2

4

2

2

2 2
⋅⎛

⎝⎜
⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥
⎫
⎬
⎪

⎭⎪
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Applications of Partial Differential Equations ■ 20.29

⇒
 

c
=

ll

l

n

n l

n

n l

n

n l

n

n
2

2 2

2 2

2 2

2 2

2

2

4

2

2

2

4

2

−
+ + +

⎧
⎨
⎩ p

p

p

p

p

p

p

p
cos sin cos sin

⎫⎫
⎬
⎭

=
⎧
⎨
⎩

⎫
⎬
⎭

=b
c

l

l

n

n c

n

n
n 2

2

2 2 2 2

8

2

8

2p

p

p

p
sin sin

If n is even, then sin
np

2
0=  and if n is odd, then sin ( )

n np

2
1

1

2= −
−

∴ b
c

nn

n

= −
−8

1
2 2

1

2

p
( ) ,  n = 1, 3, 5, …

∴ B
n a

l

c

nn

n

⋅ = −
−p

p2

8
1

2 2

1

2( )

⇒  B
lc

n an

n

=
−

−

16 1
1

2

3 3

( )

p
,  n = 1, 3, 5, …

Substituting in (4), we get

 y x t
lc

n a

n x

l

n at

l

n

n

( , )
( )

sin sin
, , ,

=
− ⎛

⎝⎜
⎞
⎠⎟

⋅

−

=
∑ 16 1

2 2

1

2

3 3
1 3 5 p

p p

…

⎛⎛
⎝⎜

⎞
⎠⎟

 =
−

⋅

−

=
∑16 1

2 23

1

2

3
1 3 5

lc

a n

n x

l

n at

l

n

np

p p( )
sin sin

, , , …

EXAMPLE 4

If a string of length l is initially at rest in its equilibrium position and each of its points is given 

a velocity v such that v
cx x

l

c l x
l

x l

5

2

for

for

0
2

2

< ≤

< ≤

⎧

⎨
⎪⎪

⎩
⎪
⎪ ( )

Determine the displacement y(x, t) at any time t. 
Show that the displacement is given by 

y x t
l c

a

x

l

at

l

x

l

at

l
( , ) sin sin sin sin .5

p

p p
2

p p
1

4 1

3

3 32

3 3
⋅⎡

⎣⎢
⎤
⎦⎥

⋅ …  

Solution.
The displacement y(x, t) is given by the one-dimensional wave equation

 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
a

y

x

[a is used here, since c is in the hypothesis]
The boundary value conditions are

 (i) y(0, t) = 0 and (ii) y(l, t) = 0 ∀ t ≥ 0
 (iii) y(x, 0) = 0 ∀ x ∈ (0, l), since there is no initial displacement
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20.30 ■ Engineering Mathematics

and (iv) 
∂
∂

=
y

t
x v( , )0  0 ≤ x ≤ l

Solution is
 y(x, t) = (A cos lx + B sin lx)(C cos l at + D sin l at) (1)

where A, B, C, D, l are constants to be determined.
Using condition (i), i.e., when x = 0, y = 0 in (1), we get

 (A cos 0 + B sin 0)(C cos l at + D sin l at) = 0
⇒ A(C cos l at + D sin l at) = 0 ⇒ A = 0, since C cos l at + D sin l at ≠ 0

∴ y(x, t) = B sin lx (C cos l at + D sin l at) (2)

Using condition (ii), i.e., when x = l, y = 0 in (2), we get

 B sin ll (C cos l at + D sin l at) = 0
⇒ sin ll = 0,       since B ≠ 0, C cos l at + D sin l at ≠ 0

∴ ll = np ⇒ l
p

= =
n

l
n, , , ,1 2 3 …

∴ y x t B
n x

l
C

n at

l
D

n at

l
( , ) sin cos sin= +⎛

⎝⎜
⎞
⎠⎟

p p p
 (3)

Using condition (iii), i.e., when t = 0, y = 0 in (3), we get

∴ B
n x

l
C Dsin cos sin

p⎛
⎝⎜

⎞
⎠⎟

+( ) =0 0 0

⇒ B
n x

l
Csin

p
⋅ = 0 ⇒ C = 0 since B

n x

l
sin

p
≠ 0

∴ y x t B
n x

l
D

n at

l
( , ) sin sin= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

p p

 = ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

BD
n x

l

n at

l
sin sin

p p
, n =  1, 2, 3, …

∴ the general solution is the linear combination of these solutions.
So the general solution is 

∴ y x t B
n x

l

n at

ln
n

( , ) sin sin= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1

p p
 (4)

Differentiating (4) w. r. to t, 

 
∂
∂

= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

⋅
=

∞

∑y

t
B

n x

l

n at

l

n a

ln
n 1

sin cos
p p p

Using condition (iv), i.e., when t = 0, 
∂
∂

=
y

t
v.

∴  v B
n x

l

n a

ln
n

= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⋅
=

∞

∑
1

0sin cos
p p

 v B
n a

l

n x

ln
n

= ⋅ ⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1

p p
sin  (5)
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Applications of Partial Differential Equations ■ 20.31

Since v
cx x

l

c l x
l

x l

=
< ≤

− < ≤

⎧

⎨
⎪⎪

⎩
⎪
⎪

,

( ),

0
2

2
is the given algebraic form, to find B

n
, we express v as a Fourier sine series.

Let v b
n x

ln
n

=
=

∞

∑
1

sin
p

… (6)

where b
l

f x
n x

l
dxn

l

= ∫
2

0

( )sin
p

Comparing (5) and (6), we have B
n a

l
bn n

p
= , n = 1, 2, 3, …

Now b
l

f x
n x

l
dx f x

n x

l
dxn

l

l

l

= ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩
∫ ∫

2

0

2

2

( )sin ( )sin
/

/

p p

⎪⎪

⎫
⎬
⎪

⎭⎪

 

= + −
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

=
−

∫ ∫
2

2

0

2

2l
cx

n x

l
dx c l x

n x

l
dx

c

l
x

l

l

l/

/

sin ( )sin

co

p p

ss sin
n x

l
n

l

n x

l
n

l

p

p

p

p

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− ⋅
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

1
2 2

2

⎧⎧

⎨
⎪⎪

⎩
⎪
⎪

+ −
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− − ⋅
−

0

2

2 2
1

l

l x

n x

l
n

l

n x

l
n

l

/

( )
cos

( )
sin

p

p

p

p
22

2

2

2

2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎫

⎬
⎪⎪

⎭
⎪
⎪

= − ⋅ +

l

l

c

l

l

n
x

n x

l

l

n

/

cos
p

p

p22

0

2

2

2 2

sin

( ) cos sin

/

n x

l

l

n
l x

n x

l

l

n

n x

l

l

p

p

p

p

p

⎡
⎣⎢

⎤
⎦⎥

⎧
⎨
⎪

⎩⎪

− − +
⎡

⎣
⎢

⎤

⎦⎦
⎥

⎫
⎬
⎪

⎭⎪

=
−

+ −
⎧
⎨
⎩

− − ⋅

l

l

c

l

l

n

n l

n

n l

n

l

/

cos sin cos

2

2 2

2 2

2

2 2 2
0 0

2p

p

p

p

p

nn l

n

n

c

l

l

n

n l

n

p

p

p

p

p

p

2 2

2

2 2 2

2

2 2

2 2

+
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥
⎫
⎬
⎪

⎭⎪

= − +

sin

cos coss sin sin

sin

n l

n

n l

n

n

c

l

l

n

n c

p

p

p

p

p

p

p

2 2 2

2 2

2

4

2

2 2

2

2 2

2

2 2

+ +
⎧
⎨
⎩

⎫
⎬
⎭

= ⋅ =
ll

n

n
2 2 2p

p
⋅sin

 b
cl

nn

n

= −
−4

1
2 2

1

2

p
( ) ,    n = 1, 3, 5, … If  is evenn

n
sin

p

2
0=⎡

⎣⎢
 

 and n is odd, sin ( )
n np

2
1

1

2= −
⎤
⎦⎥

−

∴ B
n a

l

cl

nn

n

⋅ = −
−p

p

4
1

2 2

1

2( )   
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20.32 ■ Engineering Mathematics

⇒ B
cl

ann

n

=
−

−

4 12
1

2

3 3

( )

p
, n = 1, 3, 5, …

Substituting in (4),

 

y x t
cl

an

n x

l

n at

l

n

n

( , ) ( ) sin sin
, ,

= − ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

−

=

4
1

2

3 3

1

2

1 3 p

p p

55

2

3

1

2

3
1 3 5

4 1

,

, ,

( )
sin sin

…
∑

=
− ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

−

=

cl

a n

n x

l

n at

l

n

np

p p

,,

sin sin sin si

…
∑

= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⋅
4 1

3

32

3 3

cl

a

x

l

at

l

x

lp

p p p
nn

sin sin

3

1

5

5 5
3

p

p p

at

l

x

l

at

l

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

+ ⋅ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

−
⎤

⎦
⎥…

EXAMPLE 5

A uniform string of length l is struck in such a way that an initial velocity v
0
 is imparted to the 

position of the string between 
l

4
 and 

3

4

l
, while the string is in its equilibrium position. Find the 

displacement of the string at any time.

Solution.
The string of length l is fixed at the ends x = 0 and x = l. The part BC of the string OA is given a con-
stant velocity v

0
 and so the string vibrates. The displacement y(x, t) at any time is given by 

 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
.

The boundary value conditions are

 (i) y(0, t) = 0 and (ii) y(l, t) = 0 ∀ t ≥ 0
 (iii)  y(x, 0) = 0, since the string is in equilibrium position and so initially there is no displacement.

 (iv) 
∂
∂

= =

< ≤

≤

< ≤

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

y

t
x g x

x
l

v
l

x
l

l
x l

( , ) ( )

,

0

0 0
4

4

3

4

0
3

4

0

if

if

if

The solution is y(x, t) = (A cos lx + B sin lx)(C cos l ct + D sin l ct). 
Proceeding as in the earlier problems, using conditions (i), (ii), (iii) we get the general solution

 y x t B
n x

l

n ct

ln
n

( , ) sin sin= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p p

1

 (1)
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Applications of Partial Differential Equations ■ 20.33

Differentiating w. r. to t, partially we get

 
∂
∂

= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

⋅
=

∞

∑y

t
B

n x

l

n ct

l

n c

ln
n

sin cos
p p p

1

Using condition (iv), i.e., 
∂
∂

=
y

t
g x( ) when t = 0, we get

 g x B
n x

l

n c

ln
n

( ) sin cos= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p p

1

0

⇒ g x B
n c

l

n x

ln
n

( ) sin= ⋅⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p p

1

 (2)

Since g x

x
l

v
l

x
l

l
x l

( )

,

=

< ≤

≤

< ≤

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

0 0
4

4

3

4

0
3

4

0

if

if

if

 

is the given algebraic form, to find B
n
, we express g(x) as a Fourier sine series in 0 < x < l.

Then g x b
n x

ln
n

( ) sin= ⎛
⎝⎜

⎞
⎠⎟=

∞

∑
1

p
 (3)

where b
l

g x
n x

l
dxn

l

= ⎛
⎝⎜

⎞
⎠⎟∫

2

0

( )sin
p

Comparing (2) and (3), we find B
n c

l
bn n

p
=

Now b
l

v
n x

l
dxn

l

l

= ⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
∫

2
0

4

3 4

/

/

sin
p

, since g(x) = 0 otherwise

 

=
− ⎛

⎝⎜
⎞
⎠⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

= −⎛
⎝⎜

⎞
⎠⎟

2

2

0

4

3 4

0

v

l

n x

l
n

l

v

l

l

n

l

l

cos

co

/

/
p

p

p
ss cos

n

l

l n

l

lp p
⋅⎛

⎝⎜
⎞
⎠⎟

− ⋅⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

3

4 4

⇒
 

cos cos
v

n

n n

p

p p
= − −

2 3

4 4
0 ⎡⎡

⎣⎢
⎤
⎦⎥

= − −⎛
⎝⎜

⎞
⎠⎟

−
⎡

⎣
⎢

⎤

⎦
⎥

2

4 4
0v

n
n

n n

p
p

p p
cos cos
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= − ⋅
2 0v

n
n

p
pcos cos

nn
n

n n

v

n

n nn

p
p

p p

p

p p

4 4 4

2
1

4 4
0

+ ⋅ −⎡
⎣⎢

⎤
⎦⎥

= − − ⋅ −⎡
⎣

sin sin cos

( ) cos cos⎢⎢
⎤
⎦⎥

= − −⎡⎣ ⎤⎦b
v

n

n
n

n2
1 1

4
0

p

p
( ) cos

If n is even, (−1)n = 1 ∴ b
n
 = 0

If n is odd, (−1)n = −1 ∴  b
v

n

n v

n

n
n = ⋅ ⋅ =

2
2

4

4

4
0 0

p

p

p

p
cos cos , n = 1, 3, 5, …

∴ B
n c

l

v

n

n
n ⋅ =

p

p

p4

4
0 cos  ⇒ B

lv

n c

n
n =

4

4
0

2 2p

p
cos , n = 1, 3, 5, …

∴ the displacement at any time is

 

y x t
lv

n c

n n x

l

n ct

ln

( , ) cos sin sin
, , ,

= ⋅ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜=

∑ 4

4
0

2 2
1 3 5 p

p p p

…

⎞⎞
⎠⎟

=
⋅

⋅ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜=

∑4 1

4
0

2 2
1 3 5

lv

c n

n n x

l

n ct

lnp

p p p
cos sin sin

, , , …

⎞⎞
⎠⎟

EXERCISE 20.1

 1. A string is stretched and the ends are fixed at the points x = 0 and x = l. The string is initially dis-

placed to the form y
x

l

x

l
= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

2
3 2

sin cos
p p

 and then released. Find the displacement y(x, t).

 2. A tightly stretched string with fixed ends x = 0 and x = l is initially in the position 

y k
x

l

x

l
= −⎡

⎣⎢
⎤
⎦⎥

sin sin
p p2

. If it is released from rest, find the displacement at any time t and at 

any distance x from one end.

 3. Solve the boundary-values problem 
∂
∂

=
∂
∂

2

2

2

2
4

y

t

y

x
 subject to the conditions 

  y(0, t) = 0, y(5, t) = 0, y(x, 0) = 0 and 
∂
∂

= −
y

t
x x x( , ) sin sin .0 3 2 2 5p p

 4. A string is stretched and the end are fixed at the points x = 0 and x = l. Motion is started by  

displacing the string in the form of the curve y
x

l

x

l
= ⎛

⎝⎜
⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

2
2

3
3

sin sin
p p

 and then releasing it 

from rest in this position. Find the displacement y(x, t) at any time t.

 5. A tightly stretched string with fixed end points x = 0 and x = l is initially displaced in a sinusoidal 
arc of height y

0
 and then released from rest. Find the displacement y at any distance x from one 

end and at time t.

  Hint: Sinusoidal arc of height  is0y y y
x

l
=⎡

⎣⎢
⎤
⎦⎥0 sin

p
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Applications of Partial Differential Equations ■ 20.35

 6. A tightly stretched string has its ends fixed at x = 0 and x = l. Initially the string is in the form  
y = kx2(l − x), where k is a constant, and then released from rest. Find the displacement at any 
point x and any time t > 0. 

 7. A uniform string with ends fixed at x = 0 and x = l is lifted to a small height d at the point x = b 
and released from rest. Find the transverse displacement of any point of the string at any time.

 8. A string is stretched and fixed at the points x = 0 and x = 60 and the point of the string are given 
initial velocity

  v

kx
x

k
x x

=
< <

− < <

⎧

⎨
⎪⎪

⎩
⎪
⎪

30
0 30

30
60 30 60

if

if( )

  where x is the distance from the end x = 0. Find the displacement of the string any time t.

 9. A tightly stretched string with fixed end points x = 0, x = l is initially at rest in its equilibrium 
position. If it is set vibrating giving each point a velocity 3x(l − x), find the displacement.

 10. A taut string of length 20 cm fastened at both ends, is displaced from its position of equilibrium, 

by imparting to each of its points an initial velocity given by v
x x

x x
=

≤ ≤
− ≤ ≤

⎧
⎨
⎩

in

in

0 10

20 10 20
  

x being the distance from one end. Determine the displacement at any subsequent time.

 11. An elastic string is stretched between two fixed points at a distance p apart. In its initial 

position the string is in the shape of the curve f (x) = k(sin x − sin3 x). Obtain y(x, t), the vertical  

displacement if y satisfies the equation 
∂
∂

∂
∂

2

2

2

2

y

t

y

x
= .

 12. A taut string of length l has its ends x = 0, x = l fixed. The point x
l

=
3

 is drawn aside a small 

distance h, the displacement y(x, t) satisfies 
∂
∂

∂
∂

2

2
2

2

2

y

t
a

y

x
= . Determine y(x, t) at any time t. 

 13. A tightly stretched string of length l with fixed ends is initially in equilibrium position. It is set 

vibrating by giving each point a velocity v
x

l0
3sin

p⎛
⎝⎜

⎞
⎠⎟ . Find the displacement y(x, t).

ANSWERS TO EXERCISE 20.1

 1. y x t
x

l

ct

l

x

l

ct

l
( , ) sin cos sin cos= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝

p p p p5 5
⎜⎜

⎞
⎠⎟

 2. y x t k
x

l

ct

l

x

l

ct

l
( , ) sin cos sin cos= ⎛

⎝⎜
⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛p p p p2 2
⎝⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

 3. y x t x t x t( , ) sin ( ) sin ( ) sin sin= ⋅ − ⋅[ ]1

5
15 2 4 5 10

p
p p p p
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20.36 ■ Engineering Mathematics

 4. y x t
x

l

ct

l

x

l

ct

l
( , ) sin cos sin cos= ⋅ + ⋅2

2 2
3

3 3p p p p

 5. y x t y
x

l

ct

l
( , ) sin cos= ⋅0

p p

 6. y x t
l

n

n x

l

n ct

l

n

n

( , )
( )

sin cos= −
+ −⎡

⎣
⎢

⎤

⎦
⎥ ⋅

=

∞

∑4 1 2 13

3 3
1p

p p

 7. y x t
dl

b l b n

n b

l

n x

l

n ct

ln

( , )
( )

sin sin cos=
− =

∞

∑2 12

2
1p

p p p

 8. y x t
k

c n

n x n ct
n

n

( , )
( )

sin sin
, , ,

=
−

⋅

−

=
∑480 1

60 603

1

2

3
1 3 5p

p p

…

 9. y x t
l

c n

n x

l

n ct

ln

( , ) sin sin
, , ,

=
=
∑24 13

4 4
1 3 5p

p p

…

 10. y x t
c

x ct x ct
( , ) sin sin sin sin= − ⋅ +⎡

⎣⎢
⎤
⎦

1600

20 20

1

3

3

20

3

203 3p

p p p p …⎥⎥

 11. y x t( , )  = +[ ]k
x t x t

4
3 3sin cos sin cos

 12.  y x t
h

n

n n x

l

n at

ln

( , ) sin sin cos= ⋅ ⋅
=

∞

∑ 9

32 2
1 p

p p p
 = ⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟ ⋅ ⎛

⎝⎜
⎞
⎠⎟

=

∞

∑9 1

32 2
1

h

n

n n x

l

n at

lnp

p p p
sin sin cos

 13. y x t
lv

c

x

l

ct

l

x

l

ct

l
( , ) sin sin sin sin= ⋅ − ⋅⎡

⎣⎢
⎤
⎦⎥

0

12
9

3 3

p

p p p p

20.1.3 Classification of Partial Differential Equation of Second Order
In the field of wave propagation such as heat conduction, vibrations, elasticity, boundary layer theory 
and so on, second order partial differential equations occur. Their nature is important in the discussions.

The general form of a second-order partial differential equation in two independent variables  
x and y is

 A x y
u

x
B x y

u

x y
C x y

u

y
F x y u

u

x

u

y
( , ) ( , ) ( , ) , , , ,

∂
∂

+
∂

∂ ∂
+

∂
∂

+
∂
∂

∂
∂

⎛
⎝

2

2

2 2

2 ⎜⎜
⎞
⎠⎟

= 0 (1)

where F represents the first order part.
This equation is linear in second order terms.
If the first order part F is linear, then P.D. equation is linear.
If F is non-linear, then the P.D.E is called a quasi-linear differential equation.
The P.D.E is called elliptic if B2 − 4AC < 0
Parabolic if B2 − 4AC = 0
and hyperbolic if B2 − 4AC > 0
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Applications of Partial Differential Equations ■ 20.37

 1.  The one-dimensional wave equation is

 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
 ⇒ c

y

x

y

t
2

2

2

2

2
0

∂
∂

−
∂
∂

=

  Independent variables are x and t.
  Here A = c2, B = 0, C = −1 ∴ B2 − 4AC = 0 − 4 × c2(−1) = 4 c2 > 0
  So, it is hyperbolic.

 2. One-dimensional heat-flow equation   
∂
∂

=
∂
∂

u

t
a

u

x
2

2

2
 is parabolic.

  For, here A = a2, B = 0, C = 0 and   B2 − 4AC = 0 − 4 a2⋅0 = 0

 3. Two-dimensional Laplace equation 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 is elliptic.

  For, here A = 1, B = 0, C = 1 and    B2 − 4AC = 0 − 4⋅1⋅1 = −4 < 0
Note For an elliptic equation boundary conditions are prescribed in a closed region, whereas for 
parabolic and hyperbolic equations boundary conditions and initial conditions are prescribed in an 
open ended region.

WORKED EXAMPLES

EXAMPLE 1
Classify the partial differential equation (1 ) (5 2 ) (4 ) sin( ).2 2 21 1 1 1 5 1x u x u x u x yxx xy yy+

Solution.
Given ( ) ( ) ( ) sin( )1 5 2 42 2 2+ + + + + = +x u x u x u x yxx xy yy .

Here A = 1 + x2, B = 5 + 2x2, C = 4 + x2

∴  B2 − 4AC = (5 + 2x2)2 − 4(1 + x2)(4 + x2)
 = 25 + 20x2 + 4x4 − 4(4 + 5x2 + x4) = 9 > 0 ∀ x ∈ R
∴ the equation is hyperbolic ∀ x ∈ R.

EXAMPLE 2
Classify the partial differential equation
(1 ) 2 (1 ) 3 2 0.2 22 2 1 2 1 1 2 5x u xy u y u x u x y u uxy yy x y

2
xx

Solution.
Given ( ) ( )1 2 1 3 2 02 2 2− − + − + + − =x u xy u y u x u x y u uxx xy yy x y

Here A = 1 − x2, B = −2xy, C = 1 − y2 
∴ B2 − 4AC = 4x2y2 − 4(1 − x2)(1 − y2)
 = 4{x2y2−(1 − x2 − y2 + x2y2)} = 4{x2 + y2 − 1}
  (i) The equation is parabolic if B2 − 4AC = 0

i.e., if x2 + y2 − 1 = 0
So, the equation is parabolic for points on the circle x2 + y2 = 1.

 (ii) The equation is elliptic if B2 − 4AC < 0
i.e., if x2 + y2 − 1 < 0 ⇒ x2 + y2 < 1
So, the equation is elliptic inside the circle x2 + y2 = 1.

(iii) The equation is hyperbolic if B2 − 4AC > 0
i.e., if x2 + y2 − 1 > 0 ⇒ x2 + y2 > 1
So, the circle is hyperbolic outside the circle x2 + y2 = 1.
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20.38 ■ Engineering Mathematics

EXAMPLE 3
Classify the partial differential equation u u x y u exx xy yy

x y1 1 1 5 14 ( 4 )2 2 .

Solution.
Given u u x y u exx xy yy

x y+ + + = +4 42 2( )

Here A = 1, B = 4, C = x2 + 4y2

∴ B2 − 4AC = 16 − 4⋅1⋅(x2 + 4y2) = − + −
⎧
⎨
⎩

⎫
⎬
⎭

16
4

1
2

2x
y

  (i) The equation is parabolic if B2 − 4AC = 0

i.e., if 
x

y
x

y
2

2
2

2

4
1 0

4
1+ − = + =⇒

So, the equation is parabolic for the points on the ellipse 
x

y
2

2

4
1+ = .

 (ii) The equation is elliptic if B2 − 4AC < 0.

i.e., if 
x

y
x

y
2

2
2

2

4
1 0

4
1+ − < + <⇒

So, the equation is elliptic at points inside the ellipse 
x

y
2

2

4
1+ = .

(iii) The equation is hyperbolic if B2 – 4AC > 0.

i.e., if 
x

y
x

y
2

2
2

2

4
1 0

4
1+ − > + >⇒

So, the equation is hyperbolic at points outside the ellipse 
x

y
2

2

4
1+ = .

EXERCISE 20.2
Classify the following partial differential equations.

1. y u xy u x u u uxx xy yy x
2 22 2 3 0− + + − =  2. u y u y uxx yy y− − =4 32 0

3. 
∂
∂

∂
∂

∂
∂

∂
∂

2

2

2

2

2 2
u

x

u

y

u

x

u

y
+ = ⎛

⎝⎜
⎞
⎠⎟ + ⎛

⎝⎜
⎞
⎠⎟

 4. ( ) ( ) ( )x u x u x uxx xy yy+ − + + + =1 2 2 3 0

5. y u u u u uxx yy x y
2 2 2 5 0+ + + + =

ANSWERS TO EXERCISE 20.2
1. Parabolic for all points (x, y)
2. Hyperbolic for all points y ≠ 0 and parabolic for points on y = 0
3. Elliptic for all points (x, y)
4. Hyperbolic for all points (x, y)
5. Elliptic for all points y ≠ 0 and parabolic for points on y = 0

M20_ENGINEERING_MATHEMATICS-I _XXXX_CH20-Part A.indd   38 5/18/2016   8:55:34 PM

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



ONE-DIMENSIONAL EQUATION OF HEAT CONDUCTION (IN A ROD)
 1. We shall now consider the flow of heat and the consequent variation of temperature with position 

and time in conducting materials.
  In the derivation of the one-dimensional heat equation, we use the following empirical laws.

 (i) Heat flows from a higher to lower temperature.
 (ii) The amount of heat required to produce a given temperature change in a body is proportional 

to the mass of the body and the temperature change. The constant of proportionality is known 
as the specific heat (c) of the conducting material.

 (iii) Fourier law of heat conduction: The rate at which heat flows through an area is  
proportional to the area and to the temperature gradient normal to the area. This constant  
of proportionality is called the thermal conductivity (k) of the material.

20.2.1 Derivation of Heat Equation

R

S

x
x

Δx

A R1 R2

Q

O
P

R ′

Q ′

P ′

Consider a long thin bar (or wire or rod) of constant cross sectional area A and homogeneous  
conducting material. Let r be the density of the material, c be the specific heat and k be the thermal 
conductivity of the material. We assume that the surface of the bar is insulated so that the heat flow is 
along parallel lines which are perpendicular to the area A.

Choose one end of the bar as origin and the direction of heat flow as +ve x-axis.
Let u(x, t) be the temperature at a distance x from 0. If Δu be the temperature change in the slab of 

thickness Δx of the bar, and time change Δt 
Then the quantity of heat in this slab

= (specific heat) × (mass of the element slab) × (change in temperature) = c(ArΔx) Δu

Hence, the rate of change (i.e., increase) of heat in the slab at time t is 

 = Δ
Δ
Δ

= Δ
∂
∂Δ →

c A x
u

t
c A x

u

tt
( ) lim ( )r r⋅

0

Let R
1
 be the rate of inflow of heat at x in the slab and R

2
 be the rate of out flow of heat at x + Δx

Then c A x
u

t
R R( )rΔ

∂
∂

= −1 2 (1)

where R kA
u

x x
1 = −

∂
∂

⎛
⎝⎜

⎞
⎠⎟

 and R kA
u

x x x
2 = −

∂
∂

⎛
⎝⎜

⎞
⎠⎟ + Δ

The negative sign is due to the fact that heat flows from higher to lower. 
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20.40 ■ Engineering Mathematics

i.e., 
∂
∂
u

t
 is negative and R

1
 and R

2
 are positive.

∴ rate of increase of heat at time t is

 R R kA
u

x

u

xx x x
1 2− =

∂
∂

⎛
⎝⎜

⎞
⎠⎟

−
∂
∂

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

+ Δ

 (2)

From (1) and (2) we get,

 c A x
u

t
kA

u

x

u

xx x x

( )rΔ
∂
∂

=
∂
∂

⎛
⎝⎜

⎞
⎠⎟

−
∂
∂

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

+ Δ

∴ 
∂
∂

=

∂
∂

⎛
⎝⎜

⎞
⎠⎟

− ∂
∂

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

Δ
+ Δu

t

k

c

u

x

u

x

x
x x x

r

As Δx → 0, 
∂
∂

= ⋅
∂
∂

u

t

k

c

u

xr

2

2
,  where 

k

cr
 is a positive constant. 

It is called the diffusivity of the material of the bar. Put 
k

cr
a= 2

∴ the heat equation is 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2

Note
 1. It is called one-dimensional because there is only one space variable x.
 2. The one dimensional heat equation is also known as one dimensional diffusion equation.

20.2.2 Solution of Heat Equation by Variable Separable Method

The one dimensional heat equation is 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
 (1)

To solve, we use the method of separation of variables.
Let u(x, t) = X(x) T(t) be a solution.

Then 
∂
∂

= ′
∂
∂

= ′′
u

t
X T

u

x
X T, and

2

2

Substituting in (1), we get XT X T′ = ′′a2    ⇒ 
′ = ′′T

T

X

Xa2

Since x and t are independent variables, LHS is a function of t alone and RHS is a function of x 
alone. This is possible if each side is a constant k.

∴ 
′ = ′′ =

T

T

X

X
k

a2

∴ ′ =T k Ta2  ⇒ ′ − =T k Ta2 0 (2)

and ′′ =X kX   ⇒   ′′ − =X kX 0 (3)

(2) and (3) are ordinary differential equations.
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Applications of Partial Differential Equations ■ 20.41

Case (i): Let k < 0, say k = −l2, l ≠ 0

∴ ′ + =T Tl a2 2 0 ⇒ 
′ = −

T

T
l a2 2

⇒ 
′ = −∫ ∫

T

T
dt dtl a2 2

⇒ log logT t C= − +l a2 2

⇒ log
T

C
t= −l a2 2  ⇒ 

T

C
e t= −l a2 2

 ⇒ T Ce t= −l a2 2

where C is an arbitrary constant.

(3) ⇒ ′ + =X X′ l2 0  ⇒ 
d X

dx
X

2

2
2 0+ =l

Auxiliary equation is m2 + l2 = 0 ⇒ m = ±il

∴ X = A
1
 cos lx + B

1
 sin lx

Hence, u x t A x B x Ce t( , ) ( cos sin ) = + ⋅ −
1 1

2 2

l l l a

⇒ u x t A x B x e t( , ) ( cos sin ) = + −l l l a2 2

 (I)

where A = A
1
C and B = B

1
C

Case (ii): Let k > 0 i.e., k = l2, l ≠ 0

Then T' − l2a2T = 0 ⇒ 
′ =

T

T
l a2 2

∴ 
′ =∫ ∫

T

T
dt dtl a2 2

⇒ log
e
T = l2a2t + log

e
C

⇒ loge

T

C
t= l a2 2    ⇒   

T

C
e t= l a2 2

   ⇒   T C e t= l a2 2

 

where C is an arbitrary constant.

and (3) ⇒ X″ − l2X = 0
Auxiliary equation is m2 − l2 = 0 ⇒ m = ±l

∴ X = A
1
 elx + B

1
 e−lx

∴ u x t A e B e Cex x t( , ) ( )= + −
1 1

2 2l l l a

⇒ u x t Ae Be ex x t( , ) ( )= + −l l l a2 2

 (II)

where A = A
1
C; and B = B

1
 C

Case (iii): Let k = 0 then  X″ = 0 and T ′ = 0
⇒ X = C

1
 x + C

2
 and T = C

3

∴ u(x, t) = (C
1
 x + C

2
)C

3

⇒ u(x, t) = Ax + B (III)

where A = C
1
C

3
 and B = C

2
C

3
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20.42 ■ Engineering Mathematics

Proper choice of the solution
Of the three possible solutions, we choose the solution which is consistent with the physical nature 
of the problem and the given boundary-value conditions. Since u(x, t) represent the temperature at 
any time t and at a distance x from one end of the rod, the temperature cannot be increasing as t is 
increasing. So, as t increases, u must decrease hence the suitable solution for unsteady state conditions 
(or transient) is
 u x t A x B x e t( , ) ( cos sin )= + −l l a l2 2

 (I)

A, B, l are independent constants to be determined. Hence, three conditions are required to solve the 
one-dimensional heat equation in transient state.

In steady state conditions, the temperature at any point is independent of time (i.e., it does not 
change with time). Hence, the suitable solution for steady state heat flow is

 u x t Ax B( , ) = +  (III)

In problems, we will use these solutions directly depending upon the hypothesis temperature  
distribution is transient or steady state.

TYPE 1. Problems with zero boundary values
That is the temperatures at the ends of the rod are kept at zero
The boundary-values conditions are

 (i) u(0, t) = 0 and (ii) u(l, t) = 0 ∀ t ≥ 0, which are boundary conditions
 (iii) u(x, 0) = f (x) ∀ x ∈ (0, l) is the initial condition.

  f (x) may be in trigonometric form or algebraic form.

WORKED EXAMPLES

TYPE 1(a): u(x, 0) 5 f (x) is in trigonometric form

EXAMPLE 1

A uniform rod of length l through which heat flows is insulated at its sides. The ends are kept 
at zero temperature. If the initial temperature at the interior points of the bar is given by 

k
x

l
x lsin , ,3 0

p
< <  find the temperature distribution in the bar at any time t.

Solution.
The temperature distribution in the bar is given by the one-dimensional heat equation

 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2

The boundary-value conditions are

 (i)  u(0, t) = 0 and (ii) u(l, t) = 0 ∀ t ≥ 0, (iii) u x k
x

l
x l( , ) sin ,0 03= < <

p

The suitable solution is

 u x t A x B x e t( , ) ( cos sin )= + −l l a l2 2

 (1)

where A, B, l are constants to be determined.
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Applications of Partial Differential Equations ■ 20.43

Using condition (i), i.e., when x = 0, u = 0, in (1), we get

 ( cos sin )A B e t0 0 0
2 2

+ =−a l  ⇒ Ae t− =a l2 2

0 ⇒ A = 0 since e t− ≠a l2 2

0  

∴ u x t B x e t( , ) sin= ⋅ −l a l2 2

 (2)

Using condition (ii), i.e., when x = l, u = 0, in (2), we get

 B l e tsin l a l⋅ =− 2 2

0 ⇒ sin ll = 0, since B ≠ 0, e t− ≠a l2 2

0

⇒ l pl n=  ⇒ l
p

=
n

l
, n = 1, 2, 3, …

∴ u x t B
l

x e l
t

( , ) sin= ⎛
⎝⎜

⎞
⎠⎟

⋅ −
⋅n
n

p a

p
2

2 2

2
, n = 1, 2, 3, … (3)

Before using the non-zero condition, we have to find the general solution.
For each value of n, (3) is a solution. So their linear combination is also a solution.
∴ the general solution is

 u x t B
n x

l
en

n

n

l
t

( , ) sin= ⎛
⎝⎜

⎞
⎠⎟ ⋅

=

∞ −

∑
1

2 2 2

2p
a p

 (4)

Using condition (iii), i.e., when t = 0, u k
x

l
= ⎛

⎝⎜
⎞
⎠⎟

sin3 p
, in (4), we get

 k
x

l
B

n x

l
en

n

sin sin3

1

0p p⎛
⎝⎜

⎞
⎠⎟

= ⎛
⎝⎜

⎞
⎠⎟

⋅
=

∞

∑

⇒ 
k x

l

x

l
B

n x

ln
n4

3
3

1

sin sin sin
p p p⎛

⎝⎜
⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = ⎛

⎝⎜
⎞
⎠⎟

=

∞

∑

⇒ 
3

4 4

3 2
1 2

k x

l

k x

l
B

x

l
B

x

l
sin sin sin sin

p p p p⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

= ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

+B
x

l3

3
sin

p …

Equating like coefficients, we get

 B
k

B B
k

B B B1 2 3 4 5 6

3

4
0

4
0= = =

−
= = = =, , , …

∴ the general solution is u x t B
x

l
e l

t

( , ) sin= ⎛
⎝⎜

⎞
⎠⎟ ⋅ +

−

1

2 2

2p
a p

…

 u x t
k x

l
e

k x

l
el

t
t

l( , ) sin sin= ⎛
⎝⎜

⎞
⎠⎟

⋅ − ⎛
⎝⎜

⎞
⎠⎟

⋅
− −

3

4 4

3
2 2

2

2 23
p p

a p a p
22

.

TYPE 1(b): u(x, 0) 5 f (x) is an algebraic function

EXAMPLE 2

Heat flows through a uniform bar of length l which has its sides insulated and the temperature 
at the ends kept at zero. If the initial temperature at the interior points of the bar is given by  
k(lx 2 x2), 0 < x < l, find the temperature distribution in the bar at time t.
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20.44 ■ Engineering Mathematics

Solution.
The temperature distribution in the bar is given by the one-dimensional heat equation 

 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2

The boundary-value conditions are 
 (i) u(0, t) = 0      (ii) u(l, t) = 0 ∀ t ≥ 0

 (iii) u x f x k lx x x l( , ) ( ) ( ),0 02= = − < <

The solution is u x t A x B x e t( , ) ( cos sin )= + −l l a l2 2

 (1)

where A, B, l are constants to be determined.
Using condition (i), i.e., when x = 0, u = 0, in (1) we get

 ( cos sin )A B e t0 0 0
2 2

+ =−a l  ⇒ Ae t− =a l2 2

0 ⇒ A = 0 

∴ u x t B x e t( , ) sin= ⋅ −l a l2 2

 (2)

Using condition (ii), i.e., when x = l, u = 0, in (2), we get

 B l e tsin l a l⋅ =− 2 2

0

But B ≠ 0, e t− ≠l a2 2

0 ⇒ sin ll = 0 ⇒ l pl n=  ⇒ l
p

=
n

l
, n = 1, 2, 3, …

⇒ u x t B
n x

l
e

n t

l( , ) sin= ⋅
−

p
p a2 2 2

2
, n = 1, 2, 3, …

∴ the general solution is the linear combination of these solutions.

 u x t B
n x

l
en

n

n t

l( , ) sin= ⋅
=

∞ −

∑
1

2 2 2

2p
p a

 (3)

Using condition (iii), i.e., when t = 0, u k lx x= −( )2 , we get

 u x B
n x

l
en

n

( , ) sin0
1

0= ⋅
=

∞

∑ p

⇒ k lx x B
n x

ln
n

( ) sin− =
=

∞

∑2

1

p
 (4)

Since u(x, 0) = f (x) = k(lx − x2) is an algebraic function, to find B
n
 we express f (x) as a

Fourier sine series in 0 < x< l.

∴ k lx x b
n x

ln
n

( ) sin− =
=

∞

∑2

1

p
 (5)

where b
l

f x
n x

l
dxn

l

= ∫
2

0

( )sin
p

Comparing (4) and (5), we get B
n
 = b

n
, n = 1, 2, 3, …

Now b
l

k lx x
n x

l
dxn

l

= −∫
2 2

0

( )sin
p
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Applications of Partial Differential Equations ■ 20.45

 

= − ⋅
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− −
−⎛

⎝

⎜
⎜

2
22

2 2

2

k

l
lx x

n x

l
n

l

l x

n x

l
n

l

( )
cos

( )
sin

p

p

p

p⎜⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

+ −

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎤

⎦

⎥
⎥
⎥
⎥

= −

( )
cos

(

2

2

3 3

3
0

n x

l
n

l

k

l

l

n

l
p

p

p
llx x

n x

l

l

n
l x

n x

l

l

n

n x

l

l

− + − −
⎡
⎣⎢

⎤
⎦⎥

=

2
2

2 2

3

3 3
0

2
2

)cos ( )sin cos
p

p

p

p

p

22
0

2
0

2

2 2 2

3

3 3

3

3 3

3

3 3

3

3

k

l

l

n
n

l

n

k

l

l

n

l

n

− − −
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

= −

p
p

p

p p

cos

33
cos np

⎡
⎣⎢

⎤
⎦⎥

⇒ b
k

l

l

n
n

kl

nn
n= ⋅ − = − −

2 2
1

4
1 1

3

3 3

2

3 3p
p

p
( cos ) [ ( ) ]

If n is even, (−1)n = 1 ∴ b
n
 = 0

If n is odd, (−1)n = −1 ∴ b
kl

n

kl

nn = =
4

2
82

3 3

2

3 3p p
( ) , n = 1, 3, 5, …

∴ B
kl

nn =
8 2

3 3p
, n = 1, 3, 5, …

Substituting in (3), we get

 u x t
kl

n

n x

l
e

n

n t

l( , ) sin
, , ,

= ⋅
=

−

∑ 8 2

3 3
1 3 5

2 2 2

2

p

p
p a

…

 = ⎛
⎝⎜

⎞
⎠⎟

−

=
∑8 12

3 3
1 3 5

2 2 2

2l k

n

n x

l
e

n t

t

np

p
p a

sin
, , ,…

EXAMPLE 3

Find the solution of the equation 
∂
∂

∂
∂

u

t

u

x
5 a2

2

2
 that satisfies the conditions.

 (i) u(0, t) 5 0, (ii) u(l, t) 5 0 for t > 0 

and (iii) u x
x x

l

l x
l

x l

( , )
,

,

0
0

2

2

5

2

≤ <

< <

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

Solution.

The solution of 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
 is

 u x t A x B x e t( , ) ( cos sin )= + −l l a l2 2

 (1)

Using condition (i), i.e., when x = 0, u = 0 in (1), we get

 ( cos sin )A B e t0 0 0
2 2

+ =−a l  ⇒ Ae t− =a l2 2

0 ⇒ A = 0 

∴ u x t B x e t( , ) sin= ⋅ −l a l2 2

 (2)
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20.46 ■ Engineering Mathematics

Using condition (ii), i.e., when x = l, u = 0 in (2), we get

 B l e tsin l a l− =
2 2

0

⇒ sin ll = 0 ⇒ l pl n=  ⇒ l
p

=
n

l
, n = 1, 2, 3, …

⇒ u x t B
n x

l
e

n

l
t

( , ) sin= ⋅
−

p
p

a
2 2

2
2

, n = 1, 2, 3, …

∴ the general solution is.

 u x t B
n x

l
en

n

n t

l( , ) sin= ⋅
=

∞ −

∑
1

2 2 2

2p
p a

 (3)

Using condition (iii), i.e., when t = 0, u = 0 in (3), we get

 u x B
n x

l
en

n

( , ) sin0
1

0= ⋅
=

∞

∑ p
 =

=

∞

∑B
n x

ln
n 1

sin
p

 (4)

Since u(x, 0) is an algebraic function, to find B
n
 we express u(x, 0) as a Fourier sine series.

