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1

Curves in Space

1. INTRODUCTION

Differential geometry is that branch of geometry which is treated using the methods of
calculus. In particular, we investigate curves and surfaces in space in differential geometry.
Differential geometry plays an important role in engineering designs, geodesy, geograph and
space travel. Formulae regarding vector algebra and vector calculus are frequently used in
the study of differential geometry.

2. BRANCHES OF DIFFERENTIAL GEOMETRY

There are two branches of differential geometry.

(i) Local Differential Geometry. In this branch of differential geometry, we study
the properties of curves and surfaces in space which depend only upon points close to a particular
point of the geometric figure under consideration.

(it) Global Differential Geometry. In this branch of differential geometry, we study
the properties of curves and surfaces in space which involve the entire geometric figure under
consideration.

In the present course, we shall study some of the fundamentals of local differential
geometry.

3. FUNCTIONS OF CLASS C™

A scalar valued (or vector valued) function defined on an interval I belongs to class C™
on the interval I if the m!® order derivative of the function exists and is continuous on I.
The class of continuous functions is denoted by C°. The class of functions having deriva-
tives of all orders is denoted by C=.
If a function belongs to the class C™, then that function is called a C™ function.
We know that a vector function is continuous or has a derivative if and only if all com-
ponents of the functions are continuous or have derivatives.
A vector function f(¢) = f,()i + £,(t)j + f5(D)k belongs to C™ on I if and only if its
components f(¢), f,(¢) and £;(¢) belong to C™ on 1.
Remark 1. We know that a differential function is always continuous.
If a function belongs to C™, then it belongs to C* for all 2 < m.
Remark 2. In printing work, the vector quantity f is depicted by using bold letter. In writing

N
work, the vector f is written as / or ]j .
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4 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Example 1. Show that the vector function £(t) = (cos t)i + t3j + t7% Kk, — oo < t < o0 belongs
to Clon - <t <o andnot C?on—oo <t <o

Sol. We have f(t) = (cos )i + 3§ + 73k

. 5 . df
— (— in £ 2: , 2 43 £
f(t) = (—sin )i + 3t%4 + 3 t#"k ( dtj

—sin ¢, 32, gtm are continuous functions of ¢, where — o < ¢ < oo,

f (¢) is continuous on — o < ¢ < oo,
f(¢) belongs to C! on — « < ¢ < o,
10

Also, £(2) = (— cos Di + 6tj + Wk
ot

10

0r 13
The scalar function 3 does not belong to C2 on — o < t < oo,

The function is not continuous at ¢ = 0.

f(¢) does not belong to C2 on — « < ¢ < o,
Remark. f(¢) belongs to C™ for all m > 0 on any interval not containing ‘0’.

4. CURVE IN SPACE

A curve in space is defined as the locus of a point whose position vector relative to a
fixed origin may be expressed as a function of a single parameter.

Thus, a curve C in space may be represented by a vector function

r(t) = x()i + y(8)j + z(H)Kk, where t is a parameter. Here
r(¢) is the position vector of the point P on the curve C and
x(t), y(t), z(t) are the cartesian coordinates of the point P. To
each value ¢’ of ¢ there correspond a unique point of the
curve C with position vector r(¢’) and cartesian coordinates
(x(@), y(@), 2(¢)).

As t increases, the direction of travelling along the
curve C is called the positive sense on the curve C. Also
as t decreases, the direction of travelling along the curve C is called the negative sense on
the curve C.

P(x(t), y(), z(t))

O (origin)

If a curve in space lies wholly in a plane, then it is called a plane curve.
If a curve in space does not lie wholly in a plane then it is called a skew curve or a
tortous curve or a twisted curve.
Example 2. Show that the curve in space v(t) =a cos ti+ b sin t j + OK is a plane curve.
Sol. We have r(¢) = a cos ti + b sin £j + Ok.
Let (x, y, z) be the coordinates of the point with position vector r(z).
x=acost, y=bsint, z=0

2 2
+

X
(12

=1,2=0 (v cos®t+sin2t=1)

c~|<<
Do

This represents an ellipse in the xy-plane.
The given curve is a plane curve.
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5. REGULAR CURVE
A curver =r(t),a <t <b is called a regular curve if
(i) r(?) exists and is continuous on @ <t <b i.e., r(t)isofclass Clona <t <b.
@) r@)=0foralltina <t<b.
For example, consider the curve
r=r(t) =3+t + 2k, —c0 < t < 0.

Here r(t) = 3i + 413 + Ok

r(¢) is continuous on — = < ¢ <« and also non-zero.
The given curve is a regular curve.

dx dy dz
dt’ dt’ dt

Remark. If r = r(t) = x@®)i + y(#)j + z(t)k is a regular curve then, are never zero

simultaneously.

6. SIMPLE CURVE
A curver =r(t),a <t <b is called a simple curve if

@) r =r),a <t <bis aregular curve.

@)ty #2t, = rt) #r(t,) ie, the curve is without points at v
which the curve intersects or touches itself.

Remark. A point where a curve intersects or touches itself is called Curves with multiple points
a multiple point.

EXERCISE 1.1

1. Show that the function fit) = t2 + t2, belongs to:
(i) C? on (— oo, o) (it) C® on (1, 4).
2. Show that the function f() = 3t4 + 6#°j + k belongs to C on (— oo, ).

3. If the vector functions f and g belong to C™ on I, then show that the vector functionsf+g ,f- g,
f x g also belong to C™ on I.

4. Ifa and b are constant vectors, then show that the curve in space r(¢) = a + tb is a plane curve.
5. Show that the curve in space r(¢) = 4 sin i + 0j + 3 cos tk, — o < f < = is a plane curve.
6. Show that the curve in space r(¢) = 2¢%i + (1 + ¢3)j + Ttk, — o < t < o is a regular curve.

7. ARC OF A CURVE

An arc of a curve is the portion of the curve between any two points of the curve.
For simplicity, we shall say ‘curve’ for curves as well as for arcs.

8. LENGTH OF A CURVE r(ts)

The length of a curve is defined in
terms of the lengths of approximating
polygonal arcs. Let r = r(¢), a < ¢ < b be the
given curve.

Let a=t¢,<t <... <t,=
be a subdivision of the interval a <t <b.This )=,
subdivision determines a sequence of points

r(b) = r(t,)
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6 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

r,=r(ty), r; =r), ... , T, =71t).
These points are joined in sequence to form an approximating polygonal arc P as shown
in the figure.

n
r,—T_ g |:Z | rt;) - rt;_,)
i=1
We make subdivisions of the interval arbitrarily small so that the greatest | ¢, — ¢, , |
approaches 0 as n — oo,

Length of P= Z
i=1

n
If lim Z | r(t;) — r(t;_,) | exists finitely, then the given curve is said to a rectifiable
n— o P

curve and the value of this limit is called the length of the given curve.
Theorem. If r = r(¢), a <t < b be a regular curve then prove that this curve is rectifiable

b .
and its length is given by the integral J |r@) | dt.
a

Note. The proof of this theorem is beyond the scope of this book.

WORKING RULES FOR FINDING LENGTH OF THE CURVE
r=r() BETWEEN a<{<0b

Step I.  Find r and then |x].
Step II. Evaluate j ° |r| dt - This gives the required length of the curve.

Example 1. Find the length of the helix v = (a cos t)i + (a sin t)j + btk, 0 <t < 2m.
Sol. We have r = (a cos H)i + (a sin #)j + btk, 0 <t < 2m.

r = (—a sin O)i + (a cos 8)j + bk

Irl = \/a2 sin? ¢ +a® cos® ¢ +b* :\/a2 +b?

2 .
Length of the helix = jo " | dt

s

2
= [TaT bt d=at 167 ¢ | = omfa? o
0

Example 2. Find the length of the curve r = (4 cosh 2t)i + (4 sinh 2¢)j + 8tk, 0 <t < 7.
Sol. We have r = (4 cosh 2t)i + (4 sinh 2¢)j + 8tk, 0<¢<m.

r = (8 sinh 2¢)i + (8 cosh 2¢)j + 8k

|v] = /64 sinh® 2¢ + 64 cosh? 2t + 64

= 84/2 cosh? 2t = 8\/5 cosh 2t
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T .
Length of the curve = Jo |r| dt

= J‘On 8\/5 cosh 2t dt

= 4\/5 sinh 2¢ ‘Z = 4\/5 sinh 2m.
Example 3. Find the length of the semicubical parabola r = ti + t*2j from (0, 0, 0)
to (4, 8, 0).
Sol. We have r=ti+t%2j.
The coordinates of the point with position vector r are (¢, t32, 0).

t=0,t2=0 = ¢t=0 and t=4,t%2=8 = t=4.
The given points correspond to the values 0 and 4 of ¢.

PR IR
r=i+—t"j

BE 1+%t :%1/4+9t

Length of the given curve

4 . 41
- jo || dt:jo SArotdt

(a+90%2 [0
(3/2)9

1
5

— _517[(40)3/2 _ (4)3/2]

_ 2_17[8()@ _g] :2%[«/1000 ~1] =9.073.

Example 4. Show that the length of the curve x = 2a(sin™ t + t\J1-¢%), y = 2at?,
2z = 4at between the points t =t, and t = t,is 4,[9 alt,— t,).

Sol. We have x = 2a(sin™ ¢ + ¢,/1-¢2 ), y = 2at?, z = 4at.

Let r be the position vector of the point (x, y, z) on the given curve.

r=xi+yj+zk=2a(sin # + ¢,/1 —¢2 )i + 2at?j + 4atk

i~=2a( 1 - +té(1—t2)-1’2(—2t)+,/1—t2.1]i+4atj+4ak
1-t

=2a [\/ 1 = —\/tz = +1[1—t2]i+4atj+4ak
1-¢ 1-¢

= Za(\ll—tz +\/1—t2 )i + 4atj + 4ak
=4a /1 -¢2 1+ 4atj + 4ak
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x| = \16a2(1-t%) + 16a%? + 1642

—4aJA-t2+t2+1) =424

Length of the given curve
ty . ¢
=j |r|dt=_[ 442 a dt
t t

= 4'\/§at iz = 4'\/5 a(tz - tl)
Example 5. Find the arc length as a function of 6 along the epicycloid:

b a+b
0, y=(a+b)sin0-bsin 0| z=0.

a+
x=(a+b)cos(9—bcos( b

b
Sol. The given epicycloid is

x=(a+b)cosO—>bcos (a;—be),y=(a+b)sin6—b sin(a;be),z=0.

x =—(a+b)sin6+(a+b)sin(azbe),

3./ =(a +b)cos 6—(a+ b) cos (a;—b

9) and z = 0
Let r be the position vector of the point (x, v, z) on the epicycloid.

r=xi+yj+zk .. r=xi+yj+zk

o)

+(a + b)? (cosG—cos(aZ

- ) T\ ¥ 4 . . (a+
lr|? =x% +9% + 2% = (a + b)? (—s1n6+sm(

2
ben +0?
b

b b e}

=(a +b)? {2—2008((1;%) G—GH =(a + b)? [2—2cos(%eﬂ

= 4(a + b)? sin2 ie]
a Sin (26

6—2c056cosa+

=(a + b)? {2—25in65ina+b

r | =2(a +b) sin | —
| x| a+ )sm(%e)

0

a
2(a +b) cos (26 9)

o - o . a
3=j0|r|d9—j02(a+b)s1n(2—be)de__ 5

) M[ (g e)— 1}: 4<a+b>b{1_cos (hﬂ.
a 2b a 2b
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2 2

Example 6. Find the length of the curve given by the intersection of the surfaces x_2 - Z’—2 =1,
a

z ) .
x =a cosh — from the point (a, 0, 0) to the point (x, y, z).
a

2 2
Sol. We have x_2_y_2 =1 (1)
a b
z
and x =a cosh — ...(2)
a
Let x=acosht, y=>bsinht, z=at

(1) and (2) are satisfied.
Let r be the position vector of the point (x, y, z) on the given curve.
r = (a cosh )i + (b sinh #)j + atk
acosht=a,bsinht=0,at=0 = ¢t=0
The initial point corresponds to ¢ = 0.

r = (a sinh Hi + (b cosh t)j + ak

|i'| :\/OL2 sinh? ¢ + b? cosh? ¢ + a?

= \/a2 (sinh?¢+1)+b2 cosh? ¢t

= \/a2 cosh? ¢ + b? cosh” ¢ = \/(a2 +b%) cosh ¢
Length of the given curve

_ j; |#ds = j; Ja® +57 cosh ¢ dt
= \/az +b% sinh ¢ ‘t =wla2 +b2 sinh ¢
0
w/az +b2

=Ty_

EXERCISE 1.2

=

Find the length of the helix r = (3 cos t)i + (3 sin #)j + 4¢k, 0 <¢ < 2m.
(i) Find the length of one complete turn of the helix :

M

r =(acost,asint,bt),—cc<t<oo,a>0,b>0.

(1) Find the length of the helix r = a cos ui + a sin uj + cuk, — « < u < « from the point (a, 0, 0) to
the point (a, 0, 2mc).

Find the length of the curve r = (3 cosh 2¢#)i + (3 sinh 2¢)j + 6tk, 0 <t <.
Find the length of the catenary r = #i + cosh ¢j from ¢ =0 to ¢ = 1.
Find the length of the curve r = (1 + 2)i+ 2 +¢)j -k, 3 <t < 7.

Find the length of the curve r = (2 + 9t)i + (1 — 3t)j + tk, 8 <¢ <15. Also, verify the result by using
the distance formula to find the distance between two given points.

S oo
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10 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

7. TFind the length of the semicubical parabola r = ti + t¥?k from (0, 0, 0) to (9, 0, 27).

8. Find the length of the curve r = (sin™! ¢ + ¢,/1 —¢2 )i + t%j + 2tk from ¢ = 1 to ¢ = 3.

9. Find the length of the curve given by the intersection of the surfaces x? — y2 = 1, x = cosh z from
the point (1, 0, 0) to the point (x, y, 2).
10. Find the length of the curve r = e’ cos #i + e’ sin ¢j + ek, 0 <t < 7.

Answers
1. 10x 2. () 2n,/a2 +b2 (ii) 2mya® + c* 3. 342 sinh 2n
4. sinh 1 5. 445 6. 7491 7. 28.73
8. 442 9. /2y 10. /3 (e"— 1).
Hint

2. (i) The limits in the definite integral are to be £, and ¢, + 2n, where £, is any number.

9. ARC LENGTH AS PARAMETER IN REPRESENTATIONS OF CURVES

Let r = r(¢) be any regular curve. Let A(t = a) be any arbitrary but fixed point on the
curve. We define a function s of ¢ as

t .
s=s(t) = j x| dt (D)

s(?) is called the arc length function of the curve r = r(?). If ¢, > a, then s(¢) is the
length of curve between the points with parametric values a and ¢. If ¢, < a, then s(¢)) is
negative of the length of the curve between the points with parametric values a and ¢,. Thus
s(a) = 0 and for points on one side of A the value of s will be positive ; for points on other side,
negative. The choice of the fixed point A(¢ = @) is arbitrary. Changing point A shall mean
changing s by a constant quantity.

For simplicity, the arc length function s is written arc length. The use of arc length s
as parameter in space curves would help us a lot in studying their curvature and torsion.

By the fundamental theorem of calculus, (1) implies

ﬁzﬁ- _|dr .(2)
dt dt
dr|_|dr dt|_|dr||dt
ds| |dt ds| |dt||ds
dr ds dr dr .
=dt/dt=dt/dt =1 (Us1ng(2))
dr
— | =1.
ds

If the equation of a curve is given in terms of arc length, then we say that the equation
of the curve is a natural representation of the curve.

If the parameter in the equation of a curve is other than, ‘arc length s’, then the equa-
tion of the curve is called an arbitrary representation of the curve.
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In general, the geometric quantities along a curve are defined in terms of a natural

ds |dr

representation of the curve. By using the chain rule and the relation praalnlt these quanti-
t t

ties can also be derived in terms of any arbitrary parameter.

WORKING RULES FOR WRITING r = r(¢) IN TERMS OF s

Step I Find Ixl.

t .
Step II. Solve s = J. |x| dt to find s in terms of t.
0

Step III. Using the relation found in Step IL, find t in terms of s.

Step IV. Substitute the value of t in r = v(t) to get the required natural representation of
the given curve.

Example 1. Find the equation of the helix ¥ = a cos ti + a sin tj + ctk, — o < t < oo in terms
of arc length s as parameter.

Sol. We have r=acosti+asintj+ctk,—co<t<o (1)

r=—asinti+a costj +ck

|r| = \/a2 sin? ¢+ a? cos? ¢ +¢? :\/a2 +c?
Let the point with ¢ = 0 be the fixed point for the arc length parameter s.

s=s() = J; || dt

= j; \/az +c2 dtzwlaz +c?¢
T G |
Ja? +¢?

Substituting the value of # in (1), the equation of the given helix in terms of arc length s
as parameter is

s . . s . cs
r(s) =a c0S ——— 1 + a sin j+ 5 2k.
Ja? +c? \/az+c2 \/a +c
Example 2. Express the curve r = e cos ti + e’ sin tj + €'k, — o < t < = in terms of arc
length s as parameter.

Sol. We have r=e costi+e sintj+ ek, (1)

r=(efcost—e sint)i+(elsint+e cos t)j + e’k
=e'(cos t — sin )i + ef (sin t + cos t)j + €'k

| r | = \/th(cost—sin )2 +eZ(sint +cost)? +e

=et\/cos2t+sin2t—2costsint+sin2t+cos2t+2sintcost+1

= e'\/3
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Let the point with ¢ = 0 be the fixed point for the arc length parameter s.

s=s(t) = j; x|t

=J‘S e'\3 dt = /3¢’ ‘; =«/§(et—

s S s
= el—-1=—7= = e=—7=+1 = t=log|—+1

Substituting the value of ¢ in (1), the equation of the given curve in terms of arc length
s as parameter is

r(s) = [% + 1J cos [k,g [% + 1}) i+ [% + 1J sin [log [% + 1Bj + [% + 1Jk.

EXERCISE 1.3

1. Find the equation of the helix r = cos #i + sin #j + {k, — o < ¢ < o in terms of arc length s as
parameter.

2. Find the equation of the curve r = e% cos ti + e sin #j + e?k, — « < t < e in terms of arc length s
as parameter.

3. For the helix x = a cos t, y = a sin t, z = af tan o, show that the length of the curve measured

d
from the point ¢ = 0 is at sec o. Also show that d_j = a sec d.

1 1 1
4. Show thatr=—=(s+ \[s +1)i+ ———j+—=log(s+ s +1) k is a natural representa-
2 As+4s2+1) \/5

tion of a curve.

Answers
s S
1. r=cos——=i+sin—=j+—=k
Gl it
2. r=[2 11| cos llog 25 11||i+sin llog %1 itk
Hint

1 1 1
4. u=s+ ,[ +1 implies r==—ui+ ——j+—=Uogu)k
i P 2 Tl TR

dr _dr d_u=[li—%j+ 1 kJ 1.8
ds du'ds 2 2u?" J2u 21
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def 1 1 1 Vs +1+s
ds 4 4ut 2? \/32 +1

1 1 u u?+1
==+ 5 = :]_'
2 2w 41 2uys®+1

10. TANGENT TO A CURVE

Let C be a curve and P be any point on C. The
tangent at P to the curve C is the limiting position of a
straight line L through P and a point Q of C as Q approaches
P along C.

11. UNIT TANGENT VECTOR

Let r = r(¢) be the equation of a regular curve C in
terms of an arbitrary parameter ¢. Let P and Q be the points
on the curve whose position vectors are r and r + or
corresponding to the values ¢ and ¢ + &t of the parameter
respectively.

- = =
PQ=0Q-OP =(r + 8r) —r = &r
&

The quotient 8_: is a vector parallel to the line

PQ. Since the given curve is regular, r(¢) has continuous
non-zero derivative.

O(Origin)

lim or = ar exists and is non-
&—0 Ot dt
Zero.
By the definition of a tangent to a curve at a point, the vector ar i.e., r(t) is parallel to

dt
the tangent at the point P.

The vector r(#) is called the tangent vector of C at the point P.

1 .
The corresponding unit vector — r is called the unit tangent vector of C at the point
x|
P and it is denoted by t. The vectors r and t point in the direction of increasing ¢. Thus the

directions of r and t are same and depend upon the orientation of the curve C.
In particular, if the equation of the curve C is given in terms of the arc length s, then the

tangent vector of C at P is dr,

ds

d d
The vector d_r is denoted by r’. We know that d—: i.e., ¥ is a unit vector.
s

Unit tangent vector ‘t’ at P = r’.
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Example 1. Find the unit tangent vector t and direction cosines of the tangent at a point
on the circular helix x=acost,y=asint, z=>bt,—o<t<oo,

Sol. The given helix is
x=acost,y=asint,z=>bt,—oc <t<oo
Let r be the position vector of the point (x, y, z) on the helix.

r=a costi+a sin tj + btk
. 1 -
Unit tangent vector, t=—r
x|

We have i‘=—asinti+acostj+bk

|r| = \/a2 sin? ¢ +a® cos® ¢ + b* =\/a2 +b?

1 - 1 :
t=—r-= (—a sin #i + a cos tj + bk)
|I'| ya2+bz

a a b
=— ———sinti+ ———=cosfj + ———k
Ja? +b? Ja® +b” Ja? +b®

Since tangent is parallel to t and t is a unit vector, the d.c.’s of the tangent are
a .
— ————18s1n¢,

a

Example 2. Show that the tangent vectors along the curve r = ati + bt?j + t°k, where
2b% = 3a make a constant angle with the vector i + k.

cos t,

Sol. Given curve is - r = ati + bt?j + t°k.
r = ai + 2btj + 3t%k
The tangent vector at point ¢’ is r i.e.,ai + 2btj + 3t2k.
Given vectorisi + Kk, i.e,, 1.i +0.j + 1.k
Let 6 be the angle between the tangent vector r and the vector i + k.
a(D) + 2b£(0) + 3% (1)
Ja? +4b%% 1 9t* [T+0+1

cos 0 =

a + 3t2 a + 3t? 1

i «/a2 +2(3a)% + 9t 2 T@rsW2 2

6 = m/4, which is a constant angle.
The result holds.
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12. EQUATION OF THE TANGENT AT A POINT ON A CURVE

Let r =r(¢) be the equation of a regular curve C
in terms of an arbitrary parameter ¢. Let P(r) be any

point on the curve. We know that r is the tangent
vector at the point P and the tangent at P is parallel
to this vector. Let Q be a general point on the tangent
at P. Let R be the position vector of the point Q.

The equation of the tangent at the point P(r)

is R = r + Ar, where A is a scalar parameter.

Let the coordinates of P and Q be (x, y, z) and
(X, Y, Z) respectively.

O(Origin)

r=xi+yj+zk and R=Xi+Yj+Zk
Also r=xi+yj+zk
The equation of the tangent at P is
Xi+Yj+Zk=xi+yj+zk+A(xityj+zk)
- X=x+Ax,Y=y+Ay,Z=z2+%rz
X—x_Y—y:Z—z

e CPY)
x y z
These are the cartesian equations of the tangent at the point P(x, y, z). Here 3.6, y,z are
direction ratios of the tangent at the point P.

In particular, if the equation of the curve C is given in terms of the arc length s then, r’
is the unit tangent vector of C at P.

The tangent at P is parallel to the vector r'.
The equation of the tangent at P(r) is R = r + Ar’, where R is the position vector of
the general point Q(R) on the tangent at P.
The cartesian form of the equations of tangent at P are

X-x Y-y Z-z
’ = ’ = ’ (=)\’)

x y z

Since 1’ =x"i+y’j+2z'kis aunit vector, x’,y’, z’ are the direction cosines of the tangent
at P.
Example 3. Show that a curve is a straight line if all tangent lines are parallel.
Sol. Let r = r(s) be the given curve.
Tangent vector = r’
Since tangent line at a point is parallel to the tangent vector at that point and all
tangent lines are parallel, the direction of r’ is fixed. Also r’ is a unit vector.
r’ is a non-zero constant vector, say a.
dr

ds_a
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Integrating, we get
r = as + b, where b is a constant vector.

The curve is a straight line passing through the point with position vector b and
parallel to the vector a.

1
Example 4. Find the equation of the tangent to the ellipse ZxZ +y? = 1 at the point

1
Sol. The given ellipse is
% 2 +y2=1.
The parametric equations of this ellipse are
x=2cost,y=sint,z=0
Let r be the position vector of the point (x, y, 2).
: r=xi+yj+zk=2costi+sint + Ok

200s1,‘=\/§,sint=L = =T
J2 4
. 1 . T
The point | /2 ,—— | in xy-plane corresponds to ¢ = e
2
i-=—2sinti+costj+0k
At t=£, i‘=—2sin£—i+cos£j+0k

1
=— 2i+ﬁj+0k

1 1 1
The tangent at [\/5 , »J passes through [x@ ,—,OJ and has d.r’s — /9 , 0.
V2 V2 V2, 2

The equations of the tangent at (ﬁ, %, OJ are

1
x—\/g_y_ﬁ_z—o or x—ﬁ_ﬁy—l_z
BNCHY
V2
Example 5. Find the equation of the tangent to the curve x = 1 +t,y =—t, z = 1 + t2,
— o <t < oo at the point for which t = 2.
Sol. The given curve is

0 2 1 0

x=1+t,y=—t2z2=14+1% —co<t<oo,
t=2 = x=1+2=3, y=—(22=-4, 2=1+(2?2=5
t = 2 corresponds to the point (3, — 4, 5) on the curve.

Also, x=1, y=-2t z=2
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t=2 = x=1y=-22=-4,2z=22) =
The tangent at (3, — 4, 5) passes through (3, — 4, 5) and has d.r.’s 1, — 4, 4.
The equations of the tangent at (3, — 4, 5) are
x-3 y—-(-4) z-5 y+4 z-5
1—_4—401'x—3=_4—4
Example 6. Show that the equation of the tangent at any point on the curve whose
equation referred to rectangular axes are x = 3t, y = 3t2, z = 2t3 makes a constant angle with the
liney=z-x=0.
Sol. Given curveis «x =3t ,y = 3t z = 2t3.
Let r be the position vector of the point (x, y, z) on the given curve.
r =3ti + 3% + 2%k

- r = 3i + 64 + 6%k
The tangent line at the point with parametric value ¢ is parallel to the vector r.
. D.r.’s of the tangent are 3, 6t, 6t>.

Given line is y=z-x=0
r_Y_2
- 1 0 1

D.r.’s of the given line are 1, 0, 1.
Let 6 be the angle between the tangent and the given line.

3(1) + 6£(0) + 6t*(1)
V3?2 + (6 + (6192 |12 + 0% + 12
3% 6t°
" a6 2 J_
0 = /4, which is a constant angle.
The result holds.
13. DIRECTION RATIOS OF THE TANGENT AT A POINT ON THE CURVE OF
INTERSECTION OF TWO SURFACES
Let the given curve be the intersection of the surfaces
F(x, y, 2) = ..(1D)
and Glx, y,2)=0 ...(2)
Eliminating x, y, z from (1) and (2), let the equation of the given curve be
r=r) =x@®i+yt)j + 2@k,

where ¢ is an arbitrary parameter.

cos 0 =

D.r’s of the tangent to the curve at the point ‘#’ are 3&, y,z

Differentiating (1) and (2) w.r.t. ¢, we get
oF dx oF dy oF dz

o dt 3y dt e dt
oG dx 3G dy G dz

- =y =0

and o dt oy dt | 0z dt
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= (F)x + (F)y +(F)z =0
and (G)x +(G)y +(G)z =0

Solving these equations for Q.C, y and é, we get
x B y B z
F,G,-F,G, F,G, -FG, FG, -FG,
FG -FG, FG -FG, FG -FG

o z z y? x "z
are also d.r.’s of the tangent to the curve given by the equations F(x, y, z) = 0, G(x, y, z) = 0 at
the point ¢.

Example 7. Show that the equation of the tangent to the curve of intersection of the

2 2 2 2 2 2
ellipsoid x_2 + y_2 +z_2 = 1 and the confocal —; + 2y + 22 =1is
a b c a“-A b°-A ¢ —A
x(X —x) y(Y -y 2(Z - z)

207 —)ad—n) b -d?) ) T @ -2 )2 -0)

where (x, v, z) is an arbitrary point on the curve.
Sol. The given surfaces are

—t—+—_1=0 (1)

and ~1=0 ..(2)

a2 -n BP-n P
Let the equation of the curve of intersection of given surfaces be r = r(¢), where ¢ is an
arbitrary parameter.
Differentiating the equations (1) and (2) w.r.t. ¢, we get

2x 2y - 2z
2ty 220
2x - 2 : 2z -
and 5 X+ Y y+— z=0

xx yy 2z

+
a?-n bEZ-) c%-n

and

Solving these equations for 3.c, y and é, we get

x y z
Yz yz zZX zZX Xy xy

b2 1) c2b2-1) c2@-1) a -1 a’B®-1) bi@®-n)
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x _ y _ 2
= hyz(d? - ¢?) rzx(c? —a?) Axy(a? —b?)
22 -0 B2 =N 2@ -NMe?-N  a®b2BE -1 (@®-N)
N x _ y _ z
a?B?-c®) @ -2 b 2c?-a>)B% -1 2@ -b%)(? -2
X y z

D.r.’s of the tangent at the point (x, y, z) on the curve are
a?B?-c) (@ -1 b2 -a®>) B2 -1 c*a®-b%)(c® -\

x z
The equations of the tangent at theypoint (x, ¥, z) on the curve are
X-x _ Y-y _ Z-z
a?(b?-c®)@® -0 bAc?-a®)B%-1)  Aa?-bP)(c® -1
x y z
xX —x) y(Y —y) z2(Z-2)

or

2% —c2)(@®-1) A —a®)BE-0) 2 -b2)(c®-N)

14. NORMAL PLANE TO A CURVE

Let C be a curve and P be any point on C. The normal
plane at P to the curve C is the plane passing through P and
perpendicular to the tangent at P.

&
)
S
U
N

Normal
plane

15. EQUATION OF THE NORMAL PLANE AT A POINT ON A CURVE

Let r = r (¢) be the equation of a regular curve C, where
t is an arbitrary parameter. Let P(r) be any point on the curve.
We know that the tangent at P is parallel to the tangent
vector r.

Let Q be a general point on the normal plane at P. Let
R be the position vector of the point Q.

X
&/
&
@
K

%
PQ and r are perpendicular. Normal
plane
%
= PQ.r=0 = R-r).r=0 (D)

This represents the equation of the normal plane at
the point P(r).
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M = @®-1.—=0 = R-1.t=0

x|

The equation of the normal plane at the point P(r) can also be written as
R-1r).t=0.
Example 8. Find the equation of the normal plane to the curve r =ti + t%j + t°’k at t = 1.
Sol. The given curve is
r=ti+t%+ 3k,
r()=1i+1?j+(1Pk=i+j+k

t = 1 corresponds to the point (1, 1, 1) on the curve.
Also r=i+2j+3t%k
r()=i+2j+3k

The equation of the normal plane at (1, 1, 1) is (r — (1)) . r(1) = 0.

= r-Gi+j+k).G+2j+3k)=0
N r.i+2j+3k) —(1(1)+12)+13) =0
= r.di+2j+3k)=6.

WORKING RULES FOR SOLVING PROBLEMS

Rulel. t-= L = r’ is the unit tangent vector.
x|
Rule II. The equation of the tangent to the curve r = v(t) at the point P(r) isR=r + 7»1",
where A is a scalar parameter. f R=Xi+ Yj + Zk and r=xi+yj +zK, then

X—sz.—y=Z—z (= 0.

this equation reduces to
x y z
Rule III. The equation of the tangent to the curve r = r(s) at the point P(r) is R =r + Ar’,
where A is a scalar parameter. [f R = Xi + Yj + Zk and r = xi + yj + zK, then this
X —x :Y—y :Z—z (=M.

’ ’

x’ y z

equation reduces to

Rule IV. The equation of the normal plane to the curve r = r(t) at the point P(r) is
(R-r).r=0 or equivalently (R—-r).t=0.
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EXERCISE 1.4

1. Find the unit tangent vector t and the direction cosines of the tangent to the helix
x=acost,y=asint,z =bt,— o <t <o at the point, where ¢t = n/4.

2. Find the unit tangent vector t and the direction cosines of the tangent to the helix x = a cos ¢,
y=asint,z =at,— <t <o at the point, where ¢ = n/3.

3. Find the unit tangent vector t to the curve r = ¢ti + t3j at the point (1, 1, 0).

4. Find the unit tangent vector t to the curve r = cos #i + 2 sin ¢j at the point (1/2, \/g , 0).

5. Find the unit tangent vector t to the curve r = cosh ¢i + sinh ¢j at the point (5/3, 4/3, 0).

6. Find the unit tangent vector t to the curve r = log cos i + log sin ¢j + ﬁ tk at the point ¢ .

7. Find the equation of the tangent to the curve x = 1 + ¢,y =—t2, 2 = 1 + t2, — o < t < =0 at the point
for which () t=1G)t=5

8. Find the equation of the tangent to the helix r = (a cos ¢, a sin ¢, bt), — = < t < = at the point ¢’.

9. Find the equation of the tangent to the curve r = #i + #3j at the point (1, 1, 0).

10. Find the equation of the tangent to the curve r = cos #i + 2 sin 7j at the point (E’ \/5 , OJ.

5 4
11. Find the equation of the tangent to the curve r = cosh ¢i + sinh #j at the point (3 3 0).

12. Find the point of intersection of the xy-plane and the tangent line to the curve r = (1 +¢) i —#2j +
Q1+tHkatt=1.

13. Show that the tangent at any point on the curve r = ati + bt?j + t°k, 2b? = 3a makes a constant
angle with the linex -z =0,y =0.

14. Find the equation of the normal plane to the curve r=(1 + )i —t% + (1 + Ok at t = 1.

15. Find the point of intersection of the xy-plane and the normal plane to the curve

= (cos )i + (sin ¢)j + tk at the point ¢t = g

Answers
a . a a a b
1. - B B 1+ 2 2 s~ ) s
J2a®+6%)  |[2a J +b \/2(a2+b2) V2a? +b2) o + b
6. i3 f ff
2. ——’+—'+—k;———— 1+—J + 0k
T s 442 J_ J10
J_ k 1+LJ k
4. J_1+TJ+O 5.m m +0
6. —sin?t + cos?tj + +/2 sin ¢ cos tk
x-2 y+1 2z-2 _ _
7. (l) 1 = o = 2 (”)x 6:y+25:Z 26
' 1 -10 10
g, X-acost y-asint_ z-bt 9. r=i+j+Ari+3j
—asint a cost b
5. 4., 4. 5.
10. r=%i+\/§j+}\[—§i+j] 11.r=§1+53+x(§1+53)
4 1
12. 5,5,0 14.r- (i-2j+3k)-10=0

15. (-1/2,k,0), —co< k < oo,
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16. MOVING TRIHEDRON OF A CURVE

Let r = r(s) be the equation of a regular curve C with arc length s as parameter. We
assume that r”(s) exists and |r”(s)| # 0. We know that r’(s) equals the unit tangent vector t(s)
at the point r(s) on the curve C.

t=vr

We define n=|:—:|.
n is meaningful, because |[t'| = | ¥” | 0.
Also, tis a unit vector.
= [t] =1 = |t|%2=1 = t-t=1
= t-t+t-t=0 = 2t-t'=0 = t-t'=0
= t’is perpendicular tot = n is perpendicular to t.
Also, |n|=t—,:1|t’|=1

[t |t]

n is a unit vector and is perpendicular to the unit tangent vector t.

n lies in the normal plane at the point under consideration. The vector n is called
the unit principal normal vector to the curve C at the point r(s). In terms of r, we have

”

= r” . (.‘. t - r’)
|x” |
We define b=txn.
n
|b|=|txn|=|[t]|n] sin§=1x1x1=1

Also by the definition of vector cross product, b _
is perpendicular to vectors t and n both and the g
vectors t, n and b form a right handed triad. S

The vector b is called the unit binormal vector 8 Osculating
to the curve C at the point x(s). g plane

We have oA
unit tangent vector, t=r Normal n ¢
. Lo t’ r” plane Tangent
unit principal normal vector n = m =1r|
(o |t =]x"]=0)
unit binormal vector, b=t xn Rectifying
plane
r// r’ X r”
=Y X T
x| "]

Thus (t, n, b) forms a right-handed orthonormal triplet as shown in the figure. The
triplet (t, n, b) is called the moving trihedron of the given curve r = r(s).

Remark. Since the unit vectors t, n, b form a right handed triad, we have

@Dt-n=0 mn-b=0 b-t=0

@)txn=b nxb=t bxt=n.
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The straight lines in the directions of t, n and b are respectively called the tangent, the
principal normal and the binormal of the curve C at the point r(s). The equations of the
tangent at the point r(s) is R = r + At, where R is a general point on the tangent and A is a
scalar. The equation of the principal normal at the point r(s) is R = r + An, where R is a
general point on the principal normal and A is a scalar. The equation of the binormal at the
point r(s) is R = r + Ab, where R is a general point on the binormal and A is a scalar.

We know that the unit vectors n and b are both perpendicular to the unit vector t.

.. The normal plane of C at r is parallel to the vectors n and b both at the point r and
its equation is (R — r)- t = 0, where R is a general point on the normal plane.

If R is the position vector of a general point on the normal plane at the point r, then the
vectors R — r , n and b lie in the normal plane and are thus coplanar vectors.

[R-r n b]=0.

This also gives the equation of the normal plane at the point r.

The plane through the point r and parallel to the vectors t and b at the point r is called
the rectifying plane of C at the point r. The rectifying plane is perpendicular to the vector n.

The equation of the rectifying plane at the point r is (R = r) - n = 0, where R is a
general point on the rectifying plane.

If R is the position vector of a general point on the rectifying plane at the point r, then
the vectors R — r, t and b lie in the rectifying plane and are thus coplanar vectors.

R-r t bl=0

This also gives the equation of the rectifying plane at the point r.

The plane through the point r and parallel to the vectors t and n at the point r is called
the osculating plane of C at the point r. The osculating plane is perpendicular to the vector b.

The equation of the osculating plane at the point r is (R —r) - b = 0, where R is a
general point on the osculating plane.

If R is the position vector of a general point on the osculating plane at the point r, then
the vectors R — r, t and n lie in the osculating plane and are thus coplanar vectors.

[R-r t n]=0

This also gives the equation of the osculating plane at the point r.

Thus at each point r on the curve C we have the following three characteristic lines and
three characteristic planes :

Tangent R=r+At
Principal normal R=r+An
Binormal R=r+2b
Normal plane R-1r)-t=0 or [R-r n b]=0
Rectifying plane (R—r) - n =20 or [R-r t bl=0
Osculating plane R —-r) - b =0 or [R-r t n]=0

17. CARTESIAN EQUATIONS OF CHARACTERISTIC LINES AND PLANES

Let r = r(s) be the equation of a regular curve with arc length s as parameter. We
assume that r”(s) exists and |r”(s)| # 0. Let r(s) = x(s)i + y(s)j + z(s)k.
t=r=xi+yj+7zk
and t'=x"i+yj+2k
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t’ 1 . .
n=——= (x"i+y"j+2"k)
It I \/.’)C”Q +y//2 +z//2
x// . ” . z//
= i+ Y i+ k
N/x,,z +y”2 4272 \/x,,z +y”2 4272 \/x,,z +y”2 4272
b=txn
i J k
xl yl zl
” yll Z”

1 i j k
- x/ y/ z/
//2 ”2 ”2 ” ” ”
X +y + 2z z
1

w4

(@’Z” _yl/zl)i + (zx

\/x”z VI 2% )y + («y” —x"y")k)
.. The equation of the tangent R = r + At at the point r reduces to
X-x Y-y Z-z
oy 2
The equation of the principal normal R = r + An at the point r reduces to
X-x Y-y Z-z
x” oy w2
because x”, y”, z” are d.r.’s of the principal normal at the point (x, y, 2).
The equation of the binormal R = r + Ab at the point r reduces to
X-« Y-y  Z-z

"ot nor?

y/z//_y//z/ - z/x//_z X - x/y// —-x y

”.r ", .r "’

because y'z” —y”z’, 2’x” — 2"x’, x'y” — x"y" are d.r.’s of the binormal at the point (x, y, 2).
The equation of the normal plane (R —r) - t = 0 at the point r reduces to
X -2+ Y -yl +(Z-2)2"=0.
The equation of the rectifying plane (R — r) - n = 0 at the point r reduces to
X-—x)x"+ X -y +(Z-2)2"=0.
The equation of the osculating plane (R —r) - b = 0 at the point r reduces to
X-x)2"—y"2")+ XY —y)x” —2"x") + (Z —2)x'y" —x"y’) = 0.
In the above equations, the point R with coordinates (X, Y, Z) is a general point on the
corresponding line (or plane).

18. VALUES OF UNIT VECTORS t, n AND b ALONG A CURVE GIVEN IN TERMS OF
AN ARBITRARY PARAMETER
Let r = r(¢) be the equation of a regular curve C, where ¢ is an arbitrary parameter. We

assume that r(¢) exists and | ¥(¢) | # 0.
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In terms of arc length s, we have
t=r, n=m and b=txn.
() foyodr_dr di_F ¥ (o= ] th1ae = s
" T ds dt'ds ds - a dt
2 1Tl
L_dt_dt dr_ & _ i
Y= d ds ds =
dt
and v =1
el | |r]
v tr| _ ¢
W ey g

. rt rxt
(m)b=t><n=i><—— rx

e [t ] [r|t]
In terms of arbitrary parameter ¢, we have

t=—oy, n=—f— and b= rxt
|r| It | |r||t |

WORKING RULES FOR SOLVING PROBLEMS

Let v = v(s) be the equation of a regular curve with arc length s as parameter. Let r”(s)
exists and |r"(s)| # 0.

Rulel. () t=r'=xi+yj+2zk

N2

|t,| \/.’)C”2 +y//2 +Z”2
1

(@) b=t xn= (2" —y"2)1 + (2'x” — 2"x")j + (x'y” — x"y")k)
”2 ”2 ”2
\/ x"+y"° +z

@) n =

(x//i+y//j+z//k)

Rule I1I. Equation of tangent:

OR=r+At e Y-y 2z

’

Rule III. Equation of principal normal:

X-x Y-y Z-
@OR=r+An i r_21-ry._2-2

x y z
Rule IV. Equation of binormal:

@OR=r+2Ab
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Rule V. Equation of normal plane:
@O R-1r)-t=0 @ R-r n bl=0
@) X —x)x"+ (Y -y)y' + (Z-2)2" =0
Rule VI. Equation of rectifying plane:
@O@®R-r)'n=0 @MR-r t bl=0
@) X —x)x" + (Y =-y)y"+(Z-2)2"=0
Rule VII. Equation of osculating plane:
@O R-r)-b=0 @ [R-r t nl=0
(Gi) X -x0)(y'z" —y"2) + (Y —y)zZ'x" —2"x") + (Z — 2)(x'y" — x"y") = 0.

Theorem 1. Let r = r(s) be the equation of a regular curve with arc length s as parameter.
If r” exists and |r”| #0 at a point r, prove that the equation of the osculating plane at the point
ris
[R-r r r1=0.
Proof. We know that the plane through the point r and parallel to the vectors t and n
at the point r is the osculating plane at the point r.

dr
We have r=—-=t
ds
r’ is parallel to the osculating plane.
d ,
Also ¥'= )=t = |t |n - n=_t
ds |t

r” is parallel to the osculating plane.
Let R be the position vector of a general point on the osculating plane at the point r.
The vector R —r, ¥’ and r” lie in the osculating plane and are thus coplanar vectors.
[R-r v r”]=0.
This is the equation of the required osculating plane.
Corollary. fR=Xi+Yj+Zk and r=xi+yj+zk,thenr =x1+yj+2zk
and r"=x"1+y" +2z"k.
X-x Y-y Z-z
x’ y’ z’

” ” ’7”

x y z

Theorem 2. Let v = xv(t) be the equation of a regular curve, where t is an arbitrary parameter.

The equation of the osculating plane is =0.

If ¥ exists and | r | #0 at a point v, prove that the equation of the osculating plane at the point r is

R-r r r]=0.
Proof. We know that the plane through the point r and parallel to the vectors t and n

at the point r is the osculating plane at the point r.
. dr dr ds _

== =2 Z_ts=st
dt ds dt

We have

r is parallel to the osculating plane.

Also, i'-:i(ét)zéﬂ+§t
dt dt  dt
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—st+st=st+s|t|n con=—

r lies in the plane of t and n.

r is parallel to the osculating plane.
Let R be the position vector of a general point on the osculating plane at the point r.

The vectors R —r, r and r lie in the osculating plane and are thus coplanar vectors.

. R-r r rl=0.
This is the equation of the required osculating plane.

Corollary. f R=Xi+Yj+Zkandr=xi +yj + zk, then r=xi+yj+z k

and ;:£i+j}j+ék.
X-x Y-y Z-z
The equation of the osculating plane is x y z |=0.
x y z
Example 1. For the curve x = 3t, y = 3t%, z = 2t3, (i) show that any plane meets it in three
points and (ii) find the equation of the osculating plane at the point t,.
Sol. The given curve is
x=3ty=3t2,z =2
(i) Let ax + by + cz + d = 0 be any plane in space.
Putting x =3¢, y=3t% 2z = 2t3, we get 3at + 3bt2 + 2ct3 +d =0
= 2ct® + 3bt? + 3at +d =0
This is a cubic equation in ¢ and gives three values of ¢.
The plane ax + by + cz + d = 0 meets the given curve in three points.
(ii) We have x=3ty=3t2z=2t3

x=3,y=6t,2=62 and x=0,y =6,z =12¢

Let (x, y, z) be a general point on the osculating plane at the point ¢,.
The equation of the osculating plane is

x =3t y—3tf z—th

3 6t, 6t2 |=0
0 6 12t,

x =3t y—3tf z—th
1 2t 2t2 |=0
0 1 ot,

(=3t (2t7) - (y = 8t7) (2t) + (2 -2t} (1) =0
= 2t2x — 2ty +z = 263,
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Example 2. Find the equation of the osculating plane to the curve x = 2 log t, y = 4t,
z =2t% + 1 at the point t.

Sol. The given curve is
x=2logt,y=4t,z =2t + 1.
.9 . . . 2 . .
x=—,y=42z=4 and x=-—,y=0,2=4
t ¢
Let (X, Y, Z) be a general point on the osculating plane at the point ¢.
X-x Y-y Z-z

The equation of the osculating plane is x y z | =0.
P y z
X-2logt Y-4t Z-(2t2+1)
= % 4 4¢ =0
2
- t—z 0 4
X-2logt Y-4t Z-(2t%+1)
= 1 ot ot? =0
1 0 - 2t?
= X—-2logt)(—4t3) - (Y-4t)(— 42 + (Z-2t2-1)(-2t) =0
= 202K —21logt)—20(Y —4t) +Z - 2t>-1=0
= 22K — 2tY + Z = 4t log t — 6¢2 + 1.

Example 3. Let r = r(t) be the equation of a regular curve. By using the equation

[R-r v’ r"] =0, show that the equaiion of the osculating plane at the point ris [R—r r r] = 0.
Sol. Given equation of the osculating plane at point r is

R-r ¥ r]=0 ...(D)
o _dr_dr dt_i
T ds dt ds
dr dlr| dlr|dt sr-sr 1 1+ s
r’ = =—|—|==|=|.==—F—.T=Fr-5r
ds ds| ;| dt| ;| ds $ s 8 $
1 = R-r & r|2r-Sr|=0
s $ $
= R-ror—r|-|R-rir-Sy|=0
s S P $
= é—3[R—rrr]— T [R—rrr]:O

(~ Determinant with two equal rows is zero)
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1 - .. g
= —[R-r r rl+—.0=0
$ $
1 R
= K[R—r r rl=0
$
= [R-r r rl=0.

The result holds.
Example 4. For the curve x = 4a cos® t, y = 4a sin’® t, z = 3¢ cos 2t, find

(i) the equation of the principal normal at the point t.
(it) the equation of the osculating plane at the point t.
Sol. (i) Let r be the position vector of the point (x, y, z) on the given curve.
r=xi+yj+zk =4a cos® ti + 4a sin® tj + 3c cos 2t k

dr dt .
r=Z 2 _ (= 12a cos? t sin ti + 12a sin? ¢ cos tj — 6¢ sin 2tk) at
dt dS ds

dt
=12 sin ¢ cost (—a cos ti + a sin tj — ck) s (Using sin 2t = 2 sin ¢t cos t)

| v | =12sintcost\/a2 cos® t+a? sin? t+c? ah
ds
= 1=125intcost,/a2+02% o Jt]=|r]=D
s

ds .
E= 12 sintcost /g2 + (2

. . .. 1
r =12 sin ¢ cos t (— @ cos ti + @ sin £j — cK) .

12 sin ¢ cos 1’5\/a2 +c?

————— (~a cos ti + a sin tj — ck)
a+c

B 1
- 2
, 1 N ., dt
r"=————(asinti + a cos tJ)d—
Ja? 4 c? §
Ja? +c?

12sin ¢ cost \/a2 +c?

———— (sin i + cos £j)

= ———— (sec ti + cosec tj)
12(a® + ¢?) !

ot a

- | t’ | | r” | 12(&2 + CZ) |I'”|
D.r.’s of principal normal are sec ¢, cosec ¢, 0.

.. The equations of the principal normal at the point ¢ are

n (sec ti + cosec tj)

x—4acos’t y-4asin®t z-3c cos2t

sect cosec t 0
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(i) The equation of the osculating plane at the point # is

x —4a cos® ¢ y—4asin®t z —3c cos 2t
a a -c
——cost ————sint —_ =0
a? + 2 a? + 2 Ja? +¢?
a
sect cosec t 0
12(a? +¢?) 12(a? + ¢?)

x—4acos®t y—-4asin®t z-3ccos2t
= —acost asint -c =0
sect cosect 0
(x — 4a cos? t)(c cosec t) — (y 4a sin® t)(c sec t)
+(z—3ccos2t)(—asintcost—asintcost)=0

= ccosect-x—csect-y—2sintcostz

= 4a sin ¢ cos® t — 4a sin® ¢ cos ¢ — 6ac sin ¢ cos t cos 2t
= ccosect-x—csect-y—2sintcostz

= 2a sin 2t cos? t — 2a sin 2¢ sin? ¢ — 3ac sin 2t cos 2t.
Example 5. Find the vectors t, n and b along the curve r = (3t — t3)i + 3t%j + (3t + tP)k.
Sol. We have r=(3t—t3)i+ 3% + (3t + tdk.

r = (3—3)i + 6tj + (3 + 32k

or r = 3[(1 - )i + 2ti + (1 + k]

| v | =381-t5)2+4t% + (1+1%)?
=3y2+2t4 +42 =3J2 (1 +1?)

r 1
== =3[ -Vi+ 2+ (1+DK]
|| 32+ !
_ 42
1-¢* . J2¢ 1

= i+
J2(1+¢2) 1+t2J J2

2 2 2
i A+tH=20-1-¢ )2ti+ﬁ((1+t )-1—t.2t)j+0

k
V2(1+¢%)? (1+¢2)2
=%(—2ti+(l—t2)j)

: 2 2

t|=——-5= 2 _ 2212

t] Qa7 W+ -9 =

. 2

ne bt V2 oniaopy. 1et oo 2 1-2

1
. 2
| £ 1+t%) J2 1+t 1+¢
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i i k
b=txn= 1-t* ﬁt i
J2(+t2) 1+¢£2 2
2% 1-¢2 0
1+t 1+1¢2
. i j k
= 1-¢2 2t 1+¢2
2 2
20+ A+)| L9y 142 o
1

= m [— (1 - t4)i — 2t (1 + tZ)j + (1 + tz)zk]

1
= —=——- [2-Di-2tj + (1 + K]
NS [( ) J+( )K]
Example 6. Show that the points on the helix r = a cos ti + a sin tj + btk,a >0, b # 0 at
which the osculating planes pass through a fixed point are all coplanar.

Sol. The given helix is
r=a cos ti + a sin tj + btk.

i‘=—asinti+acostj+bk
r=—acosti—a sin tj + Ok
The equation of the osculating plane is [R — r r i:] =0.
Let R=Xi+Yj+Zk
The equation of the osculating plane is
X—-acost Y-asint Z-bt

—asint acost b =0
—acost —asint 0
= absint X—acost)—abcost(Y—asint)+a2(Z—-5bt)=0
= bsint X—-bcostY +aZ=abt

Let the osculating plane at the point r passes through the fixed point (o, B, V).
(b sin t)o. — (b cos )P + ay = abt
—bB (a cost) +bolasint)—a?(bt) =—a’y
bP(a cos t) —bala sin t) +a? (bt) =ay
The locus of the point r ( = (a cos ¢, a sin ¢, bt)) is
bBx — bay + a’z = a?y, which is a plane.
The result holds.

Example 7. Find the equations of characteristic lines and planes to the helix r = cos t i
+ sin t j + tk at the point where t = m/2.

Sol. We have r = cos t + sin j + tk.

=
=

s n . m. @ . T
—| = —i Zit=—k=j+=
r(zJ cos21+s1n 23+2 J 2k
The point under consideration is (0, 1, 1/2).

i‘:—sinti+costj+k
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| r | =\/sin2t+cos2t+1:\/§

r 1
t=—_=T(—sinti+costj+k)
| r|
. 1 . ..
t=—— (—cos ti — sin ¢j + 0k)
NG
and |f|:iwlcos2 t+sin® ¢ - L
7z )
t 1 . L
n=—.=T(—cost1—s1nt3).\/—=—cost1—smt,]
|t V2
i j k
_sintz cost 1 sin ¢ cost 1
b=txn=| o o 2= i- i+ 7=k
—cost —-sint O V2 V2 V2
1 1. 1

t(n/2)=ﬁ(—1~i+0~j+k)=—ﬁ1+Ek

nm2)=-0-i-1-j=-j
b(Y2) = —= i -0 j+rk=—i+ Lk

V2 V2o V2 2
Tangent. The equation of the tangent is
Py . . T k+ - i i+ i k
r=r(n/2) + AM(W2) ie, r=j+ Sk + 2 EZ)

x-0 y-1 z-m/2
-1 0 1
Principal normal. The equation of the principal normal is

Equations in cartesian form are

r=r(n/2) + \n(n/2) ie, r=j+ gk + A= ).
x—0:y—1:z—n/2

Equations in the cartesian form are 1 0

Binormal. The equation of the binormal is
(1/2) + Ab(m/2) i L ITNPY (I 2 ¥
r = r(/2) + Ab(n te, r=j+ o k+ 27
x-0 y-1 z-m/2

Equations in the cartesian form are

0 1
Normal plane. The equation of the normal plane is (r — r(1/2)) - t(/2) = 0

S RN I

or r-(_i+k)_(o(—1)+1(0)+g(1)]=o or r-(—i+k)=g.
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. . . T, T
Equation in the cartesian form is —x + z = g Le,x—z+ o= 0.

Rectifying plane. The equation of the rectifying plane is (r — r(1/2)) . n(n/2) = 0
ie., (r_(j+ngJ.(_j)=0 or —r-j+1=0 or r-j-—1=0.

Equation in the cartesian form isy — 1 = 0.
Osculating plane. The equation of the osculating plane is

(r-—r(n/2)) - b(@/2)=0 ie., (r—(j+gkn.(%i+%kj =0
or (r—(j‘*‘gkn~(i+k)=0 or r-(i+k)=g.
T

Equation in the cartesian form is x + 2z = 3

Example 8. For the curve r = (e sin t, e cos t, e7), find the following at the point t:
(i) the unit tangent vector t
(it) the equation of the tangent
(ii) the unit principal normal vector n
(iv) the equation of the normal plane
(v) the unit binormal vector b
(vi) the equation of the binormal.
Sol. (i) The given curve is
r=e’sinti+ e’ cos tj + ek,

r=(elcost—etsint)i+ (—e?sint—e cos tj —e'k
=e [(cos t —sin £)i — (sin ¢ + cos t)j — K|

| r | =t \/(cost—sint)2 +(sint+cost)?+1 = \/ge—t

r 1 NN .

t= f—F - e [(cos t —sin t)i — (sin t + cos t)j — K]
x| ¢

t 1 [(cos t — sin ¢)i — (sin ¢ + cos t)j — K]

=— —si — (s1 -
V3
(i) Using t, the d.r.’s of the tangent are cos ¢ — sin ¢, — (sin ¢ + cos t), — 1.
The equations of the tangent at the point ¢ are

x—e'sint y-e‘cost z-e”

cost—sint -—(sint+cost) -1

(i17) t= [(— sin ¢ — cos )i — (cos t — sin #)j + OK]

[-(sin ¢ + cos )i + (sin ¢ — cos t)j]

&~ &l
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L1 SR 5 V2
|t|=—=+/(sint +cost)” +(sint —cost)” =—
=5 5
t 1 : o :
n-= L:— [- (sin ¢ + cos t)i + (sin ¢ — cos t)j] . ﬁ
i V3 V2
1
n=—[—(sint+ cos t)i + (sin ¢ — cos t)jl.
ﬁ ]
(iv) The equation of the normal plane is (R—-r) - t = 0.
= [xi+yj+zk)—(e?lsinti+e?costj+e’ k) .{%((cos t—sint)i—(sint+ cost)j— k)
=0
= x(cost—sint)—y(sint +cost)—z+e*(—sintcost +sin?¢+ sintcost+cos?t+1)
=0
= (cos t—sin t)x — (sint + cos t)y —z = — 2e*
= (sin t — cos t)x + (sin ¢ + cos t)y +z = 2e7*.
W)b=txn
i j k
= i(cos t—sint) - i(sin t+cost) ——
V3 V3 V3
1 1
———(sint + cost) = —(sint — cost) 0
V2 V2
i j k

1] . .
= —|sinft—cost sint+cost 1

\/g sint+cost cost-sint O
1

& ﬁ [(sin # — cos #) i + (sin ¢ + cos t) j — 2K].

(vi) Using b, the d.r.’s of the binormal are sin ¢ — cos ¢, sin ¢ + cos ¢, — 2.
The equation of the binormal at the point ¢ are

x—e'sint y-e'cost z-—e”

sint—cost sint+cost -2

Example 9. Find the equation of the osculating plane at a general point on the curve
r = (¢, 2, t3). Show that the osculating planes at three points on this curve meet at a point lying
in the plane determined by these three points.

Sol. The given curve is r = (¢, t2, t3). Parametric equations of the curve are
x=ty=tz=t5
x=1,y=22=382,%=0,y=2 7 =6t

Equation of the osculating plane at point ¢ is
X-t Y-t Z-¢
1 2t 3% | =0
0 2 6t
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= 62X -t)—6tY-t2)+2Z-t3) =0
= 32X -3tY+Z-t3=0. ..(1)

Let ¢,, t,, t; be the values of the parameter ¢ at any three points on the curve.
The equations of the osculating planes at these points are
3X -36,Y+Z—-t2=0
3t X - 3t,Y+Z—t}=0
and 3tIX-3t,Y+Z—-t3=0
Let these planes intersect at the point (a, B, ).
: t2o—3tB+y—t2=0
tZo—3t,p+y—t3=0
and Bt2o—3t,p+y-t3=0
t,, ty, ty are the roots of the cubic equation
t2oa-3th+y-t2=0

or 3 — 32+ 3pt—y=0 .(2)
Let the equation of the plane passing through the points ¢,, ¢, and ¢, be
ax+by+cz+d=0 ...(3)
= at +bt2 +ct> +d =0
= ct3+bt2+at+d =0,
where t =11, 1, ...(4)

Equations (2) and (4) are same.
1 -3 38 -y
¢c b a d
a =3P, b =-30c,d=-1yc
3 = 3PBex — 3oy +cz—vye =0
= 3Bx —3oy +z—-y=0
(o, B, v) lies on this plane if
3pa—3apf +y—y=0 if 0 =0, which is true.
The result holds.

Example 10. Show that there are three points on the curve x = at® + b, y = 3¢t + 3dt,
z = et + f such that their osculating planes pass through the origin and that the three points lie
on the plane 3cex + afy = 0.

Sol. The given curve is
x=at3+b,y =3ct? + 3dt, z = 3et + f.
x=3at?, y =6ct +3d, z =3e, x =6at, y =6¢, z =0
Equation of the osculating plane at point %’ is
X -(at® +b) Y-(3ct?+3dt) Z-(3et+f)

3at? 6¢ct +3d 3e =0
6at 6¢c 0
= —18ce(X — at3 — b) + 18aet(Y — 3ct? — 3dt)

+ (18act? — 36act® — 18adt)(Z — 3et —f) = 0
=  ce(X—at’—-b)—aet(Y —3ct? — 3dt) + (act® + adt)(Z — 3et — ) =0
Let this plane pass through the origin.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

36 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

ce(0 — at® —b) — aet(0 — 3ct? — 3dt) + (act® + adt)(0 —3et — ) =0
= — acet® — bee + 3acet? + 3adet? — 3acet?® — acft? — 3adet® — adft = 0
= acet® + acft’> + adft + bce=0 ...(1)
This is a cubic in ¢. Let the roots of this equation be ¢, ¢, and ¢,.

There are three points on the given curve whose osculating planes passes through
the origin. Let x, =at? + b, y, =3ct? + 3dt,, z, = 3et; + [

3 _

b= a ’ b= 3e

t12=y1—3dt1:i y1_3d(21—fj :eyl—d21+df

3c 3c 3e 3ce
1 = acet 3 + acft,® + adft, + bce = 0
= ace(xl_bj+acf(wj+adf(ﬂ) +bce =0
a 3ce 3e
d,

= ce(xl—b)+%(ejﬁ—dz1+df)+g3:f(21—f)+bce=0
= 3ce(x; — b) + afley, — dz, + df) + adfiz, — ) + 3bce? = 0
= 3ce?x, — 3bce? + aefy, — adf z, + adf? + adf z, — adf?® + 3bce® = 0
= 3ce’x, + aefy, =0
= 3cex; + afy,; =0

(x4, ¥4, 2¢) lies in the plane 3cex + afy = 0.

Similarly, the points corresponding to ¢, and ¢, also lie on the plane 3cex + afy = 0.

EXERCISE 1.5

1. Find the intersection of the xy-plane and the tangent lines to the helix r = cos ¢i + sin #j + tK,
t>0).

Find the equation of the osculating plane at any point on the curve r = (¢, ¢2, ¢3).

Sl

Find the equation of the osculating plane to the curve r = #i + #%j + t°k at the point for which ¢ = 1.

4. Find the equation of the osculating plane to the curve x = 3¢, y = 3t2, z = 23 at the points (3, 3, 2),
(- 3,3,—2)and (6, 12, 16).

5. Find the equation of the osculating plane at the point ‘ ¢’ on the helix x =a cos ¢,y = a sin ¢, z = ct.

x z
6. Show that the osculating plane at the point # = 1 of the curve r = (3at, 3bt2, ct®) is o % + P 1.

7. Find the equation of the osculating plane at the point ¢ of the curve
x =acosht, y=asinht, z = bt
8. Find the equation of the osculating plane at the point ¢ of the curve
r = 4a cos® ti + 4a sind tj + 2a cos 2tk.
9. Find the osculating plane at the point # of the curve x = a cos 2¢, y = a sin 2¢, z = 2a sin t.

10. Find the basic unit vectors t, n and b of the curve r = (¢, #2, ¢3) at the point ¢ = 1. Find also the
equations of the characteristic lines and planes at this point.
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Answers
1. (cost+tsint,sint—t¢tcost,0) 2.3t -3ty +z =13
3. 3x—-3y+z=1
4. 2x—-2y+2=2,2x+2y+2=-2,8c-4y+2=16
5. clxsint—ycost—at)+az=0 7. bx sinh ¢t — by cosh t + az = abt
8. 2xcost—2ysint— 3z =2a cos 2t
9. (sin 3¢ + 3 sin #)x — (cos 3t + 3 cos t)y + 4z = 6a sin ¢

10.

1 1 1
t=—— i+2j+3k),n= ——(—11i - 8 + 9k), b = —— (3i - 3j + k),
J14 /266 V19
x-1 y-1 2-1 x-1_y-1_2-1 x-1_y-1_2z-1
1 2 3 1 8 -9 3 -3 1

XxX+2y+32=6,11x+8y—-92=10,3x -3y +z = 1.
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Curvature and Torsion

1. INTRODUCTION

For curves in space, the concepts of curvature and torsion are of fundamental importance.
We know that line segments are uniquely determined by their lengths, circles by their radii,
triangles by side-angle-side etc. In geometry, we look for geometric quantities which distinguish
one figure from another. The importance of curvature and torsion can easily be estimated
from the fact that it can be proved that a curve is uniquely determined (except for its position
in space) if its curvature and torsion are given as continuous functions of arc length ‘s’.

2. CURVATURE OF A CURVE

Let r = r(s) be a regular curve C of class C"™(m > 2), where s is the parameter ‘arc length’.
The vector r”(s) is called the curvature vector
on the curve C at the point r(s) and it is denoted by

—
=

‘)
~

Kk(s) (or by k). The magnitude of the curvature vector /v
is called the curvature of the curve C at the point r(s) —
r(s) and it is denoted by x(s) (or by «). C

K(s) = | 1(s) | — A |

Also t(s) = r'(s), so we have

K(s) = t'(s).

We know that t(s) is a unit vector. /

= ts) ~t(s) =1

= ts) tls)+t(s) - ts)=0

= 2t(s) - t(s) =0

= K(s) - t(s) =0

The curvature vector k(s) is orthogonal to t(s) and hence parallel to the normal
plane at r(s). When k(s) is non-zero, it is in the direction in which the curve is turning.
The reciprocal of the curvature at a point is called the radius of curvature at that
point and it is denoted by p.

1
p= (Assuming k # 0)
A point on the curve C is called a point of inflexion if the curvature « at that point is
Zero.
K r/’ ’
Remark. We have —=——=—=1n,
L
K
n=—.
K

38
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Example 1. Show that: x=|r'xr

I/l

n
Sol. |1"X1‘”|=|t><t'|=|t|‘|t'|Sin§=1'K'1=K

K=|rxr

I/l

Example 2. For the helix v = a cos ti + a sin tj + btk, a > 0, b # 0, find the curvature at

the point t.
Sol. We have r=acosti+a sin {j + btk.
r =—aqasinti + a cos tj + bk
= || = Ja®sin® t + a® cos® £+ b% = \Ja® + b
r 1 . .
t=—=———(—asinti+acostj+bk)
e Ja? + b2
podt_dt dt_adt/ds
ds dt ds dt/ dt
1 o e
=—(—acosti—as1nt,])/§
a® +b* dt
=—L(costi+sintj) /\/az+b2 ( £:|r|)
[2 ;2 dt
a“+b
= — i N (costi + sintj)
a’ +b2
a
Curvature, K=|x|= (- cost)? +(—sin¢)? = .
| x| a2+62\/ a? +b?

1 1
Example 3. For the curve r = ti + §t2j + §t3k, find the curvature vector and curvature

at the point t = 1.

1 1
Sol. We have r==t+ Etzj + §t3k.
r=i+#+t’k and |T|=1+¢2 +¢*
} 1
t= = (i+tj+t%k)

Pl 124t
) 1 3
t=——(G+2tk)+| - 2t;4t4 373
N1+e2+¢4 21+t +t)

) i+t +t°k)
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1
- (1+t2 +t4)3/2

1
A+ 4t

g dt_dtdt
ds dt ds
1

C(A+t2 44?2

[(1+22+tHG + 2tk) — & + 2t3)d + tj + t2Kk)]
[+ 2631 + (1 —t9j + (2t + t3)k]

. /ds ;.
2 _t
¢ dt /|1'|
[+ 2631 + (1 —t9j + (2t + t3)k]

At t=1,

K= %[—3i+0j+3k]=—%i+%k and K= [ | = %+%=g.

Theorem 1. Prove that the curvature of a regular curve at a point is equal to the rate of
change of direction of the tangent with respect to arc length.

Proof. Let r = r(s) be a regular curve of class C"(m > 2), where s is the parameter ‘arc

length’. Let r(s) be any point P on the given curve. Let r(s + 8s), 6s > 0 be a neighbouring point

Q of r(s). Let t(s) and t(s + ds) be the unit tangent vectors at the points r(s) and r(s + ds)

respectively.

t(s)

t(s + 3s)

t(s + 8s) — t(s)

r(s + 3s)

t(s) M

2
A t(s + 8s) B

Let 66 denote the angle between the tangent vectors t(s) and t(s + ds).
By definition,

k= |t |=|lim t(s+3s) —t(s) | _ lim t(s+3s) —t(s)
85 —0 Ss 8s >0 s
. |t(s+38s)—t(s)]|
K= BISITO 88 (1)
Since t’ is a unit vector, we have AC = AB = 1.
In AABC, CB = | t(s + 8s) — t(s) |
Also CB=2CM =2 sin ZCAM = 2 sin 8—26
3
= 2 6_9 - (66/2) + ------
2 3!

(By using Taylor’s expansion for the sine function.)
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I
(2]
D

—
—

|
>
N
|2
[\]
N——

=1
® = ke fm
.80 . (56)*
- gslﬂ})g'sléi%(l 24 +n J (v 80 —>0asds—0)
do do
= T . 1:_ = +L.U.
s s rate of change of 6 w.r.t. s

The curvature at a point is equal to the rate of change of the tangent with respect to
the arc length.

Theorem 2. Prove that a regular curve of class C™(m >2) is a straight line if and only if
its curvature is identically zero.

Proof. Let r = r(s) be a regular curve of class C"(m > 2), where s is the parameter ‘arc
length’.

Let the curve be a straight line.

Let the curve passes through the point whose position vector is a and is parallel to

vector b.
r = a + th, where ¢ is a parameter.
dr dr
—= —1=|b
= 7 b and 7 |b|
r b
== —
x| |b]
, dt dt dt
=t = —=0.—=0
dt ds ds

k= |0| =0 i.e., the curvature is identically zero.

Conversely, let the curvature of the curve be identically zero i.e., k = 0.

= k=0 = t'=0 = t=c,aconstant vector.
= r'=¢ = r=cs+d,whered is a constant vector.

The curve is a straight line passing through the point whose position vector is d and
is parallel to the vector ec.

The result holds.
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Theorem 3. Let r = r(t) be a regular curve of class C™ (m > 2), where t is an arbitrary
parameter. Prove that

| x 7|
K=
|x[?
Proof. We have T = ﬂ :ﬂé: r's=sr’
t ds dt
and = @ = i(ér’) =8 dr 151 = $(r”3) + §r’ = §r’ + $%r”
dt dt dt

FXF =S XX +8°r7) = (58 (' x 1) +(8°) (@ xx”)

=350+ xr) =53 x1”)

=|1"|3(r’><r”) (o &=1])
|#x#| = | [®|r’'||r”|sin 6, where 0 is the angle between r’ and r”.
Now r' =t, r” =t" and t and t’ are orthogonal.
0 = m/2
Also |r|=|t]|=1 and |r"|=x
lex#]=|rf.1.x.1
x|
=
||
Corollary. If r=x(®i + y(t)j + z(t)k, then
[£xF | = 55z -2)2
and | £ | = yZx2.
[ix¥| 25z -52)2
K = N = N .
Irl3 (EXZ)S/Z
Remarks 1. If r = r(s), then
K=|r|=|rxr"|.
2. If r = r(¢), then K= |I|'f<|;'|.
r
Example 4. For the circle r = a cos ti + a sin tj, a > 0, find the radius of curvature at
point t.
Sol. We have r=acosti+asintj,a>0.
r =—aqasin ti + a cos tj
= |1"|=\/a2sin2t+a2cos2t=a
t=—=—(—asinti+acostj) =—sin ti + cos tj

l*| a
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_yodt_dt dt
ds dt ds

= (- cos #i — sin tj)/é
dt
=—(costi +sin tj) /| 7|

1 . o e
=— g(cos ti + sin tj)

1

1
Curvature, K=|x|= —\/(— cost)? +(-sint)? = —
a a

. Radius of curvature = 1 = 1 =a
k la
Radius of curvature is equal to the radius of the given circle.

Alternative method

We have r=acosti+asintj, a>0.
I' = —asin i + a cos tj
and ¥=—qacosti—asinij
i J k
rxy =|—asint acost 0| =(a?sin?t + a2 cos? H)k = a?k
—acost —asint 0
| EXF | = g2
Also | © |2=a?sin?¢ +a%cos?’t=a? - | T | =a
.13 3
. 1 r a
. Radius of curvature = — = | |__ =—=a
K |EX¥| a

Example 5. Show that along the plane curve r = x(t)i + y(t)j,

o lEi-Ey |
% +92 )2
Sol. We have r=xi+yj. ..(1)
rXxXr
Also, = | |I"|3 | ...(2)
1 = r=Xi+yj and ¥ =5X%i+¥j
i j k
x y 0
1/2
lix#|=|¢5-iy] and |i|=(%*+5%)
2 oo lEg-iy| _ |Eg-dy)

[(3&2 +y2)1/2]3 _(3&2 +y2)3/2 '
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Example 6. For the curve
r=(t-sint)i + (I - cos t)j + tk,
find the curvature at point t.

