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Real Functions:
Limit and Continuity

8.1. INTRODUCTION

While in the preceding chapters, we considered functions with the set of natural numbers as
their domain, we shall in this chapter be concerned with real valued functions having intervals,
open or closed, as their domains.

ILLUSTRATIONS

1. If f (x) = 0 when x is rational and f'(x) = | when x is irrational, then fis a real valued function
whose domain is the entire set R of real numbers. The range of this function is the set {0, 1}
with two elements.

2. If f(x) = [x] where [x] denotes the greatest integer not greater than x, then fis a function
whose domain is R and whose range is the set I of integers.

3.Iff(x) = apy" +apx"" Ly +a,, where a, ....., a_ are given real numbers, then f'is a
function with R as its domain. What can be said about the range of the function ?

4. If f(x) = log x, the domain of f'is the set of all positive real numbers and the range is R.

5. The domain and range of the function f defined by f(x) = €" are |- oo, oo and [0, oof
respectively.

6. The domain and range of the function f defined by f(x) = sin x are ]— o, oo and [ 1, 1]
respectively.

Ex. 1. Describe the domains and ranges of the functions defined as follows :

@) f(x) = cos x; (@) f(x) =tan x; (iii) f(x) = sec x;
(@) f(x) =sin Uy ) f(x) =tan” Uy (i) f(x) = sec” 'y
(vii) f(x) = (x2 = D/x—-1); (i) f(x)=x+1; () f(x)=1/(x+1);
@ f(0)=Jx-D: (i) ()= [jx_ ‘Sj]; (xii) f(x)=(2x—3) (4= 50).

Ex. 2. If x denotes a real number, which sub-sets of R are the domains of the following
functions :

@ f:x>lx+1); @) fix>x/(x-1)x-2);
i) f:x >x; (V) fix > J(x+1)/(x=1);

0) fix = J(x=1) +x/(x-2); Vi) fix — y(x2 = 5x+6).

Ex. 3. Obtain the ranges of the functions given as follows :
(@) f () = x/(x = 1) (x +2); (if) £ () = (x + 1) (& + 1);

(i) f(x)=(x+ 1) (* = 1); (iv) f(x) =x" +x + 3.
8.1
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Ex. 4. State the ranges and the domains of the following functions :

@ f:x—>[x],  G) f:x > x]; @) fix o4 x]; @) f:x > x|
Ex. 5. Compare the domains of the following pairs of functions :
@ x > x/x,x > 1. (i) x > (2 sin x)/sin x, x — 2.

8.2. ALGEBRAIC OPERATIONS ON FUNCTIONS

Let f,, f, be two functions; with domains D,, D, respectively. We suppose that D, D, are
not disjoint, i.e., D; N D, is not the void set. We shall now define the functions

h+th h-fr hh

It will be seen that D, N D, is the domain of each of these functions. We have, by definition,
x € D, N D,

(fy + ) =fi ) + f5,x), (f) =)&) =1, () =/, (0) and (1} /) %) = f; () f; ().

Now suppose that A= {x:f,(x) =0}
so that 4 is the set of roots of the equation f, (x) = 0. Then f| + f, is defined as follows :

(fi=hH)®=fix)=f,x) [xeD n(D,~A).

Ex. 1. Given that f, f, are the functions defined as follows : x — cos x, x — sec x, give
the domain of 1, + f,, f; + /.

How does the function x — 1 [ x differ from the function f, f, ?

Ex. 2. Repeat the preceding exercise with f|, 7, defined as x — tan x, x — cot x.

8.3. BOUNDED AND UNBOUNDED FUNCTIONS [Meerut 2005]

A function whose range is bounded is said to be a bounded function and otherwise
unbounded. Moreover the greatest lower bound (g.l.b.) of the range of a bounded function is
said to be the greatest lower bound of the function; similarly about the least upper bound (L.u.b.).

ILLUSTRATIONS

) 1/x when x # 0
1. The function f defined as f(x) =
0 when x =0
is not bounded.

2. Consider the function defined by f(x) = x/(x + 1) with [0, oo[ as its domain. This function
is bounded with 0 and 1 as its two bounds. While the greatest lower bound 0 is a value of the
function, the least upper bound 1 is not.

EXERCISES

Ex. 1. Which of the following functions are bounded for the given domains :
(i)x—>x2+1;xe[—1,1], @) x > 1/x; x> 0,

@) x> 1/(x|-1);xe R~ {1, 1}, @) x> [x];x e[-5,7]
M x—>x/(x+1);xe R~ {-1}, i) x > \/;;xe[0,4].

Also obtain in each case the l.u.b. and the g.l.b. whichever may exist.

Ex. 2. Given that f,, f, are two bounded functions, show that the functions f, +1,, f, —/,,
and f, f, are also bounded.

Ex. 3. Give two bounded functions f,, f, such that f; + f, is not bounded.
Monotonic functions. Let /' be a function with domain [a, b].
We say that f is monotonically increasing in [a, b], if x<y = fx <f(y).
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In case x<y = f@)<f(),
we say that fis strictly monotonically increasing.

We may similarly define monotonically decreasing and strictly monotonically decreasing
functions.

EXERCISES

Ex. 1. Show that
@) x—> X% is strictly monotonically increasing in [a, b], where a, b are positive numbers.

(i) x > X2+ 2x is strictly monotonically decreasing in [a, — 1]; a being a negative number
less than — 1.

Ex. 2. Give a few examples of monotonically decreasing (increasing) functions.

84. LIMIT OF A FUNCTION (Kanpur, 2001)
Let f'be a function defined for all points in some neighbourhood of a point a except possibly
at the point a itself.
We say that the function f tends to the limit [ as x tends to (or approaches) a, or symbolically

lim f(x) =1,
X —>a

if, to each given positive number g, there corresponds a positive number & such that
| fx)—1]<¢ when 0<|x—a|<?d
ie, f(x) € |l —e, I + ¢[ for all those values of x (except possibly a) which € Ja — 8, a + J[.
Note 1. It may be seen that the inequality 0 < | x — @ | excludes the possibility
O=|x-a| & x=a.
Thus O<|x-al|] < x+#a.

Note 2. Existence of lim f (x) implies that the domain of the function fincludes the intervals
X —>a
[a— 3, al, Ja, a + 3]
for some positive 3. It may be noticed that ¢ may or may not belong to the domain of f.

Note 3. The union [a@ — §, a[ U ]a, a + 8] which is the same as [a — J, a + 8] ~ {a} is called
a Deleted Neighbourhood of a.

Example. Using the definition of limit, prove that

2 2 2
N X7 — . —4 N1 .1
(1) lim =2a (jy lim =— =4 (G.N.D.U. Amritsar 2010) (i) lim xsin— =0
x—a X—a x=2 x—2 x—0 X
Solution. (i) Here fx) = (x2 - az)/(x —a),x # a.

Let € > 0 be given. Then we want to find a & > 0 such that
| f(x) —2a | <& whenever O0<|x—a]|<3d.

2 2

X" —a (x—a)2

X —a

Now, | f(x)-2a]|= - 2a

X —a

=|x-a]

We can choose 6 = €. Then we have
| f(x) —2a | <e whenever O0<|x—-al|<c¢
2 2
. x“—a
Hence Iim — = 2a.
x—2a XxX—a

(i)' Proceed as in part (7).
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(if) Here f(x)=xsin (1/x).
Let € > 0 be given. Then we want to find a & > 0 such that
|f(x)—0|<e whenever 0<|x—-0]<3d.

.1
sin —
X

Now, | f(x)-0]=

.1
X sin —
X

1
=|x|| sin—
x

IA
—_

< x, as

We can choose 6 = €. Then we have

| f(x) —0]<e whenever 0<|x|<eg
. .1
Hence, lim xsin— = 0.
x—>0 X
We now prove a basic property of limit of a function.
Theorem. Uniqueness of limit. The limit of a function at a point, if it exists, is unique, “¢ if

lim f(x)=101and Iim f(x)=1,thenl=1. (Purvanchal, 1992)
X —>a X —>a
Proof. Let lim f(x)=1 and lim f(x) =1 (D)
xX—a xX—a

We shall show that / = /'. Let € > 0 be given.
From equation (1), there exists 6, > 0 and 3, > 0 such that
| f(x)—1|<e/2,when0 <|x-a|<39, ..(2)
and | f(x)-1"|<e/2,when 0 < |x—a|<3, ..(3)
Let 8 = min (3, 3,). Then, by equations (2) and (3), we get
| f(x)—1|<e/2, when|x—a|<3d
and | f(x)-!" | <&/2, when|x—a | <
Now [ =1 |=|]l-fx)+f(x)-1"]
SII-f) |+ fx)-0'|<€e/2+e/2 =¢
| I-1"|<e,when0 <|x—a|<?d.
Since ¢ is arbitrarily small, |/ —/"| = 0. Hence, / = /'.

8.5. ALGEBRA OF LIMITS

We now present some properties of limits which are similar to those of limits of sequences.

Theorem 1. If [lim f(x) =1 and lim g(x) = m, then lim [f(x)xg(x)] =[1xtm.
xX—a x—>a x—a

(Meerut, 2003)
Proof. Let € > 0 be given. Then in view of the given limits, there exist 61 >0, 62 >0
such that | f(x)=1]<¢&/2,when0 < |x—a|<3J,
and | g(x)—-m | < g/2, when 0 <|x—-a|< 9,

Let 6 = min (9,, 6,). Then, we have
| f(x)-1l|<e/2,when0 <|x—a]|<3d,
and | g(x)—-m|<e/2,when0 <|x—a|<3d.
Now H{f g} -Uxm | =[(f)-D LX) —m)]

Slf)=1]|+]gx)—m|<e2+¢€2=c¢,
when 0 < |x—a|<3d

[ {f(x)tgx)} —(xm)|<e whenever 0 < |x—a|<d
Hence, lim [f(x) £ g(x)] =1+ m.
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Theorem 2. If lim f(x) =1and lim g(x) = m, then lim [f(x)g(x)] = Im.
X —>a X—>a X —>a
[Delhi Maths (H) 2008, Meerut, 1993; Delhi Maths (G), 2006]

Proof. We have [ f@)gx)—Im|=1gx) (fx)-D+1(gkx) —m)|
Slg@ I f@-11+]1]]gkx)—m]| (D)
Since lim f(x) = /and lim g (x) = m, for 0 < &' < 1, there exists some & > 0, such that
X —>a X—>a
|fx)—I|<€eand | g(x)—-m|<e,whenO0<|x—a|<3d (2
Now lg@) [=m+gx)—m[<[m]|[+][gx)—m |
or lgx)|<|m|+¢€,when 0 <|x—a]|<3d. -3

From equations (1), (2) and (3), we get,
[ fx)gx)—Im|<(m|+&)e +|1]|€,when0<|x—a]|<d.
<(ml+]l]+1)&,when0<|x—a|<3d. = &<

£
Let us choose €, such that g < ———  where ¢ > 0.

(ml+[1]+1)’
. |f(x)gx)—Im|<e when 0 <|x—a|<8é.
Hence, lim [f(x)g(x)] =Im = lim f(x)-lim g(x).

Theorem 3. If lim f(x) =1and lim g(x) = m,and m # 0, then lim PAC) = L
xX—a x—>a x—>a g(x) m

[Delhi Maths (G), 1993; Meerut, 1993]
Proof. We have
PACIG
gx) m

_mf ) —lg () | _ [ mf (x) —im+1Im— g (x) |
| g(x) [-[m | | g(x) [-[ m |
_Im(F ) -D+Im=-g() |
| g(x) [-[m |
cm S+ lg(x) —m |
- | m |- g(x) |
Since lim g(x) = m # 0, there exists a 5, > 0 such that

(D)

| g(x)|>|m|2, when 0 <|x—-a|<3,
1

2
</,
lgx) [ |m]
Since lim g(x) =/, there exists some &, > 0 such that

=

when 0 <|x—-a[<39, ..(2)

| f(x)-l][<g]|m]|4 when 0 <|x—-a|<3, ..(3)
Since lim g (x)=m, there exists some 83 > 0 such that

lg(x)—m|<e|mfP/4|1], when0<|x—-a|<3, (%)
Let 8 = min (3, 3,, 8;). Then, from equations (1), (2), (3) and (4), we get

S L
gx) m

2 1 1
| |2[Za|m|2+za|m|2}=8,When0<|x—a|<6.
m
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Hence, lim & = i, m # 0.
x—a | g (x) m
Theorem 4. Let f be defined on D and let f(x) > 0 for all x € D. If lim f(x) exists, then
X —>a
lim f(x) 2 0.
X —>a

Proof. If possible, let lim f(x) = I, where /< 0.
X—>a

Then, for a given € = — (//2) > 0, we can find a § > 0 such that
| f(x)—1]|<—(l/2) whenever 0 < | x —a | <
= 32 <f(x)<l/2<0,whenever 0 <|x—a|<3d
This is impossible, because we are given that f(x) >0 [ x € D. Hence, / cannot be negative.
Therefore, lim f(x) = 0.

X—>a

Corollary. Let f be defined on D and let f(x) > 0 [ x € D. If lim f(x) exists, then
X —>a

lim f(x) 2 0.

X —>a
Proof. Here f(x) >0 = f(x) > 0, and so by theorem 4, the required result follows.
Theorem 5. Let f and g be defined on D and let f(x) 2 g (x) [ x € D. Then

lim f(x) > lim g(x), provided these limits exist.
XxX—>a

X —>a
Proof. Let lim f(x)=1 and lim g(x) = m.
X—>a X—>a
Let h(x) = f(x) — g () [xe€D. Then, we have

@ h(x)20 [xeD

(@) lim h(x)exists and lim /(x) = [ —m, by theorem 1
X —>a X —>a

(iil) lim h(x) > 0, by theorem 4
X —>a

Now, from (i) and (iii), we have

l-m=20, ie, l2m, ie, lim f(x)2 lim g(x).
X—>a X—>a

Corollary. Let fand g be defined on D and let f(x) > g(x) [x € D. Then

lim f(x) 2 lim g(x), provided these limits exist.
X —>a X—>a

Proof. Here f(x) >0 = f(x) =2 0 and so by theorem 5, the required result follows.
Theorem 6. (Squeeze principle) Let f, g, h be defined on D and let f (x) < g (x) < h (x) for
allx. Let lim f(x) = lim h(x). Then lim g(x) exists, and
xX—>a xX—a xX—a

lim g(x) = lim f(x)= lim h(x).

X —>a

Solution. Let lim f(x) = lim h(x) =1 (D)
X —>a XxX—>a

Then for a given ¢ > 0, there exist positive numbers 6, and 6, such that
|fx)-/l]<egfor 0<|[x-a|<06, and |[h(x)-I|[<egforO<|x-al<3},
=> l-e<f)<l+egfor0<|[x-al<dand/-eg<h(x)<l+efor 0<|x—-a]|<5,
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Let 6 =min {5, 5,}. Then, we have
l—e<f(x)<l+e and [I-e<h(x)<l+e for O0<|x—a]|<d (2
Also, we are given that fX)<g@<h(x) ..(3)
From (2) and (3), l—e<fx)<gx)<h(x)<l+e for O0<|x—-al|<d
=>/l-eg<gx)<l+e for O0<|x—a|<?d
= |gx)-Il]<e for O0<|x—-a]|<d

= lim g(x)exists and lim g(x) =1 (4

X—>a

From (1) and (2), we have lim g(x) = lim f(x) = lim A(x).
x—>a x—>a xX—>a

Theorem 7. If lim f(x) = [, then lim | f(x) | =|1|. But the converse is not true.
xX—a xX—>a

(Srivenkateshwara, 2003)

Proof. Since lim f (x) =/, for a given & > 0, there exists a positive number § such that
X—>a

| f(x)—1]<e whenever O0<|x—-—a|<0d (D
Since |a—-b|2]||a|-|b]]| we have
[ =112/ =11]] -(2)
From (1) and (2), we have
[|fx)|—11||<e whenever O0<|x—-a]|<3d
:1i_r>n|f(x)|exist and li_r>n|f(x)|=|l|.

We now show that the converse is not true.

Consid 7 -1Lifx <a
onsider x) =
Lif x> a
Then lim f(x)= lim 1=1, lim (-1) = -1, usingArt. 8.6
x—>a+0 x—>a+0 x—>a-0
Since lim f(x)# Im f(x),so lim f(x) does not exist.
x—>a+0 x—>a-0 x—>a

Again | f(x)|=1 V x and so lim | f(x) | = 1 exists.
xXxX—>a

Theorem 8. If lim f(x) = 0 and g (x) is bounded in some deleted neighbourhood of a,

X —>a

then lim f(x)g(x)=0.

Proof. g (x) is bounded in some deleted neighbourhood of a
= there exists numbers £ > 0 and 8, > 0 such that

| g (x)| < k whenever 0 <|x —a <39, (D
Since lim f(x) = 0, for a given & > 0, there exists 6, > 0 such that
X—>a
|f(x) - 0|<e/k whenever 0<|x-al<3$, (2
Let 6 = min (3,, 8,). Then from (1) and (2), we have
lgx)|<k and |x|<e/k for O<|x-a|<?d -3
Now, | f) gx)—0[=[f()|]g)|<(e/k)x k=g, by (3)

= 1im0 fx)gx) =0.
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Example. Evaluate lim x sin (1/ x).
x—>0

Here xliino x =0 and |sin(l/x) | <1 forallx=0,i.e.,sin (1/) is bounded in some deleted

neighbourhood of zero. So taking f(x) = x and g (x) = sin (1/x) in above theorem, we have
lim f(x)g(x) =0 = lim xsin(l/x) =0
x—>0 x—>0

8.6. ONE-SIDED LIMITS — RIGHT-HAND AND LEFT-HAND LIMITS

While defining the limit of a function f as x approaches @, we have considered the values
of fin the deleted neighbourhood of a. If we consider the behaviour of f for those values of
x greater than a, we say that x approaches a from the right or from above. We denote this as
X = a + or x > a + 0. Similarly, if we consider the values of f/ for x less than a, then we say
that x approaches a from the left or from below. We denote this as x > a —or x —> a — 0.

Right-hand limit. Definition. We say that the function f tends to / as x tends to a through
values greater than a if to each € > 0 there corresponds & > 0 such that

|fx)—[|<e when a<x<a+29d
so that x€la,a+d] = fx)ell—¢ [ +¢[
Also then we write
lim f(x)=1 or f(a+0)=1 or f(a+)=1

x—>a+0
This limit is known as a right-hand limit.

Left-hand limit. Definition. We say that the function f tends to / as x tends to a through
values less than a, if to each € > 0 there corresponds 6 > 0 such that

|f(x)—1l|<e when a-8<x<a
so that xela-8al = f(x)ell-el+el
Also then we write

lim f(x)=1 ot f@-0=1 or f(a-)=1L

x—>a-0
This limit is known as a left-hand limit.
WORKING RULE TO COMPUTE LEFT-HAND AND RIGHT-HAND LIMITS
Method to compute right-hand limit. Put x = a + h, h > 0 in f(x) and then take the limit as

h—>0+.
Right-hand limit = f(a+0) = lim f(x)= lim f(a+h)
x—>a+0 h—0+
Method to compute left-hand limit. Put x = a — h, h > 0 in f(x) and then take limit as
h—>0+.

Left-hand limit = f(¢—-0) = lim f(x) = lim f(a-h).
x—>a-0 h—0+

Theorem. Prove that lim f (x) exists and is equal to a number | if and only if both left

X—>cC

limit  lim  f(x) and right limit lim  f(x) exist and are equal to l.

x—>c-0 x—>c+0

[Delhi Maths (G), 1996]
Or
Let f be defined on a deleted neighbourhood of c. Show that lim f (x) exists and equals
X —>cC

Liff f(c + 0), and f(c — 0) both exist and are equal to I. [Delhi Maths (H), 2002]
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Proof. Condition is necessary.
Let lim f (x) = /. Then for any € > 0, there exists some & > 0 such that

X—>cC
|f(x)—I|<ewhenO<|x—c|<?
or |f(x)—Il|<e whenc—-3<x<c+d,x#c.
It follows that |f(x)—Il|<e whenc—-d<x<c (1)
and |f(x)—1]<e when c<x<c+3d. (2

From equations (1) and (2), we get

lim f(x) and lim f(x) both exist and are equal to /.
x—>c+0

x—>c-0
Condition is sufficient. Let lim f(x)=71= 1lm f(x)
x—>c+0 x—>c-0
Then for any & > 0, there exist some 6, > 0 and &, > 0 such that
|f(x)—1]<g when c<x<c+3§, -(3)

and |f(x)—1]<eg whenc-95,<x<c. (4

Let 6 = min (3, 8,). Then 8 <3, and 6 <6,

= ¢+8<c+6, and ¢-062c-98, (orc—-9,<c—-09) (9

From equations (3) (4) and (5), we get
|f(x)—1l|<egwhenc<x<c+08 and |f(x)—1I|<eg whenc—-3d<x<c
|f(x)—Il|]<e whenc—-38<x<c+d,x#c

or |f(x)—1l]|<eg when0<|x—c|<3d.
Hence, lim f(x) =1
X—>cC

Note. The result of the above theorem is used to establish the existence of lim f (x). Thus,

X—>a
(?) If f(a+ 0) and f(a — 0) both exist and are equal, then their common value is the value of
lim f(x).
XxX—>a

(@) If f(a + 0) or f(a — 0) or both do not exist, then lim f (x) does not exist.
X —>a

(@ii) If f(a + 0) and f(a — 0) both exist but are unequal, then lim f (x) does not exist.

X —>a
Example 1. Show that (a) limo M does not exist. (Meerut, 2003)
x— X
) )1ri_r)r(1)(| X|/X) does not exist (Chennai 2011)
- - 2
Solution. (a) Left-hand limit = lim "1 — fim *=CY _ iy 2X _
x—>0- X x—>0 x—=>0 Xx
and tight-hand limit = Tlim 1 = lim *=% ~ Jim 0 =0
x>0+ X x—=0 0 x—0
Since left-hand limit # right-hand limit, so lim x| x| does not exist
x—>0 X
(b) Try yourself as in part (@)
Example 2. Iff: R — R is defined by
3x—-2,x <1
f(x) = 5 , then find lim f (x). (Osmania, 2004)
4x° —3x, x > 1 x—1
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Solution. Left-hand limit = f(1-0) = lim f(x) = lim f(1-A), whereh > 0
x—>1-0 h—0+
= lim {3(1-hA)-2}= lim (1-3h) =1
h—0+ h—0+
Again, right-hand limit = f(1+0) = lim f(x) = lim f(+h#h), where/s > 0
x—>1+0 h—0+

= lim @U+h>-30+h} = lim (I+h+4r%) =1
h—0+ h—0+
Since f(1 + &) and f(1 — k) both exist and are equal to 1, so

lim f(x) exists and is equal to 1.
x—0

8.7. LIMITS AT INFINITY AND INFINITE LIMITS. DEFINITIONS
(Kanpur, 2001)

({) A function f'is said to tend to / as x — oo if given € > 0, there exists a positive number

k such that | f(x) — 1| < € whenever x > k
Also then we write lim f(x)=1 or f(x) > lasx > .
X —> 0

(if) A function f is said to tend to / as x — — oo if given € > 0, there exists a positive

number k such that | f(x) — [ | < & whenever x < — k.
Also then we write lim f(x)=1 or f(x)>/lasx > —w.
X— -0

(iif) A function fis said to tend to o as x tends to a, if given k£ > 0, however large, there

exists a positive number 3 such that f(x) >k whenever 0 < | x —a | <.
Also then we write lim f(x) =0 or f(x) > wasx > a.
X —>a

(iv) A function f'is said to tend to — oo as x tends to a, if given k > 0, however large, there

exists a positive number 3 such that f(x) <—k whenever 0 < |x — o | <
Also then we write lim f(x) =-o or f(x) > -wasx —> a.
X —>a

(v) A function f'is said to tend to o as x — o if given k£ > 0, however large, there exists

a positive number K such that f(x) > k whenever x > K
Also then we write lim f(x) =0 or f(x) > oasx — o
X —> 0

(vi) A function fis said to tend to — oo as x — o if given £ > 0, however large, there exists

a positive number K such that f(x) < — k whenever x > K
Also then we write lim f(x) =-o or f(x) > —wasx —> oo.
X —> 0

(vii) A function f is said to tend to o as x — — oo, if given k£ > 0, however large, there

exists a positive number K such that f(x) > k whenever x < — K
Also then we write lim f(x)=w or f(x) > ®asx > —o.
X—> -0
(viii) A function f'is said to tend to — o0 as x — — oo, if given k > 0, however large, there
exists a positive number K such that f(x) < — k whenever x < — K.
EXAMPLES

Example 1. Prove that lim = 0.

x—o X+
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Solution. Let f(x) = 1/(x + 1) and let € > 0 be given. Then

1 f()=0]=—— <X ir x51
x+1 x €

Taking k = 1/e. Then, we see that

1 .
—0| < ¢ whenever x > k = lim = 0.
x+1 x—owo x+1
1 1
Example 2. Evaluate (i) lim — @) Iim — [Delhi B.Sc. (H) Physics, 2000]
x>0 | X | x>0 Xx

Solution. (i) Let f(x) = 1/|x|. Let k > 0 be given and let 8 = 1/k. Then
0<|x-0]<d = |x|<d = |x|<Vk = lx]|>k
Thus, f(x) >k whenever 0 <|x—-0]<d = Ilim L: o0
x>0 | X |
(ii) Let f'(x) = 1/x. Let us first find right-hand limit lim (1/x).

x—>0+0

Let k£ > 0 be given and let 5 = 1/k. Then
0<x<d = 1l/x>1/8 = f(x)>k

Thus, f(x) > k£ whenever 0 <x <8 = Ilim f(x) = oo,

x—>0+0

ie, lim (1/x)=o (D)

x—>0+0

We now find left-hand limit lim (1/x).

x—>0-0

Now -d8d<x<0 = —%>l = —k>l = l<—k

X X X
Thus, f(x) <— k whenever -6 <x <0 = lim f(x) = — oo,
x—>0-0
Le., X_l)lgnio (1/x) = — . Q)

From (1) and (2), we find that left-hand and right-hand limits are not equal. Hence
lim (1/x) does not exist.
x—>0

Example 3. Let f(x) = 1/(x> = I) [x € R—={I, — 1}. Then show that  lim f(x) = .

x—>1+0
[Delhi Maths (H), 2003]

Solution. Let £ be any positive number (however large). Then to prove the required result,
we must find a & > 0 such that

O<x—-1<9d
Now, O<x—-1<9d

= f(x)>k
= l<x<1+4+39

= 1<x2<(1+8)2
= 0<x’-1<25+8&
N 1 S 1
x? -1 28+8°
1 1

>k whenever — > k. (2
x2 -1 26+6° @

(1)
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>k = 82+28<l = (8+l)2<1+l
28+8° k k

= 1+ <8+1<+1/0)"

= —1-(+1/D"7? <8< -1+1+1/k)".
Thus, if we choose & = (1/2) x {— 1 + (1 + 1/k)?}, then from (1) and (2), we have

fx)>k whenever l<x<1+39
= lim f(x)=wo Iie lim ! = oo,
x—>1+0 x—>1+0 x2_1
1/x
. . . .o l ,
Example 4. Find ) xlino E (i) xTO [x]

where [x] denotes the greatest integer not greater than Xx.
Solution. (i) Right-hand limit

1/x 1/h

e . .
= m 1T hlil})l+ PITwE putting x = 0+ A, where & > 0
= lim ;, by dividing the numerator and denominator by el
h—>0+ |+ e’l/h
1 -
=——=1ase Vh s 0ash — 0+
1+0

Again, left-hand limit

el/x g 1/h

= llm ——= lim ———=——=0,puttingx=0-h, h > 0.
x—>0-0 el/x +1 h>0+ e_l/h +1 0+1 p &

1/x
Since right-hand limit # left-hand limit, so lim
x>0 ¢

does not exist.