∴ u x b
n x

ln
n

( , ) sin0
1

=
=

∞

∑ p
 (5)

where b
l

f x
n x

l
dxn

l

= ∫
2

0

( )sin
p

Comparing (4) and (5), we get B
n
 = b

n
, n = 1, 2, 3, …

Now b
l

f x
n x

l
dx f x

n x

l
dxn

l

l

l

= +
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
∫ ∫

2

0

2

2

( )sin ( )sin
/

/

p p

 
= + −

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

=
−

∫ ∫
2

2

0

2

2l
x

n x

l
dx l x

n x

l
dx

l
x

n

l

l

l/

/

sin ( )sin

cos

p p

pxx

l
n

l

n x

l
n

l

p

p

p

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− ⋅
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎧

⎨
⎪

1
2 2

2

sin⎪⎪

⎩
⎪
⎪

+ −
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− −
−⎛

⎝

⎜

0

2

2 2

2

1

l

l x

n x

l
n

l

n x

l
n

l

/

( )
cos

( )
sin

p

p

p

p⎜⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎫

⎬
⎪
⎪

⎭
⎪
⎪l

l

/ 2

 

= − +
⎡
⎣⎢

⎤
⎦⎥

− − +
2 2

2 2
0

2 2

l

l

n
x

n x

l

l

n

n x

l

l

n
l x

n x

l

l
l

p

p

p

p

p

p
cos sin ( ) cos

/

nn

n x

l

l

l

n

n l

n

n

l

l

2 2
2

2 2

2 2

2

2 2

p

p

p

p

p

sin

cos sin

/

⎡
⎣⎢

⎤
⎦⎥

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= − +
pp

p

p

p

p

2
0 0

2 2 2

2

2 2
−

⎡
⎣⎢

⎤
⎦⎥

− − ⋅ +
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

⎧
⎨
⎩

⎫
⎬
⎭

=

l

n

l n l

n

n
cos sin

22

2 2 2 2 2 2

2 2

2 2

2 2

2 2l

l

n

n l

n

n l

n

n l

n

n−
+ + +

⎧
⎨
⎩

⎫
⎬

p

p

p

p

p

p

p

p
cos sin cos sin

⎭⎭

 = ⋅ =
2 2

2

4

2

2

2 2 2 2l

l

n

n l

n

n

p

p

p

p
sin sin
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Applications of Partial Differential Equations ■ 20.47

If n is even, then sin
np

2
0=  and if n is odd sin ( )

n np

2
1

1

2= −
−

∴ b
l

nn

n

= −
−4

1
2 2

1

2

p
( )  if n = 1 3 5, , , … ∴ B

l

nn

n

= −
−4

1
2 2

1

2

p
( )  if n = 1 3 5, , , …

Substituting in (3), we get

 
u x t

l

n

n x

l
e

ln n t

l

n

( , ) ( ) sin
(

, , ,

= − ⋅ =
−− −

=
∑ 4

1
4 1

2 2

1

2

1 3 5
2

2 2 2

2

p

p

p

p a

…

))
sin

, , ,

n
n t

l

n n

n x

l
e

−
−

=

⋅∑
1

2

2
1 3 5

2 2 2

2p
p a

…

TYPE 1(c): Intial temperatue  u(x, 0) = f(x) is to be found from the given problem.

EXAMPLE 4

Find the temperature distribution of a homogenous bar of length p which is insulated laterally, 
if the ends are kept at zero temperature and if, initially, the temperature at the centre of the bar 
is k and falls uniformly to 0 at the ends.

Solution.
The temperature distribution of the bar is given by the 

one-dimensional heat equation 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2

The boundary conditions are given by

 (i) u t( , )0 0=  and  (ii) u t t( , )p = ∀ ≥0 0
The initial temperature is to be found out from the  
temperature graph ACB 

where A ( , ),0 0  B( , ),p 0  C k
p

2
,

⎛
⎝⎜

⎞
⎠⎟

Equation of AC is 
y

k

x−
−

=
−

−

0

0

0

0
2

p
 ⇒ y

k
x=

2

p
, 0

2
≤ ≤x

p

Equation of BC is 
y

k

x−
−

=
−

−

0

0
2

p

p
p

 ⇒  
y

k
x= − −

2

p
p( ) ⇒ y

k
x= −

2

p
p( ), 

p
p

2
< x ≤

∴ the initial condition is u x

k
x x

k
x x

( , )
,

( ),

0

2
0

2
2

2

=
≤ ≤

− <

⎧

⎨
⎪⎪

⎩
⎪
⎪

p

p

p
p

p
p≤

The suitable solution is

 u x t A x B x e t( , ) ( cos sin )= + −p p a l2 2

 (1)

t

x
B

C(π /2, k)

(π /2)(x = 0) (x = π )
A
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20.48 ■ Engineering Mathematics

Using condition (i), i.e., when x = 0, u = 0 in (1), we get

 ( cos sin )A B e t0 0 0
2 2

+ =−a l  ⇒ Aee t−

=
a l2 2

0 ⇒ A = 0

∴ u x t B x e t( , ) sin= −l a l2 2

 (2)

Using condition (ii), i.e., when x = p, u = 0 in (2), we get

 B e tsin pl a l− =
2 2

0

⇒ sin pl = 0 [ , ]{ B e t≠ ≠−0 0
2 2a l

⇒ pl p= n  ⇒ l = n, n = 1 2 3, , , …

∴ u x t B nx e n t( , ) sin ,= ⋅ −a2 2

 n = 1 2 3, , , … (3)

The general solution is the linear combination of these solutions.

∴ u x t B nx en
n t

n

( , ) sin= −

=

∞

∑ a2 2

1

 (4)

Using initial condition (iii), i.e., when t = 0, we get

 u x

k
x x

k
x x

( , )
,

( ),

0

2
0

2
2

2

=
≤ ≤

− < ≤

⎧

⎨
⎪⎪

⎩
⎪
⎪

p

p

p
p

p
p

∴ u x B nx en
n

( , ) sin0
1

0= ⋅
=

∞

∑  =
=

∞

∑ B nxn
n

sin
1

 (5)

Since u(x, 0) is an algebraic function, to find B
n
 we express u(x, 0) as a Fourier sine series

∴ u x b nxn
n

( , ) sin ,0
1

=
=

∞

∑  (6)

where b f x nx dxn = ∫
2

0p

p

( )sin

Comparing (5) and (6), we find B b nn n= =, , , ,1 2 3 …

 

b
k

x nx dx
k

x nx dx

k

n = + −
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= ⋅

∫ ∫
2 2 2

2 2

0

2

2p p p
p

p

p

p

p

sin ( )sin
/

/

pp
p

p

p

p

p

x nx dx x nx dx

k
x

nx

n

sin ( )sin

cos

/

/0

2

2

2

4

∫ ∫+ −
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

=
−⎛

⎝⎜⎜
⎞
⎠⎟ −

−⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

+ −
−⎛

⎝⎜
⎞
⎠⎟ − −

−
1 1

2
0

2
sin

( )
cos

( )
si

/
nx

n
x

nx

n

p

p
nn

/

nx

n2
2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪p

p
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Applications of Partial Differential Equations ■ 20.49

 

cos
sink x

n
nx

nx

n2 2

4
= − +⎡

⎣⎢
⎤
⎦p ⎥⎥ + − − − ⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

=

0

2

2
2

1

4

p

p

p

p

p

/

/

( ) cos
sin

n
x nx

nx

n

k
22 2 22 2

1

2
0 0

1

2 2

1

2

−
+ − + −

−
−⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤p p p p p p

n

n

n

n

n

n

n

n
cos sin cos sin

⎦⎦⎥
⎧
⎨
⎩

⎫
⎬
⎭

=
−

+ + +{ }4

2 2

1

2 2 2

1

22 2 2

k

n

n

n

n

n

n

n

n

bn

p

p p p p p p
cos sin cos sin

== ⋅ =
4 2

2

8

22 2 2 2

k

n

n k

n

n

p

p

p

p
sin sin

If n is even, sin
np

2
0=  ∴ bn = 0

If n is odd, sin ( )
n np

2
1

1

2= −
−

 ∴ b
k

nn

n

= −
−8

1
2 2

1

2

p
( ) , n = 1 3 5, , , …

∴ B
k

nn

n

= −
−8

1
2 2

1

2

p
( ) , n = 1 3 5, , , …

Substituting in (4), we get

 

u x t
k

n
nx e

u x t
k

n
n t

n

n

( , ) ( ) sin

( , )
( )

= − ⋅

=
−

−
−

=

−

∑ 8
1

8 1

2 2

1

2

2

1

2 2

p

p

a

odd

22

2
1 3 5

2 2

n
nx e n t

n

sin
, , ,

⋅ −

=
∑ a

…

TYPE 2. Non-zero temperature at the end points of the bar in steady state and zero temperature 
in unsteady state
In steady state the temperature u(x, t) is a function of x alone, as it is independent of t.

∴ u x t u x( , ) ( )=

∴            
∂
∂

=
u

t
0  ⇒  

∂
∂

=
2

2
0

u

x

∴          
∂
∂

=
2

2
0

u

x
  ⇒ u Ax B= +

When x = 0, u = u 1  ⇒ u 1 = B.  When x = l, u = u 2.

∴                         u 2 = Al + u 1 ⇒ A
l

=
−( )u u2 1  ∴ u

l
x=

−
+

( )u u
u2 1

1  

When the state changes from steady to unsteady, the temperature at the ends are reduced to zero.

u = θ1 u = θ2

x = 0 x = ll
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20.50 ■ Engineering Mathematics

WORKED EXAMPLES

EXAMPLE 1

A rod, 30 cm, long has its ends A and B kept at 208C and 808C respectively, until steady state 
conditions prevail. The temperature at each end is then suddenly reduced to 08C and kept so. 
Find the resulting temperature function u(x, t), taking x 5 0 at A.

Solution.
Temperature function u(x, t) is given by the one-dimensional heat equation 

 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
 (1)

Initially steady state conditions prevails with u = 20 at x = 0 and u = 80 at x = 30.
In steady state u(x, t) is independent of t and so is a function of x alone:

∴ u
l

x=
−

+
u u

u2 1
1

Here u 1 = 20, u 2 = 80, l = 30

∴ u x=
−

+
80 20

30
20

⇒ u x= +2 20 (2)

When the temperature at the ends are changed to 0°C, the heat flow or the temperature distribution in 
the bar will not be in steady state and so will depend on time. So, the temperature distribution u(x, t) 
is given by (1).

∴ u x t A x B x e t( , ) ( cos sin )= + −l l a l2 2

The new boundary conditions are (i) u t( , )0 0=  and (ii) u t t( , )30 0 0= ∀ ≥
The initial distribution of temperature is given by (2)

∴ (iii) u x x x( , ) ,0 2 20 0 30= + < <

Using condition (i), i.e., when x = 20, u = 0, we get

 ( cos sin )A B e t0 0 0
2 2

+ =−a l  ⇒ Ae t− =a l2 2

0 ⇒ A = 0

∴ u x t B x e t( , ) sin ( )= ⋅ −l a l2 2

Using condition (ii), i.e., when x = 30, u = 0, we get

 B e tsin (30 0
2 2

l a l) − =  ⇒ sin 30 0l =  { Be t− ≠[ ]a l2 2

0

⇒ 30l p= n  ⇒ l
p

=
n

30
, n = 1 2 3, , , …

u = 20 u = 80

x = 0
A B

x = 3030 cm
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Applications of Partial Differential Equations ■ 20.51

∴ u x t B
n x

e
n t

( , ) sin ,= ⋅
−p p a

30

2 2 2

900  n = 1 2 3, , , …

The general solution is the linear combination of these solutions.

∴ u x t B
n x

en

n t

n

( , ) sin= ⋅
−

=

∞

∑ p p a

30

2 2 2

900

1

 (3)

Using condition (iii), i.e., when t = 0, u = 2x + 20

∴ u x B
n x

en
n

( , ) sin0
30

0

1

= ⋅
=

∞

∑ p
 =

=

∞

∑ B
n x

n
n

sin
p

301

Since u x x( , )0 2 20= +  is algebraic, to find B
n
, we express u(x, 0) as a Fourier sine series in (0, 30)

∴ u x b
n x

n
n

( , ) sin0
301

=
=

∞

∑ p
 (5)

where b f x
n x

dxn = ∫
2

30 300

30

( )sin
p

 and f x u x( ) ( , )= 0

Comparing (4) and (5), we get B bn n= , n = 1 2 3, , , …

Now b x
n x

dxn = +∫
1

15
2 20

300

30

( )sin
p

 

= +
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−
−⎛

⎝

⎜
⎜
⎜

⎞
1

15
2 20 30

30

2 30

900

2 2
( )

cos sin
x

n x

n

n x

n

p

p

p

p
⎠⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=
−

+ +

0

30

2 2

1

15

30
2 20

30

1800

n
x

n x

n

n

p

p

p

p
( ) cos sin

xx

n
n

n

30

1

15

30
80 0

600
0

1

1

0

30
⎡
⎣⎢

⎤
⎦⎥

=
−

× + −
−⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

=

p
p

p
cos cos

55

2400 1 600− − +⎡
⎣⎢

⎤
⎦⎥

( )n

np

⇒ b
n nn

n
n=

− −⎡
⎣⎢

⎤
⎦⎥

= − −
600

15

1 4 1 40
1 4 1

( )
[ ( ) ]

p p

∴ B
nn

n= − −
40

1 4 1
p

[ ( ) ], n = 1 2 3, , , …

Substituting in (3), we get the solution.

∴ u x t
n

n x
en

n

n t

( , ) [ ( ) ]sin= − − ⋅
=

∞ −

∑ 40
1 4 1

301

900

2 2 2

p

p p a

⇒ u x t
n

n x
e

n

n

n t

( , )
[ ( ) ]

sin .=
− −

⋅
=

∞ −

∑40 1 4 1

301

900

2 2 2

p

p p a
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20.52 ■ Engineering Mathematics

EXAMPLE 2

A rod of length l has its ends A and B kept 08C and 1008C until steady state conditions prevail. 
If the temperature at B is suddenly reduced to 08C and maintained at 08C, find the temperature 
at a distance x from A and at any time t. 

Solution.
The temperature distribution is given by the one-dimensional heat equation 

 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
 (1)

Initially, steady state conditions prevail with the conditions u = 0 at x = 0 and u = 100 at x = l
In steady state, u is independent of time t.

∴ u
l

x=
−

+
u u

u2 1
1

Here u 1 = 0, u2 = 100.

∴ u
l

x=
−

+
100 0

0

⇒ u x
l

x( ) ,=
100

 0 ≤ ≤x l  (2)

If the temperature at B is reduced to 0°C, then the temperature distribution changes from steady state 
to unsteady state. So, the temperature distribution u(x, t) is given by (1)

∴ u x t A x B x e t( , ) ( cos sin )= + −l l a l2 2

 (3)

The new boundary-value conditions are

 (i) u t( , )0 0=   (ii) u l t t( , ) = ∀ ≥0 0 and (iii) u x
l

x x l( , ) , ( , )0
100

0= ∈

Using condition (i), i.e., when x = 0, u = 0, in (3), we get

 ( cos sin )A B e t0 0 0
2 2

+ =−a l   ⇒ Ae t− =a l2 2

0 ⇒ A = 0.  [∴ e t− ≠a l2 2

0 ]

∴ u x t B x e t( , ) sin= ⋅ −l a l2 2

 (4)

Using condition (ii), i.e., when x = l, u = 0, in (4), we get

 B l e tsin l a l⋅ =− 2 2

0  ⇒    sin ll = 0 [ ]{ Be t− ≠a l2 2

0

⇒ l pl n=   ⇒   l
p

=
n

l
, n = 1 2 3, , , …

∴ u x t B
n x

l
e

n t

l( , ) sin ,= ⋅
−

p
a p2 2 2

2
 n = 1 2 3, , , …

The general solution is the linear combination of these solutions.

∴ the general solution is u x t B
n x

l
en

n t

l

n

( , ) sin= ⋅
−

=

∞

∑ p
a p2 2 2

2

1

 (5)

u = 0 u = 100

x = 0
A B

x = ll
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Applications of Partial Differential Equations ■ 20.53

Using condition (iii), i.e., when t = 0, u x
l

x( , ) ,0
100

=  we get

 u x B
n x

l
en

n

( , ) sin0 0

1

= ⋅
=

∞

∑ p
 =

=

∞

∑ B
n x

ln
n

sin
p

1

Since u x
l

x( , )0
100

=  is an algebraic function, to find B
n
, we express u(x, 0) as a  

Fourier sine series in (0, l)

∴ u x b
n x

ln
n

( , ) sin0
1

=
=

∞

∑ p
 (7)

where b
l

f x
n x

l
dxn

l

= ∫
2

0

( ) sin
p

 and f x u x( ) ( , )= 0

Comparing (6) and (7), we get B bn n= , n = 1 2 3, , , …

Now b
l l

x
n x

l
dxn

l

= ∫
2 100

0

sin
p

 

=
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− ⋅
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢200
1

2 2 2

2

l
x

n x

l
n

l

n x

l
n

l

cos sin
p

p

p

p
⎢⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

= − ⋅ +
⎡
⎣⎢

⎤
⎦⎥

=

0

2

2

2 2
0

200

200

l

l

l

l

n
x

n x

l

l

n

n x

l

l

p

p

p

p
cos sin

22

2 2

2 2
0− + −

⎡
⎣⎢

⎤
⎦⎥

l

n
n

l

n
n

p
p

p
pcos sin ( )

 b
l

l

n nn
n n= − −

⎡
⎣⎢

⎤
⎦⎥

= − +200
1

200
1

2

2
1

p p
( ) ( )

∴ B
nn

n= − +200
1 1

p
( ) , n = 1 2 3, , , …

Substituting in (5), we get,

⇒

 

u x t
n

n x

l
e

u x t

n
n

l
t

n

( , ) ( ) sin

( , )
( )

= − ⋅

=
−

+
−

=

∞

∑ 200
1

200 1

1

1

2 2 2

2

p

p

p

a p

nn n

l
t

n n

n x

l
e

+ −

=

∞

⋅∑
1

1

2 2 2

2
sin .

p
a p

M20_ENGINEERING_MATHEMATICS-I _XXXX_CH20-Part A.indd   53 5/18/2016   8:56:25 PM

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



20.54 ■ Engineering Mathematics

Type 3. Non-zero temperatures at the ends of the bar, both in steady state and unsteady state.
In type 1 and type 2, the temperatures at the ends in unsteady (or transient) state are kept at 0°C. So, 
the constants in the suitable solution could be obtained easily. In this type the temperatures at the ends 
are non-zero in the unsteady state and so the computations of constants cannot be done as before. We 
split the required solution u(x, t) into two parts as u x t u x u x t( , ) ( ) ( , ),= +1 2  where u

1
(x) is the steady 

state solution. (i.e., the solution corresponding to the end points which do not change with time) and 
u

2
(x, t) is the unsteady state solution (i.e., the solution corresponding to the interior points of the bar 

which vary with time t), in order to get zero boundary conditions.

WORKED EXAMPLES

EXAMPLE 1

A bar, 10 cm long, with insulated sides, has its ends A and B kept at 208C and 408C respectively 
until steady state conditions prevail. The temperature at A is then suddenly raised to 508C and 
at the same instant at B is lowered to 108C. Find the subsequent temperature at any point of the 
bar at any time. 

Solution.
The temperature at any point is given by the heat equation

 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
 (1)

In steady state, the temperature is

 u
l

x=
−

+
u u

u2 1
1

 =
−

+
40 20

10
20x

⇒ u x x( ) = +2 20 (2)

Then suddenly the temperature at A is increased to 50°C and that at B is decreased to 10°C.  
So, the temperature distribution in the bar is changed from steady state to unsteady state.
Then the temperature u(x, t) satisfies (1)
The boundary-value conditions of the unsteady state are

 (i) u t( , )0 50=  and (ii) u t t( , )10 10 0= ∀ ≥  and (iii) u x x( , ) ,0 2 20= +  0 10≤ ≤x

As the temperature at the ends are not equal to 0°C, we split the solution u(x, t) of (1) into two parts 
in order to get zero boundary conditions

 u x t u x u x t( , ) ( ) ( , )= +1 2  (3)

where u
1
(x) is steady state solution of (1)

and u
2
(x, t) is the transient solution of (1)

Since u
1
(x) is steady state solution, u x1

10 50

10
50=

−
+

∴ u x x1 4 50( ) ,= − +  0 10< ≤x

u = 20 u = 40

x = 0
A B

x = 1010 cm

u = 50°C u = 10°C

x = 0
A B

x = 1010
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Applications of Partial Differential Equations ■ 20.55

Since u
2
 is transient solution of (1), 

∂
∂

=
∂
∂

u

t

u

x
2

2
2
2

.

∴ we have u x t A x B x e t
2

2 2

( , ) ( cos sin )= + −l l a l  (4)

But u x t u x t u x2 1( , ) ( , ) ( )= −

∴ the boundary-value conditions of u
2
(x, t) are

 (iv)  u t u t u2 10 0 0 50 50 0( , ) ( , ) ( ) ,= − = − =  [Using (i)]

 (v)  u t u t u2 110 10 10 10 10 0( , ) ( , ) ( ) ,= − = − =  [Using (ii)]

 and (vi) u x u x u x x x x2 10 0 2 20 4 50 6 30( , ) ( , ) ( ) ( )= − = + − − + = −

Thus, u
2
(x, t) satisfies the heat equation (1) and the boundary-value conditions (iv), (v) and (vi)

Using condition (iv), i.e., when x = 0, u
2
 = 0, in (4), we get

 ( cos sin )A B e t0 0 0
2 2

+ =−a l  ⇒ Ae t− =a l2 2

0 ⇒ A = 0

∴ (4) is u x t B x e t
2

2 2

( , ) sin= ⋅ −l a l  (5)

Using condition (v), i.e., when x = 10, u
2
 = 0 in (5), we get

B e tsin 10 0
2 2

l a l⋅ =−  ⇒ sin ,10 0l =  since Be t− ≠a l2 2

0

⇒ 10l p= n  ⇒   l
p

=
n

10
, n = 1 2 3, , , …

∴ u x t B
n x

e
n

t

2
100

10

2
2 2

( , ) sin ,= ⋅
−p a

p

 n = 1 2 3, , , …

∴ the most general solution is the linear combination of these solutions.

∴ u x t B
n x

en
n

n t

2
1

100

10

2 2 2

( , ) sin= ⋅
=

∞ −

∑ p a p

 (6)

Using condition (vi), i.e., when t = 0, u x2 6 30= − , in (6), we get

 u x B
n x

en
n

2
1

00
10

( , ) sin= ⋅
=

∞

∑ p
 =

=

∞

∑ B
n x

n
n

sin
p

101

 (7)

Since u x x2 0 6 30( , ) = −  is an algebraic function, to find B
n
, we express u

2
(x, 0) as  

Fourier sine series in (0, 10).

∴ u x b
n x

n
n

2
1

0
10

( , ) sin=
=

∞

∑ p
 (8)

where b f x
n x

dxn = ∫
2

10 100

10

( )sin
p

 and f x x( ) = −6 30

Comparing (7) and (8), we find B b nn n= ∀ = 1 2 3, , ,....
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20.56 ■ Engineering Mathematics

Now b x
n x

dxn = −∫
1

5
6 30

100

10

( )sin
p

 

= −
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

1

5
6 30 10

10

6 10

100

2 2
( )

cos sin
x

n x

n

n x

n

p

p

p

p

⎟⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

0

10

 = − − +
2 2

1

5

10
6 30

10

600

10n
x

n x

n

n x

p

p

p

p
( ) cos sin

⎡⎡
⎣⎢

⎤
⎦⎥

=
−

⋅ ⋅ + −
−

−⎛
⎝⎜

⎞
⎠⎟

0

10

2 2

1

5

10
30

600 10
30

n
n

n
n

np
p

p
p

p
cos sin ( ) coos

( )

0

1

5

300
1

300

⎡
⎣⎢

⎤
⎦⎥

=
−

− −⎡
⎣⎢

⎤
⎦⎥n n

n

p p

⇒ b
n nn

n n=
−⎛

⎝⎜
⎞
⎠⎟ + − = − + −

1

5

300
1 1

60
1 1

p p
[ ( ) ] [ ( ) ]

If  n is odd, ( )− = −1 1n .  ∴ bn = 0

If n is even, ( )− =1 1n .  ∴ b
n nn = − = −
60

2
120

p p
( ) , n = 2 4 6, , , …

∴ B
nn = −
120

p
,  n = 2 4 6, , , …

Substituting in (6), we get

 u x t
n

n x
e

n

n xn t

n
2

100

2 4

120

10

120 1

10

2 2 2

( , ) sin sin
, ,

=
−

=
−−

=
∑

p

p

p

pa p

…

⋅⋅
−

=
∑ e

n
t

n

a
p2

2 2

100

2 4, ,…

∴ the required temperature is u x t u x u x t( , ) ( ) ( , )= +1 2

⇒ u x t x
n

n x
e

n
t

n

( , ) sin .
, ,

= − + −
−

=
∑4 50

120 1

10

2
2 2

100

2 4p

p a
p

⋅
…

EXAMPLE 2

The ends A and B of a rod l cm long have their temperatures kept at 308C and 808C, until steady 
state conditions prevail. The temperature of the end B is suddenly reduced to 608C and that of  
A increased to 408C. Find the temperature distribution of the rod after time t. 

Solution.
The temperature at any point is given by the heat equation

 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
 (1)
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Applications of Partial Differential Equations ■ 20.57

u = 30°C u = 80°C

x = 0
A B

x = ll

In steady state, the temperature is

 u
l

x=
−

+
u u

u2 1
1

⇒ u x
l

x
l

x( ) =
−

+ = +
80 30

30
50

30 (2)

Suddenly the temperatures at A and B are changed to 40°C and 60°C. So, the temperature distribution 
in the bar is changed from steady state to unsteady state. The temperature u(x, t) is given by (1)
The boundary-value conditions of the unsteady state are

 (i) u t( , )0 40= , (ii) u l t t( , ) = ∀ ≥60 0 and (iii) u x
l

x( , ) ,0
50

30= +  0 ≤ ≤x l

As the temperature at the ends are not 0°C, we split the solution u(x, t) of (1) into two parts in order 
to get zero boundary conditions.

 u x t u x u x t( , ) ( ) ( , )= +1 2  (3)

where u
1
(x) is the steady state solution of (1)

and u
2
(x, t) is the transient state solution of (1)

Since u
1
 is the steady state solution,

 
u x

l
x

l
x

l
x x l

1
2 1

1

60 40
40

20
40 0

( )

,

=
−

+

=
−

+ = + ≤ ≤

u u
u

Since u
2
 is the unsteady state solution of (1), 

∂
∂

=
∂
∂

u

t

u

x
2 2

2
2
2

a

∴ u x t A x B x e t
2

2 2

( , ) ( cos sin )= + −l l a l  (4)

But u x t u x t u x2 1( , ) ( , ) ( )= −

∴ the boundary-value conditions of u
2
(x, t) are

(iv) u t u t u2 10 0 0 40 40 0( , ) ( , ) ( )= − = − =  [Using (i)]

(v) u l t u l t u l t2 1 60 60 0 0( , ) ( , ) ( )= − = − = ∀ ≥  [Using (ii)]

 and (vi) u x u x u x2 10 0( , ) ( , ) ( )= − = + − +⎛
⎝⎜

⎞
⎠⎟

50
30

20
40

l
x

l
x  = −

30
10

l
x , 0 < <x l

Thus, u
2
(x, t) satisfies the equation (1) and the conditions (iv), (v) and (vi)

Using condition (iv), i.e., when x = 0, u
2
 = 0, in (4), we get

 ( cos sin )A B e t0 0 0
2 2

+ =−a l  ⇒ Ae t− =a l2 2

0 ⇒ A = 0

∴ u x t B x e t
2

2 2

( , ) sin= ⋅ −l a l  (5)

Using condition (v),   i.e., when x = l, u
2
 = 0, in (5), we get

 B l e tsin l a l⋅ =− 2 2

0 ⇒ sin ll = 0 [ ]{ Be t− ≠a l2 2

0

u = 40°C u = 60°C

x = 0
A B

x = ll
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20.58 ■ Engineering Mathematics

⇒ l pl n=  ⇒ l
p

=
n

l
, n = 1 2 3, , , …

∴ u x t B
n x

l
e

n

l
t

2

2
2 2

2
( , ) sin ,= ⋅

−p a
p

 n = 1 2 3, , , …

So, the general solution is

 u x t B
n x

l
en

n

l
t

n
2

1

2
2 2

2
( , ) sin= ⋅

−

=

∞

∑ p a
p

 (6)

Using condition (vi), i.e.,   when t = 0, u
2
 = 0, in (6) we get

 u x B
n x

l
en

n
2

0

1

0( , ) sin= ⋅
=

∞

∑ p

⇒ u x B
n x

ln
n

2
1

0( , ) sin=
=

∞

∑ p
 (7)

Since u x
x

l2 0
30

10( , ) = −  is algebraic, we express u
2
(x, 0) as a Fourier sine

series in 0 < <x l.

∴ u x b
n x

ln
n

2
1

0( , ) sin=
=

∞

∑ p
 (8)

where b
l l

x
n x

l
dxn

l

= −⎛
⎝⎜

⎞
⎠⎟∫

2 30
10

0

sin
p

Comparing (7) and (8), we find B b nn n= ∀

Now b
l l

x
n x

l
dxn

l

= −⎛
⎝⎜

⎞
⎠⎟∫

2 30
10

0

sin
p

⇒ b
l

x

l

n x

l
n

l
l

n x

l
n

l

n = −⎛
⎝⎜

⎞
⎠⎟

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−
−⎛

2 30
10

30
2 2

2

cos sin
p

p

p

p
⎝⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

0

l

 

= − −⎛
⎝⎜

⎞
⎠⎟ + ⋅

⎡
⎣⎢

⎤
⎦⎥

= −

2 30
10

30

2

2

2 2
0l

l

n

x

l

n x

l l

l

n

n x

l

l

l

l

p

p

p

p
cos sin

nn
n

l

n
n

l

n

l

l

p
p

p
p

p
( ) cos sin cos30 10

30
10 0

2 20

2 2
− + − ⋅⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

= −
nn

n
l

n l

l

n
n

p
p

p p
pcos cos−⎡

⎣⎢
⎤
⎦⎥

= −⎛
⎝⎜

⎞
⎠⎟ +[ ]10 2 10

1 2

⇒ b
n
 = − + −⎡⎣ ⎤⎦

20
1 2 1

n
n

p
( ) , n = 1 2 3, , , …
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Applications of Partial Differential Equations ■ 20.59

Since B bn n= ,    B
nn

n= − + −
20

1 2 1
p

[ ( ) ] n = 1 2 3, , , …

Substituting in (6),

∴ u x t
n

n x

l
en

n

l
t

n
2

1

20
1 2 1

2
2 2

2
( , ) [ ( ) ]sin=

−
+ − ⋅

−

=

∞

∑
p

p a
p

 = −
+ −

⋅
−

=

∞

∑20 1 2 1 2
2 2

2

1p

p a
p

[ ( ) ]
sin

n n

l
t

n n

n x

l
e

∴ the required temperature is

⇒
 

u x t u x u x t

u x t
l

x
n

n

l
x e

n

( , ) ( ) ( , )

( , )
[ ( ) ]

sin

= +

= + −
+ −

⋅

1 2

20
40

20 1 2 1

p

p −−

=

∞

∑
a

p2
2 2

2

1

n

l
t

n

EXAMPLE 3

The ends A and B of a rod l cm long have the temperatures 408C and 908C, until steady state 
prevail. The temperatures at A is suddenly raised to 908C and at the same time that at B is 
reduced to 408C. Find the temperature distribution in the rod after time t. Also show that the 
temperature at the mid point of the rod remains unaltered for all time, regardless of the material 
of the rod. 

Solution.
The temperature distribution is given by the heat equation

 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
  (1)

In steady state, the temperature is

 u x
l

x( ) =
−

+
u u

u2 1
1

⇒ =
−

+ = +
90 40

40
50

40
l

x
l

x  (2)

When the temperatures are changed at the ends, steady state is changed to unsteady state, the  
temperature u(x, t) is given by (1).
The boundary-value conditions of the unsteady state are

 (i) u t( , )0 90=   (ii) u l t t( , ) = ∀ ≥40 0 and (iii) u x
l

( , ) ,0
50

40= +  0 < <x l

Since the temperature at the ends are non-zero, we split the temperature function u(x, t) into two parts 
in order to get zero boundary conditions

 u x t u x u x t( , ) ( ) ( , )= +1 2  (3)

u = 40°C u = 90°C

x = 0
A B

x = ll
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20.60 ■ Engineering Mathematics

where u
1
(x) is the steady state solution of (1)

and u
2
(x, t) is the transient state solution of (1)

In steady state, the solution is

 u x
l

x1

40 90
90( ) =

−
+

 = − +
50

90
l

x ,  0 < <x l

Since u
2
 is a solution of (1), we have

 
∂
∂

=
∂
∂

u

t

u

x
2 2

2
2
2

a

∴ u x t A x B x e t
2

2 2

( , ) ( cos sin )= + −l l a l  (4)

But u x t u x t u x2 1( , ) ( , ) ( )= −

∴ the corresponding boundary-value conditions of u
2
 are

 (iv) u t u t u2 10 0 0 90 90 0( , ) ( , ) ( )= − = − =  [Using (i)]

 (v) u l t u l t u l2 1 40 40 0( , ) ( , ) ( )= − = − =  [Using (ii)]

and (vi) u x u x u x2 10 0( , ) ( , ) ( )= − = + −
−

+⎛
⎝⎜

⎞
⎠⎟

50
40

50
90

l
x

l
x  = −

100
50

l
x , 0 < <x l

Using condition (iv), i.e., when x = 0, u
2
 = 0, in (4) we get

 ( cos sin )A B e t0 0 0
2 2

+ =−a l  ⇒ Ae t− =a l2 2

0 ⇒ A = 0

∴ u x t B x e t
2

2 2

( , ) sin= ⋅ −l a l  (5)

Using condition (v), i.e., when x = l, u
2
 = 0, in (5), we get

 B l e tsin l a l⋅ =− 2 2

0 ⇒ sin ll = 0 [ ]since Be t− ≠a l2 2

0

⇒ l pl n=  ⇒ l
p

=
n

l
, n = 1 2 3, , , …

∴ u x t B
n x

l
e

n

l
t

2

2
2 2

2
( , ) sin ,= ⋅

−p a
p

 n = 1 2 3, , , …

∴ the general solution is

 u x t B
n x

l
en

n

l
t

n
2

1

2
2 2

2
( , ) sin= ⋅

−

=

∞

∑ p a
p

 (6)

Using condition (vi), i.e., when t = 0, u
x

l2

100
50= −  in (6), we get

 u x B
n x

ln
n

2
1

0( , ) sin=
=

∞

∑ p
 (7)

u = 90°C u = 40°C

x = 0
A B

x = ll
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Applications of Partial Differential Equations ■ 20.61

Since u
2
(x, 0) is an algebraic function, to find B

n
, we express u

2
(x, 0) as a 

Fourier sine series in 0 < <x l.

∴ u x b
n x

ln
n

2
1

0( , ) sin=
=

∞

∑ p
 (8)

where b
l

x

l

n x

l
dxn

l

= −⎛
⎝⎜

⎞
⎠⎟∫

2 100
50

0

sin
p

Comparing (7) and (8), we get B b nn n= ∀

Now b
l

x

l

n x

l
n

l
l

n x

l
n

l

n = −⎛
⎝⎜

⎞
⎠⎟

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−
−2 100

50
100

2 2

cos sin
p

p

p

p
22

0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

l

 

=
−

−⎛
⎝⎜

⎞
⎠⎟ +

⎡
⎣⎢

⎤
⎦⎥

=
−

2 100
50

100

2

2 2
0l

l

n

x

l

n x

l

l

n

n x

l

l

l

n

l

p

p

p

p
cos sin

pp
p

p
p

p
( ) cos sin ( )100 50

100
50

2 50

2 2
− + −

−
−⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

=
−

n
l

n
n

l

n

l

l

nn
n

l

n l

l

n
n

p
p

p p
pcos cos−⎡

⎣⎢
⎤
⎦⎥

=
−⎛

⎝⎜
⎞
⎠⎟ +[ ]50 2 50

1

⇒ b
nn

n= − + −⎡⎣ ⎤⎦
100

1 1
p

( )

If n is even, then b
n nn = − = −
100

2
200

p p
( )   and if n is odd, then bn = 0

Since B bn n= , B
nn = −
200

p
,  n = 2 4 6, , , …

Substituting in (6), we get

 u x t
n

n x

l
e

n

l
t

n
2

2 4 6

200 2
2 2

2
( , ) sin

, , ,

= − ⋅
−

=
∑

p

p a
p

…

⇒ u x t
n

n x

l
e

n

l
t

n
2

2 4 6

200 1 2
2 2

2
( , ) sin

, , ,

= − ⋅
−

=
∑

p

p a
p

…

∴ u x t u x u x t( , ) ( ) ( , )= +1 2

⇒ u x t
x

l n

n x

l
e

n

l
t

n

( , ) sin
, , ,

= − + − ⋅
−

=
∑50

90
200 1 2

2 2

2

2 4 6p

p a
p

…

The midpoint of the rod is x
l

=
2

.
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20.62 ■ Engineering Mathematics

When x
l

=
2

, the temperature is

 

u
l

t
l

l

n

n
e

n

l
t

n2

50

2
90

200 1

2

2
2 2

2

2 4 6

, sin
, , ,

⎛
⎝⎜

⎞
⎠⎟ = − ⋅ + − ⋅

=

−

=
∑

p

p a
p

…

−− + − ⋅
−

=
∑25 90

200 1

2

2
2 2

2

2 4 6p

p a
p

n

n
e

n

l
t

n

sin
, , , …

Since n is even, sin
np

2
0= , n = 2,4,6, ...

∴ u
l

t
2

65, ,
⎛
⎝⎜

⎞
⎠⎟ =  which is constant.

Hence, the temperature is unaltered at all times at the mid-point of the rod.

EXERCISE 20.3

 1. Solve the equation 
∂
∂

= ⋅
∂
∂

u

t

u

x
a2

2

2
 subject to the boundary conditions u(0, t) = 0, u(l, t) = 0 and 

u(x, 0) = x.

 2. Solve 
∂
∂

= ⋅
∂
∂

u
a

u

t x
2

2

2
 given that (i) u is finite as t → ∞.

 (ii) u = 0 when x = 0 and x = p for all values of t.
 (iii) u = x from x = 0 to x = p when t = 0.

[Hint: (i) u l l a l( , ) (cos sin )x t A x B x e t= + − 2 2

 (ii) u u p( , ) , ( , )0 0 0 0t t t= = ∀ ≥
 (iii) u p( , ) , ]x x x0 0= < <
 3. A rod of length l is heated so that its ends A and B are kept at 0°C. If initially the temperature is 

given by u
cx l x

l
=

−( )
2

, find the temperature at time t.

 4. A uniform bar of length 10 cm through which heat flows is insulated at its sides. The ends are 
kept at zero temperature. If the initial temperature at the interior points of the bar is given by 

3
5

2
2

5
sin sin

p px x
+ , find the temperature at time t.

 5. A rod of length 100 cm has its ends A and B are kept at 0°C and 100°C until steady state  
conditions prevail. If the temperature at B is reduced to 0°C and kept so while that of A is main-
tained find the temperature u(x, t) at a distance x from A and at time t. 

 6. A homogeneous rod conducting material of length 100 cm has its ends kept at zero temperature 

and initially the temperature is u x
x x

x x
( , )

,

,
0

0 50

100 50 100
=

≤ ≤
− ≤ ≤

⎧
⎨
⎩

  Find the temperature u(x, t) at any time t.
 7. A bar of 10 cm long has its ends A and B kept at 50°C and 100°C until steady state conditions 

prevail. The temperature at A is then suddenly raised to 90°C and at the same instant that at B is 
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Applications of Partial Differential Equations ■ 20.63

reduced to 60°C and the temperatures are maintained thereafter. Find the temperature distribution 
of the bar at any time t and at a distance x from A.

 8. Two ends A and B of a rod of length 20 cm have the temperatures at 30°C and 80°C respectively, 
until the steady-state conditions prevail. Then the temperatures at the ends A and B are changed 
to 40°C and 60°C respectively. Find u(x, t). 

 9. A rod of length l has its ends A and B kept at 0°C and 100°C respectively until steady state  
conditions prevail. The temperatures of the ends are changed to 25°C and 75°C respectively. Find 
the temperature distribution in the rod at time t.

 10. A bar of length 10 cm, has its ends A and B kept at 50°C and 100°C until steady state conditions 
prevail. The temperature at A is then suddenly raised to 90°C and that at B is lowered to 60°C and 
the temperatures are maintained thereafter. Find the subsequent temperature at any time t.

 11. A uniform bar of length 10 cm through which heat flows is insulated at its sides. The ends are kept 
at zero temperature. If the initial temperature at the interior points of the bar is given by 

2sin
5

cos
2

5

p px x
, find the temperature distribution of the rod.

 12. Find the temperature distribution of a homogenous bar of length p which is insulated laterally, if 
the ends are kept at zero temperature and if, initially, the temperature at the centre of the bar is k 
and falls uniformly to 0 at the ends.

 13. A rod of length 20 cm has its ends A and B kept at 30°C and 90°C respectively until steady state 
conditions prevail. If the temperature at each end is then suddenly reduced to 0°C and maintained 
so, find the temperature u(x, t) at a distance x from A at time t.

 14. An insulated rod of length l has its ends A and B maintained at 0°C and 100°C respectively until 
steady state conditions prevail. If the temperatures at A is suddenly raised to 20°C and that at B is 
reduced to 80°C, find the temperature at any time.

