SuccessClap

W

& -

SuccessClap
Best Coaching for UPSC MATHEMATICS

UPSC MATHEMATICS STUDY MATERIAL
BOOK- 10 PDE

Important Links

Checklist for UPSC Mathematics: Click Here
Strategy for UPSC Mathematics: Click Here
22 Weeks Study Plan: Click Here

Download Question Bank Questions: Click Here

Our Courses: Click Here

Website: www.SuccessClap.com

Download Android App: Click Here

Join our Telegram Group: https://t.me/SuccessClap
For Query and Guidance WhatsApp: 9346856874



https://www.successclap.com/checklist-for-upsc-mathematics
https://www.successclap.com/strategy-for-upsc-mathematics-optional-paper
https://www.successclap.com/study-plan-for-upsc-mathematics
https://www.successclap.com/question-bank-for-upsc-mathematics
https://learn.successclap.com/s/store
http://www.successclap.com/
https://play.google.com/store/apps/details?id=com.successclap
https://t.me/SuccessClap

Table of Contents

01 PDE Formation

02 PDE Solvables

03 Lagrange Linear Eqgns

04 Homogeneous PDE

05 PDE Wave Eqgns

06 PDE Heat Laplace

07 Canonical Form

08 Boundary In Polar Coordinate
09 Cauchy strip

18
41
52
77
115
165
205
253



Partial Differential
Equations

14.0 INTRODUCTION

An equation involving partial derivatives of a function w.r. to two or more independent variables is
called a partial differential equation.

Examples
2 2
1. x%+ya—zzz 2. a a =0
ox ~ dy i ay
0’z o 0’ a 9’
3. az(a_;+§):a_; 4. (a—i) af—cos(vc+y)

Since many physical and social phenomena involve more than two independent variables, partial
differential equations are the natural choice to deal with such problems. These equations arise in the
study of fluid mechanics, heat transfer, electromagnetic theory and quantum mechanics.

14.1 ORDER AND DEGREE OF PARTIAL DIFFERENTIAL EQUATIONS

Definition 14.1 Order of a partial differential equation is the order of the highest order partial
derivative occurring in the equation.

The degree of a partial differential equation is the degree of the highest order partial derivative
occurring in the equation after the equation has been made free of radicals and fractions so far as the
partial derivatives are concerned.

In example 1, order is 1-and degree is 1

In example 2, order is 2 and degree is 1

In example 4, order is 2 and degree is 1

14.2 LINEAR AND NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS

Definition 14.2 A partial differential equation is said to be linear if the dependent variable and the
partial derivatives occur in the first degree and there is no product of partial derivatives or product of
derivative and dependent variable.

A partial differential equation which is not linear is said to be non-linear.

In example 1, the equation is first order, linear.

In example 2 and 3, the equations are second order, linear.

In example 4, the equation is second order, non-linear.

2
The partial differential equations 8_2 +z (az aZJ 0

ox’ ox dy
d’z
and Fl —+z° =sin(x + y) are non-linear.
S . . z 0z .
The partial differential equation x” — ZixEy y— +z=¢" is linear.

o oy oy
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14.3 FORMATION OF PARTIAL DIFFERENTIAL EQUATIONS

Partial differential equations can be formed in two ways.

(i) By elimination of arbitrary constants from an ordinary functional relation between the variables
If the number of arbitrary constants to be eliminated is equal to the number of independent
variables, the resulting partial differential equation will be of first order.
If the number of arbitrary constants to be eliminated is more than the number of independent
variables, the resulting partial differential equation will be of second or higher order.
(i) By elimination of arbitrary function or functions from an ordinary relation between the variables.

The order of the resulting partial differential equation will be equal to the number of arbitrary func-
tions to be eliminated.

Usual Notation: If z is a function of two independent variables x and y, say z = f(x, y), then we
use the following notations.

%— %— &—r azz —Sandaz_z—t
x Pyt T ayy Ty
WORKED EXAMPLES

Type 1: Formation of partial differential equation by elimination of arbitrary constants

EXAMPLE 1

Form the partial differential equation by eliminating arbitrary constants ¢ and b from
D (x—a)+(y—-by+7=cand (i) (x—a)’ +(y—b)’'+7 =1.

Solution.
(i) Given (x—a)’ +(y=b)Y+z =¢ (1)
Differentiating (1) partially w.r.to x and y,
we get, 2(x—a)+22%:0 = (x—a)+pz=0 = x—a=-pz (2)
X
and 2(y—b)+ZZa—Z=O = y-b+qz=0 = y-b=-¢z (3)
Y

Substituting (2) and (3) in (1), we get
P+ v+ = = (PP’ +) =
which is the required partial differential equation.
(i) In (i) put c =1
.. The solution is (p* +¢° + 1)z* =1
EXAMPLE 2

Form the partial differential equation by eliminating a and b from z = (x* + a*)(y* + b*).

Solution.
Given z=(x"+a’)(y* +b%) (1)
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Differentiating (1) partially w.r.to x and y, we get,
0z

=0T+ > p=(f e = %:y2+b2 )
and %_( 2 2\2 ) 2 9 _ 2
=(x"+a )2y = g=x"+a)2y = =x"+a 3)
dy 2y
Substituting (2) and (3) in (1), we get
q9 P
=—-——=4xyz = pq,
2=y g o e

which is the required partial differential equation.

EXAMPLE 3

Form the partial differential equation by eliminating the arbitrary constants « and b from
log,(az—1)=x+ay+b.

Solution.
Given log,(az=1)=x+ay+b (1)
Differentiating (1) partially w.r.to x and y, we get,
1
~aa—Z:1 = ap=az-1 = a(z-p)=1 = a= 2)
az—1 ox z—p
1 a
and aZ=qa = g=az—-1 = az—1=g¢q
az—1 9y
z z—z+p p
“l=q = — =9 = =q = p=4q(z-p),
z=p z=p z=p

which is the required partial differential equation.

EXAMPLE 4

Find the partial differential equation of the family of spheres having their centres on the line
x= y =z.

Solution.

Given that the centres of the spheres lie on the line x =y =z
.. Centre of a sphere is (a, a, a). Let R be the radius.

So, the equation of the family of spheres is

(x—a)’+(y-a)’+(z-a)’ =R’ (1)

Where a and R be arbitrary constants.
Differentiating (1) partially w.r.to x and y, we get,

2(x—a)+2(z—a)§—Z=O = x—a+(z—-a)p=0
X

= x+pz—a(p+1)=0
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X+ pz
a=21P2

= x+pz=a(p+l) =
p+1

2)
0z

and 2(y—a)+2(z—a)a—=O = y—a+(z—a)g=0
y

a=2T9 3)

= y+qz—a(qg+1)=0 =
qg+1

x+pz_y+qz

F 2) and (3),
rom (2) and (3) ot e

(x+pz)(g+D)=(y+qz)(p+1)

= xq+x+pqz+pz=yp+y+pqz+qz
= w-pztqz=xqg=x-y = p(y-z2)+q(z-x)=x-y
which is the required partial differential equation.

EXAMPLE 5
Find the differential equation of all spheres whose centres lie on the Z-axis.

Solution.
Given that the centres of the spheres lie on the Z-axis.
.. Centre is (0, 0, ¢) and let R be the radius.
.. Equation of the family of spheres is
X’ +y +(z-¢) =R’ (1)

where ¢ and R are arbitrary constants.
Differentiating (1) partially w.r.to x and y, we get,

2x+2(z—c)—§—)zc—=0 = x+(z-c)p=0 = (z-c)p=—x 2)

and 2y+2(z—c)§£:O = y+(z-c)g=0 = (z—-c)g=-y (3)
y

2
@, P-Z = p=gr,

(3) q

which is the required partial differential equation.

EXAMPLE 6

Form a partial differential equation by eliminating the arbitrary constants a, b, ¢ from
z=ax+by+ cxy.

Solution.
Given z=ax+by+cxy (1)

In equation (1) the number of independent variables is two and the number of arbitrary constants is
three.

. number of constants is greater than the number of independent variables. So, the resulting partial
differential equation will be of order greater than one.
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Differentiating (1) partially w.r.to x and y,

We get, Z=a+cy = p=a+cy (2)

and =b+cx = g=b+cx 3)

ox
oz
oy
Using the three equations (1), (2) and (3) we cannot eliminate the three constants a, b, c. We need one
more equation.

Differentiating (2) w.r.to x, we get

9 0°

® _ 0 = —f =
ox dx

which is one partial differential equation obtained.

0,

Note Different partial differential equations could be obtained depending upon the way, the
elimination of the arbitrary constants is made. Instead of differentiating (2), if we differentiate (3)
w.r.to y, then we get,

% =0 = 8_22 = 0, which is another partial differential equation.
dy a9y
If we differentiate (2) w.r.to y, then
B_p = = 9’z = =>s=cC 4)
dy dyox
2)= p=a+sy = a=p-sy
and 3) = q=b+sx = b=qg—sx
Substituting for a and b in (1), we get,
z=(p—=sy)x+(q—sx)y+sxy
= Z = px—sxy+qy—sxy+sxy = z=px+qy—sxy,

which is yet another partial differential equation,

Thus, three different partial differential equations could be formed. So, the resulting PDE is not
unique when the number of constants is more than number of independent variables.

EXAMPLE 7 ) , 5
Form a partial differential equation by eliminating a, b, ¢ from x_z + % + z—z =1.
a c
Solution.
x2 y2 ZZ
Given S +5+—5=1 1
a b o
Differentiating (1) partially w.r.to x and y, we get
2x 2 g
2 2202 _ 0 TPy ®)

a o ox a c
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2y, 220 _ 2L (3)

and ===
b* ¢ oy b c?

Differentiating (2) w.r.to x,
L+i|:p%+za_p:| = 0

a | ox  ox
¢’ ,  d’z ¢’ )

= ?+p +2E=O = a—2+p +zr=0 4)
, [multiplying by ¢]

From (2), %:_p_j = 0_2:_19_2

a c a x
< (4) becomes, —LZ+ p?+zr=0 = xp’+xzr—zp=0
X

which is the required partial differential equation.

Note As in example (6), we can get different partial differential equations in this example and they
are zs+ pg=0and yzt+ yp° —zq =0

EXAMPLE 8
Find a partial differential equation of all spheres of given radius.
Solution.
The equation of any sphere of given radius R is
(x=a) +(y=b)+(z=c) =K 1)

where a,b,c are arbitrary constants.
Differentiating (1) partially w.r.to x, y we get,

2(x—a)+2(z—c)g—Z:0 = x—a+(z—c)p=0 2)
X
and 2(y—b)+2(z—c)g—z=0 = y-b+(z—c)q=0 3)
y
Differentiating (2) w.r.to x,
2
l+(z—c)g—i+p-g—)zc=0 = 1+(z—c)37§+p2=0
2 . 0z
= I+(z=c)r+p =0 l:smcepz—:l
dx
= (z=c)r=~(1+p") “
and differentiating (3) w.r.to y,
l+(z—c)a—q+ -%20 = l+(z—c)a—22+ =0
P q y e q

= 1+(z—c)t+q2=0 = (z—c)tz—(l+q2) (5)
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2
NOW@:> r lrp

(5) t 144

which is a partial differential equation.

= r(l+q’)=t(1+p’),

Type 2: Formation of partial differential equation by elimination of arbitrary function(s)
2(A) Equation with single arbitrary function of the form Z = f(x, y)

The resulting partial differential equation will be of first order.

EXAMPLE 9

Eliminate the arbitrary function f from z = f (x_:) and form the partial differential equation.
Solution.

Given z= f(%) )
Differentiating (1) partially w.r.to x and y, we get

0z
a , Z.y _Xyi , _
a_Z:f (ﬂ) : ox | =y Xy I:Zy ZJWP:I
X z zZ

z z

X
- P _ f (_y) Q)
[zy = xyp] z
3 zx — xya—
z S x , zZX—X
S R e R
y z z z z
z* A x
= £__ 2 (3)
ZX — Xyq z
From (2) and (3) we get,
2 2
pz gz
= = plzx—xyq) = q(zy —xyp)
Zy—Xyp  Zx—x)q
= PIX—Xypq=qzy—Xypq = pIx=qzy = pX=qy,

which is the required partial differential equation.

EXAMPLE 10
Find the partial differential equation of eliminating f from z = xy + f(x* + y* + z°).

Solution.
Given z=xy+ f(x*+y* +2%) (1)

Differentiating (1) partially w.r.to x and y,

we get, %=y+f’(x2+y2+zz)(2x+228—z)
dy ox
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= p= y+f'()c2 +y2 +zz)(2x+22p)

= p—y=[f(x"+y +2°)-(x+2p)

= Py =2f'(x2+y2+zz) ?2)
(x+2zp)

and %=x+f’(x2+y2+zz) 2y+2za—z

dy dy

= q=x+2f’(x2+y2+zz)(y+zq)

= q—x=2f'(x2+y2+zz)(y+zq)

= 97X o f(x* + 2 +2%) 3)
y+zq

From (2) and (3), we get Py _49°7
)C+Zp y+Zq

= (P—)y+zq)=(q—x)(x+2zp)

= py+zpq—y’ —yzp = qx+zpg—x* —xzp

= py—y —yp=qx—-x'—xip = p(y+xz)—q(x+yz) =y’ —x*

which is the required partial differential equation.

EXAMPLE 11

2B. Formation of partial differential equation by eliminating arbitrary function ¢ from
&d(u, v) =0, where u and v are functions of x. y. 7

Method 1:  &(u, v) =0 canberewrittenas v = f(u) or u = g(v) where u and v are functions of x, y, z.
Then proceed as in 2(4).

Method 2: Given &(u, v) =0, where u and v are functions of x, y, z (1)

We have db=0 = — ad) —d)
du v

... differentiating (1) partially w.r.to x, we get

=0

sofon o 0] obfin 00 i)
Ju ax+az ox +av ax+82 axA_O
3_‘3’[3_“ ou | ob[ov dv _
= A A A T @

Similarly differentiating (1) partially w.r.to y we get,

ob[ou ou | adlov ov |
—+=—.4l=0 3
8u|:8y ="y "oz 1 @
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Eliminating E;—(b and aa—d) from (2) and (3), we get
u \

Ju Jdu dv v
+ .

o 0zf ox oz P
ou Ju v v

v a? 5T

(%_{_a_u ) &4_@ — a_u+a_u (a_v_k& )—0
ox azp dy azq dy 8zq ox azp B

Ju dv du dv  du Jv Ju oJv

x ay ox ozl 0z a0z oz

Jou o ou ov oudw au o
dy ox dy azp azaxq 0z azpq

=0

Judv du dv (au dv  du av) du Jdv du dv
:> _____ p +| " — q = —— e — . —
dy dz dz dy dz dx dx Oz dx dy dy ox
du | fu auf [du
dy oz 0z ox| _|ox oy
” av v ov v lav oy
dy 0oz dz Ox ox dy
- o(u, v) p+ d(u, v) 4= (u, v)
dy,z)"  dz,x)"  d(x,)
The partial differential equation is of the form Pp+ Qg = R where P = ggu’ V; ,
.z

_wy) g r= 90
Az, x)’ A, )

This is a partial differential equation of order 1.

EXAMPLE 12
Form the partial differential equation by eliminating the arbitrary function ¢ from
X
d{zz—xy, —) =0.
3
Solution.
Given ¢(zz—xy,£)=0
z

It is of the form d(u, v) = 0, where u = 2% — xy, v =
z

.. the partial differential equation obtained is of the form Pp+ Qg =R
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where P= I(u, v) _ d(u, v) R o(u,v)
oy.2)’ T Azx) Ay
Now u:zz—xy ﬁg—:{:—y, %:_x’ (—;_1:222
V—£ :)a_v—l a_v_o a_v__i
Sz x z oy 0oz =z
du
b 0| [ 2| e
_Q ﬂ_ 0 _iz—zz
dy oz z
_|9z ox|_ P
=0 a|TLE 172
% o | F 2
u
an - _ _x
v w1 o
ox dy z

2
... the partial differential equation is x_z p+ (2 - ﬂz)q =2
z z z

= Wp+Qz—xy)g=xz

Note Assuming the given equation can be written as z* —xy = f (E), we proceed as in type 2(4) to
eliminate f. It is an exercise to the reader. z

EXAMPLE 13

Form the partial differential equation by eliminating ¢ from d(x* + y* + 77, Ix + my + nz) =0.

Solution.
Given S +y +2°, Ix+my+nz)=0 (1)
It is of the form b(u,v)=0

where u=x>+y"+z>, v=ix+my+nz
.. the PDE is Pp+Qg=R
where P= o, ) _ 9w, v) and R= J(u, )

A,z T Azx) A(x, y)
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ou

ey
ox

g—y
ov ; v v

v=k+my+nz = =1, =m, —=n

ax g_’az

Now u=x"+y’+z> = 2x,

Ju du
dy dz| 2y 2z
P= = =2ny —2mz =2(ny —mz)
v dv| |m n

oz
o ou
Jz ox| |2z 2x
Q @ ov| |n I (fz =)
Jz Ox
a_u Ju
ox dy|
v oy
ox dy

and R= =2(mx—1y)
m

2x Zy‘

.. the partial differential equation is
2(ny —mz) p+2(lz —nx)q = 2(mx — ly)

= (ny—mz)p+(lz—nx)q=mx—1ly
2(C) Formation of partial differential equation by eliminating two arbitrary functions in
T =f(x,y)tg(x,y)

Given z=f(x,y)+g(x,y) (1)

To form the partial differential equation first we find the equations

0z 0z 9’z
p=Z 2 e 3 =2z 4
. (2) q % (3) r=aa 4)
2’z 9’z
= 5 =2z 6
s dxdy ) ! oy’ ©

From these six equations, we choose the suitable equations to eliminate f'and g. The resulting partial
differential equation will be a second order equation.

EXAMPLE 14
Form the partial differential equation by eliminating the arbitrary functions f and g in
z=x"f(y)+y'g(x).

Solution.
Given z=x"f(y)+y'g(x) (1)
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P=§—Z= 2 (1) + (%) @)
X

d ,
q=a—z=x2f () +2yg(x) 3)
a4
az 144
r= a2 =2/()+yE ) )
X
_ 0’z
0xdy
B 0’z

and t=22 = () +28(x) ©)
dy

s =2x/"(y)+2yg"(x) &)

(2)xx = px=2x"f(»)+x°g'(x)
B)xy= qy=x"yf"(y)+2y°g(x)

px+qy=2[x"f(y)+ ¥’ g(x)]+ xy[yg’(x)+ xf"(»)]

’ ’ S
%)= X'(y)+rg'(x)= 5
px+qy=2z+ xy% [Using (1)]
= 2(px+qy)=4z+xys

which is the required partial differential equation.

EXAMPLE 15

Form the partial differential equation by eliminating the arbitrary functions f and g in
1= f(xX°+2y)+ g(x* —2y).

Solution.
Given z= f(x’ +2y)+g(x’ —2y) (1)
P :%: (3 +2y) 3 + g/ (x* =2y) - 3x°
ox
= p=3[f/ (P +2y)+ g (x’ =2y)] ()
0= = [ 20 24 - 2()
Y
= q=2[f"(X+2y)-g'(x’ -2y)] (3)
2’z

r = 3{)62[]‘""()63 +2y)-3x7 + g”(x* = 2y)3x° 1+ [f/(x° +2y)+ g (x* = 2y)]- Zx}

T
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= r=0x[f(7 +20) + g7 (3 =2+ 6l £ +2p) + g'(x7 = 2)] (4)
2
s= 0z =2[f"(x*+2y)-3x" —g”’(x’ —=2y)3x"]
0xdy
= s=06x"[f(x’ +2y)-g"(x’ -2y)] )
822 203 103
and t=ay—2=2[f (X +2y)-2-g"(x" =2y)(-2)]
= =477 +2p)+ g7 (x - 2y)] (6)
©= /(42048 ( =29 =%
p _ ’ 3 ’ 3
@)= 32 g (e =2y)
T 4 1 p
Substituting in (4), we get r=9x"-—+6x-——
4 3x
4
= r:%+2—p = 4dwr=9x’1+8p,
X

which is the required partial differential equation.

EXAMPLE 16

Eliminate the arbitrary functions f and g from z = f(x+iy)+ g(x —iy) and form a partial
differential equation.

Solution.
Given z=f(x+iy)+g(x—iy) (1)
p=g—z=f’(x+iy)+g’(x—iy) ()
2
q= g_z =fl(x+iy)-i+ g (x—iy)(-i)
Y
= g=ilf'(x+iy)—g'(x—iy)] 3)
r= S i) g ) @)
X
=L ) g )] )
xdy
Oz
and t=—=ilf"(x+iy)-i—g"(x—iy)(-i)]
dy
= t=[f"(x+iy)+g"(x—iy)] = t=-r = r+t=0 [using (4)]

which is the required partial differential equation.
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EXAMPLE 17
Form the partial differential equation by eliminating fand ¢ from z = xf (l) + yb(x).
X

Solution.
Given z= xf(Z)Jr yb(x) (1)
X
G N
X X X X
= p=—1f'(1)+f(1)+y¢'<x) 6)
X X X
q=g—;=xf'(§j§+¢<x> = q=f'(§)+¢(x) G)
ol U Do
2 X X X X X X X
- . yz f,,(y)+ yzf’(l)—lzf’(l)+y¢"(X)
X X X X X
N r=y—3f"(1)+y¢"(x> “4)
X X
oo aazz :f”(l)(—%}d)’(x) o s=-L ,,(Z)er),(x) 5)
xdy X x X X
and z:az—fzf”(l).l = tx:f"[l)
dy x) x X

s= tx(—lz)w%b'(x) = d'(x)=s+ !t
x

X

3)= f’(f)= g—d(x)

@ = p=—1[q—¢(x>]+f(1)+y[s+y—’]
X X X
= pP= l[—qurﬂb(X)JrXf (ZJ]+X[xS+yt]
X X X
= px=—yg+z+y[xs+yt] = y[xs+yt—ql+z

which is the required partial differential equation.
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EXERCISE 14.1

I. Eliminating arbitrary constants form partial differential equation from the following:

1.

3.

5.

11.

13.
14.

z=ax+by
z=ax’ +by’
z=ax"+by"

z=a’x+ay’ +b

2z=(ax+y)’ +b

a
z=ax———y+b
a+1y

2.

4.

6.

8.

10.

12.

z=ax+by+ab
z=(x+a)y+b)
z=(x+a)’ +(y+b)’
z=(x"+a)(y’ +b)

2 2

X
2= 47

27 72
a b

4z(1+a*) = (x+ay+b)’

(x—a)’ +(y—b)* = z* cot’ &, where a is a given constant.

Find the differential equation of all planes cutting equal intercepts from the x and y axes.

II. Form partial differential equation by eliminating arbitrary function.

15.

17.

19.
21.
23.

z=[(x*=)")

()

z=xp+ f(x*+7)
S +y +2%, 27 = 2xp) =0

d(z—xp, x" +)")=0

16.

18.

20.
22.
24.

z=x+y+ f(xp)
z=f(x*+y*+2%)
z=e" f(x+by)

¢(x2+y2+zz,x+y+z)20

d(x+y+z,xp+2)=0

I11. Form partial differential equation by eliminating the functions f'and g.

25.
26.
27.

29.

z=xf(x+1t)+g(x+1)

z= f(x+it)+g(x —it), where i = /-1

z=f(y+2x)+g(y—3x)

z=yf(x)+xg(y)

28.
30.

z=f(x+ay)+g(x—ay)
z=f(x)+e’g(x)

ANSWERS TO EXERCISE 14.1

10.

z=px+qy 2.
z=pq 5.
g =4py’ 8.

2z=px+gqy 11.

z=px+qy+ pq 3. 3z=px+gqy
nz= px+gqy 6. 4z=pz+q2
4xy = pq 9. ¢* = px+qy
pq4=p+q 12. z=p*+q’
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13. p°+q¢° =tan’ 14. p—g=0 15. py+gx=0

16. px—qy=x-y 17. z=px+qy 18. py—gx=0

19. gx—py=x"-y° 20. g=az+bp 21. z(p—q)=y—x

22. (y—z)p+(z—x)g=x—y 23. yp-xqg=y"-x 24, (x-22)p+(2z—y)g=y—x
2 2 2 2 2

25. %— aiazﬁ%z 26. STerng:o 27. r4s—6t=0

28. t=d’r 29. xys=xp+yq—z 30. t=gq

14.4 Solutions of Partial Differential Equations
Definition 14.3 A solution of a partial differential equation is a relation between the dependent and
independent variables which satisfies the partial differential equation.

A solution is also known as an integral of the partial differential equation.

We have seen that a partial differential equation is formed by eliminating arbitrary constants and
arbitrary functions. These relations are solutions of the partial differential equation formed. So, there
are two types of solutions for partial differential equations.

1. Solution containing arbitrary constants. 2. Solution containing arbitrary functions.

Definition 14.4 Complete Integral or Complete Solution

A solution of a partial differential equation which contains as many arbitrary constants as the number
of independent variables is called the complete integral or complete solution.

Definition 14.5 General Integral or General Solution

A solution of a partial differential equation which contains as many arbitrary functions as the order of
the equation is called the general solution or general integral.

Note

(i) These two types of solutions can be obtained for the same partial differential equation.

R

) is the general integral of
X

For example, z = ax+ by is the complete integral and z = xf' (
z=px+qy.

(i1) The general integral of a partial differential equation is more general than the complete integral.

For example, the complete integral z=ax+by can be written as z=x{a+b(l)}. Itis a
X

particular form of the general integral z = xf (X], where f (Z) =a+ b(l)
X X X
Thus, when we solve a partial differential equation, we should find the general integral.
However, there are partial differential equations for which it is not possible to find the general
integral directly. In such cases we find the general integral from the complete integral.
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Definition 14.6 Particular Integral

A solution of a partial differential equation obtained from the complete integral by giving particular
values to the arbitrary constants is called a particular integral.

There is yet another solution called singular integral which does not contain any arbitrary
constants and which cannot be obtained as a particular integral.

14.4.1 Procedure to Find General Integral and Singular Integral for a First Order Partial
Differential Equation

Let F(x,y,2,p,)=0 Q)

be a first order partial differential equation and

let b (x,y,2,0,6)=0 2)
be the complete integral, where a and b are arbitrary constants.

1. To find the general integral of (1), put b= f(a) [or ¢ = g(b)] in (2) where flor g) is an arbitrary
function.

Then (2) becomes &bl(x, y,z,a, f(a)]=0 3)
Differentiating (3) partially w.r.to a, we get

ai[(b(xa Y.z, 4, f(a))] =0 (4)
a

The eliminant of a from (3) and (4), if exists, contains the arbitrary function £, which is the gen-
eral integral of (1).
Geometrically, the envelope of the family of surfaces (3) is the general integral of (1).

2. Singular integral
The complete integral is d(x, y,z,a,b) =0

. b b
Find —=0,—=0
i 9 ob

The eliminant of a and b from these three equations, if exists, is the singular integral of (1).
Geometrically, singular integral is the envelope of the two parameter family of surfaces

&b(x,y,z,a,b)=0
WORKED EXAMPLES
Equations solvable by direct integration
EXAMPLE 1
2
Solve Svor =e¢™' cosx, given u =0 when ¢ =0 and a_u =0, when x = 0. Show also that as
X

t— oo, u—sinx.
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Solution.

o’u
0xot

=e ' cosx

Given
Integrating w.r.to x,

g—z =e 'sinx+ f(¢)

ou ou
When x=0, —=0 = H=0 .. —=e'sinx

ot S ot

. e’ .
Integrating w.r.to ¢, u= —151nx +g(x)
Whent=0, u=0 = —sinx+g(x)=0 = g(x)=sinx
u=—e"'sinx+sinx=sinx[l—e"]

Ast—oo, e’ =0, u=sinx

EXAMPLE 2
’z . dz
Solve —- + z = 0 given that when x =0,z =¢" and —=1.
X ox
Solution.
—azz + 0
. z =
Given o2

Integrate w.r.to x, treating z as a function of x alone, we have

d2
d—f+z=o = (D*+1)z=0
X
Auxiliary equation is m+1=0 = m=+i

. z= Acosx+ Bsinx, where 4 and B are arbitrary constants.
Since z is a function of x and y, 4 and B are arbitrary functions of y, say f{y) and g().
z= f(y)cosx+ g(y)sinx

Differentiating partially w.r.to x,

) .
é = f(y)(~sinx)+ g(»)(cos x)
0z .
When x =0, 8_:1 sog(y)=1 z= f(x)cosx+sinx
X

When x =0, z=e™ soer=f(y) . z=eVcosx+sinx.
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EXAMPLE 3
’ o dz . . . ™

Solve =sinxsiny, when x =0, — = —2siny and when y is an odd multiple of —, z = 0.

dxdy dy 2
Solution.

2
Given = sinxsin
0xdy 7

Integrating w.r.to x, treating y as constant,
) .
Z . —cosxsiny+ f(y)
dy
. oz .
Given, when x =0, —=-2sin}y.
oy

—2siny=—-cosOsiny+ f(y) = f(y)=-siny

Iz . A .
— =—cosxsiny—siny = —sin y[1+cos x]
vy
Integrating w.r.to y,

z=cos y[1+cosx]+ g(x)

Given, when y=02n+ 1)%, z=0

cosy=0 =g(x)=0
Hence, z =(l+cosx)cosy
EXAMPLE 4

Solve%=6x+3y and %=3x—4y.
ox dy

Solution.

Given a—Z=6x+3y (1) and %=3x—4y ()
ax ay

Integrating (1) w.r.to x, we get
2

z:6%+3yx+f(y) = z=3+3m+ () 3)
Differentiating (3) w.r.to y,

£ axt )
Y

= Ix—4y=3x+f'(y) = [f()=-4y
Integrating w.r.to y,
2

fO)= —4%+C: 2207 +C o z=3x+3x-2y"+C [using (3)]
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EXERCISE 14.2
Solve the following equations
A, 2 92
Cooxt Y ©oxdy
0’z o’z .
3. oxdy =2(x+y) 4. 8y_2 = sin(xy)
2
5. g—i=3x—y, %= —x+cosy 6. gx—erz:O, given that when x =0, z=¢", g—i=1
ANSWERS TO EXERCISE 14.2
X’y
Loz===+(0)+g) 2. z=f(»)+gx)
1 .
3. z=xy(x+y)+ f(0)+g(x) 4 z=—gsiny () +e()
2
5. zzi—xy+siny+C 6. z=sinx+e’ cosx

14.4.2 First Order Non-linear Partial Differential Equation of Standard Types

These standard types are Corollaries of a very general method known as Charpit’s method for solving
first order partial differential equation F(x, y,z, p,q) = 0. So, their solutions are assumed to be known.

Type 1: F(p,q)=0
It is known that the complete integral is z = ax+ by + ¢, where F(a, b)=0
[Replacing p by a and ¢ by b]
Solving b = f(a)
s Clis z=ax+ f(a)y+c (1)

where a and c are arbitrary constants.
To find the general integral, put ¢ = g(a), where g is arbitrary.

z=ax+ f(a)y +g(a) @)
Differentiating partially w.r.to a,

O0=x+/"(a)y+g'(a) )
Elimating a from (2) and (3), we get the general solution.

To find singular integral:

Differentiating (1) w.r.to @ and ¢ partially, we get 0= x+ f"(a)y
and 0 =1, which is not true.

.. there is no singular solution for F(p,q)=0
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WORKED EXAMPLES
EXAMPLE 1
Solve \[p + /g =1.
Solution.
Given \/; + \/E =1, which is type 1.
the complete integral is z=ax+by +c,

where Ja+b=1 [replacing p by a and ¢ by b]

2
= «/E=1—\/; = b:(l_\/;)

2

.. the complete integral is z =ax + (1 - \/;) y+c (2)
where a and c are arbitrary constants.
To find the general integral; put c=f(a)

2

z=ax+(1—\/2) y+f(a) )

Differentiating partially w.r.to a, we get

0=x +2(1—x/5)(—ﬁ]y +f(a)
—a
(1 \/;a)y +f(@)=0 3)

Eliminating @ from (2) and (3), we get the general integral.
Differentiating (1) w.r.to ¢, we get 0 =1, which is not true.
... there is no singular integral.

= X —

EXAMPLE 2
Solve p* —2pq + 3¢ =5.

Solution.
Given P =2pq+3q=5, which is typel.
.. the complete integral is z = ax+ by +c,
where a’—2ab+3b =5 [replacing p by a and ¢ by b]
2
= b3-2a]=5-a’ = b=-"Y
3-2a
. . 5-a’
.. the complete integral is z=ax+ y+c (1)
3-2a
where a and c are arbitrary.
To find the general integral, put c=f(a)
_ 42
z=ax+>——y+ f(a) @)
—2a
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Differentiating (2) w.r.to a,
. (3-2a)(—2a)—(5-a*)(-2a)

0 2
(3—-2a)

v+ f(a)

—6a+4a* +10a-24° ,
= x+[ (3—2a)3 ]y+f(a)=0

2a[2+2a—a’] oo
= x+—(3_2a>3 v+ f(a)=0 (3)

Eliminating a from (2) and (3), we get the general integral.
Differentiating (1) w.r.to ¢, we get 0 =1 which is not true.
.. there is no singular integral.

Type 2: Clairaut’s form
Equation of the form z = px+qy + f(p,q) is called Clairaut’s equation.

The complete integral is known to be z = ax+ by + f(a,b) (D),
replacing p by a and ¢ by b, where a and b are arbitrary constants.
To find the general integral, put b = ¢d(a) in (1)

z=ax+ d(@)y+ fla, b (a)] @)
Differentiating (1) w.r.to @ and eliminating b, we get the general integral.

To find the singular solution
Differentiating (1) w.r.to @ and b, We get

) 9
x+£=0 3) and y+£=0 “)

Eliminating a and b from (1), (3), (4), we get the singular solution.
Normally, the singular integral exists for Clairaut’s equation.

WORKED EXAMPLES

EXAMPLE 3
Solve z = px+ qy + p’q’.
Solution.
Given equation is z=px+qy+p°q’
It is Clairaut’s form
.. the complete integral is z=ax+by+a’h’ 1)
To find the G.I, put b=d(a) in (1) .. z=ax+dd(a)-y+a’(d(a))’ 2)
Differentiating (2) w.r.to a,

0=x+d'(a)y+a’ 2¢'(a)+(d(a))’ 2a 3)

Eliminating a from (2) and (3), we get the general Integral.
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To find singular integral
Differentiating the C.I. (1) partially w.r.to @ and b, we get

0=x+2ab’ = x=-2ab’ 4)
and 0=y+2a’h = y=-2db (5)
(O x_Z2ab b ox_ vy
(5 y 2d°b a b a
Now ok = Z=p and Z=k = Z=4

b k a k

2

Substituting in (4), x = —2% : % - K =-2x - k=-(2x)"

Substitution in (1), z=—"—+—+

x’y? x*y? Xy 3xy
= kz=2xy+ =2xy— =Dy~ =T
T T Ty T T T
. . 33 27 5 54 3 27 535 :
Cubing both sides, k°z” = Yx vy = 2xyz = §x y [using (6)]
= -162°=27x"y* = 162°+27x°y* =0

which is the singular integral.

EXAMPLE 4
Find the singular integral of the partial differential equation z = px + qy + p* — ¢’

Solution.

Given z=px+qy+p’ -4

It is Clairaut’s form.

.. the complete integral is z = ax+ by +a’ — b’ (1)

To find singular solution:
Differentiating (1) partially w.r.to @ and b, we get

0O=x+2a = az—g and 0=y—2b=>b=%

Substituting in (1), we get

2 2
ce T (x) (2
2 2 2 2

2 2 2 2 2 2
S R A A A A
2 2 4 4 4 4

which is the singular solution.
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EXAMPLE 5
Find the singular solution of z=px+qy +p*+¢* +1.

Solution.

Given z=px+qy+Jl+p*+q°

This is clairaut’s form.
So, the complete integral is z = ax + by ++1+a’ +b° (1)

where a and b are arbitrary constants.

To find singular solution:
Differentiating (1) partially w.r.to @ and b, we get,

1 a
O=xt+——— g =myx=-—o )
21+ a* +b? 1+d° +b?
and O yb— b 2p oo 3)
2Vl+a® +b? l1+a* +b°
Now e a b’ _a+b

= —+ =
l+ad*+b*> 1+d*+b* 1+d*+b°

(a*+b%) _ l+ad’ +b° —a*=b’

1-x’ =y =1- = =
Y 1+a° +b* I+a° + b l1+a° +b*
o dile— & lraere——1
1—=x% = 2 2
X =y 1-x"—y

Q)= a=—-xl+d+0 =——— 2
'l_xZ_yZ

and (3) = b=—yJl+d* +b° =—%
I-x"-y

Substituting for a and b in (1), we get

2 2
X Y

1
- \/l—xz—y \/l—xz—y2 +\/1—x2—y2

2

- 2_

2

z

= 2 =1-x"-y

= x’+y’+z* =1, which is the singular solution.
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EXERCISE 14.3
Solve the following partial differential equations:
1. pP+q° =4 2. p’+q" =npq
3. pg+p+q=0 4. pg=1 5. g+sinp=0

Find the singular integral of the following partial differential equations.
6. z=px+qy—2.pgq 7. z=px+qy+p +q°
8. z=px+q-4p’q’ 9. (p+q)z—px—gqy)=1
10. A-x)p+(2—y)g=3-z

ANSWERS TO EXERCISE 14.3 A
l. Clisz=ax+V4—-a’y+c 2. Clis z=ax+%(ni n2—4)y+c
. a . y
3. Clisz=ax———y+c,a#-1 4, Clisz=ax+=+c,a#0
a+1 a
5. Clis z=ax—ysina+c 6. xy=1 7. ¥’ +y* =1
8. Z2+8x7y* =0 9. z*=16xy 10. z=3

Type 3: (a) Equation of the form F(z, p,q) =0

Given F(z, p,q)=0

. assume that z = f(x+ay) is a solution, where « is a constant.
Put u = x+ay, then z = f(u)

_az_f Ju dz 1_£

_a_x_du.a_x:du. du
_82_2 au_é. dz

p

= . = =q2=
1 dy du dy du du
Substituting for p and ¢, we get an equation of the form.
E =g(z,a) = dz =du
du 2(z,a)
Integrating both sides, d(z,a)=u+c = o(z,a)=x+ay+c (1)

which is the complete integral.
To find the general integral, put ¢ = #(a) and proceed as in type 1.

Differentiating (1) partially w.r.to ¢, we get 0 =1, which is not true.

.. there is no singular integral.
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WORKED EXAMPLES
EXAMPLE 1
Solve z= p’ + ¢°.
Solution
Given z=p'+q° )
This is of the form F(z,p,q9)=0

dz dz
. Putu=x+ay,then p=—, g=a—
du du

Substituting for p, ¢ in (1), we get

2 2 2
z=(£) +a2(£) = z=(1+a2)(£)
du du du

= \/;:(\/Haz)E
du
dz Jz [ a\dz
= E_W = ( 1+a )ﬁ—dﬂ

Integrating both sides,

\/1+a2‘[z’1/2dz='[du = (\/1+a2)z

-1

—1/2+1

=u+c, clisaconstant.

—+1
1/2 2
= (\/1+a2)ZT=u+c = 2 1+azzl/2=x+ay+c, 2)
2
which is the complete integral.
To find the general integral, put ¢ = h(a)
2\/1+a2f=x+ay+h(a) 3)
Differentiating w.r.to a partially, we get
1 , 2avz ,
2-2m~2a\/;=y+h(a) = m—y+h(a) (4)

Eliminating a between (2) and (4), we get the general solution.
Differentiating (2) partially w.r.to ¢, we get 0 =1, which is not true.
.. there is no singular solution.

EXAMPLE 2
Solve 9(p’z + ¢*)=4.

Solution.
Given 9-(p’z+q°)=4 @9)]
This is of the form F(z,p,q)=0
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dz dz
Put u = x+ay, then p=—, g=a—
du du

Substitution for p, ¢ in (1), we get

2 2 2
9 (ﬁ) Z+a2(£) =4 = 9(2) (z+a*)=4
du du du

2
= 2(z+a2)(£) =1
4 du
= 3 z+a’ 4 =1 = 3 z+a’dz=du
2 du 2
Integrating both sides,
21/2+1 il
%J\/Z+a2dz =J‘du = %%: u+c {J.[f(x)"]f'(x)dx — [f(x)]
—+1 n+l1
2 2N\3/2
= %(z+;z) =x+ay+c = (z+d) =x+ay+c ()
2

which is the complete integral.
To find the general solution put ¢ = /(a) in (2)
(z+a*)? = x+ay+h(a) (3)

Differentiating (3) w.r.to a partially and eliminating a, we get the general integral.
Differentiating (2) partially w.r.to ¢, we get 0 =1, which is not true.
.. there is no singular integral.

EXAMPLE 3
Solve Z*(p* +¢* +1)=1.

Solution.
Given (PP +q+D)=1 (1)
This is the form F(z,p,q9)=0
dz dz
- Put u = x+ay, then p=—, qg=a—
du du

Substituting for p and ¢ in (1), we get

Z? [(£)2 +(a£)2 + l:| =1
du du
= zz|:(1+a2)(%) +1:|=1

2 N ’ 2
= zZ(I+a)| — | =1-z
du
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= Z\/1+az£=\/1—z2 = Jl+d’ Z_dz=du
du V1-2z?
Integrating, J\/l +d’ \/Z_Z dz = jdu
1-z
= \/l+azj(l—22)'/2~zdz=u+c
/ 2
- 1;“ fa-zy"(2z)dz=u+c
[ 2 1 2\2
= —%%2x+ay+c = —Jl+a* V1= =x+ay+c 2)
which is the complete integral.
To find the general integral, put c=h(a)
—1+a*N1-z" = x+ay+h(a) 3)

Differentiating (3) w.r.to a and eliminate a to get the general integral.
Differentiating (2) partially w.r.to ¢, we get 0 =1, which is not true.
... there is no singular integral.

EXAMPLE 4

Solve ¢* =7’ p*(1- p*).

Solution.
Given g =z"p’(1-p) )
This is of the form F(z,p,q)=0
~. Put u = x+ay, then p=£, q=a£
du du

Substituting for p and ¢ in (1), we get
2 2 2
(2]
du du du

. . dz
Since z = f(u) is not a constant, - #0
u

2
.. dividing by (é) , we get
du

@’ =7 1—(£J2 = azzzz—zz(z)z
du du
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z
Integrating, ———=dz=|du
[
1
= EJ(ZZ ~a’)y"? 2zdz=u+c
1 (ZZ _a2)71/2+1
= ET=x+ay+C
—+1
2
1(z% = a2
— E—(Z la) =x+ay+c = (Z2—a)?=x+ay+c (2)
2

which is the complete integral.
To find the general integral, put ¢ = (a) in (2)

NS =x+ay+h(a) 3)

Differentiating (3) partially w.r.to @ and eliminating a, we get the general integral.
There is no singular integral, since differentiating (2) partially w.r.to a, we get 0 =1, which is not true.

Type 3(b): Equation of the form F(x, p,q) =0
Put ¢ = a, a constant and solve for p = b(x, a)
Since z is a function of x and y,

dz = pdx +qdy
= dz = &(x, a)dx + ady
Integrating, z= f¢(x, a)dx + a'[ dy+c=f(x,a)+ay+c (1)

which is the complete integral.
Differentiating (1) partially w.r.to ¢, we get 0 =1, which is not true.
.. there is no singular integral.

WORKED EXAMPLES
EXAMPLE 5
Solve ¢ = px + p’.
Solution.
Given g=px+p’ (1)
It is of the form F(x, p,q9)=0

Putg=ain(1)
2 2 —x*vx’+4a
a=px+p = pt+px—a=0 = pzf

—xtx*+4a

We know that dz=pdx+qdy = dz= fdx +ady

Integrating, z= %J(—x *Vx* +4a )dx + aj dy
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1 =2 [xVx2+4a 4
R : =_[Li{%+gloge e+ aa +4a)H+ay e .

21 2

which is the complete integral.

The general integral is found by putting ¢ = d(a) and differentiating w.r.to a partially and eliminating a.
Differentiating (2) partially w.r.to ¢, we get 0 =1, which is not true.

..there is no singular integral.

EXAMPLE 6
Solve |/ p + \/; =x.
Solution.
Given \/; + \/E =x
It is of the form F(x,p,q9)=0
. Put ¢ =a then \/;-i-\/;:\/;
= \/;:\/;—\/; = p:x+a—2\/2\/; (squaring)
We know that, dz=pdx+qdy = dzz(x+a—2\/;\/;)dx+ady
Integrating z= J‘(x+a—2\/;\/;)dx+a‘[dy
x2 Pl
= z=—+ax — 2ﬁT+ay +c [where a and c are arbitrary
2 = constants]
2
2
= Z=%+ux—¥x”+ay+c 2)

which is the complete integral.

The general integral is found by putting ¢ = d(a) and differentiating (2) partially w.r.to a and elimi-
nating a.

Differentiating (2) partially w.r.to ¢, we get 0 =1, which is not true.

.. there is no singular integral.

Type 3(c): Equation of the form F(y, p,q)=0
Given F(y,p.q)=0 (D
Put p = a and solve for g = d(y, @)
Since z is a function of x and y,
dz=pdx+qdy = dz=adx+d(y,a)dy
Integrating, z= aJ dx + Jd)( vy, a)dy
= z=a+ f(y,a)+c (2)

where a and c arbitrary are constants. Which is the complete integral.
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The general integral is found by putting ¢ = db(a) and differentiating (2) partially w.r.to a and elimi-
nating a.

Differentiating (2) partially w.r.to ¢, we get 0 =1, which is not true.

.. there is no singular integral.

WORKED EXAMPLES
EXAMPLE 7
Solve pg=y.
Solution.
Given pg=y (1)
This of the form F(y,p,q9)=0
. _ _ _Y
- Put p=a, then ag=y = qg==
a
We know that dz = pdx+ qdy = adx+ Xdy
a
. 1 1y
Integrating, z= aj dx+ —J ydy =ax+——+c (2)
a a2

where a and c are arbitrary. Which is the complete integral.
There is no singular integral.

The general integral is obtained by putting ¢ = d(a) in (2) and differentiating w.r.to @ and eliminating a.

EXAMPLE 8
Solve ¢ = py + p’.

Solution.
Given g=py+p’ (1)
This is of the form F(y,p,q)=0
~. Put p=a, then g=ay+a’
We know that dz = pdx+qdy = adx+(ay+a’)dy
2
Integrating, z=ax+ (ay? + azy) +c (2)

which is the complete integral.
There is no singular integral.
The general integral is found by putting ¢ = d(a) in (2), differentiating (1) w.r.to a and eliminating a.
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Type 4: Separable equations
A first order partial differential equation is said to be separable if it can be written as

S(x, p)=g(y,9)
Let f(x, p)=g(y, q) = a, where a is an arbitrary constant.
then f(x,p)=a = p=d(x,a) andg(y,9)=a = q=%(y,a)

Since z is a function of x and y,
dz=pdx+qdy .. dz=d(x,a)dx+U(y,a)dy
Integrating, z=F(x,a)+G(y, a)+c, which is the complete integral.

There is no singular integral and general integral is obtained as usual.

WORKED EXAMPLES N
EXAMPLE 9
Solve p’y(1+ x*) = gx’.
Solution.
Given pry(1+x*) = gx*. It is separable type.
2 2
L—l—x) . [a is a constant]
X y
4 , ax . B Jax
q=ay, p 1+ m
We know that dz = pdx+qdy = Jax dx + aydy
V1+x?
Integratin z= \/Zjﬂ+ a‘[ d
g g, m yay
\/; 2\-1/2
= TJ.(I+ X7)7 - 2xdx + ajydy
1+ 25\1/2 2
= z=%%+a)}7+c =\/;\/1+x2+%y2+c (1)
2

This is the complete integral.
There is no singular integral.
The general integral is obtained by putting ¢ = d(a) in (1), differentiating w.r.to a and eliminating a.

EXAMPLE 10
Find the complete integral of p + ¢ =sinx + sin y.

Solution.
Given p+q =sinx +siny. It is separable type.
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p—sinx=siny—q=a, say

p=a+sinx, and g¢g=siny—a

We know that dz = pdx + qdy = (a+sinx)dx+(siny —a)dy
Integrating, z= _[(a +sinx)dx + j(sin y—a)dy
= Z=ax—CcosX—Ccosy—ay+c

This is the complete integral.

EXAMPLE 11
Solve p* + ¢*=x" + .

Solution.
Given pr+g=x"+y". It is separable type.

2 2 2 2

p-x'=y-q=a

p’=x*+a = p=vJx’+a and ¢’'=)y"'-a = g=+)y'-a

We know that dz = pdx + qdy =\/x2+a dx+\/y2—a dy
Integrating, z:J\/x2+a dx+J.\/y2—a dy
= z=§ x2+a+%log(x+\/x2+a)+%\/y2—a—§log(y—\/y2—a)+c (1)

This is the complete integral.
There is no singular integral.
The general integral is found by putting ¢ = d(a) in (1), differentiating w.r.to a and eliminating a.

14.4.3 Equations Reducible to Standard Forms
(A) Equation of the form F(x"p,y"q9)=0 (1)

and F(z,x"p,y"q)=0 )

Case 1: Ifm#1, nzlputx™" =X, y™"=Y

dX dY
—=0-mx™", —=(1-n)y™
o - =m) a0 (1=n)y

0z _dzdX oz

_—:——:—1— —m
P ox dX dx aX( m)x

oz
= =(1-m)x™"P, where P=—
p=~1-m) 3%

= x"p=(1-m)P.
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Similarly, V'q=(1-n)Q, where Q= 3—2

Then (1) becomes f(P, Q)= 0, which is standard type (1)
and (2) becomes f(z, P, Q) =0, which is standard type 3(a).

Case 2: If m=1, n=1, then the equations are F(xp, yp)=0 and F(z, xp, yp)=0

Put X =logx, Y =logy, then dl:l and d—Y:l

dx x dy y

ha Ty < ot

PEEE0 e
where P:aa—)Z(, Q:—

Then (1) becomes F(P, Q) =0, which is standard type (1)
and (2) becomes F(z, P, Q)= 0, which is standard type 3(a).

(B) Equation of the form F(x"z*p,y"z"¢)=0
Case1: Ifm#1, n#l, k#-1.Put X=x"", Y=y""and Z=:"".

dx dc X" oZ .
s—=(1- Il o e d — = (k+1)z".
dx (I=m)x dX l-m o 0z (k+Dz
8_Z=8_Z % ﬂc_=(k+1)zp = xm~zk~p=(1_m)P
X Jz ox dX 1-m k+1
.. 1-n)
Similarly, O )}
imilarly. y'z"q 1 0

... the equation reduces to F'(P, Q) =0, which is standard type (1).

Case2:If m=1, n=1, k=-1, thentheequatlonlsF(p qy) 0.

z z
X 1 4y 1 Z 1
Put X =log,x, Y=Ilog,y and Z=log,z. ax ar =—a da—z—
dx x dy % oz z

0Z 0Z 0z dx _px

WX 9z ox dx 2

Similarly, 0 = £
zZ
... the equation becomes F(P, Q) = 0, which is standard type (1).
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(C) Equation of the form F(z"p,z"q)=0

0Z
Case 1: If k#—1,put Z =z*", then a_z:(k +1)z".
0Z dZ oz . ‘
p=2-% Z k1) p = —=
ax a9z ax LrDE kel P
.. 0 %
Similarly, Q9 _
imilarly. =7

the equation is F(P,Q)=0, which is standard type 1.