1/x +1

(@) Right-hand limit = lim [x]= lim [0+A] =0
h—0+

x>0+0

and Left-hand limit = lim [x]= lim [0-hA]= -1
0 h—0+

x—>0-

Since right-hand limit # left-hand limit, so lim [x] does not exist.
x—>0

(xz/a)—a, for 0 < x <a
Example 5. Find lim f(x), where f(x) = 0, for x
X —>a

a —(a3/x2), for x

I
1N

\%
S}

3 3
Solution. Right-hand limit = lim f(a+/) = lim {a ? } —a-L =0
h— 0+

h—0+ (a+h)2 a2

2 2
Lefthand limit = lim  f(a—h) = lim {M—a}za——azﬁ
h—>0+ h—0+ a

Here, right-hand limit = left-hand limit. So lim f (x) = 0.

X—>a
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EXERCISES
1. Evaluate the following :
2 2
G) lim ——2 @y lim X iy lim
x—>a X-—da x>0+ X x—>0- Xx
1/x 1/x 1/x -1/x
. . -1 . -
(fv) lim m (v) lim el ; (vi) lim A
x=0 14+¢'* x>0 e’ 41 x50 /¥ 4o Vx
2. Using definition, prove that
. 1 N s 1
() lim — =0 (@) lim Jx = o (fii)) lim = ©
x—>0 x x> x>0 ] x|
1

3. If lim f(x)=1/and !/ # 0, then prove that lim

xX—a x—a f(x) - l'
4. Prove that
(@ lim fi(x) =1, im f,(x)=1[, = lim [f(x)+f ()] =1 +]
X —> X — 0 X —>®©

(i) xgn_loo fl(x):lljxgn—loo L) =1L = xgn_loo [fi()+ (0] =1 +1,

@) lim f(x) = o, lim f,(x) =0 = lim [f;(x)+ f,(x)] = o
X —>® X —> 0 X —>
Give examples to show that if lim f(x) =% and lim f, (x)=—co thenf (x)+f, (x)
X —> 0 X—> o

may tend to a finite limit, + oo, or — o or oscillate.

5. Given that lim f(x) = [ # 0, show that there exists a deleted neighbourhood of a at

X —>a
no point of which f(x) is zero.

6. Show that
() lim (3x+1) = 4. Also obtain values of 6 corresponding to € = .1, .01, .001.
x—1

2 -
(i) lim 4 = 4. Give values of & corresponding to € = .01, .001.
x52 x=2
(fif) lim 1/x = 1. Give 8 for ¢ = .1, .001.
x—1

(v) lim [x]=0, lim [x]=1

x—(1-0) x> (1+0)
) 11rr{ (x> +2x) = 3.

(vi) lim (x+[x]) =3, lim (x+[x]) = 4. Does lim (x+[x]) exist ?
x> (2-0) x> (2+0) x—2

2
7. Show that lim P +x2—x+1) =2, lim "2” T T S
x—1 x—>0 x“ +1 x—>2 X

5
2
and give in each case a d corresponding to a given positive &.

ANSWERS
1. () 2a @)1 (@@)—1 (iv) 0 (v) does not exist (vi) does not exist.
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8.8. CHARACTERIZATION OF THE LIMIT OF A FUNCTION AT A POINT
IN TERMS OF SEQUENCES

Theorem. Let f be a function defined for all points in some neighbourhood of a point a
except possibly at the point a itself. Then f(x) — [ as x — a if and only if the limit of the
sequence <f(x )> exists and is equal to | for any sequence <x,>, x # a for any n € N,
converging to a.

Proof. The condition is necessary. Let lim f(x) =/
X—>a

Then by definition, for a given & > 0, there exists & > 0, such that
| f(x) — 1| <ewhenever 0 < |x—a]|<3d (D)

Also, suppose that there is a sequence <x, >, x, # a for any n € N, converging to a. Then
by definition, there exists m € N such that

|x,—a|<o, [nzm ..(2)
From (1) and (2), [ f(x)—-1]|<e [nzm,
showing that the sequence </ (x,)> converges to /. Again, since this property is true for any
sequence <x, >, x, # a, converging to a, the required result follows.
The condition is sufficient. Suppose that the sequence <f(x, )> converges to / for any

sequence <x, >, x, # a for any n € N, converging to a. If possible, let lim f (x) # [ Then,
X —>a

by definition, there must exist at least one value of ¢, say ¢, for which there is no corresponding
5. Hence for any 9, there exists a value x = x (8) such that

x@® e {x:0<|x—-a|<?d}
and [fx @)~ 1]=c¢
Choose 6 =1, 1/2, 1/3, ..... in succession. Then for such value of 3, there is a value x, such
that

O<[x,~al<lUnx #a and |[f(x)-[[2¢g,n=1,2,3, ...
= x, —> a but f(x,) does not tend to /.

This is a contradiction. Hence our assumption liin f(x) #1 is wrong.
R a
Therefore, liina f (x) =/[. Hence the theorem.
X
Note. The above criterion can be used to show the non-existence of limit of some function.
Example 1. Show that lim sin z does not exist.

x>0 X

Solution. Let f'(x) = sin (1/x). Let x, = 1 and x' = _ vV nelN.

2nm " 2nm4+mw/2

Then the both sequences <x > and <x’ > tend to 0 as n — .

Again, fx)=sin(l/x)=sin2nm=0 [neN
and S&)=sin(l/x',)=sin 2nnt+w/2) =1 [neN

Hence f(x,) — 0 as n — oo whereas f(x',) — 1 as n — oo, showing that every sequence
does not approach the same limit. Hence f'(x) cannot tend to any limit as x — 0.

1, when x is rational
Example 2. Let f(x) = L
0, when x is irrational

Show that lim f (x) does not exist for any real number a.
X —>a
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Solution. Let <x, > be a sequence of rational numbers such that x, — @ and x, # a for any
n € N. Let <x’,> be another sequence of irrational numbers such that x’, — a and x', # a for
any n € N. Then by definition of f(x), we have

fx)=1 and f(x')=0 [neN
= fx,)—>lasn—>o whereas S&')—>0asn— o,

showing that every sequence does not approach the same limit. Hence lim f (x) does not exist.
X—>a

Since a was arbitrary, it follows that lim f (x) does not exist for any real number a.
X—>a

8.9. CAUCHY’S CRITERION FOR FINITE LIMITS
Theorem 1. 4 function f tends to a finite limit as x tends to a if and only if for every € > 0
there exists a neighbourhood N of a such that
[ fO&) —f&) | <e [x,x"eN x,x"+#a.
Proof. The condition is necessary. Let N denote the deleted neighbourhood of a so that
N=la -39, a+ o[ — {a}.

Let lim f(x) = I, where / is a finite number. Then, for a given & > 0, there exists a
X —>a

number d such that
| f(x) —[| <¢€/2 whenever 0 < |x —a|<die,|f(x)—1]< &2 whenever x € N
(D)
Let x', x" € N. Then, from (1), we have
| f(x) -] <e2 and |f(x")—-1]<¢e? (2)
LSO = fE) [ = &) =5+ =S} |
SUfED) =L+ 1= f(&") |
<¢e/2 + ¢/2 =g, using (2)

Thus, [ fO) -6 [ <e [, x"eN
The condition is sufficient. Suppose that for any € > 0, there exists a deleted neighbourhood
N such that
() —f&) [ <e [xX,x"eN -(3)

Let <x >, x, # a for any positive integer n be any sequence tending to a such that there exists
a positive integer p such that x , x, € N for n, m 2 p. Then by (3)

| f(x) —fx,) <& [nm=z2p -(2)
In view of Cauchy’s general principle of convergence, (2) shows that <f(x,)> tends to a
limit. We shall now show that this limit is unique.
Let, if possible, <x > and <x',>, x, # a, x', # a be two sequences such that x, — a
and x’, —> a but f(x,) — / and f(x',) — I'. We shall now prove that / = /".
Construct the sequence <x,, X'}, x5, X'5, ..... > which converges to a. Hence, as before, the
sequence < f(x,), f(x'), f(x,), f(x',), .....> converges which can happen only if / = /.

Theorem I1. A function f tends to a finite limit as x — © if and only if for each € > 0
there exists k > 0 such that

| fO&) = f&") [ <e [¥x">k

Proof. Left to the reader.
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8.10. THE FOUR FUNCTIONAL LIMITS AT A POINT
Let a function f be defined on Ja, b[. Let ¢ € Ja, b[ and & > 0. We give to & a sequence of
diminishing values <A > such that 4, — 0 as n — oo

Consider the right hand neighbourhood (c, ¢ + /) of the point c. Let M (4,) and m (h,) be
the supremum and infimum of f'in (¢, ¢ + 4,). Then, clearly,

M (h)) 2 M (hy)) 2 M (hy) > ..... and  m(h) <m(h) <m(hy) < ...,
showing that the sequences <M (h,)> and <m (h,)> are monotonic non-increasing and non-decreasing

respectively. Hence lim M (h,) and lim m (h,) exist. Then we write
n—> o n— ©

f(c+0)= lim M(h) and f(c+0)= lim m(h).

These limits are respectively known as the upper and lower limits of f at ¢ on the right.
If f(c+0)= f(c+0), then their common value is the right-hand limit of fat ¢ and is denoted

by f (c + 0).
Similarly, consider the left hand neighbourhood of c. Let M' () and m’ (h,) be the supremum
and infimum of f'in (¢ — 4, ¢). As before, lim M’ (h,) and lim m'(k,) both exist. Then we
n— n— 0

write f(=0)= lim M'(h) and = f(c-0)= lim m'(h,).
n—» o n— o

These limits are respectively known as the upper and lower limits of f at ¢ on the left. If
m = f(c—0), then their common value is the left-hand limit of f'at ¢ and is denoted
by f (c — 0).

The limits m, f(c+0), m, f(¢—0) are called the four functional limits of /'
at the point c. If all these four limits are equal, their common value is the limit of f at c.

Example 1. If f(x) = (x—a)sin , X # a, then

f@+0) = f(@a+0 = f(a-0) = f(a—0)=0.S0 lim f(x) = 0.

sin , X # a, then

xX—a xX—a
f(a+0)=o, f(a+0)=-o0, f(a—0) =0, f(a—0) = -

lim f(x) does not exist.

Example 2. If f(x) =

X —>a
8.11. CONTINUOUS FUNCTIONS [Avadh, 2000; Delhi Maths (P), 2005
Let f' be a function defined in an interval. Delhi Maths (Prog) 2008]
Continuity at an interior point. The function f'is said to be continuous at an interior point
c,a<c<b,if lim f(x) = f(c).
X —>cC

i.e.,if lim f (x) exists and equal the value f'(c) of the function for x = c.
X —>cC

We thus see that a function f'is continuous at c¢ if to each given ¢ > 0, there corresponds
4 > 0 such that [x—c|<d = |fx)—f(c)| <.
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Continuity at an end point. The function f'is said to be continuous at the left end point ¢

if lim  f(x)= f(a)

x> (a+0)
i.e., if to each € > 0 there corresponds & > 0 such that
| f(x)—f(a) | <ewhena<x<a-+?Jd.
Again the function f is said to be continuous at the right end point b if

lim ) fx)= 1)

x> (-0
i.e., if to each € > 0 there corresponds & > 0 such that
| f(x)—f(B) | <ewhen b -35<x<b.

Ex. A function f'is continuous at an interior point of its domain; show that it is bounded in
some neighbourhood of the point. What can you say if the point of continuity is at an end of
the domain.

Continuity in an interval. A function is said to be continuous in an interval if it is
continuous at every point thereof.
DISCONTINUITY OF A FUNCTION

A function is said to be discontinuous at a point of its domain if it is not continuous at the
point. Moreover the point where a function is discontinuous is said to be a point of discontinuity
of the function.

The discontinuity of a function f at a point ¢ of its domain can arise in either of the following
two ways :

(H) lim f(x) exists but is different from the value f(c).
X —>cC

(i) lim f (x) does not exist.
X—>cC

Types of discontinuities with an example.
(Agra, 2000, 02; Delhi Maths (H), 2003; Kumaun, 1998; Patna, 2003)

() Removable discontinuity. If lim f (x) exists but is not equal to f(c¢) (which may or

xX—c may

not exist), i.e., f(c — 0) = f(c + 0) # f(c) then f'is said to have a removable discontinuity at x =
c. Such a discontinuity can be removed by assigning a suitable value to the function at x = c.
Example. Consider the function f defined by

(sinx)/x, if x # 0
f(x) = . (Utkal, 2003)
0, if x=20
. . sinx i
Now, lim f(x) = lim =1  so that lim f(x) = f(0),
x—>0 x—>0 X x—>0

showing that f has a removable discontinuity at x = 0.
If we redefine the given function as follows
(sinx)/x, if x #0

ﬂ”:{ 1, ifx=0

then this new function is continuous at x = 0. (Agra, 2004; Kanpur 2007)

(if) Discontinuity of the first kind (or jump discontinuity). A function f'is said to have a
discontinuity of the first kind at x = ¢, if f(c¢ + 0) and f'(c — 0) both exist but are not equal.
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A function fis said to have a discontinuity of the first kind from the left at x = ¢ if f'(c — 0)
exists but is not equal to f(¢), i.e., if f(c — 0) # f(c) =f(c + 0).
A function fis said to have a discontinuity of the first hand from the right at x = ¢ if (¢ + 0)
exists but is not equal to f'(c), i.e., if f(c + 0) = f(c) =f(c — 0).
EXAMPLES

Lx<0
-1, x>0

Here (0 +0)=—1 and /(0 — 0) = 1. Since f(0 + 0) # (0 — 0), fhas a discontinuity of the
first kind or jump discontinuity.

1. Consider the following function f(x) = {

el/x _e—l/x
2. Let f(x)=——""~,x#0;, f(0) =1
el/x +e—l/x

~Uh _ _Uh

Here f(O - 0) hliino f(O - h) = hliino m, where 7 > 0

+
—2/h
—him © o
h>0 2 4]
Uh' _ = Vh 1— e 2/h
AlSO, f(O +0) = hlin() f(0+ h) = hlin() m = hlin() m =1
Thus, (0 — 0) = f(0) =f(0 + 0) and hence f has a discontinuity of the first kind from the
left at x = 0.
1/x
3. Let f(x) = 7> x # 0, £(0) =0. (Agra, 2002)
l+e'*
1/h
Here f(0+0):}1£r})f(0+h)=hh£r})w,h>0
. 1
i }IE}) e+ !
e*l/h
Agam f(0—0)=}1£1’}) (0-h)=}1£1’})m=0

Thus, /(0 — 0) =£(0) # /(0 + 0). Hence f has a discontinuity of the first kind from the right
atx = 0.

(ii7) Discontinuity of the second kind. A function f is said to have a discontinuity of the
second kind at x = ¢ if neither f(c — 0) nor f(c + 0) exists.

A function f is said to have a discontinuity of the second kind from the left at x = ¢ if
f(c — 0) does not exist.

A function f is said to have a discontinuity of the second kind from the right at x = ¢ if
f(c + 0) does not exist.

Example. Consider the function f defined by

sin(1/x), x # 0 .
f(x) = 0 0 [Delhi Maths (Hons), 2003; Kanpur, 2001]
5 X =
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Let us first prove that /(0 + 0) does not exist. Since |sin (1/x) | <1 [x € R, so if (0 + 0) exists
then — 1 <f(0 + 0) < 1. Let / be any arbitrary, but fixed real number such that— 1 </ < 1. We
wish to prove that (0 + 0) = /.

Let, if possible, (0 + 0) = /. Let € = 1. Then we shall prove that there exists no corresponding
5 > 0. If possible, suppose &' is the corresponding value of 9, i.e., let

0<x<d = |fx)-1]|<1 (D)

By virtue of the Archimedean property of real numbers, we can select m € N such that

2mm + 1w/2 > 1/8'.

1 1
Let X, = and X, = ——————
2mm + 3w/ 2

2mn+m/2
Then, since 0 < x; < 8" and 0 < x, < &', (1) gives

[ sin (I/x) - 1]<1 and | sin (1/x,) =[] <1 (2
Now, | sin (1/x,) — sin (1/x,) [ = | {sin (1/x,) = [} — {sin (1/x,) — [} |
< [sin (1x) = 1|+ |sin (1/x,) =[]
< 2, using (2) -.(3)
Again, sin (1/x,) = sin 2Zmn + w/2) = 1, sin (l/xz) =sin 2mn + 30/2) =-1
| sin (1/x,) — sin (1/x,) | = .(4)

From (3) and (4), we obtain 2 < 2, which is absurd. So f (0 + 0) cannot exist. Since f'(x)
oscillates between — 1 and 1, and takes the values — 1 and 1 in every interval ]0, &'[ to the right
of 0, hence it follows that

f(O0+0)=1 and f(0+0)=-1
Similarly, we can show that /(0 — 0) cannot exist and

f(O0-0)=1 and f(0-0) =-1
Thus, neither /(0 + 0) nor /(0 — 0) exist and so f(x) has a discontinuity of the second kind.
Again since /(0 + 0) does not exist, so f has a discontinuity of the second kind from the right.

Also, since f(0 — 0) does not exist, so f has a discontinuity of the second kind from the
left also.

(iv) Mixed discontinuity. A function f is said to have the mixed discontinuity at x = ¢, if
f has a discontinuity of the second kind on one side of x = ¢ and on the other side, a
discontinuity of the first kind or may be continuous.

Example. Consider the function f defined by
0, if x <0
S = { sin(1/x), if x > 0
Here /(0 — 0) =0 = £(0) and so f(x) is continuous from the left at x = 0. Proceeding as in
the example of discontinuity of the second kind, we have m =1 and m =—1.
Hence f(0 + 0) does not exist and so f'(x) has a discontinuity of the second kind from the right.

Thus f'(x) has discontinuity of second kind from the right of x = 0 and it is continuous from
the left of x = 0. Hence f(x) has a mixed discontinuity at x = 0.

(v) Infinite discontinuity. A function f is said to have an infinite discontinuity at x = ¢ if
one or more of the functional limits f (c+0), f(c+0), f(c—0) and f(c—0) is 4+ o0 or — ©

It is easy to verify that if fis discontinuous at x = ¢ and is unbounded in every neighbourhood
of ¢, then f has an infinite discontinuity at x = c.
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Example. Consider the function f defined by

cosec ,if x # ¢
f(x)=9 x-c xX-c
1, if x=c¢
. . 1
Here f(+0)=lim f(c+h) = lim —————, where & > 0
h—0 h—0 hsin(l/h)

Since 4 sin (1/h) assumes positive and negative values in every interval ]0, 8], however small,

and since lim /4 sin(1/4) = 0, so it follows that
h—0

.; oscillates between — oo and oo
hsin (1/h)

and so f+0)=4+0o and f(c+0)=-o

Similarly, f(c—0) =+0 and f(c—-0)= -

Hence f has an infinite discontinuity of the second kind on both sides of x = 0.

EXAMPLES

Example 1. Show that the following functions are continuous at x = 0

. xsin(1/x), x #0
@) f(x) = 0 0 (Agra, 2000, 02; Kanpur, 2001, 09;
5 X =
Delhi B.Sc. (Prog) I 2011)
. xcos(1/x),x # 0
@) f(x) = 0 0 (Kanpur 2006; Agra, 2001)
5 X =

Solution. Here, f/(0) = 0. Also, we have

£(0+0) = lim £(0+h) = lim Asin(1/h), whereh > 0
h—>0 h—0
=0xk,where—1< £k <1
=0
F(O0=0) = lim f(0—h) = lim (—h)sin(=1/h), h > 0
h—>0 h—>0

O0xk,where —1< k <1

Thus £(0 + 0) = £(0 — 0) = £(0) and so f'is continuous at x = 0.

(if) Try as in part (7).

Example 2. Obtain the points of discontinuity of a function f defined on [0, 1] as follows :
fO)=0,fx)=U2)—x,if 0<x< 12, f(112) =1/2, f(x) = (2/3) —x, if 1/2 <x < ] and
f (1) = 1. Also examine the types of discontinuities. (Meerut 2005; Rohilkhand, 1993)

Solution. To test for continuity at x = 0. Here /' (0) = 0.

Also,  f(0+0) = lim f(0+4) = lim {(1/2)=(0+M)}, h >0

Thus, f(0+0)=1/72 and so (0 + 0) = £(0).

Hence, x = 0 is a point of discontinuity and f has a discontinuity of the first kind from the
right at x = 0.
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To test for continuity at x = 1/2. Here f(1/2) = 1/2
f(A/2+0) = lim f(Q/2+h) = lim {(2/3)-(1/2+h)} =1/6
h—0 h—0

0

and SA2-0) = lim f(1/2=h) = lim {(1/2)=(1/2= D)}

Thus f(1/2 + 0) and f(1/2 — 0) both exist but are unequal and so x = 1/2 is a point of
discontinuity and f has discontinuity of the first kind.

To test for continuity at x = 1. Here /(1) = 1.
f(1-0) = hlimo fa-hn = hlimo {2/3)-(1-h} =-1/3= f(1)

Since (1 —0) # f(1), x = 1 is a point of discontinuity and f'has a discontinuity of the first
kind from the left at x = 1.

Example 3. Show that the function f on [0, 1] defined as
Fx) = 1/2", when 1/2" ' <x < 1/2", n=0,1, 2, ..

f0) =0
is discontinuous at 1/2, (1/2)2, (1/2)3 y eeee [Delhi Maths (Prog) 2007; Delhi Maths (G), 1998]
Solution. Putting n =0, 1, 2, ..... in succession, the given function is defined as

fo=1 if12<x<l
=12, if 1/22<x<1/2.
=12% if 1/2° <x< 172

Test of continuity at x = 1/2. We have

Left-hand limit = Iim = f(x)= lim 1.1

x— (1/2)=0 x—(1/2)-0 2 2

and right-hand limit = lim f(x) = lim 1=1
x5 (1/2)+0 x—(1/2)+0

Since left-hand limit # right-hand limit, lim f(x) does not exist and hence f(x) is
x—1/2

discontinuous at x = 1/2.
Proceeding likewise we easily see that

. 1 .
lim f(x) =— and lim  f(x) = 1
x—>1/2"+0 2" x—>1/2" -0 2"

= f'is not continuous at x = 12", n =1, 2, 3, ..... .
Example 4. Determine the constants a and b so that the function f defined below is
2x+1, if x<1
continuous everywhere f(x) = ax? +b, if 1<x<3
5x+2a, if x2>3

Solution. Since f is continuous everywhere, it must be continuous x = 1 and x = 3, the
breaking points of the domain.

Continuity at x = 1. We have f(1) =2 x 1 + 1 = 3.

SA=0) = lim f(1=h) = lim Q2(1-h)+1; =3
and SA+0) = lim f(1+h) = lim a(+h)?*+b} =a+b
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Since f'is continuous at x = 1, we have
fA-0=f1+0=f(1) > a+b=3 (1)
Continuity at x =3. We have f(3) =5 x3 + 2a=2a + 15

f(B3-0)= lim fGB-h)= lim {a(B-h)>+b} =9a+b
h—>0+ h— 0+

and f(B+0) = lim fQG3+h) = lim {5(3+h)+2a} = 2a+15.
h—>0+ h— 0+

Since f'is continuous at x = 3, we have
fB-0=fB3+0=f3) = 9a+b=2a+15 = Ta+b=15 (2
From (1) and (2), we have a =2, b= 1.
Example 5. Discuss the continuity of the function f (x) = [x] at the points x = 1/2 and 1, where
[x] denotes the largest integer < x.
Solution. To test for continuity at x = 1/2.

f(A/240) = lim f({1/2+h) = lim [1/2+Ah]= lim 0=0
h—0+ h—>0+ h—0+
and f(A/2-0)= lim f1/2-h) = lim [1/2-Ah]l= lim 0=0
h—0+ h—0+ h—0+
Also, f(1/2)=[1/2] =0. Thus, f(1/2 +0)=f(1/2-0) =£(1/2)
Hence f'is continuous at x = 1/2.
To test for continuity at x = 1
f(1+0)= lim fQA+h) = lim [1+A]= lm 1=1
h—0+ h=0+ h—>0+
and fA-0 = lim f(O-h)= lm [l1-k]= lim 0=20
h—0+ h—0+ h—>0+
Since f(1 +0) # f(1 —0) sofis not continuous at x = 1.
Example 6. Show that f(x) = | x |+ | x — 1 | is continuous at x = 0 and x = 1.
Solution. Rewriting the given function, we have
f)==x~(x-1)=1-2x, ifx<0 (D
fx)=x—-(x-1)=1, if0<x<1 (2
fx)=x+x-1=2x-1, ifx>1 (3

To test for continuity of x =0
f(O+0) = lim fO+h) = Ilim 1 =1Dby((2)
h—0+ h—0

and f(O0=0)= lim f(O0~h) = lim (1-2(~h)} = Lby ()
Also £(0) = 1. Thus, £(0+0) = £(0-0) = £(0)

Hence f'is continuous at x = 0.
To test for continuity at x =1

S+0) = dim f(l+h) = lim 2(1+h) -1} =1 by ()
fA=0)= lim f(1-h) = lim 1=1by (2
h—>0+ h— 0+

Also, F()=1So f(1+0) = £(1-0) = £ (1)

Hence f'is continuous at x = 1.
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Example 7. Let f be a real valued function defined as follows :
f)=xif—-1<x<1
f(x+2)=f(x), forall x e R.
Show that f is discontinuous at every odd integer. (LA.S., 2003)

Solution. Let x = 2n + 1, where »n is any integer so that x =+ 1, +3, £ 5, ..... , i.e., any odd
integer. We have

fQC2rn+1+0) = hl_i)rglJr fQ@Cn+1+h) = hl_i)rglJr fd+h) = hl_i)rglJr f(=1+h)
[+ f(x+2)= f(x) V x € R]

= lim (-1+h) =-1
h—0+
f@2n+1-0)= lim fQ2n+1-h) = lim f(A-h)= lim (1-h) =1, as before
h—0+ h—0+ h—0+

Hence f(2n + 1 + 0) # f(2n + 1 — 0) and so f'is discontinuous at x = 2n + 1, i.e., at every
odd integer.