Sol. We have r=(t-sin#i+ (1 -cost)j +tk.
r=(l-cost)i+sintj+k
and I =sin i + cos £j + Ok
. i
||
i i k
rX¥ =|1-cost sint 1|=—costi+sintj+ (cost— 1k
sint cost O
#x 3 | = yJeos® t +sin® + (cos t — 1)
1/2
.9 t 2 . 4 l &
=|14+|-2sin“ — =|(1+4sin™ —
2 2
x| = \/((1—cost)2 +sin® ¢ + 1)
= (1+cos?t—2cost+sin’t+1V2
NL
=(1+2(1 —cos t)¥2 = (1+ 4 sin® E)
NG £\V2
(1+4sin4 ) (1+4sin4 J
2 2
1 = K= 5 = :
in2 ¢ (1 4 sin? j
1+4sin” — + 458
2 2
Example 7. For the curve x = 4a cos® t, y = 4a sin® t, z = 3c cos 2t, show that
a
K= ) 2 - .
6(a” +c”)sin 2t
Sol. Let r be the position vector of the point (x, y, z) on the curve.
r=xi+yj + 2k = 4a cos3 ti + 4a sin3j + 3c cos 2tk
, dr dt
=Y = — —
dt ds
. . . . dt
= (— 12a cos? t sin ti + 12a sin? ¢ cos tj — 6¢ sin Ztk)a
. . . . . . dt
= (— 6a cos ¢t sin 2ti + 6a sin ¢ sin 2¢j — 6¢ sin Ztk)g
: . o dt
t =6 sin 2t (— a cos ti + a sin tj — ck)— ..(1)

ds
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— |t|=6$in2t,\/a20052t+a25in2t+62 %
s
dt
= 1 =6 sin 2t V@ +c” s o Jt]=1
N ﬁ = G,Ia2 +c? sin 2t
dt
= % =6+/a% +¢2 sin 2 (Assuming sin 2¢ > 0)
. . o 1
1) = t=6sin 2¢ (—a cos ti + a sin tj — ck) .
6\/(12 +c? sin 2t
1 . ..
= ——— (—acos ti + a sin tj — ck)
Ja? +¢?
Now t = at_dtdt
ds dt ds
e . 1
= (a sin ti + a cos tj — 0k)
a® +c? 6\/a2 +c? sin 2¢

= 5 (; - (sin ¢ + cos &j)
6(a” +¢”)sin 2t

k= |t | a4 \/sin2t+coszt = a

= 6(a® +c?)sin 2¢ 6(a?+c?)sin 2t

Example 8. Find the radius of curvature at any point of the curve

+y?=d? x> -y? = az
Sol. The given curve is
22 +y?=a? .. x2—y2=az ..(2)
Let x=acost,y=asint
(1) is satisfied.
2 = a®cos?>t—a?sin’t =az
= z =a cos 2t

The given curve is
x=acost,y=asint, z=a cos 2t.
Let r be the position vector of the point (x, y, z) on the curve.
r=xi+yj+zk=acosti+asintj+acos2tk
I = —q sin ti + a cos tj — 2a sin 2tk
and T = —q cos ti — a sin tj — 4a cos 2tk
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i j k
rX¥ =|—-asint acost —2asin2t
—acost —asint —4acos2t
i j k

a?2|sint —cost 2sin 2t
cost sint 4 cos2t

a® [(— 4 cost cos 2t — 2 sin ¢ sin 2¢)i — (4 sin ¢ cos 2t — 2 cos ¢ sin 2¢)j
+ (sin? t + cos? t)K]
a® [(— 2 cos t cos 2t — 2 cos (¢ — 2t))i
+ (— 2 sin ¢ cos 2t + 2 sin (2t —1))j + K]
= a?[- 4 cos® ti + 4 sin3 4j + K]

)
|

=a2sin?t + a2 cos? t + 4a? sin? 2¢

||
=a%(1 + 4 sin? 2¢) = a?(5 — 4 cos? 2¢)
42
= a2(5 ——22 ) =b5a? — 422
a
|#] = y/5a® — 42>

|t x i |2 =a*16 cos® ¢+ 16 sinb ¢ + 1)

a*[16{(cos? t + sin? ¢)3 — 3 cos? ¢ sin? ¢ (cos? ¢ + sin? ¢)} + 1]
a*[16{13 — 3 cos? t sin? ¢ . 1}'+ 1] = a*[17 — 48 cos?t sin?¢]
a*[17 — 12 sin? 2t] = a*[5 + 12 cos? 2¢]

122”
at [5 + = } = a2(5a% + 122?)
a

Fx# | = ayba” + 1227
l_ |r|3 ~ (5&2 _422)3/2

N aatd a\/5a2+1222.

Example 9. Find the equation of the osculating plane and curvature at point t of the
curve x =a cos 2t, y = a sin 2t, z = 2a sin t.

Sol. Let r be the position vector of the point (x, y, z) on the curve.
r=xi+yj+zk =acos 2ti + a sin 2{j + 2a sin tk

. T = — 2a sin 2t + 2a cos 2t + 2a cos tk
and T = — 4qa cos 2ti — 4a sin 2tj — 2a sin ¢t k
i j k
Xy =|—-2asin2t 2acos2t 2acost
—4acos2t —-4asin2t -2asint
i j k

=—4g?|-sin2t cos2t cost
2cos2t 2sin2¢t sint
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= — 4a?[(cos 2t sin t — 2 sin 2¢ cos t)i
— (— sin 2¢ sin ¢ — 2 cos 2t cos t)j + (— 2 sin? 2¢ — 2 cos? 2t)K]
= —4a?((sin (t — 2t) — sin 2¢ cos )i + (cos (2t —¢t) + cos 2t cos t)j — 2k]
= 4a2[(sin t + sin 2t cos t)i — (cos t + cos 2t cos t)j + 2K]
Equation of the osculating plane is [R-r r r] = 0.
= R-1r).(rx¥)=0 ..(1D)
Let R=uxi+yj+2zk
(1) = [(x—acos2t)i+(y—asin2)j+ (z - 2a sin HK] - 4a%[(sin ¢ + sin 2¢ cos ¢)i
—(cos t +cos 2t cos t)j + 2k] =0
= (x —a cos 2t) (sin ¢t + sin 2¢ cos t) — (y — a sin 2¢) (cos ¢ + cos 2t cos t)
+(z—-2asint)2=0
= (sin t + sin 2¢ cos t)x — (cos ¢ - 2 cos? t)y + 2z
a cos 2t sin t + a cos 2t sin 2t cos t —a sin 2t cos ¢t — a sin 2t cos 2t cos t + 4a sin ¢
asin (¢t —2t) + 4a sin t
= 3a sin ¢

(sint + sin 2¢ cos )x —2 cos® ty + 2z = 3a sin ¢
This is the equation of the osculating plane.

| & x i |2 = 16a*[(sin ¢ + sin 2t cos ¢)2 + (cos ¢ + cos 2¢ cos )2 + 4]

= 16a*[sin? t + sin? 2t cos?t + 2 sin ¢ sin 2¢ cos t + cos? ¢ + cos? 2t cos? ¢

+ 2 cos t cos 2t cos t + 4]
= 16a*[1 + (sin? 2¢ + cos® 2t) cos? ¢t + 2 cos ¢ (sin ¢ sin 2¢ + cos t cos 2t) + 4]
= 16a*[1 + cos? t + 2 cos t cos (t —2t) + 4]

| x# | =4a” 5+ 3cos® ¢
Also, |#|? = 4a? sin? 2t + 4a? cos? 2¢ + 4a® cos® ¢
= 4a? + 4a? cos? t = 4a*(1 + cos? t)

|22 = 8a%(1 + cos?¢)¥2

= | & x| 4a2\/5+3cos2t a V5 +3cos?t
| |? 8a3(1+cos? )2  2a(1+cos?)®?’
Example 10. Show that a curve r = r(s) of class C"™(m > 2) is a straight line if all tangent
lines are concurrent.
Sol. The equation of the tangent line at the point r(s) is
R(s) = r(s) + Ms)t(s),
where R(s) is a general point on the tangent line and A(s) is a parameter.
Let all tangent lines intersect at the point r(s).
r,(s) = r(s) + A (s)t(s) for some value A(s) of A(s)
Differentiating w.r.t. s, we get
0 =1(s) + Ay(St'(s) + Aj(s)t(s)
0 = t(s) + A (s)t'(s) + Ag(s)t(s)
0 = (1 + A, (sNt(s) + Ay(s)t'(s)

=
=
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Multiplying by t'(s), we get
0=(@1+2;(s) (t(s) - t'(s)) + Ay (s)(E(s) . t'(s))
0=(1+25(s) -0+ Ays) [t'(s)]?
() [t(s) [2=0 = [t(s) | =0 = t(s)=0 (Assuming A(s) # 0)
t(s) = ¢, a constant vector

LI U

r(s)=e¢ = r(s) =sc + d, where d is a constant vector

The curve r = r(s) is a straight line passing through the point whose position
vector is d and is parallel to the vector c.

WORKING RULES FOR SOLVING PROBLEMS
Rulel. ()k=r'=t  (ik=|1r'|=]|t]

Rule II. Radius of curvature, p = 1
K
| x|
i

Rule IV. Curve is a straight line if and only if its curvature is identically zero.

Rule IIL () k= | ¥ x ¥/| (i) x =

EXERCISE 2.1

1. For the curve r = a cos ti + b sin tj, a, b > 0, find the curvature at point ¢.

2. For the curve r = cosh ti + sinh ¢j, find the curvature at point #'.

3. For the curve r = ti + t¥%j, ¢t > 0, find the curvature at point .

4. Show that a curve r = r(¢) of class C™ (m > 2), where ¢ is an arbitrary parameter, is a straight line
if ¥ (¢) and ¥ (¢) are linearly dependent for all ¢.

5. For the curve r = ti + t?j + t°k, find the curvature at the point (0, 0, 0).

6. Show that the curvature of a circle of radius a is equal to 1/a.

7. Letr =r(¢) be a regular curve of class C"™(m > 2), where ¢ is an arbitrary parameter. Show that:

Vo) (7. 1) - (. 1)
K= .

(I' . I',)3/2

8. Show that for a curve y = y(x) in the xy-plane:
ly
(1+y2)32
9. For the following curves in the xy-plane, find curvature: (i) y = x2 (ii) xy = A.
10. For the curve x = a(3t — t3), y = 3at?, z = a(3t + t3), show that:
_ 1
“ T Ba1+ 22
11. For the curve x = ¢,y = t2, z = t3, show that:
2 49t* +9t2 + 1)
@ttt 4+

//l

K(x) =
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12. For the helixx =a cos ¢, y = a sin ¢, z = at cot o, show that: k = 1 sin? a.

a

13. Find the curvature of the curve given by r = a(¢ — sin #)i + a(1 — cos #)j + btk.

3
14. For the curve x = 3t, y = 3¢2, z = 2¢3, show that: p = E(l + 2t%)2.

Answers

1 ab 9 1 3 6

* (@®sin® t + b2 cos? )32 * cosh? 2t TVt 4+ 902
- o 2 oA

. . (D) e (i1) (x4 1 12)372

V2
a(b2 +4a? sin? 5)
13.

3/2
(bz + 4a? sin? é)

Hints
4. Letr@)=Ar().

)
7. E.0E D -0 =|eP|Ef -(|]||¥|cos0)? =2 ¥ (1-cos?0) =ITXT[".

3. TORSION OF A CURVE

Let r = r(s) be a regular curve C of class C"™(m > 3) and r”(s) # 0, where s is the param-
eter ‘arc length’.

t’(s) _ t’(s)
[t(s)|  |r"(s)]

r’(s) #0 = n(s) = n(s) is defined.
r’(s) _r'(s)xr’(s)

Also, LA x nls) = x'(s) x le”(s)| (3]

b(s) is defined.

n(s) and b(s) exist at the point r(s).
Since r”’(s) exists, the binormal b(s) is differentiable w.r.t. s.
b’(s) exists.

The scalar quantity — n(s) . b’(s) is called the torsion of the curve C at the point r(s) and
it is denoted by 1(s) (or by 1).

The reciprocal of the torsion is called the radius of torsion at that point and it is
denoted by o.

o=

1. (Assuming 1 # 0)
T
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Remark. It can be proved that a curve is uniquely determined (except for its position in space) if
we are given its curvature k(# 0) and torsion T as continuous functions of arc length s. This result shows
the importance of curvature and torsion in the study of differential geometry of space curves.

Example 1. For the helix r = a cos ti + a sin tj + btk, a > 0, b # 0, find the torsion at the

point t.
Sol. We have r=a costi+a sin fj + btk
. Ir =—asinti + a cos tj + bk
= |I"|=\/a2sin2t+anos2t+b2 = ya® +b”

T 1
t=— = ——— (—asinti+ a cos tj + bk)
lr] a? + b2

dt dt dt dt /ds

T ds dids dt/ dt
1

= ——=—(-acosti—asintj) /|¢|
'\/a2+b2
a
=———— (cos ti +sin tj) /./a? + b2
\/m J / a‘+b

’

a > . .
=— ——— (cos?1 + sin #j)

a“+b
a a
t'| = ———=(cos? ¢+ sin2 )2 =
v a? +b? a® +b?
2 2
’ a . . .. a’+b .
=|:_/|—— T 52 (cos ti+sin tj). = —(cos ti + sin tj)
a
i j k
. a b
b=txn=|- sin ¢ cost —
\/OL2 +b2 \/OL2 +b2 \/az +b2
—cost —sint 0
1 i j k

=- = —asint acost b
ya© +b cost sint O
1
=— ——— [-bsinti + b cos tj — ak]
1lotz+b2

p_db_dbdt_dbjds
T ds dt ds di/ dt

1
=———(-bcosti—bsintj— 0k) /|t

qlaz +b2
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= ﬁ (b cos ti + b sin ¢j) /,/a2 +b2
a® +

b
= (cos ti + sin tj)
a’ +b?

Torsion, T=-n-b’

= (cos ti + sin tj) .

(cos ti + sin £j)

b
= .(cos?t +sin?t) = ———.
a? +b2 a? + b2
Note. Torsion at each point of a helix is always constant.
Theorem 1. (Serret-Frenet formulae). Let r = r(s) be a regular curve of class C™(m > 3),
where s is the parameter ‘arc length’ and r”(s) # 0. Prove that

a? +b?

@) t'=kn @) n" =-xt+1b (iii) b’ = - 1n.
Proof. (i) kn=|r|n=|¢t |(%J =t
t' = kn.
(Tii) b-ty=b-t+b -t=b-(kn)+b" -t
=k(b-n)+b" -t=0+b'-t=Db" -t
Also, b.ty=0=0
= b.t=0 = b’ is perpendicular to t.
Also, |b|=1 = b:-b=1 "= b-b+b"-b=0 = b -b=0

= b’ is perpendicular to b.
b’ is perpendicular to the plane determined by t and b.
b’ is parallel to n.

Let b’ = An.

= n.b=n-0n=An-n=A-1=A2A

= —T=A (v 1T=-n.b")
b’ =—1n.

(it) We have n=>b xt.

n=Mbxt)=bxt'+b' xt=bx(xn)+(—1t)xt
(Using (i) and (i)
=k(bxn)-tnxt)=x(-t) —t(—b) =—«t + tb

n’ =—«t + thb.

Remark 1. Serret-Frenet equations shows that we can express the vectors t’, n’, b’ as linear
combinations of the vectors t, n, b.

Remark 2. We have proved equation (iii) before proving equation (ii) because the result of (ii7) is
used in proving (i7).
Remark 3. The Serret-Frenet equations can also be written as
t'=0t + xn + Ob
n =-xt+0n +tb
b’ = 0t — tn + Ob.
[ 0
In the above equations, the coefficients of t, n and b form the matrix |-k
O —

L on
S a o
| S
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Remark 4. In the above discussion, t, n, b, t’, n’, b’, k, T are all functions of the parameter s. For
the sake of simplicity, we have written t(s) as t etc.

Example 2. Show that along the curver =x(s), kt= | t' - b’ |.
Sol. We have t-b'=kn)(-m=-xt(n.n)=-x1(l) =-«xt

|t -b | =| —xt | =xt.
Example 3. Show that along the curve r = r(s), T = [t n n’], provided x # 0.
Sol. nxn' =nx(—«kt+1h)=-«xn xt)+1(nxb)

—k(=b) + 1(t) = kb + tt

tnn]=t-mxn)=t- (kb + 1t)
=k(t-b)+1t.t)=x(0)+1(1) =1
T=[tnn’].
[r/ r// r/ l/] .
Example 4. Show that along the curve r = r(s), T = — provided x # 0.
K
Sol. We have =t and r" =t =«xn
" = dr” _dv _d (kn) = xn’ + K'n
T ds ds ds -
= k(- xt + tb) + K'n (Using n’ = - xt + 1b)

=— %t + xth + ¥n
r xr” =xn x (— k%t + xth + Kn)
-3 xt) + ¥2t(n x b) + KK'(n x Nn)
=—k3(—b) + K21t + xkK’0 = 3b + K21t

rr]=r" @ xr”) =t (b + K21t)
=3t -b)+k%t-t)=0+x2t-1=x%1
e ]
> Y%

Theorem 2. Let r = v(t) be a regular curve of class C™(m > 3), where t is an arbitrary
parameter. Prove that

T=L__ﬂ2,pmvided | ©x# | #0.
| x|
Proof. We have i‘=£:£§:r’é=ét
dt ds dt
T = %:%(ét)Zé%ﬁ-é‘t = $(t's) + 5t

= $2(xn) + §t = §t + k$’n
PXE = ($t)x (5t +xs2n) = $8(tx t)+ k&3t xn)

— $5(0) +x$°b=xs’b

Differentiating w.r.t. ¢, we get

PXTF+PXPE = Kb +x35%25b + k3 (b'$)
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- FxiE+0 = (ks +3ks25)b + ké*(— tn)
= Pxi = (K82 +3ks%8)b-k1s*n

L@ xT) = (5t+Kksin)- [(K'é +3k525)b -k 15*n

= -x%%(n.n) (Usingt*b=0,t*n=0,n-b=0)
- [# ¢ ¥ = — k%%
= — [ ¥ ¥]=- k%%
= [ ¥ ¥] = k%57 (D)
Also | Tx¥# | = ks? |b|=xs?
1) = [F¥¥l=|exi]r
ki ¥
T ExE?

Corollary. If r = x(¢)i + y(t)j + z(t)k, then

x y 2
f # ¥l =|% § 2| and |Ex¥]? = 2(9 - §2)°.
E3 3 [ R g
T=——75 =% §J 2 + X(yz — y2)°.
|I'XI'| ¥ y 5
Remarks 1. If r = r(s), then
e of o] rz]. (Using = | ¥' x ")
|r" xr”|
2. If r = r(¢), then
e r ¥l

T lExil

Theorem 3. Prove that a regular curve of class C™(m > 3) is a plane curve if and only if
its torsion is identically zero.

Proof. Let r = r(s) be a regular curve of class C"™(m > 3), where s is the parameter ‘arc
length’.

Let the curve be a plane curve.

Let the plane of the curve be normal to the vector a.

r - a = A, where A is some constant and r = r(s).

= %(r-a)=0

= r-a=0 = t-a=0 (1)
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d ,
(1) = —(t.a) =0 = t.a=0
ds
= It,l.a=0 = n.a=0 ..(2)

(1) and (2) imply that a is perpendicular to the plane of t and n.
a is parallel to the unit binormal vector b.

Let b=ua.
db d
b —E—d—(ua) =0

T=—-n.b’'=-n.0=0 ie., the torsion is identically zero.
Conversely, let the torsion of the curve be identically zero.
By Serret-Frenet equation, b’ = — tn.
b’=0n=0 .. b=Db, aconstant vector.
Let r be any point on the curve.

di(r.b0)=r'.bo=t.bo=o (- t.b=0)
S

. r . b, = constant.

This equation represents a plane.
The curve r = r(s) lies on a plane.
The result holds.

Remark. For a curve to lie in a plane it 1s sufficient to show that its unit binormal vector b is a
constant vector.

Example 5. Show that the curver =acosti+asintj+bk,a >0, b #0is a plane curve.

Sol. We have r=acosti+asintj+bk

Ir=—asinti+acostj+0k

|| =\/a2sin2t+a2cos2t =a

1
t=7z7=—(-asinti+acostj)
a

=—ginti+costj

t=-costi-sintj and |t| = ycos?¢+sin?t =1

n= %z—%(costi+sintj) =—(costi+sintj)
i i) k
b=txn=|-sinf cost 0|=k

—cost —sint O

b is a constant vector.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

CURVATURE AND TORSION 55

= b=0 = t=—mn.b’'=—n.0=0.
The given curve is a plane curve.
Alternative method

—asint acost O

[t ¥ ¥] =|—acost —asint 0| =0
asint —acost O
[r * ¥ 0

T= = =
lix#?  |exif?
The given curve is a plane curve.

2
Example 6. Show that the curve r = (t, %, 1 tt

J lies on a plane.

Sol. The given curve is

_ 42
M LN LN
t t
1 1
2., 2
r=t—3J+t—3k
. 6. 6
and r=_t_4']_t_4k
VA
Ao
o 2 2 12 12
[x ¥ ¥] =|0 = 5 =_t_7+t_7:0
6
O e e
[+ ¥ ¥ 0

T lExEP |ExEP

The given curve lies on a plane.
Example 7. Find the torsion of the curve r = ti + t%j + t’k at the point ‘¢
Sol. We have r=ti+t% + 2k
r =i+ 24 + 37Kk,
r=2j+6tk and r =6k

[r ¥ ¥

(D)

Now, T=W
i j k

Pxi=|1 2t 3t%|=62%-64+2k
0 2 6t
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| #xi |?2=36t*+36t%2+4=4(1+ 92 + 9t

1 2t 3¢
¥ ¥ =0 2 6t|=12
0 0 6
12 3

(1) = T= = .
4(1+9t2+9t%)  1+92 + 9t

Example 8. For the curve r = (at — a sin t)i + (a — a cos t)j + btK, find the torsion at the

point t.
Sol. We have r=(at —a sin #)i + (a — a cos t)j + btk
I =(a—acosti+asinij+ bk
F=qgsinti+acostj+0k and T =acosti—a sintj+ 0k
NOW, T=% ..(1)
| X ¥
i j k
I'xi =|a—acost asint b
asint acost 0
=—abcosti+absintj+(a?cost—a®k
rxi |2=a%?cos?t +a?h?sin?t +a* (cost—1)2
t t
=a?? + a* (—2sin2 ~) = a2[62+4a2 sin? —]
2 2
a—-acost asint b
Also, [r ¥ ¥] =| asint acost O =5b[-asin?t—a2cos?t] =—a2b
acost —asint 0
-a’ b

1 = T Nt
az(b2 +4a? sin* 2) b2 + 4a? sint 5

Example 9. For the curve x =a tan t,y =a cot t,z = @ a log tan t, prove that

_2x/§a

sin? 2t

Sol. The given curve is

x=atant,y=acott, z =2 alogtant.
Let r be the position vector of the point (x, y, z) on the curve.

r=xi+yj+zk=atanti + a cot tj + /2a log tan tk

t=r=r—

ds

2
. . t.|dt
= | asec? ti — a cosec? tj+v2 a SeC Ty | &
tan ¢ ds
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. . 2 dt
t = a | sec? ti — cosec? tj +,Lk — ..(1D)
sin ¢ cos t ds
1/2 &t
= |t]=a sec4t+cosec4t+ﬁ —
sin“tcos“t) ds
1/2
N ds | _ sin? t + cos? t + 2sin? t cos? ¢ _ a
dt sin? t cos? ¢ sin? t cos? t
dt sin®tcos® ¢t
ds a
. . 9 .9 2
1) = t=a secztl—cosec2t3+_Lk T i
sm i cost a
or t = (sin? ti — cos? tj + /2 sin t cos tk)
.9 2
t=t ﬂ=(2Sintcosti+2costsintj+ 9 cos 2tk) , Sm”tcos” ¢
ds a
.9 2
= _ s feost t (sin 2ti + sin 24 + /2 cos 2tk) ...(2)
a
(Using t’ = xn)
.9 2 .9 2
. . 2
. Kl n | = SREEOST (o oy in? 91 4 2 cos? 2 - V2SI feos”t
a
_ﬁsinztcoszt and p = 1 a
a K «/Esin2 ¢ cos? ¢
1 .. .
2 = n= 7—2— (sin 2ti + sin 2¢j + 4/2 cos 2tk)
. dt 1 ) . ) .2 2
= n’=n—=—(200s2t1+2c0s2t3—2\/§s1n2tk)M
ds 2 a
2 sin? tcos? t .
= b — xt = J—— (cos 2ti + cos 2tj — /2 sin 2¢k)
a

(Using n’ = tb — «t)

(tb — xt) - (tb — kt)

2sin® t cos* ¢

5 (cos? 2t + cos? 2t + 2 sin? 2t)

a
9 9 4 sin? ¢ cos* t
= T+ —
a
. . . 4 4
- 2= 4sin* tcos*t 2sin*tcos®t 2sin”¢cos® ¢

2 2

2
a

a a
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J2 sin? t cos? ¢ 1 a
tT=————— and o=—="F7="""5_ 5
a T 2 sin” t cos“ ¢t

a 2 \/5 a
J2 sin?tcos?t sin? 2t .
Example 10. Prove that for the curve of intersection of the surfaces x> + y> = 2% and

4
z=atan =:
x

p:G:

a@2+62)372 a(8+50% +0%)
= — 775 and o= 3 , Where y =xtan 6.
(8+506° +0%) 6+6
Sol. Given surfaces are
x2 +y2 =22 .(1) and 2z =atan™! % .(2)
Let y=xtan® .. (2) = z=catan! (tan0)=a0
(1) = %2+ x%tan? 0 = a202 = x2sec?0=0a%0? = x=abcosH

y = (ab cos 0) tan 6 = ab sin O
The parametric equations of the given curve are
x=abcos 0,y =ab sin 0, z = ab.
Let r be the position vector of the point (x, y, z) on the curve.
r=uxi+yj+zk=ab cos 0i + a0 sin 6j + abk
r =a [(cos 6 — 0 sin 6)i + (sin 6 + 6 cos 0)j + K|
r=a[(—2sin 6 —06cos0)i+(2cos 6 -0 sin 0)j]

¥ =a [(—3cos 0+ 0sin 0)i + (- 3sin 0 — 0 cos 0)j]
i j k
59| cosB-—0sin0O sin®+6cosb 1
-2sinB0-0cos® 2cos0-6sin® 0

rXr =a

a? [(—2 cos 0 + 0 sin 0)i + (— 2 sin 6 — 0 cos 0)j
+(2cos20—0sin 0 cos O —2 0 sin 0 cos 0 + 62sin?0
+2sin20+ 2 0 sin 0 cos 0 + 0 sin 0 cos 0 + 02 cos? 0)K]

a® [(—2 cos 0 + 0 sin 0)i — (2 sin 6 + 0 cos 0)j + (2 + 62)K]

[r ¥ ¥l=0r.¢fX¥) =(Cx¥#) .7¥
a® [(—2 cos 0 + 0 sin 0)i — (2 sin 0 + 0 cos 0)j
+(2+0%k] .a [(—3cos 0 +0sin 0)i — (3 sin 0 + 0 cos 0)j]
= a3 [(6 cos? 0 + 62 sin? O — 50 sin 0 cos 0)
+ (6 sin? 0 + 02 cos? 0 + 50 sin 0 cos 0)]
=a3(6 + 0?)
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| T |2=a? [(cos? 6 + 62 sin? O — 260 cos O sin 0)
+ sin? 0 + 02 cos? 0 + 20 sin 0 cos O + 1]
=a2(2+ 62
| % #|*= ¢4[(4 cos20 + 62 sin2 O — 40 cos 0 sin 0)
+ (4 sin%0 + 02 cos?0 + 40 sin 0 cos 0) + (2 + 62)?]
=a*[4+0%2+4+0*+40% =a* [8 + 50% + 0]

1 |I'|3 a3(2+62)3/2 ~ a(2+62)3/2
P= Kk |EX¥| a2(8+50%2+04)Y2  (8+502%+0%)2
and o= l_|1"><'1"|2 _a*(8+50% +0%)  a(8+50% +0%)

t [kE¥l @%6+02) 0 6+0°
Example 11. For a point on the curve of intersection of the surfaces x> — y? = ¢ and

2

y =x tanh 2, show that p=0= iy
c c

Sol. Given curve is

x2 —y2 =c? (1) y =xtanh§ .(2)
Let x =c cosh t, y =c sinh .
(1) is satisfied.
2 = ¢ sinh ¢ = ¢ cosh ¢ tanh 2
c
z
= tanh;=tanht = z=ct

The parametric equations of the given curve are
x=ccosht,y=csinht, z=ct
Let r be the position vector of the point (x, y, z) on the curve.
r=xi+yj+zk=ccoshti+csinhtj+ctk
I =csinhti+ccoshtj+ck
r=ccoshti+csinhtj

and ¥=csinhti+ccoshtj
| © | =c(sinh? ¢ + cosh? ¢ + 1)V2 = ¢(2 cosh? )2 = \[9c cosh ¢
i j k i j k
Ix¥# =|csinht ccosht c¢| =c?|sinh¢ cosht 1
ccosht c¢sinht O cosht sinh¢ 0

= c? [~ sinh #i + cosh ¢j — K]
| x #| = c? (sinh? ¢ + cosh? ¢ + 1)2 = ¢%(2 cosh? )2 = /2 ¢2 cosh ¢
e xy| V2 c? cosht 1

|#°  (W2ccosht)®  2ccosh? ¢
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1 2 9x?
p= = =2ccosh2t=2c(£) =X
K c c
csinht ccosht ¢
[* ¥ ¥] =|ccosht csinht 0| =c¢ (¢ cosh? ¢ — ¢2 sinh?) = ¢3
csinht ccosht O
Lo LEEFE 3 ~ 1
lix#[>  (2c%cosht)®>  2ccosh®t
1 2 9x2
6=—=2ccosh?t=2c (f) =2
T c c
2x2
p =0=——.
c

Example 12. Determine the function f(u) so that the curve given by r = (a cos u, a sin u, flu))
should be a plane curve.
Sol. The given curve is
r=a cos ui + a sin uj + flu)k.
Given curve is a plane curve iff =0
[ ¥ T]

iff

|1 < ¥
Given curve is a plane curve iff [I* ¥ ¥] = 0.
We shall choose f{u) so that we may have [ ¥ ¥] = 0.
P =—asinui+acosuj+ fwk
¥=—acosui—asinuj+ fwk

¥=asinui-acosuj+ fwk

—@sinu  acosu f(u)
[ ¥ ¥] = |—-acosu -asinu f(u)
asinu —acosu f(u)
0 0 f(u)"+ fw)
= |-acosu -asinu fw) (Operating R, - R, +R,)
asinu —acosu f(uw)
= (f) + F W) (a? cos? u + a2 sin? u) = 2(f@w) +f W)
a®(fw)+fw)=0 (. [F#¥]=0)

= f@+Fw =0
Integrating, we get flu) + f (W) = ¢y

= f@w =c, - fw) = 2f@) f@ =2c, - fw) f@)

Integrating, we get

(F@)? == (cg — fw)? + ¢,
= F@) = ey —(cy - Fw)?
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. @
Ve = (e; - Fw)?

Integrating, we get

. c,—f@w
= sin (— (u +¢,) = —F——

3 \/g

— —\/gsin(u+cs)=cl—f(u)
= f(u)=\/gsin(u+03)+c1

= /cz (sin u €os ¢4 + €os u sin cg) + ¢

= \/gcos%sinu + \/gsin%cosu +c;
fw)=Asinu+ Bcosu +C,
where A = \/g cos ¢y, B = \/g sin ¢, C = ¢, are arbitrary constants.
Example 13. If the tangent and binormal at a point of a curve make angles 6 and ¢ with
sin © d K

sinq)dq): T

a fixed direction, show that:

Sol. Let the equation of the curve be r = r(s), where the parameter ‘s’ is arc length.

Let the tangent and binormal at the point P of the curve make angles 6 and ¢ with
vector a which is along the given fixed direction.

Angle between t and a is 6 and angle between b and a is ¢.
o t-a=acos0 (D) o |t]=1
and b-a=acos¢ .(2) (o |b|=D
Differentiating (1) w.r.t. s, we get

t-a=—asinb —

ds

= Kn-a=-qasin9 — ...(3)

ds
Differentiating (2) w.r.t. s, we get

b"a=—asin¢ﬂ

ds

= —Tn-a=—asin¢d—i) ...(4)
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Dividing (3) by (4), we get

., do
—asinf—
K(n.a) _ ds
-t(n.a) —asinq)@
ds
K sin0 do
= =
T sin¢ do
Example 14. For the curve r = r(s), if
ﬂ =w x t, d_n =wxnand@ =w x b, find the vector w.
ds ds ds
Sol. Given equations are
dt dn db
ds = WX t (1) gs —wxn (2) Fid wxb ...(3)
By Frenet formula, at =Kxn .
ds
dt
= %=0+Kn=r(txt)+K(bxt)=(Tt+Kb)xt
dt
— =(tt+xb) x t ..(4)
ds
dn
By Frenet formula, Zs o kt + th.
s
dn
= E=—K(nxb)+r(txn)=K(bxn)+T(txn)
=(kb+tt) xn=(>Ct+«xb)xn
dn =(tt + xb) x n ...(5)
ds
By Frenet formula, % =—1n.
db _
= E=—’L'(bXt)+0=’[(tXb)+K(bXb)=(Tt+Kb)Xb
ab =(tt+xb) x b ...(6)
ds

If w =1t + «b, then given equations (1), (2) and (3) are satisfied.
Note. The vector w = 1t + kb is called the Darboux vector for the curve r = r(s).

Example 15. Using Serret-Frenet formula, find the direction cosines of the unit principal
normal vector and the unit binormal vector at the point ‘s’ for the curve r = r(s).

Sol. Given curve is r = r(s).
Let r be the position vector of the point (x, y, z) on the curve.
r=xi+yj+zk
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We have t’' = xn.
t/ (r’ )’ r/’ 1 . . x’/ . ” . Z”
= n=—-= = —==—("1+yj+2"k) = 1+y—J+ k
K K K X K K K
”2 ”2 ”2 12
|n|=1 = x2+y2+2_2 =1 = K2=x”2+y”2+z”2
K K K
K = x/l2 + y/l2 + 2”2
” ” ”
X . y . 4
n= 1+ + k
//2 ’/2 //2 //2 //2 //2 J //2 //2 //2
x4+ 4z X"+ " +z X" +y" 4z
Since n is a unit vector, the d.c.’s of n are
” ’” z”
X Y
72 ”2 ”2 ’ ”2 ”2 72 ’ x”2 + "2 + z//Z
X" +y" 4z X" +y" 4z y
¢ i j k
b=txn=1rx—=—(u'xr") =—|x" y 2
x// y// Z//
t ot
(K:t’ = k=|t'| = n:It,|:¥
1 w4 ”_r\e ’. 1 ”_oI\2 Vw4 7”7
= (V2" —y"20 + (2'x" =2"x)j + &y” — x"y K]
y/z// _ y/lz/ . le” _ Z”x, . x/y// _ x//y/ k

1+ J+
\/x”Q +y”2 +Z”2 \/x//Q +y//2 +Z//2 \/xﬂz +y//2 +z//2

Since b is a unit vector, the d.c.’s of b are
y/Z” _y/lzl 5" — 2%’ xly” _ x”y/
5 ’ .
\/x//2 +y//2 +Z//2 \/x”2 +y//2 +Z//2 \/x//Q +y//2 +Z//2

Example 16. Let v = r(¢) be a curve. Prove that:

(1) r=st @) r=5t +xsZ n
(i) ¥ = (§-k26°)t + $(3x§ — k) n + k1$°D.
Hence deduce that:

(a)n=% ®)b= "K:;'
(c) 2 = —lrli; & d)t= [:21‘82‘]
Sol. (i) i‘=%=%%=r’é=ét.

(i) "=%(1’°)=%(sﬁt)=é%+§t

—sWt8+5t=82(xn)+5t =5t+xs’n.
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(Ti) i‘zi(i‘)=i('s’t+ K5°n)

dt dt

(5 a, st) + (ks'zn +K2§ § m+ks” d—n)
dt dt

§(H'$)+5t+k$’n + 2x$5n + k$’n’s

$8 (kn) + 5t + k$2n + 255N + k32 (- kt + th)

(8 - k263t + 8(3x5 + k$)m + k1 $°b.

(@) §F — 51 = $(5t + ks®n) -5 (5t) = k°n
$iF — §i°
n= ks®
) Pxi = ($t)xGt+ks’n) = 55 (txt) + k(b xn)

= $5(0)+xs°b=x®b

rxXr
b= .
s
(c) lit[> = #. # = (5t + k$®n). (5t + ks%n)
=52t +% (. n+Kks’(n.t) + k%% (n.n)
=52 +0+0+x%%1) = 52 + k%!
|r|2 _ §2 =K2§4
8‘4
(d) [P#¥] = 7. (FXT) = (rX¥) . ¥
= (k5°b) . [(§ — k%)t + § (3ks + k$)n + kt$’b]  (Using (iii) and (b))
= k25t (b.b) = «2%s5¢ (Usingb.t=0,b.n=0)
= [ ¥ 7]
CokZ
Example 17. Let r = v(s) be a curve. Prove that:
@Or .r=0 @) r” =- &t + ¥n + xtb
@Gi)r . v =-x2 ) r” . r"” =x«’
W) r” == 3kK't + (K’ — K3 — xtP)n + 2kt + TK)b
i) r' . " =—3xK’ i) " . " = k(& - &% - x1?)
i) r” . v = K’ + 23K + 1t + kK'T?

(ix) [t t” t”] = K¥(xv" — x'1) = ¥° a4 2l b’ b1=103(1-xt) =7 a4 (E)
ds | ¢ ds \ 1
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Sol. i) rr=t-t'=t-(xkn)=x({t -n)=x-0=0. (v r=tandt =«xn)
(i1) r =) =t"=t) =(kn) =kn’ + Kn = k(- xt + Th) + Kn
=— %t + ¥'n + xth. (v n’=—xt+ 1h)
(iii) r-r’ =t (—t+xn+«tb) (Using (iii))
=—k 2t )+t - n+xtt-b)=—k2-1+0+0=—«2
(iv) =) =t r”
= (kn) - (- k%t + ¥'n + x1b) (Using (zi1))
=—k*n - t)+xkkn -n)+x2n-b) =0+« 1+0=«kxK.
(v) r” =@") = (- K’ + ¥n + xtb)’ (Using (iii))

= — (K2t + 2kK’t) + (K'n’ + ¥"n) + (K7b + kUb + ktb’)
=— 12 (kn) — 2kt + ¥’ (— xt + Tb) + ¥'n + K7b + kUb + 1T (— Tn)
= —13n - 2kK’t — kK't + K7b + K'n + «tb + kb = k?n.
=— 3kt + (k" — k% — kt?)n + (2«1 + Tx) b.
(vi) r v =t.[-3kkt+ K -x3-xt?n + (2T + TK)b] (Using (v))
3k (6 t)+ (K — k3 —kt?)(t.n) + 2T+ TK) (t.b)
=-3kK - 1+0+0=-3kxK.
(vizr) r - =t -r”
= (kn) - (- 3kt + (K" — k% — k12)n + (2T + T K)b]
=—3k’K (n - t) + k(K — k3~ k1t2) (- n) + x(2«T + TK) (n - b)
=0+ k(K -1 -x1?) - 140 =k’ -« —«12).
iit) r”-r” =(-k2t+Kn+ xtb). (- 3kt + (k7 — K3 — k1) n + (2T + TK)b)
(Using (i) and (v))
=33t )+ (K- —xtPD) (n - n) + k12T + 7x) (b b)
= 33K + KK” — K'k% = kK'T2 + 2KK'T2 + K217
= KK” + 23" + 1217 + KK'T2.
(ix) [ttt =[x" " "]
0 K 0

- x> K’ KT

—8kk’ k7 -k —«x1? 2K'T+TK

(v r”=1t" =«n and the vectors t, n, b form a right handed triad)
— k- x2(2k'1 + Tk) + 3kK'(x7)] = 2x3K’T + K*t’ — K31
KT -k Kt =1kK3kt - K 1)

B - (LZK/T) — b i(l)
K ds \ K
(x) We have b’ =-1tn =0t—-1t + 0b
b’=®m) =(-tm) =—1m —7tn
—1(—xt +1b) — Tn = 7kt — vn — t%b
b” = (b”) = (1xt — vn — t2b)’
= (Tt + 1K't + xt’) — ("n + TN’) — (21v'b + 12b")
= 7kt + 7K't + to(kn) — T'n — (- xt + tb) — 277'b — 12 (- TN)
=7kt + Kt + %N — T n + Tkt — Tt b — 21'b + °n
=2tk+tK)t+ (k2 -1 +1®) n— 3tt'b
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0 -1 0
[br b” bn — X _ T/ _ TZ

Uk +1K’ wiP-1"+10 -31r
(- t, n, b form a right handed triad)
T [tk (= 3t7) + (27 + ©K)T2]
T [~ 312k + 2127k + 1°¢’]
[ — 2tk + 1?K] = P (K'T — xT)

_ s o) 5d (K
_T( 7 j TdS(Tj'

WORKING RULES FOR SOLVING PROBLEMS
Rulel. 7=—-n-b’

1
Rule I1. Radius of torsion, 6 = T
Rule III. Serret-Frenet Formula:
@) t' =xkn @i)n' =—«xt + tb (i) b' = —1n
. [r/ r// r/ ll] B [1-. i-. -1-;]
RulelV. )t=——" @)t=—"3%

[ xr” |? | & x i |?

Rule V. Curve is a plane curve if and only if its torsion is identically zero.

EXERCISE 2.2

1. Find the torsion of the curve r = i + ¢%j + t°k at the point where ¢ = 2.
2. Show that the torsion of a plane curve (with x > 0) is identically zero.
3. Find the torsion of the curve r = (3t — t3)i + 3t%j + (3¢ + t®)k at point ¢.
4. Find the torsion of the curve r = (¢ — sin #)i + (1 — cos t)j + tk at point ¢.
5. For the curve x = a(3t — %), y = 3at?, z = a(3t + t3), show that curvature x and torsion 1 each is
1
equal to PR .
6. Find the torsion of the helix x = a cos t,y = a sin ¢, z = at tan o at point ¢.
7. For the curve x = 3¢, y = 3t2, z = 2¢3, show that:
K=1T= L
3(1+ 2¢2)

2

w

For a point on the curve of intersection of the surfaces x2 + y? = a?, x2 — y2 = az, find the torsion.
9. Find the torsion at any point ¢ of the curve x = a cos 2¢, y = a sin 2t, z = 2a sin ¢.
10. Let r = r(¢) be a regular curve of class C™ (m > 3), where ¢ is an arbitrary parameter. Prove that
T=—— Frf‘r] — 5, brovided x # 0.
(r.v)(r.r)-(r.r)

11. Show that the curve r = r(¢) is a plane curve if and only if [r ¥ ¥] = 0.
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12. Isx=acost,y=asint,z=ct,a>0,c#0 aplane curve ? Calculate the curvature and torsion of
the above curve at point ¢’.

13. Show that the position vector of the current point on the curve r = r(s) satisfies the differential

equation:
2 d’r
dlgdf,dx), djodri por_,
ds| ds| ds? ds|p ds o ds
Answers
3 2 1
1. 2 3. —/— =5 4, -
181 31 +t2)2 1+4sin* >
6ya’ - 22 3
6. asec’a — 5 r
5a° + 12z a(5sect+ 3cost)
a c
12. ,
a?+c? a?+c?
Hint
d 2
13. Using p = l,c=l,—r =r'=t and —;‘ =r" =t =«xn, we get
K T S s

= [l(l](n):( +|:£ti| +£(Kn) = |:l(—Kt+’L'b):| +|:£tj| +1n
T\K T K T T

:—[Etil +b’+|:£t} +tn=—m+1t=0.
T T

4, CONTACT OF A CURVE WITH A SURFACE
In this section, we shall study the degree of contact of a curve with a surface.

A curve r = x(t)i + y(t)j + z(t)k of sufficiently high class is said to have n-point contact
(or contact of (n — 1)'" order) with a surface F(x, y, z) = 0 at the point corresponding to ¢ if
the function f(¢) = F(x(¢), y(¢), z(¢)) satisfies :

fity) = f(tg) =fty) = oo = F" 7 Pt) =0 and  f™(2,)20.
Example 1. Show that the curve r = ti + t%j + t°k has 6-point contact with the paraboloid
x% + 22 —y = 0 at the origin.
Sol. Given curveis r =ti+ t% + t3k.
t=0,12=0,83=0 = ¢t=0

The origin corresponds to ¢ = 0.
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Given surface is x2 + z2 —y = 0.
Let ) =t2+ @32 -t2=1¢5

f@) =685, f(t) =304, £(t) = 12063, FD(¢) = 360¢2, f O(¢) = T20¢t, F ©(¢) = 720
£(0) =0, £(0) = 0, f(0) =0, @ (0) = 0,f®(0)=0 and f©(0) 0.

The given curve has 6-point contact with the given paraboloid at the origin.
Example 2. If the circle Ix + my + nz = 0, x> + y? + 2% = 2cz has 3-point contact with the
o 5 .. 17 +m?
paraboloid ax® + by = 2z at the origin then show that: ¢ = —; 5

+am

Sol. Given circleis Ix+my +nz =0 ..(1) 22+ y2+ 2% =2cz .(2)
Let the parametric equations of this circle be x = ¢,(2), y = 0,(2), 2 = 05(2).
Substituting the values of x, ¥, z in (1) and (2) and differentiating w.r.t. ¢, we get

lx+my+nz=0 ...(3)
and 2xx + 2yy + 222 = 2¢2
or XX+ yy+z2=cz ...(4)

The circle passes through the origin.

4) = 0x+0y+0z=cz = =0 = 2=0
B) = Ikx+my+n0) =0 = lx+my =0
= A A, say ...(B)
m -1
The paraboloid is ax? + by? = 2z. After substituting the values of x, y, z in terms of ¢, let
fit) = ax? + by — 2z ..(6)
f(¢) = 2axx + 2byy — 2 A7)

F(&) =2ali” + xi&] + 2b [y2 + yy] — 23

or £(8) = 2ax? + 2axi + 2by? + 2byy — 23 .(8)
Since the circle has 3-point contact with the paraboloid at the origin, we have

ft) = ft)=ft)=0, F(t)# 0 at the origin.

6) = a(0)? + b(0)2 - 2(0)=0 (9
(7 = 2a(0)x + 2b(0)Y — 2z =0 ..(10)
(8) = 202+ 2a(0)% + 2b5% + 26(0)j — 22 =0 ..(11)
9) = 0 = 0, which is always true.
(10) = 2z =0, which is also true.
(11) = 2ax2+2052 -2 =0 = ax’+by’=% ..(12)

Differentiating (4) w.r.t. ¢, we get

W2+ xi+y? v yy+2t+zi=ck.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

CURVATURE AND TORSION 69

Since the circle passes through the origin, we have

%2 +0&+ 52 +0§+2%2+05=c5.

- i+ 3P+ 2t =cE
= 245 =k (13 2=0)
Dividing (13) by (12), we get
2 .2 292 | 7242 9, 52
AT+ 1N +1
e e DAy (Using (5))
ax” + by am“\" +bl"N am” + bl
12 + m?
c=—5—">.
bl? + am?

Example 3. Find the equation of the plane that has 3-point contact with the curve
x=t!—1,y=t3-1,z=1t%- 1 at the origin.

Sol. Given curve is

x=tt-1,y=t3-1,z=¢2-1.
t*-1=0,2-1=0,£2-1=0 = t=1
The origin corresponds to ¢ = 1.
Let the equation of the required plane through the origin be ax + by + cz = 0.
Let ) =at*-1) +b#3—1) +c(t? - 1)
f(t) = 4at® + 3bt® + 2ct

@) = 12at? + 6bt + 2¢

f® = 24at + 6b

Since the plane has 3-point contact at ¢ = 1, we have
AL =0, f1)=0,f1)=0 and f(1)#0.
D=0 = 0=0

(1) =0 — 4a+3b+2=0 (D
f1) =0 = 120 +6b+2c=0 ..(2)
a b c

1) and (2) = =

- a_b_c _a_b ¢
-6 16 -12 3 -8 6

Let a=3,b=-8,c=6.

Also F(1) =24a +6b =24(3) +6(—8) =24 %0

The equation of the required plane is 3x — 8y + 6z = 0.
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Example 4. Find the lines that have 4-point contact with the surface x* + 3xyz + x% — y?
-22 + 2yz - 3xy - 2y + 2z — 1 = 0 at the point (0, 0, 1).

-0 -0 -1
Sol. Let X =2 =2

o b P t (D)

be a line passing through (0, 0, 1).
: x=at,y=bt,z=ct+1

The point (0, 0, 1) corresponds to the value ¢ = 0.

Given surface is
x* + 3xyz +x2 —y2 — 22+ 292 —3xy — 2y + 22— 1 = 0.
Let f(t) = (at)* + 3(at)(bt)(ct + 1) + (at)? — (bt)? — (ct + 1)2 + 2(bt)(ct + 1)
— 3(at)(bt) — 2(bt) + 2(ct + 1) - 1
£ (@) = a*t* + 3abt?(ct + 1) + a2 — b%? — (ct + 1)? + 2bt(ct + 1) — 3abt? — 2bt + 2ct + 1

f @) = 4033 + 9abet? + 6abt + 2a2t — 2b% — 2(ct + 1) ¢ + 4bct + 2b — 6abt — 2b + 2¢
7@ = 12232 + 18abct + 6ab + 2a2 — 2b2 — 2¢2 + 4bc — 6ab
F@) = 24a3 + 18abc

f@®) = 24a3.
Let the line (1) has 4-point contact with the given surface at (0, 0, 1).

£(0)=0, £(0)=0,7(0)=0, £(0)=0,7(0) # 0.
f0)=0 = —-1+1=0, which is true.

F(0)=0 = —2c+ 2b — 2b + 2¢ = 0, which is true.
£(0)=0 = 6ab + 2a% — 2b% — 2¢% + 4bc — 6ab =0
= a2-b2-¢c2+2bc=0 ..(2)
f(0)=0 = 18abc=0 = abc=0 = a=0 or b=0 or ¢c=0
Casel. a=0
(2) = b2+c2-2c=0 = b=c
Thelineisle:z_1 or lezz_l
c c 0 1 1
CaselIl.b=0
2 = a2-¢2=0 = a==xc
_ -1
The lines are X Y _Z 1 or X Y 2 .
tc¢ O c +1 O 1
CaseIll.c=0
2 = a?-b%2=0 = a=1b
The lines are % _Y _2-1 o x _y_z-1
+b b 0 +1 1 0

There are five possible lines.
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Theorem 1. Let r = r(s) be any curve and P(s;) be any point on the curve. Prove that the
curve r = r(s) has at least 2-point contact with a plane through P at the point P iff the plane
contains the tangent line at P.

Proof. Let the equation of a plane through P(s)) be (r — r)) . N = 0, where r, = r(s,)
i.e., the position vector of P and N is a unit vector perpendicular to the plane.

Let fis) =(x(s)—ry) .N
f(s)=r(s) .N=1t(s).N
Now fls) =(y—1ry) . N=0 and f’(s)) =1t(sy).N

f'(sy) =0 iff t(s)) . N=0
iff N is orthogonal to t(s)) iff the plane (r —r,) . N = 0 contains the tangent line at P.

The curve r = r(s) has at least 2-point contact with a plane through P at the point P
on the curve iff the plane contains the tangent line at P.

Theorem 2. Let r = r(s) be any curve and P(sy) be any non-inflexional point on the curve.
Prove that the curve r = r(s) has at least 3-point contact with a plane through P at the point P
iff the plane is the osculating plane at P.

Proof. Let the equation of a plane through P be (r —r;) . N = 0, where r; = r(s,)
i.e., the position vector of P and N is a unit vector perpendicular to the plane.

Let fis) =(x(s)—ry) .N
fs)=r(s) . N=t(s).N
and F7(s)=t(s) .N=x(s)n(s). N
Now fsy) = (xg—1y) . N=0,f"(s)=t(s) . N and f"(s,) = (s, n(s,) . N.
fls) =0, sy = 0iff t(s)). N =0, k(sy) n(sy) . N=0
iff t(s) . N=0 n(s).N=0 (v K(sy) # 0)

iff N is orthogonal to t(s;) and n(s,) iff the plane (r —r)) . N = 0 is the osculating plane at P.

The curve r = r(s) has at least 3-point contact with a plane through P at the point P
on the curve iff the plane is the osculating plane at P.

Remark. If P is an inflexional point, then f “(s,) = k(s;) n(s;) . N = 0 even if the plane contains
only the tangent line at P and is not the osculating plane at P.

Example 5. Show that the osculating plane has at least 4-point contact with a curve at
P iff either the curvature or the torsion vanishes at P.

Sol. Let the equation of the curve be r = r(s). Let r, = r(s) be the position vector of the
point P on the curve.

The equation of the osculating plane at P is (r —r,) . b, = 0.
Let fis) = (x(s) —xy) . b,

f(s)=r(s) . by=t.b,

f7(s) =t .by=(xn).b,=xmn.b)



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

72 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

and f7(s) =x(m.by +kmn’. by
=K'(n. by + k(- xt + 1h) . b,
=« (n.by) —k*(t.by +xt (b b))
flsy) = (ry—1y) . b, =0,
(s =t,.b,=0,
f7(sy) =%, (m,.by) =0
and f(sy) = /(0 . by) — k2t . by) + 1,7, (b, . by) = KT,
f7(sy) =0iffxy =0 or 1,=0.
The osculating plane at P has at least 4-point contact with the curve at P iff either
the curvature or the torsion vanishes at P.

EXERCISE 2.3

1. Show that the curve r = ti + t%j + t°k has 2-point contact with the paraboloid x2 + y2 = z at the
origin.

2. Find the equation of the plane that has 3-point contact with the curve x = 2¢ + 1, y = 3t2 + 2,
z = 4¢3 + 3 at the point (3, 5, 7).

3. Let r = r(s) be any curve and P(s)) be any point of inflexion on the curve. Prove that the curve
r = r(s) has at least 3-point contact with a plane through P at the point P iff the plane contains
the tangent line at P.

4. Show that the osculating plane at P has 3-point contact with a curve at P iff neither the curva-
ture nor the torsion vanishes at P.

5. Show that the osculating plane at P has at least 3-point contact with a curve at P.

Answer
2. 6x—4y +z=>5.

5. CONTACT OF A CURVE WITH A CURVE
A curve r = x(t)i + y(t)j + z(t)k of sufficiently high class is said to have n-point contact

(or contact of (n — 1)th order) with a curve F(x, y, z) = 0, G(x, y, z) = 0 at the point correspond-
ing to ¢, if the functions f£) = F(x(?), y(¢), 2(¢)) and g(t) = G(x(?), y(2), 2(t)) satisfy:

ft)=f)=Fflt)=..= f* V) =0
gty =8@)=gty)=..=8"V()=0
and either fFWt)#0 or g™(¢) # 0.

Thus, the curve r = x(¢)i + y(t)j + z(¢)k has n-point contact with the curve F(x, y, z) = 0,
G(x, v, z) = 0 if and only if the curve r = x(£)i + y(¢)j + z(¢)k has n-point contact with one of the
surfaces F(x, y, z) = 0 and G(x, y, z) = 0 and at least n-point contact with the other surface.

6. OSCULATING CIRCLE TO A CURVE

A circle having at least 3-point contact with a given curve C at a point P on the curve is
called the osculating circle to the curve C at the point P.
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The centre of the osculating circle at point P is called the centre of curvature of the
curve C at the point P.

By the definition of contact between curves, the osculating circle to the curve C at point
P can be considered as the intersection of a sphere with at least 3-point contact with the curve
C at point P and a plane with at least 3-point contact with C at P. If x # 0 at P, then the
osculating plane at P is the unique plane having at least 3-point contact with the curve C at P.
In particular, if T # 0 in addition to k # 0 at P, then the osculating plane is the unique plane
having exactly 3-point contact with C at P.

Therefore the osculating circle to a curve at a point always lies on the osculating plane
to the curve at that point, provided k # 0 at the point under consideration.

Thus, the osculating circle to a curve at a point can be considered as the intersection of
a sphere with at least 3-point contact with the curve at that point and the osculating plane to
the curve at the point under consideration, provided x # 0.

7. EQUATION OF OSCULATING CIRCLE

Let r = r(s) be the equation of a curve C, where s
is the parameter ‘arc length’. Let P be any point on the
curve C for the value s, of s. Let ry = r(s). Let curva-
ture k(= k(s;)) be non-zero at P.

Normal
plane

The equation of the osculating plane at P is
(r -ry) . by = 0, where b, = b(s).
Let the osculating circle at P be the intersection

of the osculating plane at P and the sphere
2

|r-c|?=a
with centre at Q(c) and passing through P and having

at least 3-point contact with the curve r = r(s) at P.
2

Osculating
plane

. | rg-c |®=a
Let f&)=|rs)—c |2-a’
f(s)=(x(s)—c). (x(s)—c)—a?
f/(s)=(s)—c). @) +r(s) . (xis) —e)—0=2(x(s) —e) . tls)
[7(s) = 2(x(s) — e) . t'(s) + 2(t(s)) . t(s)
= 2(r(s) — e) . x(s) n(s) + 2(1) = 2k(s) (x(s) — e) . n(s) + 2
Since the sphere has at least 3-point of contact at P, we have f (s)) = f'(s,) = f"(s;) = 0.

fls)=0 = (@y—c).(xy—e)-a?*=0 = |r,—c|?-a®=0.

= a?-a? =0, which is true.
f'(s) =0 = 2(ry—c).t,=0 = (c-ry).t;=0

= ¢ -r, lies in the normal plane at P

= centre (Q) of the sphere is in the normal plane at P.
f(s)) =0 = 2K,(ro-¢).ny+2=0

= (ro—c).n0=—i=—p0 (Using x,, # 0)

Ko
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= (e=ry) .ny=0p,
Projection of ¢ — ry on n, = p, (1)
Let QM be perpendicular to the principal normal at P.
M is the centre of the osculating circle at P.
Also, (1) = PM=pm, = PM =p, = Mis the centre of curvature at P.
Also, the centre of curvature (M) lies on the principal normal at P and at a distance p,,
from P.
The radius of the osculating circle at P is p, which is also equal to the radius of
curvature of the given curve at P.
Also, the position vector of the centre of the osculating circle at P(r,)
=P.V.of M=r, + pyn,
and it lies on the principal normal of the given curve at P.
Remark. If k; = 0, then f"(s)) =0 = 0+ 2 =0, which is impossible.
If k, = 0, then there does not exist any sphere having at least 3-point of contact with the given
curve at P.

8. LOCUS OF CENTRE OF CURVATURE

Let r = r(s) be the equation of a curve C. For each point P with non-zero curvature, on
the curve C, there exists an osculating circle. Let C; denote the locus of the centre of curvature
i.e., the centre of osculating circle as the point P moves along the curve C. We shall prove two
properties regarding the curve C,, the locus of centre of curvature.

Property 1. The tangent to the locus of centre of curvature lies in the normal plane of the
original curve.

Proof. Let P(r) be any point on a curve C given
by r =r(s). Let k# 0 at P. Let ¢ be the position vector of
the centre of curvature Q at the point P.

. c=r+pn ..(1)
We shall use suffix ‘1’ with quantities corre- Q)
sponding to the curve C, of the locus of centre of curva- pn
ture.
Differentiating (1) w.r.t. s;, we get P(r) \Xpn T_
de d ds '
—=—(@r+pn)—
ds; ds ds; O(origin)
= t =(r’+pn’+p’n)£ ®
1 ds;
ds
= t; = (" + p(—xt + tb) + p'n) d_sl
, . ds
= tl=(t-t+p1:b+pn)Ol—31
ds
= t; = (ptb + p'n) d_sl

t, lies in the plane of b and n.

The tangent at a point to the curve C, lies in the corresponding normal plane of
curve C.
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The tangent to the locus of the centre of curvature lies in the normal plane of the
original curve.

Remark. Let o be the angle between the tangent to the locus of the centre of curvature at the
centre of curvature at point P and the principal normal at P.

t,.n=1.1 cosa=cosa

ds na
= (pth + pP'n) — .n=cos o
dsl
, ds . , ds
= 0+p — =cosa,ie,cosa=p —. t,
dsl dsl
a T
Also, angle between t, and b = KLY 2~ ¢ .
2 le) rb

tl.b=1.1.cos(g—ocj=sin(x

= (prb+p’n)j—s .b=sina

S1
ds . . . ds
= pt — + 0 =sin q, i.e., sin o0 = pPT——.
dsl dSl
Dividing, we get tan o = pf = f)
P p o

a:tan‘l( ? )
p'o

Property IL. If the original curve C has a constant curvature x, then the curvature of the
locus C, of centre of curvature is also constant and the torsion of C, varies inversely as that

of C.
Proof. Let P(r) be any point on the curve C given

n
by r = r(s). Let ¢ be the position vector of the centre of
curvature at the point P.
. c=r+pn ..(1) Q)
We shall use suffix ‘1’ with quantities correspond-
ing to the curve C, of the locus of centre of curvature. pn
Differentiating (1) w.r.t. s;, we get P :—
r+pn
de d ds AN
ds, ds TP g
1 ! d O(Origin)
= t; =@ +pn’ +p'n) 4 ...(2)

ds; b

’

1
Since x is constant, we have p’ = (EJ = 0.

ds
2 = t, = (" + p(— xt + th)) ds,
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ds
= t1=(t—t+p’tb)d—s1
ds
t, = ptbh — ..(3
= 1= PT ds, (3)
ds ds
=|ptbh— .| ptb —
= t, .t (p dsl) (p dsl)
d
= 1= pZTZ _S ﬁ :i
dsl dsl pT
(3) £, = (pth) — )
et = —_— =
1= pT ot
Differentiating w.r.t. s;, we get
dt,_db ds
ds, ds ds;
1 1
= tl’=b’pT = ptt)=-m = t1’=—5n
= t,/=—xn
= K;N,=—Kn
Vectors n; and n are parallel. Choosing the direction of n, opposite to that of n, we
have n; = —n.
K =K
The curvature of the curve C, is also constant. (~ K is constant)
Also b,=t;xn,=bx(-n)=—-bxn=nxb=t (Using (4))
Differentiating w.r.t. s;, we get
db, _dt ds
ds; ds dsy
, ds 1
= -T,n =t ds, = —Tlnl_(Kn)E
K K]|1 9 1
= [n=-—n = 7= —|—=K" .= ( n1=_n)
pT p)t T

Torsion of curve C, varies inversely as that of C.

Example 1. Show that the principal normal to a curve is perpendicular to the locus of
the centre of curvature at points, where curvature K is constant.

Sol. Let P(r) be any point on a curve C given by r = r(s). Let ¢ be the position vector of
the centre of curvature at the point P.

- c=r+pn (1)
We shall use suffix ‘1’ with quantities corresponding to the curve C, of the locus of
centre of curvature.
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Differentiating (1) w.r.t. s;, we get

de _d o ods
ds, ds ™M
4 ’ /. ﬁ
= t, =@ +pn +pn)ds1
ds S
= t; = (t + p(—xt + 1b) + On) d_sl U] t
(p’ =0 because p = 1 is constant)
K b
(e ds
= t, ds, b (v pk=1)
= n. t, (ptﬁ)n.b=0
ds;

= nis perpendicular to the tangent vector to the curve C; at the point with position
vector c.

Principal normal to the curve C is perpendicular to the curve C, i.e., the locus of
centre of curvature.

Example 2. If s, is the arc length of the locus of centre of curvature, show that

\/K T +K (pj2+p/2

ds K2 o

Sol. Let the given curve be r = r(s). Let suffix ‘1’ be used for quantities corresponding to
the locus of centre of curvature.

Let r; be the position vector of the centre of curvature corresponding to the point r on
the curve r = r(s).

= r

Differentiating w.r.t. s;, we get

dr; d( 1 )ds
—=—|r+-n|—
ds; ds K ds;
( 1 ( K'j st
= t, = +—n'+ 7 |n =
K ds;
= =(t+l( Kb+ b) — )ds
K K2 ds;
- _( Kot ) ds
L k2 Kk )ds;
2
K’ T ds
= tl =( 11+— )(_K2n+zb)(d_sl)
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= Tkt k?)\ds k? ds,
ds; 2 B K?t? + «2
2_2 ,2
N ds; _ VK T + K
ds K2
2 2 ’2 2 2 2
1) = (ﬁ) :T_+K =p_+ l :p_+p,2
ds k2 k* o2 K o2
2
ﬁ (Bj +p’2
ds o

The result holds.

9. OSCULATING SPHERE TO A CURVE
A sphere having at least 4-point contact with a given curve C at a point P on the curve
is called the osculating sphere to the curve C at the point P.

The centre of the osculating sphere at point P is called the centre of spherical
curvature of the curve C at the point P.
Remark. The radius of osculating sphere is also referred as the radius of spherical curvature.

10. EQUATION OF OSCULATING SPHERE
Let r = r(s) be the equation of a curve C, where
s is the parameter ‘arc length’. Let P be any point on
the curve C for the value s, of s. Let r, = r(s;). Let
curvature x, (= x(s)) and torsion 1, (= 1(s;)) be non-
zero at P.
Let the equation of the osculating sphere be
| r=c |?2=a?
with centre at Q(¢) and passing through P and having
at least 4-point contact with the curve r = r(s) at P.
| ry—c |2=a?
Let f&)=|rs)—c |?2-a’
f(s) =(x(s)—e) . (x(s) — ¢) — a?
f(s)=@s)—c).r(s) +1r(s).(x(s)—e)—0=2(r(s) —c). t(s)
[7(s) =2(r(s) —¢) . t'(s) + 2 (t(s)) . t(s)
= 2(r(s) — e) . k(s) n(s) + 2(1) = 2x(s) (r(s) — ¢) . n(s) + 2
7 (s) = 2K'(s) (x(s) — e) . n(s) + 2x(s) (t(s) — 0) . n(s) + 2k(s) (x(s) —¢) . n'(s) + 0
= 2K'(s) (r(s) — ¢) . n(s) + 2k(s) (0) + 2x(s) (r(s) — €) . (— k(s) t(s) + 1(s) b(s))
= 2k'(s) (x(s) — e) . n(s) — 2k2(s) (r(s) — €) . t(s) + 2x(s) 1(s) (x(s) — ) . b(s)
Since the sphere has at least 4-point contact at P, we have
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f(sg) =f"(sy) =f"(sy) = f"(sy) = 0.

fsy) =0 = (ry,—c).(ry-c)—a?=0 = |rj—c|?-a®>=0
= a?-a? =0, which is true.
fs)=0 = 2(ry-c)ty=0 = (c-ry).t,=0 ..(1)

= ¢ -7, lies in the normal plane at P
= centre (Q) of the sphere is in the normal plane at P.

f(s))=0 = 2K)(ryg-c¢).n;+2=0

1

= (ry—c¢).n,=- =P ...(2) (Using x, # 0)
0

= (e-ry.n;=p,

= Projection of ¢ — r, on n, = p,

f7(sy) =0 = 2K, (ry-c).n, -2k (ry-c). t,+2x,7,(r;=c) . by=0
= 2k, [_ LJ - 2K,%(0) + 2x,T)(ry - ). by =0
Ko

(Using (1) and (2))

2 ’
= _ Ko + 2K,T, (ry—¢) . by =0
Ko
Ko’ .
= (rg-c).by=— (Using 1, # 0)
Ko To

Ko’ d( 1
— . b = — 0 = —-—| — = /
= (e=r1y . b, Pt (ds [Ko B Gy = Py O,
= projection of ¢ =, on b, = pjo,
The components of the vector ¢ -r, along the vectors tj, n, and b, are 0, p, and
Py O, respectively.
g e -1, = 0t, + p;n + pjo b

| e=x, | = \/902 +po”? 002

and c=r1,+p,n+ p,c,b,
The centre Q(e) of the osculating sphere is the centre of spherical curvature of the curve
CatP.

Radius of the osculating sphere at P=PQ = | ¢ — 1 | = \/p,® +p,'2 6, -

Also, the position vector of the centre of spherical curvature of the curve C at
P(ry) =P.V.of Q = ¢ =1, + pjn, + p,’o,b, and it lies on the normal plane of the given curve
at P.

Remark 1. In terms of x;and 7, we have

2 2
1 Ko
(i) radius of osculating sphere at P(ry) = 4|| —— + 3 and
Ko Ko~ To
.. ) 1 Ko
(ii) p.v. of centre of spherical curvature =r;+ —— n,— —
Ko Ko~ Tp

b,-
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Remark 2. If curvature of r = r(s) at P is constant, then radius of osculating sphere at

P(ry) = \Jp,% +0.54> = p, and p.v. of centre of spherical curvature at
P(ry) = r, + pgny + (0)o b = 1y + pyny,.
Centre of the osculating sphere coincides with the centre of osculating circle at points where
curvature vanishes.

11. LOCUS OF CENTRE OF SPHERICAL CURVATURE

Let r = r(s) be the equation of a curve C. For each point P with non-zero curvature and
torsion on the curve C there exists an osculating sphere. Let C; denote the locus of the centre
of spherical curvature i.e., the centre of osculating sphere as the point P moves along the
curve C. We shall prove some properties regarding the curve C,, the locus of centre of spheri-
cal curvature.

Property 1. The tangent to the locus of centre of spherical curvature is parallel to the
corresponding binormal to the original curve.

Proof. Let P(r) be any point on a curve C given by r = r(s). Let k # 0,7 # 0 at P. Let r, be
the position vector of the centre of spherical curvature at the point P.

. r,=r+pn+pch ..(1)

We shall use suffix ‘1’ with quantities corresponding to the curve C, of the locus of
centre of spherical curvature.

Differentiating (1) w.r.t. s;, we get

dr, ds
ds, =d—(r+pn+pc5b)al—1
= t,=(t+pn’ + pn +p”cb + p'c’b + p'cb’) ;—s
S1
’ ” I , dS
= t1=(t+p(—1<t+rb)+pn+pGb+p0b—pm:n)d—
S1
7/ 4 /< dS
= t1=((1—pK)t+p(1—m:)n+(pr+pG+p0)b)d—
S1
/7 [ ds
= t,=(pt+pc+pc)—Dhb (vxp=1,t0=1)
ds;

t, is parallel to b.
The tangent to C, is parallel to the corresponding binormal to C.
Property I1. The principal normal to the locus of centre of spherical curvature is parallel
to the corresponding principal normal to the original curve.
Proof. Let P(r) be any point on a curve C given by r = r(s). Let k# 0, 1# 0 at P. Let r; be
the position vector of the centre of spherical curvature at the point P.
r,=r+pn+pch ..(1)
We shall use suffix ‘1’ with quantities corresponding to the curve C, of the locus of
centre of spherical curvature.
Differentiating (1) w.r.t. s;, we get

dr; d ds
ds, _g(r+pn+pc5b)al—s1
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= £, = (ot + p'c + ') L b (2)
ds;
(For detail see property I)
d
= [t;| = (pt + p”c + p'c’) £ |[b|] = 1=(pt+p’c+po) ds .1
dsl dsl
d 1
ds, pt+p’c+pc’
2) = t,=b ..(3)
Differentiating (3) w.r.t. s;, we get
dt, _db ds
ds; ds ds;
= KN, =—1Tn ds
11 ds,

n, is parallel to n.
The principal normal to C, is parallel to the corresponding principal normal to C.
Property III. The binormal to the locus of centre of spherical curvature is parallel to
the corresponding tangent to the original curve.

Proof. Let P(r) be any point on a curve C given by r = r(s). Let k# 0,7+ 0 at P. Let r; be
the position vector of the centre of spherical curvature at the point P.

. r,=r+pn+pch (D)

We shall use suffix ‘1’ with quantities corresponding to the curve C, of the locus of
centre of spherical curvature.

Differentiating (1) w.r.t. s;, we get

dr; d , ds
—4 = —(r+pn+pcb)—
dsy ds prrp ds;
” ’ 4 ds
= t,=(pt+p’c+p’c’)——b .(2)
ds;
(For detail see property I)
ds
— + 4 + 4 ’ et b
= |t,| = (pt+p"C pc)dslll
ds 1
= Y
ds; pt+p’c+p’c
2 = t,=b ...(3)
Differentiating (3) w.r.t. s;, we get
dt, _db ds
ds; ds ds;
ds
= KN, =—1Tn 5 ...(4)

ds;
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1] v |n|
= K |n, | =|- -
1mny| | | T ds,
ds ds
= K1.1=1.T—.1 = K =T —
ds; ds;q
4) = n,=-n
= t; xn, =bx(-n) (Using (3))
= b1 =t

b, is parallel to t.
The binormal to C; is parallel to the corresponding tangent to C.

Property IV. The product of curvatures at the corresponding points on the locus of
centre of spherical curvature and the original curve is equal to the product of their torsions.

Proof. Let P(r) be any point on a curve C given by r = r(s). Let k # 0,7 # 0 at P. Let r; be
the position vector of the centre of spherical curvature at the point P.

. r,=r+pn+pch ..(1)

We shall use suffix ‘1’ with quantities corresponding to the curve C; of locus of centre of
spherical curvature.

Differentiating (1) w.r.t. s;, we get

dr, d ds
Bt Wl ‘ob) ——
ds; ds (r+pn+pc5)d81
= t, = (pt + p’c +p'c’) s | b ...(2)
ds;
(For detail see property I)
d
= |t | =(pT 400+ p0) = | b |
ds;
ds 1
= T v
ds; pt+p’oc+p’c
2 = t,=b ...(3)
Differentiating (3) w.r.t. s;, we get
dty _db ds
ds; ~ ds ds,
ds
= KN, =—1n d_sl ...(4)
ds
= K|my [ =]-1]1—— |n|
S1
= k12118 1 o = B
Sq ds;
L4 = n,=-n
= t; xn, =bx(-n) (Using (3)
= b, =t
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Differentiating w.r.t. s;, we get

db, _dt ds
ds; ds ds;
ds
Kl 1 — —_—
= —1,n, = (kn) = (Usmg K;1=T dSJ
KK
= —17(—m) = Tl n (Usingn, = -n)
= TN = KKk = KKy =TT

The product of curvatures at the corresponding points is equal to the product of the
torsions.

Property V. If curvature x of a curve C is constant, then the curvature x, of the curve C,
of the locus of centre of spherical curvature is also constant.

Proof. Let P(r) be any point on a curve C given by r = r(s). Let k #0, 1# 0 at P. Let r, be
the position vector of the centre of spherical curvature at the point P.

. r,=r+pn+pch (1)

We shall use suffix ‘1’ with quantities corresponding to the curve C,; of the locus of
centre of spherical curvature.