Case 2: If k£ = —1, the equation is F(E,z) =0

z z
Put Z =log, z, then P=£, Q=1
z z
... the equation is F(P, Q) =0, which is standard type 1.
WORKED EXAMPLES
EXAMPLE 12
Solve x*p* + y’q" = 7.
Solution.
Given X’pr+yq =z
2 2
= (@) + (ﬂJ =1 (Dividing by 2)
z z
It is the form F(E,QJ=O [m=1,n=1,k=~1,(B) Case 2]
z oz
Put X =log,x, Y=log y, Z=log,z
oZ px Z qy
P=—=— and ==
oX =z Q oY

.. the equation is P> + Q* =1, which is standard type (1).

The complete integral is Z = aX +bY +c, where ¢’ +b*° =1 = b=+1-d’

R log, z =alog, x +V1-a’ log, y +C (1)
which is the complete integral.
There is no singular integral.

The general integral is found by putting ¢ = d(a) in (1), differentiating w.r.to a and eliminating a.

EXAMPLE 13
Solve x*p’ — yzq =7’

Solution.
4 2
Given x'p’—yzq=2" = %—?q:l
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Z2 z z z

. L [M) (y‘f) | ()

It is of the form F(x"z*p, y"z*q)=0 with m=2, k=-1, n=1.
.. put X=x"=x", Y=log,yand Z=log, z

d_Xz(—l)x72:>d—X=—x dY liﬂ nda—Zzl.
dx dx dy y 4y dz  z
0Z 0Z 0z dx ) x?
=22 o p(xY)=-L£
d0X 0z dx dX z
and Q:a_Z:a_Za_Zdl:lqy

Substituting for P and Q in (1) the equation is P> - Q =1
So, the complete integral is Z=aX +bY +¢c, where a —-b=1 = b=a’-1
log, z=ax" +blog, y+c
= log,z = 44 (a® —1)log, y +¢, which is the complete integral.
X

There is no singular integral.
The general integral is found by putting ¢ = d(a), differentiating w.r.to a and eliminating a.

EXAMPLE 14
Solve 7’ (p’x* + ¢*)=1.

Solution.
Given (P’ +q)=1 = (xzp)’ +(qz)* =1 (1)
This is of the form F(x"z'p, y"z*q)=0

Here m=1, k=1, n=0=#1

k+1 2

s Put X =log, x, Y=y"=y and Z=:"=:z
d—X=l=> ﬂzx,d—Y—lﬁdy 1 and a—Zz 2z.
dx x dx dy dYy 0z

_ 92 _9zZ 9z dx_, . _ P__
X 0z ox dX P )

0Z _0Z 0z dy 0
d ELE a0 2
o 0= Y az dy dY = - P
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Substituting in (1), we get

2 2
P—+Q—=1 = P'+0°=4
4 4
This is of standard type (1),
.. the complete integral is Z=aX+bY+c
where a+b’=4 = b=+4-d
z? =alog, x +V4-d’y +c (2)

This is the complete integral.
There is no singular integral.

The general integral is found by putting ¢ = d(a) in (2), differentiating w.r.to ¢ and eliminating a.

EXAMPLE 15
Solve (x + pz)’ + (v + qz)° =1.

Solution.
Given  (x+pz)’+(y+qz)’ =1 9Z
‘ T e 2y, [k=1]
ut Z=z"=z oz

9Z _0Z 9z _, > =L

ox 0Jz ox P p—2

0Z 0Z 0z Y

© dy dz dy Za = 2

=

= P=2(\/E—x), Q:.z(\/ﬁ—y)

We know that dz = Pdx+Qdy=2(va —x)dv+2(V1-a - y)dy
Integrating, Z= ZJ‘(\/; - x)dx + 2J(m - y)dy

= 22:2[\/;)(_%2)4_2(@)}_%2]4_6

2 =2Jax—x° +2Jl—ay—-y* +c
There is no singular integral.

The general integral will be found by putting ¢ = d(a) in (2), differentiating w.r.to @ and eliminating a.
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EXERCISE 14.4
Solve the following partial differential equations.
L. p(l+q)=qz 2. ap+bg+cz=0 3.2 =1+p’ +¢°
4. Z(p’ 2 +q)=1 5. pz=1+4" 6. p+q’ =8z
Topg=z 8. pl+q")=q(z-a) 9. P +q* = pq
10. p=2¢x 1. Jp+g=2x 12. pg=y
13. q=py+p’ 14. \/;+\/g=x+y 15. p’+q* =x>+)"
16. p'+q’ =x+y 17. pg=xy 18. 2+ 2 41=0

p 9
19. px+qy=1

20. p’x*+y’zqg=27’
[Hint: x’z"'p+y’z7'¢=2; m=2, n=2, k=-1. PuX=x', Y=y, Z=logz]
21. pP+q’ =22 (x*+)")

2 2
0z
Hint:(g) +(1) :x2+y2. Here k=-1, Put Z=log,z then P=—--="", Q=JZL]

z z ox
22. 2x*p*—yzq—-3z"=0

Hint: 2(x’z 'p)’* —=(yz '¢q)=3. Herem=2, n=1, k=-1

Put X=x"', Y=logy, Z=logz ..xz'p=-p, O=yz'q,
oz oZ

here P=—, o
v ax 7oy

23. pz’sin’x+gz’cos’ y=1

2P*-Q% = 3}

oz oz e
9z 9z ox P

Psin’ x+Qcos’ y=3 .. Psin’x =3—-cos’y =a

[Hint:PutZ =z’ Q:a—Z:3zzq2
dy

ANSWERS TO EXERCISE 14.4
Complete integral is given below
1. log,(az ~)=x+ay +c 2. log,z=———(x+ky)+c’
a+bk
3. log, [z +3=7 1) = \/1—2(x+ay)+0 4 (2 +a)? =¥ x+ay)He
I+a

5. 22 —z+z —4d® +4d* log, (z+\/22—4a2)=4(x+ay)+c

6. 31+a*)” 2P =d(x+ay)+c 7. 2V1-d*Nz=x+ay+c
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8. 2Wbz—ab—-1=x+ay+c 9. z=atan(x+ay+c)
1 3
10. z=ax’+ay+c 11. Z=g(2x—\/;) +ay+c
y2 a2
12. z=ax+—+c¢ 13. z=ax+—y +d’y+c
2a 2

14. 3z=(x+a)’+(y—a) +c

15. ZZ:asin'li+x\/x2+a +y\/yz—a—aloge(y+\/y2 —a)+c

NP

2 2

2
16. z=Z{(x+a)"> +(y—a)}+c 17. z=2 42X 40
3 2  2a
2
a x  a ,
18, z=————+—y " +c¢ 19. z(l+a)=log, x+alo +c
a1 2 27 (I1+a) =log, gy
2
20. logezzg_{_u_,_c
X y
21. 210gez:x\/x2+a+aloge(x+\/x2+a)+y\/y2—a—aloge(y+\/y2—a)+c
22. 10gezzﬁ+(2a2_3)10gey+c 23. z'=—acotx+(3—a)tany+c
X

14.5 LAGRANGE’S LINEAR EQUATION
A partial differential equation of the form Pp+ Qg = R, where B O, R are functions of x, y, z and

p= a_z’ q= B_z, is called Lagrange’s linear equation.
ox dy

We have seen already that elimination of ¢ from &(u, v) =0, where « and v are functions x, y, z
leads to Lagrange’s equation.
.~ d(u, v) =0 is the general solution of Pp+ Qg = R, where ¢ is an arbitrary function.

The method to find the solution of Pp+ Qg = R is known as Lagrange’s method.

Working Rule: To solve Pp+ Qg = R, where B, O, R are functions of x, y, z.

(i) Form the auxiliary equations or subsidiary equations
dc _dy dz

P 0 R
(i) Solving the subsidiary equations, find two independent solutions u(x, y, z) = a and v(x, y, z) = b,
where a and b are arbitrary constants.

(ii1) Then the required general solution is ¢(u, v) =0 [or u = f(v) or v = g(u)]
where & (or for g) is an arbitrary function.
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LAGRANGE'’S LINEAR EQUATION
A partial differential equation of the form Pp+ Qg = R, where B O, R are functions of x, y, z and

= a_z’ q= B_z, is called Lagrange’s linear equation.
ox dy

We have seen already that elimination of ¢ from &(u, v) =0, where « and v are functions x, y, z
leads to Lagrange’s equation.

.~ d(u, v) =0 is the general solution of Pp+ Qg = R, where ¢ is an arbitrary function.
The method to find the solution of Pp+ Qg = R is known as Lagrange’s method.

Working Rule: To solve Pp+ Qg = R, where B, O, R are functions of x, y, z.

(i) Form the auxiliary equations or subsidiary equations
dc _dy dz

P QO R
(i1) Solving the subsidiary equations, find two independent solutions u(x, y, z) = a and v(x, y, z) = b,
where a and b are arbitrary constants.

(ii1) Then the required general solution is ¢(u, v) =0 [or u = f(v) or v = g(u)]
where & (or for g) is an arbitrary function.
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Note
1. The subsidiary equations are known as Lagrange’s subsidiary equations.
2. The subsidiary equations can be solved by (i) the method of grouping and (ii) the method of

multipliers.
ld d d.
If dx = dx = & , then by the properties of ratio and proportion each ratio = faxxmdytndz
P O R IP+mQ+nR

where /, m, n may be constants [or functions of x, y, z] and are called Lagrange’s multiplers
If [, m, n are found in such way that / P+m Q+n R=0,then I dx+mdy+ndz=0

Integrating, we get one solution u=a.

Similarly, we can find another set of independent multipliers /’, m’, n” or grouping method to find
another solution v = b. Then the general solution is ¢(u, v) =0

Remark

1. Since we have to find two independent solutions # = a and v = b, it is advisable to find one
solution by grouping method and the other by multiplier method or both by two independent set
of multipliers.

When both the solutions are obtained by grouping it is quite possible that they are not
independent.
For, example, if the subsidiary equations are
dx dy  dz

y+z z+x x+Yy

dx —dy A dy—dz _ dz —dx - d(x—y):d(y—z):d(z—x)
-(x=y) —(y-2) —(z—x) xX—y (y—2) z—Xx

dx-y) _d(y=2)
xX=y (y=2)

each ratio =

Integrating, log,(x —y)=log,(y —z)+log, a

= x—y=a. Thisisu=a
y—Z
and d(z—x):d(y—z)
(z—x) y-z
= T . This is v=b
y—Z

we note that # and v are not independent for

x—y_y—ztx-y  (z-x)_
y—z y—z y—z
v=—(1+u)

I+u=1+

4

2. Sometimes we use the first solution to find the second solution.
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WORKED EXAMPLES

EXAMPLE 1

2
Solve Y% p+ xz g = y*.

x
Solution. s
Given Mp+xzq:y2

X

This is Lagrange’s equation ~ Pp+ Qg =R

2
Here p=2=, O=xz, R=)’
X
o . dx dy d.
The subsidiary equations are &g Y_Z
P O R
dcx dy dz xdx dy dz
= LT & ST T3
yz xz y yz xz y
Considering the first two ratios, *
dx o
¥ =& = x’dx = y’dy
vz xz
Integrating, '[xzdx = J V'dy
x’ y3 33 3 3
= ?=?+c = x -y =3¢ = x -y =a (1)
S . xdy dz
Considering the first and last ratios, ——=— = xdx=zdz
yz 'y
Integrating, jx dx = Jz dz
x2 ZZ
= —=—+4c
2 2
¥=242c = x'-z2"=2c = x*-z"=b 2)

.. the general solution is d(x” —°,x* —z*) = 0, where ¢ is arbitrary.

Note We can also write the solution as x° —y° = f(x*> —z°) or x> — 22 = g(x* — )?)

EXAMPLE 2
Solve x(y—2)p+ y(z—x)g=z(x—y).

Solution.
Given xX(y—2)p+y(z=x)g=z(x—y)
This is Lagrange’s equation, Pp+QOg=R

Here P=x(y—-z), O=y(z—x), R=z(x—y)
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The subsidiary equations are dx = & = &

P O R
N dx _ dy _ dz

X(y=2) ylz=x) z(x-y)
each ratio = dx+dy+dz _dx+dy+dz
X(y—2)+y(z=x)+z(x—y) 0
dx+dy+dz=0 =d(x+y+2z)=0
Integrating, X+y+z=a (1)
1
1 dx —dy 1 dz

Also X Y z

(y=2) (z=x) (x—y)

ldx+ldy+la’z

. y z . Sum of Nrs.
each ratio = each ratio = ——
y—z+z—x+x-y Sum of Drs.
T dv dv d
Xy oz o dy dz
0 X y z
Integrating, jﬂ + Jﬂ + Jﬁ =0
X y z
= log, x +log, y +log, z =log, b = log,xyz=log,b = xyz=> 2)
.. the general solution is d(x+ y+z, xyz) =0
EXAMPLE 3
Solve (x* + y* + yz)p +(x* + y* — 2x)g = 2(x + y).
Solution.
Given X+ ¥ +y)p+ (x> +y —zx)g=z(x+y)
This is Lagrange’s equation, Pp+QOg=R.
Here P=x"+y"+yz, OQ=x>+y"—zx, R=z(x+Y)
o . dx dy d
The subsidiary equations are & v %
P QO R
dx dy dz
= 2, 2 =5, 2 =
X +y +yz x+y —zx z(x+y)
. dx—d dx—d
each ratio= ———; al J; 5 a4
X +y +yz—(x"+y —zx) z(y+x)
dc—dy  dz

= = dx—dy=dz
Z(y+x) z(x+y)
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Integrating, X-y=z4+a = Xx-y-z=a 1)

xdx+ydy

Also each ratio = — —
x(x*+y +yz)+y(x"+y" —xz)

_ xdx+ydy _ xdx+tydy
_x(x2+y2)+xyz+y(x2+y2)—xyz_(x2+y2)(x+y)
xdx+ydy dz
(FHyHa+y) 2 +y)
xdx+ydy dz

)«52+y2 z

1 2 2
1Quedia2ydy) _dr QD g
2 X+ z X+ y z

=

J-d(x +y ) Idz

x+y

Integrating,

= %log?(x2 +y*)=log, z+logc

= log,(x*+y?)=2log,cz =log, c’z*

= ’+y ' =c’z=bz = =b )

2 2
Lo +
.. the general solution is (b(x e z,x—zyJ =0
z

EXAMPLE 4
x(V +2)p+y(x* +2)g=z2x’ —y?)

Solution.
Given x(y* +2)p+ y(x* +2)g = z(x* = y*)
This is Lagrange’s equation, Pp+Qq=
Here P=x(y"+2), Q=y(x"+2), R=z(x"-y")
The subsidiary equations are ax _dy _dz
P QO R
dc  dy dz
(P tz) w(xtz) 23—

=

Using multipliers, x, —y, —1, we get

xdx—ydy—dz _xdx-ydy-dz
(VY +z2) =y (7 +z2)—z(x* = p?) 0

each ratio =
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xdx—ydy—dz=0

Integrating, jx dx —j ydy —sz =0

2 2

= %—y?—z=% = x'—y'-2z=a 9]
R

Also, x -V -z

Ytz x+z x*—)°

&_dy d
eachratio:;z_sz :xziyz

N & dy_ o dy

Xy z x y z

X y z
= log, x—log,y +log,z=log, b = logeﬁzlogeb =-p 2)
y y

.. the general solution is (1)(x2 -y - ZZ,EJ =0
Yy

EXAMPLE 5

Find the integral surface of the partial differential equation x(y* + z)p — y(x* + 2)g = (x* — y*)z
and passing through the straight linex +y =0,z =1.

[Note Equation of a surface which satisfies the PD.E is called an integral surface]

Solution.
Given x(Y:+z)p—y(x* +2)qg=(x"— ")z
This is Lagrange’s equation Pp+QOg=R.
Here P=x(y*+z), O=-y(x*+z2), R=(x"-y")z
The subsidiary equations are dx = & = &
P O R
dx dy dz

=

WP rz) ) (P )):
Using multipliers x, y, —1, we get
xdx+ydy—dz
X+ =y ()= (" =)z

each ratio =
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_ xdx+ydy—dz _ xdx+ ydy—dz
¥y +xz-x*y —yz-x'z+y’z 0
xdx+ydy—dz=0
Integrating, jx dx +J ydy —sz =0
2 2
Y a 2, 2
= —+i——z=— =X +y -2z=a 1
5 > y (D
a D&
Again, x Y -z
g Ytz —x'-z x*-)
de dy d= dx dy d
each ratio = —; al 2y Zz > = W '
yotz—=x"—z+x -y 0
ﬂ+d_y+%zo
X y z
Integrating, ax + JQ + J.% =0
X y z
= log, x+log,y +1log,z=log, b =log xyz=log,b = xyz=>b )
.. the general integral is d(x*+y* =2z, xy2) =0 3)

From this family of surfaces, we want to find the surface passing through the line
x+y=0,z=1 @

i.e., we want to find the particular function ¢ for which the surface (3) satisfies (4). It is difficult to
find the particular ¢. So, we proceed as below.

We eliminate x, y, z using (1), (2) and (4) and get a relation between a and b, from which we find
the particular surface.

From (4), x = —y,z = 1.Substituting in (1) and (2), we get

2y’~2=a and -y’=b =y’'=-b
—2b-2=a and a+2b+2=0 (5)
Now replace a and b by x> + y* —2z and xyz in (5).

X+ —2z+2xyz+2=0,

which is the integral surface through the line (4)
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EXAMPLE 6

b—c c—a a—>b
Solve yzp+ xzq = xy.
a b c

Solution.

. (b—c] (c—a) (a—b)
Given yzp+| —— |xzq = xy
a b c

This is Lagrange’s equation Pp+QOg=R.

Here PZ(E)yZ, Q=(C_a)xz, R=(a_b)xy
a b
The subsidiary equations are ax _dy_dz
P O R
dx _ dy _ dz
- (b—c) _(c—a) _(a—bJ
yz Xz Xy
a b c
N adx  bdy _ cdz

(b-c)yz B (c—a)xz o (a—Db)xy
Using x, y, z as multipliers, we get

ax dx+by dy+cz dz _axdx+bydy+czdz

each ratio =
(b=c)xyz+(c—a)xyz+(a—b)xyz 0

axdx+bydy+czdz=0

Integrating, ajx dx+bjy dy+c‘[z dz=0

= a7+b—+07= = ax’+by+c’=4

Now using ax, by, cz as multipliers, we get

. a’xdx+b’ydy+c’zdz a’xdx+b*ydy+c’zdz
each ratio = =
a(b—c)xyz+b(c—a)xyz+c(a—b)xyz 0

axdx+b’ydy+c’zdz=0
Integrating, azjx dx +szy dy +c2J.z dz =0

? z> B
> = dxX*+by' +c’2* =B

2
- ISR
2 2 2

.. the general integral is d(ax” + by’ +cz°, a’x* +b*y* +c°z°) =0
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EXAMPLE 7
Solve (p—q)z=z"+x+y.

Solution.
Given (p-q)z=2"+x+y = zp—zq=z"+x+y
This is Lagrange’s equation, Pp+Qg=R
Here P=z, Q=-z, R=z+x+y
Subsidiary equations are ax = & = #
z -z zZ +x+y
S . dx d
Considering the first two ratios, DD k= —dy
z -z
Integrating, dez—J.dy = x=-y+a = x+y=a (1)

Here neither the grouping method nor the multiplier method can be used to find the second solution.
So, we use the first solution to find the second solution.

dx dz z dz
—=— = dx=—;
z z +a z°+a
. zdz 1¢2zdz
Integrating, de = _[ y: - EJ- =

x:%10g0(22+a)+b = 2x-log,(z>+x+y)=b (2)
... the general solution is ¢(x +y,2x—loge(zz+x +y)=0

EXAMPLE 8
Solve p — g =log (x +y).

Solution.
Given p—q=log(x+y)
This is Lagrange’s equation. Here P=1, O =-1, R=1og(x +y)
The subsidiary equati &b _&

e subsidiary equations are P 0 R

d &y d:
= 1 -1 log,(x+y)
dx=—dy = dx+dy=0

Integrating, J‘dX‘f‘J‘dy:O = xt+ty=a (])

we use the first solution to find the second solution.
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dz

dx =
log, a

Using (1) we get,

1
dez jdz = x= +bh =2 x———=
log, a log, a log, (x+y)
... the general solution is &| x + y, x—— = |=
log, (x+)
EXERCISE 14.5

Find the general integral of the following partial differential equations.

1. px+gv=z 2. pxt =gyt =z(x—y)

3. yzp+zxq=2xy 4. x’p+y’q=7

5. x(y=z)p+y(z=x)g=z(x~y) 6. (y=x2)p+(yz—x)g=x"~y

7. (X* =y =z2)p+2xy qg=2xz 8. (x=y)p+(y—x—-2z)q=z

9. I+ y)p+(+x)g=z 10. (y=x2)p+(yz=x)g=(x+y)(x~y)
11. (y—z)p+(z—x)q:x—y 12 ' +2)p—xyq+xz=0

yz zx Xy

13. ptanx+gqtany =tanz 14 y'p—xyq=x(z-2y)

15. x(p° =2)p+ (2 —=xP)g=z(x" = y*) 16. (mz—ny)p+ (nx —Ilz)qg=Ily — mx

17. (x> =y2)p+(y* —zx)qg=2" —xy 18. (y+z2)p+(z+x)g=x+y
19. x(* +2)p+ (22 +xP)g=2(y" —=x*) 20. Bz—4y)p+(4x—2z)g=2y-3x

21. p—g=log(x+y) 22. xz(y—z)p+y2(z—x)q=z2(x—y)
ANSWERS TO EXERCISE 14.5

1. ¢(f,f)=0 2. & l+l,)‘+y)=o

y z x y z
3. d(x* -y -2%)=0 4. & l_l’l_l)=0

X yy z

5. dx+y+z,xyz)=0 6. d(xy+z,x*+y +z°)=0
7 d{i,u):o 8. | xtyez—2 ]:0

z z L X—y+z

2 2
9. d)(x—y+x?—y7,z(x—y)]=0 10. d(xy+z,x>+y2+2)=0
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1. d(x+y+z,x2)=0 12. ¢(l,x2+y2+zz)=0
z
13. ¢(s?nx,s‘_ﬂ)=o 14, &G +)y%, 3 +y2)=0
siny sinz
15, &> +y* +2°,x2)=0 16. d(x+my+nz,x*+y* +2°)=0
17. & x"y,xy+yz+zx)=o 18. d)(x_y,(x+y+z)(y—z)2)=0
y—z Y-z
19. & ,xz—y2+zz)=0 20. d2x+3y+4z,x*+y*+2°)=0
y+Z
1
21, bl x+y,x——=—|=0 2 oLl s]=0
log(x+ y) X y z

14.6 HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND AND
HIGHER ORDER WITH CONSTANT COEFFICIENTS

A linear partial differential equation in which all the partial derivatives are of the same order is called
a homogeneous linear partial differential equation.
We shall consider here homogeneous linear equation in two independent variables x and y.

Examples

2’z 0’z 0’z o’z 9z 9’z 9’z
o oy g TR ?

xX+y

e t4d——+5—==
ox’ ox’dy  oxdy 9y’
are homogeneous linear partial differential equations of the second and third order respectively.

1. The general form of a homogeneous partial differential equation of the n* order with constant
coefficient is

0"z 2"z 0"z 0"z 0"z
Gt ot ot ta, o ta, —— = R(x, y) M
ox" ox""dy ox"“dy 0xdy" ay"
where a,,a,,...,a, are constants.
Denoting D=2 /=2 p =2 pro9 ad ppr=2
ox dy ox" 9y’ ox"9y’

the equation (1) can be written as
(a,D"+a,D"'D’+a,D"?D"” +---+ a,D")z = R(x, )

= F(D,D)z=R(x,y) (2)
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HOMOGENEOQUS LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND AND
HIGHER ORDER WITH CONSTANT COEFFICIENTS

A linear partial differential equation in which all the partial derivatives are of the same order is called
a homogeneous linear partial differential equation.
We shall consider here homogeneous linear equation in two independent variables x and y.

Examples

2’z 0’z o’z o’z 9z 9’z 9’z
o oy g TR ?

xX+y

e t4——+5—=
ox’ ox’dy  oxdy’ 9y’
are homogeneous linear partial differential equations of the second and third order respectively.

1. The general form of a homogeneous partial differential equation of the n* order with constant
coefficient is

0"z 2"z 0"z 0"z 0"z
Gt St oot et a, o ta, —— = R(x, y) )
ox" ox""dy ox"“dy 0xdy" ay"
where a,,a,,...,a, are constants.
Denoting D=2 /=2 p =2 pro9 ad ppr=2_
ox dy ox" dy’ ox"9y’

the equation (1) can be written as
(a,D"+aD"'D’+a,D"?D"”* +---+ a,D")z = R(x, y)

= F(D,D)z=R(x,y) (2)
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The equation F(D,D"Nz=0 3)

is called the reduced equation and its general solution is called the complementary function
of (1). The complementary function should contain n arbitrary functions for the n” order
equation.

(x,»)

Particular integral of (1) is PI=———R
F(D,D’)

which will not contain any arbitrary function

The general solution of (1) isz=C.F + PI

The method of solving (1) is similar to the method of solving ordinary linear differential equation
with constant coefficients.

Assuming z = ¢&(y + mx) is a solution of (1), where ¢ is arbitrary, we get

Dz = a_z =md’(y + mx),
ox

D’z =m*d"(y+mx),..., D'z =d'(y + mx),
D?z=¢"(y+mx),...and D" "D’z =m" " $b" (y +mx)
. equation (1) is
(am" +am"" +a,m""+.. . +a )b (y+mx)=0 3)

Since ¢ is arbitrary & (y +mx) #0,

3)= agm" +am" +a,m"’ +--+a,=0 (4)

The equation (4) is called the auxillary equation.
Thus, z = d(y + mx) is the solution of (1) if m is a root of (4).
The auxillary equation is obtained by replacing D by m and D’ by 1.
14.6.1 Working Procedure to Find Complementary Function
To find the complementary function of F(D, D")z = R(x, y), solve F(D,D")z=0
The auxillary equation is F'(m, 1) =0, replacing D by m and D’ by 1.
= am"+am"" +.. .+a, =0

It has n roots m,, m,, .... m_which are real or complex.

Case 1: If the roots are different, then
CF=d(y+mx)+d,(y+mx)+---+d (y+mx)
Where ¢,,d,,...,d, are n arbitrary functions.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Case 2: If two roots are equal, say, m, = m, = m and others are different, then
CF=d(y+mx)+xd,(y+mx)+d,(y+mx)+...+ b, (y+m,x)
If 3 roots are equal, say m, = m, = m, = m and others are different, then

C.F=dy(y+mx)+xd,(y+mx)+ x’d,(y + mx)
+d,(y+mx)+...+db (y+mx)

Note There is no separate rule for complex roots as in the case of ordinary differential equation.

14.6.2 Working Procedure to Find Particular Integral

In symbolic form P.I =

1
F(D.D) R(x,y).

Type 1: Let R(x, y) = e“*”

(a) If F(a,b)#0, where F(a, b) is got replacing D by a and D’ by b in F(D, D’), then
pr=—"
F(a, b)

ax+by

(b) If F(a,b)=0, then D — %D' or its power will be a factor of F(D,D")

x+by x+by
ear 2 zxeav y’

_ - -
D_%py (D—aD’) 21
b b

i x
; 31
(257
b

Aliter for (b): If F'(a, b) = 0, then multiply the numerator by x and differentiate
F (D, D’) in the denominator w.r.to D and then replace D by a and D’ by b.
Even then if the denominator is 0, proceed as above again.

We know

Type 2: Let R(x, y) = sin(ax + by) or cos(ax + by)
Since D?sin(ax + by) = —a’ sin(ax + by)

DD’sin(ax + by) = —absin(ax + by)

D"’ sin(ax +by) = —b” sin(ax +by)

F(D?,DD’, D’*)sin(ax + by) = F(~a’, — ab, — b*)sin(ax + by)
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1

Pl=— 1 din(ax+b
FOL. DD, D7 et by)

p— 1 b . 2 2
e L N (LSRN

1

Pl=——cos ax+b
FD%. DD, D7) oS )

Similarly,

1
~ F(-d*,—ab,—b%)

cos(ax +by) [if F(-a’,—ab,—b*)#0]

2
If F(-a’,—ab,—b*)=0, then D> — Z—ZD’Z will be factor of F(D*, DD’, D’?)

As in ordinary differential equation

5 sin(ax + by) = zJ‘Sin(ax +by)dx = -y cos(ax + by)
a e 2 2a

Dz—b2

and 5

D? —Zsz'z

cos(ax+by) = fJcos(ax +by)dx = isin(a)c +by)
2 2a
Aliter: If F(—a’,—ab,—b")=0, then multiply the numerator by x and differentiate the denominator
w.r.to D and then replace D’ by —a’, DD’ by —ab and D’* by —b>.
Type 3: Let R(x, y)=x"y"

1
Then P1= ————x"y" =[F(D,D")]'x"y"

, -1
If m > n, rewrite [F(D, D’)] by taking out the highest power of D, as {1 iF(?) H

’

and expand using binomial series in powers of o

D
If m < n, rewrite taking out the highest power of D’ and expand in powers of o

1
DI

We have %f(x, y)= jf(x, y)dx,y constant and f(x,y)= jf(x, y) dy, x constant
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Type 4: General rule
R (x, y) may not always be of the above types. If R (x, y) is any function of x, y, we can use this method.

PlI= WR(X,)/)

F(D, D’) can be factorised into » linear factors, in general,

PI= !
" (D-mD’YD-m,D’)...(D-m,D")

R(x,y)

1
We know that ———— R(x, y) = | R(x,c —mx)dx =c—mx
o R = [R( ) [y ]
where c is replaced by y + mx after integration.

By repeated application of this rule, PI is evaluated.

Note This general method can also be used in types 1 and 2 when the denominator become zero
i.e., in the cases F(a,b) =0 and F(-a*, —ab,—b*)=0
Type 5: R(x,y) =e“ " f(x, y). Exponential shifting.

| 1
Pl=———¢“"f(x,y) =" ————f(x,
F(D.D") Sx:y) F(D+a,D’+b)f( y)

This can be evaluated by any of the above methods.

WORKED EXAMPLES

Type 1:
EXAMPLE 1
Solve (D’ + D’D’ = DD’* — D)z =0.

Solution.
Given (D*+D*D’'-DD"”>-D")z =0

The auxiliary equation is m> +m* —m —1=0

= m*(m+)—(m+1)=0 = (m+h(m’-1)=0 = m=-1,-1,1
Two equal roots.
... the general solution is z=g(y —x)+xd,(y —x)+d,(y +x)
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EXAMPLE 2
Solve (D* — D"*)z =0.

Solution.
Given (D*-D"")z =0

Auxiliary equationis m* -1=0 = (m’+1)(m*-1)=0 = m==*i,+1 [Roots are different]

... the general solution is z = ¢y (y +ix)+ b, (y —ix)+ by, (¥ +x)+d,(y —x)

EXAMPLE 3

3 3 3
Solve a—z—S 0’2 + 48_7, =t

ox®  9’xoy ay’

Solution.
Given equation is (D’ -3D>D’+4D")z ="

To find the C.F, solve (D’ -3D*D’+4D")z =0

Auxiliary equation is m* =3m*+4=0
= mP+m*—4m® —dm+4m+4=0
= m*(m+1)—4m(m+1)+4(m+1)=0
= (m+D)(m* =4m+4)=0 = m+H(m-2"=0 = m=-1,22

CF=d(—x)+d,(y +2x) +xd,(y +2x)

1 .
PI=— - st
D’ -3D’D’+4D’

= ﬁe)wzy — 2L7ex+2y [Relpacing D by a=1 and D,by b =2
-3.2+4+4.

.. the general solution is z = C.F+P.I

=h(y —x)+d, (v +2x)+xd,(y +2x)+2_17€x+2y
EXAMPLE 4
Solve (D* —=3DD"* +2D")z =™ ™7 +e**’.

Solution.
Given (D’ =3DD"”* +2D")z = &> +e* ™

To find the C.F, solve (D* —3DD’* +2D"*)z =0
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Auxiliary equation is m> —3m +2=0. By trial 1 is a root.

I o0 -3 2
Other roots are given by m> +m —-2=0= (m +2)(m —1)=0 01 1 —

= m=-2,1 11 =2 |0_

.. theroots are m =1,1, -2

CF=d(y+x)+xd,(y +x)+d,(y —2x)

1
PI = eX
' D*-3DD"?+2D"

1 _ 1, .
= zy = er ™ = aezx 7 case of failure.

93 2 3¢ L
28 —3.2(=1)* +2-(-1) 8—6-2

1
Pl =x-——¢
! 3D*-3D"
1 2x—y _ieZX—y

1
=X- e =

X ———¢€
322 -3(-1) 12-3 9

ey [Multiply Nr. by x and differentiate Dr. w.r.to D]

2x—y

1 oy 1
PI, =— 2 #€ T F
D’ -3DD’* +2D 1-3+2

1 .. .
+y o L+ , )
wy 9 e’ case of failure

1 , . X ‘ 2o
PlL=x-—5——e" = Xt = x—je"”dx =L gy
3D -3D’ 6D 6 6
.. the general solution is z = C.F + PI
2

- 2= B0 ) () b () L+ e
Type 2:

EXAMPLE 5

Solve (D3 _4D2D/+4DD/z)z = 6sin(3x + 6y).

Solution.
Given (D’ —4D*D’+4DD"*)z = 6sin(3x +6y)

To find the C.F, solve (D* —4D*D’+4DD"*)z =0

Auxiliary equation is m’ —4m’ +4m =0
= m(m* —4m+4)=0 = mm-2)=0=>m=0,2,2
CF=d()+d,(y +2x)+xdy (¥ +2x)
1
PI= 6sin(3x +6y)

D?—-4D*D’+4DD"
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1

= 6sin(3x +6
D(D? —4DD +4p7) CSNEx HOY)
1 .
=£ > S—sin(3x +6y)
D [-3"—4(-3-6)+4(-6%)]
1
=£—sin(3x+6y)
D [-9+72-144]
6 1 .
=——X—sin(3x +6
21D (3x +6y)
2. —2( —cos(3x +6y) 2
=——|sin(3x +6y)dx = ——=| ————= | =—cos(3x +6
27I ( Y) 27( 3 81 ( Y)
.. the general solution is z=C.F + PI
2
= z=gp(y)+d(y +2x)+xd,(y +2x)+gcos(3x +6y)
EXAMPLE 6
3 3
Solve E)zs -2 82z =e*"¥ + 4sin(x +y).
ox ox*dy
Solution.
Given (D’ -2D’D")z =e"™ +4sin(x +y)
To find the C.F, solve (D’ —2D>D")z =0
Auxiliary equation is m' =2m°=0 = m’(m-2)=0=>m=0,0,2
CF=d,()+xd,(y)+dy(y +2x)
1 1 , 1,
P.Il — 3—2€x+2y - - X+2y — __e.x+2y
D’ -2D"D’ 1-2-1.2 3
1
Pl, = ——————4sin(x +
2= pioprpy )
1
=4.——sin(x + DD’ =—(1-1)=—land D* = -1 = -1
> apC ) | (11) ]

1 . .
= 4-Bs1n(x +y) = 4js1n(x +y)dx =—4cos(x+y)
.. the general solution is z = C.F + PI

= z:(h(y)+x¢2(y)+d)3(y+2x)—§e”2y—4cos(x+y)
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EXAMPLE 7
Solve (D* — DD’ —20D"*)z =e™*’ +sin(4x — y).

Solution.

Given (D> -DD’—20D"*)z =e™* +sin(4x —y)

To find C.F, solve (D* —DD’—20D"*)z =0

Auxiliary equation is m*—m-20=0

= m* —5m+4m—20=0

= m(m—=5)+4m-5)=0 = m+4)(m-5=0=>m=-4,5

CF=¢( —-4x)+d,(y +5x)

PI — 1 Sx+y __ 1 Sx+y _ l 5x+y

"' D*-DD’-20D" 52-5.1-20 0

Since denominator is zero, we use the alternate method in type 1.
1

Pl =x——e™" [Multiply Nr. by x and diff. the Dr. w.r.to D]
2D-D’
— X Sx+y £65x+y
2-5-1 9

1 1
Pl = sin(4x —y) = sin
: (=) = 2 Gy a0

1
4x —y) = —sin(4x —
D*-DD’-20D" ( ») 0 ( Y)

Since denominator is zero, we use the alternate method.

2D+D’
: sin(4x — =x -————sin(4x —
2p—p T S i)
(2D + D")sin(4x —y)
=X-

44— (1)

_ x[2Dsin(4x - y)+ D’sin(4x - y)]
—64+1

_ x[2cos(4x — y)-4+cos(4x—y)(—D]
—63

Tx x
=——-cos(4x—y)=——cos(4x —
o3 Cos(4x—y) = —Jcos(4x—y)

.. the general solution is z = C.F + PI

= z=d(y —40)+ (v +5x)+%esx+y—%cos(4x—y)
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EXAMPLE 8
J’ 0
Solve —5—2 ¢ =sinxcos2y.
ox oxdy
Solution.
. . I . .
Given (D*-2DD’)z =sinx -cos2y = > [sin(x +2y)+sin(x —2y)]

To find C.F, solve (D> =2DD")z =0

Auxiliary equationis m’-2m=0=>m(m-2)=0=>m =0,2

CF=¢0)+d,(y +2x)

(1 1 . .
Pl =————|—sin(x+2y) | = sin(x+2y) _ _ g
1 D2 _ZDD,(z ( y)) 2[(_12)_2(_12)] 6sm(x +2y)
PI ! ! sin(x —2y) 1 1
I T T - = sin(x-2y) =——sin(x —2
> 2 (D*-2DD") A1) — 2= 1(=2)] (x=2y) =—3,8in(x =2y)
.. the general solution is z = C.F + PI
= z=h)+d, (v +2x)+ésin(x +2y)—%sin(x—2y)
Type 3:
EXAMPLE 9

Solve (D* —2DD’)z = e + x’y.
Solution.

Given (D*=2DD’)z =e™ +x’y
To find C.F, solve (D> —2DD’)z =0

Auxiliary equationis m*-2m=0 = m(m-2)=0 = m=0,2

. CF=d()+d,(y +2x)

1 1 2x
Pl = — e = — e =t [Here a =2, b= 0]
D*-2DD’ 2°-2-2-0 4
1 3 . D
Pl,=————x"y |Herem=3,n=1,m>nand so, take out D?and write as a series in
D* -2DD’ D
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1 D/ D/Z
ZE(1+23+4F+---)x3y

1 3 2 ’ 3 7. ’2
=—/|xy+—D'(x D’y =1land D =0
Dz( Y+o (y)) [-Dy vy =0]
1 2
ZE(X3Y)+E(X3)
1 2
= fo3y dx +Ej‘x3dx

5 5 6
X X

1 x* 2 x* 11 |
=—x—y+—2x—=)i_[x4dx+——'|‘x4dx=)ix—+—-J‘—dx=—y+x—
D 4 D* 4 4 2D 45 275 20 60
... the general solution is z = C.F + P.I
¥’y x°
= = + +2x)+ —+—
z=¢g()+d,(y+2x) 20 60

Note
L1 . . 3 . . 1, .
1) E(x y) means integration of x”y twice w.r.to x. keeping y constant and Ex means integra-
tion of x° w.r.to x thrice.

(i1) First differentiate and then integrate.

EXAMPLE 10

Solve (D*> + DD’ — 6D"*)z =x’y + >,

Solution.

Given: (D*+DD’—6D"*)z =x’y +e>*

To find the C.F solve (D*+DD’—6D"*)z =0

Aucxiliary equation is m' +m—-6=0 = (m+3)(m-2)=0=>m=-3,2

C.E=f,(y =3x)+£,(» +2x)
1
PI =’
D*+DD’-6D’

Herem=2,n=1,m>n .. take out D?and proceed.

’ ’2 B
P'Ilz 1/ ’2 Xzy =§{l+(DD _611))2 )} xzy
D2|:1+ll))—6D ]

y

DZ
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=Ly -2

_'1)2 Y l) Y

_ 1 2 1 2 ,_D/ 2 .2
—E(X y)_E(x ) [~ D'(x7y)=x"]
= %J‘xzy dx —#J'xzdx

ERYESN R

o\ 37 ) D3

4 5

4 4 4 5
:ijsdx_ijsdx :x.x__lfx_dx w1 X g x
3 3D

34 304 2 125 12 60
3x+y
P.Iz — > 1 > e}x+y — > 1 3x+y — €
D"+ DD’ -6D’ 3 +3.1-6-1 6
.. the general solution is z = C.F + PI
4 5 3x+y
yx" x° e
= = -3x)+ +2x)+———+
z=f0 )+ (v ) 160 6
Type 4: General method
EXAMPLE 11
Solve (D* + 2DD’ + D’*)z =2cosy —xsiny.
Solution.
Given (D*+2DD’+D"*)z =2cosy —xsiny
To find the C.F solve (D*+2DD’+D"*)z=0
Auxiliary equation is m*+2m+1=0=m+1)’=0 = m=-1,-1
CF=f(y —x)+xf,(y —x)
1 1
Pl =———2cosy =——2cosy=2cos ca=0,b=1
VT prr2pp + 07 Y Tow1 Y 4 [ ]
1
Pl,=———————(—xsin
= piiapp D7 »)
-1 .
=————xsiny
(D+D’)Y(D+D")
1
=———— | xsin(c+ x)dx Cy=c—mx=c+x
o D,)I (c+x) [y ]
1 . .
= ————[x(—cos(c+ x))+1(sin(c + x))] [by Bernoulli’s formula]
(D+ D)
1
=————[xcosy —sin replacing ¢
(D+D,)[ y —siny] [replacing c]
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= J[x cos(c+x)—sin(c +x)] dx [Replacing y by ¢ + x]
=[x sin(c +x)—1-(—cos(c+x))+cos(c+x)]

=[xsiny +2cosy] [Replacing ¢ after integration]

... the general solution is z = C.F + P.I

= z=f(y =x)+xf,(y —x)+xsiny +2cosy
EXAMPLE 12
2 2 2
Solveic—i—4%+3§))—i=m.
Solution.
Given (D?—4DD’+3D"*)z =[x +3y
To find the C.F, solve (D> —4DD’+3D"*)z =0
Aucxiliary equation is m*—4m+3=0 = (m-Dm-3)=0=>m=1,3

CF=f(y +x)+f,(y +3x)

PI= ! X +3y ! X +3y

D?—4DD’ +3D" ~(D—D'\D-3D")

= (D—lD')'[ x+3(c=3x)dx [y=c—mx=c—3x]
1 1/2
= (D_D,)j@c—sx)/ dx
~ 1 (30—8)6)3/2 y ., _ ((DC +b)n+1
~(D-D) é(_g) |:_[(ax+b) dx_—(n+1)a ]
2
1 3/2
:_m[3(y+3x)—8x] [vc=y+3x]
1 3/2
__—IZ(D—D')BJH-X]
:—éj[3(c—x)+x]3/2dx [Now y = — x]

1 ’
- —EJ(3C—2x)3 "dx

__1Ge-20" 1 0P s
RRERET B0+ =21 [re=y+x)
2

5/2

1
=—[3y +x
60[y |
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.. the general solution is z = C.F + P.I

= z=f1(y+x)+f2(y+3x)+$(x+3y)5/2

EXAMPLE 13
Solve (4D* —4DD’ + D’*)z =16log,(x +2y).

Solution.
Given (4D* —4DD’ +D"*)z = 16log,(x+2y)

To find the C.F solve (4D*> —4DD’+D"*)z =0

Auxiliary equation is dm* —4m+1=0=>2m-1)’=0 = m=

N | —

1

2)
1 1

CF=f, (y +§x)+xf2 (y +5x)

1 1
PI= l6log (x+2y) = 16log (x+2
4D —apD w7 BT = o G Ol 2Y)

1 1
- — ——log, (x+2))
D—-—-D"|| D-—D’
( 2 )( 2 )

=4.+J'loge x+2 c—%x dx -_.y:c_%x
At

2

=4-;Jloge2c dx

o1

1
=4-————log, 2c-x
D——D’
2

D—lD'
2

X
=4|xl +2lc—=||d
jx oge[x (c 2):| x

2

= 4jxloge 2cdx =4log, 20-%= 2x* log, (x +2y)

=4;xloge(x+2y) [y =c—%=>2c:x+2y:|

.. the general solution is z = C.F + PI

1
= z:fl(y+5xJ+xf2(y+§J+2x2logé,(x+2y)
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Type 5: Exponential shifting

EXAMPLE 14

Solve (D’ —2DD’ + D"*)z =x’y’e**¥.

Solution.

Given (D*=2DD’+D"*)z = x*y’e*™™

To find the C.F solve (D> —=2DD’+D"*)z =0

Auxiliary equation is m’=2m+1=0 = (m-1)’=0=>m=1,1

CF=f(y +x)+xf,(y +x)
1

1
2.2 x+y __ 2.2 x+y
4= 2 ’ ’2 - = "2 !
b= e e (D-py ¢

1
. x+ty 2.2
=e —ny

[D+1-(D"+1)]
[By shifting D - D+1, D" — D’ +1]

xX+y 1
= ooy [Here m=n=2]
. 1
:ex+y D, 2nyZ
23]
D
1 AN
—€X+’VE(1—D) x2y2
1 D’ 3D
=™ —|1+2—+ o x?y?
D2|: D D? ] Y
x+y l 2.2 ’ 2.2 3 72 2.2
=e Exy +—D'(x"y )+ED (x°y?)

2 3
=™ . —|x*yP+=x? 2y +—x22
| 77D T2

7 r 1
= — | x?p 2+ [ 4Py dx +6— [ x2dx
¥y 4y der o |

D2
i , 5, 4x? x®
:ex-f-y._ X + — +6 _dx
e 15

[ 4 x*
=™ . —|xy+=x’y +2—
yiAxy 4}

_ex+yij ¥2 2+i-x3 +£ dx
pI\*T T3
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3 5 4_ .2 5 6
=€X+yJ‘ x_y2+)ix4+x_ dx =e* x_y2+1x_+x_ ="' i+u+x_
3 3 10 12 35 60 12 15 60

.. the general solution is z = C.F + P

= zzfl(y+x)+xf2(y+x)+(%+%+%)e”y

EXAMPLE 15

Solve (D* + D’D’ — DD"* — D"*)z =e" cos2y.

Solution.

Given (D’ +D*D’—DD”* —=D"”)z =" cos2y

To find the C.F solve (D +D*D’~DD"* —=D"*)z =0

Auxiliary equation is m'+m’—m—1=0

= m*(m+1)—(m+1)=0

= (m+)(m° -D)=0 = @m+1)’m-1)=0=>m=-1,-1,1

CF=fi(y —x)+xf,(y —x)+f,(y +x)
PI= ! e’ cos2
° (D3+D2D/_DD/2_D/3) y

1
" (D+D’(D-D")

e’ cos2y

. 1
(D+1+D’)*(D+1-D")

cos2y [By shifting D — D +1,
sincea=1,b=0]
1

=e" — ~ cos2y
(D+D’'+1)"(D-D"+1)
=e*'R.P. 2 e [Here a =0, b = 2i]
(D+D’+1)"(D-D"+1)
! 1 )
=¢"RP.——— ¢ Replace Dby a=0, D’ by b=2i
Qi+ (2i+1) [Rep Y yb=2i]
o 1 i2y [ (1+2i)(1-2i) =1+4]

RP———¢
(1+2i)(1+4)
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1-2i
. e
(1+4)

i2y

e
5

= ;—5 R.P(1—2i)(cos2y +isin2y)

X

= ;—5 R.P[cos2y+2sin2y+i(sin2y—2cos2y)]

x

= P.I =%[cos2y +2sin2y]
.. the general solution is z = C.F + PI

= 2= £,y = X)X (y —X)+1, (v +x)+%(0052y+25in2y)

Note In the evaluation of PI, we have used Real part of e'> similar to the one in ordinary differential
equation, because the usual method is difficult for this problem.

EXAMPLE 16
0’ 9’
Solve == — 22 = ¢* 7 sin(2x + 3y).
ox oy
Solution.
Given (D*=D"*)z =e"” -sin(2x +3y)
To find the C.F solve (D> —=D"*)z =0
Auxiliary equation is m*—1=0=m==1
CF=f(y +x)+/,(y —x)
1 _
PI= m@ij sm(2x +3_)/)
, 1
=e" sin(2x +3 By shifting D — D+1, D" — D’ —1,
(D+1)2_(D/_1)2 ( y) [ y g . )
sincea=1,b=-11ine"7’]
1
=e' sin(2x + 3
D -D7 12D+ D) W)
=" — ! sin(2x +3y) [Replacing D* by —2°, D”*by —3°]
2" —(-3)+2(D+D’)
1
="/ ————sin(2x +3y)
2(D+D")+5
AD+D))-5 .
= —( )—> sin(2x +3y)

4D+D’) =25

_ o [AD+ D)~ Ssin(2x +3y)
4[D*>+D"*+2DD’]-25
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_ s [2(D+D)sin(2x +3y) ~ Ssin(2x +3y)]
4[-2% =3 +2(=6)]- 25

C et [2cos(2x +3y)-2+2-cos(2x +3y)-3—5sin(2x +3y)]
4(-25)-25
x-y

T 125

[10cos(2x +3y)—S5sin(2x +3y)]

e’

=" [2cos(2x + 3y ) —sin(2x +3y)]

... the general solution is z = C.F + P

x=y
= z=f(y +x)+f,(y —x)— 825 [2cos(2x 4+ 3y ) —sin(2x +3y)]
EXERCISE 14.6
Solve the following partial differential equations
1. (D*+5DD’+6D"*)z =0 2. (D*=4DD’+4D"*)z =0
3. (D°+D’D’-DD”>-D")z =0 4. (5D*-12DD’-9D"*)z =0
5. (D*+4DD")z =e* 6 &—5 o’z &—e”v"
' 2=e ooxt oxdy  9y°
7. (D*=2DD’+D"*)z = 8" 8. (9D +6DD’+D"*)z =(e* +e ™)’
9. (D*-3DD"*+2D")z =™ +e* 10. (D’ -7DD”* —6D")z =sin(x +2y)+e>*"
2 2 2 2 2
11. 8_22_ a—ZJraZz:sinx 12. a—zz—a—zzzcos2x~cos3y
ox oxdy dy ox* dy
13. (D*+DD’—6D"*)z = cos(2x +y) 14. (D’+D’D’—DD"”* —D"”)=cos(2x +y)
15. (4D* —4DD’+D"*)z =¥ +sinx 16. (2D*-5DD’+2D’*)z = 5sin(2x +y)
17. (D*=7DD"* —=6D"*)z =cos(x +2y)+4

18.

20.

1
D?*-7DD”? —6D"

|:Hint: PI =R.P

1

Pl =

2 D3_7DD12_6DI3
0’z d’z  dz
ax_2+28x8y+ay2:x2+xy+y2 19.

(D-D")’z =2e"" cos’ (ﬂ) 21.