ANSWERS TO EXERCISE 20.3

 1. u x t
l

n

n x

l
e

n

n

n

l
t

( , )
( )

sin=
−

⋅
+

=

∞ −

∑2 1 1

1

2
2 2

2

p

p a
p

 2. u a( , )
( )

sinx t
n

nx e
n

n t

n

=
−

⋅
+

−

=

∞

∑2
1 1

1

2 2

 3. u x t
c

n

n x

l
e

n

l
t

n

( , ) sin
, , ,

= ⋅
−

=
∑8 1

3 3
1 3 5

2 2 2

2

p

p
p a

…

 4. u x t
x

e
x

e
t

t

( , ) sin sin= ⋅ + ⋅
− −

3
5

2
2

5

4

100

16

100

2 2 2 2

p pp a p a

 5. u x t
n

n x
e

n

n

n
t

( , )
( )

sin=
−

⋅
+

=

∞ −

∑200 1

100

1

1

100

2 2 2

2

p

p
p a

 6. u x t
n

n x
e

n

n

n
t

( , )
( )

sin
, , ,

=
−

⋅

−

=

−

∑400 1

1002

1

2

2
1 3 5

100

2 2 2

2

p

p
p a

…

 7. u x t x
n

n x
e

n

n
t

( , ) sin
, , ,

= − − ⋅
=

−

∑90 3
160 1

102 4 6

100

2 2 2

p

p p a

…

 8. u x t x
n

n
e

n

n

n
t

( , )
[ ( ) ]

sin= + −
+ −

⋅
=

∞ −

∑40
20 1 2 1

201

400

2 2 2

p

p a p
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20.64 ■ Engineering Mathematics

 9. u x t
l n

n x

l
e

n

n
n t

l( , ) [ ( ) ]sin= + + − − ⋅
=

∞ −

∑50
25

50 1
3 1

1

2 2 2

2

p

p
p a

 10. u x t x
n

n x
e

n

n t

( , ) sin= − + − ⋅
=

∞ −

∑3 90
80 1

51

25

2 2 2

p

p a p

 11. u x t
x

e
x

e
t t

( , ) sin sin= − ⋅ + ⋅
− −p pp a p a

5

3

5

2

100

6

100

2 2 2 2 2

 12. u x t
k

n

( , )
( )

=
−

−

8 1
2

1

p

22

2
1 3 5

2 2

n
nx e n t

n

sin
, , ,

⋅ −

=
∑ a

…

 13. u x t( , ) =
60

pp

p a p1 3 1

20

2 2 2

400

1

− −⎡
⎣⎢

⎤
⎦⎥

⋅
−

=

∞

∑ ( )
sin

n n t

n n

n x
e

 14. u x t
l

x
n

n x

l
e

n t

l

n

( , ) sin
, , ,

= + − ⋅
−

=
∑60

20
80 1

2 2 2

2

2 4 6p

p
a p

…

TYPE 4. Bars with both ends thermally insulated
When both the ends of the bar are insulated, no heat can flow through the ends. So, the corresponding 

boundary conditions are 
∂
∂

=
u

x
t( , )0 0 and 

∂
∂

=
u

x
l t( , ) 0 for all t.

Note 
∂
∂

u

x
t( , )0  is the temperature gradient at x = 0 and 

∂
∂

u

x
l t( , ) is the temperature gradient at x = l.

WORKED EXAMPLES

EXAMPLE 1

Find the solution of the one-dimensional diffusion equation satisfying the boundary conditions 

(i) u is bounded as t → `, (ii) 
∂
∂

⎛
⎝⎜

⎞
⎠⎟

u

x x 5

5
0

0  and (iii) 
∂
∂

⎛
⎝⎜

⎞
⎠⎟

∀
u

x
t

x a5

5 0 , 

(iv) u(x, 0) 5 x(a 2 x), 0 < x < a. 

Solution.
One dimensional heat equation is

 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
 (1)

Since u is finite as t → ∞, the suitable solution is

 u x t A x B x e t( , ) ( cos sin )= + ⋅ −l l a l2 2

 (2)

Differentiating partially w. r. to x, we get

 
∂
∂

= − + ⋅ −u

x
A x B x e t( sin cos )l l l l a l2 2
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Applications of Partial Differential Equations ■ 20.65

Using condition (ii), i.e., when x = 0, 
∂
∂

=
u

x
0, we get

 ( sin cos )− + =−A B e tl l a l0 0 0
2 2

 ⇒ B e tl a l− =
2 2

0  ⇒ B = 0  [{ l a le t− ≠
2 2

0]

Using condition (iii), i.e., when x = a, 
∂
∂

=
u

x
0, we get

 ( sin cos )− + =−A a B a e tl l l l a l2 2

0 ⇒ − ⋅ =−A a e tl l a lsin
2 2

0

But A ≠ 0 [for, since B = 0, if A is also 0, then u(x, t) = 0, which is trivial]

∴ sin la = 0 ⇒ l pa n=  ⇒ l
p

=
n

a
,  n = 0, 1, 2, 3, …

∴ u x t A
n

a
x e

n

a
t

( , ) cos= ⋅
−p a

p2
2 2

2
, n = 0, 1, 2, 3, …

[Here n = 0 is also possible, where as in the earlier types n = 0 is not possible as sin
n x

l

p
 is a factor]

Before using the non zero condition, we write the general solution.

 u x t A
n x

a
en

n

n t

a( , ) cos=
=

∞ −

∑
0

2
2 2

2p a
p

 (3)

Using condition (iv), i.e., when t = 0, u = x(a − x), 0 < x < a in (3), we get

∴ u x A
n x

a
en

n

( , ) cos0
0

0= ⋅
=

∞

∑ p

⇒ u x A
n x

a
A A

n x

an
n

n
n

( , ) cos cos0
0

0
1

= = +
=

∞

=

∞

∑ ∑p p
 (4)

Since u(x, 0) = x(a − x), is algebraic, to find A
0
, A

n
 we express it as a Fourier cosine series.

∴ f x x a x
a

a
n x

an
n

( ) ( ) cos= − = +
=

∞

∑0

12

p
 (5)

where a
a

f x dx
a

0

0

2
= ∫ ( )     and a

a
f x

n x

a
dxn

a

= ∫
2

0

( ) cos
p

Comparing (4) and (5), A
a

0
0

2
=  and A

n
 = a

n
 ∀ n ≥ 1

 a
a

ax x dx
a

ax xa a

0
2

0

2 3

0

2 2

2 3
= − = −

⎡

⎣
⎢

⎤

⎦
⎥∫ ( )  = −

⎡

⎣
⎢

⎤

⎦
⎥ =

2

2 3 3

3 3 2

a

a a a
 ⇒ A

a
0

2

6
=
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20.66 ■ Engineering Mathematics

 a
a

ax x
n x

a
dxn

a

= −∫
2 2

0

( ) cos
p

⇒

 

= − − −
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

+ −
−2

2 22
2 2

2

a
ax x

n x

a
n

a

a x

n x

a
n

a

( )
sin

( )
cos

( )
s

p

p

p

p

iin

( )sin

n x

a
n

a

a

a

n
ax x

n x

a

a

p

p

p

p

3 3

3
0

22

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

= − +
aa

n
a x

n x

a

a

n

n x

a

a

a

n
a

a2

2 2

3

3 3

0

2

2 2

2
2

2
0

p

p

p

p

p

( ) cos sin

( )

− +
⎡

⎣
⎢

⎤

⎦
⎥

= + − ccos cos

cos

n x
a

n

a

a

n
n

a

n

p
p

p
p

p

+ − + ⋅
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

=
−

⋅ −

0 0 0

2

3

2 2

3

2 2

3

2 2

⎡⎡

⎣
⎢

⎤

⎦
⎥

= − + = − − +⎡⎣ ⎤⎦a
a

n
n

a

nn
n2

1
2

1 1
2

2 2

2

2 2p
p

p
[cos ] ( )

If n is odd, then (−1)n = −1.  ∴  a
n
 = 0

If n is even, then (−1)n = 1.   ∴ a
a

n

a

nn = − ⋅ = −
2

2
42

2 2

2

2 2p p
, n = 2, 4, 6, …

Since A
n
 = a

n
,    n ≥ 1, A

a

nn = −
4 2

2 2p
, n = 2, 4, 6, …

Substituting in (3), we get

⇒

 u x t A A
n x

a
e

u x t
a a

n

n
n

n

a
t

n

( , ) cos

( , )

= + ⋅

= + −

=

∞ −

=

∑0
1

2 2

2 2
2

2 2 2

2

6

4

p

p

a p

,, , , , , ,

cos cos
4 6

2 2

2 2
2 4 6

2 2 2

2

6

4 1

… …
∑ ∑⋅ = − ⋅

−

=

n x

a
e

a a

n

n x

a

n
a

t

n

p

p

p
a p

ee
n

a
t−a p2 2 2

2

.

EXAMPLE 2

A bar 100 cm long, with insulated sides, has its ends kept at 08C and 1008C until steady state 
conditions prevail. The two ends are the suddenly insulated and kept so. Find the temperature 
distribution.

Solution.
The temperature distribution is given by

 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
 (1)

In steady state the temperature distribution of the bar is

 
u x x

x x

( )

,

=
−

+

= ≤ ≤

100 0

100
0

0 100

u = 0°C u = 100°C

x = 0
A B

x = 100
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Applications of Partial Differential Equations ■ 20.67

Suddenly, the ends are insulated so the temperature distribution changes to unsteady state, which is 
given by (1). 

The temperature is u x t A x B x e t( , ) ( cos sin )= + ⋅ −l l a l2 2

 (2)

Since the ends are insulated, the boundary conditions are

 (i) 
∂
∂

⎛
⎝⎜

⎞
⎠⎟

=
=

u

x x 0

0,   (ii) 
∂
∂

⎛
⎝⎜

⎞
⎠⎟

= ≥
=

u

x
t

x 100

0 0for  

and (iii) the initial distribution is u(x, 0) = x, 0 < x < 100
Differentiating (2) w. r. to x, we get

 
∂
∂

= − + −u

x
A x B x e t( sin cos )l l l l a l2 2

Using condition (i), i.e., when   x = 0, 
∂
∂

=
u

x
0, we get

 ( sin cos )− + =−A B e tl l a l0 0 0
2 2

 ⇒ B e tl a l− =
2 2

0 ⇒ B = 0  [{ l a le t− ≠
2 2

0]

∴ 
∂
∂

= − ⋅ −u

x
A x e tl l a lsin

2 2

Using condition (ii), i.e., when  x = 100, 
∂
∂

=
u

x
0, we get − ⋅ =−A e tl l a lsin100 0

2 2

But A ≠ 0. ∴ sin100 0l =  ⇒ 100l p= n  ⇒ l
p

=
n

100
, n = 0, 1, 2, 3,…

∴ (2) is u x t A
n x

e n
n

t

( , ) cos , , , , ,= ⎛
⎝⎜

⎞
⎠⎟

=
−p

a p

100
0 1 2 3

2 2 2

2100 …

∴ the general solution is

 u x t A
n x

en
n

n t

( , ) cos= ⋅
=

∞ −

∑
0

100

100

2
2 2

2p a
p

 (3)

Using condition (iii), i.e., when    t = 0, u (x, 0) = x, we get

 u x A
n x

en
n

( , ) cos0
1000

0= ⋅
=

∞

∑ p
 =

=

∞

∑A
n x

n
n 0 100

cos
p

⇒ x A A
n x

n
n

= +
=

∞

∑0
1 100

cos
p

 (4)

Since u(x, 0) = x, is algebraic, to find A
0
 and A

n
, we express f (x) = x as a Fourier cosine series.

∴ f x
a

a
n x

n
n

( ) cos= +
=

∞

∑0

12 100

p
 (5)

Comparing (4) and (5), we find A
a

0
0

2
=  and A

n
 = a

n
, n ≥ 1

where a f x dx a f x
n x

dxn0

0

100

0

1002

100

2

100 100
= =∫ ∫( ) ( ) cosand

p
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20.68 ■ Engineering Mathematics

∴ a x dx
x

0

0

100 2

0

100

21

50

1

50 2

1

100
100 100= =

⎡

⎣
⎢

⎤

⎦
⎥ = ⋅ =∫

∴ A 0

100

2
50= =

and a x
n x

dxn = ∫
1

50 1000

100

cos
p

 

= ⋅ −
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

1

50
100

100

1 100

100

2 2

2

x

n x

n

n x

n

sin cos
p

p

p

p

⎥⎥
⎥
⎥
⎥

= ⋅ +
⎡

⎣
⎢

⎤

⎦
⎥

=

0

100

2

2 2

0

100
1

50

100

100

100

100n
x

n x

n

n x

p

p

p

p
sin cos

11

50

100
100

100
0

100

1

2

2 2

2

2 2n
n

n
n

np
p

p
p

p
⋅ ⋅ + − +

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

=

sin cos

550

100 100 1

50

100
1

2

2 2

2

2 2

2

2 2n
n

n n
n

p
p

p p
pcos [cos ]−

⎡

⎣
⎢

⎤

⎦
⎥ = ⋅ −

⇒ a
nn

n= − −⎡⎣ ⎤⎦
200

1 1
2 2p

( ) , n = 1, 2, 3, …

If n is even, then (−1)n = 1.     ∴ a
n
 = 0

If n is odd, then (−1)n = −1.        ∴ a
n nn = − = −
200

2
400

2 2 2 2p p
( ) , n = 1, 3, 5, …

∴ A
nn = −
400

2 2p
, n = 1, 2, 3, …

Now (3) is u x t A A
n x

en
n

n
t

( , ) cos= + ⋅
=

∞ −

∑0
1

100

100

2 2 2

2p
a p

⇒ u x t
n

n x
e

n

n t

( , ) cos
, , ,

= +
−

⋅
=
∑

−

50
400

1002 2
1 3 5

2 2 2

2100

p

p
a p

…

⇒ u x t
n

n x
e

n

n t

( , ) cos .
, , ,

= +
−

⋅
=
∑

−

50
400 1

1002 2
1 3 5

2 2 2

2100

p

p
a p

…

EXERCISE 20.4
 1. The temperature at one end of a bar, 50 cm long and with insulated sides, is kept at 0°C and the 

other end is kept at 100°C until steady state conditions prevail. The two ends are then suddenly  
insulated, so that temperature gradient is zero at each end thereafter. Find the temperature distribution.
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Applications of Partial Differential Equations ■ 20.69

 2. An insulated metal rod of length 100 cm has one end A kept at 0°C and the other end B at 
100°C until steady state condition prevail. At time t = 0, the end B is suddenly insulated while the  
temperature at A is maintained at 0°C. Find the temperature at any point of the rod and at any time.

  [Hint: It is insulated at one end. The boundary conditions are (i) u(0, t) = 0 and  

(ii) 
∂
∂

= ∀ ≥
u

t
t t( , ) ,100 0 0

  Initial condition is (iii) u(x, 0) = x, 0 < x < 100]

ANSWERS TO EXERCISE 20.4

  1. u x t
n

n x
e

n

n
t

( , ) cos
, , ,

= − ⋅
=
∑

−

50
400 1

502 2
1 3 5

2 2 2

25002

p

p
a p

…

  2. u x t

n

n

n x
e

n

n t

( , )
( )

sin
, , ,

=
− −

=
∑

−800 1
1

2
2002 2

1 3 5

2
2 2

2100

p

p
a p

…

20.3 TWO DIMENSIONAL HEAT EQUATION IN STEADY STATE
Consider the flow of heat in a metal plate of uniform thickness h, density ρ, specific heat c and thermal 
conductivity k. Then the temperature distribution in the plate is given by

 
∂
∂

=
∂
∂

+
∂
∂

⎛
⎝⎜

⎞
⎠⎟

u

t

k

c

u

x

u

yr

2

2

2

2
 =

∂
∂

+
∂
∂

⎛
⎝⎜

⎞
⎠⎟

a2
2

2

2

2

u

x

u

y
 

where a
r

2 =
k

c
 is called diffusivity of the material of the plate. 

It is called the two dimensional heat equation because there are two space variables x, y.

In steady state, u is independent of t and so 
∂
∂

=
u

t
0

∴ the two dimensional heat equation in the steady state is

 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 (1)

This is called the Laplace’s equation in two dimension.
The solution u(x, y) of the Laplace’s equation (1) in a rectangular region can be obtained by the 

method of separation of variables.
A rectangular thin plate, with its two faces insulated is considered so that the heat flow is 

purely two-dimensional. The boundary conditions are prescribed on the four edges of the plate.  
The steady state heat flow in such a plate is obtained by solving Laplace’s equation in two-dimension.
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20.70 ■ Engineering Mathematics

20.3.1 Solution of Two Dimensional Heat Equation

Two-dimensional steady state heat equation is 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y

Since u is function of x and y, let the solution of (1) be

 u x y X x Y y( , ) ( ) ( )=  (2)

∴ 
∂
∂

= ′
u

x
X Y  and 

∂
∂

= ′′
2

2

u

x
X Y ,    

∂
∂

= ′
u

y
XY  and  

∂
∂

= ′′
2

2

u

y
XY

Substituting in (1), we get ′′ + ′′ =X Y XY 0 ⇒ ′′ = − ′′X Y XY  ⇒ 
′′ =

− ′′X

X

Y

Y

LHS is a function of x alone and R.H.S is a function of y alone and x and y are independent variables.
∴ the above equation is true if each side is a constant k

∴ 
′′ = − ′′ =

X

X

Y

Y
k  ⇒ 

′′ =
X

X
k  and       

− ′′ =
Y

Y
k

⇒ ′′ − =X kX 0     (3) and ′′ + =Y kY 0      (4)

Case (i): Let k > 0, say k = l2, l ≠ 0 ∴ ′′ − =X Xl2 0

Auxiliary equation is m2 − l2 = 0 ⇒ m = ±l

∴ X Ae Bex x= + −l l

and ′′ + =Y Yl2 0

Auxiliary equation is m2 + l2 = 0 ⇒ m = ±il

∴ Y = C cos ly + D sin ly

∴ the solution is u(x, y) = (Aelx + Be−lx) (C cos ly + D sin ly) (I)
where A, B, C, D are constants.

Case (ii): Let k < 0, say k = −l2, l ≠ 0 ∴ (3) ⇒ ′′ + =X Xl2 0

Auxiliary equation is m2 + l2 = 0 ⇒ m = ± il
∴ X A x B x= +cos sinl l

(4) ⇒ ′′ − =Y yl2 0

Auxiliary equation is m2 − l2 = 0 ⇒ m = ±l

∴ Y = Cely + De−ly

∴ u(x, y) = (A cos lx + B sin lx) (Cely + De−ly) (II)

where A, B, C, D are constants.

Case (iii): Let k = 0 ∴ X″ = 0     and  Y″ = 0

⇒ X = Ax + B and   Y = Cy + D

∴ u(x, y) = (Ax + B) (Cy + D) (III)
where A, B, C, D are constants.
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Applications of Partial Differential Equations ■ 20.71

Proper choice of solution:
Of the three solutions (I), (II), (III), we have to choose that solution which is consistent with the nature 
of the problem and given boundary-value conditions.

We consider rectangles or squares whose sides are parallel to the coordinate axes.
If three of the boundary values are zero and the fourth one is non-zero, then (I) or (II) is a suitable 

solution.

WORKED EXAMPLES

TYPE 1. Finite plates with only one non-zero boundary condition

EXAMPLE 1

A square plate is bounded by the lines x 5 0, y 5 0, x 5 20, and y 5 20. Its faces are insulated. 
The temperature along the upper horizontal edge is given by u(x, 20) 5 x(20 2 x), 0 < x < 20, 
while other three edges are kept at 08C. Find the steady state temperature in the plate. 

Solution.
The steady state temperature in the plate is given by the two dimensional heat equation

 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 (1)

The boundary-conditions are

( ) ( , )

( ) ( , )

( ) ( , )

( ) ( , )

i

ii

iii

iv

u y

u y
y

u x

u x

0 0

20 0
0 20

0 0

20

=
=

⎫
⎬
⎭

≤ ≤

=
= xx x

x
( )

,
20

0 20
−

⎫
⎬
⎭

≤ ≤

Since u(x, 20) ≠ 0, the appropriate solution of (1) is the solution involving trigonometric function in x.

∴ u(x, y) = (A cos lx + B sin lx) (Cely + De−ly) (1)

Using condition (i), i.e.,     when x = 0, u = 0, in (1), we get

 (A cos 0 + B sin 0) (Cely + De−ly) = 0 ⇒ A(Cely + De−ly) = 0 ⇒ A = 0

∴ u(x, y) = B sin lx(Cely + De−ly) (2)

Using condition (ii), i.e., when x = 20, u = 0, in (2), we get

⇒ B sin 20l(Cely + De−ly) = 0 ⇒ sin 20l = 0 [{ B ≠ 0, Cely + De−ly ≠ 0]

⇒  20l = np ⇒ l
p

=
n

20
, n = 1, 2, 3, …

Using condition (iii), i.e., when y = 0, u = 0, in (2), we get

  B sin lx ⋅ (C + D) = 0 ⇒  C + D = 0 ⇒ D = −C [{ B sin lx ≠ 0]

∴ u x y B x Ce Cey y( , ) sin ( )= ⋅ − −l l l

y

xO

u (x, 20) = x (20 − x)

u = 0

x = 0

y = 0

y = 20

x = 20u = 0 u = 0
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20.72 ■ Engineering Mathematics

    = ⋅ −
= ⋅

= ⋅ =

−BC x e e

BC x y

BC x y BC

y ysin ( )

sin sinh

( ) sin sinh (

l

l l

l l

l l

2

2 2 ))sin sinh , , , ,
n x n y

n
p p

20 20
1 2 3⋅ = …

∴ the general solution is

 u x y A
n x n y

n
n

( , ) sin sinh= ⋅
=

∞

∑ p p

20 201

 (3)

Using condition (iv), i.e., when y = 20, u = x(20 − x) = f (x), say, we get

∴ f x A
n x

nn
n

( ) sin sinh= ⋅
=

∞

∑ p
p

201

 ⇒ f x A n
n x

n
n

( ) sinh sin= ⋅ ⋅
=

∞

∑ p
p

1 20
 (4)

Since f (x) is an algebraic expression, to find A
n
, we express f (x) as a Fourier sine series

∴ f x b
n x

n
n

( ) sin=
=

∞

∑
1 20

p
 (5)

where b f x
n x

dxn = ∫
2

20 200

20

( ) sin
p

Comparing (4) and (5), we get A
n
 sinh np = b

n
 ∀ n ≥ 1

⇒ A
b

nn
n=

sinh
,

p
 n ≥ 1

Now b x x
n x

dxn = −∫
1

10
20

200

20

( ) sin
p

⇒ 

 

= −

= −
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

∫
1

10
20

20

1

10
20 20

20

2

0

20

2

( ) sin

( )
cos

x x
n x

dx

x x

n x

n

p

p

p

⎟⎟
⎟
⎟

− −
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

+ −( )
sin

( )
cos

20 2 20

20

2 20
2 2

2

x

n x

n

n x

n

p

p

p

33 3

3
0

20

2
2

2

20

1

10

20
20

20

20

p

p

p

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎤

⎦

⎥
⎥
⎥
⎥

=
−

− ⋅ +
n

x x
n x

n
( ) cos

pp

p

p

p

p

2

3

3 3

0

20

20 2
20

2
20

20

1

10

20
0

2

( )sin cos− − ⋅
⎡

⎣
⎢

⎤

⎦
⎥

=
−

⋅ +

x
n x

n

n x

n

00
20 2

20
0 2

20
0

2

2 2

3

3 3

3

3 3n
n

n
n

np
p

p
p

p
( )sin cos cos− − ⋅ − − ⋅

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦⎦
⎥

= − ⋅ + ⋅
⎡

⎣
⎢

⎤

⎦
⎥

= ⋅ ⋅ −

1

10
2

20
2

20

1

10
2

20
1

3

3 3

3

3 3

3

3 3

n
n

n

n
n

p
p

p

p

cos

cos pp
p

[ ] =
⋅

− −
4 20

1 1
2

3 3n
n[ ( ) ]
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Applications of Partial Differential Equations ■ 20.73

If n is even, then (−1)n = 1.  ∴ b
n
 = 0

If n is odd, then (−1)n = −1.  ∴ b
n nn =
⋅

= ⋅
4 20

2 8
202

3 3

2

3 3p p
[ ] , n = 1, 3, 5, …

But A
b

n n nn
n= = ⋅

sinh sinh
,

p p p

1
8

202

3 3
 = ⋅ =

3200 1
1 3 5

3 3p pn n
n

sinh
, , , , …

Substituting in (3), we get

 

u x t
n n

n x n y

n

( , )
sinh

sin sinh

s

, , ,

=
⋅

⋅

=

=
∑ 3200

20 20

3200

3 3
1 3 5

3

p p

p p

p

…

iin sinh

sinh, , ,

n x n y

n nn

p p

p
20 20

3
1 3 5

⋅

=
∑

…

TYPE 2. Finite plate with two non-zero boundary conditions

EXAMPLE 2

Find the steady state temperature at any point of a square plate if two adjacent edges are kept 
at 08C and the others at 1008C. 

Solution.
The steady state temperature at any point of the plate is given by

 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 (1)

Let the side of the square be l
Then the boundary-conditions are

( ) ( , )

( ) ( , )

i

ii

u x

u x l
x l

0 0

100
0

=
=

⎫
⎬
⎭

< <  
( ) ( , )

( ( , )
,

iii

iv)

u y

u l y
y l

0 0

100
0

=
=

⎫
⎬
⎭

< <

Note that two boundary conditions are non-zero.
As two adjacent edges have non-zero temperature,
we split u(x, y) into two parts u

1
(x, y) and u

2
(x, y), 

 u(x, y) = u
1
(x, y) + u

2
(x, y), 

where u
1
(x, y) and u

2
(x, y)

satisfy (1) and the following boundary conditions.
 (i) u

1
(0, y) = 0    (v) u

2
(0, y) = 0

 (ii) u
1
(l, y) = 0   (vi) u

2
(x, 0) = 0

 (iii) u
1
(x, 0) = 0  (vii) u

2
(x, l) = 0

 (iv) u
1
(x, l) = 100 (viii) u

2
(l, y) = 100

y

xO u = 0

u = 100

u = 100

x = 0

y = 0

x = l

y = l

u = 0
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y

xO 0°

100°

100°

u0°

y

xO 0°

0°

100°

u10°

y

xO 0°

100°

0°

u20°

To find u
1
(x, y):

Since u
1
 satisfies (1) and with one non-zero condition in x, the appropriate solution contains  

trigonometric function in x.

∴ u
1
(x, y) = (A cos lx + B sin lx) (Cely + De−ly) (2)

Using condition (i), i.e., when x = 0,   u
1
 = 0, in (2), we get

 (A cos 0 + B sin 0) (Cely + De−ly) = 0 ⇒ A(Cely + De−ly) = 0 ⇒ A = 0

∴ u(x, y) = B sin lx(Cely + De−ly) (3)

Using condition (ii), i.e., when x = l,  u
1
 = 0, in (3), we get

⇒ B sin ll(Cely + De−ly) = 0 ⇒ sin ll = 0 [{ B ≠ 0, Cely + De−ly ≠ 0]

⇒  ll = np ⇒ l
p

=
n

l
, n = 1, 2, 3, …

Using condition (iii), i.e., when y = 0, u
1
 = 0, in (3), we get

 B sin lx ⋅ (C + D) = 0 ⇒ C + D = 0 ⇒ D = −C

∴ u x y B x Ce Cey y
1( , ) sin ( )= − −l l l

 = − = ⋅

= ⎛
⎝⎜

⎞

−BC x e e BC x y

u x y BC
n x

l

y ysin ( ) sin sinh

( , ) ( )sin

l l l

p

l l 2

21 ⎠⎠⎟
⋅ ⎛

⎝⎜
⎞
⎠⎟

=sinh , , , ,
n y

l
n

p
1 2 3 …

∴ the general solution is

 u x y B
n x

l

n y

ln
n

1
1

( , ) sin sinh= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ p p
 (4)

Using condition (iv), i.e., when y = l,  u
1
 = 100 in (4), we get

∴ u x l B
n x

l
nn

n
1

1

( , ) sin sinh= ⎛
⎝⎜

⎞
⎠⎟

⋅
=

∞

∑ p
p

⇒ 100
1

= ⋅ ⎛
⎝⎜

⎞
⎠⎟=

∞

∑ B n
n x

ln
n

sinh sinp
p

 (5)
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Applications of Partial Differential Equations ■ 20.75

Let f (x) = 100. To find B
n
, express f (x) = 100 as a Fourier sine series in 0 < x < l.

∴ 100
1

= ⎛
⎝⎜

⎞
⎠⎟=

∞

∑b
n x

ln
n

sin
p

 (6)

where b
l

f x
n x

l
dxn

l

= ⎛
⎝⎜

⎞
⎠⎟∫

2

0

( ) sin
p

Comparing (5) and (6), we find B
n
 sin h np = b

n
 ⇒ B

b

nn
n=

sinh p

Now b
l

n x

l
dxn

l

= ∫
2

100
0

sin
p

 

=
−⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

= − −[ ] = − −
200 200

0
200

1 1

0

l

n x

l
n

l
n

n
n

l

cos
cos cos (

p

p p
p

p
))n⎡⎣ ⎤⎦

If n is even, then (−1)n = 1. ∴ b
n
 = 0

If n is odd, then (−1)n = −1. ∴ b
n nn = ⋅ =
200

2
400

p p

∴ B
n n

nn = =
400

1 3 5
p psinh

, , , , …

Substituting in (4), we get

 u x y
n n

n x

l

n y

ln
1

1 3 5

400
( , )

sinh
sin sinh

, , ,

= ⋅ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∑
p p

p p

…

We observe that in the boundary conditions of u
1
 and u

2
, the roles of x and y are interchanged.

∴ to obtain u
2
(x, y) interchange the roles of x and y in the R.H.S of u

1
(x, y).

 u x y
n n

n y

l

n x

ln
2

1 3 5

400
( , )

sinh
sin sinh

, , ,

= ⋅ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∑
p p

p p

…

∴ u x y u x y u x y( , ) ( , ) ( , )= +1 2

⇒ u x y
n n

n x

l

n y

ln

( , )
sinh

sin sinh
, , ,

= ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟=

∑400 1

1 3 5p p p

p p

…

++ ⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

sin sinh .
n y

l

n x

l

p p

TYPE 3. Infinite plates with only one non-zero boundary condition

EXAMPLE 3

A rectangular plate with insulated surface is 10 cm wide and so long compared to its width that 
it may be considered infinite in length without introducing appreciable error. The temperature 
at short edge y 5 0 is given by

u
x x

x x
5

2

20 0 5

20 10 5 10

,

( ),

≤ ≤
≤ ≤

⎧
⎨
⎩
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20.76 ■ Engineering Mathematics

and all the other three edges are kept at 08C. Find the steady state temperature at any point in 
the plate. 

Solution.
The steady state temperature u x y( , ) in a plate is given by the two-dimensional heat equation

 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 (1)

The boundary conditions in the problem are 

 (i) u y( , )0 0=

 (ii) u y( , )10 0=

 (iii) u x( , )∞ = 0

 (iv) u x f x
x x

x x
( , ) ( )

,

( ),
0

20 0 5

20 10 5 10
= =

≤ ≤
− ≤ ≤

⎧
⎨
⎩

⎫
⎬
⎭

The short edge is y = 0, the x-axis, so the long edge is parallel to y-axis.

Since u x( , ) ,0 0≠  the appropriate solution is the one with trigonometric function in x.

∴ u x y A x B x Ce Dey y( , ) ( cos sin )( )= + + −l l l l  (2)

Using condition (i), i.e., when  x u= =0 0, ,  in (2), we get

∴ ( cos sin )( )A B Ce Dey y0 0 0+ + =−l l  ⇒ A Ce Dey y( )l l+ =− 0 ⇒ A = 0

∴ u x y B x Ce Dey y( , ) sin ( )= + −l l l  (3)

Using condition (ii), i.e., when   x u= =10 0, , in (3), we get

 B Ce Dey ysin ( )10 0l l l+ =−  ⇒ sin10 0l =  [

∴

 B Ce Dey y( )l l+ ≠− 0]

⇒ 10l p= n  ⇒ l
p

=
n

10
, n = 1 2 3, , ,…

Using condition (iii), i.e., y → ∞, u = 0, in (3), we get C = 0.

For, if C ≠ 0, then e yl → ∞  as y → ∞ ∴  u → ∞, which contradicts the hypothesis.

∴ u x y B x De y( , ) sin= ⋅ −l l  = ⋅ −BD x e ysin l l  = ⋅
−

BD
n

x e
n

y
sin

p p

10
10  n = 1 2 3, , ,…

∴ the most general solution is

 u x y A
n x

en
n

nx
y

( , ) sin= ⋅
=

∞ −

∑ p

101

10  (4)

y

x

u (x, ∞) = 0

u (x, 0) = f (x)

u = 0

y = 0

y = ∞

u = 0

x = 0
x = 10
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Applications of Partial Differential Equations ■ 20.77

Using condition (iv), i.e., when y u f x= =0, ( ), in (4), we get

∴ u x A
n x

en
n

( , ) sin0
101

0= ⋅
=

∞

∑ p
 ⇒ f x A

n x
n

n

( ) sin=
=

∞

∑ p

101

 (5)

Since f (x) is in algebraic form, to find A
n
 we express f (x) as a Fourier sine series in 0 10≤ ≤x

∴ f x b
n x

n
n

( ) sin=
=

∞

∑
1 10

p
 (6)

where b f x
n x

dxn = ∫
2

10 100

10

( )sin
p

  = +
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= ⋅

∫∫
1

5 10 10

1

5
20

5

10

0

5

f x
n x

dx f x
n x

dx

x

( )sin ( )sin

si

p p

nn ( )sin
n x

dx x
n x

dx
p p

10
20 10

105

10

0

5

+ −
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
∫∫

 

= ⋅
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− ⋅
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟

1

5
20 10

10

1 10

100

2 2
x

n x

n

n x

n

cos sin
p

p

p

p ⎟⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎧

⎨
⎪⎪

⎩
⎪
⎪

+ −
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− −

0

5

10 10

10

1( )
cos

( )x

n x

n

p

p

−−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎫

⎬
⎪⎪

⎭
⎪
⎪

sin
n x

n

p

p
10

10

2 2

2
5

10

 

= − ⋅ +⎡
⎣⎢

⎤
⎦⎥

⎧
⎨
⎩

+ − −

4
10

10

100

10

10
10

2 2
0

5

n
x

n x

n

n x

n
x

p

p

p

p

p

cos sin

( ) coss sin
n x

n

n xp

p

p

10

100

102 2
5

10

−⎡
⎣⎢

⎤
⎦⎥

⎫
⎬
⎭

 

= − ⋅ ⋅ + −⎡
⎣⎢

⎤
⎦⎥

⎧
⎨
⎩

− ⋅ +

4
10

5
2

100

2
0

10
0

100

2 2

2 2

n

n

n

n

n n

p

p

p

p

p p

cos sin

sinn cos sinn
n

n

n

n
p

p

p

p

p
− ⋅ ⋅ + ⋅⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
⎫
⎬
⎭

10
5

2

100

22 2

 = − + + +⎡
⎣⎢

⎤
⎦⎥

4
50

2

100

2

50

2

100

22 2 2 2n

n

n

n

n

n

n

n

p

p

p

p

p

p

p

p
cos sin cos sin

 b
n

n

n

n
n = { } =4

200

2

800

22 2 2 2p

p

p

p
sin sin

If n is even, then     sin
np

2
0= .        ∴ bn = 0

If n is odd, then     sin ( )
n np

2
1

1

2= −
−

.         ∴ b
n

nn

n

= − =
−800

1 1 3 5
2 2

1

2

p
( ) , , , , …
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20.78 ■ Engineering Mathematics

Comparing (5) and (6), we get A b nn n= ∀ ≥ 1

∴   A
n

nn

n

= − =
−800

1 1 3 5
2 2

1

2

p
( ) , , , , …

Substituting in (4), we get the solution
 

u x y
n

n x
e

n

n

nxy

( , ) ( ) sin
( )

, , ,

= − ⋅ =
−−

=

−

∑ 800
1

10

800 1
2 2

1

2

1 3 5

10
2p

p

p…

nn

n

n y

n

n x
e

−

=

−

∑ ⋅

1

2

2
1 3 5

10

10, , ,

sin
…

p p

EXAMPLE 4

A rectangular plate with insulated surfaces is 20 cm wide and so long compared to its width 
that it may be considered infinite in length without introducing an appreciable error. If the 
temperature of the short edge x 5 0 is given by

 u
y y

y y
5

2

10 0 10

10 20 10 20

,

( ),

≤ ≤
≤ ≤

⎧
⎨
⎩

and the two long-edges as well as the other short edge are kept at 08C, find the steady state 
temperature distribution in the plate. 

Solution.
The steady state temperature u x y( , ) in a plate is given by the two-dimensional heat equation 

 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 (1)

The boundary conditions in the problem are
 (i) u x( , )0 0=
 (ii) u x( , )20 0=
 (iii) u y( , )∞ = 0

 (iv) u y f y
y y

y y
( , ) ( )

,

( ),
0

10 0 10

10 20 10 20
= =

≤ ≤
− ≤ ≤

⎧
⎨
⎩

The short edge is x = 0, the y-axis and so, the long edge is parallel to the x-axis.
Since u y( , ) ,0 0≠  the appropriate solution to (1) is the one with trigonometric function in y.

∴ u x y Ae Be C y D yx x( , ) ( )( cos sin )= + +−l l l l  (2)

Using condition (i), i.e., when y u= =0 0, , in (2), we get

 ( )( cos sin )Ae Be C Dx xl l+ + =− 0 0 0 ⇒ ( )Ae Be Cx xl l+ =− 0 ⇒ C = 0

∴ u x y Ae Be D yx x( , ) ( ) sin= + −l l l  (3)

Using condition (ii), i.e., when y u= =20 0, , in (3), we get

 ( ) sinAe Be Dx xl l l+ =− 20 0 ⇒ sin 20 0l =  [ , ]{ D Ae Bex x≠ + ≠−0 0l l

⇒   20l p= n  ⇒ l
p

=
n

20
, n = 1 2 3, , , …

y

x

u (∞, y) = 0u (0, x) = f (y)

y = 0

y = 20
u = 0

u = 0

x = 0
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Applications of Partial Differential Equations ■ 20.79

Using condition (iii), i.e., when x u→ ∞ →, ,0  in (3), we get

 A = 0, for if A ≠ 0, then e xl → ∞ and so u → ∞, which contradicts the hypothesis u = 0.

∴ u x y Be D yx( , ) sin= −l l   = = ⋅ =−
−

BDe y BDe
n y

nx
n x

l
p

l
p

sin sin , , , ,20

20
1 2 3 …

∴ the general solution is

 u x y A e
n y

n

n x

n

( , ) sin= ⋅
−

=

∞

∑
p p

20

1 20
 (4)

Using condition (iv), i.e., when x u f y= =0, ( ), in (4) we get

 f y A e
n y

n
n

( ) sin= ⋅
=

∞

∑ 0

1 20

p
 ⇒ f y A

n y
n

n

( ) sin=
=

∞

∑
1 20

p
 (5)

Since f y
y y

y y
( )

,

( ),
=

≤ ≤
− ≤ ≤

⎧
⎨
⎩

10 0 10

10 20 10 20
 is algebraic,

to find A n , express f y( )  as a Fourier sine series in 0 20≤ ≤y .

∴ f y b
n y

n
n

( ) sin=
=

∞

∑
1 20

p
 (6)

where b f y
n y

dyn = ∫
2

20 200

20

( )sin
p

Comparing (5) and (6), we get A b nn n= ≥, 1

Now b y
n y

dy y
n y

dyn = + −
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
∫∫

1

10
10

20
10 20

2010

20

0

10

sin ( )sin
p p

 

= ⋅
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− ⋅
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟

10

10
20

20

1 20

20

2 2

2

y

n y

n

n y

n

cos sin
p

p

p

p ⎟⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎧

⎨
⎪⎪

⎩
⎪
⎪

+ −
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

− −

0

10

20 20

20

1( )
cos

(y

n y

n

p

p
))

sin−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎫

⎬
⎪⎪

⎭
⎪
⎪

n y

n

p

p
20

20

2 2

2
10

20

 

= − ⋅ ⋅ +
⎡
⎣⎢

⎤
⎦⎥

− − ⋅
20

20

20

20

20
20

2

2 2
0

10

n
y

n y

n

n y

n
y

n

p

p

p

p

p
cos sin ( ) cos

pp

p

py

n

n y

20

20

20

2

2 2
10

20

+ ⋅
⎡
⎣⎢

⎤
⎦⎥

sin

 

=
−

⋅ + − − + − ⋅
20

10
2

20

2
0 0

20 20
10

2

2 2

2

2 2n

n

n

n

n
n

n

n

p

p

p

p

p
p

p
cos sin sin cos

pp

p

p

2

20

2

2

2 2
+

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

n

n
sin

 = − + + +
200

2

400

2

200

2

400

22 2 2 2n

n

n

n

n

n

n

n

p

p

p

p

p

p

p

p
cos sin cos sin

 b
n

n
n =

800

22 2p

p
sin
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20.80 ■ Engineering Mathematics

If n is even, then sin
np

2
0= . ∴ bn = 0

If n is odd, then sin ( )
n np

2
1

1

2= −
−

. ∴ b
nn

n

= −
−800

1
2 2

1

2

p
( ) , n = 1 3 5, , , …

∴  A
n

nn

n

= − =
−800

1 1 3 5
2 2

1

2

p
( ) , , , , …

Substituting in (4), we get

 u x y
n

e
n y

n

n n x

( , ) ( ) sin
, , ,

= − ⋅ ⋅
=

− −

∑ 800
1

202 2
1 3 5

1

2 20

p

pp

…

⇒   u x y
n

e
n y

n

n

n x

( , )
( )

sin
, , ,

=
−

⋅

−

=

−

∑800 1

202

1

2

2
1 3 5

20

p

pp

…

EXAMPLE 5

A rectangular plate with insulated surfaces is a cm wide and so long compared to its width that 
it may be considered infinite in length without introducing an appreciable error. If the two long 
edges x 5 0  and x a5  and the short edge at infinity are kept at temperature 08C, while the 

other short edge y 5 0 is kept at temperature u
x

a0
3sin ,

p
 find the steady state temperature at 

any point (x, y) of the plate. 