Differentiating (1) w.r.t. s;, we get

dr; d ds
——==—(r+pn+pcb) —
ds; ds P P ds;
/7 /< ds
R t, = (ot + P04 p0) 22 b -(2)
S1
(For detail see property I)
ds
= t, |=(pt+pc+pc)— | b
| t, | =(pt+p’c+p )dsll |
ds 1
= X 0 _Jy - 2
ds; pt+p’c+p’c’
2 = t,=b ...(3)
Differentiating (3) w.r.t. s;, we get
dt, _db ds
ds; ds ds;
= K,n, = —1Tn ds
11 dSl
= K1n1=—T(£)n p':(lj =0,p”:0:>£:;:£
T K ds; pt+06+0.0" 1
= KN, =—Kkn
= K n |=]-1]x[n| = K=«
= K, is constant because « is constant.

. The curvature of the curve C, of the locus of centre of spherical curvature is also
constant.
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Example 3. If R is the radius of osculating sphere to a curve r = r(s) at point ‘s’, then

show that
txt”
| k%t
Sol. We have t'=kn
and t’=xn’ + ¥n = k(- xt + th) + K¥n = — k2t + ¥n + x1b
txt’=tx (— K%t + ¥n + xtb)
=—k2(txt)+ Kt xn)+«xtt xb)
=—k2(0)+ kb +xkt (-n) =— xn + Kb
txt” KT K’ 1 ’
=——n+ b=-pn-|= b =-pn-p’cb
K2‘t K2‘C K2‘t Y (KJ c P Y
= —tx2t =pn + p'cb
K°T
t t/’ t t/’
= (-1)2 X X = (pn + p’cb) - (pn + p’ch)
k2t
2
txt”
= | = p?n- n+p??b b =p?+p?c
- R2 (-« RZ=p2+ p'20?)
txt”
| k%t

Example 4. Show that the radius of osculating sphere of the circular helix
x=acosb,y=asinb, z=abcot a
is equal to the radius of curvature at each point on the helix.
Sol. Given helixis x=acos 0,y =asin 6,z =a 6 cot a.
Let r be the position vector of the point P(x, y, z) on the helix.
r=xi+yj+zk=acos 6i+asin 0j + ab cot ok

rXi
We know that K= | ¥ |3 | (A standard formula)
T
Now I =—a sin 6i + a cos 6j + a cot ok
¥ = —q cos 0i — a sin 6j + Ok
i j k
rxit =|—-asin® acos® acoto
—acos® —asinb 0
i j k
= —a%|-sin® cos® cota

cos® sin® O
= —a? [~ cot o sin 0i + cot o cos 0f — K]
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Faed =az\/cot2ocsin26+cot20ccos26+1

=a?,/cot? o+ 1 = a? cosec o

Also |#| = (a® sin? 0 + a2 cos? O + a? cot? )12
= (a2 + a2 cot? 0)2 = @ cosec o
.. 9 .2
| T X7 | a” coseco. _ SIn” o

K= - = =
|1‘ |3 a® cosec® o a

K is a constant quantity.

’

i-(3

Let R be the radius of osculating sphere at the point P on the curve.

R = p? +p% = Jp? 1 (0262 = p
Also the radius of curvature at P is p.
The result holds.
Example 5. Find the equation of the osculating sphere to the curve x = 2t + 1,
y=38t2 + 2, z=4t3 + 3 at the point (1, 2, 3).
Sol. The given curve is
x=2t+1,y=3>+2,2 =41 + 3.
The point P(1, 2, 3) corresponds to the value 0 of ¢.
Let r be the position vector of the point (x, y, z) on the given curve.
r=xi+yj+zk=2t+1i+3t2+2)j+ @t +3)k
Let (o, B, v) and R be the centre and the radius of the osculating sphere at P(1, 2, 3)
respectively.
The equation of the osculating sphere is |r — ¢ |2 = R?, where ¢ = ai + §j + Yk.
This sphere passes through (1, 2, 3) and has at least 4-point contact with the given

curve at P.
. |+ 2j + 3k) — (ci + Bj + k) |2 = R?
= A1-—)2+@2-B2+(3-7?2=R? (1)
Let F@O=|@t+1i+@B2+2)j+ 43+ 3)k—(oi+f+vk) |%2-

=2t +1-0)2+@B2+2-PB2+ U3 +3-y)? -

/@) =22t +1 -2+ 232 + 2 — B)6t + 2(413 + 3 — y)12¢2

£7(£) = 8 + 1082 + 12(2 — B) + 480t + 48(3 — )¢
£t = 216t + 1920¢3 + 48(3 — )
fi(t) = 216 + 5760¢2

Since the sphere has at least 4-point contact at ¢ = 0, we have

f(0)=£(0)=f"(0)=f"(0)=0and f%(0) # 0

f0O=0 = @A-0?+2-p)2+ (3 -7?2-R?=0, which is true.
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f0)=0 = 41-w)=0 = a=1 (By using (1))
f70)=0 = 8+122-P)=0 = p=8/3
f70)=0 = 483 -y)=0 = y=3

c=oci+Bj+yk=i+§j+3k

8)? 4 2
2_(1-124+|2-2 a2 = ]
1 = RE=(1-17%+ ( 3) +(3-3) 9 = R 3
Centre and radius of the osculating sphere at the point P are (1, 8/3, 3) and 2/3
respectively.

The equation of the osculating sphere is

9 2
(xi+yj+zk)—(i+§j+3k]‘= §) .

8’ 4
-12+|y-=2| +(E-38)2=—=
= 3x2 + 3y? + 322 — 6x — 16y — 18z + 50 = 0.

Example 6. If the radius of the osculating sphere of a curve is constant, prove that the
curve lies on a sphere or has constant curvature.

Sol. Let the given curve be r = r(s).

Let R be the radius of the osculating sphere at each point on the curve r = r(s).
Let P(r) be any point on this curve.

R=Jp?+p2c"
- R2 = p2 + p’ZGZ ..(1)
Differentiating (1) w.r.t. s, we get
0 = 2pp’ + p’%(200") + (2p'p")c?
= 0=2p(p + p'oc’ + p”c?)
= Either =0 ..(2) or p+poo’ +p’c2=0 ..(3)
(2) = pisconstant = « is constant.
Let (3) hold. Let r; be the position vector of the centre of spherical curvature at the
point P(r).
r,=r+pn+p’ch
Differentiating w.r.t. s, we get

d

% =r + (pn’ + p'n) + (p“cb + p’c’b + p’cb’)
=t + p(—xt +1h) + pn + p”’cb + p'c’b + p’o(— ™n)
=(1-p)t+(p'—potn + (pt + p”c + p'c)b
=0t +0n + (pt + p’c + p'0)b (v pk=1,0t=1)

= (B+p”o+p’c’J b
(&)
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1
=3 (p + p’c? + p'c’o)b
1 .
=—(0b=0 (Using (3))
o]
dr; .
= —— =0 = r, is constant.
ds
The centre of the osculating sphere is independent of the point P(r) on the curve
r = 1(s).

The centre of osculating sphere is same at every point on the curve r = r(s).

Also, the radius of the osculating sphere is same for each point on the curve r = r(s).
The osculating sphere is a fixed sphere for each point on the curve r = r(s).
The curve r = r(s) lies itself on this sphere.

Example 7. Show that the necessary and sufficient condition for a curve r = v(s) to lie on

a sphere is sP + di (p’6) = 0 at every point on the curve.
o s

Sol. Necessity. Let the curve r = r(s) lie on a sphere.
This sphere is the osculating sphere to the curve r = r(s) at every point of the curve.
The radius R of the osculating sphere at each point is constant.
We have R? = p? + p'%62
Differentiating w.r.t. s, we get
0 =2pp’ + p’%2006") + (2p'p”)c?

= 0=2pc (B +p'0’ + p”c)
o
= L +p'0’+p”’c =0 (Assuming p’ # 0, 6 # 0)
o
= L 4 (p’o) =0.
o ds
. . p,d
Sufficiency. Let —+—(’0) =0.
o ds
= B+p’<5’+p”c5=0
o
V3 p ’ 4 U4
= 2pG(E+DG+D c7)=0
= 200" + p'A(200") + (2pp")6% =0
= a (P?+p26H)=0
ds
= p? + p?2 62 = A, a constant.
= R2=2) i.e., Ris constant.

Radius of osculating sphere is independent of the point on the curve r = r(s).
Let r; be the position vector of the centre of osculating sphere at the point s.
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. r,=r+pn+pch
Differentiating w.r.t. s, we get

d

% =r + (pn’ + p'n) + (p“cb + p’c’b + p’cb’)
=t+p(-xt+1th)+pn+p’cb +p'c’b + p’cl—tn)
=(1-p)t+(p'—pot)n+(pt+p’c+pc)b
=0t + On + (B+i(p’o)) b=0b=0

o ds
dr; .
= —— =0 = r, is constant.
ds

The centre of the osculating sphere is independent of the point on the curve r = r(s).

The centre of the osculating sphere is same at every point on the curve r = r(s).
Also, the radius of the osculating sphere is same for each point on the curve r = r(s).

The osculating sphere is a fixed sphere for each point on the curve r = r(s).
The curve r = r(s) lies itself on this sphere.

WORKING RULES FOR SOLVING PROBELEMS

Rule I. A curve r = x(t)i + y(t)j + z(t)k of sufficienily high class is said to have n-point
contact with a surface F(x, y, z) = 0 at the point t, if the function
f(t) = F(x(t), y(t), z(t)) satisfies:

fit,) = Fty) = fty) = . = f™D.t,) = 0 and f ™(z,) 0.
Rule I1I. A curve r = x(t)i + y(@)j + z(®)k of sufficiently high class is said to have n-point
contact with a curve F(x, y, z) = 0, G(x, y, 2) = 0 at the point t, if the functions
ft) = F(x(t), y(t), 2(t) and g(t) = G(x(), y(t), z(t)) satisfy:

fity) = Ft) =) = ... = f D (t)) = 0

gt,) = 8ty =8ty) =...=g™V () =0
and either f™(t,) # 0 or g™(t,) # 0.

Rule III. A circle having at least 3-point contact with a given curve C at a point P on the
curve is called the osculating circle to the curve C at the point P. The centre of
the osculating circle at the point P is called the centre of curvature of the
curve C at the point P.

If r| be the position vector of the centre of curvature at point r then,
r,=r+pn and radius of osculating circle = p.

Rule IV. A sphere having at least 4-point contact with a given curve C at a point P on the
curve is called the osculating sphere to the curve C at the point P. The centre
of the osculating sphere at the point P is called the centre of spherical
curvature of the curve C at the point P.

If r, be the position vector of the centre of spherical curvature at point r, then

r,=r+pn+p'cb and radius of osculating sphere = \/p? +p’? 62 .
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EXERCISE 2.4

1. Show that the tangent to the locus of the centre of curvature lies in the normal plane of the

original curve and makes an angle tan! L, with the principal normal of the original curve.

op
2. If Cis a curve of constant curvature x, show that the locus C, of its centre of curvature is also a
2
K
curve of constant curvature x; such that x; = k and its torsion 1, is given by the relation 1, = -

3. For a curve of constant curvature, show that the centre of spherical curvature coincides with the
centre of circular curvature.

4. If R is the radius of the osculating sphere to a curve r = r(s) at point s, then show that:
R? = p*c? |3 - 62

5. For the curve r = x(s)i + y(s)j + z (s)k, show that:

1 1+p2
x///Z +y///2 + Z///Z - 55 + f X
po p
6. For the curve r = x(s)i + y(s)j + z(s)k, show that:
2
p4(x///2 +y///2 + 211/2) - 1 + R_Q,
(&)

where R is the radius of spherical curvature at the point (x, y, z).
7. Show that the radius of spherical curvature of a circular helix is equal to the radius of its circular
curvature.

Hint
4, v=xY =tV =kn) =kn' +xn=xk(-xt+1h) +xkn=—x2t+xn+xtb
]2 = (-2 + (') + (x1)?

1,
4 g oto %2

2
(_ p/J \ 1 02 + p,z 02 + p2 02 + R2
p p?
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3

Differential Operators

3.1 PARTIAL DERIVATIVES

In chapter 2 we have considered a vector function of a single scalar variable ¢ i.e., f (f). Now
we shall consider a vector function of several scalar variables. A vector function of two scalar

of
variables say u, vis f(u,v) and = is the partial derivative of f («, v) with respect to u,

du

ie., ﬂ = Tim £ (u+ 0w, v)—1 (1, v)

du  du—0 du

of \ f,v+00)—1 (u,v)
Similarly, P = Sl;i—]?(] =
Tueane f(,v) = [, v) i+ [0 v) j+ fiw 0k
then a_f:%i_'_d.éi_'_afgk

du du du " du
and ﬁzafli_'_af_.zj_'_af_ﬁ

dv  ov dv v

Partial derivatives of second and higher order.

of of
Again d_ and —— both are vector functions of two scalar variables # and v and these possesss

u v
partial derivatives with respect to « and v.

02t 0 (of) ot 9 (of
Pf 9 (of) 0 _ 9 (of
dudv  du [au} dvou v [au]
9°t 9
dudv  Ovou

Again, if =1 (u,v), where u=d¢ (p. g),v=\y (p, g), i.e., u and v are scalar functions of two

Also,

scalar variables p and ¢ then
dr _df du ; of dv
dp ou dp v dq
The total change in f due to simultanecous change in variables i and v is given by

of of
df = du + dv.
du dv
In partial differentiation of vectors the same laws are followed as in ordinary calculus for scalar
functions.
If r and s be two vectors functions of x, ¥, 7 then we have
. d or ds
(i) (r+s)= +
dx dx dx
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i i(r s)=r E+ﬂ S
) ox " ox ax
d (r><‘;)—r><as+ar
i B R T
. d | 9
(iv) T (r.s)= 29 {ax (r -b)}

{ Jds dr ]
=8 T T 8
ay | "ox ox" |

d ds d [ dr 1
= o + .8
oy dx) ody\dx

0%s  or ods 0%r or os
=T.- = A i, R 5
dydx dy dx dyox dx dy
92 9% or Jdr or ods o4
(v) —— (rXs)=rx—+—X—+—X—%——XS§
dy dx dvdx dy dx dx dy dyox
EXAMPLE
iIf i 27§ ’k 1 b 3 3.k leulat azaXBZb th "
= Xyz ,'Z—'J f = i— "Z. 7K, cdlc 2T e b e
! a=xyz1+x°z7]—-y R X 1—xyzg+x , catculdte ayz Bl at the poin
(1,1,0).
Sol. We have
f}—a = xzi# 3%k
dy j
éh?=—6}'k
oy~
a—b=3.x2i—}-’zj+2.rzk
ox
2
-—326_£i+2_xk
dx=
d’a  9°b
X =(—6yk) x (6xi+2zk)
dy?  ox? I
:—36}3}j
=—136] at the point (1, 1, 0)
EXERCISES

az
———(axbh) at (1,0,-2).
x dy

1. If a=x2yzi-2xzj+xz’k and b=2zi+ yj- x7k, find 3

[Ans.— 4 (i+2j) 1

2, If P=¢Yi+(x—2y)j+ (xsin y) k, find the values of 5 BB 3y el
P N _ o
[Ans,  ——=(ye?)i+y+Ginpk, e Coi e kR k
b y
*P D s s azp,_ 2 %y 3
252 =(y-eY)i, 3y =x7e™ i—(xsin y)k ]
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a?
If ¢(x, y,2)=xy’z and A = xzi—xyj+ yz°k find —5— ) ((]J A)at(2,-1,-1).
X

[Ans.4i+2j]
3.2 THE OPERATOR DEL (V)

g g Pog B
dx dy dz
and it operates distributively.
. GF  Jdf of
. Vizi—+j—+k—
Hence f=i e J Sy 5,

may be thought of as Wy operating on [, ie.,

9 .9 .
vi=liZ+j Lk 2|f
= [Idx+'])_ E)z}f

V is a vector operator and is called differential operator. As ¥ is made up of three symbolic

0 d

d
components along the three axes i, j, k and the symbolic magnitude of these are ()_ d_ )—
X B

respectively. Hence it may be looked upon as symbolic vector itself.
3.3 SCALAR POINT FUNCTION

If corresponding to each point P of a region R of space there corresponds a scalar denoted by
¢ (P) then ¢ is said to be a scalar point function for the region R. If the co-ordinates of P be
(x, y, z) then

O(P)Y=0(x. y, 2).

As an example, the density ¢ () at any point P of a certain body occupying given region R is
a scalar piont function. Similarly the temperature ¢ (P) at any point P of a fluid occupying a certain
region is a scalar point function. As another example we may say that the distance of any point P in
space from a fixed point Iy, is scalar function.

O (P)=1(x = %)% + (3 = 3p)” + (2= 29)* 12

3.3.1 Vector Point Function

If corresponding to each point P of a region P of space there corresponds a vector defined by
f (P) then fis called a vector point function for the region R.

If the coordinates of P be (x, y, z) then

F(P)=f(x, y.2)= filx, v, )i+ fr(x v, 2 j+ 106y, Dk

For example, if the velocity of a particle at any time ¢ occupying the postiion P in a certain

region is £ (P) then f (P) is a vector point function for that region.

3.4 GRADIENT OR SLOPE OF A SCALAR POINT-FUNCTION

It f(x. v, z) be a scalar point function and continuous]y differentiable then the vector
AT
Vf=i—+j—
= dx d ; (3’
is called the gradient of f and is written as grad f.
; o of of —
It should be noted that Vf is a vector whose three components are ——, = . Thus if f'is a

ox dy oz
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scalar point function, then Vf is a vector point function.
3.4 OPERATOR a.V,a BEING ANY VECTOR

The operator a.V is defined by the quantity
d d d
a.V=a.i—+a.j—+a.k—
ox J dy 0z

where  a=ai+a,j+ak
so that we have

: . of . of af
(a.Vv) f=a.i aera.J o +a.k Py
For a unit vector a,
a.i,a.j,a.k
are the direction cosines of a and hence

(a.V) f.(a. V) f

Vector Analysis

stand for the directional derivatives of the respective functions along the directions of the unit

vector a.

3.4 TOTAL DIFFERENCE df, WHERE f IS A SCALAR POINT FUNCTION

We have
df = dfd + fdr+(_}idz
T oox dy dz \
Also, dr.(Vf)=(ide+jdy+kdz). iaf+jdf+ka
dx " dy
af af
d dy + —dz
. ?C+a}.(}+a&(

From (i) and (ii), we have
df =dr . Vf =dr.grad f.
where total differential is df, and f is a vector point function.
We have
dof f of
df = g—dx+d—th F= L dz

X 'y Z
=dr.i g;; +dr.jg£ +dr.k g];
=(dr.V)f
3.4.3 Theorem
If f and g are two functions then
grad (f +8)—[11+Ji+k£]0‘ tg)
ox " dy 0z

=iEj (.figiﬂ (f+g)+k
X

:iaf+jaf+ df] dg+
ox dy dz dx

=grad f tgrad g

)

(i)

(f—o)

dg
dz

£
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3.4.4 Gradient of a Scalar Product

We have

grad (fg)=V (fg)= (liﬂalﬂﬂ Jfg

=1$(fg)+Ja—y (fg)+ ka—szg)

. .dg af] [ og of ( og of )
. e e e —_— k .
l['f ax+g dx s ay+g dy Hel s 87+ dz

:f{igﬁ _a_+kﬁs] g(@; _ai+kaq
X

d} dz dx " d 0z
= f (grad g) + g (grad f)
or V(fe)=fV(g)+gV(f)
3.4.5 Gradient of a Quotient
We have
The @ F Vs nit [ dJd [ f
wled dop s | Llag e Ll | £
[é] Ia»r{g}+JaJ’[g]+ az(g_]
o L0g) 99 of fag
iodr'ax d) '8}-‘+ 0z d
- 2 2 2
g g g
1 o  .df  Of dg  .dg . 0g
= 7. )L il g Sy
82“ S 3y az_] "r{ a law B
1
=0 _TeVr - f Vgl
g”
grad[iJ:g.gradf—zf.gradg
g g

3.5 GRADIENT IN POLAR CO-ORDINATES
Let r be the position vector of a point P (r, 0). Let €, be

the unit vector along r (in the sense of r increasing). Let € be

the unit vector along perpendicular to r (in the sense of @
increasing). Then the distance ds in the direction of r is dr and

directional derviative along €, is ..V where ¢ (x, y, z) =0,

L=
is the level surface. >
a0 . 0 Initial Line
Hence, —=¢..Vo (1)
or
Again, the distance ds in the direction perpendicular to 1 is r d0. Also, directional derivative
along €, .V 0.
a0 .
Hence, =€,.Vo. il 2
rog .

Clearly, the components of V¢ along €. and along € arc respectively €.V and €,.V¢.
Hence, Vo=(8,.Vd) e, +(&,.V0) ¢,
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9 6 1 do 6
\% e i ==
A T 42}
[using (1) and (2)]
Equation (3) expresses gradient in polar coordinates.
EXAMPLES

1. Find grad 0, if ¢ = r® = (x% + y2 + z2)"/2,
n
N
Sol. We have a—q}zﬁ(x?'_l,-_vz_l’_z-)z oy
dx 2
=n.(r

=nr=2 x

d 9
Similarly, a—f =prt~ 2/\_.»‘ d_q—} =2
9 d¢ 90
d)l d}, 6:

=prt—2

2)(:‘:-2);"2”Jc

grad g =1i-

xi+n" "2y j+nrt2zk

=2 (ix+jy+k2)
=nr" "~ 2r,

2. Prove that grad f(r)xr=0

Sol. We have

er'ld{f(f’)}—l f(i)+J f(f')+k f(r)

:i.f’(.") dx +Jf (?‘) (}}I "rk f’(}‘) -az.

ar or dr
=f(n|i_ +j_ +k :
f (-‘)|: B J ay az:| ()
We have r2 = x2 + y2 4 72
or dor x
2 " = 2-_‘ =t .
r 2 x or Se"
o ar _yodr _z
Similarly D
Hence from (1)
: T X LY Z
grad {f(r)}=f'(r) [l —4 =4k —}
r y 2 '
_Fy,
r
Hence grad f(r)xXr= S rxr
P
=1 [~ rxr =0]
3.0 O (x, y) =log Af(x2 + y2), show that
r-k.nk

e Y Sy R

Sol. We have
r=xi+yj+zk . r.k=z (D)
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1 9
Now, 0= log (x2 +y?)
a1 x
i, 2x=
dx  2(x%+y2) x>+ y?
Syl i ST, i =0
Similarly, Ay x2+y2 0z
L3000 . 9
T d =1 + +k
grad ¢ . J 3 e
X b
— i+ - ji+0.k
2+ @A)
_xi+yj o r-zk
x2+y? (it y)).(xi+y))
r—zk :
— Z 1 B)’ (I)

(r-zK).(r-zk
Now, by replacing z by 1.k, we get

arad ¢ = r-(k.nk

{r-(k.nk}.{r-k.nk}

4. If ¢ =log|r|, then show that grad ¢ = %
r

Sol. Let |r|=r, then r2 =x2 + y2 + 22

or oF x

2r—=28 4  T—=-

= "ox N\ dx r
Sigilatly, 22 P2
y F "0z 1

Now grad {log|r|} = grad (log r)

(lOE F)+ J (Iog, r)+ k fl()b F)
I(ldr lar] ldr]
ra)
e Fle )
ror

_(ix+jy+kz r
=
5. If a and b be constant vectors then show that grad[rabl=axb.

72

Sol. Let r=xi+yj+zk,a=qi+a,j+ak
and b=bi+b, j+bk
Then
X y z
o0=[rabl= @ a, a
bl bﬁ b3

= x (ayhy —aghy ) + vy (a3hy — ayhy) + z (ayhy — ayb))
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Now,

d d
—(b = ((12b3~ (13I?2 ), f = a3bl - alb3

0
and d—‘f =(a,by— a,by)
L 00, dd d0
rad d=grad [rab]=1 -~ + +k
grad ¢ = grad [r a b] deay 5%
=i(ayby— ayby) + j(ash, — a\by) + k (a,b, — ayby)
=axh.
EXERCISES
.
1. Prove the grad (—] =- %
La r‘
2. Show that grad (r.r)=2r.
“(r
3. If o= f(r), then show that grad ¢ = f(r) r.
P
4. If f=3x%y— y3z2 find grad fat the point (1,-2,=1). [Ans. —12i -9 j-16k |
If ¢ = (3r2 - 4/r + 6713 find V¢. [Ans. 23— 312 - =73y

3.6 SCALAR AND VECTORS FIELDS

If to every point in a region, finite or infinite there corresponds a definite value of some physical
property, the region is called a field.

If this property is a scalar, the field is called a scalar field for example density at all points, or
potential at all points, or temperature at any given instant are scalar fields.

If this property is a vector, the field is known as vector field. For example the velocity at all
pionts of a fluid or intensity of electric field at all points are the vector fields.

Equipotential or Level Surfaces

Let ¢ (x, y. z) be a scalar point function over a certain region. All those points which satisty
an equation of the type.

O (x, v, z) = constant = ¢ will constitute a family of surfaces which are called level surfaces. For
all points on a member of the above family of surfaces the function ¢p(x, y, z) will be the same.

3.7 DIRECTIONAL DERIVATIVE OF A FUNCTION

If s represents a distance from any point P (x, y, z) on the level surface f(x, y, z) =0, in the

df
direction of a unit vector § then d_ is defined as the directional derivative of fin the direction of
s
a.
The directional derivatives of f(x, y, z) along the positive directions of x, y and z axes are
af 9 of .
i,'—f and respectively.
dx dy 0z
o o o : of of of
Also the directional derivatives of a vector function f along the coordinate axes are EWLE ST
X dy dz
3.8 SOME THEOREMS
Theorem L grad f(= Vf) is vector normal to the surface f(x, y, z) =c, where ¢ is a constant.

Let A(x.y, z) be a point on the surface f(x,v,z)=c, and B (x+08x, y + 8y, z +8z) be
another point in the neighbourhood of point A.
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Let r=xi+yj+zk
: r+dr=(x+8x)i+(yv+80) j+(z+8)k
on subtrflctmo we get

g

AB =8r=58xi+8y j+8zk

When B— A, AB tends to the tangent at A to the given surface. Therefore in the limit, (i)
becomes

dr=dxi+dy j+dz Kk,
and this lies in the tangent plane to the surface at A. But we know that

a‘f_dfd +dfd}+
ox ry

Jd r’
of of . s
+k dei+dy j+dz K
{dr Jd} d](“ DI+l
=Vf.dr.
Since f(x, y, z) = constant, df =0, hence
Vf.dr=0.

Hence V f is perpendicular to dr,i.e., perpendicular to the tangent plane at A. i.e., normal to
the surface f(x, y,z)=c.

Theorem IL. The directional derivatives of a scalar field f at a point A(x, y, z) in the direction
of a unit vector 3 is given by

b 4 grad = (AT
s

df
i.e., directional derivative d_ is the resolved part of Nf (or grad f) in the direction of §,
Ay

As 4 is unit vector at A (x, v, 2).

Hence ﬁ=i£+ ) kﬁ
ds dz ds

Where s is a length in the direction of §

x cdx L dy of of L Oof
; a.grad f=|i—+j—+k— +k —
Also, grad f [ dx 4 ds ] { dx iy dy oz
_df dx df dy (}f [
ox " ds (}y dr (}z " Os
4
ds
But a.grad f =grad f cos 0, where @ is the angel grad f makes with a
Hence the second result.

Similarly the directional derivative of a vector field f at a point (x, y, z) in the direction of unit
vector § is (AV) 1.
Theorem IIL If 5 be a unit vector normal to the level surface f(x, y,z)=c¢ at a point A in
the direction f increasing and n be a distance along the normal, then
grad f = /A fi
dn
Since grad fis normal to f(x, y, z) = ¢, hence grad fis of the form
grad f = AR
where A is some constant and { is the unit vector along the tangent.
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Now from theorem III,

bl
it . grad fzd'—i:

By using (i), (ii) becomes

i.ap=9 o A= A
in dn
Hence from (i)
d
grad f = 4 n
dn

a
Hence the magnitude of Vf is equal to !_
o

Thus, the gradient of scalar field f is a vector nromal to the surface f = constant and having a
magnitude equal fo the rate of change of [ along the normal.

" df
Theorem IV. grad f is a vector in the direction in which the maximum value of g oceurs.
Ly

The directional derivative in the direction of § is given by

i . ~ df .
4 =a.grad f= a.i 7, by theorem Iil
ds ds
df . . df
= f a.n= f cos 0,
ds ds

where g is the angle between a and h.

This value will be maximum when cos 0 =1, i.e.. the angle between & and @i is zero, i.e., § is

along the normal.
Thus the directional derivative is maximum along the normal to the surface. Its maximum value

{
is /i ie.|grad f .
dn

3.9 TANGENT PLANE AND NORMAL LINE

To find the vector equations of the tangent plane and normal line to the surface f(x, v, z)=k
where k is a constant.
(i) Tangent Plane : Let the point of contact of

the tangent plane with the given surface be A. Let T,
be the position vector of A. Let P be any point on the
tangent plane. Let r be the position vector of P. Then

the vector ¥ — 1y will lie in the tangent plane. Again, tik
we know that grad fis in a direction normal to the r
tangent plane. Hence, I — Iy will be perpendicular to
grad f[If a line is perpendicular to a plane, then, it is
perpendicular to every line lying in the plane.]
(r—r,).grad f =0. (D
This equation is satisfied by any piont r lying in the tangent plane and is not satisfied by any
other point. Hence, (1) is the required equation of the tangent plane to the given surface at the

0

point Iy.
(if) Normal Line : Let P be any point on the normal line at . Let r be the position vector of
P.Then r — 1y lies along the normal line.
Since, grad fis normal to the tangent plane, hence, T — . is parallel to grad f.
(r—r,) x grad f=0.
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A discussed in (1), we can show that equation (2) represents the equation of the normal line to
the given surface at Iy .

3.9.1 Tangent Line and Normal Plane

To find the vector equations of the tangent line and normal plane at a given point of the curve
represented by the intersection of the two surfaces f)(x, y, z) =0 and f;(x, y. z) =0.

(i) Tangent Line : Let 1 be the position vector of the given point of the curve and r be the
position vector of any point on the tangent line. Then I — I is a vector along the tangent line.
Hence, T — 1y is perpendicular to both grad f] and grad f,. Hence, r —T, will be parallel to
grad f, x grad f,.

- (r—ry) x (grad f; x grad f,) =0. (1)

This equation is satisfied by any piont r lying on the tangent line and is not satisfied by any
other point. Hence. equation (1) represents the equation of the tangent line at K.

(iii) Normal Plane : Let 1 be the position vector of any point on the normal plane through 1.
Then the vector I — I will lie in the normal plane. Hence, the vector I = Ky will be parallel to the

plane through grad f; and grad f;, i.e., perpendicular to grad f, X grad f;.

(r—r,).(grad f) X grad f,)=0. .{2)
Obviously, (2) represents the equation of the normal plane at .
EXAMPLES

1. Find the directional derivative of the function ¢ = x2 = y2 + 222 at the point P(l,2,3)
in the direction of the line PQ where Q is the point (5.0, 4).

Sol. Here,
gradp=1.2x—j.2y +Kk.4z
=2i—-4j+12k at P(12,3).
_)
and a=PO=4i-2j+k

4i-2j+k

aAs————

V(2D

directional derivative along the given direction =a. grad ¢

= L0 5 140 (B~ T
(21
1 28

= 8+8+12)=

1) Jen

2. Find the directional derivative of ¢ = xzyz +4xz2 at (,—=2,-1) in the direction
2i—-j—-2k. In what direction the directional derivative will be maximum and what is its

magnitude ? Also find a unit normal to the surface x*yz +4xz* =6 at the point (1, -2, -1).

Sol. ¢ = x%yz + 4xz>
@ =2xyz +4z°
ox
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a—¢=x2}!+8xz
00 00 90
rad =i — + j— +k —
gy ly W R

= (2xyz + 472)i +(x%7) it (_\"2}-' +8xm k
=8i—j—10k at the point (I,—2,—1)
Let 4 be the unit vector in the given direction.

. 2i—-j-2k 2i-j-2k
Then a= 3 = 1 .

Ja+1+4 3

9 .
... Directional dervative = aq] =a.grad ¢
5

:(#).(Si—j—lok)

_16+1+20 37

Again, we know that the dir‘cclio'?!al derivative is maximum in the direction of normal which is
the direction of grad ¢. Hence, the directional derivative is maximum along grad ¢ =8i-j-10k.

Further, maximum value of the directional derivative

=|grad ¢ |=|8i-j—10k]

grad¢ _8i-j-10k
|grado|  Jies

3. Find the equation of the tangent plane and normal line to the surface x* + }‘2 +72=25
at the point (4,0, 3).

Sol.Let f=x2+ y2 + ;205

Again, a unit vector normal to the surface =

Then gfﬂd.fzgi+%.i+%i
=2xi+2yj+2zk
=8i+ 2k, at the point (4, 0, 3)
Also r=xit+yj+zk ry=4i+0j+3k
- r-r,=(x-4)i+4j+(z-3)k
Equation of tangent plane is

k

(r—ry).grad f =0

= [(x—4)yi+ yj+(z—-3k].[8i+6k]=0

ey 8(x—4)+6(z-3)=0 =24x+3z=25

The equation of normal line is (r —Ty) X grad f =0
i i k

s [(x—4)i+yj+(z-DKk]x[Bi+6k]=0=x—-4 y z-3|=0
8 0 o

= 3yi+[4(z=-3)-3(x-Dj+(-4y)k=0=0
Equating the coefficients of i, j, k from both sides, we get
3y=0,4(z-3)-3(x-4) =0,
—4y=0
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Frs ¥y = 0e =

Required equation of normal is ad ; . = (}) = ; 2
4. Find the directional derivative of f = x4 }-'2 + 72 at (1,2,3) in the direction of line
x/3=y/ld4=7z/5.
Sol. We have directional derivative =4. grad f
Now, vector in direction of line x/3= y/d=z/5,
a=3i+4j+35k
3i+4j+5k 3i+4j+5k

a= =
Jo+16+25 5\2
and gradfzig%+j3—);+kgiz

=i(2x)+j2y)+k (22)
=2i+4j+6k (1,2 3)
directional deerivative =4 . grad f
1
=0CBi+4j+5k)=
5v2
522

5v2

10
EXERCISES
1. (a) Find the directional derivative of ¢ = x4 }'3 + 73 atthe point (1,1, — 2) in the direction
of the vector i +2 j+k. [Ans. 21/./6 |
(b) Find the directional derivative of ¢ = 3x2 - 2y — 3z atthe point (1, 1, 1) in the direction
specified by 2i+2 j—k. [Ans. 19/3]
2. In what direction from the point (2, 1, —1) is the directional derivative of ¢ = xzy 72 is a maxi-
mum and what is the magnitude ? [Ans. —4i-4 j+12k;4(11) ]
3. (a) Find the maxtimum value of the directional derivative of ¢ = 2x2 + 3).'2 +5z2 at the point
(1,1, -4).
((h) Find the maximum value of the directional derivative of ¢ = xy + yz + zx at the point (1,
),2).

4. (a) Find the unit vector normal to ¢ = X2 + ):2 + z at the point (1, -1, 2).

{Ans. %(2i+2j+k)

b) Find a unit ector normal to the surface ¢ = x2 + y2 — z2 at the point (1, 1, 1).
o ¥ p
2(i+j-k)|
Auig, 2ArFIR)
V3

5. Find the equation of tangent plane and normal line to the surface xyz =4 at the point
(2,-L5).

{Ans. 2x+y+z:6,x2 = =
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3.10 DIVERGENCE OF A VECTOR

If f(x, vy, z) is any given continuously differentiable vector point function, then the scalar
function defined by _
V.f:[ia—i+ja%+ka%}(ifi +ifytk fy)
is called the divergence of f, and is written as div. f. We read it as del dot f or divergence of f.
It is clear that div £ is scalar.
Solenoidal vector. A vector f is called a solenoidal vector if div f vanishes. i.e., where div. £ = 0.

3.10.1 Divergence of a Sum

Let f and F be two vector functions, then

div(t‘+F):i.i(f+l?)+j.,i(f+l?)+k.i(f+F)
ox dy 0z

; (af aF] . (of EJF] (af OF)
=i. + +j. + +k. % J
dx  Ox dy  dy dz | 9z

_(9 aFl] oy an] oy oFy
_(8x+8x_+_ay+ay_+ az+az ’
where f=ifi+jf,+k fy
and F=iF +jF +k F
(afl +af2+a-f3 4 oF, +6’F2+8.F3

ox dy Oz dx dy 9z

da, da, da,

Note. If a=ia; + ja, + K a; is a constant vector, then FRE 8— are all zero. Hence for
x y z

a constant vector a,
diva=(.

3.11 CURL OF A VECTOR
If fis any given continuously differentiable vector point function, then the vector function

defined by

V><t'=i><,d—f+j><€_']—f+k><(_3—f
ox dy 0z
is called the curl of f and is written as curl f. We read it as del cross f or curl of 1.

3.11.1 Expression of Curl f in terms of the components of f

Let f=ifi+ifa+k f5
Then curl f=vxf
.0 .0 0 . g
:(.|a+']$+ka—z]x(|fl+‘|f2+kf3)
of, of, df, 9 df, df
:i L_é +j L_é +k L_L
dy 0z dz  Ox dx  dy
i i k
=|d/dx d/dy d/dy
fl .Jrz -’r?s

Obviously, the components of curl f along the co-ordinate axes are

dfs B df; | (oA L dfy and f, 3 o,
dy oz Jloz ox ) ox dy )
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3.11.2 Curl of Sums
Cul f +F)=Vx{i(f, + F)+j(f, + F) +k (f; + F))

Here f=if+jfh+k fy
and F=iF +jF +kF;
i j k
_ L+l L E ,Q + 1
i j k i J k
=|dfdx d/dy d/dz +|d/dx d/dy d/dz
ho h A R B 5
By the property of determinants
=curl f+curl F.

Note. If a is a constant vector then all differentials of its components are zero. Hence for a
constant vector
Curla=0.
Irrotational Vector

A vector f'is said to be irrotational if curl £ =0. (orif curl f vanishes).
3.12 THE LAPLACIAN OPERATOR V2

The operator w2 is defined by the equation
(V.V)f=V.(VS)
The operator V2 is called the Laplacian

Now, V2=V (V) | |
:(ii+i+ki]. iai+jai+kai
~dx dy oz ox " dy dz
02 0? 02
e e A 0
ox= dy* 0z
since i.i=j.j=k.k=landi.j=j.k=0
d d d d d dJ
Again, VVfi=li—+j—+k—||i —+j—+k—
s : (_l ox Ja_v 0z ] (I ox ! dy az}f
_ax2 dy? azz'
_Pf . EF & )
e ¥ dy2 ® B2 (i)
Hence from (i) and (ii) V.Vf=(V[S])
V2f isread as del square of . Againif V2 f =0, then V2f, = V2 f, =V2f, =0,
EXAMPLES

Liff=(x+y+Di+j+(—x—v)K, find curl f and f. curl f.
Sol. We have

i i k
curlf =| d/dx d/dy d/dz
x+y+1 1 s e

=i(=1-0)—j(—=1-0)+k (0-1)
=—i+j+k
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f.oecurlf=[(x+y+Di+j+(—x—-ywk]l.(-i+j-k)
=—(x+y+D+1-(-x—-y)
=—x—y—-1+1+x+y=0.

2.If F = xy2i + 252 yz j— 3yz Kk, find div f and curl tat (1,—1,1).
Sol. div.£ = (07) + 2 (2%y2) + = (= 3y22)
ox dy ’ 0z '

:}!2+2x2z—6}’z.
(divf)u‘_]__n=1+2+6:9.
i i k
curlf=|d/dx d/dy d/oz

| w2 2x%yz —3yz? |

d d d d .
=jl— (=3 _,52 — 2 z % i .2 2 D (e 2
l{a}__( ¥z©) az( X<y )}’"[az (xy*) d,\'( ¥z )}

=i|=3z2 = 2x%y] +j |0 + 0] + k [4xyz — 2xy]
=—i(3z2 +2x2y) + k (4xyz — 2xy)
=-i(3-2)+k(-4+2)

(curl f)(]_._].]) =-i-2Kk
3.lfu= gl ek =r, showthat V.u=- . -zzandeu=0‘
(x? +y* +2%) (24 y2 422 T

. . 5. 3. % ar:x ar:yr ar:z
Sol. We have p= = x° + y= + z=, then ; and 4
; ' dx r dy r dz r

L. QY . N2
Now u= i+ j+ 'k
r r r

I
"'".|___
(%]
A
™

=
et

-

]

+
= |,

+ "

~ =

(2]
T
| A— | L

T g
‘«;|_
(g1
=

")

.y

|
~=|"‘M
P

V.u= d/dx d/dy d/odz

x/r  ylr zlr
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=i{a%(zfr')—a—az(}'”)}+.i{%(xh‘)—%(zfr)}
d 0 '
k 5 - ol p
+ {a_r()fr) ay(tf.*).}
:i{_ii 7+iﬁ :].+‘{_ia_r t_]_ii -,}
| A az.)] ’ e I i
{ 1 or I or }
+k ———_.}-'+—.—‘.x

r
. V7 g . X7 Xz X Xy
(55l 53l 5

. F gl E- Fy N - ¥

=i(M+j+k =0
4. Find the constants a, b, ¢, so that
f=(x+2y+az)i+(bx-3y-2)j+@x+cyv+22) k is irrotational.

| 2

Sol. A vector f is said to be irrotational if curl f = 0.

i j k
Now, curlf = d/dx d/dy d/oz
h  h A
i i k
= d/ox d/ady d/0z

| x+2y+ax bx-3y—z 4dx+cy+2z|
=(c+Di+(a-4j+b-2)k
Now curlf =0if c+1=0,a~4=0and b-2=0.
e a=4,b=2,c=-+1.
5. if the vector £ =3xi+ (x4 y) j—axk is solenoidal, find a.
Sol. A vector f is said to be solenoidal if div £ =0

(livf:a(i_ (3x)+;rJ (x+ }-‘)+a()Z (—az)=3+1-a=0

a=4.
EXERCISES
1. Find the curl of the vector function f =y (x4 z)i+z (x+ ¥} j+ x (v + z) k and hence find
the value of curl (curl f). [Ans.curl f =— yi+ z j—xk, curl (curl f) =i+ j +k]
2. () If, f=zi+xj+ vk, then show that curl (curf)=0.
MIFf=x2yi+ y2zj—z2xk, find VXT at(1,2,3). [Ans. —4i+9j—k |
(©)If £ = xy2i — 2y273 j+ xyz? K, find div. fat (1, — 1, D). [Ans. 3]

3. @If £ =(x?— y2)i+2xy j+(»° — 2xy) K, find div. fand curl f.

[Ans. div. £ =2x 42y curlf =2y —2x)i+ 2y j+4yk]
(b) Find the divergence and curl of the vector function
f=2z-30i+Gx—-2)j+(y-20k. [Ans. divE =0,curlf =2i+4 j+6k]

(c) Compute divergence and curl of the vector f = x2 yvi+xzj+2yzk at (=1, 11).
[Ans. div.f=0, curl t =31]

4. ()If f =3xyi+20yz2j—15xzk and ¢ = y? — xz, than find div. (¢ f).
[Ans. 3y3 — 20xz3 — 15xy% + 30xz2 + 60y27% — 6xyz ]
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(DI £ =x2i+yj+zk and ¢ =xy2, find div (¢ f). [Ans. xyZ (3x +4y) ]

5. Determine the constant a so that the vector
V=(x+3y)i+(y—2z)j+(x+az)k issolenoidal. |[Ans.—2]

6. Prove that ¢ =2x% —5y2 + 372 satisfies Laplace’s equation V¢ = (.
7. Show that the vectors

(a) f=(dxy—23)i+2x2j—3xz%k

and (b) f=(y?cosx+23)i+(2ysinx—4)j+Bxz> +2)k

are irrotational.
8. Determine g, b, ¢ so that the vector f given by

f=02x+3y+az)i+(bx+2y+32) j+ (2x + ¢y + 3z) k isirrotational.
[Ans, a =2,b=3,c=73]

EXAMPLES

e i
1. Prove that div T =—

B

Sol. We have

xi+yj+z,k:x. Vil T
%

= i+=j+
r I f'_
. 0 (x o[y d(z
di + +
X ar[r] a}-f[r] az[rj
rl—x.f)—r -"l_}"--_’ r.l—;‘dr
ox d_\-‘+ a-
B +2 3 2
Uy (o R gr _
_rz 3r— xax+)- 8v+483 =)
we have r2 =x2 + y2 + 72
dr x or vy ar z
—=—,—="—and —=-—
dx r dy r z r

hence mm-(i)

I
i T
a2
| T—
s
=
|
ps ! -SM
| ErSm=me—}

2
= 2r=—
r F
2. Prove that div r"'r =(n+3) .
Sol. We have
rr=rxi+ryj+r'zk
d d
(rﬂ J\:) + (rnz}
dy 0z
o

ar or
= d+nr Iy — 4 dvur Ly, — a1z,
X ay z

div r'r = ,a (r'"x) +
dx
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=3+l x—+y—+z—
dy oz

X ! Z
=3r”+m~”“(;;:—erlJrzi
F r Fr

=3r"" + nr" = (n+3) 1.

3. Prove that curl (#"r) =0, ic., r''r is irrotational.
Sol. We have, r=ix+jy+kzr?+y?+z2
OF & 0 3O &
dx r'dy r dz r
curl (Fr) =V X (@ xr® + j yr™ + k zr"
i J k
=|d/dx d/dy dloz

Then

Xr i VI n rd L

_ +k |:% (yr) — % (.\.‘.*“”):|

. or d . d
=i|n-17 cg—nr"l r‘y +j f}.r”_L{,rx—nr Tmr—ag
dy dz oz dx

dr ox
+k|nr! —nrt! WX
dx X dy

) HJ‘Z a %}-’)ﬂ-[a‘t . 4‘3]+k(%y _.3-*]}
r £ _) _r r_ _f' P'_

=nr" VH.0+j0+k.0|=0.
4.  Prove that div (r xa)=0 or div(axr)=0.
Sol. Weknow, r=xi+yj+zk
a=agi+a, jta; k

i j k
rxa=|x y z
| 2 gy

=i (a3y — ay2) — jlazx — aqyz2) + K (ayx — qpy)

Now, div(irxa)=V.(rxa)
a0, 0l
s "l

{i (ayy —ay2) = j(ayx — q;2) + K (ayx — gjc)}

d d d
= ™ (a3y—ayz) = % (a3x—a2) + % (ayx—ay)=0.
5. If a and b are constant vectors, then show that curl [(r xa) xb]=h xa.
Sol. We have

curl (r xa)xb]=curl[(b.r)a—-(b.a)r]
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= curl [(bx + b,y + byz) (a; i + a, j+ay K) = (ab, + ayby +azhy) . (xi+y j+zK)]
i i k
= d/dx d/ady d/dz
a (blx+bzy+b3z) a, (blx-’rbzy—l—bsz) ay (blxﬁ-bzy-i-bjz)
i i k
- d/dx d/dy dloz

(a,b; + ayby, + asby) x (b + ayby + azby) vy (ab) + ayb, +a3by) 2
=i (a3by —ayby) — j(azb, —a;by) + Kk (ayb) —ab,)=b xa
EXERCISES
1. If f =#, then prove that curl £ =0.

r
2. Show that div —5 =0-
i

1 .
3. If v=wXr prove that ® = 3 curl v where ¢ is a constant vector.

4. Prove that div [(r xa) xb]=-2b.a, where a and b are constant vectors.

. oaxr axr a 3r
5. Prove that div =0 and curl S <+ (a.r)
f.3 e r3 5

-

: | a.r
6. Provethata.V|—|=———.
r B

3.13 SECOND ORDER DIFFERENTIAL FUNCTIONS

The three quantities which have been specially studied in this chapter are grad ¢, divf and
curl f. For these quantities certain improtant points are to be noted :

(i) grad is associated with a scalar point function ¢ and grad ¢ is a vector.

(ii) Divergence is associated with vector point function f and divergence f is a scalar.

(iii) Curl is associated with vector function f and curl f is a vector.

Since grad ¢ and curl f are vector points functions and as such we can find their divergence
as well as curl. Also div f is a scalar point function we can find its grad we may thus form the
following functions :

curl grad § =V x(V 0)
diveurl f =V . (V xft)
divgrad 0=V .(V )
curlcurl f =V x (V xf)
graddiv f =V (V.f)

These are called second order differential functions.
Properties of Second Order Differential Operators

Property 1. Curl (grad ¢)=Vx (V) =0.

Vx(V¢)=Vx(ig—¢+j%+ka—¢]
X

dy dz
i j k
| 9 0
oy 3y A
do do ¢
ox 0y 0z
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2 24 ' a2 2 2 2
< DR e S0 e
dydz dzdy dzdx odxdz Odxdy dyox
22 52
=), as _d d) z_d_(b ete.
dy dz 0z dy
Hence V x (V ¢) =0.
Property 2.div (curlf) =V .(Vxf)=0
Letf=if,+jf, +k f;
i j k
Vxif= i i i
dx dy dz
h 5L 5
o O, d of. d d
:i L_L]J,_j i_é +k é_i}
dy  dz dz  ox dx Oy
Therefore

o (9 o) 9(of 93 9(d, O
V.(Vxf)= 3 4 _
(Vxt) ax[_ay azJ+a\-=(az ¥
L 9 . 32 f, 9 f;

dx | 9dz\ ox dy

L6
" Oxdy Oxdz dydz dvdx 0dzdx dzdy
Hence V.(Vxf)=0
a2 o 32
Property 3.div(grad )=V . (V) = d—:b + Y ‘,1: + d_d)
x> dy?  0z2
We have '
V.(V§)= iiJerijki : ia—¢+ja—¢+ka—¢]
dr " dy dy ox dy dz

QN 20y
ax% dy?  9z?
V.(V )=V
Property 4. Curl (curl f) = grad (div ) f - V2f
ie., Vx(V x )= (V.f) -Vt
Let f=ifi+jf,+k/fy

AN AN
dy Oz dz

dx dx  dy

i i k
Vx(Vxf)y=| d/dx d/dy d/0z

W W Y N A Y

dy dz dz dx dx oy
:i{a (af2 ﬁaf;]_ d ['af, oy ]}
dy\dx dy) 9z\dz ox
o EEE
ozl dy oz dx| dx oy
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664 Vector Analysis

W2 (0 ) 0 (% )

dxl dz  ox dy | dy Oz l
I T R Wi Y W e N P PO ]
“avax T a2 T a2 Tazax| Macay T a2 T a2 axdy
+k{82f1 LRy RSy 3|

dxdz  ox2  9yr Oy azl
'i[gl_.’.afz +a_f3]+j£(a£+af2 +g‘%]

' dx\ dx dy 9z dyl dx dy 9z
G I .
+kaz[a‘l+ aj'l' a;]—(:vzfl+jvzf2+kv2f3)
=V(V.OH-VEG fi+if,+k f)
=V (V.f)-Vf
so  Vx(Vxf)=V(V.f)— V3.

EXAMPLES
1. Prove that div grad v* =V?r" =n (n+1) r" 2.
Sol.Letr=xi+yj+zk

r= (x2 + )-‘2 + zz)

ox \/(x3 +y2 a2y oy o dz 7 w4
Let ¢ = #", then
?}q) =prt—1 gr =pr L, ¥ nxrlt =2 (i)
X X r
a2¢ |: 2 x:|
a7l +x(n=2)r""3,
2 ( ) "
o2 |:I + n-2) xz]
72
Similarly,
%0 2{ (n-2) 7]
—=nar"" | 1+——F— ¥°
dy? pE =
24 i
siid a?zizr”_zznr"_z[l+(n = )Zz:|
z r
,. 0% 0% 0%
clivgradr":VZt]J:_ o n o
dx>  dy? 972
- e
mnr"_z[l+—(H = )+,\c2]+mv”_2 {1+—(n = ) yz}
e L
+nrn2 [1+ (n-2) zz}
2

-2 }
=pr2 {3+ W 5 )(.'r2 +y? +22)]
F

znr”_2|:3+—(”“2).r2}

2
re
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=nr""2(3+n-2)
=n(m+)r"-2
2. Prove that curl grad y™ =0
Sol. Wehave: r=ix+jy+kz and 2 = x2 + y2 4 72,
or. % o J o

Also, ox r'dy roz

=
¥

Erddr”—idi(r”)+J (r" )+k—(?‘ )

~1nr”ld+|nr”ld +k.n ”id—r
dx dy 0z

:!’1.*'”_]' fi“l‘ﬂf’n_liJi—nr 1—1 ik
r ¥r r
=p—2 (i "C+.ij’+kZ)=m‘”_2r.
i i k
curl grad " =| d/dx 910y 39s

_2 - -
ar " x Zy 2z

=n ]Jd (rn—ZZ)_ d (.*‘"_Zy) +J{ d ( ”_2_\')— d (.‘411—2 2)}
! dz ox _

Loy 0z
a n—2.3_ d r”_2 x .
. (r"==y) B ( ; )H

:n{i-{(n—?)r’?_sg—;z—(n 2y et 1’3— }

{(11—2):'” 1’3 x—(n- )r”_3£z}

+k

e

ox

=n(n—2)r"" 1{1(%3-%}’]+][;x—;7]+k[j€ -‘—% ﬂ

=n(m—-2)r""3i.0+j.0+k.0]
=0.

+k{(n—2) e de y—(n-2)r"" 501 H

2 "
3. Prove that V? (; ) S :

Sol. We have
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666 Vector Analysis
o i B &
R
| 2 4z 8
| T T T B
__6x 8 13 4x _
p 0 A 76 (1)
a[x]_a a[..t)_a —2x or
How oy \r2 ) dy|oy\s? dy| v
0 [-2x y ma[—ny
ov| A rl oyl
1 4y vy
eipeilop] | oconiD B ud
]
1 4y?
sy = 2
[ﬂ 0 ] (i)
Similarly,
g% (=) 5 1 472
a2l 2 ) g 8 i)
3 1 1
Vz(x):—b‘[ P~ —--(x2+\-'2+32)}
E s O OV i
5 4 - 2x
o oy 1
EXERCISES
1. Verify that curl grad ¢=0 and div ¢A=gradd¢p.A+¢pdivA given that

O=x + y> + 27+ 3xyz and = x%i + y2j+ 2%k
2. If f=x2yi+azj+2yzk prove thatdiv (curl £)=0.
3. Prove that div grad [1) =0 or V2 [l] =0.

F ¥
4. Show that V2 f£(r)= f"(r) + 2 f(r)
¥

5. Provethatcurl {f(r)r}=0.
6. Prove that curl curl F =0 where F=zi+ xj+ yk.

3.14 VECTOR IDENTITIES

If 2 and v be two scalar functions and a and b be two vector Tunctions, then we can have the
products # v and a.b both scalar. So we shall find

grad (uv) and grad (a.b). Similarly products #@ and axb are vetors, so we can find btoh
their divergence as well as curl, i.e.,
div. (u a), div(axb) and curl (x a), curl (a x b)
These results are known as vector identities and we shall find these one by one.
MHgrad(uv)=ugrad v+ugrad v
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Differential Operators 667
We have, grad(u v) =21 i (w)
—H{la—:+jg—; k{;—;]+v(i—t+ 3—? k 3—‘:)

=u grad v+ vgrad u
ie., Viuvy=uVv+vVu
() grad(a.b)=axcurlb+bxcurla+(a.V)b+(b.V)a

. 0
We have grad(@.b)=Xi—(a.b)
dx

..[ ob da
ol o, 2 e
1[3 g E}xJ

db i da
—21( J+E:[b. ax) (1)
(x5 a 5 a0
Now, ax : - li—(a.i)
ox
( abJ [ } b
or i=ax + (a.i) -
JC

E[a de Z( (_)h]+2(a.i)-(,)b-
- dx ox dx

=axcurlb+@.vV)b (i)
Similarly,

L0
(b f]]—hXLllr a+((Mb.V)b (i)

Hence from (i), (ii), and (iii). we obtain
V@a.b)=axcurlb+bxcurla+(@a.vV)b+(b.V)a

(I div(za)=u diva +a.grad u

‘We have

div(za)=1. %(na)+‘] ai(.ua)+k ai(ua)

i .a r)a (aau_‘_”i)a
’ ox dz
) a” [ [ da ,da 83}
=i. a +k i—+j—+k-
Cdx d} 0z
{ i du ] [ aa 8.1 8.1J
=a.|l +
dy 0Oz

za‘gr’ldu+.wdna
(IV)ydiv(iaxb)=b.curla—a.curlb.

We have div (axb)=i. c)d {de)+J (a+b)+k (axb)

:Ei[aaxb+axab]
dx dx
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:Zia—a+b+2i.axa—b

X : : X
da i dhb
=[ZiX—|.b=|Zix—|.a
[zog)a-(zi?)
=b.curla—a.curlb
(V) curl (ua)=(gradu) xa +ucurla
‘We have

curl (aa):ixa—i(ua)+jxaiy(ua)+kx%(ua)
ZEiX[?—Ha+H‘{}—aJ
dx ox

:Eix(ﬁaJ+Zi><u?

n_:}x X

=2‘.[i ‘_)‘fJxa+[2ix ?a]u
ox ox
=(grad ) xa+ucurla
(VD curl (axb)=adivb-bdiva+(b.Vya-(a.V)b
We have

curl (axl)):ixi(axl))Jrjxi(axh)Jrkxi(axb)
ox dy dz

ob dal
=3i i
lx(axax+al><))

] db ) da
=3i —4Tix| =xb
!X(aX&J"]-’- IX(a X ]

X X

£

:z(i.gﬂa—z(i.a) 3E+Z(i.h)g:—2[i aa)h

9x
as ax(bxc)=(a.c)b-(a.b)c
db . da da db
| 3 )Y a—|Zi. b+X(i.b -2 (.
[ 4 a.c]" ( : ax} Fellably, ~mlilly,
=adivb-bdiva+(b.V)a-(a.V)b
EXAMPLES

1. If a be a constant vector find grad (a.X), div (a xf) and curl (a xf).
Sol. We have
grad (a.f)=axcurlf +f xcurla+ (a.V)f +(f.V)a, by Identity II
=axcurla+(a.V)f

as a is constant vector, hence

curla=0 and (f.V)a=0

div (a xf)=(curl a).f — (curl f).a by identity IV
=—(curlf).a ascurla=0

Hence curl(axf)=adiva+{f.Vya-(a.V)f
by Identity Vlasdiv a=0 and (f.V)a=0
2. If £ = grad ¢, show that £ .curl f =0.
Sol. We have

curl f = curl (y grad ¢)
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Differential Operators 669

= (grad y) X (grad ¢) + y curl (grad ¢)
[as curl ua = (grad u) X a + u curl a]
= (grad ) X (grad ¢) ascurl (grad ¢) =0
f.curlf =wy(grad ¢).{(grad y) x (grad ¢)} =0
as scalar triple product in which two vectors are equal is zero.

3.1

(o (Lo of 9o
F[¢ a}{wan”[m}aﬁ

then prove that
() F=rxVF, (i) F.r=0 and (iii) F . grad = 0.
Sol. We have

r=ix+jy+kz

c}f df of
: Vi= +k—
and f= ld ()y 5
i j Kk
(i) rxVf=lx y z
o o o
ox dy Odz
Y -['.,a_f_ a-_fJ g _ I
_l(} Oz a\’]-”éax o7 de xa» Y ox
(i) I*".r:{(fg—i—z%)i+(<g—i— g—i}j+[\x(§£—yg£kﬂ.(ix+jy+kz)
ol g o Ty WY IO &
_pwz&&ﬂwx”&h%yh&

G F. grad f :H}, )4 ]i (7 -,
- dx oz

dz dy
+[ af——y§]k}.( f+ —f-+k fJ
Oy ox ox a» dz
JY o of of of o of of o o o o

(h dz ox dy “ox dy (h 0z dy 0z c}r 0z
=0.

EXERCISES

1. If fand g are irrotational, show that T X g is solenoidal.

2. Prove that V. {r \Y (iﬂ = i
.rg

3. Prove that V2 |: (L }z 27

#
4. Prove that V[a.LJ:i—n LRI E
¢ gk s n+2
ax a 3
5. Prove that div a><1r =0 and curl — N a (a.r)

e PE P e
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6. Prove that V, [a X i] =0
rﬂ'

7. Show thatcurl (a.r)a=0

8. Prove that curl (v V &)= Vy x Vd =—curl (¢ Vyn).

9. Show that F = xi+ yj + Zﬁ is conservative and find ¢ such that =V,

10. (i) Prove that v .V v= % VvZ—vxcurlv.
(ii) I a is a constant unit vector, prove that

a.[V(v.a)—curl(vxa)]=div. v.

aad
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4

Integration of Vectors

4.1 INTEGRATION OF VECTORS

Integration is the inverse process of differentiation. IT two functions B (f) and ' (¢) are connected
together such that

!
i {F (1)} = f(t), then F(¢) is called integral of f() and in symbol

F(t)=[f(t) dt

f (1), the function to be integrated is called the integrand and ¢ is the variable of integration.
If ¢ is an arbitrary constant vector, then we have

-jr [F() £ el =£()
Le., [t@)dt=F(t)*c

The arbitrary constant ¢ is called the constant of integration.
The following standard results have been derived :

o dr ds
(r.s)=—.s+r.
dt dt _ dt
dr ds
[|=.s+r. di=r.s+c )
dt ddt
Particularly, if s =,
dr 2
2r.— |dt=r* +¢ -
I( d.f] (1)

) .
it dr d?

Since the derivative of N s 2 _r-_r
dt d’fz

dt _
dr d*r dr 'V
hence IQ[I-?}*:{EW te ..ii)

Again, the derivative of the unit vector F may be wrilten as
d . df{r) ldr 1 dr
—(B)=—| — > r
dt de\ r rodt oyt odt
j- ldr 1 drr ]‘+c it
B e [T iV
rodt S22 odt r (iv)
Note : It should be borne in mind that the constant of integration is of the same nature as the
integrand, i.e., if integrand is a vector ¢ is a vector and if integrand is a scalar ¢ is a scalar.

EXAMPLES
: ; 5 s . doE
1. Find the value of v satisfying the equation — =at+b, where a and b are constant vectors.
dt
5
. dr
Sol. Integrating the — _=at+h,
dt

671
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672 Vector Analysis

ax ar’ +bt +e
we get ——Hi X
& d 2
‘Where ¢ is a constant.

ra , 1 3 Baob
Again integration, we get r= o ar’ + 5 bt® +et+d

Where d is a constant.
LI r(t) =51+t j-1 Kk,

2
s (rx( r]dr:—14i+75j—15k
dt

¥
_ 3 d°r
Sol. We have j] [r o

dt ] '
2 dzr dr 2
j] rX— |dt=|rx—
dt= dt i
Nt AT Geie =57k
d dt
i j Kk
rxﬂ: B i =
dt _ 2
10 1 =3¢

. . =
=—2 1+ 5% j=5k

. 4 2
iy (rx :]drz[— 2% i B35 j—Srzk]I
dt=

=—14i+75j-15k
3. Given that
r(n=2i—j+2k whent=2
=4i-2j+ 3k, whent=3

3 dr
Show that j2 [r‘z]drzlo.

P dr 1 2
S > have r.— |dt=—r"+e¢
Sol. We have J L & J 5

=3
jj . TR
= dt 2 =2
Whent=3,r=4i-2j+3Kk

r’=(4i-2j+3k).(4i-2j+3k)

=16+4+9=29
Whent=2,r=2i-j+2k

r’=2i-j+2k).2i-j+2k)

=441 4=0

.
jf [rx—rszzllz‘;—s;J:m.
- dt )

4. If rxdr =0, show that T = constan.
Sol.Let r=xi+yj+zk
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Integration of Vectors 673
then dr=dxi+dyj+dzk
i rxdr=40
= (xi+yvj+zK)x(dei+dy j+dzk)=0
i j k
g x y z|=0
dx dy dz
= (vdz—zdy)i+(zde—xdz) j+(xdy—ydok=0

=0i+0j+0k.
Equating the coefficients of i, j, k on both sides, we get

ydz—zdy=0 = @,
¥ z

zdv—xdz =0 = dz = dx
z x
d

xdy—yde=0 = ™
ik y

The three results on combination admit
dx dy dz

Xy z
Taking first two,
Integrating both sides, we get
log x=log y +log |,

where log ¢ is an arbitrary scalar constant of integration.

— log x =log (c;¥)

= xX=qy

Taking last two,

Integrating yields log z=log v +log c,,

where log ¢, is an arbitrary scalar constant of integration.

= T=0 ).
xi+y j+<k

Hence,
x ] y + z ’

_ayityj+oyk

- 2.2 2 2.2
iy’ +y ey
uCli"l‘j“l‘Czk

{2 2
Cl +1+82

which is clearly a constant vector being independent of x, y and z.

..!

5. Show that necessary and sufficient condition that direction of given vector r is constant is
that
dr
rx—-=>0.
dt
Sol. Let |r|=5
r=R
Hence, r=5R (1)
Necessary condition : Given that direction of r is constant, we have to prove that
dr
rx—=»>0

dt
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d d
rx—rzriR+—{r] R}
dt dt
1 .
:rle-[”l R+ gx|
| dr d |

dn 4 dR
= RxR)++ | Rx
A g SRR ’1[ dz]

3 dR
=K RX L% =
i [ dr][. RXR=0]

. dR
=0.as R is constant, so —= 0.

y dr
Sufficient Condition : Given that T X Y =().

‘We have to prove direction of r is constant

j Kk
dr J
T X T =| X v Z
g% de dy dz
dr dt dt| _ _ _
. dz dy l . |odz dx dy dx
=ity -z r—jx . —Z +kix " -y
= {} dt 4er 'I{ dt dr} { dt =~ dt
= =0i+0j+0k
Comparing the coefficient of i, j, k
dz dy
; —z =0
? dt ot
dz dy
= 7 Wy
= log z=log y +log ¢
2 1=qy
dz dx
Xz —=0
dt dt
dx dz
= =
X Z
= log z=log x +1og ¢,
= I=CrX
d dx
2oy =0
dr dt
dy dx
= ¥y ooox
= log y=log x + log c;
= V= (_)Sx
r xi+yj+zk
Hence, I — e e
[r| FERRE
_ xitexjtexk

2

2
\/_Xz + Cy x2 + t'ixz
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_i+[72 j+(.'3k
1+ c_o,z 4 (r-__%
which is independent of ¥, v, 7 so it is constnat vector.
EXERCISES
L Iff@)=ti+@?—20)j+@% +37)k,
1, 2. 7]
Sod [ Ans.—i—-—j+—k
find jUf(z)a'z. { g izl |
2. Ifr=ti-1> jri -k and s =242 i+ 6rk, cvaluate
3 2 iy (2 Ans. (i) 12 (ﬁ)—24i—4“ ‘+64k_
@ [, (xr.s)dr, (i) [, (rxs)dr. : G g
N T B
3. Evaluate j(l) @i+ ¥j+1Kk)dt. {Ans. (e-1)i- 5 (e =D j+ 5 k

4. The acceleration of a particle at any time ¢ is ¢ i+ (_erj +k find v given that v=1+}], at

1 .5
t=0. [Ans.e’i+2-(2‘x+1)j+rk

5. Ifa=ti-3j+2tk . b=i-2j+2k,c=3i+1]-k
show that

3
() [[a.(bxe)dr=0
o 12 87. M4,
(i) [[ax (bxe)dr=— o Ly k
4.2 LINE INTEGRALS

Let r=1f(¢) represents, a continuously differentiable curve denoted by

. dr
Cand f (r) be a continuous vector point function. Then —— is a unit vector (dz k) F

. . 5
function along the tangent at and point P on the curve. The component of the

dr
vector function F along this tangent is F. I which is a function of s for
5
points on the curve. Then c/p
dr
|¥F -——ds=[.F.dr,

ds
is called the line integral or tangent line integral of F (r) along C.

Lt F=iFR+jR+kF
and r=ix+jy+kz
dr=idc+ jdy+Kkdz
JcF.dr=[(Fi+F j+Fk) (dxi+dyj+dzk)
=[ (K dx+ Frdy+ Fydz)

=[ | B2t D 8
I(_ldr zdr 3

5 i dr 2 dy 5 dz
F.dr=[?|F —+1<1,—+f~—]d:.
Je h ( Yar  Par

Where # and #, are the values of the parameter / for extremities A and B of the arc of the curve

Again,if r=xi+y j+zk
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676 Vector Analysis

dr dx, dy . dz
—=—i+—j+—k
ds ds ds ds

= . dr
[cF-dr=|.F. 5B

= [* [Fl A A
S\ de dt T dt

Where s and s, are the values of s for the extremities of A and B of the are C.

Physical Interpretation of jCF‘dr

If F represents a force acting on a particle moving along the curve C then the line integral
IC F.dr represents the work done by the foree. IT F represents the velocity of fluid, it is called the

circulation of F about C.,
Other types of line integrals

(i) j‘cF.dr:jclfx%.d\-:j;zFxtd.v,
Where t is a unit tangent vector.

i j k
Now, F.dr=|F F I3

dx dy dz

=1 (Fy dg = Fydy) + j (Fy dx = Fd) +K (Fy dy = Fy dx)
JoFxdr=i].(Fdz—Fydy)+]|. (Fdx—Fdo)+k [ (F dy — F dv)
@ [.odr=i].¢dv+j[ 0dy+k ][ ¢ds

Where ¢ is a scalar point function.
EXAMPLES

1. Evaluate j(” F.dr, where F=xyi+ yzj+zxK and where Cis r=it+ j 2 +kt3, 1
varying from— 1 to + 1.
Sol. The equation of the curve in parameteric from is
X=t, ¥ =12, z=1
F=xyi+yzj+zxk
=i+ j+z4k
dr d dy , dz
e 2 _x i+ _} it ) k
dr  dt dt dt
=i+2j+3°k
dr

3
F.Tzr“ +26% +3% =4 + 5¢°
dt

_[CF.(!r:'[C.%:EI (& +5°) at
7 g

1
st 10
4 7 L 7
2. Evaluate j(,' F.dr where F=yzi+zxj+xyk and C is the portion of the curve

r=(acost)i+(bsing)j+(ct)k from t=0 to n/2.

Sol. We have r=(acost)i+ (bsint) j+ (ct) k.
Hence, the parametric equations of the given curve are

Also
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X=acost
y=hsint
z=ct
dr . : ;
Also, d—=(—asmr)1+(bcos:)‘]+gk
t
i dr
Now, JC F.dr= IC K. 5 cdf

=[cOzitzxj+xyk).(-asinti+beostj+ck)dr

:ICT (betsinti+actcost j+absintcost k)
A—asinti+bcost j+ck)dt

:J’C (— abe tsin” ¢ + abe t cos” t + abe sin t cos 1) dt

=abe | . |t cos® t — sin® ¢) + sin £ cos £] dt
C

sin 2f
= abc tcos 2t + dt
! % ( 2 J

=abc J-{Tu ({ cos 2t + 5111221 J dt

sin 2t cos 2t cos 2t ot
=abc |t -+ - - —- -
4 4
" .
= 2% (¢ sin 22
2
=0.

3. Evaluate I(, F.dr, where F = (xz b }-‘2) i — 2xy j and the curve C is the rectangle in the

xy plane bounded by y=0,x=a,y=b, x=0.
Sol. c y= B (a, b)
In the xy-plane, (0, b)
z2=0
& r=xi+yj x=0
or dr=dii+dy]
[oFodr =] + y) dx — 2xy dy] ORI (‘)3) x=0 Af(a, 0)
Now,

j'CF.dr:jml?.dr+jABF.dr+J’BCF.dr+jCOF.dr
Along OA, v=0

dy =0 and x varies from 0 to a.

Along AB, x=a
; dx =0, and y varies from 0 to b.
Along BC, y=b

dy=0 and x varies froma to 0
Along CO, x=0
: dx =0 and y varies from & to 0.
Hence from (i) and (ii), we get

JoF.dr=[0?de— [0 2aydy+ [0 (F + b de+ ] 0.dy
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a b* X 2 ’
=—-2a.—+|—+b"x| +0
3 2 3

(s

@ 3 a 2 2
=—=gb" ———-b"a=—-2ab".
3 3
4 IfFF=(x>+y)i+ (- y?)j Evaluate IC F.dr the following paths :
fa) y?' = x, joining (0,0)to (1, 1)
(b) x% = v, jeining (0, 0) to (1, 1)
fe) Along the straight line joining (0, 0) to (1, 0) and then to (1, 1).
(d) Along the straight line joining (0, 0) to (2, — 2) then to (0, — [) and then to (1, 1),
Sol. Here we have

r=xi+yj sothat dr=dxi+dyj
Hence IC F.dr= jc_ (x2 + _v3) dx + (x3 = yE) dy i)
(a) We have _vg =x, .. dx=2ydy and y varies from 0 to 1
- 1 z
[oFoar=[ 0" +y)@yan+G° -y dy
= j(l} OO +2y7 +2y* -y dy
1.1.2 1 19
=t —t——=—
7 3 5 385
(b) We have x = y . 2xdy=dx and x varies from O to |
JoF.dr=[) (2 4x%)dx 47 = x*) 2x dx
= j(]} 0= 25> 4257 + %) dx
191 2 1 19
T 8 3 45
(c) Along the line joint (0, 0) to (1.0) ¥y =0, .. dy =0 and x varies from 0 to 1
L. 2 3
JQCIF‘drrJO (x4 y ) dx

1 1
= U.-’cz dx= 5 because y=0

Along the line (1,0)to (1, 1), x=1 . dx=0 and y varics form O to 1.
1
IC: F.dr= -[0 (x> = y2) dy

1 2 S
=[, 0=y dy,  asx=1

ICF.drszlF.dr+_[CzF.dr

1. 2
=—+—=L1L
3 3
(d) The equation of the line joining (0, 0) and (2, - 2) is
y=—x
dy = = dx and x varies from 0 to 2.