EXERCISES
-x, x<-1
1. Show that the function f defined by f(x) =41, -1<x<1
X, x>1
is continuous at x = 1 and x = -1 [Delhi B.A. (Prog) 2009]

2. (a) Show that the function f defined by
el/x -1 ]
fx) = o fx#0" and  f(x) =0,ifx=0

e
is discontinuous at x = 0. ( Kanpur 2008, 11; Purvanchal 2006; Meerut, 2003)
2 (b) Show that the function f defined by
1/x
@) = ifx 20 and f(x)=0, ifx=0
I+e'"
is discontinuous at x = 0. (Kanpur 2008; Agra, 2002)
3 (a) Show that the function f defined by
Ux _ —1/x
@) =xS— ifx#0, and f(x) =0, if x=0
e +e "
is continuous at x = 0. (Purvanchal 2006)

(b) Show that the function f defined by

l/x2

e

f(x) = ifx#0 and f(x)=0,ifx =0

1- el/xz ’
is discontinuous at x = 0. [Delhi Maths (Hons), 1998]

4. Prove that the function f(x)= xlogsin®x, x#0 and f(x)=0, if x =0 is continuous at
x=0 (Agra 2010)

5. Show that the function f(x)=(1/x)xsin ' x for x =0, £(0)=1lis continuous

at the origin. (Agra 2010)
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6. Show that the function f defined by
2xsin(1/x),if x > 0

f(x) = 0, ifx =0
3xsin(l/x), if x < 0
is continuous at x = 0. [Delhi Maths (Hons), 2000)
1-2x,x <0
7. Let f(x) = 0, x=0, Show that )1(1_1)% J(X) exists and is equal to 1.
1+3x, x>0

(Delhi B.Sc. I (Hons) 2010)
8. Let x € R and [x] be the greatest integer function. Determine the points of continuity
of the function f(x) = x[x] [Delhi B.Sc. I (Hons) 2010]

Ans. Continuous for all x except when x==%1,+2, £3, ...

9. Examine the continuity of the function f defined by

1
f(x)zﬂatx:——andle,
3x —[x] 2
where [x] denotes the greatest integer not greater than x. [Delhi Maths (Hons), 1995]
2
-1 .
10. Let f(x) = [xz] Cifx2 £ 1
w2 -
=0 it x? =1
where [x] denotes the greatest integer function. Discuss the continuity of fat x = 1.
[Delhi Maths (G), 2002]
11. Consider the function f'(x) = [x], where [x] denotes the greatest integer not exceeding
x. Show that f'is discontinuous at the points x =0, £ 1, £2, £ 3, ..... and is continuous

at every other point.

12. Consider the function f'(x) = x — [x], where x is a positive variable and [x] denotes the
integral part of x. Show that f is discontinuous for integral values of x and continuous
for all others.

13. Let f be the function defined on [0, 1] by setting
fx) =2m,ifl/r+ 1) <x<l/r,r=1,2,3, ...
f(O)=0andf(1)=1.
Examine for continuity the function fat the points 1, 1/2, 1/3, ....., 1/r, ..... , 0.
14. Let f be the function defined on [0, 1] by setting
=D, if /e +1D)<x<1l/rr=1,2,3, .
f(O)=0and f(1) = 1.

Examine for the continuity the function f'at the points 1, 1/2, 1/3, ..... , 1r, . , 0.
15. Show that the following functions are continuous at the given points :
(i)x—)xz;x=3, (ii)x—>x3+x2+x+1;x:1
(i) x > U2+ 1), x=—1, (iv) x> (= 1)/ +1); x =0,

V) x> Jx+1D; x=0.
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A

x when 0 < x <1/2

16. (a) Show that the function f'such that / (¥) =| 1 ~when x =1/2
I-x when 1/2 < x <1
has a discontinuity of the first kind at x = 1/2.

(x—|x|)/x,x#0
(b) Test the continuity of the function /f(x)=

3 x=0 [Nagpur 2010]
in(1/ h # 0

17. show that the function f such that f(x) = sin (1/x) when x
0 when x = 0,

has a discontinuity of the second kind at x = 0.
18. Show, from definition, that a polynomial function
x—)aox"+a1x"71+a2x"72+ ..... +a, (x+a,
is continuous for x = 1.
19. Show that the function f'(x) = tan™ ! (1/x), x # 0 is discontinuous at x = 0. Also state the
type of discontinuity. (Kanpur, 2003)
20. Examine the nature of discontinuity a function f defined by f(x) = x/| x |, x # 0;
f(0)=2atx=0. (Bharathiar, 2004)
21. Show that the function f defined on R by setting

f(x) = x|" sin(1/x),if x = 0, £(0) = 0,
is continuous at x = 0 whenever m > 0.
22. Let f be the function defined on R by setting
f(x) =x—[x] = (1/2), when x is not an integer
f(x) =0, when x is an integer
Show that f'is continuous at all points of R ~ Z, and is discontinuous whenever x € Z.
t, if0<t<1/2

23. Let £ be defined on R by setting f@=45 0, ifr=1/2
t—-1 if1/2 <t <1
and f(n + £) = f(¢), when n is any integer. Determine the points of discontinuity of f.
24. Prove that
(i) every polynomial function is continuous for every real number.

(if) every rational function is continuous for every real number other than the zeros
of the denominator of the polynomial function.

25. Determine the positions of discontinuity of the function f defined by

f(x)=—x2, forx <0
= 5x -4, for 0<x <1
= 4x2—3x, forl <x<2
= 3x +4, for x > 2.
(Avadh, 2001; Purvanchal, 1995; Rohilkhand, 1994)
(xz/a)—a for x < a
26. Show that f(x) =
a—(az/x) for x > a

is continuous at x = a. (Agra 2009; Avadh, 1999)
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27. Show that f(x) = sin? x is continuous for every value of x. (Manipur, 2002)
28. Examine for continuity the function f{x) = [x] + [-x] at x = 0(GN.D.U. Amritsar 2010)
ANSWERS
9. Continuous at x = 1; discontinuous at x = — 1/2
13. Discontinuous at x =1, 1/2, 1/3, ..... , 1/n, ... ;0
14. Discontinuous at x = 1, 1/2, 1/3, ..... , Un, ... ;0 16. (b) Discontinuous

20. Discontinuity of first kind

23. n + (1/2), where n is any integer

25. x = 0 is the only position of discontinuity of f'(x) 28. Discontinuous
8.12. ALGEBRA OF CONTINUOUS FUNCTIONS

Theorem L. Let fand g be defined on an interval I. If f and g are continuous at a € I, then

f+ g is continuous at a. (Garhwal, 2001; Meerut, 2003)
Proof. f and g are continuous at a
= lim f(x) = f(a)and lim g(x) = g(a) (D
X—>a X—>a

Now, lim (f+g)(x) = lim {f(x)+g(x)} = lim f(x)+ lim g(x),

= f(a)+g(a) = (f +&)(a), by (1)
= f + g is continuous at a.

Theorem I1. Let f and g be defined on an interval I. If f and g are continuous at a € I, then
f— g is continuous at a.

Proof. Proceed as in theorem 1.
Theorem II1. Let f and g be defined on an interval I. If f and g are continuous at a € I, then
fg is continuous at a.
Or
Product of two continuous functions is continuous.
(Delhi Maths (G) 2002, 03; Garhwal, 2001; Meerut, 2003)

Proof. fand g are continuous at a

= lim f(x) = f(a) and lim g(x) = g(a) ..(DH

lim (£ (x) g(x)} = {x”ina f(x)} {x“ina g(x)}
/(@ g(a) = (fe) (a). by (1

= /g is continuous at a.

Theorem IV. Let f and g be defined on an interval I and let g (a) # 0. If f and g are
continuous at a € I, then f/g is continuous at a.

Now, lim (fg)(x)

Proof. fand g are continuous at a

= Ilim f(x)= f(a) and lim g(x) = g(a), where g(a) # 0

lim f(x)
Now, lim (i) ) = lim L&) _ xoe _S@ _ (i) (@)
roa\g e gy)  lim g(x) gl g

= f/g is continuous at a.
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Theorem V. If fis continuous at a point ‘a’ and c be any real number, the cf is continuous

[P

at ‘a’.
Proof. Left as an exercise.
Theorem VL. If f is continuous at a, then | f | is also continuous at a, but not conversely.
[Delhi (Hons), 1998; Kanpur, 2002, 08, 10]
Proof. Since f is continuous at a, hence for a given & > 0, there exists a > 0 such that

| f(x) —f(a) | < € whenever | x —a | < (D
If a and b are any real numbers, then we know that
la=blz|lal-1b]| or [lal=1b||<[a-b| -(2)
Using (2), ) =1/ @ || <][f(x)—f(a) ] ()
From (1) and (3), [1f(x)|—=1f(@) || < e whenever |x —a|<3d
= | f| is continuous at a.

To show that the converse may not be true.
Consider the function f defined on set of real numbers R.

1, if x>0
f(x) = ) sothat | f|(x)=|f(x)|=1VxeR
-1, if x<0
Then lim | f|(x)=lim 1 =1=]|f](0)
x—>0 x—>0
= | /| is continuous at 0
But f(O0-0= Ilim f(x)= lim -1=-1
x—>0-0 x—>0-0
and f(O0+0) = lim f(x)= lm 1=1
x—=>+0 x—>0+0

Since /(0 —0) # f(0 + 0), fis not continuous at 0.

Thus | /| is continuous at 0 while f is not continuous at 0.

Theorem VIL. If fand g are two continuous functions at a, then the function max { f, g} and
min {f, g} are both continuous at a.

Proof. We have

max. {1 g} = %(f+g)+%| f-g| min.{f, g} = %(f+g)—%| fogl .

Now, fand g are continuous at a

= [+ g is continuous at @, by theorem I

= (f+ g)/2 is continuous at a, by theorem V (2
Again, fand g are continuous at a

= [ — g is continuous at a, by theorem II

=| f— g | is continuous at @, by theorem VI

=| f— g |/2 is continuous at a, by thecorem V -(3)
Now, (f+g)/2 and |f— g|/2 are both continuous at a, by (2) and (3)
= (f+22+|f—g|2 and (f+g)/2—|f— g2 are both continuous at a
= max {f, g} and min {f, g} are continuous at a, by (1)

Example. Using theorems of algebra of continuous functions, show that the function f
X
xS0 =0

is continuous at x = 0. [Delhi Maths (Hons), 2000]

defined on R by setting f(x)=|x|+
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Solution. Let g() =l x| and hx) =~ -
+e

Then f(x) =g (x) + & (x) so that £(0) = g (0) + / (0)
But £(0)=0and g (0) = 0. Hence / (0) = 0.
Then g(0+0):hlirf)1 g(0+h)=hlir{)1 |h]=0

and g(0-0)= lim gO-A)= lm |-h|=0
h—0+ h— 0+
Thus, g0 +0)=g((0—-0)=g (0) = gis continuous at x = 0.
—1/h
Now, h(0+0)= lim —'— — 1im ¢~ _
h=>0+ 14" hro+ g~V g
—h
and2(0-0) = lm ———— =0
h>0+ 14 ¢ 10

Thus, A2 (0 +0)=4(0-0)=~h(0) = his continuous at x = 0.

Now f(x) = g (x) + & (x), where g (x) and / (x) are both continuous at x = 0. Hence f'(x) is
also continuous at x = 0.
8.13. FUNCTION OF A FUNCTION. COMPOSITES OF FUNCTIONS

Let fand g be two functions such that
Domain f'= [a, b] and domain of g = [a, B]
We suppose that the range of the function g is a sub-set of the domain of the function f,
i.e., Range g  domain f.

Now ¢ € [a, B]

= g() eRangeg = g () e Domainf = f(g(f) has a meaning.

We have thus a new real valued function with [a, B] as its domain.

This new function is called a function of function and is also denoted as f o g and called
the composite of f and g. Thus, we have

(fog) () =1 (&(n).

It may be emphasized that the composite function f'o g has a meaning if and only if the range

of the function g is a sub-set of the domain of the function f.
EXERCISE
1. Let f, g be two functions defined as follows :

f(x)=\/; v x 20, g(x)=x2+1VxeR.

Show that (f 0g)(x) = (x2 +1).

What is the domain of the function fo g ?

2. 1f fO)=x"+x-2, g@=1Ux+1
give explicit definitions of f 0 g and g o f giving also their domains.
3. Let fx) = 241, gx) = x*
Show that fo g# g o f.
4. Let = g =1/(" -0,

determine g o f'and f o g with their domains.
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1 |
5. Given that f(x)=—7=,x>0, g = xz s

\/; x“ =1
give the values of (fo g) (2) and (g o f) (2).

6. If x denotes a real number, give the domains of f; g, f 0 g and g o f where fand g are given
as follows :

O f(x) = Jx, g (x) = x? @) fx)=1/2x+3), g(x) =2x + 3.
7. Given f(x) = | x |, show that f[ £ (x)] = f(x).
8. For each of the following functions F give some function f'and g such that the function
F may be expressed as the composite f o g.

(i) F(x) = {(x>+2), () FX)="+1P+2 @+ 1) +x* [xeR,
(iii) F(x) =sin’ x [x e R.
8.14. CONTINUITY OF THE COMPOSITE FUNCTION

If g is continuous at a point 7, of [a, B] and f is continuous at the corresponding point

, xeR~{-1,1};

x, = g (¢,), then the composite function f o g is continuous at z,. (Nagpur 2010)
We write x=g(@), y=f().
Let € > 0 be given. Let Yo =1 (xp) =/ (g (£)).

As fis continuous at x,, there exists §; such that
Yy =y I =1/() =[xy [ < &when [ x—x,[ <3,
As g is continuous at 7, there exists & such that
|x—x,|=1g(®)—g() | <d,when|¢—1|<3d.
Thus, we have |y =yyl <ewhen|f—1f[<0d
= | (fog ()—(fog) ()| <ewhen|t—-1,[<5
= f o g is continuous at £
Hence the result.
Ex.1. Let y = f{x) be continuous at x = a and let z = g()) be continuous at y = b where
b = fla). Then, prove that z = g (f(x)) is continuous at x = a. (Nagpur 2010)
Ex. 2. If a certain f'is continuous at a and <g > is a sequence such that lim g_= a, then
lim f(g,) = f(a).
Also if for every sequence <g >
limg, =a = lim f(g,) =/ (a),
the function f is continuous at a.

8.15. CRITERIA FOR CONTINUITY. EQUIVALENT DEFINITION OF
CONTINUITY

Theorem 1. (Heine’s definition of continuity). A function f defined on an interval I is
continuous at a € I if and only if for every sequence <a,> in I which converges to a, we have
[im - f(a,) = JD- (Delhi Maths (Hons), 2000, 01, 04, 06, 08; Delhi B.Sc. (Hons.) I 2011

Kanpur 2010; Delhi B.Sc. I (Hons) 2010; Delhi Maths (Prog) 2007]

Solution. The condition is necessary. Let /'be continuous at a € [ and let <a,> be a sequence

in / such that lim a, = a.
n—» ©

We shall prove that lim f(a,) = f(a).
n—» ©
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Since f is continuous at a, so, for a given € > 0, there exists 6 > 0 such that

| f(x) —f(a) | < € whenever | x —a | <& (D
Also, since lim a, = a, so, there exists a positive integer m such that
n—oow
la,—al<d [nzm -(2)
Putting x = @, in (1), we have
| f(a,) —f(a) | <& whenever | x —a|<3d -(3)
From (2) and (3), we have |fa)—-f@|<e [nzm

= lim f(a,) = f(a), as required.
n—» ©

The condition is sufficient.

Let <f(a,)> converge to f(a) whenever the <a > converges to a. .(4)
We shall prove that f is continuous at a.

Suppose f'is not continuous at a. Then there is an € > 0 such that for every & > 0 there is

an x such that |f(x)—f(a)|2ewhen |x—a|<d
Therefore, by taking 6 = 1/n, we find that for each positive integer 7, there is a a, € 1, such
that |f(a,) —f(a)|=2¢ewhen|a —a|<1/n

= <a,> converges to a whereas <f'(a,)> does not converges to f(a)

This contradicts the given fact (4). Hence our assumption that f'is not continuous at a is
wrong. Therefore f is continuous at a.

Theorem I1. A function f defined on R is continuous on R if and only if for each open
set Gin R, f~ ! (G) is open in R. [Delhi Maths (G), 2003]

Proof. The condition is necessary. Let f'be continuous on R and let G be any open set. We
shall prove that /™~ ! (G) is open.

Iff ! (G) is empty, then it is open and we get the required result. If /™~ ! (G) is non-empty,
leta € [~ ! (G). Then f(a) € G. Since G is an open set containing f(a), hence there exists
an € > 0 such that

1f@ —¢ f(a)+e[c G (D)

Since f'is continuous at a, so there exists 6 > 0 such that

lx-al[<d = [f)-fla)]<e

ie., xela—98,a+d[ = fx)elf(a)—¢ f(a)+¢gl
or xe€la—-9%,a+d = f(x)e G, using (1)
or x€la-9%,a+9d = xeffl(G)

= Jla-8,a+d[cf (G
= ff1 (G) is a neighbourhood of a

Since a is an arbitrary point of /™~ ! (G), it follows that /™~ ! (G) is open.

The condition is sufficient. Let / ! (G) be open whenever G is open. Then we shall prove
that f is continuous on R.

Let a be an arbitrary point of R. Let € > 0 be given. Now ] f(a) — €, f(a) + €[ is an open set
containing f () and so by our hypothesis, f -1 (1f(a)—¢, f(a) + ¢€]) is also an open set containing
a. Hence, there exists a 8 > 0 such that

Ja=8,a+8[ /" (1f(@ & f(a)+e)
= fla-38 a+38)c]f(a) ¢ f(a)+¢l



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Thus, for a given € > 0, we have & > 0 such that
xela—98,a+d[ = f(x) elf(a)—¢, f(a)+¢€[
ie., [x—a|<d = |fx)—f(a)|<c¢
= f'is continuous at a.
Since a is an arbitrary point of R, it follows that f'is continuous on R.

Theorem II1. A function f defined on R is continuous on R if and only if for each closed
set Hin R, f~ ! (H) is also closed in R.

Proof. The condition is necessary. Let f'be continuous on R and let H be any closed set in
R. Then R ~ H is an open set in R. Hence by theorem II, /™~ ! (R ~ H) is an open set in R.

But TTRE) =R - HE=R~f(H)
: R~f’1(H) is open in R and sof’l(H) is a closed set in R.

The condition is sufficient. Let / ! (H) be closed whenever H is closed. Then we shall prove
that f'is continuous. Let G be any open set in R. Then R ~ G is closed set in R and so by hypothesis
f’1 (R~ G) is closed set in R. Butff1 R~G) =R—f71 (G). Hence R—fﬁ1 (G) is a closed set
in R and hence /™~ ! (G) is an open set in R. Thus /™ ! (G) is open in R whenever G is open in R.
Therefore, by theorem II, fis continuous.

EXAMPLES
Example 1. Let f be a function on R defined by

1, when x is rational i.e.,when x € Q

— 1, when x is irrational i.e., when x € R—Q

f(X)={

Show that f is discontinuous at every point of R.
This is known as Dirichlet’s function.
[Delhi B.Sc. (Hons.) I 2011; Delhi B.A. (Prog.) III 2011; Kanpur 2011]
Solution. Case 1. Let a be any rational number, so that f'(a) = 1.
Then the neighbourhood ] a—1/n, a+1/n[ of a contains an irrational number a, for

each n € N.
ie., a, €la=1/n,a+l/n[ VneN
= a-1/n<a, <a+l/nVneN = |a,-a|<1l/nVneN
= |la,—a|—>0asn >0 = g,—-a—>0 = asn—> o
= <a, > converges to a.
Now f(a,) =—1forall n, as a, is irrational and f(a) = 1.
lim f(a,) =-1=# f(a)
n— o
ie., <f(a,)> does not converges to f(a) when a, — a.

Thus, fis discontinuous at all rational points a.
Case II. Let b be any irrational number so that f(b) =— 1.
As explained above, we can choose a rational number b, such that
|b,-b|<1l/n = b —>basn —> »
= <b,> converges to b.
Now f(bn) =1 for all n, as bn is rational and f(b) =- 1.
: lim f(b,)=1= f(b).
n— ©
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= <f(b,)> does not converge to f(b) when b, — b.

Thus, the function fis discontinuous at all irrational points b.
Hence, the given function f is discontinuous at all points of R.
Example 2. (a) Show that the function f defined on R by

x, when x is irrational
f(x) = o
— x, when x is rational
is continuous only at x = 0. [Delhi Maths (Prog) 2009; Delhi Maths (H), 1996, 97]
(b) Let f be a function defined on R by
x, when x is rational
f(x) = o
— x, when x is irrational

Show that f is discontinuous everywhere except at x = 0.
[Delhi Maths (Hons), 2001; Delhi (G), 2003)

Solution. (a) Case I. Let a # 0 be any rational number so that /(&) = — a.
Then any neighbourhood Ja — 1/n, a + 1/n[ of a contains an irrational number @, for each
neN,ie.,
a, € la—1/n,a+ 1/n[
= la,—a|<1/n
= la,-a|—>0asn > o0 = <a,>—>a.
Now f(a,)=a, [n(=a,is irrational)
= lim f(a,) = lim a, =a # f(a) [ f(a) = —da]
n—> o0 n—> o0

=  <f(a,)> does not converge to f(a), when <a > — a.
So, fis discontinuous at all non-zero rational points.
Case II. Let b # 0 be any irrational number so that f(b) = b
As explained earlier, there exists a rational number b, [ n € N such that

|b,-b|<1/n = |b,—b|—> 0asn — o
= <b,> —b.
Now, f (bn) =— bn [neN(E bn is rational number)
= lim f(b,) =~ lim b, =—-b = f(b)
n—» 0 n—> o

Thus, <b, > — b, but < f(b,)> does not converge to f(b).
So f'is discontinuous at all non-zero irrational points.
We shall now prove that f is continuous only at the point x = 0.
Let € > 0 be any number, and 8 = &/2.
Then |x|<d = |f(x)—f(0)|=]|x]|<3d<eg, where x is irrational.
and [x|<d = |fx)—f(O0)|=|—x|=]|x]| <3< ¢ where x is rational.
: | f(x)—f(0)| < e, whenever | x — 0 | <.
Hence the function f is continuous only at x = 0.
(b) Proceed as in part (a).
Example 3. Show that the function f defined by
x, if x is rational
f(x) = { 0. if x is irvati
, if x is irrational
is continuous only at x = 0. [Agra, 2001; Delhi B.A. (Prog) 111 2010]
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Solution. Case I. Let a # 0 be any rational number, so that f'(a) = a.
Then any neighbourhood Ja — 1/n, a + 1/n[ of a contains an irrational number «, for each

neN,ie.,
a, €la-1/n,a+1/n[ = |a,—al<l/n
= |a,—a|—>0an—>wo = <a>->a
Now, f@)=0 [neN (= a,, is irrational)

= lim f(a,)=0= f(a) [ f(@) =a = 0]

Thus, fis discontinuous at every non-zero rational point.
Case I1. Let b # 0 be any irrational number, so that f(b) = 0.
Then there exists a rational number b, [ n € N, such that
|b,-b|<1/n = [b —-b|—>0asn—> o
= <b,>->0b

Now fb,)=>b, [neN (= b, is rational)
= lim f(b,) = lim b, =b # 0
n— 0 n— 0
= <f(b,)> does not converge to f(b). [z f(b)=0]

Thus, f is discontinuous at every non-zero irrational point.
Now we shall prove that fis continuous at x = 0.
We have £(0) = 0 and
| f(x)—=f(0)]|=]|f(x)]|=]x], if x is rational.
=0, if x is irrational.
Let € > 0. Then | f(x) —f(0) | <e, for | x — 0| <, taking 6 = ¢
Hence, f is continuous only at x = 0.

Example 4. Show that the function f defined as
x, if x is rational
1—x, if x is irrational

f(X)={

is continuous only at x =1/ 2.
[Kanpur 2007; Delhi Physics (H), 2000; Delhi Maths (Hons), 2002; 1.A.S., 2001, 04]

Or
Give example of a function which is continuous at only one point of the domain.
(Kanpur, 2004)
Solution. Case I. Let a # 1/2 be any rational number. Then f'(a) = a.
We can find an irrational number a, for each n € N such that
a, € la—1n,a+ 1/n]

= la,-al<l/n = <a,>—> a

Now, fl@)=1-a, [neN (2 a, is irrational)
= lim f(a,)=1-1lm a, =1-a # a
n—» © n—» oo
= <f(a,)> does not converge to f(a). [ f(a)=d]

Thus, fis discontinuous at all rational points @ # 1/2.
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Case II. Let b be any irrational number so that f(b) = 1 — b.
We can find a rational number b, for each n € N such that
b, elb—1n, b+ 1/n
= |b,-b|<1l/n = <b, >—>0b
Now fb,)=>b, [n (= b, is rational)

= lim f(,)=1lm b, =b=#1-0 (.- b, is irrational)

(0 b=1-b = b=1/2 = bisrational, a contradiction)
= <[f(b,)> does not converge to f(b), where <b > — b.
Thus, f'is discontinuous at all irrational points b.