Solution.
The steady state temperature u x y( , ) at any point in the plate is given by the two dimensional heat 
equation
 

∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 (1)

The boundary conditions are

(i)

(ii)

u y

u a y
y

( , )

( , )

0 0

0
0

=
=

⎫
⎬
⎭

≤ < ∞

(iii)

(iv)

u x

u x f x u
x

a

x a
( , )

( , ) ( ) sin
,

∞ =

= =

⎫
⎬
⎪

⎭⎪
≤ ≤

0

0
0

0
3 p

Since u x( , ) ,0 0≠  the appropriate solution of (1) is the one with trigonometric functions in x.

∴ u x y A x B x Ce Dey y( , ) ( cos sin )( )= + + −l l l l  (2)

Using condition (i), i.e., when x u= =0 0, , in (2), we get

 ( cos sin )( )A B Ce Dey y0 0 0+ + =−l l  ⇒ A Ce Dey y( )l l+ =− 0 ⇒ A = 0

∴ u x y B x Ce Dey y( , ) sin ( )= + −l l l  (3)

y

x

u (x, ∞) = 0

u = 0

y = 0
u = 0

x = 0
x = 0

u (x, 0) = f (x) = u0sin3
a

πx
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Applications of Partial Differential Equations ■ 20.81

Using condition (ii), i.e., when x a u= =, ,0  in (3), we get

 B a Ce Dey ysin ( )l l l+ =− 0 ⇒ sin ,la = 0  { B Ce Dey y( )l l+ ≠⎡⎣ ⎤⎦
− 0

⇒    l pa n=  ⇒ l
p

=
n

a
, n = 1 2 3, , , …

Using condition (iii), i.e., when y → ∞, u → 0, we find C = 0. 

For if C ≠ 0, as y → ∞, e yl → ∞  and so u → ∞, which contradicts the hypothesis u = 0

∴ (3) is u x y B xD e y( , ) sin= ⋅ −l l  = ⋅ = ⋅ =− −
BD x e BD

n x

a
e ny

n y

asin sin , , , ,l
pl

p

1 2 3 …

∴ the general solution is u x y A
n x

a
en

n y

a

n

( , ) sin= ⋅
−

=

∞

∑ p p

1

 (4)

Using condition (iv), i.e., when y u f x u
x

a
= = =0 0

3, ( ) sin
p

, we get

 u
x

a
A

n x

a
en

n
0

3

1

0sin sin
p p

= ⋅
=

∞

∑  =
=

∞

∑A
n x

an
n

sin
p

1

⇒ 
u x

a

x

a
A

x

a
A

x

a
A

x

a
0

1 2 34
3

3 2 3
sin sin sin sin sin

p p p p p
−⎡

⎣⎢
⎤
⎦⎥

= + + +… 

Equating like coefficients we get,

 A
u

1
03

4
= ,  A 2 0= ,  A

u
3

0

4
= − ,   A A A4 5 60= = = = …

∴ u x y A
x

a
e A

x

a
e A

x

a
e Aa

y
y

a

y

a( , ) sin sin sin= ⋅ + ⋅ + ⋅ +
− − −

1 2

2

3

3

4

2 3p p pp p p

ssin
4 4p px

a
e

y

a⋅ +
−

…

⇒ u x y
u x

a
e

u x

a
e

y

a

y

a( , ) sin sin= ⋅ − ⋅
− −3

4 4

30 0
3p pp p

EXAMPLE 6

An infinitely long plane uniform plate is bounded by two parallel edges and an end at right 
angles to them. The breadth is p. This end is maintained at a temperature u0 at all points and 
the other edges are at zero temperature. Determine the temperature at any point of the plate in 
the steady-state. 

Solution.
The steady state temperature u x y( , ) at any point is given by

 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 (1)
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20.82 ■ Engineering Mathematics

The boundary conditions are

( ) ( , )

( ) ( , )

i

ii

u y

u y
y

0 0

0
0

=
=

⎫
⎬
⎭

≤ < ∞
p

 
( ) ( , )

( ) ( , )

iii

iv

u x

u x u
x

∞ =
=

⎫
⎬
⎭

< <
0

0
0

0

p

Since u x( , ) ,0 0≠  the appropriate solution of (1) is the solution with 

trigonometric function of x.

∴ u x y A x B x Ce Dey y( , ) ( cos sin )( )= + + −l l l l  (2)

Using condition (i), i.e., when x u= =0 0, , in (2), we get

 ( cos sin )( )A B Ce Dey y0 0 0+ + =−l l  ⇒ A Ce Dey y( )l l+ =− 0 ⇒  A = 0

∴  u x y B x Ce Dey y( , ) sin ( )= + −l l l  (3)

Using condition (ii), i.e., when x u= =p, ,0  in (3)

 B Ce Dey ysin ( )pl l l+ =− 0 ⇒ sin ,pl = 0  { B Ce Dey y( )l l+ ≠⎡⎣ ⎤⎦
− 0

⇒   p l p⋅ = n  ⇒ l = n; n = 1 2 3, , , …

Using condition (iii), i.e., when y u→ ∞ =, ,0  in (3), we get C = 0. 

For if C ≠ 0, then u → ∞, as y → ∞ which contradicts u = 0

∴  u x y B x De y( , ) sin= ⋅ −l l  = ⋅ = ⋅ =− −BD x e BD nx e ny nysin sin , , , ,l l 1 2 3 …
∴ the most general solution is

 u x y A nx en
n

ny( , ) sin= ⋅
=

∞
−∑

1

 (4)

Using condition (iv), i.e., when y u u= =0 0, , in (4), we get

⇒  u A nx en
n

0
0

1

= ⋅
=

∞

∑ sin  =
=

∞

∑ A nxn
n 1

sin  (5)

To find A n , we express u0  as a Fourier sine series

∴  u b nxn
n

0
1

=
=

∞

∑ sin  (6)

where b u nx dxn = ⋅ ∫
2

0

0p

p

sin  =
−⎡

⎣⎢
⎤
⎦⎥

2 0

0

u nx

np

p
cos

 
=

−
− = − − −

2
0

2
1 10 0u

n
n

u

n
n

p
p

p
[cos cos ] [( ) ]

When n is even, ( )− =1 1n , then bn = 0

When n is odd, ( )− = −1 1n , then b
u

nn =
4 0

p
, n = 1 3 5, , , …

y

x

u (x, ∞) = 0

y = 0

O

x = 0
u = 0

u = 0
x = π
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Applications of Partial Differential Equations ■ 20.83

Comparing (5) and (6), we find A b nn n= >, 1 ∴  A
u

n
nn = =

4
1 3 50

p
, , , , …

Substituting in (4), we have

 u x y
u

n
nx e

u

n
nx e

n

ny

n

n( , ) sin sin
, , , , , ,

= ⋅ = ⋅
=

−

=

−∑ ∑4 4 10

1 3 5

0

1 3 5p p… …

yy .

EXERCISE 20.5

 1. Solve 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 subject to the conditions u y u l y u x( , ) ( , ) ( , )0 0 0= = =  and u x a

n x

l
( , ) sin .=

p

 2. The function v x y( , ) satisfies the Laplace’s equation in rectangular coordinates (x, y) and for the 
points in the rectangle x x a y b= = =0, , , it satisfies the conditions

  v y v a y v x b( , ) ( , ) ( , )0 0= = =  and v x x a x x a( , ) ( ), .0 0= − < <  Show that v x y( , ) is given by 

v x y
a

n

n x

a

n

a
b y

n

( , )
( )

sin
( )

sinh ( )

=
+

⋅
+

⋅

+( )
−

⎧
⎨

=

∞

∑8 1

2 1

2 1

2 1
2

3 3
0p

p

p

⎩⎩
⎫
⎬
⎭

+sinh( )
.

2 1n
b

a

p

 3. A square plate of length 20 cm has its faces insulated and its edges along x x= =0 20, , 

y y= =0 20, . If the temperature along the edge x = 20 is given by u

T
y y

T
y y

=
≤ ≤

− ≤ ≤

⎧

⎨
⎪⎪

⎩
⎪
⎪

10
0 10

10
20 10 20

,

( ),

  While the other three edges are kept at 0°C, find the steady state temperature distribution in the 
plate.

 4. A rectangular plate is bounded by the lines x x a= =0, , y y b= =0,  and the edge temperatures 

are u y( , ) ,0 0=  u a y( , ) ,= 0  u x b u x
x

a

x

a
( , ) , ( , ) sin sin .= = +0 0 5

4
3

3p p

  Find the temperature distribution.

 5. Solve 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 subject to the conditions

  u y u y u x( , ) ( , ) ( , )0 0= = =p p  and u x x( , ) sin .0 2=

 6. Find the steady-state temperature at any point of a rectangular plate of sides a and b insulated on 
the lateral surface and satisfying u y u a y( , ) , ( , ) ,0 0 0= =  u x b( , ) = 0 and u x x a x( , ) ( ).0 = −

 7. An infinitely long-plane uniform plate is bounded by two parallel edges and an end at right 
angle to them. The breadth of this edge x = 0 is p, this end is maintained at temperature as 
u k y y= −( )p 2  at all points while the other edges are at zero temperature. Determine the  
temperature u x y( , ) at any point of the plate in the steady state if u satisfies the Laplace  
equation.
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20.84 ■ Engineering Mathematics

 8. A rectangular plate of width a cm with insulated surface has its temperature v equal to zero on both the 
long sides and one of the short sides so that v y( , ) ,0 0=  v a y( , ) ,= 0  v x( , ) ,∞ = 0  and v x kx( , )0 = . 

Show that the steady state temperature within the plate is v x y
ak

e
n x

a
n

n

n y

a( , ) ( ) sin .= − ⋅+

=

∞ −

∑2
1 1

1p

pp

 9. A rectangular plate with insulated surfaces is 8 cm wide and so long compared to its width that 
it may be considered infinite in length without introducing an appreciable error. If the tempera-

ture along one short edge y = 0 is given by u x
x

( , ) sin ,0 100
8

=
p

0 8< <x  while the two long 

edges x = 0 and x = 8 as well as the other short edge are kept at 0°C, show that the steady-state  

temperature at any point of the plate is given by u x y e
xy

( , ) sin .= ⋅
−

100
8

8

p p

 10. An infinitely long rectangular plate with insulated surface is 10 cm wide. The two long edges 
and one short edge are kept at zero temperature , while the other short edge x = 0 is kept at  

temperature given by u
y y

y y
=

≤ ≤
− ≤ ≤

⎧
⎨
⎩

20 0 5

20 10 5 10

,

( ),
.  

  Find the steady state temperature distribution in the plate.
 11. A rectangular plate is bounded by the lines x = 0, x = a, y = 0, y = b and the edge temperature 

are u(0, y) = 0, u(x, b) = 0, u(a, y) = 0, u x
x

a

x

a
( , 0) 5sin

5
3

sin3
= +

p p
. Find the steady state  

temperature distribution at any point of the plate.

 12. Find the steady sate temperature distribution in a square plate of side p with the boundary  

conditions u(0, y) = u(p, y) = u(x, p) 5 0; u(x, 0) = sin2 x.
 13. A rectangular plate is bounded by the lines x = 0, y = 0, x = a and y = b. Its surfaces are insulated 

and the temperatures, along two adjacent edges are kept at 100°C and the other two at 0°C. Find 
the steady state temperature at any point of the plate.

 14. A rectangular plate with insulated surfaces is 10 cm wide and so long compared to its width 
that it may be considered as an infinite plate. If the temperature along short edge y = 0  is 

u x
x

,( ,0) 8sin
10

0 10,=
p

< <x  while two long edges x = 0  and x = 10  as well as the other 

short edge are kept at 0°C. Find the steady-state temperature at any point of the plate.

ANSWERS TO EXERCISE 20.5

 1. u x y

n x

l

n y

l
n a

l

( , )
sin sinh

sinh
=

⋅p p

p

 2. u x y
T

n

n x n y

n

n

n

( , )
( ) sinh sin

sinh, , ,

=
−

⋅
⋅−

=
∑8 1 20 20

2

1

2

2
1 3 5p

p p

p…

 4. u x y
x

a a
b y

b

a

x

a a
b y( , ) sin sinh ( ) sin sinh ( )= − + ⋅ −5

4 4 4
3

3 3p p p p p
cosec ⋅⋅cosec 

3pb

a
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Applications of Partial Differential Equations ■ 20.85

 5. u x y
nx n y

n n nn

( , )
sin sinh ( )

( )sinh, , ,

=
⋅ −
−=

∑8

42
1 3 5p

p

p…

 6. u x y
a

n
n b

a

n x

a

n

a
b y( , )

sinh
sin sinh ( )=

−
⋅ ⋅ −∑8 12

3
3p p

p p

 7. u x y
k

n
ny e

n

nx( , ) sin
, , ,

= ⋅
=

−∑8 1
3

1 3 5p …

 10. u x y
n

e
n y

n

n n x

( , ) ( ) sin
, , ,

= − ⋅ ⋅
=

− −

∑800 1
1

102 2
1 3 5

1

2 10

p

pp

…

 11. u x y
b

a

x

a a
y b( , )

sin

sin sinh ( )= −
⎛
⎝⎜

⎞
⎠⎟

⋅ −
3

3

3 3

p

p p
 −

⎛
⎝⎜

⎞
⎠⎟

⋅ −
5

5

5 5

sin

sin sinh ( )
p

p p

b

a

x

a a
y b

 12. u x y
nx n y

n n nn

( , )
sin sinh ( )

( ) sinh, , ,

=
⋅ −
−=

∑8

42
1 3 5p

p

p…

 13. u x y
n

n x

a

n y

a
n b

a

n y

b

n

( , )
sin sinh

sin

sin sin

, , ,

=
⋅

+
⋅

=
∑400 1

1 3 5p

p p

p

p

…

hh

sin

n x

b
n a

b

p

p

⎧

⎨
⎪

⎩
⎪

⎫

⎬
⎪

⎭
⎪

 14. u x y
x

e
y

( , ) sin= ⋅
−

8
10

10
p p

SHORT ANSWER QUESTIONS

 1. In the wave equation 
∂
∂

∂
∂

2

2
2

2

2

y

t
c

y

x
5 , what does c2 stand for?  

 2. What are all the solutions of one dimensional wave equation?  

 3. Write down the partial differential equation governing the transverse vibrations of an elastic string.

 4. State the suitable solution to the one dimensional wave equation.

 5. How many boundary-value conditions are required to solve the one-dimensional wave equation?

 6. Write down the initial conditions when a taut string of length 2l is fastened on both ends. The midpoint 
of the string is taken to a height b and released from the rest in that position.

 7. In the diffusion equation 
∂
∂

∂
∂

u

t

u

x
5 a2

2

2
, what does a2 stand for? 

 8. State the three possible solutions of the heat equation 
∂
∂

∂
∂

u

t

u

x
5 a2

2

2
.  

 9. In steady state conditions derive the solution of one dimensional heat flow equation. 
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20.86 ■ Engineering Mathematics

 10. What is the basic difference between the solutions of one dimensional wave equation and one dimen-
sional heat equation? 

 11. A rod 30 cm long has its ends A and B kept to 208C and 808C respectively untill steady state conditions 
prevail. Find the steady state temperature in the rod. 

 12. The ends A and B of a rod of length 10 cm long have their temperature kept 208C and 708C. Find the 
steady state temperature distribution on the rod. 

 13. An insulated rod of length l has its ends A and B maintained at 08C and 1008C respectively and the rod 
is in steady state condition. Find the temperature at any point in terms of its distance from one end. 

 14. State the initial and boundary conditions of one dimensional heat equation.

 15. What is meant by two dimensional heat flow?

 16. Write down the two dimensional heat flow equation in steady state. 
  (OR)

  Write down the Cartesian form of Laplace equation in two dimension. 

 17. Write down the possible solutions of the two dimensional heat equation in steady state. 

 18. Write any two solutions of the Laplace equation u uxx yy1 5 0  involving exponential terms in x or y.  

 19. An infinitely long plane uniform plate is bounded by two parallel edges and an edge at right angles 
to them. The breadth is p. This edge u(x, 0) is maintained at a temperature 608C at all points and the 
other edges are at zero temperature. Formulate the boundary value problem to determine the steady 
state temperature.

 20. Given the boundary conditions on a square plate how will you identify the proper solution?

 21. An insulated rod of length 60 cm has its ends at A and B maintained at 208C and 808C respectively. 
Find the steady state solution of the rod. 

 22. A plate is bounded by the lines x =0, y = 0, x = l and y = l. Its faces are insulated. The edge coincid-
ing with x-axis is kept at 1008C. The edge coinciding with y-axis is kept at 508C. The other two edges 
are kept at 08C. Write the boundary condition that are needed for solving two dimensional heat flow  
equation. 

OBJECTIVE TYPE QUESTIONS

 A. Fill up the blanks
 1. The one-dimensional wave equation is __________.
 2. The boundary value conditions for the transverse vibrations of a string of length l with fixed ends and initial 

displacement y = f(x) is __________.

 3. The general solution of a string of a length l whose ends points are fixed and which stands from rest is 
_________.

 4. The number of boundary conditions required to solve one-dimensional wave equation is _________.

 5.  In one-dimensional heat equation, 
∂
∂

=
∂
∂

u

t

u

x
a a2 2

2

2
,  stands for ________.

 6.  A rod of length 60 cm has its ends A and B insulated and the temperature is maintained at 20°C and 80°C. 
Then the steady state temperature at any point of the rod is ________.
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 7.  The variable separable solution of the one-dimensional heat equation 
∂
∂

=
∂
∂

u

t

u

x
a2

2

2
 with separated expres-

sions equal –l2 is ________.

 8. An infinitely long metal plate is in the form of an area enclosed between the lines y = 0 and y = 10 for posi-
tive values of x. The temperature is zero along the edges y = 0 and y = 10 and the edge at infinity. If the 

edge x = 0 is kept at temperature u
y

= 4
10

3K sin
p

. Then the boundary value conditions for 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 are 

________.

 9. The suitable solution for the heat equation 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 is ________.

 10. For the boundary value problem 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 with

  

(i)

(ii)

u y

u y
y

( , )

( , )

0 0

10 0
0

=
=

⎫
⎬
⎭

< < ∞
  

(iii)

(iv)

u x

u x x
x

( , )

( , ) sin

∞ =
=

⎫
⎬
⎭

< <
0

0
0 10

  the suitable solution is _________.

 B. Choose the correct answer
 1. The nature of the partial differential equation x u xy u y u uxx xy yy x

2 22 1 2 0+ + + − =( )  is 

(a) elliptic if x ≠ 0   (b) hyperbolic if x ≠ 0

 2. The nature of the wave equation 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
 is

(a) elliptic for all (x, t)   (b) hyperbolic for all (x, t)
(c) parabolic for all (x, t)   (d) None of these

 3. The suitable solution to one-dimensional wave equation 
∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
 is 

(a) y Ae Be C e D ex x ct ct= + +− −( )( )l l l l

(b) y A x B x C ct D ct= + +( cos sin )( cos sin )l l l l

(c) y Ax B Cx D= + +( )( )

(d) None of these
 4. The minimum number of boundary value conditions required for unique solution of  

∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
 is

(a) 2 (b) 3 (c) 4 (d) 5
 5. A hot rod 40 cm long with insulated sides has its ends A and B kept at 20°C and 60°C. Then the steady state 

temperature at a point 15 cm from end A is
(a) 25°C (b) 27.5°C (c) 28.5°C (d) None of these

 6. A hot rod of length 20 cm where one end is kept at 30° and the other end is kept at 70° is maintained until 
steady state conditions prevail. Then the steady state temperature is given by
(a) u(x) = x + 30, 0 ≤ x ≤ 20   (b) u(x) = 3x + 30, 0 ≤ x ≤ 20
(c) u(x) = 2x + 30, 0 ≤ x ≤ 20   (d) None of these

 7. An insulated rod of length 60 cm has its ends at A and B maintained at 20°C and 80°C, respectively. Then 
the steady state temperature of the rod in 0 ≤ x ≤ 60 is
(a) u(x) = x + 30 (b) u(x) = x + 20 (c) u(x) = 3x + 20 (d) None of these

 8. The ends A and B of a hot rod 40 cm long have their temperature kept at 0°C and 80°C, respectively, until 
steady state conditions prevail. Then the steady state temperature of the rod in 0 ≤ x ≤ 40 is
(a) u(x) = 2x (b) u(x) = x + 2 (c) u(x) = x (d) u(x) = 2x + 2
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 9. The number of boundary conditions required to obtain unique solution of 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 is

(a) 2 (b) 3 (c) 4 (d) 5

 10. Any solution of the Laplace equation 
∂
∂

+
∂
∂

=
2

2

2

2
0

u

x

u

y
 is

(a) u(x, y) =( cos sin )( )A x B x C e D ey yl l l l+ + −   (b) u(x, y) =( )( )Ae Be C e D ex x y yl l l l+ +− −   

(c) u(x, y) = (Ax + B)( )C e D ey yl l+ −  (d) None of these

ANSWERS

 A. Fill up the blanks

 1. 
∂
∂

=
∂
∂

2

2
2

2

2

u

t
c

y

x
 2. The boundary conditions of 

∂
∂

=
∂
∂

2

2
2

2

2

y

t
c

y

x
 are

    (i) y(0, t) = 0  (ii) y l t t( , ) = ∀ ≥0 0 for fixed ends

  (iii) 
∂

∂
=

y

t x( , )0
0  (iv) y x f x x l( , ) ( ),0 0= < <

 3. y x t B
n x

l

n ct

ln
n

( , ) sin cos= ⋅
=

∞

∑ p p

1

 4. 4 boundary value conditions consisting of 2 initial conditions and 2 boundary conditions.

 5. a2 = =
×

k

pc

thermalconductivity

density specific heat

 6. u(x) = x + 20

 7. u x t A x B x e t( , ) ( cos sin )= + −l l l a2 2

 8. 
(i)

(ii)

u x

u x
x

( , )

( , )

0 0

10 0
0

=
=

⎫
⎬
⎭

≤ < ∞  (iii) u y( , )∞ = 0

  (iv) u y
y

y( , ) sin ,0 4
10

0 103= ≤ ≤K
p

 9. u x y A x B x Ce Dey y( , ) ( cos sin )( )= + + −l l l l  or u x y A y B y Ce Dex x( , ) ( cos sin )( )= + + −l l l l

 10. u x y A x B x Ce Dey y( , ) ( cos sin )( )= + + −l l l l

 B. Choose the correct answer
 1. (a) 2. (b) 3. (b) 4. (c) 5. (b) 6. (c) 7. (b) 8. (a) 9. (c) 10. (a)
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11.1 Laplace Transformation (Canonical Forms)
[Avadh 2001, Delhi Maths (Hons.) 2004]

C
onsider the linear partial differential equation of second order of the form

    Rr Ss Tt f x y z p q+ + + =( , , , , ) 0 ...(1)

in which R, S, T are continuous functions of x and y possessing continuous partial

derivatives of as high order as necessary.

This equation can be reduced to a more simple form by a suitable change of the

independent variables. The simpler forms which result in this way are called canonical

forms of the equation (1).

Let the independent variables x and y be changed to u and v by means of the

transformations

u u x y= ( , ) and v v x y= ( , ) ...(2)

Now, we have

p
z

x

z

u

u

x

z

v

v

x
= ∂

∂
= ∂

∂
∂
∂

+ ∂
∂

∂
∂

  and     q
z

y

z

u

u

y

z

v

v

y
= ∂

∂
= ∂

∂
∂
∂

+ ∂
∂

∂
∂

∴      
∂
∂

≡ ∂
∂

∂
∂

+ ∂
∂

∂
∂x

u

x u

v

x v
 and 

∂
∂

≡ ∂
∂

∂
∂

+ ∂
∂

∂
∂y

u

y u

v

y v
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 r
z

x x

z

x x

z

u

u

x

z

v

v

x
= ∂

∂
= ∂

∂
∂
∂







= ∂
∂

∂
∂

∂
∂

+ ∂
∂

∂
∂







2

2

   = ∂
∂

∂
∂







⋅ ∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

∂
∂







⋅ ∂
∂

+
x

z

u

u

x

z

u

u

x x

z

v

v

x

2

2

∂
∂

∂
∂

z

v

v

x

2

2

   = ∂
∂

∂
∂

+ ∂
∂

∂
∂







∂
∂












⋅ ∂
∂

+ ∂
∂

∂u

x u

v

x v

z

u

u

x

z

u

2u

x∂ 2

+ ∂
∂

∂
∂

+ ∂
∂

∂
∂







∂
∂












⋅ ∂
∂

+ ∂
∂

∂u

x u

v

x v

z

v

v

x

z

v

2v

x∂ 2

   = ∂
∂

∂
∂

+ ∂
∂

∂
∂ ∂











 ⋅ ∂

∂
+ ∂

∂
∂
∂

u

x

z

u

v

x

z

v u

u

x

z

u

u

x

2

2

2 2

2

+ ∂
∂

∂
∂ ∂

+ ∂
∂

∂
∂









 ⋅ ∂

∂
+ ∂

∂
∂
∂

u

x

z

u v

v

x

z

v

v

x

z

v

v

x

2 2

2

2

2

   = ∂
∂







⋅ ∂
∂

+ ∂
∂ ∂

⋅ ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

u

x

z

u

z

u v

u

x

v

x

z

u

u

x

2 2

2

2 2

2
2 + ∂

∂






⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

v

x

z

v

z

v

v

x

2 2

2

2

2

Similarly,

 t
z

y

u

y

z

u

z

u v

u

y

v

y

z

u
= ∂

∂
= ∂

∂










∂
∂

+ ∂
∂ ∂

⋅ ∂
∂

⋅ ∂
∂

+ ∂
∂

2

2

2 2

2

2
2 .

∂
∂

+ ∂
∂











∂
∂

+ ∂
∂

∂
∂

2

2

2 2

2

2

2

u

y

v

y

z

v

z

v

v

y

and s
z

x y x

z

y x

z

u

u

y

z

v

v

y
= ∂

∂ ∂
= ∂

∂
∂
∂









 = ∂

∂
∂
∂

∂
∂

+ ∂
∂

∂
∂











2

   = ∂
∂

∂
∂







∂
∂

+ ∂
∂

∂
∂ ∂

+ ∂
∂

∂
∂







∂
∂x

z

u

u

y

z

u

u

x y x

z

v

v

y
. .

2
+ ∂

∂
∂

∂ ∂
z

v

v

x y

2

   = ∂
∂

∂
∂

+ ∂
∂

∂
∂







∂
∂













∂
∂

+ ∂
∂

∂u

x u

v

x v

z

u

u

y

z

u
. .

2u

x y∂ ∂

+ ∂
∂

∂
∂

+ ∂
∂

∂
∂







∂
∂













∂
∂

+ ∂
∂

∂u

x u

v

x v

z

v

v

y

z

v
. .

2v

x y∂ ∂

   = ∂
∂

∂
∂

+ ∂
∂

∂
∂ ∂











∂
∂

+ ∂
∂

∂
∂ ∂

u

x

z

u

v

x

z

v u

u

y

z

u

u

x y

2

2

2 2

+ ∂
∂

∂
∂ ∂

+ ∂
∂

∂
∂











∂
∂

+ ∂
∂

∂
∂ ∂

u

x

z

u v

v

x

z

v

v

y

z

v

v

x y

2 2

2

2
. .
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   = ∂
∂

∂
∂

∂
∂

+ ∂
∂ ∂

∂
∂

∂
∂

+ ∂
∂

∂
∂











u

x

u

y

z

u

z

u v

u

y

v

x

u

x

v

y

2

2

2
 + ∂

∂
∂

∂ ∂
+ ∂

∂
∂
∂

∂
∂

+ ∂
∂

∂
∂ ∂

2z

u

u

x y

v

x

v

y

z

v

z

v

v

x y

2

2

2
. .

Putting these values of p, q, r, s and t in (1) and simplifying, we get

A
z

u
B

z

u v
C

z

v
F u v z

z

u

z

v

∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ ∂
∂

∂
∂







=
2

2

2 2

2
2 0, , , , ...(3)

where,       A R
u

x
S

u

x

u

y
T

u

y
= ∂

∂






+ ∂
∂

∂
∂

+ ∂
∂











2 2

...(4)

B R
u

x

v

x
S

u

x

v

y

u

y

v

x
T

u

y

v

y
= ∂

∂
∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

∂
∂









 + ∂

∂
∂
∂

1

2
. ...(5)

C R
v

x
S

v

x

v

y
T

v

y
= ∂

∂






+ ∂
∂

∂
∂

+ ∂
∂











2 2

. ...(6)

and F u v z
z

u

z

v
, , , ,

∂
∂

∂



∂
 is the function of u v z

z

u
, , ,

∂
∂

 and 
∂
∂
z

v
.

Now, we determine u and v so that the equation (3) takes the simplest possible form.

The equation (3) reduces to the simplest integrable form when the discriminant. 

S RT2 4−  of the quadratic equation

R S Tλ λ2 + + = 0 ...(7)

is either positive, negative or zero everywhere.

The three cases are discussed separately as follows.

Case I : If S RT2 4 0− >  (i.e., if equation (1) is hyperbolic)

In this case the roots λ λ1 2,  (say) of the equation (7) are real and distinct. If we choose u

and v such that

     
∂
∂

= ∂
∂

u

x

u

y
λ1 ...(8)

and      
∂
∂

= ∂
∂

v

x

v

y
λ2 ...(9)

then       A R S T
u

y
= + + ∂

∂








 =( )λ λ1

2
1

2

0

∵ R S Tλ λ1 1
2 0+ + =  as λ1 is a root of equation (7).
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Similarly, C = 0

Now equation (8), can be written as

 
∂
∂

− ∂
∂

=u

x

u

y
λ1 0

which is Lagrange's form and its auxiliary equations, are

     
dx dy du

1 01

=
−

=
λ

Which gives      du = 0 ∴ =u c1 (constant)

and             
dy

dx
+ =λ1 0 ...(10)

Let    f x y c1 2( , ) =  (constant) be the solution of equation (10).

∴ the solution of (8), can be taken as

 u f x y= 1( , ) ...(11)

which is a suitable choice for u.

Similarly, the solution of (9) i.e., f x y c2 2( , ) = , can be taken as

 v f x y= 2( , ) ...(12)

is a suitable choice for v.

Now it can be shown that

   AC B RT S
u

x

v

y

u

y

v

x
− = − ∂

∂
∂
∂

− ∂
∂

∂
∂









2 2
2

1

4
4( ) ...(13)

Since A C= =0 0,  when u and v are chosen such that (8) and (9) are satisfied, therefore

from (13), we get

    B S RT
u

x

v

y

u

y

v

x
2 2

2
1

4
4= − ∂

∂
∂
∂

− ∂
∂

∂
∂









( )

∵ S RT2 4 0− > , ∴  B2 0>

∵ A C= =0 , ∴ equation (3) reduces to

2 0
2

B
z

u v
F u v z

z

u

z

v

∂
∂ ∂

+ ∂
∂

∂
∂







=, , , ,

Since B2 0> , i.e., B ≠ 0, so we can divide this equation by B.
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∴ dividing by 2B, it reduces to

 
∂

∂ ∂
= ∂

∂
∂
∂







2z

u v
u v z

z

u

z

v
φ , , , ,

Hence, if we make the substitutions of u and v defined by (11) and (12), the given equation (1)

reduces to the form

∂
∂ ∂

= ∂
∂

∂
∂







2z

u v
u v z

z

u

z

v
φ , , , , ...(14)

which is the canonical form of given equation (1) and is simpler to solve, than the

given equation (1).

Case II : If S RT2 4 0− =  (i.e., if equation (1) is parabolic)

In this case the roots of equation (7) i.e., R S Tλ λ2 0+ + = , are real and equal

i.e.,     λ λ2 = 1

Here we choose u as in case I, such that

     
∂
∂

= ∂
∂

u

x

u

y
λ1  which gives u f x y= ( , ) ...(15)

Also we take v to be any function of x and y, which is independent of u.

∴     As in case I, A = 0. Also from (13), B2 0=   ∵  S RT2 4= .

i.e.,       B = 0

Here C cannot be zero, otherwise v would be a function of u.

Putting A = 0, B = 0 in (3) and dividing by C ≠ 0, equation (3) becomes

   
∂
∂

φ ∂
∂

∂
∂

2

2

z

v
u v z

z

u

z

v
= 





, , , ,

Hence, if we make the substitution of u as defined by (15) and v any function of x and y,

the given equation (1) in this case reduces to the form

   
∂
∂

φ ∂
∂

∂
∂

2

2

z

v
u v z

z

u

z

v
= 





, , , , ...(16)

which is another canonical  form of given equation (1) and is simpler to solve than the

given equation.
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Case III : If S RT2 4 0− < . (i.e., if given equation (1) is elliptic)

In this case the roots of equation (7) i.e., R S Tλ λ2 0+ + = , are complex conjugates.

Proceeding as in case I, here the equation (1) will reduce to the same canonical form

[equation (14)] as in case I but here the variables u and v are not real but are infact the

complex conjugates.

To find the real canonical form.

Let u i= +α β and     v i= −α β

∴ α = +1

2
( )u v  and     β = −1

2
i v u( ).

Now we transform the independent variables u and v to α and β with the help of these

relations.

We have,       
∂
∂

∂
∂α

∂α
∂

∂
∂β

∂β
∂

∂
∂α

∂
∂β

z

u

z

u

z

u

z
i

z= + = −





. .
1

2

and      
∂
∂

∂
∂α

∂α
∂

∂
∂β

∂β
∂

∂
∂α

∂
∂β

z

v

z

v

z

v

z
i

z= + = +





. .
1

2

∴  
∂

∂ ∂
∂
∂

∂
∂

∂
∂α

∂
∂β

∂
∂α

∂
∂β

2 1

4

z

u v u

z

v
i

z
i

z= 





= −





+





= +










1

4

2

2

2

2

∂
∂α

∂
∂β

z z
.

Substituting in (14), the canonical form of equation (1), in this case is

     
∂
∂α

∂
∂β

φ α,β, ∂
∂α

∂
∂β

2

2

2

2

z z
z

z z+ = 





, , ...(17)

Summary : Here we list the canonical forms of the second order partial differential

equation (1), obtained in different cases, in the following table.

Type of the Equation Canonical Form

Hyperbolic S RT2 4 0− >           
∂

∂ ∂
φ ∂

∂
∂
∂

2z

u v
u v z

z

u

z

v
= 





, , , ,

Parabolic S RT2 4 0− =             
∂
∂

φ ∂
∂

∂
∂

2

2

z

v
u v z

z

u

z

v
= 





, , , ,

Elliptic S RT2 4 0− <   
∂
∂α

∂
∂β

φ α β ∂
∂α

∂
∂β

2

2

2

2

z z
z

z z+ = 





, , , ,  Here u i v i= + = −α β α β,
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11.2 Working Method of Reducing a Hyperbolic 

Equation to Canonical Form

Let the second order partial differential equation

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0 ...(1)

be hyperbolic i.e., S RT2 4 0− > .

To reduce (1) to canonical form, proceed as follows.

Step 1 : Write λ-quadratic equation

R S Tλ λ2 0+ + = ...(2)

whose roots will be real and distinct ∵ S RT2 4 0− >

Solve (2) and let λ1, and λ2 be its two distinct real roots.

Step 2 : Write the corresponding characteristic equations

i.e.,      
dy

dx
+ =λ1 0 and 

dy

dx
+ =λ2 0

Solve these equations and let

     f x y c1 1( , ) =  and f x y c2 2( , ) =  be the solutions.

where c1 and c2 are the arbitrary constants which are known as the characteristic curves or 

simply the characteristics of the equation (1).

Step 3 : Let u and v be two functions of x and y, such that

u f x y= 1( , ) and v f x y= 2( , ) ...(3)

Step 4 : Using the relations (3), find p q r s, , ,  and t as needed for (1) in terms of u and v as

in § 11.1

Step 5 : Substituting these values of p q r s t, , , ,  obtained in step (4) in (1), simplify to get

the canonical form of (1), which will be of the form 
∂

∂ ∂
φ ∂

∂
∂
∂

2z

u v
u v z

z

u

z

v
= 





. . , , .
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 Ex am ple 1:  Re duce the fol low ing equa tion to ca non i cal form.

  
∂
∂

∂
∂

2

2
2

2

2

z

x
x

z

y
=

[Agra 2005; Meerut 2009 (B.P.), 11 (Sem. I), 12 (Sem. I);

Delhi Maths (Hons.) 2002, 06; Himachal 2005; Kurukshetra 2004; Ravishankar 2004; I.A.S. 2008]

 So lu tion:  The given equa tion can be writ ten as

      r x t− =2 0 ...(1)

Comparing (1) with the equation

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

R S T x= = = −1 0 2, ,   ∴  S RT x2 24 4 0− = >

and so (1) is a hyperbolic equation

∴ λ − quadratic equation, R S Tλ λ2 0+ + = , becomes

λ2 2 0− =x , giving λ = ± x

Let λ1 = x and λ2 = −x. (Real and distinct roots)

∴ The characteristic equations 
dy

dx
+ =λ1 0 and 

dy

dx
+ =λ2 0, becomes

dy

dx
x+ = 0 and  

dy

dx
x− = 0

Integrating them, we get the following characteristics of (1)

   y x c+ =1

2
2

1     and   y x c− =1

2
2

2

∴ To change the independent variable x y, , to u v, , in the given equation (1), we take

∴  u y x= + 1

2
2   and  v y x= − 1

2
2

∴ p
z

x

z

u

u

x

z

v

v

x
x

z

u

z

v
= = + = −





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

. . .

 q
z

y

z

u

u

y

z

v

v

y

z

u

z

v
= = + = +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

. .

 r
z

x x

z

x x
x

z

u

z

v
= = 





= −













∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2
.

504           

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



   = −





+ −





x
x

z

u

z

v

z

u

z

v

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

1.

   = −





+ −








x
u

z

u

z

v

u

x v

z

u

z

v

v

x

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.



+ −∂
∂

∂
∂

z

u

z

v

   = − +








 + −x

z

u

z

u v

z

v

z

u

z

v
2

2

2

2 2

2
2

∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
∂

and  t
z

y y

z

y u v

z

u

z

v
= =









 = +





+





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2


   = + +∂
∂

∂
∂ ∂

∂
∂

2

2

2 2

2
2

z

u

z

u v

z

v

∴ Substituting the values of r and t in (1), we get

x
z

u

z

u v

z

v

z

u

z

v
x

z

u

2
2

2

2 2

2
2

2
2

∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
∂

∂
∂

− +








 + − −

2

2 2

2
2 0+ +









 =∂

∂ ∂
∂
∂

z

u v

z

v

or  
∂

∂ ∂
∂
∂

∂
∂

2

2

1

4

z

u v x

z

u

z

v
= −





.

or  
∂

∂ ∂
∂
∂

∂
∂

2 1

4

z

u v u v

z

u

z

v
=

−
−



( )

which is the required canonical form of the given equation.

 Ex am ple 2:  Re duce the equa tion 

( ) ( ) ( ) ( )y r y s y y t p q ye yx− − − + − + − = −1 1 1 2 12 2 3

to canonical form and hence solve  it. [Rohilkhand 2001; Delhi 2008]

 So lu tion:  Com par ing the given equa tion with the equa tion

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

R y S y T y y= − = − − = −1 1 12, ( ), ( )   

∴   S RT y2 44 1 0− = − >( )  ⇒  Given equation is hyperbolic.

∴ The quadratic equation R S Tλ λ2 0+ + = , becomes

( ) ( ) ( )y y y y− − − + − =1 1 1 02 2λ λ

or       λ λ2 1 0− + + =( )y y

or     ( )( )λ λ− − =1 0y , giving   λ =1, y

i.e.,      λ1 1=  and  λ2 = y (Real and distinct roots)
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∴  The characteristic equations 
dy

dx
+ =λ1 0 and 

dy

dx
+ =λ2 0 becomes

 
dy

dx
+ =1 0   and   

dy

dx
y+ = 0

Integrating these equations, we get the following characteristic curves (or characteristics) 

of the given equation.

 x y c+ = 1  and  ye cx = 2

∴  To change the independent variables x y,  to u v, , in the given equation, we take

 u x y= +   and  v ye x= .

∴ p
z

x

z

u

u

x

z

v

v

x

z

u
ye

z

v

z

u
v

z

v
x= = + = + = +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.

 q
z

y

z

u

u

y

z

v

v

y

z

u
e

z

v
x= = + = +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.

 r
x

z

x u
v

v

z

u
v

z

v
= 





= +





+





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

   = +





+ +





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂u

z

u
v

z

v
v

v

z

u
v

z

v

   = + + +∂
∂

∂
∂ ∂

∂
∂

∂
∂

2

2

2
2

2

2
2

z

u
v

z

u v
v

z

v
v

z

v

 s
x

z

y x

z

u
e

z

v
x=









 = +





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

   = 





+ 





+∂
∂

∂
∂

∂
∂

∂
∂

∂
∂x

z

u
e

x

z

v
e

z

v
x x

   = +











+ +








∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂u

v
v

z

u
e

u
v

v

z

v
x


+ e

z

v
x ∂

∂

   = + + + +∂
∂

∂
∂ ∂

∂
∂

∂
∂

2

2

2 2

2

z

u
e v

z

u v
ve

z

v
e

z

v
x x x( )

and  t
y

z

y y

z

u
e

z

v y

z

u
x=









 = +





= 





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

+ 





e
y

z

v
x ∂

∂
∂
∂

   = 





+ 





+ 


∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂u

z

u

u

y v

z

u

v

y
e

u

z

v
x


+ 















∂
∂

∂
∂

∂
∂

∂
∂

u

y v

z

v

v

y

   = + +∂
∂

∂
∂ ∂

∂
∂

2

2

2
2

2

2
2

z

u
e

z

u v
e

z

v

x x
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Substituting the values of p q r s t, , , ,  in the given equation, we get

   ( )y
z

u
v

z

v
v

z

v
v

z

v
− + + +









1 2

2

2

2

2
2

2

2

∂
∂

∂
∂

∂
∂

∂
∂

− − + + + +









( ) ( )y

z

u
e v

z

u v
ve

z

v
e

z

v
x x x2

2

2

2 2

2
1

∂
∂

∂
∂ ∂

∂
∂

∂
∂




+ − + +












+ −y y
z

u
e

z

u v
e

z

v
v ex x x( ) ( )1 2

2

2

2
2

2

2

∂
∂

∂
∂ ∂

∂
∂

∂z

v
ye yx

∂
= −2 12 3( )

or ( ) ( )1 2 13
2

2 3− = −y e
z

u v
ye yx x∂

∂ ∂

or
∂

∂ ∂

2
2

z

u v
ye x= or

∂
∂ ∂

2
2

z

u v
v= ...(1)

which is the required canonical form.