Now put ¥ ==X and dy = — dx in (i) and integrate with in limits O to 2.
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IQ F.(J[‘:Jﬁ (xz-x3)(3x-(x3 --xz)dx
(2,2 3y, _ 8
—ZIU(X —x)dx——;.

Along C, the line joining (2, —2) to (0, — 1) has tile equation

-2+1
' +1= x=0
4 250 & 0
‘ o (x+2)
ol ¥ )
1
dy = — —dx and x varies from 2 to 0.

Putting the above data in (i) and integrating with respect to x within the above limits, we get
; 9
[ F.dp==
C5 2

1
Similarly, [ F.dr=—_

6
8 9 1 22
JoFdr=—®-" - =-7
: 3 2 6 3
EXERCISES
1. Evaluate I(? F.dr, where F=x?j- xyj from the point (0, 0) to (1, 1) along the parabola
= [Ans. 1/12]

2. EBEvaluate I(‘ F.dr,where F=xyi+ (,{3 - yz')j and curve C is the arc of y = ¥2 =4 from
(2,0) to (4, 12) in the xy-plane. [Ans. 732]
3. Evaluate j( F.dr, where F=x?i+4 y*j+z?k and C is the arc of the curve

r=ti+1?j+~k fromt=0tor=1. [Ans. 1]

4. Evalute J‘CF‘dr. where F=xyi+ yzj+zxk and C is the arc of the curve
m 3(5m 4
r=(acosO)i+(asinO)j+(a0)k10025. Ans. a s g

5. f F=(2x+ y)i+(3y—x)j, evaluate JC‘ F .dr, where C is the curve in the xy plane con-
sisting of straight line from O (0, 0) to A (2, 0) and then to B (2, 2). [Ans. 13]
6. Evaluate IC F.dr. where F=xyi+( o+ };2) j and C is the curve in xy-plane consisting
of x=2to x=4 and y=12. [Ans. 768]
7. TF=Q2y+x)i+xy j+ (yz—x)k, evaluate -[C F . dr along the following C,

(a) x= 2;3‘ y=t, z = fromt=0tot=1.
(b) The straight line form (0, 0, 0) to (0, 0, 1) then to (0, 1, 1) and then to (2, 1, 1).

06
(c) The straight line joining (0,0, 0)to (2, 1, 1). [Aﬂs‘ (a) 35" (b) 10, (c) 8}

4.3 NORMAL SURFACE INTEGRAL

Let F (r) be a continuous vector point function and r =f (1, v) be a smooth surface such that
f (u, v) possesses continuous first order partial derivatives.

Consider any portion of the surface which may be closed or not.

Divide this surface into a number of sub-surface 85, 8S,, 8S; and so on. Let 88 p be one of
the sub-surfaces.
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680 Vector Analysis

Take any point P in this sub-surface and let 1, denote n

o : . . . 9
the positive unit normal vector to this sub-surface at the point %
P. )

SSP is the magnitude of the sub-surface and the
corresponding vector area be denoted by ﬁﬂp x
da, =n,3S,

Consider the sum 0 X
‘ZFP Sa, .=Z-Fp‘np.55'p (i) :
The summation extending to various sub-surfaces into ___KPlax ap

which S has been divided. Also FP-Ilp denotes the normal
component of F, at P.
The limit of the above sum when the number of sub-surface tends to infinity and the area of

cach sub-surface tends to zero is defined as the normal surface integral of F (r) over S and is
denoted as

[(F.da=[ F.nds.
the sign of the above integral will change if we choose the normal on the other side.
Cartesian Form
If Fi, F5, F; be the components of F along the coordinate axes, then
[ JF.nds= I[ (7 dy dz + Fy de dx + Fy dx dy).
The above formula can also be put into the form
d(y.z d(z, x d(x,y
[|Fel22, g O@ P sy |
d (1, 1) ~d(uv) 70 (u,v)

When the integration is to be performed over the region in the # — v plane. Corresponding to
the surface § given by

r="f (uv)
dy dy
d(y,z) _ du v
and ol v) is the Jacobian dz dz etc.
du ov

Other forms of surface integral are
[(Fxda and [coda.

Where F is a continuous vector point function and ¢ is a continuous scalar point function.
Various Other Forms of Surface Integral
[(F.da=[F.nds

Now n, BSP is the vector arca of SSP and hence its projection on xy-plane whose unit normal
is k is
n, 85, k=(n,k)d8s,
But projection §5,, on xy planc is dxdy
(n,-Kk) SSP =8xdy,

n,.

Surface Integral IS F.ndS=XF,n, SS;,

55,
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=3F,.n, 9xdy
n,k
dx dy
= I .[g F.n %
Gk n.k
where §7 is the projection of § on xy-plane.
. ; L dyd
Similarly, jg F.nds=| '[51 F.n :
n.i
where S is the projection of S on yz-plane or whose normal is i.
} dz dx
it jsF'“d‘SZIJa'lF‘“ ~

where S, is the projection of S on zx-plane whose normal is j.
4.4 VOLUME INTEGRAL

Let F (r) be a continuous vector point function and a volume V be enclosed by a surface given

by T =T (u, v). Divide the given volume into various dvy, dva,..... elements. Let 51{0 be one such
clement and P be any point on it.
Consider the sum X F), avp (i)

Where the summation is to be extended to all the elements into which V has been divided. The
limit of the above sum when the number of volume elements tends to infinity and each element
tends to zero is defined as the volume integral and is writlen as

[, Fdv.

In cartesian form
[yFav=i[[[, Rdxdyde+i[| [, B axdydz+k [ [ [, F5dxdydz
EXAMPLES

: r ; ; ; ;i
1. Evaluate IS 5 da, where S denotes the sphere of radius a with centre at the origin.
-

Sol. Let the equation to the sphere be
2
X7+ _);2 + 22 = az.
A normal to the above surface is given by

3
G2+ 4 2+ k— (32 +y2 + %)

d
grad (% + 24 ) =i (2 + Y2 + ) +]
X dy dz

0
=2xi+2yj+2zk
2xi+2yj+2zk

Unitnormal = = - —.
J@x? +4y7 +42%)
xi+yj+zk
a
g r xi+vj+zk xi+vj+zk
Again, F=—=— _Z,'] = = = .'I
3 2. 2 2342 3
r (x“+y +2z7) a

[(F.da=[ F.nds
_I xi+yvj+zk xi+yj+:zk
=, )

ds
a3 a
2 2 2 2
e TR coa
_[74 ds JS—4dS

7] o
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682 Vector Analysis
1. 1 5
= —_— dS =— . dmna” =4m.
a? jS a’
2.If £ =yi+(x—2xz) j— xvk, evaluate Iq (Vxf).ndS, where S is the surface of the
sphere X+ )-'2 + 22 =a? above the xy-plane.
Sol. Let
i i k
FZV'xf:cur]f:,i i _a =xi+yj—2zk
dx dy 0z :

¥y x—2xz —xy
2 i
Also, we know that the normal to the surface X+ )-‘2 +7% =a” will be
2% - .
grad l[x2 + }'2 +z7)=2xi+2yj+2zk
2xi+2yj+2zk

(4x% +4y% +47%)
_xi+yj+zk

n = unit normal =

[

F-“Z(-tiJr_}-‘j—sz).[xH-y'H'sz

a o

2 2

&k y 2

Also, we know that

[Fonds=[[ Fn®?

n.k
Where 53 is the projection of S on xy-plane.
xi+yj+zk
n k=22"2UQ P 2
a a
N D)
& a
2
Also, F.n= Ny~ 22
a
y x? -+-y2 —-2((12 - x° —yz)
a
3% + y) - 247
a
2 2 2
3 + y7) = 2a Ly dy :
Surface Integral = [ Is Ik } i 4 a (D)
3

a @ -2 —y?)

2 2 2

Now, S5 is the projection of x? + y* + z? = g2 in the xy-plane and is given by x? + y% = ¢°.

In order to integrate (i), put x=rcos 0, y =rsin 0

2 2
[(F.nds =[]0 222 4o 4

P J@ -

a 3?'2 — 2a2

=2 [ ————rdr
(@®-r?)

2 —2rdr=2tdt
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2 9
[(F.nds=2m M(—:) di
=om [ («® =3%)dt =2n[a® - a1
=27 ('93 — 63)2 0.
3.3[fF= (2.&'2 —32)i—2xy j—4xKk, then evaluate j-v V.FdV and j _[ L_, VxFdV, where

V is the closed region bounded by the plane x=0,y=0,z=0 and 2x+2yv+z=4
Sol. We have
d

d 2 d
Vii=—(@@2x =3)+—(—2xy
a_’C()C <')+8y( ’C))JraZ

(—4x)

=dx—2x~0=2x
and dV =dx dy dz.
Limits of 7 are from 0 to 4 — (2x + 2y), limits of y are from 0 to 2 — x and limits of x are from 0 to 2.

[, =V.tav
=425 (28 (24 g
= jU jU jU 2x dx dy dz
(2-x) 12
=[S 2 (4-2x—2y) dx dy
_[2 ; 2y e
_IO 8xy —4x™" — 2xys dx
0

- joz [8x (2— x) — 4x% (2 x)= 202 — )% | dx

. 24 3? 9%
=22 -8 +8x) dx=|2.° 8.7 +8.~ |=
0 4 3 21 3
i j k
d d
Again, VxF= A
‘ 3 3y 9z
o’ 3% — 2xy —4x
=j -2k ¥
JpNxtay =[] (-2ky) dxdydz
- ‘[54—2_2—2.\.-) ;‘X j’oz (j_ 2k }‘) (bc {1—\; dz
= [T 7 (- 2k y) (4-2x—2y) dx dy
- % 2_“.
=l | (4,»-—2.r,v—,uz>—2k(2y2 ~xy” —%H dx
3 )],

:Jj jJ2-x)(4-2x-2+x)-2k (2—x2){2—x—%(2—x)de

:-[0 j(2-x)? —%(2—){)3}(1}:'

{j -2’ 2k x-2° ]z
3 3 4

8 Zk[' 16
+ Rl

0

8
=" (j-k).
4J _3(J )
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EXERCISES

1. Evaluate js f.ndS where f=yi+2xj+zk and Sis the surface of the plane 2x+ y =06

in the first octant cut off by the plane z =4. [Ans. 108]

2. Evaluate IS f.ndS over the surface of the cylinder x> + _\,‘2 =9 included in the first octant
between 7z =0 and 7=4 where f =zi+xj— yz k. [Ans. 42]

3. Evaluate jsf‘ndS where f=4xi-2y° i+ 22k taken over the region bounded by
o _vz =4,7=0 and z=3. [Ans. 84p]

4. Evaluate IQ f.ndS where f=2xyi—-2zyj+x>k over the surface of cube bounded by
1 4

the coordinate planes and the planes ¥ =a, y=a., z=a, [Ans. Eﬂ }

5. Evaluate IV fdv for f=xi+ yj+zk where Vis the region bounded by the surface

. . 384
x=0,3=0,y=6,7=4 and 7 =2 [Ans. 241+9ﬁ]+Tk.]

Qud
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3]

Gauss’s, Green’s and Stoke’s
Theorem

5.1 GAUSS’S DIVERGENCE THEOREM

Reduction of Surface Integral to Volume Integral

Statement : The normal surface integral of a vector function F over the boundary of a closed
region is equal to the volume integral of div F taken throughout the region.
In symbols it may be stated as follows :

If F be a continuously differentiable vector point function in a region V and S is a closed
surface enclosing the region V, then
[(F.ndS=[ divFadv,

where 1 is the unit outward drawn normal vector of the surface.
In cartesian co-ordinates the Divergence theorem may be written as

[(F.ndS=[, divFav

or J IS (F) dy dz + F5 dzdx + I3 dx dy)
. (dF dF, OF
:IIJ ek e 3 dx dy dz.
V9iogx ay dz

Proof : Let F=U1i+V j+ WKk, where U, V, W and their derivatives in any direction are assumed
to be uniform, finite and continuous.

F4 z

\ Ny

Let us consider the volume integral

U
Izj_[j'gdxdydz,

where dx dv dz has been written for the volume element dV. For fixed values of y and z, take a
rectangular prism parallel to x-axis, bounded by the planes v, v + dy, z, z + dz, the area of the
normal section being dy dz.

The prism so formed cuts the boundary an even number of times at the points H, £, ..., Py,.

685
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686 Vector Analysis

If a point moves along the prism in the direction of x increasing, it enters the region at
B, B, ..., Py | and leaves £, Py, ..., By,,.
Then taking the integral and integrating with respect to x, we obtain
I=[[ (U +Uy-Us+..=Usy_+ Uy, dy dz
where U, is the value of U at that point P,.
Let dS,. is the value of U at that point P,.

Let dS, be the area of the element of the boundary intercepted by the prism at the point P,.
Then
dy dz = area of projection of dS, on the yz-plane
=—i.n.dS, forrodd
=i.n, dS, forreven,
as the angle n, makes with i is acute or obtuse according as r is even or odd (when the line parallel
to x-axis enters the surface, the outward normal makes an obtuse angle with it and acute angle
when the line leaves the surface).
I=[i.@U;n dS +U n,dS, +...+U,, nydS,,)
On summing for all the rectangular prism, we obtain

j%—{jdv:J'Ui.ndSzj'Ui.dS A1)
oV .
Similarly I a—yﬂ‘v=f Vj.nds o)
and f a deJWk‘n das -(3)
Adding (1), (2) and (3), we get
f{‘)a—U#;—V#}a“’ ]dv:j(Ui+Vj+Wk)‘ndS

X 'y 2

Le., [divFdv=[F.ndS

Cartesian Representation of Gauss’s Theorem
Let FP)=F (x,y.2) i+ F (x,»,2) j+ F5 (x,», 20k and
dS =dS (cos ai+cos P j+cosyk)
where o, 3, v are the direction angles of 48. Therefore, dS cos o, dS cos i and dS cosy are the
orthogonal projections of the elementary area dS on the yz-plane, zx-plane and xy-plane respectively.
Since the mode of sub division of the surface is arbitrary, we choose a sub-division formed by
the planes parallel to the yz-plane, the zx-plane and the xy-plane. Then the projections on the
coordinates planes will be rectangles with sides dyv and dz on the yz-plane, dz and dx on the zx-
plane, dx and dy on the xy-plane. Hence the projected surface elements are dy dz on the yz-plane,
dz dx on the zy-plane and dx dy on the xy-plane.
IS F.ndS :j IS (Fldy dz+ F5 dz dx+ F5 dx dy)
Also by Gauss’s divergence theorem, we have
[(F.nds=], divFav
In cartesian coordinate dV = dx dy dz. Also
oFy JF, JdF
e el -
dx dy 0z

. OF, OF, OF
jvdl\"FdV:jJ-_l-v[a—;"rg"ra—zjdxdydz

divF=V.F=
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Hence the Cartesian form of Gauss’s theorem is

687

oF,  0F, OF:
[ [§ (B dydz+ F, dzdx+ Fy dx dy) = va( l+a—;+a—;)dxdydz

EXAMPLES

LIf F=2xyi-yzj+ x> k, evaluate IS F.ndS, where S denotes the entire surface of the

cube bounded by the coordinate planes and the planes x=a, y=a, z=a by the application of

Gauss's theorem.
Sol. We have

F=2xyi—yzj+x°k
9 9 )
divF=— 2xy)+ — (- y2) + — (x°)
ox ) dy dx :
= 2), -
J(F.nds= IV divF dV, by Gauss’s divergence theorem
= J: ((]? f;: (2yv—z)dxdydz

2 a
a ra I
:jﬂ { yz - 21 dx dy

i [2(” jdm»
=n{ Ly
20( , )lx 54 @ [xTg

=& aQ
2. Verify Gauss divergence theorem for
j IS {'()c3 — vz)dy dz - 'Z_rzy dz dx + z dx dy}

over the surface of cube bounded by coordinate planes and the planes x=y =z

Sol.Let F=FHi+F j+Fk
From Gauss divergence theorem, we know

[(F-mdS=[ I dydz+ Fydede+ Fydedy) =, divF dv.
Here, F=x—yz, F,==2:2y, F=¢
Hence, F:(_x3—yz)l—'2x yvjt+zk
. NI I P _—
divF=4i—+j—+k—;.{(x —yp)i-2x"yj+zk
{ e de ()Z,_J {( ¥z) vl |

dx
=3x2 - 257 +1=x" +1
Hence, [F.ndS=|, >+ av

=y Iy Iy @ +Ddvdy dz

= Z (= yz)+ ai (- 2!62,\-‘) + ai (z)

(i)
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688 Vector Analysis
a a Z
= [0 [ P+ D {z)f dxdy . 5
F
=a j((; Lf: ( x>+ 1) dx dy |
:“L;I (x2+l){y}g dx D ; C
= a? IS (x2 +1) ex L a / T
5 l?’ ]H
- 0 x |
5 B
2 JG a" 3 / ¢
=a 3 +ap= 3 i ..(ii) X ! -k

_ Verification by Direct Integral : Outward drawn unit vector normal to face OEFG is —i and dS
is dy dz.

If 7, isintegral along this face,
h=[FndS=[[F.(~i)dydz

= _[ jS (x3 —yz)dydz |as x=0 for this face]

) o
=[S yzdydz=[7y [ 2 ] .
0 lo 5 1 2,

i J 3 il
_a'rr v(jy_az yT “a4
27077 gy ! 4

For face ABCD, its equation is x=a and ndS =idy dz,

If 15 is integral along this face
iy :I.[S F.idydz
zj IS (¥ = y2) dy dz

= (f; [g (ﬂ3 = yz)dy dz

..J' o
2
:L‘;‘ la?’z—}-‘?} dy

0

(&2 ¥ : 5 61’4
=t a4}‘ — i = a"’ —
2 2 4

0
If I3 is integral along face OGDA whose equation is
y=0
ndsS=-—jdrdz

Hence, I :J IS F . (—j)dxdz

I

== f IS = 2x2}-‘ dx dz
=0, as y=0.

If 1, is integral along face BEFC whose equation is
y=a

nds = jdx dz
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Gauss’s, Green’s and Stoke’s Theorem 689
Then I=-[[; 2y dxdz
=-2a ;]? j((; ¥ dx dz
=—2a |} X2 (2)8 dx

.
=—2a J‘S x“ dx

il
=—2a4° i “-zas
3, 3

If I5 is integral along face OABF whose equation is

ndS=-kdxdy
IS ZJJSF-(_kd’Cdy)
:—j.[szd--’fd,\-:ﬂas z=0,

If I is integral along face OFGD whose equation is

Z:an(ls =k (Lf({\"
Ig= I jS zdxdy= .I‘{;? j:; a dx dy

.
=a Jt: l)"JS dx=a" J‘[{; de=d’

Total surface [:Il +12 +I3 +[4+15 +16
at at 2
=—+ﬂ5——+(]——(!5+(]+({3
4 3
as 3
=—+a il
3 (iii)

which is equal to volume integral. Hence Gauss theorem is verified.
3. Show that

4
[¢laxit+byj+czk).ndS=—m(a+b+c)

3
where S is the surface of the sphere x* + y* + 7% =1.
Sol. We have by Gauss’s divergence theorem
[(F.ndS=], divFaVv
Now (livF:,d (a x)+ 4 (b y)+ 9 (cz)=a+b+ec
2 ox dy 0z
[(FndS=[, (a+b+c)av
=(a+b+c)V.
Now V= Volume of sphere of unit radius
4 4
=—.m.P="n
3 3

4 4
[ (axi+by j+czk).dS=(a+b+c). e (a+b+0o)m.
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690 Vector Analysis
EXERCISES

1 :
1. Show that ; -[S r.ndS=V

2. Evaluate jS F.nds when F=4xyi+ yzj—xzKk and S is the surface of the cube bounded
by the plane x=0,x=2,y=2,y=0 and z=0,z=2. [Ans. 32]

3. Evaluate J-S (xi+ vj+zKk).ndS where § denotes the surface of the cube bounded by the
plancs x=0,x=a, y=0, y=a,z=0,z=a by the application of Gauss’s theorem.

[Ans. 3,°]

4. Verify Divergence theorem for £ =4xj— 2y2 j+ 2%k taken over the region bounded by
x> +y2=4,z=0 and z=3.

5. Verity the divergence theorem for the function F = yi+ x j+ zzk over the cylindrical region
S bounded by x2 + u2 =a%,z=0 and z=h.

6. Evaluate IS (y?22i+2°x% j+ z°y’Kk).ndS, where § is the part of the sphere
x4 y +z2 =1 above the xy-plane. [Ans. 3/12]

5.2 GREEN’S THEOREM IN THE PLANE

Relation between Plane Surface Integral and Line Integral

If §'is a closed region in the xy-plane bounded by a simple closed curve C and if ¢ (x,y) and
W (x, ¥) are continuous functions having continuous partial derivatives in R, then

o (wax+ody)=] [ La_q:_a_de dy,

where C is fraversed in the positive (anti-clockwise) direction.
In vector notation, Green'’s theorem is

I(.F‘dr:_[s curl F.n dS

where n=k for xy-plane and dS =dxdy and curl F.n= {% - ?31'} and F=iy+ jo
Proof : By Stoke’s theorem, we have ' )
[geurl Fonds = F.dr kil
Let F=iy+ji, then we have
i i k
curl F=|d/ox d/dy d/0z
W 4 0
i, o +k(%_%J
0z oz dx  dy
Also, since n=K, we have .
curlF.n=curlF .k —d—(b 2
ox  dy
[Jgcud Fonds=] | [——a—”’] Ix dy 2
5t a} ~(2)

Also, fCF.drsz (i + 0f) (i dx + jdy + Kk dz)
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= [ (Wadx+0dy)
Hence from (1), (2) and (3), we get

'a¢ oy
| js [g —a—y]dc dy =j(_ (f dx + 0 dy)

EXAMPLES
1. Verify Green's theorem in the plane for

3 2 2 . 1 i
o Lx™ + y7) dx —2xy dy], c B (a,b)

where C is the rectangle bounded by y=0,x=0,y=b,x=a.  (0.b)
Sol. By Green’s theorem we have

4‘(7 [(x% + y%) dx — 2xy dy]

a a ¥ 2
=] || — (=2x)——(x"+¥7) |dx d
[T ax( V) ay( ¥°) y 010.0) A (a,0)
ZJ IS (—2y—2y)dxdy— I J —dydedy - I I —dydxdy i)
Now to verify Green’s theorem, first we shall evaluate Line integral of L.H.S. along the rectangle
OABC.
For this, if F=(x*+y%)i-2xj

then [ F.dr=[.{(x*+)%) dx—-2xydy)

:j'mF.dr+j'ABF.dr+ j'BCF‘dr+ICOF‘dr (i)
Along OA, y=0, .. dy=0 and y varies from 0to a
Along AB, x
Along BC, ¥
Along CO, x=0, .. dx=0 and y varies from b to 0
From (ii), we get

JoF.dr=[¢Pde— [0 2aydy+ [0 * +b%) dx [} 0.dy

]

a, - dx=0 and y varies from 0 to b
b, .. dy=0 and x varies from a to 0

acih O ALY B 2ab?
-?— a.?+ ?+ X| ==2ab". ...(iii)
a
b
RHS. =J{_ [,_o C4ndedy
=—2b [\ dv=—2ab’ (iv)

Hence the Green’s theorem is verified.

i 1
2. Show that the area bounded by a simple closed curve C is given by 5 ch (xdy—ydx) and

hence find the area of an ellipse.
Sol. We know that
do  Jdy
(yde+ddy)=| |, | ——— = |dxdy
fetwarroa = (325 Jaras
where S is the plane area A enclosed by a curve C. Choosing
YW=-¥and ¢=x
ﬂ =-1 and d—q] =1
dy ox
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Jo Cydxtxdy)=|[;2dxdy
=2 [gdxdy=2A

1
A:EJ (xdy— ydx) (i)
Let the parametric equation of the ellipse be
x=acost, y=hsint
and in going round C, ¢ varies form 0 to 27

1
A= j(f“ acost(bcostdr)— (bsint) (—asint) dt

1 1
= ab [’ (cos’ t+sin’ ) di=_ab.2n="ab
2 2

EXERCISES
1. Evaluate by Green’s theorem in the plane

cﬁc [(x* —cosh y) dx + (y +sin x) dy]
where C is the rectangle with vertices (0, 0), (T, 0), (7. 1), (0, 1). [Ans. T(cosh1—1) ]
2. Verify Green’s theorem in the plane for IC (xy + )--2) dx + xzdy, where C is the closed curve
of the region bounded by ¥=x and y= s
3. Verify Green’s theorem in the plane for Ic.‘ (3x2 4 8_\-'2) dx + (4y — 6xy) dy, where C is the
boundary of the region defined by x=0. y=0, x+ y=1.

4. Evaluate by Green’s theorem | ik ¢ Vsin ydy4 ¢ Y cos ydy), where Cis the rectangle with

vertices (0, 0), (m, 0}, {ﬂ:g (0, 7/2) and hence verigty Green's Theorem.

[Ans. 2(¢" ™ —1)]
5.3 STOKES THEOREM

Relation between Line integral and Surface Integral.

Statement : The line integral of the tangential n,
component of a vector function ¥ taken around a simple
closed curve C is equal to the normal surface integral of

curl F taken over any surface S having C as its boundary.
In symbolic form we can state the above theorem as
follows : l_.
It F is any continuously differentiable vector function A
and § is a surface bounded by a curve C then, r—_ DS, L_J
jc,F.dr21501lrlF.ndS lj
where n is the unit normal vector at any point of S, which is
drawn in the sense in which a right handed screw would C

move when rotated in the sense of description of C.

Proof : Consider a space curve C bounding an open surface S. Divide § into m sub-regions so
small that they may be assumed to be planar with areas AS|, AS,,....,AS,,. Choose any point
(&,.M,,C,) inside or on the boundary C, of AS,.

Assume that C is described in the positive sense. Then an orientation for each C, is determined
as follows :

(i) If C, and C have an edge in common, this edge is described in the same direction along
both boundaries, and
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(i) If C, and C, have an edge in common, this edge is described in opposite directions.

Let the unit normal vector at (,.1M,.{,) be n, with positive direction such that this and the
direction of C,. are related by the right hand screw rule.

From the definition of curl F as a limit. We have

n,.cullF @, n,, 5 )AS, 2=, F.dr+e, AS,,

where €, tends to zero as AS, tends to zero. Addition of these equations for r= 1,2, 3, ... m

gives
i

I
Y n,.culF(E,.n,,()AS, = Z jc F.dr+ 2 €, AS,
r=1 =1

n
Now Y, €,AS, <SS (max€,), where S is the total area of the surface and hence this term
r=1
tends to zero as m tends to infinity in such a way that each AS,. shrinks to a point.
Further, the contribution of the circulation from the two adjacent boundary curves is zero as
they are traversed in opposite directions. Hence in the limit, we have
[¢n.curl FdS=[,F.dr .(1)
where n is the vector field of positive unit normals to the surface S. We have thus Stoke’s theorem :

[oF.dr=[ (VXF).dS.(2)
5.4 STOKES THEOREM IN CARTESIAN FORIM

Let F, F;, F3 be the components of vector point function F so that F=Fi+ F, j+ F;k and
an unit outward drawn normal be r=1/+ jm +k n where [/, m, n are direction cosines.

Again  r=xi+yj+zk, or dr=dxi+dy j+dzk
[F.dvr=[ Fdct Fdy+Fydz ()
i j k
d o0 9
curlF=|— — —
Now, ox d\: az

5

[ f’fz NEAANC AN
dy ox dx  dy

dffq ar,, ﬂ aqu H[’aﬁ_aﬂ .
C dx  dy

n.curl F=

n.curl FdS = z[aﬂ’ ‘}rz]ms

dy 9z
g5 R dy dz
dy 0z

. ldS=cosa.dS=dydz
Now by Stoke’s Theorem

[cF.dr=[;n.curlFds  or Jc (Fdx+ Py dy + F3 d)

1. [8!’3 ) gy ar o[ OO e o [OF2 _OR)
S dy Jz dy  dx ox Oy

This is cartesian equivalent of Stokes Theorem.
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694 Vector Analysis
EXAMPLES
1. Verify Stokes Theorem for F=(2x - y)i— yzz i- 3:sz where S is the upper half surface
of the sphere x? + y* + ;%> =1 and C is its boundary.
Sol. We have the Stoke’s Theorem as

[pcurl F.ndS=[_.F.dr
Clearly, C the boundary of the upper half of the sphere is a circle %2+ 3..-2 =1 in the xy plane
whose parametric equations be taken as
xX=cost, y=sint

JoFedr=]Fdct Fydy + F5dz

=[ Qx—y)dv—y* dy— y*zdz
Put z=0

2n dx
= 2x—y)—dt
g G y) &
= jozﬂ (2cost—sint) (—sint)de
= J'Om (—2costsint+sin’ ¢) dt
n 1 .
s [— cos’ r} + 4]};"{' sin” ¢ dt

=0+4,

A S

IE' =7 (1)
i J k
= a a
ox dy dz
20— Yy -z
=i(=2yz+2yz2)+j(O-0)+k(0+ D=k
curl F.n=Kk.n=n.k

js curl F.ndS = IS n.kds

Again curl F=

dx dy
= n.k -
i n.k
where R is the projection of S and xy-plane.
JS curl F.ndS Zﬁ_:_l J-:'I(I_r) dx dy

==/l =3")

=4 O aray=af) Ja- ) ax
1
:4{iﬁ+%sin_] .’C]
X

=4

0

T ...(id)

(SRR

I
From (i) and (ii), we get -[S curl F .ndS = IC F.dr
Hence the Stokes Theorem.
2. Evaluate by Stokes theorem j(.“ (" de+2ydy—dz) where C is the curve

x2+y2=4,z=2.
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Sol. We have [F.dr=][.(Fdx+Fdy+F;do)
= JC (" dx+2ydy—dz)
where F=¢'i+2vj-k, dr=idc+ jdv+kdz
By Stokes Theorem j(; F.dr= J-Sl n.curl F dS ()

Where 8§ the surface whose boundary C is given by the circle X%+ ).-2 =4, z=2,ie. acircle

with centre (0, 0, 2) and radius 2. Clearly n =k . Now,

i j kK

curl F = i i i =0
x dy 0z
& 2y -1

& n.curl F=0
Hence, from (1) jC F.dr=0.

3. Verify Stoke’s Theorem for ¥ = (x> + y?)i—2uxy j taken round the rectangle bounded by
x=Fa, y=0, y=h
Sol. Clearly
F.dr=(x*+y?)dv—2xydy )
[(F-dr=[, F.dr+| F.df+ apF*r+ [, F.dr
:[] +12 +[3+I4
For I}, y=b,dy =0 and x varies from a to — a.

= J- L()c2 + yz) dx — 2xy dy]
—d

= [ 2 ) L0 W y=b

i

—u 5
= {% O+ bzx:| = —[ — szaJ

el

s

2 2 9
Similarly, Lg=[ab", I = 3 @ and J, =— ab?

JC F.dr=- z @ —2b%a —ab* + %(:3 —ab® =—4dab® (D)

Again, we have curl F=-4yk .n=k

n.culF=k.(-4yk)=-4y.
_dxdy dxdy
“n.k k.k

JS n.curl FdS = Ifa j:; —4x dxdy

das =dx dy

ad 1 i
2
=—4 _[_a {— ¥ de

= —2b? [x]°,, = — 4ab* (i)
Hence from (ii) and (iii), we get
[ F.dr=[cn curll FdS =—4ab
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EXERCISES
1. Prove that jC r.dr=»0

2. Verify Stokes Theorem for the function F = zi+ x j+ yk where curve is the unit circle in the

xy-plane bounding the hemisphere z = V(- 2 = _vz).

3. Prove that j(, rxdr= 2J‘S n dr where symbols have their usual meanings.

4. Verify Stokes Theorem for the function F = 2

i+ xyj integrated round the square in the
plane z =0 whose sides are along the lines x =0, x=a, y=0, y=a

5. Verify Stokes Theorem for the vector field defined by F = (_52 = _3;2 )i+ 2xyj in the rectan-
gular region in the xy-plane bounded by lines x=0, x=a, y=0, y=h.

6. Verify Stokes Theorem where F=(y—z)i+ yzj—xzKk and S is given by x=0, y=0,
z=0, x=1l,y=1lz=1L

7. Verify Stokes Theorem given that F = yi+2xj+ zk and Cis the circle x* + y? =1 in the
xy-plane and S the plane arca bounded by C.

8. Verify the Stoke’s Theorem for the function F=yi+ zJ over the plane surface

2x+2y+ z=2 lying in the first octant.
9. Verify the Stoke’s theorem for the function F = x?y2j + 2xy j when the integration is taken
around the volume enclosed by the rectangle x=ta, y =0, y=0.

auad
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: | GEOMETRY | ,

(a) Two Dimensional
General equation of second degree. Tracing of conics. System of conics.

Confocal conics. Polar equation of a conic.
. o
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Vector Calculus

9.0 INTRODUCTION

In Science and Engineering we often deal with the analysis of forces and velocities and other
quantities which are vectors. These vectors are not constants but vary with position and time. Hence,
they are functions of one or more variables.

Vector Calculus extends the concepts of differential calculus and integral calculus of real functions
in an interval to vector functions and thus enabling us to analyse problems over curves and surfaces in
three dimension. Vector Calculus finds applications in a wide variety of fields such as fluid flow, heat
flow, solid mechanics, electrostatics etc.

In Vector Calculus we deal mainly with two kinds of functions, scalar point functions and vector
point functions and their fields.

9.1 SCALAR AND VECTOR POINT FUNCTIONS

Definition 9.1 If to each point P(#) (the point P with position vector 7#) of a region R in space there

is a unique scalar or real number denoted by &(7), then & is called a scalar point function in R.
The region R is called a scalar field.

Definition 9.2  If to each point P(7) of a region R in space there is a unique vector denoted by 13(17),
then F is called a vector point function in R. The region R is called a vector field.

Note
1. In applications, the domain of definition of point functions may be points in a region of space,
points on a surface or points on a curve. o
2. If we introduce cartesian coordinate system, then » = xi+ y j + zk or

r= (x, y, z) and instead of I:“(?) and ¢&(7) we can write
F(x, y,2) = (F(x, y, 2), F;(x, y, 2), Fy(x, y, 2)) or
F(x, y,2)= F(x, 7, 2)i+ Fy(x, y, 2) + Fy(x, y, )k
and ¢(7) as d(x, y, z)
3. A vector or scalar field that has a geometrical or physical meaning should depend only on
the points P where it is defined but not on the particular choice of the cartesian coordinates.

In otherwords, the scalar and vector fields have the property of invariance under a transformation
of space coordinates.

Examples of scalar field

1. Temperature 7 within a body is scalar field, namely temperature field.
2. When an iron bar is heated at one end, the temperature at various points will attain a steady state
and the temperature will depend only on the position.
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3. The pressure of air in earth’s atmosphere is a scalar field called pressure field.
4. &(x, y,z)=x"+y’ +2° —3xyz defines a scalar field.
Examples of vector field

1. The velocity of a moving fluid at any instant is a vector point function and defines a vector field.
2. Earth’s magnetic field is a vector field.

3. Gravitational force on a particle in space defines a vector field.

4. F (x, y,z)=x"i—y* j+ zk defines a vector field.

Note Vector and scalar functions may also depend on time or on other parameters.

Definition 9.3 Derivative of a Vector Function

f(t+ A — f(2)

A vector function f(t) is said to be differentiable at a point ¢, if gin% N exists.
t—
Then it is denoted by (;—f or £ and is called the derivative of the vector function f attr.
t
Note
1. If £(t) = £,(t)i+ f,(t)j + f,(t)k then f(7) is differentiable at  if and only if its components f,(7),

df(t)

= 10+ £+ [k
d*f

-~ Similarly, we denote higher derivatives.

(1), f,(9) are differentiable at # and

2. Ifthe derivative of Cz_f Ww.rI.to f exists, it is denoted by
t

dc
3. If ¢ is a constant vector, then Z =0.

F0r2=clf+cz}'+c3l;andfi-::0;.;.0;'4_0]}:6_

9.1.1 Geometrical Meaning of Derivative

Let ;(t) be the position vector of a point P with respect to the origin O.

As t varies continuously over a time interval P traces the curve C. Thus, the vector function ;(t)
represents a curve C in space.

Let r and  + A7 be the position vectors of neighbouring
points P and Q on the curve C.

Then %=®—ﬁ’
=r+Ar—r
= AF

% is along the chord PQ.
t

AF
If lim — exists, it is denoted by ar and az ; is in the
At—0 At dt

directing of the tangent at P to the curve.
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dr dr
If m # 0, then d—: or 7'(t) is called a tangent vector to the curve C at P.

The unit tangent vector at P is = *’E ;| = u(t).

Both 7’(¢) and #(¢) are in the direction of increasing ¢. Hence, their sense depends on the orientation
of the curve C.

9.2 DIFFERENTIATION FORMULAE

If / and g are differentiable vector functions of 7 and ¢ is a scalar function of ¢ then

df d
L (Feg= 2Ly 2 L op=0l 2]
dg df . =.dg df .
3~— 4. —_— = —_— —_—
(f §H=f—= dt g dt(fxg) fxdr+dt><g

aaadfaaadgaaadl;
5. —(f-gxh)=——gxXh+ f-—=Xh+f-gx—.
dt(fg ) 8 A 7 /g 7

d dfds
Note If / is a continuous function of a scalar s and s is a continuous function of #, then —— f f

dt  ds dt’
6. Let /(1) be a vector function. 7(¢) changes if its magnitude is changed or its direction is changed

or both magnitude and direction are changed. We shall find conditions under which a vector
function will remain constant in magnitude or in direction.

(i) Let f (t) be a vector of constant length k.

Then Fr=|7[ =%
Differentiating w.r.to 7, we get
f df 4 4
= 2f-—=0 = ==
L =0 { dr Il
£=6 or i:isJ_tof-
- dt dt
(i1) Let f(¢) be a vector function with constant direction and let @ be the unit vector in that

direction
Then f(t) = ¢a, where = |f|

af _dd g

J e

t dt di

But a is a constant vector, since its direction is fixed and magnitude is 1. ... d_a =0

g _db, ’

dt dt
Now jxdf—qf dd)”:d)%éxd:() (v daxa=0)

df - df . -

—=0 or ——isparalleltof.

dt dt P 4



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

9.3 LEVEL SURFACES

Let ¢ be a continuous scalar point function defined in a region R in space. Then the set of all points
satisfying the equation & (x, y, z) = C, where C is a constant, determines a surface which is called a
level surface of ¢&. At every point on a level surface the function ¢ takes the same value C. If C is an
arbitrary constant, the for different values of C, we get different level surfaces of ¢.
Notwo level surfacesintersect. For, if ¢ =C, and = C,be two level surfaces of p intersectingata point P.
Then ¢(P)=C, and d(P)=C,andso ¢ hastwo values at P which contradicts the uniqueness of value of the
function ¢. So, ¢ = C, and ¢ = C, do not intersect.

Thus, only one level surface of ¢ passes through a given point

For example, if ¢ (x, y, z) represents the temperature of (x, y, z) in a region R of space, then the
level surfaces of equal temperature are called isothermal surfaces.

9.4 GRADIENT OF A SCALAR POINT FUNCTION OR GRADIENT OF A SCALAR FIELD

9.4.1 Vector Differential Operator

The symbolic vector fai+ ]ai+ k ai is called Hamiltonian operator or vector differential
x )y 4

operator and is denoted by V (read as del or nabla).

It is also known as del operator. This operator can be applied on a scalar point function & (x, y, z)
or a vector point function F(x, y, z) which are differentiable functions. This gives rise to three field
quantities namely gradient of a scalar, divergence of a vector and curl of a vector function.

Definition 9.4 Gradient
If & (x, y, z) is a scalar point function continuously differentiable in a given region R of space, then the
gradient of ¢ is defined by Vip = fa—d) + ]a—d) + ];a_‘b
ox dy 0z
It is abbreviated as grad ¢. Thus, grad ¢ = V.

Note Since V¢ is a vector, the gradient of a scalar point function is always a vector point function.
Thus, V¢ defines a vector field.

Gradient is of great practical importance because some of the vector fields in applications can be
obtained from scalar fields and scalar fields are easy to handle.

9.4.2 Geometrical Meaning of Vb
Let & (x, v, z) be a scalar point function. Let (b (x, 3, z) = Cbe a level surface of ¢. Let P be a point
on this surface with position vector 7 = xi + yj + zk.

Then the differential d 7 = dxi +dy ] +dz k is tangent to the surface at P.

Now V¢-da—(z—¢+ d) (b) (dxi+dyj+dzk)
ox ay 0z
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=a—¢dx+a—¢dy+a—¢dz=d¢=o [-b=C]
ox dy 0z
V& is normal to the surface ¢ (x, y, z) = C at P.
. .. Vo
So, a unit normal to the surface at Pisn = ——
Vol
. . . T Vo
There is another unit normal in the opposite direction = _W.

9.4.3 Directional Derivative

The directional derivative of a scalar point function ¢ in a given direction d is the rate of change of ¢
in that direction. It is given by the component of Vb in the direction of d

L o a
the directional derivative = V- —.
a

Since V¢~% = M cos 0, where 0 is the angle between Vb and a.
a a
=|Vd|cosO

So, the directional derivative at a given point is maximum if cos 0 is maximum.
ie,cos0=1= 0=0.
the maximum directional derivative at a point is in the direction of V¢ and the maximum
directional derivative is | V).

Note
1. The directional derivative is minimum whencos 0 =-1=0=m
the minimum directional derivative is —| V|
2. In fact, the vector Vi is in the direction in which ¢ increases rapidly.
i.e., outward normal and —V & points in the direction in which & decreases rapidly.

9.4.4 Equation of Tangent Plane and Normal to the Surface

(i) Equation of tangent plane
Let 4 be a given point on the surface db(x, y, z) = C.
Let 7, = x,i +y,/ +z,k be the position vector of 4.
Let P be any point on the tangent plane to the surface at the point 4 and let 7 = xi + yj + zk be the
position vector of P.
Then Vi at 4 is normal to the surface and 7 —7; lies on the tangent plane at 4.
the equation of the tangent plane at the point 4 is (7 —7,). Vb =0

Note The cartesian equation of the plane at the point 4 (x,, ¥, z,) is

L SNCL S L
(=) 3 T =) g o (E=2) 5 =0

where the partial derivatives are evaluated at the point (x,, y,, z,).
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(ii) Equation of the normal at the point 4

Let 4 be a given point on the surface & (x, y, z) = C and let 7, = x,i + y,j + z,k be the position
vector of 4.
Let 7 be the position vector of any point P on the normal at the point A. Then 7 -7 is parallel to
the normal at the point 4.
the equation of the normal at the point 4 is (7 —7 ) X Vb =0.
The cartesian equation of the normal at the point 4 is
X=Xy V=Vy Z7Z%
b obp 0’
dx dy 0z

where the partial derivatives are evaluated at (x,, y,, z,).

9.4.5 Angle between Two Surfaces at a Common Point
We know that the angle between two planes is the angle between their normals.

We define angle between two surfaces at a point of intersection P is the angle between their tangent
planes at P and hence, the angle between their normals at P.

The angle between two surfaces f{x, y, z) = C, and g(x, y, z) = C, at a common point P is the angle
between their normals at the point P.

The normal at P to the surface f{x, y, z) = C, is Vf.

The normal at P to the surface g(x, y, z) = C, is Vg.

Vf-Vg

If 0 is the angle between the normals at the point P, then cos@ = ———>~
V£ 1IVel

(i) If@ =T, then the normals are perpendicular and cos § =0 = V/-Vg =0 = Vf-Vg=0
2 V7 lIvel

. if two surfaces are orthogonal at the point P then V- Vg=0
Conversely, if Vf- Vg =0, then 0 = % That is they are orthogonal.

(i) If @ =0, the normals at the common point coincide.
" the two tangent planes coincide and the surfaces touch at the common point.

9.4.6 Properties of Gradients

If fand g are scalar point functions which are differentiable, then

1. VC=0, where C is constant. 2. V(Cf') = CVf, where C is a constant.
3. V(ftg)=Vf+ Vg 4. V(fg)=fVg+gVf
5. V[i):gvf;szgifgiO

g g

1.VC =0, Cis constant.
Proof We know Vi = fa—¢+]a—¢+l€a—¢

1
ox dy 0z M
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_aq,
=2
ﬂaC oC oC oC
\ o0, &=
C= z |: C is a constant . 0, PR 0, — e O]l
2.VCh=CVd
Proof We have Vc¢=2?a%(c¢)=c27%—i’=cv¢ [using (1)] W
3.V(ftg)=Vft Vg
Proof We have V(f+ g):Z?ai(fi 2) [using (1)]
X
) -of )
22[13115]221$121£:Vfng
V(f+g)=Vf£Vg |

4. V(fg)=f Vg +gVf
Proof We have V(fg)= Zfai( 12)
X

i)

X

-2 r5)e (s )
=i 5o xi(sd,
=f2f3—‘i+g2fg—x=fvg+gvf

V(fe)= fVg+gVf n

s.v(i): gV/ - fVg

g g

Proof We have V(i] = 2{%(1)

g

B i

-df -dg|_gVf-/Vg
e ]
V(i):gvf—ng -
g g
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WORKED EXAMPLES

EXAMPLE 1

Find grad ¢ for the following functions.

(i) d(x,y,z) = 3x%y — y’z? at the point (1, —2,1)

(i) d(x,y,z2) = log (x* + y* + 7?) at the point (1,2, 1).

Solution.
(1) Given b(x, y,2) =3x%y — 22
-d ~d ~d
We know grad b=V = —¢+ —¢ 9¢
dx ay oz
Differentiating ¢ partially w.r. to x, y, z respectively, we get
a—d) =6xy, 8_(1) =3x’ -3y°2’, B_d) =292
ox dy 0z
At the point (1, —2, 1), aa_¢ =6-1(-2)=-12
X
i =3-1"-3(=2)°'I’=3-12=-9
oy
i =-2.(-2)"-1=16
0z

at the point (1, =2,1), Vd=-12i -9/ +16k.

(ii) Given d(x, y,z) =log (2 +)* +2%)
We know gradp=Vd = ad) E)(b —+k 9
8y 0z
Differentiating ¢ partially w.r.to x, y, z respectlvely, we get,

1 1 1
a—(b:ﬁ'% b =5 % a—d):ﬁ'k
ox x*+y’+z Jy x+yi+z 0z x*+y°+z

At the point (1,2, 1), 9% __ 21 _2_1
ox 1P+2°+1° 6 3
9 _ 22 42
dy 1I'+2°+1° 6 3
9 _ 21 21
dz PP+2°+1° 6 3

2 -
-. at the point (1,2,1), grad = —z +— 3 j+
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EXAMPLE 2

Find the directional derivative of ¢ (x,y,z) = x%pz + 4xz? at the point (1, —2, —1) in the direction
of the vector 2/ — ] —2k.

Solution.
Given & (x,y, z) =x%yz + 4xz?
~d ~d
We know grad b=V =i —(b ¢+k—¢
ay 0z
Differentiating ¢ partially w.r.to x, y, z respectlvely, we get
8_(1) =2xyz +4z°, 8_(b =x’z, 8_(1) =x"y +8xz
ox ay oz
. 84)
At the point (1, —2, —1), =2-1(=2)(-1)+4(-1)> =8
B

a¢ —12(=2)+8-1(=1)=2-8=—10
at the point (1, -2, —1), Vcb =8i — j—10k

Given direction is =20 ~j-2k
" the directional derivative of ¢ at the point (1, =2, —1) in the direction of g is
(2i —j-2k) 16+1+20 37

=(8i — j —10k)- = ==L
V4+1+4 Vo 3

|m

v¢'

QU

|

EXAMPLE 3

-2

Iff+xt7+y]'+zlz and r = |F |pr0vethat(1)Vr——,(11)Vr =nr""’F,
r

(iii) V(l)= -~ (iv)V(ogr) = —
r

Solution.
Given F=xi+yj+zk and r:|?|:dx2+y2+z2 = ri=x’+y’+z’ (1)

(i) Vr=

~ | v

We know Vi=i—+)—+k—
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Similar, =7 g Y _Z
ay r oz r
vr=2i+2j+ ik =—[xl+y]+zk]_£
r r r r

(i) Vr" =nr"?F

We know \ =fi(r")+ji(r")+1€i(r")
ox dy oz

= z?(nr"l ﬁ)-&- il ! i + E(nr"l ﬁ)
- o) R oz

n—1
=nr"" [£7+Z}+£k] = [xf+y]‘+zl€] ="
r r r r

(i) v(l) -7
r r

We know, V(%) = ;%(%)-{‘ ]%

7
_2

(iv) V(logr) =

We know, V (log r) = fi(log )+ ]i(log F)+k i(1og r)
l(larJ+ lar +k(18r) l[x~ Y3z k]
r ox ray roz) rlr r
EXAMPLE 4

Find the directional derivative of the function 2yz + z? in the direction of the vector i+ 2]' + 2k
at the point (1, -1, 3).

‘N| Ny

Solution.
Given b=2yz+7
8 8
We know Vo = ¢ 9% +k— b
ay 0z
Differentiating ¢ partially w.r.to x, y, z respectlvely, we get
8_(!):0 a—(b=22, a—(b=2y+22

ox  dy 0z
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At the point (1, —1, 3), B_d): 0, B_(b =2(3)=6, 8_(!): 2(-)+2-3=4
ox dy 0z

at the point (1, —1,3), Vb =6/ +4k

Given direction is d=1i+2j+2k
the directional derivative of ¢ at the point (1, —1, 3) in the direction of a is

a

L~ ((+27+2k) 12+8 20
G 20 2R

V-
¢ Vi+4+4 Jooo3

EXAMPLE 5
Find the directional derivative of X* + )° + z* at the point (1, —1, 2) in the direction of i + 2/ + k.

Solution.

Given b (x,y,2)=x+)y+2°

We know V¢:fa—¢+]a—¢+l€a—¢
ox dy 0z

Now differentiating ¢ partially w.r.to x, y, z respectively, we get

a—(b=3x2, a—(b=3y2, a—¢=322
dx dy oz

At the point (1, -1, 2), (—9—(1):3.12 e, 8_(1):3(_1)2 =3, a—(b=3~22 =12
ox dy 0z

at the point (1, —1,2), Vb =37 +3/+12k
Given direction is d=i+2j+k

the directional derivative of ¢ at the point (1, —1, 2) in the direction of d is

Vb = (37 +3] +12k)-

(+2j+k) 3+6+12 21 _ 6 76
|| - -

JI+4+1 J6 J6 6 2
EXAMPLE 6
Find a unit normal vector to the surface x* + »* + 3xyz = 3 at the point (1, 2,-1).

Solution.

The given surface is x* + y + 3xyz = 3, which is taken as b = C
b=x+y"+3xyz

We know that Vb is normal to the surface.

Vo

V|

So, unit normal to the surface is =



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

-9 ¢ 79
Now Vb=
= ox ay az
Differentiating ¢ partially w.r.to x, y, z respectively,
we get, a—d)=3x2 +3yz, a—(b=3y2 +3xz, a—d)=3xy
ox a oz
. _ odb ., _
At the point (1, 2, —1), P 3-1°+3-2(-1)=-3
X

9 322430129 and 230226
dy 0z

at the point (1,2, —1), Vb= —37 +9 + 6k

unit normal to the given surface at the point (1, 2, —1) is

L _3+9j+6k 37 +9j+6k
V9+81+36 V126

Note If the surface equation is written as x* + )* + 3xyz — 3 = 0, then we take
b (x,y,z)=x>+)*+3xyz - 3. Here C=0.

EXAMPLE 7
Find a unit normal to the surface x’y + 2xz? = 8 at the point (1, 0, 2).

Solution.
Given & (x, y.2) = x2p+ 2x22
We know, Vb = 8(1) a¢ e ]Ea_(b
ox ay 0z
Differentiating ¢ partially w.r.to x, v, z respectively, we get
3_¢:2xy+222’ a—d):Xz, a—d)=4xz
dx dy 0z
At the point (1,0, 2), M grnrog I®_p_y 0L g
ax ay aZ
at the point (1, 0, 2), Vb=8+j+ ]k

unit normal vector to the given surface at the point (1, 0, 2) is
Vo 8+ +8k 8+ j+8k
n — — —
Vo] Jea+1+64 129

EXAMPLE 8
Find the maximum value of the directional derivative of & = x’yz at the point (1, 4, 1).

Solution.
Given b =xyz
We know, Vb=i ad) a¢+1€a—¢

ay 0z
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The directional derivative is maximum in the direction of Vb and the maximum value = | V(b|
Differentiating & partially w.r.to x, y, z respectively, we get

ad) 2 ad) 3 ad) 3
—:3 5 —_—= . —_—=
ox rz dy v oz a4
At the point (1,4, 1), 8_([):3'1'4.1:12’ 8_(1):13.1:1 and 8_(1):13.4:4
ox dy 0z
-. at the point (1, 4, 1), Vb =12i + ] +4k

Maximum value of the directional derivative = | V| — |12{+j+ 4]€| =144+1+16 =+/161

EXAMPLE 9

In what direction from the point (1, 1, —2), is the directional derivative of ¢ = x? — 2)? + 472
maximum? Also find the maximum directional derivative.

Solution.

Given b=x>-2)>+42

We know that the directional derivative is maximum in the direction of V. The maximum value

=|Vo|

We have V¢:fa—¢+]a—¢+qa—¢
ox dy 0z

Differentiating ¢ partially w.r.to x, y, z respectively, we get

a—(b—Zx a—(!):—4)/ a—¢:82

ox dy oz

At the point (1, 1, —2), 8_4)22.1:2, a_¢:_4.1:_4, a_¢:g(_2):_16
ox dy 0z

. at the point (1, 1, —2), V=20 —4j-16k =2[i -2 —8k]

. the directional derivative is maximum in the direction of 2(i —27 — 81;)

Maximum value = |Ve| = |27 — 27 —8)| = 241+ 4+ 64 = 2/69

EXAMPLE 10
Find the angle between the surfaces x> + y* + z> = 9 and x> + y* — z = 3 at the point (2, —1, 2).

Solution.
The given surfaces are
X4y +22=9 (1) and X2+y?—z=3 2)
P(2,-1, 2) is a common point of (1) and (2)
Let f=x+y*+Zandg=x*+)y" -z
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i

Now,
ox ay az
Differentiating f partially w.r.to x, y, z respectively we get,
al=2x, al=2y, al=2z
ox dy 0z
At the point (2, —1, 2), &i =2-2=4, ai =2(-1)=-2, ai =2(+2)=+4
ox dy oz
. at the point (2, —1,2), Vf=4i -2] +4k
-0g -0g 798
Now Vg=i24+j24+k=
Ty T ez
Differentiating g partially w.r.to x, y, z respectively, we get
% _y, %2 _,, %8l _j
dx dy 0z
at the point (2, —1, 2), a_g:2.2:4, a_gzz(_l):_z, a_g:_l
dx dy oz
. at the point (2, —1,2), Vg=4i -2j-k

If O is the angle between the surfaces (1) and (2) at (2, —1, 2), then
Vf-Ve (4 —2j+4k) (4i -2j—k) 16+4-4 16 8

[VA[Ve|  Ji6+a+16 6+4+1  B6v2l 6421 3421
8
0=cos'| ——
(3\/21)

cosO =

EXAMPLE 11

Show that the surfaces 5x? — 2yz — 9x = 0 and 4x% + z* — 4 = 0 are orthogonal at the point
a, -1,2).

Solution.
The given surfaces are
S5x2=2yz—=9x=0 (1) and 4x}y+z22-4=0 (2)
Let f=5x"-2yz—9x and g=dy+-4
To prove (1) and (2) cut orthogonally at the point (1, -1, 2),
i.e., to prove VfVg=0
2 5 af i
Now Vf =
/= x By az
al: 10x -9, al: -2z and al: -2y
ox dy 0z

Vf =(10x—-9)i —2zj —2yk
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~dg -0dg -dg
d Vo=]-24+724fk2
an g lax+]8y+ =
% gy B s and B3
ox dy oz

o Vg =8xyi +4x*] +32%k
At the point (1, —1,2),  V/ =(10-9)i =227 —2(~)k =i —4] +2F

and Vg= 8:-1-(- 1)l+4 12]+32k——81+4]+12k
: Vf-Vg=( -4 +2k)- (-8 +4j+12k)=—-8—-16+24=0

Hence, the two surfaces cut orthogonally at the point (1, -1, 2).

EXAMPLE 12

Find a and b if the surfaces ax’ — byz = (a + 2)x and 4x?y + z> = 4 cut orthogonally at the point
{1, —-1,2).

Solution.
The given surfaces are
ax*—byz—(a+2)x=0 €)) and 4x’y+22-4=0 2)
Let f=ax*—byz—(a+2)x and g=4y+2-4
Given the surfaces (1) and (2) cut orthogonally at the point (1, -1, 2).
Vf-Vg=0 3)
Now Vf = alJr af a_f
ox By az
af =2ax—a-?2, al =-bz and ai = —
dx dy oz
Vf =(2ax—a—-2)i —bzj —byk
and Vg:{a_g_,_ —_B_g_”;a_g
a dy 0z
og og _,» 0g _ 5>
ox P gy T e T

Vg =8xyi +4x*] +32°k
Atthe point (1, —1,2),  Vf=(2a—-a-2)i —-b-2j-b(-1)k
= Vf =(a—-2)i —2bj +bk
and Vg=-8 +4)+12k
: Vf -Vg=((a-2)i —2bj +bk)-(-8i +4] +12k)
=—-8(a—-2)—-8h+12b=-8a+4b+16
From (3), VfVg=0 = -8a+4b+16=0 = 2a-b=4 (4)
Since (1, —1, 2) is a point on the surface f= 0, we get
a+2b—(a+2)=0 = 2b=2 = b=1
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4) = da=4+b=4+1=5 = a:%
azé, b=1
2

EXAMPLE 13
Find the angle between the normals to the surface xy = z? at the points (1, 4, 2) and (-3, -3, 3).

Solution.
The given surface is xy—2z2=0
b =xy -2
We know V& is normal to the surface at the point (x, y, z)
Let 7, 7i,, be the normals to the surface at the points (1, 4, 2) and (=3, =3, 3) respectively.
7, = Vd at the point (1, 4, 2)
and n, =Vd atthe point (-3, -3, 3)

Now V(b_la—(b aad) .ai
ox By 0z
a—¢=y, a—(b=x and 3_4):_22
ox ay 0z
= Vb= yi +x ~2zk
At the point (1, 4, 2), Vb =4i+ -4k S =47+ -4k
At the point (=3, =3, 3), V=37 -3j-6F . i,=-37-37-6k
If 0 is the angle between the normals, then L S
cos0 = ?1"? = (4i +j —4k) (=31 —3) —6k)
i llA,] 16+1+16 9+9+36
—12 3+24 9 1

NEN RN TN T

1
0=cos'| —
(x/ﬁ J
EXAMPLE 14

Find the directional derivative of the function ¢ = xy? + yz* at the point (2, —1, 1) in the direction
of the normal to the surface xlog z — * + 4 = 0 at the point (—1, 2, 1).

Solution.
Given b=x*+y7
d) (1) JIb
Vb= R S
b= Fe ay 9z yl+(2xy+z )]+3yzk
At the point (2, —1, 1), Vb= (=17 +(-4+1)j+3(-D1* k=1 -37 -3k

The directional derivative of ¢ in the direction of the normal to the surface xlogz — y* + 4 = 0 at the
point (-1, 2, 1) is required.
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Let f=xlogz-)y*+4
szfg—i+jg—];+Eg—izlong—2y]+§l€
At the point (1,2, 1), Vf:1og1?—4j+(_T1)1€=o?—4j—1€=—4j—1€
a=-47-k
Required directional derivative is = V- %
=(f_3j_3/€).(_4j_’€)—12+3— 15

Jie+1l 17 17

EXAMPLE 15
If V = 2xpz i +x?z°j + 3x’yz ’k, then find & if ¢ (1, —2,2) = 4.

Solution.
Given Vb = 2xyz°i +x°2° j+3x°yz'k (1)
But V(1>=?a—d’+ja—d’+*aib )
ox dy 0z
Equating the coefficients of i, 7, k, from (1) and (2), we get
W o @) R @ 25 5)
dx dy dz
Integrating (3) partially w.r.to x, we get
d=x"yz’ + fi(1,2) (6)
Integrating (4) partially w.r.to y, we get,
b=2"2y+ f,(x, 2) %)
Integrating (5) partially w.r.to z, we get,
b =x"yz"+ fi(x, ) ®

From (6), (7), (8), & is obtained by adding all the terms and an arbitrary constant C, but omitting
S0, 2), [(x, 2), f,(x, y) and choosing only one of the repeated terms.

Thus, b=x2+C

Given b (1,-2,2)=4

: IX(2)x8+C=4 = C=4+16=20
¢ =x%yz +20

EXAMPLE 16

Find the equation of the tangent plane and the equation of the normal to the surface
x* — 4y? + 372 + 4 = 0 at the point (3,2, 1).

Solution.
The given surfaceis ~ x*— 4y’ +322+4=0
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Let b=x’-4*+322+4
0 d - - -
Vd)—z d) ¢+k—¢=2xi—8yj+6zk
ay 0z
At the point (3,2, 1), V=60 —16] +6k
We know that the equation of the tangent plane at the point (x, y,, z,) is
0
(-3 5= 3 G -2 5P =
Now a—¢=2x, a—'“1):—8)/ and a—d)=6z
ox dy 0z
Here (x0>y05 ZO)=(3> 25 1) a a_(b:6, a_¢=—16 and a—¢=6
ox dy 0z
the equation of the tangent plane at the point (3, 2, 1) is
(x=3)6+(y—-2)(-16)+(z-1)6=0
= 3x-3)-8(y —-2)+3(z-1)=0 [dividing by 2]
= 3x-8y+3z-9+16-3=0
= 3x-8y+3z+4=0
The equation of the normal at the point (x,, y,, z,) is
x—xo ) | y_y() _ Z—ZO
9 db Ib
ox dy 0z
The equation of the normal at the point (3, 2, 1) is
x-3 _ y=2 _ z—1 - x-3 _ y=2 _ z—l.
6 -16 6 3 -8 3

EXAMPLE 17

If the directional derivative of

b, y,2) = a(x + y) + b(y + ) + c¢(z + x) has maximum value 12 at the point (1, 2, 1) in the
x—-1_y-2 z-1

direction parallel to the line 1 = 3 = 3 find the value of a, b, c.
Solution.
Given b=ax+y)+by+z)+c(z+x)
SNRL L L
ay oz

= V¢:(a+c)i+(a+b)j+(b+c)1€
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We know that the directional derivative is maximum in the direction of V.

But given it is maximum in the direction parallel to the line = —l_y-2_z-1

2 3
a-;—c:a-;b:b-;-c:K
= a+c=K 1) a+b=2K 2) b+c=3K 3)
Adding we get,
atcta+b+b+c=K+2K+3K
= 2(a+b+c)=6K = a+b+c=3K )
Using 3), (4) = a+3K =3K = a=0
From (1), O+c=K = c=K
From (2), 0+bh=2K = b=2K
Given the maximum value of directional derivative = 12
= [Vo|=12
= J(a+c) +(a+by +(b+c)* =12
= (a+c)’ +(a+b) +(b+c)’ =144
= K*+4K*+9K* =144
= 14K* =144 = KZ:E = K:_£
14 J14
24 12
a=0,b=iﬁ,c=iﬁ
EXAMPLE 18

Ifi=x+y+z, v=x*+y +2z’, w=xy+ yz+ zx, then show that the vectors Vu, Vv, Vw
are coplanar.

Solution.
Given u=x+y+z, v=x’+)y*+z4,, w=xy+yz+zx
~ou -~du -du - - =
Now, Vu=i—+j—+k—=i+j+k
o Tyt T
Voo i 7 p O = 0ai +2)f 422k
ox “dy oz
ow ~ow -ow _ + < -
Vw=i—+j—+k— =+2)i +(z+x)j+(x+y)k
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We know that three vectors @, b, ¢ are coplanar, if their scalar triple product a - bxc=0.
Vu, Vv, Vw are coplanar, if Vu - Vv x Vw =0

1 1 1
Now Vu-VyxVw=| 2x 2y 2z

y+z z+x x+y
1 1 1
=2| x y z
y+z z+x x+Yy

1 1 1
=2|x+y+z x+y+z x+y+z| R,—>R,+R,

y+z zZ+Xx X +y
1 1 1
= 2()6 +y +Z) 1 1 1 =0 [since R1 :Rz]

y+z z+x x+Yy

the vectors Vu, Vv, Vw are coplanar.

EXERCISE9.1

1. If d(x, y, z) = 3xz% — y*z?, find Vb at the point (1, -2, —1).

2. If & =2xz —)? find grad & at the point (1, 3, 2).

3. Find the directional derivative of ¢ = 3x> + 2y — 3z at the point (1, 1, 1) in the direction of
20 +2] —k.

4. Find the directional derivative of xyz — x)?z* at the point (1, 2, —1) in the direction of the vector
i—j-3k

5. Find the directional derivative of the function ¢ = x* — y* + 2z? at the point P (1, 2, 3) in the
direction of the line PQ where O = (5, 0, 4).

6. Find the unit normal vector to the surface

(1) x*+2y?+2z2="7 at the point (1, -1, 2). (ii) x*+)*—z*=1 atthe point (1, 1, 1).

(iii) x*+y? —z =1 at the point (1, 1, 1). (iv) x*+)* =z at the point (1, 2, 5).

Find the angle between the surfaces x> + y +z = 2 and xlogz = y* — 1 at the point (1, 1, 1).

Find the angle between the surfaces 2yz + z2 = 3 and x* + )? + 2% = 3 at the point (1, 1, 1).

Find the angle between the surfaces xyz = 4 and x? + y* + z2 = 9 at the point i + 2 + 2k.

10. Find the equation of the tangent plane and normal line to the surface xz*> + x*y —z + 1 = 0 at the

point (1, =3, 2).
11. Find the equation of the tangent plane and normal line to the surface 2xz> — 3xy — 4x = 7 at the
point (1, -1, 2).
12. Find the equation of the tangent plane and normal line to the surface 2z — x> = 0 at the point P(2, 0, 2).
13. Find & if
() V=" —2xp2>)i +B3+2xy—x*2%)j +(82° —3x*yz))k

o o~
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(i) Vb =2xyz°1 +x72° ] +3x7y2’k if d(1,-2,2) =4
(iii) Vb = (6xy+2°)i +(3x* —z)j +(3xz> — y)k

(iv) Vb= 2xyz+x)i +x’zj + x*yk

(v) Vb = (y+sinz)i +xj +xcos zk.

14. Find the angle between the normals to the intersecting surfaces xy —z>— 1=0and y*-3z—-1=0
at the point (1, 1, 0).

15. Find the angle between the normals to the surface x> = yz at the points (1, 1, 1) and (2, 4, 1).

16. Find the values of a and b so that the surfaces ax® — by’z = (a + 3)x? and 4x*y — 2> = 11 may cut
orthogonally at the point (2, -1, =3).

17. The temperature at any point in space is given by 7= xy + yz + zx. Find the direction in which the
temperature changes most rapidly from the point (1, 1, 1) and determine the maximum rate of
change.

18. In what direction is the directional derivative of the function ¢ = x* —2)? + 4z from the point
(1, 1, 1) is maximum and what is its value?

19. Find the maximum value of the directional derivative of the function ¢ = 2x? + 3y + 52% at the
point (1, 1, —4).

20. Find Vo at the point (1, 1, 1) if d(x, y, z) = x*y + yx + 22

21. Find the directional derivative of d(x, y, z) = x2 — 2)* + 422 at the point (1, 1, —1) in the direction
2 —j—k-

22. Find the directional derivative of the function ¢ = xy + yz + zx in the direction of the vector
2i +37 +6k at the point (3, 1, 2).

23. Find the directional derivative of ¢ = x2yz + 4xz>+ xyz at (1, 2, 3) in the direction of 2i + j —k.

24. Find the directional derivative of & = x?yz + 4xz? at the point P(1, -2, —1) in the direction of PQ,
where Q is (3, -3, -3).

25. Find a unit normal to the surface x)*z> = 4 at the point (-1, -1, 2).

26. In what direction from (3, 1, —2) is the directional derivative of ¢ = x*’z* maximum? Find also
the magnitude of this maximum.

27. What is the greatest rate of increase of ¢ = xyz? at the point (1, 0, 3)?

28. Find the angle between the spheres x> + y* + z2 = 29 and
X2+ y*+ 22+ 4x — 6y — 8z — 47 = 0 at the point (4, -3, 2).

29. Find ¢ if Vb = (6xy+2°)i +(3x> —2)j + (3xz* — y)k.

ANSWERS TO EXERCISE 9.1
= 0% AL > 3 AT 19 29 28
1. —=6i —9j—4k 2. 4i —6j+2k 3. = 4. = 5. —=
3 Jii V21
ST 2742k Tk 20427+k 27 +47 -5k
6. (1)1— () —~—2L* (i) —=2— (v) 217
3 NE 3 35

9. cos™ \/Z
3

W | W

1
7. cos™ (— 8. cos™
\/30)
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10, 2x—y—3z4+1=0,X"1_y*3_=z-2

2 1 3
11, 7x—3y+8-26=0, X1 _y*l_z-2 12, 2x—z=2; X722 _272
3 3 2 0 1
13. (i) db=xy*—xH2+3y+2z+c (i) b=x%z*+20
2
(i) db=3x>y+xz>—yz+c (iv) ¢:x2yz+x?+c (V) b=xy+xsinz+c
13
14. cos™ (LJ 15. cos™ 16. a:—z,bzﬁ
V26 3322 3 9
17. i+ j+k, 243 18. 27 —47 -8k, 2421 19. 1652 20. V=37 +37+2k
(G +3j-k)
21, 16 »n B 23 86 gy 7 o T
J6 7 J6 3
26. 96+/19 27. 9 28. 9:0051[ /%) 29. Gp=3xy+x—yz+c

9.5 DIVERGENCE OF AVECTOR POINT FUNCTION OR DIVERGENCE OF A VECTOR FIELD

Definition 9.5 If F(x, y, z) be a vector point function continuously differentiable in a region R of
space, then the divergence of F is defined by

Vpor O O
~ » ox ay 0z
It is abbreviated as div F and thus, div F=V- F
- - - —~ oF, aF BF
IfF=FEi +F,j+FEk, then VF=—1+2+2
ax ay 0z

If F is a constant vector, then V-F = 0 and conversely if V - F= 0, then F is a constant vector.

Note (i) From the definition it is clear that div F is a scalar point function. So, the divergence of a
vector field is a scalar point function. The notation V - F is not a scalar product in the usual sense, since

V.-F2F - V.Infact F-V=F— J in E, J — is a scalar operator.
' ox dy oz

9.5.1 Physical Interpretation of Divergence

Physical interpretation of divergence applied to a vector field is that it gives approximately the ‘loss’
of the physical quantity at a given point per unit volume per unit time.

(1) Ifv(x, y, z) is the moving fluid at a point (x, y, z), then the ‘loss’ of the fluid per unit volume per
unit time at the point is given by div . Thus, divergence gives a measure of the outward flux per
unit volume of the flow at (x, y, z).

If there is no ‘loss’ of fluid anywhere, then div v = 0 and the fluid is said to be incompressible.
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(i1) IfV represents an electric flux, div v is the amount of electric flux which diverges per unit volume
in unit time.
(ii1) Ifv represents the heat flux, div v is the rate at which heat is issuing from a point per unit volume.

Definition 9.6 Solenoidal Vector -
If div F = 0 everywhere in a region R, then F is called a solenoidal vector point function and R is
called a solenoidal field.

9.6 CURL OF AVECTOR POINT FUNCTION OR CURL OF A VECTOR FIELD

Definition 9.7  If F(x, v, z) be a vector point function continuously differentiable in a region R, then
the curl of F is defined by

VxF=fxa—F+]'xa—F+I€xa—F
] ) - ox oy oz
It is abbreviated as curl F
Thus, curl F = VxF
IfF=Fi +F,j+FEk, then - -
curl F=VxF
-9 -0 -0 ® - ~
=|li—+j—+k—|x(Fi+FEj+FEk
(ax jay 82)(1 2 +Ek)

L. e LR
dy oz 0z Ox ox dy
i
0

j ok

. . . = Jd d
This is symbolically writtenas VxF=|— — —
ox dy 0z

Fl FZ F3

If F is a constant vector, then curl F =0

9.6.1 Physical Meaning of Curl F

If F represents the linear velocity of the point P of a rigid body that rotates about a fixed axis (e.g., top)
with constant angular velocity @, then curl F at P is equal to 2@.
If the body is not rotating, then ® = 0 o CurlF=0

Definition 9.8 Irrotational Vector Field - ~
Let F(x, y, z) be a vector point function. If curl F = 0 at all points in a region R, then F is said to be an
irrotational vector in R. The vector field R is called an irrotational vector field.

Definition 9.9 Conservative Vector Field
A vector field F is said to be conservative if there exists a scalar function ¢ such that F = Vi

Note ~
1. In a conservative vector field F = Vo - -
VxF=VxVd=0 = Fisirrotational.
2. This scalar function ¢ is called the scalar potential of F.
Only irrotational vectors will have scalar potential ¢.
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WORKED EXAMPLES

EXAMPLE 1
Prove that V X Vb = 0, where ¢ is a scalar point function.

Solution.

-9 -9 -0 -0p  -dd -db
e have zax+jay+ >’ 0] 18x+]8y+ >
i J ok
v 2 22
ox dy oz
dp db JIb
ox dy oz

_ ’b I _i[azd) ~ 82‘1’}1} Ib 2

0ydz 0zdy / 0xdz 0zdx 0xdy - dyox
’d b Pd_ 3 Id b
dydz  0zdy dzdx Oxdz Oxdy dydx

=0 |:Assuming
Vo is always an irrotational vector.

EXAMPLE 2
Find the divergence and curl of the vector v = xyzi +3x2y j + (xz? —y2z)k at the point
2,-1,1).