2

e“**" and use type I:I

4" multiply by x and diff. w.r. to D:l

&+3 o’z +2822 =x+
ox? Toxdy oy’ 7

(D> —D"?)z =e"” -sin(2x +3y)
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22. (D*=DD’=2D"%)z = 2x +3y +&>*¥ 23. (D*+DD’-2D"*)z =y sinx

2 2 2
24, a—Zz—s Iz +6az2
ox doxdy  dy

26. (D*+2DD’+D"*)z =sinh(x +y)+e*™

=ysinx 25. (D*+3DD’+2D"*)z =12xy

ANSWERS TO EXERCISE 14.6
1. z=f(y —2x)+f,(y —3x) 2. z=f(y+2x)+xf,(y +2x)
3 2 =f(+2) (0 —x) Fxfy( —x) 4. z:f](y+3x)+f2(y—3?x)
S. z=f,(¥)+f,(y —4x)+e’ 6. szl(y+2x)+f2(y+3x)+%e”y

7. z= fi(y+x)+xf,(y+x)+ 8
1 1 1 1
8. z= ——x [+x ——x [+—e” +2e" +—e
fl(y 3 ) fz(y 3 ) 36 16

2
9. z=f,(y +x)+xf,(y +X)+£, (¥ —2x)+%ez""y +f6—e”y

10. z =f,(y —x)+f,(y —2x)+f,(» +3x)—%cos(x +2y)+2ioe3“y

11. z =f,(y +x)+xf,(y +x)—sinx 12. z=f(y +x)+f,(» —x)+%cost'cos3y
13. z =f,(y =3x)+f,(» +2x)+§sin(2x +y)+%cos(2x +y)

14, z =f (v +x)+f,(y —x)+xf5(» —x)—%sin(2x +y)

1 1 1 1
15. z = +—x [+x +—x [+—e* ¥ ——sinx
fl(y 2 ) fz(y 2 ) 64 4

16. z =f,(y +2x)+f, (y +%x)—5?xcos(2x+4)

3

17. z=f,(y —=x)+f,(y =2x)+f,(» +3x)+%sin(x +2y)+2%

18. z=f,(y —x)+xf,(»y —x)+i(x4 —2x7y +2x7y?)

3

19. z =f1(y—x)+f2(y_2x)+%x2y_%
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20. 2 =/, +3) 43/, +3)+ %™ cos’ ( ;y)

21, z=fi(y +x)+f,(y —x)+2LSe’“"" [sin(2x +3y)—2cos(2x +3y)]

55 3 1
22. z = +x)+ )+ Xy —
z=fi(y +x)+f,(y —x) e oYY 33

23. z=f,(y +x)+f,(y —2x)—y sinx —cosx
24, z =f|(y +2x)+f,(y +3x)+5cosx —y sinx
25. z=f,(y —x)+f,(y =2x)+2x’y —%x“

xX+2y

26. z =f,(y —x)+xf,(y —x)+%sinh(x +y)+

14.7 NON-HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE
SECOND AND HIGHER ORDER WITH CONSTANT COEFFICIENTS
) 'z 9z dz 0z e

Equations of the type ax_2+ﬁ+ 25—3$+z =e

where all the partial derivatives are not of the same order is called a non-homogeneous linear
equation.

More generally, in the linear equation F(D, D")z = R(x, y) (1)

If F(D, D’) is not homogeneous, then the equation (1) is called a non homogeneous linear partial
differential equation.

As in the case of homogeneous equation, the general solution is z = C.F + P1

To find the C.F, solve F(D,D")z =0

We factorize F(D, D’) into linear factors of the form D —m D’ —c
The solution of (D —m D’ —c)z =01is z =e“f (y + mx)

For(D-m D’ —¢)z=0=Dz-mD’z —cz =0

= p —mq = cz , which is Lagrange’s equation.
- . d. d d
The subsidiary equations are a9 2
1 -m ¢z
= -mx =dy =dy +mdx =0
Integrating, y +mx = a is one solution.
dx d d.
e Tt

1 cz z
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Integrating, logz =cx +logk = log% =cx
= Z_ e’ = Z =k

k e”

z

=f(y+mx) = z=e"f(y+mx)

.. the general solution is —=
o

() If F(D,DYz=(D-mD’—¢(D-m,D"—c,)....D—m, D’ —c, )z
Then CF=e"f|(y + mx)+e™f,(y +m,x)+---+e“'f (y +m, x)

(i) if (D—=m D’ =c)’z=0 then z= e f,(y+mx)+xe” f,(y + mx)
i.e., for repeated factors z = e [f, (¥ +mx) +xf,(y +mx)]

(iii) If both repeated and non repeated factors occur, then a combination of case (i) and case (ii)
is applied.

Note Solutionof (D'—nD—c)z =0isz =e“f(x+ny)

and solution of (D’—nD—c)’z =0is z =e” [f,(x +ny) +3f,(x +ny)]

To find PI, the rules are the same as those for homogeneous linear partial differential equations.

WORKED EXAMPLES
EXAMPLE 1
Solve (D> = DD’ + D’ —1)z = 0.
Solution.
Given (D*-DD’+D’~1)z =0
= [(D*-1)-D'(D-1)]z =0
= (D-1)(D+1-D")z =0
= (D-1)(D-D"+1)z =0
= [D-0D’'—-1][D-D"—(-1)]z =0

Here m, =0, ¢ =1, m,=1 ¢,=-1
.. the general solutionis z = e'f (¥ ) +e~f, (¥ +x)

EXAMPLE 2
Solve (D> +2DD’ + D’> — 2D — 2D’)z =sin(x + 2y).

Solution.

Given (D*+2DD’+D’* —2D —2D’)z = sin(x +2y)

To find the complementary function, solve
(D*+2DD’+D’*-2D -2D")z =0

- [(D+D’) =2(D+D")]z =0
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= (D+DYD+D"-2)z=0
= (D-(-D)D’)YD—-(-1)D"=2)z =0
Here m, =-1, ¢, =0, my=-1, ¢,=2

CE=e"f,(y =) +€"/,(y =x) =/,(y =) +*/,(y =x)
1

PI= sin(x + 2
D 12DD D" —2p _ap ST )
1
= sin(x+2
1P +2(-1-2)+(-2%)-2D-2D’ (x+2y)
1
=—sin(x +2
-9-2D-2D’ ( »)
=.P_—1 i(x+2y)
2D+2D’+9
1 )
=[P—-——— ') Replacing Dby a=i,and D’ by b=2i
2i+2(2)+9 [Replacing D by yb=2i]
—1p—L it
9+6i
(9-6i) ot
=—]P———=[cos(x +2y)+isin(x +2
81+36[ (x +2y) (x+2y)]

= —I.P#Dcos(x +2y)+6sin(x +2y)+i(9sin(x +2y)—6cos(x +2y))]

[9sin(x +2y)—6cos(x +2y)]

_ L
117
= 3L()[Zcos(x +2y)—3sin(x +2y)]
.. the general solution is z = C.F + PI
1
= z=f(y —x)+ef,(» —x)+5[2005(x +2y)—3sin(x +2y)]
EXAMPLE 3
Solve (D> — D> —3D +3D")z =xy + 7.
Solution.
Given (D*-D”*-3D+3D")z =xy +7
To find the C.F, solve (D* —D’>*-=3D+3D")z =0
= (D’ =D =3(D-D")z =0
= (D-D’YD+D’-3)z=0
Here m, =1, ¢, =0, m,=-1, ¢,=3

CF=e"f,(y +x)+e”f,(y —x) =f,(y +x)+ef,(y —x)
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1
PI= xp+7
0 -p-3pr3p T
B 1
(D-D')D+D’'—3)
1

= y ~xy+7)
_3D(1_D )(1_D+D)
D 3

() (252 o
|

3
D’ D" }[ D+D’ (D+D’)' (D+D')
D

(xy +7)

1
" 3D
1
3D

1+

+-- +7
D D 9 27 }(xy )

11 D’ D D’ D* 2DD’ D D’ 3D’D’
=——|—+—=||1+— +—t——+ F——t—|(xy +7)
3lD D 3 3 9 9 9 27 27
:—l i+l 1D 2 %D +1DD +D +D +D +DD (xy +7)
31D 3 3D 9 9 9 D> 3D 9 27
-1 i+l+£+2+lD’+iDD’+D2 (xy+7)
31D 3 3D 9 3 27 D
1 1 4 x
=———x +7)+= x+7+—x+ +-x+—
31D (xy +7) (y ) (x) 3V 3 Tt ]
——ll:J(x +7)dx+—x +—+—J.xdx+l+£+i+i xdx:|
30 3777373 93 27 D

2 2 2
:—l iC—y+7x+ﬂ+z+%-x—+l+—+i+ L
31 2 3 3 32 9 3 27 2

3
=—l Q+7 +—y+7+—+y+ +i+x—
31 2 3 3 3 9 3 27 6

=——|—+——+—+—+-+=+Tx+
31 2 36 3 3 9 27

... the general solution is z= C.F + P

= z=f](y+x)+e3x (v —x)—=

l_xzy xy x° x° x y ﬂ]

EXAMPLE 4
Solve (2D* — DD’ —D’* + 6D + 3D")z = xe’ + ye*.

Solution.
Given (2D —=DD’—D"* +6D+3D’)z = xe’ +ye"
To find the C.F, solve (2D* —DD’~D"* +6D +3D")z =0
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Now 2D*-DD’—-D"*=D*-DD’+D*-D"
=D(D-D’)+(D+D’)D-D")
=(D-D")+(D+D+D")
=(D-D")+(2D+D’)

2D*-DD’ =D +6D+3D"=(D-D"+1)(2D+ D’ +m)
=(D-D’)-2D+D")+1(2D+D")+m(D—-D’)+Im
=2D*~DD’-D"”* +2[+m)D+ ([ —m)D’ +Im
20+m=6
and I-m=3 = 3l=9 = [=3 ~m=0
2D*-DD’-D"*+6D+3D’=(D-D’+3)2D+D’)
(2D* -DD’—D"* +6D +3D")z =0
= (D-D’'+3)2D+D")z =0

= (D —D'—(—3))(D —(—%)D’)z =0

1
Here m, =1,¢, =-3,m, :—E,cz =0

1 1
CF=e7f,(y +x)+e"f, (y —Ex) =e 7, (y +x)+f, (y _Ex)
1
xe
2D*-DD’—=D"*+6D+3D’
1
X
2D —D(D’+1)— (D’ +1)* +6D +3(D’ +1)
[D’— D’ +1]

PI = ‘

1

— )

1
X
2D*—-DD’ =D — (D> +2D’+1)+6D +3D’ +3
1
X
2+5D+D’+2D*-DD’-D"*

_ey

— pY

e’ -

1 1
= 7[1+E(5D+D’+2D'—DD’—D’2)] (x)

y v
pr = |1-2p e =[x =2 )= Lov—s5)e
2| 2 2" 72)

1 X
e
2D2—DD’—D’2+6D+3D’y
N 1
€ 2 ’ ’2 /y
2(D+1) —(D+1)D’ =D +6(D+1)+3D

Pl =
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. 1
"
8+10D+2D’+2D>-DD’ - D’

()

X

-1
= %[1+%(10D+2D’+2D2 —DD'—D’Z)] )

X

e 1
=—|1-—(10D+2D’...
8[ 8( )]y

e’ 1 e’ 1 1
=S -iply=S]y—2|=—(y-De
8[ 4 ]y s[y 4} 3 e

.. the general solution is z = C.F + PI

1 1 1
z=ef\(y +x)+/f, (y —Ex)-FZ(Zx -5)e” +3—2(4y —1)e”

EXERCISE 14.7

Solve the following partial differential equations
1. (D*+DD’+D’ 1)z =e™* 2. (D’ -2DD’-3D)z =¥
3. (D’ =DD’+D’ 1)z =cos(x +2y)+e”
4. (2DD’+D’* =3D")z =3cos(3x —2y)

[Hint: D’(D’+2D -3)z =0, Here n, =0,¢, =0,n, =-2,¢, =3
o CF=f(x)+e”f,(x —2y)]
5. (D*-=DD’+D’—1)z =cos*(x +2y) 6. (D*+2DD’+D’*-2D-2D")z =e**" +4

7. (D+D'—1)(D+2D’=3)z =4+3x +6y

ANSWERS TO EXERCISE 14.7

l. z=efi(y)+e'f,(y —x)—%x”‘ 2. z=f(y)+e’f,(y +2x)—ée”2y
3. z=efi(y)+tef,(y +x)+%sin(x+2y)—xe’v

4. z :fl(x)+e3yf2(x—2y)+%[4cos(3x—2y)+3sin(3x—2y)]
5. z=e*f,(y)+e-xfz(y+x)+%[4sin(2x+4y)+3cos(2x+4y)]—5

6. z=f(y —x)+ef,(y —x)+ée3”y —2x 7. z=ef(y —x)+e’f,(y —2x)+x +2y +6
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Applications of Partial
Differential Equations

20.0 INTRODUCTION

In Chapter-14 we have indicated that partial differential equations arise in the study of fluid mechanics,
heat transfer, electromagnetic theory, quantum mechanics and other areas of physics and engineering.
In fact, the areas of applications of partial differential equations is too large compared to ordinary
differential equations.

The important partial differential equations that will be discussed in this chapter are the following.

1. One-dimensional wave equation

9’ 0’
=t ()
ot ox
2. One-dimensional heat equation
ou ,du
ot = 2
ot ox’ @
3. Steady state two-dimensional heat equation or two dimensional Laplace equation
du &
Zri 20 3)
ox*  dy

Generally, a partial differential equation will have many solutions. For example, the functions
u=x*—)>, u=e-cosy, u=log(x*+)?) are different solutions of (3).

In practical problems we seek to obtain unique solution of a partial differential equation
subject to certain specific conditions called boundary — value conditions. The differential equation with
the boundary - value conditions is called the boundary — value problem. For instance, consider the

2 2
partial differential equation aa.): < c? g—); The solution y(x, f) is unique when obtained under the
t X
.. %) ..
conditions y(x, 0) = x?, a%(x,O) = 5x, called initial conditions and the conditions (0, #) = 0,

w(l, £) =0, called boundary conditions.

The initial conditions and the boundary conditions together are known as boundary — value
conditions. Py Py

The differential equation —— = c’ — with these boundary — value conditions is known as a
boundary — value problem. ot o

Note When conditions are prescribed at the same point, we call them as initial conditions. Here

u(x, 0) = x* and g—u(x, 0) = 5x are initial conditions. When conditions are prescribed at different
t

points, we call them as boundary conditions. Here u(0, #) = 0 and u(/, t) = 0 are boundary conditions.
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20.1 ONEDIMENSIONAL WAVE EQUATION - EQUATION OF VIBRATING STRING

Consider an elastic string which is stretched to a length / and fixed at its ends 4 and B.

Choose the end 4 as origin and 4B as x-axis in the equilibrium position. The line through 4 and
perpendicular to 4B is taken as y-axis.

If the string is deflected from its original position at some instant say, ¢ = 0, and released from rest,
then the string vibrates transversely. That is, it vibrates at righ angles to the equilibrium position in the
xy-plane. Our aim is to find the shape of the string at any instant. i.e., to find the displacement of the
string y(x, ¢) at any point x and at any time # > 0

In order to derive the partial differential
equation satisfied by y(x, £) in the simplest form, Y
we make the following physical assumptions.

(i) The string is homogeneous. i.e., the mass
of the string per unit length is constant. The
string is perfectly elastic and so it does not
offer any resistance to bending.

(i) The tension 7T caused by stretching the
string before fixing it at the ends is so large
that the action of the gravitational force on
the string can be neglected.

(iii) The string performs small transverse A
motions in a vertical plane. That is every dy
particle of the string moves vertically so that the deflection y and the slope = are small in
absolute value, hence their higher powers may be neglected. dx

X X+Ax B X

20.1.1 Derivation of Wave Equation
Consider the forces acting on a small portion PQ of string. Let m be the mass per unit length of the
string.

mass of the string PO is mAx. [ PQ is small, PQ is almost a straight line and so PQ = Ax]

Since the string does not offer resistance to bending, the tension is tangential to the curve of the string
at each point. Let T, T, be the tension at the end points P and Q of the element string PQ. Since
the points of the string move vertically, there is no motion in the horizontal direction. Hence, the
horizontal components of the tension must be constant.

T, cosa =T, cos B =T, aconstant (1)

In the vertical direction we have forces —7 sin & and 7, sin  of T, and 7,
By Newton’s second law, the equation of motion in the vertical direction is

2

mAxa—)z/:T2 sin 3 -7 sin o= T sinf3 — T sina =7 (tan B — tan ) [using (1)]
ot cosB cos
mAx 9’y 1 m 9y
LtanpPp-tanae=——— = —((anpPp-tanw)=—
B T ot Ax( B ) T ot

But tan ¢ and tan B are the slopes of the string at the points x and x + Ax
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dy dy 1 (ay) (ay) m 9y
tana=| - | and tanp=| == o —1Z] -2 2
"o (a) b (axlw Ax[ ox ). o), | 7o’
) ()
hm ax x+Ax a'x Ax :ﬁaz_y = azy :ﬂ&
Ax—0 Ax T atz axz T at2
2 2 2
= 9y Ty —cza—y where ¢ = —

Note
1. This is the partial differential equation giving the transverse vibrations of the string. It is called
the one-dimensional wave equation.
“One dimensional” is due to the fact that the equation involves only one space variable x.
9’ dy .. .
at): =c’ a—J; is involved in the study of transverse
X
vibrations of a string, the longitudinal vibration of rods, electric oscillations in wires, the
torsional oscillations of shafts, oscillation in gases and so on. This equation is the simplest of the
class of equations of the hyperbolic type.
3. The solution y(x, f) of the wave equation represents the deflection or displacement of the string at
any time ¢ > 0 and at any distance x from one end of the string.

2. The one dimensional wave equation

, T Tension
¢t =—

m  mass per unit length of the string

. . T
Since T and m are positive, we denote — by ¢?, rather than c.
m

. L du ,du
4. Some times the equation is written as 57 =c 57
t X

20.1.2 Solution of One-Dimensional Wave Equation by The Method of Separation of
Variables (or The Fourier Method)
2 2
One-dimensional wave equation is 8_)21 =c’ 8_); (1)
ot ox

Since the solution y(x, ¢) is a function of x and ¢, we seek a solution (not identically equal to zero)
of the form y(x, ) = X(x) 7(¢), where X(x) is a function of x only and 7(¢) is a function of  only.

2
Y_x7" and L =xr7
ot ot
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2
Y_xr ad Loxrr
ox ox
) , , X’/ T’/
.. the equation (1) becomes XT"=cX"T = % = r )
c

Since the L.H.S is a function of x alone and R.H.S is a function of ¢ alone and since x and ¢ are
independent variables, the equation (2) is possible if each side is a constant £.

X7 7
X 7
= X =k and ]; =k
cT
= X'=kX and T’ =ke*T
= X' —kX=0 and T -KcT=0 3)

Thus, we get two second order ordinary linear differential equations with constant coefficients.
The solutions of (3) depend upon the nature of £. i.e., k>0 or <0 or 0

Case (i): Ifk>0,let k=N, N#0

Then (3) = X —-NX=0

. auxiliary equationis ~ m?—A*=0 =S m=I\
RS X =A4e™ +Be™

and 77— Nc*T=0

. auxiliary equation is m? — N*c?=0 = m==xAc
. T =Ce™ + De™

.. the solution is Y(x, )= (Ae™ + Be™) (Cer + De™)

where 4, B, C, D are arbitrary constants.

Case (ii): If k<0, let k==NL, A %0

Then (3) = X' +NX=0

. auxiliary equationis ~ m?+ A*=0 =S>m==xIi\
RS X =A cosAx + BsinAx

Also 3) = T"+N*T=0

. auxiliary equation is  m*+ N*¢*=0 = m=2i\c
T=Ccoshct+Dsin\ct

.. the solution is y(x, £) = (A cos Ax + B sin Ax) (C cos N ct + D sin N ct)
where 4, B, C, D are arbitrary constants.

Case (iii): If k1 =0,then 3) = X"=0 and T77=0

= X' =4 and 7'=C

= X=A4Ax+B and T=ct+D

.. the solution is y(x, t)=(Ax + B) (Ct+ D)

where 4, B, C, D are arbitrary constants.
Thus, there are three possible solutions of the wave equation and they are

y=(4e™ +Be™) (Ce™ +De™") 0
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y =(A4 cos Ax + B sin Ax) (C cos Act + D sin Act) (I1)
and y =(Ax+B)(Ct+D) (1)

Proper choice of the solution
Of these three solutions, we have to choose the solution which is consistent with the physical nature of
the problem and the given boundary-value conditions. Since we are dealing with the vibrations of the
elastic string, the displacement y(x, f) of the string at any point x and at any time ¢ > 0 must be periodic
function of x and ¢. Hence, the solution (II) consisting of trigonometric functions, which are periodic
functions, is the suitable solution to the one-dimensional wave equation.

The constants 4, B, C, D are determined by using the boundary-value conditions of the given
problem. So, in problems dealing with vibrating string, we shall assume the solution II,

y(x,t)=(A4 cos Ax + B sin Ax) (C cos Act + D sin'\ct),

where A, B, C, D, N\ are constants, of which only 4 are independent constants to be determined.
Hence, four conditions are required to solve the one dimensional wave equation.
The conditions to be satisfied by the solution y(x, ) of the one-dimensional wave equation are
(1) (0, f)=0and (ii) y(/, ) =0 forall > 0
since the string is fixed at the end points, there is no displacement at the end points.
If the string is pulled up into a curve y = f(x) and released (with or without a force) the conditions

are (iii) y(x, 0) =f(x) and (iv) (g—);) =g(x)or0forallxe [0,/]

The conditions (i) and (ii) are the boundary conditions and the conditions (iii) and (iv) are the
initial conditions.
The four conditions togehter are the boundary value conditions.

WORKED EXAMPLES

TYPE 1. Problems with non-zero initial displacement and zero initial velocity. i.e., the string is
pulled up to the shape y = f(x) and then released from rest. f(x) may be given in

(a) trigonometric form (b) in algebraic form.

TYPE 1(a). Initial displacement y(x, 0) = f(x) is in trigonometric form

EXAMPLE 1

A string is stretched and fastened to two points / apart. Motion is started by displacing the string
in the form y = asinT;—x from which it is released at time # = 0. Show that the displacement of

t
any point at a distance x from one end and at time 7 > 0 is given by y (x, ) =a sin 1';_x cos %

Solution.
2

2
The motion of the string is given by the partial differential equation 2—)2/ =c’ g—};
t X
The solution is

y(x,t)=(A4 cos Ax + B sin Ax) (C cos A ct + D sin Act) (1)
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where 4, B, C, D, N\ are constants to be determined.
The boundary-value conditions are

(1) y(0,f)=0and (ii) y (/, £) = 0 V ¢ 2 0, which are boundary conditions.

(iif) E;—yt(x, 0)=0 and (iv) y(x,0)=f (x)=asin % , 0 < x <1, which are initial conditions.
First we use the conditions with R.H.S =0
Using condition (i), that is, when x =0, y=01in (1), we get,

(A4 cos 0+ B sin 0) (C cos Act + D sin Act) =0

= A (Ccoshct+Dsinkct)=0= A4=0, since Ccoshct+DsinAct#0

[If C cos N ¢t + D sin N ct = 0, then the solution y (x, ) = 0, which is trivial]
.~ (1) becomes y(x, £) = B sin A x(C cos A\ ¢t + D sin A ct)
Using condition (ii), that is, when x =, y = 0, in (2), we get

BsinN(CcosNct+DsinNct)=0

= sinA\/=0, sinceB#0and(CcosAct+Dsinkct)#0
- M=nm=A=""1n=1,2,3, ...
~. (2) becomes y(x,t)=B sin?(C cos m-; <t +D sin%ct) 3)

Differentiating (3) partially w.r.to ¢, we get

al:Bsinnwx —C sin nmel ) | rme +D cos nmet ). ﬂ)
ot / / / / [

Using condition (iii), that is, when ¢ =0, aa—y =0, we get
t

Bsin(?)-(0+DcosO-$):0 = Bsin?-Dnlﬁzo — D=0

y(x, 1) =Bsin(@)-c cos(m;a), n=1,23,...

:BCsin(g)cos(m;a), n=1273,...

Before using the R.H.S non-zero condition, we find the general solution.
The general solution is a linear combination of these solutions.

So, the general solution is ~
v, 0= B, sin(g)cos(@) 4)
n=1

[If BC = k, then the linear combination is

C\k sin(%) . cos(%cr) +C,k sin(zg) . cos(%) +
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If C k=B, then the linear combination is as in (4)]

Using condition (iv). that is, when 7= 0 in (4), we get y(x, 0) = f(x) = asin ("l—x)
y(x,0)= ZBH sin(g)-cos 0
n=1
= asin(%) = an sin(#)
n=1

2
= asin(%)=31 sin(ﬂ;—xJ+B2 sin(%)+--~

Equating the like coefficients, B, =a, B,=0, B,=0,...
Substituting in (4), we get

y(x,t)=B,sin T | cos met + B, sin 2 - oS Yy +
/ / / /

(x t)—asin(ﬂ)-cos(ﬁ—m)

Y X, ] ]

Note In general, a single solution will not satisfy the initial conditions, especially the R.H.S # 0
condition. So we find the general solution for applying condition (iv). R.H.S = 0 conditions are applied
before the general solution.

EXAMPLE 2
A slightly stretched string with fixed ends x = 0 and x = [/ is initially in a position given by

y(x,0) =y, sin’ T;—x If it is released from rest from this position, find the displacement y at

any distance x from one end and at any time .

Solution.
d%y 9%y
The displacement y(x, ¢) of the vibrating string is given by the wave equation 5 =c’ 7
t X
The solution is
y(x, £) = (A cos Ax + B sin Ax) (C cos A ¢t + D sin N ct) (1)

The boundary-value conditions are
(i) »0,H=0  and (i) y(, H =0V £ >0
(i) 3—yt(x, 0)=0 and (iv) y (x, 0) = £ (x) = y, sin’ ('"Z—XJ 0<x </

Using condition (i), that is, when x =0, y =0 in (1), we get

(Acos0+Bsin0)(Ccoshct+Dsinkct)=0
= A(CcosAct+Dsinhct)=0 = A=0, sinceCcosAct+DsinNhct#0
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[For, if C cos N ct+ D sin N ct = 0, then the solution y(x, £) = 0 for all ¢, which is trivial]
. (1) becomes Y(x, £) =B sin Ax(C cos N ct+ D sin N ct) 2)
Using condition (ii), i.e., whenx =1, y = 0, in (2), we get

BsinN(CcosAct+Dsinkct)=0

ButB#0. .. sinA=0 = N =nm = A=$n_123

y(x,t)=B sin(?)(c cos(%‘:t}rl) Sin(m—;a )) 5

Differentiating w. 1. to ¢,

dy ( |: . (m'rct) nc (nﬂct) n'n'c:|
=B T | Deos e
a / / /

_y

Using condition (iii), i.e., when =0, =0, we get

Bsin(@)[O+DcosO~2] 0 = Bsm(m;x)DnlE—O =D=0

y(x,t)= Bsin(#)C'cos(nT;d)
= BCsin(g)-cos(m;ct), n=1273...

.. the general solution is a linear combination of these solutions forn =1, 2, 3, ......

The general solution is y(x,1)= ZBH sin(%) cos( n'r;ct) “)
n=1
Using condition (iv), i.e., when t=0, y=f(x)=y,sin’ 1-;_x

we get ¥, sin ( ) ZB sm( ) cos 0.
= {70[3sin(ﬂ; ) i (3ﬂx):| ZBH sin ( ) [since sin 30 = 3sin @ — 4 sin® @

= sin’ 0 = 3(3 sin @ —sin 30)]

Yo 3 sin(ﬂJ — sin(ﬂ) =B, sin(ﬂ) +B, sin(zﬂ) + B, sin(@) +-..
4 / / / [ /

Equating like coefficients, we get
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4)is y(x,t)=B, sin(%)~cos(ﬂ7a)+ B, sin(—27x)-cos(21;ct)+ B, sin(g’?)-cos(%;a)+
4 / / 4 / [

TYPE 1(b): The initial form of the string y(x, 0) = f(x) is in algebraic form.

EXAMPLE 3

A tightly stretched string of length / has its end fastened at x = 0, x = . At ¢ = 0, the string is in
the form f(x) = kx(I — x) and then released. Find the displacement at any point on the string at
a distance x from one end and at any time 7> 0.

Solution.
The displacement is given by the wave equation
Iy _ 9%
EVE e
o ot ox
The solution is
y(x,t) =(AcosAx+ BsinAx)(Ccos\ ¢t + Dsin\ ct) (1)

The boundary-value conditions are
(1) »(0,5)=0 and (ii)) W, 5)=0V¢=20

(iii) aa_yz(x’ 0)=0 and (iv) y(x, 0) = f(x) = kx(/-x); 0 < x </

Using condition (i), i.e., » =0 when x = 0 in (1), we get

(Acos0+Bsin0)(CcosAct+Dsinkhc)=0 = A=0, since CcosNct+DsinNct#0
.~ (1) becomes y(x, 1) =B sin Ax (C cos A ct+ D sin N\ ct) 2)

Using condition (ii), i.e., y = 0 when x =/ in (3), we get

Bsin N (CcosNct+DsinAct)=0

= sinN\l=0, sinceB#0andCcosAct+DsinNct#0
M=nm = )\=$,n=1,2,3,...
. (2) becomes y(x,t)=Bsin n:rx (C cos m;a + Dsin n'rlrct) 3)

. .. . . t t
Differentiating (3) w.r.to ¢, aa—y =B smm[—C sin m-lrc . mch +Dcos m-lrc . mch]
t

Using condition (iii), i.e., when = 0 and a—); =0, we get

Bsin"“;x[oJrD.”lﬂ]:o = BD%singzo = D=0
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nwct

. (3) becomes y(x,t)=8B sing -Ccos

. nmx nwct
=BC s1nT~ cos

,n=12,3,...

.. the most general solution is the linear combination of these solutions
nwct

y(x,t)zZBn sin@-cos 7 “)
n=1
Using condition (iv), i.e., when t =0, y = kx(/ — x) in (4), we get
kx(l-x)= ZBn singcoso
n=1
= kx(l-x)=3 B, sin(g) 5)
n=1
Since f(x) is given in algebraic form, to find B, we expand
f(x) =kx(I — x), 0 £ x <, as a half-range sine series
Let Jox (I —x) = an sin(n—?x—) (6)
2 ™
where b, =—- J (x)sm( )dx
S /
Compare (5) and (6), we get B, = b,
Now b, =—jkx(1 x)sm( z )dx
_“h 2 . nTx
=7 ‘([(lx X )sm(—l ]dx
nTx . [ nwx nax )| |
2k —Cos e —Ssin e cos e L
=—( N————L ([ -2x) ———L +(2)——
() (=20} 2 (D
l I’ A
2k [ : . 20 '
_ 2k —L(lx—xz)cos(ﬂ}r 21 2(Z—2x)sm(@)— SZ 3cos(@
I nm / nw / nww L),
2k[ -1 I’ 20 2r
== —( lz)cosn’n‘+ (l 21)sin nw — —— cos nw — (0— — cosO):|
L nw '’ n'w
2k 20 2P 2k 2P ., ,
"I lew e ]=7'n3w3 =0 Lcosmm = (1]

bn—‘”‘l[ (1]
n T
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2 2
If n is odd then (—1)"= -1 b, :%(2) =b, :%
n'mw n’T
If n is even then (—1)" =1 ~ob =
kl?
Bn:%, }’121,3,5,...
n'mw
8kI* nTx nct
.. (4) becomes x,t)= sin cos
“ y(x,10) 7;5 R ; ]
8kl* 1 . t
_ 8K 2 1 sin nmx o Ime
T =135, 01 l l
EXAMPLE 4
u ’u
Find the solution of the wave equation FYEl =c’ FYER corresponding to the triangular initial
X
&, 0<x< !
deflection f(x) = 2k ! and the initial velocity is 0.
—({-x), —<x«<l
1 ( ) 2
Solution.
In this problem, the wave equation is given using u(x, ¢) [instead of y(x, 7)]
o’u d’u
.. the solution of wave equation —- = ¢* —— i
q ot’ ox’
u(x, t) = (Acos Ax + B sin Ax)(C cos A ct + D sin N cf) (1)
The boundary-value conditions are
(1) u(0,)=0 and () u(l,)y=0V =20
2kx /
ou T , O<x< E
i) —(x,0)=0 and iv ,0)= =
()at( ) (iv) u(x, 0)=f(x) ok

T(Z—x), é<x <l

Using condition (1), i.e., when x =0, u =0 in (1), we get

(Acos0+Bsin0)(CcosAct+DsinNct)=0
= A(cosNct+DsinNcf)=0 = A=0, since CcosAct+DsinXct)#0
= (1) becomes u(x, t) = B sin Ax (C cos N ct+ D sin \ cf) (2)

Using condition (ii), i.e., when x =/, u = 0 in (2), we get

Bsin N(cosAct+DsinNct)=0
= sin N/ =0, since B#0, CcosNct+Dsin cf) #0

= M=nm = )\=$,n=1,2,3,...

.. (2) becomes u(x,t)=B Sin(?x](G COS(HTZFCTJ_’_D Sin(nr];ct D
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Differentiating (3) w. r. to ¢, we get

a_u — Bsin nwTx _Csin nwct nﬁc +Dco nwct 'n’rrc
ot ) / ) / l

Using condition (iii), i.e., when =0, LS 0, we get

Bsm(nl )[O Dnlﬁ] 0o = BDsm(m;x) n7C=0,n=l,2,3,...

= D=0,

since the other factors are # 0

. (3) becomes u(x,t)=B sin? -Ccos nact ,n=1,2,3, ...

. nmx nrct
= BCsin T cos

,n=1,2,3 ...

.. the most general solution is the linear combination of these solutions.

u(x,t)= ZB,, sin(?)-cos(@)
n=1

Using condition (iv), i.e., when 7 = 0, u(x, 0) = f(x), we get

fx)= ZB Sln( ; )cosO = f)= ZB s1n( TX)

n=1
Since f(x) is given in algebraic form, to find B , we express f(x) as a Fourier sine series.

)

Let f)=30, sin(m;
n=l1

1
where b, :%J‘f(x)sin(g)dx

Now {jf(x)sm( )dx+jf(x)sm( x)dx}

12

12
{ ka'( )d +j—(1 X)sin d
12
nTx n‘n’x
—COS —sm
2 2%k ( I )
= —— X _1
11 nm
I
(l’l"ﬂ' ( nTx
—COS| ——— _Sl T
+ (- ~Df

“

)

(6)
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4k / nTx ’ . (nmx " / nmx . (nmx :
=—1| ———xcos| — |+——sin[ — —|—(—=x)cos| — [+—5—sin| —
/ niw l no / . nw / no / "

~ 4k{ 2 am P

2
sinE—O—[O—(L(l—l/2)cosE+ ! zsinﬂ):|
2 nr 2

=—4——cos—+
? 20w 2 el n’m 2
4k | -1 nw ? onmm PP n P’ . nw
=— S—+——5sin—+——cos—+——sin—
I 1 2nw 2 nm 2 2nwm 2 nw 2
_Ak o L onw
R 2
8 . nw
= b, =——sin—
n'mw
From (5) and (6), we get B =b,
8k .
B, = ——sin"=, n=1,23..
no 2

Substituting in (4), we get

u(x,t)= Z—nfl;z sinﬁzqz-sin(m;x)cos(m-lwt)

n=1

Note We can simplify further.
. L R
If n is even, say n = 2m, then s1n7 =sinmw=0

Ifnisodd, say , n =2m + 1, then sin? =sin(2m +l)§ = sin(%+m1’r)

n—l1

=cosmm=(-1)" =(=1) 2
n—1
sintE = (=1) 2, n=1,3,5,...
2
n—1
2

u(x,t)=8—]§ 2 (_1)2 sin(n7x)-cos(n1;ct)

T y=odd n

8k| . mx mwet 1 . 3mx 3mwet 1 . Smx Swct
= —|sin—-cos— - —sin——-cos——+—sin——-cos———---
/ I 3 / I 5 / /
Type 1 (c): The initial form of the string y(x, 0) = f(x) in algebraic form is to be found from the

given problem

EXAMPLE 5

A string is tightly stretched and its ends are fastened at two points x = 0 and x = /. The mid point
of the string is displaced transversely through a small distance b and the string is released from
rest in that position. Find an expression for the transverse displacement of the string at any time
during the subsequent motion.
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Solution. y |
The tight string AB fixed at x = 0, x =/ is lifted to C and C<—r b>
released from rest. So, the initial position of the string
is ACB.

A:(0,0),B:(Z,O),C:(é,b). b

AC is the line joining 4(0, 0) and C(é, b)

_ (0, 0) D (o) x
. the equation of AC is —— y=0_x-0 I o
h—0 I o’

BC is the line joining B=(,0),C= (L, b)

.. the equation of BC is = = = =

.. the initial position is y (x, 0) =

This is exactly the Example 4 with k=5
Thus, the boundary-value conditions are

(i) ¥0,H=0  and (i) ¥, H=0Y =0

%x ifOSxSl

[\

(iii) E;l(x,O)zo and (iv) y(x,0)= "
g “U=x)if S Lovs<t

9’ 9
The solution of the wave equation — 2~ 222 5 obtained as in Example 4 with b instead of k and

»(x, t) instead of u(x, 7) or’ ox’

8b X mwet 1 . 3mx 3wcet 1 . Swx St
y(x,t)=—|sin—-cos———— sin——-cos +— sin——-cos -
'’ / I3 / [ 5 /
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EXAMPLE 6

A tightly stretched string of length 2/ has its ends fastened at x = 0, x = 2/. The midpoint of
the string is taken to a height b and then released from rest in that position. Find the lateral
displacement of a point of the string at time 7 from the lateral displacement of a point of the
string at time 7 from the instant of release.

Solution.
The string AB is fixed at the ends x = 0 and x = 2/. y
The mid point of the string is lifted to a height » and C(l, b)
then released from rest. So, the initial position of the
string is ACB, where 4 = (0, 0), B= (21, 0), C=(l, )
Equation of AC is y =%x,0$x£l b
Equation of BC is y =0 =2 -2
b-0 [1-2] A B
y _ x-2 (0, 0) D 2,0 x
- b (1.0)
b
= y=7(21—x),ISxS2I

.. the initial position of the string is

%x, 0<x</
y(x,0)=f(x)=
7(2[—x), 1<x <21
2 2
The one dimensional wave equation is aaTZ =c’ 3—);
X

The boundary value conditions are
1) »(0,H)=0 and (i) y2L#H=0V¢=20
(1ii) %—);(x, 0)=0 and (iv) y(x,0)=f(x).0<x<2]

The solution is
y(x, £) = (A cos Ax + B sin Ax)(C cos N ¢t + D sin A ct) (1)

where 4, B, C, D, N\ are constants to be determined.
Using condition (i), i,e., whenx =0, y=0in (1), we get

(Acos0+Bsin0)(Ccoshct+Dsinct)=0
= A(CcosAct+Dsinhct)=0 = A=0 [ CcosAct+Dsinct#0]
Y(x, £)=B sin Ax (C cos N ¢t + D sin \ ct) 2)
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Using condition (ii), i.e., when x =2/, y =0, in (2), we get

BsinN2[(CcosNct+DsinNct)=0
= sin2N/ =0, sinceB#0and CcosNct+DsinAct#0

IN=nm = )\=%;n=1,2,3,...

. [ nTx nwct . [ nwct
y(x,t)—Bsm(z—l)(Ccos( Y )+Dsm( Y D 3)

Differentiating (3) w. r. to ¢, we get

a_y — Bsin nwTx _C Sin(nﬂct) nwe +D cos(n‘n'ct ) nwe
ot 21 21 21 21 21

When ¢ =0, al=0
ot
Bsm—(O D- ﬂ)=0
21 21
N BDmsin nax =0 = D=0,n=1,2,3,...
21 21
. NTX nwct
,t)=Bsin——-C cos
y(x.0) 21 21
nwct

:BCsing-cos forn=1,2,3, ...

are all solutions.
The most general solution is the linear combination of these solutions.

- . [ nmx nct
,t)= ) B sin| — |- cos 4
y<x>§n (2,) (21) “
Using condition (iv), i.e., when = 0, y(x, 0) = f(x), we get

N,
fx)= ZB s1n( 2l )cosO ZB sm( 2l ) 0<x<2] (5)

n=1

Since f(x) is given in algebraic form., to find B , we express f(x) as a Fourier half-range sine series in
(0, L) where L =2/

fx)=2b, sin(’“”) =5, sm(@) ©
n=1 L n=l1 21
27 nTx 2% X
where b, = Z_([f(x) sin(T) dx = E'([f(x) sin(j) dx
Comparing (5) and (6) we find B =b ,Vn=1,2,3, ...

21
and b, = ;'([f(x)sin(%) dx
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21 47 0
21
nwx nwx
—COS(zl) —Sm 2] )
+| (2l -x) (G2))] N
2 47

!

=21 (nﬁx) 4P (n'n'x) 1
——X-cos +——5sin
nw 21 n- 21 N
21 472 )
+ —(2[—x)cos(nﬂx)— - sin(nﬁxJ
n 21 n-a 20/,
277 nwl 4 (nwl
cos| — |+ —5—sin[ ——|-0
nw 21 n-ar 21

47 . (nw =21 nwl 4rr . (nwl
+|0———sin| —2/ |-| —/cos| — |- ——sin| —
nw 21 nw 21 n 21

b |2 nm 4° . nm 4 28 w4 nm
=— CoS——+— 5 Sin—————sinam+—cos—+——sin——
I" | nm 2 nm 2 nmw n 2 nmw
b)) 8 . nm 8 . nm
:l—z{nzﬂzmn?}:n2ﬁ2s1n7,n=l,2,3,...
n-1
But we know that sin%:Oifnis even and sinE:(—l) 2 ifnisodd
8h =,
bn :ﬁ(—l) 2 1fn=l,3,5,...
noa
8h =.
Bn=ﬁ(_1)2 1fn=1,3,5,...
n

yan= Y 8b2(—1>"21sin(%)-cos(m)

2
n=1,3,5.. 10 T 21

n—1

8b (-n2 . (m-rx nact
=— ——sin| —— |-cos
n=1,3,5,... I 21 21
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EXAMPLE 7

The points of trisection of a tightly stretched string of length / with fixed ends are pulled aside
through a distance d on opposite sides of the position of equilibrium and the string is released
from rest. Obtain the displacement of the string at any subsequent time and show that the
midpoint of the string always remains at rest.

Solution.
Let OA4 be the stretched string of length / fixed at y
the ends x =0 and x = /.
The points of trisection B and C of the string b ?’ b)
are pulled to a distance d in opposite directions |
d|
and released from rest. So, the initial position of i
o | c (L0
the string is ODEA. (0, 0) B | A x
Where 0(0, 0), D(é, d), E(%,—d), A(l,0). 1d
Equation of the line OD is E
21
yzix :ﬁx,OSxSL E<§,—d>
I 3
3 /
-d *7z
Equation of DE is i}d——d = ] _3£
3 3
ol
y=d 3 d
—= —-d=—-——03x-1
= o T = y (Bx=1)
3
6d 3d l /
= y=——x43d =—({-2x);-<x<—
/ / 3 3
. 21
Y -2
Equation of EA4 is y+d _ 3 y+d=M
O+d ,_ 21 l
3
2
= y:ﬁx—Zd—dz%(x—l), —leSl
/ / 3
.. the initial shape of the string is y(x, 0) = f(x)
ﬁx, 0<x< £
/ 3
3d / 2]
and =q—(-2x), —< =
S (x) ] (I=2x) 35%%3
ﬁ(x—l), 2<)c <l
L !/ 3




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

2

d’y
_ 2
. ox?

One-dimensional wave equation is

The boundary value conditions are

(i) 90,1 =0 and (i) y(,H=0V 20

(ii1) aa—);(x,O):O and (iv) y(x, 0)=f(x).0<sx <]

The solution is
y (x, £) = (A4 cos Ax + B sin Ax)(C cos A ¢t + D sin N\ ct) (1)

Using condition (i), i.e., when x =0, y =0 in (1), we get
(Acos 0+ Bsin0)(Ccoshct+DsinAct)=0
= A(CcosAct+Dsinhc)=0 = A=0, since CcosAct+DsinNct#0
Y(x, £)=B sin Ax (C cos N ct + D sin \ cf) 2)
Using condition (ii), i.e., whenx =/, y =0, in (2), we get

BsinNI(Ccoshct+Dsinct)=0
= sin A =0, [“B#0,CcosNct+Dsin N ct#0]

N=ni = )\=$,n=1,2,3,...

y(x,0)=B Sin(g)[C cos($)+D sin(%dﬂ 3)

Differentiating w. r. to ¢ partially, we get

a_y — Bsin nTx _Csin nwct .n*n'c + D cos nwct 'n*n'c
ot [ / ) /

Using condition (iii), i.e., then r = 0, m =0.

Bsin(@)[0+D-nZ£:|=O

- BDSin(%)'nzﬂzo = D=0 [:-B;:o, sin”“l”;eo]

y(x,t)=Bsin(?)-Ccos(m;a), n=1,2,3, ...

nwTx nwct
- COS

y(x,t)=BCsin forn=1,2,3, ...

.. the general solution is the linear combination of these solutions.

nwct

yx,0)=Y B, sin?cos (4)

n=l1



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Using condition (iv), i.e., when =0, y = f(x), we get

fx)= ZB sm( ; )cosO —ZB sin 1;-x )

n=1

Since f(x) is given in algebraic form., to find B , we express f(x) as a Fourier sine series in 0 <x </

f(x)= 3 b,sin "= (6)
n=1
2 nTx
where b, == f(x)sin == dx
I I
Comparing (5) and (6), we find =b,Vn=1,2,3,.

Now, {’ff(x)sm( )dx+2]/3f(x)sm( )dx+ Jf(x)51n( / )d }

1/3 2113

1/3 21/3
== 3dxsin T o+ J ﬁ(l—2x)sin P
/ / / / /

0 1/3

1
+J‘ ﬁ(x—l)sin(nﬂx)dx
21/3 l l

1/3

nx . [ nmx
—cos —sin| ——
2 3d ( l ) ( / )
[ nw n’m’
/ 12 X
r q21/3
naTx . [ nmx
—cos( ] ) —sm(l)
+|(I-2x) (2| ——7
nmw noar
L l 12 d1/3
(nwx) .(nﬂx) ’
—COS T —Sin
+|(x =1 -1
=D o
l 12 21/3 J
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[—l / (n’n' l) . (Wn’ l) ]
——-cos| —— |+——
nw 3 I 3
[ l ( 41) (;m 21) 20 (n 21)}
—|—|{——[cos| — — [+ sin| —-—
nw 3 I 3 noa /I 3
( 21) (Wn' l) 28 (nﬁ 1)}
l——|-cos| — = |+——sin| — =
3 [l 3) nmw I 3
_ 2
+ 0—{—l(z—l—l)cos(ﬂ-£)+2%sin(ﬂ~2)}
nmw\ 3 [ 3 naw I 3

6d| 3% . (nm 37
= 12 —2 = sin T — e sin
18d | . (nw . [ 2naT
= 2—172 s T —Sin T
n
18d { n ( I’l‘ﬂ')}
=——\sin— —sin| nw——
nw 3 3

18d { . ona ( ) nw . nﬂ']}
= sin— —| sinnar - cos— —cosnar - sin—
3 3 3

2_2
n T

_18d

)
nm’

18d

nw nw
sin— + cos n7T - sin —
3 3

= —

Ifnisodd, (-1y'=-1. b =0

n

. 1 .
Ifniseven, (-1)"=1 .. b, zzidzﬂsmﬂ, n=2,4,06,...
n°a 3
36d
= "= s1nﬂ, n=2,4,0,...
noa 3
36d .
Bn:ﬁsmﬂ, n=2,4,0,...
n 3
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36d . nw . (nmx nwct
s t — —_— .
y(x,t) 2 N sin 3 sm( ] ) cos( ; )

n=2,4,6,...

36d 1 . nmw . (nmx nct
= > z —ZSIHTSIH T COS l

T u=2,46,..1

This is the displacement of the string at any time ¢.

/
Mid point of the string is x = 3
/ . L /
When x = > the displacement is given by y (E, l).

.nmx . nw . nw
But, then sin—— =sin—-— =sin—
/ [l 2 2

. . . nTw
Since 7 is even, say n = 2m, smT =sinmmw =0

y(x, ) =0, when x = é and for any 7.

So, the midpoint of the string is not displaced at all.
That is the mid point is at rest.

Type 2. Zero initial displacement and non-zero initial velocity.
That is the string in equilibrium position is set vibrating with an initial velocity

9
%(x, 0) = g(x), g(x) may be in trigonometric form or in algebraic form.

WORKED EXAMPLES

=N\
Type 2(a): Initial velocity E)—J;(x’ 0) = g(x) isin trigonometric form

EXAMPLE 1
A tightly stretched string with fixed end points x = 0 and x = 50 is initially at rest in its
27x
50

X
equilibrium position. If it is set to vibrate by giving each point a velocity v sin’:-—0 - €OoS ,

then find the displacement of any point of the string at any subsequent time.

Solution.

The displacement y(x, #) is given by the equation
I’y _ 9%
22—
ot’ ox’

The boundary value conditions are
(1) »0,9=0 and (i) ¥(50,)=0V =0
(ii1) y(x, 0) =0, since there is no initial displacement

. . 3
and  (iv) ?)_};(x’ 0)=v, sm%-cos% 0<x<50
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The solution is

y(x, £) = (A cos Ax + B sin Ax)(C cos N ¢t + D sin A ct) (1)
Using condition (i), i.e., when x =0, y =0 in (1), we get

(AcosO0+Bsin0)(CcosAhct+DsinNct)=0
= A(Ccoshct+Dsinhct)=0 = A=0, since A(Ccos N ct+Dsinct)#0

Y(x, 1) = B sin Ax(C cos N ct+ D sin N cf) )

Using condition (ii), i.e., when x = 50, y = 0, in (2), we get
B sin SOAM(CcosAct+DsinNct)=0
sin 5S0N=0, sinceB#0andCcosAct+DsinNct#0

SON=nm = A="Z n=123,...
50

. . t
y(x,t)=Bsin nnr (C cos et +Dsin =S ) 3)
50 50 50

Using condition (iii), i.e., when t =0, y = 0, in (3), we get

Bsinﬂ(Ccoso+0)= 0 = BCsinE{= 0
50 50

= C=0 since B # 0; sinm:)x #0
nwx nwct
x,t)=Bsin -Dsin
yh 50 50

= BDsin nmy sin net X
50 50

.. the general solution is a linear combination of these solutions.

n=1,2,3,...