To Find the Solution : Integrating (1) partially, w.r.t. v, we have

     
∂
∂
z

u
v f u= +2 ( ). ...(2)

where f u( ) is an arbitrary function of u.

Now integrating (3) partially w.r.t. u, we have

 z uv u v= + +2 φ ψ( ) ( )   where φ ( ) ( ) .u f u du= ∫
Where ψ ( )v  is an arbitrary function of v.

or z x y y e x y y ex x= + + + +( ) ( ) ( )2 2 φ ψ

which is the solution of the given equation.

 Ex am ple 3:  Re duce the equa tion y r x y s xt+ + + =( ) 0 to canonical form and hence

find its gen eral so lu tion. [Delhi Maths (Hons.) 2007]

 So lu tion:  Given, yr x y s x t+ + + =( ) 0 ...(1)

Comparing (1) with the equation

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

              R y= , S x y= + , T x= ,

∴  S RT x y xy x y2 2 24 4 0− = + − = − >( ) ( )  if x y≠
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which shows that (1) is hyperbolic equation if x y≠ .

∴ λ-quadratic equation R S Tλ λ2 0+ + = , becomes 

y x y xλ λ2 0+ + + =( )    or   ( )( )y xλ λ+ + =1 0

∴ λ = − −x y , 1

∴ The characteristic equations 
dy

dx
+ =λ1 0 and 

dy

dx
+ =λ2 0 becomes,

dy

dx

x

y
− = 0 and

dy

dx
− =1 0

Solving y x c2 2
12 2− = and y x c− = 2

where c1 and c2 are arbitrary constants are the characteristics of (1)

To change the independent variables x y,  to u v, , in (1)

we choose u y x= −2 22 2 and   v y x= −

∴        p
z

x

z

u

u

x

z

v

v

x
x

z

u

z

v
= = + = − +





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.

and q
z

y

z

u

u

y

z

v

v

y
y

z

u

z

v
= = + = +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.

 r
z

x x

z

x x
x

z

u

z

v
= = 





= − +











∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2

   = − − 





− 





1
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

z

u
x

x

z

u x

z

v

   = − − 





+ 











∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

z

u
x

u

z

u

u

x v

z

u

v

x
. .  − 





+ 











∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂u

z

v

u

x v

z

v

v

x

   = − − − −












− − −
∂

∂
∂
∂

∂
∂ ∂

∂
∂ ∂

∂
∂

z

u
x x

z

u

z

u v
x

z

u v

z

v

2

2

2 2 2

2










   = + + −x
z

u
x

z

u v

z

v

z

u
2

2

2

2 2

2
2

∂
∂

∂
∂ ∂

∂
∂

∂
∂

     s
z

x y x

z

y x
y

z

u

z

v
= =









 = +





∂
∂ ∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

        = 





+ 





y
x

z

u x

z

v

∂
∂

∂
∂

∂
∂

∂
∂
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      = 





+ 











+y
u

z

u

u

x v

z

u

v

x u

z∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
.

∂
∂
∂

∂
∂

∂
∂

∂
∂v

u

x v

z

v

v

x







+ 











.

                           = − −












+ − −









y x

z

u

z

u v
x

z

u v

z

v

∂
∂

∂
∂ ∂

∂
∂ ∂

∂
∂

2

2

2 2 2

2 
= − + + +













xy
z

u
x y

z

u v

z

v

∂
∂

∂
∂ ∂

∂
∂

2

2

2 2

2
( )

and     t
z

y y

z

y y
y

z

u

z

v
= =









 = +





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2

      = + 





+ 





1.
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

z

u
y

y

z

u y

z

v

      = + 





+ 













 +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂z

u
y

u

z

u

u

y v

z

u

v

y ∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂u

z

v

u

y v

z

v

v

y







+ 













.

      = + +












+ +






∂
∂

∂
∂

∂
∂ ∂

∂
∂ ∂

∂
∂

z

u
y y

z

u

z

v u
y

z

u v

z

v

2

2

2 2 2

2







      = + + +y
z

u
y

z

u v

z

v

z

u
2

2

2

2 2

2
2

∂
∂

∂
∂ ∂

∂
∂

∂
∂

Substituting the values of r s,  and t in (1), we get

y x
z

u
x

z

u v

z

v

z

u
x y xy

z2
2

2

2 2

2

2
2

∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂+ + −












− +( )
∂

∂
∂ ∂

∂
∂u

x y
z

u v

z

v2

2 2

2
+ + +













( )

+ + + +












=x y
z

u
y

z

u v

z

v

z

u
2

2

2

2 2

2
2 0

∂
∂

∂
∂ ∂

∂
∂

∂
∂

or [ ( ) ]4 02
2

xy x y
z

u v
y

z

u
x

z

u
− + − + =∂

∂ ∂
∂
∂

∂
∂

or − − − − =( ) ( )y x
z

u v
y x

z

u
2

2
0

∂
∂ ∂

∂
∂

 or     ( )y x
z

u v

z

u
− + =∂

∂ ∂
∂
∂

2
0 as y x≠ .

or v
z

u v

z

u

∂
∂ ∂

∂
∂

2
0+ = ...(2)

which is the required canonical form.

To Find the Solution : Multiplying both sides of (2) by u, we get

uv
z

u v
u

z

u

∂
∂ ∂

∂
∂

2
0+ =    or   ( )uvDD uD z′ + = 0 ...(3)

where   D
u

≡ ∂
∂

 and ′ ≡D
v

∂
∂

.
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To reduce (2) to linear differential equation with constant coefficients, let u eX=  and 

v eY=  so that X u= log  and Y v= log .

∴       u
u X

D
∂
∂

∂
∂

≡ = 1 (say)    i.e., uD D≡ 1,  v
v Y

D
∂
∂

∂
∂

≡ ≡ ′1 (say)

and uv
u v X Y

D D
∂

∂ ∂
∂

∂ ∂

2 2

1 1= ≡ ′ i.e.,    uvDD D D′ = ′1 1

Substituting in (2), it reduces to

( )D D D z1 1 1 0′ + =  or D D z1 1 1 0( )′ + =

whose general solution is

    z Y e X v v uY= + = +− −φ φ φ φ1 2 1
1

2( ) ( ) (log ) (log )

or    z v v u= + −ψ ψ1
1

2( ) ( )

or    z y x y x y x= − + − −−ψ ψ1
1

2
2 2( ) ( ) ( )

where ψ1 and ψ2 are arbitrary functions.

 Ex am ple 4:  Re duce the fol low ing equa tion to ca non i cal form and hence solve it.

y x y r s xp yq z( )( )+ − − − − = 0. [Meerut 2012 (O)]

 So lu tion:  Com par ing the given equa tion with the equa tion

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

R y x y S y x y T= + = − + =( ), ( ), 0

S RT y x y2 2 24 0− = + >( )   ⇒ Given equation is hyperbolic

Here the quadratic equation R S Tλ λ2 0+ + = , becomes

  y x y y x y( ) ( )+ − + + =λ λ2 0 0

or   λ λ( )− =1 0 ∴ λ = 0 1,

∴ Let   λ1 0= and λ2 1=

∴ The characteristic equations 
dy

dx
+ =λ1 0  and  

dy

dx
+ =λ2 0, becomes

  
dy

dx
= 0 and

dy

dx
+ =1 0 or

dy

dx
= 0 and dy dx+ = 0

Integrating, y c= 1 and y x c+ = 2, which are the characteristics of the given equation.

∴ To change the independent variables x and y to u and v in the given equation, we

take  u y=  and v x y= +
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∴    p
z

x

z

u

u

x

z

v

v

x

z

v
= = + =∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.

and     q
z

y

z

u

u

y

z

v

v

y

z

u

z

v
= = + = +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.

∴  
∂
∂

∂
∂x v

≡ and     
∂
∂

∂
∂

∂
∂y u v

≡ +

    r
z

x x

z

x v

z

v

z

v
= = 





= 





=∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2

2

2

    s
z

x y x

z

y v

z

u

z

v

z

u v
= =









 = +





=∂
∂ ∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂ ∂

2 2
+ ∂

∂

2

2

z

v

and     t
z

y y

z

y u v

z

u

z

v
= =









 = +





+





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2


      = +





+ +





= +∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
u

z

u

z

v v

z

u

z

v

z

u

z2

2

2
2

∂ ∂
∂
∂u v

z

v
+

2

2

Substituting the values of p q r s t, , , ,  in the given equation, we have

− + − − +





− =y x y
z

u v
x

z

v
y

z

u

z

v
z( ).

∂
∂ ∂

∂
∂

∂
∂

∂
∂

2
0

or    − + − − + − =y x y
z

u v
y

z

u
x y

z

v
z( ). ( )

∂
∂ ∂

∂
∂

∂
∂

2
0

or    uv
z

u v
u

z

u
v

z

v
z

∂
∂ ∂

∂
∂

∂
∂

2
0+ + + =

or    
∂

∂ ∂
∂
∂

∂
∂

2 1 1 1
0

z

u v v

z

u u

z

v uv
z+ + + = ...(1)

which is the canonical form of the given equation.

To Find the Solution : Equation (1), can be written as

     
∂
∂

∂
∂

∂
∂v

z

u u
z

v

z

u u
z+





+ +





=1 1 1
0

...(2)

or  
∂
∂
t

v v
t+ =1

0,  Putting  
∂
∂
z

u u
z t+ =1

which is L.D.E. in t with v as independent variable, ∴  I.F. = = =




∫

e e vv
dv

v

1

log
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∴  v t dv f u. . ( )= +∫ 0 or v
z

u u
z f u

∂
∂

+





=1
( )

or 
∂
∂
z

u u
z

v
f u+ =1 1
( )

which is L.D.E. in z, with u as independent variable (treating v constant)

∴ I.F. = = =




∫

e e uu
du

u

1

log

∴  u z u
v

f u du v
v

u v. . ( ) ( ) ( ) ( )= + = +∫ 1 1ψ φ ψ , where φ ( ) ( )u u f u du= ∫
or     z

uv
u

u
v= +1 1φ ψ ( ) ( )

or     z
y x y

y
y

x y=
+

+ +1 1

( )
( ) ( )φ ψ 

where φ and ψ are arbitrary functions.

which is the required solution.

Note : If we write equation (1) as

∂
∂

∂
∂

∂
∂u

z

v v
z

u

z

v v
z+





+ +





=1 1 1
0

and proceed as above, then the solution of the equation will be

z
y x y

x y
x y

y=
+

+ +
+

1 1

( )
( )

( )
( )φ ψ  .

 Example 5:  Re duce the equation

( )n
z

x
y

z

y
ny

z

y
n n− − = −12

2

2
2

2

2
2 1∂

∂
∂

∂
∂
∂

to canonical form, and find its general solution.

[Delhi Maths (Hons.) 2000, 01, 05; Himachal 2004]

 So lu tion:  The given equation can be written as

( )n r y t ny qn n− − − =−1 02 2 2 1
...(1)

Comparing with Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

 R n S T y n= − = = −( ) , ,1 02 2 .  

∴   S RT n y n2 2 24 4 1 0− = − >( )   ⇒ (1) is a hyperbolic equation.

∴ The quadratic equation R S Tλ λ2 0+ + = , becomes
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( )n y n− − =1 02 2 2λ or λ2
2

2

1

1
=

−

y

n

n

( )

Giving λ = ±
−
1

1( )n
yn i.e., λ λ1 2

1

1

1

1
=

−
= −

−( )
,

( )n
y

n
yn n (Two real distinct roots)

∴ The characterise equations 
dy

dx
+ =λ1 0 and 

dy

dx
+ =λ2 0 becomes

dy

dx n
yn+

−
=1

1
0

( )
  and

dy

dx n
yn−

−
=1

1
0

( )

or ( )n y dy dxn− + =−1 0 and ( )n y dy dxn− − =−1 0

integrating, we have

   x y cn− =− +1
1 and x y cn+ =− +1

2

which are the characteristic curves of (1).

∴ To change the independent variables x y,  to u v,  in the given equation (1), we take

  u x y n= − − +1 and  v x y n= + − +1

∴   p
z

x

z

u

u

x

z

v

v

x

z

u

z

v
= = + + = +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

. ∴ ∂
∂

∂
∂

∂
∂x u v

≡ +

  q
z

y

z

u

u

y

z

v

v

y
n y

z

u

z

v
n= = + = − −





−∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

. . ( )1

  r
x

z

x u v

z

u

z

v

z

u
= 





= +





+





=∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2

2 2

2
2+ +∂

∂ ∂
∂
∂

z

u v

z

v

and   t
y

z

y y
n y

z

u

z

v
n=









 = − −











−∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

( )1

     = − − −





+ − −− − −n n y
z

u

z

v
n y

y

z

u

z

v
n n( ) ( )1 11 ∂

∂
∂
∂

∂
∂

∂
∂

∂
∂




      = − − −





− −n n y
z

u

z

v
n( )1 1 ∂

∂
∂
∂

+ − −





+ −





−( )n y
u

z

u

z

v

u

y y

z

u

z

v
n1

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂
v

y











     = − − −





+ − −− − −n n y
z

u

z

v
n y

z

u

zn n( ) ( )1 1 21 2 2
2

2

2∂
∂

∂
∂

∂
∂

∂
∂ ∂

∂
∂u v

z

v
+













2

2
.

Substituting these values in (1) and simplifying, we have

   
∂

∂ ∂

2
0

z

u v
= ...(2)

which is the required, canonical form.
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To Find the Solution : Integrating, (2) w.r.t. v, we have

∂
∂
z

u
f u= ( ), where f u( ) is an arbitrary function of u.

Again integrating partially w.r.t. u, we have

  z u v= +φ ψ( ) ( ) where φ ( ) ( )u f u du= ∫
where φ ( )u  and ψ ( )v  is arbitrary functions.

Hence the required solution is

  z x y x yn n= − + +− + − +φ ψ( ) ( )1 1 .

 Example 6:  Re duce the following equation to ca non i cal form and hence solve

x xy r x y s y xy t x p y q( ) ( ) ( ) ( ) ( )− − − + − + − + − =1 1 1 1 1 02 2 .

 So lu tion:  Com par ing the given equa tion with the equa tion

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

R x xy S x y T y xy= − = − − = −( ), ( ), ( )1 1 12 2  

∴ S RT xy2 44 1 0− = − >( )   ⇒  The given equation is hyperbolic.

Here the quadratic equation R S Tλ λ2 0+ + = , becomes

x xy x y y xy( ) ( ) ( )− − − + − =1 1 1 02 2 2λ λ

or ( )( )( )xy x y− − − =1 1 0λ λ or  λ =1 x y,

Let λ1 1= x and λ2 = y

∴ The characteristic equations 
dy

dx
+ =λ1 0 and 

dy

dx
+ =λ2 0, becomes

dy

dx x
+ =1

0 and
dy

dx
y+ = 0

or      dy
dx

x
+ = 0     and    

dy

y
dx+ = 0

Integrating y x c+ =log log 1 and log logy x c+ = 2

∴    x e cy = 1    and    y e cx = 2

Which are the characterise curves of the given equation.

∴ To change the independent variables x and y to u and v in the given equation, we

take u x e y=  and v y e x=
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∴  p
z

x

z

u

u

x

z

v

v

x
e

z

u
ye

z

v
e

z

u
v

zy x y= = + = + = +∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂v

  q
z

y

z

u

u

y

z

v

v

y
x e

z

u
e

z

v
u

z

u
e

zy x x= = + = + = +∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂v

  r
z

x x
e

z

u
y e

z

v
e

x

z

u
yy x y= = +





= 





+∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2
e

z

v
ye

x

z

v
x x∂

∂
∂
∂

∂
∂

+ 





    = 





+ 











e
u

z

u

u

x v

z

u

v

x
y ∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.  + + 





+ 








ye
z

v
ye

u

z

v

u

x v

z

v

v

x
x x∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂




    = +












+ +e
z

u
e

z

u v
ye ye

z

v
ye

z

u v
ey y x x x∂

∂
∂

∂ ∂
∂
∂

∂
∂ ∂

2

2

2 2
y xz

v
ye+













∂
∂

2

2

    = + + ++e
z

u
ye

z

u v
ye

z

v
y e

z

v

y x y x x2
2

2

2
2 2

2

2
2

∂
∂

∂
∂ ∂

∂
∂

∂
∂

  s
z

x y x

z

y x
x e

z

u
e

z

v
y x= =









 = +





∂
∂ ∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

    = + 





+ + 





e
z

u
x e

x

z

u
e

z

v
e

x

z

v
y y x x∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

    = + 





+ 









e

z

u
x e

u

z

u

u

x v

z

u

v

x
y y∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂ 

+ + 





+ 











e
z

v
e

u

z

v

u

x v

z

v

v

x
x x∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂ 

    = + +












+ +e
z

u
x e

z

u
e

z

v u
ye e

z

v
ey y y x x x∂

∂
∂
∂

∂
∂ ∂

∂
∂

∂2

2

2 2z

u v
e

z

v
yey x

∂ ∂
∂
∂

+












2

2

    = + + + + ++x e
z

u
xy e

z

u v
e

z

u
e

z

v
yey x y y x x2

2

2

2
2

2
1

∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
( )

z

v∂ 2

  t
z

y y

z

y y
x e

z

u
e

z

v
y x= =









 = +





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2

    = + 





+ 





x e
z

u
x e

y

z

u
e

y

z

v
y y x∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

    = + 





+ 








x e

z

u
x e

u

z

u

u

y v

z

u

v

y
y y∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂




 +







+ 













e

u

z

v

u

y v

z

v

v

y
x ∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

    = + +












+x e
z

u
x e

z

u
x e

z

v u
e e

z

v u
xy y y x x∂

∂
∂
∂

∂
∂ ∂

∂
∂ ∂

2

2

2 2
e

z

v
ey x+













∂
∂

2

2
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    = + + ++x e
z

u
x e

z

u v
e

z

v
x e

z

u
y x y x y2 2

2

2

2
2

2

2
2

∂
∂

∂
∂ ∂

∂
∂

∂
∂

Substituting the values of p q r s t, , , ,  in the given equation, we have,

x x y e
z

u
y e

z

u v
y e

z

v
y e

z

v

y x y x x( )− + + ++1 22
2

2

2
2 2

2

2

∂
∂

∂
∂ ∂

∂
∂

∂
∂













− − + + + ++( ) ( )x y x e
z

u
x y e

z

u v
e

z

u
e

zy x y y x2 2 2
2

2

2
1 1

∂
∂

∂
∂ ∂

∂
∂

∂
∂v

y e
z

v

x+












2
2

2

∂
∂

+ − + + ++y x y x e
z

u
x e

z

u v
e

z

v
x e

zy x y x y( )1 22 2
2

2

2
2

2

2

∂
∂

∂
∂ ∂

∂
∂

∂
∂u













+ − +





+ − +



( ) ( )x e

z

u
y e

z

v
y x e

z

u
e

z

v
y x y x1 1

∂
∂

∂
∂

∂
∂

∂
∂ 

= 0

or   
∂

∂ ∂

2
0

z

u v
= ...(1)

which is the canonical form of the given equation.

To Find the Solution : Integrating (1) partially w.r.t., u, we get 
∂
∂
z

v
f v= ( )

Again integrating partially w.r.t., v, we get

  z v u= +φ ψ ( ) ( ), where φ ( ) ( )v f v dv= ∫
or  z y e x ex y= +φ ψ( ) ( )

where φ and ψ are arbitrary functions.

 Ex am ple 7:  Re duce the equa tion 

x y x r y x s y y x t y x p q( ) ( ) ( ) ( )( )− − − + − + + −2 2 = + +2 2 2x y

to canonical form and hence solve.

 So lu tion:  Com par ing the given equa tion with the equa tion

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

R x y x S y x T y y x= − = − − = −( ), ( ), ( )2 2

∴ S RT y x xy y x y x y x xy y x2 2 2 2 2 2 24 4 4− = − − − = − + − = −( ) ( ) ( ) [( ) ] ( )4 0>

⇒  given equation is hyperbolic.

Here the quadratic equation R S Tλ λ2 0+ + = , becomes
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x y x y x y y x( ) ( ) ( )− − − + − =λ λ2 2 2 0

or x y x yλ λ2 0− + + =( )  or  ( )( )x yλ λ− − =1 0 ∴  λ = y x , 1

∴ Let λ1 = y x and λ2 1=

∴ The characteristic equations 
dy

dx
+ =λ1 0 and 

dy

dx
+ =λ2 0, becomes

     
dy

dx

y

x
+ = 0      and     

dy

dx
+ =1 0

or     
dy

y

dx

x
+ = 0      and     dy dx+ = 0

Integrating log log logy x c+ = 1 i.e., x y c= 1   and y x c+ = 2

Which are the characterises of the given equation

∴ To change the independent variables x and y to u and v, in the given equation, we

take

 u x y= and     v x y= +

∴  p
z

x

z

u

u

x

z

v

v

x
y

z

u

z

v
= = + = +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

. .

 q
z

y

z

u

u

y

z

v

v

y
x

z

u

z

v
= = + = +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

 r
z

x x

z

x x
y

z

u

z

v
y

x

z= = 





= +





=∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2 u x

z

v







+ ∂
∂

∂
∂

     = 





+ 











+y
u

z

u

u

x v

z

u

v

x u

z∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂v

u

x v

z

v

v

x







+ 











.
∂
∂

∂
∂

∂
∂

∂
∂

     = +












+ +






y
z

u
y

z

v u

z

v u
y

z

v

∂
∂

∂
∂ ∂

∂
∂ ∂

∂
∂

2

2

2 2 2

2
1 1. . .







    = + +y
z

u
y

z

u v

z

v

2
2

2

2 2

2
2

∂
∂

∂
∂ ∂

∂
∂

  s
z

x y x

z

y x
x

z

u

z

v
x

x

z= =








 = +





=∂
∂ ∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂2

∂
∂
∂

∂
∂

∂
∂u

z

u x

z

v







+ + 





    = 





+ 











+ +x
u

z

u

u

x v

z

u

v

x

z

u

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂u

z

v

u

x v

z

v

v

x







+ 











.
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    = +












+ + +x
z

u
y

z

v u

z

u

z

u v
y

z

v

∂
∂

∂
∂ ∂

∂
∂

∂
∂ ∂

∂
∂

2

2

2 2 2

2
1 1. .













    = + + + +x y
z

u
x y

z

u v

z

v

z

u

∂
∂

∂
∂ ∂

∂
∂

∂
∂

2

2

2 2

2
( )

and   t
z

y y
x

z

u

z

v
x

y

z

u y

z= = +





= 





+∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2 v







    = 





+ 













 +x

u

z

u

u

y v

z

u

v

y u

z∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
.

∂
∂
∂

∂
∂

∂
∂

∂
∂v

u

y v

z

v

v

y







+ 













.

    = +












+ +






x
z

u
x

z

v u

z

u v
x

z

v

∂
∂

∂
∂ ∂

∂
∂ ∂

∂
∂

2

2

2 2 2

2
1 1. . .







= + +x
z

u
x

z

u v

z

v

2
2

2

2 2

2
2

∂
∂

∂
∂ ∂

∂
∂

Substituting the values of p q r s t, , , ,  in the given equation, we have

x y x y
z

u
y

z

u v

z

v
( )− + +













2
2

2

2 2

2
2

∂
∂

∂
∂ ∂

∂
∂

− − + + + +












( ) ( )y x x y
z

u
x y

z

u v

z

v

z

u
2 2

2

2

2 2

2

∂
∂

∂
∂ ∂

∂
∂

∂
∂

+ − + +












y y x x
z

u
x

z

u v

z

v
( ) 2

2

2

2 2

2
2

∂
∂

∂
∂ ∂

∂
∂

+ + −





= + +( )y x y
z

u
x

z

u
x y

∂
∂

∂
∂

2 2 2

or     − − = + +( )y x
z

u v
x y3

2
2 2 2

∂
∂ ∂

or   
∂

∂ ∂

2

2 3 2

2 2

4

z

u v

x y

x y xy
=

+ +

+ −

( )

[( ) ]

or   
∂

∂ ∂

2

2 3 2

2 1

4

z

u v

v

v u
= +

−
( )

( )
...(1)

which is the canonical form of the given equation.

To Find the Solution : Integrating (1) partially w.r.t. 'u', (treating v constant), we get

      
∂
∂
z

v

v

v u
f v= +

−
+1

42( )
( )
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or      
∂
∂
z

v

v

v u v u
f v=

−
+

−
+

( ) ( )
( )

2 24

1

4

Integrating partially w.r.t. 'v', (treating u constant)

 z v u v v u v u= − + + − + +√ √( φ ψ ( ) log [ )] ( ) ( )2 24 4 ,where, φ ( ) ( )v f v dv= ∫
or  z x y x y x y x y x y x y= + − + + + + − + + +√ √ φ ψ {( ) } log [ {( ) }] ( ) (2 24 4 x y)

or  z x y x x y x y= − + + + +( ) log ( ) ( ) ( )2 φ ψ 

where φ and ψ are arbitrary functions.

which is the solution of the given equation.

 Ex am ple 8:  Re duce the fol low ing equa tion to ca non i cal form and hence solve it 

xy r x y s xyt py qx x y− − − + − = −( ) ( ).2 2 2 22 [Delhi Maths (Hons.) 2006]

 So lu tion:  Com par ing the given equa tion with the equation

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

R x y S x y T x y= = − − = −, ( ),2 2 .  ∴    S RT x y2 2 2 24 0− = + >( )

⇒ Given equation is hyperbolic.

Here the quadratic equation R S Tλ λ2 0+ + = , becomes

    x y x y x yλ λ2 2 2 0− − − =( )

or  ( )( )x y y xλ λ+ − = 0 or   λ = − y x x y,

Let λ1 = − y x and λ2 = x y

∴ The characteristic equations 
dy

dx
+ =λ1 0  and  

dy

dx
+ =λ2 0, becomes

     
dy

dx

y

x
− = 0      and   

dy

dx

x

y
+ = 0

or     
dy

y

dx

x
− = 0      and  y dy x dx+ = 0

Integrating log log logy x c− = 1 and y x c2 2
2+ =

∴    y x c= 1       and y x c2 2
2+ =
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Which are the characteristics of the given equation.

∴ 

To change the independent variables x and y to u and v, in the given equation we take 

u y x=  and v x y= +2 2.

∴  p
z

x

z

u

u

x

z

v

v

x

z

u

y

x

z

v
x= = + = −





+∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂2

2.

 q
z

y

z

u

u

y

z

v

v

y

z

u x

z

v
y= = + = 





+∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.
1

2

 r
x

z

x x

y

x

z

u
x

z

v
= 





= − +





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂2

2

    = 





− 





+ + 


2
2 2

3 2

y

x

z

u

y

x x

z

u

z

v
x

x

z

v

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

 


   = 





− 





+ 





2
3 2

y

x

z

u

y

x u

z

u

u

x v

z

u

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.
∂
∂
v

x






 + + 





+ 











2 2
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

z

v
x

u

z

v

u

x v

z

v

v

x

    = 





− −





+






2
2

3 2

2

2 2

2y

x

z

u

y

x

z

u

y

x

z

v u
x

∂
∂

∂
∂

∂
∂ ∂

.






+ 2
∂
∂
z

v
 + −





+












2 2
2

2

2

2
x

z

u v

y

x

z

v
x

∂
∂ ∂

∂
∂

.

    =










 − + + +

y

x

z

u

y

x

z

u v
x

z

v

y

x

z

u

2

4

2

2

2
2

2

2 3

4
4

2∂
∂

∂
∂ ∂

∂
∂

∂
∂

2
∂
∂
z

v

  s
z

x y x

z

y x x

z

u
y

z

v
= =









 = +





∂
∂ ∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2 1
2

    = −





+ 





+ 





1 1
2

2x

z

u x x

z

u
y

x

z

v

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

    = −





+ 





+ 





1 1
2x

z

u x u

z

u

z

x v

z

u

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.
∂
∂
v

x






 + 





+ 











2 y
u

z

v

u

x v

z

v

v

x

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

    = − + −





+












+1 1
2 2

2

2

2 2

2

x

z

u x

z

u

y

x

z

v u
x y

∂
∂

∂
∂

∂
∂ ∂

.
∂

∂ ∂
∂
∂

2

2

2

2
2

z

u v

y

x

z

v
x. .−





+












    = − + −










 + −

y

x

z

u

y

x

z

u v
xy

z

v x

z
3

2

2

2

2

2 2

2 2
2

2
4

1∂
∂

∂
∂ ∂

∂
∂

∂
∂u

and   t
y

z

y y x

z

u
y

z

v
=









 = +





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

1
2
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    = 





+ + 





1
2 2

x y

z

u

z

v
y

y

z

v

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

    = 





+








 +1

2
x u

z

u

u

y v

z

u

v

y

z

v

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.  + 





+ 













2 y

u

z

v

u

y v

z

v

v

y

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

.

    = +












+ +1 1
2 2 2

12

2

2 2

x

z

u x

z

v u
y

z

v
y

z

u v x

∂
∂

∂
∂ ∂

∂
∂

∂
∂ ∂

. . . +












∂
∂

2

2
2

z

v
y.

    = + + +1 4
4 2

2

2

2

2
2

2

2x

z

u

y

x

z

u v
y

z

v

z

v

∂
∂

∂
∂ ∂

∂
∂

∂
∂

Substituting the values of p q r s t, , , ,  in the given equation, we have

x y
y

x

z

u

y

x

z

u v
x

z

v

y

x

z

u

z

v

2

4

2

2

2
2

2

2 3

4
4

2
2

∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
∂

− + + +












    − − − + −










 +( )x y

y

x

z

u

y

x

z

u v
x y

z

v

2 2
3

2

2

2

2

2 2
2 1 4

∂
∂

∂
∂ ∂

∂
∂ 2 2

1−










x

z

u

∂
∂

    − + + +












+ −xy
x

z

u

y

x

z

u v
y

z

v

z

v

y1
4 4 2

2

2

2

2
2

2

2

∂
∂

∂
∂ ∂

∂
∂

∂
∂ x

z

u
x

z

v
y

2
2

∂
∂

∂
∂

+





    − +





= −1
2 2 2 2

x

z

u
y

z

v
x x y

∂
∂

∂
∂

( )

or     
− +

= −
22

2
2 2

2

2
2 2( )

( )
x y

x

z

u v
x y

∂
∂ ∂

or  
∂

∂ ∂

2 2 2 2

2 2 2

2

2 2

1

1

z

u v

y x x

x y

y x

y x
=

−

+
=

−

+

( )

( )

( )

( )

or  
∂

∂ ∂

2 2

2 2

1

1

z

u v

u

u
= −

+( )
...(1)

which is the canonical form of the given equation.

To Find the Solution : Integrating (1) partially w.r.t. 'u' (treating v constant), we get

      
∂
∂
z

v

u

u
du f v

u

u u
du f v= −

+
+ =

−

+
+∫ ∫

2

2 2

2

2

1

1

1 1

1( )
( )

( )

( )
( )

    = + = − + = −
+

+∫ dt

t
f v

t
f v

u

u
f v

2 2

1

1
( ) ( ) ( ),  Putting u

u
t+ =1
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Integrating again partially w.r.t. 'v' (treating u constant), we get

 z
u

u
v f v dv u= −

+







+ +∫2 1
( ) ( )ψ 

    = −
+

+ +uv

u
v u

2 1
φ ψ( ) ( ) where  φ ( ) ( )v f v dv= ∫

or  z x y x y y x= − + + +φ ψ( ) ( )2 2 , where φ and ψ are arbitrary functions.

11.3 Working Method of Reducing a Parabolic 

Equation to Canonical Form

Let the second order partial differential equation

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0 ...(1)

be parabolic i.e.,   S RT2 4 0− = .

To reduce (1)  to canonical form, proceed as follows.

Step 1 : Write λ quadratic equation R S Tλ λ2 0+ + = ...(2)

whose roots will be real and equal as S RT2 4 0− =

Solve (2) and let λ1, λ1 be two equal roots.

Step 2 : Write the corresponding characteristic equation

i.e.,     
dy

dx
+ =λ1 0. Solve this equation and let f x y c1 1( , ) =  be its solution i.e., the

characteristic curve (or characteristics) of (1).

where c1 is an arbitrary constant.

Step 3 : Let u and v be two arbitrary functions of x and y.

such that  u f x y= 1( , ). Choose v f x y= 2( , ) ...(3)

such that, the chosen arbitrary function f x y2( , ) is independent of f x y1( , ).

For this verify that the Wronskian 

W u v

u

x

u

y
v

x

v

y

( , ) = ≠

∂
∂

∂
∂

∂
∂

∂
∂

0
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Step 4 : Using the relations (3), find p q r s t, , , ,  (as needed for (1)) in terms of u and v as

in § 11.1.

Step 5 : Substituting these values of p q r s t, , , ,  (obtained in step 4) in (1), simplify to get 

the canonical form of (1), which will be of the form 
∂

∂ ∂
φ ∂

∂
∂
∂

2z

u v
u v z

u

u

v

v
= 





, , , .

 Example 1:  Reduce the equation

∂
∂

∂
∂ ∂

∂
∂

2

2

2 2

2
2 0

z

x

z

x y

z

y
+ + =

to canonical form and hence solve it. [Meerut 2006 (B.P.) 2010 (Sem. I), 13 (Sem. I);

Delhi Maths (Hons.) 2000, 04, 06, 08; Himachal 2001, 05; Rajasthan 2003; Jabalpur 2004]

 So lu tion:  The given equa tion can be written as

r s t+ + =2 0 ...(1)

Comparing this equation with

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0 , we have

R S= =1 2,  and T =1. ∴   S RT2 4 0− = ⇒ (1) is a parabolic equation

∴ The quadratic equation R S Tλ λ2 0+ + = , becomes

λ λ2 2 1 0+ + = or ( )λ + =1 02 .

Giving λ = −1, i.e. λ λ1 2 1= = − . (Equal roots)

∴ The characterise equation 
dy

dx
+ =λ 0, becomes 

dy

dx
− =1 0

Integrating, we have x y c− =  (constant), which is the characteristics of (1).

∴ To change the independent variables x y,  to u v,  we take u x y= − .

Also we have to take v as some function of x and y independent of u,

∴ Let  v x y= + .

∴  p
z

x

z

u

u

x

z

v

v

x

z

u

z

v
= = + = +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

. .  ∴  
∂
∂

∂
∂

∂
∂x u v

≡ +
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 q
z

y

z

u

u

y

z

v

v

y

z

u

z

v
= = + = − +∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

. .  ∴  
∂
∂

∂
∂

∂
∂y u v

≡ − +

 r
x

z

x u v

z

u

z

v

z

u
= 





= +





+





=∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

2

2 2

2
2+ +∂

∂ ∂
∂
∂

z

u v

z

v

  s
x

z

y u v

z

u

z

v

z=








 = +





− +





= −∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂2

∂
∂
∂u

z

v2

2

2
+

and  t
y

z

y u v

z

u

z

v

z=








 = − +





− +





=∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂2

∂
∂

∂ ∂
∂
∂u

z

u v

z

v2

2 2

2
2− +

Substituting in (1), we have 
∂
∂

2

2
0

z

v
= ...(2)

which is required canonical form.

To Find the Solution : Integrating (2) partially w.r.t. v, we have

∂
∂

φz

v
u= ( )

where φ ( )u  is some arbitrary function of u.

Again integrating partially w.r.t. v, we have

 z v u u= +φ ψ( ) ( )

where ψ ( )u  is another arbitrary function of u.

Hence, the solution is

 z x y x y x y= + − + −( ) ( ) ( )φ ψ .

 Ex am ple 2:  Re duce the equa tion

y
z

x
xy

z

x y
x

z

y

y

x

z

x

x

y

z

y
2

2

2

2
2

2

2

2 2
2

∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
∂

− + = +

to canonical form, and hence solve it. [Meerut 2006, 07, 09 (BP); Delhi Maths (Hons.) 2001, 05;

GNDU Amritsar 2005; Nagpur 2005]

 So lu tion:  The given equa tion can be writ ten as

y r xys x t
y

x
p

x

y
q2 2

2 2
2 0− + − − = ...(1)

Comparing with, Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have
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R y S xy T x= = − =2 22, ,  ∴   S RT2 4 0− = ⇒ (1) is a parabolic equation.

The quadratic equation R S Tλ λ2 0+ + = , becomes

y xy x2 2 22 0λ λ− + = or ( )y xλ − =2 0

Giving  λ = x

y

x

y
, i.e.,  λ λ1 2= = x

y
  (equal roots)

∴ The characterise equation 
dy

dx
+ =λ 0, becomes 

dy

dx

x

y
+ = 0

or y dy x dx+ = 0. Integrating x y c2 2+ =  (constant), which is the characteristics of (1).

∴ To change the independent variables x y,  to u v,  in the given equation (1), we take

 u x y= +2 2

also we have to take v as some function of x and y independent of u,

∴ Let  v x y= −2 2

∴  p
z

x

z

u

u

x

z

v

v

x

z

u
x

z

v
x x

z

u

z= = + = + = +∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
. .2 2 2

∂v







 q
z

y

z

u

u

y

z

v

v

y
y

z

u

z

v
= = + = −





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

 r
x

z

x x
x

z

u

z

v
= 





= +













∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

    = +





+ +





2 2
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

z

u

z

v
x

x

z

u

z

v

    = +





+ +





+2 2
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂z

u

z

v
x

u

z

u

z

v

u

x v

z
. .

∂
∂
∂

∂
∂u

z

v

v

x
+











.

    = +





+ + +









2 4 22

2

2

2 2

2

∂
∂

∂
∂

∂
∂

∂
∂ ∂

∂
∂

z

u

z

v
x

z

u

z

u v

z

v 

 s
x

z

y x
y

z

u

z

v
y

x

z=








 = −













=∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
2 2

∂
∂
∂u

z

v
−





    = −





+ −





2 y
u

z

u

z

v

u

x v

z

u

z

v

v

x

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

. .






= −












4
2

2

2

2
xy

z

u

z

v

∂
∂

∂
∂
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and  t
y

z

y y
y

z

u

z

v
=









 = −











∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

2

    = −





+ −





2 2
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

z

u

z

v
y

y

z

u

z

v

    = −





+ −





+2 2
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

z

u

z

v
y

u

z

u

z

v

u

y v

z
.

u

z

v

v

y
−















∂
∂

∂
∂

    = −





+ − +









2 4 22

2

2

2 2

2

∂
∂

∂
∂

∂
∂

∂
∂ ∂

∂
∂

z

u

z

v
y

z

u

z

u v

z

v 

Substituting in (1) and simplifying, we have

    
∂
∂

2

2
0

z

v
= ...(2)

which is the required canonical form.

To Find the Solution : Integrating (2) partially w.r.t. v
z

v
u, ( )

∂
∂

φ=

Again integrating w.r.t. v, we have

 z v u u= +φ ψ( ) ( )

where φ ( )u , ψ ( )u  are arbitrary functions of u.

∴ The solution is

 z x y x y x y= − + + +( ) ( ) ( )2 2 2 2 2 2φ ψ

which is the required solution.

11.4 Working Method of Reducing Elliptic Equation to

Canonical Form

Let the second order partial differential equation

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0 ...(1)

be elliptic i.e., S RT2 4 0− < .

Step 1 : Write quadratic equation R S Tλ λ2 0+ + = ...(2)

Whose roots will be complex conjugates as S RT2 4 0− < . Solve (2) and let λ λ1 2,   be

complex conjugates.
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Step 2 : Write the corresponding characteristic equations

i.e.,     
dy

dx
+ =λ1 0 and

dy

dx
+ =λ2 0.

Solving these equations we shall get the solutions of the form

f x y i f x y c1 2 1( , ) ( , )+ =     and  f x y i f x y c1 2 2( , ) ( , )− =

where c1 and c2 are arbitrary constants.

Step 3 : Let u and v be two arbitrary functions of x and y such that

 u f x y i f x y= +1 2( , ) ( , ) and v f x y i f x y= −1 2( , ) ( , ) ...(3)

Take α and β  be two new real independent variables such that u i= +α β and v i= −α β

⇒ α = f x y1( , ) and β = f x y2( , ). ...(4)

Step 4 : Using the relations (4), find p q r s t, , , ,  in terms of α and β (as needed for (1)) as

in § 11.1.

Step 5 :  Substituting these values of p q r s t, , , ,  (obtained in step 4) in (1), simplify to

get the canonical form of (1), which will be of the form

      
∂
∂ α

∂
∂ β

φ α β ∂
∂ α

∂
∂ β

2

2

2

2

z z
z

z z+ =








, , , ,  where u i= +α β, v i= −α β.

 Ex am ple 1:  Re duce x
z

x

z

y
x x

∂
∂

∂
∂

2

2

2

2
2 0+ = >( ) to ca non i cal form.

[Delhi Maths (Hons.) 2007]

 So lu tion:  Given dif fer en tial equa tion can be writ ten as

x r t x+ − =2 0 , ( )x > 0 ...(1)

Comparing (1) with the equation

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

R x S T= = =, ,0 1. ∴ S RT x2 4 4 0− = − < ∵ x > 0

which shows that (1) is an elliptic equation
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λ-quadratic equation R S Tλ λ2 0+ + = , becomes

x λ2 1 0+ = or λ = −i x i x, .

∴ The corresponding characteristic equations

    
dy

dx
+ =λ1 0 and

dy

dx
+ =λ2 0, becomes

   
dy

dx

i

x
+ = 0 and

dy

dx

i

x
− = 0

Solving, we get y i x c+ =2 1 and    y i x c− =2 2

where c1 and c2 are arbitrary constants. Let u and v be two arbitrary functions of x and y

such that u y i x i= + = +2 α β and v y i x i= − = −2 α β

⇒ α = y and β = 2 x ...(2)

which are new independent variables.

∴  p
z

x

z

x

z

x
x

z= = + = −∂
∂

∂
∂α

∂α
∂

∂
∂β

∂β
∂

∂
∂β

. 1 2 ...(3)

 q
z

y

z

y

z

y

z= = + =∂
∂

∂
∂α

∂α
∂

∂
∂β

∂β
∂

∂
∂α

. ...(4)

 r
z

x x

z

x x
x

z
x

z= = 





= 





= −− −∂
∂

∂
∂

∂
∂

∂
∂

∂
∂β

∂2

2
1 2 3 21

2 ∂β
∂
∂

∂
∂β

+ 





−x
x

z1 2

    = − + 





+ 





− −1

2
3 2 1 2x

z
x

z

x

z∂
∂β

∂
∂α

∂
∂β

∂α
∂

∂
∂β

∂
∂β

∂
.