Solution.
Given V= xvzit 37y + (x2’ — y o)k
divv=V-v= i(_xyz) +i(3x2y) +i(x22 _y2Z)
ox ay oz
=yz+3x" +2xz-y"

Atthe point 2, —=1,1), V- =(=1)-143-4+2.2-1- (-1 =-1+12+4-1=14

|~
!
v =

d Curl v =Vxv= —- =
an url v v ax ay az

xyz 3x’y xz'—y’z
:{[%(xzz —yzz)—%(3x2y):| —f[%(xzz —yZZ)—%(xyz)]
-9 0
k| —=(3x%y) -
5o 5]

= ;[0_2)/2_0]_][22 —0—xy]+l€[6xy—xz]
= —2yzzT— (z° - xy)]'+ (6xy — xz)lg



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

At the point (2, —1, 1),
V¥ = =2(=1)-1i = (1" = 2(~1))j+[6-2(~1)~1- 2]k = 2i=3 14k
EXAMPLE 3

Show that the vector F = (6xy + z°)i + (3x> —z)j + (3xz? — y )k is irrotational.

Solution.
Given F=(6xy+z)i+3x*—2)j+(3xz> = )k

F is irrotational if curl F = 0

QO o~

Now curl F= VxF =

Pl =

J

d
x
6xy+2z° (3x*-z) (3x

S}

-)
e a 2 a 2 = a 2 a 3
=i|:$(3xz —y)—g(?)x —z):|—]|:5;(3xz —y)—g(6xy+z )]

+k i(3x2 —2z) —i(6xy+ z*)
ox dy

=i[—1+1]— j[3z% =32*]+ k[6x —6x] = 0.

F is irrotational vector.

EXAMPLE 4
Prove that (i) div 7 = 3, (i) curl 7 = 0 where 7 is the position vector of a point (x, y, 7) in space.

Solution.
Given 7 is the position vector of a point (x, y, z) in space.

F=xi+tyj+zk

(1) div?:V?:i(x)—iri(y)—ki(z):1+l+1:3
ox dy oz
i j ok
. o d 0
Culr=— — —
(i) Curl 7 ox y oz
x y z

-l o 0 -] 0 0 = 9 0
—1[5(2)—8—207)]—][5(2)—a—z(x)]—k[g(ﬁ—g(x)}
=7i[0—0]— j[0—0]+[0—0]=0

7 is an irrotational vector.
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EXAMPLE 5

Find the value of a if the vector _
F=2x%y +yz)i +(xy’ —xz%)j + (axyz — 2x*y *)k is solenoidal.

Solution.
Given F= 2x*y+ yz);+ (xy* — xzz);' + (axyz — 2x2y2)l;
is solenoidal.

V- F=0 = i(2x2y+yz)+i(xy2 —xzz)+i(axyz—2x2y2) =0
ox dy 0z

= 4xy+2xy+axy =0

= 6xy+axy=0

= x(6+a)=0 = (6+a)=0 = a=-6 [-x#0,y=0]
EXAMPLE 6

Show that F = =z +3yz - 2x)lT + (3xz + 2xy )} + Bxy —2xz +2z2 ); is irrotational
and solenoidal.

Solution.
Given F = (y* — 2% +3yz — 2x)i + (3xz + 2xy) j + (3xy = 2xz + 22)k.
We have to prove F is irrotational and solenoidal.
ie,toprove VxF=0 and V-F=0
i
VxF= i — —
ox ay 0z
Y —z2 +3yz—2x 3xz+2xy 3xy-2xz+2z
=i(3x=3x)— j[3y—2z—(=2z+3)]+k[3z+2y—(2y+32)] =0

F is irrotational.

QO .|
QU

V-lﬂJ:i(y2 -z +3yz—2x)+i(3xz+2xy)+i(3xy—2xz+22)
dx dy oz
=-242x+(2x+2)=0

. Fis solenoidal.

EXAMPLE 7

IfF =xi+ y} +zkandr = |f |, prove that r"7 is solenoidal if » = —3 and irrotational for all
values of n.

Solution.

Given sz;+y}’+zl; r=|17|=«l)cz+y2+z2 = r=x’+)y"+7° (1)

r'F=r" (x;+ y}'+ zl;) = r"xi+ r”y}'+ r'zk

div (r"F)=V- (r”x;+ r”y}' + r"zl;) = aa—x(r"x) + %(r"y) + E?—Z(V"z) 2)
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But a%C(r"x) =r"+x " %, %(r"y) =r"+y-w" —
and i(r”z) =r" 4z -m" =
oz oz

o x oy or

P

Wehave, r2=x2+y2+22, —_—=—, _—= S
ox r ay r

z
r

ooX _
— (" xX)=r"+nxr" =
(

ox r
0 _ _
—@"y)=r"+npr"! A +ny’r"?

oy r

0 z
and — (") =r"+nzr" S ="

0z r

Substitute in (2).
. . n=N _ on 2 n-2 n 2 _n-2 n 2_n-2
L div( )= Ay T A Ay " T+ vz

=3+ (Y 42 =3 " =3 = (4 3)r”

If n=-3,then div (»"7)=0 .. r"F is solenoidal if n=~=3
i j ok

NowVxri=| L 2 2
ox dy Oz

r'x r'y r'z

Jo , o, ., V=0 , o ,70-[0o ,. o,
[5 Caswl ”H&“ Dgern [ o)

= n—1 ar n—1 al" _.-( n—1 ar n—1 ar) _’( n—1 ar n—1 ar)
=i| nzr" —=nyr"" — = j| nzr" ——nxr" — |+ k| nyr"” ——nxr" —
dy oz ox 0z ox oy
= ;(nzr”1 L nyr"”! i) - ;'(nzr”1 R E) + l;(nyr”l ; — ! %)
r r r r

= ;(nr"'zyz —nr"yz)— }'(nr"'zxz —nr"xz)+ l—c(nr"’zxy —nr"xy) = 0
s VX (rF) = 0 for all values of 7.

Hence, "7 is irrotational for all values of #.

EXAMPLE 8
Prove that F=(y?cosx + z°)i + (2y sinx —4)j + 3xz >k is irrotational and find its scalar
potential.

Solution. . - - ~
Given F=()*cosx+2")i+(2ysinx—4)j+3xz"k
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i J k

- 0 d 0
N VxF=| < 2 <
o 8 ox dy 0z

y cosx+z' 2ysinx—4 3xz’
:;(0—0)—}'(322 —3zz)+7c(2ycosx—2ycosx) =0
F is irrotational.
Hence, there exist a scalar function ¢ such that F = Vb

= (¥’ cosx+z )z+(2ys1nx 4)]+3xz k=i— b aa(b a(b
ax ay az
9 _ =y’ cosx+z’ (1) 9¢ =2ysinx—4 (2) and 9 _ 3xz’ 3)
ox dy 0z
Integrating (1) w.r.to x, b=)"sinx+2’x+ f,(y, 2) 4)
Integrating (2) w.r.to y, b=)"sinx—4y+ f,(x, 2) (5)
Integrating (3) w.r.to z, b=x2"+f,(x, ) (6)

From (4), (5), (6), & = y*sinx + xz° —4y +c is the scalar potential, where ¢ is an arbitrary constant.

EXAMPLE 9

(i) Find a such that (3x — 2y + z)t + dx +ay - z)] +(x—-y+ 2z)k is solenoidal.
(ii) Find a, b, cif (x +y + az)l + (bx + 2y — z)] +(—-x+cy + 2z)k is irrotational.

Solution.q ~ - -
(i) Let F=0CBx—-2y+z)i+(4x+ay—z)j+(x—y+2z)k
Given F is solenoidal.
V-F=0
0 0 0
= —Bx-2y+z2)+—@x+ay—z)+—(x—y+22)=0
ox dy oz
= 3+a+2=0=a=-5

(i) LetF=(x+y+az)i+(bx+2y—z)j+(-x+cy+22)k
Given F is irrotational.

<
X
ol
I
ol
S
STRAN

i 5 0z
x+y+az bx+2y—z —x+cy+2z

= ;[ai(—x+cy+ 22) —i(bx+ 2y —z):| —}’[i(—ﬁ cy+22) —i(x+ y+az)]
) 0z ox 0z

+k i(1m+2y—z)—i(x+y+az) =0
ox dy
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= i+l -j(-l1—-a)+k(b-1)=0
= (c+Di+(1+a)j+(b-Dk =0
c+1=0,14a=0,b-1=0

a=-1, b=landc=-1

EXAMPLE 10
Determine f{r) so that the vector f{r) r is both solenoidal and irrotational.

Solution.
If 7 is not specified, it will always represent the position vector of any point (x, y, z).

r :x;+y}'+zl; and r= |17| =yx*+y +z7 o x4y 4 )
S = f(r)(xi+yj+zk)= f(r)xi+ f(r)yj+ f(r)zk

Given f{r) 7 is solenoidal.
V-(f(n)=0 = i(f(V)X)WLi(f(V)y)ﬂLi(f(r)z)=0 ()
ox ay 0z
d ,, L OF
But (0= )3 ()5
X ox
ai(f(r)y) = f(r)+yf'(r)—a£
y dy
and L (1= 1)+
z oz
or x Jdr y or z

Differentiating (1) we get, — ==, —==—  —==
ox r dy r dz r

aiu(r)x) L+ = 1+ )
X r r

Similarly, 2 m =1+
dy r
9 22,
and (D)= 1)+ (1)
1z r
L Q) > fi)+ XTf’(r) +f(r)+ ny’(r) +f(r)+ ZTf’(r) =0
= 3f(r)+m(x2+y2+zz)=0
r
- 3f(r)+&'r2=0
r
, '3
3 =0 ==
R fO (=0 = 8=

[here r is real variable.]
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Integrating w.r.to ‘r’, we get '[ ]} ((r)) dr = —3.[1 dr
r r

= log, f(r)=-3log, r+logc
= log, f(r)=—log, r* +log, c=log, = = f(r)=-5
r r
where c is the constant of integration.
ik
Now VX (f (r)F) = i i i
ox dy 0z

I fry f)z
=?[%(f(r)2)—aa—z(f(r)y)}—}'[%(f(r)Z)—aa—Z(f(r)x)}
VF ai(f(r)y)—ai(f(r)x)}

L 0X o

A2y i
=S| W az]

TF ’ ’ z e, zZ zZ -~
DY EACE S, (r)-—}zzf (r)[y——y—]=o
L r r ror
Jf(r)7 is irrotational for all f{r) and it is solenoidal for f(r)= %, where c is arbitrary constant.
r

Hence, the required function is f£(r) = %, for which f(r)7 is both solenoidal and irrotational.
r

- EXERCISE 9.2

1. IfF=x’ +2x2yz}—3yzzl;, then find div F and curl F at (1, 1, —1).

2. f F=x%i+y% j+z %k then find curl curl F.
3. Finddiv F and curl Fat(1,1,1)
ifF=(x"—y"+ 2xz);+ (xz—xy+ yz)}' +(2+ xz)l:f.
4. Show that the following vectors are solenoidal.
(1) F=Q+3y)i+(x—2z)j+xk
(i) F=(*—z"+3yz— 2x)f+ Bxz+ ny)}' +(3xy —2xz+ 22)12
(iii) F =3x%yi—4xy’ j+2xyzk
5. Find the value of a if F = ay*z%i +4x°2* j + 5x**k is solenoidal.
6. If the vector 3xi + (x+ y)}' —azk is solenoidal, then find a.
7. Show that the following vectors are irrotational.
() F = +2xz° );+ (2xy - z)} +(2x°z—y+ 22)1;
(ii) F =(siny+ z);+ (xcosy-— z)}' +(x— y)l;
(iii) F = (4xy—z2)i+2x>j—3x2°k
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8. Find the value of a if F = (axy — z2)i + (x* + 2yz) j + (* — axz)k is irrotational.

9. If F=(ax’+2y*+1)i+(4xy+by*z=3)j+(c—y )k is irrotational, then find the values of

a, b, c.

10. Show that F' = (2x +3y +zz)f+(3x +2y +z)}+ v+ ZZ)C)% is irrotational and hence, find its
scalar potential.

11. Prove that F = (y* cosx +z° );+ (2ysinx— 4)}’ +3xz>k is irrotational and find its scalar potential.

12. Show that F = (6xy + 2 );+ (3x* - z)}' +(3xz® - y)l; is irrotational, find its scalar potential.

13. Find the div F and curl F, where F= grad (x* +y° +2° =3xyz2).

1 - . .

14. If v = wx ¥, prove that w = —curl v, where w is a constant vector and 7 is the position vector of
the point (x, y, z).

15. If7 is the position vector of a point (x, y, z) in space and A is a constant vector, prove that AxFis

solenoidal.
16. Prove that the vector F = (x+3y)i+(y —3z)j+ (x —2z)k is solenoidal.

17. Show that ¥ = xyz’ii is solenoidal, where

i =(2x> +80°2)i+(3x y = 3xp) j — (4)°2% + 2x'2)k.

ANSWERS TO EXERCISE 9.2
1. 5,-5i—6k 2. 2[zi+xj+ yk] 3. 6;-2i+2k
5. a can be any real number 6. 4 8. 2
9. a=3,b=-3,c=2 10. b=x>+)*+3xy+yz+z%x+c
1. b=y*sinx+xz*—4y+c 12. b=3x+xz*-yz+c

13. divF=b(x+y+2) CurlF= O

9.7 VECTOR IDENTITIES

We shall list the vector identities into two categories.

(1) V operator applied once to point functions.
(ii) V operator applied twice to point functions.

TYPE 1.

If fand g are scalar point functions we have already proved the following results.
1. Ve =0, where c is a constant. 2. V(ed)=cVd, where c is constant.
3. V(ftg)=Vf+ Vg 4. V(fg)=fVg+gVf

5 V(L): gVf —fVg
g r?
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6. If F and G are vector point functions, then V. (F+G)=V-F+V.G.

Proof
- d 0 d
VA(F+G —+j—+k F+G
(F+G)= (’ax”af a)( +G)
(BF ac;) OF 3G (8F 8G)
=i | —t— |+ | == |+k- +
dox Ox dy dy dz 0oz
~0F -~ oF - 0F) (-0G - dG - oG
=|i—tj —tk— |+ ==+ —+k—
ox dy 0z ox dy 0z
=V-F+V.G
Similarly, V.(F -G)=V-F-V-G u

7. Iffisascalar point function and Gisavector point function, then V - (fG)=Vf -G +f(V-G)

Proof Let G=G,i+G,j+Gk then  fG= fGi+[G,j+ [Gk

V(fG)——(fG)+ (fG)+ (fG)

5 Y, Gz Yoo 0
T ox ox ay EATAFRRER
S o 9G, , 3G, 9G,
SOt Ot G f( PN az)
V-(fG)=Vf -G+ f(V-G) [ ]

8. If fis a scalar point function and G is a vector point function, then
VX(fG)=Vf XG +f(VXG)

Proof Let G = Gz+sz+Gk . fG=fGi+[G,j+ fG,k
i j k
- lo o 2
Now Vx(fG)=| — — —
WV 3 e
G, fG, fG,

-l 9 d -] 9 d 7 i _i
_z[g(ng)—g(sz)}—J[g(ng)—a—Z(fGl)} +k[ax(fG2) ay(fGJ}

-[ oG, of 9G, of a[ oG of ,0G, af]
= G- 2G| 4G L - g
’[ PP A e el e i e e ) %
L7l £ 96 zai_faﬁ_ laf
ax X dy dy
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_ /(2. _2; ;_(BG an NCESEAY:
B By 0z ox Oz J ox By

(L2 (Lo Lo (2o La )i

dy ° oz ox ° 0z ox ° dy
i k|l |i ok
I R R A
“lox 9y 9z| |ox 9y oz

Gl G2 G3 Gl GZ G3
Vx(fG)= f(VxG)+(Vf)xG. [ ]

9. If F and G are vector point functions, then
V(F-G)=(F-V)G +(G-V)F+Fx(VXG)+G x(VXF)

Proof We know that Vf = ;gf gj; af 2~8f

V(F-G)= 2?8—(?6)

We know that ax(bxé)=(a-¢)b—(d-b)¢
(@-b)é = (d-)b—ax(bx?)

L G)- . -(aG) - (oG -
(F'g)l—(F'l)(g)—FX(§Xl)

ox ox
z(F _G);= G ;i)mﬁxz(zxaﬁ]
ox ox ox
=(F-V)G+Fx(VxG) ()
Interchanging F and G, we get
z(é.aai)§:<é.V)ﬁ+éx<vXﬁ) ()
X

Substituting (2) and (3) in (1) we get
V(F-G)=(F-V)G+FX(VxG)+(G-V)F+Gx(VxF)
V(F-G)=(F-V)G+(G-V)F +Fx(VxG)+G x(VxF) [ ]
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10. If F and G are vector point functions then
V(FXG)=G-(VXF)—F«(VXG)
i.e., div FXG =G-Cud F—F-Culd G.
Proof

V-(Fxé)zzii(ﬁxé)
=Y a—xG+F><—

OF ~) - (a aé)
= —XG |+ | FX—
25 Y| Fx
In a scalar triple product - and X can be interchanged.
we get V-(FXG)zZ(;XE;—F G—Z(?x%—G)F

X

= V(FxG)=(VxF)-G-(VxG)-F [ |
11. If F and G are vector product functions, then
VX(FxG)=F(V-G)-G(V-F)+(G-V)F —(F-V)G

Proof
Vx(FxG)=2§xi(F><G)
oF - 0G
—sz(a—xGnLFxg)
= VX(FxG)= ZIX(—XG) ZIX(FX—G) (1)
We know ax(bxe):(a-c)b—(a'b)c

= (oF - - -
= sz($x0)=(G-V)F—(V~F)G @

Similarly, Zix(ﬁx%_f)zz{( aé) v F)B—G}
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ox
- 0G ) = = ~d
= — |F - F-i—|G
(Zl ax) 2( l x)
I -
=(V-G)F-F- — |G
- ( ) (Zlax)
= Z}X(ﬁx a—G) =(V-G)F—(F-V)G
ox )
Substituting (2) and (3) in (1), we get
VX(FxG)=(G-V)F—(V-F)G+(V-G)F —(F-V)G
Curl F xG = F(div G) - G(div F)+(G-V)F —(F -V)G [ |
TYPE II - Identities — V Applied Twice
. . . . 20 2 0F L OF L Of
1. Iffis scalar point function, then div grad f = V'f = — + — + —
ox® oy oz
Proof We know, grad f = Vf =;6\i+}ai+§ai
dx " dy dz
div (grad f)=V-Vf
-=d -9 =9d)\(= ﬂaf
=i i =i+ L
(18x+]8y+ 82)(8x+ ay )
/4 j /4 af _S LIS IS
ax 8 dy 82 oo’ ay az
div (grad f)= V2 __f s, _f n
iv(grad f)=Vif==3 o o
3 9 82
Note V-.V=V’= 7 —t— 57 8 — is a scalar operator called the Laplacian operator.
y

2. If F is a vector point function, then div curl F = 0.
Proof LetF=Fi+F,j+ F31;, where F, F,, I/, are scalar functions of x, y, z.

Pe2

k
s ~ 0
Curl F=VxF = —
oz
F,

N’TJ o~

i
d
ox
F,

S| OF _9F, | ai_a_F L7 9E _9h
W oz ax az nx
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i} . 9(3F OFE\ 9 (3F O9F\ d(dF OF
divCurl F=V.-VxF =—| 2 -2 (———) b
A 8 8x(8y az)+3y 2 ox +az(8x ayJ

_JOF  PF . I’F IR . I’F, R
© Oxdy Oxdz dydz Jyox Jdzdx 0zdy
Since J°F, _ Jd’F, J’F, _ JO’F, 9J°F _ O°F -
oxdy Odyox 0xdz 0zox dydz 0zdy

= div Curl F =0

3. If F is a vector point function, then

cud (Cud F) =V x (VX F)=V(V-F) —

Proof Let F = Fl;+ Fz}'+ ch where F, F,, F, are scalar functions.

Then Curll F=|—

—
Q)
’“q
Q)
“rj

) OF, 9F,
+k| =2

Bx oz ox 8y
Curl curl F =

{2(2m0n) 2 (om_on)
dyldx dy ) odz\dz ox
-| 0*°F, O°F 821'71 N 0°F,

Byax ay dz°  0zdx

-|9°F, 9°F, (0°F, 9J’F
i + - +
dyox dzox \ 9y’ oz’

-|o°F | 9F OF [BZF OF_OF, ]}
£

+
ox>  oxdy 0xoz
Ja(on on R\ (¥R 0 ¥
ox\ dx 9y Oz ox> 9y’ oz

x> 9’
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= a = 2
—Zz{g(V-F)—V F,}
'-’a = 2 e
=(Zza—x)(V-F)—V (>ir)
Vx(VxF)=V(V-F)-V’F [ ]

WORKED EXAMPLES

EXAMPLE 1

Prove that V (Ln) = F.
r

r n+2

Solution. L
We have 7 = xi+ yj+zkand 2 =x* + )2 + 22

o _x or _y or z

ox oy 9z r
1 -d (1 -d(1 =91
Vi—|=i—|—|+j=— k—|—
(r") lax(r")+]8y(r")+ az(r”)
»,( —-n ar) =( —n or —( -n Br)
il Srrcwll R Bareennll R B
" ox " dy "oz

n |-x - >z
=——’H|:l—+j—+k—]: -
r r

n ST n -
2 (xl+y]+zk)=—’”n7r

r

1
Note We have \% n): ’Zz P
r r
Ifn=1,2,3,4,...
1 1. 1 2 1 3. 1 4 _
Then V(;):—Fr, V(r—2]=—r—4r, V(F):_r_sr’ V(r_“):_r_"’r and so on.
EXAMPLE 2

Prove that V?(r") = n(n +1)r" .

Solution.
We have F=xi+yj+zkand P =x2+)? +2
o _x or 'y o z

PR Rl R
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- d -
Vo) = Xz = Y i %
=N i X zx; = (it y ) 2k) = w7 ifn>3 (1)
r
VA" =V (Vr") = V- (nr"7F)
=n[Vr" 2 F 4+ A(V-F)]
=n[(n=2)r""*F-F +r"?3] [using (1)]

=n[(n=2)r""*r* +3r" =" [n=2+3] = n(n+1)r">

Note We have V(") = nr
Ifn=1,2,3,4,..

Vin=lr V=2 =28 V) =37 V) =4r V() = (=20 et
r > ’

>

EXAMPLE 3
Prove that V - (rV(lSD = %
r r
Solution.
1 3 = -
We have V(—):——F’ VI |=—%7 and V.¥=3
P P R v

EXAMPLE 4
If ¢ and s satisfy Laplace equation, prove that the vector (b V ¥ — s V &) is solenoidal.

Solution.
Given ¢ and ¥s satisfy Laplace equation.

2 2 2 2 2 2
a‘i’ﬁ‘!’ﬁ‘l’:o (1) and 8_1!;+81£;+81!;=0 ()
ox*  dy° oz ox*  dyt oz

To prove (b V & — ¥ V &) is solenoidal, we have to prove div (b Vi —¢ 'V db)=0
Now div(p V- V)=V(d V-V d)
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=V-(6V) - V- (V)
=Vo-V+d((V-Vi) - [V- Vo + (V- V)]

= VA -V [ V- Vil = Vis- V]
=0 [from (1) and (2)]
(b V-V ) is solenoidal.
EXAMPLE 5
Show that V*f(r) = ﬁ + 24 .
dr rdr
Solution. )
We have, V/(r) = f'(r)£
V)=V =V S ) = ( v/ (”) S L0 9.7y
(Vf (r)) N (r) V=3
(er (-1 (r)Vr) A0 { V(z) _ M}
r g g
PN 7
(rf <r>f 1= ) P 30 [ V()= 110
: and Vr = z]
)= S OFF 310 r
}"3 r
010, 30) A
r r
_LOSO SO o YO A 2df
r r r dar? r dr

9.8 INTEGRATION OF VECTOR FUNCTIONS

Let f(¢) and F (¢) be two vector functions of a scalar variable ¢ such that %F (1)= f(¢). Then F(¢) is

called an indefinite integral of /(¢) with respect to 7 and is written as Jf(t)dt = F(t)+¢, where ¢ is an
arbitrary constant vector independent of # and is called the constant of integration.
The definite integral of f'(¢) between the limits = ¢, and # = ¢, is given by

[Fwar=[F] =Fa,)-Fa).
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As in the case of differentiation of vectors, in order to integrate a vector function, we integrate its
components.

If (1) = f,(t)i+ £,(t) j + f,(t)k, then
[F@ar=if fiyde+ [ £ de+ k[ f(t)de

9.8.1 Line Integral

An integral evaluated over a curve C is called a line integral. We call C as the path of integration. We
assume every path of integration of a line integral to be piecewise smooth consisting of finitely many
smooth curves.

Definition 9.10 A line integral of a vector point function F(#) over a curve C, where 7 is the position

vector of any point on C, is defined by '[F -dr
C

IfF:Fl;+Fz}'+F37c and F=xi+yj+zk, then
dr =dxi+dyj+dzk and [F-dF =[F dx+F,dy+F,dz
C C

Here F|, F,, F, are functions of x, y, z, where x, y, z depend on a parameter ¢ € [a, b], since 7(¢) is the
equation of the curve C.

b
Then we can write jﬁu’? = I(Fl ﬁ+F2 Q+F3 %) dt.
C o\ dt dt dt

If the path of integration C is a closed curve, we write 98 instead of j .
C

Note

1. Since z—r is a tangent vector to the curve C the line integral J'I:“ -dr is also called the tangential
t c

line integral of F over C and line integral is a scalar.

2. Two other types of line integrals are also considered. jﬁ' x dr and _[4) dr are vectors.
C c

WORKED EXAMPLES

EXAMPLE 1

If F =3xy i— y 2}, evaluate J-F - dr where C is the arc of the parabola y = 2x* from (0, 0) to
c
1,2).

Solution.
Given F =3xyi—y*j
7 =xi+yj, where ¥ is the position vector of any point (x, y) on y = 2x2.
dr =dxi +dy |
and F-dF = Bxyi—y*))-(dxi+dy ) = 3xydx — y*dy
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Jﬁ-d? = I(3xydx—y2dy)
C C
Equation of Cisy =2x* .. dy=4xdx.

- 1 A(1,2
jF-df:j(3x-2x2dx—4x4-4xdx) (A2)
C :

1 ,
= [ (6x* ~16x°) dx |
0 o :
1 .
PSS IR R B
4 61 2 3 6 6

Fig. 9.2

EXAMPLE 2
IfF=3x>+ 6y )1 - 14yz] + 20xz’ k evaluate '[F - dr from (0, 0, 0) to (1,1, 1) along the curve
Cgivenbyx =t,y=2~,z7=~.

Solution. ~
Given F=(3x +6y)z—14yz]+20xz k
and F—xl+y]+zk dr—dx1+dy]+dzk

and F-dr = [(3x +6y)z —14yz;+20xz k]-[dx1+dyj+dzl;]
=(3x* +6y)dx —14yzdy + 20xz°d=
| Frdr = [ 3x* +6y)dx —14yzdy + 20x2” dz
C

C
Given x=t, y="=, z = £ is the curve.
R de=dt, dy=2tdt, dz=3~dt
When x=0,t=0andx=1,7r=1. Limits for tare t=0, =1
1

[Fdri=[(3-£+6-£)dt—14-£ -2t dr+20¢ -3¢ dt
C 0

3 7 107!

=J'](9t2—281‘"’+60t")dt=[9t——28t—+60—:| —3-446=5.
0 3770,

EXAMPLE 3
Evaluate the line integral J(y *dx — x*dy) around the triangle whose vertices are (1, 0), (0, 1),
c

(-1, 0) in the positive sense.

Solution.
Given the path C consists of the sides of the A ABC, where A(—1, 0), B(1, 0) and C(0, 1).
Equation of ABisy =0

EquationofBCisy_O:x— = y=—x+1
0-1 1-0
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— - y
Equation of CA4 isy—lzx 0 = y=x+1
1-0  0+1 co.1)
[Fdr = [ (y2dx-x*dy)
c AB
+ J. (V'dx —x’dy)
BC
+ J (yde_xzdy) [ 0 |
¢4 (*1 , O)A B (1 , O)
OnAB,y=0, -~ dy=0and x varies from —1 to 1 Fig. 9.3

J. (y2dx —x’dy) = j.O dx =0
AB -1

OnBC,y=—x+1 ~. dy =—dx and From B to C, x varies from 1 to 0.
0 0
[ Pdx-x'dy) = [(~x+1) dv—x*(~dx) = J@? = 2x +1+x7)dx
BC 1 1

g5

(2x? = 2x +1)dx
0

3 2
|:2x——2x—+x:| =0—(3—1+1)=—3
3 727 3 3

OnCA,y=x+1 .. dy=dx andFrom Cto A4, x varies from 0 to —1

-1 -1
[ OPdv—dyy= [ (x4 D dv—xPdx = [ +2x+1-x")dx
CA 0 0

-1 -
=j(2x+1)dx =[x>+x], =1-1-0=0
0

EXAMPLE 4
If F=(3x?+6y)i —14yz j + 20xz *k, evaluate JF - dr, where C is the straight line joining
(0,0, 0) to (1, 1, 1). ¢
Solution. . B -
Given F=03x"+6y)i—14yzj+20xz"k
F=xi+yj+zk . di =dxi+dyj+dzk
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F-di = [(3x2 + 6y);— 14yz } +20xz° l;] . [dx;-i- dy}' + dzl;]
=(3x* +6y)dx —14yzdy +20xz°dz

[ F-dF = [ (32" +6y)dx —14yzdy+20x2” dz
C C

Equation of the line joining (0, 0, 0) to (1, 1, 1) is
x-0 y-0 z-0
1-0 1-0 1-0
dx=dt, dy=dt, dz=dt
At the point (0, 0, 0), =0 and at the point (1, 1, 1), =1

= X=y=z=t,say

1

[ Fdr = [(3¢* + 61)dt —14¢de + 200 dt

C 0
1

= [ (3" + 61 — 141> + 200 )t

0

1 4 3 2
= [ 208 1112+6z)dz=[20’——11t—+6t—] BPTL W &
4 3 02,7773 3

0

Definition 9.11 Work Done by a Force

If F(x, y, z) is a force acting on a particle which is moved along arc 4B then jF dr gives the total
work done by the force F in displacing the particle from 4 to B.

Conservative force field
A line integral _[F -dr is independent of path in domain D if and only if F = Vd for some scalar
c

function ¢ defined in D. Such a force field is called a conservative field.

In the conservative field the total work done by F from 4 to B is

jﬁ-df:jw)-df B
C
I(ad)d +— 3—?4{2)
 Jao-[as
C A
[ Fdi = [T, = d(B)— d(4) A
c Fig. 9.4

So, in a conservative field the work done depends on the value of ¢ at the end points 4 and B of the
path, but not on the path.
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Note
1. & is scalar potential.

2. If F is conservative, then F=Vp = VxF=VxVd=0
F is irrotational.

3. If Cis a simple closed curve and F is conservative, then j]:“ -dr =0 .
c

WORKED EXAMPLES

EXAMPLE 5
Show that F = (e*z — 2xy )i —(x? — 1)} + (e* + z)k is a conservative field. Hence, evaluate

IF - d¥ where the end points of C are (0, 1,-1) and (2, 3, 0).
c

Solution. .
To prove that F is conservative, we have to prove VX F =0

i j k
= 0 d 0
N VxF=| = Z 2
o % ox ay 0z
e'z—2xy 1-x> e +z
=i[0]- j(e" = e" )+ k(=2x+2x) =0
Hence, F is conservative. s F=Vo
= (e'z —2xy);+(l —xz)}'-i-(ex + z)l; Z;a—d)-i- }a—¢+ Ha—d)
ox dy 0z
W oy 1y e @ 2., 3)
ox dy dz

Integrating (1) w. 1. to x, b =ze'—xy +f,(,2)
Integrating (2) w. 1. to y, b=(1-x)y+f(x,2)

2
Integrating (3) w. r. to z, b=cz+ Z?+ fi(x, )

2
b=ze' —x’y +y +%+C

2
_ 2 Z (2.3,0)
=[ze* =x"y+y +7+c](0‘]’_1)

1 1 19
= 0—22-3+3+C—(—1—0+1+—+C) =—12+3-—=-—.
2 2 2
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EXAMPLE 6

IfF = (4xy —3x?z%)i + 2x*j — 2x°7 k, then check whether the integral jﬁ' - d ¥ isindependent
of the path C. ¢

Solution. - - B -
Given F=(4xy =3x°z%)i+2x"j—2x’zk
i ik
Now VXF = i i i
ox dy 0z

dxy-3x°z" 2x* -2xz
- 2{%(—23&) —%(2;;2)} - }{%(—2)&2) —;—Z(4xy - 3x222)}

+k i(2x2) —i(4xy -3x%z%)
ox dy
=i{0—0}— j{—6x’z+6x’z}+k{d4x—4x} =0

F' is conservative.

Hence, Jﬁ -dr is independent of the path C.
C

EXAMPLE 7

Show that F = (2xy + z°)i + x>/ + 3xz >k is a conservative field. Find the scalar potential and
work done in moving an object in this field from (1,-2, 1) to (3, 1, 4).

Solution. - - -

Given F=Qxy+2)i+x" j+3xz°k
i ik
. d d 0
N VxF=| — — —
ow 8 o oy oz
2xy+z° X 3xZ

=¥[%(3xz2) —%(xz)_ - }'[;—x@xzz) —%(ny + z3)]

7| 9 2 _i 3
+k|:g(x) ay(2xy+z ):|
=i[0-0]- j[3z> =32*]+ k[2x - 2x] =0

F' is conservative.

So, there exists a scalar function ¢ such that F = V.
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= (2xy+z3)f+x2}+3xzz§:fa—¢+}‘a—¢+l}a—¢
ox dy oz
9 s (1) WW_o 9 _3 )
dx dy oz

Integrating (1) partially w.r.tox, & =x% +zx +7,(y, 2)

Integrating (2) partially w.r.to y, & =x% +£(x, 2)

Integrating (3) partially w.rtoz, & =xz° +£,(x, y)

b=xy+xz2*+C

Since F is conservative, work done by the force F from (1, =2, 1) to (3, 1, 4) is equal to

(3,1,4)
(1,-2,1)

[d) GL - [)c2y+)cz3 +C]

(1,-2,1)

=32 1434 +C—[(1P(=2)+1- 1)+ C]= 9+192 + 1= 202 units.

EXERCISE 9.3
1. Prove that if F = GV, then F-(Vx F) = 0.
Prove that Curl (¢ grad &) =0.
Show that V- (bVils — V) = bV — V.
Prove that VX (Vi) = Vb x Vibs.

w &

Prove that V x[ f(r)F] = 0.
Evaluate JF -dF, where F = (2xv+2°)i + x* j + 3xz*k, along the straight line joining the points
c

AN

(1,-2,1)and (3, 2, 4).
7. Find Jﬁ-d}"' where F =(2y+ 3);+ xz;'+ (yz —x)l; along the line joining the points (0, 0, 0) to
c

2,1,1).
8. Find the work done in moving a particle in the force field F = 3x+ (2xz - y)}‘ —zk from t=0to
t=1 along the curve x =24, y =, z = 4F.

9. Show that F = (2xy+2°)i+x?j+3xz’k is conservative. Find its scalar potential and find the
work done in moving a particle from (1, -2, 1) to (3, 1, 2).

10. Find the work done by the force F = —xy?+ y2}'+ zk in moving a particle over a circular path
x> +y° =4,z=0 from (2, 0, 0) to (0, 2, 0).

11. Find the work done when a force F = (x> — y* + x)i — (2xy + y) j moves a particle in the xy plane
from (0, 0) to (1, 1) along the curve )2 =x. If the path is y = x, whether the work done is different
or same. If it is same, state the reason.

12. Find the total work done in moving a particle in a force field given by F = 3xy;—52}’+ 10xk
along the curve x=#+1,y=2#z=F£ fromt=1tot=2.
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13. For the vector function F = 2xyl +(x*+2 yz) J+O+ l)k determine J.F dr around the unit
circle with centre at the origin in the xy plane.

14. Evaluate JF -dr, where F =(x—-3 y)l+(x—2y)}' and C is the closed curve in the xy plane.

x=2cost,y=2sintand t=0to t=27.

15. Prove that V? (l) =0.
r

16. Prove that V x(Vr") = 0.
17. IfF = 5xy§+ 2 y}', then evaluate J. F -dF, where C is the part of the curve y = x between x = 1 and
C
x=2.

18. Show that the vector field F, where
F=(+y"+2%)i+(x+z+2xy)j+(y+2x2)k, is conservative and find its scalar potential.

ANSWERS TO EXERCLSE 9.3
6. 211 [Hint: F is conservative] 7.5 8. % 9. 34
10. & 11. ;2,_—2,1:"is conservative. 12. 303
3 373
13. 0 14. 24w 17. I?TS

18. b=xy+x*+yz+xz+c.

9.9 GREEN’S THECREM IN A PLANE

Green’s theorem gives a relation between a double integral over a region R in the xy plane and the line
integral over a closed curve C enclosing the region R. It helps to evaluate line integral easily.

Statement of Green’s theorem
If P(x, y) and Q(x, y) are continuous functions with continuous partial derivatives in a region R in the
xy plane and on its boundary C which is a simple closed curve then

_([(°Q_oP
i)(PdHQdy) _){j (a_x ay)dxdy

where C is described in the anticlockwise sense (which is the positive sense).

Green’s theorem in a plane

Proof Let R be the region in the xy-plane bounded by the simple closed curve C traced in the
anticlockwise sense, which is the positive sense. We assume any line parallel to the axes meet the
curve in not more than two points. The curve C consists of two arcs APB and BOA as in figure.

Let y =f,(x) and y = f,(x) be the equations of these arcs.
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Clearly, /,(x) < £,(x) in [a, b]
fz(’f)

Now, _[—dd—.[{j—d} >/o\
al fi(x)

S2(x) A R +B

flpwa] e \YX
a 7o) P N
c

= f [P((x. £,(x)) = P((x, £;(x)) | dx

b
= JP(Ce Sy e JP (5. £, () d o=z
Fig. 9.5
b
However, .[ P(x () dx is numerically equal to the line integral f P(x,y)dx taken along the
‘ AQB

curve AQB.

But the positive sense is BOA (anticlockwise)

_b[P(x,fz(x))dx:—j P(x,y)dx

BOA

Similarly, [P(x.fix)dx= [ P(x.y)dx

APQ

I éﬁdy‘ = | PGr.y)dx= [ P(x,y)dx

R ay APB BOA

_{ J' P(x,y)dx + J' P(x,y)dx}=—<ﬁp(x,J’)dx
APB BOA4 ¢

= IP(x,y)dx = —H g—idx dy (1)

Now, we regard the curve C as constituted of the arcs Q4P and PBQ.
Let their equations be x = ¢ (v) and x = b,(y)

Then b,0) < b,0) in e, ]

P yed[ v (2) o
Lja—fdxdy= _[ { J a—fdx] dy

y=e [ x=d ()



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

= [[oCe ] o) dv

‘\'—-Q.

= [[0(d,(»). ) - b (»).)] dv

= [0(d,(»).9)dy - [ O (&, (). ) dy

Fig. 9.6
But, JQ(¢2(y) »)dy isthelineintegral J O(x,y)dy

PBQ

and JQ(d)z (»),y)dy is the line integral j O(x,y)dy

PAQ

However, the positive sense of arc is QAP.

j O, (), »)dy =~ | O(x,y)dy

04P
H—dx dy= J O(x, y)dy+ | O(x,y)dy = JQ(x »)dy
04P
Jotxyydy = fja—xdx dy @)
Adding the equations (1) and (2), we get

j P(x,y)dx+ _[ O(x,y)dy = —” ?Tde dy + ” %—gdx dy

= q-)de+Qdy ”[a_g_a_P}d dy

Note We have proved the theorem by taking a simple closed region. The theorem is also valid in a
region which can be divided into regions enclosed by simple closed curves.

Corollary  Area of the region R bounded by C is = ” dxdy = %g')(xdy —ydx)
R C

Proof In Green’s theorem, take P=—y and Q=ux. s —=-1 and 8_ =1

Then CJ.)(—ydx +xdy) = H 1+ Ddxdy = 2” dxdy
c R R

%4} (xdy —ydx) = ” dxdy u
c R
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9.9.1 Vector Form of Green’s Theorem
Let F=P2+Q} and ;=x;+y}

dr=dxi+dyj and Fdr=Pdx+Qdx

ox dy 0z 0z ox dy
P 0
- - ~(00 oP -
=z(0)—](0)+k(—Q——): 90 9P ; [ a_on;a_on]
ox dy ox dy oz 0z
vx i k=22 9
ox dy

.. Green’s theorem becomes CJ‘)F cdr= J.J'V xF-kdR, where d R =dx dy
C R

WORKED EXAMPLES

EXAMPLE 1
Using Green’s theorem evaluate J-[(x2 —y ?)dx +2xydy], where C is the closed curve of the

C
region bounded by y* = x and x*> = y.

Solution. 20 op
Green’s theorem is JC. (Pdx+Qdy) = k“‘ (a_x - g) dxdy.
The given line integral is j[(xz —y*)dx + 2xydy]
C
Here P=x"—y" and Q=2xy
" ol X=1 X
a—P:—Zy and a—Q=2y N
dy ox
20 op T
——-—=2y+2y=4
ox oy yray=4ay

Fig. 9.7
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. J. (x* = y*)dx + 2xydy = ” 4 ydxdy
C R

f 2 2 5T
= 4J |:y—:| dx = 2_[(x x*)dx = 2[——x—:| = ZI:l —1] 3
oL 2 2 5] 2 51 5

X

EXAMPLE 2
Evaluate j[(sinx —y)dx — cosxdy ], where C is the triangle with vertices (0, 0), (;, 0)
c

and (E, 1) .
2

Solution.

Green’s theorem is j( Pdx+ Qdy) = H (aQ gP ) dxdy
y

Given line integral is j [(sinx — y)dx — cos xdy]
C

Here P=sinx—y and Q=-cosx
9P _ -1 and 92 _ sin x
ay ox

a—Q 3N =sinx+1
ox dy

_[ [(sinx — y)dx — cos xdy] = ” (sinx + 1)dxdy

Equation of OB is y=0_x=0 y _ 2
0-1 ™ T /
0-— y _2x
2 y==
y=1 T
................. Tc
Equation of 4B is x=Z 5(5'1)
2
T
In this region R, x varies from ﬂto % b ? X=5
and y varies from 0 to 1.
1| =/2
J.[(smx — y)dx —cosxdy] = Jl j (sinx+ l)dx] dy o, 03’ A[E o X
C 0| my/2 21
1
.[[ cosx+xIn, dy Fig.9.8
0
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1
=J[(—cos£+£)—(—cosﬂy+ y)]dy
Y 2 2
1
='[ Ticos ™ 2)af
) 2 2
Ty 1
sz wy’ o . mm 2 wm 2
==y - —+=sin——-—=—+-—-—="+—
2 w 22 2w 2 4 2 4 w 4
2 0

EXAMPLE 3
Evaluate by Green’s theorem Je"‘ (sinydx + cos ydy), C being the rectangle with vertices

I ko
(0, 0), (7, 0), (11', E) and (0, ?)

a

Solution.
Green’s theorem is j( Pdx + Qdy) = J.J. (B_Q - B_P) dxdy
dy
The given line integral is je‘x (sin ydx + cos ydy)
c
Here P=e~siny and Q=e“cosy
o e *cosy and 99 _ —e " cos y
dy ox
8_Q - B_P =—e "cosy—e "cosy=-2e " cosy
dx dy
y
gge"‘ (sinydx +cosydy) = ” —2e™" cosydxdy
C R (o E\ c B(n,ﬁ)
2) 2
2w =0 X=T7
ZJIe cos y dxdy
00 A
z o (m, 0) X
(0,0
—2 d d
COSy Y x] Fig. 9.9

= —2[smy]ﬁ/2 |:e—_l] = Z(Sinz)(e'“ -e)=2(e" 1)
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EXAMPLE 4
Find the area bounded between the curves )* = 4x and x?> = 4y using Green’s theorem.

Solution.
We know, by Green’s theorem the area bounded by a simple closed curve C is

1
E%S(xdy —ydx)
Here C consists of the curves C, and C,.

1 1
area = E[I Xdy_ydx+¢'£ xdy—ydx] = E[ll +12]

G
On C: xX*=4y
2xdx =4dy = dy:%xdx y
and x varies from 0 to 4.
I = '[xdy—ydx
C R
4 1 2
=Jx-—xdx——dx
. 2
j-(xz xz) j-xz 1|:x3:| )
= ———|dx=|—dx=—|— 0.0) | X
'\ 2 ) 4 413 ], .0
o4 _ 16 -
4.3 3
1 Seo
On Cz:y2:4x 2ydyz4dx = dx:—ydy .
and y varies from 4 to 0. 2 Fig.9.10
12=dey—ydx
G
0.2
Y
=|—dy—-y—-yd
£4 y=y 2y y
0 2 2 0 2 4 3
vy y 1t 1[y:| 16
!(4 2)y£4y4£yy430 3
1[16 16] 16
area=—| —+—|=—
213 3 3
EXAMPLE 5

Verify Green’s theorem in the plane for J(3x2 —8y%)dx + (4y — 6xy)dy, where C is the
c

boundary of the region bounded by x = 0,y = 0,x + y = 1.
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Solution.
Green’s theorem is J'(de +Qdy) = ” (B_Q - B_P)d xdy
dy
The given integral is j(3x —8y%)dx +(4y —6xy)dy y
¢ ©0.1)
Here P=3x>-8? and Q=4y-6xy B
x+y=1
9% 16y and Loy <
ay ox
00 OP _ B
g—g——6y+l6y—loy (1’0)
90 P b \ A
. R[J‘(ax ay)afdy IJIOydydx
Fig. 9.11
2] ! (1-x'] -5 5
j[ ] dxzsj(l—x)zdx=5[ ] =22[0-11=2
0 0 _3 0 3 3
o0 dP 5
= ([ X2 way=2 (1
IJ;'[(BX ay) e 3

We shall now compute the line integral J-de +Qdy
C
Now [ Pdx+ Qdy = [ (3x - 8" ) + (4y — 6:xy)dy
C C

= [[3x*=8y*)dx+(4y—6xp)dy+ [ (3x* =8y")dx +(4y —6xy)dy
0A AB

+ [ 3x" =8y )dx+(4y—6xy)dy =1, + 1, +1,
BO

On0A:y=0 .. dy=0andx varies from 0 to 1.

1

3
I, _j3x2dx 312 =1
3

0

OnAB:x+y=1 = y=1-x .. dy=—dxandux varies 1to0.

0

J(3x —8(1—x)*)dx +[4(1 - x) — 6x(1 - x)](—dx)

o -

j[3x —8(1-x)> —4(1—x)+6(x — x*)]dx

1
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R 2 2 3\
:[X3_8(1 0 _, (=) +6(x__x_J]
-3 ) 2 3]
= 0+§+2+0— 1+6(l—l) =§+2—1—1=§
3 EE 3 3

OnBO:x=0 .. dx=0and y varies from 1 to 0

0
0
I, =J4ydy =2[yz:|1 =2
1
, o 8 5
[ Pdx+0dy = [ (327 -8y )+ (4y —6)dy =1+ 2 -2= )
C

(1) and (2) give the same value. Hence, Green’s theorem is verified.

EXAMPLE 6

Verify Green’s theorem for J (xy + y?)dx + x*dy, where C is the boundary, of the area between
c

y=x*andy = x.

Solution.
Green’s theorem is by
= x?
f (Pdx+ Qdy) = ” (B_Q - a—P) dxdy g
y K y=x
The given line integral is
J(xy+y2)dx+x2dy AKX (1,1)
C K
oy _ Q
Here P=xy+)* and =X \ X=1
it =x+2y and Y =2x P
dy ox -
3 a 0/1(0,0) (1,0) X
90 _0oP =2x—x—-2y=x-2y
ox ay
5 5 ) Fig. 9.12
: Q dP 2y
. 1’!‘J.(Bx ay dxdy = jj(x 2y)dydx = ‘(’)‘ y—T xzdx

:‘[[[x2 —x7—(x’ —x")]dx :_([[(x4 —x7)]dx = [%5—);—4:]0 :l—l= L

99 P ey =—L
RU(ax ayjdXdy_ 20 @)
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We shall now compute the line integral J-de + Qdy
c
Now Ide+Qdy= _[(xy+y2)dx+x2dy
C C
= J.(xy+y2)dx+x2dy+ J (xy+y)dx+x’dy=1+1,
o G

On C;:y=x* .. dy=2xdxandx varies from 0 to 1.

1
1, =J(x-x2+x4)dx+x2-2xdx

0

(x* +x* +2x%)dx

19

31
_+_
4 5 20

P S S

4 s
(3x3+x4)dx=|:3x—+x—:| -

4 5]
On C:y=x, .. dy=dxandx varies from 1 to 0.

0 1 310
I, =‘[(x~x+x2)dx+x2 dx =J.3x2 dx=3|:x?:| =-1
1 0

1

19 1
Pdx+Qdy = ——1=—— 2
l o+ Qdy = m @)

(1) and (2) give the same value.
Hence, Green’s theorem is verified.

9.10 SURFACE INTEGRALS

Suppose a surface is bounded by a simple closed curve C, then we can regard the surface as having
two sides separated by C. One of which is arbitrarily chosen as the positive side and the other is the
negative side. If the surface is a closed surface, then the outerside is taken as the positive side and the
inner side is the negative side. A unit normal at any point of the positive side of the surface is denoted
by 7 and is called the outward drawn normal and its direction is considered positive.

Any integral which is evaluated over a surface is called a
surface integral.

Definition 9.12 Surface Integral

Let S be a surface of finite area which is smooth or piece-
wise smooth (e.g. a sphere is a smooth surface and a cube is a
piecewise smooth surface). Let F(x, y, z) be a vector point
function defined at each point of S. Let P be any point on the
surface and let 7; be the outward unit normal at P. Then the

surface integral of F over S is defined as H F-#idS
5

Fig. 9.13
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_If we associate a VectoradS’ (called vector area) with the differential of surface area dS such that
|dS | = dS and direction of dS is 7, then

dsS=ndS

.“'17“ -7 dS can also be written as ”1—7 .ds
s Ky

Note
1. In physical application the integral _UF' -dS is called the normal flux of F through the surface S,

because this integral is a measure of the volume emerging from S per unit time.

9.10.1 Evaluation of Surface Integral

To evaluate a surface integral over a surface it is usually expressed as a double integral over the
orthogonal projection of S on one of the coordinate planes. This is possible if any line perpendicular
to the coordinate plane chosen meets the surface .S in not more than one point.

Let R be the orthogonal projection of S on the xy plane.

Then the element surface dS is projected to an element area dx dy in the xy plane as in fig.

~. dx dy =dS cos 0, where 0 is the angle between the planes of dS and xy—plane.

Let 7 be the unit normal to dS and & is the unit normal to the xy—plane.

Since angle between the planes is equal to the angle between the normals,

0 is the angle between the normals 7 and k.

cos0 = ?é
Jill &
_ _ z
= ii-k [Since |ii| = 1,|k|=1]
We take the acute angle between the normals and
So,wetake|ﬁ~7¢‘
dedy=ds|ik| = ds=5Y
i |
_dxdy 0

Hence, ”F-ﬁdSz ”F"n —
S R |I’l -k |

Similarly, taking the projection on the yz and zx

planes, we get

[[Foiias=[]Fale x

§ R -7 Fig. 9.14
and [[Fids=[[F-ald

N R |"']|

Corollary

_(rdxdy rdydz  pdzdx
The surface area :q’-‘[dS_RUW'H_IJ; |ﬁ;|_1‘!;".|ﬁ_7‘
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9.11 VOLUME INTEGRAL

Any integral which is evaluated over a volume bounded by a surface is called a volume integral.
If V is the volume bounded by a surface S, then

”_[ &(x, y, 2)dV and J.J.J.F“ dV are called volume integrals.
7 v

If we divide V into rectangular blocks by drawing planes parallel to the coordinate planes, then
dV =dx dy dz.

”J bav =_UJ d(x, y, z) dxdydz
4 4

If F=Fi+F,j+Fk
then J‘J‘J‘ Fdv = ;J‘” Fdxdydz + }j” F,dxdydz + I;J‘” Fidxdydz
V v 4 4
WORKED EXAMPLES
EXAMPLE 1

Evaluate ”F‘ 7 dS if F=4yi+18zj—xk and S is the surface of the plane 3x + 2y + 6z = 6
s

contained in the first octant.

Solution.
Given F = 4yi+18z j — xk and the surface 3x + 2y + 6z = 6. z

Let b=3x+2y+6z

Let R be the projection of S in the xy plane. n
. Risthe A AOB

where 7 is unit normal to S and  is the unit normal to xy—plane.

- - - Fig. 9.15
Normal to the surface is V¢ = ad) 8(') +k ‘?;1) 3i+2j+6k 9
y

Vo 3z+2]+6k 1

-, unitnormalis # =
Vo] Jo+4+36

F-ﬁ=(4yf+182}—x/;)-%(3f+ 2] +6k)

(3 +2]+6k)

=%(12y+36z—6x) =g(2y+6z—x)
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=—(31+2]+6k) k—§

”FndS H (2y+62—x) B fj(2y+6z x)dx dy
?
We have 3x+2y+6z=06 y
= 62=6—3x—2y (0’3)>/5

2p+6z—x=2y+6-3x—-2y—x=6—-4x
[[Fiids=[[(6-4x)dxdy Sx+ 296
N R

The plane 3x + 2y + 6z = 6 meets the xy—plane z = 0 in
line 4B.
". the equation of ABis 3x+2y=6

" the point 4 is (2, 0) and the point B is (0, 3)

Now I +2=6 = y:6—23x Fig. 9.16

6—3x

. In R, x varies from 0 to 2 and y varies from 0 to

6-3x

[[F-7ids j j (6—4x)dydx=2j j (3—2x) dy dx

S

6-3x

=2[[(3-2x)y] C

0

(6-3x)

= 2}(3 ~2x)

=3[(3-2x0)2-x) dx

2
=3[(6-7x+2x") dx
0
3 2
3[6x—7i+2x ]
2 T3,

=3|:6><2—7><%+2><§:|=3[12—14+%:|=—6+16=10
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EXAMPLE 2

Evaluate Hﬁﬁ dS if F=yzi+zxj+xyk and S is part of the surface x* + y* + 72 = 1,
Ky

which lies in the first octant.

Solution. z

Given F = yzi+zxj+xyk and the surface is x2 + y* + 22 = 1

Let b=x*+)y*+22
The normal to the surface is Vi = ;a—¢+ ;8_4)4_ l—ca—d)
ox dy 0z 0
- - - y
=2xi+2yj+2zk R
_ _ R X2+ y2=1
*. unit normal is W= Vo = 2xit2y)j+2zk X
Vo] Jax’ +4y” +42° Fig. 9.17
:2()Cl'+yj+2k):x;+y}+zic [...x2+y2+22=1]

2Yx* +y*+2°
Fii= (yz;-i- zx}'+xyl~c)~(x?+ y}'+zl:7)
= Xxyz+xyz+xyz = 3xyz

The projection of the surface of the sphere in the first octant into the xy plane is R, which is the
quadrant of the circle x> +)?=1,z=0,x 20, y 2 0 and £ is the unit normal to R.

5o ol a.qudy y
yF nds }.[J.F n|ﬁ1;|

a dx dy X+ yr=1

_;‘;J.Zyxyz'ﬁ'];'

But ﬁ~l~c:(x;+y}'+zl;)~lqczz
”Fﬁ das = ”3xyz ldx dy \
5 R z

= ” 3xy dx dy
R

Fig. 9.18

z[__] _3(1_1)_
202 4 4, 2\2 4
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EXAMPLE 3

Evaluate ” F -ii dS, where F=4xzi—y>j+yzk and S is the surface of the cube bounded by the
planesx =0, x=1,y=0,y=1,z=0,z = 1.

Solution.

Given F=4xzi—y2j+yzk

S is the surface of the cube, which is piecewise smooth surface consisting of six smooth surfaces.

”F-ﬁdSz ” F-ii dS+ H F-ii dS
ABEF OCDG

S p4
+B'C[£EF~ndS+O£_][GF-ndS . 5
+ || Fids+ [[ Feiids F ‘
OABC DEFG P
On the face ABEF: x =1, i=i 0 I
- - - - = i C
F-ii=(4xzi—y" j+yzk)-i=4xz =4z " ! 5 Y
and dS=dy[£Z=%=dydz X
il i Fig.9.19
11 2 1
o 1
" F-iidS=||4zdzdy =4 y1|:z_] —4.1.-=2
A.]’;'][EF '(['([ Ry’ 2 2

On the face OCDG: x=0, ji=-i
F-ii=(4xzi—y* j+ yzk)-(—i) = —4xz =0

o[ Feads=o0
oCDG
On the face BCDE: y =1, ﬁz}'
ds=BE_BE_ g,
-l 1
and F'ﬁ=(4x2;—y2}+yzl;)~}= -yr=-1
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F-ﬁ=(4xz;—y2}'+yzl;)-l;=yz=y

_dxdy:dxdy:
and dS—|ﬁj€| |l;l;| dx dy
= f Jr T o1
] F-ﬁdS=JJydxdy=[x]0[y—:| =Ix-=—
DEFG 00 2 0 2 2

On the face OABC:z=0, rn=-k
Fii=(4xzi—y?j+yzk)-(—k)=—yz =0
jj F-idS=0

OABC

3”17"~ﬁdS:2+(—1)+%:%~

9.12 GAUSS DIVERGENCE THEOREM

The divergence theorem enables us to convert a surface integral of a vector function on a closed
surface into volume integral.

Statement of Gauss divergence theorem

Let ¥ be the volume bounded by a closed surface S. If a vector function F is continuous and has
continuous partial derivatives inside and on S, then the surface integral of F over S is equal to the
volume integral of divergence of F taken throughout V.

ie., ljﬁ-d&:jljv-FdV

If 7 is the outward normal to the surface dS = 7 dS

V4
[ Fiids=|[[vFav
S V
Proof Let F=Fi+F,j+Fk
Feii=F(i i)+ F,(j i)+ Fy(k-ii) !
and F-7idS = F(i -7)dS +F,(j -#)dS + F,(k - 7i)dS o 5
=F dydz+F,dzdx+F,dxdy @/
C
. F,
Bu v.F=2h 90 9 x
dx dy OJdz
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Hence, Gauss theorem in Cartesian form is

oF, aF oF,

”(dedz+F dzdx+F, dx dy) = m( - 5 - ]d dy dz
zZ

We shall assume that S is a closed surface such that any line drawn parallel to coordinate axes cuts S
in almost two points. The lines drawn parallel to Z-axis touching the surface S determine the curve C’
on it and intersect the xy-plane along the curve C. Now, the curve C’ divides the surface S into two
parts S, and §,.

S, and S, are called the lower and upper surfaces.

Letz=f,(x, y) and z = f(x, y) be the equations of §| and S,, respectively.

The projection of S on the xy-plane is the region R bounded by C.

oF,
Now consider the triple integral Hja—3dx dy dz over the volume ¥ enclosed by S.
Z
14

1 2 deava - jj{ Ty ]d &

z=fi(x,»)
= ”[F (x,, z)] dx dy

-H[nymw) F (5. fi e, 3) ey

= I_’!.J‘aa%dxdydz=J;JFz,(x,y,fz(x,y))dxdy—gl*;(x,y,fl(x,y))dxdy (1)

Let a line parallel to the z-axis meet S, at the point P and S, at the point Q. Let dS, and dS, be element
surface at P and Q, respectively and their projections in the xy-plane be dx dy.

Let 7, be the outward unit normal at P to S, and 7, be the outward unit normal at Q to S,

Let the angle between 7, and kbe v, and v, is acute, since k is unit vector in the direction of
the positive z-axis.

Then dx dy = cosY, dS, = k-ii, d S,
Let the angle between 7,and kbe +v,and it is obtuse. [ kis upward and 7, is downward]
dx dy =—cosY1dS, =—k-n, d S,
Hence, ng(x,yfz(x,y))dxdy =”l§l€ﬁ2 ds,
R s,
and ([ (x.y fiGeoy))drdy =~ [[ Rk -7, ds,
R S

Substituting in (1), we get

(1% dayds= [ FE -7, ds,+ [ FE -7 ds
7Y 0z & 51
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= maidxdydnﬂgliﬁ ds 2)
v aZ N
Similarly, projecting S on the yz- and zx-planes, we get
Hj%dxdy dz = [[F,jnds 3)
vV S
and Jﬂﬁdx dydz =[[FRi-nds (4)
Vv ax N

Adding equations (2), (3) and (4), we get

m%+%+%i;)dxdydz=jsjmfw;ﬂﬂ/?)-ﬁ s

= jﬂv.ﬁdr/ :jsjﬁ-ﬁds

9.12.1 Results Derived from Gauss Divergence Theorem
The following results are immediate consequence of Gauss divergence theorem:

(1) [[eids=[[[V bav @) [[Fxnds=-[[[VxFav
N |4 S Vv
where & is the scalar point function defined in the region ¥ enclosed by the closed surface S.

Solution.

(1) L[d)ﬁdS: j{jv ddv.

Gauss divergence theorem is

([fv-Fav = [[F-nas M

Let F = dpa, where a 1Vs an arbitrary i:onstant vector.
= (1) becomes ”j(v-¢ a)d5=jj¢ G-iids )
Now, V-bpa=Vd-a+d(V-a)=Vd-a [ V-a=0]
_['V[J‘(V-d)&)dV:_”V._[(Vd)-Zz)dV 3)
and [[F-nds =[[ba-nds = [ nds-a (4)

- Using (3) and (4) in (2), we get

j!jvq)-adV:jsjq)ads.a
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= a [[[Vvéav=a-[[onds
= ”J VodV = ”d) ndS [ a is arbitrary]

2. HFxndS— —mVdeV

Gauss divergence theorem is ”jV Fdv = ”F ndS (1)
Let F = d x F, where a is an arbltrary constant vector.

V-F=V-(axF)=F-(Vxa)—a-(VXF)=—a-(VXF) [ Vxa=0]
and F-n=axF-n=a-(Fxn)

.. (1) becomes —J‘“‘&'(VXF)QIV :J-J.(Zz-FxZ)dS

= —a-jﬂVXﬁdV =Zz-jsj1?“><2ds
= —ijVdeV =jsjﬁxﬁds
= LjFxﬁdS = —jJJVdeV-

If S is closed surface, then prove that Eq.
W [[as=][[[v-iav @ [[as=0 @ [[Fxiids=0
s Vv S s

@ [[[vxiav =0 ) ”%;,ds:o © [[ri ds=af[[r'F av

™ [[f)Fxiids=0 ® [[(vr-iyas=6v ) [[(VxF)ids=0

0 To prove [[ds = [[] ¥ -av
Gauss diverges:nce theoVrem is ”F ndsS = ”jVF av (1)
LetF=n . V-F’zé-ﬁ and VF-Z:;;-;t:l
. (1) becomes ”dS =J.”V~7;dV.
N Vv

(2) To prove H ds =0.
s

We have [[[Vav = [[ b nds (1)
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Let d=1.
Voo(i2 i 2ok ]m=0 < [fjvaar-o
szdszo = [[as=0 V [using (1)]
(3) To prove ”?xﬁds=o. S
We have j}ﬁxﬁdSz—MVxﬁdV

Let F=;and?=xz?+yj+zlg

k

91=7(0=0)+ j0-0)+k(0—0)=0
0z

z

[[fvxFav=0 . ”ﬁx ndsS=0= H?x ndS=0 [using (1)]

(4) To prove ”V X ndV =0.
Vv

We have ”FxﬁdS:—j”VdeV (1)
S Vv

Let F=n o Fxn=nxn=0
[[Fxnds=0 = [[[VxFav=0 = [[[Vxnav =0 [using (1)]
S 14 Vv

(5) To prove H%-ﬁds =0.
r
s

Gauss divergence theorem is ” F.idS= _[”A -F dS (1)
S Vv
L - r) 1 - 1) -
Let F=— V'F:V'(TJ:T(V'F)+V(_3)'F
r r r r

V.;:%(x)+%(y)+%(z)=l+l+1=3

or or x
Now Xty +z = 2r—=2x = —==

ox ox
or

Similarly, O _ Y and
ay r dz r

o _z
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1 4. 20 5 =0 _3 =0 _
V(F): V(™) =l$(r3)+j$(r3)+ka—z(r3)
=i(-3)7* % + j(=3)F g—;+ k(=3)7* %

4

= —i[£5+1}+513] = —%[x?+y]+zl€] = —%F
r r

r r r r
. 7l 3 3 33
vE=v|L|=2_ 25 n=2_220
jij-Fdeo = ”ﬁ-fzdS:O fusing (1)]
14 S

[ as=Ji(-5 Jus o
N r 14 r
(6) To prove ”r“ﬁ ds = 4.’..”-"2? dv.
S 14
We have [[[veav =[] nds
4 S
Letp=r' . v¢=f%(r“)+}%(r“)+l€%(r“)
=4 27w dr L ar ZE = 47 + ) + 2k) = 4°F
r r r
)b , W 4r2rav = |+ nds rdV = n
(o, [[fasay <[fr s = fff7ar = [

(7) To prove: [[ f(r)7 xiidS =0,

We have ”ﬁxﬁdSz—_m’VxﬁdV (1)
N Vv
Let F =f(r);, F=xi+y+ zk
i j k
= 0 d 0

- 9 0
2 2 2 —Zl[ayf(r)z azf(r)y}
fx Sy [0z

Now [%f(r)z —%f(r)y} -0 g s Zf’(r)g—;] {020

z_ [0

=0+zf'<r)§—0—yf'(r>-; Pz =0
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?[%(f(r)z)—a%(f(r)y )] =0
- =l 9 J
Similarly, ][g(f(l’)z)—a—z(f(r)y )] =0 and k[ (f(’”)J’) (f(r)x)] =

VxF=0 . H VXFE dV=0
V

. (1) becomes J FxndS=0 = Hf(r);XIZdSZO
N N

(8) To prove jj(v ¥’ -n)dS =6V.
s
Gauss divergence theorem is ”13 -ndS = j” V-Fdv )
N Vv
Let F=VriandF=xi +yj+zk = r’=x"+y+z2’
V.-F=V-Vi?
2 s a 2 2 2 = a 2 2 2 7 a 2 2 2
Now, Vii=i —(x"+y +z2)+j—(x"+y +z)+bk—(x"+y +2°)
ox dy oz
=2xi +2yj +2zk = 2[xi + yj + zk ]| = 2F
V.Vr?=V.-2r=2V.r

But V.i= li+]i+ka (X +yf+zk)=1+1+1=3
ox "oy

V.Vit=2.3=6 . jjjv-FdV =m6dV =6V
14 v

-~ (1) becomes ”F.ﬁdszaf = ”Vrz-ﬁdS=6V
N N

WORKED EXAMPLES

EXAMPLE 1
Let V be the region bounded by a closed surface S. Let f and g be scalar point functions that
together with their derivatives in any directions are uniformly continuous within the region V.
Then
[[[¢rv*g —gViryav =[[ (Vg — gVf)- uds.
Vv s

Solution.
Gauss divergence theorem is

J!JVFdeJ]ﬁ-ﬁdS
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Put F=fVg .. V.F=V.(fVg)=f(V-Vg)+Vf -Vg=fVg+Vf Vg
and F-n=(fVg)n
.. by divergence theorem becomes

[[Joevie+vs-vgyav =[[(Vg.n)ds (1)
Interchanging f'and g, we get

[[[evr+vg-vav = [[(gVf n)ds @)
H-@)= [[Jevee-evirav = [[ (Vg -gVf)-nds 3)

Note This result is known as Green’s theorem.
Equation (1) is called Green’s first identity and equation (3) is called Green’s second identity.
EXAMPLE 2
1 _
Prove that ”J—de ”LZ nds
vV r S

Solution.
Gauss divergence theorem is

J.JJVFdV:J!F"-;tdS (1)

Put F=— =727 Then V-F=V-(r2r)=(V-rr+Vri.r

3} ‘N|\ “

If7 = xi + yj + 2K, then V7 = (1) + -2 () + 2 (z) = 141413
ox dy oz

and r=x’+y +z
2rg=2x = izi’ QZZ and izz
ox ox r ay r dz r

V= ?aa—x<r2>+}%<r2>+;z;—z<r2>

or or

=i(- 2)r_3—+]( -2y~ a

+k( 27
Z

I
=% 2r‘311 2 E =—(xi+y+zk)=—-—
r r r

—2- - 2 3 2 1
VF 31" + r-r =———X}"2=———=—
( ) r r oot

. (1) becomes mrizdy :”rLz.,ZdS
v s
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EXAMPLE 3
Using divergence theorem, evaluateJ F-iidS,where F = 4xzi- »? .[T +yz k and S'is the surface

S
of the cube bounded by the planesx = 0, x =2,y =0,y =2,z =0,z = 2.

Solution.
Gauss divergence theorem is ” F-nds = J_U V-Fdv
N Vv

Given F =4xzi —y*] + yzk

V-F =—(4xz)+ (—y2)+ai(yz)=4z—2y+y=4z—y
4

[[F-nds = jjj(4z —y)dx dy dz

000

Jj(4z ¥) [x] dydz

4z 2——)dz =2. j(sz ~2)dz

—— c‘—.[\) N O —
VR

8z2 ? 4
-2z =2|:8-5—2~2:|=2[16—4]=2X12=24.
0

EXAMPLE 4

Using Gauss divergence theorem, evaluate J.J‘ F -7 dS where F=x' + y*j + 7’k and S is the
5
sphere x? + 2 + 72 = d’.

Solution.
Gauss divergence theorem is j J F-idS = ”jV FdV
5 4

Given F=x+ y3j+ 2k
VF——(x)+ (y)_,_ (23)=3x2+3y2+3zz=3(x2+y2+22)

ij-MS:jjjs(x +y2+2%) dx dy dz
S 14
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We shall evaluate this triple integral by using spherical polar coordinates.
x=rsin@cosd, y=rsinB@sind, z=rcos0

a(x, , 2)

then dxdydz =
a(r, 8, )

drd0dd =r’sin@drd0dd

and X2 +y* + 22 =2
Here r varies from 0 to a, 0 varies from 0 to 47 and ¢ varies from 0 to 2.

a

2w
[[ Frids= [ [[3r*sin@drdodd z
S 000
2 ™ a P
=3[ ddp[sin6d0| rdr
0 0 0 0
5714 r
:3[4)]3“[—0050]:[};} 0
51
5 ¢ y
=3-2*n'(—cosn'+cosO)~%
5
:611261_:12_11'[15 X M
5 Fig. 9.21

Note We have divF =3(x*+ y* +z%). Since the equation of the surface is x>+’ +2z> = a*, we
cannot take div ' = 3a* because F is defined in the volume inside and on S.
But x* + y* +z> = a’ is true only for points on S.

EXAMPLE 5

Verify Gauss divergence theorem for F = 4xzi — y?j + yzk over the cube bounded by x = 0,
x=1,y=0,y=1,z=0,z=1.

Solution.
Gauss divergence theorem is ”F" -ndS = _UJV FdV
s V

Given F=4xzi —y*j+ yzlz

V-F =—<4xz)+—(y)+ 2 () =42y =dzoy

Jifv rav

I
o —

11
[[z-y) dxaya: [ dV =dxdydz]
00

ov_._

j(4z y)[x dydz-JI[4z yldydz
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= [[vEa=2 (1
v 2
. V4
We shall now evaluate J.J. F-ndS
S G D
Here the surface S consists of the six faces of the cube. £
~ - - E
[[Fiids=[[F-nds+ || F-ids
S S S,
~ - (0)
+[[F-rids+[[ F-nds c vy
5 5 A B
+[[F-rids+[[Fnds
5 5 Fig. 9.22
We shall simplify the computation and put it in the form of a table.
Face Equation Outward normal 7 F-n ds
S, =ABEF x=1 i 4xz =4z dy dz
S,=0CDG x=0 V4 —4xz=0 dy dz
S, =BCDE y=1 7 - =-1 dx dz
S,= OAFG y=0 _j #=0 dx dz
S, =DEFG z=1 k yz=y dx dy
S,=0ABC z=0 -k —yz=0 dx dy
— Lt 1 22 : 1
F-ndS=||4zdydz=4|y [—:l =4-1.—=2
[fFnas=| D5 =413

Fiids=[[odydz=0
S,

”F-ﬁdS:“—ldxdz:—[x];[z]; |

jjﬁ-ﬁdsz jJdedzzo
5;

| —

Hﬁ.ﬁds:ﬂy dxdy:[x]:)[y?z:l; _

and [[Fids=[[odxdy=0
S6
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HF idS=2+0+(~ 1)+o+1+o_E )

From (1) and (2), ” FiidS = mv FdV

Hence, Gauss’s divergence theorem is verlﬁed.

EXAMPLE 6

Verify divergence theorem for F =x’ + zj + yzk over the cube formed by the planes x = %1,
y==1,z==1.