Now we shall show that f is continuous at x = 1/2 only.

We have | f(x)—f(1/2)|=]|x—-1/2 |, if x is rational. [~ f(1/2)=1/2]
=[1-x-1/2|=]1/2-x|=|x-1/2 |, if x is irrational.

Thus, | f(x)—f1/2)|=]x-1/2]

Let € > 0 be given. Choose & = ¢ > 0.

Then | f(x)—f(1/2)|< e, when|x—-1/2|<0d

Hence, f is continuous only at x = 1/2.
Example 5. If a continuous function of x satisfies the functional equation f (x + y) =f(x) + f (),

then show that f(x) = ax, where o is a constant. (LA.S., 2003)
Solution. Given fx+y)=fx)+/(») (D)
Case I. Taking x = 0 = y in (1), we obtain

f(0) =7(0) + £(0). sothat f(0)=0 (2)

Case II. If x is any positive integer, we have

f)=f(1+1+ ... + D) =f1)+f1)+ ... + (1)
or fx)=xf(l) or f(x)=ox,say -(3)
where o =f(1).
Case III. Let x be any negative integer and let x = — y. Then y (= — x) is a positive integer.

From Case I, 0=f0) or O0=f(y—=y)=f(y+(=»)
or 0=/ +f(y) sothat  f(=y)=-f(y) -(4)
Then, J@)=f(=y)=—f(»)=-yf(1),by Case Il
or fx)=xf(1) or f(x)=ox [Zy=—xand f(1) = a]
Case IV. Let x = p/g be a rational number; g being positive. We have
f(p) = f(ﬁ q] - f(£j+f(£j+ ..... g times = qf(ﬁj .5
q q q q

Since p can be positive or negative integer, so by Cases II or III, we have f'(p) = op. Then
(5) becomes

op = q f(plq) or  f(plg) = a (plg) or  f(x)= o
Case V. Let x be any real number. Let <x > be a sequence of rational numbers such that

lim x, =x ...(6)
n— ©

We have, x,, being rational, by Case [V
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f(x,) =ox, (7
Let n — 0. As f'is continuous, we obtain from (7)

lim f(x,) = lim (ox,) = a lim x, = ox, using (6)
n— o n—> oo n— o

or f(x) = o
Thus, f(x)=ox [x¢eR,bycases], I, III, IV and V.
EXERCISES
1. Show that the function f defined by
1, if x is rational,
S )= { 0, if x is irrational,
is discontinuous at every point.
2. Let f be the function defined on [— 1, 1] by
x, if x is irrational,

f(X)={

Prove that f is continuous only at x = 0.
3. Show that a function f defined on [0, 1] by

0, if x is rational.

x, when x is rational,

f(X)={

is continuous only at x = 0. [Delhi B.Sc. (Physics), 1998]
4. Let f'be a function defined on 0, 1[ by

2x, when x is irrational,

0, 1f x is irrational,

f(X)={

where p and ¢ are positive integers having no common factor.

1/q,ifx = pl/q,

Prove that f is continuous at each irrational point and discontinuous at each rational
point. (Calicut, 2004)

x}’l

5. Let fbe the function defined on [0, o[ by setting f (x) = lim
n—>w | 4+x

that f is continuous for all points of [0, o] except x = 1.

vV n > 0. Show

n

2n

6. Show that f(x) = lim

is continuous at all points of R except x = £ 1.
n—>o 14 x

2n

2n

. -1, . .
7. Show that f(x) = lim " is continuous at all points of R except x = £ 1.
n—>x x +

8.16. SOME PROPERTIES OF THE CONTINUITY OF A FUNCTION AT A
POINT
Boundedness as a consequence of the continuity at a point.

Property L. If fis continuous at the end point a of an interval [a, b], there exists ¢ € [a, b]
such that f is bounded in [a, c].

Proof. Let € > 0 be given. There exists 5 > 0 such that
| f(x)—f(a)|<ewhena<x<a-+?Jd.
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Let ¢ € [a, a + J] so that ¢ is a number less than a + 9.
It follows that fl@-e<fx)<f(a)+e [x € ]a,c]
Thus, f'is bounded in [a, c]. Hence the result.

Property 1L If fis continuous at the end point b of an interval [a, b], there exists d € [a, b]
such that f is bounded in [d, b].

The proof is similar to that of property I.

Property II1. Iffis continuous at an interior point E of [a, b], there exists an interval [a., B]
containing & in which f is bounded.

Proof. Let € > 0 be given. There exists 5 > 0 such that
[ f(x)—f(E) | <ewhen E—d<x <&+ 0.
Let aelE-0,&, P elE &+ 9l
Thus, we see that lf&x)—f©@ |l<e [xe€]a Bl
Hence the result.
Preservation of sign as a consequence of continuity at a point.
Property 1. If a function f is continuous at the end point a of [a, b] and f(a) > 0, there
exists ¢ € [a, b] such that fx)>0 [xe€a, cl
Proof. Because of the continuity of f'at a there exists 6 > 0 such that
| f(x)=f(a)| < (A/2)x f(a) whena < x < a+3d
so that (1/2)x f(a) = f(a)—(1/2)x f(a) < f(x) < f(a)+(1/2)x f(a) = (3/2)x f(a)
whena <x<a+3d.
Let ¢ € [a, a + 8]. We thus see that
fx)>0 [xe€][a cl

We may similarly show that if a function f is continuous at the end point a of [a, b] and
f(a) < 0, then there exists ¢ € [a, b] such that

fx)<0 [x€]a c]
We note that f@<0 = —f(a)>0.
There exists & > 0 such that

| f(x)—f(a)| < (-1/2) x f(a)whena < x < a+39,
so that (3/2)x f(a) = f(@)+(1/2)x f(a) < f(x) < f(@)—(1/2)x f(a) =(1/2)x f(a)
when a < x < a + d.
The result now follows.

Property II. We may state and prove similar results if f is continuous at the end point b of
[a, b] and f(b) > 0 or f(b) < 0.

Property I11. If fis continuous at an interior point € of [a, b] and f () > 0, there exists an
interval [a, B] containing &, such that

Sx) >0 [x e o, B]
Proof. There exists & > 0 such that
[ f(X)—-f(E&)|<1/2)x f(§) when E -0 < x < £E+0.
Let aelE—98,&,P el &+ 9.
It follows that
(172)x f(&) < f(x) <(3/2)x f(§) V x €[a, B]

so that f(x) is positive [ x € [a, B].
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Property IV. If fis continuous at an interior point &, of [a, b] and f (€) < 0, then there exists
an interval [o, B] containing & such that

Jx) <0 [xe€][oa, Bl
This is left to be proved by the reader.

8.17. PROPERTIES OF FUNCTIONS CONTINUOUS IN CLOSED FINITE
INTERVALS

Let f be a function continuous in a closed interval [a, b]. We shall now obtain some
properties of such a function.

This study will relate to enquiry into the nature of the range of the function and it will be
seen that the range of such a function will itself be a closed finite interval.

Boundedness of a function continuous in a closed interval.

Theorem L. (Boundedness Theorem) If a function f is continuous in a closed interval [a, b],
then it is bounded. [Delhi Maths (G), 2001; Delhi Maths (H), 1996, 2005; Meerut, 1995;
Delhi B.A. (Prog.) III 2009, 2011; Osmania, 2004; Patna, 2003; Rajasthan 2010]

Proof. We define a set S as follows :
S = {x: fis bounded in [a, x]}.
Surely the set S is non-empty in that, because of the continuity of f'at the end point a, there
exists an interval [a, ¢] in which f is bounded so that ¢ € S.

Also S is bounded above for every member of S is < b.

We now apply the order-completeness of R to the set S.

Let & be the least upper bound of S. Now either £ = b or & # b.
Firstly, suppose that & # b so that § € [a, b[.

Because of the continuity of f at & there exists an interval [o, B] containing & in which
f is bounded.

v 8
Q o B b
Since & is the l.u.b. of § and a < &, there exists a member y of S which belongs to [a, &].
Now y € § = fis bounded in [a, y]. Also f is bounded in [a, B].
It follows that f is bounded in [a, B] so that B € S.

Thus, there exists a member 3 of S greater than its lL.u.b. £ and as such we arrive at a
contradiction.

a cd b
It follows that & # b so that & = b.

Now because of the continuity of f'at b, there exists an interval [c, b] in which f'is bounded.

Also because of b being the l.u.b. of S, there exists a member d of S which belongs to [¢, b]
so that f is bounded in [a, d].

Now f'is bounded in [a, d] and [c, b] and as such it follows that f is bounded in [a, b].
Hence the theorem.

Theorem IL. If a function f'is continuous in a closed interval [a, b], then it possesses greatest
and least values. [Osmania, 2004; Delhi Maths (G), 2000, 05; Kanpur, 1993; Meerut, 1996]

Proof. We have to show that the range of a continuous function whose domain is a closed
finite interval attains its bounds, i.e., the bounds of the range are themselves values of the function.
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We have already seen that f is bounded. Let m, M be respectively the greatest lower bound
and the least upper bound of /. It will be shown that there exist points a and 3 of [a, b] such that

f)y=M, f(B)=m.
Let us consider the case of the least upper bound. Suppose that the function f'does not have
the value of M for any x € [a, b] so that

M — f(x) # 0 for any x € [a, b].
By Art. 8.11, page 8.16, we deduce that the function
x = /M - f(x)) ..(D)
is continuous and as such bounded in [a, b].

Let k£ be a given number. Since M is the least upper bound of f, there exists & € [a, b] such
that f© > M- lk

This implies that there exists & € [a, b] such that

V[M - fE)] > k.

Now k being any given number, we deduce that the function (i) is not bounded.

We thus arrive at contradictory statements. It is thus proved that the function f attains its
least upper bound.

It may similarly be shown that the function f also attains its greatest lower bound.

Note. As a consequence of the two preceding theorems, it follows that if f is continuous
in [a, b], there exists an interval [m, M] such that f(x) € [m, M] for each x € [a, b] and that
m, M are themselves the values of the function. It thus follows that the range of f'is a sub-set
of [m, M]. We shall now show in the following that [m, M] itself is the range of, i.e., every point
of [m, M] is a value of the function f. Before proceeding to consider this result, we prove a
theorem of which this result will be an immediate conclusion.

Theorem II1. (Location of roots theorem). If a function f is continuous in a closed interval
[a, b] and f (a), f(b) have opposite signs, then there exists ¢ € [a, b] such that f(c) = 0.

(Delhi B.Sc. I (H) 2010)
(Purvanchal 2006; Kakatiya, 2001, 03; Kanpur, 1999; Meerut, 1998; Patna, 2003]
Proof. We suppose that f(a) > 0 and f(b) < 0. Define a set S as follows :
S=x:f(N>01[yela x]}.

The set S is not empty in that a € S. Also S is bounded.

Let & be the l.u.b. of S. We shall show that () = 0.

We firstly see that & # a, § # b.

Now, as f(a) > 0, there exists an interval [a, c] for every point x of which f(x) > 0. Thus,
there are members of S which are greater than a and as such « is not even an upper bound of
S. It follows that & # a.

Again as f'(b) < 0 there exists an interval [a, b] for every point x of which f(x) < 0. Thus,
no point of § belongs to [a, b] and as such & # b. Thus, § € Ja, bl.

Let f(©>0.

There exists an interval [a, B] containing & for every point x of which f(x) is positive.
As § is the Lu.b. of S, there exists a member y of S such that y € [a, &].

Now f'is positive in [a, Y] as also in [a, B]. It follows that f'is positive in [a, B] and as such

B € S. Thus, we conclude that there is a member of S greater than its l.u.b. £ and as such we
arrive at a contradiction.
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ada

It follows that our assumption, viz., f(§) > 0 is not true.

We may similarly show that the assumption /(&) < 0 is also not true. It follows that
f(©=0.
Hence the theorem.

Cor. 1. Bolzano’s Intermediate Value Theorem. IV. If a function f'is continuous in an interval
[a, b] and f(a) # f(b), then [ assumes every value between f(a) and f (D).
[Agra 2010; Bharathiar, 2004; Delhi B.Sc. 1 (H) 2010; Delhi Maths (Prog) 2008]

Proof. Let k£ be a number between f'(a) and f(b).

Consider a function ¢ with domain [a, b] such that o) =f(x)—k

Now ¢ is continuous in [a, b] and ¢ (@) = f(a) — k, ¢ (b) = f(b) — k are of opposite signs.
Thus, there exists & € [a, b] such that ¢ (§) =0

Also 6@ =0 = f(=k

Note. If the function f is not continuous on a closed interval, then the conclusion of the
Intermediate value theorem may not hold as shown below.

Consider a function f defined on [0, 1] as follows :

F(x) = x+1,if x €]0, 1]
Y10 ifx=0
x + 1 being a polynomial, f is continuous on ]0, 1]. Now we test f'(x) for continuity at x = 0.
Here f(O+0) = lim fO+h) = lim (h+1) =1
h— 0+ h—0+
and f(O0-0 = lim fO0-h)= lim (-h+1) =1
h—>0+ h— 0+

Thus /(0 +0) =f(0—0) # £(0) and so f'is not continuous at x = 0. Hence f'is not continuous
in the closed interval [0, 1].

Now, f(0) =0 and (1) = 2. Then f(0) <1 < f(1). But we cannot find any x € [0, 1] such
that f'(x) = 1.

Cor. 2. A function which is continuous in a closed interval so that it is bounded and attains
its bounds assumes every value between the bounds. [Delhi Maths (G), 1998]

Proof. Let f be continuous in [a, b] with m, M as its bounds. Let &, n be two points such

that f@=m,  f(n)=M.

Now f'is continuous in [E, ] or [1), £] as the case may be and as such, by the cor. 1, it assumes
every value between its values at the end points, i.e., between m and M.

It follows that the range of a continuous function whose domain is a closed interval is as
well a closed interval.

Theorem V. The image of a closed interval under a continuous function is a closed set.
Proof. Let f be a continuous function on a closed interval I = [a, b].
Let M = lub. of fon / and m = g.l.b. of fon L
Then m<fx)ysM [xel
= f() < [m, M] (D)
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Since f'is continuous on /, f'assumes every value between m and M. Hence, if ¢ € [m, M],
then there exists some x € [ such that f(x) = c. Thus

cemM = cefd) = [m M cf{d). -(2)
From (1) and (2), we get f)=[m, M].
Theorem VI. (Fixed point theorem). If fis continuous on [a, b] and f (x) € [a, b] for every
x € [a, b], then f has a fixed point, that is, there exists a point ¢ € [a, b] such that f(c) =c.
[Delhi B.Sc. (Physics), 1998]
Proof. Let /' be continuous on [a, b] and f(x) € [a, b] [ x € [a, b]. If f(a) = a or f(b) =b,
then the theorem is proved. So let us assume that f(a) > a and f(b) < b.
Define g@)=fx)—-x [x € ]a b] (1)
Since f(x) and x are both continuous on [a, b], so g (x) is also continuous on [a, b]. Using
our assumption, we have g (a) > 0 and g (b) < 0. Now 0 is an intermediate value of g on [a, b].
Hence by intermediate value theorem, there exists a point ¢ € [a, b] such that g (¢) = 0. Then
(1) gives f(c) = ¢, as required.

Borel’s theorem VIL. If f is a continuous function on the closed interval [a, b], then the
interval can always be divided up into a finite number of sub-intervals such that, given € > 0,
LfO) —f(xy) [ <,

where x| and x, are any two points of the same sub-interval.
(Agra, 2000, 02; Kumaun, 1999)

Alternative statement of Borel’s theorem (or Oscillation theorem). If f is a continuous
function on [a, b], then for any € > 0, the interval can be divided into a finite number of
sub-intervals such that in each of which the variation of f(x) is less than €.

Proof. We shall prove the theorem by contradiction. Let us assume that the theorem is false.

Divide [a, b] into two equal parts [, ¢] and [c, b], where ¢ = (a + b)/2. Since the theorem
is false on [a, b], it must be false either on at least one of them. Denote this interval by [a,, b,].
It may be just possible that the theorem is false in both sub-intervals. In that case we take the
right hand half interval as [a,, b,].

Again divide [a,, b,] into two equal parts. The theorem must be false on at least one of
these sub-intervals. Let us denote this interval by [a,, b,], where

length of [a,, b,] = (1/2) x length of [a,, b;] = (1/22) x (b —a).
Continuing this process of repeated bisection indefinitely, we get a sequence of closed
intervals <[a,, b,]>, such that
(i) the theorem is false in each of <[a,, b, |>
(i) [a, b] > [a,, b|] > [a,, b,] ..... Sla,b,]
(iii) length of interval [a,, b1 =b —a = (b — a)/2" — 0asn — o
Since the <[a,, b,]> satisfies all the conditions of Cantor nested interval theorem, it follows
that N la,, b,] is a singleton = {a}, say.
n=1
Thus, ae€la,b]lcla,b], [neN (D)
Let us assume that a # @ or b. Since f is continuous on [a, b], f is continuous at o also.
Hence for a given € > 0, there exists & > 0 such that

X, X% €la—8, a+d[ = [f(x)-f(x)]|<e ..(2)
Since (b, — a,) — 0 as n — o, for a given 6 > 0, there exists m € N such that
|(b,—a)—-0]<d [nzm
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and so in particular, b,—a,<?d
Thus, aela,b,] = [a,b,]c]o—-20,a+d
: X, X%, €la,, b,] = x,x,€]a-3 a+d[ -(3)

From (1) and (2), XXy €la,, b,] = [f(x)—-f(x)|<e

This contradicts the fact that the theorem is false on [a,, b, ]. Hence the theorem must be
true.

A slight modification would establish this fact even when a = a or b.

Note 1. Since o = a or b is also possible, hence the interval from a to » must be closed.

Note 2. | f(x,) — f(x,) | is called variation of f(x). Hence the alternative form of Borel’s
theorem is proved.

EXERCISES

1. Show that a continuous function on a closed bounded interval is bounded. Give an
example to show that conclusion fails if the interval is not closed.

[Delhi Maths (G), 1996]
2. Let f'be continuous on [a, b]. Prove that f attains its supremum and infimum on [a, b].
[Delhi Maths (G), 1999, 2000]

3. (@) If a function f'is continuous in [a, b] and ¢ € [a, b] such that f(c) # 0, then there
exists some O > 0 such that f'(x) has the same sign as f(c) for all x € Jc -9, ¢ + J[.

[Delhi Maths (G), 2005; Meerut, 1998]
(b) Let f'be continuous on [a, b] and x,, be such that a < x, <b. If f(x,) <0, then show
that /(x) <0 [ x € Jx;, — 8, x;, + §[ for some &, > 0.
[Delhi Maths (G), 1993]
4. If a function f is continuous in [a, b] and f(a) f(b) < 0, then there exists a point
¢ € [a, b] such that f(c) = 0.
Or
If a function f'is continuous in f(a) > 0 > f(b), then there exists a point ¢ € [a, b] such
that f'(c) = 0.
[Delhi Maths (Hons), 1997; Delhi Physics (Hons), 1996; Delhi Maths (G), 1994]
5. Let f'be continuous on [a, b] and ¢ be any real number between f («) and f'(b), then show
that there exists a real number x in Ja, b[ such that f(x) = c. [Delhi Maths (H), 2002]
6. Let fbe continuous on [a, b] and x,, x,, ....., x, be points of [a, b]. Show that there exists
apoint ¢ € [a, b] such that f'(c) = [ f(x)) +f(x,) + ..... +f(x)/n.
[Delhi Maths (G), 1999]
log (2 + x) — x> sin x

5 , x>0

7. Let f(x) = lim
n— o0 1+x

Show that /(0) and f'(n/2) differ in sign. Why does f'(x) not vanish in [0, /2] ? Explain.

2n+2

X COS x

8. Show that the function f(x) = lim 5 does not vanish anywhere in the

n—» o xT+1
interval [0, 2], though f(0) and f(2) differ in sign.

9. Show that f(x) = can be made discontinuous at any rational point in the

1+ el/(n!rnx)
interval (0, 1) by the proper selection of n. (Garhwal, 1994)
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10. Let f(x) =x {1 +(1/3) x sin log xz} for x # 0, £ (x) = 0 for x = 0. Show that f'(x) is continuous
and monotone.

11. If a function /: R — R satisfy the equation f(x + y) = f(x) + f(») [x,y € R. Show
that if f'is continuous at the point x = a, then it is continuous for all x € R.

12. If f: R — R is a continuous function and satisfies the relation f (x + y) = f(x) f(»)
[ x, v € R, then show that either f(x) = 0 [ x € R or there exists an a > 0 such that
f)=d,[xeR

13. Show that the function f: R — R defined by

. t _
) = lim (1+ sin nx)t 1
t—>o (1+sinmx) +1
is discontinuous at the points x =0, 1, 2, ..... y Hy . . (Kumaun, 1999)

14. Consider the function f'(x) = x — [x], where x is a positive variable and [x] denotes the
greatest integer in x; and show that

(i) f(x) is discontinuous for all integral values of x, and continuous for all other values
(@) In every interval which includes an integer, f(x) is bounded between 0 and 1, and
(#ii) The lower bound 0 is attained but the upper bound is not.

15. Let f and g be continuous functions on an interval 7, let /(x) # 0 for any x € /, and
let [ f(0)]* = [g @)]* [ x € I Prove that either f(x) = g (%), [ x € [ or f(x) = — g (x)
[x e L

16. Let f'be continuous function on [~ 1, 1] such that (/(x))*> + x> =1 [x € [- 1, 1]. Show
that either f(x) = \/1-x? Vxe[~1,1] or f(x) = —ﬁwq— 1, 1].

[Delhi Maths (Hons) 2009]

8.18. EXISTENCE OF THE nth ROOT OF A GIVEN POSITIVE REAL

NUMBER

Theorem. Given a positive real number a and any natural number n, there exists one and
only one positive real number E such that &' = a.

Proof. Let a be a given positive number. We shall show that there exists a unique real number
€ such that &' = a.

Consider the function f defined by

f(x)=x",neN.
Suppose that a < 1.
The function f is continuous in [0, 1] and
f0)=0,1=£().

Of course 0 < a < 1. By the Intermediate Value Theorem, there exists & € [0, 1] such that

£ =a.
If n is also a positive number with n" = @, we have
E<n = & <" = a<a and E>n = & >1" = a>a

It follows that & = 1.

Now suppose that @ > 1 so that 1/a < 1 and as shown above there exists & such that
£'=1/a = (1/£)" = a.

Note. The unique positive real number satisfying the equation
X'=a;a>0and n e N

is called the nth root of @ and is denoted by a’".
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8.19. UNIFORM CONTINUITY|[Delhi B.Sc. (Prog) I 2011; Delhi B.A. (Prog) III 2010;

Meerut 2006; Delhi B.Sc. (Prog) II 2010, 2011; G.N.D.U. Amritsar 2010; Nagpur, 2003]

We shall now introduce the notion of uniform continuity of function. It should be seen that
while the notion of continuity of a function is essentially local in character in that reference to
continuity of a function at a point is meaningful, the same is not the case in respect of uniform
continuity. The notion of uniform continuity of a function is global in character inasmuch as we
can only talk of uniform continuity of a function only over its domain.

Let f'be a function with domain D. Let ¢ € D. We know that f'is continuous at ¢ if to each
e > 0, there corresponds & > 0 such that

|f(x)—f(c)|<e [x e Dsuchthat|x—c|<3d.

Suppose that f is continuous at each of D and ¢ is any given positive number. Then there
exists a & corresponding to each point of the domain D. The question now arises, “Does there
exist & which holds uniformly for every point of the domain ?7” It may appear to a beginner that
the greatest lower bound of the set consisting of all the values of & would serve the purpose. The
fallacy, however, lies in the fact that greatest lower bound may be zero. In general, therefore, a
choice of positive & which may hold good uniformly for each point of domain D may not be
possible. We now define the notion of uniform continuity.

Definition. A function f defined on an interval / is said to be uniformly continuous on 7,
if to each ¢ > 0, there corresponds & > 0 such that

|f@) -f() [ <e
where x, y are arbitrary points of / for which |x—y|<d.

Note 1. In case of continuity of a function at a point a, the choice of 3 > 0 depends upon
€ > 0 and the point a whereas in the case of uniform continuity of a function in an interval,
the choice of & > 0 depends only on € > 0 and not on a pair of points of the given interval /.

Note 2. A function fis not uniformly continuous on /, if there exists some & > 0 for which
no & > 0 serves, i.e., for any & > 0, there exist x, y € I such that

| f(x) —f(y) 2 ewhen |x—y| <0
Theorem 1. Every uniformly continuous function on an interval is continuous on that
interval, but the converse is not true. (Purvanchal 2006; Delhi Maths (G), 2005, 06, 07;
Delhi B.Sc. (Hons) I 2011; Delhi B.A. (Prog) III 2010; Agra 2007]

Proof. Let a function /' be uniformly continuous on an interval /. Then given & > 0, there exists
some of & > 0 such that

| f(x)—f(y)| < € whenever | x —y | < 5, where x, y € [ (D
Let ¢ be any point of /. Taking y = ¢ in (1), we have
| f(x) —f(c) | < € whenever | x —c | < d
= f'is continuous at the point c.

Since ¢ is any point of /, it follows that f is continuous at every point of /. Hence f is
continuous on /.
Converse of the above theorem need not be true, i.e., every continuous function need not

be uniformly continuous. [Delhi B.Sc. (Prog) II 2010; Agra 2007]
Consider the function f defined on ]0, 1] as follows
S =1, [xc]0,1] (1)
Let ¢ be any point of ]0, 1]. Then
lim f(x) = lim l:lzf(c)
X—>cC X—>c X C

= f(x) is continuous at x = c.
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Since ¢ is any point of ]0, 1], it follows that f is continuous on ]0, 1].

Now we shall prove that fis not uniformly continuous in ]0, 1]. For any é > 0, we can find
a positive integer n such that 1/n < 6.