- . nmx . nwct
x,t)= ) B sin -sin 4
y(x,t) 221, PS5 %0 “4)
Differentiating w.r.to ¢, » = an sin TTX o5 ML 1TC
o = 50 50 50
. . d 2
Using condition (iv), i.e., when 1 =0, 2 _ Vv, sin— cosﬂ
ot 50 50
v, sin— coszﬂ—iB sin cos0 rme
0 50 &~ 50
= V—O[sin —31“ —sin ﬂ] = Z B e sin sl
2 50 50 — 50 50
v, . 3m 0 . TX Tc X 2mc 27X 3me 3mx
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Equating like coefficients, we get

25
TCp=-" = B =-""t B=0,
50 2 T
25
33'322‘)_0 = B;= VO’ ,=0, B;=0
50 2 3arc
. . .2 .2 . .
y(x,t):Blsmﬂ'smﬂ—ct+stmﬂ-sm ﬁCt+B3 n3ﬂ~smm+~
50 0 50 50 50
0 . WX et 25v, . 3mx 3t
= y(x,t)=- sin n
c 5 50  3mec 50 50
25v0|: . ct . 3mx . 3wct:|
= —3sin——-sin——+sin——-sin
3arc 50 50 50

Type 2(b): Initial velocity ?)—J;(x, 0) = g(x) is in algebraic form

EXAMPLE 2

A tightly stretched string with end points x = 0 and x = /[ is initially at rest in its
equilibrium position. It is set vibrating giving each point a velocity Ax(/ —x), then show that

3
Py, ) = 8)\14 Z L . nmx sin ntat .
am

Solution. PE PE
The displacement y(x, 7) is given by the one-dimensional wave equation a—); =a a—);
t X

[ a is in the answer instead of c]
The boundary value conditions are
(1) »0,)=0 and (ii) (,)=0V =20
(ii1) y(x, 0) = 0, since there is no initial displacement

and (iv) %—);(x, 0)=gx)=Ax(/—-x),0<x<!
The solution is

Y(x, ) = (4 cos Ax + B sin Ax)(C cos N at + D sin A at) (1)
Using condition (i), i.e., when x =0, y =0 in (1), we get

(Acos0+Bsin0)(CcosNat+DsinNat)=0
= A(CcosAat+DsinAat)=0 = A4=0 since Ccoshat+DsinNat#0

y(x, £) = B sin Ax (C cos N at + D sin N\ at) (2)
Using condition (ii), i.e., when x =/, y = 0, in (2), we get

BsinN (Ccoshat+Dsinkat)=0
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= sin A/ =0, since B0, Ccoshat+DsinNat#0

M=nm = Az%,nzl,Z,&...

y(x, )= Bsin ”“;” (c cos ’“;“’ +Dsin ’”;“t) 3)

Using condition (iii), i.e., when £ =0, y = 0 in (3), we get

. NTX
B sin

; (Ccos0+D-0)=0 = BCsin$=0 = (C=0, since B # 0; sin 2% % ()
. . t
y(x,t)=Bsin T psin 24
= BDsin nmx -sin n'r;at, n=1,2,3, ...
.. the general solution is the linear combination of these solutions.
- . . t
y(x,t):ZBn smgsmg 4)
n=l1
. . 9 = . t
Differentiating w. r. to ¢, & an sif ZTY | cog LT 1TTA
o = / l I
. e dy
Using condition (iv), i.e., when t =0, o =gx)=NA(-x).
A(l—x)= ZBn sin -cosO-@
n=1
- )\x(l—x)zZBn#-sing (5)
n=1
Since the initial velocity is in algebraic form, to find B , express g(x) = Ax(/ — x) as
a Fourier sine series in 0 < x</
g)=Ae(l-x)=3b, sing (6)
n=1
2 nTx
where b, = 7_[g(x)sin ] dx
0

Comparing (5) and (6), we see B, g =b,n=1,2,..

1
Now b, = %J.)\(lx —xz)sin(gj dx
0



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

[ naTx . [ nmx nax l
o —COS(I) —Sln(l) COS l)
ZT (IX—XZ)' T —(1—2)6) T +(—2) T
l I? r 0
ZA r 2 3 7
=— —(lx X )cos(nﬁx) ! ——(/=2x)sin (nﬁx)—Z%cos(ﬂJ
[ | nm / n’a / nm / )
[, » & 28
=—|0+——(-2])sinnm—2——cosnm— (0—?0050)]
1| n'm ' nw
N[ 2P 2P } 2n 2r 4N
=—|—-——cosnm+—— ——[l-cosnw]=——[1-(=-1"
1L we’ ' l n3'n'3[ ] n3*n'3[ =]
Ifniseven, (1) =1 b =0
2 2
If nisodd, (-1y'=-1 b, 43\13( )—81:13, =1,3,5, ...
2
B, MTA_ BN s
/ n
3
= B, = 84)\[4 , n=13,5,...
n'wa

Substituting in (4), we get

3
y(x,t)= Z 84)\[4 sin(n7x)~sin(m;at)

n=1,3,5,.. 1 T a
8AI? 1 . (nmx) . (nwat
=— 2 —sin| — |-sin
Wa,ss.. 1" ) )
EXAMPLE 3

A string is stretched between two fixed points at a distance 2/ apart and the points of the string

% in0<x<l/

are given initial velocities v = x being the distance from an end point.
c .
7(21—x) inl <x<2l

Find the displacement of the string.

Solution. pe pe
The displacement y(x, ¢) is given by the one-dimensional wave equation 5, )2} =d a—):
X
[. ¢ is used in the hypothesis, we are taking a in the P.D equation]
The boundary value conditions are

(1) »(0,H)=0 and (i) y2L1)=0Vt=0
(iii) y(x, 0) =0V x € (0, 2/), since there is no initial displacement

and (iv) %(x,O)zv,OSxSZl
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The solution of the PD.E is
y(x, £) = (4 cos Ax + B sin Ax)(C cos N\ at + D sin \ at) (1)
where 4, B, C, D, \ are constants to be determined.
Using condition (i), i.e., when x =0, y =0 in (1), we get
(A cos 0+ Bsin0)(CcosNat+Dsinat)=0
= A(CcosAat+DsinAaf)=0 = A=0, sinceCcosAat+DsinAat#0
: y(x, £) = B sin Ax (C cos N at + D sin N\ af) (2)
Using condition (ii), i.e., when x = 2/, y = 0, we get
Bsin2N (CcosNat+DsinNat)=0
= sin 2N/ =0, since B#0,Ccoshat+DsinNat#0

N=nmw = xz%, n=1,2,8"%

. | nTx nwat . [ nwat
y(x,t)—Bsm(z—lJ(Ccos(z—l}LDsm( 2l D 3)

Using condition (iii), i.e., when £ =0, y = 0 in (3), we get

n;'rlx (Ccos0+Dsin0)=0 = BCsin%: 0

= C=0 ['.'BiO;sin%iO]

B sin

2
= BDsin| ™ | sin[ T n=1.2.3, .
21 2

.. the general solution is the linear combination of these solutions.

- nwx nwat
,t)= ) B sin| — |[-si 4
y(x,t) nz:} nsm( 2l )sm( 2l ) “4)

Differentiating w. 1. to ¢,

Iy < . [ nmx nwat | nwa
—= ) B sin - COS .
Py z; " ( 2 ) ( 2 ) 2

Using condition (iv), i.e., when t =0, — =v.

v= 3,2 )i 2 B
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Since v is the given algebraic form
% if0<x<l
c .
7(2[—x) if l<x<2l

to find B, we express v as a Fourier sine series in (0, L), where L = 2.

- . [ nmx 27 . [ nwmx
v = ;bn sm(T), where b, = z}[f(x)sm(T) dx

= V= an sin(m) (6)
n=1 2]
where b = gfff(x)sin nmx dx
"2l 21

Comparing (5) and (6), we get B _la =b, n=1,23,...

If(x)sm dx +Jf(x)s1n( )dx}

i ( )d +j - x)sm( ZIx)dx}

!

Now —{
b, 21

I

0

21 ),

=2/ nwx ar . (nwmx 1
——-X-COoS + sin
21 n’w’ 21 )

2 AP T
2L (21— xycos| P |+ AL gin 2T
20 ) w2l

n

27 nw-l\ 41 . (nml\ ]
-COoS +——sin| —- -0

21 n°a 2/ ]

4]* n 202 nm 417 . (nmwl
—| 0+ ——sin{ —-2/ —cos A [+ ——sin| —
21 20 nom 21

nw
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¢ |=2r nw 47 nm 217 nw 417 . nw
:l_2 c0OS— +———sin—+—cos—+ sin—

nw 2 P 2  nw 2 nial
p oo C { 81> . n'n'} 8& . nmw
- =—{——sin— = ——sin—
" nta? 2 n’w’ 2

n-1

If n is even, then sin? =0 and if n is odd, then sin% =(-1)2

n-1

b, = 7 2( 2, n=135,..

nwa 8c -l
B —=——(-1)?
"2l }’1211'2( )
n-1
1 NER
= g, =10CD? 55
n'wa

Substituting in (4), we get

n-l

16lc( 1) 2 nmx ) . ( nwat
y(x,t)= sin -sin
pias . nma 2/ 21
n—l1
16/c (-)2 . nmx . nwat
=— ——sin -sin
aw ,-13s,.. N 21 21

EXAMPLE 4

If a string of length / is initially at rest in its equilibrium position and each of its points is given

cx for0<x < é
a velocity v such that v =

c(l —x) for%<x£l

Determine the displacement y(x, 7) at any time ¢.
Show that the displacement is given by
4c| . mx _ mat 1 . 3mx . 3mat
y(x,t) =——|sin—-s sin——+---|.
Ta

S
Solution.
The displacement y(x, #) is given by the one-dimensional wave equation

Iy _ . 9%
EvEal e
ot dx
[a is used here, since c is in the hypothesis]
The boundary value conditions are

(1) »0,9=0 and )y, )=0V =0
(1) y(x, 0)=0V x € (0, /), since there is no initial displacement
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and (iv) %(x,O)zv 0<x<!

Solution is
y(x, £) = (4 cos Ax + B sin Ax)(C cos N\ at + D sin \ at) (1)

where A, B, C, D, \ are constants to be determined.
Using condition (i), i.e., when x =0, y = 0 in (1), we get

(Acos0+Bsin0)(CcosNat+DsinNat)=0
= A(CcosNat+DsinAaf)=0 = A=0, sinceCcosAat+DsinNat#0
y(x, )= B sin Ax (C cos N at + D sin \ at) (2)

Using condition (ii), i.e., when x =/, y = 0 in (2), we get

Bsin N (CcosNat+ DsinNat)=0
= sin A/ =0, since B#0,CcosNat+DsinNat#0

M=nm = )\=$,n=1,2,3,...

y(x,1)=Bsin ’“l” (c 9, \ ”TZ"” +Dsin ’“;‘”) 3)
Using condition (iii), i.e., when £ =0, y = 0 in (3), we get
Bsin(@)(CcosO+DsinO) =0

nTx

C=0 = C=0 sinceBsinnﬁx;tO

yix, )= Bsin(g),Dsin(nﬁat)

= B sin

)

:BDsin(gJ-sin(nT;at), n=1,2,3,...

.. the general solution is the linear combination of these solutions.
So the general solution is

v, 0)=Y B, sin(g)-sin(m;m) @)
n=l
Differentiating (4) w. 1. to ¢, 5
@D _ ZBn sin nwx . cos nwwat _nwa
ot = / / /
. e dy
Using condition (iv), i.e., when =0, m =v.

V= an sin(g)-coso‘g
v=Y8, -—”7“.sin(—”";xj (5)
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cx, 0<xS£
. _ 2
Since v = /
l-x), —<x<lI
c(l—x) 2 X

is the given algebraic form, to find B , we express v as a Fourier sine series.

Let v = Zb sin 208 (6)

where b, =

n=1,2,3, ...

no

Now b, = {]j}f(x)sm( )dx+_|.f(x)sm( ; )dx}

1/2

Comparing (5) and (6), we have B, nlﬂ =b

2 1/2 ) 1 ]
=— chsmnﬂx dx+_’.c(l—x)s1nnﬂx dx
l 0 l 1/2 l
_ 1/2 ]
nTx . nTX naTx nTTx
2c —COS T —Sin —COS T —sin——
=T x pyn 1 e +H ([ -x)| ————|-(-])-
[ /? ) l I 12
_ ) 1/2
2c / nTx l . nmx
=—13|—-—x-cos +-——sin
/ nw / noar )

/ nax ro. nn’xl
—|—({ —x)cos +——sin
n

2¢ 2 nw 2 nw 2 ? (s
=—1- cos—+ Cos ——+——sin—+——sin—
/ 2nmw 2 n 2 L 2 n'm 2
2¢ 217 nw 4cd . nw
= —— Sin— = ——-sin
I n'm 2 nmw 2
4cl = . .
b, =——(-1)2, n=1,3,5, ... |:Ifn is even sin — = 0
n 2
n-1
ma - and n is odd, sin = = (~1) 2 }
B 2 2( 1) 2 2
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20_1) 2
= B =2 CD" 13
an’w
Substituting in (4),
4cl’ e . t
y(x,0)= %(_1) > sin| 2= |-sin n'rra)
n=l.3,5,. AN ) /

2 1) 2
_ 4cl3 Z ( 13 sin(nﬂx)_sin(n’nat)
aw ,_3s.. N / /

4el*| . (mx) . (wat 1 . (3mx) . ( 3mat
=—|sin| — |-sin| — |=—sin| —— |'sin
amw / [ 3 / /
1

EXAMPLE 5
A uniform string of length / is struck in such a way that an initial velocity v is imparted to the

l 3/
position of the string between 1 and R while the string is in its equilibrium position. Find the

displacement of the string at any time.

Solution.
The string of length / is fixed at the ends x = 0 and x = /. The part BC of the string OA is given a con-
stant velocity v, and so the string vibrates. The displacement y(x, #) at any time is given by
Iy _ .0
Ty =C T
ot ox
The boundary value conditions are
1) y(0,H=0 and (i) y(,H=0V 20
(ii1) »(x, 0) =0, since the string is in equilibrium position and so initially there is no displacement.

0, if0<xS£
4
. o 3/
(IV) (—;_);(xao):g(x): Vo lexSZ
0 ifﬂ<xSl

4

The solution is y(x, £) = (4 cos Ax + B sin Ax)(C cos N\ ¢t + D sin \ ct).
Proceeding as in the earlier problems, using conditions (i), (ii), (iii) we get the general solution

o Zo 7l )
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Differentiating w. r. to ¢, partially we get

Iy . [ nax nwct | nwc
—= ) B sin - COS .
TP ( I ) ( I ) !

n=1

Using condition (iv), i.e., B_y = g(x) when =0, we get

ot
g(x)=YB, sin(%)-cos&(nlﬁ)
n=1
= glx)= ZBn (nlﬁ)sin (?] )
n=1
[ !
0, if0<x<—
4
/ 3/
Si = if —x <—
ince g(x)=4qv, 1 4x 2
0 if2<xsl
4

is the given algebraic form, to find B , we express g(x) as a Fourier sine series in 0 <x < /.

Then gx)=Yb, sin(?) 3)
n=l1
2 nTx
where b, = —jg(x)sin(—) dx
Iy /
Comparing (2) and (3), we find B, ”lﬂ =b,
31/4 N
Now b, = 7{ I Vo sin(T) dx}, since g(x) = 0 otherwise
1/4
31/4
_cos|
_ v, ( l )
o nm
/
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2v, nwoo. . N nw
=———| cos nmw- oS — +sin nr - sin— — cos —
nww 4 4 4
2y nw n
==L (-1)" -cos— —cos—
nw 4 4

2v ; n
b, = n—ﬂo[l—(—l) ]cosT

Ifniseven, (-1)'=1 .. b =0
2 4
Ifnisodd (-1y=—-1 - b ==2.2.cos2%=""0cos™™ =1,3,5, ...
n 4 nw 4
4 4]
"-ﬂ=ﬁcosE = Bn=2—v;’cosﬂ,n=l,3,5,...
/ nw 4 nmc

.. the displacement at any time is

41
y(x, )= Z nzzé’ccos%-sin(g)-sin(m;—d)

n=l1,3,5,...
4l 1 nw . (nmx) . (nwct
=— — €os —-sinf —— |-sin| ——
’ Zn2 4 ( ! ) ( ! )

EXERCISE 20.1

1. A string is stretched and the ends are fixed at the points x = 0 and x = /. The string is initially dis-
. [ 3 2 . .
placed to the form y =2 sm(—%) : cos(%) and then released. Find the displacement y(x, ).

2. A tightly stretched string with fixed ends x = 0 and x = [/ is initially in the position

. 2 d . . .
yv=k l:smﬂ;—x— sin %} If 1t is released from rest, find the displacement at any time ¢ and at

any distance x from one end.
2

Iy _ 9
ot’ ox’

3. Solve the boundary-values problem

subject to the conditions

W0, =0,y(5,H =0,y 0)=0and Z—);(x, 0) = 3sin 27wx — 2sin S7x.

4. A string is stretched and the end are fixed at the points x = 0 and x = [. Motion is started by
. . L . (2 (3 .
displacing the string in the form of the curve y =2 sm(%) +3 s1n(%) and then releasing it
from rest in this position. Find the displacement y(x, f) at any time ¢.

5. A tightly stretched string with fixed end points x = 0 and x =/ is initially displaced in a sinusoidal
arc of height y, and then released from rest. Find the displacement y at any distance x from one
end and at time ¢.

|:Hint: Sinusoidal arc of height y, isy =y, sin %]
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10.

11.

12.

13.

. A tightly stretched string has its ends fixed at x = 0 and x = /. Initially the string is in the form

y = kx*(l — x), where k is a constant, and then released from rest. Find the displacement at any
point x and any time ¢ > 0.

. A uniform string with ends fixed at x = 0 and x =/ is lifted to a small height d at the point x = b

and released from rest. Find the transverse displacement of any point of the string at any time.

. A string is stretched and fixed at the points x = 0 and x = 60 and the point of the string are given

initial velocity

k—x if 0 <x <30

A V—

k
—(60—-x) if30<x <60
30

where x is the distance from the end x = 0. Find the displacement of the string any time z.

A tightly stretched string with fixed end points x = 0, x = / is initially at rest in its equilibrium
position. If it is set vibrating giving each point a velocity 3x(/ — x), find the displacement.

A taut string of length 20 cm fastened at both ends, is displaced from its position of equilibrium,

b in0<x<10
20—x in10<x <20
x being the distance from one end. Determine the displacement at any subsequent time.

by imparting to each of its points an initial velocity given by v ={

An elastic string is stretched between two fixed points at a distance v apart. In its initial

position the string is in the shape of the curve f(x) = k(sin x — sin® x). Obtain y(x, f), the vertical

. . . .9 o’

displacement if y satisfies the equation a;; = 3 J: .
X
. . . I . .
A taut string of length [ has its ends x = 0, x = [ fixed. The point x = 3 is drawn aside a small
2’y 'y
distance 4, the displacement y(x, ) satisfies _8 = a _8 > . Determine y(x, £) at any time .
t X

A tightly stretched string of length / with fixed ends is initially in equilibrium position. It is set

vibrating by giving each point a velocity v ,sin’ T | Find the displacement (x, ).
Y Vo / Y Y

ANSWERS TO EXERCISE 20.1

. [ mx Tct . [ Smx Swict
. Y(x,t)=sin e -COoS e +sin e -CoS 7
. [ mx Tct . [ 2mx 27t
. y(x,t)=k|sin 7 -Ccos 7 —sin 5 -Ccos 7

1 . . . .
. y(x, )= 5—[15s1n (27x) - sin (47wt) —sin S7ix - smlOm]
0
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4. y(x,t)=2sin Z?X -Ccos 21;Ct +3sin 31;'x -Ccos 37;Ct

. t
5. y(x, )=y, smﬂ;—xcos%

6. y(x,t)=- 32[“2( 2 ] MY oMY

n=1 l l
2d1* . nﬁx nict
7. — cos
Y= b); ! ;
n-1
480k (-)?* . nmx . nmct
8. x,t)= sin -sin
yED=""5 1325 ” 60 60
247 1 .
9. y(x,t)= ! z —smgsmm

CT =135 1

0. y(x,t)—1600|: wx . wet 1 . 3mx . 31'rct+m]

sin — sin —— — —sin——-sin
20

20 3 20 20

k
1. y(x,t) = [smx cos ¢ +sin3x cos 3¢ |

12. y(x,t)= z i sm—m;x n*n'at z sin( )'n(n?x)-cos(m;at)
1

v,
13. y(x.0)= l: X Tt 3mx . 31'rct:|
127¢

9sin——:sin—— —sin——-sin
l / /

20.1.3 Classification of Partial Differential Equation of Second Order

In the field of wave propagation such as heat conduction, vibrations, elasticity, boundary layer theory
and so on, second order partial differential equations occur. Their nature is important in the discussions.

The general form of a second-order partial differential equation in two independent variables
xand yis

2 2
A(x,y) +B(x y) Ju +C(x, y) +F(x v, u, au auJ 0 (1)
xdy ax 0y

where F represents the first order part.

This equation is linear in second order terms.

If the first order part F is linear, then P.D. equation is linear.

If F is non-linear, then the PD.E is called a quasi-linear differential equation.

The PD.E is called elliptic if B*—44C<0

Parabolic if B*—44C=0

and hyperbolic if B*—44C>0
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1. The one-dimensional wave equation is

Iy _ 290y a0y 9y

C C _—=
ot’ ox’ ox> ot
Independent variables are x and ¢.
Here A=c*,B=0,C=-1 s BP—44C=0-4xA-1)=4c2>0
So, it is hyperbolic. 5 5
2. One-dimensional heat-flow equation B_Ltl =da B_L; is parabolic.
X
For,here A=ad>, B=0,C=0and B>-44C=0-4a>0=0
2 2
3. Two-dimensional Laplace equation 8_2+ FES = 0 is elliptic.
X v

For,here A=1,B=0,C=1 and B*—44C=0-411=-4<0
Note For an elliptic equation boundary conditions are prescribed in a closed region, whereas for
parabolic and hyperbolic equations boundary conditions and initial conditions are prescribed in an
open ended region.

WORKED EXAMPLES

EXAMPLE 1
Classify the partial differential equation (1+ x*)u,, + (5+2x*)u , +(4 +x")u,, =sin(x +y).

Solution.
Given (1+x*)u,, +(5+2x")u,, +(4+x*)u,, =sin(x +y).
Here A=1+x* B=5+2* C=4+x’
: B2 —44C=(5+2x*? - 4(1 + x})(4 + x?)
=254+20+4x* —4(4 +5x*+xH=9>0Vxe R
.. the equation is hyperbolic V x € R.

EXAMPLE 2

Classify the partial differential equation
(A=x*)u, =2xy u,, +(A=yHu, +xu, +3x’y u,~2u=0.

Solution.
Given (1-x’)u_ —2xy u,, +(l—y2)uyy +x u, +3x7y u, —2u=0

Here A=1-x?, B=-2xy, C=1-)>?
: B2 —44C=4x»* - 4(1 = x)(1 —»»
=4{y-(1 -2 -y +x)7)} =4Hx* +)° — 1}
(i) The equation is parabolic if B> —44C =0
ie., if xX+y'—-1=0
So, the equation is parabolic for points on the circle x> + y? = 1.
(ii) The equation is elliptic if ~ B*—44C<0
ie., if xX+yP—-1<0 =>x2+y'<1
So, the equation is elliptic inside the circle x* + 2 = 1.
(iii) The equation is hyperbolic if B> —44C >0
ie., if X4+3yP=1>0 =>x2+y*>1
So, the circle is hyperbolic outside the circle x2 +)? = 1.
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EXAMPLE 3
Classify the partial differential equation u,, +4 u  + (x* +4y*)u, =e**.

Solution.
Given u_ +4 u, +(x2 +4y2)14yy =e*

Here A=1, B=4, C=x*+4?

+y

2
B~ 44C =16 — 4-1.(x> + 4?) = —16{%4.);2 _1}

(i) The equation is parabolic if B> —44C =0
2 2

X X
ie., if P —1=0 > —+y*=1
47 47

2
So, the equation is parabolic for the points on the ellipse L Y =1
(i) The equation is elliptic if B2 — 44C < 0. 4

x? x
ie., if 4P -1<0 = —+4y° <l
4 ' 4 Y
xZ
So, the equation is elliptic at points inside the ellipse 4 +y =1
(iii) The equation is hyperbolic if B> —4A4C > 0.

xz x2
e, if 150 = s
4 7 47

2
So, the equation is hyperbolic at points outside the ellipse % +y' =1

EXERCISE 20.2
Classify the following partial differential equations.
1. y'u, —2xy u, + xzuyy +2u, —3u=0 2. u, -y u, —2y3uy =0
2 2 > (ouV
a—‘2‘+a—”2’=(a_”) + = 4. (x+Du, —2x+2u, +(x+3u, =0
ox* dy ox dy 2 )

5. yzun+uyv+uf+u}2,+5u20

ANSWERS TO EXERCISE 20.2

Parabolic for all points (x, y)

Hyperbolic for all points y # 0 and parabolic for points on y =0
Elliptic for all points (x, y)

Hyperbolic for all points (x, y)

Elliptic for all points y # 0 and parabolic for points on y =0

AR S
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ONE-DIMENSIONAL EQUATION OF HEAT CONDUCTION (IN A ROD)

1. We shall now consider the flow of heat and the consequent variation of temperature with position
and time in conducting materials.
In the derivation of the one-dimensional heat equation, we use the following empirical laws.

(i) Heat flows from a higher to lower temperature.

(i) The amount of heat required to produce a given temperature change in a body is proportional
to the mass of the body and the temperature change. The constant of proportionality is known
as the specific heat (¢) of the conducting material.

(iii) Fourier law of heat conduction: The rate at which heat flows through an area is
proportional to the area and to the temperature gradient normal to the area. This constant
of proportionality is called the thermal conductivity (k) of the material.

20.2.1 Derivation of Heat Equation

R R’
Q Q
A Ry —> R, ——
S
(0] X
X P Ax P’

Consider a long thin bar (or wire or rod) of constant cross sectional area 4 and homogeneous
conducting material. Let p be the density of the material, ¢ be the specific heat and & be the thermal
conductivity of the material. We assume that the surface of the bar is insulated so that the heat flow is
along parallel lines which are perpendicular to the area 4.

Choose one end of the bar as origin and the direction of heat flow as +ve x-axis.

Let u(x, t) be the temperature at a distance x from 0. If Au be the temperature change in the slab of
thickness Ax of the bar, and time change At

Then the quantity of heat in this slab

= (specific heat) X (mass of the element slab) X (change in temperature) = c(4pAx) Au

Hence, the rate of change (i.e., increase) of heat in the slab at time ¢ is

. Au Jdu
=c(4 pr)BLI})E =c(4 pr)g

Let R, be the rate of inflow of heat at x in the slab and R, be the rate of out flow of heat at x + Ax

Then c(Apr)(—;—zl:R] -R, (1)
where R, = —kA (a_u) and R, = —k4 (a_uJ
ax X ax x+Ax

The negative sign is due to the fact that heat flows from higher to lower.
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. du . . .
i.e., — is negative and R, and R, are positive.
ot ! g

.. rate of increase of heat at time ¢ is

d )
R —R,=kA (a_:) —(a—:) @)
X+Ax x
) (o p)
(4 pr)a—‘t‘ = kA (i) —(%)
x+Ax x

(5)..(5)
au_k_a‘x X +Ax axx

From (1) and (2) we get,

o cp Ax
2
As Ax — 0, a_u = ia—z, where i is a positive constant.
ot c¢p ox cp
It is called the diffusivity of the material of the bar. Put — = o’
cp
ou o’u
.. the heat equation is — =o' —
q ot ox’

Note
1. Itis called one-dimensional because there is only one space variable x.
2. The one dimensional heat equation is also known as one dimensional diffusion equation.

20.2.2 Solution of Heat Equation by Variable Separable Method

2
The one dimensional heat equation is a_u =a’ a—g‘ 1)
ot dx
To solve, we use the method of separation of variables.
Let u(x, 1) = X(x) T(¢) be a solution.

2
Then M_x7, ad Loxrr
ot ox
T r dom T X"
Substituting in (1), we get XT' =’ X"T = ==
oalT X

Since x and ¢ are independent variables, LHS is a function of ¢ alone and RHS is a function of x
alone. This is possible if each side is a constant .

TI X/I

==k

oalT X
o T'=ka’®T = T’ —ka’T=0 )
and X" =kX = X"-kX=0 3)

(2) and (3) are ordinary differential equations.
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Case (i): Let k< 0,say k=—-AN, A #0

T’"+Na’T=0 = TF:—)\ZOLZ

N2 2
= _[th =Na Jdt
= logT =X &’t +log C
T T 2.2 2.2
= log—=-N o’ = —=e™Y = T=Ce™
C C
where C is an arbitrary constant.
¢
B = X'+NX=0 = ~+NX =0
X
Auxiliary equation is m+N=0 = m==i\
X=A, cos Ax + B, sin Ax
Hence, u(x,1) = (A, cosAx + B, sinkx)-Ce ™™ "
= u(x,t) = (A coshx+BsinAx)e ™ " @

where 4=4,Cand B=B,C

Case (ii): Let k> 01ie, k=N, AN #0
Then T'—Noa*T=0 = T7=)\2a2

‘[7, dt = j)@ o’ dt

= log T'= Na’t + log C

T T 2 2 2 2
= log, ==X\ a’t = —=eh! = T=Ce"'

C C
where C is an arbitrary constant.
and 3) = X' —NX=0
Auxiliary equation is m*—N=0 = m=I\
: X=A4 ev+B e™

u(x,1)= (A ,e™ +Be™)CeX "

= u(x, t) = (Ae™ + Be ™ )eN " 1)
where 4=4,C;and B=B C
Case (iii): Let k=0 then X'=0 and T'=0
= X=Cx+C, and T=C,
o u(x, )= (C,x + C,))C,
= u(x,f)=Ax+B (1)

where 4 =C C, and B=C,C,
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Proper choice of the solution
Of the three possible solutions, we choose the solution which is consistent with the physical nature
of the problem and the given boundary-value conditions. Since u(x, f) represent the temperature at
any time ¢ and at a distance x from one end of the rod, the temperature cannot be increasing as ¢ is
increasing. So, as ¢ increases, u must decrease hence the suitable solution for unsteady state conditions
(or transient) is N

u(x,t)=(A4 cos Ax + Bsin Ax)e "' )

A, B, \ are independent constants to be determined. Hence, three conditions are required to solve the
one-dimensional heat equation in transient state.

In steady state conditions, the temperature at any point is independent of time (i.c., it does not
change with time). Hence, the suitable solution for steady state heat flow is

u(x,t)=Ax+B (11D
In problems, we will use these solutions directly depending upon the hypothesis temperature

distribution is transient or steady state.

TYPE 1. Problems with zero boundary values
That is the temperatures at the ends of the rod are kept at zero
The boundary-values conditions are

(1) u(0,£)=0 and (ii) u(l, £)=0V ¢t =0, which are boundary conditions
(i) u(x, 0) =f(x) V x € (0, [) is the initial condition.

f(x) may be in trigonometric form or algebraic form.

WORKED EXAMPLES

TYPE 1(a): u(x, 0) = f(x) is in trigonometric form

EXAMPLE 1
A uniform rod of length / through which heat flows is insulated at its sides. The ends are kept
at zero temperature. If the initial temperature at the interior points of the bar is given by
X . N .
k sin® 'n'T’ 0 < x <, find the temperature distribution in the bar at any time 7.
Solution.
The temperature distribution in the bar is given by the one-dimensional heat equation
du , 0u
—_— a —

ot ox?

The boundary-value conditions are
(i) u(0,H=0 and (i) w(l,)=0V >0, (iii) u(x,0)=ksin’ T;—x O<x<l!
The suitable solution is

u(x, 1) = (A4 cos Ax + Bsin Ax)e *~' (1)

where A4, B, N are constants to be determined.
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Using condition (i), i.e., whenx =0, u = 0, in (1), we get
(Acos0+Bsin0)e X =0 = Ae*¥' =0 = A4=0 since e N %0
u(x,t)=Bsinkx-e *~" )
Using condition (ii), i.e., whenx =1, u = 0, in (2), we get

BsinN-e®*' =0 = sinN=0, sinceB#0,e " 20

= N=nz = )\=$,n=1,2,3,...

nm?

P n=1,2,3, ... 3)

u(x,t) = Bsin(% x)-e"‘2

Before using the non-zero condition, we have to find the general solution.
For each value of n, (3) is a solution. So their linear combination is also a solution.
.. the general solution is 2 20

—antm
1

u(x, t) = iBn sin(#)e G &)

Using condition (iii), i.e., when ¢ = 0, u = k sin’ (%), in (4), we get
k sin’ (%) = an sin( ml'rx )-eo
n=1

= E 3sin(EJ—sin(3ﬂ) =ZBn sin(nﬂx)
4 / / o /

3k . (mx) k . (3mx . [T . [ 2mx . [ 3mx
= —sin| — |=—sin| — |= B sin| — [+ B, sin| — |+ B;sin| — |+
4 1) 4 l l ! l
Equating like coefficients, we get
BF%’ B, =0, B3=%, B,=0=B,=B =
o (@)
.. the general solution is u(x,t)=B, s1n(7)-e T
3 (mx) =Tk (3mx) SN
u(x,t)y=—sin| — [-e © ——sin| — e © .
4 / 4 /

TYPE 1(b): u(x, 0) = f(x) is an algebraic function

EXAMPLE 2

Heat flows through a uniform bar of length / which has its sides insulated and the temperature
at the ends kept at zero. If the initial temperature at the interior points of the bar is given by
k(lx — x?), 0 < x <[, find the temperature distribution in the bar at time .
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Solution.

The temperature distribution in the bar is given by the one-dimensional heat equation
ou _ o d’u
ot ox’

The boundary-value conditions are
(1) w0,0H)=0 (1) u(l,y=0vV =20
(iii) u(x,0)=f(x)=k(lx —x*),0<x <!

The solution is u(x,t) = (A4 cos Ax + B sin M)e_az)\lt ()

where 4, B, N are constants to be determined.
Using condition (i), i.e., whenx =0, u =0, in (1) we get

(A cosO+Bsin0)e X =0 = Ae*¥' =0 = A4=0
u(x,t)=BsinAx-e < 2)
Using condition (ii), i.e., when x =, u = 0, in (2), we get
BsinN-e X' =0

ButB#0, ¢™*"20 = sinAl=0 = N =nm = x=$,n=1,2,3,...

5
—n’wtalt

e T n=1,23,..

. nTX
= u(x,t)=Bsin

.. the general solution is the linear combination of these solutions.

—n*mla’t

u(x,t)zZBn sing-e r 3)

n=1

Using condition (iii), i.e., when 1 = 0, u = k(Ix —x?), we get

u(x,0)= an sin%-eO

n=1
= k(lx—x*)=Y B, sin% (4)
n=1

Since u(x, 0) = f(x) = k(Ix — x*) is an algebraic function, to find B, we express f(x) as a
Fourier sine series in 0 < x< .

k(b -x*)=Yb, sin@ (5)
n=l
2 nwx
where b, = 7J'f(x)sin 7 dx
0

Comparing (4) and (5), we get B =b ,n=1,2,3, ...

nTx
dx

2[
Now b, =7jk(1x—x2)sm
0
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2% —cos m;x —sin 1; COST
= | x| e | 20— )
l I? r )
2u [ 2 28 ’
_2k —L(lx —xz)cosﬂ+%(1—2x)sin L 31 ~C0S nmc]
[l nw [ n-aw / n I ],
2k [ 28 21
= T _0__71311'3 cos n*n'—(O __n3rr3 )]
2k 288 2P
T e ww
2k 21 4f1* )
= bn =7~ﬁ(l—cosn’n‘)= n31-;3 [1—(—1) ]
Ifniseven, (1) =1 b,=0
. 4k1* 8kl*
Ifrnisodd, (-1)y"=-1 b, :m(Z)zm,nzl,l 5, ...
2
B, =%,n= 1,3,5, ...
n
Substituting in (3), we get
2 7nz‘rrzuzl 2 7n2ﬁ2u2t
u(x,t)= Z 8f13 | L B :8l3k %Sin(nﬁx)e 2
n=1,3,5. 10 l T =135, 0 )

EXAMPLE 3

d 0
Find the solution of the equation a—l: =ao’ a—l: that satisfies the conditions.
x

(i) u(0, %) = 0, (i) u(l, £) = 0 for t> 0

X, 0Sx<%

and (iii) wu(x,0)=

l—x, —<x<lI
2

Solution.
The solution of a_u =a’ 8_1/; is
ot ox
u(x,t) = (A4 cos Ax + Bsin Ax)e *~" ()

Using condition (i), i.e., when x =0, u = 0 in (1), we get
(A4 cos0+Bsin0)e * ' =0 = Ae* ' =0 = A4=0

u(x,t)=BsinAx-e *~' )
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Using condition (ii), i.e., when x =/, # = 0 in (2), we get

BsinN e *N' =0

= sinAl=0 = M=nm = A= ;Tn—l 2,3, ...
= u(x,t):Bsing-e P n=1,2,3, ..
.. the general solution is.
u(x,t)= ZB s1n% e ” 3)

n=1

Using condition (iii), i.e., when t=0, =0 in (3), we get

u(x,0)= zB sin ot g0 = ZB sin “)
Since u(x, 0) is an algebraic function, to find B, we express u(x, 0) as a Fourier sine series.
u(x,0)= Y b, sin 5)
n=l1
2. . nTXx
where b, = —Jf (x)sin——dx
Iy I
Comparing (4) and (5), we get B =b ,n=1,2,3, ...
1/2
Now b, = {jf(x)sm dx + Jf(x)sm }
172
2 1/2
= _[x n——dx+.[(l x)sm—dx
Z 0 l 1/2 l
1/2 !
nTx nTx nTx nTx
2 —COST —Sm-—— —COST —SIIIT
= — 1 — —(-1
; X v e +|(l—x) o (-1 "
| / & 0 l I 12
r 5 12 5 !
2 / nmx I° . nmx / nmx  [° . nwx
=—y—-——xcos —+——sin— | —|—(-x)cos —+——sin—
L nm / no [ ], nw / no [ 1,
2 I nw P nm 1 e P nm
=—1q|- cos —+——sin—-0|-|0—| —-—cos —+——sin—
Il 2nmw 2 nm 2 nw 2 2 nm 2
2] - nme P nm P nw P nm
=— COS—+TSIH—+ COS—+ﬁSII’1—
I | 2nw 2 nm 2 2nmw 2 nm
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n-1
If n is even, then sin % =0 and if n is odd sin ? =(-1?

4] o 4] =
(- ?* ifn=13,5.. .. B, = (=) * ifn=1L35,...

2
"ot

b =

n

2
na

Substituting in (3), we get

2 —_— 2

41 L opmx 4l -1)2 nmx

u(x,t)= 2 ——(=1) ? sin . = =D
n=1,3,5,.. 10T n=1,3,5,... I

TYPE 1(c): Intial temperatue u(x, 0) = f{x) is to be found from the given problem.

EXAMPLE 4

Find the temperature distribution of a homogenous bar of length 7 which is insulated laterally,
if the ends are kept at zero temperature and if, initially, the temperature at the centre of the bar
is £ and falls uniformly to 0 at the ends.

Solution.
The temperature distribution of the bar is given by the t
. ) . ou  ,0u C(n/2, K)
one-dimensional heat equation —=a” —
ot dx
The boundary conditions are given by
(1) u(0,¢)=0and (i) w(w,t)=0 V t20
The initial temperature is to be found out from the
temperature graph ACB
- A B
where A(O, 0), B(‘ﬁ, 0), @ E,k (X:O) (712/2) (X:TL') X
- - 2
Equation of AC is y =0 =u = y =—kx, 0<x<Z
0-k 0_"™ 11 2
2
. . -0 -
Equation of BC is 4 Ak %— -——x-m = y=—I(@m@-x), —<x<m
- 11
2

2k

—Xx, 0<x< g
. the initial condition is u(x, 0)= ;{

—(m—x), <x<m

The suitable solution is

u(x,t) = (4 cos mx + Bsin mwx)e <" (D)
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Using condition (i), i.e., whenx =0, # = 0 in (1), we get
(Acos0+Bsin0)e ™ =0 = Ae*™ =0 = A=0
u(x,t) = Bsin Axe ™" 2
Using condition (ii), i.e., when x = 47, u = 0 in (2), we get

. 22
Bsinmhe ' =0

= sinmA =0 [-B#0,e """ #0]
= wmA=nw = AN=n, n=1273,...
u(x,t)=Bsinnx-e*"", n=12,3,... 3)

The general solution is the linear combination of these solutions.

u(x,t)= an sin nx e 4)

n=1

Using initial condition (iii), i.e., when ¢ = 0, we get

%x, 0<x S;
u(x, 0)=1
2k [
—(m—x), —<x<m
T 2
u(x,0)= B, sinnx-e’ =Y B sinnx (5)
n=1 n=1

Since u(x, 0) is an algebraic function, to find B, we express u(x, 0) as a Fourier sine series

u(x,0)=Y b, sinnx, (6)
n=1
27 .
where b, == [f(x)sin nx dx
w 0

Comparing (5) and (6), we find B, =b,,n=1,2,3,...

/2 T
b :E{I %x sin nx dx + _[ %(ﬁ—x)sin nxdx}
™ w2 T

2 2 /2 ™
=— {stinnxdx+j(ﬂ'—x)sinnxdx}

0 /2

=${ x(—cos nx)_l(—sinznx ):lﬁ/z +|:(_“__x)(—cos nx)_(_l)(—sinznx ):|1T }
n n o n n ﬁ/z
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4k X sin nx | 1 sinnx \|
=— 1| ——cos nx +—; +| ——(m—x)cos nx — >

0y n n- 1y n n )

4

k|- nom 1 . nm -l nm 1 . nw

=—17—cos —+—sin——-0+|0—| ——cos — ——sin —
w | 2n 2 n 2 n 2 2 n 2
4

k|- nww . nm T 1
=—{=—Cc0s —+—sin —+—cos —+—sin —
w [ 2n 2 2 2n 2
4k 2 n 8 . nm
b,=——sin—=——sin—
won 2 wn
If n is even, sin%=0 ~b, =0
n-1 n-1
. . — 8k =
Ifnisodd sin == =(=1) 2 b, =——(-1)2 , n=13,5,...
2 wn
8k U=
Bn:ﬁznz(_l)2= n=13,5,...

Substituting in (4), we get

E 2.2
u(x,t)= Z & (=1) 2 sinnx-e*""

2 2
n=odd T 1

2

n-1

8k =N

u(x, 1)y =— z =D sin nx-e "

2
T =135 N

TYPE 2. Non-zero temperature at the end points of the bar in steady state and zero temperature

in unsteady state
In steady state the temperature u(x, f) is a function of x alone, as it is independent of 7.

u(x,t)=u(x)
U—91 U—eg
2
8_u=0 = E)_thzo
ot ox
e x=0 I x=1
—l;=0 = u=Ax+B
ox
Whenx=0,u=0, = 06 =B. Whenx=/Lu=0,
0,-0 0,-0
0,=41+0, = A=¥ uz%x+91

When the state changes from steady to unsteady, the temperature at the ends are reduced to zero.
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WORKED EXAMPLES

EXAMPLE 1

A rod, 30 cm, long has its ends 4 and B kept at 20°C and 80°C respectively, until steady state
conditions prevail. The temperature at each end is then suddenly reduced to 0°C and kept so.
Find the resulting temperature function u(x, 7), taking x = 0 at 4.

Solution.
Temperature function u(x, ) is given by the one-dimensional heat equation
ou , 0u
ot = 1
ot ox’ @)
Initially steady state conditions prevails with ¥ =20 at x = 0 and u = 80 at x = 30.
In steady state u(x, #) is independent of # and so is a function of x alone:
0,-0 = =
v = 21 1x+01 u=20 u=280
A B
Here 0 =20, 0,= 80, /=30 X=0 30 om X=30
80-20
u= x+20
= u=2x+20 2)

When the temperature at the ends are changed to 0°C, the heat flow or the temperature distribution in
the bar will not be in steady state and so will depend on time. So, the temperature distribution u(x, f)
is given by (1).

u(x,t) = (A cos Ax + Bsin Ax) e '

The new boundary conditions are (i) (0, ¢) = 0 and (i1) #(30,/) =0V ¢ >0
The initial distribution of temperature is given by (2)

(iii) u(x,0) =2x +20,0 < x <30

Using condition (i), i.e., when x = 20, u = 0, we get

(Acos0+Bsin0)e ' =0 = Ae*¥'=0 = A4=0

u(x,t)=Bsin (Ax)-e *~"
Using condition (ii), i.e., when x = 30, u = 0, we get

Bsin(30N)e ' =0 = sin30A=0 [+ Be ™ 0]

= 0N=nm = )\:%, n=1,23,...
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nz'nzazr

e 0

n=123,...

. nmx
u(x,t)= Bsin
(x,1) 30

The general solution is the linear combination of these solutions.

nz‘rrzazt

u(x, 1) = ZB sm3—0x e o0 3)

n=l1
Using condition (iii), i.e., when t =0, u = 2x + 20
X

u(x,0)= ZB smﬁ e —ZB sin n30

Since u(x, 0) = 2x + 20 is algebraic, to find B , we express u(x, 0) as a Fourier sine series in (0, 30)

wX

- n
u(x,0)= ) b, sin —— (5)
,,2{ 30

30
b, =%£f(x)sin %dx and f(x) =u(x, 0)

where

Comparing (4) and (5), we get B, =b,, n=123,...

17 .
Now =— J- (2x +20)sin Y
15+ 30
— 30
nX .
1 —Ccos —— —sin S0
=—|(2x+2 -2
15 (2x +20) nm i
L 30 900 0
30
= L ;39(2x +20)cos nmy L 1?0(3 in n'n'x]
15| n n 30 J,
1= _
R x 80 cos I’l’ﬂ'+0—( 600)cos 0:|
15[ nw nw
1 [ —2400(-1)" +600:|
151 nw
1-4(-1)" 4
= p, = QU IHC]_ 404y
15 nw
Bn:ﬂ[l—4(—1)"], n=123,...
I
Substituting in (3), we get the solution.
u(x,t)= 2—[1 4(-1)"] e 90

nz'rrzuzt

900

u(x,t)= ﬂi [1-4=D"] sin n;:)x
n

n=1
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EXAMPLE 2

A rod of length / has its ends 4 and B kept 0°C and 100°C until steady state conditions prevail.
If the temperature at B is suddenly reduced to 0°C and maintained at 0°C, find the temperature
at a distance x from 4 and at any time .

Solution.
The temperature distribution is given by the one-dimensional heat equation
ou ,0u
ot = 1
ot ox’ M
Initially, steady state conditions prevail with the conditions u=0atx=0and u =100 atx =/
In steady state, u is independent of time .
u=0 u=100
0,-0
u=——=>x+6,
/ A B
Here 6, =0, 6,=100. x=0 / x=1
100-0
= x+0
/
100
= u(x)=Tx, 0<x<l (2)

If the temperature at B is reduced to 0°C, then the temperature distribution changes from steady state
to unsteady state. So, the temperature distribution u(x, ) is given by (1)

u(x,t) = (A4 cos Ax + Bsin Ax)e *~' 3)
The new boundary-value conditions are
(1) u(0,£)=0 (i) u(/,#)=0 V =0 and (iii) u(x,0)= gx, x€(0,1)

Using condition (i), i.e., when x =0, u = 0, in (3), we get

(Acos0+Bsin0)e “ ' =0 = Ae* ' =0 = 4=0. [« e %0]
u(x,t)=Bsin Ax e * X' 4)
Using condition (ii), i.e., whenx =1, u = 0, in (4), we get
BsinM-e*¥' =0 = sinA=0 [-Be N #0]
= NM=nm = x:%, n=1,23,...
nﬂn-x *thnz‘n’zl
u(x,t):BsinTe o n=1273,...

The general solution is the linear combination of these solutions.
—o?n’t

.. the general solution is u(x,t)= ZBn sin g-e r ®)]
n=1
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Using condition (iii), i.e., when t =0, u(x, 0) = #x, we get
u(x,0)= ZB sm— e’ ZB sm—

. 100 . . .
Since u(x,0) = Tx is an algebraic function, to find B , we express u(x, 0) as a

Fourier sine series in (0, /)

u(x, 0) = Zb sin T;x (7)
where b, = %jf(x) sin gdx and £ (x)=u(x, 0)

Comparing (6) and (7), we get B, =b,, n=1273,...

2¢1
Now b, = —J‘LO T i
Iy 1
i T nTTx ;
—CoSs —— —sin ——
200 . A /
12 nm nZﬁZ
[ 12 N
200 nmx I? nwx ;
=—~—|——xcos +——sin
I L nw nom I 1
200( 72 &
=——|=——cos nw+——sin nw —(0)
? nw niw’
200 72 200 nt
B, =@( D", n=1,23,...
niw

Substituting in (5), we get,

—a?n’m? .

200 3
u(x,t)= 2 "“sm?-e !

2,22

2005 ()
n

= u(x,t)= sin r

w n=l
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Type 3. Non-zero temperatures at the ends of the bar, both in steady state and unsteady state.
In type 1 and type 2, the temperatures at the ends in unsteady (or transient) state are kept at 0°C. So,
the constants in the suitable solution could be obtained easily. In this type the temperatures at the ends
are non-zero in the unsteady state and so the computations of constants cannot be done as before. We
split the required solution u(x, ?) into two parts as u(x, ) =u,(x)+u,(x,t), where u (x) is the steady
state solution. (i.e., the solution corresponding to the end points which do not change with time) and
u,(x, t) is the unsteady state solution (i.e., the solution corresponding to the interior points of the bar
which vary with time #), in order to get zero boundary conditions.

WORKED EXAMPLES

EXAMPLE 1

A bar, 10 cm long, with insulated sides, has its ends 4 and B kept at 20°C and 40°C respectively
until steady state conditions prevail. The temperature at A is then suddenly raised to 50°C and
at the same instant at B is lowered to 10°C. Find the subsequent temperature at any point of the
bar at any time.

Solution.
The temperature at any point is given by the heat equation
ou ,du
—~=a 1
ot ox’ M
In steady state, the temperature is
0,-0 = =40
u=— ; Lx+0, u=20 4
40-20 A B
= x+20 x=0 10 cm x=10
10
= u(x)=2x+20 (2)

Then suddenly the temperature at A is increased to 50°C and that at B is decreased to 10°C.
So, the temperature distribution in the bar is changed from steady state to unsteady state.

Then the temperature u(x, ¢) satisfies (1)

The boundary-value conditions of the unsteady state are

(i) u(0,#)="50and (i) u(10,#)=10 Y ¢=>0 and (iii) u(x, 0)=2x +20, 0<x<10

As the temperature at the ends are not equal to 0°C, we split the solution u(x, £) of (1) into two parts
in order to get zero boundary conditions

u(x, 1) =u,(x) +u,(x, 1) 3)
where u (x) is steady state solution of (1)
and u,(x, ?) is the transient solution of (1) u=50°C u=10°C
. . . 10-50
Since u (x) is steady state solution, u, = 10 x+50 A B
x=0 10 x=10

u,(x) =—4x +50, 0<x <10
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ou, du
Since u, is transient solution of (1), —Lr=—"
2 M ot  ox’
.. we have 1, (x,1) = (4 cos Ax + Bsin Ax)e **" 4)
But uy(x,t)=u(x,t)—u,(x)

.. the boundary-value conditions of u,(x, ¢) are

(iv) u,(0,2) =u(0,¢)—u,(0)=50-50=0, [Using ()]
v)  u,(10,¢) =u(10,2)—u,(10)=10-10=0, [Using (ii)]
and (vi) u,(x,0)=u(x,0)—u(x)=2x+20~(-4x+50)=6x-30

Thus, u,(x, 1) satisfies the heat equation (1) and the boundary-value conditions (iv), (v) and (vi)

Using condition (iv), i.e., when x = 0, u, = 0, in (4), we get

(Acos0+Bsin0)e * ' =0 = Ae*X' =0 = A=0

o (d)is u,(x,1) = Bsin Ax -¢ '~ 5)
Using condition (v), i.e., when x = 10, u, = 0 in (5), we get
Bsin10A-e X" =0 = sin 0N =0, since Be “~' 0
- 10N = n - AT =123,
10
u,(x,t)=~05sin n;-(r)x-e—u ‘°°t, n=123,...

.. the most general solution is the linear combination of these solutions.