Solution.
Gauss divergence theorem is _U F-idS= ”J.V FdV
s 4

Given F=x%+zj+yzk

V.ﬁ=i(x2)+i(z)+i(yz)=2x+0+y:2x+y

MV FdV = Hj(zxw) dxdydz

-1-1-1

11

= [J[x+px] dvaz = “[Hy ~(1=y)]dy dz =f_1]j_'12ydydz =0

—1-1 -1-1

J f(x)dx =01if f(x) is odd function, Here y is odd functionj|

—a

= Jf[vFar=o 1)
V
We shall now compute j F-iidS H E
S
S'is the surface consisting of the six faces of the cube. G F
HF iidS = ”F ndS+HF idS 21
14
- o
+ij nds+ij jidS Jx 5
+”F ndS+ij iids B c
Fig. 9.23
We shall simplify the computations and put it in the form of a table.
Faces Equation Outward normal 7 F-ii ds
S, =BCFG x=1 i =1 dy dz
S, = ADEH x=-1 =i —x?=-1 dy dz
S, = CDEF y=1 J z dz dx
S,=ABGH y=-1 -J -z dz dx
S, =EFGH z=1 k yz=y dx dy
S, =ABCD z=-1 —k —yz=y dx dy
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[[Fnids= jjdydzz[y]l_l[z]l_l =(1+1)(1+1)=4
M -1-1

[[F-ids = j-j—ldydzz—[y]il[z]il =[1+1][1+1]=—4
S, —-1-1

“}7’ -ndS = j‘ j zdzdx =0 [ z is odd function]
Sy -1-1

ij-ﬁdS: H—zdzdx: —szzdx =0

S, -1-1 -1-1

”ﬁ.ﬁdg - j’j-ydxdy =0 [ yis odd function]

S -1-1
[[F-7ids= “ydxdy= 0
M -1-1

[[Fiids=4-4+0+0+0+0=0 2
s
From (1) and (2), [ F-7ids = [[[V Fav
s V
Hence, Gauss’s divergence theorem is verified.

EXAMPLE 7

Verify divergence theorem for the function F =4xi -2 y 2} + 7z 2k taken over the surface of the
region, bounded by the cylinder x> + y* =4 and z = 0,7 = 3.

Solution.
Gauss divergence theorem is ”13‘ -ndS = j” div FdV
S V

Given F =4xi —2y*j+z%k -~ V.-F= i(4x)+i(—2y2)+i(zz)
ox dy 0z
=4-4y+2z

and z varies from 0 to 3,

(72|0)
and y=0 = x'=4 = x=%2

y
Also given x* + > = 4 / XAy —a
= y=4-x' = y=tJ4-x k

) V-Fdrf:j | j(4—4y+22)dzdydx
V 2
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><N

2 3
[(4—4y)z+22—] dy dx
2 1y

Il
L
|

IS
;I\J

=
|
=

5

[(4—4y)-3+9]dydx

Il
e U]
I
ﬂ;.
><N

=
|
=
o

I
L‘—-N
—

[21-12y]dy dx

[21y PR } dx

- j[21(\/4—x2 +\/4—x2)—6(4—x2 —(4—x%)])dx

=
|
=
o

Il
L=

2
= J42\/4—x2 dx
)
) 84j. 4__ 7 |: V4 —-x?is even function]
0

4 . x|
=84[f\/4—x2+—sm 'f} = 84[0+2sin"'1-0]=84-2 7 = 84
2 200 2l 2
[[[vFav=s4= (1)
V

We shall now compute the surface integral ” F - ids.
Ky

S consists of the bottom surface S, top surface S, and the curved surface S, of the cylinder.

- z

On S: Equationisz=0,7 = -k S,
F.~:_2: —.” — %
i=—2'=0 = [[F.idS=0 >
On S,: Equationisz=3,7 = k > S,
F. —9, ds= Y _dxdy g
|ii-k| |k-k o

gﬁ.ﬁdS:Q9dxdy=9gdxdy X/ )<S

=9 (area of the circle §)) = 9 w 2° = 36m.
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On S, Equation of the cylinder is x* + y* =4
Let b=x>+)
V=T 4 E O =24 207+ 0k = 20 + )
ox dy 0z

Vo _2xi+y) 20xi+y) 1 -
Vo 2%+ 24 )

- - o 1 . -
F-ﬁ:(4xi—2y2j+zzk)-5(xi+yj)=2x2—y

. thenormal 7

3

Since S, is the surface of a cylinder x* + )* = 4, we use cylindrical polar coordinates to evaluate

[[F s
S3 z
. x=2cos®, y=2sin0, z=z - dS=2d0d: A
0 varies from 0 to 247 and z varies from 0 to 3 N
32w _./
*.Q = . 20— in° > 2d6
yF iids “(2 4cos> 0 —8sin’ 0) 240 dz doe L T2%
3 30m o5
=16| | (cos® @ —sin’ 0) d0 dz
i e
tf[1+cos20 1 g
=16[ | [— ——(3sin6— sin3e)] d0 dz 2d6
00 2 4 X
3 . 2m .
Fig. 9.26
:16J~|:l(e+sm20)_1(_3cose+cos30)] & g
)12 2 ) 4 3 ),
in4 1
=16 [2ﬂ+ 51112 T —O] _Z[_3 cos2m + COS;“ —(—3 cos0+ CO;O):”dz

1T+§—i—§+ I )dz

3
16m[dz =16m[z ], =16mx3 =487
0

”F'ﬁdS=36ﬁ+48w=84ﬂ 2)
S

From (1) and (2), [[ F-iids = [[[V Fav
s 4
Hence, Gauss’s divergence theorem is verified.

EXAMPLE 8

Verify Gauss divergence theorem for F = a(x + y)i + a(y — x)j + z’k over the region bounded
by the upper hemisphere x> + y* + 72 = a? and the plane z = 0.
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Solution.
Gauss divergence theorem is
[[F-7ids =[[[v-Fav
3 v
Given ﬁ—a(x+y);+a(y x)}+zz%

V. F——(a(x +y))+—(a0/ x))+ai(22):a+a+2222(a+z)
Z

va Fav = mz(a+z)dV
= 2amolV+2m zdv

a \/azfxz va _xz_yz
=2aV+2J. J. J z dz dy dx
SR R
a Ja2—x? 22 a?-xt—y?
:2aV+2J J. [—:l dy dx
la_Jp2 2 o
L 2
—2a—a3+J j (a* —x" —y")dydx V =—ma
dma* ¢ VE 2_2_ 2
== +[2 | @=x=y")dydx [-a®—x>—y?iseveniny]
—a 0
~ 2 2
dma* | ys]
= +2|(a" =x")y—— dx
2|ty

0

= 4ma + 2;'1 —X )\/ (a 3/2 } dx

4 al L2332
=47;a +ZI (az—xz)m——(a *) ]dx

L 3

dma’ 2%
= 3 +2-§__[(a2 —x7)"? dx
41-ra *3 ><2J(a ) dx = 4na’ .y [ (a® —x?)"* is even]
3 3
where I= j (a® —x*)"dx
Put x =((; sin® .. dx=acos 0d0

When x=0, sin®@=0=0=0and whenx=aq, sin0=l=>0=§
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~
Il

(a* —a* sin® 0)** acos 040

a’cos’ 0-acos0d0

ct—wla ot—ula

w2 4
4-1 4- 1
=a4Jc0s40d0=a4-—-—3-E=a4§-—-3=3Tm
o 4 4-2 2 42 2 16
4 4
” V~F=4ﬁa +§'3'n'a =(8+3)11a4=£'n'a4 (1)
3 3 16 6 6
Now we shall compute the double integral ”F -ndS
K z
S consists of S, and S,
[[F-iids=[[Fids,+[[F-iids, %
s 5] 5
OnS;:z=0,ii=k
Fii=(a(x+y)i +a(y—x)j+2z%k)-(—k)=—z> =0
[[F-7ds=0 © y
S1
OnS;:x*+y’ +z2=a
Let b=x2+)*+ 22 X
=L Fig. 9.27
Vb=2xi+2yj+2zk
=2(x;+y}+z%)
P Vo 2(xz+y]+zk) xl+y]+zk and i = xi +yj +zk FZZ
|V¢| 2Yx*+y*+2° a a a
xi +yj +zk

Fﬁ=[a(x+y)z?+a(y—x)j+zzl€]'
a

z? z?

=(x+y)x+(y—x)y+—=x2+y2+—

a a

”F nds= H F-ii dx dy , where R is the projection of S, on the xy—plane.

HF i dS = jj(x +y )dxdy

z
a

(a(x2 +y2) N

J zz)dxdy

R

= J(—a(x2+yz)+[a2—x2—yz])dxdy
R

z
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Changing to polar coordinate, we have
x=rcos0, y=rsin®, r=x2+)? and dxdy=rdrd0
- a 2w arz
[Fds=]| {—2+(a2 —rz)} r drd®
00 r

2
a’ —

Tl -a(a® - +d’* s }
= ——————+(a" —r")prdrdd
R —

0
a 2w 3

:IJ{—a\/az—r2+ 2" 2+(a2—r2)}rdrd9
00

a —r

a’ —

= fdﬂj{—a\/az -7 +%+(d2 —rz)}rdr
r
=[of" j.(—a\/a2 - y+a (@ -y P r+@ -r’) rldr
—2n{j+ (@ —r*)(= 2r)dr——j(a 2) (- 2r)dr+j(a r—r )dr}

2432714 3 251274 2 4]
—m (a ) _a (a r)" +[a2r r :|

2 3 2 1 2 4]
2 0 2 0
a at a4]
=2n|-(0-a’)-a'(0—a)+———
[3( a)—a(0-a) o
4 4 4 4
:2ﬁ[—a—+a4+9—]:2ﬂxlla :llna
3 4 12 6
llmwa*  11ma® )

j F-7idS =0+ -
J 6 6

From (1) and (2), [[ F-iidS = [[[V-Fav

y ¥
Hence, Gauss’s divergence theorem is verified.
EXAMPLE 9

Evaluate ”x"’ dy dz + x*y dz dx + x*z dx dy over the surface z = 0,z = h,x* + y* = o’
5

Solution.
We know Gauss divergence theorem in cartesian form is

oF; 8F aF

”F dydz+F,dzdx+ F, dxdy = ”J( 5 6
)y 4

J dxdydz
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Given surface integral is H X dy dz+x*ydzdx+x*zdxdy
3

3 2 2
Here F, = x°, F,=x"y, F,=x"z

e R W

dx dy 0z
F OF, F,
L+a—2+a—3=3x2+xz+x2=5x2
ox dy oz

”Fl dy dz+F,dzdx + F, dxdy =‘|.J‘J.5x2 dxdydz
§ v

=32
{2 j x? dx‘|dydz [ x* is even]

a3 a=y
5] e

z=0 y==a 0

0.F 5 o
=— | [ @ -y dydz

32:0y:—a

10F 1t 2 2
=—[a:|2[@-yy" ay

0 0

20, 4 20 ¢ 20h
=zl @ =3 dy="hf (@ -7y dy=ZE

3o 3 3

where I= I(az -y dy

0

Put y=asin® ..dy=acos0do

When y=0, sin@=0 = O=0andwheny=a, sinb=1 = 02%

w2 w2
o I= j (a* —a’ sin® 0)*acos0d0 = a* J. cos’ 0.cos 040
0

0

:a;‘f fodbo gt 3 LW _dma
0

4
o [[Fdydz+F dzax+F, dxdy=23—0h><3ﬂa _2
N
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9.13 STOKE’S THEOREM

Stoke’s theorem gives a relation between line integral and surface integral.
Theorem 9.1 If Sis an open surface bounded by a simple closed curve C and if F is continuous having
continuous partial derivatives in S and on C, then 95}‘: ~dr= _U curl F ids,
c Ky
where C is traversed in the positive direction.
Proof Let F = Fi +F, ] + F,k and r be the position vector of any point P on S.
F=xi+yj+zk = di = dxi +dyj +dzk
F-dr = (Ff+FJ+ F31€)‘(dxl? +dyj +dzk) = Fdx+ F,dy+ F,dz
$Fdr = (Fdx + Fdy + Fdz) z
C C
Let z = f{x, y) be the equation of the surface S enclosed
by the curve C.
Any line parallel to Z-axis intersects the surface in at

most one point. The positive direction of the normal n
is that it makes an acute angle with the positive Z-axis

(or k). 9 v
The projection of S on the xy-plane is a region R
enclosed by C’.
Now, CJ.DFdx 95F(x y,z)dx X
¢ ¢ Fig. 9.29
=B ((r,p (6, ))dx = 95P(x,y)dx
c’
where P(x,y)=F(x,y f(x,)))
By Green’s theorem,
§ st~ [[-L s (- Q=0
& Py
But P(x,y)=F (x,y f(x,7))
b 9 R Y [Py)=F ey D andz=fe )] (1)
dy dy dz dy
oF oF df
P dx = — dx dy 2
36 (x, ) H(ay = ay) @)

Now [[VxF.iidS=[[Vx(Fi+F,j+Fk)-ids
N N
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Consider [[(V x Fi)-nds
N

PGk
-~ o o9 9
But VxFi === — — _70)-7[0-20 | x[o_0f | %A _ 9
Cofox oy oz 10 ]( oz " dy az] dy
F 0 0
xrni=2bi 5 3)
0z dy
We have F:x17+yj+zk:x17+yj+f(x,y)l€ [since z = f{x, y)]
or = afa
By A ay
ButﬁisatangentvectortoS at P, and hence, ~_ or isLton . ﬂ.,}=0
dy o dy
Substituting in (4), we get - n+af/€ i=0 = j-ﬁ:ﬁll?-ﬁ
oy dy
L03)= VxFlf.ﬁ=% _al/}.ﬁ _E;;.;F_ EBLJFE k-7
0z ) ay dz dy dy
= oF, df OF -
VXF das =—- L=+ —L|(k-7)dS
Lj( X FQ) jsj(a o )( )
oF, of OF,
= _ 5
”(Vsz) nds = —H(gg a—yljdxdy )
From (2) and (5), we get
$Fdx=[[VxFi-nds
c’ N
Similarly, $Fdy = [[(VxF,j) nds (6)
C’ N
and $Fydz = [[(VxFk)-ids (7)
c’ N

Adding (5), (6), and (7), we get
§ Fdx+ Fydy+ Fydz = [[Vx(Fi + F,j + Fk)-7ids
c’ N

- gﬁﬁ-d?:”VxF-ZdS
C S
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Note
If S is the region R in the xy—plane, bounded by the simple closed curve C, then 7i = k is the outward

unit normal.
*. Stoke’s theorem in the plane is CJSF -dr = H Curl F -k dR,
C R

which is Green’s theorem.

Cartesian form of Stoke’s theorem

If F=Fi+F,j+Fk>  then
ik

cul F=| 9 9 9| (9F OF, ](E_%)Hg 9F, _9dF
ax ay 2z |~ o 0z ox oz ox  dy
5B 5

and  F-dr=Fdx+F,dy+F,dz
. the cartesian form of Stoke’s theorem is Eﬁ(Fl dx +F,dy + F,dz)

oF, OF, oF  OF, oF, OF
= dydz +| — ——|dzdx +| — — — |dxd
J‘|:(y 82) (82 ax) (ax 8y) ]

Note
If F=Pi+0j and F=xi+)j thendr=dxi+dy] and F-dF =Pdx+Qdy
i j &
Curl F= 9 AN =7(0-0)— j(0-0)+ & 90_9P)_(9Q E
x dy 0z ox ay ox Jdy
P Q 0
Curl 7§ = 9292
ox dy
*. Stokes theorem in the plane is gS(de +Q0dy)= _U (aQ aP)a’xaly
dy
which is Green’s thorem.
WORKED EXAMPLES
EXAMPLE 1
Prove that 95? -dr = 0, where C is the simple closed curve.
c
Solution.

Let 7 be the position vector of any point P(x, y, z) on C. S F=xi+y) +zk-
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Stokes theorem is 9515 -dF = ” curl F-7idS
c 3

Here F = 7.
i j ok
Curl F=curli=|2 9 2 i(0—=0)= j(0—0)+k(0—0)+(0—0)=0
% 3y 22 |7 H0-0)=j(0-0)+k(0-0)+(0-0)=
x y z
$7-di =0
C
EXAMPLE 2

If A is solenoidal, then prove that ” V2A-idS = —(ﬁ Curl 4-dr.
s c

Solution.

Given 4 is solenoidal. s V-A4=0

We know VX(VxA)=V(V-4)-V?*4=-V’4
Stoke’s theorem is ”V X E-ndS = Cj)]:“-d;

S @
Putting F' = V x 4, we get Vx F = -V*4
jj—VZZ-ﬁdsquVXz.d?
S C
= ijZZ-ﬁdsz—gSCuﬂZ.df

s c
EXAMPLE 3

Prove that § b d 7 = —[[ Ve x i dS.
Cc S

Solution.
Stoke’s theorem is C_")F-d; = ” Curl F-ndS ='|.J‘V xF-ndS
C N N

Put F=d a, where a an arbitrary constant vector.
$(da)-dr=[[Vxda nds
C N
We know curl ba=Vxda=Vdxa+hVxa=Vdxa [ Vxa=0]
$(da)-dr=[[(Vdxa) nds
C N
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= $da-dr=-[[(axV)-nds
= &@MF ) = jsjzz-(v(b x7)dS [Interchanging dot and cross]
= Ez(q'wd?}:—é.”v(bxﬁds=E¢~(—jjv¢xﬁdsJ

$ddr =—[[Vxnds [ ais arbitrary]
EXAMPLE 4

If S is the surface of the sphere x2 + y* + 7> = 4, then show that J.J‘ Cud F-ii dS =0.
$

Solution.
Suppose the sphere is cut by a plane into two parts S, and S, and let C be the curve binding these two

parts. .
n

Then jj Curl F-7i dS = ”Curlﬁ~ﬁdS+”CurlFﬁ ds
S S, S,

By Stoke’s theorem, jj Curl F-7i dS = 3617“ - dF
S C

and ‘S”- Curl F-7 dS = —4;)17" -dr, because for S, S2

the positive sense of the curve C'is the opposite direction of Cin | 7

[[Curt Fsias=§F-di - F-dF =0 Fig. 9.30
kY & z

EXAMPLE 5

Evaluate f(xydx + xy*dy) by Stoke’s theorem, where C is the square in the xy—plane with
c

vertices (1, 0), (—1, 0), (0, 1), (0, —1).

Solution.
Stoke’s theorem is (f)ﬁ -dr = J. J curl F-7idS
C 3
Given I(xy dx+xy’dy) and F=xi+yf S dF =dxi +dy).
C

Here F-dr = xydx+xy2dy S F= xyf+xy27
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i 7k
Curl F=VxF=|— o 9 9 =7(0-0)— j(0—0)+k(y* —x)
o dy 0z
xy x° 0
= Curl F=(y* -x)k

Also given C is the square in the xy plane with vertices (1, 0), (-1, 0), (0, 1), (0, —1).

ji= Fand dS = dx dy y
Curl Fiii=(y* —x)k-k=y*—x B — (0, 1)

[em s [[or iy VS
S R

(_1 ’ 0) (1 , 0)
where R is the region inside the square. X I o)

A
That is nydx+xy2dy= ” (v —x)dxdy y=x—-1
¢ k y=-(x+1)  p=>¢(0,-1)
We shall now evaluate this double integral.
Vv
Equation of 4B in intercept form is Fig. 9.31
f-ﬁ-lzl = x+y=1 = py==x+1 = y=—-(x-1)

I 1

Equation of BC is i+%:1 = y-x=1 = ypy=x+1

Equation of CD is 114-11:1 = x+y=-1 = y=—(x+1)
. Xy _ _
Equation of AD is T+—=1 = y—x=-1 = y=x-1
x+l1 —(x=1)
j(xydx+xy dy) = j '[ o° —x)dydx+_[ j (»* —x)dydx
—1—(x+1) x-1

0 x+1 1 y3 —(x-1)
—_— dx+ || =—- d.
j|: xy] X J|: 3 xy:| X

—(x+1) 0 -1

j LG+ = (=G 1)) J-x[x+1=(=(x+1)) ]} dx

+f {§[<—(x =)' = (=)' == (=D = (e = D]} dx
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0

-]

-1

+J.{—§[(x—l)3 +(x—1)3]+x[x—1+x—1]}dx

{%[(x +1 +(x+1)’]=x[(x + D)+ (x + 1)]} dx

0

j|: (x+1y —2x(x+1):|dx+J|:—§(x—l) +2x(x—l)]
[2<x+l> mﬁno +[_zﬂ+2(£_£)]l
2 )], 3 4 3 2/
o el
3\4 3 2 3 4 3 2

EXAMPLE 6

Evaluate J[(x +y)dx +(2x —z)dy + (y +z)dz]| where C is the boundary of the triangle
C

with the vertices (2, 0, 0), (0, 3, 0) and (0, 0, 6), using Stoke’s theorem.

Solution. >
Stoke’s theorem is C |(0, 0, 6)

<'|'>F-d7= jj Curl F-7idS,
C S

where S is the surface of the triangle ABC bounded

by the curve C, consisting of the sides of the triangle 0 3 B

in the figure. 2 0,300 y

Given F- dr—(x+y)dx+(2x z)dy +(y +z)dz

H (2,0,0) Xy

ere F= (x+y)z+(2x z)]+(y+z)k % >t 3 1
i)k Fig. 9.32
culi=| & 29

ox ay 0z

x+y 2x—z y+z

-l 0 0 -l d 0 -1 d 0
=i|:$(y+z)—g(Zx—z):|—j|:$(y+z)—g(x+y):|+k|:g(2x—z)—$(x+y)]
=i[1—(=1)]— j[0-0]+k(2—1)]=2i+k

Equation of the plane ABC is §+ % +Z=21 [intercept form]
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1 9 1 b1
6 ox 2 9 3 9z 6

o 1= 1- 1 - - -
V¢_,a_¢+]_¢+ka_¢=—i+—j+gk=g(3i+2j+k)

é(3¥+ 2j+k)

ii= zd’ =2 =——@Bi+2j+k)
|¢| g\/9+4+1 Via
I D P ST 7
CurlF.n:(21+k).ﬁ(3l+2']+k):ﬁ(6+1):ﬁ

dxdy

L T T
Sjjcurlpnds_sjjmds_ﬂk[j 7 i]

where R is the orthogonal projection of S on the xy—plane.

- 1 = - - = 1
But fik=—=Gi+2j+k)k=—
\/14( J*H) V14
S dxdy
Curl F-ndS =
i L
\/14

1
=7 [ dxdy =7x Area of AOAB =7--23=21
R

Pl +y)dx +(2x —z)dy +(y +2)dz]=21.
C

EXAMPLE 7
Using Stoke’s theorem, evaluate JF -dF,where F = y N+ xzf — (x + z)k and C is the boundary

of the triangle with vertices at (0, 0, 0), (1, 0, 0), (1, 1, 0).
Solution.

Given F=y7+x]—(x+2)k
Stoke’s theorem is

Now curl F=VXF =
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N e =Ly -] L cxm =Ly |
—[ayw 2) az(x)} [ax< x=2)==-(y )]]

d 5 9 |~
+[a(x) ay(y )]k
=(0)i —[-1]j+[2x=2y]k = j+2(x—y)k.

Given C is the boundary of the triangle formed by the points (0, 0, 0), (1, 0, 0) and (1, 1, 0) which lie
in the xy—plane. son=k

B(1, 1)
curl F-ii=2(x—y) Y= x
$F-dr = [[2(x-y)dx dy
C N
Equation of OB is y =x o A(1.0)
Fig. 9.33

<j>17"-df=2jj(x—y) dy dx
C 00

2 X
Y
L la
[xy 2:| X

0

2 Mg 3]
xz—x——O dx=2J.x—dx= X =l.
2 0 2 3 3

0

2

2

O — O —

EXAMPLE 8
Verify Stoke’s theorem for F=@p -z + Z)f +(yz + 4)]’ - le€, where S is the surface of the
cubex =0,x =2,y =0,y =2,z =0 and z = 2 above the xy—plane.

Solution. z
. - - - - A=k
Given F=(-z+2)i+(yz+4)j—xzk. b
G
Stoke’s theorem is .
) B F E A=
Cf)F-d?:”curlF-ﬁdS 4
C S
A —‘-{ o
- - N =-J
i j k c vy
- A B
Now curl F = E)i ai 8i X
x Y ‘ Fig. 9.34

y—z+2 yz+4 —xz
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Ia b [o d
=i [g(—xz)—g(yz‘“‘)}—jl:a—x(—xz)—a—z(y—z‘ﬂ)]
~-| 0 d
+k|:$(yz+4)—$(y—z+2):|
=i[(0-y)]-jl-z—(-D]+kO-1)=—yi +(z-1)j -k
We shall compute ” Curl F 7 dS.
S

Given S is the open surface consisting of 5 faces of the cube except the face OABC.

ﬂ Curl F i dS = ”Curl Fii dS+ijur1 Fii dS+”Curl FiidS
S M S, S;

+[[curl F i ds+ [[ Curl F 7 ds
S, S5

Face Equation Outward normal 7 F-ii ds
S, = ABEF x=2 i -y dy dz
S,=0CDG x=0 ~i y dy dz
S, =BCDE y=2 J z-1 dx dz
S, = OAFG y=0 =j z-1) dx dz
S,=DEFG z= k -1 dx dy

2

[[curl 77 ds :jj—ydydzzjdz-j(—y)dy: (2] [%2] =2(-2)= -4
S, 00 0 0 [

22 2 2 2 P
_S[;[CurlF-ﬁ dSz_I{ydydz:_Idz!ydy:[z]é l:y?:L =2-2=4

gCurlF"-ﬁ dS=':[_Z(z—1)dzdx =_([2;dx-;[(z—1)dz =[x -[(z;)]z

= 2%{(2—1)2 —(-1’}=1-1=0
jj Curl Fii dS = ﬁ—(z—l) dzdx =0 [as above]
S, 00

and jjcurlF-ﬁdS:ﬁ—ldxdy=—[x]§[y]§=—4
s, 00

[Jeun Fiids=-4+4+0+0-4=—4 (M
N
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We shall now compute the line integral over the simple closed curve C bounding the surface consisting

of the edges OA4, AB, BC and CO in z = 0 plane

gSFd?: jﬁ-df+ j Fdi + j F-di + j F-dr
C 0A AB BC Cco

Now F-dr = [(y —-z+ 2)?-1— (yz+ 4)}' - le;] . [dxf+ dy}' + dzl:t]

=(y—z+2)dx+(yz+4)dy — xzdz

= F-dF = (y+2)dx+4dy
On04: y=0 . dy=0and F -dF = 2dx and x varies from 0 to 2

OnAB: x=2 . dx=0and F - dF = 4dy and y varies from 0 to 2
OnBC: y=2 o dy=0and F - dF = 4dx and x varies from 2 to 0

On CO: x=0 s dx=0, F-dF = 4dy and y varies from 2 to 0

C
From (1) and (2), jﬁ-d? = [[ curl F 7 ds
C N

Hence, Stoke’s theorem is verified.

EXAMPLE 9

z=0]

2)

Verify Stoke’s theorem for F = (x* — yz); + 2xy} in the rectangular region in the xy plane

bounded by the linesx = 0,x =a,y =0,y = b.

Solution. - - _
Given F=(x*-y))i+2xyj
Stoke’s theorem is
| F-ar =[] curl F-7ids
C Ky
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~.}
bt
<

i
= d 0 0 =b
Cull F=| — — = y B
ox dy 0z c
x*=y" 2xp 0 %<0 X=a
=i(0-0)— j(0-0)+k(2y+2y)=4yk )
Since the surface is a rectangle in the xy—plane, normal 7i = k o y=0 (a0) X
Curl F-ii=4yk-k=4y Fig. 9.35
ab
[Jeun Fids = [ [4ydxdy
00
a b y2 b
= Curl FiidS = |dx|4ydy= x“4|:—:| = 2ab’ 1
JSI !!yy[]o 7l (1)
We shall now compute the line integral.
$F-di= [ F-di+ [ F-di+ [ Fedi+ | F-dr
c 04 AB BC co
Now F-dr = (x* = y*)dx + 2xydy
On 0A4: y=0 o dy=0and F-dr = x’dx and x varies from 0 to a
a 377¢ 3
jﬁ-df:szdx:[x—] =2
04 0 3 do 3
OnAB: x=a o dx=0and F-dF = 2aydy and y varies from 0 to b
b 2 7P
J. =I 2aydy = 2a[y:| =ab’
AB 0 2 1
OnBC: y=b o dy=0and F-dF = (x* —b*)dx and x varies from a to 0
0 3 0 3 3
IF-dF=J(x2—b2)dx=|:x——b2x] :O—(a——bza):abz—a—
BC u 3 ’ 3 3
On CO: x=0 s dv=0and F-dF =0
JF dr =0
co
3
jF a’r—?+ab2+ab2 5 =2ab’ @)
From (1) and (2), j FdF = [[ Curl F 7 ds
c s

Hence, Stoke’s theorem is verified.

Note Stoke’s theorem in the plane is Green’s theorem. This is indeed Green’s theorem verification.
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EXAMPLE 10

Verify Stoke’s theorem for the vector field F = (2x — y)zT -yz 2} -yiz k over the upper half
surface x*> + »* + z2 = 1, bounded by its projections on the xy—plane.

Solution. 5
Stoke’s theorem is

qaﬁ.dﬁfjcurlﬁ-ﬁds S
C S
Given F = (2x—y)l?—yzz}—y227€

ik 7
Curl F = 9 9 9
ox dy oz X

2x—y —yz* —y’z

fa , 9
=i|:$(—y Z)—g(—yz )]

AP TR RO I JC DS A AP
—J[a—x(—y z) aZ(2x y)]+k[ax( yz°) ay(2x y)}
=i[—2yz+2yz]— jI0—0]+A[0—(~=D)]=k

F-ii=k-ii

The surface is the upper hemisphere x2 + )? + 2> = 1

SﬂCuﬂﬁ-ﬁd5=Sﬂ1}-ﬁdS=kﬂTc-ﬁ |°Iéxfl;|,

where R is the projection of S on the xy—plane.
- Ris the circle x? + y* = 1 in the xy—plane.

[[ curl Fii ds= [ dxdy
S R

= ” Curl F 7 dS = area of the circle=m - 1>’=m (1)
§

Now C is the circle x* +)? =1 in the z = 0 plane.
Parametric equations are x=co0s 0,y =sin0,0<0 <27

J.F -dr = j[(2x —y)dx — yz*dy — y*zdz] = Cf)(2x —y)dx [ z=0]
c C C

Now x=cos® = dx=-sin0d0
$F-dr = [ (2c0s0-sin0)(-sin8)d0
C 0

= J. (—2sin@cos O +sin> 0)d0
0
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2w
= [ (~2sin@cos8 +sin’ 6)d0
0

2
- j[—sin20+ﬂ]d0
) 2

[cos 20 1 ( sin 20 ):|2ﬁ
2 2 2 0

L in4 1
= (_]SF~dr =5[(Cos4w—c050)+2w—¥—0]=5[1—1+2’ﬂ']:‘ﬂ' )
C

From (1) and (2), § F-dF = [[ Curl F i ds
C 5
Hence, Stoke’s theorem is verified.

EXAMPLE 11

Verify Stoke’s theorem for F = (x* + y 2); - ny} taken around the rectangle bounded by the
linesx = xa,y = 0 and y = b.

Solution. b
Stoke’s theorem is c y=o p
9Sﬁ.df = ” Curl F-7idS
C S X=-a X=a
Given F=("+y)i-2xyj > 0 > x
< - - (-a, 0) (a,0)
: 5 ‘ Fig. 9.37
ig. 9.
Curl F = i i i
ox dy Oz

x4yt 2xy 0
=i[0-0]- j(0—0)+k(-2y—2y) =—4yk
Since S is the rectangular surface, 7 = k

[J curl F i ds = [[ ~4yk-kdxdy
S S

b a

P b
= —4J j ydxdy=—-4 [y?] [x]’, = —2b% - 2a = —4ab’
0

0-a

url F 7 dS = — 4ab?
jjc vl F i dS = — 4ab (1)
S

We shall now compute the line integral gﬁﬁ -dr.
C

Now F-di =[(x* + y*)i = 2xy j]-[dxi +dy j] = (x* + y”)dx — 2xy dy
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(f)ﬁ Jﬁ F+JFdr+JFdr+JFdr
C AB

OnAB: x=a .. dx=0andF dFi =-2aydy and y varies from 0 to b

b

b 2
F-dr = |(=2a)ydy = —Za[ ] =—ab’
L=l z

0

OnBC: y=b .. dy=0andF dF =(x*+b*)dx and x varies from a to —a

—a 3 —a
jF-df:j(x2+b2)dx=["—+b2x]
BC a 3 a
1 3 3 2 _2 3 2
=—(-a -a)+b (—a—a)=—a —2ab
3 3
OnCD: x=-a .. dx=0and F-dF =2aydy and y varies from b to 0

0 20
[ Fear =[2aydy = 2a[y7:| = a(0-b") = —ab’
b b

OnDA: y=0 .. dy=0andF - dF=x"dxand x varies from —a to a

B} 2 2
$F-dr = —ab* =’ -2ab* - ab® += &’ = ~4ab’
7 3 3

From (1) and (2), § F-dF = [[ Curl F 4 dS
C S

Hence, Stoke’s theorem is verified.

EXAMPLE 12
Verify stokes theorem for F = y’zi + z’xj + x”yk, where S is the open surface of the cube
formed by the planes x = —a,x = a,y = —a,y = a,7 = —a, 7 = a in which z = —a is cut open.
Solution. u c
Stoke’s theorem is (ﬁF_ dr = H curl F.nds
N
Given F=yzi+z’x j+x’yk 21
- - — y
I G % x*°
A D
Curl F = i i i
ox dy oz B c

0
i
@
©
w
©

Yz Z’x x’y
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e a 2 a ) - a 2 a 2 } ' a 2 a 2
=il = - —i|l = - k| = -
l[ay(x y) > (z X)} J[ax (xy) aZ(y z) [+ ax(z x) ay(y z)
= (x?=2zx)i + (= 2xy) j + (2= 22)k
We shall now compute ”curl F. ndS
s

Given S is the open surface consisting of the five faces of the cube except face ABCD

chrl F.ndS = J‘J.curll?.ﬁdS +chrl F.ndS +chrl F.ndS +chrl F.ndS +chrl F.ndS
s S, S, S5 S, Ss

Face Equation Normal n Curl F.ii ds
S,=BCFG xX=a i a*—2az dy dz
S,=ADEH xX=-a — —(a*+ 2az) dy dz
S, =CDEF y=a H a*—2ax dz dx
S,=ABGH y=-a -7 —(a*+ 2ax) dz dx
S,=EFGH z=a k a*—2ay dx dy

J.qurl F.ndS= j j.(a2 —2az)dydz

—a-a

:[:i.@“:]{az _2azdfydz:|:[y]iu [azz—2a§:|a :[a+a]|:a 2(a+a)_a(a2_a2)]:4a4

—a

”curl F.ndS = -“[ 'H[— (@ +2az)dvdz =— [j.aﬁ/}[j-az +2az]dz

—a-a —-a

b4
== [J’]ia |:azz +2a%} =—|a +a]|:az(a+a)+a(a2 —az)] =—44'

—a

Similarly, [[ curl F. ﬁdSzj. j (@ —2ax )dzdx = 4a*
S3

—a-a

[Jcurl F.7ds =j j —~(& +2ax)dedx = —4a*

—-a-a

and [Jeurl F.nds = [ [ (- 2a) dxdy = 4a*
S5 —a-—a
[Jourl F.nds=4a" —4a* + 44" — 44" + 44" = 4a* (1)
N
We shall now compute the line integral over the simple closed curve C consisting of the edges AB, BC,
CD,DA.Herez=—-a,dz=0
F.dr= yizdx +z°xdy +x’ydz = —ay’dx +a’xdy



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

OnAB: y=—a ~.dy=0 A < D
F.dF = —a’dx and x varies from —a to a. (-a -a) -aa
_ a . J
J F.dr = J -ddx = -a’ [x]ia =-a’2a=-2a" 1 ‘
AB —a
OnBC: x=a ..dx=0,F.dF = ddy and y varies from —a to a. B > ¢
(a,-a) (a,a)
[Fai=[ddy=d[r]' =d2a=2d Fig.9.39
BC —-a
OnCD: y=a . dy=0,F.di = —d'dx and x varies from a to —a
J. F d;= J —ajdx = —a3 [x];a = —a3(—2a) = 2614
CD a
On DA: x=—a ~.dx=0, F.di = —d’dy and y varies from a to —a.
[Fdr=]-ddy =-a'[y]" =-a*(-20) = 24" )
DA a
(ﬁﬁ-d?:—2a4+2a4+2a4+2a4:4a4 3)

From (1) and (2), we get ”curl Fonds = 9513 dr
N C

Hence, Stoke’s theorem is verified.

EXERCISE 9.4

1. Evaluate ” F-7i dS, where F- = 12x yi —3yz j + 2zk and S is the portion of the plane x +y +z= 1
s

included in the first octant.

2. Evaluate H F -7 dS, where F = (2x’ —32);+ 2y}'—4le;, where S is the surface of the solid
S

bounded by the planes x =0, y=0,z=0and 2x + 2y + z = 4.
3. Evaluate ” F-7i dS,where F = zi + x}' - yzzl; and S'is the curved surface of the cylinder x* +)*=1
s
included in the first octant between the planes z =0 and z = 2.

4. IfF = xy*i— yz* j+ zx*k, find J.J F -7i dS over the sphere x* +)2 + 2= 1.
3

5. Evaluate ” F-7i dS, where F = 4xzi - yz}'+ yzlz and S is the surface of the cube bounded by
ky

x=0,x=1,y=0,y=1,z=0andz=1.
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10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

Evaluate 9S(x2 +xy)dx +(x* +y?)dy, where C is the square formed by the lines y = £1, x = %1,
C
by Green’s theorem.

Using Green’s theorem evaluate Cﬁ(x * +y)dx —xy” dy taken around the square whose vertices are
(0,0), (1,0), (1, 1) (0, 1) N

Using Green’s theorem find the value of J- (xy —x*)dx + x*y dy along the closed curve C formed
byy=0,x=1andy=x. ¢

. Verify Green theorem for I(lez —4y*)dx+(2y —3x)dy, where C is the curve enclosing the
C

area bounded by y = x2, x =)?

Verify Green theorem in the plane for J(3x2 —8y°)dx +(4y —6xy)dy, where C is the boundary
C
of the region defined by x=0,y=0,x+y=1.

2/3 2/3

Using Green'’s theorem find the area of x*° + y*” = a

[Hint: Area = %j(xdy — ydx), C is the boundary of the curve]
C

Using Green’s theorem in xy plane find the area of the region in the xy plane bounded by
y’=x*and y =x.

Using Green’s theorem evaluate j(sz ~y))dx+ (x> +y*)dy, where C is the boundary of the
c

area in the xy plane bounded by x—axis and the semi circle x*> + y* =1 in the upper half of the plane.
Verify Gauss divergence theorem for F = xi + zi + yzl; taken over the cube bounded by x = 0,
x=1,y=0,y=1,z=0,z=1.

Verify Gauss divergence theorem for F = (x° — yz);— 2x° y}' + 2k over the parallelopiped bounded
by the planesx=0,x=1,y=0,y=2,y=2,z=0,z=3.

Verify Gauss divergence theorem for F = x%i + z}' + yz/; over a unit cube.

Verify Gauss divergence theorem for F = (x* — yz)i — zx’y j + 2k over the cube x=0, x =a, y = 0,
y=a,z=0,z=a.

Verify the divergence theorem for F = 2xyi + yz* j + xzk, where S is the rectangular
parallelopiped bounded by x=0,y=0,z=0,x=2,y=1,z=3.

Using divergence theorem show that

J.J.xzdy +y2dzdy +2z(xy —x —y)dxdy = 1 , where S is the surface of the cube
2
N
x=y=z=0,y=z=1.
Use divergence theorem to evaluate ” (2xy;+ yzz}'+le;).d§, where S is the surface of the
S

region bounded by x=y=2z=0,y=3,x+2z=0.
Prove that ” [x(y —2)i+y(z —x)j+z(x —y)k]-dS = 0, where S is any closed surface.
$
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22. Verify Stoke’s theorem for F = 2z + x}' +y° k, where S'is the surface of the paraboloid z=4 — x> — Na
and C is the simple closed curve in the xy plane.

23. Verify Stoke’s theorem for F = y;+ z}' +xk, where S is the upper half surface of the sphere
x2+y*+ 2> =1 and C its boundary.

24. Verify Stoke’s theorem for F = (x* — yz);+ 2xy}' + xyzl:t over the surface of the box bounded by
the planes x =0, y=0,x =a, y = b, z = ¢ above the xy plane.

25. Verify Stoke’s theorem for F' = (x* — y?)i + 2xy  in the rectangular region in the xy plane bounded
byx=0,x=a,y=0,y=0>b.

26. Verify Stoke’s theorem for = _ y3f+ x3}' and the closed curve C is the boundary of the ellipse
2 2

X .Y

+ [
2 2
a b
27. If & is scalar point function, use Stoke’s theorem to prove curl (grad ¢») = 0.

=1.

28. Evaluate _U VX F-ii dS, where S is the surface x> + * + 22 = a* above the xy—plane and
3

F = y;+ (x— 2xz)}' - xyic-

29. Evaluate J yzdx + zx dy + xy dz, where C is the curve x* + > =1,z =)2
C

30. Evaluate ” VX F-iidS for F = (2x—y+z)i+(x+y~z")j+(3x — 2y +4z)k over the surface of

the cylinder x? + * = 4, bounded by the plane z = 9 and open at the end z = 0.
31. Find the area of a circle of radius a using Green’s theorem.

32. Using Green’s theorem evaluate @[(ny —x%)dx + (x> +y*)dy] where C is the closed curve of
C
the region bounded by y = x? and y* = x
33. Verify Green’s theorem in a plane for the integral j(x—Z y)dx + xdy taken around the circle
C
X2 +y?=4.
34. Verify Green’s theorem in the plane for gﬁ[(x2 —xy )dx +(y* —2xy)dy] where C is the square
c
with vertices (0, 0) (2, 0), (2, 2), (2, 0).
35. Evaluate ”J'V-F av if F=x%i+ y2}+ 22k and V is the volume of the region enclosed by the
4
cubex=0,x=1,y=0,y=1,z=0,z=1.

36. If S is any closed surface enclosing volume V¥ and F =axi +byj+czk prove that
[[Fids=(@+b+cyy
s

37. Verify Gauss divergence theorem for F = (x> — yz)i +(y* —zx)j +(z> —xy)k taken over the
rectangular parallelopiped bounded by 0 <x<a,0<y<bh,0<z<c.

38. Verify Stoke’s theorem for F' = yzi + z%x j + x* yk where S is the open surface of the cube formed
by the planes x =—a,x=a, y=-a, y=a, z=—a, z=a in which z = —a is cut open.
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39. Evaluate ” Curl F-7idS, where F = (y—z)i+ yzj —xzk and S is the open surface bounded by
Ky

the planesx=0,x=1,y=0,y=1,z=0, z= 1 above the xy plane.

ANSWERS TO EXERCISE 9.4
1. ﬁ 2. E 3.3 4. i"ﬂ' 5. é 6. 0 7. —i
120 3 3 2 3
8. —L 11. Eﬂ'a3 12. i 13. i 20. ﬂ 28. 0 29. 0
12 8 10 3 2
30. 8w 31. ma? 32. 0 35. 3 36. (a+b+c)V 39. -1
SHORT ANSWER QUESTIONS
1. If7 =xtT+y} +zk and m = r, then find Vr.
2. Find grad ¢ at the point (1,-2,—1), where ¢ =3x% — y’2.
3. What is the greatest rate of increase of ¢ = xyz? at the point (1, 0, 3)?
4. Find the unit normal vector to the surface x* +xy + 7> = 4 at the point (1,1, 2).
5. Find the directional derivative of & = xyz at (1, 1, 1) in the direction of i +} +k
6. The temperature at a point (x, y, z) in space is given by T (x, y, z) = x* + »* — z. A mosquito located at

the point (4, 4, 2) desires to fly in such a direction that it gets cooled faster. Find the direction in which
it should fly.

7. Find the normal derivative of ¢ = x* — y* + 7 at the point (1,1, 1).
8. Find the angle between the surfaces x* + y* + 72 = 9 and x* + »* — z = 3 at the point (2, -1, 2).
9. Find the equation of the tangent plane to the surface x? + y* — z = 0 at the point (2, -1, 5).

10. If F=x% +y’j + 7k, find div (curl F).

11. Prove that F = (2x%y +yz)i +(xy? —xz?)j — (6xp + 2x%y 2)k is solenoidal.

12. Find a such that (3x —2y +2)i + (4x +ay —z)j +(x —y +22)k is solenoial.

13. If ¢ is a scalar point function, prove that V& is solenoidal and irrotational if ¢ is a solution of Laplace
equation.

14. Find the values of a, b, ¢ if F = (x + 2y +az )tT +(bx —3y —z ); +@dx+cy +2z2 ); is irrotational.
15. If A and B are irrotational, prove that A X B is solenoidal.

16. Find the work done, when a force F=(x*- yi+ x)t? -(2x+y )f moves a particle from the origin
to the point (1, 1) along y* = x.

17. Show that F = x* + y?j + 7’k is a conservative vector field.
18. Evaluate J(xz — xy)dx + (x* + y*)dy, where C is the square formed by the lines y = =1, x = +1
C

using Green’s theorem.
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19. Using Stoke’s theorem prove that curl (grad ¢) = 0.

20. If S any closed surface show that _U cud F-7i dS = 0.
S

OBJECTIVE TYPE QUESTIONS.

A. Fill up the blanks

1. V(l) =

B

2. fd (x,y,2)=xy+xp*+z,thenVdat(l,1,1)is= .

3. The directional derivative of ¢ = x>+ )* + 23 at (1, -1, 2) in the direction of i + 2} +kis=
4. The unit normal to the surface x)?z* = 1 at the point (1, 1, 1) is =

5. The greatest rate of increase of ¢ = xyz? at the point (1, 0, 3) is =

6. Equation of the normal to the surface x* + y* + z* = 25 at the point (1, 0, 3) is =

7. If F =V(x* +* + 2 = 3xyz), then curl F =

8. If F=(3x -2y +z);+ (4x +ay —z)} +(x—-y+2z )% 1s solenoidal, then value of a is =

9. If F=(2xy +2°)i +x°j +3xzk and the curve c is the line joining the points (1, -2, 1) and (3, 2, 4), then
[F-ar = :
C

10. If F=x*+y2j+z%k and V is the region bounded by the cube x =0, x=1,y=0,y=1,z=0,z= 1,
then HJV -Fdv =

B. Choose the correct answer
1. If d=x*+)?+2z*— 38, then grad d at (2, 0, 2) is

(a) i+4k (b) i+j+k (c) di+k (d) 4i+4)+4k

2. div [r] is equal to

7

@ 1 (b) 2 © 3 (d)

r r r

N A

3. Ifr =xf+y}+z}, then curl r is equal to

(a) o (b) i (c) J d k



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

2 2
4. If =x*>-)? then V’b = o ? +a—d; is equal to
dx*  dy
(@ 0 (b) 2 (c) 2 @ 1

5. IfVd = (6xy+2°)i +(3x* —2)] +(3xy* — y)k, then & is equal to
(@) xz—yz+c (b) 3x¥y+xz3 (©) xz2—yz+c (d) 3x¥y—-yz+c

6. The unit normal at (1,2, 5) on x> +)? =z is

1- 12 1- 1- 1- i+4j-5k 20 +47 -5k
Q) —=i+—=j—-——F7=k (b) —=i——k ) ——— d ———
©ETETE Y E TR © n RN
7. The equation of the tangent plane to the surface at (2, 0, 2) is
(@ x-y—-z=0 (b) 2x—z=2 () 3x+y—-2z=2 (d) None of these
8. If F=x%i+xy?j, then J.F-%, where c is the segment on y = x from (0, 0) to (1, 1) is
7 7
@ — b L © = @ -L
6 12 6 12

9. Find the work done when the force F = 5xyf+ 2y} displaces a particle from the points corresponding to x
=1tox=2alongy=x3

(a) 24 (b) 64 (c) -84 (d 94
10. Using Green’s theorem in the plane, evaluate _[(Zx — y)dx + (x + y)dy, where c is the circle x**+)* =4 in the
plane ¢
(a) 2w (b) 4w (c) —4w (d) 8=
ANSWERS
A. Fill up the blanks
L_r 2 3+3je2k 3 6 4. [+2]+3k 5.9
I 2 J14
6. X=4_r_273 7.5 8. -5 9. 21 10. 3
4 0 3

B. Choose the correct answer
1. ) 2. (0 3. 4@ 50 6. 7.(0) 8 (b 9. (d) 10. (d)
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Gradient, Divergence and Curl 33
of tg
siid %(%),—_ ‘Elzga F4
v (§)g ilemr B (s575)
+k( g Z? 3l
=§I=*{g( a{c*’g;+kaz) f( Bg+ Yoy S+ }1-
=;;{gvf-fv gy

SOLVED EXAMPLES
Ex. 1. IfA xlyz i—2x2% j+-xz2k, B=2zi+yj-x*k, find

the value of— (AxB)ar (1,0, —2), [Kanpur 1975, 791
Solution, We have A xB= i i k

| x¥yz “=2x2° xz? |

Ty y —xt .Ii
=(2x%z8 —xyz8) i+ (2xz8+ xPvz) j+(x*Pz4-4xzt) i,

Q— (Ax Bj=—x22 i+x'z j+ 2x%pz k.

Agam (AxBJ {—% (AXB]}

—-~z’ i4-4x3z j+dxyz k. (1)
Putting x=1, =0 and z=-—2in (l), we get the required
derivative at the point (1, 0, —2)=—4i —8§j.
Ex. 2. {f f(x,y, 2)=3x3y—)%2, find grad [ at the point
(L, —2, —1).  [Agra 1978]
Solution. We have

T e
gradf~-v,f-(1 itk =) Gxty—yiz)

=i %; (3x%y—y*zh)+j g—y (Bxty—y%:")+k Ei— (3x*y—)*2%)

=i (6xy) +j (3x*—3)22%)+k (—2%2)

=6xy i+(3x—3y%2%) j— 2y%zk.

Putting x=1, y=—2, z=—1, we get

VI =61 (=2)i+{3(P=3 (=2 (1P (-1)%]
—2(-2" (-1 k
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24 Solved Examples
= —12i—9j—16k.
Ex. 3. Ifr=|r | where.r=xi+yj+zk, prove that
() ¥ fiN=f" () Vr, {i) Tr=--r,  [Robilkhand 1981]

(fif)y V f(r)yxr=0, () V (}r_)=,_.-r_, [Kanpur 1976]

f’
(v) Viog|r|==5
| (viy T rv=nra-ty, :
[Kanpur 1970; Rohilkhand 76; B.H.U. 70]
Solution. If r=xi+4yj+zk, then r=| r |=4/(x24)y3+2%).
ri=xi4y'4 22,

6 vrm=(ig+ig+k5) 10
=i % ﬂr)+j = f(r'J+k =10
=if0) i O kS
=" (r) (i axf+i,é~+ —)=f (NVvr.

(1) We have Vr-—l +j 8y+ Bz
or ar x
2__ 2 2 2. . o ook A . o,
Now r2=x?4 2429 ﬁrax 2x i.e. ==
s or_ ¥ or  z
Similarly A= and =

I T TTIE
V”—T‘!-’r—; .H'—;.k-— F (xi+yj+zk)= L,

(1ii) We have as in part (i), 7f(r)=f" (r) Vr.

But as in part (ii) r=—]r— r.

7 firy=1"(r) -:— r.

v f(r)xr={f'lr)]7 r }Xr={—: f’(r}} (rxr)

=10, since r xr=0.

. LY., (1 By, 10 (1
i e ( r) 5T )ﬂ oy (T’}'H‘ oz (T)
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Gradient, Divergence and Curl 35

S vy, . 1or 1 or
ﬁ'(—;ra—x)ﬂ(—;rﬁy)“(—;?az)

1 (or or
=T (ax '+‘l+az . )

=___.( f '+y7 J+7 k ) [see part (ii)]

g o 1
".T (xityjtkK)=—75r
(v) We have 7 log | r |=V log r
. 0 2 3
= o log 4§ 55 log r+-k %= logr

lor., lor,, 1or L% e B o B
rax'+ray s _T(?l+r1+7k)
=;,~ (xi+}’l+2|l)=r—,- r.
(vi) We have 7 rm=i 9 n+'a mik e, m
I =l Mgy 9z

LT or or B By ar)
=i pre-1 n-1 L e T I R Sl pidl
inr +jnr ay+k nr nre (I +] ay+k 7

ox 0z ox
=nr*t Jr
=nrn-1 IT r ; [ Vr=~:- as in part {ii)]
=n-?r,

Ex. 4. Prove that flu) Vu=% ! S (u) du.
Solution. We have V [ f(u) du

;.
=~ ﬁ{.‘f(“} H } [by def. of gradient]
=i {ju j f(u) du }g——:wzi fw) g;:f(u) Ti g;:f(u) T
Ex. 5. Show that
(i) grad (r-a)=a, (ii) grad([r, a, b]=axb,
where: a and b are constant vectors. [Rohilkhand 1981; Bombay 70]
Solution. (i) Let a=a;i+a, j+a, k. Then a,, a,, a, are cons-
tants. Also r=xi+yj+:zk.
L rea=ag.x+agy+a6,2.
grad (rea)=Y (r-a)=V (a;x+a;y+a52)

.2 ]
=iz (ax+a,y+a52)+] g— @x+a,y+a2) +K o= (X +ayy+ay7)

—~a1 l+a, j+a; k=a.
(ii) grad (r, a, b]=grad {r«(axb)}, where axbisa constant
vector
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=axb as in part (i).
Ex. 6. (i) Interpret the symbol a«%7.
(ii) Show that (aeV) ¢=a\ ¢.
(iii) Show that (a«V/),r=a,

Solution. (i) Leta=ai +a, j+a, Then
2% =(a,i +a,j+agk)e ( g ay+k Fz)
] ]
=0y a}"f'ﬂz a—y'i"fa L
Thus the symbol’a«77 stands for the operator

G G 2
Gamthntha
i a 0 0
(i) (17) b=(m o+ o+ 2| 6

Also  a+Vd=(ai+a,j+ak)+ (a56 |+a¢j+ : )
- ¢ dé
=4a, ?x—l- say-[_ 'saz-
Hence (a-V7) ¢~B~V¢

(iii) (a-V) f—(axa +a, ay+ﬂna )

=da; a—x+ ds a-}-‘-l-a, a—z.

Hoy g2
ax “ay rezT
(as ) r=a,i+a,j+a;k=a.

But r=uxi+jyj+zk.

Exercises

1. If f=(2x%y—x%) i +(e*¥ -y sin x) j+x? cos y k, verify that
o f
dyox ox oy [Agra 1978)
2, Ifé(x,y, 2)=x¥p+y*x+22 find V¢ at the point (1, 1, 1).
[Agra 1979]
Anms.  3i+3j42k.

¢ . 08 4 ]
[Note that Vgﬁ—w— +ay +az H
3. Find grad f, where f is given by
f=x®—y34x22, at the point (1, —1, 2). [Agra 1977]

Ans.  7i—3j+4k.
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4. Iu=x-+ty+tz, v=x24y2422% w==yz +2zx+Xxy, prove that
(grad u)e[(grad v)x(grad w)j=0. [Kolhapur 1978]
of  of\ . of o O
5. 1 F=(y3 2 ] 1+ = 55— a.) ;+( o L)k,
prove that
(i) F=rxvf, (i) Fer=0, (i) F-v f=0.
6. If g=(3r? - 4rY246r-1'3), show that
T p=2 (3—r-%2—r~ ") 1.
Prove that Vdedr=dd.
8. P and p are two scalar point functions such that ¢ is a function

-~
.

of p; show that VP—-—* vp-

9. Prove that A-( v —i—-): ‘%{
10, Prove that 7 r8=—3r"5r. [Agra 1974]

§ 5. Level Surfaces. Let f(x, y, z) be ascalar field over a

region R. The points satisfying an equation of the type
f(x, y, z)=c, (arbitrary constant)

constitute a family of surfaces in three dimensional space, The
surfaces of this family are called level surfaces. Any surface of
this family is such that the value of the function f at any point of
it is the same, Theretore these -surfaces are also called iso-f sur-
Jaces.

Theorem 1. Let f{x, y,z) be a scalar field over a region R.

Then through any point of R there passes one and only one ievel
surface.

Proof. Let(x), y,, z,) be any point of the region R. Then the
level surface f (x; ¥, z)=f (x,, ¥,» 2} passes through this point.
Now suppose the level surfaces f{x, y, z)=¢, and f(x, », z)=¢,
pass through the point (x,, y,, z,). Then '
f(*1, ¥1, 20=0cy and f (x;, Yy, ?1)=f~'2-
Since f(x,y,z) has a unique value at (x,, y;, z;) therefore

we have €1=C¢C;.
Hence only one level surface passes through the point
(xl' Y1 2_1)-
Theorem 2. 7 fis a vector normal to the sutface f (x, y, z)=¢
where ¢ is a constant. [Agra 1968; Kerala 75|

Proof. Let r=xi+yj+zk be the position vector of any point
P (x, y, zj on the level surface f(x, y, z)~=¢c. Lct
Q (x+3x, y+¢y, z+9z)
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* be a neighbouring point on this surface. Then the position vector
of Q=r+3r=(x+3x) i+(y+dy) j+(2+32) k.

1;-5=(r+8r) —r=8r=38x i+8y j+éz k.
As Q—P, the line PQ tends to tangert at P to the level sur-
face. Therefore dr=dxi-+dyj+dzk lies in the tangent plane to the
surface at P,

From the differential calcuhm, we have
=2 Y +a o dy-!—af dz

( é,; +I: af)-(dx1+dn+dzk1_vf dr.

Since f (x, y, z)-constant therefore df=0.
.V fedr=0so that / fis a vector perpendicular to dr and
therefore to the tangent plane at P to the surface
fix, 9 2)=c.
Hence ¥ fis a vector normal to the surface f {x, y, z)=c.
Thus if f (x, y, 2) is a scalar field defined over a region R,
then ¥/ at any point (x, ¥, z) is'a vector in the direction of nor-
mal at that point to the level sutface f (x, y, z)=c passing through
that point
§ 6. Directional Derivative of a scalar point function.
 { [Agra 1972; Kolhapur 73; Bombay 70]
Definition. Let [f(x, y, 2) define a scalar field in-a region R
and let P be any point in this region.” Suppose @ is a point in this
region in the neighbourhood of P in the direction of a given unit

”
vector a.

Then thpf Q) -/ Uf'_}_ , if it exists, is called the directional
derivative of f at P in the direction of a.

Interpretation of directional derivative. Let P be the point
(%,5,z) and let Q be the point (x+38x, y+8y, z+8z). Suppose
PQ=38s. Then ésis a small element at P in the direction of

a. Af Of=F(x+3%, p+8y, 2+32)—f (%, ¥, 2)=f(Q)—f (P), then
8f

°_ represents the average rate of change of fper unit distance in
oF

the direciion of a. Now the directional dervative of f at P ia the
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Normal at P, Let R=X i+ ¥ j+4 Zk be the position vector of
any current point Q (X, Y, Z)on the normal at P to the surface.

The vector PQ—»R--r (X—x)i+(Y—p) j+(Z—2z2) klies a}ong the
normal at P to the surface. Therefore it is parallel to the vector
v/ '

a.a (R-l')){Vf:ﬂ "'(2)
is the vector-equation of the normal at P to the given surface.

Cartesian form. The vectors

(X—x) i+(¥~y) j+(Z—2) k and vf——af of L

o l+a +__

will be parallel if
: . . a_f af
X-2 i+F-0 i+ @~ k=p (L i+Li+ L ),
where p is some scalar.
Equating the coefficients of i, j, k, we get

) 2
X— x—.pé—); Y—y= paﬁ Z—z= pa{

i x 3 (D
are the equations of the normal at P,
SOLVED EXAMPLES

Ex. 1. Find a unit normal vector to the level surface
x*y 4 2xz=4 at the'poini (2, —2, 3).
Solation, The equation of the level surface is
f(x, y, zy=x2y+2xz=4,
The vector grad fis aiong the normal to the surface at the
point (x, y, z). '
We have grad f=V (x%y+2x2)=(2xy+422) i+x? j+2x k.
at the point (2, —2, 3), grad f=—2i4+4j+4k.
—2i+4j+4Kk is a vector along the normal to the given
surface at the point (2, —2, 3).
Hence a unit normal vector to the surface at this point
— 2i4+4j+<k —2i +4j+k
= AR = Vi {16 0~ BT
The vector — (—3i+23j+2k) ie., }i—3j—2k is also a unit
normal vector to the given surface at the point (2, —2, 3).
Ex. 2. Find the direcrional derivatives of a scalar point func-
tion ["in the direction of coordinate axes. —
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Selution. The gradfa.t any poiut (x, y, 2) is the vector

of .

The directional derivative of f in the direction of i

cgnd foim (L 122 1Yk )il
=grad fei= ( +By -[- ) =35
Similarly the directional derwatwes of fin the directions of j
and k are id and Gf '
oy

Ex. 3. Find the directional derivative of f (x, y, z)=x*yz+ 4xz*
at the point (1, —2, —1) in the direction of the vector 2i—j—2k.
[Allahabad 1978)
Solution. We have f (x, y, z)=x2yz44xz2
grad f=(2xyz+42%) i--x¥z j+(x%y+8xz) k
=8i—j— 10k at the point (I, —=2,-—1),

If a be the unit vector in the direction of the vector 2i - j—2k,.
then =i 2 &%
VE+1+49)~ 3 &
Therefore the required dlrectional derivative is
T grad foa=(si-i— (00 Gi—ti- =104 + 1 203

Since this is positive, f is increasing in this direction.

Ex. 4. Find the directional derivative of

f(x, 5, 2)=x2—2p8+ 420
at the point (1, 1, —1) in the direction of 2i+j -k [Agra 1979]

Ans, 8/4/6.

Ex. 5. Find the directional derivative of the function
f=x2—y*4 2z at the point P (1, 2, 3} in the direction of the line

PQ where Q is the point (5, 0, 4). [Agra 1980]
Solution. Here grad af afH-a‘z

=2x i—2y j+4z k=2i—4j 12k at the point (1, 2, 3). 1

..+
Also PQ=position vector of @ - position vector of P
=(5i4-0j+4k) - (i4+2j+3k)=4i—2j +k.

5
If 2 be the unit vector in the direction of the vector PQ,
’ 4‘__:]::" {Fl.——:‘v..l b
thew a= = o TF =T
‘.f \alv <+
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the required directional derivative

B —2j+k
=(grad f) A= (2i—4j+ 12k)- { VO }
28

SRy 21 \/(21)"- +/(21).

Ex. 6. [Invhat -direction from the point (1,1, —1) is the
directional derivative of f=x3—2y®+4z* a maximum ? Also find the
value of this maximum directional derivative,

Solution. We have grad f=2xi—4yj-+8zk

=2i—4j—8k at the point (I, I, ~1).

The directional derivative of f is a maximum in the direction
of grad f=2i—4j— 8k.

The maximpm value of this directional derivative
=i grad { |=| 2i—4j —8k [=v/(4+16+64)=/(84)=2v/(21).

EX\ID For the function f=y/(x*4y%), find the value of the
directional derivative making an angle 30° with the positive x-axis at
the point (0, 1).

Solution. We have grad | f- 1—{-:{3

—~2xy s
(X‘i .|_y2)l +[xs igjz J""' ,] at the pO]l'l[ fO l}

If a is a unit vector along the line which makes an angle 30°
with the positive x-axis, then

a=tos 30° i+sin 30° j=l/f§-i+§j.
the required directional derivali\«‘e is
—grad foa=(--j)- (-—— i+ J)—--i
Ex. 8. What is the greatest raie of increase of u=xyz® at the
point (1,0, 3) 7 [Agra 1968]
Solution. We have Vu=yz* i+xz? j+2xyz k.
at the point (i, 0, 3), we have
Tu=0i+9 j+0 k=9 j.
The greatest rate of increase of u at the point (1, 0, 3)
=the maximum value of j? at the point (1, 0, 3)

=| YVu |, at the point (1, 0, 3)
=|9j|=Y.
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Ex. 9. Show that the directional derivative of a scalar point

function at any point along any tangent line to the level surface at
the point is zero.

Solution. Let f(x, y, z) be a scalar point function and let a
be a unit vector along a tangent line to the level surface
f{x,y 2)=e.

We know that %7 is a normal vector at any point of the sur-
face f (x, ¥, z)=c. Therefore the vectors 7f and a are pet-
pendicular.

Now the directional derivative of f in the direction of a

=a-V f=0.

Ex. 10. Find the equations of the tangent plane and normal 1o
the surface 2xz*—3xy—4x="17 at the point (1, —1, 2).

Solation. The equation of the surface is

f(x,py, 2=2xz3—3xy -4x=".
We have grad f=(222—3y+4)i-3x jf-4xz k
=7i-3j+8k, at the.point (1, —1, 2).
7i—3j+8k is a vector along the normal to the surface at
the point (I, —1, 2).

The position vector of the point (1, —1, 2) is =r=i—j+2k.

If R=Xi+ Yj+Zk is the positicn vector of any current point
(X, Y, Z) on the tangent plane at (1, —1, 2), then the vector R-r
is perpendicular to the wector grad f.

the equation of the tangent plane is
{R—r)sgrad =0,

ie. (Xi+Tj+ZK)— (i - j+ 2k )}=(Ti—3j+8k)=0,
ie. (X —1) i+(F+1) j+(Z—2) k}+(Ti—3j+8k)=0,
fe. 7 (X138 (P 1)+8(Z-D)=0,

The equations of the normal to the surface a' the point
(i, —1, 2) arz

X—-1 Y41 : Zx ? —1 Y+l Z-2
f — of T -3~ 8
ox ay 3z
Ex. 11. Find the equations of the tangent plane and normal to
the surface xyz=4 at the point (1, 2, 2\. [Agra 1970]

Solution. The equation of the su-face is
fx,y )=xyz—4=0.
We have grad f=yzi+xzj+ xyk
=di-}-2j+2k, at the point (1, 2, 2}
4i+42j+2k isa vector along the normal to the surface at
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‘the point (1, 2, 2).
The position vector of the point (1, 2, 2) is =r=i+2j+2k.
If R=Xi+ Yj+ Zk is the position vector of any current point
(X, Y, Z)on the tangent plane at (1,2, 2), the equation of the
tangent plane is

(R—r)-grad f=0,
ie. {Xi+ Yi+ Zk)—(i4+2j+2k)} «(4i+2j+2k)=0,
i.e. (X -1 i4+(Y--2) J+(Z— ) k}+{4i+2j4 2k)=0,
ie. A(X—-DF2(Y-2+2(Z2-2)=0,
ie. 4X42Y+2Z=12, i.e, 2X+Y+Z=6.

The equations of the normal to the surface at the point
(1,2, 2)are

ie X-1 ¥-3 Z-2 iz ,_1_’_—_1=1_’_—_2=2£:2
' 4 T2 T2 72 1 1
Ex. 12. Given the curve x*+yp*+z2t=1, x+y+z~=1 (intersec-
tion of two surfaces), find the equations of the tangent line ai the
point (1, 0, 0). [Agra 1969]
Solution. A normal to x*L+y2+4z2=1 at (1, 0, 0) is
grad f,=grad (x®4y3+ z%)=2xi+2yj+ 22k =2i.
A normal to x+y-+z=1at (1,0, 0)is
grad fy=grad (x+y+2z)=1i+1 j+1 k=i+j+k.
The tangent line at the point (1, 0, 0) is perpendicular to both
these normals. Therefore it is parallel to the vector

(grad f;) x(grad f,).
Now (grad f;) x (grad f3)=2i X (i+j+k)
=2i X j+2i x k=2k - 2j=0i—2j+2k.
Now to find the equations of the line through the point
{1, 0, 0) and parallel to the vector 0i— 2j-+2k
The required equations are
X-1 Y-0 Z-0
0T =2T 72
Y. Z
177"
Ex. 13. Find the angle between the surfaces x'+y3-z2=9,
and .=x*+y*—3 at the point (2, —1, 2). (Kanpur 1978, 80)

=

i.e. X=1;
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Solution. Angle between two surfaces at a point is the angle
between the normals to the surfaces at the point.

Let fi=x2+y*+-22 and fy=x*+)? —z.

Then grad f;=2xi+2yj+2zk and grad fo=2xi42yj - k.

Let n,=grad f; at the point (2, —1, 2) and n,=grad f, at the
point (2, —1, 2).. Then

n,=4i—2j+4k and n,=4i -2j—k.

The vectors m; and m, are along normals to the two surfaces
at the point (2, —1, 2). If 4 is the angle between these vectors
then nehy= | o, | {my| cos @
or 16+4—4=4/(16+4+ 16) 4/(164-4+1) cos 4.

8
W

or §=cos™!

oo 9“6\/(21}
Exercises

1. Find the gradient and the unit normal to the level surface
x*}y- z=4 at the poirt (2, 0, 0).

Ans. 4i+j—k, 3‘/2 (4i+j—k).

2. Find the unit vector normal to the surface x®—y24z=2 at
the point (1, —1, 2). Ans. 3 (2i+2j+k).

3. Find the unit normal to the surface z=x*4 y® at the point
(-1, —2,5) (Kanpur 1975, 79)

Ans, (‘/21) (2i-+4j+K).

4. Find the unit normal to the surface x*—3xyz+z?+1=0at
the point (1, 3, 1). (Allahabad 1979)
Ans (-‘-}-ﬂ) (i=31-K).
5. Find the directional derivative of ¢=xy+yz+zx in the
direction of vector i+2j+2k at (1, 2, 0). Ans, 10/3.
6. Find the directional derivative of ¢ (x, y, z)=x%yz+4xz? at

the point (1, —2, 1) in the direction 2i—j— 2k,
(Poona 1970; Allahabad 78) Ans, —13/3.

7. Find the directional derivative of the functior
f=xy+yz+zx

in the direction of the vector 2i-4-3j+6k at the point (3, 1, 2).

(Rohilkhand 1980, 81; Agra 75)
Aps. 45/7.

8. Find the directional derivatives of ¢=xyz at the point
(2, 2, 2), in tbe directions
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(i i, i) j (i) i+j+k
Ams. (i) 4, (ii) 4, (ili) 44/3.
9. Find the greatest value of the directional derivative of the

function 2x*—y — z* at the point (2, —1, 1}. Aans. 9.

10. Find the maximum value of the directional derivatives of
¢=x%yz at the point (I, 4, 1). (Bombay 1970)
Ams. 9.

11. Find the equation of the tangent plane to the surface
vz—zx+xy+5=0, at the point (I, —1, 2).
Ams. 3x-—3y42z=10.
12. Find the equations of the tangent plane and normal to the .
surface x¥+y2+422=25 at the point (4, 0, 3).
-4 y z-3
Ans. 4x43z= 25, T =953
13. Find the equations of the tangent plane.and normal to the
surface z=x®4-»? at the point (2, —1, 5).
g x-—2 y+l 2 5
TET T :
14. Find the angle of intersection at (4, —3,2) of spheres
x24y*422=29 and x%4 y¥4-z2844x -6y —8z—47=0.
Ans, cos~! 4/(19/29).
15, If F and f are _point functions, show that the components of
the former tangential and normal to the level surface
n VfX(EXVS) (Fvf) VS
=TT Y
Solution.” The unit normal vector to the surface f=0 is
N
USEL”
The magnitude of the component of F along the normal
e VS
-5 v
the component of F along the normal
=~ vf VS _FVSf) o F9f)
{F' ¢ vf!} VAT Ve Y
Consequently the tangential component of F is
—p_F V) (VVf) F-(F-Vf) Vf
(VS (V)R

_ USfX(EXVf) ... g
M7 [ ax(bxc)=(a-c) b—(asb) c].

Ans. 4x—-2y—z=
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div f=7 «f= ( +},, +k; ) o(x% i —2xz j+2yz K)
(x’y)+ (— 2xz)+ > (2y2)=2xy+0+2y=2y (x+1).

(ii) We have curl =9 xf=| i i k

S oy
o

I
ax oy
xy -2xv 2yz

=|:;— (2yz)—— (—2xz)] |—|:-1— (2yz)-—~~ (-1‘2)’}] j

l: = ‘.xz}— — (x’z):l

=(2z+2x) i—0 j+(—22—x‘) k= (2x+2z) |—(x"+2f) k.
(iii) We have curl curl =7 x (7 x{)
=T %[(2x+2z) i —ix®*+2z2) k]

= i i k |
i |

i ‘ A o I|
X ?T; nz |

:[:—} (—x*— z)] i [;x (—x? -—2:)—;2 2x+2:)]j
4.[0—;:} {2x+22):| k
=0i-(=2x—2) j4+(0-0) k=(2x+2) j.

Ex. 4. Determine the constant a so that the vector
Ve=(x+3y)i+(y-—2z) j+(x-Far) K is solenovidal. [ Kanpur 1978]

Solution, A vector V 1s said to be wlcnmdul i dl\" V=i
We have div V=" _/-V__ (X 3y)+ (y Zz)+ (x+az)
=l+4l+a=2+a.

Now div V=0 if 24+a=0i.e. if a=—2.

Ex. §. Show that the vector
V=(sin y+z) i+ (x cos y—z) i+ (x—y) k is irrotational.

Solation, A vector V is said to be irrotational if curl V=1(.
We have curl V=" xV
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. ik
' |
¢ g 9 |
nx dy 9z |

i
sin y+2 xcos y—z 34:—}7I
¢ (x— ———a—(x COS y— :] i“[ifxu )-—El(si +2) 1
=| = 5 y=2) =XV —5; inyta) |
o g .
+[é’§ (x cosy—z)— e (sin p+2) 1 k
=(—141)i—(1—1) j+(cos y—cos y) k=0,
V ig irrotational.
Ex. 6. If V is a constant vector, show that
() div V=0, (i) curl V=0.
%
Solution. (i) We have div V=i« aal;—%j-gz -'Z-k-gj
—i-0+j 0+k 0=0,
r“
(ii) We have curl Vh—ix +}>< +k><--

—i><0+jx(l—|—k><0 0
Ex. 7. If a is a constant vector, find

(i) div(rxa), [Rohilkiand 1980, 81]
(ii) curl (r x a). [Rohilkhand 19817
Solution. We haver=xi+4yj+zk.