Let x = 1/n and y = 1/2n. Then x, y € 10, 1]. Also, we have

1 1 1 1 1
|x—y|= _—— = —_— =—<—<6
n 2n 2n 2n n
1 1 1
and | f ) -fO)[=|——=|=In-2n|=[-n[=n>_—
x y 2

[= n is a positive integer, so n > 1]
Hence if we take € = 1/2 > 0, then whatever & > 0 there exists x, y € ]0, 1] such that
| f(x) = f(y) | > e whenever | x —y | <
Hence f(x) = 1/x is not uniformly continuous in ]0, 1].
Thus, f(x) = 1/x is continuous in 10, 1] but not uniformly continuous.
[Calicut, 2004; Delhi Maths (H), 1993; Kanpur, 1991, 2001]

Theorem IL. If a function f is continuous on a closed interval [a, D), then it is uniformly
continuous on [a, b]. [Delhi Maths (H), 1999, 2003; Kanpur 2009; Delhi B.A. (Prog.) III 2007;
Delhi Maths (G), 2004; Srivenkateshwara, 2003; Delhi B.Sc. (Prog) I 2011]]

Proof. Let, if possible, f be not uniformly continuous on [a, b]. Then there exists an € >0
such that whatever 6 > 0 we take, we can find x, y € [a, b], for which

|f(x) —f(y) [ > e when |[x—y][<38
In particular, for each positive integer n, we can find real numbers x , y, in [a, b] such that

| f(x,)—f(y)|=¢when|x —y [|<l/n (D)

Since a <x, <band a <y <b|[ne N, the sequences <x, > and <y > are bounded and

so by Bolzano-Weierstrass theorem, each has at least one limit point, say o and B respectively.

Hence a and B are limit points of [a, A]. Since a closed interval is a closed set and a closed
set contains all its limiting points, so a, B € [a, b].

Again since o is a limit pointof <x >, there exists a convergent subsequence <x, > of <x >
k

such that X, —> oas k —> o ...(2)

Similarly since f is a limit point of <y, >, there exists convergent sequence < Vn, > of <y >
such that Y, ™ Bask > o ...(3)
Now, from (1), for all k, we have
|G, ) =S (,) |2 awhen‘ X, =V ‘ <1/n, (4
From the second inequality of the inequalities (4), we have

lim x = klim Vn, SO that o = B by (2) and (3)
— 0

k— o0 k

But from the first of the inequalities (4), we see that in case the sequences < f (x ", )> and

<f( ynk) > converge, the limits to which they converge and different.

Thus we have shown that there exist two sequences < X, > and < Vu, > both of which

converge to o but < f (xnk )>and < f( Y, ) > do not converge to the same limit. So by theorem I,
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Art. 8.15, fis not continuous at a, for otherwise the two sequences < f' (xnk )> and < f( ynk) >

would converge to the same point f'(a).

Thus we arrive at a contradiction and hence the hypothesis that f'is not uniformly continuous
on [a, b] is false.

Hence f must be uniformly continuous on [a, b].

Theorem III. A function defined on a closed interval is continuous if and only if it is
uniformly continuous therein. [Delhi Maths (Hons), 2000]

Refer theorems I and II for complete proof.

SOLVED EXAMPLES

Example 1. Is the function f(x) = x/(x+ 1) uniformly continuous for x € [0, 2] ? Justify
your answer. [Delhi Maths (H), 1995]
Solution. Let x, y be two arbitrary points in [0, 2]. Then x > 0, y > 0.
=>x+12>21 and y+121

>x+D)(p+1) 21 (D)
_ _x oy o ey ~
Now, lf)-fO) = il e —(x“)(y“)ﬁlx y |, by (D)

Let € > 0 be given. Taking & = ¢, we get
| f(x) = f(») | <& whenever [ x =y |<8 [x pel0,2]
Hence, f'is uniformly continuous in [0, 2].

Alternative solution. Here f'(x) is a rational function and so it is continuous for every real
number other than zeros of the denominator of polynomial function x + 1. Butx + 1 =0 =
x =— 1, which does not belong to [0, 2]. Hence f(x) is continuous on the closed interval [0, 2].

Since every function which is continuous in a closed interval is also uniformly continuous
is that interval, it follows that f(x) = x/(x + 1) is uniformly continuous in [0, 2].

Example 2. Let f(x) = x’, x € R. Show that [fis uniformly continuous on every closed and
finite interval but is not uniformly continuous on R.

|GN.D.U., 1997; Delhi Maths (H) 2004, 07, 09; Delhi Maths (G), 1999, 2005; Agra, 2002)
Solution. Let [a, b] be any closed and finite interval.
Let x|, x, € [a, b]. We have
1f) =fG) =17 = x| = x = x ||, +x, |
- 0 S G [ < 3y = | o |+ 1, [}
Let k=max {| x, |, | x, |[}. Then k>0
|fy) /() [ < 2K, — x|
Let € > 0 be given and let = &/2k > 0.
Then  |f(x,) = f(x)) | <&, whenever [x, —x, [ <8 [x,x, €l[a b]
Hence f is uniformly continuous on [a, b].
Now we shall show that f'is not uniformly continuous on R.

The given function will be uniformly continuous on R if for a given € > 0, there exist § >0
such that for any x,, x, € R we have

| f(xy) = f(x)) | <& whenever | x, —x, | <90 (D)
We shall show that for the given function f(x) = x%, the above condition (1) is not satisfied.
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By the axiom of Archimedes, for any 6 > 0, there exists a positive integer n such that
nd* > ¢ {2
Let us take x, = nd and x, = nd + 6/2. Then
|x, —x, | =06/2<3

whereas | f(x,) = f(x) [ = %" x> | =% —x || %, +x |
=18(2na+15)=n52+152 > ¢, by (2)
2 2 4

Thus there exists x; x, € R such that
| f(x,) = f(x;) | > € whenever | x, — x, | <9,
which contradicts (1). Hence f is not uniformly continuous on R.

Example 3. Show that the function f(x) = 1/x% is uniformly continuous on [a, ©[, where
a > 0, but not uniformly continuous on 10, «l. [Delhi Maths (H), 2006]

Solution. 70 show that f(x) = 1/x% is uniformly continuous on [a, [ where a > 0.

For x, y > a > 0, we obtain

1 1 1 1 1
S@-fO) = |- |=| -~ | #=
X2y x ylfx y
y—x 1 1 2l x—y |
or | f()-FO) | = (—+—JS— (o x,y=a>0)
Xy X y al xy|
2 X 11
S—3|x—y| VX Za, y2a > xy2a > —<—
a Xy a

Let € > 0 be given. Let § = a’/2. Then
| f) —f(» I <e when [x -y [<d [x,y2a
Hence, f is uniformly continuous on [a, oof.
Now we show that f is not uniformly continuous in 10, o[.
Let ¢ = 1/2 and d be any positive number. We can always choose a positive integer n such
that n>1/28 or 1/2n <3 (1)

Let x; = 1/+/n and x, = 1/ Jn+1 €10, .

Then | /(r)=/(x) [=| —5=—5 | =ln-(+D]=15¢
1 %
1 1| _In+1-Vn]|

and X, —x, | =

B Jiii | et

1
= , on rationalising.
Jn 1/n+l(,/n+l+«/;)
< _r [ \/;,/n+l > \/;and,/n+l+\/; > 2\/;]
V24

=1/2n <3, by (1)
Thus, | f(x) = f(xy)) | >¢ when|x, —x,|<0.
Hence, f is not uniformly continuous on ]0, oof.
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Example 4. Show that sin x is uniformly continuous on [0, . [Agra 2008]
Solution. Let € > 0 be given and x, y be any two points in [0, oof.
Let f(x) = sin x. Then

| f()=f () | =]sinx—siny |

. X—y xX+y . X—y X+y
=| 2sin -Ccos = 2| sin -| cos
2 2
<2 x;y‘-l |sin® | < |0, |cos® <1V 0]
S [ S I<[x-y]|
= | fxX)—f(y)|<e when|x—y]|<9d, [x,»¢€]0, o[, taking d = «.

Hence, f(x) = sin x is uniformly continuous on [0, oof.
Example 5. Prove that f(x) = sin x% is not uniformly continuous on [0, oo[.
Solution. Let € = 1/2 and 6 be any positive number. We can choose a positive integer # such

that n> n/d A1)
Let X, =4’%, ,’(n+l)— e [0, oo.
2 nm
Then | ()= f(x) | =]sinx, —smx1 | = sm(n+1)5—s1n7

o=@ | =1, if nis odd,
I (£1) -0 | =1, if nis even.

| )= fa) | =1>e¢,

and X, —x | = _xl z/2 <=z
2 ! Xy +x1 I’lﬂ' VN
(n+l)— +

Thus, |x, —x | < Nm/n < 68, by (1)
| f(xy) = f(x)|>¢ when | x, —x [<3d.
Hence, f(x) = sin x” is not uniformly continuous on [0, oof.

EXERCISES

Show that f'(x) = X% is uniformly continuous in [0, 1]. [Lucknow 2010; Kanpur 2009]
Show that the function / defined by /(x) = x° is uniformly continuous in [0, 3].
3. Show that f(x) = 1/x is not uniformly continuous on ]0, 1], but it is uniformly continuous
on [a, [, where a > 0. [Delhi B.Sc. (Prog) 12010]
4. (a) Show that f(x) = \/; is uniformly continuous on [1, 3].  [Delhi B.A. III 2010]
(b) Show that f(x) =Jx is uniformly continuous on [0, 1]. [Kanpur 2010]
Show that f'(x) = x is uniformly continuous on R. [Delhi Maths (G), 2002]
Give an example of a continuous function which is not uniformly continuous.

L

Show that sin (1/x) is not uniformly continuous on ]0, oo[.
Show that f'(x) = cos x is uniformly continuous on R. [Delhi Maths (G), 2002]

oW
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9. Show that the function f defined by

100 sin(1/x), x > 0
X =
0, x=0
is continuous but not uniformly continuous on [0, oo[. (Meerut, 1998)

10. State a set of conditions under which a continuous function is uniformly continuous.

(Delhi Maths (G), 2003)

11. (a) Show that f(x) = x? is uniformly continuous on [0, a], aeR* but g(x)=1/xis

not uniformly continuous on 4 = {xeR : x>0} . [Delhi B.Sc. I (Hons) 2010]

(b) Show that the function defined by f(x)=x?, ~1<x<1 is uniformly continuous.
[Delhi B.Sc. (Prog) I 2011]

12. Show that the function of f defined by f'(x) = 23— 3x +5 s uniformly continuous on
[-2,2].

13. Show that the function f(x) = x/(1 + xz) is uniformly continuous on R.

14. Determine whether the function y = tan x is uniformly continuous in the open interval
10, w2[. (LA.S., 1999)

15. If fand g are uniformly continuous on the same interval, prove that f+ g and f— g are
also uniformly continuous on that interval.

16. Justify with an example that the product of two uniformly continuous functions may not
be uniformly continuous.

17. Prove that if f is uniformly continuous on a bounded interval /, then f is bounded on /.

18. Prove that if fand g are each uniformly continuous on the bounded open interval ]a, b,
then the product fg is uniformly continuous on Ja, b[.

19. Show that f(x) = tan~ Uxis uniformly continuous on R.
20. Show that f(x) = (sin x)/x is uniformly continuous on R.

21. If fis uniformly continuous in an interval / and <x > is a Cauchy sequence of elements
of /, then prove that < f'(x,)> is also a Cauchy sequence.

8.20. EVALUATION OF M (sin x) / x, x BEING MEASURED IN RADIANS
[Agra 2007; Kanpur 2009]

sin x

Proof Let us first prove that lim 1.
x—=0+ X Q

Let 0 < x < ©/2.Draw a circle of unit radius and centre O. Consider two
points 4 and P oin the circle such that ~ 40P = x radians. Let AQ be perpendicular
to OA4 and let OP produced meat AQ in Q.

From right angled AOAQ, AQ/ OA4 =tan x
Hence, AQ = 0A tan x =tan x, as O4 =1

?‘u
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Now, area of AOAP = (1/2)xOAxOP xsinx = (1/2) xsinx, as OP=1
area of A OAQ=(1/2) xOAx AQ =(1/2)xtanx, as AQ=tanx
and area of sector QAP =(1/2) x OA* xx = (1/2)x x

[-+ Area of a sector = (1/2) x (radius)2 x (angle of sector)]
From the above figure, it is easy to note that

Area of AOAP < Area of sector OAP < area of AOAQ
Thus, (1/2)xsinx <x/2 < (1/2) x tanx or sinx < x < (sinx)/cosx

Dividing by sin x , 1 <x / (sin x) < 1/cosx , as 0<x< m/2 = sinx>0
Taking reciprocals of the above inequalities, we get

1> (sinx)/ x> cos x so that cos x <(sinx) /x <1 ..(D

Now. lim cosx — 1= lim 1.

0 0. - Hence, using squeeze principle (refer theorem 6, page 8.6), we

li inx)/x=1.
have X_I)I&(Sln x)/x (2
. sinx . sin(—y) )
Next, lim ——= lim > putting x ==Y, where y> 0so thaty —» 0+whenx — 0—

x—0- X y-0+ (=)
— lim (siny)/y =1, using (2)
y—>0+

lim (sinx)/x=1= Xl_i)r{)lﬁ(sin x)/x, we have )1ri_r)r(1)(sin x)/x=1

Since 0+

x 1 1
; lim = lim = =
Deductions, I, 08X 0 (5inx) /X hr%(sm x)/x
x—

tan x sinx 1

II. lim = lim X =1 1. lim = lim —
x=0 X x=0 X COS X x=>0tanx x—-0SInx

8.21. CONTINUITY OF THE INVERSES OF CONTINUOUS FUNCTIONS

Theorem 1. A continuous and strictly monotonic function is invertible and the inverse
function is also continuous.

xcosx =1

We suppose that f is continuous and strictly monotonically increasing in [a, b].
Let m, M be the g.L.b. and l.u.b. respectively of the function f.
Since f'is continuous and strictly increasing in [a, b], we have m = f(a), M = f(b).

Consider the interval [m, M]. Because of the continuity of fin a closed interval every number
between [m, M] is a value of f. Also because of the strictly increasing character of f, every value
between m and M is attained only once.
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We have y=f(x) < x=g().
Now we show that g is continuous in [m, M].

Let N € [m, M] and let g (n) = &.
We have gm=8 = f=n

Let € > 0 be given. We have to show that there exists 5 > 0 such that
lg(y)—gMm <ewhen|y-n|<d < [x—-&|<ewhen|y-m|<3d.
Now f being a strictly monotonic continuous function
E—e<x<f+e © ef(E—9e) <fx)<f(E+e).
Let f(E-¢) =m—93,,f(E+¢&) =n+0, d,, d, being both positive.
Thus, there exist two positive numbers , and J, such that
E-e<x<&+e © M-9,<y<n+3o,
Thus N-06,<y<n+d, = E-e<x<E+e.
Let 6 = min (5, 3,). It follows that
N-0<y<n+06 = E-e<x<&+g,
so that we see that there exists & > 0 such that
ly—-m[<d = |x-Ef<es
Hence the result.

Theorem I1. If f be a continuous one-to-one function on the closed interval [a, b], then f~ !
is also continuous.

Proof. Left as an exercise to the reader.

8.21. ROOT FUNCTION

xox"™ peN x>0

Un as the inverse of the function x —> x".

We shall introduce the root function x — x
First we show that the function x —> x"; n € N, x > 0 is invertible.

Now the function x — x” is continuous [ x > 0. Also it is strictly monotonically increasing
in that if x 20 and x, > 0, then

n n
X, >x, = x> x,.
Thus, the function x — x”, n € N is continuous and strictly monotonically increasing in every
interval [0, b]; b being a positive number.

Thus, by the preceding theorem of Art 8.20, the function x — x” is invertible and its inverse
is continuous. The inverse of this function is denoted by x — X

Let /, g denote x — x", x — x'"" respectively so that /' (x) = x", g (x) = x/".
We have (gof) W) =g(f(x) =g (") =x
MISCELLANEOUS EXERCISES
1. Let f'be continuous in [— 1, 1] and assume only rational values and let £ (0) = 0. Show
that fx)=0 [xe[-1,1]
2. Discuss the continuity of f where
s 0  when x is 0 or irrational,
X =
1/ q3 when x is the rational number p/gq in its lowest terms.

3. Given f(x) = (x2 —4)/(x —2); x # 2, define a function g which is continuous for every
x € R and which coincides with f for every point which belongs to the domain of each

fand g.
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4. Given that f'is continuous in [a, b] and f(x) =0 [ x € Q.

Show that fx)=0 [x € [a,b]
5. Let f'be continuous in R. Show that the set 4 = {x : f(x) = 0} is closed.
6. Consider y=x+ ;x> 0.

Show that given any number y > 0, there exists one and only one x > 0, such that
y=x+ X

7. State with reasons for your conclusion which of the following circumstances are sufficient
and which of them are not to determine the value f(0) of £, giving the value, if possible.

(i) fis continuous at x = 0 and takes in any neighbourhood of x = 0 both positive and
negative values.
(i) To each & > 0 there corresponds & > 0 such that | f(x) | <& for 0 <|x | <d.
@) [ f(h) +f(=h)—2f0)/h — [ and f(h) > a when I — 0.
8. Show that the sum function of the infinite series
LA -+ (1 =)+ . +x2 (1 =x)"+ ..
is not continuous at x = 0 even though each term of the series is continuous thereat.
9. Examine the continuity at x = 0 of the sum functions of the following series :
@) X+ al + al +
x+1 (x+D)2x+1) QCx+D)GBx+1)

x? x? x?

+ + +
(I+x3)1+2x%)  A+2x2) (1 +3x%)  (1+3x?) (1+4x7)
10. Show that the following functions defined in [0, 1] are invertible :

(if)

X

() x —> ——, (i) x — +
x+1 x+1 x+2

Also describe the inverse functions.

11. Show that f (x) = 22x

" is uniformly continuous on [1, oof.

2| x—-y|
2x-D)2y-1
Sincex>1landy>1,2x—1>1,2y—1>1 and so

If@) =S <2 ]x=-y]|

For any € > 0, choose 6 = €/2.]
OBJECTIVE QUESTIONS

Multiple Choice Type Questions : Select (a), (b), (¢) or (d), whichever is correct.

[Hint. | /' (x)— /() | = Vox,y e[l oo

1. If lim f(x) =17 and lim g(x) = m, then lim /) = L, if :
xX—a x—>a xX—a g(x) m
(@ m=0 by m#0 (c)m=1 (d) None of these. (Kanpur, 2001)
2. If f(x) = (sin x)/x, then f(0 — 0) is :
(@ 0 b) 1 (-1 (d) None of these. (Kanpur, 2001)

3. The function f'(x) = 2% is not continuous at :
(@ 0 b) 1 (-1 (d) None of these. (Kanpur, 2001)
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4. The function f(x) = (x2 — az)/(x —a)atx=ais:

(a) Continuous (b) Not continuous

(¢) Undecided (d) None of these. (Kanpur, 2001)
5. The function f(x) = sin (1/x) at x =0 has a :

(a) discontinuity of first kind (b) discontinuity of second kind

(¢c) mixed continuity (d) removable discontinuity. (Kanpur, 2001)

6. The points at which f'(x) = [x] is discontinuous are (Here [x] is the greatest integer less
than or equal to x) :

(a) set of all rational numbers (b) set of all irrational numbers

(c) set of all integral points (d) set of all prime numbers. (Kanpur, 2003, 03)
x, when 0<x<1/2
7. Let f(x) = 1, when x=1/2 , then f is:
1-x, when 1/2 <x <1
(a) continuous at x = 1/2 (b) not defined at x = 1/2
(¢) discontinuous at x = 1/2 (d) continuous forall x, 0 <x < 1.
8. For function f(x) = sin (1/x), x # 0 at origin :
(@) left limitis — 1 (b) right limitis + 1
(¢) limit is zero (d) None of these. (Kanpur, 2003)
9. Function f(x) = | x |/x, x # 0 may be continuous at origin, if :
(@) f(0)=0 ®) f0)=-1 © f(0)=0
(d) Cannot be continuous for any value of /(0). (Kanpur, 2003)
10. If f(x) = STX[]X], [x] # 0, f(x) = 0, [x] = 0, where [x] denotes the greatest integer
less than or equal to x, then lim f (x) is:
x—>0
(@1 b) 0 (¢ -1 (d) None of these.
[Kanpur 2010]
11. If f(x) = x° forall x € R, fis :
(@) not continuous on R (b) uniformly continuous on R
(¢) not uniformly continuous on R (d) None of these.  (Bharathiar, 2004)
ANSWERS

L®) 20 3@ 40 50 6@ 70 8@ 9 @
10. (d) 11. (c)

MISCELLANEOUS PROBLEMS ON CHAPTER 8

1. Describe the continuity of the (x’/a)-a’,if 0<x<a
following fuction aat x = a J(x)=70,if x=a [Kanpur 2006]
a—(a’/x),if x>a

2. Show that the function f{x) = X% is uniformly continuous on the interval [-1, 1]
[Delhi B.Sc. (Prog) IT 2011; Kanpur 2005]
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3. Show that f(x)=sin(1/x)is continuous and bounded in [0, 27] [Agra 2006]

xz,for x<-2

4. Discuss the continuity of function /f(x)=14,for-2< x<2 [Meerut 2006]
f defined by x*,for x>2
sin (1/x), x#0
5. The value of k for which makes /(X) = b x=0 is continuous at x = 0 :

(a) 8 b1 (c) -1 (d) none of these’ [Agra 2006]
6. If the function f{x) is continuous at x = 0 then which is true (a) 1&{} S(x)=7(c)
(b) lim f(0)% /() () lim f()=f(c) (@) lim f(x)=f(c) [Agra 2005]
7. (a) Show that equation f(x)=xe®—2=0 has a root in [0, 1]
[Delhi B.Sc. I (H) 2010]
(b) Show that the equation x = cosx has a solution in [0, ©t/2]
[Delhi B.Sc. I(H) 2010]
8. Let f and g be continuous from R to R and f{r) = g(r). Vre Q. Is it true that
f(x)=g(x), ¥V x € R.. Justify your answer. [Delhi B.Sc. I (Hons 2010]

9. Define uniform continuity of a function over an interval. Show that the function

f(x)=sin(1/x) is uniformly continuous in [k, 1] for 0 < £ < 1 but not uniformly
continuous on [0, 1]. [Delhi Maths (G) 2006]

10. Examine for continuity at x = 0, the function f defined as :

F)= (e —e " )" +e "), when x £ 0
0. when =0 [Delhi Maths (G) 2006]
11. Examine the continuity of the function : f(x)=sin(l/x), x#0; f(0)=1latx=0.Ifit
is discontinuous, then state the nature of discontinuity. [Delhi Maths (H) 2006]
. 1 1
12. If limg(x)=m and m # 0, then prove that lim =~ [Delhi Maths (H) 2007]
e xoeg(x) m

13. Discuss the continuity at x = 3 of the function f defined by f (x) = x — [x], V x>0, where
[x] is the greatest integer < x. [Delhi Maths (H) 2007]

14. If f is defined and continuous on closed interval [a, b], prove that there exists a real
number M such that f(x)<M, Vxela,b] [Delhi Maths (Prog) 2007]

15. If a function f is continuous on [0, 2] and assumes only rational values and f (1) = 1,
then prove that f (x) = 1 for all x€[0,2]. [Delhi Maths (H) 2007]
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16. Prove that a function defined and continuous on a closed interval [a, b] is bounded
below and attains the infimum on [a, b]. [Delhi B.A. (Prog) III 2009; Delhi Maths (H) 2007]

17. State intermediate theorem and show that if the continuity condition of the theorem is
dropped, then its conclusion may fail to hold. [Delhi B.Sc. II (Prog) 2007, 10]

18. Prove that function f(x)=(sinx)/x,x#0; f(0)=0 is continuous at x = 0.
[Kanpur 2007]

19. If f:R—R is continuous and f(x+y)=f(x)+ f(y) for all x,yeR, then show that
f(x)=xfQ) for all x<R [Kanpur 2010; I.A.S. 2008]

20. Examine the curve y=x®-6x?+11x—6 for concavity (convexity) and points of inflexion.
[Delhi Maths (Prog) 2008]
21. Consider the function f given by : f(x)=x+sinx, 0<x<m/6. Verify all the hypothesis

of intermediate value theorem and use it to show that f has at least one zero in the interval
[0, /6]. Is the function f bounded ? Justify. [Delhi Maths (Prog) 2008]

22. Prove that the function f defined by f(x)=1/x,0<x<4 is not uniformly continuous on
10, 4]. Is the function uniformly continuous on [1, 4]. Justify: [Delhi Maths (Prog) 2008]
23. Verify the continuity of the following function at x = 0: f(x) =e*sgn(x+[x]), x =0, f(0)=0
where sgn denotes the signum function and [x] is the greatest integer <x
[Delhi Maths (Prog) 2008]
[Hint : Use the following definition of signum function :
sgn(x)=1,if x>0; sgn(x)=0,if x=0; sgn(x)=-11ifx<0]

24, Prove that a function continuous on a closed interval [a. b] attains its bounds on the

interval. [Delhi Maths (Prog) 2008]
25. Define uniform continuity of a function f on an interval I and prove that f(x)=+/x is
uniformly continuous on [1, 3] [Delhi Maths (Prog) 2008]
26. State intermediate theorem. Prove that a continuous function f{x) on [a, b] assumes its
supremum and infimum on [a, b]. [Delhi Maths (Prof) 2008]
27. Define a uniformly continuous function. Show that f(x)=x2,0<x <o is not uniformly
continuous. [Delhi Maths (Prog) 2008]
28. Prove that function defined by f(x)=x logsin®x, x #0, f(x)=0 for x=0 is continuous at
x=0. [Agra 2004]
29. Show that f(x)=2x is continuous at each point of R. [Agra 2007]

30. Prove that the image at a Cauchy sequence under a uniformly continuous mapping is
itself a Cauchy sequence. [Agra 2006, 08]

31. Show that f(x)=(1/x)xsin"'x for x=0, f(0)=1 is continuous at the origin. [Delhi 2008]
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32. Show that the function f defined by f(x)=e"*, x=0; f(x)=0 when x=0 is discontinous
at x = 0 and the discontinuity is of second kind. [K.U. BCA (II) 2008]

33. Show that the function f defined by f(x)=x*+3x+2 is uniformly continuous on [1,2].
[G.N.D.U. Amritsar 2010]

34. Is the function f(x)=x>uniformly continuous in [-2, 2]. [Agra 2008]
35. Show that if /: [a, b] — R is continuous function then f{[a, b]) = [c, d] for some real
numbers ¢ and d, where ¢ < d. [I.A.S. 2009]

Hint Use theorem V, page 8.39

36. Show that if a function in continuous on a closed and bounded interval, then it is
bounded above and attain its supremum in that interval [Delhi 2009]

37. Let fand g be two functions defined on some nbd of a real number ¢ such that )1{1_12 S (x)

= [ and )1{1_12 g(x) =m. Show that }Ci_rg(fg)(x) exists and is equal to Im. [Delhi 2008]
38. State Cauchy’s definition of continuity [Kanpur 2008]

39. Show that the function fix) =1/ (1 — el/x) has a discontinuity of the first kind at x = 0.
[KANPUR 2008]

40. Discuss the continuity and discontinuity of the function :
x) = {(xe"™) / (1 + €"™)} + sin (1/x) when & %0 and f{x) = 0 when x = 0 [Kanpur 2008]
41. Fill up the gap : If f (@ + 0) and f (a — 0) both exist and f{la + 0) =/ (a — 0), then fis said

to have discontinuity of .......... [Agra 2010]
42. The function f(x)=|x|/x is not defined at
(a)x=o b)x=1 (c)x =-1 dx=0 [Agra 2009]
43. Prove that lim (I+1/x)" =e [G.N.D.U. Amritsar 2010]
if x<
44. Let the function f'be defined as f(x)= 2x+3, if x._ 4 .
7+(16/x),if x>4

Find the value of x (if any) at which f is not continuous. [Delhi B.Sc. (Prog) I 2011]

45. Find a value of k that will make the function f continuous everywhere, given that

k?, if x<2

Dk if x> 4 [Delhi B.Sc. (Prog) I 2011]

S(x)= {
46. 1f fis non-decreasing on (a, ,b) and c € (a,b) , prove that xll)ncl J(¥) and xll)ncl J(¥) both
exist. [Channai 2011]
47. If f is non-decreasing function on the bounded interval [a, b] and f is bounded above

on [a, b], prove that xligl, J (%) exists. If fis bounded below on [a, b], prove that xlig} J (%) exists.
[Chennai 2011]
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Real Functions. The Derivative

DERIVABILITY OF A FUNCTION
Let f'be a real function with an interval [a, b] as its domain.