β
∂x











= − + +












= −− − −1

2
0

13 2 1 2
2 2

2
1 2x

z
x

z z
x

∂
∂β

∂
∂α ∂β

∂
∂β

. . .
2

3 2 1
2

x
z

x
z− −+∂

∂β
∂
∂β2    

and  t
z

y y

z

y y

z z= =








 = 





= 





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂α

∂
∂α

∂
∂α

2

2
= ∂

∂α

2

2

z
∵

∂
∂

∂
∂αy

≡  from (4)

Substituting the values of r and t in (1), we get

x x
z

x
z z

x. − +












+ − =− −1

2
03 2 1

2

2

2

2
2∂

∂β
∂
∂β

∂
∂α

or
∂
∂α

∂
∂β

∂
∂β

2

2

2

2
1 2 21

2
0

z z
x

z
x+ − − =−
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or    
∂
∂α

∂
∂β β

∂
∂β

β2

2

2

2

41

16

z z z+ = 





+

which is the required canonical form.

 Ex am ple 2:  Reduce the fol low ing equa tion to ca non i cal form

∂
∂

∂
∂

2

2
2

2

2
0

z

x
x

z

y
+ = . [Delhi Maths (Hons.) 2006, 08]

 So lu tion:  The given equa tion can be writ ten as

r x t+ =2 0 ...(1)

Comparing it with

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

  R S T x= = =1 0 2, , ∴  S RT x2 24 4 0− = − < ⇒ (1) is an elliptic equation

The quadratic equation, R S Tλ λ2 0+ + = , becomes

 λ2 2 0+ =x , giving λ = ± i x

i.e.,  λ1 = i x,  λ2 = −i x (Complex roots)

∴ The characteristic equations, 
dy

dx
+ =λ1 0  and 

dy

dx
+ =λ2 0 becomes

dy

dx
i x+ = 0   and   

dy

dx
i x− = 0

Integrating them, we have

    y
i

x+
2

2 = constant and y
i

x− =
2

2  constant

∴ To change the independent variables x y,  to u v,  we take

   u y
i

x i= + = +
2

2 α β (say)

and    v y
i

x i= − = −
2

2 α β

so that   α = y and  β = 1

2
2x .

Now we transform the independent variables x and y to α and β. With the help of these

relations
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   p
z

x

z

x

z

x
x

z= = + =∂
∂

∂
∂α

∂α
∂

∂
∂β

∂β
∂

∂
∂β

. .

   q
z

y

z

y

z

y

z

y
= = + = ⇒ ≡∂

∂
∂
∂α

∂α
∂

∂
∂β

∂β
∂

∂
∂α

∂
∂

∂
∂α

. .

   r
x

z

x x
x

z z
x

x

z= 





= 





= + 


∂
∂

∂
∂

∂
∂

∂
∂β

∂
∂β

∂
∂

∂
∂β

. . .1 



      = + 





+ 













 =∂

∂β
∂

∂α
∂
∂β

∂α
∂

∂
∂β

∂
∂β

∂β
∂

z
x

z

x

z

x
.

∂
∂β

∂
∂β

z
x

z+ 2
2

2

    t
y

z

y

z z=








 = 





=∂
∂

∂
∂

∂
∂α

∂
∂α

∂
∂α

2

2
.

Substituting in (1), we have

      
∂
∂β

∂
∂β

∂
∂α2

z
x

z
x

z+








 + =2

2

2
2

2
0

or
∂
∂α

∂
∂β

∂
∂β

2

2

2

2 2

1z z

x

z+ = −

or
∂
∂α

∂
∂β β

∂
∂α2 2

2 2 1

2

z z z+ = −

which is the required canonical form.

 Ex am ple 3:  Reduce the equation

∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
∂

2

2

2 2

2
2 5 2 3 0

z

x

z

x y

z

y

z

x

z

y
z+ + + − − = to canonical form.

 So lu tion:  The given equa tion can be written as

r s t p q z+ + + − − =2 5 2 3 0 ...(1)

Comparing the given equation (1) with the equation

Rr Ss Tt f x y z p q+ + + =( , , , , ) 0, we have

R S T= = =1 2 5, ,  ∴ S RT2 4 16 0− = − < ⇒ (1) is an elliptic equation.

Here the quadratic equation R S Tλ λ2 0+ + = , becomes

 λ λ2 2 5 0+ + = ∴ λ = − ±1 2i
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∴ Let  λ λ1 21 2 1 2= − + = − −i i, (Complex roots)

∴ The characterise equations 
dy

dx
+ =λ1 0 and 

dy

dx
+ =λ2 0, becomes

dy

dx
i− + =1 2 0  and  

dy

dx
i− − =1 2 0

Integrating y x x i c− + =2 1 and y x x i c− − =2 2

∴ To change the independent variables x and y in the given equation, we take

   u y x x i i= − + = +2 α β and    v y x x i i= − − = −2 α β

so that  α = −y x and  β = 2 x.

Now we transform the independent variables x and y to α and β such that

   α = −y x and      β = 2 x.

∴    p
z

x

z

x

z

x

z z= = + = − +∂
∂

∂
∂α

∂α
∂

∂
∂β

∂β
∂

∂
∂α

∂
∂β

2

   q
z

y

z

y

z

y

z

y
= = + = ⇒ ≡∂

∂
∂
∂α

∂α
∂

∂
∂β

∂β
∂

∂
∂α

∂
∂

∂
∂α

. .

   r
z

x x

z

x x

z z= = 





= − +





∂
∂

∂
∂

∂
∂

∂
∂

∂
∂α

∂
∂β

2

2
2

      = − +





+ − +





∂
∂α

∂
∂α

∂
∂β

∂α
∂

∂
∂β

∂
∂α

∂
∂β

∂β
∂

z z

x

z z
2 2.

x

      = − +








 − + − +






∂
∂α

∂
∂α ∂β

∂
∂β ∂α

∂
∂β2

2 2 2 2

2
2 1 2

z z z z
( )




 .2

      = − +∂
∂α

∂
∂α ∂β

∂
∂β2

2

2

2 2
4 4

z z z

   s
z

x y x

z

y x

z= =








 = 





∂
∂ ∂

∂
∂

∂
∂

∂
∂

∂
∂α

2

      = 





+ 





= − +∂
∂α

∂
∂α

∂α
∂

∂
∂β

∂
∂α

∂β
∂

∂
∂α

∂z

x

z

x

z
. .

2

2

2
2

z

∂α ∂β

    t
z

y y

z

y

z z= =








 = 





=∂
∂

∂
∂

∂
∂

∂
∂α

∂
∂α

∂
∂α

2

2

2

2

Substituting the values of p q r s t, , , ,  in the given equation, we have
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∂
∂α

∂
∂α ∂β

∂
∂β

∂
∂α

∂
∂α ∂β

2

2

2 2

2

2

2

2
4 4 2 2

z z z z z− +








 + − +









 + 5

2

2

∂
∂α

z

+ − +





− − =∂
∂α

∂
∂β

∂
∂α

z z z
z2 2 3 0

or      4 4 3 2 3 0
2

2

2

2

∂
∂α

∂
∂β

∂
∂α

∂
∂β

z z z z
z+ − + − =

or
∂
∂α

∂ β
∂β

∂
∂α

∂
∂β

2

2

2

2

3

4

1

2

3

4

z z z
z+ = − +

which is the required canonical form.

Numerical Questions

Reduce the following equations to canonical form

1.
∂
∂

∂
∂

2

2

2

2
0

z

x

z

y
− = . [Delhi Maths (Hons.) 2002; Sagar 2004]

2.
∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
∂

2

2

2 2

2
4 5 6 3 9 0

z

x

z

x y

z

y

z

x

z

y
z+ − + + − = .

3. 6 3 2 0
2 2

2

∂
∂ ∂

∂
∂

∂
∂

z

x y

z

y

z

x
+ + = .

4.
∂
∂

∂
∂ ∂

∂
∂

∂
∂

2

2

2 2

2
2 8 9 0

z

x

z

x y

z

y

z

x
− − + = .

5. y
z

y

z

x

2
2

2

2

2
0

∂
∂

∂
∂

+ = . [Delhi Maths (Hons.) 2005]

6.
∂
∂

∂
∂ ∂

∂
∂

2

2

2 2

2
5 6 0

z

x

z

x y

z

y
− + = .

7.
∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
∂

2

2

2 2

2
6 9 2 3 0

z

x

z

x y

z

y

z

x

z

y
z− + + + − = .

8.
∂
∂

∂
∂ ∂

∂
∂

∂
∂

2

2

2 2

2
4 13 9 0

z

x

z

x y

z

y

z

y
− + − = .

9.
∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
∂

2

2

2 2

2
2 5 2 3 0

z

x

z

x y

z

y

z

x

z

y
z+ + + − − = .

10. t s p q x z x− + − + + =( )1 1 0. [Delhi Maths (Hons.) 2004]
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Reduce the following equations to canonical form and hence solve.

11. x r y t px qy x2 2 2− + − = . [Kurukshetra 2003]

12. x y r x y s y y t xyp q2 21 1 1 0( ) ( ) ( )− − − + − + − = .

13. x r xys px qy z x y2 22− + + − = .

14. x r xys y t xp yq y x2 22 3 8− + − + = .

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter (a), (b),

(c) or (d).

1. The equation 
∂
∂

∂
∂ ∂

∂
∂

∂
∂

2

2

2 2

2
2 8 9 0

z

x

z

x y

z

y

z

x
− − + =  is

(a) Elliptic (b) Hyperbolic

(c) Parabolic (d) None of these

2. The characteristic equations of 
∂
∂

∂
∂ ∂

∂
∂

∂
∂

2

2

2 2

2
2 8 9 0

z

x

z

x y

z

y

z

x
− − + =  are :

(a)
dy

dx

dy

dx
− = + =2 0 4 0, (b)

dy

dx

dy

dx
+ = − =2 0 4 0,

(c)
dy

dx
x

dy

dx
x− = + =2 0 4 0, (d) None of these

3. The characteristic equations of y r x t2 2 0− =  are :

(a)
dy

dx

x

y

dy

dx

x

y
+ = − =0 0, (b)

dy

dx

y

x

dy

dx

y

x
+ = − =0 0,

(c)
dy

dx
y

dy

dx
x+ = + =0 0, (d) None of these

4. The characteristics of y r x t2 2 0− =  are :

(a) x y c x y c2 2
1

2 2
22+ = + =, (b) x y c x y c2 2

1
2 2

2+ = − =,

(c) 2 2 2
1

2 2
2x y c x y c+ = + =, (d) None of these

5. The characteristic equations of 4 5 2 3 0r s t p q+ + + + − =  are :

(a)
dy

dx

dy

dx
− = + =1 0

1

4
0, (b)

dy

dx

dy

dx
+ = + =1 0

1

4
0,

(c)
dy

dx

dy

dx
− = − =1 0

1

4
0, (d) None of these
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6. The characteristics of equations of 4 5 2 0r s t p q+ + + + − =  are :

(a) y x c y x c− = − =1 24, (b) y x c y x c+ = − =1 24,

(c) y x c y x c+ = + =1 24, (d) None of these

7. The number of characterise equations of

∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
∂

2

2

2 2

2
6 9

2
3 0

z

x

z

x y

z

y

z

x

z

y
z− + + + − =  is :

(a) 3 (b) 2

(c) 1 (d) 0

8. The characteristic of 
∂
∂

∂
∂

2

2
2

2

2
1

z

x
y

z

y
= +( )  are :

(a) log( ) ; log( )1 1 2+ + = + − =y x c x y x c

(b) log( ) , log( )1 11 2− + = + − =y x c y x c

(c) log( ) , log( )1 11 2− − = + + =y x c y y c

(d) None of these

9. If y x x c− + =cos 1 is one of the characteristics of the equation 

r x s x t x q− − − =( sin ) (cos ) (cos )2 02 , then the other characteristics is

(a) y x x c+ + =cos 2 (b) y x x c− − =cos 2

(c) y x x c− + =cos 2 (d) None of these

10. The characteristic equations of equation xys x r px qy z xy− − − + = −2 22  are :

(a)
dy

dx

y

x

dy

dx

y

x
− = + =0 0, (b)

dy

dx

y

x

dy

dx
+ = =0 0,

(c)
dy

dx

y

x

dy

dx
x− = + =0 0, (d) None of these

Fill in the Blank(s)

Fill in the blanks "..........." so that the following statements are complete and correct.

1. The characteristic equations of x r y t2 2 0− =   are 
dy

dx
+ =........... 0 and 

dy

dx
+ =........... 0

2. The characteristics of x r y t2 2 0− =  is/are .............. and .............. .

3. The characteristics of

∂
∂

∂
∂ ∂

∂
∂

∂
∂

∂
∂

2

2

2 2

2
6 9 2 3 3 0

z

x

z

x y

z

y

z

x

z

y
− + + + − =  is/are .............. .
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4. The characteristic equation of x r xys y t xp yq y x2 22 3 8− + − + = /  is/are .............. .

5. The characteristic equation and characteristics of the equation r xs x t+ + =2 02  are

.............. and .............. respectively.

6. To reduce the equation r s t p q e y ex y− + + − = − −2 2 3( )  to canonical form, choose 

u = .............. and v = ............... .

Numerical Questions

1.
∂

∂ ∂

2
0

z

u v
= 2.

∂
∂ ∂

∂
∂

∂
∂

2 1

4

3

4

1

4

z

u v

z

u

z

v
z= − −

3.
∂

∂ ∂
∂
∂

∂
∂

2 1

6

z

u v

z

u

z

v
= +



 4.

∂
∂ ∂

∂
∂

∂
∂

2 1

2

z

u v

z

u

z

v
= −

5.
∂
∂α

∂
∂β β

∂
∂β

2

2

2

2

1

2

z z z+ = − 6.
∂

∂ ∂

2

0
z

u v
=

7.
∂
∂

∂
∂

∂
∂

2

2

1

3

1

9

z

v

z

u

z

v
u= − − + 8.

∂
∂α

∂
∂β

∂
∂α

2

2

2

2

z z z+ =

9.
∂
∂α

∂
∂β

∂
∂α

∂
∂β

2

2

2

2

3

4

1

2

3

4

z z z z
z+ = − + 10.

∂
∂ ∂

∂
∂

∂
∂

2 1
0

z

u v

z

v v

z

u

z

u
− + − =

11.
∂

∂ ∂
φ ψ

2
21

4
1 4

z

u v
z x xy x y= = + +, ( ) ( ) ( ) 12.

∂
∂ ∂

φ φ
2

0
z

u v
z xy xe y= = +, ( ) ( )

13.
∂

∂ ∂
∂
∂

∂
∂

φ ψ
2

2
21 1 2z

u v v

z

u u

z

v

u

v

z

uv
z x y xy y y xy= + − − = + +, ( ) ( )

14.
∂
∂

∂
∂

φ ψ
2

2
22 2z

v v v

z

v
z

y

x
x xy xy= − = + +, ( ) ( )

Multiple Choice Questions

1. (b) 2. (a) 3. (a) 4. (b)

5. (a) 6. (a) 7. (c) 8. (a)

9. (b) 10. (b)
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Fill in the Blank(s)

1. y x y x, − 2. xy c y x c= =1 2, /

3. y x c+ =3 4. xdy ydx+ = 0

5. dy

dx
x y x c− = − =0 22

1, / 6. x y y+ ,

mmm
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14.5 Laplace Equation in Plane Polar Coordinates
[Meerut 2008 (B.P.)]

Laplace equation in two dimensions is given by

∂
∂

∂
∂

2

2

2

2
0

u

x

u

y
+ = ...(1)

Proceeding as in {13.8 on page 632 in plane polar coordinates ( , )r θ , we have

   
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂ θ

2

2

2

2

2

2 2

2

2

1 1u

x

u

y

u

r r

u

r r

u+ = + + .

Hence, the Laplace equation (1) in plane polar coordinates ( , )r θ  is transformed to

∂
∂

∂
∂

∂
∂ θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u+ + =

14.6 Solution of Laplace Equation in Plane Polar 

Coordinates by Separation of Variables

The Laplace equation in plane polar coordinates is given by

     
∂
∂

∂
∂

∂
∂ θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u+ + = ...(A)

Let the solution of (A) which is a function of r and θ be given by

u r R r F RF( , ) ( ) ( )θ θ= =  (say) ...(1)

Where R is a function of r alone and F a function of θ alone.

Differentiating (1) and substituting in (A), we get

F
d R

d r

F

r

dR

d r

R

r

d F

d

2

2 2

2

2
0+ + =

θ

or  
1 12

2

2

2

2R
r

d R

d r
r

dR

d r F

d F

d
+











 = − =

θ
λ (say) ...(2)

In (2) the two sides are functions of different independent variables, so the two will be

equal to each other if each is equal to the same constant, say λ.

Thus, from (2), we get the following two ordinary differential equations
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d F

d
F

2

2
0

θ
λ+ = ...(3)

and        r
d R

d r
r

dR

d r
R2

2

2
0+ − =λ ...(4)

The equation (4) is a homogeneous differential equation with variable coefficients.

Now let  r ez=  so that 
dr

dz
e rz= =

∴     
dR

dr

dR

dz

dz

dr

dR

dz r
= =.

1
or r

dR

dr

dR

dz
= ∴   r

d

dr

d

dz
D≡ ≡ 1 (say)

i.e.,  r
dR

dr

dR

dz
D R= = 1

and     r
d

dr
r

dR

dr
r

d R

dr
r

dR

dr







= +2
2

2
  or  r

d R

dr
r

d

dr
r

dR

dr
r

dR

dr
2

2

2
= 





−

or     r
d R

dr
r

d

dr
r

dR

dr
D D R2

2

2 1 11 1= −











= −( )

Putting in (4), we get

( )D D R D R R1 1 11 0− + − =λ   or  ( )D R1
2 0− =λ ...(5)

Now there are the following three cases :

Case I : If λ = 0, then the equations (3) and (5), reduce to

  
d F

d

2

2
0

θ
= and D R1

2 0=   i.e., 
d R

dz

2

2
0=

Whose general solutions are

      F A A= +1 2θ   and    R A z A A r A= + = +3 4 3 4log .

∴        u r FR A A A r A( , ) ( )( log )θ θ= = + +1 2 3 4 ...(6)

Case II : If kλ = >2 0, then the equations (3) and (5), reduce to

d F

d
k F

2

2
2 0

θ
+ = and ( )D k R1

2 2 0− =

Whose general solutions are

F B k B k= +1 2cos sinθ θ
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and       R B e B e B r B rk z k z k k= + = +− −
3 4 3 4

∴        u r FR B k B k B r B rk k( , ) ( cos sin )( )θ θ θ= = + + −
1 2 3 4 ...(7)

Case III : If kλ = − <2 0, then the equations (3) and (5), reduce to

d F

d
k F

2

2
2 0

θ
− = and ( )D k R1

2 2 0+ =

Whose general solutions are

      F C e C ek k= + −
1 2

θ θ

and        R C k z C k z C k r C k r= + = +3 4 3 4cos sin cos ( log ) sin( log )

∴        u r FR C e C e C k r C k rk k( , ) ( )[ cos ( log ) sin ( log )θ θ θ= = + +−
1 2 3 4 ] ...(8)

Thus, the solutions of the given equation (A) are given by (6), (7) and (8) for different

values of λ. Out of these solutions the most suitable solution of (A) is chosen which

depends upon the physical nature of the problem under consideration and the given

boundary conditions.

 Ex am ple 1:  A thin semi-cir cu lar plate of ra dius a which is in su lated on both the sides has

its bound ary di am e ter kept at 0°C and its tem per a ture along the semi-cir cu lar bound ary is 

f ( ).θ  Find the tem per a ture dis tri bu tion in the plate in the steady state. [Meerut 2011 (B.P.)]

 So lu tion:  In steady state, the tem per a ture dis tri bu tion in the plate is gov erned by the

Laplace equa tion (in plane polar coordinates)

∂

∂

∂
∂

∂
∂ θ

2

2

1 1
0

2

2

2

u

r r

u

r r

u+ + = ...(A)

Here it is given that the temperature u r( , )θ  is zero along the bounding diameter AOB i.e., 

u r( , )θ  is zero along OA( )θ = 0  and OB( )θ π= .

Also temperature u r( , )θ  along the semi-circular

boundary ACB r a( )=  is f ( )θ .

Thus, the boundary conditions of the problem are

u r( , )0 0= 0 ≤ ≤r a, ...(B1)

u r( , )π = 0 0 ≤ ≤r a, ...(B2)

and u a f( , ) ( )θ θ= 0 < <θ π ...(B3)
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Let the solution of equation (A) be given by

u r R r F RF( , ) ( ) ( )θ θ= =  (say) ...(1)

where R r( ) is a function of r alone and F( )θ  a function of θ alone.

Differentiating (1) and substituting in (A), we get

F
d R

dr

F

r

dR

dr

R

r

d R

d

2

2 2

2

2
0+ + =

θ

or   
1 12

2

2

2

2R
r

d R

dr
r

dR

dr F

d F

d
+









 = − =

θ
λ (say) ...(2)

In (2), two sides are functions of different artificial variables, so they will be equal to each 

other if each is equal to the same constant say λ.

Thus, from (2) we get the following two ordinary differential equations

  
d F

d
F

2

2
0

θ
λ+ = ...(3)

and r
d R

dr
r

dR

dr
R2

2

2
0+ − =λ ...(4)

(4) is a homogeneous differential equation.

Let r ez= , so that r
dR

dr
D R r

d R

dr
D D R= = −1

2
2

2 1 11, ( ) , where D r
d

dr

d

dz1 ≡ ≡

Putting in (4), it reduces to ( )D D R D R R1 1 11 0− + − =λ

or       ( )D R1
2 0− =λ ...(5)

Now there are three cases as follows :

Case I :  If λ = 0, then the equations in (3) and (5) reduce to

  
d F

d

2

2
0

θ
= and      D R

d R

dz
1
2

2

2
0= =

Whose general solutions are

      F A A= +1 2θ     and    R A z A A r A= + = +3 4 3 4log

∴  u r FR A A A r A( , ) ( )( log )θ θ= = + +1 2 3 4

∴ The boundary conditions (B1) and (B2) i.e., u r( , )0 0=  and u r( , )π = 0

⇒ A A r A2 3 4 0( log )+ =    and   ( )( log )A A A r A1 2 3 4 0π + + =
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⇒      A2 0=  and           A A1 2 0π + =   ∵ A Ar3 4 0log + ≠

⇒      A1 0=  and         A2 0=

∴ u r( , )θ = 0, which is trivial solution and is inadmissible.

So we reject the case when λ = 0

Case II : If kλ = − <2 0, then the equations in (3) and (5) reduce to

d F

d
k F

2

2
2 0

θ
− =  and ( )D k R1

2 2 0+ =

Whose general solutions are F B e B ek k= + −
1 2

θ θ

and       R B k z B k z B k r B k r= + = +3 4 3 4cos sin cos( log ) sin( log )

∴ u FR B e B e B k r B k rk k= = + +−( )[ cos( log ) sin( log )]1 2 3 4
θ θ ...(6)

Since on physical grounds of the problem, we must have u r u r( , ) ( , )θ θ π= + 2 , which is

possible if u r( , )θ  involve trigonometric functions of θ.

Since here u r( , )θ  in (6) does not contain trigonometrical functions of θ, so we reject the

case when λ = − <k2 0.

Case III : If kλ = >2 0, then from (3) and (5) we get the following two ordinary

differential equations.

    
d F

d
k F

2

2
2 0

θ
+ = and

d R

dz
k R

2

2
2 0− =

Whose general solutions are

F A k B k= +cos sinθ θ    and    R C e D e C r D rk z k z k k= + = +− −

∴        u r FR A k B k Cr Drk k( , ) ( cos sin )( )θ θ θ= = + + −
...(7)

Now from (7), the boundary condition ( )B1  i.e., u r( , )0 0=

⇒ A Cr Drk k( )+ =− 0 ⇒ A = 0, ∵   C r D rk k+ ≠− 0

∴ from (7), we get u r B k Cr Drk k( , ) sin ( )θ θ= + −
...(8)

Since when r → 0, u r( , )θ → 0, but in (8) when r r k→ → ∞−θ,  as k > 0, so in (8), we must

take D = 0. Taking D = 0 in (8), we get

u r B k C r k( , ) ( sin )( )θ θ= ...(9)
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∴ from (9) and the boundary condition ( )B2  i.e., u r( , )π = 0

⇒   ( sin )( )B k C r kπ = 0

⇒  sin kπ = 0, ∴  B ≠ 0 and C r k ≠ 0

⇒       k nπ π=     i.e.,    k n= , where n is any integer.

∴ From (9), for integral values of n, the solutions of (A) satisfying the conditions (B1)

and (B2) are given by

     u r E r nn n
n( , ) ( )sinθ θ.=

Where E BCn =  is the new arbitrary constant.

Taking n =1 2 3, , ,..., more general solution is given by

u r u r E r nn

n

n
n

n

( , ) ( , ) sinθ θ θ= =
=

∞

=

∞

∑ ∑
1 1

...(10)

Which also satisfy conditions (B1) and (B2).

Now from (10), the boundary condition (B3) i.e., u a f( , ) ( )θ θ=

⇒    f E a nn
n

n

( ) sinθ θ=
=

∞

∑
1

...(11)

In (11), right hand side can be considered as the Fourier sine series of function f ( )θ  on its

left hand side

∴  a E f n dn
n = ∫2

0
π

θ θ θ
π

( )sin

or      E
a

f n dn n
= ∫2

0
π

θ θ θ
π

( )sin ...(12)

Hence, the required temperature distribution, in steady state, in the plate is given by

(10), where En is given by (12).

 Example 2:  The boundary diameter of a semi-circular plate of radius 10 cm is kept at 0°C 

and its temperature along the semi-circular boundary is given by

u f( , ) ( )
,

( ),
10

50 0 2

50 2
θ θ

θ θ π
π θ π θ π

= =
≤ ≤

− ≤ ≤




for

for

Find the steady state temperature u r( , )θ  is the plate.

 So lu tion:  The steady state temperature in the semi-cir cu lar plate is gov erned by the

Laplace equa tion (in plane po lar co or di nates)
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∂
∂

∂
∂

∂
∂ θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u+ + = ...(A)
(Refer to fig. 14.5 in Ex. 1)

As in Ex. 1, the boundary conditions of the problem are

u r( , )0 0= 0 10≤ ≤r ...(B1)

      u r( , )π = 0      0 10≤ ≤r ...(B2)

and     u f( , ) ( )10 θ θ=       0 < <θ π ...(B3)

Let the solution of equation (A) be given by

u r R r F RF( , ) ( ) ( )θ θ= =  (say) ...(1)

Where R is a function of r alone and F a function of θ alone.

Now proceeding similarly as in Ex. 1, the required solution is given by

u r E r nn
n

n

( , ) sinθ θ=
=

∞

∑
1

...(2)

where      E f n dn n
= ∫2

10
0

π
θ θ θ

π

( )
( )sin

or      E n n dn n
= + −














∫ ∫2

10
50 50

0

2

2
π

θ θ π θ θ θ

π

π

π

.
.sin ( )sin



   = −





− −














2

10
50

1
50

1
2π

θ θ θ
.

. cos sin
n n

n
n

n



0

2π

+ − −





− − −









50

1
50

1
2

2

( ). cos ( ) sinπ θ θ θ
π

π

n
n

n
n
















   = − + + +
100

10 2 2

1

2 2 2

1

22 2π
π π π π π π

.
cos sin cos sin

n n

n

n

n

n

n

n

n






   = 200

10 22π
π

n

n
n.

sin

   =

= =
−

−

−
0 2 1 2

200 1

2 1 10

1

2 2

, ( ), , ,...

( )

( ) . (

if evenn m m

m

m

mπ − = − =







 1

2 1 1 2
)

( ), , ,...if oddn m m
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∵ When  n m
n

m m= − = − = −2 1
2

2 1
2

2, sin sin ( ) sin ( )
π π π π

   = − = − = − = −+ −sin cos cos sin ( ) ( ) ( )m m m m mπ π π π
2 2

1 1 11 1

Hence, putting in (2) the required solution is

u r
r m

m

m
m

m

( , ) ( ) .
sin ( )

( )
θ

π
θ

= 



 −

−

−

−
−200

10
1

2 1

2 1

2 1
1

2
=

∞

∑
1

 Example 3:  Solve the differential equation

∂
∂

∂
∂

∂
∂ θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u+ + =  (Laplace equation in plane polar coordinates) in the region 

0 0 2≤ ≤ ≤ ≤r a, θ π and satisfying the boundary conditions.

(i) u remains finite as r → 0 and

(ii) u C nn

n

= ∑ cos θ, when r a= .

 Solution:  The given differential equation is

 
∂
∂

∂
∂

∂
∂ θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u+ + = ...(A)

Let the solution of (A) be given by

u r R r F RF( , ) ( ) ( )θ θ= =  (say) ...(1)

Where R is a function of r alone and F a function of θ alone.

Differentiating (1) and substituting in (A), we get

   F
d R

dr

F

r

dR

dr

R

r

d F

d

2

2 2

2

2
0+ + =

θ

or      
1 12

2

2

2

2R
r

d R

dr
r

dR

dr F

d F

d
+









 = −

θ
...(2)

The two sides of (1) are functions of different independent variables, so they will be equal 

to each other if each is equal to the same constant. Since there is trigonometric function 

cos nθ in the given conditions, so the solution must involve trigonometric function of θ.

Hence, we take each side of (2) equal to the constant n2 0>  where n is an integer.

∴ From (2), we get the following two ordinary differential equations
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d F

d
n F

2

2
2 0

θ
+ = ...(3)

and   r
d R

d r
r

dR

dr
n R2

2

2
2 0+ − = ...(4)

Equation (4) is homogeneous equation, so we substitute r ez=  so that

    
dR

dr
D z= 1  and r

d R

dr
D D z2

2

2 1 11= −( ) , where D r
dR

dr

d

dz1 ≡ ≡

∴ (4) reduces to

{( ) }D D D n R1 1 1
21 0− + − = ro   ( )D n R1

2 2 0− = ...(5)

The general solutions of (3) and (5) are

F A n B nn n= +cos sinθ θ   and   R C e D e C r D rn
nz

n
nz

n
n

n
n= + = +− −

...(6)

∴ from (1) the solutions of (A) for integral values of n are given by

     u r FR A n B n C r D rn n n n
n

n
n( , ) ( cos sin )( )θ θ θ= = + + −

...(7)

Taking n =1 2 3, , ,..., the more general solution of (A) is given by

u r u r A n B n C r D rn

n

n n n
n

n
n

n

( , ) ( , ) ( cos sin )( )θ θ θ θ= = + +
=

∞
−∑

1 =
∑

1

n

...(8)

According to given condition (i) when r → 0, u is finite.

But in (7), when r r n→ → ∞−0, .   ∴  We must take Dn = 0

∴ u r A n B n C rn n n
n

r

( , ) ( cos sin )( )θ θ θ= +
=

∞

∑
1

or u r E n F n rn n
n

r

( , ) ( cos sin )θ θ θ= +
=

∞

∑
1

...(9)

where      E A Cn n n=   and  F B Cn n n=  are the new arbitrary constants.

According to given condition (ii), u C nn= ∑ cos θ when r a=

i.e.,        u a C nn( , ) cosθ θ= ∑
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∴ from (9), we get C n E n F n an n n
ncos ( cos sin )θ θ θ∑ ∑= +

∴ Fn = 0  and   E a Cn
n

n. =  i.e.,  E C an
n n=

Putting in (9)  the required solution is

u r C r a nn
n

r

n

( , ) ( ) cosθ θ=
=
∑

1

 Example 4:  Find the steady state temperature in a circular plate of radius a whose

circular edge r a=  is kept at temperature f ( ).θ  The plate is insulated so that there is no

loss of heat from either surface.

 So lu tion:  The steady state tem per a ture  in a cir cu lar plate with in su lated sur face is

gov erned by Laplace equation (in plane polar coordinates)

     r
u

r
r

u

r

u2
2

2

2

2
0

∂
∂

∂
∂

∂
∂ θ

+ + = ...(A)

Here we are required to solve (A) subject to the following boundary condition

  u a f( , ) ( ),θ θ θ π= ≤ ≤0 2 ...(B)

Obviously u r( , )θ  the solution of (A) must be periodic in θ and finite when r → 0.

Let the solution of (A) be given by

   u r R r F RF( , ) ( ) ( )θ θ= =  (say) ...(1)

Differentiating (1) and substituting in (A), we get

 F r
d R

dr
F r

dR

dr
R

d F

d

2
2

2

2

2
0+ + =

θ

or        
1 12

2

2

2

2R
r

d R

dr
r

dR

dr F

d F

d
+









 = − =

θ
λ (say) ...(2)

Two sides of (2) are functions of different artificial variables, so the two sides can be

equal to each other if each is equal to the same constant λ (say).

Thus, (2), reduce to the following two ordinary differential equations.

d F

d
F

2

2
0

θ
λ+ = ...(3)

and       r
d R

dr
r

dR

dr
R2

2

2
0+ − =λ ...(4)
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Equation (4) is a homogeneous equation with variable coefficients. To solve (4), let

r ez= , so that r
dR

dr
D z= 1  and r

d R

dr
D D z2

2

2 1 11= −( ) , where D r
d

dr

d

dz1 ≡ ≡

Putting in (4), it reduces to

[( ) ]D D D R1 1 11 0− + − =λ or ( )D R1
2 0− =λ ...(5)

Now there are following cases :

Case I : If λ = 0, then equation (3) and (5) reduce to

 
d F

d

2

2
0

θ
= and D R

d R

dz
1
2

2

2
0= =

Whose general solutions are

      F A A= +1 2θ   and     R A z A A r A= + = +3 4 3 4log

∴        u r FR A A A r A( , ) ( )( log )θ θ= = + +1 2 3 4

Since u must be periodic and finite when r → 0

∴ we take A1 0=  and A3 0= , ∵   log r → ∞ as r → 0

∴ u r A A A( , )θ = =2 4   (constant) ...(6)

Case II :  If kλ = >2 0, then equations (3) and (5) reduce to

     
d F

d
k F

2

2
2 0

θ
+ = and   ( )D k R1

2 2 0− =

Whose general solutions are

F A k B kk k= +cos sinθ θ  and  R C e D e C r D rk
k z

k
k z

k
k

k
k= + = +− −

∴ u r FR A k B k C r D rk k k
k

k
k( , ) ( cos sin )( )θ θ θ= = + + −

...(7)

∵ u r( , )θ  is periodic with period 2π, so we must take k n=

where n =1 2 3, , ,..., (an integer)

(Note that we cannot take λ = − <k2 0, since in this case u r( , )θ  will not involve

trigonometric function, of θ while u r( , )θ  must involve trigonometric function of θ as it

is periodic function of θ of period 2π.)

∴ For n =1 2 3, , ,..., (an integer), from (7) the solutions of (A) are given by

u r A n B n C r D rn n n n
n

n
n( , ) ( cos sin )( )θ θ θ= + + −

...(8)
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From (6) and (8) more general solution of (A) can be taken as

  u r A u rn

n

( , ) ( , )θ θ= +
=

∞

∑
1

     = + + + −

=

∞

∑A A n B n C r D rn n n
n

n
n

n

( cos sin )( )θ θ
1

...(9)

Since u r( , )θ  is finite when r → 0, but when r r n→ → ∞−0, , so in (9), we must take 

Dn = 0. Putting in (9), we get

∴   u r A E n F n rn n
n

n

( , ) ( cos sin )θ θ θ= + +
=

∞

∑
1

...(10)

Where E A Cn n n=  and F B Dn n n=  are new arbitrary constants.

Using conditions(B), i.e., u a f( , ) ( )θ θ= , from (10), we get

     f A E n F n an n
n

n

( ) ( cos sin )θ θ θ= + +
=

∞

∑
1

...(11)

Multiplying both sides of (11) by cos nθ and integrating between the limits θ = 0 to 2π,

we get

       f n d A n d a E n d a Fn
n

n
n( ) cos cos cosθ θ θ θ θ θ θ

π π π

0

2

0

2
2

0

2

∫ ∫ ∫= + + sin cosn n dθ θ θ
π

0

2

∫

     = 





+ + +∫A
n

n
a E n d a Fn

n
n

n
sin

( cos ) sin
θ θ θ

π π

0

2

0

2
1

2
1 2

1

2
2

0

2

n dθ θ
π

∫

      = + +





+ −



0

1

2

1

2
2

1

2

1

2
2

0

2

a E
n

n a F
n

nn
n

n
nθ θ θ

π
sin cos

0

2 π

      = =1

2
2a E a En

n
n

n. π π

∴          E
a

f n dn n
= ∫1

0

2

π
θ θ θ

π

( ) cos ...(12)

Similarly, multiplying both sides of (11) by sin nθ and integrating between the limits 

θ = 0 to 2π, we get
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 F
a

f n dn n
= ∫1

0

2

π

π

θ θ θ( )sin ...(13)

Integrating both sides of (11) between the limits, θ = 0 to 2π, we get

    f d A d E n d F n dn n

n

( ) [ cos sin ]θ θ θ θ θ θ θ
π π π π

0

2

0

2

0

2

0

2

∫ ∫ ∫ ∫= + +
= 1

∞

∑

       = +A.2 0π

∴    A f d E= =∫1

2

1

2 0

0

2

π
θ θ

π

( ) ...(14)

From (10),   u r E E n F n rn n
n

n

( , ) ( cos sin )θ θ θ= + +
=

∞

∑1

2 0
1

...(15)

Hence, the required solution is given by (15) where E0 , En are given by (12)

and Fn by (13).

 Example 5:  Find the steady state temperature in a circular plate of radius a which has

half of its circumference at 0°C and the other half at temperature u0°C.

 So lu tion:  The steady state tem per a ture in a cir cu lar plate is gov erned by Laplace

equa tion (in plane po lar co or di nates)

  r
u

r
r

u

r

u2
2

2

2

2
0

∂
∂

∂
∂

∂
∂ θ

+ + = ...(A)

Here we are required to solve (A) subject to the boundary condition

  u a f
u

( , ) ( )
,

,
θ θ

θ π
π θ π

= =
< <
< <





0 0

0 2

Obviously u r( , )θ , the solution of (A), must be periodic in θ and finite when r → 0.

Let the solution of (A) be given by

  u r R r F RF( , ) ( ) ( )θ θ= =  (say) ...(1)

Now proceeding similarly as in Ex. 4, we get
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  u r E E n F n rn n
n

n

( , ) ( cos sin )θ θ θ= + +
=

∞

∑1

2 0
1

...(2)

where   E
a

f n dn n
= ∫1

0

2

π
θ θ θ

π

( ) cos

       = +
















∫ ∫1

0

2

π
θ θ θ θ θ θ

π

π

π

a
f n d f n d

n
( ) cos ( ) cos

       = +
















= 



∫1

0
1

0

0

0

0π
θ θ

π
θ

π π

a
u n d

u

a n
n

n n
cos sin = 0

E f d f d f d0

0

2

0

2
1 1= = +

















∫ ∫ ∫π
θ θ

π
θ θ θ θ

π π

π

π

( ) ( ) ( )

      = +
















= =∫1
0

1
0

0

0 0π
θ

π
π

π

u d u u( )

and  F
a

f n dn n
= ∫1

0

2

π
θ θ θ

π

( )sin

      = +
















∫ ∫1

0

2

π
θ θ θ θ θ θ

π

π

π

a
f n d f n d

n
( )sin ( )sin

      = +
















∫1
00

0
π

θ θ
π

a
u n d

n
sin

      = −





= − = − −
u

a n
n

u

na
n

u

nan n n

0

0

0 01
1 1

π
θ

π
θ

π

π
cos ( cos ) [ ( 1) ]n

      =
= =

−
=−

0 2 1 2
2

2 1
20

2 1

, ( ), , ,...

( ) ( )

if even

if 

n m m
u

m a
n m

mπ
− =






1 1 2( ), , ,...odd m

Hence, from (2), the required solution is

  u r u
u r

a

m

m

m

m

( , ) .
sin ( )

θ
π

θ
= + 





−
−

−

=

∞

∑1

2

2 2 1

2 10
0 2 1

1
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 Example 6:  A circular sector is determined by 0 0≤ ≤ ≤ ≤r a, θ α. The temperature is

kept at 0°C along the straight edges and at f ( )θ  along the curved edge. Find the steady

state temperature at any point of the sector with its surfaces insulated.

 Solution:  Let OAB be a thin circular sector of

radius a and ∠ =AOB α. The surfaces of the

sector are insulated. The steady state

temperature u r( , )θ  in the sector is governed by

the Laplace equation (in place polar

coordinates)

    r
u

r
r

u

r

u2
2

2

2

2
0

∂
∂

∂
∂

∂
∂ θ

+ + = ...(A)

Here the boundary conditions of the problem are

u r u r r a( , ) , ( , ) ,0 0 0 0= = < <α ...(B1)

and u a f( , ) ( )θ θ= ,  0 < <θ α ...(B2)

Let the solution of (A) be given by

u r R r F RF( , ) ( ) ( )θ θ= =  (say) ...(1)

Where R is a function of r alone and F function of θ alone.

Differentiating (1) and substituting in (A), we get

       F r
d R

dr
F r

dR

dr
R

d F

d

2
2

2

2

2
0+ + =

θ

or       
1 12

2

2

2

2R
r

d R

dr
r

dR

dr F

d F

d
+











 = − =

θ
λ (say) ...(2)

Since each side of (2) is a function of different independent variables, so the two will be

equal to each other if each is equal to the same constant say λ.