—o’nw’t

w0 =Y B, sin e ©6)
n=l

Using condition (vi), i.e., when =0, u, = 6x — 30, in (6), we get

Z B, sin @ (7)

u,(x,0)= ZB sin 2

Since u,(x, 0) = 6x —30 is an algebraic function, to find B , we express u,(x, 0) as
Fourier sine series in (0, 10).

wX

n
u,(x,0) = Zb sin —— 0 (8)

dx and f(x)=06x-30

n

where j f(x) sin 2

Comparing (7) and (8), we find B, =b, Vn=12,3,...
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17 ,
Now b, = —f(6x —30)sin Y
59 10
r 10
nTX . nmX
—Ccos —— —sin ——
= —| (6x -30) 10_1_¢| —10
nw n°m
i 10 100 /],
— 10
=111 (6r - 30) cos 22+ 890 i "“x]
50 nmw 10 n'w 10 ],
= 1 _—10~30-cos nﬂ+%sin n —(_—10(—30))cos 0:|
5[ nm nw nw
_1[-300 300]
5L nw
1
= h= 300)[1+(—1>"]=—@[H(—l)"]
S5\ nmw nw
If nis odd, (-1)" =-1. Sb, =0
. 12
If niseven, (-1)" =1. bnz—@(Z)z——0 n=2,4,6,...
N nT
B = —@ n=2,4,6,
nT

Substituting in (6), we get

222

2,2
120 . npmx 2T 120 1 . nmx -2
u,(x,t)= 2 sin——-e 0 =—r 2 —sin—r=-e 100

n=2,4,.. NT 10 T =24, 0
.. the required temperature is u(x,t)y=u(x)+u,(x,t)
120 1 Sl
- u(x,N)=—4x+50-—— Y —sinr e w0,
m oo N 10

EXAMPLE 2

The ends 4 and B of a rod / cm long have their temperatures kept at 30°C and 80°C, until steady
state conditions prevail. The temperature of the end B is suddenly reduced to 60°C and that of
A increased to 40°C. Find the temperature distribution of the rod after time 7.

Solution.
The temperature at any point is given by the heat equation
du _ o’u

o % o M



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

In steady state, the temperature is u=30°C u=280°C
0,-0
u=-—2 ; Lx+0, A 5
80—30 x=0 / x=1
= u(x) = ; x+30=51—0x+30 ()

Suddenly the temperatures at A and B are changed to 40°C and 60°C. So, the temperature distribution
in the bar is changed from steady state to unsteady state. The temperature u(x, ¢) is given by (1)
The boundary-value conditions of the unsteady state are

(i) u(0,¢)=40, (i) u(l,t)=60 ¥V >0 and (iii) u(x,0)=?x+30, 0<x<l/

As the temperature at the ends are not 0°C, we split the solution u(x, f) of (1) into two parts in order
to get zero boundary conditions.

u(xat):ul(x)-l_uz(x’t) (3)
where u (x) is the steady state solution of (1)
and u(x, ?) is the transient state solution of (1) u=40°C U=60°C
Since u, is the steady state solution,
0,-0 A B
u(x)=——=>x+60, X=0 / =/
60 —40 20
= x+40=7x+40, 0<x<l
. . . a 0’
Since u, is the unsteady state solution of (1), e BV _u;
ot ox
u,(x,1) = (4 cos Ax +Bsin Ax)e ™" (4)

But uy(x,t)=u(x,t)—u(x)

.. the boundary-value conditions of u,(x, #) are

@1v) u,(0,2) =u(0,t)—u,(0)=40-40=0 [Using (i)]
) w,(,t)y=u(l,t)—u(l) =60-60=0 V (=0 [Using (ii)]
and (vi) u,(x,0)=u(x,0)—u,(x)= %x +30—(%x+40) =370x -10, O<x<!

Thus, u,(x, 1) satisfies the equation (1) and the conditions (iv), (v) and (vi)
Using condition (iv), i.e., when x = 0, u, = 0, in (4), we get

(Acos0+Bsin0)e * ' =0 = Ae*N' =0 = A4=0
u,(x, 1) = Bsin Ax -e" ™" (5)
Using condition (v), i.e., whenx=1/u,=0, in (5), we get

BsinN-e ' =0 = sinN=0 [-Be X" 0]
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nww

= AM=nmw = )\=T, n=123,...
onmx et
uz(x,t)zBsmT-e (. n=1273,...
So, the general solution is
> Conmx et
u,(x,t)= ZBn sin e ! (6)
n=1

Using condition (vi), i.e., when =0, u, =0, in (6) we get

nmx
e

u,(x,0)= ZBn sin
n=1

- u,(x,0)=Y B, sin # 7)

n=1
. 30 . . .
Since u,(x, 0) = Tx —10 is algebraic, we express u,(x, 0) as a Fourier sine

seriesin 0 <x </.

u,(x,0)= Y b, sin @ ®)
n=1
1
where b, = % (?x = 10) sin @dx

Comparing (7) and (8), we find B, =b, V n

21
Now b, =—j(£x—1o)sin I o
Lo\l /
[ cos nax —sin mx l
- p =2 (&-10) L%
"] nw / n’*w’
| ) I 0
2[ 1 (30x nwx 30 I* | nmx '
=—|—-—— —-10|cos +———sin
Il nmw\ | / I n'm I,
o
== —L(30—10) coSs naw + 320 lz sinnw—(lOLcos 0)]
Il nw nom n
2[ 2 1 2( 1
_Z —ﬂcos nﬂ-_ﬂ]=—(—ﬂ)[l+2005 n|
Il nw nw [ nm

. bn=—§[1+2(—1)"], n=12,3,...
nw
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20

Since B, =b,, B =-—
n

[1+2(=1)'] n=12,3,...

n

Substituting in (6),

) nm?
2

ntx o !

‘e

U, (x, 1) = i;—i?[l+2(—l)"]sin

2 o 1\ —a? ”21;2
:__Oz [1+2( l)]sinn'rrx_e 2t
i n /
.. the required temperature is

u(x,t)=u,(x)+u,(x,t)

2 20 < [1+2(-1)"] . -~
= u(x,t)=70x+40——02 Msmﬂx-e &
B n

EXAMPLE 3
The ends 4 and B of a rod / cm long have the temperatures 40°C and 90°C, until steady state
prevail. The temperatures at A is suddenly raised to 90°C and at the same time that at B is
reduced to 40°C. Find the temperature distribution in the rod after time z Also show that the
temperature at the mid point of the rod remains unaltered for all time, regardless of the material
of the rod.

Solution.
The temperature distribution is given by the heat equation

2
Py N

= 1
ot ox’ M
u=40°C u=90°C
In steady state, the temperature is
A B
0,-0

u(x)=—-—-=x+6, x=0 ! x=1

= =90_40x+40=?x+40 2)

When the temperatures are changed at the ends, steady state is changed to unsteady state, the
temperature u(x, t) is given by (1).
The boundary-value conditions of the unsteady state are

(i) u(0,6)=90 (i) u(l,t)=40 ¥V ¢>0 and (iii) u(x,O):?+40, 0<x<I/

Since the temperature at the ends are non-zero, we split the temperature function u(x, ) into two parts
in order to get zero boundary conditions

u(x:t):ul(x)'i'”z(xat) (3)
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where u (x) is the steady state solution of (1) u=90°C u=40°C
and u,(x, ?) is the transient state solution of (1)
In steady state, the solution is A B
40-90 x=0 / x=1
u(x)= x+90

=—&x+90, O<x<!

Since u, is a solution of (1), we have

u, ,du,

ot ox2
uz(x,t)=(A COSM*‘BSinM)e’”‘ZMt (4)

But uy(x, 1) =u(x,t)—u,(x)

.. the corresponding boundary-value conditions of u, are

@iv) u,(0,¢)=u(0,¢)—u,(0)=90-90=0 [Using (i)]
) w,(,t)y=u(l,t)—u,(l) =40-40=0 [Using (ii)]

and (vi) uz(x,O)zu(x,O)—ul(x)z%x +4O—(%0x +90) =$x—50, O<x<l

Using condition (iv), i.e., when x = 0, u, = 0, in (4) we get
(Acos0+Bsin0)e ™ =0 = Ae X' =0 = A4=0
u,(x,1) = Bsin Ax -¢ <" 5)

Using condition (v), i.e., whenx =/, u, =0, in (5), we get

BsinM-e*¥' =0 = sinA=0 [since Be ' #0]
= N=nmmr = Az?, n=123,...
uz(x,t)=Bsin$-ei r r, n=1273,...

... the general solution is

2_2
n-m
—a? t

uy(r, )= 3B, sin e ©)
n=1

. .. " 1 .
Using condition (vi), i.e., when =0, u, = # —50 in (6), we get

u,(x,0)= Y B, sin @ )
n=1
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Since u,(x, 0) is an algebraic function, to find B , we express u,(x, 0) as a
. 2 . . . n 2
Fourier sine series in 0 <x < /.

- nTx
,00= ) b sin —— 8
u,(x, 0) Zl, . 7 (8)
2¢(1 .
where b, = —j( 00 —SO)sm T i
IR AN l

Comparing (7) and (8), we get B, =b, Vn

—cos 1T —sin 1™
Now (1) T | T
) ) nmw ) n'T
I /2 .
2[ =1 (100x nmx 1007 . nax |
=—|— —50 |cos +——sin
[nm\ I I now TR
2[ -1 100, -1
=—| —(100-50) cos nﬂ+2—02sm n —(—(—50))]
[ nw nT naw
2[ =501 500 2(=50/
=— COS NI ——— | =— [1+ cos n1r]
Il nw nw I\ nm
1
= b, =—ﬂ[1+(—1)"]
nw
If n is even, then b, :—@(2):—@ and if n is odd, then b, = 0
nw nw
Since B, =b,, B,.:_@’ n=2,4,0,...
nw
Substituting in (6), we get
200 nmx et
u,(x,t)= ———sin——— e !
(% 0) ,,:2,24"‘6"“ nw /
= Mz(x,t):—@ > lsin LA
n=2,4,6,.. 1N
u(x,t)=u,(x)+u,(x,t)
2 1 70(2”2?_2[
= u(e, 1y = =225 499290 Y sin T
) T u=2,46.. 1 [

The midpoint of the rod is x = é
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/ .
When x = > the temperature is

u(i,t)=—$~£+90—@ 2 lsin%-em~ E

2 I 2 T .24 1
2 1. L
:—25+90—ﬂ z Zsin .
T y=2,4,6,..1 2

. . . nw
Since 7 is even, sin 7 =0,n=24.,0, ...

u (é, t) = 65, which is constant.

Hence, the temperature is unaltered at all times at the mid-point of the rod.

EXERCISE 20.3
. odu , du . .
1. Solve the equation > = o subject to the boundary conditions u(0, ) = 0, u(/, t) = 0 and
X
u(x, 0) =x.
2
2. Solve g—? =a’ g—? given that (i) 0 is finite as # — oo.
X

(ii)) 0 =0 when x =0 and x = 7 for all values of 7.
(iii)) @ =x fromx=0tox=m when7=0.
[Hint: (i) 0(x,?)=A4(cosAx +BsinAx)e **" (i) 0(0,7)=0,0(m,t)=0V >0
(i) 0(x,0)=x,0<x <]
3. Arod of length / is heated so that its ends 4 and B are kept at 0°C. If initially the temperature is
ex(l—x)

12

given by u = , find the temperature at time .

4. A uniform bar of length 10 cm through which heat flows is insulated at its sides. The ends are
kept at zero temperature. If the initial temperature at the interior points of the bar is given by

. TX . 27X .
3sin = +2sin = find the temperature at time ¢.

5. A rod of length 100 cm has its ends 4 and B are kept at 0°C and 100°C until steady state
conditions prevail. If the temperature at B is reduced to 0°C and kept so while that of 4 is main-
tained find the temperature u(x, 7) at a distance x from A4 and at time ¢.

6. A homogeneous rod conducting material of length 100 cm has its ends kept at zero temperature

X, 0<x <50

and initially the temperature is u(x, 0) =
100—-x, 50<x <100

Find the temperature u(x, ) at any time ¢.
7. A bar of 10 cm long has its ends 4 and B kept at 50°C and 100°C until steady state conditions
prevail. The temperature at 4 is then suddenly raised to 90°C and at the same instant that at B is
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reduced to 60°C and the temperatures are maintained thereafter. Find the temperature distribution
of the bar at any time # and at a distance x from 4.

8. Two ends 4 and B of a rod of length 20 cm have the temperatures at 30°C and 80°C respectively,
until the steady-state conditions prevail. Then the temperatures at the ends 4 and B are changed
to 40°C and 60°C respectively. Find u(x, 1).

9. A rod of length / has its ends 4 and B kept at 0°C and 100°C respectively until steady state
conditions prevail. The temperatures of the ends are changed to 25°C and 75°C respectively. Find
the temperature distribution in the rod at time ¢.

10. A bar of length 10 cm, has its ends 4 and B kept at 50°C and 100°C until steady state conditions
prevail. The temperature at 4 is then suddenly raised to 90°C and that at B is lowered to 60°C and
the temperatures are maintained thereafter. Find the subsequent temperature at any time .

11. A uniform bar of length 10 cm through which heat flows is insulated at its sides. The ends are kept
at zero temperature. If the initial temperature at the interior points of the bar is given by

. X 27X o
ZSIH?COST , find the temperature distribution of the rod.

12. Find the temperature distribution of a homogenous bar of length 7= which is insulated laterally, if
the ends are kept at zero temperature and if, initially, the temperature at the centre of the bar is &
and falls uniformly to O at the ends.

13. A rod of length 20 cm has its ends 4 and B kept at 30°C and 90°C respectively until steady state
conditions prevail. If the temperature at each end is then suddenly reduced to 0°C and maintained
so, find the temperature u(x, ¢) at a distance x from A4 at time ¢.

14. An insulated rod of length / has its ends 4 and B maintained at 0°C and 100°C respectively until
steady state conditions prevail. If the temperatures at 4 is suddenly raised to 20°C and that at B is
reduced to 80°C, find the temperature at any time.

ANS'WERS TO EXERCISE 20.3
1 n+l 7012"2:?2 oo _1 n+l ) )
1 u(x,t)=2 Z( ) —l—-e 1’ 2. O(x,t):2z( ) i nx e
n=1 n=1 n
3. u(x,t)_g_ z 1 pmx e
w’ 13,5
4o’ —l6m’a’t oo n+l —n*wla?
e, 2 2 -1 2
4 u(x,t)=3sin e 10 4 25in T o 5. u(x,t)=ﬂ2( ' Gin T
5 5 W™ 100
E 2,22
400 -2z . e
6. u(x,t)=— ( )2 sin 100
n=1,3,5,.. N

1 .
7. u(x,r)=90—3x -9 Y —sinte w0

T 4=2,4,6,..1

8. u(x,t)=x+40—@zwsin%-e w00

n
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50 50 & 1 nmy e
9. u(x,t)=—+25+— ) —[3—(-1D)"]sin——-e !
(x,1) ] ‘ﬂnzfn[ (-D"] ]
801, nmx —orm
10. u(x,t)=-3x+90—— ) —sin——-e %
(x.1) ’n';:{n 5
n-1
22 wlat —6m o’ B3
. . -1z —a?
11. u(x,t)z—smw—x-e 00 4gin 208 o 100 12. u(x,t)zg—]z ( )2 sinnx-e "’
5 5 T =135 N

60 &[1-3=1)"] . nmx et
13, wu(x,t)=— [—}sm—-e 400
(x.7) 112 20

n=1 n
1. —(lelzz‘ﬂ'zt
14w, =2r420-80 Y sin T
) T y=2,4,6,..1 )

TYPE 4. Bars with both ends thermally insulated
When both the ends of the bar are insulated, no heat can flow through the ends. So, the corresponding

boundary conditions are g—u(O, t)=0 and g—u(l, t)=0 forall 7.
X X

Note g—u(O, t) is the temperature gradient at x = 0 and g—u(l , 1) is the temperature gradient at x = /.
X X

WORKED EXAMPLES

EXAMPLE 1
Find the solution of the one-dimensional diffusion equation satisfying the boundary conditions

= 0 and (iii) (g—") =0V,
x

x=a

(i) u is bounded as t — oo, (ii) (B_u)
ox

x=0

@iv) u(x,0) =x(a —x),0<x<a.

Solution.
One dimensional heat equation is

du _ ,du

Z ot 2= 1
ot ox? )
Since u is finite as ¢ — oo, the suitable solution is
u(x,t) = (4 cos Ax + Bsin Ax)-e " 2)

Differentiating partially w. r. to x, we get

g—“ = (—ANsin Ax + BAcos Ax)-e V'
2
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. e 0
Using condition (ii), i.e., when x = 0, a—u =0, we get
X
(~AXsin 0+BAcos 0)e ¥ =0 = Bhe“ ' =0 = B=0 [ Ae X 2 0]

Using condition (iii), i.e., when x = a, . =0, we get
X

2

(=A Nsin Aa+ B\ cos )\a)e""‘z)‘zt =0 = —AAsinAg-e ¥ =0
But 4 # 0 [for, since B =0, if 4 is also 0, then u(x, f) = 0, which is trivial]
sinha=0 = Aa=nm = A=—2,  n=0,1,2,3, ...
a
u(x,t)y=4 cosﬂmeﬂx a t, n=0,1,2,3,...
a

. . . . . . L
[Here n = 0 is also possible, where as in the earlier types 7 = 0 is not possible as smT is a factor]

Before using the non zero condition, we write the general solution.

- ) nlmlt
nmwx -«
u(x,t)=ZAncosTe @ (3)

n=0

Using condition (iv), i.e., when 1 = 0, # =x(a — x), 0 <x < a in (3), we get

nTx -,
‘e

u(x,0)= ZAH cos
n=0

= u(x,00= Y 4, cos T = 4, + 3 4, cos T @)
n=0 a n=1 a

Since u(x, 0) = x(a — x), is algebraic, to find 4, 4, we express it as a Fourier cosine series.

f(x)zx(a—x)za—°+ a, cos % ®)]
n=1 a

2% 2% nTx

where a, :—Jf(x)dx and a, :—jf(x)cos—dx
asy asy a

Comparing (4) and (5), 4, = %0 and4 =a Vn=1

X 2 2 374 2 3 3 2 2
a0=—'[(ax—x2)dx=— @> o Xz ag_e A0=a_
asy al 2 3 , da 2 3 6
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2% , nax
a,= —_[(ax —x°)cos——dx
as a

r a

nx nx nwx
sin—— —Ccos—— —sin
2
=—|(ax —x 4__(a-2x) 5 2a +(-2) 3 3a
a ™
2 3
L a a a o
[ 2 3 “
a sy . NTX @ nwx 2@ . nmx
=—|—(ax —x")sin +——(a—2x)cos +——sin
a| nw a nw a nw a |,

2

2F 2 3
=— 0+%(—a)cosnﬂn’x+0—(0+?—-cos0]:|
a nw n°mw

2__2 2

2( -a a
=—|—5—-cosnm———
a

|n°m n-a
24° 24° \
= a, =—W[cosnﬁ+l]=—m[(—l) +1]
If n is odd, then (-1)"=-1. sooa,=0
) 24° 4q’
If n is even, then (-1)" = 1. LA, =———F2==—— n=246, ...
n°ar n'm
2
Since 4 =a, n>1, A, =0 h=24.6, ...
noa

Substituting in (3), we get

—o’n’m’

- naTx >
u(x,t)=A,+ Y A, cos—-e ¢
n=1 a
2 2 70‘2’12“2 2 2 70‘2’12“2
a 4a nTx 2 ' a  4a 1 nx 2
= u(x,t)=—+ z ———5cos——-e =—=-— Z — cos——-e
n=2,4,6,... N T a 6 m T .n a

EXAMPLE 2
A bar 100 cm long, with insulated sides, has its ends kept at 0°C and 100°C until steady state
conditions prevail. The two ends are the suddenly insulated and kept so. Find the temperature

distribution.
Solution.
The temperature distribution is given by
d 0’
=l (1)
ot dx u=0°C u=100°C
In steady state the temperature distribution of the bar is
100-0 A B
u(x)= x+0 = =1
(x) 100 x=0 x=100

=x, 0<x<100
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Suddenly, the ends are insulated so the temperature distribution changes to unsteady state, which is
given by (1).
The temperature is u(x,t) = (4 cos Ax + Bsin Ax)-e * X" @)

Since the ends are insulated, the boundary conditions are

Ju
= =0 =0forr=0
® (ax )x—O ’ W (ax l_loo ot

and (iii) the initial distribution is u(x, 0) =x, 0 <x < 100
Differentiating (2) w. r. to x, we get

g” = (=4 \sin Ax + BA cos Ax) e~
X

. I )
Using condition (i), i.e., when ~ x=0, a—u =0, we get
X

(—~ANsin 0+BAcos0)e ™ =0 = B ™ ' =0 = B=0 [ Ae V" £ 0]

ou = —ANsinAx-e X
ox

Using condition (ii), i.e., when  x = 100, g—“ =0, we get —4A Asin100N e * " =0
X

But 4 #0. sinl0OA=0 = 100A=nmw = )\—100 ,n=0,1,2,3,.
-~ (2) s u(e,t)=A cosl =X e 0 20,1,2,3,..
100
.. the general solution is L
- nmx ot
u(x,t)= Y A cos——-e 10 3
(1) 2 L e0s o (3)
Using condition (iii), i.e., when ¢=0, u (x, 0) =x, we get
- nwx - nmx
w(x,0)=> A cos——-e’=> A4 cos
(x,0) ; g 100 ; ! 100
= x=4,+) A4, cos - 4)
100

n=1

Since u(x, 0) = x, is algebraic, to find 4, and 4 , we express f(x) = x as a Fourier cosine series.

a4, ~ nwx
X)=—+ ) a cos—— 5
S =2 2 100 (5)

Comparing (4) and (5), we find 4, = ? and4 =a,nz1

100 100

If(x)dxanda Z—Jf(x)cos—dx

where % =100



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

1 100 1 2 100 1
ay=— [ x dx =_["_} =—100% =100
0

50 % 50| 2 100
1
4, = m =50
2
17 nmx
and anz—jxcos—dx
50 100
r 100
. nTx nx
sin —cos
_1 100 100
= X - 1
50 nm n’w’
100 1002

1100 _ nmx 1002 n*n'x:|100
=—|—"xsin

‘XS +—— cos
50| nw 100 n'w 100 |

2 2
=% @ 100 -sinnw + 1?02 COSI’HT—(O+%):|
nw n now
_L—IOOZ cosnm — @i —L-E[cosnﬂn’—l]
50 I’l21T2 n’w’ 50 n’m’
= 200 ,n=1,23.
If n is even, then (-1)" = 1. sooa=0
2 4
If n is odd, then (-1)" = —1. Sooa, = %(—2)= —%, n=13,5, ...
now nw
A, == 42002 , n=1,23 ..
nw
Now (3) is u(x,t)=A0+2Ancos%-e 100°
n=1

—an’m?

400 ATX o0

= u(x,t)=50+ — cos
(x.1) n:g‘gwnznz 100

—o2nim?

400 000
= 1) = e
2

EXERCISE 20.4

1. The temperature at one end of a bar, 50 cm long and with insulated sides, is kept at 0°C and the
other end is kept at 100°C until steady state conditions prevail. The two ends are then suddenly
insulated, so that temperature gradient is zero at each end thereafter. Find the temperature distribution.
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2. An insulated metal rod of length 100 cm has one end A4 kept at 0°C and the other end B at
100°C until steady state condition prevail. At time ¢ = 0, the end B is suddenly insulated while the
temperature at 4 is maintained at 0°C. Find the temperature at any point of the rod and at any time.
[Hint: It is insulated at one end. The boundary conditions are (i) u(0, f) = 0 and

(i) g—”t’(loo,z)zo,wzo

Initial condition is (iii) u(x, 0) =x, 0 <x < 100]

ANSWERS TO EXERCISE 20.4
L ueon)=50-22 L oY o
T =135, 1 50
n—1 -
800 D 2 nax o
2. u(x,t)=— —=—sin
n=1,3,5 n 200

20.3 TWO DIMENSIONAL HEAT EQUATION iN STEADY STATE

Consider the flow of heat in a metal plate of uniform thickness 4, density p, specific heat ¢ and thermal
conductivity k. Then the temperature distribution in the plate is given by

du_k (Fu, P\ (P O
or pclox® op?) ox’ ay’

where a* = — is called diffusivity of the material of the plate.
pc
It is called the two dimensional heat equation because there are two space variables x, y.

. ]
In steady state, u is independent of 7 and so oo

.. the two dimensional heat equation in the steady state is

ox* oy’
This is called the Laplace’s equation in two dimension.
The solution u(x, y) of the Laplace’s equation (1) in a rectangular region can be obtained by the
method of separation of variables.
A rectangular thin plate, with its two faces insulated is considered so that the heat flow is
purely two-dimensional. The boundary conditions are prescribed on the four edges of the plate.
The steady state heat flow in such a plate is obtained by solving Laplace’s equation in two-dimension.

0 (1)
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20.3.1 Solution of Two Dimensional Heat Equation

2 2
Two-dimensional steady state heat equation is a—z + a—L: =0
ox~ dy
Since u is function of x and y, let the solution of (1) be
u(x,y)=Xx)Y (y) )
2 2
M_xry and SUoxry, M _xy' and TLoxy”
ox ox dy ay
: : : ” ” 7 ” X i _Y i
Substituting in (1), we get XY +XY”"=0 = XY =-XY" = % = v

LHS is a function of x alone and R.H.S is a function of y alone and x and y are independent variables.
.. the above equation is true if each side is a constant k

))((”z—j;”:k = ))((”zk and _?’zk
= X"-kX =0 3) and Y”+kY =0 4
Case (i): Let k>0,say k=N, A 20 .. X”"-NX =0
Auxiliary equation is m—=N=0 = m=%\
X =4e™ +Be™
and Y”+NY =0
Auxiliary equation is m+N=0 = m=%xi\
RS Y=Ccos Ay +Dsin Ny
... the solution is u(x, y) = (Ae™ + Be™) (C cos Ay + D sin \y) @
where A, B, C, D are constants.
Case (ii): Let k< 0,say k=—-N, A #0 203 = X’+NX=0
Auxiliary equation is m+N=0 = m==%i\
R X =4 cos Ax + Bsin Ax
@) = Y”-Ny=0
Auxiliary equation is m—-N=0 = m=%\
Y=Ce¥ + De™

. u(x, y) = (4 cos Ax + B sin Ax) (CeV + De™) (10
where 4, B, C, D are constants.
Case (iii): Let k=0 Lo X'=0 and Y'=0
= X=Ax+B and Y=Cy+D

u(x,y)=(Ax+B) (Cy+ D) (11D

where 4, B, C, D are constants.
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Proper choice of solution:
Of the three solutions (1), (II), (IIT), we have to choose that solution which is consistent with the nature
of the problem and given boundary-value conditions.

We consider rectangles or squares whose sides are parallel to the coordinate axes.

If three of the boundary values are zero and the fourth one is non-zero, then (I) or (II) is a suitable
solution.

WORKED EXAMPLES

TYPE 1. Finite plates with only one non-zero boundary condition

EXAMPLE 1

A square plate is bounded by the lines x = 0,y = 0, x = 20, and y = 20. Its faces are insulated.
The temperature along the upper horizontal edge is given by u(x, 20) = x(20 — x), 0 < x < 20,
while other three edges are kept at 0°C. Find the steady state temperature in the plate.

Solution.
The steady state temperature in the plate is given by the two dimensional heat equation

2 2
Ju du_, (1)
ox”* dy
The boundary-conditions are g u (x, 20) = x (20 — x)
Q) u((;,oy) i%}ogy <20 y=20
(11) M( ,J/) - u=01| x=0 x=20lu=0
0) =0
(iit) (x, 0) 0<x <20, y=0
(iv) u(x,20) =x(20—-x)
(0] u=0 X

Since u(x, 20) # 0, the appropriate solution of (1) is the solution involving trigonometric function in x.

u(x, ) = (A cos Ax + B sin Ax) (Ce™ + De™) (1)

Using condition (i), i.e., when x =0, u=0, in (1), we get
(Acos0+Bsin0) (Ce¥ +De™)=0 = A(Ce¥+De™)=0 = A=0

u(x, y) = B sin Ax(Ce™ + De™) )
Using condition (ii), i.e., when x = 20, u = 0, in (2), we get
= Bsin 20N (Ce¥ + De™)=0 = sin20A=0 [ B#0,Ce¥ + De™ 0]
= 0N=nm = A="% n=1,2,3,..

20

Using condition (iii), i.e., when y =0, u = 0, in (2), we get

Bsin\x- (C+D)=0 = C+D=0 = D=-C [ B sin Ax # 0]
u(x,y)=BsinAx-(Ce™ —Ce™)
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=BCsinkx-(e™ —e™)
= BC sinAx - 2sinh Ay

= (2BC) sin Ax -sinh Ay = (2BC)sin ";Tox -sinh ”“Oy ,n=1,23,...

.. the general solution is

u(x, y)= ZA sin X 20 sinh 2 0 3)

Using condition (iv), i.e., when y =20, u=x(20 — x) = f(x), say, we get

fx)= ZA s1nW sinhnw = f(x)= ZA -sinh - s1n2—0x 4)

n=1

Since f(x) is an algebraic expression, to find 4 , we express f(x) as a Fourier sine series

- . ATX
f(x)=)b,sin o (5)
n=1
where b —in(x)sinmdx
209 20
Comparing (4) and (5), we get 4, sinhnmw=5b V n=1
b,
= A =—"—,n21
sinh nw
1 20
Now b, =—|x(20- x)sm—dx
105 20
nwx
=— | (20x —x*) sin——d.
10£( X TX)sin T
r 20
! BTy B PPN Ky
2
:E (20x —x7) p- —(20-2x) —— |+(=2) T
20 20° 20° o
1[—20 nmx 202 nTx 20° nmx .
=—|—(20x —x%)- cos—+ (20 2x)sin —2-——cos
10[ nw 20 20 n'a 20 |,
1|2 20° 20° 20°
=— —O 0+ 0 > (=20)sinnm -2- 303cosn1-r— 0-2- 3030050
10 | nm n’w’ nar nar
1 20° 20°
=—| -2 303 cosnﬁ+2-%]
10 nm nar
1 20° 4.2
= =—2?[1 COS}’ZTA‘]— 3 3 [1 ( 1)]

10 na
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If n is even, then (-1)"=1. b =0
. 4.20° 207
If n is odd, then (-1)"=—1. b, =——[2]=8——, n=1,3,5, ...
nw nw
b 2
But A =—"—=- ! . 2303,232(3)0- 2 .1 , n=13,5,...
sinhnw  sinhnw  n'w 7 n sinhnw
Substituting in (3), we get
u(x,t)= z S 332(?0 sin 2 ginh 27
w=i 35, T -0’ sinhna 20 20
. NWX . | NmY
_ 3200 Z sin 20 -sinh 20
w 5% n’sinhnm

TYPE 2. Finite plate with two non-zero boundary conditions

EXAMPLE 2

Find the steady state temperature at any point of a square plate if two adjacent edges are kept
at 0°C and the others at 100°C.

Solution.

The steady state temperature at any point of the plate is given by
Fu o
ox> oy’

0 (1

Let the side of the square be /
Then the boundary-conditions are

(E)u(x,O)zO }O<x<l (%ii)u(O,y)zO }0<y<l, y=
(i) u(x,l) =100 (iv)u(l,y) =100

u=0|x=0 x=1|{u=100

Note that two boundary conditions are non-zero.
As two adjacent edges have non-zero temperature,
we split u(x, y) into two parts u,(x, y) and u,(x, y),

u(x, y) = u,(x, y) + u,(x, ),
where u (x, ) and u,(x, y)
satisfy (1) and the following boundary conditions.
(1) u,(0,y)=0 (v) u,(0,y)=0
(i) u,(l,y)=0 (vi) u,(x,0)=0
(i) u (x,0)=0 (vii) wu,(x,[)=0
(iv) u,(x, ) =100 (viii) u (1, y) =100



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

y y y
100° 100° 0°
0° u 100° 0° uy 0° 0° U, 100°
(0] 0° X (0] 0° X (0] 0° X

To find u (x, y):

Since u, satisfies (1) and with one non-zero condition in x, the appropriate solution contains
trigonometric function in x.

u,(x,y) = (4 cos Ax + B sin Ax) (Ce™ + De™) @
Using condition (i), i.e., whenx=0,  u, =0, in (2), we get

(Acos0+Bsin0) (Ce¥ +De™)=0 = A(C+De™)=0 = A4=0
u(x, y) = B sin Ax(Ce™ + De™) 3)

Using condition (ii), i.e., whenx =1/, u, =0, in (3), we get
= Bsin N[(CeM+De™)=0 = sinN=0 [ B#0,Ce™ + De™ # 0]

- M=nm = A="Z n=1,2.3, ..

Using condition (iii), i.e., when y =0, u =0, in (3), we get
Bsin\x- (C+D)=0 = C+D=0 = D=-C
u,(x,y)=Bsin\x(Ce —Ce™)
= BC sin\x(e¥ —e™) = BC sin\x-2sinh Ay

nw

u,(x, y) = (2BC) sin(@) : sinh(Ty), n=1,23,...

.. the general solution is

u,(x, y) = i B, sin("lﬂ)-smh(@) (4)

Using condition (iv), i.e., wheny =/, u =100 in (4), we get

u(x,0)= z B, sin(@)»sinh n

n=1

- 100=3 B, sinh;m-sin(@) 5)

n=1
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Let f(x) = 100. To find B , express f(x) = 100 as a Fourier sine series in 0 <x </.

100 = Zb sm( “;x) (6)

n=1

1
where b, = %Jf(x) sin(?) dx
0
b,
Comparing (5) and (6), we find B sinhnmw=5b = B, =
sinhnw
2 nx
Now b, = 7_[100 sin dx
0
!
_cos X
2 200 2
=ﬂ R - =—L[cosnﬂn' cosO OO[I (=" :|
/ nw nw
[ 0
If n is even, then (—1)" = 1. b =0
If n is odd, then (-1)"=—1. b, :@-2:@
nw nw
B, :&,nzl,li...
nasinhnw

Substituting in (4), we get
400 . [ nmx ) . ny
u(x,y)= —————sin| — |-sinh| —=
/(%) nzlg‘s,_”nfn‘sinhnw ( / ) ( / )

We observe that in the boundary conditions of u, and u,, the roles of x and y are interchanged.
.. to obtain u,(x, y) interchange the roles of x and y in the R.H.S of u (x, y).

uy(x, y) = 2 4.00 -Sin(n7yJ~sinh(nﬂxJ

i35, nasinh na l

u(x,y)=u(x,y)+u,(x,y)

= u(x, y)=ﬂ Z .1 sin| 27 | sinh| 2% |+ sin| 2™ |- sinh| 272 |L
T .55, hwsinham l l l l

TYPE 3. Infinite plates with only one non-zero boundary condition

EXAMPLE 3

A rectangular plate with insulated surface is 10 cm wide and so long compared to its width that
it may be considered infinite in length without introducing appreciable error. The temperature
at short edge y = 0 is given by

_ 20 , 0<x<5

B {20(10 —x), 5<x<10
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and all the other three edges are kept at 0°C. Find the steady state temperature at any point in
the plate.

Solution.
The steady state temperature u(x,y ) in a plate is given by the two-dimensional heat equation

du 0
P »

The boundary conditions in the problem are
(i) u(0,y)=0

(i) u(10,y)=0

(1ii) u(x,) =0

20x OSxSS}

(IV) M(X,O) :f(x):{zo(lo_x) 5<x<10

The short edge is y = 0, the x-axis, so the long edge is parallel to y-axis.
Since u(x,0) # 0, the appropriate solution is the one with trigonometric function in x.

u(x,y) = (4 cosAx + BsinAx)(Ce™ + De™) )
Using condition (i), i.e., when x=0, u =0, in(2), we get
(A cosO+Bsin0)(Ce™ +De™)=0 = A(Ce¥ +De™)=0 = 4=0
u(x,y)=BsinAx(Ce™ +De™) 3)
Using condition (ii), i.e., when x =10, u =0, in (3), we get
BsinlON(Ce™ +De™)=0 = sinlOA=0 [ B(Ce™ +De™ ) #0]
= 10)\=n11=>)\:%,n=1,2,3,...

Using condition (iii), i.e., y —> oo, u =0, in (3), we get C=0.

For,if C #0,thene™ — o0 asy — o .. u—> oo, which contradicts the hypothesis.

—nm
y

u(x,y)=BsinA\x-De™ = BDsinAx-e ™" =BDsin%x-e 0t p

L,2,3,...

.. the most general solution is

—nx
y

ux,y)=Y A, sin%-eW (4)

n=l1
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Using condition (iv), i.e., when y =0, u =f(x), in (4), we get
nTX

e = -S4 si
e f)=Y Sin—o

n=1

u(x,0) = ZAn sin nlq;r)x
n=1

Since f(x) is in algebraic form, to find 4 we express f(x) as a Fourier sine series in 0 < x <10

fx)= ibn sin

)

(6)

nx
1

dx}
0

1 5 10
= -1 [20x -sin " dix + [ 2010 —x)sin " dx
504 10 ) 10

2 . nwx 11} nTEX 12 nTx
here b =— sin——dx =— in—=— i
w. . lol‘f(x) 0 & =3 !‘f(x)sm 0 dx+!f(x)s1n 1

5

10 100 /],

10
nawx . hmx
—COS——— —Sm

10 10
AU | —AY
(D]t
10 100 )],
{l: 10 nttx 100 . n'n'x]5
= ———Xx-cos——+——sin——
10 J,

niT 10 nla?

+[(10-x)

1 100 . "
+[——0(10—x)cos@—%sm@]
nw 10 n'w 10 Js

10 100 .
=4ﬂ:——-5~cosm+ 2sm%—O]

2
nw 2 nwm

10 100 . 10 nw 100 . nw
——-0+ sinn — —-5-cos—+ﬁ-sm7

nw n*a’ nw 2 nm

———C08s——+——Sin——+—Cos——+——sin—
nw 2 nmw 2  nm 2 n'm 2

4[ 50 nw 100 . nw 50  nwm 100 .n'n':|

— 5 SIn——

{200 . nn} 800 . nm
n’m’ 2

If n is even, then sin% =0. s b, =0

n-l n-l
If n is odd, then sin?z(—l) 2 . b, =%(—1) Y n=13,5,...
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Comparing (5) and (6), we get A, =b, V n21

8o "t
4, 2’12—2( D2, n=1335,
Substituting in (4), we get the solution
n—1
800 =1 pmx 2800 (-2 . nmx 2
u(x,y)= -1)? sin———-e " =—- sin——-e '
R T P BT

EXAMPLE 4

A rectangular plate with insulated surfaces is 20 cm wide and so long compared to its width
that it may be considered infinite in length without introducing an appreciable error. If the
temperature of the short edge x = 0 is given by

_ 10y, 0<y<10
1020 —y), 10 <y <20

and the two long-edges as well as the other short edge are kept at 0°C, find the steady state
temperature distribution in the plate.

Solution.
The steady state temperature u(x,y ) in a plate is given by the two-dimensional heat equation
2 2
a_th + a—‘; =0 (1)
ox* dy y
The boundary conditions in the problem are u=0
(1) u(x,0)=0 y=20
(i) u(x,20)=0
0, = f = 0 0o, = O
(iii) u(o0,y) = 0 u(0, x)=1f(y)|x u(e, y)
. 10y ,0<y<10 y=0
v 0,y)= =
() u@.y) =/ ) {10(20—)/), 10y £20 u=0 X

The short edge is x = 0, the y-axis and so, the long edge is parallel to the x-axis.
Since u(0,y) # 0, the appropriate solution to (1) is the one with trigonometric function in y.

u(x,y)=(A4e™ +Be™)(Ccos\y +DsinAy) 2)
Using condition (i), i.e., when y =0, u =0, in (2), we get
(Ade™ +Be™)(Ccos0+Dsin0)=0 = (4e™ +Be™)C=0 = C=0
u(x,y)=(A4e™ +Be™)Dsin\y 3)
Using condition (ii), i.e., when y =20, u =0, in (3), we get

(Ade™ +Be™)Dsin20A=0 = sin20A=0 [- D#0, Ae™ +Be™ #0]

= WA=nm = A="" =123, ..
20
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Using condition (iii), i.e., when x — oo, u — 0, in (3), we get

A =0, forif 4 #0, then ™ — o and so u — oo, which contradicts the hypothesis u = 0.

—nTX

u(x,y)=Be™DsinNy — ppe sinAy = BDe -sin%, n=1,273, ...

.. the general solution is

—nmx

u(x,y)zZAne 20 -sin% 4)
n=1

Using condition (iv), i.e., when x =0, u =f(y), in (4) we get

f0)=Y A4, sinT = f(y)=Y 4, sin " (5)
n=l1 20 n=1 20
. 10y , 0<y<I10 . .
Since f(y) = is algebraic,
10(20—y), 10<y <20
to find 4, express f(y) as a Fourier sine series in 0 <y < 20.
f)= b, sin" (6)
n=1

2 % nwy
h b =— in——d
where ; 2O‘([f(y)sm 20 fy

Comparing (5) and (6), we get 4, =b,, n=1

n

1| ny 2 nwy
Now b =—< |10y sin——dy + | 10(20—y)sin——d’
nm“y 20y1j0( ») 0 Y

10 20
10 —cos% —sin% —cos% —sin%
=017 -1 e +H@O=»)| — == |-(-D i
E 202 X % W 10
2 10 2 20
=|:—£-y-cosnﬁy+ 22025inn1-ry] —[£(20—y)‘cosnwy+ 2202 ~sinnﬁy:|
nw 20 n'mw 20 nw 20 n'w 20 1

2__2 2_2 2

-20 nw 207 . nw 20% . 20 nw 20 . nmw
=——10-cos—+——sin—-0-| 0+ ——sinam—| —-10cos—+——sin——
nww 2 nm 2 no nw 2 nm 2

200 nw 400 . nmw 200 nmw 400 . nw
=———C0S—+——Sin—+——CcoS—+ ——sin—
nww 2 nm 2 nw 2 nmw 2
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If n is even, then sin% =0. soob, =0
£ is odd, then sin’® = (<1 " b= DT, n=135
nis o d,tensmT—(—) . soob, = e 2( y2,n=13,5,...
800 I
4, = e 2( 2, n=135,...
Substituting in (4), we get
800 "—" s Y
u(x,y)= 2 .e % .sin
n=135,. n'w’ 20
n—1
800 2
= u(x,y)=— ( e .sin =X

n=1,3,5,.

EXAMPLE 5

A rectangular plate with insulated surfaces is a cm wide and so long compared to its width that
it may be considered infinite in length without introducing an appreciable error. If the two long
edges x =0 and x =a and the short edge at infinity are kept at temperature 0°C, while the

wX
other short edge y = 0 is kept at temperature u, sin> —, find the steady state temperature at
a

any point (x, y) of the plate.

Solution.
The steady state temperature u(x,y) at any point in the plate is given by the two dimensional heat
equation ) )
o'u  Jdu
2 + TS5 = 0 (1)
ox* dy
The boundary conditions are
i 0,y)=0
@) w0 =0] o
(ii) u(a,y) =0
(iii) u(x,0)=0
0<x<a,

. . 3 WX
(iv) u(x,0) = f(x)=u,sin’ — (5 0) = ) = ugindBX. X
Since u(x,0) # 0, the appropriate solution of (1) is the one with trigonometric functions in x.

u(x,y) = (A4 cos A\x + BsinAx)(Ce™ +De™) )
Using condition (i), i.e., when x =0, u =0, in (2), we get
(4 cos0+Bsin0)(Ce™” +De™)=0 = A(Ce™ +De™)=0 = A4=0

u(x,y)=BsinA\x(Ce™ +De™) 3)
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Using condition (ii), i.e., when x =a, u =0, in (3), we get
BsinAa(Ce™ +De™)=0 = sinAa=0, [ B(Ce™ +De™) 0]

= Na=nwn = Azﬂ,n=1,2,3,...
a

Using condition (iii), i.e., when y — e, u — 0, we find C = 0.

Forif C # 0, as y — oo, ™ — oo and so u — oo, which contradicts the hypothesis u = 0
. . - _rmy
2 (3) s u(x,y)=Bsin\xD-e™ _ gpsinAv-e™ = BDsin ve o, n=1,2,3, ...
a
oo _nmy
.. the general solution is  u(x,y) = ZA . sin 0% o 4)
a

n=1

. e .3 TX
Using condition (iv), i.e., when y =0, u =f(x)=u, sin’ —, we get
a

L 3T . nmx - . nmx
u, s1n3—:ZAnsm e’ :ZAnsm
a a a

n=1

u . omx . 3mx . X . 2mx . 3mx
= —°|:3sm——sm—]=Alsm—+A2s1n——+A3s1n—+---
4 a a a a a

Equating like coefficients we get,

_ 3u, U

4, . A,=0, A=="L 4
4

27y =3y —4my

™
. WX . 2mx . 3mx . 4w
u(x,y)=Asin—-e * +4,sin—-e ¢ +A4,sin—-e ¢ +4,sin—-e ¢ +...
a a a a

-y =3my

3u, . wx u, . 3mx
= u(x,y)=——sin—-e ¢ ——sin—-—-e ¢
4 a a

EXAMPLE 6
An infinitely long plane uniform plate is bounded by two parallel edges and an end at right
angles to them. The breadth is 7. This end is maintained at a temperature u, at all points and

the other edges are at zero temperature. Determine the temperature at any point of the plate in
the steady-state.

Solution.
The steady state temperature u(x,y ) at any point is given by

u  du

PR e M
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The boundary conditions are

(1) u(0,y) = 0} 0<y <o (%ii) u(x,00) =0
(i) u(m,y)=0 1v)u(x,0) =u,

Since u(x,0) # 0, the appropriate solution of (1) is the solution with

} O<x<m

trigonometric function of x.

X
u(x,y)=(4 cosAx + BsinAx)(Ce™ +De ™) 2)
Using condition (i), i.e., when x =0, u =0, in (2), we get
(4 cos0+Bsin0)(Ce™ +De™)=0 = A(Ce™ +De™)=0 = A=0
u(x,y)=BsinA\x(Ce™ +De™) 3)
Using condition (ii), i.e., when x =, # =0, in (3)
BsinmA(Ce™ +De™)=0 = sinmA=0, [ B(Ce™ +De™)#0]
= wAN=nm = A=mn=1273 ...
Using condition (iii), i.e., when y — oo, © =0, in (3), we get C = 0.
For if C # 0, then u — oo, as y — oo which contradicts u = 0
u(x,y)=BsinAx-De™ = BDsinAx-e™ = BDsinnx-e¢™, n=1,2,3, ...
.. the most general solution is
u(x,y)=Y A, sinnx-e " 4)
n=1
Using condition (iv), i.e., when y =0, u =u,, in (4), we get
= u, :z‘/ﬁlnsinnx-e0 :zAn sin nx )
n=1 n=1
To find 4, , we express u, as a Fourier sine series
u, = Y b, sinnx (6)
n=1
27 2u, [ - i
where b, = —-Juo sinnx dx = ﬁ[ o8 nx]
I 0 n n 0
-2 2
= [cosnm —cos0] = _Zh [(=1)" —=1]
niw nw

When n is even, (-1)" =1, then b, =0

4
When n is odd, (-1)" = -1, then b, = ﬂ, n=135,...
naw
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4
Comparing (5) and (6), wefind 4, =b,, n>1 .. A4 =ﬁ, n=13,5,...

Substituting in (4), we have

.4 .
u(x,y)= Mo Ginnx e = o —sinnx-e™™.
n=135,.. N T =135, 1
EXERCISE 20.5
u  du naTx

1. Solvea—2 + 37 = Osubjecttotheconditionsu(0,y) =u(l,y) =u(x,0) = 0and u(x,a) = sinT.
x y

2. The function v (x,y) satisfies the Laplace’s equation in rectangular coordinates (x, y) and for the
points in the rectangle x =0, x =a, y =b, it satisfies the conditions

v(0,y)=v(a,y)=v(x,b)=0 and v(x,0) =x(a—x), 0 <x <a. Show that v(x,y) is given by

i sinh (2n+1)ﬂ'(b _y)
8a" & 1 . 2n+Dmx a
V(X,J’)=_32 2 +13.Sln ’ wh .
w0 (@n+l) a sinh(@n +1) 72
a
3. A square plate of length 20 cm has its faces insulated and its edges along x =0, x = 20,
T
—y , 0<y<10
10)’ y

y =0, y =20. Ifthe temperature along the edge x = 20 is givenby u =
T
E(ZO—y), 10<y <20

While the other three edges are kept at 0°C, find the steady state temperature distribution in the
plate.
4. A rectangular plate is bounded by the lines x =0, x =a, y =0, y =b and the edge temperatures
.4 .3
are u(0,y) = 0, u(a,y) = 0, u(x,b) = 0, u(x,0) = 5sin——> + 3sin o,
a a
Find the temperature distribution.
2 2
5. Solve B_th + a—i
ox* dy

u(0,y) =u(w,y) =u(x,w) =0 and u(x,0)=sin’ x.

= 0 subject to the conditions

6. Find the steady-state temperature at any point of a rectangular plate of sides « and b insulated on
the lateral surface and satisfying #(0,y) =0, u(a,y) =0, u(x,b) =0 and u(x0,) =x(a—x).

7. An infinitely long-plane uniform plate is bounded by two parallel edges and an end at right
angle to them. The breadth of this edge x =0 is 7, this end is maintained at temperature as
u=k(my—y?) at all points while the other edges are at zero temperature. Determine the
temperature u(x,y) at any point of the plate in the steady state if u satisfies the Laplace
equation.
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8. Arectangularplate of widthacm with insulated surface has its temperature vequal to zero on both the
long sides and one of the short sides so that v(0,y) =0,v(a,y) =0, v(x,00) =0, and v(x,0) = kx.

o . 2ak & il 2 nmx
Show that the steady state temperature within the plateis v (x,y) = — 2 (-D)"e @ -sin—-.
T a

n=1
9. A rectangular plate with insulated surfaces is 8 cm wide and so long compared to its width that
it may be considered infinite in length without introducing an appreciable error. If the tempera-

ture along one short edge y = 0 is given by u(x,0) =100 sin“%,o < x < 8 while the two long

edges x = 0 and x = 8 as well as the other short edge are kept at 0°C, show that the steady-state

—ay
temperature at any point of the plate is given by u(x,y) = 100e ® -sin .

10. An infinitely long rectangular plate with insulated surface is 10 cm witle. The two long edges
and one short edge are kept at zero temperature , while the other short edge x = 0 is kept at

20y , 0<y<5

temperature given by u = .
P & Y {20(10—y), 5<y <10

Find the steady state temperature distribution in the plate.
11. A rectangular plate is bounded by the lines x =0, x = @, y = 0, y = b and the edge temperature

are u(0, ) = 0, u(x, b) = 0, u(a, y) = 0, u(x, 0) = Ssin =~ 4 3 3™
a

. Find the steady state
a

temperature distribution at any point of the plate.

12. Find the steady sate temperature distribution in a square plate of side 7 with the boundary
conditions u(0, y) = u(w, y) = u(x, ) = 0; u(x, 0) = sin’ x.

13. A rectangular plate is bounded by the lines x =0, y =0, x = a and y = b. Its surfaces are insulated
and the temperatures, along two adjacent edges are kept at 100°C and the other two at 0°C. Find
the steady state temperature at any point of the plate.

14. A rectangular plate with insulated surfaces is 10 cm wide and so long compared to its width
that it may be considered as an infinite plate. If the temperature along short edge y =0 is

u(x,0) = SSin%, 0 <x <10, while two long edges x =0 and x =10 as well as the other

short edge are kept at 0°C. Find the steady-state temperature at any point of the plate.