Let a=aga,i+a,jtak. Then the scalars a,, &, a5 are all

constants.
We have r Xda=| i i k i
i
| x v z |
a; a, a3

=(aay a,2) :+(012—aax) j+(ax— ﬁ;:r) k.
(i) div (rxa)——(aa.v azZ)-f- (a2— aax)+ \ﬂzx~anJ’}

(it} curl (rxa) v x{rx::}
_‘ i k

=)

g G
ax dy 0z

r'__)

aay — sz alz e aax ﬂgx - ﬁixy
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0 2 ¢
=['§)‘, (azx_ﬂﬂ’)—é"z‘ (alz_asx)] i_[é} (azx—a,y)

.,
.'—52— (ﬂa}’-—agz)] j+[a~;— (alz—a,x}—éi— (azy —a,2) ] k
=—2ai —2a,j—2a.k=—2 (a,i +a,j+ a,k)=—2a.
Ex. 8. If V=e2 (i+j+k), find curl V.,
[Meerat 1969; Agra 70]
Solution. We have curl V*—-‘ i j k {

a3 a2 |
| ax ay a_z‘

fTUE exv: oz |
— _a_ THE .___8 z'f\.l i _?_ wYz _,_‘i & z] 4
—[By (e74) 0z (e "’_i '+[az(”) ox ) | i
0 sz _a_ Yz k
[- N )5 (e )]
=g (xz—xy) i +e™* (Xy —yz)j-hez¥ (yz—xz) k.
Ex. 9. Evaluate div f where
f=2x%zi—xy%zj+ 31°x'k. [Kanpuor 1970]
Solution. We havs.
i ity 2o N R
div ——V'»—ll i 5}-+k 5}-(2;: z1—xp2zj+ 3y*x k)
7! 7 2
s 2 i S g ,
=5 A2x Atz (=02t Gy
=#xz—2xyz+4 0=2xz (2—y).
Tx. 16. Show that 7% (x/r3)=0.

. [ x R opr o x'
Solution., 2 | - )n('— O I o kg
Vi JT e TR e \pe )
X
4

B 6x 15x*or

r ol (R T ré ox

3 x 6x 15x% x 9x 15x3

E 2 i
:
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2 3xy v EF y]
=7t [v %%
a( 3xy\ _ 3x ISxydr _ 3x  15x)*
)*m;‘_ TS 3y T
x) 3x 5xz®

r3 ré ri;

a2

Simi o
imilarly _az’(

Therefore adding we get

e (X\_(* 8 % i)
v (r" )‘(8x2+a,v*+az“ r®
9x 15x% 3x 15xy? 3x 15xz%
P8 TR s T TS

Sx 15 _ 15x 15x
:_%x+_r?x (343420 =— Eﬁ_+}_"" rt=0.

Exercises

'fl) If f=xy%i 4 2x2yzj—3yz%k, find div f and curl f,

—/  What are their values at the point (1, —1, 1) ?

[Agra 1979]
Ans.  y24-2x2z—6yz; —(3234-2x%p) i+ (dxyz—2xy) k.

_ At the point (1, —1, 1), divi=9 and curl f=—i—2k.
(2N If f=(p 42 —xY) i+ (2R ) j(x2 229 k, find
" div f and curl f.

Ans. —2x—2y<£2z;21y—2)i+2(z—x) j+2 (x—y) k.
If F=x2zi— 2)%2%] +x)*zk, find div F, curl F at (1, —1, 1),
Ans. div F= 4, curl F=—6i42j.
4. Find div fand curl f where

f=grad (x®+y3+23—3xy2).
Ams. diwv =6 (x+y+z); curl f=0.
Find the divergence and curl of the vector

f=(x?~»?%) i+2xyi+(*—xy) k. (Agra 1977]

Ans. div f=4x, curl f=(2y—x) i+yj.
6. Given ¢=2x%%z%, find div (grad ¢).
Ans.  12xp?z8+ 4x3z4 4 24x%)223,
If 4=x%—y?+4z, show that V3u=0.
8. If u=3x%y and v=xz?—2y, then find
grad [(grad u)s(grad v)].
Aps,  (6yzE—dx) i+6x2° j+12xyz k.
9. Iffs(x+y+1)i+j+(—x—y) k, prove that
fecurl f=0. (Kanpur 1980; Agra 78, 80]
10. I f=f, i+/, j+/; k, show that
Vo=V fisi+ Vf:a‘j + st'k;

L7F+]

wh

o
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vV xf=Vfixi+ 9HLxi+ VS xk.
11, Find the constants a, b, ¢ so that the vector
=(x+2y+az)i+(bx—3y—z) j+(4x+cy+2iz} b
is irrotational.
Ans. a=4, b=2, c=-—1\.
§ 11. Important Vector Identities.
1. Prove that div (A+B)=div A4-div B
or V-(A+B)="VA4+ 7B
Proof. We have

div (A+B)=V-(A+B)= ( _+i a+1;—) «(A+B)

(A+B]+i-g~ (A+B}+k-r (A+B)

5l
. (A G B fA B
=..(¢+of_i)+j (%Alaqy)ﬂ (az+a }
=( +.I‘ —+k oA)+{. 5y LB 2?)
=T e A-{—V-B divAj4-div B

2.  Prove that curl (A+B)=cur! A+curl B
or V X (A--B)= 7% A+ 7 xB.

Proof. We have curl (A+B)=" x(A+B)

L
= :"'

~—E|>< = +El>< al;—curi A-+curl B

: ._,- }fA is-a differentiable vector function and ¢ is a differenti-
able scalar function, then
div (¢A)=(grad ¢)s A+¢ div A
or Ve(pA)=V¢j=A+¢ (V-A).
[Meeruvt B, Sc. Physics 1983; Venkateswara 74; Rohilkhand 80;

Agra 71, 74; Bombay 70]

-

5 .. 0 5 :
+ig ks ) X(A+B)=Zix  (A+B)=Six (‘_‘:Jr?f:)

Proof. We hr. >
di Y T oA = (i i 2 i). r
iv ($A)= 7 +(¢A. (. A R SARTY

=ie5; (A +io (#A)+hez- (4A)

:2{i- %(;m;}:x{ ( LAty )}

g P

[a¥]
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-={- (i a)f+={ (5]
__z{ od )-A}+}J{ é (i- é;}
[Note a«(mb)=(ma)sh==m (a+b)]
={z Zi}aren(ic 2)=waratev-a.

\\ Prove that curl (¢A)=(grad ¢) X A+¢ curl A
or -/ V X($A)=(V$) X A+¢ (V X A).
[Agra 1968; Meerut 67, 68, 72; Bombay 68; Kanpur 76;
Punjab 63]

Proof. We have
curl(¢A)—vx(¢A)=(: +i a}, —a--)x(séA)

csfbcd, onfsfoe (0 22}
ot {5
=E{lé—;i)xA}+Ei¢(lxtA)}
[Note'that a x(mb)=(ma) x b=m (a X b}]
'={2 (2 )}XA+¢2(1X ) =(VH) X A+4 (V xA).

@ Prove thatdiv (A xB)=Becurl A—A-curl B
or - V(A xB)=B«(7 X Al—A+(V XB).
[Agra 1570, Punjab 66, Banaras 68, Calicut 74,
Allahabad 76, 78, 79, Meerut 72]

[ b aut]
:«i

Proof. We have

div (A ~ :}=£{l. 5— (AxB) } {1- (; x B+ A\iﬂ)}

:}:{i- (BA ,\B)L+E{'- (ﬁAwB)}
~ {(‘y;@) Bi‘ { i (C xA)Jk

{Nolc a-{b}c’c) (axb)sc and as(bxXc)=-a+(cxh)]

.={ ):( jt -B— z“ i/‘B) }=(curi A)-B—{}J ( ix%:)}-A

={(curl A)s B -{curl B)s A=8B+curl A—A-curl B,
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_{ 6.y Prove that
' curl (Ax B)=(B+7) A—B div A—(A+V) B+A div B.
[Agra 1972, 74, Allahabad 77, Punjab 61]

{lx—- (AXB)}=E{IX(AXBB+%‘: B)}

{ (AxaB)}+z{1x(%‘_‘xB)}

{( ) —(i=A) }-I-E{{I-B)a (;. %%)B}
aff 2 sl Bl 22
e B om 2 e bl

;<\(div B) A—(A.V) B+(B-V) A—(divA) B
7.} Prove that

grad (A+B)=(B+77) A+(A=77) B4 B %turl A+A Xcurl B.
[ Allahabad 1980, 82, Robilkhand 78, Punjab 67, Banaras 68]

Proof. We have A
5B aA_B)
grad (A-B)=7 (A+BJ= >:1 (A B)_z.( s

-.:Z{(A»——) }+2{(B-f) } (1)

Now we know that ax (bx ¢)=(asc) b— (a=b) €.
(asbh) c=(a-c) b— ax(bxc).

3 (A-%I—s)l—(A-l)a Axl%I—‘XI)

( B\
__(A'l} +AX ax;

- 3B
o {{52) -afro 2} {2
- B
={A-zii} B+AXS ( x%-x)
—(A- ) B+AX(V XB). ()

Putting the xalues from (2) and (3) in (1), we get
grad (A+B)=(A-V) B+AX(V YB)—HB-V) A+BX(T xA)

5]

..(3)
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Note. If we put A in place of B, then
grad (A-A)=2 (A«V) A+2A X (7 X A)

or 4 grad A?=(A-T) A+ A xcurl A,
8. Prove that div grad ¢="72¢
Le. Ve(7¢)=T%. [Rohilkhand 1981; Agra 70]
Proof We have
.9 ,. @ G 895.8515.895)
- ' L — RS co= - — — k
V(V4) ('ax + 'kaz) (ax'+ay i+

(5 )
()35 )+a (5
B¢ P o' (02 P 58) .,
gt g gt aprtam) $= 0
9. Prove that curl of the gradient of ¢ is zero
ie. T X(Vd)=0, ie curl grad $=10.
[Rohilkhand 1981: Agra 74; Delhi 64; Banaras 70:
Meerut 72; Kerala 74; Venkateswara 74; 1/ anpur 70)
8¢ ., 0 . 0d
Proof. We have grad ¢:éx '+ay ]-l-fi: k.

curl grad ¢="7 X grad ¢
[0 D 2 36 { 09" o

ox y ' 0z Xy <8y " oz
= i i k o
| @ ¢ i
| dx dy oz

| 26 o™y ¢
ix oy oz
0% 3%\ 224 2 ) . ( ool S I

=(ay 2z oz oy ) +(, % ooz ) VW\ar a5 ij %
=0i-+0j+0k=0,

provided we suppose that ¢ has continuous second partial deri-

vatives so that the order of differentiation is immaterial.
10.  Prove that div curl A=0, i.e., V(7 xA)=0.

[Agra 1970, Kerala 74; Kolhapur 73; Bombay 68]

Proof. Let A=A i+ A,j+ Ak.

Then curl A=V xA=i i j k |
| g ‘
! ¢

g b

= ]
(‘.‘.Jt"‘\)
L

“
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_(Bds BAy\ . (84, 34\ .| (34, 04,
(314 (1810 1o{22 )

qy &z oz @ ox @y
Now div curl A= +(7 X A)
_ 8 (ais 34, 0 [od, 34, o [8A, 24,
T ox \dy *az) _(-az ‘&') _( aJT)

il

ox ay +az
__jsﬁ ¢4, 24 *As 24, a4,
TOx ay Ox 6z 8y dz @y ox ' ozex czey

={), assuming that A has continuous second partial derivatives.

Prove that

X(V XxA)=7 (V+A)—TV2*A, [Meerut B.Sc. Physics 1983;

Aliahabad 81; Agra 71]

Proof, Let A=A,i+A,j+ A4k,

Then w7 ><A=i i i k

(24 ?}A,}. 0d; By, P4, B4,

'_(.Ey =g p 5;'*a—) J+(z§—a—) k.

OV RIY kA= i i k [
2 3 0
ox oy dz

84, B4y 34, 4, 04, 04, |

2y 9z ez ox ox ay |

._4,[ 87784, 3_41) 0 (04, 843\] ;]
lowbox ~ay ) e (a:“‘?f '

f

y z
{fz_u_f"_’i _(Z4 BAN]
gyex Tizox JT\g7 Tz

(0,42 a,q_a‘_(gz,!l ﬁ’.ij“ : 7

(84, DAy A,\ (0°4, 34, 0%4,\] .
(o 4545 - (s T}
(

B L B , Solved Examples
vX. 1. Prove that grad [ (u)=f" (u) grad u,
Selution, We have il

grad Sl =il S+ 5 £ D4k == [ @)
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—!f(u)--Hf(m +kf ()h

=7 '(u) l:i ?Tx ‘i‘j 3}+k 5;] =f"'(u) grad u.
Ex. 2. Taking F=x% i+ xz j+2yz Kk verify that div curl F=0.
[Agra 1968]

Solution. We have Curl F=| j i k
|
'E ? 2 2 ‘
‘ ox 2y 8z |

. x¥y  xz 2yz .|
fa . . 3 . Tz 3,7,
|5 @9 o] i[5 @a-L o]

? 2
“{ﬂx -~ (x’y)] k

=(22—x) i—0 j+-(z-x%) k=(2z—x) i+(z=x?) k.
Now div curl F=div [(2z ~x) i 4 (z—x*)k]

el a .
:z{,_\;{ (22—x)+$ (Z_"xs)::—l-’[-l:_(]
Ex. 3. Find 7 ¢ and | 7 ¢ | when
(x4 yp ) of T

Solution. Let r2=x24324 72, Then we can write g=rTe-r,
(,5 Ad . D¢
Now ' ' +. k
T (x ir}yﬂﬂzk
‘rf: [igh e i
= E——[i’.re r—pler| i

But ri=x24y2| 22

We have

x

; ar ar
Therefore 2r - =2x or —
ox ax

So !.E-—rr' (2—n) —-—(2——r)e T,

Similarly P}-.—.(zn e — \“”___(2___,) ¥ 5

Therefore V=2 —r)er (XI—I—_}J—]-"k}““ (2—r) e=*r.

Also | Vd[=|(2—r)err|=(2—r)er I r|=Q2—=r)err.
Ex. 4. Prove that div (rv r)—(n-+3) rv,

) [Mcerut 1971; Rohilkhand 78; Agra 76]
Solution. We have

div (pA)=¢ (div A)+ A=prad o
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Putting A==t and ¢ =r" in this identity, we get
div (rn r)==rn div r+re-grad ro
=3rn4-re(nrn grad r)
[ divr=3 and grad fiw)=/" (u) grad u]

n - ] . " _‘—i
=3rnfpe| prn-t -;_—r] [ . grad r=r= > r

=3 nrn-? (rer)=3rn4nre-? p2=(n-+3) re.
Ex. 5. Prove that 72 (r» r)=n (n+3) ro21, [Agra 1970]

Solution. We have 772 (rn r)="7 [V «(r» r)]=grad [div (r*r)]
=grad [(grad ro)sr4-rn div r]
=grad [(nr"=2 r)er4-3rn]=pgrad [rr»~2 r®4-3rn]
=grad [nrn=? p24-3rn]=pgrad [(n +3) r"]
=(n-+3) grad rm=(n+3} nrn-2r=n{n+3) rr2r.

Ex. 6. Prove that div (%):0. [Banaras 1970]
Solation. 'We have div (;13 r) =div {r~*r)
=r3 div r+regrad r-%=3r3 1 re(—3r* grad r)
=3r‘3+r-( — 34 }T r)

=3r 8- 3r 8 (Ter)=B3r2—3r-5 = 3r-3-3r-3=0,
the vector r=% rissolenoidal.

Ex.7. Provéthatdiv r=2/r. [Kanpur 1979]
Solution, ~div (;}=div (: r), Now proceed as in Ex. 4.
Alternative Method,
div t=div (Lr r)zdiv l: i— (xi+yj+zk)

x

edivlE i sl (x). 2
—‘dw(r'-}-r]"'_rk)_rr(r)—'_ﬁ

(1 x or T T | z ar
ot AL R AT S )

ar ir x
Now ri=x2+y?423. . 2r —=2xie _ =
X cx r
5 ar oy dr =
Similarly | -—-— and - ==
dy dz r
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r r® rorrtoor
Ex. 8.  Prove that the vector f(r) r is irrotational.

[Agra 1974; Kanpur 1975]
Solution. The vector f(r) r will be irrotational if
curl [fir) r]=0.
We know that Curl (4A)=(grad ¢)x A+¢ curl A.
Putting ¢=/ (r) and A=r in this identity, we get
Curl [f{r) r]=[grad fir)] Xr+f(r) curl r
=[f"(r) grad rixr+fir) 0 {0 curl r=0]

=|:f'(f‘) ]erf(r) — {rxr)=0, since r x r=0.
. The vector f(r) r is irrotational,
Ex. 9. (a) Prove that v"f(r)=f"(r)+~.:i_ .

Solution. We know that it ¢ is 4 scalar function then
V=" ~(V ¢).
& T2flr)=V+{V fr)}=div {grad f(r)}

—div (/') grad rj=div {-£ )T}

l—f (r) div r+4-regrad {—l_ f’(r)}

a'

3;_ f(rHr[ { f(r)}gradr]
=2 rokel{e Lo+t o) ]

3 . 0 1, 1
Lo =L rort o} en
= ros[ H-Frotero }] r

|_ r

’%

z ffr)——f (r)+f(r)y= '”(r}+ =ik
Ex. 9. (b) If 72 f(r)=0, show tf'la.f

fn="" +c.,

where ri=x%4y*4-z% and c,, ¢, are arbitrary constants,

[Bombay 1969]
Solution. As shown in the preceding example, if

ri=x14y2 4 2% then 72 f(N=/"(r)+ %-f'(r)-

3 e 3 2 3 1 2
=

-
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" A IF 72 fir)=0, then
" 2 e ") 2
Fit—fe)=0 o =7
Integrating with respect to r, we get
log /(r)--—2 log r+log ¢, where ¢ is a constant

=lo s
= gr‘:

- L C
. f (F)'———;F.
Again integrating,

! c <
j(r]:—'—'T—'—Cs where ¢, is a constant
S
=.—:_-+r:9, replacing —c by ¢,.

Ex. 10.  Prove that 7* (.,lr_):()_

[Agra 1976; Rohilkhand 81; Kanpur 76)
Solutioy. We have

(1 % W

v (_r ):V-(v —r-)-—dw (grad )
.——div(_;]? gradr):div(_ L3 !—r)hdw( )
I
—

=(_,,Ix') div r-i—r-gtad(—ris) = 3 + [ ( ) grad ’]
3

3 (3] 3
= ~r3——|—r-(r4- ). T ) r" ot (r r)——- g+ 5 r=0.

r

oo 1ris a solution of Lapldc,e $ equation.
Ex. 11,  Prove that div grad ri=un (n+1) rv=,
ie., Virn=n (n4+1) m?
[Kanpur 1978, 80; Rohilkhand 81; Agra 69; Calicut 75]
Solution. We have * rr="7+(7rn)=div (grad ra)

==div (nre ! prad r)=div ( nrn-t i, r)-—-div (nen-tr)
==(nr""?) div r 4-re(grad arn—?)

==3nr7=24reln (n—2) rv? grad r|

=3nrn-t4 r-[ n(n—2) rn-3 1 rJ

==3nr"idreln(n-—2) -t e]=3nrn 2 n (n =2y rood (rer)

=3urvttn (n—2)rn "t ri=prn-* (34 n--2)=n(n+1) o
Note. It n=-—1,then V*(r H=(—-D (=141 r"=0



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Gradient, Divergence and Curl 65

Ex. 12.  Prove that V3 (#4)=¢V -}-2V ¢ VI+¢ 7.
[Meerut 1972; Bombay 70]

Solution. We have V()= [V (¢)]
=V [¢ (V) +4 (VH]=V+[¢ (VP]+V [¢ (V)]
=¢V (VO H(TY(V ) +¢ V(T +(VP-(V )
=9V N+ 2V V4§ T4
Ex. 13. Prove that div (7 ¢ X 7 §)=0.
Solution, We know that

div (A X By=B-Curl A—A«Curl B.

S div (Véx V) =(V§)«(Curl V¢)—(T $)e(Curl T¢)

=(V )0~ (V)0 [' curl grad ¢=0]
=

Ex. 14. If A aud B ure irrotational, prove that A XB is sole-
noidal. [Bombay 1970; Kanpur 77, 79]

Solution. If A and B are irrotational, then

curl A=0, curl B=0. -
Now div (AxB)=Bscurl A—A.curl B=B-0—A-0=0.
Since div (A x B) is zero, therefore A X B is solenoidal.

Ex. 15. Prove that cur! (4 grad ¢)=0.
Selution. We kuow that

curl (¢A)=grad ¢ x A+4¢ curl A
Putting grad ¢ in place of A, we get

curl (¢ grad ¢)=:grad ¢ x grad ¢+ ¢ curl grad ¢

=04 0.
Here grad ¢ x grad ¢=0, since it is the cross product. of two
equal vectors,  Also curl grad ¢=0,
curl (¢ grad ¢)=040=0.

Ex. 16. If f and g qre two scalar point functions, prove tha:
div (f Vg)=f V& +Vf-Vg. [Meerut 1972]

".}
Seolutioni, We have Vg——-[--g- i+?—g j-i—ag k,

Therefore f Vg=f g forf {"f: i ~0g .

"’ oz
v (fom=2_ { %8} __( o8 "( '95)
So div(fVg)= (fm+ﬁ- fay'}"raz f 3,
g ' B”g) (7f o8 of g of dg)
f( Tt aa) Tox axtoy oy Toz oz
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~f (Gt Tt Zs) ¢
# +,,f rk ) (i fx)
=f V%+vfevg.

- Ex. 17. A4 vector furction { is the product of a scalar function
and the gradient of a scalar function. Show that
fecurl £=0. [Kerala 1975)
Solution. Let f=1 grad ¢, where ¢ and ¢ are scalar functions,
We nave curl f=cur (y grad ¢),
We know that curl (¢A)=(grad ¢) x A+ ¢ curl A,
curl (¢ grad ¢)=(grad ¢) x(grad ¢)+ (curl grad ¢)
=(grad ) x(grad ¢} [ curl grad ¢=0]
Now f.curl f=(J grad ¢)+{(grad ¢)x(grad ¢)}
=[¢ grad ¢, grad ¢, grad ¢]=4 [grad ¢, grad ¢, grad ¢)
=0, since the value of a scalar triple product is zero if
two vectors are equal,

(f

Ex. 18, ‘\Prove that V-{rv (;1;)}:%
or, div [r grad r-3]=3r7%,

Solution. We have 7 (r—ls-)=grad r-s
ICATTEN Off SN
-—ax (r )l+a (r )j-l-az (r-3) k.

.Now % (07 K L g—; But r2=x*+y?4 2"

or x
x=

a x
ofp-ty—3p-t L — 35
So o (r-3)=—3r . Aphiy.

Therefore 2r é—=2x

a— (r==—3r"3z

dz
Therefore ¥ (,1T ) =—73r-5 (xi+yi+zk).

Similar!y % (r3)=—3r* y and

rv (%}-):—3.'4 (xi+yj +:zKk).
: - 2
v-(rv 5 )= CI G I (3D

I B o ey
Now ( 3r-t 6)=12r ﬁxx 3r

1 v
LY N Y
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=127 2 x—3r-t=12r- 1134,
Slmllar]y — ( 3r-t py=12r-% y2_3p-¢
and r (—3rtz)=12r"% z2*-3r4,
8z

Hence v.(rv i_-lsﬁ)=|2,—a (x24-y2 4 72 —9r—4

=127 P2 —0r-4=12r-¢ _OQp-é=3p-4,
Ex. 19. Prove that a-(v _::):__‘a_-_r.
Solution. We have

grad _:-_'_"_riz grad r:—;la-m r=— 4%

i 1 asr

Ex. 20. Prove that
be (a.v i ) 3 {a-:})[h-r] a:sb

where a and b are constant vectors.
Solution.  As shown in the last xample, we have
1 Aer

a-Vj —r‘_—.—F

be v (a-? - J<b-v (_%r):h'zi = {’_aj)
(asr)+(a= ") ( rLs)}

1
¥ ax
— (wg) 3 @n e 2l

['v =aisa constan. vector]

i 3 | P ¢
=heZi {_a—-'-‘ = ‘f(a-r)} [ LT L. ]
r? X X r

(a i |—|— - (a=r) xi}

=h-{—;_3 ﬂ.+ (ﬂ. l' } ]—',' Etnai} i_—:nlandzxizr]

d'b 3 (a-r) \I}'T)
’ f'j i ri
Ex. 21, Prove that div (AXr)=r=cur/ A. [Rohilkhand 1979]
Solution. We know that
div (A xXB)y=B.curl A—A-cur! B,



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

68 Solved Examples
S div (Axr)=recurl A—A-.curlr
=rscurl A— A0 [- curl r=1]
=TFecurl A.

Ex. 22. If & is a constant vector, prove that
div {rn (ax1)}=0, [Allahabad 1980; Rohilkhand 77]
Solation. We have
div (pAj=1r div A +A-grad 4.
Sooodiv {rm (axr)j=rr div (axr)+(axr)-grad r»
=rs div (axr)+ (axr)«(nr*-! grad r)

1
=pn (recur] a—ascurl r}—Haxr)-(m""1 e r)

wzpn (rel—as+0)f-nrn-? (aXT)er
[* curl of constant vector is zero and curl r=0]
=nr*=2[a, r, 1|
=0, since a scalar triple product having two equal vectors is
7Er0.
kix. 23. Prove that
V(UVV—V7U)=UTV¥—=VTU.
[Meernt 1969; Bombay 69; Agra 76]
Solation. We have V(U7 V—V7U)
=7 (UIV)—TV-(VT7U).
Now V«(UV V)=U{VHTVR}+(TU)(VV)
=UV*WV+(VU)-(VV).
Intercpanging U and V, we get
V(Y U)=VVUA+(VV)(VU).
. VUG V—-¥TU)
=[UVEVH(V UV V)—[VIUH(V F)-(VU)]

= UG- V72U

Ex. 24. If = and b are constant vectors, prove that

()  div [(r X )3 b]==—2bea, | Rohilkhand 1979]
(ii) curl [(rxa)xhb]==hxa. [Rohilkhand 1879)

Selution. (i) We Lave (rxa)Xb=(bsr) a—(bea) r.
& div [(rxa)xXbl=div [(ber) a—(bea) r]
=div [(Bsr) a]—div [(bea) r] (1)
But div (¢A)=4¢ div A+ A-grad ¢.
Taking ¢=b-r and A=a, we get
div [{ber) a]=(ber) div a+a.grad (ber).
Since & is a constant vector, therefore div a=0.
Also let b=b, i+b, i+0, k.
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Then ber=(b,i+4b,j+ bk)s{xi-+ yi+-zk)
==byx-+ by y+ byz where by, by, by ate coustants.
grad (ber)=d,+byj+bk=b.
i div [(ber) a]=asb. . (2)
Again div [(bea)] r=(b-a) div r4-r-grad (bea).
But div r=3. Also grad (b-a)=0 because b-a is constant.
div [(bea) r]=3 (bsa). (3)
Substituting the values from (2) and (3) in (1), we get
: div [(rxa)xb]=(asb)—3 (bea)=—2hsa.
(ii) Curl [(r xa) x b]=curl [(bsr) a—(b<&) r]
=curl [(ber} a]—curl {{b+&) r].
But curl (¢A)=grad ¢ X A+ ¢ curl A.
curl [(ber) a]=[grad (ber)] xa-}{b-rj curl a
=bxa [~ curla=D and grad (Derj=h]
Also curl [(bea) r]=[grad (bea)] xr--(b=a) curl ¢
=0 grad (b=a)=0 and curl r==0)
curl [(rxa)xbl]=bxa—0=bxa.
Ex.25. Ifaisa consram vector, prove thus
axr

curl —— g r“ +—— (a-1)
Solution. Wf: havc
axr .8 faxre
e ST L
curl 2 % ( ) { }‘ax\ - )}
d axr\ 3 or r 13
How ( = RN oz XDt ( xz-z)*';s‘ 'a?‘")
) ..(1)
Now ;: =0 because a is A constant vector.
g i . or i
Also r=xi+yj+zk. S 5E i.
Boerher L™
ox r

(1) becomes

0 faxr 3 x 1 -
(5 )= Faxn+g axi
3x

=3 (axr}J-—l (axi).
axr
s

__,f_ [(,.r) a—(iea) T -| Fs—[(ioi)a-—(i.a)i]

-d

A ixgx( )_. 3x:x(sxr)+ - ix(axi)
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3x 3x 1 E .
L ;vcaar.-i-r—5 a,r+;5- 8——:5- a;l

[ der=x and isa=a, If a2 = a,i+a,j+a.k]

%3

r&

3 I 1
a~1~;_,’— a.x r+—~— a——}—s- a;i,

& E{ s ("X@')}
r

=‘{-;§ Tl }ﬂ‘i-{;g b} alx} r—l-l:aE a-;-;— Zay i

3 3 3
=y £ at (rea) r-f-;; a——5 a

[ ZxV=r?, Zg,x=r-8, 2a,i=1]

a 3

= —rT‘+r—5' (Rer) 1.

¥x. 26. Prove that div { f(:_)' };-I— M (e £y,

rt dr [Agra 1971]

Solution. We have

div {ﬂ’—)'} {f{ (Xi+yj+zk) ]r

=%{ﬂr) x1+8y{ A0} }+ {f(r) z} n
f.[ 1 f() d‘f(r)}

x i
( f
..:'-r-'- Ii

ox

.
__]__._ £ k_x_;;_’{r) ;E f (r}—%; fir).

I r

h*‘

r

Similarly _I S5 1 ¥ b= f") y - ’3 1)

ayg r

[fin 1 fin z2 .4
V7 z P \-‘")_rgf(r)-

and b
77 T

Lk

[ad M <0

Butting these values in (I) we uet

d'v{m”l : ffr)+ e (r)*—- fr)

=—§ fn+r (r):‘;:.—[hf(r)-é-r*f' (r) ]_;2— 4_2’?[: rﬁf(r}].

Exercises
1, Verify that curl grad f=0, where
J=xYy+2xy 422, [Agra 1973)
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2. Prove that
curl (¢ d)=T ¢ x Vd=—curl (¢ ). [Bombay 1969]
3. Show that curl (a-r) a=0, where a is a constant vector.
[Hint. Use identity 4. Note that ¥/ (a.r)=a, if a is a cons-
tant vector.]
4. Ifais a constant vector, then prove that
(1) ¥ (a-m)=(a-7) ut+axcurly,
(i1) Ve(axu)=—a=curl u,
(1i1) ¥V X({axu)=a divu-—(a=-Y) u.
5. Prove that a<{%/ (vea)— %/ x(vXxa)}=div v, where a is a cons-
tant unit vector.
6. Given that (F=Yp where p, p, ¥ are point functions,
prove that F-curl F=0. [Kerala 1975]

1 .
7. Show that curl ag(r)= = ¢’ (r) ¥ Xxa, where 4 is a constant

vector,
8. Prove that curl (aXr) rr=(n4-2) 7P a—n re~? (rea) r.

[Rehilkhand 1977]
9. Prove that curl grad /o=

10. If ris the position vector of the point (x, y, z) shiow that curl

(ror)=0, where r is the module of r. [Eanpur 1978]
11. Prove that ror is an irrotational vector for any value of n but
is soienoidal only if n+3=0. [Agra 1976; Rohilkhand 78]
12. If u=(1/r) r, show that 7 xu=0. [Kanpur 1979]

13, If 7% (r)=0, show that fir)=c; log r+c,
whete r?=2x%4yp?and ¢y, ¢, are srbitrary constaats.
[Poona 1970]

I:Hint. First show that if ri=x%+4»%, then
i ag
7 e Bt ) F =L 047 0]
14. If u=(1/r) e find grad {dw uj. [Kanpur 1876]
Aps. (=2/r®)r,

15, Prove that § Va%=(a-7) a2 xcurl a.
16. If a and b are consiant vectors, then show that

7 «(a-br)=a«b.
17. Prove that /? [ V-(F:—)]=2r",

18, Evaluate div {ax (¢ Xa)}, where a is a constant vector.
[Kanpur 1976]
Ans. 2a3,
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72 Invariance

§12. lovariance.

Theorem 1. Show that under a rotation of rectengular axes,
the origin remaining the same, ithe vector differential aperator 7
remain3 invariant,

Proof. Let C be the fixed origin. Let Ox, Oy, Oz be one
systemn of rectangular axes and Ox’, Oy, Oz’ be the other system
of rectanguiar axes, Take i, j, k as unit vectors along Ox, Oy, Oz
and i’, §/, k' as unit vectors along Ox', Oy’, Oz, Let P be any
point in space whose co.ordinates are (x, y, z) or {x', y', z') with
yespect to the two systems of axes. Let I, my, ny ; {y, my, 1135 1y,
m,, n, e the direction cosines of the lines Ox’, Oy', Oz with res-
pect io the co-ordinate axes Ox, Oy, Oz.

The scheme of transformation will be as follows ;

x:=l,x+m1y+n,z]
Y =lx+my+nz ¥ (1)
2'=lyx+myy-+mz ]

Also we know that ifd, m,n are the direction cosines of a
line, then a unit vector along that'line is /li+mj+nk, wherei, ], k
are unit vectors along co-ordinate axes. Therefore

:l:=ll?+m‘lj+"lk 4
§' = lyic-m, j+-n.k w(2)
kK'=Li+mi+nmk

If ¥ is any function (vector or scalar) of x, y, z, then

ovLevox aviy over

ax ax'ox 'oy'ex T oz'ox’
9 _0x'd @y 3 0820
ox ox Ox' " ox Ay’ ox 8z"

ox' ., oy ., 8z
But from (1), 'E,E_l" éi‘_!" gi'-"a-

. B B e B G
fah athytha

g 8 3 9 0

.8 1 ; _—= — e P

Similarly T 55 T ay’+m' a7 I} ..(3)

i

d._ . @ G} 8
=M Thapthy )

Multiplying the equations (3) by i, j, k respectively, adding
and usin~ the results (2), we get
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I é ., 8 ., @8 , A
imtgth =l gt ythy

Theorem 2. If ¢ (x, p, z) is @ scalar invariant with respect to

a rotation of axes, then grad ¢ s a vector invariani nader this trans-
Jormation,

Proof  First proceed exactly in the same manner as in theo-
rem 1 and obtain the equations (1) and (2).

Now suppose the function ¢ (x, y, z) becomes q')' (x5 3,2

after rotation of axes. Then bv hypothesis ¢(x, y, 2)=d¢'(x', ¥, 2')
By chain rule of differentiation. we have
dd od'Bx" R Dy Bd' Pz
’(?x_Ex’ ox Ty’ ex Tz ax’
But fro o s i
m (])’ !l Bx 2! ?x 1.’!
Pﬁ{) -\ ' ‘ ﬂf)' {_-é’ ‘]
. ‘é‘;_ll ? ,+ a a p+f‘% 82_: ;
L A fh' far e’ 5
a s LA | ok 1
Similarly 3y My +-m, i —i—ma a7’ I} wild)
deh el Y A’ A¢’
and TR 5.9 L\ l
Az nlax-‘l_n_l a}__; }'”:] "‘/'i' J

Multiplying these ¢quations by i, j, k respectively, adding and
using the results (2), w:, get
Tt DR ST T
! pxA + a2V ay pz’

grad ¢=grad ¢'.
Theorem 3. [/ V (x, y, z) is a vector function
rotation of axes, then div ¥V is a scalar invariant under

or
invariant with
respect to a
this iransformation.
Proof.  First proceed exactly in the same manner as in theo-
rems 1 and 2,
Now suppose the function V (. p, z) becomes V' (x', 3", z)
after rotation of axes. Then by hi sothesis
. Vix,y, 2=V (x, )y, ).
By chain rule of differentiation, we have
ov_ov'ax’ ev'ay f‘\ az'
ix T ax' EJ.r Ty ox ez ox
ox’ ay' 0z’
I

But from (1), E:I” e =
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. ?'V_ EW’ av’ dV' 3
.a g; 1]_ ,‘x "+' 2 éj", L] E_j II
. oy _ av’ av’ 8\/’
Similarly : T m, oy’ +m, 5 — 4 3 I}- w3
. r\v av: a"r! I",“'” |
and = i % 4, 2 +-ry 7 j

Taking dot product of these three equations by i, j, k respec-
tively, adding and using the results (2), we get

VOV LBV LBV VoV
P o L ko-— =1 ’ k‘ g
bor PRl Sty
o div Vdiv V.

Theorem 4. If V (x, y, 2) is a vector function invariant under
a rotation of axes, then curl V is a vector invarignt under this rota-
tion, [Purjab 1966]
Proof. Proceed exactly in the same manner 4s in theorem 3.
In piace of taking dot product/ of equations (3}, take cross
product, ‘We shall get

:i V'
EV " ’r' X +k’

¢V .
xaﬂx -—i—kx

or curl V.—.-.c.url V.
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If we subdivide the volume V into small cuboids by drawing

lines parallel to the three {co-ordinate axes, then dV=dx dydz and
the above volume integral becomes

HS f(x,y, 2)dx dy dz.
LIV
If F (x, y, z) is a vector function, then

[, »e¢

is also an example of a volume integral.
SOLVED EXAMPLES

Ex. 1. }:‘vafuares Fedr, where F=x%i+y% and curve C
c

is the arc of the parabola y=x*in the x-y plane from (0, 0} to
(1, 1).

Solation. We shall illustrate two methods.for the solution of
such a problem.

Method 1. The curve C is the parabola\y=2x* from (0, 0) to
(1, 1).

Let x=¢; then y=1%. If r is the pesition vector of any point
(x, ¥) on C, then r (¢)=xi4-yj=tiF 1%}

3;=i+2£j.

Also in terms of 7, F==12% |- 1%}.
At the point (0, 0)sr=x=0. At the point (1, 1), t=1,

dr st - .
j Fedr=| (F )d::] (1% 4 £%)- (124} dt
c [

e dr B
} B 287 1 1 7
5% B 7 -_—_[-__1__,. —_—— LI ey
_L{t-.-zudr 13 .810_3-}-4“120
Method 2. In the xpy-plane we have r=xi+yj.
dr=dxi+dyj.

Therefore Fedr=(x%+y%)(dxi4dyj)=x% dx+)* dy.
] F-d::i (x* dx+* dy). B
£ & )
Now along the curve C, y=x%.  Therefore dy=2x dx.
1

S F-dr=§ [x? dx+x% (2x) dx]
|

r=

1 x¥ 2y 7 '
= .xx‘ 2 7 dx:[ i '—] ='—. 4
L{ +2x7) 3+ g i =12
Ex. 2. Evaluate j Fedr, where F=(x%— ") i+xyj and curve
& .

C is the arc of the curve y=2x3 from (Q, 0} 0 (2, 8).
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Solution. The curve C is the curve y=x3 from (0, 0) to (2, 8).
Let x=¢, then y=1® Ifr is the position vector of any point (x, y)
on C, then r(t)=xi+yj=ti+13.
dr . o:
-df-—l+3r j.
Also in terms of t, F=(7?—1%) i+14}.
At the point (0, 0), t=x=0, At the point (2, 8), =2,

| Fede=|_ (F-3) ar={ 1= it aep a
C

rz [(12—15)4-3¢%] dr=§2 [t24-2¢%] dt
Jo

L) 2__|: 256] 824
=l3+74 "

Ex, 3. i F=3xy i—)?%, evaluate E Fedr, where Cis the curve
c

in the xy-plane, y=2x%, from (0, 0) to (1, 2).
[Kanpur 1978; Agra 76]

Solation. The parametri¢ equdtions of the parabola y=2x?
can be taken as

x==1, =X,
At the point (0,0}, x=0 and so r=(. Again at the point
(1, 2), x=1 and saur=l,
Now { F-a’r=§ (B3xy i—y*eldx i4-dy j)
4 € &
[*  r=xi+yj, so that dr=dxi-t+dyj]

{ {1 dx dy
= an 2 = g ]
_j'c (3xy dx—y dy)-_it—o (3xy ¥y dr ) dt

1
= i (3.0.2¢3.1—4r2.4n) dt

L2 -r y 2t*s0 tha{ dx/dt=1 and dy/dt=4t]
1 L
:E (Grs—lﬁf"}d{— 6. —-——16 —
J0 L 0
6 16 3 8 ?’
S R e T

Ex. 4. Find the work done when a force
F=(x*—y"+x) i—(2xy+y) }
moves a particle in xy-plane from {0, 0) to (1, 1) along the parabola
Y=x. {Kanpur 1980]
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Solation. Let C denote the arc of the parabola y?=x from the )
point (0, 0) to the point (1, 1), The parametric equations of the
parabola y2=x can be taken as x=r1?, y=tr. At the point (0, 0),
t=0 and at the point (1, 1), f=1. The required work done

=L F-dr:]C {(xX—y+x) i—(2xy+y) j}e(dx i+dy j)
= L [(x*—y3+x) dx—(2xy+y) dy]

s _ dx dy
=L_0[(x3—,1-’+x) E—(ny+y) d:] dr
=§1 (=412t — (203 4-1).1] dt

[1]

Y rags 3 2 18 5 Pl S
=L [205—28—1] dr=[ — ,4__2_]['
—3-i-i=—%.

Ex. 5. Evaluate ]{x dy—y dx) around thecircle x?+y3=1.

Solution. Let C denote the circle x?+3?=1. The parametric

equations of this circle are x=cos #, ¥ =sin .
To integrate around the cir¢le € we should varysfrom 0 to 2=,

v anA LT, dx
fc{xd} }dx)—L (xdr—ydt)d’

29 in
Rees i (cos® 14-sin? 1) dt= ‘ dt=2r.
']

bl
Ex. 6. Evaluate ‘ Fedr,
le
where F=icos y—jx siny
and C is the curve y=+/(1—x?) in xy-plane from (1, 0) 1o (0, 1).
Solution. We have J Fadr
c

=‘ {l cos y—jx sin p)e(i dx+j dy)- i {cos ydx—xsin y dy)
JC
(0'11

:‘ d{x cos yj=[x cos _1'] —1=—1,
e {ltu}

Ex. 7. Evaluate S Fedr, where F=xyi+(x*+»") j and curve
C
C i3

tn

the arc of y=x* -4 from (2, 0) 10 (4, 12},

Solution. We have S Fedr
C
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= L [xyi £ (2 4y2) §l-(dxi+dyi)

—L [xy dx+(x*+y?) -d,v]= L xy dx+ L (x24y%) dy.

Along C, y=x—4 and x*=y+4.
4 12
S der=§ X {x’—“) dx-i—s (y+4+y‘!) d},
c T=?

x* r» -
—~[—4-—2x2] +4y+—3—] =732,

xy® ds, where C is the segment of the line
C

y=2x in the xy-plane from (—1, —2) to (1, 2). _ _

Solation. The parametric form of the curve C can be taken

as r()=ti+2j(—1 1t ).
dr
We have dt—-—1~r2]

dr drds
dt™ ds dt
Idr 1 Idr 1 ds _ds because ¥ is unit vector.
at [=\ds|ar—ar ds
. ds
Ttoodt

i L xysdmL (xy j)d: !l_ t(21)84/5 di

=84/5 5 di= 7.

-1

Ex. 8. Evaluate s

Now

=|iP2= /5.

Ex. 9. Evaluates Fedr,
C
where F=xyi+yzj+zxk and curve Cisrv=ti+1%+1%, t varying

Jrom —1 to +1.
Solation. Along the curve C,
r=xi+4pyj+zk=ri+ %+ 1%,

x=t, y=1, z=1% and dr -—1+2t1+3r’k
& Along the curve C, we have
F=(x1M) i+(¥X1%) jH (P x1) k=% + 15+ 1%k,
Hence ‘ l-‘-a‘ra-]l (F-‘—fi) dt
iC -1 dr

1
=I (t'i+t°j+r‘k)-(i+2rj+31'k)'dt=jl (1342054 3¢5 4y
=1

-1
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1 1 1
=§ (£345¢%) dr=] & dt+.5§ 18 dt
~1 -1

Tk

- 1 s gr—10 t? ]1 10

=045 (2) Lr = [7 e
Ex. 10. If F=(2x+y) i+(3y—x) i, evaluate Sc Fedr where C

is the curve in the xy-plane consisting of the straight lines from
(0, 0) 10 (2, 0) and then to (3, 2).
Solution, The path of YA
integration C has been shown
in the figure. It consists of a
the straight lines OA4 and 4B,

32
We have L: Fedr

. 2 i+(3y—x) jle el >
L [(2x4y) i+(3y—x) j] (0) o A6
(dx i+dy j)
=] @24y drty—x an,
Now along the straight'.line O4, y=0, dy=0 and x varies
from 0 to <, The equation of the straight line 4B is
s A
y——(lz?’—__—;} (x=2) Le., y=2x—4,
4. along 4B, y=2x—4, dy=2dx and x varies from 2 to 3.
2 3
L Fedr= S [(2x+40) dx+0]+§ [(2x-+2x—4) dx
0 H
+(tx—12—x) 2dx]
2 3 3
z[xz] +] (14x—28) dx=4414 ! (x—2) dx
a a ]

=4+14[“‘_2”']a R T
2 2

Ex. 11. Eva!uare] Fedr where F=(x2+,;)s) i—2xyj, curve C
[ 22 4

is the rectangle in the xy-plane bounded by y=0, x=a, y=0b, x=0.
[Meerut 1981; Kanpur 79]
Solution, In the x-p plane z==0. Therefore
r=xi+yj and dr=dxi+dyj.
The path of integration C has been shown in the figure, It
consists of the straight lines O4, 4B, BD and DO.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

86 Solved Examples

We have j F-drzjc [(x24p?%) i—2xpjle(dxi+dyj)

[(x2+y?) dx—7xy dy)

[
‘
(0,6) W0
‘In
— =
_ (a,0)
O (0.0) - A p

Now on 04, y=0, dy=0 and xvaries from C to a,
on AB, x=a, dx=0 and y varies from 0 to b,
on BD, y==b, dy=0 and x varies from a to 0,
on DO, x=0, dx ==0-and y varies from b to 0.

ot j Fedr= r x2 dx > ]b 2ay dy-l-r (x*4b%) dx- r 0dy
C ] a b

0

x3 Ne };2 b x3 4 1} o
t=[ 3— ]n —2a [3 :|u —|—[ 3' +b JC:L +0=—2ab%,

Ex. 12. Find the total work done in moving a particle in a force
field given by F=23xyi—5zj+10xk along the curve x=13+1, y=2¢%,
z=13 from t=1 to t=2. [Kappur 1978]

Solation. Let C denote the arc of the given curve from r=1
to t=2. Then the total work done

=ic Fedr= ] (3xpi—5zj+10xk)- Ixi+dyj+dzk)
C
= S . (3xydx— Szdy+-10xdz)
4 dx dy dz
=§1 (3xy 2{—--—-52 a—t—-’rl()x a—‘[—‘) dt
2
=L [3 (34 (2002 (20) (5% (4} 410 (2415 (313)] dt
2
_S (12654 1263~ 20144 3004 30¢%) dir
1

o j (12¢54102°4+12¢5 43018 dr=303.
1



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Green’s, Gauss’s and Stoke’s Theorems 87

Ex. @ Find the work done in moving a particle once around q
circle C ii'the xy-plane, if the circle has centre at the origin and
radius 2 and if the force field F i3 given by

F=(2x—y+2z) i+ (x+y—2z) j+(3x—2y—5z) k.
_ [Ka -ur 1979]

Solution. In the xy-plane, we have z=0. Therefore

F=(2x—y) i+(x+y) j+(3x—2)) k.
The circle C1s given by x*4y*=4 or x=2 cos t, y=2 sin .
r=xi+4yj=2 cos ti+2 sin f].
dr

I:—-—2 sin 1i+2 ces t.

Also F=(4 cos r—2sin 1) i+(2cost+2sint)j
+(6 cos t—4 sin 1) k,
In movirg round the circle once ¢ will__vary from 0 to 2=,

ki 2n dl.
The required work doae is=i Fedr= S F'dT dt
c a

o9
=i [—2sin ¢ (4 cos 1 —2 sin £)42 cos t (2 cos (42 sin )] dt
i}

2n
=_-I [4 “sin® t+4cos? 1)—4 sin t.cos 1] af

g.n an
=S {4—4 sin { cos 1) dr:[:4r—2 sin 2t] =8,
1]

Ex. 14, If F=(3x46y) i—14yz j4-20xz* Kk, evaluate S Fedr
C
where C is a straight line joining (0, 0, 0) to (1, 1, 1),

[Meerut B. Sc. Physics 1983]

Solution. The equations of the straight lise joining (0, 0, 0)
and (1, 1, 1) are

Then along C, x=t, y=t, z=I.

Also r=xi+yj+zk=ti+tj+rk. ;. dr=(i+j+k) de.
Also aiong C, F=(3124+61) i—14¢2 j+20¢2 k,

At (0, 0,0), r=0and at (I, 1, 1), t=1.

)
i i F-dr=] 3
C

[(315+ 66)— 142 +20¢%] dr:é-,

f=(
Ex. 15. If F=yi—xj, evaluate Fedr frem (0, 0) to (1, 1)
C

along the foliowing paths C :
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(a) the parabola y=—=x2, [Agra 1973]
(b) the straight lines from (0, 0) to (1, 0) and then 1o (1, 1).
(c¢) the straight line joining (0, 0) and (1, 1).

Seintien. The three paths

- of integration have been shown yT
in the figure. We have .
! Fedr
c
= G-+
, (ho)
u:j (y dx—x dy). Q 5 >
¢

{a) Cis the arc of parabola y=x? from (0;0) to (1, 1).
Here dy=2xdx and x varies from 0 to 1/

1
& j Fedr= j [x2 dx——x. {2x} dx]: 51 -—-xzdx=--&.
C 1]

]
(b) C is the curve consisting of straight lines OB and BA,
Along O, y=0, dy=0 and «x"varies from 0 to 1.
Along BA, x=1, dx=0 and'y varies from 0 to 1.
1 1
! Fedr= j 0 dx+j —1 dy=—1.
C L] a
(c) Cis thestraightdine O4. The equation of OA is
10 ;
y—0=m) (x—0) i.e. p=x,
S dy=dx_and x varies from 0 to 1.
1
i I Fedr= J (xdx—>:dx)=0.
c 0

Note. We observe here that F is a vector field such that its
line integra] depends not only on the end points but also on the
geometric shape of the path of integration. We shall discuss this
topic in depth in the latter portion of this chapter.

Ex. 16. Evaluate ] Fuile, where Bz iias feay k. waaC
c

is the portion of the curve r=a cos t i+b gin t j+ct k, from t=0 10
t=nf2. [Agra 1975]
Solution. Along the curve C,
r=Xxi+4yi+zk=a cos t i-+b sin t j+ct k.
s X=acost y=bsint, z=c!.
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Now L FodrzL (72 i 2% j+xy k)(dx i+dy j+dz k)
=J (yz dx-t2x dy-+xy dz)_—_j d (xy2)

= [xyz:lt-“ a—l-(a cos t).(b sin ¢).(ct) ]

t=l)

12
£ cos f sin t] =abc (0—0)=0.
i}
Ex 17.) Evaluate

] {(2xp®—y* cos x) dx +(1—2y sin x4 3x*%) dy}
c

where C is the urc of the parabola 2x=m)? from (0, 0) to (3=, 1).
[Meerat 1977]
Solation. We know that Mdx-+ Ndy is an exact differential

2

i OM aM oN
oy ~ox’
_ . oM o ¥ i
Here M=2xy*—)%cos x; .. o =6xy*—2y cos x.
Also N=1-—2y sin x4 3x%%; /., EL::—Zy cos x4 6xy2,
]
Thus %ﬁf—{:gg Therefore Mdx-+ Ndy is an exact differential.

Let 4 (x, y) be such that
q6 (2xp® — 2 cds x} dx+(1—2p sin x-+3x2?) dy.
Then - 8_ dx+ e dy=(2xy“v—y’ cos x) dx+(1—2y sin x
| +3x%%) dy.
a

£=2xy3—y3 cos x which gives ¢=x?y3—3? sin x-+/; (¥) ...(1)

g
Also [a—j}={l—2y sin x4 3x%?%) which gives ¢=p—p* sin x

+x32 +f, (). (2)
The values of ¢ given by {1) and (2) agree if we take fi(y)=y
and f, (x)=0. Then ¢=p—)* sin x—x2y",
.~ The given integral
=j dgﬂ:] d (y—y? sin x+x%?)
c c

{nf2* 1)

=[:y—y2 sin x—l—x’y{l
(0r Q)

[ ttcin 2 4 2 ]

sl
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Ex. 18.  Find the circulation of F round the curve C where
F=yitzj+xk
and C is the circle x24y2=1], z=0.

Solution. By definition, the circulation of F along the curve
Cis

=fF-dr, where r=xi4-yj+zk
73

— G (yi+zj+xk)e(dxi -{-d)j+dzk)=fu dx+z dy+x dz)
N c

C

==f_1' dx [+ on C, z==0 and dz=10]
C

ey

sin g (—sin §)d8 [ on C, x=cos @, y=sin §]
<0

am ¢2n
=__j sinzodﬁ=—§ £ (1—cos 2¢) dd
L] ]

sin 267
f[o-TAT

Ex. Evaluate H Fen dS, where F=yz i+zx j+xy k and
s
S is that part of the surface! {of the sphere x2+3y24z2==1 which lies
In the first octant . [Agra 1974; Kanpur 79; Meerut 84 (P)]

Solution.  A'veetor normal to the surface S is given by

T (2 +20)=2x i+2y j+ 2z k.
Thereforé n=a unit normal to any point (x, v, z) of §
2xi-2pj+-2zk

=V L4yt ez Ttk
since x?-Ly2+42z28=1 on the surface S.
{ dx dy .
We have Fen dS=: ]R Fen | ook | where R is the pro-
S -

jection of S on the xy-plane. The region R is bounded by x-axis,
y-axis and the circle x*+pi=1, z=0,
We have
Fen=(yzi+zxj+xyk)«(xi+yj-+zk)
=3xyz.
Also pek=(xi4+yj 4 zk)sk=z.
. | nek|=z.

Hence 5 S FendS
5

Y
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Ixyz bl
ESSRT dx dy=3 HR xy dx dy

na A
=3 j E {r cos 8) (r sin §) r d0 dr, on changing to polars

Bl | § il

/2 r" i .
-3 ] —=] cos 8 sin 6 dog=2 (§)=1.
0 4 o

Ex{20) Evaluate H F-n dS, where F=zi+j—2y%k and S
5
is the surface of the cylinder x*+y*=16 included in the first octant
between z=0 and z=35.
Solutien, A vector normal to the surface S is given by
7 (x2+y%)=2xi+2)j.
Therefore n=a unit normal to any point of §
5 P Lo
.—_--v‘(:'j;-jfi;g)z{%ﬂ-, since x2+y2=16, on the surface S.

dx dz

We have H Fen a'S=H Fen .+, where R is the pro-
s R | fef |

jection of § on the x-z plane. It-should be noted that in this case
we cannot take the projection ofS on the x-y plane as the surface
S is perpendicular to the x-y plane.

Now F-u:(zi+xj—~3y‘zk)-('f—i:‘ﬂ)zi (xzx7),

Mol H) g 2
nj (M) =3
Therefore the required surface integral is

e || MY %G
o R 4 ¥y I.l'l. 4

5 4 xz
=0 Lo (Tt s) s e since y=vii6=2 on s

=l J Tl

_ Y’ (4z-+-8) dz=90.
(1]

Ex. 21. Evaluate s } S ¢ dV, where ¢=45x% apd V is the
¥
closed region bounded by the planes 4x+2y+z=38, x=0, y=0, z=0,
Solution, We have
2 4=-2x rB—-d4r~2y
S i S ¢ dV:S j J 45x%y dx dy dz
i3

Tl J Yol Zea)

2 4--2p A-dz -2y
=45 S E x“y[ z J dx dy
i}

H=fy J¥=0 ks
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Solved Examples
fa gé—ﬂm
=45 }M ey x2y (8 —dx—2y) dx dy
2 },3 T)é- 2
45 j [x= (8—4x) ———Zx’ S ax
] 0
]
=45 \0 1:;—(4-»2}:)3 dx==128.

o~ ,~
\ E’QZ. Evaluate ” Fen ds,
& s

where F=(x-3?) i—2xj+2yzk jand S is the surface of the plane
2x+y--2z=46 in the first octant, [Kanpur 1970]
Solution. A vector normal to the surface S is given by
V (2x+y+22)=2i+j+2k.

n==a upit normal vector at any point (x, ¥, z) of §

i e
\/(4+1+4) =(5i+4j+3k).

nek !’
jection of S on the xy-plane. The regmn R is bound:d by x-axis,
y-axis and the straight line 2x% y==6, z=0.
We have Fen=[(x-+p% 1&2x j+2yz KI-(Bi+3j+3k)
=% xw)-Sxtayz=0tt+iyz
Also nek=(2isk 4]+ 2k)-k=

We have EE Fen dSz“ F. o L T4 where R is the pro-
lls

Hence “ E.a dS=” [2y* -k 5yz)eddx dy
5 R
r
:j S 1y?+2yz) dx dy
R

” [},z+3y (6_“_’_‘__)’)] dx dy, using the fact that
R

Zomn 9_?_ Y from the equation of §

Il

=.§ L (32 6y—2xy—y*) dx dy=2 HR Yy (3—x)dx dy

‘(6-y)fa :
=2 S ¥y (3—x) ax dy.
Youmpy ) 2
[Note that R is bounded by x-axis, y-axis and the straight line
2x-+4y==6, z=1J. To evaluate the double integral over R, keep y

fixed and integrate with respect to x from x=0 to x=§»2_-¥; then
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integrate with respect to y from y=0 to y=6. In this way R is
completely covered],

p & 3 (B-v) 2 4
_ x—-— 1]
L-a [ 2 ]z_o 4

= A P

-
5 0 5 3y 36 12y »®
=2, #[0-3

[

'rs s_ld

2
a9 J dy—ﬂ ’:9}’—- --:ldy

[ o Y 36_36x367) .
[95 16] 9. 5 ——= J[162 817=81.

: Ex{ 23) Evaluate S ‘ Fen dS, where F=y i42xi—zk and §

Js
is the sur_,face of the plane 2x+y==6 in the first octani-cut off by the
plane z=4,
Solution, A vector normal to the surface S is given by
TV (2x4y)=2i+j.

Therefore n==a unit normal vector 4t any point (x, ¥, z) of S

21+]
We have 5 { Fsn d.‘_?:! E F-nldn il , where R is the pro-
J 8 J R

jection of S on the %z-plane. It should be noted that in this case
we cannot take the projection on the xy-plane because the surface
S is perpendiculamt0 xy-plane,

- ( _2 L _2

Now Fen={(yi+ 2xj—zk)« \\/5 i—i—v,s ) \/Sy-r\/sx
. o v ]

Also ﬂtl__-—-‘/—s (2|+J}.J__— \/5

4. the required surface integral is

=H §3y+§3x )-Vidxdz=HR2(y+x)dxdz

=2 H [6—2x+x] dx dz, since y=6--2x on §
JIr fa 3
=7 h (6—x) dx dz=2) ‘ (6 -x) dx dz
R fmp J E=(
3
=2S (6 - x)[ ] dx=3 [ﬁx--"- _8[ 18—--9-'_108.
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Exercises
1. Find j tedr
C

where t is the unit tangent vector and C is the unit circle, in
xy-plane, with certre at the origin,

; dr .
Hint. For any curve, -;:umt tangent vector=t.

S t-dr=§ t-J—r— ds=5 t-tds=J ds
c c ds Jec c

£an

=] ds, since along the unit circle €, s goes from 0 to 2n
n

=2r.

2. If F=(3x*4-6y) i—14 pzj+20xz? k, then evaluate SF-dr from
(0,0,0) to (1, 1, 1) along the curve

x={, y=1% z=1% Aps, 5,
3. Integrate the function ¥F=2x%i—xypjfrom the point (0, 0) to
(1, 1) along the parabola y*=x. [Rohilkhand 1578]

Aps. —-%.
4, Evaluate S Fedr where F is' x*y? i L yj and Cis y*=4x in the
C

xy-plane from (0, @) to (4, 4). [Agra 1978; Kanpur 77]
Ans. 2064.

5, Evaluates F.dr'where,
C

F=c [ -3asin®tcos ti+a (2 sin ¢t —3 sin® 1) j+ b sin 21k]
and C is given by r=a cos fi+asin tj+ btk
from t==/4 to =/2. [Delhi 1970)

Ans.  1c (a®+-b2).

wf2 7\
[Hint.s Fedr= j (F.‘f’-' ) dr]_
& T4 df y

6. Evaluate J Fedr where F=z i+x j4-yk and € is the arc of
"

the curve r=cos f i+sin ¢ j+ ¢k from /=0 to 1=2r.
Aps. 3w [Agra 1974, 77]

7. E\faluatc] Fedr where
9

F=xy it (x*4+p" ]
and C is the x-axis from x=2 to x=4 and the line x=4 from
p=0to y=-12, Ans.  768.
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8. Find the work done in moving a particle in & force field
F=3xi+(2xz—)) j+zk

along the line joining (0, 0, 0) to (2, 1, 3). [Delhi 1969)
Ans, 16.

9. Calculate j . [(x?+y?) i+ (x2—y?) jledr

where C is the curve :
(i) y*=x joining (0, 0) to (1, 1).
(ii) x7=y joining (0, 0) to (1, 1),
(iif) consisting of two straight lines joining (0, 0) to (1, 0)
and (1, 0) to (1, 1),
(iv) consisting of three straight lines joining (0, 0) to (2, —2),
(2, —2)to (0, —1) and (0, —1) to (1, 1).
Ams. (i) 5%, (i) 2E (i) 1, (iv) ~—4%.
10. Find the circulation of F round the curve C, where
F=ie= sin y+j e” cos
and C is the rectangle whose vertiees'are
(0, 0), (1, 0), {1, ¥n), (0,.3%). Ans. 0.

11. Evaluate Hg ¥en dS, where E=18zi -12 j+3y kand S is
the surface of the plané
2x-4-3y+62z=T12 in‘the first octant. Ans. 24,
12. Evaluate H A-mdS, where A=xpy i —x* j+(x+2z) k, Sis the
8

o

portion of the'plane 2x+2y--z=>06 included in the first octant
and n is a unitnormal 1o S. [Meerut 1974]

13. if F=2yi—zj+x% and Sis the surface of the parabolic
cylinder y*=8x in the first octant bounded by the planes y=4

and z=16, then evaluate H Fen dS. Ans. 132,

5
[Hint. “ Fen dS= E Fon 0% uiiere B is thé projec-
. e B i

| mei |’

J
tion of § on the yz-plane]

¥
where I is the closed region bounded by the planes
x=0, y=0, z=0 and 2x+2y+ =4, [Kanpur 1976]
Ans. .

14, If F=(2x¥-3z) i -2xyj - 4x k, then a‘:valuatc”g VeF dV
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SOLVED EXAMPLES
Ex. 1. Verify Green’s theorem in the plane for
f (xy+y?) dx+x3dy where C is the closed curve of the region

C
bounded by y=x and y=2x2,
Solation. By Green’s theorem in plane, we have

vy

0 >
”(gf ) dxdy=f(de+NdyJ

Here M:xy-l-y’ N=x2.
The curves y=x and y=2x" intersect at (0, 0) and (1, 1). The
positive direction in traversing C is as shown in the figure.

We have ” BN gM)d x dy
) 4

AR,

=HR (2x—x—2y) dx dy= H i (x--2y) dx dy

1 1
=} r (x—2y) dy dx=s [xy—y’] dx
Zmp ) y=x" z=0

y=x1

= r [x*—x?—x34x4] dx= !‘ (x%—x%) dx
0 1]

= x‘]‘ 1 1 1
e T S Pt T ST ¥

Now let us evaluate the line integral along C. Along y=x2,
dy==2x dx. Therefore along y=x2, the line integral equals

!1 [{(x) (x)+x*} dx+x* (2x) dx)
o

s : 20 _
Along y=x, dy=dx. Therefore along y=x, the line integral
equals
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U]
§ [{(x) (x)4x?} dx+4x® dx]=r 3xt dx=—1.
Therefore the required line mtcgral--%—l-—- ;—{) Hence
the theorem is verified.
Ex. 2. Evaluate by Green’s theorem
f[x’—cosh y) dx+(y+sin x) dy,
c

where C is the rectangle with vertices (0, 0), (x, 0), (x, 1), (0, 1).
Solution. By Green’s theorem in plane, we have

J Hgf gM)“' dy= f(de—z-Ndy)
R

Yp
Q,l
©.1) (71,1
A 3
(0,0)
» > :::x
O : (M)
Here M=x®—cosh y, N=)ysin x.
; a—‘y cos x B_M —sinh
rs 3% = ’ a 8 Y-

Hence the given }ine integral is equal to

S X (cos x+sinh y) dx dy—j (cos x--sinh y) dy dx

Twl L—o

=E [y cos x+cosh y l dx=j' [cos x-+cosh 1—-1] dx
Teuld) =0

Zul
=[sin x+x cosh l—x]1| =z (coéh 1-1).
-l .
Ex. 3. Evaluate by Green’s thearem
f (cos x sin y—Xxy) dx+sin x cos y dy,
where C is the circle x*+y*=1.
Solution. By Green’s theorem in plane, we have

“(aN aM) dx dy_f(M dx+N dy).
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Here M=cos x sin y—xy, N=sin x cos y.
aM—cos X cos y—Xx ai\]r»—«:osi'x cos
87 e y ] ox T Y.

Hence the given line integral is equal to

“ x dx dy==s i -or cos ¢ r do dr, changing to polars

@M . w
-=‘ [—] cos § di=1 [sm 8 ] =3 (0)=0.
=0 3 0 ]
Ex. 4. Show that the area bounded by a simple closed curve C

* {s given by % f (x dy—y dx). Hence find the area of the ellipse

X=a cos §, y=> sin 0. " [Agra 1974]
Solation. By Green’s theorem in plane, if R is a plane region
bounded by a simple closed curve C, then

H(@_a}"—‘) dx dy=fM dx+N dy.

Putting M=—y, N=x, we gei
2 ? _
f{x dy—y dt)-=”[‘é; (x)—-—a} (-—y)] dx dy
c R ; .
) ” dx dy=2A, where A is the area bounded by C,
.4
 Hence - A=} f(x dy—y dx).
: c
The area of the ellipse=} f (x dy—y dx)

-=§S (acosﬂ———bsmo‘;,—;)dﬂ
= ] (ab cos® 8+ab sin? ) do=4%ab S"da=mb{
0 v 0

Ex. 8. Introducing A=Ni—Mj, show. that the formula in
Green’s theorem may be writtenas

Hd:v A dx dy=fAen d,
R [+
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where n is the ourward unit normal vector to C and 3 is the arc length

of C.
Solution. We have A=Ni— Mj.
&b A=8N BM‘
ox oy
91\ ¢ n
C
o ~>X
o o n om0 o

= f (M dx-+N dy), by Green’s theorem.

Now M dx+N dy=(Mi-+ Nj)s(dxi-+dyi)=(Mi+Nj)edr
={(M1+Nj)- %} ds.

Now if t is a unit tangent vector to,C, then t=-:—;. Also if k
is a unit vector perpendicular to xy-plane, then t=k xn,

" & M dx+N dy=[(Mi+Nj)et] ds=[(Mi+Nj)s(k xn)] ds
={(Mi+ Nj)xk]sn ds=(Mixk+Njxk)sn ds
=(Ni— Mj)en ds=Aep ds.

Hence the result.
Note. Putting A= ¢ in the;above result, we get

| avevorar o= Fvpnas
R C

or Hv’qﬁ dx dy'-=f %ﬁ ds, since Iv'éngg n.
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Exercises
1. Verify Green’s theorem in the plane for
] o Ty—xt) dxt(x*+y") dy,
where C is the boundary of the region enclosed by y=x2 and
O Y*=x described in the positive sense, [Meerut 1973]
. Verify Green’s theorem in the plane for

@ L [(3x*—8y*) dx+(4y— 6x) dy)],

where Cis the boundary of the region defined by y=1/x,

y=x’.
[Hint. Proceed as in solved example 1. Here each integral

will come out to be 2],
3)\ Apply Green’s theorem in the plane to evaluate

g L {(y—sin x) dx+-cos x dy},
W where C is the triangle enclosed by the lines

(W ~ y=0, x=r, xy=2x. [Agra 1973]
T 2
Ans, 7 e

-
LHint. Here M=y—sin x, N=cos x. Therefore the given

N oN oM =/ f(3n) 2 ¥
:_!iltﬂgral= HR (a—x-—é; ) dx dy—L_n ool (—sin x—1) dx dy}
[ :I) Evaluate by Green’s theorem in plane
) L (e—® sin y dx+e~% cos y dy),

where C is the rectangle with vertices

(0, 0), (=, 0), (=, $r), (0, 4x). Ans. 2 (e-*—1).
s If =(x*—»?) i+2xyj and r=xi+yj, find the value of
-]Fadr'around the rectangular boundary x=0, x=a, y==0,
y=>b. [Gaubati 1973]

Aps. 2ab2,

6. Verify Green’s theorem in the plane for
[ 1= drtir—2m oy,

where C is the square with vertices (0, 0), (2, 0), (2, 2), (0, 2).
[Meerut 1974]
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7. Apply Green’s theorem in the plane to evaluate
[ [@xt-pm dx+erm ay)

where C is the boundary of the surface enclosed by the x-axis
and the semi-circle y=(] —x2)}/2, Ans. 4/3.

[Hint. By Green’s theorem the given integral

~_—jl [‘/“_xz’ (2x+42y) dx dy ]

o Ja=-1 )¥ap

8. If Cis the simple closed curve infjthe xy-plane not enclosing

the origin, show that

] Fedr=0, where F=— ;y-&-jx
c | X+

§ 7. The Divergence theorem of Gauss.

Suppose V is the volume bounded by a closed piecewise smooth
surface S. Suppose F (x, y, z) is a vector function of position which
is continuous and has continuous first paf‘tt‘a! derivatives in V. Then

[, 7 or={f s

where n is the outwards drawn unit normal vector to S.
[Kanpur 1977, 79; Agra 72; Allahabad 80; Rohilkhand 80;
Madras 83; Kerala 75; Meerut B. Sc. Physics 83]

Since Fen.is the normal component of vector F, therefore
divergence theorem may also be stated as follows :

The surface integral of the normal component of a vector F taken
over a closed surface is equal to the integral of the divergence of F
taken over the volume enclosed by the surface.

Cartesian equivalent of Divergence Theorem.

Let F=F,i+F,j+F;k. Then V+F=div F-hgi‘-}-g;-” gi:’.

If @, B, ¥ are the angles which outward drawn unit normal n
makes with positive directions of x, y, z-axes, then cos «, cos 3,
cos y are direction cosines of n and we have

n=cos «i+-cos Bj+cos yk.

A Yen=(Fji+F,j+ Fk)+(cos i+ cos gj+4cos 'ykJ

=F, cos «-+F, cos 3+ F; cos .
Therefore the divergence theorem can be written as

m (BF1 3F, an) dx dy dz

/.
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o HL\?.FdV=“SF-.ndS.

I'he proof of the theorem can now be extended to a region V
which can be subdivided into finitely many special regions of the
above type by drawing auxiliary surfaces. In this case we apply
the theorem to each sub-region and then add the results. The sum
of the volume integrals over parts of ¥ will be equal to the volume
integral over V. The surface integrals over auxiliary surfaces cancel
in pairs, while the sum of the remaining surface integrals is equal
to the surface integral over the whole boundary § of V.

_ Note. The divergence theorem is applicable for a region Y if
it is bounded by two closed surfaces §; and S, one of which lies

within the other, Here cutward drawn normals will have the di-
rections as shown in the figure.

§ 8. Some deductions from divergence theorem.

1. Green’s theorem. Let ¢ and { be scalar point functions
which together wish their derivatives in any diréction are uniform
and continuous within the region V' bgunded by a closed surface S,
then ;

]” , (B VH—4 Vi) dV=“s‘(¢ JY—y T ¢)en dS.

[Agra 1971, Gauhati 72; M. U. 1979; Ind!_lre 1979]
Proof. By divergence theorem, we have

]HV 7 -F d‘V:“S Fen dS.
Putting F=¢ V¢, we get
Ve F=V (¢ VY)
= (VVP+H(T (V) =¢ VH+(V (V)
Also  Fen=(¢ V¢)-n.
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.. divergence theorem gives

[{{, wor e+ warwmar

s .
[Meerut 1970]

This is called Green’s first identity or theorem,
Interchanging ¢ and ¢ in (1), we get

Hy [472 d+(V (T H) dV

=!§s[q’v ¢len dS "_(2)
Subtracting (2) from (1), we get

HL (ST g— $T9) dV=S L GV 4—0 Vd)endS  ..(3)

This is called Green’s second identity or Green’s theorem in

symmetrical form.
Since v¢=.-.%‘-f; n and Vqﬁ:gg n, therefore
4V 4= v $on=( 6 =y 5on )n
—s 242

Hence (3) can also be written as
[[], ve—uvrpar=[[ (¢5-v5)as.
v s on on
[Meerut 1972, 80]
Note. Harmonic function. If a scalar point function ¢ satisfies
Laplace’s equation \7%¢=0, then ¢ is called harmonic function. If

¢ and | are both harmonic functions, then V24=0, V=0,
Hence trom Green’s second identity, we get

o o e) e
2. Prove that “L T dV:Hs ¢n ds.

[Agra 1972; Allahabad 77]
Proof. By divergence theorem, we have

S”V Vv F qu:“s Fen dS.

Taking F=¢C where Cis an arbitrary constant non-zero
vector, we get
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my V(40) dV=§ L (4C)on ds

Now V+(¢C)=(V¢)+C+4¢ (V-C)

=(V ¢)+C, since V+-C=0.
Also (¢C)sn=Ce(¢n).
J. (1) becomes

[ cxmn ], e
o C'HL v anc-_”s én ds

or c[mv v dV—”s dn dS]=0.

Since C is an arbitrary vector, therefore we must have

i oo
3. Prove that HL vaRV:“gan ds.