Thus, from (2), we get the following two ordinary differential equations

d F

d
F

2

2
0

θ
λ+ = ...(3)

and     r
d R

dr
r

dR

dr
R2

2

2
0+ − =λ ...(4)

Equation (4) is a homogeneous equation with variable coefficients. To solve (4), let

r ez= , so that
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   r
dR

dr
D z= 1   and  r

d R

dr
D D z2

2

2 1 11= −( ) where D r
d

dr

d

dz1 ≡ ≡

Putting in (4), it reduces to

{( ) }D D D R1 1 11 0− + − =λ or   ( )D R1
2 0− =λ ...(5)

Now there are following cases :

Case I : If λ = 0, then (3) and (5), reduce to

   
d F

d

2

2
0

θ
= and  D R

d R

dz
1
2

2

2
0= =

Whose general solutions are

F A A R A z A A r A= + = + = +1 2 3 4 3 4θ , log

∴ u r FR A A A r A( , ) ( )( log )θ θ= = + +1 2 3 4

∴ Condition (B1) i.e., u r( , )0 0=   and  u r( , )α = 0

⇒   A A r A2 3 4 0( log )+ =   and ( )( log )A A A r A1 2 3 4 0α + + =

⇒ A2 0=  and A A1 2 0α + = ,    ∵  A r A3 4 0log + ≠

otherwise we get u r( , )θ = 0, which is inadmissible.

⇒  A1 0=  and A2 0=

⇒  u r( , )θ = 0, which is inadmissible.

So we reject the case λ = 0.

Case II : If kλ = >2 0, then (3) and (5), reduce to

d F

d
k F

2

2
2 0

θ
+ = and ( )D k R1

2 2 0− =

Whose general solutions are

F A k B kk k= +cos sinθ θ and R C e D e C r D rk
k z

k
k z

k
k

k
k= + = +− −

∴      u r F R A k B k C r D rk k k
k

k
k( , ) . ( cos sin )( )θ θ θ= = + + −

...(6)

Note that we cannot take λ = − <k2 0. Since in his case u r( , )θ  will not involve

trigonometric function of θ while u r( , )θ  must involve trigonometric function of θ as it is

periodic function of period 2π.
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Since u r( , )θ  is finite when r → 0, but when r r k→ → ∞−0, ∵  k > 0,

So in (6) we must take Dk = 0

∴  from (6) u r A k B k C rk k k
k( , ) ( cos sin )( )θ θ θ= + ...(7)

Now from (7), the boundary condition (B1) i.e., u r( , )0 0=

⇒    A C rk k
k( . ) = 0 ⇒   Ak = 0,

∵ r k = 0 or Ck = 0 will lead to trivial solution u r( , )θ = 0 which is inadmissible.

∴ from (7), we have

   u r B k C rk k
k( , ) ( sin )( . )θ θ= ...(8)

Now from (8), the boundary condition (B1) i.e., u r( , )α = 0

⇒   B C k rk k
ksin .α = 0

⇒    sin kα = 0. ∵ B Ck k ≠ 0 and r k ≠ 0

⇒ k nα π=  i.e., k n= π α, n is an integer.

∴ From (8), for integral values of n,  the solutions of (A), satisfying conditions (B1) are

given by

 u r F n rn n
n( , ) sin( ).θ πθ α π α=

Taking F B Cn k k=  is the new arbitrary constant.

Now taking n =1 2 3, , ,..., the more general solution of (A) is given by

   u r u r F n rn

n

n
n

n

( , ) ( , ) sin( ).θ θ π θ α π α= =
=

∞

=

∞

∑ ∑
1 1

...(9)

Which also satisfy the boundary conditions (B1).

Now from (9), the boundary condition (B2) i.e., u a f( , ) ( )θ θ=

⇒       f F n an
n

n

( ) sin ( ).θ π θ α π α=
=

∞

∑
1

...(10)

The right hand side of (10) can be considered as the Fourier series of the function f ( )θ  on

its left hand side for 0 < <θ α
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∴       a F f
n

dn
n

. . ( )sinπ α
α

α
θ

π θ
α

θ= 





∫2

0

or   F
a

f
n

dn n
= 






∫2

0
α

θ
π θ
α

θπ α

α

.
( )sin ...(11)

Hence, the required temperature in the sector is given by (9) where Fn is given by (11).

Note : If α π= , then the thin circular sector reduces to a semi-circular plate and the

result (9) and (11), reduce to the results (10) and (12) of Ex. 1 on page 703.

 Example 7:  Find the steady state temperature at any point of a circular sector; determined

by 0 0 2≤ ≤ ≤ ≤r a, θ π , if the temperature is maintained at 0°C along the straight edge

and 50 2 2( )πθ θ−  along the curved edge. Also find the steady state temperature at ( , ).a 2 4π

 Solution:  The steady state temperature u r( , )θ  in the sector will be governed by the

Laplace equation (in plane polar coordinates)

r
u

r
r

u

r

u2
2

2

2

2
0

∂
∂

∂
∂

∂
∂ θ

+ + = ...(A)

Here the boundary conditions of the problem are

   u r( , )0 0= , u r( , )π 2 0= , 0 < <r a ...(B1)

and     u a f( , ) ( ) ( )θ θ πθ θ= = −50 2 2
...(B2)

Let the solution of (A) be given by

   u r R r F RF( , ) ( ) ( )θ θ= =  (say) ...(1)

Where R is a function of r alone and F a function of θ alone.

Now proceeding similarly as in Ex. 6 page 741, we get

   u r F n rn
n

n

( , ) sin ( ).θ θ=
=

∞

∑ 2 2

1

Here α π= 2
...(2)

where   F
a

f n dn n
= ∫2

2
2

2 0

2

( )
( )sin

π
θ θ θ

π
,

= −∫4
50 2 2

2
2

0

2

π
πθ θ θ θ

π

a
n d

n
( )sin
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= − −





 − − −

200
2

2

2
4

2

42
2

2π
πθ θ

θ
π θ

θ

a

n

n

n

nn
( ).

cos
( )

sin











 + −



















( )
cos

4
2

8 3
0

2
n

n

θ
π

= −








 = − −200 4

8
1

100
1 1

2 3 3 2π
π

πa n
n

n an n
n( cos ) [ ( ) ]

=
=

−
=

0 2 1 2
200

2 1 3 2

, , ,...

( )
,

when  (even),

when 

n= m m

m a
n

nπ
2 1 1 2m m− =






( ), , ,...odd

Hence, from (2), the steady state temperature at any point ( , )r θ  in the sector is given by

   u r
r

a

m

m

m

m

( , )
sin ( )

( )

( )
θ

π
θ

= 





−

−

−

=

∞

∑200 2 2 1

2 1

2 2 1

3
1

...(3)

2nd Part : Putting r a= 2 and θ π= 4 in (3), the temperature at ( , )a 2 4π  is given by

    u a
m

m

m

m

( , )
sin{( ) }

( )

( )

2 4
200 1

2

2 1 2

2 1

2 2 1

3
π

π
π

= 





−

−

−

= 1

∞

∑

= −
−

+

−
=

∞

∑200 1

2 2 1

1

4 2 3
1

π
( )

( )

m

m
m

m

∵  sin {( ) } sin ( ) ( )2 1 2 2 1 1m m m− = − = − +π π π .

 Example 8:  u is a function of r and θ satisfying the equation

∂
∂

∂
∂

∂
∂ θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u+ + =

within the region of the plane bounded by r a r b= = = =, , ,θ θ π0 2. Its value along the

boundary r a=  is θ π θ( )2 −  and along the other boundary is zero. Prove that

      u r
r b b r

a b b a

mm m

m m
( , )

( ) ( )

( ) ( )

sin(
θ

π
=

−

−

−− −

− −
2 44 2 4 2

4 2 4 2

2

2 13
1

)

( )

θ

m
m

−=

∞

∑ .

 So lu tion:  The func tion u r( , )θ  sat isfy the equa tion

  
∂
∂

∂
∂

∂
∂ θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u+ + = ...(A)

The boundary conditions of the problem are

u r u r a r b( , ) , ( , ) ,0 0 2 0= = < <π ...(B1)
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u b( , ) ,θ θ π= < <0 0 2 ...(B2)

and            u a( , ) ( ),θ θ π θ θ π= − < <2 0 2 ...(B3)

Here we are required to find the solution of (A), satisfying the conditions (B1), (B2) and

(B3).

Let the solution of (A) be given by

u r R r F RF( , ) ( ) ( )θ θ= =  (say) ...(1)

Where R is a function of r alone and F a function of θ alone.

Differentiating (1) and substituting in (A), we get

    F
d R

dr

F

r

dR

dr

R

r

d F

d

2

2 2

2

2
0+ + =

θ

or        
1 12

2

2

2

2R
r

d R

dr
r

dR

dr F

d F

d
+











 = − =

θ
λ (say) ...(2)

Now the two sides of (2) are functions of different independent variables, so the two

functions will be equal to each other if each is equal to the same constant λ (say).

Thus, from (2), we get the following two ordinary differential equations.

d F

d
F

2

2
0

θ
λ+ = ...(3)

and      r
d R

dr
r

dR

dr
R2

2

2
0+ − =λ ...(4)

The equation (4) is a homogeneous differential equation with variable coefficients. To

solve it let r ez= ,  so that
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r
dR

dr
D z= 1  and  r

d R

dr
D D z2

2

2 1 11= −( ) , where D r
d

dr

d

dz1 ≡ ≡

Putting in (4), it reduces to

[( ) ]D D D R1 1 11 0− + − =λ or ( )D R1
2 0− =λ ...(5)

Now there are following cases :

Case I : If λ = 0, then (3) and (5) reduce to

 
d F

d

2

2
0

θ
= and D R

d R

dz
1
2

2

2
0= =

Whose general solutions are

     F A B= +θ and R Cz D C r D= + = +log

∴      u r FR A B C r D( , ) ( )( log )θ θ= = + + ...(6)

From (6), conditions ( )B1  i.e., u r( , )0 0=   and  u r( , )π 2 0=

⇒ B C r D( log )+ = 0  and  ( . )( log )A B C r Dπ 2 0+ + =

⇒ B = 0  and   A Bπ 2 0+ = ,

∵ C r Dlog + = 0 will lead to, trivial solution u r( , )θ = 0, which is inadmissible.

⇒ A = 0  and  B = 0

⇒ u r( , )θ = 0, which is inadmissible.

Hence, we reject the case λ = 0.

Case II :  If λ = >k2 0,  then (3) and (5) reduce to

     
d F

d
k F

2

2
2 0

θ
+ = and ( )D k R1

2 2 0− =

Whose general solutions are

  F A k B kk k= +cos sinθ θ  and  R C e D e C r D rk
k z

k
k z

k
k

k
k= + = +− − .

∴  u r F R A k B k C r D rk k k
k

k
k( , ) . ( cos sin )( )θ θ θ= = + + −

...(7)

Note that λ ≠ − <k2 0. Since in the problem u r( , )θ  is a periodic function of period 2π, i.e., 

u r u r( , ) ( , )θ θ π= + 2 , so u r( , )θ  must involve trigonometric function of θ while if we take 

λ = − <k2 0, then u r( , )θ  will not involve trigonometric function of θ.
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Now condition in (B1), i.e., u r( , )0 0=  and (7)

⇒  A C r D r Ak k
k

k
k

k( )+ = ⇒ =− 0 0 ∵  C r D rk
k

k
k+ ≠− 0

Putting Ak = 0, in (7), we get

     u r C r D r B kk
k

k
k

k( , ) ( ) sinθ θ= + −
...(8)

Now condition in (B1) i.e., u r( , )π 2 0=  and (8)

⇒ ( ) sin( )C r D r B kk
k

k
k

k+ =− π 2 0

⇒       sin ( )k π 2 0= , ∵ C r D r Bk
k

k
k

k+ ≠ ≠− 0 0,

⇒ k nπ π2 = , where n is integer.

⇒ k n= 2 .

∴ from (8)

   u r E r F r nn n
n

n
n( , ) ( )sinθ θ= + −2 2 2

Where E C Bn k k=  and F D Bn k k=  are the new arbitrary constants are solutions of (A)

satisfying conditions (B1) for integral values of n.

Taking n =1 2 3, , ,..., the more general solution of (A) can be written as

     u r u r E r F r nn

n

n
n

n
n

n

( , ) ( , ) ( )sinθ θ θ= = +
=

∞
−

=

∞

∑ ∑
1

2 2

1

2 ...(9)

Which also satisfy the conditions (B1).

Now condition (B2) i.e., u b( , )θ = 0 and (9)

⇒ ( )sinE b F b nn
n

n
n2 2 2 0+ =− θ

⇒ E b F bn
n

n
n2 2 0+ =− ,  ∵    sin2 0nθ ≠

⇒ F E bn n
n= − 4

Putting in (9), we get

     u r E r b r nn
n n n

n

( , ) ( )sinθ θ= − −

=

∞

∑ 2 4 2

1

2
...(10)
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Now condition (B3) i.e., u a( , ) ( )θ θ π θ= −2  and (10)

⇒        θ π θ θ( ) ( )sin2 22 4 2

1

− = − −

=

∞

∑ E a b a nn
n n n

n
...(11)

The right hand side of (11) can be considered as Fourier series of θ π θ( )2 −  the function

on its left hand side in half range 0 2≤ ≤θ π

∴     E a b a n dn
n n n( )

( )
sin2 4 2

0

2
2

2 2
2− = −





− ∫π
θ π θ θ θ

π

= −



 −





− −



 −4

2

2

2 2
2

2

4π
θ π θ θ π θ θcos sinn

n

n

n2 3
0

2

2
2

8







 + −

















( )

cos n

n

θ
π

= − = − −1
1

1
1 1

3 3π
π

πn
n

n

n[ cos ] [ ( ) ]

=
= =

−
= −

0 2 1 2
2

2 1
2 1

3

, ( ), , ,...

( )
(

when even

when o

n m m

m
n m

π
dd), , ,...m =






1 2

∴  E

n= m, m

m a b
n

m m
=

=

− −− −

0 2 1 2
2

2 1 3 2 2 1 4 2 1

, , ,...

( ) { ( ) (

when 

π ) ( )}
, ,...

a
n= m , m

m− − − =






2 2 1

2 1 1 2when 

Hence, from (10), we have

    
{ }

u r
r b r m

m

m m m

( , )
sin ( )

(

( ) ( ) ( )

θ
π

θ
=

− −

−

− − − −
2 2 2 1

2

2 2 1 4 2 1 2 2 1

{ }1 3 2 2 1 4 2 1 2 2 1
1 ) ( ) ( ) ( )a b am m m

m
− − − −

=

∞

−∑

=
−

−

−− −

− −
2 4 2

2

4 2 4 2

4 2 4 2π
θ( ) ( )

( ) ( )
.
sin ( )

(

r b b r

a b b a

mm m

m m m
m

−=

∞

∑
1 3

1
)
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1. Obtain steady state temperature distribution in a semi-circular plate of radius a,

insulated on both faces, with its curved boundary kept at a constant temperature u0
and its bounding diameter kept at temperature zero. [Meerut 2011 (B.P.)]

2. A thin semi-circular plate of radius a, insulated on both faces, has its boundary

diameter kept at 0°C and its temperature along the semi-circular boundary is

100°C. If u r( , )θ  is the steady state temperature, in the plate, then prove that

u r
r

a

m

m

m

m

( , )
sin ( )

θ
π

θ
= 





−
−

−

=

∞

∑400 2 1

2 1

2 1

1

Also find u a( , )4 2π .

3. Find the steady state temperature in a circular plate of radius a which has one half of 

its circumference at 0°C and the other half at 100°C.

4. Find the steady state temperature at the points in the sector given by 0 4≤ ≤θ π , 

0 ≤ ≤r a of a circular plate if the temperature is maintained at 0°C along the side

edges and at a constant temperature u0 ºC along the curved edge.

1. u r
r

a

m

m

m

m

( , )
sin ( )

θ
π

θ
= 





−
−

−

=

∞

∑440 2 1

2 1

2 1

1

2. u a
m

m m

m

( , )
( )

( )
4 2

400 1

2 1

1

4

1 2 1

1

π
π

= −
−







− −

=

∞

∑

3. u r
r

a

m

m

m

m

( , )
sin ( )

( )
θ

π
θ

= + 





−
−

−

=

∞

∑50
200 2 1

2 1

2 1

1

4. u r
r

a

m

m

m

m

( , )
sin ( )

( )

( )
θ

π
θ

= 





−
−

−

=

∞

∑440 4 2 1

2 1

4 2 1

1
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14.7  Solution of Laplace's Equation in Rectangular 

 Cartesian Coordinates (x, y, z) by the Method

 of Separation of Variables

Three dimensional Laplace's equation in cartesian coordinates is given by

∂
∂

∂
∂

∂
∂

2

2

2

2

2

2
0

u

x

u

y

u

z
+ + = ...(A)

Let the solution of (A) be of the form

u x y z F x Y y Z z FYZ( , , ) ( ) ( ) ( )= =  (say) ...(1)

Where F is a function of x alone, Y a function of y alone and Z a function of z alone.

Differentiating (1) and substituting in (A), we get

YZ
d F

dx
FZ

d Y

dy
FY

d Z

dz

2

2

2

2

2

2
0+ + =

or  
1 1 12

2

2

2

2

2F

d F

dx Y

d Y

dy Z

d Z

dz
+ = − ...(2)

All the three terms in (2) are functions of different independent variables, therefore (2)

will be satisfied if each of the three terms is constant. So let

   
1 12

2 1

2

2 2F

d F

dx Y

d Y

dy
= =λ λ,     and   − =1 2

2Z

d Z

dz
λ

where λ λ λ1 2+ =

Thus, we get the following three ordinary differential equations

    
d F

dx
F

d Y

dy
Y

2

2 1

2

2 20 0− = − =λ λ,   and  
d Z

dz
Z

2

2
0+ =λ ...(3)

where λ λ λ1 2+ =

Now there are the following three cases :

Case I :  When λ λ λ1 20= = = , then the equations given in (3) reduce to

       
d F

dx

2

2
0= ,

d Y

dy

2

2
0=   and

d Z

dz

2

2
0=

Whose general solutions are
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    F A x B Y C y D= + = +,   and  Z E z F= +

∴ from (1) solution of (A) is given by

   u x y FYZ A x B C y D E z F( , ) ( )( )( )= = + + + ...(4)

Case II : When λ λ1 1
2

2 2
20 0= > = >k k,  and λ = > + =k s t k k k2

1
2

2
2 20 . ., , then the

equations in (3) reduce to

    
d F

dx
k F

2

2 1
2 0− = ,  

d Y

dy
k Y

2

2 2
2 0− =   and  

d Z

dz
k Z

2

2
2 0+ =

Whose general solutions are

    F A e B ek
x k

k
x k= + −

1

1

1

1 or F A ek
x k= ′ ±

1

1

   Y C e D ek
y k

k
y k= + −

2

2

2

2 or Y B ek
y k= ′ ±

2

2

and    Z E kz F kzk k= +cos sin or Z C ek
ik z= ′ ±

∴ from (1), the most general solution of (A) is given by

u x y z A e B e C e D ek
x k

k
x k

k
y k

k
y k

k k

( , , ) ( )( )

,

= + +− −
1

1

1

1

2

2

2

2

1 2

∑ .

( cos sin )E k z F k zk k+    ...(5)

where   k k k2
1
2

2
2= +

The solution can also be taken as

u x y z H ek k
x k y k ik z

k k

( , , )

,

= ± ± ±∑ 1 2

1 2

1 2

...(6)

where   k k k2
1
2

2
2= +

and      H A B Ck k k k k1 2 1 2
= ′ ′ ′  is the new arbitrary constant.

Case III : When λ λ1 1
2

2 2
20 0= − < = − <k k,  and λ = − < = +k s t k k k2 2

1
2

2
20 . . , then the

equations in (3) reduce to

   
d F

dx
k F

2

2 1
2 0+ = ,

d Y

dy
k Y

2

2 2
2 0+ = and

d Z

dz
k Z

2

2
2 0− =

Whose general solutions are

    F A k x B k xk k= +
1 11 1cos sin or F A ek

ik x= ′ ±
1

1

   Y C k y D k yk k= +
2 22 2cos sin or Y B ek

ik y= ′ ±
2

2
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and    Z E e F ek
k z

k
k z= + − or Z C ek

k z= ′ ±

∴ from (1), the most general solution of (A) is given by

u x y z A k x B k x C k y D k yk k k k( , , ) ( cos sin )( cos sin= + +
1 1 2 21 1 2 2 )

,k k1 2

∑ .

( )E e F ek
k z

k
k z+ −     ...(7)

where   k k k2
1
2

2
2= +

The solution can also be taken as

u x y z H ek k
ik x ik y kz

k k

( , , )

,

= ± ± ±∑ 1 2

1 2

1 2

, where k k k2
1
2

2
2= +

and H A B Ck k k k k1 2 1 2
= ′ ′ ′. .  is the new arbitrary constant.

14.8 Laplace Equation in Cylindrical Coordinates

Laplace equation in cartesian coordinates ( , , )x y z  is given by

 ∇ = + + =2
2

2

2

2

2

2
0u

u

x

u

y

u

z

∂
∂

∂
∂

∂
∂

...(1)

Proceeding as in {12.9 on page 568 in cylindrical coordinates ( , , )ρ φ z , we have

 ∇ = + + +2
2

2 2

2

2

2

2

1 1
u

u u u u

z

∂
∂ρ ρ

∂
∂ρ ρ

∂
∂φ

∂
∂

Hence, the Laplace equation (1) in cylindrical coordinates ( , , )ρ φ z  is transformed to

∂
∂ρ ρ

∂
∂ρ ρ

∂
∂φ

∂
∂

2

2 2

2

2

2

2

1 1
0

u u u u

z
+ + + = .

14.9   Solution of Laplace's Equation in Cylindrical 

  Coordinates by the Method of Separation of 

  Variables
[Meerut 2001, 02 (B.P.)]

The Laplace's equation in cylindrical coordinates ( , , )ρ φ z  is given by

∂
∂ρ ρ

∂
∂ρ ρ

∂
∂φ

∂
∂

2

2 2

2

2

2

2

1 1
0

u u u u

z
+ + + = ...(A)
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Let the solution of (A) be of the form

u z R F Z z RFZ( , , ) ( ) ( ) ( )ρ φ ρ φ= =  (say) ...(1)

Where R is a function of ρ alone, F a function of φ alone and Z a function of z alone.

Differentiating (1) and substituting in (A), we get

FZ
d R

d

FZ dR

d

RZ d F

d
RF

d Z

dz

2

2 2

2

2

2

2
0

ρ ρ ρ ρ φ
+ + + =

or  
1 1 1 12

2 2

2

2

2

2
2

R

d R

d R

dR

d F

d F

d Z

d Z

dz
k

ρ ρ ρ ρ φ
+ + = − = −  (say) ...(2)

Here in (2), right hand side is a function of independent variable z alone while left hand

side is a function of ρ and φ. So the two sides will be equal to each other if each is equal to

the same constant say −k2. Here constant −k2 is chosen, because the solutions obtained

from the resulting equations are useful for practical problems.

Thus, from (2) we get the following equations

    
d Z

dz
k F

2

2
2 0− = ...(3)

and      
1 1 12

2 2

2

2
2

R

d R

d R

dR

d F

d F

d
k

ρ ρ ρ ρ φ
+ + = −

or      
ρ

ρ
ρ

ρ
ρ

φ

2 2

2
2 2

2

2
21

F

d R

d R

dR

d
k

F

d F

d
m+ + = − =  (say) ...(4)

Here in (4) right hand side is a function of independent variable φ only while left hand

side is a function of independent variable ρ only, so the two will be equal to each other if

each is equal to the same constant. On physical grounds of the problem the solution must 

involve the trigonometrical functions of φ, so we choose this constant equal to m2 (say).

Also the physical condition of the problem i.e., u u( , ) ( , )ρ φ ρ φ π= + 2  will be satisfied only if 

we suppose m to be an integer.

Thus, from (4), we get the following equations

  
d F

d
m F

2

2
2 0

φ
+ = ...(5)

and      
ρ

ρ
ρ

ρ
ρ

2 2

2
2 2 2

R

d R

d R

dR

d
k m+ + =

or  ρ
ρ

ρ
ρ

ρ2
2

2
2 2 2 0

d R

d

dR

d
k m R+ + − =( ) ...(6)
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Now let k xρ = , so that 
d

dx k

ρ = 1

and  
dR

d

dR

dx

dx

d
k

dR

dxρ ρ
= =. ⇒ d

d
k

d

dxρ
≡

and        
d

d

dR

d
k

d

dx
k

dR

dxρ ρ






 = 





∴       
d R

d
k

d R

dx

2

2
2

2

2ρ
=

Putting in (6), it reduces to

  
x

k
k

d R

dx

x

k
k

dR

dx
x m R

2

2
2

2

2
2 2 0+ + − =. ( )

or
    

d R

dx x

dR

dx

m

x
R

2

2

2

2

1
1 0+ + −











 = ...(7)

Now general solution of (3) is

or
    

Z A e B e

Z A e

k
k z

k
k z

k
k z

= +

= ′







−

± ...(8)

General solution of (5) is

or     
F C m D m

F C e

m m

m
im

= +
= ′





±
cos sinφ φ

φ ...(9)

Equation (7) is Bessel's equation, so its general solution is

   R E J x F J x E J k F J kkm m km m km m km m= + = +− −( ) ( ) ( ) ( )ρ ρ ,

when m is not an integer

and    R E J k F Y kkm m km m= +( ) ( ),ρ ρ when m is an integer.

Hence, from (1), the most general solution of (A) is given by

u z A e B e C m D mk
k z

k
k z

m m

k m

( , , ) ( )( cos sin )

,

ρ θ φ φ= + +−∑
[ ( ) ( )]E J k F J kkm m km mρ ρ+ −

when m is not an integer.
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and u z A e B e C m D mk
k z

k
k z

m n

k m

( , , ) ( )( cos sin )

,

ρ φ φ φ= + +−∑ .

[ ( ) ( )]E J k F Y kkm m km mρ ρ+   when m is an integer.

Note : 1.

2.

The solution can also be written as

u z e G J k H J kkz im
km m km m

k m

( , , ) [ ( ) ( )]

,

ρ φ ρ ρφ= +± ±
−∑

when m is not an integer.

And  u z e G J k H Y kkz im
km m km m

k m

( , , ) [ ( ) ( )]

,

ρ φ ρ ρφ= +± ±∑

when m is an integer.

Where G A C Ekm k m km= ′ ′ .  and H A C Fkm k m km= ′ ′  are the new arbitrary 

constants.

The solution can also be written as

  u z e Rkz im

k m

( , , ) ( )

,

ρ φ ρφ= ± ±∑

when R( )ρ  is the solution of Bessel's equation (7).

14.10 Laplace Equation in Spherical Coordinates

Laplace equation in cartesian coordinates ( , , )x y z  is given by

∇ = + + =2
2

2

2

2

2

2
0u

u

x

u

y

u

z

∂
∂

∂
∂

∂
∂

...(1)

Proceeding as in {12.11 on page 573 in spherical polar coordinates ( , , )r θ φ , we have

 ∇ = + + + +2
2

2 2

2

2 2 2 2

22 1 1
u

u

r r

u

r r

u

r

u

r

u∂
∂

∂
∂

∂
∂θ

θ ∂
∂θ θ

∂cot

sin ∂φ2

Hence, the Laplace equation (1), in spherical coordinates ( , , )r θ φ  is transformed to

∂
∂

∂
∂

∂
∂θ

θ ∂
∂θ θ

∂
∂φ

2

2 2

2

2 2 2 2

2

2

2 1 1u

r r

u

r r

u

r

u

r

u+ + + + =cot

sin
0
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14.11 Solution of Laplace's Equation in Spherical

  Coordinates by the Method of Separation of 

  Variables

The Laplace's equation in spherical coordinates is given by

∂
∂

∂
∂

∂
∂θ

θ ∂
∂θ θ

∂
∂φ

2

2 2

2

2 2 2 2

2

2

2 1 1u

r r

u

r r

u

r

u

r

u+ + + + =cot

sin
0 ...(A)

Obviously solution of (A) is a function of r, θ and φ.

∴ Let the solution u r( , , )θ φ  of (A) be given by

       u r R r F F R F F( , , ) ( ) ( ) ( )θ φ θ φ= =1 2 1 2 (say) ...(1)

Where R is a function of r alone, F1 a function of θ alone and F2 a function of φ alone.

Differentiating (1) and substituting in (A), we get

F F
d R

dr

F F

r

dR

dr

R F

r

d F

d

R F

r

dF

d1 2

2

2
1 2 2

2

2
1

2
2

2
12

+ + + +
θ

θ
θ

cot R F

r

d F

d

1
2 2

2
2

2
0

sin θ φ
=

or  
1 2 12

2 2
1

2
1

2
1

R

d R

dr r

dR

dr r F

d F

d

dF

d
+











 + +





 θ

θ
θ

cot

















r2 2sin θ

          = − =1

2

2
2

2
2

F

d F

d
m

φ
 (say) ...(2)

In (2), right hand side is a function of independent variable φ alone while left hand side is

independent of φ. So the two sides will be equal only if both are equal to the same

constant. We choose this constant equal to m2, as in many physical problems we require

the solution which involve trigonometric functions of θ.

Thus (2), gives

d F

d
m F

2
2

2
2

2 0
φ

+ = ...(3)

and   
1 2 12

2 2
1

2
1

2
1

R

d R

dr r

dR

dr r F

d F

d

dF

d
+











 + +





 θ

θ
θ

cot






















=r m2 2 2sin θ

or    
r

R

d R

dr r

dR

dr

m

F

d F

d

dF2 2

2

2

2
1

2
1

2

2 1+










 = − +

sin
cot

θ θ
θ 1 1

d
n n

θ











 = +( ) say ...(4)

In (4) two sides are functions of different artificial variable, so they will be equal to each

other if each is equal to the same constant say n n( )+1 . (Note)
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Thus, from (4) we get the following two differential equations

r

R

d R

dr r

dR

dr
n n

2 2

2

2
1+











 = +( )

or        r
d R

dr
r

dR

dr
n n R2

2

2
2 1 0+ − + =( ) ...(5)

and    
m

F

d F

d

dF

d
n n

2

2
1

2
1

2
11

1
sin

cot ( )
θ θ

θ
θ

− +










 = +

or    
d F

d

dF

d
n n

m
F

2
1

2
1

2

2 11 0
θ

θ
θ θ

+ + + −










 =cot ( )

sin
...(6)

Equation (5) is a homogeneous equation with variable coefficient. So let r ez=  so that 

r
dR

dr
D z= 1  and r

d R

dr
D D z2

2

2 1 11= −( )

where r
d

dr

d

dz
D≡ = 1

Putting in (5), we get

   [( ) ( )]D D D n n R1 1 11 2 1 0− + − + =

or    ( )D D n n R1
2

1
2 0+ − − =

or     [( )( ) ( )]D n D n D n R1 1 1 0− + + − =

or    ( )( )D n D n R1 1 1 0− + + = ...(7)

Now to solve (6), let µ = cos θ, so that 
dF

d

dF

d

d

d

dF

d
1 1 1

θ θ
θ=

µ
µ = −

µ
sin

and       
d F

d

d

d

dF

d

dF

d

d F

d

2
1

2
1 1

2
1
2θ θ

θ θ θ= −
µ







 = −

µ
−

µ
sin cos sin .

d

d

µ
θ

= −
µ

+
µ

= −
µ

+ −cos sin cos ( cos )θ θ θ θ
dF

d

d F

d

dF

d

d F

d

1 2
2

1
2

1 2
2

11
µ2

Putting in (6), we get

−
µ

+ −
µ

+ −
µ

+ +cos ( cos ) cot ( sin ) (θ θ θ θ
dF

d

d F

d

dF

d
n n1 2

2
1
2

11 1)
cos

−
−













=m
F

2

2 1
1

0
θ
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or ( cos ) cos ( )
cos

1 2 1
1

2
2

1
2

1
2

2
−

µ
−

µ
+ + −

−










θ θ

θ

d F

d

dF

d
n n

m



=F1 0

or  ( ) ( )1 2 1
1

02
2

1
2

1
2

2 1−µ
µ

− µ
µ

+ + −
−µ













=
d F

d

dF

d
n n

m
F ...(8)

The general solution of (3) is

or
    

F A m B m

F A e

m m

m
im

= +
= ′





±
cos sinφ φ

φ ...(9)

General solution of (7) is

   R C e D e C r D rn
nz

n
n z

n
n

n
n= + = +− + +( )1 1

...(10)

Equation (8) is Associated Legendre equation, whose solution is

   F E P F Qmn n
m

mn n
m

1 = µ + µ( ) ( )

or    F E P F Qmn n
m

mn n
m

1 = +(cos ) (cos )θ θ ...(11)

From (1), using (9), (10) and (11), the solution of (A) for various values of m and n are

given by

   u r A m B m C r D rmn m m n
n

n
n( , , ) ( cos sin )( )θ φ φ φ= + + +1 .

[ (cos ) (cos )]E P F Qmn n
m

mn n
mθ θ+

A more general solution of (A) is given by

u r u r

m

mn

n

( , , ) ( , , )θ φ θ φ= ∑ ∑

= + +∑ ∑ +

m

m m n
n

n
n

n

A m B m C r D r[( cos sin )( )φ φ 1 .

{ (cos ) (cos )}]E P F Qmn n
m

mn n
mθ θ+    ...(12)

Which can also be taken as

u r A e C r D r

m

m
im

n
n

n
n

n

( , , ) ( )θ φ φ= ′ +∑ ∑ ± +1 .

[ (cos ) (cos )]E P F Qmn n
m

mn n
mθ θ+

= +∑ ∑ +

m

mn
n

mn
n

n

A r B r[( )1

[ (cos ) (cos )]E P F Q emn n
m

mn n
m imθ θ φ+ ±   ...(13)
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Note : Along the polar axis (initial line) θ = 0, cos (cos )θ θ= ⇒ → ∞1 Qn
m

∴ If the solution u r( , , )θ φ  remains finite along the polar axis θ = 0, then we 

must take Fmn = 0 in (12). In this case the solution is given by

   u r A m B m C r D r P

m

m m n
n

n
n

n
m( , , ) ( cos sin )( ). (cosθ φ φ φ θ= + +∑ +1 )

n
∑

which can also be taken as

        u r C r D r e P

m

n
n

n
n im

n

n
m( , , ) ( ). (cos )θ φ θφ= +∑ ∑ + ±1

 Ex am ple 1:  Find the po ten tial φ( , , )x y z  in the parallelopiped 0 0≤ ≤ ≤ ≤x a y b, , 

0 ≤ ≤z c, sat is fy ing the con di tions :

(i) φ = 0 on x x a y y b= = = =0 0, , ,  and z = 0

(ii) φ = f x y( , ) on z c x a y b= ≤ ≤ ≤ ≤, ,0 0 . [Meerut 2010 (Sem. I)]

 Solution :  The po ten tial φ( , , )x y z  in the parallelopiped sat is fies the Laplace's equation

∂ φ
∂

∂ φ
∂

∂ φ
∂

2

2

2

2

2

2
0

x y z
+ + = ...(A)

Here we are required to find the solution of (A), satisfying the following conditions.

φ( , , )0 0y z = , φ( , , )a y z = 0 ...(B1)

φ( , , )x z0 0= , φ( , , )x b z = 0 ...(B2)

 and       φ( , , )x y 0 0= ,      φ( , , ) ( , )x y c f x y= ...(B3)

Let the solution of (A) be given by

φ( , , ) ( ) ( ) ( )x y z F x Y y Z z= ...(1)

Where F is a function of x alone, Y a function of y alone and Z a function of z alone.

Differentiating (1) and substituting in (A), we get

YZ
d F

dx
FZ

d Y

dy
FY

d Z

dz

2

2

2

2

2

2
0+ + =

or  
1 1 12

2

2

2

2

2F

d F

dx Y

d Y

dy Z

d Z

dz
+ = − = λ (say) ...(2)
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Here in (2) each term is function of different independent variable. Thus (2), will be true

only if each term is equal to a constant. So let

if − = =1 12

2

2

2 1Z

d Z

dz F

d F

dx
λ λ,  and 

1 2

2 2Y

d Y

dy
= λ  s.t. λ λ λ= +1 2.

Thus, we get the following three ordinary differential equations

    
d F

dx
F

2

2 1 0− =λ ,
d Y

dy
Y

2

2 2 0− =λ   and  
d Z

dz
Z

2

2
0+ =λ ...(3)

where λ λ λ= +1 2

 Now the following three cases arise.

Case I : If λ λ λ= = =0 1 2, then the equations in (3) reduce to

d F

dx

2

2
0= ,   

d Y

dy

2

2
0=   and  

d Z

dz

2

2
0=

Whose general solutions are

    F A x B= + ,  Y C x D= +  and Z E z F= +

∴        φ( , , ) ( )( )( )x y z A x B C x D E z F= + + +

Now the conditions (B1) i.e., φ ( , , )0 0y z =  and φ ( , , )a y z = 0

⇒ 0 = + +B C x D E z F( )( ) and ( )( )( )Aa B C x D E z F+ + +

⇒ B = 0 and Aa B+ ,  ∵ Cx D+ = 0  and  Ez F+ = 0,

will lead to φ ( , , )x y z = 0, which is trivial solution and is inadmissible.

⇒ A = 0  and   B = 0

∴ φ ( , , )x y z = 0. Which is trivial solution and is inadmissible.

So we reject the case when λ λ λ= = =0 1 2.

Case II : If k kλ λ= > = >2
1 1

20 0,  and λ2 2
2 0= >k  s.t., λ λ λ= +1 2 i.e., k k k2

1
2

2
2= + ,

then the equations in (3) reduce to

    
d F

dx
k F

2

2 1
2

0− = ,
d Y

dy
k Y

2

2 2
2

0− = and
d Z

dz
k Z

2

2
2 0+ =
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Whose general solutions are

    F Ae Be Y Ce Dek x k x k y k y= + = +− −1 1 2 2,  and Z E kz F kz= +cos sin

∴        φ ( , , ) ( )( )( cos sinx y z A e B e Ce De E kz F kk x k x k y k y= + + +− −1 1 2 2 z)

∴ The conditions ( )B1  i.e., φ ( , , )0 0y z =  and φ ( , , )a y z = 0

⇒      0 2 2= + + +−( )( )( cos sin )A B C e D e E kz F kzk y k y

and      0 1 2 2 2= + + +− −( )( )( cos sin )A e B e C e D e E kz F kzk a k a k y k y

⇒     A B+ = 0  and  A e B ek a k a1 1 0+ =− ,

∵ C e D ek y k y2 2 0+ ≠−  and E kz F kzcos sin+ ≠ 0

⇒ A = 0  and   B = 0

∵ φ ( , , )x y z = 0, which is trivial solution and is inadmissible.

So we also reject the case when λ λ= =k k2
1 1

2,  and λ2 2
2= k .

Case III :  If k k kλ λ λ= − < = − < = − <2
1 1

2
2 2

20 0 0, , , s t k k k. . 2
1
2

2
2= + , then the equations 

in (3) reduce to

   
d F

dx
k F

2

2 1
2

0+ = ,
d Y

dy
k Y

2

2 2
2

0+ = and  
d Z

dz
k Z

2

2
2 0− =

Whose general solutions are

    F A k x B k xk k= +
1 11 1cos sin , Y C k y D k yk k= +

2 22 2cos sin

and     Z E e F ek
k z

k
k z= + −

∴ φ ( , , ) ( cos sin )( cos sinx y z A k x B k x C k y D k yk k k k= + +
1 1 2 21 1 2 2 ).( )E e F ek

k z
k

k z+ −

...(4)

∴ Conditions (B1) i.e., φ ( , , )0 0y z =

⇒       A C k y D k y E e F ek k k k
k z

k
k z

1 2 22 2 0( cos sin )( )+ + =−

⇒ Ak1
0= ,

 ∵ C k y D k yk k2 22 2 0cos sin+ ≠   and  E e F ek
k z

k
k z+ ≠− 0
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And  φ ( , , )a y z = 0

⇒ ( sin )( cos sin )( )0 0
1 2 21 2 2+ + + =−B k a C k y D k y E e F ek k k k

k z
k

k z

⇒ sin k a1 0= ,

∵ B C k y D k y E e F ek k k k
k z

k
k z

1 2 2
0 0 02 2≠ + ≠ + ≠−, cos sin ,

⇒    k a m1 = π, where m is an integer.

i.e.,     k m a1 = π

Similarly, the conditions (B2) i.e., φ ( , , )x y0 0=   and  φ ( , , )x b y = 0

⇒  Ck2
0= and k n b2 = π , where n is an integer.

∴    k k k k k m a n bmn
2

1
2

2
2 2 2 2 2 2 2 2= + ⇒ = = +( ) π .

Thus, for integral values of m and n, the solutions of (A) from (1) satisfying the

conditions (B1) and (B2) are given by

   φ
π π

mn k k k
kx y z B

m x

a
D

n y

b
E e

mn
( , , ) sin sin (= 









2 2

mn
mn

mnz
k

k zF e+ − )

       = + −sin .sin ( )
m x

a

n y

b
G e H emn

k z
mn

k zmn mn
π π

Where G B D Emn k k kmn
=

1 2
 and  H B D Fmn k k kmn

=
1 2

 are the new arbitrary constants.

Taking m =1 2 3, , ,... and n =1 2 3, , ,..., the more general solution of (A) is given by

      φ φ( , , ) ( , , )x y z x y z

m

mn

n

=
=

∞

=

∞

∑ ∑
1 1

       = +
=

∞
−

=

∞

∑ ∑
m

mn
k z

mn
k z

n

m x

a

n y

b
G e H emn mn

1 1

sin .sin ( )
π π

...(5)

Which also satisfy the conditions (B1) and (B2).

∴ the conditions (B3) i.e., φ ( , , )x y 0 0=

⇒
m

mn mn

n

m x

a

n y

b
G H

=

∞

=

∞

∑ ∑ + =
1 1

0sin sin ( )
π π
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⇒    G Hmn mn+ = 0 ⇒  H Gmn mn= −

∴ from (5), we get

φ 
π π

( , , ) sin sin ( )x y z
m x

a

n y

b
G e e

m

mn
k z k z

n

mn mn= −
=

∞
−

=

∞

∑
1 1
∑

or        φ 
π π

( , , ) sin sin sinh ( )x y z I
m x

a

n y

b
k z

m

mn mn

n

=
=

∞

=

∞

∑ ∑
1 1

...(6)

Where I Gmn mn= 2  is the new arbitrary constant. Finally from (6), the condition ( )B3  i.e., 

φ ( , , ) ( , )x y c f x y= .

⇒    f x y I c k
m x

a

n y

b
m

mn mn

n

( , ) sinh ( )sin .sin=
=

∞

=

∞

∑ ∑
1 1

π π
...(7)

Here in (7) right hand side can be considered as the double Fourier sine series of the

function f x y( , ) on its left hand side.