Derivability at an interior point. Let ¢ be a interior point of [a, b] so that a < ¢ < b.
S-f (C)’
xX—-c
The function fis said to be derivable at c, if

i L@ =f(©

x—=c X —C

Consider X #c

exists and the limit, called the derivative of f at ¢, is denoted by the symbol

f'@ or by Dj(c)
Right-hand derivative.
f@ -1 p St - f (@)

lim E— or
x> (c+0) xX—c h—0+ h

if it exists, is called the right-hand derivative of f at ¢ and is denoted by

f'(e+0) o f'(c+) or Rf'(c)
Left-hand derivative.
e LW-r@ L S [©
x> (c—0) xX—c h—0+ —h
if it exists, is called the left-hand derivative of f at ¢ and is denoted by
f'(c—=0) or f'(c—) or Lf'(c)
It may be seen that
f'(c) exists < f'(c+ 0)andf' (c — 0) both exist and are equal.
Note. In practice, we also use the following method for finding R /' (¢) and L f' (c¢). Let & >
0. Then
Rf'(e) = tim LSO g prey = tim LEZNZS©
h—0 h h—0 —h
Derivatives at the end points of [a, b]. A function fis said to be derivable at the left end
point a if /' (a + 0) exists and by f' (¢) would then be meant /' (¢ + 0). Similarly, f is said
to be derivable at the right end point b if /' (b — 0) exists and by /' (b) would then be meant
f'(b-0).
Derivability in the closed interval [a, b].
The function f'is said to be derivable in the interval [a, b], if it is derivable at every point
thereof.
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Derivatives. Let / be a function whose domain is an interval /. Let /; be the set of all those
points x of / at which ' (x) exists. If /; # ¢, we obtain another function /" (x) with domain /,
and /" (x) is known as the derivative of /. Let a € /, and let the derivative of f exist at a. Then
the derivative of /' at a is called the second derivative of fat x = a and is denoted by /" (a) or
D’ Sf(@) or (f') (a). Let I, be the set of all those points at which /" (a) exists. If 1, # ¢, we obtain
another function /" (x) with domain 7,. Then /" (x) is known as the second derivative of f.

Proceeding likewise the nth derivative /" (@) of f at a point ¢ and the function /" may be
defined.

9.2. A NECESSARY CONDITION FOR THE EXISTENCE OF A FINITE
DERIVATIVE

Theorem. Continuity is a necessary but not a sufficient condition for the existence of a
finite derivative. |[Agra, 1998, 99; Bharathiar, 2004; Delhi B.Sc. (Prog) Il 2011; Garhwal, 2001,
Kanpur, 2001, 03, 04, 06, 07, 08, 11; Meerut, 2006, 10; Kumaon, 1992; Patna, 2003;

Delhi B.Sc. I (H) 2010; Purvanchal, 1994; Rohilkhand, 1993]

Proof. Let /' be derivable at the point ¢ so that
A EIAC

x—=c X —C

exists. We have

f@‘f@=ﬂﬂ%ig2%xwxx¢c

lim [ (x)= £(0)] = lim LS
roe X —>cC x_c

lim [f ()= f ()] = f'(c)0=0
lim f(x) = £ (c)

[ is continuous at c.

lim (x—c¢)

x—>c

A

Thus continuity is a necessary condition for differentiability but it is not a sufficient
condition for the existence of a finite derivative as shown in the following example. Thus, the
converse may not be true.

Let f be defined by fx)=]x]|

We shall show that while f is continuous at 0, it is not derivable at 0. We have

[ -0 _ x|={ 1V x>0,

x-=0 X -1V x<N.
Thus,  tim LSO oy SW2/O
x> (0+0) x-=0 x—>(0-0) x—0
= lim Mdoes not exist.
x—>0 x—0
= f is not derivable at 0.

To examine the continuity at 0, take any € > 0.
We have [ f(x)—fO)|=|x|<ewhen|x]|<d
0 being any positive number less than €. Thus f is continuous at 0.
Thus f(x) is not differentiable at x = 0, though it is continuous there.
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Note. While f; defined by f(x) = | x |, is not derivable for x = 0, it is derivable for every non-zero
x. In fact, it may be easily seen that

1) 1V x>0,
X =
-1V x<O.
Thus, there is only one point where this function ceases to be derivable while remaining

continuous.
9.3. ALGEBRA OF DERIVATIVES
Theorem L. If and g be two functions which are defined on [a, b] and derivable at any point
c € [a, b, then their sum f+ g is also derivable at x = c and (f+ g)' (c¢) =f' (c) + g' (¢).
Proof. Since f'and g are derivable at c, therefore

xX—>c X—=cC x—>c X—cC
Consider fim U@ -+ (@ _ . /() +g0]-[f(0)+g(C)]
xX—>c X—=cC xX—>c X —c
i L@ S©) g0~ g(0)
xX—>c X —C xX—>c X—C

= /" () + &' (c), using (1)
Hence, f'+ g is derivable at c and (f+ 2)' (¢) =f"(c) + g’ (¢).
Theorem II. If f and g are two derivable functions at x = c, then fg is also derivable at x
=cand (1) (©)=f(c) g () +g(c)f" (o).
[Kanpur, 2004, 07, 09; Delhi Maths (H), 2004, 06, 08]
Proof. Since fand g are derivable at x = ¢, therefore

SO i o) - tim ED O
X—=C

x—=c X—C

f'(c) = lim

X —>c

..(D
Since f'and g are derivable at x = ¢, so fand g are continuous at x = ¢. Thus,
lim ) = S0, lim g (x) =g () -(2)
(B (R _ . [gE)-S()g(e)

Now, lim = 1l
xX—c X—cC xX—c xX—c
_ i L@ =g @I+ (O () = f ()]
xX—>c xX—-c
= lim f(x)- lim M+g(c)-lim S -1
xX—>c xX—>c X—C xX—>c X —C

= f(c) g (c) +g(c) f'(c), using (1) and (2)
Hence, fg is derivable at ¢ and (f2)' (c) =f(c) g’ (c) + g (¢) f' (¢).
Theorem III. (i) If a function f is derivable at ¢ and if f(c) # 0, then 1/f is also derivable

1 ' _ r
at ¢ and (—J (c) = A (cz)
/ Lf ()]
(i) If f and g be two functions on [a, b] and derivable at any point ¢ € [a, b] and if
g(c) # 0, then flg is also derivable at ¢ and

£ 2@ f©-f)g @
(C) - 2
g [ (0)]
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Proof. (i) Since f'is derivable at ¢, so f is continuous at c.

Thus, lim f(x) = f(c)
Also, f1(@) = tim £071©
x—=c X—C
o
N S Sl S-S 1 1
ow, = . .
x-c xX—-c fx) f(o)
1 3 1
A NG R € WA W B
x—=c X —C X —>c X—C X —>c f(x) f(C)
N U S 0
OO Te T er
Hence, 1/fis derivable at ¢ and (%} ' (c) =~ [;'(S])Z (1)
(if) Since g is derivable at ¢ and g (c¢) # 0. So, 1/g is derivable at c.
' 1 N’
Now, [1] (c) = f'(o) +f (C)‘[] (o)
g g () g
1 g’ (c) .
= (o) - . , 1
S 2@ f () o (OF using (1)
Hence, [1] 0 2Ol O-1Og©
g [g ()]

Theorem 1IV. If a function is differentiate at a point ¢ and k is any real number, then the
function k fis also differentiable at ¢ and (k) (c) = kf' (c).

Proof. Left as an exercise.

Theorem V. (Chain rule). Let f and g be two functions such that (i) range of f — domain
of g (ii) f is derivable at ¢ and (iii) g is derivable at f(c), then the composite function gof is
derivable at c and (gof ) (c)=g' (f(c))-f' (¢c).( )

Proof. Let y=f(x) and a=f(c). (D

Since f'is differentiable at ¢, we have

i LS
x—>c X —=C

= f@)-fl)=x-c) [/ () +eX®)] -(2)

where ¢ (x) depends on x and is such that
ex)>0 as x—o>c -(3)

Again, since g is differentiable at f(c), i.e., o, we have
lim £ g _ &' (a)
y—oa y—a

= g0 -g=U-o[g @+ ], ~(4)

where ¢’ (y) depends on y and is such that
eg(y)y>0 as y—oc (9
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Now,  (gof) (x) - (gof) (¢)
=g(f®)-g(f()=g()-g ()
=(y—a)[g (o) + & (p)], using (4)
=[/()—f(O][g (o) + € (p)], using (1)
=(x-o[f"()+em][g (o) +& ()], using (2)
Hence if x # ¢, we obtain

(g9f) (x) — (g9f) (¢)

— = [/ @+ ][ (@) + & ()] (6)
Now, fis derivable at ¢ = f'is continuous at ¢
Hence xX>c = fx)>f() = y->a
So from (3) and (5), we obtain
ex)>0 and &(y) >0 a x—>c (7

Taking the limits on both sides of (6) as x — ¢ and using (7), we obtain

i ENW=ENO _ 1

or (gof) () = &' (f () f'(c)as o = f (o)

Theorem VI. Inverse function theorem for derivatives

Let f be continuous one-to-one function defined on an interval and f be derivable at ¢ with
f'(c) # 0. Then the inverse of the function f is derivable at f(c) and its derivative at f(c) is
1/f" (c). I

Proof. Let the domain and range of f'be X and Y respectively. Let g (= f~ 1) be the inverse
of /. Hence the domain and range of g will be Y and X respectively such that

W=y & gy =x (1)

Let f(c) = a. Then g (o) = ¢. Let (a0 + k) € Y such that (o + k) # a. But f'is one-to-one, so
there exists a point (¢ + /) € X such that (c + #) # ¢ and f(c + /&) = o + k. Again, by definition
of g, we have g (o + k) = ¢ + h.

flo=a and fle+h)=a+k -(2)
g)=c and gla+k)=c+h (3
Also, k20 = h=0 ..(4)

Now, f'is differentiable at ¢ = f'is continuous at ¢. So g is continuous at f(¢) i.e. o and
hence we obtain

lim [g(a+k)—g(a)] =0 or lim [(c+h)—c] =0, by (3)
k—>0 k—>0
= lim A=0 = h—>0 a k>0 ...(5
k—>0
Assuming that £ # 0, we obtain
gla+k)—g(a) (c+h)—c
k k
_ h _ h
(a+k)—a  flc+h)—f(o)
Since & # 0 by (4), the above equation can be rewritten as
. glath)—g(a) 1
lim = lim
k—0 k k=0 {f(c+h)—f(c)}/h

, by (3)

, by (2)
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Lo 1 .
or g = im - r@oyn e ®
or g (f(e) =1/1"(c)

which is meaningful as f' (¢) # 0 by hypothesis.
94. GEOMETRICAL MEANING OF THE DERIVATIVE

Let f: [a, bp] & R be derivable at ¢ € ]a, b[. Let RQ be the graphical representation of the
function y = f(x). We take two neighbouring points P[c, ay
f(o)] and Q [c + h, f(c + h)] on the curve such that a < ¢
+ h < b. Join PQ and produce it to meet the x-axis at L. Let
QL make an angle 0 with x-axis. Draw the tangent PT at P
which makes an angle y with x-axis. Draw PM and QN
perpendiculars from P and Q on the x-axis. Also draw PH
perpendicular from P on ON. Then, we have

OH=ON—HN=0ON— PM=f(c+h) —f(c) i
and PH=MN=ON-OM=(c+h)—c=h o 71 M

Slope of PQ = tan 6 = o = Sl =/ (D

PH h
From the figure, we see that as 7 — 0, the point Q approaches the point P along the graph
of f'and, hence, the chord PQ approaches the tangent line PT as its limiting position. Thus, as

h—>0,06—> vy
tany = lim tan 6 = lim St T (o) = f" (o),
0P h—>0 h
showing that f'(c) is the slope of the tangent to the curve y = f(x) at the point (c, f(c)).
EXAMPLES
) xsin(1/x),if x #0
Example 1. Show that the function  f(x) = i
0, if x=20

is continuous at X =0 pys ot differentiable at x = 0.

Solution. Test for continuity at x = 0. Let 2 > 0

! = lim hsinl
h h

h—>0

Left-hand limit = lim f(0—-#4) = lim (0-h) sin[
h—0 h—0 0

=0xk, where -1 <k <1
=0

= lim #Asin l
h

Right-hand limit = lim f(0+A) = lim (0+A) sin[
h—>0 h—0 h—>0

0+h

= 0, as before
Also  f(0) = 0. Thus, we have
Left-hand limit = Right-hand limit = £'(0)
= f(x) is continuous at x = 0
Test for differentiability at x =0
fO-=n)-1(0) _ lim hsin (1/h) _

Left-hand derivative = lim
h h—>0 —h

— lim sin (1/A),
h—0 h—0
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which does not exist because as 2 — 0, sin (1/4) oscillates between — 1 and 1 and does not tend
to a unique and definite limit.

. in (1

im hsin (1/ h)’

Right-hand derivative = lim M -1
h h—0 h

-0 h
which does not exist as before.
Since neither the left-hand derivative nor the right-hand derivative exists at x = 0, it follows
that f(x) is not differentiable at x = 0.
x? sin(1/x), x # 0
0, x=20
Obtain p such that (i) f(x) is continuous at x = 0 (if) f(x) is differentiable at x = 0.

Example 2. (a) Let f(x) = {

x? cos(1/x), x # 0

0, x =20
Obtain p such that (i) f(x) is continuous at x = 0 (if) f(x) is differentiable at x = 0.
Solution. (a) (i) Here £ (0) = 0. Let 2 > 0. Also, we have

fO+0) = lim f(0+h) = lim A” sin(1/h) (D)

(b) Let f(x) = {

and f(0-0) = lim f(0~h) = lim (~h)” sin(=1/h) = lim (- NP+ 1P sin(1/h) ...(2)

In order that f may be continuous at x = 0, we must have

FO+0)=70-0)=/(0) ie f(O+0 =0 and f(0-0)=0,

i.e. the limits given by (1) and (2) both must tend to zero. This is possible only if we choose p > 0.

SO+ h)— f(0) = Aim h? sin (1/h)

A RO = 1 = lim h? 'sin(1/h) ...
(@) R f'(0) hino P Jim hgnoh sin (1/h) 3)

+1 .
and  Lf () = lim ZOED-SO DT AT sin(1/h)
h—0 —h h—>0 —h
7/ lim (K7 AP~ sin (1/ h) . (4)

Now in order that f may be differentiable at x = 0, the limits (3) and (4) must be equal.
This can happen only if p > 1, for in that case Rf' (0) = 0 = L f' (0).

(b) Try like Ex. 2 (a). Ans. () p> 0 (i) p > 1.

Example 3. If f(x) = X% sin (1/x) when x # 0 and f(0) = 0, show that f is derivable for

every value of x but the derivative is not continuous for x = 0.
(Delhi B.Sc. (Prog) II 2011; Agra, 1998; I.A.S., 1993; Patna, 2003)

Solution. Test for differentiability at x = 0. Let 2 > 0. We have

J— 2 ]
Rf'(0) = lim SO+ -7O _ A7 sindih) hsin (1/ )
h—>0 h h—>0 h h—0

Oxk =0, where —1 < k <1

. fO=h)-f©) . (—h)?sin(=1/h)
hm —_— = hm
h—>0 -h h—0 —-h

L f"(0)

= lim Asin(1/h)
h—0

0, as before.
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Since R /' (0) = L f' (0), so f(x) is derivable at x = 0 and /' (0) = 0.

When x # 0, we easily see that f(x) is also differentiable for such non-zero values of x. Thus
f(x) is derivable for every value of x.

To test for continuity of ' (x) at x =10

Here, f'(x)=2xsin (1/x) —cos (1/x)atx=0 and f'(0)=0

Right-hand limit = /' (0 + 0) = 1im f'O+h)= 1im f'(h)= 1im0 {2h sin (1/ h) —cos (1/ h)}
=2 lim hx hm sin (1/4h) - hm cos (1/ h)
-0

h—0
=2x0xk— lim cos(l/h)=— lim cos(1/h) where -1 < k£ <1
h—0 h—0

As h — 0, cos (1/h) oscillates between — 1 and 1 and so cos (1/4) does not tend to a unique
and definite limit. Hence, it follows that right-hand limit does not exist. Similarly we easily see that
left-hand limit also does not exist. Hence /' (x) is not continuous at x = 0.

1/x - 1/x

Example 4. Let f(x) = x x # 0; f(0) = 0. Show that fis continuous but ,,,,

_ 2
el/x te 1/x

differentiable at x = 0.

Solution. We have f(0) = 0. Let 2 > 0. Also, here
Vh _ —1/h

. . . e e
f(0+0) = hlino f(0+h) = hlino f(h) = hlino hm
_—2/h B
Clim a2 0% =0 as Gim e 2 — 0
hs0 1+4+e 2 140 h—>0
. . . o Vh _ Uk
f(0-0) = hlino SO=h) = hlino f(=h) = hlino (=h) U, Uk
~2/h
e -1 O—l
= i h =
530 v 2 e 041
Thus, f(0+0)=/(0—-0)=,(0) and so f(x) is continuous at x = 0.
h
rgin, RFQ) i LOINS Oy SO
h—>0 hr—0 h
Vh _ —Vhy o Vh | —1/h ~2/h
~ im h(e e "Yle'" +e )_ lim l-e |
h—>0 h h0 14+ ¢ 2"
h —h
i@ = LSOy SED
h>0 —h
_ “1h My 1k 1k —2/h
~ lim (—h) (e e'")(e +e ):lime—lz—l
h—>0 (=h) ho0 o2 4

Thus R f' (0) = L f' (0) and so f(x) is not differentiable at x = 0.
Example 5. Examine the following function for continuity and differentiability at x = 0 and

x=1
x°, for x <0
y = 1, for 0 <x <1
1/x, for x > 1

Also draw graph of the function.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Solution. Let y = f(x). We first test f(x) at x = 0. Let # > 0. Here /(0) =0

Also, £(O0+0) = lim f(0+h) = lim f(h) = lim 1 =1
h—0 h—>0

P
£(O0=0)= lim f(O—h) = lim f(-h) = lim (-h)% =0
h—>0 h—>0 h—0

Since £ (0) = (0 — 0) # (0 + 0), so f(x) is not continuous at x = 0. Again, since f(x) is
discontinuous at x = 0, so it is not differentiable at x = 0.

Test for continuity and differentiability at x=1. Here /(1) =1

Here fA+0) = lim f(+h) = lim {1/A+h)} =1
h—0 h—0
and f(1-0)=1lm f(1-h) =1lm 1=1
h—0 h—0
Since SA+0)=f(1-0)=,(1), sof(x) is continuous at x = 1
1
— -1
1 -1 1 -1
Again,  Rf'(l) = tim ZAEDZSD I .
h—0 h h—>0 h h—0 1+h
1-h)-f(
and Lf'(l)zlimM: lim = lm 0=
h—0 -h h—>0 —h h—0
Since R f" (1) =L f' (1), so f(x) is not differen- )

tiable at x = 1.
The graph of the function y = f'(x) is made up

of the following three curves. y=1
y= x> for x<0 (parabola 40)
y=1 for 0<x<1 (straightline BC)
y=1/x for x>1 (rectangular

hyperbola CD)

Example 6. Draw the graph of the function y = |x — 1 | + | x — 2 | in the interval [0, 3] and
discuss the continuity and differentiability of the function in this interval.

Solution. Let y = f(x). According to the definition of f; we have

l-x+2-x=3-2x,for 0 <x <1
yv=f(x)=3 x-1+2-x=Lfor1<x<2

x—1+x-2=2x-3,for2<x<3

The graph of the function y = f(x) is made of the following three straight lines :

y=3-2x for 0 <x <1 shown by AB

y=1for 1 <x <2 shown by BC Y

y =2x -3 for 2 <x <3 shown by CD 3RA D

Thus the graph of the given function in the interval [0, 3]

is as shown in the figure. 27

Since f'(x) is a linear function or a constant function over the 14 Cc@2,1)
various sub-intervals of [0, 3], it follows that f'(x) is continuous B(1,1)
as well as differentiable over each of corresponding sub-intervals 0 } 4 } P>
except at two doubtful points, namely, the breaking points x = 1 1 2 3 X

and x = 2.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

To test for continuity and differentiability at x = 1. Let # > 0. Here /(1) = 1.
fA+0)=lim f(1+h) = 1lm 1 =1
h—0 h—0

and f(A-0)=1lm f(1-h) =lim 3-20-~h)} =1
h—0 h—0
Since f(A+0)=f1-0)=f(1); sofis continuous at x = 1.
1+h) - f(1 1-1
Also, Rf() = tim LD ZSD eI
h—0 h h—>0 h
1-h) -1 -2(1-h)-1
and Lf'(l)=1imM=1im%=—2
h—0 —-h h—0 —h
Since Rf'"(1)= Lf' (1), so fis differentiable at x = 1.
To test for continuity and differentiability at x = 2. Here f(2) = 1.
f(2+0)=1lim f2+h) = lim 2Q+h) -3 =1
h—0 h—0
and f2-0=1lm f2-h) =1lm 1 =1
h—0 h—0
Since f2+0)=1(2-0)=,(2); so f(x) is continuous at x = 2.
2+h)-f(2 2Q2+h)-3-1
Also, Rf'(2) = lim MACRE P AC)] - lim 2@l 3-1 -9
h—0 h h—0 h
2-h)—-f(2 1-1
and Lf'(2)=1imM:1im—=0
h—0 —h h—>0 —h
Since Rf'"(2) # Lf'(2), so fis not differentiate at x = 2.

Example 7. Show that the function f defined by

x [1+ (113) x sin (log x*)], for x # 0
0, for x =0

is continuous at = 0 but not differentiable at x = 0.

f(X)={

Solution. Here /'(0) = 0. Let # > 0. Then, we have

£(0+0) = lim f(0+h) = lim {h+ (h/3)sinlogh’}
h—>0 h—0
=0+0xk =0,where —1< k <1
[> sin log A* oscillates finites between — 1 and 1 as & — 0]

and f(0-0)= lim f(0—h) = lim {~h—(h/3)xsinlog (- h)z} = 0, as before.

h—>0 h—0
Since f(0+0)=f(0-0)=,(0), so f(x), so f(x) is continuous at x = 0
- 1+ in log 4*
Also, Rf'(0) = lim f(O+h)—f(0) ~ lim h{l+(/3)xsinlogh~}
h—0 h h—0 h

lim {1+ (1/3) x sin log 2%}, which does not exist

h—>0

because as & — 0 sin log h? oscillates finitely between — 1 and 1 and so it does not tend to
a unique limit.

By a similar argument, we easily see that L /' (0) also does not exist. This implies that f'(x)
is not differentiable at x = 0.
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Example 8. The function f defined by

2 .
x“+3x+a,if x<1
) = /
bx+2, if x>1
is given to be derivable for every x. Find a and b.

Solution. Since f'is derivable for every x, f must be derivable at x = 1 and hence, f must be
continuous at x = 1. Let 2 > 0. Then f'is continuous at x = 1.

= fM)=/0+0)=7(1-0)
= 4+a = lim f(1+h) = lim f(1-h)

= 4+a=lim PpA+h)+2} = lim {1-h)>+3(1—-h)+a}
h—>0 h—>0

= 4+a=b+2=44+a = a-b=-2 (D
Again, f is differentiable at x =1 = Rf' (1) =Lf' (1)

S+ -f@ L fA-h) - f (1)
= lim ——F—"—~ = lim ——MM——=

h—0 h h—0 —h

. b(A+h+2-(@4+a) . (A-h*+3(0-h)+a—-(4+a)
= lim = lim

h—0 h h=0 -h

. b—a+bh-2 _ h*-5h
= lim ——— = lim

h—0 h h—>0 —-h

—(b-2 -2

o qim 22O TD IR (5 h), using (1)

h—0 h h—0
= b=5

Since b =5, s0 (1) givesa=b—-2=5-2=3. Thus,a =3, b =5.