ANSWERS TO EXERCISE 20.5
sin ™ ginh 1™
Lou(x,y)= —
sinh——
[
nl . WX . ATY
- h——-sin
8T -1 2 Sin
2. u(x,y)=— ( . 20 20
nelss... N sinh na

4 4 4
4. u(x,y)= 5sinﬂsinh—ﬂ(b -y) coseclb+3sin3ﬂ-sinh3—ﬁ(b—y)-cosec 3mb
a a a a a a
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10.

11.

12.

13.

14.

8
. u(x,y)z;

2 sinnx -sinhn(y — )

n=1,3.5,... n(l’l2 - 4) sinh n7r

—8a’ 1 : :
Cu(x,y)= T:; Z -smn:x-smh%(b—y)

., nhwb
n® sinh ——
a

k 1 .
.u(x,y)—8 z —sinny -e™

T p=135..1

n-1 —nmx

W)= T - e st
n=135,.. 1 10

. X . 5 . Smx . Sw
u(x,y)=-— 3 sm3w ~s1nh3—w(y -b)— sin -sinh—(y —b)
. (3wb a a a
sin| ——
a
3,

. (Snb) a
sin| ——
a
z sinnx -sinhn(y — )

‘. n(n’ —4)sinhnw

8
M(x,y)—;

n=l,

nwTx

. ., hT . nmy .
sin -sinh Y sin by -sinh
a aw. .
nwh nwa
sin—— sin——

a b

400 1
U(X,J’)—? ;
1,3,5,.

mx 2
u(x,y)=8sin—-e 1°
(x,») 10

SHORT ANSWER QUESTIONS

AN U i

2 2
d’y _czay

orr  ox?’

What are all the solutions of one dimensional wave equation?

In the wave equation what does ¢* stand for?

Write down the partial differential equation governing the transverse vibrations of an elastic string.
State the suitable solution to the one dimensional wave equation.
How many boundary-value conditions are required to solve the one-dimensional wave equation?

Write down the initial conditions when a taut string of length 2/ is fastened on both ends. The midpoint
of the string is taken to a height b and released from the rest in that position.

ou , 07
In the diffusion equation i =« a—z, what does o stand for?
t X
, 0'u

)
State the three possible solutions of the heat equation AL

ot ox?’

In steady state conditions derive the solution of one dimensional heat flow equation.
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10.
11.
12.
13.

14.
15.
16.

17.
18.
19.

20.
21.

22.

What is the basic difference between the solutions of one dimensional wave equation and one dimen-
sional heat equation?

A rod 30 cm long has its ends 4 and B kept to 20°C and 80°C respectively untill steady state conditions
prevail. Find the steady state temperature in the rod.

The ends 4 and B of a rod of length 10 cm long have their temperature kept 20°C and 70°C. Find the
steady state temperature distribution on the rod.

An insulated rod of length / has its ends 4 and B maintained at 0°C and 100°C respectively and the rod
is in steady state condition. Find the temperature at any point in terms of its distance from one end.

State the initial and boundary conditions of one dimensional heat equation.
What is meant by two dimensional heat flow?

Write down the two dimensional heat flow equation in steady state.
(OR)
Write down the Cartesian form of Laplace equation in two dimension.

Write down the possible solutions of the two dimensional heat equation in steady state.
Write any two solutions of the Laplace equation u , +u, = 0 involving exponential terms in x or y.

An infinitely long plane uniform plate is bounded by two parallel edges and an edge at right angles
to them. The breadth is p. This edge u(x, 0) is maintained at a temperature 608C at all points and the
other edges are at zero temperature. Formulate the boundary value problem to determine the steady
state temperature.

Given the boundary conditions on a square plate how will you identify the proper solution?

An insulated rod of length 60 cm has its ends at 4 and B maintained at 20°C and 80°C respectively.
Find the steady state solution of the rod.

A plate is bounded by the lines x =0, y = 0, x =/ and y = /. Its faces are insulated. The edge coincid-
ing with x-axis is kept at 100°C. The edge coinciding with y-axis is kept at 50°C. The other two edges
are kept at 0°C. Write the boundary condition that are needed for solving two dimensional heat flow
equation.

OBJECTIVE TYPE QUESTIONS

DN —

. Fill up the blanks

The one-dimensional wave equation is

. The boundary value conditions for the transverse V1brat10ns of a string of length / with fixed ends and initial

displacement y = f(x) is
The general solution of a string of a length / whose ends points are fixed and which stands from rest is

The number of boundary conditions required to solve one-dimensional wave equation is

,0%u

. . . du
. In one-dimensional heat equatlon,a— o’ —, o stands for
t

ox*’
A rod of length 60 cm has its ends A and B insulated and the temperature is maintained at 20°C and 80°C.
Then the steady state temperature at any point of the rod is
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. . . . . du ?
The variable separable solution of the one-dimensional heat equation — = o>
sions equal —A? is

ox*

with separated expres-

. An infinitely long metal plate is in the form of an area enclosed between the lines y = 0 and y = 10 for posi-

tive values of x. The temperature is zero along the edges y = 0 and y = 10 and the edge at infinity. If the

2 2
edge x = 0 is kept at temperature u = 4K sin’ % Then the boundary value conditions for % + % =0are
X y
u du
The suitable solution for the heat equation — +—=01s
ox*  dy
2 2
. For the boundary value problem 87124 + a—z =0 with
ox* dy
i = ii1) u(x,00) = 0
»u(0,y)=0 0<y<oo (.) (x,00) ) }0<x<10

(1) u#(10,y)=0 (iv) u(x,0) =sinx

the suitable solution is

Choose the correct answer

The nature of the partial differential equation x’u_ + 2xy u, +(1+ yz)uyy —2u =01is

(a) ellipticifx#0 (b) hyperbolic if x # 0

2 2
. The nature of the wave equation a—); =c J )2) is
ot ox
(a) elliptic for all (x, #) (b) hyperbolic for all (x, ?)
(c) parabolic for all (x, 7) (d) None of these
. . . . . d'y L0y,
. The suitable solution to one-dimensional wave equation 5 =c e is
X

(@) y=(4e™+Be™)Ce™ +De™)

(b) y=(AcosAx+ BsinAx)(C cosAct + Dsin\ct)

(c) y=(Ax+B)(Cx+D)

(d) None of these PE PE

The minimum number of boundary value conditions required for unique solution of a—; =c’ a—); is

X
(@ 2 (b) 3 (c) 4 (d 5

. A hotrod 40 cm long with insulated sides has its ends A and B kept at 20°C and 60°C. Then the steady state

temperature at a point 15 cm from end A is

(a) 25°C (b) 27.5°C (c) 28.5°C (d) None of these

A hot rod of length 20 cm where one end is kept at 30° and the other end is kept at 70° is maintained until
steady state conditions prevail. Then the steady state temperature is given by

(@) u(x)=x+30,0<x<20 () u(x)=3x+30,0<x<20

() u(x)=2x+30,0<x<20 (d) None of these

. An insulated rod of length 60 cm has its ends at A and B maintained at 20°C and 80°C, respectively. Then

the steady state temperature of the rod in 0 < x < 60 is

(@) u(x)=x+30 (b) u(x)=x+20 (c) u(x)=3x+20 (d) None of these

The ends A and B of a hot rod 40 cm long have their temperature kept at 0°C and 80°C, respectively, until
steady state conditions prevail. Then the steady state temperature of the rod in 0 <x <40 is

(a) u(x) =2x ) ux)=x+2 () ulx)=x (d) ux)=2x+2
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2 2
9. The number of boundary conditions required to obtain unique solution of FYs + g—lzl =0is
X v
(@) 2 (b) 3 (c) 4 (d 5
2 2
10. Any solution of the Laplace equation — + a—’; =0is
ox®  dy

(@) u(x,y)=(AcosAx+ Bsin\x)(Ce" +De™) (b) u(x,y)=(4e"* +Be™)Ce" +De™)

(¢) u(x,y)=(4Ax+B)(Ce" +De™) (d) None of these
ANSWERS

A. Fill up the blanks
 Qu_ 9y

atz axz az aZ
2. The boundary conditions of —i} =c’ —)2} are

ot ox
1) »0,5=0 @i1) y(l,t)=0Vt 20 for fixed ends
iy —2_—¢ (iv) ¥(x,0)= f(x),0<x<I

i(x,0)
nmwct
[

3. y(x,t)= ZBn sin$~ cos
n=1

4. 4 boundary value conditions consisting of 2 initial conditions and 2 boundary conditions.
» _ k _ thermalconductivity

5. af =—=
pc  density X specific heat

6. u(x)=x+20
7. u(x,t):(Acos)\x+ Bsin)\x)e_xluzt
@ u(x,0)=0

8. (i) u(x.10) = 0}0 <x<oo (iil) u(e0,y)=0

(iv) u(0,y)= 4Ksin3%,0 <y<10

9. u(x,y)=(Acos\x+ Bsin\x)(Ce"” + De™") or u(x,y) = (Acos\ y + Bsin\ y)(Ce* + De ™)
10. u(x,y)=(Acos\x+ Bsin\x)(Ce"’ + De™")

B. Choose the correct answer
1. (a) 2. (b) 3. (b) 4. (c) 5. (b) 6. (¢) 7. (b) 8. (a) 9. (¢) 10. (a)
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Reduction of Second
Order Partial Differential
Equation into Canonical Forms
(Non-linear Equations of Second Order)

11.1 Laplace Transformation (Canonical Forms)
[Avadh 2001, Delhi Maths (Hons.) 2004]
Consider the linear partial differential equation of second order of the form

Rr+Ss+Tt+ f(x, p,z, p, q) =0 (1)

in which R, S, T are continuous functions of x and y possessing continuous partial

derivatives of as high order as necessary.

This equation can be reduced to a more simple form by a suitable change of the
independent variables. The simpler forms which result in this way are called canonical
forms of the equation (1).

Let the independent variables x and y be changed to u and v by means of the

transformations
u=u(x, y)and v =v (x, y) ..(2)

Now, we have

_az_az% 82@

0z 0z du 0z dv
p=—=—=—+— &=
ox oJuodr OJvox

and j=—=——+—=—
dy dudy dvady

d Jdu 9 oJvod d Ju 0 v 9
—_— = — —— and —_—=— — + — —
or ox du ox Iy dy dy du  dy ov




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

= 498 Differential Equation

,:ézi(a_z):i(a_z%a_@)
o or \ox or\oduodx dvox

=i(£).% 3z 9%u +i(8_z)'av 2z 3%y
o \ou) o ou aZ  ov \ov) or N o2

:K@z Bva)(%)].%+ﬁﬁ
or ou ox ov)\ou)| ox  ou 2
+(%i+%i)(a_2) et
axou orar)\ov)| or v o2

u %z L 9%z | u 3z du
—_— + —_—
a p) MZ U dvou| o ou o2

wu %z otz o 3z v
+| — +——
o udy . A Jp2 ax E o2

(au)z 9%z ) o2z ou ov 0z ou (a,,)z 2z 9z oy

a) o2 “ouwov ox ox du g2 \ax) 92 v g2
Similarly,
2 2 9 2 2 2 9 2
= () SO TR TN )
Iy’ ad  udv I du gy g
Pz dfa)_a (e du 3z
and §=
ox dy ax 8)/ E)x auay E)VE)y

:i(az) du 0z % 9 (az) a3z %
dx\ou) dy dudrdy ox\dv ay avaxay

, (%i+%i) (a_) e, oz P
or ou oxav) \ou)| dy ou adxdy
+(8u8 ava)(g) w0z

ordu oxav)\ov)| dy ov ordy

_[au %z o 3z ]au 3z Pu

o 32 ox avou) 9y owaxdy

e w ) v 2z o
ox dudv dx yy2 ) dy Iv dxdy
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Reduction of Second Order Partial Differential.... 499 )=

_woud’z 9z (udv owow) 09z Pu v d Pz 0z v
axayaMZ uov\dy ox ordy) ouardy or dy g2 v axdy

Putting these values of p, ¢, r, s and ¢ in (1) and simplifying, we get

2 2 2
FEEI C92+F(,,z£a—2) 0 5
au2 du v ? o ~(3)
e) ou 9 ) 2
where, A= R( ”) +SsZX, T & .(4)
ax ox dy ay
B = R%ﬂ lg du v %Q +T%.Q ..(9)
ox dx 2 E)xay dy ox dy dy

2
C=R (a") AL o i .(6)
ox ax dy dy
and F(u, V,z,a—z,k) is the function of u,v,z,— dz and — .
ou Jdv Ju

Now, we determine # and v so that the equation (3) takes the simplest possible form.

The equation (3) reduces to the simplest integrable form when the discriminant.

S% _4RT of the quadratic equation

2 =
RX +SA+T=0 A7)

is either positive, negative or zero evelywhere.
The three cases are discussed separately as follows.
Case I:If S2 —4RT >0 (i.e., if equation (1) is hyperbolic)

In this case the roots A}, A (say) of the equation (7) are real and distinct. If we choose u
and v such that

ou ou
Zop = (8
5w (8)
v v
and Lo
an ety 9)
3 2
then A=(Rx21+sx1+T)(—”J =0
Y

R?»lz +SA+T =0as A is a root of equation (7).
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Similarly, C =0

Now equation (8), can be written as

——A=—=0
ax dy

which is Lagrange's form and its auxiliary equations, are

b b e
I -2 0
Which gives  du=0 - u=¢ (constant)
d
and i =0 .(10)
dx
Let JSi(x, ¥) = ¢y (constant) be the solution of equation (10).

the solution of (8), can be taken as

u= fi(x, ) L (11)

which is a suitable choice for u.

Similarly, the solution of (9) i.e., fo(x, y) =¢,, can be taken as

v=fox, p) ..(12)

is a suitable choice for ».

Now it can be shown that
. 2
AC - B? :Z(4RT—S2)(—— - ——] (13)

Since A =0, C =0 when u and v are chosen such that (8) and (9) are satisfied, therefore

from (13), we get

2
B? :%(Sz ~4RT) (@ﬁ-%ﬁj

ar dy 9y ox
S? —4RT >0, . B>>0
A=0=C, - equation (3) reduces to
2
2B Jz +F(u,v, z, k, ﬁ):o
oudv ou dv

Since B2 > 0,i.e., B#0, so we can divide this equation by B.
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dividing by 2B, it reduces to

Hence, if we make the substitutions of u and v defined by (11) and (12), the given equation (1)
reduces to the form

2
a z = q) (u7 V’ z7 a_zi a_z) ...(14)
ou v ou ov

which is the canonical form of given equation (1) and is simpler to solve, than the

given equation (1).

Case I : If S2 ~4RT =0 (i.e., if equation (1) is parabolic)

In this case the roots of equation (7) i.e., R kz +SA+T =0, are real and equal
ie., Ay =

Here we choose u as in case I, such that

%zkI% which gives u= f(x, y) ..(15)
ax ady

Also we take v to be any function of x and y, which is independent of u.
Asin case I, A =0. Also from (13), B2 =0 -+ S2 =4RT.

ie., B=0

Here C cannot be zero, otherwise v would be a function of u.

Putting A =0, B =0 in (3) and dividing by C # 0, equation (3) becomes

&:q)(uyza_z %)
o T ou’ oy

Hence, if we make the substitution of u as defined by (15) and v any function of x and y,
the given equation (1) in this case reduces to the form
2z ( 0z az)

— = q) u,v,z, —

% (16
o2 ou’ v (16)

which is another canonical form of given equation (1) and is simpler to solve than the

given equation.
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Case III : If S —~4RT <O0. (i.e., if given equation (1) is elliptic)

In this case the roots of equation (7) i.e., RN +Sh+T =0, are complex conjugates.

Proceeding as in case I, here the equation (1) will reduce to the same canonical form

[equation (14)] as in case I but here the variables u and v are not real but are infact the

COl’I'lplCX COHj ugates .

To find the real canonical form.

Let u=o+ip

%(u-k V)

and v=oq

_lB

1
d =—i(v—u).
an 2z(V 1)

B

Now we transform the independent variables # and v to o and B with the help of these

relations.
Wenme, .20k Lk k)
ou Jdo du Idf Jdu 2\do IB
dz 9z do 9z OB _ 1(82 ,az)
and —t— —|—+i=
W o0 ov o ov 200 op
0%z :i(ﬁ):l(i_ii)(a_zﬂ-%):l i A
oudr ou\or) 4 0o 3pJloo  IP) 4|02 aB

Substituting in (14), the canonical form of equation (1), in this case is

a2
op?

22z

80L2

ofus.

Jz oz
2y,
0. aﬁ)

(17)

Summary : Here we list the canonical forms of the second order partial differential

equation (1), obtained in different cases, in the following table.

Type of the Equation

Canonical Form

Hyperbolic 52 —4RT >0

Elliptic S? ~4RT <0

822 —q)(l/t 2 aZ E)
Ju dv o o
&zq)(u ZE az)
v’ © 7 9u’ v
2 2
;T; g?gzd)(a,ﬁ,z,aa—;,g—;)Hereu o+if, v=0—ip
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Reduction of Second Order Partial Differential.... 503 )=

11.2 Working Method of Reducing a Hyperbolic
Equation to Canonical Form

Let the second order partial differential equation

Rr+Ss+Tt+ f(x, y,z, p, q) =0 (1)
be hyperbolic i.c., S2 _4RT >0.
To reduce (1) to canonical form, proceed as follows.
Step 1 : Write A-quadratic equation

R +SAh+T =0 (2)
whose roots will be real and distinct o S?2_4RT >0
Solve (2) and let A, and A, be its two distinct real roots.

Step 2 : Write the corresponding characteristic equations

d d
pe, i =0 and L, =0
dx dx

Solve these equations and let
Six, y) =¢ and Jo(x, ) = ¢y be the solutions.

where ¢ and ¢y are the arbitrary constants which are known as the characteristic curves or

simply the characteristics of the equation (1).
Step 3 : Let # and v be two functions of x and y, such that
u= fi(x, y)and v = fo(x, y) .(3)

Step 4 : Using the relations (3), find p,q,7,s and t as needed for (1) in terms of # and v as
in§11.1

Step 5 : Substituting these values of p,q,r,s,t obtained in step (4) in (1), simplify to get

2
the canonical form of (1), which will be of the form 0z =0 (u. V.Z,%,a—z).
ou dv ou ov
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\Solved Examples

Example 1: Reduce the following equation to canonical form.
2z 2 22z

-t T2
Fa dy [Agra 2005; Meerut 2009 (B.P.), 11 (Sem. I), 12 (Sem. I);
Delhi Maths (Hons.) 2002, 06; Himachal 2005; Kurukshetra 2004; Ravishankar 2004; I.A.S. 2008]

Solution: The given equation can be written as

r-x*t=0 (1)
Comparing (1) with the equation

Rr+Ss+Tt+ f(x, y,z,p,q) =0, we have

R=1S=0T=-x2 - S2_4RT=4x250

and so (1) is a hyperbolic equation

A — quadratic equation, RA + SA+T =0, becomes
3 —x% =0, giving A =% x
Let A; =xand Ay =—x. (Real and distinct roots)

d d
The characteristic equations % +Ap=0and % +2Ay =0, becomes

dl+x=0 and dl—x:O
dx dx

Integrating them, we get the following characteristics of (1)

y+%x2=q and y—%x2=c2

To change the independent variable x, y, to u,v, in the given equation (1), we take

1 9 1 9
=Jy+—x d =y-=
u=y 21 an v=y 2x

0z 0z Ju 0oz E)V_x(az 8z)

"o owax oo \ow v

_0dz 0z Ju 0z dv _0dz oz

_—t — —

g=—=—. —_—=—+—
dy ou dy dv dy Odu ov

?z 9 (az) J (az az)
r=—mem=s—|—|=—3x|——
o2 orlor) or ou dv
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) (az E)z) (az E)z)

LA el P il
ox\ou ov Ju v

-y i(%_a_z)%+i(k_a_z) |, 92 oz
ou\ou ov)ox dv\ou ov) ox| ou ov

9 9%z 3Pz %z) oz oz
=X - —2 +—|t———
o udv 2| ou v

and t:ﬁzi % :(i+i)(%+%)
3)72 ay \ dy ou dv)\ou v

u oudv 2

Substituting the values of r and t in (1), we get

N 2 2 (A2 2 2
xz[az 28z+£]+az 0z Xz(az 2az+£):0

37 T uav 2] ou ov 37 " dudv 2
9%z 1 (E)z Bz)
or =— ==
oudv 4,2 \ou v

o’z 1 (az Bz)
or =
Judv 4 (u—v)\du v
which is the required canonical form of the given equation.

Example 2: Reduce the equation
(r=Dr=(7F -Ds+ y(y-Dt+ p-q =2y "1~ y)’
to canonical form and hence solve it. [Rohilkhand 2001; Delhi 2008]
Solution: Comparing the given equation with the equation
Rr+Ss+Tt+ f(x,p, z,p,q) =0, we have
R=y-1S==y"-1), T = y(y-)
. §2_4RT =(y-1* >0 = Given equation is hyperbolic.
The quadratic equation R}\,z +SA+T =0, becomes
(7D =(% ~Dh+ y(y=1) =0
or W —(p+Drh+ y=0
or (A-=D(A -y =0, giving A =1,y

ie., A =land Ay =y (Real and distinct roots)
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The characteristic equations dl + 7‘1 =0 and dy + 7»2 =0 becomes

d d
T i1=0 and Y + y=0
dx
Integrating these equations, we get the following characteristic curves (or characteristics)

of the given equation.

X+ y=q and )/ex:cz

To change the independent variables x, y to u,v, in the given equation, we take

u=x+y and V:yex.

0z 0z du 0dz dv oz y 0z oz oz
== —+= b =—+v—
o ouor dvor ou v Jdu  ov

Jdz oz BM dzdv 0z ydz

Yy wy wy wm W

S iIn b i)
zai( av) (f’i”%)

32z 3Pz 9%z
=—t+2V—F Vv —Frv—
Ry ou v a2 o

0 [0z ) (Bz xaz)
s=—|—|=—| —+e" =
ox\dy) ox\ou v
=i(a—z)+el J (az)_”xa_z
ox \ du ox \ dr o
(8 8)(82) X(a 8)(82) v 0z
=|l—+rv—||=|+e|=+rv—||= |+ =
ou ov )\ du Ju  odv)\ov ov
Pz . %2 9% o

_9Z _ x 9z
—au2+(e +V)8u8v+w aVZ+ >

dfoz)] o (E)z xaz) 0 (az) y 0 (E)z)
and t= —te —|=—|—|+e¢

ay ay E)y ou ov) Jdy\du dy \ov

9 (az) au+ ) (E)z) ov i ) (az) 8u+ ) (az) o

au ou)dy v \ou)dy ou\dv)dy odv\dv)dy

2%z ¥ 9%z 95 9%z

292, 9,92 gz
a,,,2+ ‘ Buav+g o2
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Substituting the values of p, g, r, s, t in the given equation, we get

Pz . %z 9%
(p-D|LE40p L2222, &%
7 [Buz W

2 2 2
—(yz—l B_ (e +V)az+yex8_z+gxa_z
o Ju dv o2 av

922 9%z 9 a2z oz 92
_1 z = 2 X X_ _ X __2 X]
+(y )Lz+ e Buav+€ W +(v e)aV e~ ( )

or (l—y)gex 0 —2y52x(1—y)3
Jud
2%z 2%z
= 2 X = 2 vee 1
or ou v Je or ou v ! (1)

which is the required canonical form.

To Find the Solution : Integrating (1) partially, w.r.t. v, we have

%zuhf(u). -(2)
Ju

where f(u)is an arbitrary function of u.

Now integrating (3) partially w.r.t. u, we have
z=uw’ + o (u)+w (v) where o(u)= I fwdu.
Where vy (v) is an arbitrary function of ».
2 2x x
or =@+ v ot )ty (ye)
which is the solution of the given equation.

Example 3: Reduce the equation yr + (x+ y)s+ xt =0 to canonical form and hence
find its general solution. [Delhi Maths (Hons.) 2007]
Solution: Given, yr+(x+ y)s+xt=0 (1)
Comparing (1) with the equation
Rr+ Ss+Tt+ f(x, y, z, p, q) =0, we have
R=y,S=x+yT=x,

S? —4RT =(x+ y)* —dxp=(x— p)* >0if xr # y




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

= 508 Differential Equation

which shows that (1) is hyperbolic equation if x = y.
A-quadratic equation R\ + Sh+T =0, becomes
A+ (x+ PA+xr=0 or (JA+x)(A+1)=0
A=-x/y, -1

d d
The characteristic equations dl + }‘1 =0 and % + 7\,2 =0 becomes,
x

dy ~X -0 and dl— =0
ey dx

Solving yz/Z—x2/2 =¢ and y-x=cy
where ¢ and ¢, are arbitrary constants are the characteristics of (1)
To change the independent variables x, y to u,v, in (1)

we choose u=y2/2—x2/2 and v=y-x

:%:% au oz v _(Xaz az)
ox aulax v ox du v

_0z _dz du au 0z dr dz  dz
y wdy wy L on

9%z Lo az
F=—= 4=
o2 8‘( B BV
% _(a_z)_i(a_)
Ju ou) ox\od
B Y R A NEY AT AT AT
ou oul\ou) ox ov\ou) ax| |oul\ov)aox ov\ov) ox

0z %z ¥z %z ¥z
x|t — - — || — ——
a2 Ouodv oy 2

and

9 92z R e
=x +2f—t—= =
o dudv 2 ou

Pz (e a( dz az)
"y aly) wlVw w

) (az) ) (az)
:)]— —_— +_ —_—
ox\du) ox\odv
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) (82) ou 9 (BZ) v ) (E)z) ou 0 (az) v
=yl=|=| =+= + +—|=|.=
Ju\du) ox dv\du) ox ou\dv)ox dv\adv) ox
SO A2 N OO O I S A
J o2 ouov Uy g2 E)uz " o o2
%z _9(az)_ 2 ( dz az)
and —|y—+=
8)/2 8)/ By 8)/ du Jv
0z ) (Bz) ) (az)
IR L A
Ju dy\ou) dy\odv
oz ) (82) ou 0 (82) o ) (az) ou 0 (82) o
=—+y|=—|=|=—+=|=|=|+|=|=| =+ =| = |=
ou ou\ou)dy dv\ou)dy| |[oulov) dy dv\dv)dy
L [ ][ P
Ju J/J/auz v du yauav o2

J/Z 82 92z 82 az
auav o2 au

Substituting the values of r, s and ¢ in (1), we get
x2&+2x—822 +&—a—z —(x+y o’z +(x ) —— o’z 62z
N 52 w32 ou V2 P w52

822 a2 az} 0

814 BV o2 ou

2

9. 0z 0z 0z
- 4 y _ ., 9= 0
. Moy (> s2) ]814817 y8u+ u

2 2
or —(y—x)zaa—a—( - )%=0 or (y-x) aiazy+%:035y¢x.

3%z 0z _

o Vauav u ~()

which is the required canonical form.

To Find the Solution : Multiplying both sides of (2) by u, we get

2, 0z
uv +u—=0 or (uwDD’+uD)z=0 ..(3)
ou v ou
where D = i and D = i

Ju o
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X

To reduce (2) to linear differential equation with constant coefficients, let u=¢" and
v=e¥ so that X =loguand Y =logv.
0 _d . 0 0 ,
ua = X =D (say) ie, uD=D, Vg = ¥ =Dy (say)
? P
and uv =———=DD] ie, wDD =DD|
oudv  9dX Y
Substituting in (2), it reduces to
(DyD] +Dy)z=0 or Dy(D{+1)z=0
whose general solution is
2=0;(Y) + e 00(X) = 0y (log ) + v Lo (log )
or z :\yl(V)+V_I Vo (u)
or z=y (-0 + (-0 gy (0 -2
where y| and y, are arbitrary functions.
Example 4: Reduce the following equation to canonical form and hence solve it.
Y+ y)or-s)-xp-yq-z =0. [Meerut 2012 (O)]

Solution: Comparing the given equation with the equation
Rr+Ss+Tt+ f(x, y, 2z, p, 4) =0, we have
R=y(x+y), S=-px+),T=0
S% _4RT = yz(x+ y)z >0 = Given equation is hyperbolic
Here the quadratic equation R) + S\ +T =0, becomes
y(x+y)l2 - y(x+ pA+0=0
or AA-1)=0 A=0,1

Let A =0 and Ay =1

The characteristic equations % + }‘1 =0 and % + 7»2 =0, becomes

dl:O and dl+l=0 or dl:Oanddy+dx=O
dx dx dx

Integrating, y =¢; and y+ x = ¢y, which are the characteristics of the given equation.

To change the independent variables x and y to # and v in the given equation, we

take u=yandv=x+y
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_E)z_az% dz dv _ 0z

P " ouor v ax or
_Bz_az% dz dv 0z 0z

and =—=——t— —=—t+—
dy dudy v dy odu ov
iz— and iEi+i
ox v dy du v
9’z a(az) a(az) 9’z
y=E—m— e — | == — | =—
o2 oxlox) ovlor) 2
%z 9oz 8(82 E)z) %z 9%z
s = =— | Z|==|=+=|=—F+—
oxdy axl\ady) ov\ou av) udv 2
a2z d ez (a 8)(62 az)
and t=—=—|—|=|—+— || —+—
E)y2 A4 ou dv)\odu ov

a(az az) a(az az) Pz 9%z 9’z
= | =t — |+ | =t — |=—FH 22—+ —
ou\ou ov) ow\ou ov) 2 Uy 2

Substituting the values of p, g, r, s, t in the given equation, we have

2
Cpr+ ). 07z _x%_y(az az)_zzo

_+_
ou dy o U v
9 P} d

or —y(x+y).auazy—ya—i—(x+y)a—i—z=0
9 2z 2

or uv +u—+v—+2z=0
1oy Ju v

2
oz o1&, 1,20 ()
udv vou uodv uv

or

which is the canonical form of the given equation.

To Find the Solution : Equation (1), can be written as
a(az 1 ) l(az 1 )
—|=+=-z|+=|—+-2z[=0
ov\du u v\ou u

or —+—=t=0, Putting a—Z+iz:t

o v u u

1

v
which is L.D.E. in ¢ with v as independent variable, .. .F.= eJ.(VJ =clogr _
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which is L.D.E. in z, with u as independent variable (treating v constant)

1
J.(—)du I
ILE.=¢e \# =08 —y

uz= u.%f(u)du+\|l(v) =%¢(u)+\|}(u), where ¢ (1) =J-uf(u) du

or c=Low+ivw
uv u

) _ 1 1
or Z—y(x+y)¢<y>+yw(X+y)

where ¢ and y are arbitrary functions.

which is the required solution.

Note : If we write equation (1) as
a(az 1) l(az 1)
+—z|+—|—+—2|=0
ou\dv v u\dv v

and proceed as above, then the solution of the equation will be

1 1
——y(x+y)( y)( J;)w(y)

Example 5: Reduce the equation
S 3z _ p2n-192

d y2 Py

to canonical form, and find its general solution.
[Delhi Maths (Hons.) 2000, 01, 05; Himachal 2004]

Solution: The given equation can be written as
(n- 1 yznt nyzn -1 (1)

Comparing with Rr + Ss+ Tt + f(x, y, z, p, q) =0, we have

R=(n-172 S=0,T =— "
. S%_4RT =4(n—1)2yzn >0 = (1) is a hyperbolic equation.

The quadratic equation RMZ+SA+T = 0, becomes
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2n
0 0 0 1
<n_1)2k2_y211:() or 7\’2: .); 3
(n=1)
GlV]ng A=+ 1 ',g,’ }\'1 :Lyn’ )\,2 :__lyn (TWO real distinct I’OOtS)
(n- 1) (n-1) (n=1)

The characterise equations Zl + 7‘1 =0and % + kz =0 becomes
x

Q+;y"20 and y__1 =0
dx  (n-1) dx  (n-1)
or (n=1)y"dy+dx=0 and (n=1)y "dy—dx =0

integrating, we have

x—y —n+l _ and x+)]—11+1 =¢,

which are the characteristic curves of (1).

To change the independent variables x, ytou, vin the given equation (1), we take

u:x—y_"+1 and 1/=x+y_”+1
L0 3w i v _d 5 )
ox au.a,\ BV ox Jdu v T ou oy

ZrE L G-y

Y Wy vy
_1(2)_(1@)(84&) oz 2
ox \ x g ow)\au o) g2 T owaw 2
0 [0z _n(0z oz
d (= iy ___)
o ay[ayJ [<” V (au ay]
_n—1(0z oz —n 0 (0z oz
e
e o M A (Wi
:—n(n—l)y_”_1 (%_az)( 1)y —n (B_z_%) a” 8(%_8_2) o
du ov A\ Ju ov)dy dy\du dv)ay
2 2
—n-1(0z oz _on| 8%z “z  9°z
= —n(n-1 nl(_ ) -] 2n ) 2z
n(n=D.y ou o *n ) ¥ auav+aV2

Substituting these values in (1) and simplifying, we have

9

ox

Jdz oz Bu dz v 7 (% )
ou

922
=0 (2
ou dv 2)

which is the required, canonical form.
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To Find the Solution : Integrating, (2) w.r.t. v, we have

% = f(u), where f(u)is an arbitrary function of u.
u

Again integrating partially w.r.t. u, we have

z=0(w)+ vy (v) where ¢ (u) :'[f(u) du

where ¢ (1) and y (v) is arbitrary functions.

Hence the required solution is

—n+l)+w(x+y—n+l).

z=0(x-y
Example 6: Reduce the following equation to canonical form and hence solve

xaxy -Dr -2y ~Ds+ yy -Dt+ (x-Dp+(y-1g=0.

Solution: Comparing the given equation with the equation

Rr+Ss+Tt+ f(x,p, z, p, 9 =0, we have
== =D, T = (-1

R=x(xy-1),S=-
S? —4RT = (;97—1)4 >0 = The given equation is hyperbolic.

Here the quadratic equation R) + S\ +T =0, becomes
(=)W = (% y% = + p(y=1) =0

or (p=D(A-)A=3)=0 or Ar=l/x,y
Let A; =1/x and Aoy =y
- .y d
The characteristic equations = +2; =0 and = + Ly =0, becomes
x
Q + l =0 and Q + =0
x dx
or dy+£:0 and dl.,.dx_o
* J

Integrating y + log x = log q and log y+ x =log )
xeyzcl and yex=c2

Which are the characterise curves of the given equation.

To change the independent variables x and y to u and v in the given equation, we

take u=xe” andV:yex
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dz 0z ou 0z dv _ N 0z ¥ 0z y 0z 0z
= —+— —+ ye =¢) —+v—
A dudr dwa o P du  ov

_ oz Bzau+8zav ),Bz gxa_z 0z ex%
8y oudy Jvdy ou o ou ar

2
r:a_z:i(g‘yg_lrygx%):e‘yi(a_z)_lrygx%{.yex a (az)
sz ox Ju v ox \ du v ox \ dr

y|o (az) ou 9 (az) o v 0z ) (az) ou 9 (az) o
e | —|—=|.—+— + ye —+y + ===
Ju\ou) ox oJv\ou/)ox ov)ox dv\odv)ox

9’z 2 0z 2z 9
— | LE X xOZ X V0 E X
‘ [8142 ‘ Ju v e :l e Jav e |:8uavg o2 Je
2 2
_2y Z+2 X+ y Z+ x%+ 22xa_z
‘ e ou dv Fe av Fe o

3z ooz a( o Xaz)
= =—|—|==—|xe¢) —+e¢ —
oxdy dx\dy) ox ou v

—ey%+x J’i(£)+e“"%+e" 9 (az)
Ju ox \ du o ox \ o

0z d (dz\ou d (0dz)dv
=e¢) Z+xe) ( ) = ( )
Ju ou\ou)or Jv\odu)ox

+€x%+€x ) (az) au+ ) (az) o
v du\drv)ox dv\adv) dx

_ ¥z _0 e a( o, cxa_z)
8)/2 E)y By Iy ou v
:xgy%+xeyi(3_2)+€x J (az)
ou dy \du dy \ov
0z d (0z\odu 0 (dz)ov x| 0 (dzYdu 0 (0z)ov
=xe) —+xet ( ) +— ( ) +e ( ) +— ( )
ou Au\ Ju dy dv\ou)dy ou\dv)dy odv\av)dy

2 2 2 2
:xey%+xey Exey+ 7z e’ |+e* 07z xe]+a—2zex
ou p) v °) d
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2 2
=x ezya +2x et 0z +esz+er’a—z
ou oy o2 ou

Substituting the values of p, ¢, r, s, t in the given equation, we have,

2 2 2
) 9y 07z +y 9°z ¥0z 99,0z
"W‘”{”a?”ﬁ ETTARAE AR a—z]

2 2 2
X2 2J’—+ ety OE 02 a0z 2x 072
J/Z {xc o (ry+le ou dv ¢ Ju ¢ ov ye )

2 2 2
+y(xy—1)|:x262y g7z+2xe"+y £+62X8_2z+x€y a_z}

ou oy v ou

+(x—1)[ey 0 +yexa—z]+(y—l)[x€y 0 +c’xa—z:|=0
o ar
9%z
= . 1
o ou oy )

which is the canonical form of the given equation.

To Find the Solution : Integrating (1) partially w.r.t., u, we get E;_z = f(v)
v

Again integrating partially w.r.t., v, we get
=¢(v)+ v (1), where ¢ (v) = J.f(V) dv

or z=0(pe)+yired)

where ¢ and y are arbitrary functions.

Example 7: Reduce the equation
¥(y =01 = (3 )5+ y(y-0t+ (P + 2 (p-q)F2x+2y +2
to canonical form and hence solve.

Solution: Comparing the given equation with the equation

Rr+Ss+Tt+ f(x, p, z, p, q) =0, we have
R=x(y-x),S==()?-x2), T=y(y-x)

S? —4RT =(y* - ~49(y -0 =(y-0*[(y+ 0 —4w] = (y-* >0

= given equation is hyperbolic.

Here the quadratic equation RA + SA+T =0, becomes
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x(y—x)?»2—(y2—x2)k+y(y—x)=
or )2 —(y+0)h+y=0o0r (xA—y)(A-1)=0 oW A=g/x, 1

Let M =p/x and Ay =1

d d
The characteristic equations % +A; =0and % + Ay =0, becomes
by and D120
dv  x dx
or dl+£:0 and dy+dx =0
y ox
Integrating log y + log x = log e, x y=q and ytx=0cy

Which are the characterises of the given equation

To change the independent variables x and y to # and v, in the given equation, we

take
u=xy and v=x+y

dz dz du 0dz Ov az+az

=g_8u.8x v ox y$ o

0z 0z au 0z dv az 0z
E)y " ou E)y Y ay au )

?z 2 (az) b} ( 3z az) d (az) 3 0z
Sy =——=—|— | =— y— y— —_— ]t ——
a2 ovlox) or\” ou o ox\du) ox dv
| LE) 2 2 ()] [2(2) 20, 0 ()
J oul\ou)ax v \ou)ox oul\aor) ox ov\or) ox
= 8_22 +_82z 11+ _822 +& 1
J auz'y ovou’ Bvauy Y

9 92z 3z %z
=y 2 —_
81,{2 al/l aV ay2

%z afoz a( 3z az) J (82) 2z 9 (82)
x— r—|=|+—+—|=
Bxay T By Cor U ou ov ar\ou) du ox\ov

) (az) ou 9 (az) ol 0z |0 (az) ou 0 (az) ov
=x|—|=|—t=|=|—|+—+|—|—=|—+—| =|.—
ou\ou) ox oJv\ou)ox| ou |du\dv)ox odv\odv) ox
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= 518 Differential Equation
=x & +82_Z 1 +£+ 32_z +a2_z 1
auzy wou | ou |owor” o
=x 8_22+( ) 2 &_Fa_z
P2 T e T 52 o
9%z a( 3z az) B(E)z) B(E)z)
and t=—r =—|x—+ =r—|—=|+=—|=
ayz dy\ odu dv dy\ou) dy\ov
) (az) ou 9 (az) or ) (az) ou 9 (az) ov
=x —+— + — =
Ju dy  ov\ou)dy Ju dy odv\ov/)dy
P’z Pz P’z 0%z 2822 P’z 9z
=x|—x+ dl+ | —.x+ A= +2X ——t+ —=
o v du ou dv a,;z au2 oy 2
Substituting the values of p, ¢, r, s, t in the given equation, we have
x(y-x) 2i 9%z +&
2 2 2
22 9z 07z d°z oz
== ){”afﬂﬁﬁauafaz u
2 2 2
9 9%z 0“z  0°z
_ 2219 gz
+y(y x)[x 8u2+ xauav+a,,2}
0z
+(y+x)|y ——x— =2x+2y+2
ou ou
. 2
or —(y—x)3£=2x+2y+2
ou o
9 2
z (x+py)+2

or

*z _ 200+

or

W [(x+ y)? ~dy P

(1)

which is the canonical form of the given equation.

To Find the Solution : Integrating (1) partially w.r.t. 'u

o _
e

v+1

=+ /)
(VZ —4u)

', (treating v constant), we get
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0z _ v N 1
v J(VZ —4u) ‘/(V2 —4u)

+ f(v)

Integrating partially w.r.t. 'v', (treating u constant)

z= \/(V2 —4u) +log v+ \/(V2 —4u)]+ ¢ (v) + v (u), where, ¢ (v) =Jf(v)dv

or z=V{(x+ pP? —4x pr+loglx+ y+ V{(x+ p) —4x p}H+0(x+ ) + v (x )
or z=(x=y)+log(2x)+ o (x+ y)+ vy (x y)
where ¢ and y are arbitrary functions.
which is the solution of the given equation.
Example 8: Reduce the following equation to canonical form and hence solve it
wr - - y*)s—apt+ py - qr =2(2 - y*). [Delhi Maths (Hons.) 2006]
Solution: Comparing the given equation with the equation
Rr+Ss+Tt+ f(x, y, z, p, q) =0, we have
R=xy S=—(x>=y%), T=— y. = S*—4RT =(x> + y*)*> >0
= Given equation is hyperbolic.
Here the quadratic equation R¥ +8)+T =0, becomes

xy?»2 —(x2—y2)7»—xy=0

or (xA+ ) (yA-x)=0 or A=-y/x,x/y
Let 7“1 =—y/x and k2 =x/y
The characteristic equations a+ A =0 and d_+ L9 =0, becomes
x

dl—l=0 and dl+i=0

dx x ey
or dl—@ﬂ) and ydy+xder=0

y X

Integrating log y—log x =log ¢ and y2 +a2 = )

ylx=q and y2 +x2 =0y
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Which are the characteristics of the given equation.

To change the independent variables x and y to u and v, in the given equation we take
u=ylx and v = x? +)/2.

—.2x
v

o Judr v ou

2

az:%%_‘r%ﬁ Bz( y] oz

0z oz E)u 0z I az() 0z
+—2y

ay Bu%)y BVQy u v

) (az) ) y oz 0z
=—|—|==—| -5 —+2x
avlax) ax\ 42 ou A
_(22 ﬁ_li(ai)”%” 1(32)
3 )ou 42 ax\ou o ox \ dv

()22 [2(E)2 2 (2) 2 zpn ]2 ()2, 2 (2)2
wW)ou 2| ou\ou)ox ov\ou) ox v ou\dv)dx Jv\adv)ar

Pz 9 (o) o (132 82)
_+2J]_
E)xay P ay Bx X ou av
1Yoz 19 (az) ) (az)
=|-—|=+- +2y—|=—
w2 )ou  x ox\ou ox \ dv
1Yoz 1[0 (az) dz 9 (az) ov ) (az) ou 9 (Bz) o
===+ = | = |=—=+=—| == |2y |=| = |=—+=—|=—|=—
w2 )ou x|ou\ou)ax ov\ou) ox Ju\dv)adx dJv\adv)dx

2 2 2 2
=—Laz+ o7z y +az2x +2y ﬂ L +E.2x
2 ou au2 ov du Ju dy 2 o2
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1 d (oz oz d (oz
= +2—+2y—
By u o dy Xl
d (oz au d dz dv 0z d (oz au d (dz)ov
—— — |+2=+2y|=|=|=
x| ou\ou By av du dy v du\ dv Qy v \ar Qy

1%z 1 9% Jz Pz 1 %z
—+ 2y+2—+2y —t+—.2y
8142 X Jvou v udv ' x

2 2 2
=1 97z 4yaz+4ygﬂ+2%
X a,,,z x Judv o av

Substituting the values of p, ¢, r, s, t in the given equation, we have

2 2 2
ey L P2 by e
ol x oudv e S

2 2 2
2 9 y %z Y| oz 0“z 1 oz
—(x° - — 2|l | =ty y— —— —
. y)li 3l [ xz]Buav+ JL)781/2 x2 Ju

1 9%y 9% 9 0%z oz Y oz 3z
+4Z 4 P2l ey 2
|: 8142 x 8u8v+ J 81/2 i 2 8u+ xav y

or =2 (x2+y2)2 oz =2(x2—y2)
2 Ju dy

922 _()/2—)(2))(2 _ (y/x)2—1

w2+ 22 1+ 2[4

922 B i -1
auav_(1+u2)2

or

or

(1)

which is the canonical form of the given equation.

To Find the Solution : Integrating (1) partially w.r.t. 'u' (treating v constant), we get

ﬁz‘[ﬁdwﬂy):jz;l{/f du+ f(v)

:Ij—2t+f(v):—%+f(v):—u2u+l+f(v), Puttingu+%:t
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Integrating again partially w.r.t. ' (treating u constant), we get

Z= (— M2”+ 1)V+Jf(v) v+ (1)

uv

u2+1+¢(v)+\|f(u) where q)(v):.[f(v)dv

or z==Xy+0 (x2 + yz) +V (p/x), where ¢ and y are arbitrary functions.

11.3 Working Method of Reducing a Parabolic
Equation to Canonical Form

Let the second order partial differential equation

Rr+Ss+Tt+ f(x,p,z, p, 9 =0 (1)
be parabolic i.c., 52 —4RT =0.
To reduce (1) to canonical form, proceed as follows.

Step 1 : Write A quadratic equation R +Sh+T =0 (2)

whose roots will be real and equal as S? _4RT =0
Solve (2) and let Ap» A be two equal roots.
Step 2 : Write the corresponding characteristic equation

d
ie., %+7\1 =0. Solve this equation and let f(x, y) =¢ be its solution i.e., the

characteristic curve (or characteristics) of (1).

where ¢ is an arbitrary constant.

Step 3 : Let # and v be two arbitrary functions of x and y.

such that u= fi(x, ). Choose v = f,(x, y) ..(3)
such that, the chosen arbitrary function f,(x, y) is independent of £ (x, y).

For this verify that the Wronskian

o o
ax dy
av v
o

W (u,v) = =0
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Step 4 : Using the relations (3), find p, ¢, 7, s, t (as needed for (1)) in terms of # and v as
in§ 11.1.

Step 5 : Substituting these values of p, ¢, r, s, t (obtained in step 4) in (1), simplify to get

2
the canonical form of (1), which will be of the form Jz =0 (u, v,z %,ﬁ)
du v Jdu Jv
Solved Examples
Example 1: Reduce the equation
2 2 2

Iz 597z | 3_27— _0

o oxdy Jy
to canonical form and hence solve it. [Meerut 2006 (B.P.) 2010 (Sem. I), 13 (Sem. I);

Delhi Maths (Hons.) 2000, 04, 06, 08; Himachal 2001, 05; Rajasthan 2003; Jabalpur 2004]
Solution: The given equation can be written as

r+2s+t=0 (1)
Comparing this equation with
Rr+Ss+Tt+ f(x,y, z, p, q =0, we have

R=1S=2andT =1 o S?—4RT=0=(l)isa parabolic equation

The quadratic equation Rk2 +SA+T =0, becomes
2 +on+1=0 or (A+1?%=0.
Giving A = -1, i.c. o} =y =—1. (Equal roots)

d d
The characterise equation % + A =0, becomes % -1=0

Integrating, we have x — y =¢ (constant), which is the characteristics of (1).
To change the independent variables x, y to u, v we take u=x — y.
Also we have to take v as some function of x and y independent of u,

Let v=x+ J.

_dz 0z du oz 8V_BZ+BZ

_—t — —

9z dz 0z . 9_9. 9
ar Ju dr dv ax Ju v T ou o
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0z dz Ju 9z Jv 0z 0z 0 d 0
j=—=— —t—— = —t — ==
dy du dy dv dy  du v dy  du Jv

a(az) (a a)(az az) P L S
r=—|—|=|—+=—|| =+ =|=—F+2—+—
ox \ x ou ov)\ou ) 2 T oudr 2

3 (oz (a a)( oz az) 3z 9%z
s=—|—|=|—+—|| —+—|=——+—
ax { dy ou v ou v a2

J (o2 9 9\( % 9\ 9z , oz Pz
and t=—|=|=|-——+=—||-=+=|=—45-2—+—
ay \ 9y ou o ou ) pl w32
e 2%z
Substituting in (1), we have a—z =0 .(2)
v

which is required canonical form.

To Find the Solution : Integrating (2) partially w.r.t. v, we have

Z -0
where ¢ (1) is some arbitrary function of u.
Again integrating partially w.r.t. v, we have
z=v0(u)+y (u)
where y (u) is another arbitrary function of u.
Hence, the solution is
2=+ o= )+ v (x =)
Example 2: Reduce the equation

282_22 822+x2822 y282+£6_z

J W ngaxay > x x yy

to canonical form, and hence solve it. [Meerut 2006, 07, 09 (BP); Delhi Maths (Hons.) 2001, 05;
GNDU Amritsar 2005; Nagpur 2005]

Solution: The given equation can be written as
2 2
yzr—2)g/s+x2t—y—p—x—q=0 (1)
x J

Comparing with, Rr + Ss+ Tt + f(x, y, z, p, q) =0, we have
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R = y2, S=-2x,T= P 52 —4RT =0 = (1) is a parabolic equation.

The quadratic equation R+ SA+T = 0, becomes

PR —29h+2 =0  or (yA-x)? =0

Giving =21 e, M=%y = L (equal roots)
J Uy J
. . dy dy «x
The characterise equation =+ A =0, becomes —+— =0
dx ey

or  ydy+xdy=0.Integrating 2y y2 = ¢ (constant), which is the characteristics of (1).

To change the independent variables x, y tou, vin the given equation (1), we take

M=X2+J/2

also we have to take v as some function of x and y independent of u,

Let V=X2—y2
0z 0zdu 0z dv 0z 0z (az Bz)
p=—=——+——=—2x+—2x=2x| —+—
or Jduodxr Jvox Ju o Ju oJv

0z 0z ou 0z dy (Bz Bz)
g=LE Qo 0o g (L2 92
dy oJudy dvady

g ou v
a(az) 2 |, (az az)
r=—|—l==—32x| —+—
ox \ ox ox ou v
:2(E+a—z)+2xi(a—z+a—z)
Ju OJv ox\odu ov
8z+8z 0 (0z 9dzYodu O (0z 09z) v

:2(— —)+2x. —(—+—).—+—(—+—).—
Jdu ov Ju\du dv) ox oJv\du dv) ox

2 2 2
:2(%.}.%)4_4)(2 E+2a_z+a_z
ou oy al oudv 2

0 oz ) { (Bz az)} ) (az az)
s=—|—|==—2y|—=—|1=2y—|——=—
ox{dy) ox ou o axr \ou dJv

P} (Bz Bz) u 0 (az az) v P’z 2%z
2y E- 2| & (2| S ay| -2
ou\du dv) ox dv\du dv/) ox ar
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= 526 Differential Equation
and t:i % :i[gy(%_a_z)]
ay\ady) 9y ou v
o )p, 2 (2 )
ou o dy\ou dv
(az az) ) (Bz Bz) ou 9 (az 82) v
=2l ———|+2y| | ===t == | =
ou ov ou\ou Jv) dy dv\du dv)dy

2 2 2
:2(%_8_2)4_4]2 2_2 97z +a_Z
ou Iy al  oudv 2

Substituting in (1) and simplifying, we have

3%z

-0 (2
- (2)

which is the required canonical form.