∴    I c k
a b

f x y
m x

a

n y

b
dx dymn mn

x

a

y

sinh ( ) . ( , )sin sin=

= =
∫2 2

0

π π

0

b

∫

or  I
ab c k

f x y
m x

a

n y

b
dx dymn

mn
x

a

y

b

=

= =
∫4

0 0
sinh ( )

( , )sin sin
π π∫ ...(8)

where  k m a n bmn
2 2 2 2 2 2= +( ) π

Hence, the required solution of (A) is given by (6) where Imn is given by (8).

 Example 2:  Find the potential φ in the parallelopiped, 0 0 0≤ ≤ ≤ ≤ ≤ ≤x a y b z c, , ,

satisfying the conditions :

(i) φ = 0 on x x a y y b= = = =0 0, , ,  and z = 0

(ii) φ
π π= A

x

a

y

b
sin sin  on z c x a y b= ≤ ≤ ≤ ≤, ,0 0 .

[Meerut 2009 (B.P.)]

 So lu tion:  The po ten tial φ ( , , )x y z  in the parallelopiped sat is fies the Laplace's equa tion

 
∂ φ
∂

∂ φ
∂

∂ φ
∂

2

2

2

2

2

2
0

x y z
+ + = ...(A)

764           

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



Here we are required to find the solution of (A) satisfying the following conditions

φ ( , , )0 0y z = , φ ( , , )a y z = 0 ...(B1)

φ ( , , )x z0 0= , φ ( , , )x b z = 0 ...(B2)

and φ ( , , )x y 0 0= , φ 
π π

( , , ) ( , ) sin sinx y c f x y A
x

a

y

b
= =

...(B3)

Let the solution of (A) be given by

φ ( , , ) ( ) ( ) ( )x y z F x Y y Z z= ...(1)

Where F is a function of x alone, Y a function of y alone and Z a function of z alone. Now

proceeding as in previous Ex. 1, the required solution is given by

      φ 
π π

( , , ) sin sin sinh ( )x y z I
m x

a

n y

a
k z

m

mn mn

n

=
=

∞

=

∞

∑ ∑
1 1

...(2)

where  k m a n bmn
2 2 2 2 2 2= +( )π

and  I
ab c k

f x y
m x

a

n y

b
dx dymn

mn
x

a

y

b

=

= =
∫4

0 0
sinh ( )

( , )sin sin
π π∫

=

=
∫4

0
ab c k

A
x

a

y

b

m x

a

n y

b
dx dy

mn
x

a

sinh ( )
sin sin sin sin

π π π π

y

b

=
∫

0

=

=
∫4

0

A

ab c k

x

a

m x

a
dx

y

b

n y

b
d

mn
x

a

sinh ( )
sin sin . sin sin

π π π π
y

y

b

=
∫















0

Now     I
x

a

m x

a
dx

x

a

1

0

0= =

=
∫ sin sin

π π
if m ≠1

and when    m I
x

a
dx

x

a
dx

x

a

= = = −







=
∫ ∫1

1

2
1

2
1

2

0 0

, sin cos
π π

π

= −





=1

2 2

2 1

20

x
a x

a
a

a

π
π

sin
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Similarly,    I
y

b

n y

b
dy

y

a

2

0

0= =

=
∫ sin sin

π π
, where n ≠1

and for n =1,    I b2
1

2
=

∴ for m n k k a bmn= = = = +1 1 1 12
11
2 2 2 2, , ( )π

and   I
A

ab c k

a b A

c k11
11 11

4

2 2
= =

sinh ( )
. .

sinh ( )

and Imn = 0 if m ≠1, and n ≠1.

∴ From (2), the required solution is

      φ π π
( , , ) sin sin sinh ( )x y z I

x

a

y

b
k z= 11 11

= A

c k

x

a

y

b
k z

sinh ( )
sin .sin sinh ( )

11
11

π π

where k a b11
2 2 2 21 1= +( )π

 Example 3:  Find the potential φ in the parallelopiped 0 0 0≤ ≤ ≤ ≤ ≤ ≤x a y b z c, , ,

satisfying the conditions

(i) φ = 0 on x y z x a y b= = = = =0 0 0, , ; ,

(ii) φ = A on z c x a y b= ≤ ≤ ≤ ≤, , .0 0

 Solution:  The potential φ ( , , )x y z  in the parallelopiped satisfies the Laplace's equation

 
∂ φ
∂

∂ φ
∂

∂ φ
∂

2

2

2

2

2

2
0

x y z
+ + = ...(A)

Here we are required to find the solution of (A) satisfying the following conditions

φ ( , , )0 0y z = , φ ( , , )a y z = 0 ...(B1)

φ ( , , )x z0 0= , φ ( , , )x b z = 0 ...(B2)

and φ ( , , )x y 0 0= , φ ( , , ) ( , )x y c f x y A= = ...(B3)

Let the solution of (A) be given by

φ ( , , ) ( ) ( ) ( )x y z F x Y y Z z= ...(1)
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Where F is a function of x alone, Y a function of y alone and Z a function of z alone. Now

proceeding as in Ex. 1 on page 760, the required solution is given by

      φ 
π π

( , , ) sin sin sinh ( )x y z I
m x

a

n y

b
k z

m

mn mn

n

=
=

∞

=

∞

∑ ∑
1 1 ...(2)

where   k m a n bmn
2 2 2 2 2 2= +( )π

and  I
ab c k

f x y
m x

a

n y

b
dx dymn

mn
x

a

y

b

=

= =
∫4

0 0
sinh ( )

( , )sin sin
π π∫

 =

= =
∫ ∫4

0 0
ab c k

A
m x

a

n y

b
dx dy

mn
x

a

y

b

sinh ( )
sin sin

π π

 = −





−
=

4

0

A

ab c k

a

m

m x

a

b

n

n y

bmn x

a

sinh ( )
cos cos

π
π

π
π 

 =y

b

0

 = − − − −4
1 1 1 1

2

A

mn c kmn

m n

π sinh ( )
[ ( ) ].[ ( ) ]

We have

1 1
0 2 1 2

2 2 1
− − =

= =
= −

( )
, , , ,...

, ,
m m r r

m r

when even,

when odd, r =


 1 2 3, , ,....

And  1 1
0 2 1 2

2 2 1
− − =

= =
= −

( )
, , , ,...

, ,
n n s s

m s

when even,

when odd, s =


 1 2 3, , ,....

∴ Imn = 0 if one or both of m and n are even.

∴ Taking m r= −2 1 and n s r s= − =2 1 1 2, , , ,..., from (2) the required solution of (A)

satisfying the given conditions is given by

      φ 
π

( , , )
sinh ( )

( )( )
sin

(
x y z

A c k

r s

r

r

rs=
− −

−

=

∞

∑16

2 1 2 1

2 1
2

1

)
sin

( )π πx

a

s y

b
s

2 1

1

−

=

∞

∑  

where   k
r

a

s

b
rs
2

2

2

2

2
22 1 2 1= − + −











( ) ( ) π
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 Example 4:  Show that the solutions of Laplace's equation ∇ =2 0u  in cylindrical

coordinates satisfying the conditions :

(i) u → 0 as z → ∞ and

(ii) u is finite as ρ → 0 are of the form

u G J m e

m

mn n
mz i n

n

= ∑ ∑ − ±( )ρ φ.

 So lu tion:  The Laplace's equa tion in cy lin dri cal coordinates is

 ∇ = + + + =2
2

2 2

2

2

2

2

1 1
0u

u u u u

z

∂
∂ρ ρ

∂
∂ρ ρ

∂
∂φ

∂
∂

...(A)

Here we are required to find the solution of (A), satisfying the following conditions

    u → 0 as z → ∞ ...(B1)

and     u is finite as ρ → 0. ...(B2)

Let the solution of (A) be of the form

u z R F Z z RFZ( , , ) ( ) ( ) ( )ρ φ ρ φ= =  (say) ...(1)

Where R is a function of ρ alone, F a function of φ alone and Z a function of z alone.

Now proceeding similarly as in 14.9, taking m2 for k2 and n2 for m2, the solution of (A) is

given by

u z A e B e e E J m F Y m

m

m
mz

m
mz in

mn n mn n( , , ) ( ) .[ ( ) (ρ φ ρ ρφ= + +∑ − ± )

n
∑ ...(2)

Since according to condition ( )B1  u → 0 as z → ∞, so in (2) we must take Am = 0.

∵  as z → ∞, emz → ∞.

Also according to the condition (B2) u is finite as ρ → 0, so in (2), we must take Fmn = 0.

∵ as ρ → 0, Y mn( )ρ → ∞.

Putting Am = 0 and Fmn = 0 in (2), the required solution is

u z G e e J m G J m e

m

mn
mz in

n

n m

mn n
mz( , , ) . . ( ) ( ).ρ φ ρ ρφ= =∑ ∑ ∑− ± − ±∑ in

n

φ.

Where       G B Emn m mn= .  is a new arbitrary constants.

768           

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



 Example 5:  Obtain the axially symmetrical solution of the three dimensional Laplace's

equation.

 So lu tion:  Laplace's equation in cy lin dri cal co or di nates ( , , )ρ φ z  is given by

∂
∂ρ ρ

∂
∂ρ ρ

∂
∂φ

∂
∂

2

2 2

2

2

2

2

1 1
0

u u u u

z
+ + + = ...(1)

If u is symmetrical about the axis of z, then 
∂
∂φ

2

2
0

u =

∴ (1) reduces to      
∂
∂ ρ ρ

∂
∂ρ

∂
∂

2

2

2

2

1
0

u u u

z
+ + = ...(2)

Let the solution of (2) be given by

    u z R Z z RZ( , ) ( ) ( )ρ ρ= =  (say) ...(3)

Differentiating (3) and substituting in (2), we get

    Z
d R

d

Z dR

d
R

d Z

dz

2

2

2

2
0

ρ ρ ρ
+ + =

or  
1 1 12

2

2

2
2

R

d R

d

dR

d Z

d Z

dz
m

ρ ρ ρ
+











 = − = − (say) ...(4)

Since right hand side in (4) is a function of independent variable z alone while left hand

side is a function of different independent variable ρ. So the two sides will be equal to

each other if each is equal to the same constant say −m2.

Thus, from (4) we get the following two ordinary differential equations

     
d Z

dz
m Z

2

2
2 0− = ...(5)

and      
d R

d

dR

d
m R

2

2
21

0
ρ ρ ρ

+ + = ...(6)

General solution of (5) is 

    Z A e B em
mz

m
mz= + − or Z A em

mz= ±
...(7)

Equation (6) is Bessel's equation of zeroth order whose general solution is

   R C J m D Y mm m= +0 0( ) ( )ρ ρ ...(8)

769

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



Where J0  and Y0  are Bessel's functions of zeroth order of first and second kind

respectively.

∴ from (3), the solutions of (2), for different values of m are given by

    u z A e B e C J m D Y mm m
mz

m
mz

m m( , ) ( )[ ( ) ( )]ρ ρ ρ= + +−
0 0

Hence, more general solution of (2) is given by

u z u z A e B e C J mp D Y mpm

m

m
mz

m
mz

m m( , ) ( , ) ( )[ ( ) ( )]ρ ρ= = + +∑ −
0 0

m
∑ ...(9)

This, solution can also be written as

u z A e C J m D Y mm
mz

m m

m

( , ) .[ ( ) ( )]ρ ρ ρ= +±∑ 0 0

  = +±∑ e E J m F Y mmz
m m

m

[ ( ) ( )]0 0ρ ρ

Where E A Cm m m=  and F A Dm m m=  are the new arbitrary constants.

Note : In (9) when ρ → 0, Y m0 ( )ρ → ∞. Thus for the solution u z( , )ρ  given by (9), to

remain finite along the line ρ = 0 at the origin, we must take Dm = 0.

Hence, the solution of the Laplace's equation which is symmetrical about z-axis and

remains finite on the line ρ = 0 is given by [putting Dm = 0 in (9)]

u z G e H e J mm
mz

m
mz

m

( , ) ( ). ( )ρ ρ= + −∑ 0

where G A Cm m m= .  and H B Cm m m=  are the new arbitrary constants.

This solution can also be written as

u z G e J mm
mz

m

( , ) . ( ) .ρ ρ= ±∑ 0
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1. Find the potential φ in the cuboid 0 0 0≤ ≤ ≤ ≤ ≤ ≤x a y a z a, , , satisfying the

conditions.

(i)   φ = 0, on x y z x a y= = = = =0 ,

(ii)   φ = f x y( , )  on z c x a y a= ≤ ≤ ≤ ≤, ,0 0 .

2. Find the potential φ in the parallelopiped 0 0 0≤ ≤ ≤ ≤ ≤ ≤x a y b z c, , , satisfying

the conditions.

(i)    φ = 0 on x y z x a= = = =0 ,  and y b=

(ii)    φ
π π

= A
x

a

y

b
sin sin

2
 on z c x a y b= ≤ ≤ ≤ ≤, ,0 0 .

3. Find the potential φ in the cuboid 0 0 0≤ ≤ ≤ ≤ ≤ ≤x a y a z a, , , satisfying the

conditions.

(i) φ = 0, on x y z x a y= = = = =0 ,

(ii) φ = A,  on z c x a y a= ≤ ≤ ≤ ≤, ,0 0 .

4. Obtain the general solution of Laplace's equation in cylindrical coordinates which

remain finite on the axis of z and is symmetrical about it.

[Hint : See note of Ex. 5 on page 769].

5. Obtain the solution of Laplace's  equation in cylindrical coordinates which is

symmetrical about the z-axis and tends to zero as ρ → 0 and as z → ∞.

[Hint : Take Gm = 0 in Q.N. 4.].

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter (a), (b),

(c) or (d).

1. When the temperature is in steady state, the heat equation becomes :

(a) Wave equation (b) Laplace equation

(c) Bessel's equation (d) None of these

2. Laplace's equation is also called :

(a) Harmonic equation (b) Wave equation

(c) Legendre equation (d) None of these

3. Consider the steady state temperature u x y( , ) in a rectangular plate of length a and

width b, the sides of which are kept at temperature zero, the lower end is kept at

temperature f x( ) and the upper edge is insulated. Then u x y( , ) satisfy the equation :
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(a)
∂
∂

2 u

x2
0= (b)

∂
∂

∂
∂

2

2 2

1u

x c

u

t
=

(c)
∂
∂

∂
∂

2

2

2

2

u

x

u

y
+ (d) None of these

4. The boundary conditions of the boundary value problem given in Q.N. 3. are :

(a) u y u a y u x b u x f xy( , ) ( , ) ( , ), ( , ) ( )0 0 0= = = =

(b) u y u a y u x u x b( , ,) ( , ), ( , ) ( , )0 0 0 0= = = =

(c) u y u a y u x f x u x b( , ) ( , ), ( , ) ( ) ( , )0 0 0= = = =

(d) None of these

5. Let u x y( , )  be steady state temperature function in a square plate 0 ≤ <x π, 

0 ≤ <y π, the sides of which are kept at temperature zero, the lower edge is kept at

temperature f x( ) and upper edge at temperature v0 . Then u x y( , ) satisfy the

equation :

(a)
∂
∂

∂
∂

2

2 2

2

2

1u

x c

u

t
= (b)

∂
∂

∂
∂

2

2

2

2
0

u

x

u

y
+ =

(c)
∂
∂

∂
∂

2

2 2

1u

x c

u

t
= (d) None of these

6. The boundary conditions of the problem in Q.N. 5 are :

(a) u y u y( , ) ( , )0 1= = π , u x v u x( , ) ( , )0 0= = π

(b) u y v u y u x f x u x( , ) ( , ), ( , ) ( ) ( , )0 00= = = =π π

(c) u y u y u x f x u x v( , ) ( , ), ( , ) ( ), ( , )0 0 0 0= = = =π π

(d) None of these

7. The Laplace equation in polar coordinates in given by

(a)
∂
∂

∂
∂

∂
∂θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u+ + = (b)
∂
∂

∂
∂

∂
∂θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u+ + =

(c)
∂
∂

∂
∂

∂
∂θ

22

2 2 2

1 1
0

u

r r

u

r r

u− + = (d) None of these

8. The boundary diameter of a semi-circular plate of radius a is kept at 0°C and its

temperature along the semi-circular boundary is given by f ( )θ . Then the steady

state temperature function u r( , )θ  satisfy :

(a)
∂
∂

∂
∂

∂
∂θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u+ + = (b)
∂
∂

∂
∂

∂
∂

2

2

2

2

2

2
0

u

x

u

y

u

z
+ + =

(c)
∂
∂

∂
∂

∂
∂θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u− + = (d)
∂
∂

∂
∂

∂
∂θ

2

2 2

2

2

1 1
0

u

r r

u

r r

u− + =
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9. The boundary conditions of the problem in Q.N. 8. are given by :

(a) u r a r a u a f( , ) , , ( , ) ( ),0 0 0 2= − ≤ ≤ = < <θ θ θ π

(b) u r u r r a u a f( , ) ( , ), , ( , ) ( ),0 0 0 0= = ≤ ≤ = < <π θ θ θ π

(c) u r u r r a u a f( , ) ( , ), , ( , ) ( )0 0 0 0= = ≤ ≤ =π θ

(d) None of these

10. u r( , )θ  is the steady state temperature distribution in a circular plate of radius 10 cm,

which has half of its circumference at 0°C and the other half at temperature v C0
2 .

Then the boundary conditions of the problem is/are :

(a) u( , ) ,10 0 0 2θ θ π= < < (b) u v( , ) ,10 0 20θ θ π= < <

(c) u v( , ) ,10 00θ θ π= < < ,  u( , ) ,10 0 2θ π θ π= < <  

(d) None of these

Fill in the Blank

Fill in the blanks ".............." so that the following statements are complete and correct.

1. The Laplace's equation is given by 
∂
∂

∂
∂

∂
∂

2

2

2

2

2

2

u

x

u

y

u

z
+ + = .............. .

2. The Laplace's equation in cylindrical coordinates is given by 

∂
∂ρ ρ

∂
∂ρ

∂
∂

2

2

2

2

1
0

u u u

z
+ + + =........... .

3. The Laplace's equation in spherical coordinates is given by 

∂
∂

∂
∂θ

θ ∂
∂θ θ

∂2

2 2

2

2 2 2 2

21 1u

r r

u

r

u

r
+ + + +...........

cot

sin

u

∂φ2
0= .

4. The potential φ in the parallelopiped 0 0≤ ≤ ≤ ≤x a y b, , 0 ≤ ≤z c, satisfy the

equation ............... .

5. The surfaces of a sector determined by 0 ≤ ≤r a, 0 4≤ ≤θ π /  are insulated. The

temperature is kept at 0°C along the straight edges and at f ( )θ  along the current

edge. Then the boundary conditions of the problem are u r u r( , ) ( , / )0 0 4= = π , 

0 < <r a and .............. .
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Exercise 14.3

1. φ 
π π

( , , ) sin sin sinh ( )x y z I
m x

a

n y

a
k z

m

mn mn

n

=
=

∞

=

∞

∑ ∑
1 1

where k m n amn
2 2 2 2 2= +( ) π

and I
a c k

f x y
m x

a

n y

a
dx dymn

mn x

a

y

a

=

= =
∫4

2

0 0
sinh ( )

( , )sin sin
π π∫

2. φ π π
( , , ) ( )sin sin sinh ( )x y z A c k

x

a

y

a
k z= cosech 12 12

2

where k a b2
12

2 2 21 4= +( )π .

3. φ 
π

( , , )
sinh ( )

( )( )
sin

(
x y z

A c k

r s

r

r

r s
=

− −
−

=

∞

∑16

2 1 2 1

2 1

2
1

)
sin

( )π πx

a

s y

a
s

2 1

1

−

=

∞

∑
where k r s ars

2 2 2 2 22 1 2 1= − + −[( ) ( ) ] π .

4. u z G e H e J mm
mz

m
mz

m

( , ) ( ) ( )ρ ρ= + −∑ 0

or  u z G e J mm
mz

m

( , ) ( )ρ ρ= ±∑ 0 .

5. u z H e J mm
mz

m

( , ) ( )ρ ρ= −∑ 0 .

Multiple Choice Questions

1. (b) 2. (a) 3. (c) 4. (a)

5. (b) 6. (c) 7. (b) 8. (a)

9. (b) 10. (c)

Fill in the Blank

1. 0 2.
1
2

2

2ρ
∂
∂φ

u

3.
2

r

u

r

∂
∂ 4.

∂
∂

∂
∂

∂
∂

2

2

2

2

2

2
0

u

x

u

y

u

z
+ + =

5. u a f( , ) ( )θ θ= , 0 4< <θ π

mmm
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3.76 Non-Linear Partial Differential Equations of Order One

0
u u z
x z x

  
 

  
and 0

u u z
y z y

  
 

  
i.e., p1 + p3 p = 0 and   p2 + p3q = 0

so that p = – (p1/p3) and q = – (p2/p3) ... (3)

where 1 1/ / ,p u x u x      2 2/ / ,p u y u x      3 3/ / ,p u z u x      / ,p z x   /q z y  

by taking x = x1, y = x2 and z = x3 ... (4)

Using (3) and (4), (1) reduces to 2 2 2 2 2
1 3 2 3/ /p p p p k         or 2 2 2 2

1 2 3p p k p 

Let 2 2 2 2
1 2 3 1 2 3 1 2 3( , , , , , ) – 0f x x x p p p p p k p   ... (5)

Now, the Jacobi auxilliary equations are given by

3 31 1 2 2

1 1 2 2 3 3/ / / / / /
dp dxdp dx dp dx

f x f p f x f p f x f p
    

           

or
3 31 1 2 2

2
1 2 3

,
0 2 0 2 0 2

dp dxdp dx dp dx
p p k p

    
   using (5)

From the first and third fractions of (5), dp1 = 0   and dp2 = 0
Integrating,     p1 = a1 and p2 = a2, a1 and a2 being arbitrary constants

With p1 = a1 and p2 = a2, (5) gives 2 2 1/ 2
3 1 2( ) /p a a k 

Putting the above values of p1, p2 and p3 in du = p1dx1 + p2dx2 + p3dx3, we get
2 2 1/ 2

1 1 2 2 1 2 3{( ) / }du a dx a dx a a k dx   

Integrating, 2 2 1/ 2
1 2 2 1 2 3 3{( ) / }u a x a x a a k x a     ... (6)

Taking a2 = 1 and using (4), the required solution u = 0 is given by
2 1/ 2

1 2 1 3 3{( 1) / } 0,a x x a k x a    

which is the complete integral of (1) containing two arbitrary constants a1 and a3.
Ex. 3. Solve the following partial differential equations by Jacobi’s method:

   (i) 2( )p z qy     (ii) 2 2( )p q x pz     (iii)  xpq + yq2 = 1 [Nagpur 2005]
Hint. Proceed as in the above solved Ex. 1
3.23 Cauchy’s method of characteristics for solving non-linear partial differential

equation ( , , , / , / ) 0f x y z z x z y     i.e., ( , , , , ) 0f x y z p q  ... (1)

We know that the plane passing through the point 0 0 0( , )P x y z  with its normal parallel to the

direction n whose direction ratios are 0 0, , 1p q   is uniquely given by the set of five numbers

0 0 0 0 0( , , , , )D x y z p q  and conversely any such set of
five numbers defines a plane in three dimensional
space. In view of this fact a set of five numbers

( , , , , )D x y z p q  is known as a plane element of a three
dimensional space. As a special case a plane element

0 0 0 0 0( , , , , )x y z p q  whose components satisfy (1) is
known as an integral element of (1) at P. Solving (1)
for q, suppose we get
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Non-Linear Partial Differential Equations of Order One 3.77

( , , , )q F x y z p .
which gives a value of q corresponding to known values of x, y, z and p. Then, keeping x0, y0 and
z0 fixed and varying p, we shall arrive at a set of plane elements 0 0 0{ , , ,x y z p , 

0 0 0( , , , )G x y z p }
which depend on the single parameter p. As p varies, we get a set of plane elements all of which
pass through the point P. Hence the above mentioned set of plane elements envelop a cone with
vertex P. The cone thus obtained is known as the elementary cone of (1) at the point P.

Consider a surface S with equation ( , )z g x y ... (2)

If the function ( , )g x y  and its first partial
derivatives ( , )xg x y  and ( , )yg x y  are continuous in a
certain region R of the xy-plane, then the tangent plane
at each point of S determines a plane element of the
form {x0, y0, g(x0, y0), 0 0( , )xg x y , 0 0( , )yg x y } which
will be referred as the tangent element of the surface
S at the point 0 0 0 0{ , , ( , )]x y g x y .

Consider a curve C with parametric equations

( )x x t ,      ( )y y t ,        ( )z z t ,       t being the parameter. ... (3)

Then curve C lies on (2) provided              ( ) { ( ), ( )}z t g x t y t ... (4)
holds good for all values of t in the appropriate interval I. Let P0 be a point on curve C corresponding
to 0t t . Now, the direction ratios of the tangent line 0 1P P  are 0 0( ), ( )x t y t  , 0( )z t  where

0 0 0( ), ( ) ( )x t y t z t    denote the values of / , / , /dx dt dy dt dz dt  respectively at 0t t

This direction will be perpendicular to direction of normal n (with direction ratios 0 0, , 1p q  )

if 0 0 0 0 0( ) ( ) ( 1) ( ) 0p x t q y t z t      or 0 0 0 0 0( ) ( ) ( )z t p x t q y t   

It follows that any set { ( ), ( ), ( ), ( ), ( )}x t y t z t p t q t ...(5)

of five real functions satisfying the condition that ( ) ( ) ( ) ( ) ( )z t p t x t q t y t    ... (6)
defines a strip at the point (x, y, z) of the curve C. When such a strip is also an integral element of
(1), then the strip under consideration is known as an integral strip of (1). In other words, the set
of functions (5) is known as an integral strip of (1) provided these satisty (6) and the following
additional condition

{ ( ), ( ), ( ), ( ), ( )}f x t y t z t p t q t = 0, for all t in I.
If at each point of the curve (3) touches a generator of the elementary cone, then the

corresponding strip is known as a characteristic strip.
Derivation of the equations determining a characteristic strip
Clearly, the point ( , , )x dx y dy z dz    lies in the tangent plane to the elementary cone at P if

    dz pdx q dy  ... (7)
where p, q satisfy (1). Differentiation (7) w.r.t. ‘p’, we get

         0 ( / )dx dq dp dy  ... (8)
Again, differentiating (1) partially w.r.t. ‘p’, we have

/ ( / ) ( / ) 0f p f q dq dp      i.e., ( / ) 0p qf f dq dp  ... (9)

Here, / pf p f         and               / qf q f  

S
P ,q , –

0 0 1

CP0 P1
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3.78 Non-Linear Partial Differential Equations of Order One

Solving (7), (8) and (9) for the ratios of dy, dz to dx, we get

 
p q p q

dx dy dz

f f p f q f . ... (10)

Hence along a characteristic strip ( ), ( )x t y t  , ( )z t  will be proportional to , ,p q p qf f p f q f

respectively. If the parameter t be selected satisfying the relations

( ) px t f  and ( ) qy t f  .

then, we have   ( ) p qz t p f q f

Since along a characteristic strip p is a function of t, hence

( ) ( / ) ( / ) ( / ) ( / )p t p x dx dt p y dy dt       = ( / ) ( / ) ( / ) ( / )p x f p p y f q         , using (11)1)

Thus, ( ) ( / ) ( / ) ( / ) ( / )p t p x f p q x f q           ... (12)

p z z q

y y x x y x

                      


Now, differentiating (1) partially w.r.t. ‘x’, gives 0
f f f p f q

p
x z p x q x

     
   

     

or ( ) 0x zf p f p t   , using (12)

Hence on a characteristic strip, ( ) x zp t f p f    ... (13)

Similarly, we have    ( ) y zq t f q f ... (14)

Here          / , / , /x y zf f x f f y f f z

From (11), (13) and (14), we get the following system of five ordinary differential equations
for the determination of the characteristic strip

( ) px t f  ,   ( ) qy t f  ,     ( ) p qz t p f q f ,   ( ) x zp t f p f       and    ( ) y zq t f q f     ...(15)

The above equations are called the characteristic equations of (1). In view of a well known
result if the functions which are involved in (15) satisfy a Lipschitz condition, there exists a unique
solution of (15) for given set of initial values of the variables. It follows that the characteristic strip
is determined uniquely by any initial element 0 0 0 0 0( , , , , )x y z p q  and any initial value to of t.

Working rule for solving Cauchy’s problem. [Meerut 2005]
Suppose we wish to find the integral surface of (1) which passes through a given curve with

parametric equation 1( )x f  , 2 ( )y f  ,  3( ),z f   being the parameter  ... (16)

then in the solution 0 0 0 0 0( , , , , , )x x p q x y t t  etc. ... (17)
of the characteristic equations (15), we shall assume that

0 1( )x f  , 0 2 ( )y f  , 0 3( )z f 

are the initial values of x, y, z respectively. Then the corresponding initial values of p0, q0 can be
obtained by the following relations

      3 0 1 0 3( ) ( ) ( )f p f q f and 1 2 3 0 0{ ( ), ( ), ( ), , } 0f f f f p q   
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Non-Linear Partial Differential Equations of Order One 3.79

When the above values of 0 0 0 0 0, , , ,x y z p q  and the appropriate value of t0 is substituted in
(17), we shall be able to express x, y, z involving the two parameters t and   of the form

     1 2( , ), ( , )x t y t     and          3( , )z t   ... (18)
which are known as characteristics of (1)

Finally, by eliminating   and t from (18), we arrive at a relation of the form G ( , , )x y z = 0,
which is the required equation of the integral surface of (1) passing through the given curve (16).

3.24 Some Theorems:
Theorems 1. A necessary and sufficient condition that a surface be an integral surface of a

partial differential equation is that at each point its tangent element should touch the elementary
cone of the equation.

Proof. Using geometrical considerations and Art 3.23, complete the proof yourself.
Theorem II. Along every characteristic strip of the partial differential equation f (x, y, z, p,

q) = 0 the function f (x, y, z, p, q) is  a constant.
Proof. Along a characteristic strip, we have

{ ( ), ( ), ( ), ( ), ( )}
d

f x t y t z t p t q t
dt

=        ( ) ( ) ( ) ( ) ( )x y z p qf x t f y t f z t f p t f q t

= ( ) ( ) ( )x p y q z p q p x z q y zf f f f f p f q f f f p f f f q f      

= 0, using the characteristic equation (15) of Art. 3.23
showing that f (x, y, z, p, q) = K, a constant along the strip.

Corollary to theorem II. If a characteristic strip contains at least one integral element of
( , , , , ) 0f x y z p q   it is an integral strip of the equation ( , , , / , / ) 0f x y z z x z y    

Proof. Left as an exercise.
3.25 SOLVED EXAMPLES BASED ON ART. 3.23

Ex. 1. Find the characteristics of the equation pq z , and determine the integral surface
which passes through the parabola x = 0, y2 = z. [Meerut 2005; I.A.S. 1999]

Sol. Given equation is pq = z ... (1)
We are to find its integral surface which passes through the given parabola given by

 x = 0, and y2 = z ... (2)
Re-writing (2) in parametric form, we have

x = 0, y =  , 2z   ,   being a parameter ... (3)

Let the initial values 0 0 0 0 0, , , ,x y z p q  of , , , ,x y z p q  be taken as

0 0 ( ) 0x x   ,        2
0 0 0 0( ) , ( )y y z z ... (4A)

Let p0, q0 be the initial values of p, q corresponding to the initial values x0, y0, z0. Since
initial values 0 0 0 0( , , , , )x y z p q  satisfy (1), we have

0 0 0p q z ,          or        2
0 0p q   , by (4A) ... (5)

Also, we have       0 0 0 0 0( ) ( ) ( )z p x q y

so that 0 02 0 1p q     or     0 2 ,q    by (4A) ... (6)

Solving (5) and (6), 0 / 2p   and      0 2q   ... (4B)
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3.80 Non-Linear Partial Differential Equations of Order One

Collecting relations (4A) and (4B) together, initial values of 0 0 0 0 0, , , ,x y z p q  are given by

0 0x  ,    0 ,y     2
0z   ,    0 / 2p   , 0 2q    when 0 0t t  ... (7)

Re-writing (1), let ( , , , , ) 0f x y z p q pq z   ... (8)
The usual characteristic equations of (8) are given by

/ /dx dt f p q    ... (9)

/ /dy dt f q p    ... (10)

/ ( / ) ( / ) 2dz dt p f p q f q pq       ... (11)

/ ( / ) ( / )dp dt f x p f z p        ... (12)

and / ( / ) ( / )dq dt f y q f z q        ... (13)

From (9) and (13), ( / ) ( / ) 0dx dt dq dt  , so that 1x q C  , .... (14)
where C1 is an arbitrary constant. Using initial values (7), (14) gives

0 0 1x q C  or 10 2 C   or 1 2C    , Then (14) becomes

2x q    or 2x q   , ... (15)

From (10) and (12), ( / ) ( / ) 0dy dt dp dt  so that       2y p C  , ... (16)

where 2C  is an arbitrary constant. Using initial values (7), (16) gives

0 0 2y p C  or 2( / 2) C    or 2 / 2C   . Then (16) becomes

/ 2y p   or ( / 2)y p   ... (17)

From (12), (1/ )p dp dt so that 3log logp C t     or   3
tp C e ... (18)

Using initial values (7), (18) gives   0
0 3p C e          or 3/ 2 C 

Hence (18) reduces to                ( / 2) tp e ... (19)

From (13),   (1/q) dq dt so that 4log logq C t       or        4
tq C e  ... (20)

Using initial values (7), (20) gives   0
0 4q C e          or 42 C 

Hence (20) reduces to 2 tq e  ... (21)

Using (21), (15) becomes 2 2tx e    or 2 ( 1)tx e   ... (22)

Using (19), (17) becomes   ( / 2) / 2ty e      or         ( / 2) ( 1)ty e ... (23)

Substituting values of p and q from (19) and (21) in (11), we get

    / 2{( / 2) } {2 }t tdz dt e e or 2 22 tdz e dt  .

Integrating, 2 2
5

tz e C   , C5  being arbitrary constant .... (24)

Using initial values (7), (24) gives 2 0
0 5z e C       or    2 2

5C        or    5 0C 
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Non-Linear Partial Differential Equations of Order One 3.81

Then, (24) gives 2 2tz e  or    2 2( )tz e  ... (25)

The required characteristics of (1)are given by (22), (23) and (25)
To find the required integral surface of (1), we now proceed to eliminate two parameters t and

  from three equations (22), (23)and (25). Solving (22) and (23) for et and  , we have

( 4 ) /(4 )te x y y x   and   (4 ) / 4y x

Substituting these values of et and   in (25), we have
2 2{(4 ) /16} {( 4 ) /(4 )}z y x x y y x     or 216 (4 )z y x  ,

which is the required integral surface of (1) passing through (2).

Ex. 2. Find the solution of the equation  2 2( ) / 2z p q  + ( ) ( )p x q y   which passes
through the x-axis.    [Himachal 1996; 2004; I.A.S. 2002]

Sol. Given equation is     2 2( ) / 2 ( )( )z p q p x q y ... (1)
We are to find its integral surface which passes through x-axis which is given by equations

y = 0 and z = 0     ... (2)
Re-writing (2) in parametric form,      , 0, 0,x y z  being the parameter    ... (3)

Let the initial values 0 0 0 0 0, , , ,x y z p q  of , , , ,x y z p q  be taken as

0 0 ( )x x    , 0 0 ( ) 0y y   , 0 ( ) 0z z   ... (4A)

Let 0 0,p q  be the initial values of p, q corresponding to the initial values x0, y0, z0. Since

initial values 0 0 0 0 0( , , , , )x y z p q  satisfy (1), we have

    2 2
0 0 0 0 0 0 0( ) / 2 ( ) ( )z p q p x q x or    2 2

0 0 0 00 ( ) / 2 ( ),p q q p  by (4A)

or 2 2
0 0 0 0 02 2 0p q q p q     ... (5)

Also, we have       0 0 0 0 0( ) ( ) ( )z p x q y      

so that 0 00 1 0p q             or 0 0p  , by (4A) ... (6)

Solving (5) and (6),         0 0p  and 0 2q   ... (4B)

Collecting relations (4A) and (4B) together, initial values of 0 0 0 0 0, , , ,x y z p q  are given by

      0 0 0 0 0, 0, 0, 0, 2x y z p q    when     0 0t t  ... (7)

Let        2 2( , , , , ) ( ) / 2 0f x y z p q p q pq py qx xy z ... (8)
The usual characteristic equations of (8) are given by

/ /dx dt f p p q y      ... (9)

/ /dy dt f q q p x      ... (10)

          / ( / ) ( / ) ( ) ( )dz dt p f p q f q p p q y q q p x            , ... (11)

         / ( / ) ( / )dp dt f x p f z p q y          ... (12)

and         / ( / ) ( / )dq dt f y q f z p q x          ... (13)

From (9) and (12), ( / ) ( / ) 0dx dt dp dt      so that      1x p C  ... (14)

where C1 is an arbitrary constant. Using initial conditions (7), (14) gives 10 C    or   1C   .
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3.82 Non-Linear Partial Differential Equations of Order One

Hence (14) reduces to x p       or         x p    ... (15)

     From (10) and (13), ( / ) ( / ) 0dy dt dq dt    so that    2y q C  , ... (16)
where C2 is an arbitrary constant.

Using initial conditions (7), (16) gives 20 2 C   or 2 2C    .

 Hence (16) reduces to      2y q          or           2y q    ... (17)


( )

( )
d p q x dp dq dx

p q y p q x p q y
dt dt dt dt

 
            , using (9), (12) and (13)

or ( )d p q x
p q x

dt
 

     or ( )d p q x
dt

p q x

 


 
.

Integrating, 3log( ) logp q x C t     or          3
tp q x C e   , ... (18)

where C3 is an arbitrary constant. Using initial conditions (7), (18) gives 30 2 C     or 3C   .

Hence (18) reduces to        tp q x e    ... (19)

Now, ( )
( )

d p q y dp dq dy
p q y p q x q p x

dt dt dt dt

 
            , by (10), (12) and (13)

or      ( )d p q y
p q y

dt

 
     or ( )d p q y

dt
b q y

 


 
.

Integrating,    4log( ) logp q y C t      or             4
tp q y C e   ... (20)

where C4 is an arbitrary constant. Using initial conditions (7), (20) gives 40 2 0 C     or 4 2C   .

 Hence (20) reduces to 2 tp q y e    ... (21)

From (9) and (21), / 2 tdx dt e  so that 52 tx e C   ... (22)

where C5 is an arbitary constant. Using initial conditions (7), (22) gives 52 C     or 5C   .

 Hence (22) reduces to 2 tx e             or   (2 1)tx e   ... (23)

From (10) and (19), / tdy dt e  so that    6
ty e C   ... (24)

where C6 is an arbitrary constant. Using initial conditions (7), (24) gives 60 C    or 6C   .

 Hence (24) reduces to   ty e       or     ( 1)ty e    ... (25)

Substituting value of y from (17) in (12), we get

  / ( 2 )dp dt p q q     or   ( / ) 2 ,dp dt p   ... (26)

which is a linear equation whose integrating factor =
( 1)dt te e
   and solution is

7 3(2 ) 2t t tp e e dt C e C                   or             32 tp C e    ... (27)

where C7 is an arbitrary constant. Using initial condition (7), (27) gives 70 2 C     or 7 2C   .

 Hence (27) reduces to 2 2 tp e        or     2 ( 1)tp e    ... (28)

Substituting value of x from (15) in (13), we get
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Non-Linear Partial Differential Equations of Order One 3.83

/ ( )dq dt p q p    or /dq dt q   , ... (29)

which is a linear equation whose integrating factor =
( 1)dt te e
   and solution is

8 8( )t t tqe e dt C e C        or 8
tq C e   ... (30)

where C8 is an arbitrary constant. Using initial condition (7), (30) gives 82 C     or C8 =  .

 Hence (30) reduces to tq e  or        (1 )tq e    ... (31)

Substitutions the values of p q x   and p q y   from (13) and (24) respectively in (1) gives

/ (2 ) ( ) 2 ( 1) (2 ) (1 ) ( )t t t t t tdz dt p e q e e e e e          
[on putting values of p and q with help of (28) and (31)]

or 2 2 2/ 5 3t tdz dt e e        or 2 2 2(5 3 )t tdz e e dt    .

Integrating,      2 2 2
9(5/ 2) 3t tz e e C ... (32)

where C9 is an arbitrary constant. Using initial conditions (7), namely z = 0 where t = 0, (32) gives

0 = (5/2) × 2 2
93 C     or 2 2

9 3 (5/ 2)C     . Hence (32) reduces to

            2 2 2(5 / 2) ( 1) 3 ( 1)t tz e e ... (33)

Solving (23) and (25) for   and et, 2x y   and  ( ) /( 2 )te x y x y     ... (34)

Eliminating   and te  from (33) and (34), we have

                     

2
2 25

( 2 ) 1 3( 2 ) 1
2 2 2

x y x y
z x y x y

x y x y

or      2 2(5/ 2) {( ) ( 2 ) } 3z x y x y 2{( 2 ) ( ) ( 2 ) }x y x y x y   

or   ( / 2) (4 3 )z y x y , on simplification.

Ex. 3. Determine the characteristics of the equation 2 2z p q   and find the integral surface

which passes through the parabola 24 0, 0z x y   .                    [Himachal 2000, 05]

Sol. Do yourself, the required characteristics are 2 (2 )tx e   ,   2 2 ( 1),ty e   2 2 ,tz e

being parameter. Solution is   24 ( 2) 0z x y .
Ex. 4. Determine the characteristics of the equation p2 + q2 = 4z and find the solution of

this equation which reduces to z = x2 + 1 when y = 0.
Miscellaneous Problem on Chapter 3

1. Show that the envelope of the family of surfaces touch each member of the family at all points of
its characteristics. [Meerut 2008]

2. Find a complete integral of the partial differential equation 2 2( ) p q x pz  and deduce the
surface solution which passes through the curve   x = 0,  z2 = 4 y. [Meerut 2007]

3. Solve p2y + p2yx2 = qx2 [Pune 2010]
Ans. Complete integral is         z = a (1 + x2)1/2 + (a2y2)/2 + b.
4. Given thta (x – a)2 + (y – b)2 + z2 = 1 is complete integral of z2 (1 + p2 + q2) = 1. Find its singular

integral. [Pune 2010]
Hint. Use definition on page 3.1.  Ans. z2 = 1

2 2( ) p q x pz
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