Example 9. Show that f(x) = x tan” ; (1/x) for x # 0 and f(0) = 0 is not differentiable at
x=0.

Solution. Let # > 0. Then we have

htan™! (1/h)

Rf'(0) = lim JSOxm -7 - lim - lim tan‘ll _n
70 h >0 h >0 h 2
—h) - ~hytan~! (=1
and Lf(0) = tim ZOTRSO W@ CUD gy g Lo 8
h—0 —h h—0 (=h h—0 h 2

Since R f' (0) = L f'(0), so f(x) is not differentiable at x = 0.
Example 10. Let f and g be two functions having the same domain D. If (i) f+ g, (i) f— g
and (ii) f/ g are derivable at ¢ € D, is it necessary that f and g are both derivable at c ?
(Kanpur, 2004)
Solution. (i) Let  f(x) =xsin (I/x), x #0 and f(0) =0
and g(x)=—f@ [ x € R. Then we have
(f+8 O =f(x)+gx)=0[xeR
Since f + g is a constant function, so it is derivable at x = 0.
But we can show that fand g both are not derivable at x = 0.
(if) Let fx)=gx =]x|, [ x € R. Then, we have
(/-8 ®)=f(x)—gx) =0,[x R

Since f— g is a constant function, so it is derivable at x = 0.
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But we can show that both fand g are not derivable at x = 0.

(iii) Let f(x) =xsin (1/x),ifx = 0and f(0) =0
and g(x) = 1/x,x# 0and g (0) = 1. Then, we have
(ij(x) _ x%sin(1/x), if x # 0
g 0, ifx=0

Then proceed as in example 3, to show that f/ g is derivable at x = 0. Also we can show that
f(x) and g (x) are not derivable at x = 0.

Example 11. (a) Let f and g be two functions with domain D satisfying g (x) =xf(x) [x € D.
Show that if f be continuous at x = 0 € D, then g is derivable at x = 0.

(b) Suppose the function f satisfies the conditions (i) f(x + y) = f(x) f(¥») [ x, »
(@) f(x) =1+ x g (x), where limo g (x) = 1. Show that the derivative of f' (x) exists and
xX—>

[ (x) = f(x) for all x.

Solution. (@) Since f is continuous at x = 0, we have

lim f (x) = f(0). (D)
Also given that gx)=xfx)[x e D ..(2)
Now, 2 (0) = lim £ =8O T ine )
x+0 x-0 x—0 X

lim f(x) = f(0), using (1)
x—0
= g (x) is derivable at x = 0.

St - f ) () ()= (%)
m ——————— = lim

b f'(x)= 1l li , where & > 0
h—0 h h—0 h
[ by condition (i), £ (x+4) = f (x) £ (]
= 7 tim LB gy i LHAEB T
h=0 h h—0 h

[+ by condition (i), f(h) =1+ h g (h)]
= f(x) ]limo gh) = f(x)yx1l = f(x) { given that 1im0 g(x) = 1}

Example 12. If f(x) = e_l/"2 sin(1/x) # 0, and f(0) = 0, show that

(i) the function f has at every point a differential coefficient and this is continuous at x = 0,

(if) the differential coefficient vanishes at x = 0 and at an infinite number of points in
every neighbourhood of x = 0.

Solution. We have

—1/x?

f1(x) = S——[2sin (1/x) - cos (1/x)], when x % 0
X

e % sin(1/x) =0

X

and f'(0) = lim
x—>0

1/x?

Since e~ >1/x>Vx # 0, we see that
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—Ux? . 2
e sin (1/x) X 1=|x|, v x %0,
x | x |
= f'(0)=0.
Also, when x # 0,
e—1/x2 —1/x?
| f(x)=f'(0)] = 3 [2sin(1/x)—xcos(l/x)] | < |3 Q2+ x ).
x x

Since el/"4 >1/2x* V x # 0 we see that

@) =) [<2]x[@2+][x]
= [f'x)—-f"(0))]—>0asx—>0
= f'is continuous for x = 0.
Also clearly f is continuous for every non-zero value of x.
We have now to show that /' vanishes at a point in every neighbourhood of x = 0.
Let 6 > 0 be any number. There surely exists a positive integer » such that
< 2z < L <8.
2n+D)m  nm
It is easy to see that,
for x = l/nm, ' (x) is —ve or +ve according as » is even or odd,
for x = 2/2n + 1) =, f' (x) is —ve or +ve according as n is odd or even.
Therefore, ', which is continuous, must vanish at least once between
2/2n + 1)t and 1/nm.
We may similarly dispose of the left-handed neighbourhoods of 0.

EXERCISES

xcos(l/x),if x #0
0, ifx=20

is continuous at x = 0 but not differentiable at x = 0.

(@) If f(x) = x sin (1/x) when x # 0 and f(0) = 0, show that fis continuous but not
derivable for x = 0. (Rajasthan 2010; Osmania, 2004)

2. Show that the following function are continuous at x = 0 but not differentiable at x = 0.

1. (i) Show that the function f(x) = {

2 .
@) f(x) = { x s“(;(“ x), x # g (Delhi Maths (Prog) 2008; Calicut, 2004)
> X =
2
.. x“cos(l/x), x =0
(i) g(x) = (/)
0, x=0
3. Show that f(x) =| x + 2 | is continuous at x = —2 but not differentiable at this point.

(Kanpur, 2004)
4. Are the following functions continuous and derivable ?
@O fx)=1+xifx<2and f(x) =5 —x if x > 2 at the point x = 2
(@) f(x)=2+xifx>0and f(x) =2 — x if x < 0 at the origin
(@) f(x)=xif0<x < 1land f(x) =2 —x if x > 1 at the point x = 1 (Meerut, 2003)
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5. Show that the function f(x) = (x — 1)1/3 has no finite derivative. (Agra, 1999)
6. Show that the f(x) =| x|+ | x — 1| is continuous but not derivable at x = 0 and x = 1.
(Delhi B.Sc. (Prog) I 2010, 11; Agra, 1997, 99; Meerut 2011)

2x-3,0< x <2

7. Discuss the derivability of the function  f(x) = )
x°=-32<x<4

atx=2,4. [Delhi (Hons), 1997]
x _
8. Show that the function defined as f(x)=x TR if x #0
elx —
=0, ifx=0
is continuous at x = 0 but not derivable at x = 0.
9. Show that the function defined as f(x) = xl — ifx#0
l+e
=0, if x =0

is continuous at x = 0 but not derivable at x = 0.
(Meerut, 2004; Srivenkateshwara, 2003)
10. Show that the function defined by f(x) = |x — 2|+ | x + 2 | for all x € R is derivable
everywhere except at the points x = — 2 and x = 2. [Delhi Maths (Hons), 1998]
11. Show that the function defined by f(x) =|x—2 |+ |x |+ | x+ 2 | for all x € R is derivable

everywhere except at the points x = — 2, x = 0 and x = 2.
[Delhi Maths (H), 2005]

12. Is the function | sin x — 1 | differentiable at x = /2 ? Write your answer with justification.
(Utkal, 2003)
13. Is the function | cos x — (3/2) | differentiable at x = 0. Write your answer with justification.

14. Show that the function f defined on R as follows f(x) = { x*, if x is rational
0, if x isirrational
is derivable at x = 0 and /' (0) = 0. Further show that fis not differentiable for all x # 0.
15. If fand g are derivable at a and f'(a) # g (a), prove that each of the functions max { f, g}
and min { f; g} is derivable at a. Discuss also the case f'(a) = g (a).
16. Show that x/(1 + | x |) is differentiable in the open interval (— o, o).
17. Letf(x +y) =/ (x) +f(») [ x, y € R. Prove that f'is derivable on R if it is derivable at
one point of R.
18. Let f(x + ¥) =f(x) f(») [ x, y € R. Prove that
(i) fis derivable on R if it is derivable at one point of R
(@) fis derivable at x = 0 if it is continuous at x = 0
19. Let f(xy) =f(x) +f(») [ x, » € R*, where R* denotes the set of all positive real numbers.
Prove that f'is derivable on R* if it is derivable at one point of R*.

e +asinx, ifx<0
b(x-12+x-2,ifx 20
Find values of @ and b for which f'is differentiable at x = 0. (I.A.S., 2003)
21. Let n be a positive integer and let / be defined on R as

(i) f(x) = x*" sin (1/x) if x # 0, and f(0) = 0. Prove that /" exists [ x € R, but f”
is not continuous at x = 0.

20. For all real numbers, f(x) is given as f(x) = {
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(if) f(x) =x*" " sin (1/x) if x # 0, and £(0) = 0. Prove that /" exists [ x € R, /"
is continuous at x = 0, but /" is not derivable at x = 0.
22. If a function f is defined by F) = xe™/(1+e™), x=0
=0, x=0,
show that f is continuous but not derivable at x = 0. (Meerut 2009)

ANSWERS

4. (i) Continuous at x = 2, not derivable at x = 2 (ii) Continuous at x = 0, not derivable
at x = 0 (7if) Continuous at x = 1, not derivable at x = 1

6. Differentiable at x = 4, not differentiable at x = 2
9.5. MEANING OF THE SIGN OF DERIVATIVE AT A POINT

Let ¢ be an interior point of the domain of a function f. We suppose that /' (¢) exists and
is positive. We have

lim LSO 50
C

x—=c X —

Let € be any positive number smaller than the positive number /' (c). Then there exists 6 > 0
such that

—f'"(¢c) | <ewhen0 <|x—-c|<3d

‘ f()-f(©)

N AC At
X—C

< f'(c)+e V x €lc—9d,c+9d], x # ¢

Now ¢ being smaller than f' (c), we see that
S -f©
x-c
f(xX)-f()>0 = f(x)> f(c)whenc < x < c+20.
{f(x)—f(c) <0 = f((x)< f(c)whenc-3 < x <ec

Thus, we conclude that if /' (c) > 0, there exists a neighbourhood [¢ — J, ¢ + 3] of ¢ such
that

>0V xe[c-9, c+d], x # c.

fx)>fle) [ x € [c, c + 9] and f&x)<fle)[x € [c-35, c]l
The conclusion is often stated in the following manner :
If f' (c) < 0, then f is increasing at c.
Now suppose that /' (¢) < 0. We define a function g as follows :
gx) =—/)
= gx)==s"(>0.
We conclude that if /' (¢) < 0, there exists a neighbourhood [c¢ — §, ¢ + 8] of ¢ such that
g >gl@ = f)<fl)[xelec+d
g <gle = fW>fO[xele-25
so that if f' (c) < 0, the function f is decreasing at c.
We now consider the end points. It may be shown that
(a) there exists an interval ]a, a + 3] such that
ST@>0 = f(x)>f(a)[x € la, a+3],
ff@<0 = fx)<f@][xela a+].
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(D) there exists an interval ]b — 8, b[ such that
fT)>0 = f(x)<fb)[xe[b-23,0b]
ffb)<0 = fx)>fb)[xe]lb-0, [
9.6. DARBOUX’S THEOREM

If a function is derivable in a closed interval [a, b] and f' (a), f' (b) are of opposite signs,
then there exists at least one point ¢ of the open interval la, b[ such that ' (c) = 0.
(Agra 2008, 09, 10; Srivenkateshwara, 2003; Kanpur, 2003, 09, 11)
Proof. For the sake of definiteness, we suppose that /' (a) is positive and ' (b) negative. On
this account there exist intervals |a, a + k], [b — h, b[, (h < 0), such that
xela,a+h] = fx) >f(a), ..(d)
xel[b-—h bl = fx)>f(b) ...(iD)
Again f, being derivable, is continuous in [a, b[. Therefore it is bounded and attains its
bounds. Thus if M be the least upper bound of f'in [a, b] there exists ¢ € [a, b] such that
flc) =M.
From (i) and (ii), we see that the least upper bound is not attained at the end points ¢ and
b so that c¢ is interior point of [a, b].
If /' (c¢) be positive, then there exists an interval [c, ¢ + 1], (n > 0) such that for every point
x of this interval f(x) > f' (¢) = M and this is a contradiction.
If /' (c) be negative, then there exists an interval [¢ — 1, ¢], (n > 0) such that for every point
x of this interval f(x) > f(c) = M and this is, again, a contradiction.
Hence, f'(e)=0.
Cor. If fis derivable in a closed interval [a, b] and ' (a) # f' (b) and k is any number lying
between f' (a) and ' (D), then there exists at least one point ¢ € la, b[ such that f' (c) = k.
Proof. Let ¢ x)=/(x) — kx.
The function ¢ is derivable in [a, b]. Here
¢ (@=/"(a—-k and ¢ (b)=["(b) -k
are of opposite signs. Therefore, there exists at least one point, ¢, of ]a, b[ such that
e)=0 = f'eo)-k=0 = f[f'(c)=k
Note. We have seen that if ¢ (a), ¢ (b) are of opposite signs, then ¢ vanishes for at least
one value, ¢, in [a, b] if ¢ is continuous in [a, b]. In this context, the importance of the
Darboux’s theorem above lies in the fact that if ¢ is the derivative of a function, then the
conclusion of the vanishing of ¢ remain valid even when ¢ is not continuous.
Example. If f be derivable at a point c, then show that | f | is also derivable at c, provided
f(c) # 0. Show by means of an example that if f(c) = 0, then f may be derivable at ¢ and | f |

may not be derivable at c. [Delhi Maths (Hons), 2003]
Solution. Since fis derivable at ¢, f'is continuous at c.
Again, f@#0 = f()>0 or f(c)<O.

Hence, there exist positive numbers 8, and 8, such that
S@x)>0[x € Je—-0,c+9dl

or S@x) <0 [x € ]e—-3, ¢+
Therefore, [f) | =f(x)[x €]c-0,c+3[ (D
or [f) [==f(x)[x €]c—38yc+dy -2

Since f'is derivable at c, it follows from (1) and (2), that | /" | is also derivable at c.
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We now give an example of a function f(x) such that f(c) = 0 and f(x) is derivable at
x =c but | f | may not be derivable at x = c.

Letf(x)=x[x € R.Thenf(0)=0and | f(x) |=|x|[x € R.
We can show that | f(x) | is not derivable at x = 0 and f'(x) is derivable at x = 0.

EXERCISES
1. If fis defined and derivable on [a, b], f (a) =f(b) =0, and f” (a) and /' (b) are of the same
sign, then prove that f must vanish at least once in Ja, 5[  [Delhi Maths (H) 2007]
2. If fis derivable on [a, b], f(a) = f(b) = 0, and f(x) # 0 for any x in ]a, b[, then prove
that /' (a) and /' (b) must be of opposite signs.

MISCELLANEOUS EXERCISES ON CHAPTER 9

1. Given that /' is a strictly monotonic and derivable function with domain [a, b], show that
the inverse ¢ of fis also derivable and that /' (x) ¢’ () = 1; x, y being the corresponding
numbers. Hence find the derivative of the root function x — x'’ "neNandx>0.

2. fand g are two derivable functions such that the range of f is a subset of the domain
of g so that gof has a meaning. Show that gof'is also derivable and (gof")’ = (g'of) f'.

For the following pairs f, g of functions, find (gof’)’ (x) :

(i)f:x—>x+1,g:x—>\/;, (ii)f:x—>x2+2,g:x—>x1/3.

x? sin (1/x), when x # 0,

3.If f(x) =

and g (x) = x, show that
0, when x = 0,

lim0 [f"(x)/ g (x)] does not exist but lim0 [f(x)/ g (x)] exists
x> X —
and is equal to /' (0)/g’ (0).

4. If f(x)=|x|, g(x) =2 | x| show that ' (0) and g’ (0) do not exist but lim [ f(x)/g (x)]
exists and is equal to lim [ /" (x)/g’ (x)] when x — 0.

5. If £(x) =x[1+xsin(1/x)] V x > 0,
f(x) =—yJ(E=x)[l+xsin(l/x)] V x< 0,
f(©0) =0

show that /" exists everywhere and is finite except at x = 0, in the neighbourhood of
which it oscillates between arbitrarily large positive and negative values.

6. Show that the function f'given by /' (x) =4 + 7x + X [8 + x sin (1/x)], where x sin (1/x) is zero
for x = 0 has a first dirivative but no second derivative at the origin.

7. If f(x) =sin x sin (1/sin x), when 0 < x < T < x < 27
and f(x)=0, when x =0, &, 2m;
show that f'is continuous but not derivable for x = 0, w, 2.
8. Ifa, a,, a,, ..., a arereal and | q; | + | a, |+ ]a, |+ .. +]a, ,|<a, show that
u (x) =a,+a cosx+a,cos2x + ..+ a, cos nx

has at least 2n zeros in the interval 0 < x < 2w. Show also that #' (x) has at least 2n zeros
in the interval o < x < 21 + a for every real a.

[u (0), u (n/n), u (2n/n), ..., u (2nm/n) have positive and negative signs alternatively.]
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9. Determine the differential coefficient, if any, of the function f defined by
Ael/(x —a) + Be™ 1/(x —a)

sin
el/(x—a) +e—l/(x—a) 2()(-61)

when x # a

f) = (-a)

f(a) =0.
10. A function f'is defined as follows :
f(x)—(x—w)(x—w)z(x—w)3sin sin ! sin !
! 2 3 (x—wy) (x —w,) (x—wy)
for all values of x except w,, w,, w,, in the domain [a, b] and f(x) = 0 when x = w, or
w,, w,. Show that

(i) df/dx does not exist at the point x = w,.
(i) df/dx exists but has a discontinuity of the second kind at x = w,.
(iii) df/dx exists and is continuous at x = w,.

OBJECTIVE QUESTIONS

Multiple Choice Type Questions : Select (a), (b), (¢) or (d), whichever is correct.
1. (a) Divergent sequences is not bounded

(b) A function which is not continuous at a point may be differentiable at that point
(c) Bounded sequence is always convergent

(d) Least upper bound of a bounded set is an element of the set.  (Kanpur, 2004)
2. The function f defined by f(x) = (xz/a) —a, if0<x<a
=a-(a'x’), ifx>a
(a) is not continuous on ]0, o[ (b) is not differentiable on ]0, oof

(¢) is differentiable on ]0, oof (d) is differentiable on ]0, o[ except at x = a.
[LA.S. (Prel.), 1999]

3. The function f(x) = | x |at x =0 is:

(a) Continuous and differentiable (b) Continuous but not differentiable
(¢) Not continuous but differentiable (d) Neither continuous nor differentiable.
(Kanpur, 2001, 02)

4. The function f'(x) = | x + 2 | is not differentiable at a point :

(@) x=2 b)yx=-2 (x=-1 d) x=1. (Kanpur, 2003)
5. Function f(x) = | x | is defined on [— 2, 2]. The points at which f is differentiable are :

(@ -1,0 b)) -1,0,1

(c)-1,0,1,2 (d) None of the above. (Kanpur, 2004)

6. On the interval [-1, 1], f(x) is such that /' (x) = 0 for the function f'(x) = X+ | x| +2.
The values of x are :

(@ 2/3,-1/3 (b) 1/4,-1/3  (¢) 1/3,-1/2 d) 1/2-1/2. (Kanpur, 2004)
7. A function f defined such that for all real x, y (i) f(x +») =f(x)-f(¥) (i) f(x) =1 X
g (x) where lim g (x) = 1. What is df (x)/dx equal to ?
x—>0

@g® () (©) g ) (d) g(x)+xg (x).  [LAS. (Prel.), 2005]
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flath) = fla=h

8. If /' (a) exists, then hlimo P is equal to :
(a) f' (@2 ®) f' (@ (©) 2f" (a) (d) None of these.
9. If f(x+y)=f(x)-f(p) for all x and y. Suppose that /(3) =3 and /' (0) = 1. Then /" (3)
is equal to :
(a) 22 (b) 33 (c) 28 (d) None of these.
ANSWERS
1. (o) 2. (@) 3. (b) 4. (b) 5. ) 6. (d) 7. (d)
8. (b) 9. (b)

MISCELLANEOUS PROBLEMS ON CHAPTER 9

1. Give an example of a function which is continuous but not differentiable.
[Kanpur 2005]

2. If f+ g is differentiable at a point, then will fand g both be differentiable at that point ?
Justify your answer ? [Kanpur 2005]

3. Let f(x+y)=f(x)f(y)for all xand y and f(5)=-2, f'(0)=3. What is the value of
f'6)? (@3 (b) 1 (c)-6 (d)o6 [IAS Prel. 2006]

[Sol. Ans. (c). f1(0)=3= lim le h>0 e
Now, £(5)= lim fG+m—FG) _ . SO = f5)

N h h—>0 h

S(h)-1
h

= /(5)=-2lim
Also, S+ =f) /()= f5+0)=105)f(0)= f(0)=1

. @)= f1(5)=-2lm M#—zm?@ by ()]

)

4. Give an example so that the function f{x) + g(x) is continous in closed interval [a, b]
but not differentiable. [Agra 2005]

5. Let f be the function on R defined by f(x)=2x+]|x|. Is f derivable at x = 0?
Ans. Not derivable [Delhi B.Sc. I (Hon) 2010]
6. If f defined and derivable on [a, b] with f (a) = f(b) =0 and f'(a) f'(b) >0, then prove
that f must vanish at least once in la, bl. [Delhi Maths (H) 2007]
7. Examine the continuity and differentiability of the following function at x = 0.

xtan”' (1/x), x# 0

f(X)={0’ e

[Purvanchal 2006]

8. Give an example so that the function f(x)+g(x) is continuous in closed interval [a, b]
but not differentiable. [Agra 2005]
9. Select (a), (b), (¢), (d) whichever is correct

(i) The function f defined by f(x)=xsin(1/x), x#0; f(x)=0,x=0 is
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(a) not continuous (b) continuous but not differentiable
(c) differentiable but not continuous (d) differentiable and continuous [Agra 2005]

(@) The function f(x)=x-1| is continuous but not differentiable at point.
(@0 (b)-1 (c)1 (d) ateach point. [Agra 2007] [Ans. (i) (b); (i) ()]

10. Let f'be defined in R by setting f (x) = |x — 1|+ |x |+ | x + 1|, for all x € R. Show that
f in continuous but not derivable at x = -1, x = 0 and x = 1. [Delhi Maths (H) 2009]

11. Let fand g be real valued functions defined in a neighbourhood of a real number x,,
show that fg is derivable at x, and (fg)' (x) = f"(x,) g'(x) [Delhi B.Sc. I (Hons) 2008]

12. Let f be defined on an interval / and c €/, then show that fis differentiable at x = ¢
if and only if there exists a function ¢ on I that is continuous at ¢ and satisfies
f(x)—f(c)=d(x) (x—c), xe . In this case d(c) = f'(c). [Delhi B.Sc. I (Hons) 2010]

13. Let / < Rbe an interval and f: 7 — R. Let ¢ € [ and fis derivable at c¢. Show that if
f'(c) >0, there is a number §>( such that f(x) > f(c) for xel for c<x<c+39.

[Delhi B.Sc. I (Hons) 2010]
14. Show that the derivative of an even function is always an odd function.

[Kanpur 2010]
[Sol. Since f is differentiable, so by definition, we have
and J(x)= M)hf(m ..(2)
From (1), 1) = f( X+h) X)) iy LG h)) S (=x) -0

h—0

Let f be an even function. Then, by definition, we must have
f—(x =h)) = fix — h) and fl=x) = fix) ..(®
Now, using (4), (3) reduces
JOa=m - ) S h) S _
-0 h

J'(=x) = lim m —f'(x) using (2)

Since f'(—x)=—f"(x), by definiton f'(x) is an odd function. Thus, derivative f'(x) of
an even function f{x) is an odd function.

15. Show that the derivation of an odd function is always an even function.

[Hint. If f{x) is odd, then f{—x) = —f(x). Now, proceed as in above problem 14.]

16. Show that there exists a real continuous function on the real line which is nowhere
differentiable. [Himanchal 2010]

[Sol. In 1872, Karl Weierstrass surprised mathematicans of the world by giving as example
of function which is continuous everywhere but differentiable nowhere. This function, known as
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Weierstrass’s non-differentiable function, is given by  f(x)= Za" cos(b"mx)
n=0

where 0 < a < 1 and b is an odd positive integer subject to the condition ab > 1 + (3n/2)

For example, the functions f;(x) = z (2/3)".cos(5" mx) and f,(x)= z (5/6)"-cos(7" nx)
n=0 n=0
are continuous for Vx € R but not differentiable for any x e R.

It can also be easily verified that the function S(x)= Z(l/ 2").cos(3" x) 1S continuous
n=0
everywhere but differentiable nowhere.
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Maxima and Minima

11.1. INTRODUCTION

Application of Taylor’s Theorem to the problem of extreme values of a function will be taken
up in this chapter.

If ¢ be any interior point of the domain [a, b] of a function f, then

() f (¢) is said to be a maximum value of the function f, if there exists some neighbourhood

le = 3, ¢ + 9[ of ¢, such that fl)>f(x) [x e ]c—209, c+ & other than c.
(i) f (¢) is said to be a minimum value of the function £, if there exists some neighbourhood
le = 3, ¢ + 9[ of ¢, such that fl©) <f(x) [x € ]c—239, c+ J other than c.

(#ii) f (c) 1s said to be an extreme value of f, if it is either a maximum or a minimum value.

For f(c) to be an extreme value, f(c) — f(x) must keep the same sign for every point x,
other than ¢, in some neighbourhood of c.

Note. Extreme value is also known as an extremum or a turning value.
11.2. A NECESSARY CONDITION FOR THE EXISTENCE OF EXTREME
VALUES
If f(c) be an extreme value of a function f, then f' (c), in case it exists, is zero.
[Bharathiar, 2004; Delhi Maths (H), 2003, 07]

Proof. Since f'(c) is an extreme value of f(x), it follows that f'(x) has either a maximum value
or a minimum value at x = c.