To Find the Solution : Integrating (2) partially w.r.t. », ? =0 (u)
v

Again integrating w.r.t. v, we have

z=v o)+ (u)
where ¢ (), ¥ (1) are arbitrary functions of u.

The solution is
2= (2= 0%+ )P +y (P + 5P

which is the required solution.

11.4 Working Method of Reducing Elliptic Equation to
Canonical Form

Let the second order partial differential equation

Rr+Ss+Tt+ f(x,p,z, p, =0 (1)
be elliptic i.c., S —4RT <O0.
Step 1 : Write quadratic equation RN +SA+T =0 (2)

Whose roots will be complex conjugates as S% —4RT <0. Solve (2) and let A}, Ay be

complex conjugates.
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Step 2 : Write the corresponding characteristic equations
ie., %+ 7»1 =0 and %+ %2 =0.

Solving these equations we shall get the solutions of the form
foan+ifo(x, y)=c¢ and  fi(x, p)=ifo(x, p)=c9
where ¢ and ¢, are arbitrary constants.
Step 3 : Let u and v be two arbitrary functions of x and y such that
u= filx, ) +ifo(x, y)and v = fi(x, y) =i fo(x, y) ..(3)
Take oo and B be two new real independent variables such that u=o +if and v =0 — i}
= o= fi(x,y) andB= fo(x, p). ..(4)

Step 4 : Using the relations (4), find p, 4, r, s, t in terms of o and § (as needed for (1)) as
in§11.1.

Step 5 : Substituting these values of p, ¢, r, s, ¢ (obtained in step 4) in (1), simplify to

get the canonical form of (1), which will be of the form

2 2
az+az_¢ ’Byz’£7az
do. 9

5 5 = —]threuza+i[3,1/=oc—iﬁ.
da” JP

\_Solved Examples

2 2
Example 1: Reduce xa—z + 8_2z =2 (x > 0)to canonical form.
sz ay [Delhi Maths (Hons.) 2007]

Solution: Given differential equation can be written as

xr+t-x2 =0, (x>0) (1)
Comparing (1) with the equation

Rr+Ss+Tt+ f(x, p, z, p, q) =0, we have

R=x,S=0,T=1 . S*—4RT=-4x<0 -~ x>0

which shows that (1) is an elliptic equation
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A-quadratic equation R?»z +Sh+T =0, becomes
x7»2+1=0 or k:i/\/;,—i/\/;
The corresponding characteristic equations

dy + 7»1 =0 and dl + X2 =0, becomes
dx

dx
dy i dy i
24 —=0 d =Z-—=0
& Ix me T

Solving, we gety+2i\/;=cl and y—Zi\/;:cz

where q and ¢y are arbitrary constants. Let # and v be two arbitrary functions of x and y

such that u= y+2iJx =a+iBand v = y-2ifx =0 —if
= o=y and B=2Jx ..(2)
which are new independent variables.

oax  do ox BB o ap

_9z_0z do 0z 0B _ 120z ..(3)

3% _ 9z Jo 3B _2
& _0 du, oo (4)

"y 0y By o

] (32) (x—l/z %)Z_lx—s/z &2 i(B_Z)
%2 arlar) ar B) 2 B or \ 9p

:_lx_g/g B_z+x_1/2 (82) do. do 9 0 (BZJBB
2 9B o) ox op\oB)a

2 2 2
lx_3/28_2+x_1/2 [—a z O+a_z x_]/2:|=_%x_3/2£+x_18_2

2 B ooap™  op2 o ap?
2 2

ma oo ZE B[ 0(k) 0 () Pr DD
Iy wloy) aylaa) d0loa) 502 J  do

Substituting the values of r and ¢ in (1), we get

2 2
X. —,lx_3/2£+x_la2 o7z X2=0
2 o | 902

or o’z i__ 2oz 0z 2.

do2 332 2 P
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B

or

%z 2%z (1)oz p*
_2 + _2 = —_—
do~  op JaPp 16
which is the required canonical form.
Example 2: Reduce the following equation to canonical form
2 2
Pz 2 a_zz =0. [Delhi Maths (Hons.) 2006, 08]
n? Iy
Solution: The given equation can be written as
r+x2t=0 (1)
Comparing it with
Rr+Ss+Tt+ f(x,p, z, p, g9 =0, we have

R=1S=0T-= 2 o SZ_4RT =—4x2<0 = (1) is an elliptic equation

The quadratic equation, R¥ + S)+T =0, becomes

22+ 12 =0, giving A =i
ie., M =ix, Ay =—ix (Complex roots)
The characteristic equations, o A =0 and = Ly =0 becomes
dl+ix=0 and dl—ix:O
dx dx

Integrating them, we have

2 2

i i
Jy+ 5% = constant and y — 5% = constant

To change the independent variables x, y to u, v we take

2

u:y+§ix =+ if (say)
and V:y——ix2 =o —if
2
)
so that o=y and B:§x .

Now we transform the independent variables x and y to o and B. With the help of these

relations
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:E)z dz do. 0z 8[3 az

o do or op ox B

0z 0z do oz 8[3 0z d d

" o0 oy By do oy o

SCETE Rt
Corlor) ar(op aB or (o
3z [a (az) do. ( ) 8[3] o= 3%z
B oo \op)ar  oplop B p2

_o (2 i(a_)i
2 ) 9 \50) 32
Substituting in (1), we have

a2 2
£+xza—§ +x2—a ; =0
o op dol

Pz P 1
o > 2B
9%z a2 1 3z
o2 aB 2B 9o

or

which is the required canonical form.

Example 3: Reduce the equation

2 2 2
a_z+28_z+58_z 8_2_28_2_3 =0 to canonical form.
2 ox Jy 8y2 x

Solution: The given equation can be written as

r+2s+5t+p-2q-3z=0 (1)
Comparing the given equation (1) with the equation

Rr+Ss+Tt+ f(x, p, z, p, q) =0, we have

R=1,8=2T=5 . S?-4RT=-16<0=(l)isan elliptic equation.

Here the quadratic equation R) + Sh+T =0, becomes

22120 +5=0 oA =—142i
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Reduction of Second Order Partial Differential.... 531 ;=

Let M =-1+2i, Ay ==1-2i (Complex roots)

d d
The characterise equations % +2; =0and % +Ay =0, becomes

dl—1+2i:0 and dl—l—Zi:O
dx dx

Integrating y—x+2xi=¢ and y—x=2xi=cy

To change the independent variables x and y in the given equation, we take

u=y-x+2xi=o+if and v=y-x-2xi=a-if

sothat o= y—x and B=2x.

Now we transform the independent variables x and y to o and B such that

o=y-x and p=2x

dz Jz aoc+aza[3 _£+2%

* oo ar opor  da op

_0z _9Jz aoc Jz aB 0z Jd 9
=

Y ey B Y du &
,,zaz_zzz(a_z)zi(_z”z)
a2 orlaox) arl da ap
:i(_a_z+29_z),a_“+i( dz 2%)@
do oo~ oB)ox 9Bl do 0B ax
2 2 2
B S ST T\ A S
T2 oo op aPaoa  gp2
_82_2_4 9’z +4&
do2  dodp  op?
Pz _9fa)_2 (B_z)
axay a E)y Bx oo
:a(az)aa _( )as Pz, 3%
do\do ) ox 9B\do) ax g2  duop
Pe (e (1)
Iy wl ) oaloa) g2

Substituting the values of p, ¢, r, s, t in the given equation, we have
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= 532 Differential Equation

2 2 2 2 2 2
SCAC A S B (R S S 4 B S
do2  0xop o’ do2 0B  Jo?

+ —£+2% —25—32:0
oo ap oo

2 2
or 48—§+4a—§-3a—z+2£-3z:0
Jo. op doo  IP

Pz B 39 la 3
or —t—=—————+=z
do2 opt 4do 208 4

which is the required canonical form.

) Exercise

Numerical Questions
Reduce the following equations to canonical form

7z 0%z
1. ———=0. [Delhi Maths (Hons.) 2002; Sagar 2004]

o 8)/2

5. y —+—75=0. [Delhi Maths (Hons.) 2005]

7. LZ- 9CZ42Z 3% 220
ol wy o w y
2 2 2
8 82_482 1382_ a_z:O
ol ay P W
2 2 2
9, L2, 0= 59E % 5% 5,

10. t—s+p—q(+1/x)+z/x=0. [Delhi Maths (Hons.) 2004]
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Reduction of Second Order Partial Differential.... 533 /=

Reduce the following equations to canonical form and hence solve.

1. x2r— yPt+pr—qy=x°. [Kurukshetra 2003]
12. 22 (y-lr-x(y* =Ds+ p(y =Dt + xp-q=0.

13. ¥%r —Xps+ px+qy -z =2x2y.

14. x2r—2xys+y2t—xp+3yq:8y/x.

—>\O]3j ective Type Questions —

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter (a), (b),
(c) or (d).
9’z 9%z a z oz

1. The equation ax_2 -2 — E)xay ayz +9 =" =0is

(a) Elliptic (b) Hyperbolic
(c) Parabolic (d)  None of these
2 2 2
2. The characteristic equations of oz -2 48 —88— 9 % =0 are :
. axdy By2 ox
(a)dy20dy40 (b)dy20dy4=0
dx dx dx dx
dy 0V
(c) =—- +4x =0 (d) None of these
dx " dx
3. The characteristic equations of yzr — %t =0 are :
(a) dl+1_0,dl_1:0 (b) dl+l:0,dl_l:0
vy dx y v x dv x
(c) dl +y=0, dl +x=0 (d) None of these
dx dx

4. The characteristics of )/Zr —x2t =0 are :

(a) x2+y2=cl,x2+2y2=c2 (b) x2+y2=cl,x2—_y2=cz
(c) 2% +y2 =q, x? +y2 =0 (d) None of these
5. The characteristic equations of 4r +5s+t+2p+¢4—-3 =0 are :
d d d d
@ 212021 9 b Pi1=0, 2119
dx dx 4 dx dx 4
b ]
(c) -1=0,=-—=0 (d) None of these

dx dx 4
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10.

The characteristics of equations of 4r +5s+ ¢+ p+q-2 =0 are :
(@) y-x=¢,4y-x=¢ (b) y+x=c,4y-x=0¢
() y+x=c,4y+x=0cy (d) None of these
The number of characterise equations of
2 2 2

a——6a = 8 282 38—2—2—015

axz axa)/ aJ;Z ax a)/
(a) 3 (b)
() 1 (d) 0
9 9%z
)Z

— are :

- 2%z
The characteristic of — =1+ y >

o dy

(a) log(l+ y)+x=¢; log(x+ y)—x =0¢y

(b) log(l-y)+x=¢, log(l+ y)—x=¢y

(c) log(l=y)—x=¢p, log(l+ y)+ y=c

(d) None of these

If y-cosx+x=¢ is one of the characteristics of the equation
—(2sin x)s —(Cos2 x)t —(cos x)q =0, then the other characteristics is

(a) y+cosx+x=c (b)  y-cosx—x=¢y

() y-cosx+x=c (d) None of these

The characteristic equations of equation xys — - pX—qy+z= —2)9/2 are :

@ Y2 oY b LiLoo Y g
v x dv  x v x dx

(c) Q—Z:O,dl+x:0 (d) None of these
dx x dx

Fill in the Blank(s)

Fill in the blanks "........... " so that the following statements are complete and correct.
1. The characteristic equations of 2r —yzt =0 are % o =0 and
b Fon =0
dx
2. The characteristics of x*r —y2t =0is/are .............. and .............. .
3. The characteristics of

2 2
0z 0z 8 Z az 3%—3 0 is/are .............. .

a2y af
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Reduction of Second Order Partial Differential.... 535 /=

4. The characteristic equation of Xy —2xys + yzt —xp+3 yq=8y/xis/are ............ .

5. The characteristic equation and characteristics of the equation r +2.xs + X2t =0 are
.............. and .............. respectively.

6. To reduce the equation r —=2s+t+ p—-g=¢*(2 y-3)—¢” to canonical form, choose

) AHSWGIS

Numerical Questions

N = , |22 _loz 32 1.
“ouor “|oudv 49u 400 4
5 |22 L& &) o |2l
“|oudv 6\du v " |oudv du 2 v
5 _822 +&:_L£ 6 azz _()
"o op® 2B 0B REE
| Pz e o 1 N N2
o2 ou 39r 9 a2 p o
Pz 2 32 13 3 o |22 12 2
% 192 "9p2 Zoa 208 2 o o ver o
2 2
L[Sl =z = (402 + 9 + v ()] 12, |22 =0, 2 =0()+ 0 (xe”)
9| 2Ll 2 22,40k yyin)
|oudv vou wudv 2 uv’ FTYOIT IV
Pz 2 20z Jy 2
14. | 5 ==-==, z==+1x"0(»)+V (v
o v vov X

_&bj ective Type Questions ——

Multiple Choice Questions

1. (b) 2. (a) 3. (a) 4. (b)

5. (a) 6. (a) 7. (c) 8. (a)
9. (b) 10. (b)
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Fill in the Blank(s)

L. |y/x,-y/x 2. )g/:cl,y/x:c2
3. |y+3x=c¢c 4. |xdy+ ydx =0
5. %_x:O,J]_XZ/Z:cI 6. X+)/,J]

000
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14.5 Laplace Equation in Plane Polar Coordinates
[Meerut 2008 (B.P.)]

Laplace equation in two dimensions is given by
u
S+ =0 (1)
ax= dy
Proceeding as in {13.8 on page 632 in plane polar coordinates (r, 8), we have
Fu, O u 1ou 1
3 x> 8);2 a2 rar 2562
Hence, the Laplace equation (1) in plane polar coordinates (r, 8) is transformed to

?u 10u 1 du

a2 ror Zag
14.6 Solution of Laplace Equation in Plane Polar
Coordinates by Separation of Variables

The Laplace equation in plane polar coordinates is given by

u 19u 1 du

a?+’_”5+r_28?: . (A)
Let the solution of (A) which is a function of r and 6 be given by

u(r, ©) =R (r) F(0) =RF (say) (1)
Where R is a function of r alone and F a function of 6 alone.
Differentiating (1) and substituting in (A), we get

pdR FdR R PF_
ar? rdr 2 4e?
2 2

or %[;»2 Z:; +r%J:—lFZT§:k(say) (2)

In (2) the two sides are functions of different independent variables, so the two will be

equal to each other if each is equal to the same constant, say A.

Thus, from (2), we get the following two ordinary differential equations
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and

Differential Equation

d2
L AF=0 (3
46> )
2d2R dR b o
r dr2 E_ ..(4)

The equation (4) is a homogeneous differential equation with variable coefficients.

Z

dr
Now let r =¢* so that — =¢* =7

and

or

dR _dR dz dR'1 or dR _dR  d _

r_

z

Putting in (4), we get

Whose general solutions are

& & YT T
AR dR _dR DR
dr  dz
dR) 9 d’R . dR 9 d*R d( dR) AR
—+r— or 1 —5=r—
dr A dr A dr\ dr dr
9 d*R d AR
2 4R :(r——l) (r_) — (D, ~) DR
A2 dr dr
(D, ~)D\R + DR %R =0 _or (D} -})R = 5)
Now there are the following three cases :
Case I : If A =0, then the equations (3) and (5), reduce to
2 . 2
%:0 and DR =0 ie, %:0
Ao dz
F:A16+A2 and R:A32+A4=A310gr+A4.
u(r, 8) = FR = (A0 + Ay)(Ag logr+ Ay) ...(6)

Case Il : If A = k% >0, then the equations (3) and (5), reduce to

SS+K¥F=0 and (D?-F*)R=0

Whose general solutions are

F:Bl cosk6+stir1k9
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and R=By** + By e %2 =B,/ 4Bt
u(r, ) = FR = (B cos k8 + By sin k) (Byr* + Byr ) 7

Case Il : If A = ¥ < 0, then the equations (3) and (5), reduce to

2 . P

%—le:O and  (DZ+k%)R =0

de
Whose general solutions are

F=C %4 Cye*0
and R =Cgcoskz+Cysinkz=Cqgcos (klogr)+ Cysin(klogr)
u(r, 8) = FR =(C, LN Cy e—ke) [Cy cos (klog r) + Cysin (klogr)] (8)

Thus, the solutions of the given equation (A) are given by (6), (7) and (8) for different
values of A. Out of these solutions the most suitable solution of (A) is chosen which

depends upon the physical nature of the problem under consideration and the given

boundary conditions.

\Solved Examples

Example 1: A thin semi-circular plate of radius a which is insulated on both the sides has
its boundary diameter kept at 0°C and its temperature along the semi-circular boundary is
f©). Find the temperature distribution in the plate in the steady state. |Meerut2011 (B.P.)]

Solution: In steady state, the temperature distribution in the plate is governed by the

Laplace equation (in plane polar coordinates)

8214 lau 1 o%u

a2 Tar e -8

Here it is given that the temperature u(r, 6) is zero along the bounding diameter AOB i.c.,
u(r, 0) is zero along OA(0 =0) and OB(0 = ).

Also temperature u(r, 0) along the semi-circular YA
boundary ACB(r = a) is f(8).

Thus, the boundary conditions of the problem are

u(r, 0) =0 0<r<a  ..(B)

u(r, ©) =0 0<r<a  ..(B,) -B

and u(a, ©) = f(0) O<8<m ...(By)
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Let the solution of equation (A) be given by

u(r, ©) = R(r) F(8) = RF (say) (1)
where R(r) is a function of r alone and F(0) a function of 8 alone.
Differentiating (1) and substituting in (A), we get

4*R FdR R A°R
F +—

I R R
1 9 dzR AR 1 d*F
or E[r v dr]— Fi? =\ (say) (2)

In (2), two sides are functions of different artificial variables, so they will be equal to each

other if each is equal to the same constant say A.

Thus, from (2) we get the following two ordinary differential equations

2
%+kF 0 .(3)
Ao
2d2R AR
and +r—-AR =0 ..(4)
dr? dr

(4) is a homogeneous differential equation.

2‘1R_<D1 DR, where Dy =r - = 4
dr  dz

Let r =¢° sothatr&;—R—DlR r
r

Putting in (4), it reduces to (D} ~-)D;R + DIR -AR =0

or (D? ~2)R =0
Now there are three cases as follows :
Case I : If A =0, then the equations in (3) and (5) reduce to

2
and D?R = % =0
dz

A°F
46>

Whose general solutions are
F=A6+A) and R=A3z+ Ay = Az logr+ A
u(r, ) = FR = (A0 + Ag)(Ag logr + Ay)
The boundary conditions (B,) and (B,) i.e., u(r, 0) =0 and u(r, ©) =0

=  Ay(Aglogr+Ay)=0 and (A + Ag) (Ag logr + Ay) =0
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= AZ =0 and AlTE +A2 =0 A A3 logr+ A4 ¢0
= A =0 and Ay =0

u(r, 0) =0, which is trivial solution and is inadmissible.
So we reject the case when A =0

Case Il : If A = K2 < 0, then the equations in (3) and (5) reduce to

2
TE 2F-0 and  (DP+F)R=0
d6”
Whose general solutions are F = B, My By e ko
and R =By coskz+Bysinkz =By cos(klogr)+ By sin(k log r)
u=FR = (B, k8 +Bye _ke) [B3 cos(klogr) + By sin(klogr)] ...(6)

Since on physical grounds of the problem, we must have u(r, 6) = u(r,0 + 2w), which is

possible if u(r, 8) involve trigonometric functions of 6.

Since here u(r, 6) in (6) does not contain trigonometrical functions of 8, so we reject the

case when A = — k2 <0.

Case III : If A =K >0, then from (3) and (5) we get the following two ordinary

differential equations.

2
%H@F:o and —2—k2R=0
a0 dz

Whose general solutions are
F=Acosko+Bsinkd and R=CclZ4+De "2 =Crksprk
u(r, 8) = FR = (A cos k8 + Bsin k8) (Cr* + Dr 7F) D)
Now from (7), the boundary condition (B) i.c., u(r, 0) =0
= ACK+DrF=0=A=0, v CrfeDr* 20
from (7), we get u(r, ©) = Bsin k6 (Crk + Dr _k) (8)

Since when r — 0, u(r, ) — 0, but in (8) whenr — 6,r K 5 wask > 0, so in (8), we must

take D =0. Taking D =0 in (8), we get

u(r, 8) = (Bsin k6)(C r¥) -(9)
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from (9) and the boundary condition (By) i.e., u(r, ©) =0
— (Bsinkn)(Cr¥)=0
= sinkn =0, ~ B=z0and Cr* 20
= km =nn i.e., k=n, where n is any integer.

From (9), for integral values of n, the solutions of (A) satisfying the conditions (B))
and (B,) are given by

u, (r, 8) = (E, r"")sin n®.
Where E,, = BC is the new arbitrary constant.

Taking n=1, 2, 3,..., more general solution is given by

u(r, 0) = Z u,(r, 0) = Z E, r"sinn® .(10)

n=1 n=1

Which also satisfy conditions (B,) and (B,).

Now from (10), the boundary condition (B;) i.c., u(a, 8) = f(0)

= f(6) = ZE” a’ sin n@ L(11)

n=1

In (11), right hand side can be considered as the Fourier sine series of function f(0) on its
left hand side

T
ad"E, :%ff(e)sinnede
71:O
T
or E, = 2n J'f(e)sinnede (12)
ma s

Hence, the required temperature distribution, in steady state, in the plate is given by
(10), where E,, is given by (12).

Example 2: The boundary diameter of a semi-circular plate of radius 10 cm is kept at 0°C
and its temperature along the semi-circular boundary is given by
500, for 0 <6< w2

u(10, 8) = f(0) = {50(75 -0), for m/2<0<m

Find the steady state temperature u(r, 0) is the plate.

Solution: The steady state temperature in the semi-circular plate is governed by the
Laplace equation (in plane polar coordinates)
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Fu Low 1 P
92 rar 2ae2 .(A)

(Refer to fig. 14.5 in Ex. 1)

As in Ex. 1, the boundary conditions of the problem are

u(r, 0)=0 0<r<10 ..(By)
u(r, m) =0 0<r<I10 ...(By)
and u(10, 8) = £(0) O<f<m ...(By)

Let the solution of equation (A) be given by
u(r, 0) = R(r) F(0) = RF (say) (1)
Where R is a function of r alone and F a function of 6 alone.

Now proceeding similarly as in Ex. 1, the required solution is given by

u(r, 0) = Z E, r" sin n@ 2
n=1
2 T
where E, = J 0) sin 16 46
" orao” f®
0
) —TC/2 b
or E,=—— jSOG.sinn9+ jSO(n —0)sin 10 46
n.10"
0 /2

2 1 1 /2
= 509.(——cos nG)—SO(——sin nGJ
n.10" | n "> 0

+{50 (m —6).(—l cos 119)—(—50)(—%sin ne) H
n /2

IOO[n nt 1 . nm 0w nnl.nn]
= in—

0SS —+—FSIN—+—COS—+ —=§

TR0t 2 e TNy T T
200 sin T
n2.10" 2

0, ifn=2m(even), m=1,2,...
- 200 (-1

ifn=2m-1(odd), m=1,2,...

n(2m-1)2.10 2m=1
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When n=2m-1, sin X =sin 2m-1) g =sin (mn -1/2)
=sin mm cos g—cos mn sing =—()" = (—l)erI = (—l)m_1

Hence, putting in (2) the required solution is

200 p N2l sin(2m—1)9
u(r, ) == Z(E) (-1 “omo?

m=1

Example 3: Solve the differential equation

2 2
7w Low 10 ; =0 (Laplace equation in plane polar coordinates) in the region

art rar 42 90
0 <r <a, 0 <0 <2r and satisfying the boundary conditions.

(i) u remains finite as r — 0 and

(ii) u= Z C,, cosnb, when r = a.

Solution: The given differential equation is

82u+l%+L 0%u _0
ar2 T or 42 096° ~(A)

Let the solution of (A) be given by

u(r, ©) = R(r) F(6) = RF (say) (1)
Where R is a function of r alone and F a function of 6 alone.
Differentiating (1) and substituting in (A), we get

d2R FdR R d*F

=0
YT e T e
o (2R dR|__1d°F
R d,‘2 " F 402 -(2)

The two sides of (1) are functions of different independent variables, so they will be equal
to each other if each is equal to the same constant. Since there is trigonometric function
cos 16 in the given conditions, so the solution must involve trigonometric function of 6.

Hence, we take each side of (2) equal to the constant i >0 where 1 is an integer.

From (2), we get the following two ordinary differential equations
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d>F

L +i2F=0 (3

162 (3)
9 d*R 4R

and +rZ2 2R =0 (4)
dr? dr

Equation (4) is homogeneous equation, so we substitute r =¢” so that

o g2
AR _ D)z and r2 IR (D) =)Dz, where D) =7 4R = a4
dr A2 dr dz

(4) reduces to
(D -)D+D-#}R=0 o (D}-w)R=0
The general solutions of (3) and (5) are
F=A,cosn®+B,sinn® and R=C, " +D, e =C,r"+D,r 7" .(6)
from (1) the solutions of (A) for integral values of 7 are given by

u,(r, 8) = FR = (A, cos n® + B,, sinn®)(C,r" + D,,r ™)

Taking n=1, 2, 3,..., the more general solution of (A) is given by

n

u(r, 8) = Zuw, 0) = Z(An cos 10+ B, sin n0)(C,r" + D,;r =) (8

n=1 n=1

According to given condition (i) when r — 0, u is finite.

But in (7), when r =0, r 7" — . . We must take D,, =0

u(r, 0) =" (A, cos n0 + B, sin n6)(C,r")

r=1

or u(r, 9) = z (E, cos n8 + F, sin n0) r"

r=1

.(9)

where E,=A,C, and F, =B,C, are the new arbitrary constants.

According to given condition (ii), u = z C,, cosndwhenr =a




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

= 736 Differential Equation

from (9), we get z C, cosn = 2 (E, cos n®+ F), sin n@) a"

F,=0 and E,.d"=C,ie, E, = C"/a”

Putting in (9) the required solution is

u(r, 0) = 2 Cn(r/a)" cos no
r=1

Example 4: Find the steady state temperature in a circular plate of radius a whose
circular edge r = a is kept at temperature f(0). The plate is insulated so that there is no

loss of heat from either surface.

Solution: The steady state temperature in a circular plate with insulated surface is

governed by Laplace equation (in plane polar coordinates)

2821/1 .  %u
e —tr—+

Z2-0
ar? or g6’ - ()

Here we are required to solve (A) subject to the following boundary condition

u(a, 0) = f(6), 0<60<2n ...(B)
Obviously u(r,8) the solution of (A) must be periodic in 8 and finite when r — 0.
Let the solution of (A) be given by

u(r, ©) = R(r) F(6) = RF (say) (1)
Differentiating (1) and substituting in (A), we get

9 2
FRERp R pEE
ar? r 4e®

1( 9d*R 4R 1 d%F
. Ry __L1ak_, (2
R [] d,~2 r dr] F d92 (say) (2)

Two sides of (2) are functions of different artificial variables, so the two sides can be

equal to each other if each is equal to the same constant A (say).
Thus, (2), reduce to the following two ordinary differential equations.

2
%MF:O (3)

2
2R AR 3R 20 (4)
dr? dr

and r
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Equation (4) is a homogeneous equation with variable coefficients. To solve (4), let

2
r=¢%, so that rﬁ =D,z and r2 IR (Dy =1) Dz, where D = ri _4
dr A dr dz
Putting in (4), it reduces to
[(D;-DD +D,~A]R =0 or (D2 -1)R =0 (5)

Now there are following cases :
Case I : If A =0, then equation (3) and (5) reduce to

4*R
dz2

A*F

_— :O
A6”

and D12R =

Whose general solutions are
F=A0+A) and R =A3z+Ay=Aqlogr+ A,
u(r, 8) = FR = (A0 + Ay)(Ag log r+ Ay)
Since # must be periodic and finite when r — 0
we take A =0 and Ag =0, w logr— easr—0
wr, 8) = AyA;, = A (constant) ...(6)

CaseIl: If A= K >0, then equations (3) and (5) reduce to

S+ F=0 - and (D} -F¥)R=0

Whose general solutions are
F_A k . _ kZ —kZ _ ,k —k
= Ay cos 9+Bksmk6 and R—Cke +Dke —Ckl +Dkr
u(r, ) = FR = (A, cos k8+ By sink8) (C, X + D, r7F) )

u(r, 0) is periodic with period 2w, so we must take k =n

where n=1, 2, 3,..., (an integer)

(Note that we cannot take A = k2 <0, since in this case u(r, 6) will not involve

trigonometric function, of ® while u(r, 6) must involve trigonometric function of 6 as it
is periodic function of 8 of period 2m.)

Forn=1,2, 3,..., (an integer), from (7) the solutions of (A) are given by

u,(r, 8) = (A, cos 18+ B, sinn) (C,r" + D,r™") .(8)
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= 738 Differential Equation

From (6) and (8) more general solution of (A) can be taken as

oo

u(r, )= A+ Y w,(r, 0)

n=1

=A+ z (A,, cos n®+ B, sin n®) (C,,r"* + D,;r )

n=1

(9

Since u(r, ) is finite when r — 0, but when r — 0, r 7" — oo, so in (9), we must take
D,, =0. Putting in (9), we get

u(r, 0) = A + Z (E, cos n+ F, sin n6) r"

n=1

.(10)

Where E, = A, C,, and F, = B,,D,, are new arbitrary constants.

Using conditions(B), i.e., u(a, ©) = f(0), from (10), we get

fO)=A+ 2 (E, cos n® + F, sin n0)a"

n=1

L(11)

Multiplying both sides of (11) by cosn6 and integrating between the limits 6 =0 to 2,

we get
2n 2n 2n 2n
Jf(e) cosnbdo=A Jcos n0do +a"E, jcosQ n0do+d"F, Jsin 16 cos n6 46
0 0 0 0

L 2n 1 2n
:[A s ﬁ +5a"En J(1+ Cos2ne)d6+§a”Fn J.sinZnedG
n
0 0
1, 1 . L 1 T
=0+—a E,;|0+—sin2n6 +—a F,|-—cos2n@
2 2n 2 2n

=%a” E,2n =nd"E,

1 2n
E}’l = nan b"f(e) cos 110 40 (12)

Similarly, multiplying both sides of (11) by sin 16 and integrating between the limits
6 =0to2x, we get




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Laplace Equations... 739 )=

27
1
8) sin 16 d6
i (_)[f( )sinn (13)

F, =
T

Integrating both sides of (11) between the limits, 8 =0 to 2x, we get

2n 2n oo 2n 2n
jf(e)de: JAd9+Z[En Jcosn6d9+ F, Jsinnede]
0 0 n=1 0 0
=A21+0
1 °r 1
A=— =—F
2m J.f(e)de 270 .(14)
0
F 10 0) =+ 3 E 6+ F, sin n0) 1"
rom (10),  u(r, )—§E0+2( ,, cos n® + F, sinnb) 7 .(15)

n=1

Hence, the required solution is given by (15) where £, E, are given by (12)

and F, by (13).

Example 5: Find the steady state temperature in a circular plate of radius a which has
half of its circumference at 0°C and the other half at temperature u,°C.

Solution: The steady state temperature in a circular plate is governed by Laplace

equation (in plane polar coordinates)

2 2
]‘Zﬂ+rﬂ+ﬂzo .(A)
arr  9r 06°

Here we are required to solve (A) subject to the boundary condition

0<0<m

u(a, 6) = £(6) = { *o:

0, m<06<2m

Obviously u(r, 8), the solution of (A), must be periodic in 6 and finite when r — 0.
Let the solution of (A) be given by
u(r, 0) = R(r) F(8) = RF (say) (1)

Now proceeding similarly as in Ex. 4, we get
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= 740 Differential Equation
u(r, 0) = % Ey+ Z (E,, cos n® + F, sin n0)r" ..(2)
n=
1 2n
where E, =— Jf(e) cos 16 d6
ma o

b 2n
= J.f(e) cos n0 do + If(e) cos 16 do
0 b

Ta

T
1 4o T
= J.MO cosn0do+0 |= m (—sinne) =0
0

27 T 27
E, =% J.f(e)dO:% jf(e)de ; J'f(e))de
0 0 T

T

1 1
=; J.MO ae+0 =;(nu0):u0
0
1 2n
and F,=— J.f(G) sin 720 49
Ta 5
. E: 2n
-— J' £(8) sin n6.d6 + _[ £(8)sinn6.do
LO b
{ E:
=— I”O sin n0d6 +0
na K
upy 1 T u u
= On —lcos nG:L = On (1-cos n@) = On [1-(-D"]
na L n mna Tna
0, if n=2m(even), m=1,2,...
- 2
= 0 ifn=2m—1(odd), m=1,2,...

T (2m-1) al2m=1)

Hence, from (2), the required solution is

oo

2u 2m—1
1 0 r sin(2m—-1)6
M(r, e)ziuo +_7|; 2 (—) —2]11—1
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Example 6: A circular sector is determined by 0 <r < a,0 <0 < o. The temperature is
kept at 0°C along the straight edges and at f(0) along the curved edge. Find the steady

state temperature at any point of the sector with its surfaces insulated.

Solution: Let OAB be a thin circular sector of B
radius a and ZAOB =o. The surfaces of the
sector are insulated. The steady state
temperature (7, 0) in the sector is governed by
the Laplace equation (in place polar

coordinates)

28214 u  %u
7 —tr—

Fe—t— = (A
art  9r 9e? @)

Here the boundary conditions of the problem are

w(r, 0)=0, u(r,a)=0, O<r<a ...(B))
and u(a, ©) = f(6), 0 <6 <a ..(By)
Let the solution of (A) be given by

u(r, ©) = R(r) F(0) = RF (say) (1)
Where R is a function of r alone and F function of 6 alone.

Differentiating (1) and substituting in (A), we get

d’R AR dPF

2
Fr +Fr—+R =0
dr2 dr dez
1(9d’R dR| 14%°F
o P e -

Since each side of (2) is a function of different independent variables, so the two will be

equal to each other if each is equal to the same constant say A.

Thus, from (2), we get the following two ordinary differential equations

2
d§+kF:0 ..(3)
Ao
9 d*R dR
and r +r—-AR =0 -(4)
dr? dr

Equation (4) is a homogeneous equation with variable coefficients. To solve (4), let

r =¢%, so that
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= 742 Differential Equation
AR 9 d*R d d
r— =Dz and r* —=(D; -1)Djz where D =r —=—
dr A2 dr dz

Putting in (4), it reduces to
{(Dy-)Dy+D; -2} R=0 or (DZ-A)R=0 . (5)

Now there are following cases :

Case I : If A =0, then (3) and (5), reduce to

2 2
dFO 9 d“R

_—= and Df R = =0
162 Lo 2

Whose general solutions are
F=A19+A2, R =A3z+A4 =A3 logr+A4
u(r, 8) = FR = (A8 + Ay) (Ag logr + Ay)

Condition (B)) i.e., u(r, 0) =0 and u(r, o) =0

= Ay (Aglogr+A,) =0 and (Ao + Ay) (Ag logr+ Ay) =0

= Ay=0 and Ao+ Ay =0, ~ Aglogr+ A, #0
otherwise we get u(r, 0) =0, which is inadmissible.

= A =0 and A9 =0

= u(r, 8) =0, which is inadmissible.

So we reject the case A =0.

Case Il : If A = i >0, then (3) and (5), reduce to

2
d—§+k2F=0 and  (D?-k*)R =0
0

Whose general solutions are
F=A, cosk0+B,sink6and R =C, k% + D, ¢ %2 =C,r% + D,k
k k k k k k
u(r, ) = F.R = (A cos k0 + By sin k6)(C,r¥ + Dpr =F) )

Note that we cannot take A =—k% <0. Since in his case u(r, 0) will not involve

trigonometric function of 6 while u(r, 6) must involve trigonometric function of 6 as it is

periodic function of period 2.
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Since u(r, 0) is finite when r — 0, but when r — 0, r K e k> 0,

So in (6) we must take D =0

from (6) u(r, 8) = (A cos kB + By, sin k6) (C,r*) D)
Now from (7), the boundary condition (B,) i.c., u(r, 0) =0
= ACrfy=0 = A =0,

* =0 or C;. =0 will lead to trivial solution u(r, 8) =0 which is inadmissible.

from (7), we have

u(r, 8) = (By, sin k0)(Cy..r*) (8)

Now from (8), the boundary condition (B,) i.e., u(r, o) =0
=  B.Cysinka.rf =0
= sin ko, =0. B Cp#0 and r* 20
= ko =nmiec, k=nnjfo,nis an integer.

From (8), for integral values of 1, the solutions of (A), satisfying conditions (B,) are

given by
u,(r, 8) = F, SiI’l(VlTCG/OL)_r’m/a
Taking F, = B, C;is the new arbitrary constant.

Now taking n=1, 2, 3,..., the more general solution of (A) is given by

oo

u(r, 0) = 2 u,(r, 0) = z E, sin(nne/(x).r"n/a .(9)

n=1 n=1

Which also satisfy the boundary conditions (B,).

Now from (9), the boundary condition (B,) i.e., u(a, 8) = f(6)

- J©)= Y Fysin(nm6/a).a" ™ -(10)

n=1

The right hand side of (10) can be considered as the Fourier series of the function £(8) on
its left hand side for0 <6 <o
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= 744 Differential Equation
2 ¢ 0
a" Y F, :aJ‘f(e) sin (%J 40
0
2 T 0
nt
F, =———— i
or oL e (‘[f(ﬁ)sm( o )de ..(11)

Hence, the required temperature in the sector is given by (9) where F, is given by (11).

Note : If oo = m, then the thin circular sector reduces to a semi-circular plate and the
result (9) and (11), reduce to the results (10) and (12) of Ex. 1 on page 703.

Example 7: Find the steady state temperature at any point of a circular sector; determined
by 0 <r <a,0 <6 < n/2, if the temperature is maintained at 0°C along the straight edge

and 50(n6 — 262 )along the curved edge. Also find the steady state temperature at (a/2 , nt/4).

Solution: The steady state temperature u(r, 8) in the sector will be governed by the

Laplace equation (in plane polar coordinates)

2 2
9 0“u u J°u
— =0
' 8r2+ra” 892 ()

Here the boundary conditions of the problem are
u(r, 0) =0, w(r, mf2) =0, O<r<a ..(B))
and u(a, 0) = £(6) =50(r0 —26%) (B,)

Let the solution of (A) be given by
u(r, ©) = R(r) F(0) = RF (say) (1)
Where R is a function of r alone and F a function of 6 alone.

Now proceeding similarly as in Ex. 6 page 741, we get

u(r, 0) = 2 ,sin (2n0).7 21 Here o = /2

n=1

2 /2
(r/2)a®" J0

where f(0)sin2n6 d6,

n=

4
"

/2 9
J 50 (110 —26%) sin 210 6
0
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/2
200 o2y [_cos2nb) _sin2n6) | cos2nb
- {(ne 20 >.( o J (n 49)( - )+( 4){—8713 H

0
nzjzon [ (1-cos nn):| L;)Z)zn [1-(=D"]

0, when n=2m (even), m=1,2,...
- 200

———, whenn=2m-1(odd), m=1,2,...
n@2m-1)3 2"

Hence, from (2), the steady state temperature at any point (r, 0) in the sector is given by

200 = (rY@"Dsin2 2m-1)8
ar0=22 3 (%) 13 ~(3)

m=1
2nd Part : Putting r = 4/2 and 6 = /4 in (3), the temperature at (a/2,n/4) is given by

2(2m-1) n—
u(af2 ) =220 2 G) Sm{g’:_ll));ﬂ}

m=1

sin{(2m—1)1/2} = sin (mn —1/2) = ()" * 1,

Example 8: u is a function of r and 0 satisfying the equation

PZu 1ow 1 u

7 ror ' od
within the region of the plane bounded by r = a,r = b,8 = 0,0 = n/2. Its value along the
boundary r = ais 6 (n/2 —0) and along the other boundary is zero. Prove that

z (r/b)‘“”‘2 (b/r)4m_2 sin (4m —2)0

u(r, 0) =
Solution: The function u(r, 8) satisfy the equation

Pu 1o 1 %

- — =
972 ror ;232 .(A)
The boundary conditions of the problem are

wr, 0)=0,u(r,n/2) =0, a<r<b ...(B))
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= 746 Differential Equation
J A
0= 12 [y=( -
© 6=0 >
Fig. 14.7
u(h, 8) =0,0 <6 <m/2 ..(By)
and wa, 8) =0 (n/2-0),0 <0 <m/2 ...(By)

Here we are required to find the solution of (A), satisfying the conditions (B,), (B,) and
(B5).

Let the solution of (A) be given by
u(r, ) = R(r) F(0) = RF (say) (1)
Where R is a function of r alone and F a function of 6 alone.

Differentiating (1) and substituting in (A), we get

A*R FdR R d*F
+——

F —_— —_—— ==
ar? rodr 52 e

1f,2 d2R+rﬁ :_ldz_F:k(sa) 2
R\ &2 dr)] Fa Y o

Now the two sides of (2) are functions of different independent variables, so the two

functions will be equal to each other if each is equal to the same constant A (say).

Thus, from (2), we get the following two ordinary differential equations.

d>F
W+kF=O (3)
9 d?’R  dR
and r“—+r—-AR =0 (4)
er Ar

The equation (4) is a homogeneous differential equation with variable coefficients. To

solve it let r =¢%, so that
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AR 9 d*R d d
r—=Djzand r* —5 = (D) -1)D;z, where D} =7 —=—
dr A2 dr dz

Putting in (4), it reduces to
2
[(Dy =)Dy +D;-A]R =0 or (Df-MR=0 .(5)

Now there are following cases :
Case I : If A =0, then (3) and (5) reduce to

2 2
%:0 and  DER=9R _g
de

Whose general solutions are
F=A0+B and R=Cz+D=Clogr+D
u(r, 0) = FR = (A8 + B)(Clogr + D) ...(6)
From (6), conditions (B)) i.c., u(r, 0) =0 and u(r, ©/2) =0
= B(Clogr+D)=0 and (A.n/2+ B)(Clogr+D)=0
= B=0and An/2+B=0,
Clogr+D =0 will lead to, trivial solution u(r, 8) =0, which is inadmissible.
= A=0 and B=0
= u(r, 0) =0, which is inadmissible.
Hence, we reject the case A =0.
Case Il : If A =k? >0, then (3) and (5) reduce to
d>F

L VK F=0 and (D} -K)R=0
46>

Whose general solutions are
F=A, cosk0+B,sink6 and R =C, 5 +D, e %2 = /% + D%
k k k k k k :

u(r, 8) = F.R = (A cos k8 + By sin k6)(Cpr* + Dyr =) )

Note that A = —k* <0. Since in the problem u(r, ) is a periodic function of period 2, i.e.,

u(r, 0) = u(r,0 +2m), so u(r,0) must involve trigonometric function of 6 while if we take

A=k < 0, then u(r, 6) will not involve trigonometric function of 6.
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Now condition in (B,), i.e., u(r, 0) =0 and (7)
= A DR =02 4, =0 o k4 Dk 20
Putting Ak =0, in (7), we get
u(r, 8) = (Cpr* + Dr%)By sin ke (8
Now condition in (B,) i.e., u(r,m/2) =0 and (8)
= (Cu* + DB, sin(kmy2) =0
= sin(kn/2)=0, = Cuf+Dr* 20,B, 20
=  kn/2 =nn, where n is integer.
= k=2n
from (8)

1, (r, 8) = (E,r2" + Er =) sin 2716

Where E, =C.B; and I, = D;.B;. are the new arbitrary constants are solutions of (A)

satisfying conditions (B) for integral values of .

Taking n=1, 2, 3,..., the more general solution of (A) can be written as

oo

u(r, 0) = Z u,(r, 0) = 2 (Enrzn +F, 1"_2”)sin2ne (9)

n=1 n=1
Which also satisty the conditions (B)).
Now condition (B,) i.e., u(h, 8) =0 and (9)
In 21\ _
= (E, )"+ E,b"")sin2n6 =0
= E "+ E b2 =0, - sin2n0%0

= F,=-E,b*"

n

Putting in (9), we get

u(r, 8) = Z En(],Zn b 721 6in 200

n=1

.(10)
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Now condition (B,) i.e., u(a, 0) =8(n/2 —6) and (10)

oo

- 0(n/2 -0) = ZEn(az”—b“” a")sin 210 (1)

n=1

The right hand side of (11) can be considered as Fourier series of 6 (n/2 —6) the function

on its left hand side in half range 0 <6 < TC/2

E

n

/2
(@2 A g2y 2 2 _[ o[ —6)sin 21040
2 P
(m/2) 5 ( )

. n/2
b cos 2n0 T sin 210 cos 2n0
o5 o) (-5 (5-o0) - o () |

! [1-cos nx] =L3[1—(—1)nj
)

_nn?’
0, when 1 =2m (even), m=1,2,...
= #3 whenn=2m-1(odd), m=1,2,...
n(2m-1)
0, when n=2m, m=1,2,...
E = 2
n when n=2m-1, m=1,2,...

T (2m—])3 {a2(2m_1) _b4(2m—1) ﬂ—2(2m—l)}

Hence, from (10), we have

- {r2(2m—1)_h4(2’”_1)r_2(2"’_1)}Sin2(2m—1)9
ur, ) == D (zm_1)3{ﬂ2(2m_l)_b4(2m—l)ﬂ—2(2m—l)}

m=1

2 i /D2 — (b2 sin(@@m-2)0
T (g/b)4m—2_(b/d)4m—2 ’ (2}71—1)3

m=1
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Qxercise 14.2

1. Obtain steady state temperature distribution in a semi-circular plate of radius a,

insulated on both faces, with its curved boundary kept at a constant temperature %,
and its bounding diameter kept at temperature zero. [Meerut 2011 (B.P.)]

2. A thin semi-circular plate of radius a, insulated on both faces, has its boundary
diameter kept at 0°C and its temperature along the semi-circular boundary is
100°C. If u(r, 6) is the steady state temperature, in the plate, then prove that

oo

u(r, 0) =220 D (L)zm_l sin(Zm-1)8

T a 2m—-1
m=

Also find u(a/4, m/2).

3.  Find the steady state temperature in a circular plate of radius @ which has one half of
its circumference at 0°C and the other half at 100°C.

4. Find the steady state temperature at the points in the sector given by 0 <6 < n/4,
0 <r <aof a circular plate if the temperature is maintained at 0°C along the side
edges and at a constant temperature u, °C along the curved edge.

) Ans‘wers 14.2

40 ~ (V" Lsin@m-1)0
Lwno=2 3 T

> m—1 2m-1
2. | ufafa, nj2) =22 3 CU [l)

i 4

= 2m—1 _
3. |utr oy =50+ 222 3 (L) Bl
a 2m-1)

40 ~= (rACm=Dsin4 2m-1)0
4. |u(r, 0)=— 2 (—) — )
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14.7 Solution of Laplace's Equation in Rectangular
Cartesian Coordinates (x, y, z) by the Method
of Separation of Variables

Three dimensional Laplace's equation in cartesian coordinates is given by

o, Pu
3 x> 8)}2 9z

=0 (A)

Let the solution of (A) be of the form

u(x, y, z) = F(x) Y (y) Z(z) = FYZ (say) (1)
Where F is a function of x alone, Y a function of y alone and Z a function of z alone.
Differentiating (1) and substituting in (A), we get

2 2 2
YZ%+FZd—§+FYd f:
dv dy dz

0

1d2F 14d%y  14%2

—_—_ = —
o Fal Y a2  Z a2

(2)

All the three terms in (2) are functions of different independent variables, therefore (2)
will be satisfied if each of the three terms is constant. So let
1 d*F 1 4%y 1 d*z

Ll =S =, and =222
Fa? VWY T T T

where A +1ky =}

Thus, we get the following three ordinary differential equations

2 2 2
L F=0,2 3,y =0 and L2
e b

+AZ=0 -(3)

dz

where A +Xy =1
Now there are the following three cases :
Case I : When A =0 =4, =), then the equations given in (3) reduce to

2 2 2
d F:O, d—)z(:O and d f:
dz

£ 0
dx? dy

Whose general solutions are
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F=Ax+B,Y=Cy+D and Z=Ez+F
from (1) solution of (A) is given by
u(x, y)=FYZ =(Ax+B)(C y+D)(Ez+F) (4

Case Il : When A; =kZ >0, kg =k2 >0 and A =k> >0s.t., k2 + k% =k%, then the

equations in (3) reduce to

2 2
d°F —k2F 0, & Y—sz ~0 and & §+k2Z=0
dz
Whose general solutions are
F=A Xkl _Xkl F=A +xk
kle +Bk1 e or i e
Y:Ck fykz'f'Dk E_J/kz or Y:Biﬁ giykZ
) 9 2
and Z = E; cos kz+ Fj. sin kz or Z=Cj; tikz

from (1), the most general solution of (A) is given by

ux, y, z) = 2 (AkleXkl + Bkle_Xkl ) (Ckzgﬂfz + Dkze_ykZ ).
kl’ k2

(Ej coskz+ B sinkz) ...(5)
where K =2 + k2

The solution can also be taken as

u(x7y7 Z) = 2 Hkl kzgi)fkl iykzilkz (6)

. 2_12 2
where k _kl +k2
and Hk ky, = A;< B;c Cj. is the new arbitrary constant.
Case IIl : When A = k2 <0, &y = k2 <O and & = k% <0 s.t. ¥ = k2 + k2, then the
equations in (3) reduce to
2 2
d k2FOdY KBY =0 and L 270
a2
Whose general solutions are
F= Akl cos klx + Bk1 sin klx or F= Ai‘l et ikyx

Y = Ck2 cos k2y+Dk2 sink2y or Y :B;{2Ei iky y
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and Z=E ekZ+er_kZ or Z=Cjccikz
from (1), the most general solution of (A) is given by
u(x, y, z) = Z (A,Cl cos kjx + Bk1 sin klx)(Ck2 cos k2y+Dk2 sinky y).
kys ky
(B, 2+ Fe7k2) L(7)
where K= klz + k22
The solution can also be taken as

u(x, y, z) = 2 Hkl k, e tikrt ik2yikz, where k% = k12 +k22
Kk,

and Hk1 Ky = A;\,I 'chz .Cj. is the new arbitrary constant.

14.8 Laplace Equation in Cylindrical Coordinates

Laplace equation in cartesian coordinates (x, y, z) is given by

u 9%u o%u B

2
Viu=—5+-—5+—5=
a9 9

0 (1)

Proceeding as in {12.9 on page 568 in cylindrical coordinates (p, ¢, z), we have

2 2 2
VQM:M low 1 0“u 90°u

—t——t———+ —
> P p? gt 022
Hence, the Laplace equation (1) in cylindrical coordinates (p, ¢, z) is transformed to

82u 1 ou 182u azu_

5 t——+—-5—F+t—7F=0.
> P p? > 9

14.9 Solution of Laplace's Equation in Cylindrical
Coordinates by the Method of Separation of
Variables

[Meerut 2001, 02 (B.P.)]
The Laplace's equation in cylindrical coordinates (p, ¢, z) is given by

Pu lou 1 Pu u_

gu i, o T (A
> P p? 3?02
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Let the solution of (A) be of the form
ulp, 0, z) =R(p) F(9) Z(z) = RFZ (say) (1)
Where R is a function of p alone, F a function of ¢ alone and Z a function of z alone.