(1)

_ [Gauhati 1971, 74]
Proof. In divergence theorem taking F=BXxC, where C is
an arbitrary constant vector, we get '

my V-(BXC) dV:S L (BXC)en dS.

Now V «(BxC)=Cecurl B—Becurl C
=Cscurl B, since curl C=0.
Also (Bx C)sn=[B, C, n]=[C, n, B]=C-(n xB).
(1) becomes

“L (Cecurl B) dV:”s C+(nxB) dS
or C-HL(VXB) dV:C-HS(nXB)dS

or c-[mv(vxm avﬂns(nxm dS]=0.

Since C is an arbitrary vector therefore we can take C as a
non-zern vector which is not perpendicular to the vector

m (7 X B) dV—“ (nx B) ds.
L v K3

Hence we must have

HS» (V) dV—Hs(an) d$=0
g

or HS [VxB}dV:S (nx B) ds.
v s

(1)
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SOLVED EXAMPLES
Ex. 1. For any closed surface S, prove that

n curl Fen dS=0.
3
Sdlution. By divergence theorem, we have
” curl Fen dS= j ] 5 (div curl F) dV, where V is the
s v ) >

volume enclosed by S
=0, since div curl F=0.

Ex. 2. Evaluate H rn dS, where.S is a closed surface.
s r

[Madras 1983; Rohilkhand 76; Aliahabad 75]
Solation. By the divergence theorem, we have

Hsr-n dS=nLv.r v

=m 3 4V, since Ver=div r=3
v !
=3V, where V is the volume enclosed by §.
Ex. 3. If F=axi+{byj+czk, a, b, c are constants, show that
”s Fen dS——~—j— n (a+b+-c), where S is the surface of a unit sphere.
[Kerala 1974; Agra 80; Rohilkhand 77; Allahabad 80, 82]
Solution. By the divergence theorem, we have
H Fen dS:”S (V+F) dv,
s v
where V is the volume enclosed by S
=[{{, tv-@si+eritecamnav
2 i G
=my (@+b+c) dV=(a+b+c) V=(a+b o) % i,
sincz the volume Venclosed by a sphere of unit radius is equal
g T, : '
0o 3 b €53 . _
Ex. 4. Ifnisthe unit outward drawn normal to any closed

surface S, show that S S E divn 4V=S.
¥

Solution. We have by the divergence theorem,
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m 'div'naW=H ia dS=n dS=5.
Vv S s
Ex. 5. Prove that

[ff, vs-aar={], samnas—|[| sveaar.
Solution, By divergence théorem, e s
”L 7 -($A) dV=“s ($A)+n dS. o

Now V «(¢A)=(TV#)=A+¢ (V-A).
Also (¢A)en=¢ (A=n).
Hence (1) gives

S 5 L [(Vé)+A+¢ (V-A)] dV=“S ¢ Aen dS
> [{], opreaar=[[ ¢anas={{[ ¢v-aar.

Ex. 6. Prove that L VéX VdS=0.

Solution. We have L T x V‘L-dS=L (VéxXV¢)=n dS

=! 7 =(Véx V) dV, by divergence theorem
v

=0 [v Ve(VéxV)=0. SeeEx. 13 page 65]
Ex. 7. Prove that

E v geciitl F dV=f (FX V §)dS.
Vv 8
Solution. We have L (F x V¢)°dS-=L (FXV¢)*n dS

=L V «(F X V¢) dV, by divergence theorem applied
to the vector function FX 7 ¢

= ‘ V (V d=curl F—Fecurl V¢) dV
[By vector identity 5 on page 57)
=L V ¢ecurl F-dV. [+ curl 7 ¢=0]

Ex.8. Prove tha:”L %’:”S ’_r_,“ ds.
Solution. || =P 4s= I )enas
T s |2
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=j” Ve ) dV, by divergence theorem

o - () e (3)

r

3 2 3 2 ry 3 2 i
=a e (*T ‘7’)=ﬁ"~;~‘("‘“ = P

Hence HS’;“ds ”] &

44 ¥ Fé
Ex.9, IfF=Y ¢ and \V$=0, show that for a closed surface S

I ”V F gl E L ¢FendS.  IRonilkhand 1978, 79]
Solution, By divergence theorem, we have

[‘ Fen dsz{” [ +(4F)] dV.

J /8 J v

Now Ve(¢F)=(VeF)+¢ (VF)=F-F+4d (V-V ¢)
=F24- ¢V 2=F?, since V3¢=0,

Hence Hs dFen dS=H§ F2 dy.
¥
ix.10. [ F=Y ¢, V3= —4xp, show rhat
” Fen dS=—4x H‘ edV.
s 9 1y
Solution. By divergence theorem, we have
” Fen ds=m (7+F) dV.
g V
Now TeF=7o{Vd)=%=—dnp.
“ Fen dS=]” (—dnp) dV=—47:“S o dV.
s v v
Ex 11, IfC=1V xB, B=Y XA, show that
3 m B? dV=} HS AxFen d.'>7+j“l A-C dV.
i ;
Solation. We have by divergencs theorem
% Hs (A X B)*n dS=§\“ Ve(AXB)dV.
| V
Now V(AXB)=Becurl A—A.curl b
=B-(V X A)— A {T XB)=B:B—A«(2C)=B*-2 (A-C).

N

Henceé“ (A x B)on}dS = H|], m-2@cnar

A{[f o ] v
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or 3} HL B dv=} ”s AXBen dS+ ”L AC av,
Ex. 12. If ¢ is harmonic in V, then

] ! 0% 4s—0
son
where S is the surface enclosing V. [Meerut 1972]
. ¢ od
Solation. We have s L - ds=”s ( 2 )-n ds

=[], voren as

-_—.j ! L V+(V¢) dV, by divergence theorem

{ff v

=0, since V¥¢=0 in V because ¢ is harmonic in ¥,
Ex. 13. If ¢ is harmonic in V, then

I, $%asefff

[Meerat 1969, Agra 70]
Sollrtion We have

” #2845~ ” ( 2% )-n dS=HS(§sw)-n ds
o ] f L' V(¢ ¢) dV, by divergence theorem
=[{], «vs-vorrs@-vanav
=[{{, wwortove a1 av
='HL | v " v, since V$=0 and (V4= V4 ['.

Ex. i4. If ¢ is harmonic in V and §i=0 on S, then ¢ is cons-

an
tant in V.
Solution. Since ¢ is harmonic in V, therefore as in exercise
13, we have
d
|1, ¢ 2as-{]]
+a¥V1

But ---'—-0 on S. Thereioreg ‘ & nf— dS=0.
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o {ff |74 e

-.o l v¢ E.=0 in V.
S Ueé=0in V.
»,. ¢=constant in V.

Ex.15. If ¢ and { are harmonic in V and Qf_%_‘{i on S, ther

¢={-c in V, where c is a constan.
Solation. We have, V¥¢=0, V=0 in V.
S VE(g—P=V—V¥=0ia V.
Therefore ¢— ¢ is harmonic in V,

Again on S, (gS q’)_ag& aq’ =0.

Thus ¢—¢ lslharmomc in¥V and on 5 we have
d
5 (B—1)=0.

Hence as in exercise 14, we have
¢—{¢=c, where ¢ is a constant
or gp=q-+c.
Ex. 16. If div F denotes the divergence of a vector field F at a

point P, show that
”m Ijas F.n dS

V-0~ 3V
where 3V is the volume enclosed by the surface XS and the limit is
obtained by shrinxing 8V to the point P.

Solution. We have by the divergence theorem,

n , divF a'V=]L Fen ds.

dflr’ F=

(1)
By the mean value theorem of integral calculus, the left hand
side can be written as

div F S H dv=div F 8V,
&V
where div F is some value intermediate between the maximum and

minimum of div F throughout 8V. Therefore (1) gives

g 3V=§i_ Feu dS

485



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

116 Solved Examples

H Fen 45
TR ;. s ag
oT dw_.F_ 5y

Taking the limit as 8V—0 such that P is always interior to

5V, div F approaches the value div F at point P. Hence, we get

. ” Fen ds
im 28

div F=p 07 57

Ex. 17. Show that S L n dS=0 for any closed surface S.

Solution. Let C be any arbitrary constant vector, Then
C-” n ds=” Cen dS
s s

o

= ! U (7 -C) dV, by divergence theorem
v

=0, since div C=0.

Thus C-g L n dS=0, where C is an arbitrary vector.

Therefore we must have ” n dS=0.
3

Ex. 18. Prove rhati g rxn dS=0 for any closed surface S.
S

Solution. ILet C be any arbitrary constant vector. Then

C-H rxn dS= H Ce[(exn)] dS= ” (Cxryen df
s Jls s
=S s S " [V «(Cxr)] dV, by divergence theorem

=S”’V[r-curl C—Cecurl r]dV

=0, since curl C=0 and r=0.

Thus C. S ! rxn dS=0, where C is an arbitrary vector.
s

Therefore,jwe must havc‘ ] rxn dS=0.
5

Ex. 19. Prove that ns (Vd)xn dS==0 for a closed surface S.

Solution. Let C be an arbitrary constant vector. Then
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e[ woxnas=|| cwaxmas
=”g [CX V¢len dS
=HJ‘V [V +(C x V #)] dV, by div. theorer

= i E E i 17 ¢scurl C—Cecurl 7 ¢] dV
=0, since curl C=0 and curl 7é=0.

Thus C. n (V) xn dS=0, where C is an arbitrary vector,
s
Hence we must have % _El (Vé)xp dS=0.
5

Ex. 20. Prove that j [ax(axr) ds=2vs,
4

where & is a constant vector and V is the volume enclosed by the
closed surface S.

Solation. We know that

HEVVXBWM”S“XMS’ " [see page 110]

Putting B=a Xr, we get
F
“s nx(axr)dS==H LV x(ax) ¥

S
==H§chrl (axr) dV
= S S S V2a dV, since curl (a X r)=2a

=28 m , dv=2a7.
Ex. 21. A vector B is always normal to a given closed surface
8. Show that ”j chri B dV=0, where V is the region bounded

by §.
Soluiion., We know that

Hsycurl B dV=J§S axB dS.

Since B is normal to S, therefore B is parallel to n. Therefore
nx B=0.

” nxB dS=0.
s
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> ”]V curl B dV=0.

Ex. 22. Express §V {(grad p)sv-+p div v} dV, as a surface

integral. [Gaubati 1972, 77]

Solation. We know that
div (Pv)=(grad p)=v+4p div v.
[See vector identity 3 on page 56].

IV{{grad p)ev+p div v} dV—deiv (ev) dV
|, veenav
=] (pv)=n dS, by Gauss divergence theorem
s

= L P (ven) dS.

Ex. 23. Using the divergence theorem, show that the volume V
of a region T bounded by a surface S is

V=“sxdydznngydz dx=”szdxdy
=1} ”g (x dy dz++y dz dx+z dx dy).

Solution. By divergence theorem, we have

RS
”S ydz“t_.mv[a% (’)]"V-—-m,,dv’nl’

R P

Adding thesejresults, we get
3V-=”s (x dy dz+y dz dx+z dx dy)

or V=% ”s (x dy dz+y dz dx+z dx dy).

Ex@ Verify divergence theorem for
- F=(x*—y2) i4+(y*—2x) j+(2*—xy) k
taken over the rectangular parallelopiped
I€xga0ygbogzgec [Meerut 1976]
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Solution, We have div F=V/ +F
3 ? ATIY -
= (x’—yz)-i-é; (y’--zx)-f-ﬁ (22— xy)=2x+2y+42z.

s, volume integral=”fy V-F dV——-i” - 2(x+y+2z)dVv

L] ] a

=2 ‘ ] ! (x+y+2)dx dy dz
=0 ) Veul) J Tl
[ b xs a

=2§ ! [—-}-yx-l—zx] dy dz
zm0 Jvmp L 2 g

| [froenloac]_[Eriegim]
Vet : -0
.uz ] [‘l b+ab’+abz dz= 2[— z+—— z+4ab ]
Ty []
=[abc+ ab%+ abc¥)=abc (a+b+c).

Surface Integral. We shall 3
now calculate C

! ! ' Fen dS
s
over the six faces of therect- D fi

angular parallelopiped. >y
Over the face DEFG, (0] A
n=i, x=a.

Therefore

ISBEFG i o~ 6 : i

=\ [ 1@ (A 20) -+ =) Ko dy ds
= L.o L—c (@®—yz) dy dz= ‘H[a’y—z y—;-]:_‘ dz

“L.u[ “’b—z—?] dz_[a.bz_%f_ b,]:

_asbc_'c%b' .

Over the face ABCO, n=—1i, x=0. Therefore
” Fen dS= 8 j [(0—yz) i+...4...]o(—1i).dy d2
ABCO

o b e [y P bic?
=SM L_o yz dy dz= L_ﬂ [T zl-‘ d.n-'.--L"l z dzzT
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Over the face ABEF, n=}, y=>b. Therefore

H Fen dS=§ i [(x*—bz) i+(b—2%) ]
ABEF Zam() ) @weg)
+(z2—bx) k]ei dx dz
= r Y (b*—zx) dx dz=b* ca——a——:’i.

Emmp ) g
Over the face OGDC, n=—j, y=0. Therefore

¢ a 2.3
H Fen dS==j ! zx dx dz=c—4f—.
0GPC Zet) J} @)

Over the face BCDE, n=k, z=¢. Therefore
2h2

S ab
Fen dS==§ 5 ' xp) dx dy=ciab—2~,
§ ]BCPE Veel) u-n(c xy) i 4
Over the face AFGO, n= -k, z=0. Therefore

b a azbz
” Fen dS=-§ S Xy dx dy=20 .
AFGO Vel J Z==f) 4

Adding the six surface integrals, we get
ch? bt a’c? ac? )
L] = 2 ———— e t i - e ——
HsFlndS (abc Y e )+{bca s
o 20 0
+(c ab i o

=abe (a+b+-¢).
He the theorem is verified.
E Evaluate

U x? dy dz+y? dz dx+2z (xy—x—y) dx dy
g

where S is the surface of the cube
0<xg,0<y<iLoCzg L. [Meerut 1968]
Solution. By divergence theorem, the given surface integral
is equal to the volume integral

\ ?__ 2 ¢ 2 a_ — :I
mv[ax O +5 )45 22 Gy—x—p)} | AV
1
=!l ] ] (Cx42y4-2xy—2x—2y] dx dy dz
e J Vg ] Twp
1 1 1 ) 1 1 x’ 1
5‘-0 n;-n Zag . . :-—u yeg L 2 P
24 y
=2 = - rs
L"’ L'ﬂ 2 i L-o[ 2 Juag %

e ]
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Ex By transforming to a triple integral evaluate

I= ‘ L (x® dy dz-+x%y dz dx+4x%z dx dy)

where S is the closed surface bounded by the planes z=0, z=b and
the cylinder x*+ y*=a®. [Meerut 1969, 8C]

Selution. By divergence theorem, the required surface integ-
tal [ is equal to the volume integral

S S [— (x3)+ ;’ (x®y)+ g_} (chzlj'l av

i ‘\/(az_yz) 2 _ 8y ]
..__{Sl-l] 51}—.—4: jx_.__,v’raz y2)(3x +x2..1 X ) ax dy dz

[ {a
=4x5 i ! E‘/{a y}x’dxdyd"

: " Zemg) j?.f-u Teg
b a 3 ] 2
=20 i { [E_]\/(ﬂ -y )dy dz____g fa"—-y’}”’afpdz
gmg !y-n 3 Joug z-n =

B Tamns | =20 eptrn o

Put y=a sin t so that dy=a cos ¢t d~.

" 2
== b [ a® cos® t (2 cog't) dt
40

3
20 (" (3 a5
E—ija cOs tdt_3_ abm'i——- 7 a4,

E Apply Gauss’s divergence tlieorem io eva!ua;‘_e
Hs [ —y2ydydz—2xty dz dx+z dx dy]

over the surface of o cube bounded by the coordinate planes and the
planes x=y=z=aqa,

Solution. By divergence theorem, we have

j ! (Fody dz+F, dz dx-+F, dx dy)

¢ Fa aF aF

__”J (a“f L )dxdydz.

Here F,=x%—yz, F-,=-2.x 'y, Fy=2z.
El BFaloFs,,x 2 4 _a

S o5x Ty iz 3x2—2x2 4 1=x%41,

4. the given surface mtegral is ecual to the volume integral

E“ ‘ [® Get1)dx dy oz
Zmp | Y=l | 2ail

_—_r Sﬂ l-’i-}-x]a dy dz
3 Zeg

tmi JY=0 L
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a a®
i) y-n
Ex. 28. If F=xi—yj+(z22—1) K, find the valne_of“S Fen dS

where S is the closed surface bounded by the planes z=0, z=1 and
the cylinder x*+y*=4. [Kanpur 1978, 80)

Solution. By divergence theorem, we have
H Fen d3=m div F dV.

Here dwF-*—(x)-{- (y)+ (z’—l)
i——l+2z-—2z

! ] 5 Rikiakes L-u L_., ‘Vif:\};&_y,) 2z dx dy dz

L—n L--—g [sz]‘/“ 3(}4 -5 dy dz

jl S:__’ 4z+/(4—y*) dy dw]:__g[“% ’/(4"”)]:-“ dy

Zmg

!I

I

] 2
=2| V- dy=a] via-y) @y
Ym—g ']
2
i [-’21 V(4—y)+2 sin -”il =4 (2 5in7) 1]=4(2) 5 =4r.

EX. 29) Find IS Aen dS,
N s

where A=(2x+32) i—(xz+p) j+02+22) k
and S is the surface of the sphere having centre at (3, —1, 2) and
radius 3. [Meerut 1974]

Solution. Let ¥ be the volume enclosed by the surface S,
Then by Gauss divergence theorem, we have

”s Aen dS=deiv A dv.

L8 ) -
Now div A=a {2x-|-3z)+$ {—(Jtz+y)}'!-'(-}—z (»*+22)

: ”s Aen ds=] ” .3 dV=3_”!I;dV=3V.

But ¥ is the volume of a sphere of radius 3. Therefore
V=¢r (3)3 =36r.

”s Aen dS=3V=3x36n=108x.
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Ex. 30. Apply divergence theorem to evaluate

“ [(x+2) dy dz+(y+2) dz dx+(x+y) dx dy]

s
where S is the surface of the sphere x*+y*+2*=4.

Solution. By divergence theorem, the given surface integral
is equal to the volume integral

HSV[gE (x+2)+ 23, U’+2)+-§~z (x+) ]dV

==‘“ 2dV=2 ”]VJV=ZV, where V is the
f v
volume of the sphere x4 )y?+22=4

=z[ : (2)8],:— i

Ex. 31. If S is any closed surface enclosing a volume V and
F=xi+2yj+3zk, prove that

S S Fen dS=6V.

[Kanpur 1979; Rohilkhand §0; Agra 78]
Solation. By divergence theorem, we have

ns Fen dS= ] ] S | div F dV'= ] S S | div (xi+2j+32K) dV
=[[], [ co+5 e+ 00 Jav
.=i ‘ (142+3) dV=6 m dv=6V.
> Evaluate
(y’z’ i+22x2 4222 k)sn dS

where S is the part of the sphere x*+y*--2z*=1 above the xy-plane
and bounded by this plane. [Agra 1969; Bombay 66]
Solution. By divergence theorem, we have

L (2% i42%x? j+-2%* k)en dS
= ‘ & sV div (¥%2? i+ z%2 j+222 k) dV,
where V is the volume enclosed by S
=[1], Gz e+ 5 o+ o Jav

=myzzy= av=2 szys av.

We shall use spherical polar coordinates (r, 9, ¢) to evaluate
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this triple integral. In polars dV=(dr) (rdf) (r sin 6 d¢)=r?sin ¢
drdg d¢. Also z=r cos g, y=r sin ¢ sin ¢. To cover V the limits

of r will be 0 to 1, those of 9 will be 0 to —:—" and those of ¢ will be
0to 2n. The triple integral is
ri n/8 2n
=2 | 5 S (r cos g} (r® sin® g sin® ¢) r? sin 6 dr dg d¢

=0 Jd=l
f 1 e fz-nr
=2 | | 78 sin® § cos ¢ sin® ¢ dr 49 do
dTmd ) Bed J Pl
wo  § O [RIELA : ;
=Je — t{ \ sin® ¢ cos @ sin® ¢ 49 dd,
O Jomg Jémo
on integrating with respect to r.
. [Note that the order of integration is immaterial because the
limits of r, § and ¢ are all constanis].
1 2
—;_ o 42;25 ¥ sin® ¢ dg, on integrating with respect to §
Q
1 . 1 1 T R
—"'13'4‘ Siny ¢d¢—-—-3— 'i L 2:3—2"
Ex. 33. By converting the surface integral into a volume integ-

ral evaluaie

I

H x® dy de+y3dz dx+2® dx dy),

where S is the surface of the sphere xa24-y%+z=1. [Bembay 1970]
Solution. By divergence theorem, we have

“ (Pud)dz+F, dz dx+F, dx dy)

oF, @F, 9F,
_.!“ (ax +8y ) dx dy dz,

where ¥ is the volume enclosed by S.
Here Fy=x", Fy=)3, Fy=2%,
. OF OF, R 24 p3 | 2
s 8x+ +az =3 (x24-y242%).
4 the given surface integral

..=E HV 3 (x*+y24-2%) dx dy dz
=3 St Y [“ r2re sin g dr dfd¢
Fun Jawg Joig ' . changing to polar

spherical coordinates
L?.'n:

5 .

fi

tk‘
)’
’
]

b4
[
\(

T -

i
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Ex./@ Evaluate “ Fen dS over the entire surface of the
s

region above the xy-plane bounded by the cone z*=x2+y* and the
plane z=4, if

F=dxzi+xyz?j+3z k.
Solution. By divergence theorem, we have

ggsF-ndS=HL div F ¥,

where V is the volume enclosed by S.

1 --—a._._ a_ 2 0 == 2
Here div F_ax (4xz)+ey (xyz )+a—£ (32)=4z+xz*+3.
Also V is the region bounded by the surfaces
z=0, z=4, ?=x4 %
Therefore HI divF dV= H ! (4z4xz°+3) dx dy dz
v v
4 z (22 __yE)
=§ L_ﬂs 5;;_\/{22_})2) (4z+xz24-3) dx dy dz

= §:-n 5:-—-3 ;;/Z(ZS_}’S) (4z+3) dx dy dz,
V(22 =7

x=—4/(22—y%)

=2 S:_n Y (42+3)+/(22—)?) dy dz,

VYem—2

since 1 x dx=0

on integrating with respect to x
4 ]
=4 ] ! (4z+3)y/(22—y%) dy dz
V=0

Z=(
=4 V_o (42+43) B \/(z’—y’)-l-z—;- sin-? %]a dz

4 zﬂ : d
- i (42{—3)[5 sin? 1-] de=r ' (422 432%) dz
[1] L1}

4

=n [z‘+z’]4 =7 (256+464)=320x.
0

Ex. @ Show that “S (x2i+y? j+z° k)»n 4§

vanishes where S denotes the surface of the ellipsoid
x2 yﬂ z2
o Tt =l

Solution. We have by divergence theorem

HS (x?id4p?j+22 k)endS
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” div (x? i4)2 j+ 22 k) dV, where V is the volume
enclosed by S

|
j” (2x42y+42z) dx dy dz
=2

[ fevioeen, | (evi-ouinote)
x=—av/{1—y*/b*—2%/c%}
(x+y+z) dx dy dz
_ (b1 —(2c%)} ,
o i e 040 J(1-5 =5 ) e
on integrating wnth respect t0 X

[No!e that E fix) dx=0 if f(—x)=—f(x) and i;f(x) dx
=2{ 0 ax e f(=n)=fim |

e )y =—by/{1—(23/c%)

Y 4 L R AESF P
S CS v ]
R L.._u Sb\/{l (2%/c®)} ; {b, (1_;3;_) _ya'} dy dz

T R
1‘2 (‘ c*) ey = (z‘fc*)}:lyﬁ)_m )

8 i P W _ LB o
=5)...2 [Tl ) s Ja=y [ 5 (1-5) G0
Ex. 36. IfF=(x*+y—4)i+3xy j4+(2xz+ 2% k, evaluate _

S L(V x F)en dS where S is the surface of the sphere x?+y*+22=16

above the xy-plane.

Solation. The surface x?4+y®+422=16 meets the plane z=0
in a circle C given by x*+)?=16, z=0. LetS, be the plane
region bounded by the circle C. If §’ is the surface consisting of
the surfaces § and S,,then S’ is a closed surface. Let ¥ be the
region bounded by §'

If n denotes the outward drawn (drawn outside the region V)
unit normal vector to S', then on the plane surface §,, we have
n=—k. Note that k is a unit vector normal to S; drawn into the
region V.

Now by an application of Gauss divergence theorem, we have

( i! o curl Fen d5=0

[See Ex. 1 page 111]
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or ”S curl Fen dS+“S curl Fen dS=0

1
. [** &' consists of § and 5]
or ”S curl Fen dS—E ‘S curl Fek dS=0 [ on S;, n=—K]
) 1

or ” curl Fen dS=” curl F«k dS.
s Sy

Now curl F=-1 i j k
O T
ox oy 2z

| x:4y—4 3xy 2xz42' |
=0i—zj+(3y—1) k=—z j+(3r—1 k.
& curl Fek={—z j+(3y—1) k}ek=3y—1.

”s- curl FendS= E IS: (3y—1) dS

2 4
=E S (3rsin g —1) rag dr, changing to polars

=0 Jrel
[Note that S; is a circle in xy plane with centre
origin and radius 4]

S X 3r¥sin g do dr—s S r do dr
=) JE=0 Sl Jr=p :

rs 2w
g [——J de [ S sin g ds:()]
LET 2 fi] &=
_ =hs[ 6 ]'=—16n.
. 2
Ex@ Evaluate ” (V X A)en dS, where
s

A=(x—2z) i+(x*+yz) j—3xy% k and S is the surface of the cone
—+/(x24y*%) above the xy-plane. [Meerut 1974)]
Solution. The surface z=2-—4/(x?+»?%) meets the xy-plane in

a circle C given by x®*-fy*=4, z=0. Let §, be the plane region
bounded by the circle C. If S’ is the surface consisting of the

surfaces S and S, then S’ is a closed surface. By application of
divergence theorem, we have ]

”S’ curl Asn dS=0 TR —

s, carl Asn d5=0

curl Asn dS=

H curl A-n dS+E
8
i f

( .
*j S curl A-E d5§ [~ on§,n= ——E.:

1y

ey

L)
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Now curl A=| i i k
| |
i ) 3 2

: ox ay 0z

x—z x34yz —3xy* |
=i (—6xy—y)+j (—143y*)+k (3x*-0).
curl A-k=73x2,

f
curl Aen ds=\1_ 3x2ds
}L‘ " §J51

iw 2
—_—S ] 3r2cos? g rdo dr, changing to polars

o-gv r-os !
=3 { S r®cos? g df dr=3 ! -—] cos? ¢ do
Jim=g Jr=g 4 0=p L

an
=12 i cos? 8 dp
Jo

wf2
=12x4i cos? g do= 48><,1‘><

1]

=12x.

4

Nlel

o re
Ex{38. X¥valuate }1 (ax*+by*+cz®) dS
Is

over the sphere x2-+y*4-z2==1 using the divergence theorem,
Solation.  Let us first put the integral

3 L (ax®+4-by*+-cz?) dS in the form

j j Fe.n dS,
Sl'

where n is unit normal vector to S.
The normal vector to ¢ (x, y, z)=x2+y*+22—1=01is
=V¢=2xi+2y j+2z k.

Ve 2x i+2y j+22k

| V6 1~ V/I[4 (3 +y242%)]
=xi+yj+zk [~ x*4yi422=1, on §]
Now we are to choose F such that
. Fen=Fe(xi+yj+zk)=ax? 4+ by?+ ¢z,

Obviously F=axi-+byjtézk

Now ” (ax?+4by*+-cz®) dS

.
.. O=

H Fen dS, where F=ax i+by j+-cz k

f
:} ] div F dV, by divergence theorem
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=[|], @roraav e div F=a+b+c]‘
=(a+b-+c) ]H,,de(a+b+c) 14

=(a-+}b+c) $n, since the wvolume V enclosed by the
sphere S of unit radius is £x.

Ex. 39. Gauss’s theorem., Let S be a closed surface and let
r denote the position vector of any point (x, ¥, z) measured from an

origin O. Then _
r
—ndS
Hs' e

is equal to (i) zero if O lies outside S; (ii) 4= if O lies inside S.
Proof. (i) When origin O is outside S. In this case

F=;r— is continuously differentiable throughout the reg:on v

enclosed by S. Hence by divergence theorem, we have

”s;-nds=m aiv (1) av=0, smcedw( )=o.

(i) When origin O is inside S. In this case divergence theorem
cannot be applied to the region ¥ enciosed by S since F=F!'; hasa

point of discontinuity at the origin,
To rerove this difficuity let us en-
close the origin by a smalil sphere X
of radius e. '
The function F is continuously
differentiable at the points of the
region ¥’ enclosed between S and 3,
Therefore applying divergence the-
orem for this region V', we have

” Lo dS=” L onds |
“HV dw( ) dv'=0, since dw(:):.o.

e, (£)

Now on the sphere Z, the outward drawn normal n' is directed
towards the centre. Therefore on Z, we have
r

n=—-—,
€




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

130 Exercises

”E o dz““”g :(—%) dz, since on I, r=1

o o e g o e

Hence ” T"“ dS=4r.
Py

s
Exercises

Verify divergence theorem for F=4xz1—-y’]+yzk taken over
the cube bounded by

x=0, x=1, y=0, y=1, z=0, z=1.
[Hint. Proceed as in Ex. 24. Here we shall have
3
([, vrar=3.

The six surface integrals will come out to be 2,0, —1,0, §
and 0. Their sum is=%.

Hence the theorem is verified].
2. Evaluate, by Green’s theorem in space {1‘ e., Gauss divergence
theorem). the integral
! s 4xzdydz—y*dzdx +-yz dxdy,
s

where S is the surface of the cube bounded by
x=0, y=9, z=0, x=1, y=1, z=1, [Meerut 1974; Kanpur 77]
Ans, 1,

3. -Verify Gauss divergence theorem to show that

| ] S {(x*—yz) i—2x%j+2k}en dS=}a’,

s
where § denotes the surface of the cube bounded by the planes
x=0, x=a, y=0, y=a, z=0, z=a.

[Rohilkhand 1979; Agra 77]

4. Evaluate ” (xi+yj+zk)=n dS where § denotes the surface
by

of the cube bounded by the planes x=0, x=a, y=0, y=a,

z=0, z=a by the application of Gauss divergence theorem.
Verify your answer by evaluating the integral directly.

[Agra 1979]
[Hint. Here F=xid-yj+zk. By dwcrgence theorem, we have

”gF-ndS::‘Hde F av

= j ] ] v 3dV=3V=13a% as V=a®=the volume of the cube].

5. Evaluate by divergence theorem the integral = - @

-
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,”g x2% dy dz+ (xty—2%) dz dx+(2xy+y*z) dx dy,

where S is the entire surface of the hemispherical region

bounded by z=14/(a*—x%—y*) and z=0. [Meerut 1974]
[Hint, Proceed as in Ex. 32]. Ans, 215:—“5

6. By using Gauss divergence theorem, evaluate

“g (xi+yj+27k)en dS

where S is the closed surface bounded by the cone x?+y=2z*
and the plane z=1. [Agra 1973]
[Hint. Proceed as in Ex. 34]. ' Ans. ix/6.

7. Use divergence theorem to find H Fen dS for the vector
b

F=xi—yj+ 2zk over the sphere x2+3%+(z—1)*=1. Ams. 8rn/3.
8. If F=axi+byj+czk, where a, b, ¢ are constants, show that

[]. @B as=<3F @to+0),

S being the surface of the sphere (x—1)24(y—2)2+(z—3)*=1.
[Gauhati 1971]
9, Use divergence theorem to evaluate

Hs [x dy dz+y dz dx+z dx dy],

where S is the surface x2-4y*422=1. Ans. 4.
19, Verify the divergence theorem for
F=4xi—2y%+ 2% :
taken over the region bounded by the surfaces
xi4y?=4, z=0, z=3, [Allahabad 1978)

[Hint. Show that each of the two integrals is=84x].
11. Verify divergence theorem for
F=2x%i—p%4dxz%
taken over the region in the first octant bounded by

yi42z*=9 and x=2. [Kanpur 1976]
[Hint. Show that each of the two integrals is=180].

12. Verify divergence theorem for the function F=yi+4 xj+ 2%k
over the cylindrical region bounded by
x24yi=a? z=0and z=h. [Kanpur 1975; Allahabad 79]

13. If F=yi4(x—2xz) j—xyk, evaluate ”s (V xF)sn dS where

S is the surface of the sphere x24-y34 z38=g® above the xy-
plane. ; [Kanpur 1980]
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[Hint. = Proceed as in Ex. 356. Here (curl F)sk=—z=0 over
the surface S, bounded by the circle x*+ y3=g?®, z=0], Ans, 0,
14. Evaluate ” (V X A)en dS, where
g

A=[xpe’+log (z+1)—sin x] k and S iz the surface of the
sphere x* 4?4 2?=4a? above the xy-pla.... Aps, 0,

15. Evaluate H (V xF)en dS, where

s
F=(x4-y—4) i+ 3xyj+(2xz+2?) k and S is the surface of

the paraboloid z=4—(x*+y%) above the Xxy-plane, Ans., —4n,
16. Compute

0] ns (a*x*+b¥*+c%2?)12 4§, and

(ii) ” (@x2 4B 4 2318 s

Is g
over the ellipsoid ax®+by2+cz2=1,

.. Amia+b+e) ... 4

Ans,

O S abey * O apey
_17. Evaluate S L (x*+y*) dS, where § is the surface of the cone

z'=3 (x*+)?) bounded by z=0 and z=3. Aps. 9m.
18. Prove that :

] f.cufl F dV=] Fxr-ds+j Fecurl £ dV.
V g V

[Hint. Apply divergence theoremfor the vector function F x f].
19. Letr denote the position vector of any point (x, y, z) mea-
sured from an origin' O and let r=|r |.

Evaluate H f; -n dS where S is the sphere x24 24 22=g>.
s

Ans. 4. [Calicut 1975]

§9. Stoke’s Theorem. Let S be a piecewise smooth open
surface bounded by a piecewise smooth simple closed curve C. Let
F (x, v, z) be a continuous vector function which has continuous first
partial derivatives in a region of space which contains S in its
interior. Then

f F-dr=!L.(v % F)en a'S=HS (curl F)+dS

where C is traversed in the positive direction. The direction of C is
called positive if an observer, walking on the boundary of S in this
direction, with his head pointing in the direction of outward drawn
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SOLVED EXAMPLES

Ex. 1. Prove that fr-dr:l].
s c
Solution. By Stoke’s theorem

' fr-dr——— S E (curl r)sm dS =0, since curl r=0.
s ;

Ex. 2. 'Prjo.ve.mar f GV edr=— ftp V gedr.
5 : c C

Solution. By Stoke’s theorem, we have

'fﬂ?(ﬁa)_-dr———n [curl grad (¢ ¢)]+n dS

5
: =0, since curl grad (¢ ¢)=0.
‘But ¥ (95 P =¢V+4V e

f(-ﬁvwwm dr=0

or quW ~dr= —vaqﬁ «dr.

Ex. 3. (a) Prove that @ ¢57{edr== “[Vqﬁx \ ¢JondS.
R

Solution, By Stoke’s theorem, we have

Fovimin= H [V X ($V$)]-n dS
c : s

t“s [VéXxVi+¢ curl grad ¢]en dS
==-] Js [V X Td]en dS, since curl grad ¢==0.

Ex. 3. (b) Show that ! &/ gade=0, C being a closed curve.
<

Solution. Applying Stoke’s theorem to the vector function
457 ¢, we have

ﬂ(qﬁw»dr: H [curl ($V )] dS
5

<
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=‘ L [ curl Vé+Téx Vlen dS

= i Lo-n dS [ curl Vé=0and V¢ X 7¢=0]
=0.
Ex. 4. Prove that f ¢ dr= H dSx V¢.
c s
[Kanpur 1977]

Solution. Let A be any arbitrary constant vector. Let F=¢A.
Applying Stoke’s theorem for F, we get

fF-drwS E {V x(¢A)]-n ds=§ S [Vé XA+ ¢ curl Al-dS
c s s

=HS (V¢ X A)edS, since curl A=0.

- f(¢A}-dr= n Ae(dSx v $)
c s

or Aofc;& d’r:A-H dSX V¢ or A-[fqﬁdr— HdeV¢]=O.
C [ £

s
Since A is an arbitrary vector, therefore we must have

f:ﬁdr:n S X V9.
c s

Ex. 8. By Stoke’s theorem prove that div curl F=0.

Solution. Let ¥ be any volume
enclosed by a closed surfaces. Then by
divergence theorem

S HV 7 «(curl F) dV

_—_l S y (curl F)en dS,

Divide the surface S into two portions
S, and S, by a closed curve C. Then

H (curl F)en dS’=‘.H (curl F)en 4§,
s St

—;-” (curl F)en dS,.
Sa
By Stoke’s theorem right hand side of (1) is

(D)
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= f Fedr— f Fedr=0,
C C

Negative sign has been taken in the second integral because
the positive directions about the boundaries of the two surfaces
are opposite.

“v ¥ «(curl F) d¥V=0.

Now this equation is true for all volume elements V. There-
fore we have V7 «(curl F)=0
or div curl F=0,

Ex. 6. By Stoke’s theorem prove that curl grad ¢=0,

Solution. Let S be any surface enclosed by a simple closed
curve C. Then by stoke’s theorem, we have

H (curl grad ¢)«n dS= f grad ¢edr.
5

Now grad gi.dr-(-é |+ s + ;5 ) «(dxi+dyj+dzk)

aqﬁdx-}- dy+ o dz de.

fgrad ¢-dr=fd¢= [ @ ] , where A is any point on C
7, i
c c

Therefore wes have s S (curl grad ¢)-n dS==0.
s

Now this equation is true for all surface elements S,

Therefore we have, curl grad ¢=0.
Ex. 7. Verify Stoke’s theorem for F=yi+zj-+xk where S is

the wpper half surface of the sphere x*+4y*+z%=1 and C is its
boundary. [Bombay 1970; Meerut 81; Agra 79; Rohilkhand 77)

Solution. The boundary C of S is a circle in the xy plane of
radius unity and centre origin. The equations of the curve C are
x*4-yi=1, z=0. Suppose x=cost, y=sinf, z=0,0 Lt < 2x
are parametric equations of C, Then

fF-dr= f(yi+zj+xk)-(dxi+ dyj+ dzk)
C C

=f (ydx—}-zdy-{—xdz)zfydx, since on C, z=0 and dz=
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2w 2
~__§ sin 1 % dt_-..] " _sin? tdt
0 di 0

I . .
=—% ] (1—cos 2¢) dt=-—} [_;__smzzg]
’ 0
T «wel1)
Now let us evaluate ‘ S ~curl Fen d5. We have curl F
S .
SVxE= 1 i k F=“i_j'k'
.i 9 J R

L ax 9y ez
i .
Yy z x |

~ If §, is the plane region bounded by the circle C, then by an
application of divergence theorem, we have

H curl Fon dS= S } g curl Fek dS [Sce Ex. 36 Page 126]
g 1

EHSL(—i—j-—k).k dS=”Sl(—l) dS=— Hslds=—.-sj.

But S,=area of a circle of radius 1=x (1,2=m.

A ”s curl Fen dS=—m. e(2)

H from (1) and (2), the theorem is verified.
Fg 8.) Verify Stoke’s theorem for F=(2x--y) i —yz? j—y?zk,
where S-is"the upper half surface of the sphere x*+y*+2*=1 and
C is its boundary.

[Kapopur 1970; Rohilkhand 78; Allahabad 78; Agra 73, 76, 80]

Solution. The boundary C of Sis a circle in the xy plane of
radius unity and centre origin, Suppose x=cos {, y=sin t, =0,
0 < ¢t < 2= are parametric equations of C. Then

f Fedr— f [(2x—y) i—yz* j—y2zk]s(dxi + dy]+dzk)
C C

=f[(2x—y) dx—yz* dy—y'z dz]
C

:f (2x—y) dx, since z=0 and dz=
C

f2m 4 dx 2n ) . .
= (2cosf—sint)~- dt=— f (2 cos f—sin t) sin t dt
Jo dt 0
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in * 2w
“—-‘ [sin 2¢—% (1—cos 21)] dtz_[_c%gf_,h_ki s_‘.!"z_z_‘
1] ]
=—[(—{+3—% (=—0)+} (0—0)]=mr. kL)
Also (V xF)a_; i j k
I T ¥
| ox By 0z
| g y —yzd  —y%

=(—2yz+2yz) i—(0—0) j4+(041) k=k.
If S, is the plane region bounded by the circle C, then
” {V xF)en a'S:H (V xF)k dS
s Sy

[by an application of divergence theorem,
see Ex. 36, page 126]

‘_‘HS; kek dS= ‘ SS, dSauilfan

...(2)
Hencg from (1) and (2), the theorem is verified.
E@ Verify Stoke’s theorem for
F=(24yY) i—2xy ]
taken round the rectangle bounded by
x=+a, y=0, y=>b. [Meerut 1967]
Solution. We have
Iy
y=5
£y
Xe-d I=a
S
0 -
O Y=0 i e
curl F=| i i kK |
|; b 2 A
L odx 3y dz

| x24p2 —2xy 0
=(—2y-—2y) k=—4yk.
Also n=k,



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

142 Solved Examples

5 S (curl F)en dS= L-o S (—4yk)+k dx dy

T —(]

B a
=—4 E 5 ydx dy=—4 i l:xy ] dy
¥=0 ) z=-0 Ye=i) Le=—G

b T
=—4 [ 2ay dy=—4 {ayzj = —4ab?,
J o

Yul)

Also f F-dr:f[(x‘-}—y’]i-ny jle(dx i+dy §)
c c '
= 162+ de—2xy dy)
C

[, ety o1 Ly ..

Along DA, y=0 and dy=0. Along 4B, x=a and dx=0.
Along BE, y=b and dy=0. Along ED, x=—a and dx=0.

f Fodr=] x! a‘x-[-r —2ay dy
& Tus—q Yeag

—a a
+j. (x2+b?) dx+] 20y &y
. Z=a y=b
a b
ﬁj X1 dx—r__/{x’+b’) A 4d ] y dy
—a S L]
o . b . yl b o
=—§ x? 'dx—4a§ ydy=—2ab--——4a[-—-] = —4ab?,
b , 2 4o
Th Fedr= 1 Fjen dS.
uscf' dr ”S(cur Fjen d.

Henge the theorem is verified.

Exvf.\) -Verify Stoke’s theorem for F= —y%i+x%, where S is
the circulardisc x*+)? < 1, z=0.

Solution. The boundary Cof Sis a circle in xy-plane of
radius one and centre at origin.

Suppose x=cos #, y==sin t, z=0, 0 < ¢ < 2r are parametric
equations of C. Then

f F-dr=f{—y=i+xs i)e(dx i+dy j+dz k)
C

o _ Y ide
f( }sdx-F-xady]-—L_u{ y? dr+ azr}
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=r' [—sin3 ¢ (—sin t)--cos® ¢ (cos t)] dt
0

an /2
=! (cost t+sint f) dt=4 ] (cos® t--sin ¢ 1) dt
o

(1]
.:4{—1-_1" 3&1:} 3
a2t It

Also v><F=l i j kK |=(3x+Y) k.

Here n=k because the surface S is the xy-plane.
o (7 XF)en=(3x243y%) kek=3 (x24-)?%).

Hs (V xF)en dS=3 HS (x*+%) dS

o 2 2
2x oy 0z

1
| =¥ »® 0

2= 1
=3 ! ‘ rir df dr, changing to polars
=g Jr=p
3 (2" 3 3x
=5 |, w= @o=g"
3
Thus f F.drmns (7 XFjen ds=i_,
c 3
Henpee-the theorem is verified.
E Evaluate by Stoke’s theorem
f (e dx+2y dy—dz)
c
where C is the curve x®--y2=4, z=2. [Meerut 1969; Agra 72]
Solution. f (e% dx+2y dy—dz)
Cc

= f (e%i+2yj— K)o (dxi + dyj-+ dzk)
C

. f Fedr, where F=esi42yj—k.
C

Now curl F=| i i kK |=0i4+0j+0k=0.
T R
| ox ay 0z

q €s 2y -1
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4 By Stoke’s theorem
§ F-dr=“ (curl F)en dS
s
c

. =0, since curl F=0.
Ex. 12. Evaluate by Stoke’s theorem

f (yz dx+xz dy+xy dz)

where C is the curve x?+y%=1, z=7". [Kanpur 1980]
Solution. Here F=yzi+xzj+ xyk.
& Curl F=| i j k
o 8 2
ox oy 0z
|
| yz xz xy

=(x—x) i—(—y) i+ Z)k 0.
4 By Stoke’s theorem

f F-dr=ns (curl F)en dS

=0, since curl F=0.

Ex.@'vaiuate f (xy dx+xy* dy) by Stoke’s theorem where
C is the square in the xy-plane with vertices (1 0), (—1,0),(0, 1),

0, —1).
Scolution. Here F=xy1+xy21

4 curl F=| i i k 'lm(ys—x) k.
2 o 2|
| ox oy 7z |
\ xy o xy? 0 |
Also n=k.

s curl Fen=(*—x) k-k-—-_y=-ix,
s, The given line integral

=”S (y1—x) dS

1 1 _ 1 x2
=! S (y*—x) dx dy:i [y’x——z—:' dy
T} Y1 e |

Yol
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1 P14
—_— 2 20' B2 [—]- o
S‘If--l y y 3 1 3

Ex. 14. Evaluate f Fedr by Stoke's theorem where

F=)%i4+x%j—(x+2z) k and C is the boundary of the triangle with

vertices at (0, 0, 0), (1, 0, 0), (1, 1, 0).
Solution. We have

Curl F=| i i k =0i+j+2 (x—y) k.
d 3 0
x  ? oz

» X —(x+2)
Also we note that z-coordinate of each veriex of the triangle
is zero. Therefore the triangle lies in the x-y plane. So n=k.
s Curl Fen=[j+2 (x—y) kK]ek=2 (x—).
In the figure, we have only considered the x-y plane.

4N

Q-
The equatioﬂl‘fbf;the line OB is y=4x.
By Stoke’s theorem

f chfsﬁ (curl Fen) 4§

! S 2 (x,-—y) dx dy-2 Lw{ xy—--—-—]vd' x
J'M x‘—-——— dx= zf —dx—]  dx=4.
Ex. @

Evaluate by Sloke s theorem
f(sm z dx—cos x dy+-sin y dz)

where C is rke_ boundary of the rectangle
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0K xgmigy < 1,2“3:
Solution. Here F=sin z i—cos xj+sin yk.
Curl Fel i i k

G
9 2. 3 |—cosyi-cos zj+sin 3k.
éx oy 0z '

sinz —cos x siny ] =y
Since the rectangle lies in the plane z=3, therefore n= k

o curl Fen=(cos yi+cos zj+sin xk)-k—sm x.
By Stoke’s theorem

Frede= ! L (curl Fen) dS

c

! " sin x dx dy= r sin x dx=2. ;' S
Vell JZ= L=y :
Ex@dpp!y Stoke’s theorem ro prove that

(ydx+zdy+xdz)-—-—- 2\/2-r=::|z
where C is rhe curve given by o
x¥ 4y 22 —2ax—20y=0, x+y=2a - =
and begins at the point (2a, 0, 0) and goes at first below the-z: pfar:e

(Agra 1969; __Meerut 82)

Solution. The centre of the sphere x?4y3+4 72 —2ax—2ay==0

is the point (a, g, 0). Since the plane x4 y=2a passes through the

point (a, a, 0), therefore the circle C is great circle of this sphere.
A Radius of the circle C

=radius of the sphere=4/(a®+a*)=av/2.
Now ]c (vdx+zdy +xdz)= S . (yi+zj+xk)edr

=”s [curl (yi+zj+xk)]-= dS,

where S is any surface of which circle C is boundary [Stoke’s

theorem].
Now curl (yi+zj+xk)=~| i j k !
N I
‘ 0x oy 0z
’ ¥ z x
it b e k-—(i+1+k)
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Let us take S as the surface of the plane x+y=2a bounded
by the circle C. Then a vector normal to S is grad (x+}’)‘"”l+.l

4 n=unit normal to S—-— (i+1j).

V2
]c (v dx+z dy+x qf:.r)=nS —(i+i+k)- (-‘-}_21.1,.712 i)dS

- j S dS=— —2,—.(area of the circle of radius av/2)
V2 s Y 2

I

= — /2 (2na®).
Ex. (7. Use Stoke’s theorem to evaluate SS (V XF)"-II ds,
s

where F=yi+(x—2xz) j—»yk and S is the surface of the sphere
x4 yt-z2=a above the x-plane.

Solution. The boundary C of the surface S is the circle
x2-Ly2=g% z=0. Suppose x=a cos #, y==a sin {, z=0, 0 < 1<
are parametric equations of C. By Stoke’s theorem, we have

=IL (V XF)+n dS
= | Fedr= [ it G252 jxy k1o -t dy+i d)

= S c [y dx+(x—2xz) dy—xy dz]

=S (y dx+x dy) [ on C, z=0and dz=0]
C

i dx dy
=j ( Yar +xﬁ) L

== r' [a sin t (—a sin #)-}-a cos ¢ (a cos 1)] dt
L]

g 2w
=a? 5 (cos® t—sin? ) dtua’] cos 2t dr-—a’[ =0.
a 0

Ex. Evaluate the surface integral ” curl Fen dS

by transforming it into a line integral, S being that part of the sur-
face of the paraboloid z=1—x*—y?2 for which z = 0, and

F=yi+zj+ xk. (Bombay 1970)

Solution. The boundary C of the surface Sis the circle

x¥4yt=1, z=0. Suppose x=cos t, y=sin 1, z=0, 0 < 1 < 2r are
parametric equations of C. By Stoke’s theorem, we have

H curl Fsaa d.5‘=‘ Foide
g C

sin 2:]
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.=L (yi+zj+xk);-(i dx+jdy+k dz)=L y dx+zdy+-xdz

m‘[c ydx [ onC, z=0and dz=0]

x  dx L ’ o=
=.] [ o dt=j sin t (—sin t) dt=— sin? ¢ d¢
o~ dr 0 0

=/3 » ™
=_ sin'rdt=—4x§x§=—n.

19, I F=(304 21— %) i+ (2+x2—y) j+ (41— 28) K,

evaluate
¥

curl Fen dS taken over the portion of the surface

x24y2 422 2ax+az=0 above the plane z=0, and verify Stoke’s
theorem.

Solution. The surface x?4y*42z'—2ax-+az=0 meets the
plane z=0 in the circle C given by x*+?—~2ax=0, z=0. The
polar equation of the circle C lying in the xy-plane is r=2a cos 4,
0 < 6 < =. Also the equation x2+y?—2ax=0 can be written as
(x—a)*+y*=a®. Therefore the parametric equations of the circle
C can be taken as

=a+4acos t, y=asint,z=0,0 < 1t < 2.

Let S denote the portion of the surface x®+4y24-z%8—2ax
+az=0 lying above the plane z=0 and S, denote the plane region
bounded by the circle C. By an application of divergence theorem,

we have
“ cagl on dS=“ curl Fek dS.
s Sy
Now curl Fek= i i k ‘
T2 ? ?
—_ i —_— ’-k
ox oy 0z -

i
Y42 x 2pxi—)? x’—l—y’—z’rl
=[5 @ +r-m—3 ot |k

. [+ ik=jok=0]
=2 (x—)).

. “ curl Fen rS==” curl Fek dS= I 2(x—y)dS
s Sl Sl
L] 2a cos # .
=2 § ‘ " (r cos 6—r sin @) r dg dr,
Gl JTul)

changing to polars
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L4 r? s coz @
=2 S (cos §—sin 6) [3“] ds
L]

=0
gas n ; =
=2 X T (cos §—sin 6) cos® g df
o

3rw
=%a_ S (cos* §—cos® g sin §) d
(1]

o
S(x/d
=2x136-9- cost g do
1]
16a® :_5__)5_1 ™ e
C TV L e

fw i
=-‘%E- X cost g do [ \ cos® ¢ sin @ d8'=0]
L]

=2
5 (1)
Also L F-a‘r:L (y*+2—x?) dx
(242 —3*) dy+ (P 4y — %) dz
=L (P-xYydx+(x*-y)dy [ onC, z=0and dz=0]

2 dy dx\
—y2 —_ — -y
=L 5 y_)lff‘ di
L
_—_] i(a+a cos t)*—a® sin® (] (@ cos ¢t+asin t) dt
]
n
=g° s (14-cos® t+2 cos t—sin? ¢) (cos ¢4sin t) dt
0

w
=g’ S 2 cos® 1 dt, the other integrals vanish
a

n

2
=2a*x4 i cos? tdt=8a3x§x—;=2m’.

[1]

Comparing (1) and (2), we see that

H curl Fen dS=§ Fedr.
s c i

Hence Stoke’s theorem is verified.

w(2)

Ex. 20. Prove that a necessary and sufficient condition that

f F-dv=0 for every closed curve C lying in a _sfmply connected
C

region R is that \7 X F=0 identicaily.

Solution. Sufficiency. Suppose R is simply connected and
curl F=0 everywhere in R. Let C be any closed path in R. Since
R is simply connected, therefore we can find a surface S in R Lav-
ing C as its boundary. Therefore by Stcke’s theorem
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35' Fedr= g S (curl F)en dS=0.
C S

Necessity. Suppose f Fedr=0for every closed path C and
C
assume that V7 x F=20 at some point A.

Then taking ¥ X F as continuous, the = must exist a region
with 4 as an interior point, where 7 xF3£0. Let S be a surface
contained in this region whose normal n at each point is in the
same direction as V XF, ie. 7 xXF=2JMn where A is a positive
constant, Let C be the boundary of S. Then by Stoke’s theorem,

¢ F-dr:-” (V xF)en d.S'-——~”)m-n ds
c S S

=S > 0.

This contradicts the hypothesis that fF-dr=0 for every
: _ &
closed path C. Therefore we must have 7 X F=0 everywhere in R.
Exercises
1. Verify Stoke’s theoremw for the function
F=zi+xj+yk
where curve is the unit circle in the xy-plane bounding the
hemisphere z=+/(1 —x*—y?).
[Agra 1975; Rohilkhand 81; Kanpur 78]
[Hint. Proceed as in Ex. 7 Page 139. Show that

5 F-dr:-.w:” curl Fen ds]
C 5

2. Verify Stoke’s theorem for A=2yi+3xj - z%k, where § is the
upper half surface of the sphere x2+3y*+2z*=9 and C is its
boundary. [Meerut 1975]

3, Verify Stoke’s theorem for the vector gq==zi+xj+ 1k taken
over the half oi the sphere x?+)y*+22=qa? lying above the
xy-plane. [Gauhati 1973]

4. - Verify Stoke’s theorm for the function

=x+xyj
integrated along the rectangle, in the plane z=0, whose sides
are along the lines x=0, y=0, x=a and y=b. [Meerut 1976)

5. Verify Stoke’s theorem for a vector field defined by
F=(x*—)?) i42xyj in the rectangular region in the xy-plane
bounded by the lines x=0, x=a, y=0 and y=»5.

[Kanpur 1975]
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6. Verify Stoke’s theorem for the function
F=x%i+xy},
integrated round the square, in the plane z=0, whose sides
are along the lines x=0, y=0, x=a, y=a. [Bombay 1‘91‘0}
[Hint, Proceed as in Ex. 9 Page 141. Show that

L F-dr=§a’=”g curl F-n dS].

7. Verify Stoke’s theorem for the function
F (x, y, 2)=xyi+xy’j
integrated round the square with vertices (1, 0, 0), (1, I, 0),
(0, 1, 0) and (0, 0, 0), '
where i and j are unit vectors along x-axis and y-axis res-
pectively. [Meerut 1979]
8. Verify Stoke’s theorem for the wvector Au3yi—xzj+yz!k,
where S is the surface of the paraboloid 2z=x%-}-32 bounded
by z=2 and C is its boundary. [Meerut 1973, 77]
9. By converting into a line integral evaluate

S S (7 x A)en dS, where A=(x—2z) i+(x*+yz) j—3xy%k
S

and S is the surface of the cone z=2-—4/(x*+}*) above the
xy-plane. Ans, 12n, [Meerut 1974]
10. By converting into a line integral evaluate

Hg(v % F)en dS

where F=(x"4-y—4) i+3xyj4-(2xz+20) k

and S is the surface of (i) the hemisphere x4 )24 221§
above the xy-plane (ii) the paraboloid z=4—(x2+ %) above
the xy-plane. Awns. (i) —!6m, (i) —4n.

11. Evaluate E S (V xF)en dS, where
S

F=(y—z+2)i+(yz+4)j—xzk and S is the surface of the cube
x=y=2=0, x=y=2z=2 above the xy-plane. Ans, —4.
[Hint. The curve C bounding the surface S is the square, say
OABC, in the xy-plane given by x=0, x=2, y=0, y=2].

12, Show that '

H é curl F-dS=S qéF-dr-H (grad ¢ x F)+dS.
s c g

[Hint. Apply Stoke’s theorem to the vector ¢F).
13. If f=7¢ and g= ¢ are two vector point functions, such that
V2p=0, V="
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equations of C can be taken as x=cos ¢, y =sin ¢, z=0, 0t < 2n,

- E-- - — y
We have fF dr ‘( gy dx+x‘+y dy)

sint  dx cos ¢t e
= Yol cos?® t+sin? £ dt * Cos? t+sin® ¢ dt

=§ (sin® t+cos? t) dt=2r.
0
Thus we see that f Fedr£0.

Definition. Trrotational vector field. A vector field F is said
to be irrotational if curl F=0. (Calicut 1975; Allahabad 79)

We see that an irrotational field F is characterised by any one
of the three conditions :

(i) F=V¢,

(ii)) v xF=0,

(iii) f Fedr=0 for every closed path.

Any one of these conditions implies the other two,

SOLVED EXAMPLES

Ex. 1. Are the following forms exact ?
(i) xdx—ydy+zdz, (i) evdx+4exdy+4erdz.
(i) yzdx+xzdy+xypdz. (iv) y2z%dx+2xyz3dy + 3xyzidz.
Solation. (i) We have
xdx —ydy +zdz=(%i — yi+ zKk)«(dxi + dyj+ dzk)
' =Fe«dr, where

F=xi—yj+zk,

We have Curl F=‘ i i f =0i+0j+0k=0.
b2 9. |
B, oy i .

.. the given form is exact.
(i) Here F=evif-e®j+e*k. We have

Curl F=| i i k ‘=0i+0j+(e‘"-—e*'j k.
2, 2 8

D
-
o)
=
I=1)
N
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Since curl F5£0, therefore the given form is not exact.
(iii) Here F=yzi+xzj+xyk. We have
Curl F=) i j Kk |[=(x—2x)i—(y—y)j+(z—z) k=0,

o2 2
ax dy oz %
yz xz xy |

Since curl F==0, therefore the given form is exact.
(iv) Here F=y2z% i+2xyz® j+3xy2z2 k. We have
Curl F= i j k

A
0x oy 0z
| y2z8  2xyz® 3xy?z%
=(6xyz2 —6xyz%) i—(3y222—3p%2%) j+ (2yz8—2p2%) k
=0.
the given form is exact.
Ex. 2. In each of following cases show that the given differential
form is exact and find a function ¢ such that the form equals d¢ :
(i) xdx—ydy—zdz. (i) dx+zdy+ydz
(iti) cos x dx—2yz dy~y? dz. (iv) (2*—2xy) dx—x*dy+2xzdz.
Solution. (i) WHere F=xi—-yj—zk., We have

Curl F=| i i k | =0i+0j+0k=0.
0 R i |
ox dy oz i
x -y —z |
.. the given form is exact.
Let F:Vq.‘o,
or xi—yj- Zk——ETl aqﬁ +E—}—¢'k Then
B(ﬁ_ 7 _ 2 i)
A x whence qS-- 2 +f1 (¥, z) D
o o P ;
v——y whence ¢= 5 +f (x, 2) e

¢
0 ool —ZE
5, =% Whence q‘»-———z---i‘fa (x, »). ...(3)

The constants of integration are functions of the variables not
involved in the integration because the derivatives are partial.
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(1), (2), 3) each represents ¢. These agree if we choose
_ 12
£ 2 D=2, . x 9="27, fr =25

.I o ¢= ﬁ to which may be added any constant.
Hence qS——:—_%——-}- C, where C is a constant,
(ii) Here F=i4zj+yk. We have
Curl F=| i i k :
8 G Gl T
il i =0i4+0j+0k=0. .
% 3 % i+0j +0k=0.
1 . z ¥y
4. the given form is exact.
Let F=V rﬁ
aqS aqf.

or 1+Z.|+yk—-—l+ k. Then

gg:l Whem ¢=x+f_"l (J’, Z)

aj:z whence 95—.2 +/. (% 2)

o =zy+f, (% (2
0

£=_-y whence ¢=yz-+1, (x, ¥) wd3)

(1), (2), (3) each represents ¢. These agree if we choose

L (. zy=2y. fo (x, D)=x, f, (x, y)=x.
¢=x+yz to which may be-added any constant.

- ¢=x+yz+C.
(m) Here F=cos xi—2yzj— k. We have
Curl F=; i j k
0 GR d

cos x —2yz -—)*
=(—2y+2y) i+0j+0k=0.
the given form is exact.
Let F=v¢,

or Cos xi—2yzj—}2k—_... ;_1_8‘#’

o¢

Gy =COs X whence ¢=sin x+f; (¥, 2)

]—i— k Then

5]
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160 Solved Examples
Qf= —2yz whence ¢=—)2z4f, (x, 2)
ay = y 2 » . 001(2)
ol
a—z.=—y’ whence ¢=—y*z+f; (%, ¥). we(3)

(1), (2), (3) each represents ¢. These agree if we choose
fi 0 ==z, £; (x, 2)=sin x, f, (x, y)=sin x.
¢=sin x—y*z to which may be added any constant,
¢ =sin x—yz+C.
(iv) Here F=(z2—2xy) i—x%j+2xzk. We have
Curl F=| i j k '

3 il 2 s 1ns

by s i =0i + 0 0k=0.

> 3 I+
28—-2xy —x® 2xz

4. the given form is exact.

Let F=Vg¢

or (z*—2xy) i—x% +§xzk=g§ i+g—ﬁj+2§ k. Then
g_i:z’—zxy whence ¢=zix—x2y+f, (, 2) sk B}
g—'j=*x3 whence ¢=—x2y+; (x, 2) | 2
g§=2xz whence ¢=xz+f; (x, y). ...(5)_

(1), (2), (3} each represents ¢. These agree if we choose -
fi (s 2)=0, £, {x, 2)=x2%, fs (x, y)=—x%.
4 ¢=z2x—x?y to which may be added any constant.
S p=zx—x3y4-C.

" Ex. 3. Show that F=(2xy+z%) i+ x%+3xz°k is a conservative
force field. Find the scalar potential, Find also the work done in
moving an object in this field from

1, =2, 1) t0 (3, 1, 4).
Solution. The field F will be conservative if 7 xF=0,
We have '
V XF=| i i k =0.

e
ox ()4 0z

2xy+4z8 x? 3xz?
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i Therefore F is a:loonservative force field.
Let F=V¢ : :

or @xy+2) 142 3222 k=-— +§ +a k. Then

Q) !

2—},‘=x= whence $=x%-+1, (3, 2
| _‘?f,_ 3xz? whence d=x2z84+1; (x, ¥)
(1% (), (3) each represents $. These agree if we choose
f;t (v, 2)=0, f! (a': z)_zsx fa (x, y)=x’y'
S ¢=x%+xz% to which may be added any constant.
A ¢=xWy+fxz*+C.

) . (3, 1, 4) 2
Work done . —2, 1) Fedr

G LY s G LY
”Su -2, 1) [ ](1. ~21)
=,[x’y+xz']8. L ;) =202

Ex. 4. Show that the vector field F ginen by
F=(y+sin'z) i+xj+x cos zk '
is conservative, Find its'scalar potential.
Solution. We have!
V XF= | €Y 7§

o

| .
ox ay _3'2 l

y+4sinz x xcosz - |

&  the vector field F is conservatwe. ;
Let F=v4¢

or (y-sin 2) 1-]-x_j+x cos zl!;__J'_s |+— +34ﬁ k. 'I'hen :

it gﬁ =y+sin z whence g=xy+ x sin z+f; 0 2N 1) -
aéh _ i, % _: . - P

=" whence ¢=xy+f; (x, 2) : (2.

%_‘:=x cos z whence ¢=x sin z+f; (x, ) ‘

o
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(1), (2), (3) each represents ¢, These agree if we choose
-fl (}', )=0 f! (x) Z)=x sin Z, fa (xs y] x}’.

4 d==xy+x sin z to which may be added any constant

¢=xy+x sin z4-C,

Ex. 5. Evaluate '

_ ! 2xyz? dx+(x*2z%+z cos yz) dy+(2x¥z 4y cos yz) dz

where C is any path frum (0,0, 1) te (1, i, 2). (Meerut 1968)
_Soluuon We have F=2xyz* 1+(x'z’+z cos yz) j

+{(2x*yz+y cos yz) k.

S U XF= i i k
g ey i
. ox dy 0z

i 2xyz® x3z%4-zcos yz 2xPyz+y cos yz
=(2x%z4cos yz—yz sin yz—2x*z—cos yz
4yz sin yz) i —(dxyz—4xyz) j+(2xz¥—2x2%) k=0.
. the given line integral is independent of path in space.

Let F=V¢. Then i oS
af:?zyz’ whence ¢g=x2yz+£; (3, ‘~') (D)
%%_x‘z’ 4z cos yz whence ¢=1x3z2y+-sin yz4f, (x,2) '¥))

__Ei}-é=2x’yz+y cos yz whence ¢=x%z'+sin yz-+f; (x, ) ...(3)
(1 ). (2), (3) each represents ¢. These agree if we choose '
S (v, 2)=sin yz, f, (x, 2)=0, f, (x, y)=0.
- ¢=x%yz*+sin yz to which may be added any constam
Thc given llne integral is therefore
S d(x*yz2+sin yz)=[x’yz'+sm yz ](l' r/4, 2)
[ o (0’ 0: 1)

" =n4sin gn=n41,
Ex. 6. Evewate :

i yz&;-i-(xz-l-l) dy+xy dz,

w!rere C is any path from (1, 0, 0) to 12,1, 4}
_ [Meernt 1969; Agra 72]
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Solution. We have F=yzi4(x2+1) j+xyk.
o VxF=| i i k |

| |
| ox oy z E
|
| yz xz4l xy |

=(x—x) i—(y—y) j+(z—2) k=0.

.. the differential form yzdx+(xz+1) dy +xydz is exact and
the given line integral is independent of path.

. Let F=V¢
P : 895 2
or y21+(xz+l) ]+xyk i+ j+ k Then
0¢ -
5 =)z Whence ¢—xyz+f1 0. 2) (1)
o 3
B whence g=xyz+y+/, (x..2) (3}
. 09 _ =
3= whence d=xyz4f, (x, ) w.(3)

. (1), (2), (3) each represents #. ‘These agree if we choose
.f; s ZJ=)"f; (x, z)‘“osfa (x, y)=Jf:
.. ¢=xyz+y to which may be added any constant,
The given line integral is therefore
2,1, 4) N [ ](2. 1, 4)
j“ 0, 0) d (xyz+y) xyz+y (1.0, 0}
=[84+1—0-0}=9.
Ex. 7. Show that the form under the mregral sign is exact and
evaluate

2.0, 1) e
5(0 2 1)[28 dx+2yz dy+(e*+y?) da).

Solution. Here F=ze‘ i+ 2yz j+(e*+yM k.
We have curl F=‘ i k
i) e

a /
: ox oy oz -
‘ ze? 2yz es4y?
=(2y—2y) i—(e"—e®) j+0k=0.
~»* the form uader the integral sign is exact and consequently
the line integral is independent of path in space,
Let F=V ' :
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|

or 2e31+2yzj+(e=+y’) k---a"i6 l+ j+a¢ k. Then
a9

3_x=ze" whence é%:ﬂ‘hﬁ,(}‘: 2) (1)
oo st -
0P e 2 p== T

5, =¢" 1" whence g=ez+y*z+f; (x, 7) -(3)

(1), (2), (3) each represents ¢. These agree if we choose |
L (s D)=z, fo.(x, 2)=e€"z, f; (x, y)=0.
“ . ¢=ze*+)y%z to which may be added any constant. The
given line integral is therefore : . L
(2,0,1) el | oakk e ](2',_0. 1)
"'_Sw. ,1) % P ‘..[‘_.e____*"’ “Jo,2, b
. =[ef 4 0—1—4]=e3—
Ex. 8 If F=cos y i--x sin y §, evaluate ] Fedr where Cis
the curve y=+/(1—x2) in the x-y plane from (1, 0) o (0, 1).

Solution. We have j F-dr_J‘ (cos ydx— xsm ydy)

_ni cos v/ (1— x‘)dx-] V(l—y’jsmydy

It is difficult to evaluate the mtegrals directly. However we
‘observe that (5o

“curl. F—‘ i i k

gt gt kg o o foe 5

ox. oy 9z

‘cosy —xsiny 0 | _
=040 j+(—sin y+sin y) k=0.

.. the given line integral i is independent of path

Let F-=V¢

.or cosyl-x smy]_. o¢ i+895 j+ k._ Then
. 0¢
Bx-ﬂcos ¥y whence ¢=x cos y-+f; (¥, 2) (1)

g—i=—-i sin y, whence eﬁ_f—*x cos y+£; (x, 2)

E—ijzf} wherce é=f, (x, ). ~

F

-.(3)

w2y
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From (1), (2), (3), we see that ¢=x cos y.

.. The given line integral is equal to

(0 1) ] 'y

] d (x cos y)=[x cos y] =[0—1 cos 0]=—1.
{1y 0) (1s 0)

Ex. 9. Show that the vector field'F given by

F=(x2—yz) 1+(y*—zx) jH(z2—xy) k
is irrotational.  Find a scalar ¢ such that F=Y7 ¢,
Solution. We have

Curl F=| i i k
2 .78
ox oy az

| x—yz yozx F—xp

=(—x+4x) i—(—y+y) j+(—2z+2) k=0,
»~. The vector field F is irrotational.

Let F=vg¢
or (x2—yz) 14 (p® —2X) j+{z’—xy) k——l+a¢l+ 9;
Then ¥
09, .-x?!, ;
é-—wx -—yz-w_heuce ¢-———~.- —xyz+fi' 2 ()
¢
a—)—)my —zx whem.e P== -§ -—xyz+f,, (x, 2) 2
0 _ -
E}":-s:z*—xy whence ¢=>2 = -—xyz_—i-fa (x, y). .(3)
(1), (2), (3) each reprc’sents é. Tﬁese agree
423 xB4y3
if we choose fi(y, z)= 3 + 3 ,fx (x, z)-- - :-,fa (x, J’}‘““_}

Therefore éw‘f—iyaif-—-xyz+c.

Exercises

1. Show that
(¥%z8 cos x—4x? z) dx+ 223y sin x dy +(3y%z2 sin x--x%) .
—an exact differential of some function ¢ and firs! this !+~
e JAns,  ¢=pz" | i—-x'z4(,

2. (i) Show that the vector ficld

: F=(2xy*+yz) 1+(2x 2y +xz+2y2°) i+ (2 z4xp) k

is conservative.

(ii) Show that ¥ =xl+y]—f—zk is conservative and find ¢ such
that F= ¢ [Kaope 1980]

Ans.  ¢=4 (x4 y* 428+ C.
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3. - .Show that
F=(sin y+2) i4(x cos y—2) j+(x~») k
is a conservative vector field and find a function ¢ such that
F=Vd, [Bombay 1966}
Ans, d¢=x sin y4-xz—yz+4C.
4  Show that the vector field defined by :
=(2xy—2%) i+(x*+2) j+(y—3xz?) k
i8 conservative, and find the scalar potential of F, :
. [Bombay 1970]
S. Show that the following vector functions F are irrotational
and find the corresponding scalar ¢ such that
F=v¢.
(i) F=x®i+p®j+22k. s
(i) F=(y sin z=—sin x) i+ (x sin 24 2yz) j+(xy cos z+4+»% k.
(iii) F=(sin y+zcos x)i+(xcos y+sm z) j4(p cos z+sin x)k.
{Calcutta 1975]
Ans. (i) o=} (x+4ry'+29+4C. i
(i) ¢=xy sin z-l cos[x-}-y’z-l—C
(m} $=x sin 4y sin z4z sin x+C
5. Finda, b,cif F=(3x—3y+az)i+(bx+2y—4z) j+(2x+cy+2)k
is irrotational. [Calicut 1974]
Ans, a=2, b= -3, c=-=—4 '
7. Show that
(2x cos y-+7 sin y) dx+(xz cos'y- xAgin y) dy+x sin y dz==(
is an ex~.. differential equation and hence solve it.
Ans. 3olution is x% cos y+xz sin y=C.
8. If Fis irrotational in a simply connected region R, show that

there exists a scalar field ¢ such that F=grad ¢.
[Calicut 1975)
§1L. Physical interpretation of divergence and curl.

[Meerut 1968)
Physical interpolation of divergence. .- Suppose that thereis a
fluid motion whose velocity at any point is v (x, y, z).  Then the loss
_ of fluid per unit unit volume per time in a small parallelopiped having
centre at P (x, y, z) and edges parallel to the co-ordinate axes and
having lengths §x, 8y, 3z respectively, is given appreximately by
' div v="=v..
Le v=v i4v;j+v, k.
X . Ymponent of velocity v at P=v, (x, y, 2).
x-component of v at centre of ¥ 4FED which iz per-
Poadicuiar to x-axis and is nearer to or’
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