Differentiating (1) and substituting in (A), we get

2 2r 27
FZdR zd_R+RZd L rpZ

7 =0
dp p dp p d¢ dz

2 2 2
or i%JrLﬁJ,%g: 14 f = k2 (say) (2)
R gp= pR dp  p“F d¢ Z d

Here in (2), right hand side is a function of independent variable z alone while left hand
side is a function of p and ¢. So the two sides will be equal to each other if each is equal to
the same constant say —k%. Here constant —k is chosen, because the solutions obtained

from the resulting equations are useful for practical problems.

Thus, from (2) we get the following equations

2
d Z_k2F 0 ..(3)
dz>
2 2
and 1d°R 1 dR 1 d°F 9
R gp? pR dp o2 F do*
o R _pdR > o 1d*F_ o
or +k - =m (say) ..(4)

F o2 "R

Here in (4) right hand side is a function of independent variable ¢ only while left hand
side is a function of independent variable p only, so the two will be equal to each other if

each is equal to the same constant. On physical grounds of the problem the solution must
involve the trigonometrical functions of ¢, so we choose this constant equal to i (say).
Also the physical condition of the problem i.c., u(p, ¢) = u(p, ¢ + 2m) will be satisfied only if
we suppose m to be an integer.

Thus, from (4), we get the following equations

d2
—+m F=0 ..(5)
do?
2 42
and p—ﬂl—I;+£d—R+k2p2=m2
R gp> R dp
2d2R dR 92 9
or pr—+p—+ k" pT—m )R 0 ...(6)

dp2 dp
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Now let kp = x, so that dp -1
Ak

AR dR dx dR d d
and =k— = —=k—
dp Tdv dp dx dp dx

i A(R) ()
dp dx

Putting in (6), it reduces to

2
7 k2 ’Zxﬁ ;C‘ kii + (2 )R =0

2 2
N P o
or dx2 P e

Now general solution of (3) is

Z=A, k7B ek
or Z=Ae tkz
General solution of (5) is

F =C,, cos m¢ + D,, sin m¢
or F C’ + lmq) .(9)

m

Equation (7) is Bessel's equation, so its general solution is

R =Ep, Jn(x)+ By ] (x) = By, Ty (kp) + oy T (kp),
when m is not an integer
and R =E, J,,(kp)+ B, Y,,(kp), when m is an integer.
Hence, from (1), the most general solution of (A) is given by

up, 0, z) = Z (A k% + By, e7k7)(C,, cos mo + D, sin mo)

k,m

(Egn T (kp) + Frgpy - (kp)]

when m is not an integer.




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

= 756 Differential Equation

and u(p, ¢, z) = 2 (Ag ke By, c_kz)(Cm cos md + D,, sin mo).

k,m

[Epyy Jin(kp) + Fi,, Yo, (kp)] when m is an integer.

Note : 1. The solution can also be written as

up, 0,2)= Y MG T, (kp)+ Hyyy Ty (k)]

k,m
when m is not an integer.

And u(p, ¢,2)= Y e*EEMO (G T, (kp)+ Hy,, Yo (kp)]
k,m
when m is an integer.
Where ka =A;C C;n-Ekm and Hkm =A}C C% ka are the new arbitrary

constants.

The solution can also be written as

ulp, ¢, z) = Z eikz + im¢ R(o)

k,m

when R(p) is the solution of Bessel's equation (7).

14.10 Laplace Equation in Spherical Coordinates

Laplace equation in cartesian coordinates (x, y, z) is given by

2u %u *u B

2
Vid=—5+—5+—5=
Pt o

0 (1)

Proceeding as in {12.11 on page 573 in spherical polar coordinates (r, 0, ¢), we have

9 Pu 23 1 0%u cot® du 1 u
Voiu=—+=

—t=—+ —+ —
a2 ror 290> 2 90 Zsin’e 3(])2

Hence, the Laplace equation (1), in spherical coordinates (r, 8, ¢) is transformed to

Puzou 1P o0, 1 2
o> ror 290> 2 9 Zsin’e a¢2
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14.11 Solution of Laplace's Equation in Spherical
Coordinates by the Method of Separation of
Variables

The Laplace's equation in spherical coordinates is given by

Pu 200, 1 Pu covan, L' @
a2 ror 2002 2 90 rZsin?e a0

Obviously solution of (A) is a function of r, 6 and ¢.
Let the solution u(r,0, ¢) of (A) be given by
ur, 6, 0)=R(r) FO) Fy(0)=R K F (say) (1)
Where R is a function of r alone, B a function of 8 alone and F) a function of ¢ alone.
Differentiating (1) and substituting in (A), we get

A’R_2HF dR RF2dF] , R B coto aiy RFl dlpz 0

Rk

dr 7t r d” 2 a0’ 2 8 2 sin” @ dq>
2 2
or dR+2dR + ! dFl Gd— 72 sin?
R 42 rodr 2 K deZ de
APF,
:_L—; = > (say) ..(2)
By

In (2), right hand side is a function of independent variable ¢ alone while left hand side is
independent of ¢. So the two sides will be equal only if both are equal to the same

constant. We choose this constant equal to n , as in many physical problems we require

the solution which involve trigonometric functions of 6.

Thus (2), gives

d2
+m2F2 0 (3)
do?
1(a?R 24r) 1 (d°F i\l 2 2, 9
and — +—— |+ —Licoto—=L||r*sin®0=m
R 42 rdr 6” de
d2R L 2dR m2 d*K dR
or - 2 —+cot®— | =n(n+1) say ..(4)
d, }" dr sm 0 Fl (3} do

In (4) two sides are functions of different artificial variable, so they will be equal to each

other if each is equal to the same constant say n(n+1). (Note)
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Thus, from (4) we get the following two differential equations

2
[d R idR]_ s )
R

d; r d
2
or 24 R+27ﬁ—n(n+l)R =0 -(5)
dr? dr
2 d’F dF,
and L 21 +cot®—k | = n(n+1)
sin 0 Fl do do
d2F1+ tedF+ (n+1) - 2 E =0 6
or co n(n
6> o sinZe) | ©

Equation (5) is a homogeneous equation with variable coefficient. So let r =¢” so that
2

F R _pzand 2R (D2

dr dr?

where r i = i =D,
dr dz

Putting in (5), we get

[(Dy =)Dy + 2Dy —n(n+1)|R =

or (D2 +D;—i =R =0
or (D —m) (D +m)+ (D -n]R =0
or Dy =n)(Dy+n+1)R =0 . (7)
df dR dF
Now to solve (6), let @ = cos 9, so that — 2 dn =—sin@—L
Ao du do du
4’ g dF, dF, 4’ K
and —lzi —sin® —L | = — cos @ —L —sin _1d_u
de?  d6 u m A2 " de
di o AR R, 2K
=—-C0s0 —+sin“ 0 —= 2 —cos— +(l cos 6)
u du du du

Putting in (6), we get

R, 9. d*F R 2
—cos0—+ (1 -—cos” 0) — — + cotf (—sinf) — Ly n(n+1) - — K =0
dw du dp 1-cos“ 6
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2 4R dh n
or (1-cos 9)—2—2cos6—+ n(n+1)——2 K =0
du dp 1-cos” 6
o d*F _ dF 2
or (1—p ) A —2u =L+ 1) - | =0 ..(8)
du 1-p

The general solution of (3) is

F = A,, cos m¢ + B,, sin m¢
+ lnlq) ..-(9)
or F=Aye
General solution of (7) is
- 1 1
R=C, e +D, e "2 —C " 4D, [/ .(10)
Equation (8) is Associated Legendre equation, whose solution is
Emn P};n (”' + mn Ql‘l (M )
or K = E,, P} (cos8) + F,,, Q) (cos6) (1)

From (1), using (9), (10) and (11), the solution of (A) for various values of m and n are
given by

Uy, (7, 0, 0) = (A, cos mo + B,, sinmo)(C,, 7’ + D /r"+l

LE, ., PV (cos8) + E,,, Q) (cos 6)]

A more general solution of (A) is given by

u(r, 6,6) = ZZmnrM

m

- 2 2 [(A,, cos mo + B,, sin m¢) (C,, P Dn/rn+1),

m n

B Pn (cos )+ E,,, Q;ln (cos0)}] ...(12)

Which can also be taken as

ur, 9, 0) = 2 EA;,[ eiimq’(cn 1 +Dn/rn+1)‘

m n

[E, ., BV (cos8) + F,,, Q) (cos6)]
= Z 2 [(Apn " +an/rn+1)
m n

[E,p, P (cos 0) + E,,, QM (cos0)] e =70 (13)
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Note : Along the polar axis (initial line) 8 =0, cos8 =1 = Q) (cos 8) —
If the solution u(r, 6, ¢) remains finite along the polar axis 6 =0, then we

must take F,, =0in (12). In this case the solution is given by
u(r, 9, ¢) = 2 2 (A, cos mo+ By, sinmo)(C,, " + D, [r"*1). PI" (cos 0)
m n
which can also be taken as

u(r, 0, 0)= Y 3 (Cyr" + Dy [r" ). = MO P (cos 0)

m n

\/ Solved Examples

Example 1: Find the potential ¢(x, y, z) in the parallelopiped 0 < x < a,0 < y <D,
0 <z <, satisfying the conditions :

(i) ¢=00nx=0,x=a,y=0,y=bandz =0
(i) ¢=f(x,y)onz=¢, 0<x<a, 0<y<h [Meerut 2010 (Sem. I)]

Solution : The potential ¢(x, y, z) in the parallelopiped satisfies the Laplace's equation
—+t—+—=0 (A)

Here we are required to find the solution of (A), satisfying the following conditions.

00, y, ) =0, 0(a, y, 2) =0 .(B))
o(x, 0, 2) =0, o(x, b, 2) =0 ..(B,)
and o(x, y, 0) =0, o(x, y, ¢) = f(x, ) ..(By)

Let the solution of (A) be given by
0(x, y, 2) = F(x) Y(p) Z(2) (1)
Where F is a function of x alone, Y a function of y alone and Z a function of z alone.

Differentiating (1) and substituting in (A), we get

2 2 2
vz 4 5+FZ—d §+FYd ZZ=0
dx dy dz
1d2F 14d%y 1 4*z2
or _ — =1 (say) .(2)

P Y 7
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Here in (2) each term is function of different independent variable. Thus (2), will be true

only if each term is equal to a constant. So let

2
ALy and%d—y—hz S0 =2y + Ay

if -= =
dy2

Thus, we get the following three ordinary differential equations

2 2 2
%—MF:Q %-xg:o and 4 ZZ+xzzo (3)
dv dy dz

where A =% +2y
Now the following three cases arise.

Case I : If A =0 =} = A,, then the equations in (3) reduce to

2 2 2

Y
d_é::()’ d_z() and %zo
dx dy? dz

Whose general solutions are
F=Ax+B,Y=Cx+DandZ=Ez+ F
o(x, y,2)=(Ax+B)(Cx+D)(Ez+F)

Now the conditions (B,) i.c., ¢ (0, y, z) =0 and ¢ (4, y, z) =0
= 0=B(Cx+D)(Ez+ F)and (Aa+B)(Cx+D)(Ez+ F)
= B=0and Aa+B, '© Cx+D=0 and Ez+ F =0,

will lead to ¢ (x, y, z) =0, which is trivial solution and is inadmissible.
= A=0and B=0

¢ (x, y, z) =0. Which is trivial solution and is inadmissible.
So we reject the case when A =0 =%, =4,.
Case IL: If A =k> >0, & =k >0and hy =k >0 5.t, A = A + Ay e, k2 = k2 + k2,
then the equations in (3) reduce to

2 .
—d;/—k;Y:O and — +k¥Z=0
dy dz

d*F

2
?_kl Fz(),
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Whose general solutions are

F =Aeklx+Befk1x, Y = Ceka + De ~kyy and Z = E cos kz + Fsin kz
o (x, y, 2) = (A" + Be M%) (CeM27 + De ™27) (E cos kz + Fsin kz)

The conditions (B)) i.e., 6 (0, y, z) =0 and ¢ (a, y, z) =0

= 0=(A+B)(C2Y + D¢ D) (Ecoskz + Fsin kz)
and 0=(Acf? 1 Be R (C M2V + D e V) (E cos kz + Fsin kz)
= A+B=0 and A3k1“+Be_k1“=0,

C6k2y +De_k2y #0 and E cos kz + Fsinkz #0
= A=0and B=0
¢ (x, y, z) =0, which is trivial solution and is inadmissible.

So we also reject the case when A = k2, 7‘1 = k12 and }‘2 = k22.

Caselll: If A = ¥ < 0, }‘1 = —k12 <0, 7»2 =2 —k22 <0,s.t. K= k12 + k22, then the equations

in (3) reduce to

d*F A%y

W+k121~“=o,—,+kfy=o and K272 =0

&’z
2 122

Whose general solutions are
F= Akl cos kjx +Bk1 sinkx, Y = Ckz cos k2_y+Dk2 sin k2)/
and Z:Ekekz+er_kz
_ . s kz —kz
o (x, p, z)= (Ak1 cos k1x+Bk1 sin klx)(Ck2 cos k2y+Dk2 sinky y).(E; "~ + F. ¢ )

.(4)

Conditions (B,) i.e., $ (0, y, z) =0
. kz —kz\ _
= Akl(ck2 Cosk2y+Dk2 sinky y)(E, e"~ + B e )=0
= Akl :O,

Ckz Cos,’<2y+Dk2 sink2y;t0 and Ek ekz+er_kz #0
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And ¢(a, y, z)=0

= <0+Bk1 sinkla)(Ck2 cos k2y+Dk2 sinky y) (Ey k7 F e_kz) =0

= sinka=0,

By #0. Cp coskyy+Dy sinkyy#0,E ** + F e 20

= kla =mmn, where m is an integer.

ie., k =mm/a

Similarly, the conditions (B,) i.e., ¢ (x, 0, y) =0 and ¢ (x, b, y) =0
= Ck2 =0 and kz = nn/b, where 7 is an integer.

K=k +k =k =k, = ]d + [P’

Thus, for integral values of m and »n, the solutions of (A) from (1) satisfying the
conditions (B,) and (B,) are given by

. mmX . nm -
Opun (X, 9, 2) =(Bk2 sin p )(Dkz sin hy) (Ekmn ekmn? 4 F e knmz)

mn

nm k

x _
.sinTy(Gmne mZ 4+ H e km'lz)

=S mn

a
Where G,,,, = BkI Dk2 Ekmn and H,, = Bk1 Dk2 kan are the new arbitrary constants.

Taking m =1, 2, 3,...and n=1, 2, 3,..., the more general solution of (A) is given by

O(x, p,2)= 2 Zq)mn (x, 7, 2)
m=1ln=1

— L MTX _nTC)/ kml z _km’ z
= Z Zsm p .sin ) ((C L & ') ..(5)
m=1n=1

Which also satisfy the conditions (B,) and (B,).

the conditions (Bs) i.e., 0 (x, y, 0)=0

- N~ . MY, Ny
= z 2sm s1nT(Gmn+Hmn)=O

a
m=1ln=1
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= G

mn

from (5), we get

o5 5o

L inh (k,,,2)

. MTX ., NT
or o (x, p, z)= z Zlmnsm—sm
a

m=1ln=1

..(6)

Wherel B =2G

mn mn

o (x, p, ) = f(x, ).

is the new arbitrary constant. Finally from (6), the condition (Bg)i.e.,

nTm
= f(x)’ z ZIrnnsmh(Ekrnn)SIn sin hJ’ . (7)

m=1ln=1

Here in (7) right hand side can be considered as the double Fourier sine series of the
function f(x, y) on its left hand side.

a b
L sinh(ckmn)zé% J. J. xy)sm sinn:ydxdy
X: =
p a b
I _ J‘ J‘ ’ . ommXx nnydxd
o mn = it (c ki) Jleysin—=—=sin—==dedy o)
mn ¥=0 J/:O
where mn = m2/ﬂ2+n2/b2)n

Hence, the required solution of (A) is given by (6) where I, is given by (8).

Example 2: Find the potential ¢ in the parallelopiped, 0 < x <a,0 < y <bh,0 <z <g,
satisfying the conditions :

(i) ¢=00nx=0,x=a,y=0,y=bandz=0

.. . X . Ty
ii =Asin—sin=—onz =¢,0<x<a0< y<h
(i) o a b Y [Meerut 2009 (B.P.)]

Solution: The potential ¢ (x, y, z) in the parallelopiped satisfies the Laplace's equation

—t—+—=0 ..(A)
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Here we are required to find the solution of (A) satisfying the following conditions

$(0, y, z) =0, ¢ (a, y,z)=0 ...(B))
o(x, 0, z) =0, o(x, b, 2)=0 (B
and 0(x, 7, 0) =0, 0.3, 0) = f(xy) = Asin = sin T 5

Let the solution of (A) be given by
o (x, 7, 2)=F(x) Y(») Z(2) (1)

Where F is a function of x alone, Y a function of y alone and Z a function of z alone. Now

proceeding as in previous Ex. I, the required solution is given by

oo oo

., MUY . NTWY
o (x, p 2)= 2 Zlmnsm p sin - sinh (k,,,,z) (2
m=1ln=1
where mn = (m2/ﬂ2 + nz/b2
4 b
nny
d I =—J. J dvd
an = sh (k) fxy)sm % sin 1y
0 »=0
4 a b
= — - J J.Asinﬂsmnlsmmnxsinnnyﬂlxdy
absinh (¢ k;,,,) a b
x=0 y=0
:.4—A Isinn—sinmnxdx. J-sinﬂsinmdy
absinh (¢ k,,,,) a a b b
x=0 =0
a
Now I = J.sinﬂsinmnxdxzo ifm=#1
a a
x=0
a | n 9
and when m=1,1I = J‘sinzH :—J(l—cos nx)dx
a 2 a
x=0 0
1
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a

Similarly, I, = Jsin T%sin %dy =0, where n #1
y=0
1

and forn=1, 12=§b

for m=1n=1k2, =k = (1/a® +1/1*)n

absinh (ck) 2 2 sinh(ckj)

and [, =0 ifm#1, and n#1L

From (2), the required solution is

o (x, p, z) =1} sin I in %} sinh (k; 1z)
a

=————sin X sin 2 sinh (ky 12)
sinh (c k1) a b

where ky 12 = (I/u2 + 1/172)71',2

Example 3: Find the potential ¢ in the parallelopiped 0 < x <a,0 < y <b,0 <z <,

satisfying the conditions

i) 0=00nx=0,y=0,2=0;x=a,y=>b

(ii)) ¢=Aonz=¢,0<x<a0< y<h

Solution: The potential ¢ (x, y, z) in the parallelopiped satisfies the Laplace's equation

2 2 2
M+M+3_§=o (A
74

Here we are required to find the solution of (A) satisfying the following conditions

00, y,2) =0, 0(a,p,2)=0 .(B))
0(x,0,z)=0, o(x, b, z)=0 ..(By)
and o (x, ,0)=0, O,y 0)=flx,y)=A ..(By)

Let the solution of (A) be given by

o (x, p, 2) = F(x) Y(») Z(2) (1)
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Where F is a function of x alone, Y a function of y alone and Z a function of z alone. Now

proceeding as in Ex. 1 on page 760, the required solution is given by

(X, p, z Z ZImn sin 2 nZ Zy sinh (k,,;,2)
m=1n=1 (2)
where mn = (mz/u2 + nz/b2
4 T ! nmy
and L =m J. y-[(j: X, p) sin 252 gin ; dx dy

sin 222 gy dy
~absinh (ck, ) smh (ck b

a b
J. JASln
=0 y=0

4A [ a mnx:|” [ b nny]
——cos ——cos
x=0

" absinh (cky) L mm a

m n

S = S— W | | ey

mnn sinh (e k)

We have
(" = 0, whenm=2r, even, r=12,...
12, whenm=2r-1, odd, r=12,3,....
And (e 0, when n=2s, even, s=12,...
12, whenm=2s-1, odd, s=12,3,....
1. =0 if one or both of m and n are even.

mn

Taking m=2r -1 and n=2s-Lr,s =1, 2,..., from (2) the required solution of (A)

satisfying the given conditions is given by

o0(x, y, 2 2 Z sinh (c k) sin (2r—1)nxsin(25—l)1g;

2r-12s-1 a b

12 Y
where kgs | er-h + @s 21) n?
a* b
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Example 4: Show that the solutions of Laplace's equation vZu =0 in cylindrical
coordinates satisfying the conditions :

(i) u—>0asz— wand

(i) wis finite as p — O are of the form

=3 Gy Jy (mp)e "2+ 110,
n

m
Solution: The Laplace's equation in cylindrical coordinates is

2 2 2
:8_;+lﬂ+%8_g+8_2u:0 . (A)
op~ P I p® 99° oz

V2u
Here we are required to find the solution of (A), satisfying the following conditions
u—0asz— oo ..(B))
and u is finite asp — 0. ..(B,)
Let the solution of (A) be of the form
ulp, 9, z) =R(p) F(9) Z(z) =RFZ (say) (1)

Where R is a function of p alone, F a function of ¢ alone and Z a function of z alone.

Now proceeding similarly as in 14.9, taking n for k2 and i for mz, the solution of (A) is
given by

up, 0, z) = z z (A e™ + B, e ™" et e, LEun Ju(mp)+ Ey,,, Y, (mp) ..(2)

m n
Since according to condition (B}) u— 0 as z — e, so in (2) we must take A, =0.
as z— oo, ¢F 5 oo,

Also according to the condition (B,) u is finite asp — 0, so in (2), we must take F,,,, =0.

asp—0,Y, (mp) — oo.

Putting A,, =0 and F,,,, =0 in (2), the required solution is

ulp, 0, z) = z z G,y e 2T ] (mp) = z z G,y [, (mp).c M2 E MO,
n

m n m

Where G, =B,,;- E,,;, is a new arbitrary constants.
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Example 5: Obtain the axially symmetrical solution of the three dimensional Laplace's

equation.

Solution: Laplace's equation in cylindrical coordinates (p, ¢, z) is given by

Pu lou 1 u u_

—t—-——+—=—+—75=0 (1)
> P p? 3t 02
u
If u is symmetrical about the axis of z, then 8_2 =0
o
2 2
(1) reduces to a—Z+l%+a—g=0 (2)
ap= PIP 9z
Let the solution of (2) be given by
u(p, z) = R(p) Z(z) = RZ (say) (3)

Differentiating (3) and substituting in (2), we get

AR Z dR _ d*Z
e N =

+ 0
dp> P dp 4P
or L(ER MRNTIEZ o) 4)
R a2 pdp)  Z a2 -

Since right hand side in (4) is a function of independent variable z alone while left hand
side is a function of different independent variable p. So the two sides will be equal to

each other if each is equal to the same constant say —

Thus, from (4) we get the following two ordinary differential equations

2
2 w2z =0 (5)
dz
AR 1dR o
and —g - ——+m R =0 ...(6)
dp= P dp
General solution of (5) is
Z=A,e"* +B,e " or Z =Ameimz A7)

Equation (6) is Bessel's equation of zeroth order whose general solution is

R =C,, Jy (mp)+D,, Y (mp) .(8)
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Where J; and Y, are Bessel's functions of zeroth order of first and second kind

respectively.

from (3), the solutions of (2), for different values of m are given by
“m(PJ) = (Am ng + Bm 4 —mz) [Cm ]() (mp) + Dm Y() (mp)]
Hence, more general solution of (2) is given by

u(p,z) = Z Uy (P, 2) = 2 (A, " + By, 3_mz)[Cm]0 (mp) + Dy, Y (mp)] ..(9)

m m

This, solution can also be written as

ulp,z) = 2 Ay e tmz, [Cyy Jo (mp)+ D,y Yy (mp) ]

m

= z etz [En Jo (mp) + B, Yo (mp) ]

m

Where E,, = A, C,, and F, = A, D,, are the new arbitrary constants.

Note : In (9) when p — 0, Yy (mp) — . Thus for the solution u(p,z) given by (9), to

remain finite along the line p =0 at the origin, we must take D,, =0.

Hence, the solution of the Laplace's equation which is symmetrical about z-axis and

remains finite on the line p =0 is given by [putting D,, =0 in (9)]

U(p,2) = 3 (G "% + Hyy e ™). Jo (mp)

where G, = A,,.C,, and H,, = B,, C,, are the new arbitrary constants.

This solution can also be written as

up,z) = 2 Gy e ™2 J o (mp).
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Qxercise 14.3

1. Find the potential ¢ in the cuboid 0 <x<4,0< y<a0<z<a, satisfying the
conditions.

(i) 6=0,onx=0=y=z, x=a=y
(i) 0= f(x,y) onz=¢,0<x<a, 0L y<a

2. Find the potential ¢ in the parallelopiped 0 <x <4, 0 < y <bh, 0 <z <¢, satisfying
the conditions.

(i) ¢=0 onx=0=ypy=z,x=aand y=>b

2
(ii) ¢:Asinﬂsin%onz=c,OSxSa,OSySb.
a

3.  Find the potential ¢ in the cuboid 0 <x<a,0< y<a, 0 <z<gq, satistying the
conditions.

(i) ¢=0,onx=0=y=z, x=a=y
(ii) 6=A, onz=¢, 0<x<a, 0< y<a

4. Obtain the general solution of Laplace's equation in cylindrical coordinates which
remain finite on the axis of z and is symmetrical about it.

[Hint : See note of Ex. 5 on page 769].

5. Obtain the solution of Laplace's equation in cylindrical coordinates which is
symmetrical about the z-axis and tends to zero asp — 0 and as z — .

[Hint : Take G, =0 in Q.N. 4.].

_w]aj(_—x;ive Type Questions —

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter (a), (b),

(c) or (d).

1. When the temperature is in steady state, the heat equation becomes :
(a) Wave equation (b) Laplace equation
(c) Bessel's equation (d) None of these

2. Laplace's equation is also called :
(a) Harmonic equation (b) Wave equation
(c) Legendre equation (d) None of these
3. Consider the steady state temperature u(x, y)in a rectangular plate of length 2 and

width b, the sides of which are kept at temperature zero, the lower end is kept at
temperature f(x)and the upper edge is insulated. Then u(x, y) satisfy the equation :
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%u u 1 ou
(a) — =0 (b) — =5
o n? 2ot
2 2
(c) 8—2M+M (d) None of these
ox 8)/2

4. The boundary conditions of the boundary value problem given in Q.N. 3. are :
(a) u0,y)=0=u(a, y)= uy(x, b), u(x,0) = f(x)
(b) u(O, y,)=0=u(a, y), u(x, 0) =0 =u(x, b)
(¢) w0, y)=0=u(a, y), u(x, 0) = f(x) =u(x, b)
(d) None of these
5. Let u(x, y) be steady state temperature function in a square plate 0 <x <,

0 < y <m, the sides of which are kept at temperature zero, the lower edge is kept at
temperature f(x) and upper edge at temperature 1. Then u(x, y) satisfy the

equation :
2 2 2 2

(a) a_zuziza_zu (b) a_quFM:o
" ¢ ot ax 8}2
alu_ 1 ou d) N fth

(c) ax—z—c—za (d) one of these

6.  The boundary conditions of the problem in Q.N. 5 are :
(@) w0, y)y=l=um, y), u(x, 0)=ry=u(x, ©)
(b) w0, y)=vy =u(r,y), u(x,0)= f(x)=u(x, T)
(c) w0, y)=0=u(r, y), u(x, 0)= f(x), ulx, ) =,
(d) None of these

7.  The Laplace equation in polar coordinates in given by
8214 1 ou 1 a% 8214 lou 1 a%
— — -

— — —_——_—— b —_— —_——
@ Br2+r2 a1 e ®) o’ o 2 e

2 2
(c) 9u_1 ou + 197u =0 (d) None of these
o’ 2o 1 9e?

8.  The boundary diameter of a semi-circular plate of radius a is kept at 0°C and its
temperature along the semi-circular boundary is given by f(6). Then the steady
state temperature function u(r, 0) satisfy :

&.{.l%.{.i&—o (b) &.{_ﬁ.’_&—

at ror 2 992 a2 af 3z

82u lou 1 82u 82u lou 1 82u
—_— -t —=—==0 (d) —-———+——5-=
at ror 2 502 at ror 2 502

(a) 0

(c)
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9.  The boundary conditions of the problem in Q.N. 8. are given by :
(a) u(r,0)=0,-a<r<a, uab)=f(0),0<0<2n
(b) u(r,0)=0=u(r,n),0<r<a, ua, 0)=f6),0<0<mn
() u(r,0)=0=ur, n),0<r<a, ua 0)= f(6)
(d) None of these
10. u(r,0)is the steady state temperature distribution in a circular plate of radius 10 cm,
which has half of its circumference at 0°C and the other half at temperature V(2) C.
Then the boundary conditions of the problem is/are :
(a) u(10,0)=0,0<0<2m (b) u(10,8)=v,,0<6<2mn
() ul0,8)=7vy,0<06<m, ul0,0)=0, t<O<2m
(d) None of these

Fill in the Blank

Fill in the blanks ".............. " so that the following statements are complete and correct.

%u %u  %u
_+ N

1. The Laplace's equation is given by — + ST
Pt ozt
2. The Laplace's equation in cylindrical coordinates is given by
u 1 ou o%u
ot ot t— = 0.
op~ P Ip 0z

3. The Laplace's equation. in  spherical coordinates is given by
ﬁ + + L ﬁ coto % + 1 ﬁ =0
........... 252 2 % Zale 8¢2

ar?

4. The potential ¢ in the parallelopiped 0 <x<4,0< y<bh, 0<z<¢, satisfy the
equation ............... .

5.  The surfaces of a sector determined by O <r <a, 0 <0 <m /4 are insulated. The
temperature is kept at 0°C along the straight edges and at f(0) along the current
edge. Then the boundary conditions of the problem are u(r, 0) =0 =u(r, n /4),
O<r<aand ............. .
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AllSWGYS

Exercise 14.3

1. [0(x, p 2) 2 zl’"" sin . smh(kmn z)
m=1n=1
where mn —(m +n2 2/ﬂ2
and I[— J J.f X, ) sin - n’ nydxdy
112 sinh ( ckmn 0 yZo0
X =

2
2. |6 (x, p, z) = A cosech (¢ klz)sin—xsinﬂsinh (ky92)
a a

where 212 = 1/a2 +4/b2

= sinh( ck,s) . @r-Drx . (2s—Dn
3. [0(x, p, 2) Z 2(2r D@ sin sin =

s=1) a a
r=1s=1
where k%:[( 2r -1 + 25 -2 ] n2 /.
Ak ”(P,Z)ZZ(Gme +H,y e e >]O(mp)

m

or u(p,z) :ZGmeimZ] (mp).

5. |ulp,z) = ZH e ™" Jo (mp).

m

zw]aj ective TLJ pe Questions —

Multiple Choice Questions

1. (b) 2. (a) 3. (c) 4. (a)
5. (b) 6. (c) 7. (b) 8. (a)
9. (b) 10. (c)

Fill in the Blank
1. |0 2. iz i;’

p° 90
2 Ju u %u u
3. |= = 4 a}(—2+?+az—2 =0
5. |u(a, 6) = f(6),0 <0 <7/4

[0[0]0)
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%+auaz 0 d @+a—u@—0 ] + =0 d + =0
ox 0z ox an o ezoy & PiThPEY NG Dy P
so that p=-(p/py) and q =— (p,/p;) .. (3)
where p; =0u/0x=0u/0x;, p,=0u/0y=0u/0x,, p;=0u/0z=0u/0x;, p=0z/0x, q=0z/0y
by taking X=X, y=x, and Z=X (@
Using (3) and (4), (1) reduces to p12 /p32 +p§ /p32 = or p12 +P22 = k2p32
Let S (1,30, 35, p1. P2 p3) = pi+ p3 — K ps =0 e
Now, the Jacobi auxilliary equations are given by
dp, dx, _ dp, _ dx, _ dps _ dx;

of lox,  —of 10p, of 1o, —of 1dpy  of loxs  —of / dps

dpy _ dx _dpy  dx, _dpy _ dx

or 0 —2p 0 - “2p, 0 E’ using (5)
From the first and third fractions of (5), dp, =0 and dp,=0
Integrating, p, = a, and p, = a,, a, and a, belng arbitrary constants
With Py = a and Dy = 4, (5) gives p; = (a12 +a§ )1/2 lk
Putting the above values of p,, p, and p; in du = p,dx, + p,dx, + p,dx,, we get

du = aydx, + aydx, + {(af +a3)"* 1 k}dxs

Integrating, U= ax+ayx, +{(al +a3)"? | kx; + a .. (6)
Taking a, = 1 and using (4), the required solution u = 0 is given by
ax+x, +{(al +D)"? /k}x; +ay =0,
which is the complete integral of (1) containing two arbitrary constants a, and a;.
Ex. 3. Solve the following partial differential equations by Jacobi’s method:
() p=G+ay) (i) (p* +q")x=pz (ii)) xpq +yq’ =1 [Nagpur 2005]

Hint. Proceed as in the above solved Ex. 1
3.23 Cauchy’s method of characteristics for solving non-linear partial differential

equation f(x,y,2, 0z/0x, 0z/y) =0 Le., f(x,2.p,9) =0 - (D)
We know that the plane passing through the point P(x,,y,z,) with its normal parallel to the

direction n whose direction ratios are py, g, —1 is uniquely given by the set of five numbers

D(xy,¥y-29-Po-q9) and conversely any such set of " elementary cone

five numbers defines a plane in three dimensional

space. In view of this fact a set of five numbers

D(x,y,z, p,q) 1s known as a plane element of a three / \/ /

dimensional space. As a special case a plane element
. . P (%o, Yor Z)
(X05Y05 20+ Po-99) Whose components satisfy (1) is

known as an integral element of (1) at P. Solving (1) Plane element L/
for ¢, suppose we get
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q=F(x.y.zp).
which gives a value of g corresponding to known values of x, y, z and p. Then, keeping x,,, y, and
z, fixed and varying p, we shall arrive at a set of plane elements {x,.yy.2p.P, G(x,,¥y,2>P) }

which depend on the single parameter p. As p varies, we get a set of plane elements all of which
pass through the point P. Hence the above mentioned set of plane elements envelop a cone with
vertex P. The cone thus obtained is known as the elementary cone of (1) at the point P.

Consider a surface S with equation z2=g(x,y) .. (2)
If the function g(x,y) and its first partial P, ap —1

derivatives g, (x,y) and 8,(%.y) are continuous in a S

certain region R of the xy-plane, then the tangent plane

at each point of S determines a plane element of Fhe AV _

form {x, yo, &(xp> Vo) &< (X9>Y0) > & (X0-¥0) } which

will be referred as the tangent element of the surface

S at the point {x4,¥y,8(xy,Yo)]-
Consider a curve C with parametric equations
x=x(1), y=¥1), z=2(), t being the parameter. ... (3)
Then curve C lies on (2) provided 72(t) = g {x(2), ¥(1)} .. (4

holds good for all values of t in the appropriate interval L. Let P, be a point on curve C corresponding

to t=1,. Now, the direction ratios of the tangent line By B are x'(¢,), y'(t,), Z'(t,) where
xX'(ty), ¥'(ty) Z'(ty) denote the values of dx/dt, dy/dt, dz/dt respectively at t =¢,

This direction will be perpendicular to direction of normal # (with direction ratios py, g,,—1)

if Pox'(tg)+qo ¥' () +(=1) 2(75) =0 or Z'(ty) = po x'(tg)+qy ¥'(ty)
It follows that any set {x(2), y(1),z(t), p(t), q(t)} ..(5)
of five real functions satisfying the condition that Z'()=p@) X' @) +q(t) Y'() ... (6)

defines a strip at the point (x, y, z) of the curve C. When such a strip is also an integral element of
(1), then the strip under consideration is known as an integral strip of (1). In other words, the set
of functions (5) is known as an integral strip of (1) provided these satisty (6) and the following
additional condition

Flx(@), y(1), z2(2), p(t), ()} =0, forall tinl.

If at each point of the curve (3) touches a generator of the elementary cone, then the
corresponding strip is known as a characteristic strip.
Derivation of the equations determining a characteristic strip

Clearly, the point (x+dx, y+dy, z+dz) lies in the tangent plane to the elementary cone at Pif

dz=pdx+q dy @)

where p, g satisfy (1). Differentiation (7) w.r.t. ‘p’, we get
0=dx+(dq/dp) dy .. (8)

Again, differentiating (1) partially w.r.t. “p’, we have
of lop+(of/oq) (dg/dp)=0 ie., fp+f,(dgldp)=0 .9

Here, o lop=f, and o 1oq =1,
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3.78 Non-Linear Partial Differential Equations of Order One
Solving (7), (8) and (9) for the ratios of dy, dz to dx, we get
dx dy dz
E_Z_prﬁ%]fq' ... (10)
Hence along a characteristic strip x'(¢), ¥'(t), z'(z) will be proportional to f,» f;> P/, p +51fq
respectively. If the parameter ¢ be selected satisfying the relations
x'(t)=f, and Yy =f,.
then, we have Z=pf,+qf,
Since along a characteristic strip p is a function of ¢, hence
p'(t)=(0p/ax) (dx/dr)+(0p/dy) (dyldt)= (dp/ox) (of /op)+(p/dy) (0f / Oq) »using (11)
Thus, p'(t)=(0p/ox) (of / Op)+ (Oq /! ox) (Of [ Oq) .. (12)

5 a_p_i[%j_i %) _%
"oy oplox) oxloy) ox
a‘f+a_f +a_fa_p+a_f@=0

Now, differentiating (1) partially w.r.t. ‘x’, gives
g (1) partially & o} 5.7 opox oqox

or fo+p f.+p'(t)=0,using (12)
Hence on a characteristic strip, p®=-f.-pf .. (13)
Similarly, we have gt =—f,—qf. .. (14)
Here f. =0f/ox, fy=0af 10y, f.=0floz

From (11), (13) and (14), we get the following system of five ordinary differential equations
for the determination of the characteristic strip

XO=f,, YO=F, ZO=pf,+af,, pPO=-f,-pf. and 4dO=-f,-qf. ..(15)

The above equations are called the characteristic equations of (1). In view of a well known
result if the functions which are involved in (15) satisfy a Lipschitz condition, there exists a unique
solution of (15) for given set of initial values of the variables. It follows that the characteristic strip

is determined uniquely by any initial element (x,,Yy,Z2y,Py.qy) and any initial value ¢, of 7.

Working rule for solving Cauchy’s problem. [Meerut 2005]
Suppose we wish to find the integral surface of (1) which passes through a given curve with

parametric equation x=HA), y=£Q), z=f3(A), A being the parameter ... (16)
then in the solution x=x(Py.q0-%p>Yo-tp-1) etc. . (17)
of the characteristic equations (15), we shall assume that

xo = fih), Yo =5 M), 29 = (L)

are the initial values of x, y, z respectively. Then the corresponding initial values of p,, g, can be
obtained by the following relations

LM =py if M) +4q0 500 ) and FUAG), (), 5, po» 4o} =0
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When the above values of x,, y,, 2y, Pg» 9o and the appropriate value of ¢, is substituted in

(17), we shall be able to express x, y, z involving the two parameters ¢ and ), of the form

x=¢, (t,N), y=b, (£, L) and 2=0;(, A) .. (18)
which are known as characteristics of (1)

Finally, by eliminating ), and ¢ from (18), we arrive at a relation of the form G (x,y,z) =0,
which is the required equation of the integral surface of (1) passing through the given curve (16).

3.24 Some Theorems:

Theorems 1. 4 necessary and sufficient condition that a surface be an integral surface of a
partial differential equation is that at each point its tangent element should touch the elementary
cone of the equation.

Proof. Using geometrical considerations and Art 3.23, complete the proof yourself.

Theorem I1. Along every characteristic strip of the partial differential equation f'(x, y, z, p,
q) = 0 the function f (x, y, z, p, q) is a constant.
Proof. Along a characteristic strip, we have

%f{xm, y@O), =(0), p(), )} = f, X'+ f, YO+ [, 2O+ f, PO+, q'1)
= Lyt Ol (o f,ra )=, +pf) - f,(f, +a 1)

= 0, using the characteristic equation (15) of Art. 3.23
showing that f'(x, y, z, p, g) = K, a constant along the strip.
Corollary to theorem Il. If a characteristic strip contains at least one integral element of

f(x, v,z p,q) =0 it is an integral strip of the equation f(x,y,z, 0z/0x, 0z/0y)=0
Proof. Left as an exercise.

3.25 SOLVED EXAMPLES BASED ON ART. 3.23
Ex. 1. Find the characteristics of the equation pq =z, and determine the integral surface

which passes through the parabola x = 0, y° = z. [Meerut 2005; 1.A.S. 1999]
Sol. Given equation is pq =z .. (D

We are to find its integral surface which passes through the given parabola given by
x=0, and V=z .. (2)

Re-writing (2) in parametric form, we have
x=0, y=2, z7=2\2%, ) being a parameter ..(3)
Let the initial values Xy, Yo, %> Po»> 49 of X.Y,Z,P,q be taken as

Xp =% (M)=0, Yo =Yo(A) =4, 20 = 20(A) =12 . (4A)

Let p,, g, be the initial values of p, g corresponding to the initial values x,, y,, z,. Since

initial values (x,, ¥y, zo» D> qo) satisfy (1), we have

Podo = Zo > or Do Go =A%, by (4A) .. (5)
Also, we have (M) = po xH(A) + g yo(L)
so that 2h = py x0+¢y x1 or qo =2\, by (4A) ... (6)

Solving (5) and (6), Po=h/2 and qo =2\ ... (4B)
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Collecting relations (4A) and (4B) together, initial values of Xo> Yo» %> Pos 9o are given by

=0, Yo=h  zo=A*, py=A/2, qy,=21 when t=t,=0 (7
Re-writing (1), let fxy.2,p.q9)=pg—2=0 (8
The usual characteristic equations of (8) are given by
dx/dt=0fI0p=q ()
dyldt=0f10q=p .. (10)
dz/dt = p(of / Op) +q(of | 6g) =2pg . (11)
dp/dt=—(0f 10x)—p(df/0z)=p .. (12)
and dqldt =—(0f 10y)—q(0f/10z)=q .. (13)
From (9) and (13), (dx/dt)—(dql/dt)=0, so that x—q=C, .. (14)
where C, is an arbitrary constant. Using initial values (7), (14) gives
Xo—qy =C or 0-21=C, or C, =-2, Then (14) becomes
x—q=-2\ or x=q-2A, .. (15)
From (10) and (12), (dyldt)—(dp/dt)=0 so that y—p=G,, ... (16)

where C, is an arbitrary constant. Using initial values (7), (16) gives

Yo—Po =G, or A—=(A12)=C, or C, =\/2. Then (16) becomes
y—-p=»A/2 or y=p+(A/2) - (17)
From (12), (1/p)dp=dt sothat logp—logCy=t or p=C; ¢ ..(18)
Using initial values (7), (18) gives Do = C36‘0 or AM2=C
Hence (18) reduces to p=A/2)x e ..(19)
From (13), (1/q) dg=dt sothat logg—logC, =t or qg=C, € ...(20)
Using initial values (7), (20) gives g =C, € or 20 =C,

Hence (20) reduces to q=2\é .. 2D
Using (21), (15) becomes x=2he —2X or x=21 (' =1 ..(22)
Using (19), (17) becomes  y=(A/2) &' +1/2 or  y=QA/2)x( +1) ..(23)
Substituting values of p and ¢ from (19) and (21) in (11), we get
dzlde=2{(\12) x €'} x {2\ €'} or dz =2\ dr.
Integrating, =22+ Cs, Cs being arbitrary constant .. (24)

Using initial values (7), (24) gives z; = 22’ +Cs or A2 =22 +Cs or C5=0
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Then, (24) gives z=22 ¥ a 2= . (25)

The required characteristics of (1)are given by (22), (23) and (25)
To find the required integral surface of (1), we now proceed to eliminate two parameters ¢ and
A from three equations (22), (23)and (25). Solving (22) and (23) for ¢’ and ), , we have

e =(x+4y)/(4y—x) and A=@y-x)/4

Substituting these values of ¢ and ) in (25), we have

2= {(@dy—x)? 116} x{(x +4y) /[(4y—x)}* or 162 = (4y+x)*,
which is the required integral surface of (1) passing through (2).

Ex. 2. Find the solution of the equation z:(p2 +q2)/2 +(p—x) (g—y) which passes
through the x-axis. [Himachal 1996; 2004; 1.A.S. 2002]

Sol. Given equation is 2=(p*+q*) 12+ (p—x)(g-Y) . (1)

We are to find its integral surface which passes through x-axis which is given by equations
y=0 and z=0 ... (2)

Re-writing (2) in parametric form, x=2A, y=0, z=0, A being the parameter ... (3)
Let the initial values x,, ¥y, Z» Po»> 99 Of X.Y,2,P.q be taken as

xo =x(A) =2, Yo =Yo(M)=0, 72=7(M)=0 . (4A)
Let py, qy be the initial values of p, ¢ corresponding to the initial values x,, y,, z,. Since

initial values (xy, ¥y, o> Py> 9p) satisfy (1), we have

2 =(P5 +40)/ 2+ Py — %) (@ =) or 0=(p§ +45)/2+q0(po = 1), by (44)
or Po a5 +24y po—2qoh =0 . (5)
Also, we have 20(N) = py xp M) +gy yoA)
so that 0=pyxL+g,*0 or po =0, by (4A) ... (6)
Solving (5) and (6), po =0 and qo =2\ ... (4B)
Collecting relations (4A) and (4B) together, initial values of x,,Yy, 2, Py,q, are given by
X=X ¥=0, z=0, py=0, ¢qy=2)1 when t=1t,=0 .. (7)
Let fe.2.p.9)= (P> +4°)/2+ pg—py—qx+xy-z=0 -~ (8)
The usual characteristic equations of (8) are given by
dxl/dt=0fIop=p+q-y .9
dyldt=0f/0qg=q+p—x ... (10)
dz/dt=p (of 1 Op) +q(3f 1 0g) = p(p+q=y)+q(qg+p—X), - (11)
dpldt=—(0f/0x)—p(0f/0z)=p+q—y .. (12)
and dqldt=—(0f 10y)—q (&f/10z2)=p+q—x .. (13)
From (9) and (12), (dx/dty—(dp/dt)=0 so that x-p=C, ..(14)

where C, is an arbitrary constant. Using initial conditions (7), (14) gives A—0=C, or C, =A.
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Hence (14) reduces to xX—-p=»A or x=p+Ai ..(15)
From (10) and (13), (dyldt)—(dg/dt)=0 so that y—q=0C,,..(16)
where C, is an arbitrary constant.
Using initial conditions (7), (16) gives 0-21=C, or C, =-2\.
Hence (16) reduces to y—q=-2\ or y=q-2A ...(17)
dip+q—x) dp dq dx .
L=t LT =p+qg-y+p+q—-x—(p+q—y),using (9), (12) and (13
. o e yrrramx=(prg-y) g(9), (12) and (13)
or d(p+q—x):p+q_x or d(p+q_x)=dt'
dt p+q—x
Integrating, log(p+q—x)—logC; =t or ptq-x=C; ¢, ..(18)

where C; is an arbitrary constant. Using initial conditions (7), (18) gives 0+2A—A=C; or C; =A.

Hence (18) reduces to p+q—x=Are' ..(19)
Now, dPra=y) _dp dq v _ .0 o pig (g p-x),by(10),(12) and (13)
dt do dt dt
or —d(p+q_y):p+q_y or M=dt.
dt bt+q-y
Integrating, log(p+q—y)—logC, =t or p+q-y-Cyé .. (20)

where C, is an arbitrary constant. Using initial conditions (7), (20) gives 0+2A-0=C, or C, =2\ .
Hence (20) reduces to prqg—y=2r¢ .. 2D

From (9) and (21), dx/di =2\ ¢ so that x=2A e +Cs .. (22)

where C; is an arbitary constant. Using initial conditions (7), (22) gives A =2A+C5 or C5 = -\ .
Hence (22) reduces to x=2he A or x=A (e -1 ..(23)
From (10) and (19), dy/dt =2\ ¢ so that y=Ae +C .. (29

where C is an arbitrary constant. Using initial conditions (7), (24) gives 0 =A+Cq or Cg =—A.

Hence (24) reduces to y=2Xxe' =\ or y=A (e —1) ...(25)
Substituting value of y from (17) in (12), we get
dpldt=p+qg—(q-2N\) or (dpldt)—p=2h, ...(26)
which is a linear equation whose integrating factor = 6'[ o e and solution is
pe'= _[ (2A) e'dt+C; = 20e + G or p=-"20+C;¢ (27

where C, is an arbitrary constant. Using initial condition (7), (27) gives 0=-2A+C; or C; =2\ .

Hence (27) reduces to p=-27+2)1e or p=2% (e —1) ...(28)
Substituting value of x from (15) in (13), we get



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Non-Linear Partial Differential Equations of Order One 3.83

dgldt=p+qg—(p+\) or dgldt—q=—-\, .. (29)

.[(71)61;

. . . . . . —t . .
which is a linear equation whose integrating factor = ¢ =e¢  and solution is

ge' =I(—k) e'di+Cy=ne”" +Cy or g=r+Cq ¢ .. (30)
where Cj is an arbitrary constant. Using initial condition (7), (30) gives 2L =A+Cg or Cg= ).
Hence (30) reduces to g=r+Aé or g=Xxd+e") ...(31)
Substitutions the values of p+g—x and p+g—y from (13) and (24) respectively in (1) gives
dzldt=p2Le)+qh e)=2A (' 1) 21 ) +A(1+e" ) (L €')
[on putting values of p and ¢ with help of (28) and (31)]
or dz/dt = 50> — 317! or dz = (5)*e* —3\e'ydt -
Integrating, 2=(5/2) xA2e* =30%e +C, ..(32)
where C, is an arbitrary constant. Using initial conditions (7), namely z = 0 where ¢ = 0, (32) gives
0=(52) x A2 =30*+C, or Cy=3A% —(5/2)0%. Hence (32) reduces to
2=(5/2) x X2 (e¥ =) =317 (' 1) . (33)
Solving (23) and (25) for ), and &/, A=x-2y and ¢ =(x—-y)/(x-2y) ...(34)
Eliminating ), and ' from (33) and (34), we have

S ( 2v;qzy) = pz ey
DRI [ o U ) CEPONPNCY B b
= (-2 ‘{[x—zyj 1} 3(x—=2y) [x—Zy 1]

or 2=(5/2) < {(x=y)’ = (x =2y} =3 {(x=2y) (x=y)=(x=2)°}
or z=(y/2) x (4x—-3y), on simplification.
Ex. 3. Determine the characteristics of the equation 7 = p2 — q2 and find the integral surface
which passes through the parabola 47+ x* =0, y=0. [Himachal 2000, 05]
Sol. Do yourself, the required characteristicsare x =2A2—¢ ), y =224 (" -1), z=-1¢ >, A

being parameter. Solutionis 4z +(x + y\/a Y =0.
Ex. 4. Determine the characteristics of the equation p* + ¢> = 4z and find the solution of
this equation which reduces to z = x*> + 1 when y = 0.
Miscellaneous Problem on Chapter 3

1. Show that the envelope of the family of surfaces touch each member of the family at all points of
its characteristics. [Meerut2008]

2. Find a complete integral of the partial differential equation (p? + ¢*)x = pz and deduce the

surface solution which passes through the curve x=0, 22=4y. [Meerut 2007]
3. Solve p?y + pyx? = gx* [Pune 2010]
Ans. Completeintegralis  z=a (1+x%)"2+(a*?)/2+b.
4. Giventhta (x—a)*+ (y—b)*+2°= 1 is complete integral of 2> (1 + p*+ ¢*) = 1. Find its singular
integral. [Pune 2010]
Hint. Use definition on page 3.1. Ans.z*=1
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