Since 1" (c) exists, we have Lf'(c)=Rf" (©)=f"(c) (D
Let f(x) have a maximum value at x = c. So, there exists a & > 0, such that
c—-0<x<c = f(x)<f(o) (2
and c<x<c+d = f(x)<f(o) -(3)
From (2), fxX)—f()<0 and x—-c<0 wheneverc—-9d<x<c
= M>O whenever ¢ -8 < x < ¢ ...(4)
x-c
Taking limits as x — c, 4 = Lf'(c)=20 (5
Again, from (3), fx)—f()<0 and x—-c>0 wheneverc<x<c+9
= S =7 <0 whenever c < x < c+9 ...(6)
x-c
Taking limits as x — c, 6) = Rf'(c)<0 (7
From (1), (5) and (7), we have f' (=0

Again, if f(x) has a minimum value at x = ¢, by similar argument, we have ' (c) = 0.
1.1
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Note 1. The above condition is a necessary but not a sufficient condition for f(x) to have
a maximum or minimum at x = ¢ as shown below :

(?) Consider the function f (x) = x’, x € R. Here /" (0) =0 but f does not have an extreme value
at x = 0 as shown in the following figure. Thus, /' (¢) = 0 may not imply that f'(x) has an extreme
value at x = c.

AY

vy
(if) A function may have an extreme value at a point without having derivative at that point.
For example, if f(x) = | x | [ x € R. Then f(x) is not derivable at x = 0 but it has a
minimum value 0 at x = 0. as shown in the following figure.
AY

<
<

0]
Stationary points and stationary values of a function. Definition. If /' (¢) =0, thenx =¢
is called a stationary point of f and f(c) is called a stationary value of f.

Critical points and critical values of a function. Definition. A point x = ¢ such that either
f' (c) does not exist or /' (c) = 0 is called a critical point of fand f(c) is called a critical value
of 1.

Note 2. From the above discussion, we observe that if f'has an extreme value at x = ¢, then
either f'is not derivable at x = ¢ or f' (¢) = 0. So, to find the maxima or minima of a function,
we first find the values of x for which either /’ (x) does not exist or if /' (x) exists, then it vanishes
thereat.

11.3. SUFFICIENT CRITERIA FOR THE EXISTENCE OF EXTREME VALUES
In what follows, we shall present two sets of sufficient conditions for the existence of
extreme values.

Theorem I (First derivative test). Let a function f be derivable in a neighbourhood of c,
where f has an extreme value at c. Then f(c) is a maximum value if the sign of f' changes from
plus to minus and f(c) is a minimum if the sign of f' changes from minus to plus as x passes
through c.

Proof. Suppose ' changes sign from plus to minus as x passes through c¢. Then there exists
a o > 0 such that

ffx)>0inJec—08,¢c[ and f'(x) <0in ]c, ¢ + J[
= fis strictly increasing in Jc — 3, ¢[ and strictly decreasing in Jc¢, ¢ + J[

= fx)<f(e) [x€lec=08,¢c[ and f(x)<f(c) [x € l]c c+
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= f@<fl) [x]c=08c+d,x#c
= fhas a maximum value at x = c.

If /' changes sign from minus to plus as x passes through c, by similar argument, we can
show that f/ has a minimum value at x = c.

Note. If /' does not change sign, /' keeps the same sign in a neighbourhood of x = ¢, say
le = 8, ¢ + §[, then f(x) is neither maximum nor minimum at x = c.

Hlustration : Find the values of x for which the function f, defined by
f(x)=x5—5x4+5x3—1, [x e R

IS maximum or minimum.

Solution. Given fx) = X -5t s’ -1 (D)

From (1), £ =5x =200 + 150 = 5% (x — 1) (x — 3)

f'x)=0 = x =0, 1, 3, which are critical points.

(i) Now, for x slightly < 0, /' (x) > 0 and for x slightly > 0, /' (x) > 0

Since /' (x) does not change sign as x passes through x = 0, f'is neither maximum nor minimum
atx = 0.

(if) Next, for x slightly < 1, ' (x) > 0 and for x slightly > 1, ' (x) <0

Since ' (x) changes sign from plus to minus as x passes through 1, fis maximum at x = 1.

(#ii) Finally, for x slightly < 3, /' (x) < 0 and for x slightly >3, /' (x) >0

Since ' (x) changes sign from minus to plus as x passes through 3, f'is minimum at x = 3.

Theorem II (Sufficient criteria for extreme values) (General test)

Let ¢ be an interior point of the domain [a, b] of a function f. Let

(@) f" (¢) exist and be not zero, and (i) f'(¢) = f"(c) = f" (c) = ..... = ") =0

then if n is odd, f (c) is not an extreme value and if n is even, f(c) is a maximum or a minimum
value according as " (¢) is negative or positive.

Proof. The given condition (7) implies that

" . ST U all exist in a certain neighbourhood ¢ — 6, ¢ + §,[ of c. (D
As f" (c) exists and # 0, there exists a neighbourhood Jc — 3, ¢ + [, of ¢, where (0 < 8 < 3,)
such that
c-8<x<c = T < " YNo=o, @
c<x<c+d = M) " e =o.

[Using results of Art. 9.5, Chapter 9]
in case " (c) is positive;
and c-8<x<c = "> " e =0,
c<x<c+d = ") < e =o.
[Using results of Art. 9.5, Chapter 9]

.03

in case f” (¢) is negative.
Because of (i), we have by Taylor’s theorem, when | & | < 9,

n—1

2
f(c+h):f(c)+hf'(c)+%f"(c)+ ..... e et vom
! (n—1)!

which, by virtue of the given condition (if), gives
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hi’l—l

n-1
(n_l)!f (c +0h), ()

flevh)—=f(c) =

where ¢ + 0h € Jc — 5, ¢ + J[.

Let n be even. From (2) and (4), we deduce that if /" (¢) be > 0, then for every point
x=c+h e Jc-9, c+ 9, other than c, flc+ h)>f(c),

implying that /'(c) is a minimum.
From (3) and (4), it may similarly be shown that f'(c) is a maximum if /" (¢) be < 0.
Let n be odd. From (2) and (4), we deduce that if /" (c) > 0, then
fle+h)>f(c),whenc<x=c+h<c+3,
and fle+h)<f(c),whenc—-0<x=c+h<c
so that f'(c) is not an extreme value.
It may similarly be shown that f(c) is not an extreme value when [ (¢) < 0.

Particular case (When n = 2). If a function f'is such that f' (¢) = 0 and /" (c¢) exists and is
non-zero, then

(@) f(c) is amaximum if /" (¢) <0 (i) f(c)is a minimum if £ (c) > 0.

ILLUSTRATIONS

1. Find the maximum value of the function f(x) = Yo ¥ x> 0.

[Delhi Maths (G), 2003; Kanpur 2009]
Solution. Let y=fx) =x¢ " x>0 (1)
: dyldx = 2xe “—x*¢ *=(2x—xY) e * (2)

For maximum and minimum values of y, we have
dyldx =0, ie,x(2-x)e =0 giving x =0, x = 2.
Also, dyld =02 -2x)e "+ (2x—x) (e =2 —dx+x) e ~.
(?) For x =0, afzy/abc2 =2 > 0 and so y is minimum at x = 0.
(if) For x =2, afzy/abc2 =(2-8+4) el=—2¢2%<0.
So, y is maximum at x =2 and maximum value = 4¢" 2, by (1).

2. Suppose [(x) is a function satisfying the conditions : (i) f(0) = 2, f(1) = 1 (ii) f has a
minimum value at x = 5/2 (iii) f' (x) = 2ax + b for all x. Determine the constants a, b and the

Sfunction f (x). [Delhi Maths (G), 2002]
Solution. Given that f'(x) =2ax + b for all x (D
Since f'(x) has a minimum at x = 5/2, f' (§/2) =0

(1) gives QRa)yx(52)+b=0 or b=-5a (2
So (1) reduces to ') = 2ax — S5a
Integrating it, fx) = ax? = Sax + x, ..(3)

where c is an arbitrary constant of integration.

Putting x = 0 and x = 1 in succession in (3) and using the given facts f(0) =2 and f(1) =1,
we have 2=c¢ and 1=c-4a

These give c =2 and a = 1/4. Therefore, 2) = b=-5/4

So the required values of @ and b are a = 1/4 and b = — 5/4 and from (3), the required
function is given by F(x) = (1/4) x> — (5/4) x + 2.
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EXAMPLES

Example 1. Find points of maxima and minima of f (x) = 3 cos® x + sin® x, — /2 < x < /2.
[Delhi Maths (P), 2003)

Solution. Let y=3 cos? x + sin® x, — W2 < x < W2 (1)
Then dyldx = — 6 cos x sin x + 6 sin® x cos x -(2)
For maximum and minimum values of y, we have
dyldx =0 or 6 sin x cos x (sin4 x—1)=0 -(3)
But for — /2 <x < /2, cos x # 0 and (sin4 x—=1)=#0
Hence, (3) = sinx=0 or x=0for—m2<x<mn2.
Now, from (2), afzy/abc2 =—6 (cos2 x — sin? xX)+6 (5 sin* x cos? x — sin® X)
Atx =0, dzy/abc2 =— 6 < 0, showing that y is maximum when x = 0.
Example 2. Prove that the function f defined by f(x) =|x—2||x—=3|[x € R has a
minimum value 0 at 2, 3 and a maximum value 1/4 at 5/2. [Delhi B.Sc. (H), 2000]
Solution. Let y = f(x). Then, we have
R2-x)B3-x)ifx <2
y=]x=-2x=-3|=(x-2)B-x)if2<x<3
(x=2)(x=3)if x >
6-5x+x°, if x <2
or y=f(x)={-6+5r=x",if2<x<3 (D
x? <5x+6, if x > 3

Clearly f'(x) is continuous everywhere. Also, f(2) =/f(3) =0.

6-5Q-h+Q2-n*-0 _

Here Lf'(2) = hlimo w = lim

h h—0 —h
— — — 2_
and Rf'(2)=hlim f(2+h})l f(2)=hlim 6+5(2+h)h 2+h) O:1
-0 -0

Since Lf" (2) # Rf" (2) so f' (x) does not exist at x =2 = x =2 is a critical point of y.
Again, Lf'(2)<0 and Rf'(2)>0 = f(x)is minimum atx = 2.
Further, minimum value at x = 2 is given by f(2) = 0.

f@3+n-f£03 —6+5(3—h)—(3—h)2—0_

Next, Lf'(3) = lim 222" — [|im =-1
h—>0 —h h—>0 -h

. B+h)?-53B+h)+6-0

= lim =

h—0 h

Since Lf" (3) # Rf' (3) so f' (x) does not exist at x =3 = x =3 is a critical point of y.

Also, Lf'(3)<0 and Rf'(3)>0 = f(x)is minimum atx = 3.

Further, minimum value at x = 3 is given by f(3) = 0.

Now, for 2 < x <3, y=—6+5x—x2

dyldx =5 —2x and afzy/abc2 =—2.

Since afzy/abc2 is negative, it follows that the value of x for which y is maximum is given by
dyldx =0 or 5-2x=0 or x =5/2.

Further, maximum value at x = 5/2 is given by f(5/2) =— 6 +25/2 —25/4 = 1/4.

1

and Rf'(3) = hliino w
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Example 3. Find the maximum value of the function
f@=|3-x|+|2+x|+|5—x| [Delhi Maths (H), 2003]

Solution. Here f)=]3-x|+[2+x|+]|5-x] (D
From (1), 3—-x—-2+x)+5-x=6-3x,ifx<-2
)= 3—x+2+x+5-x=10—-x,if—-2<x<3 Q)

x=3+2+4+x+5-x=4+x,if3<x<5
x—-3+2+x+x-5=-6+3x,ifx>5.

Here, from (2) f(=2)=12,f(3)=7and f(5)=09.

f(=2-h-f(=2) _ im 6-3(-2-h)-12 3

Now, Lf'(=2) = i _
ow, L' (=2) ha0 —-h h—0 —h

and Rf'(<2) = lim LE2EM=SED 102 E2+m 212
h—0 h h—>0 h

Since Lf' (—=2) = Rf' (—2),sof"' (x) does not exist at x = — 2. Hence x = — 2 is a critical point.
But Lf'(—2)<0andRf' (—2) <0 show that there is neither a maxima nor minima of f(x) at x
=—2.
- 10-(=3-h)-7 _

Next, L7 = hliino %}z_f@) - hh»o ~h

-1

h—0 h
Since L f' (3) # Rf' (3), so f' (x) does not exist at x = 3. Hence x = 3 is a critical point.
But L /' (3)<0and R f' (3) > 0 and hence f(x) is minimum at x = 3 and the required minimum
value=f(3)=7.

-0

Finally, L /' (5) = lim SGE=m=7®) = lim A+5-h-9 -
h—0 —h h—0 —h

and RS (S) = lim LOEMZSO) _ yypy, Z6530G+D =9 4
h—0 h h—0 h
Since L f' (5) # Rf' (5),s0 f' (x) does not exist at x = 5. Hence x = 5 is a critical point. But
Lf'(5)and R f' (5) are of the same sign, so there is neither a maxima nor a minima at x = 5.
Example 4. Find the maxima and minima of the function
f(x)=sinx+(1/2)sin2x+ (1/3) sin 3x, for all x €[0, 7).
[Delhi Maths (G), 2004; Delhi Maths (H), 1999, 2004)

1

Solution. f'(x) = cos x + cos 2x + cos 3x = cos 2x + 2 cos 2x cos X
Thus, f'(x) =cos 2x (1 + 2 cos x), x € [0, 7.
ff(x) =0 = cos2x =0 = 2x =n/2,3n/2 > x=n/4,3n/4, for0 < x <«
and I1+2cosx =0 = cosx =—-1/2 = x=2n/3,for0<x<n
Now f"(x) =—sin x — 2 sin 2x — 3 sin 3x.

f"(n/4):—1/\/5—2—3/\/5<0 = f(x) has a maxima at x = /4.
f"Gr/d) =-1/2+2-3/2=2-2J2 <0 = f(x)has a maxima at x = 3n/4
and f" (2n/3) = -3/2+2x(3/2)-0=+3/2>0 = f(x)hasa minima at x = 2n/3.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

. n., .mn 1. =m 1. 3 1 1 1 44 +3
Max1mumvalueatx=—1ss1n—+—s1n—+fs1n—=—+f+7=
4 4 2 2 3 4 2 2 32 6
. 3. .3 1 . 3n 1. 9% 1 1 1 4/2-3
Max1mumvalueatx:—1s sm—+—Sm—+—SIN—=—=——+—=
4 4 27 2 3 4 2 2 32 6
. 2n . . 2n 1 . 4m 1, 31 3B
Minimum value at x = — is sin—+—sin—+ —sin2K = — —— X — = —,
3 3 2 3 3 2 2 2 4
Example 5. Given n real numbers a,, a,, ..... , a,, find the value of x for which the sum
n
> (x- al.)2 is a minimum. [Delhi B.A. 2009; Delhi Maths (G), 1990]
i=1
2 2
Solution. Let S(x)= 2 (x—a,)

i=1
n
S(x)= 2 2(x-a;) =2nx—-2(a; +a, +..... +a,).
i=1
The arithmetic mean (@) of a, a,, ..... , @, is given by
a=(a +a,+... +a,)/n so that  na = (a; +a, +..... +a,).
f'(x) =2nx—2na and f"(x) =2n > 0.
The extreme values of f are given by f'(x) =0 = 2nmx-2na =0 = x = a.
Since f" (x) = 2n > 0, f has a minimum at x = a.

Example 6. Find the maximum value of (I/xz)zxz, x > 0. [LA.S. (Prel.), 2002]
Solution. Let f(x) = (l/xz)zx2, then log f(x) = (2x2) log (l/xz) = 4x? log x
. Fr(x)/ f(x)=—4{2xlogx+x>x(1/x)} = —4x (2logx +1)
= f'(x)=—-4x f(x) 2logx +1) ..(D
For maxima and minima of f'(x), fx)=0
ie., —4xf(x)2logx+1)=0 = 2logx+1=0asx=0and f(x)=0
Now, 2logx+1=0 = logx=-1/2 = x=¢ "2 =1/e
From(2), f"x)=—4f(x)Rlogx+1)—-4xf"(x) 2Qlogx+1)—4xf(x)x (2/x)
or ") =—4f(x)-Qlogx+3)—4xf'(x) 2logx+ 1)

Also Fr/e)y = -4 f1/de)-Qloge "> +3) = =8 f(1/Je) < 0
[o f(1/e) = e¥¢ > 0]
So fis maximum at x = 1/+/e and maximum value off(x)at x = 1/e isf(l/\/Z) = o7,
114. APPLICATIONS TO PROBLEMS

We now proceed to discuss problems in which the quantity whose maximum or minimum
value is required is not directly given as a function of one variable. In such problems we shall
write down a functional relation from the given problem and then proceed as before. Very often
the quantity whose maximum or minimum value is required can be expressed as a function of
two variables and these two variables can be connected by a relation with the help of the given
problem. With help of this relation the quantity can be expressed in terms of one variable.
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EXAMPLES

Example 1. If the sum of the lengths of the hypotenuse and another side of a right-angled
triangle be given, show that the area of the triangle is a maximum when the angle between the
hypotenuse and the given side is /3. [Delhi Maths (P), 2002]

Solution. Let ABC be the given triangle right-angled at C. Let 7
AB =y. Let BC = x be the another side under consideration.
Given that x + y = constant = k (say) = y =k —x. Y
1
Then S = area of the triangle = 5 x AC x BC 90°
c x B

S = (1/2) xyy* = x* x x
2= (1/4) x x> (3% —x2) = (1/4) x x* x {(k — x)* — x*} = (1/4) x (K*x* - 2kx¢)
Now if S is maximum, §? will also be maximum. So even if we consider the maxima or minima
of §? there is no loss of generality. Thus denoting 52 by y, we have
y = 8= (1/4) x (% - 2kx%) A1)
dyldx = (1/4) x (2k*x — 6kx?) {2
For a maximum or a minimum of y, we must have
dyldc =0 or (1/4) x Qk°x —6kx) =0 or x=0 or x=Kk3.
The solution x = 0 is not proper for in this case BC = 0 and so the triangle will reduce to
a straight line. So we shall consider x = &/3 only.

From (2), dyld® = (1/4) x (2k> — 12kx)

When x = k/3, dyld® = (1/4) x (2K = 4k%) = — (K*/2) = — ve,
showing that y and therefore S is maximum, when x = &/3.

Now x+y+k and x=k3 = y=2k3.

Then, from A ABC, cosB = BC $ = - kI3 = 1 = B=mn/3
B4y 2k/3 2
Example 2. Show that the height of the cylinder of maximum volume that can be inscribed
in a sphere of radius a is Za/\/}.

Solution. Let ABCD be the given sphere of radius a so that OD = a.

Let ABCD be a right circular cylinder of radius FD (= x) and height EF B A
(= y) which can be inscribed in the given sphere.
From A OFD, X+ y2/4 =d or 2=d - y2/4. 0

Note that if O is the centre of the sphere then it will also be the
middle point of the height of the cylinder. Let " be the volume of the
cylinder. Then, we have

V=mnly=n(a-y/4)y=n(dy-yh (1) Cx_=">
dVidy = m (a* — 3)y%/4) (2)
For maximum or minimum value of V, dV/dy = 0, so that © (a2 — 3y2/4) =0or y = 2a/ V3 ,
y being + ve only.

Again, from (2), afzy/abc2 =—(3my/2), which is — ve when y = 2a/ V3. Therefore y=2al V3
gives the cylinder of maximum volume inscribed in a given sphere.

Example 3. Find the dimensions of a right circular cone of maximum volume which can
be circumscribed about a sphere of radius a. (LA.S., 1999)
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Solution. Let cone OAB is circumscribed to a given sphere EMD with centre C. Let OC = x.

Then, here Z 0ODC = £ OEC = 90°.
From A ODC, we have OD = 11x2 —a’. 0
Also, OM = a + x.

Then, volume V of the cone is given by

v = Lapm?.om = E(a+x) BM2. ~| 4
3 3 C
Since triangles OMB and OCD are similar, therefore a
BM D BM
BM _CD or - a A i B
OM OD a+x \/xz _ 2
or BM = a(a+x)/()c2 —az)l/2
2 2 2 2
+ +
V= —n(a+x)><a ga xz) ma_(a+x) ..(D
( ) 3(x—a)
2 Y 2 2 _
From (1), dav _ma 2(a+x)(x a)2 (a +x) _ ma (a+x) (x2 3a) Q)
dx 3 (x—a) 3(x—a)
For a maximum or minimum value of V, we must have dV/dx = 0 and hence x = 3a, as
X = — a is not a proper solution.

Now, when x is slightly less than 3a, dV/dx is negative and when x is slightly greater than
3a, dV/dx is positive.

Hence there is a change of sign of d}/dx, namely, from negative to positive as x passes
through the point x = 3a. So x = 3a gives a minimum value of V.

When x = 3a, OM =a + x = 4a

ala+x)  axda _a><4a_a\/z'

\/xz—az ) \/9512—512 S 22a

Thus dimensions of the required cone are given by : radius = BM = av2 and height OM = 4a.

and BM =

Example 4. A thin closed rectangular box is to have one edge n times the length of another
edge and the volume of the box is given to be V. Prove that the least surface S is given by

nS> =54 (n+ 1y V- (I.A.S., 1998)
Solution. Let the lengths of the edges of rectangular box be x, nx and y. Then
V= nxzy so that y = Vinx? (D)
and S=2 (nx2 + Xy + nxy) ..(2)
Substituting the value of y from (1) in (2), we have
S=2 (nx® + Vinx + Vix) ..(3)
dS/dx = 2 2nx — Vinx® — Vix?). (4
For maximum or minimum value of S, dS/dx = 0
2n>c—L2—L2 =0 so that x3 = L:D ...(5
nx X 2n
Also, from (4), d*Sldx* =2 (2n + 2Vinx® + 2VIxY),

which is positive for x given by (5). Hence S is least when x is given by (5).
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Now, from (3), we have
S =@/’ )<’ +(n+ ) VY

8 2 Vn+l o
or S =—3><L nzx#+(n+l)V , using (5)
o Vn+l 2n
2n’ 27V (n+1) 54V (n+1y
or SS=§3>< " (n+1) or SS=#
o Vn+l 8 n
Thus, nS® = 54(m+1)y° V>,
EXERCISES
1. Examine the following functions for maximum and minimum values :
@ (x - 3»)2 x+3)[xeR [Delhi Maths (P), 1995, 97]

() x*+4° -2~ 12x+7[x e R (i) 12x° — 45x* + 40> + 6 [x e R
i) x-3° x+1)*[xeR

M4 '—@x-1)'"[xeR~{0 1} [Delhi Maths (G), 1995]

W) (x-1)(x-2)(x-3)[xeR ii) x*(x = 1) (x = 3)°
(viii) x"* (Calicut, 2004) (ix) x>/e* [Kanpur 2006]
2. Show that the function f defined by f(x) = (ax + b)/(cx + d), for all x € R ~ {—d/c},
does not possess an extreme value unless ad — bc = 0. [Delhi Maths (G), 2005]

3. Investigate the extreme values of the function f, defined by f'(x) = 3+ 3px + g, for all
x € R, p, g being fixed real numbers.

[Delhi Maths (G), 2004; Delhi Maths (H), 2004, 09]
4. Show that the function f(x) =sin x (I + cos x) has a maximum value when x = /3.
[Delhi Maths (G), 1997, 2005; Delhi Maths (H), 1996, 2005; Kumaon, 1998]
5. Find the maximum and minimum as well as the greatest and the least value of
x> — 12x% + 45x in the interval [0, 7].
6. If (x — a)*" (x —H)*™ ! where m and n are positive integers, is the derivative of a
function f, then show that x = b gives a minimum but x = a gives neither a maximum

nor a minimum. [Delhi Maths (H) 2006]
7. Show that the function f, defined by f(x) = sin (x — 7/3) sin (x + 7/3) for all x € R has
a minima at x = /6 and maxima at x = /2 and x = — 7/6.

8. Prove that the function f'(x) = x* (x — 11/2)2 + sin* x [ x € R, has extreme values at
x =0 and x = /2 and determine whether they are maxima or minima.
9. Show that the function £ (x) = sin” x sin mx + cos™ x cos mx, for all x € R, has a minimum
at x = /4 when m = 2 and a maximum at x = /4 when m = 4 or 6.
10. Prove that the function fdefined by f(x) =3 | x|+ 4 |x— 1|, for all x € R, has a minimum

value, and that this value is 3. [Delhi Maths (G), 1996]
11. Prove that f(x) =2 |x—2 |+ 5 |x — 3| for all x € R, has a minimum value 2 at x =
3.

12. Prove that the function f(x) =4 | x|+ 5 | x — 1 | is not derivable at x =0, 1. Also show
that the minimum value is 4 when x = 1.

13. (@) Show that the function f, defined by f(x) = x¥ (1 — x) for all x € R, where p and

q are positive integers, has a maximum value, whatever the values of p and ¢ may

be. [Delhi Maths (G), 1994]
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(b) Show that the function f, defined by
S =|x?|x-1% forallx e R
has a maximum value p”q?/(p + q¥ * 7, p and ¢ being positive integers.
[Delhi Maths (G), 1999; Delhi Maths (H), 2001, 02]
Hint. Re-write the given function as

D" x"A-x)", for x <0
0 ,for x =0
f(x) = x"(1-x)"  Lfor 0<x<1
0 , for x =1
M (x-p"  , for x > 1

14. Show that the height of closed cylinder of given volume and least surface is equal to
its diameter. [Delhi Maths (H), 1995]

15. Given the perimeter of a rectangle, show that its area is maximum when it is a square.
[Delhi Maths (G), 1998]
16. Show that of all rectangles of given area, the square has the smallest perimeter.
17. Show that the rectangle of maximum area that can be inscribed in a circle is a square.
18. Show that the semi-vertical angle of a cone of maximum volume and of a given slant
height in tan” ! /2.
19. (a) Show that the right circular cylinder of the given surface and maximum volume
is such that its height is equal to the diameter of the base.
(b) Show that the height of an open cylinder of given surface and greatest volume is
equal to the radius of the base. (G.N.D.U. Amritsar, 2004)
20. Show that the volume of the greatest cylinder which can be inscribed in a cone of
height 4 and semi-vertical angle o is (4/27) nh® tan® o (Garhwal, 2003)

21. Prove that a conical tent of a given capacity will require the least amount of canvas

when the height is 2 times the radius of the base.

22. Divide 15 into two parts such that the square of one multiplied with the cube of the
other is a maximum. (GIN.D.U. Amritsar, 2004)

23. A given quantity of metal is to be cast into a half cylinder, i.e., with a rectangular base
and semi-circular ends. Show that in order that the total surface area may be minimum,
the ratio of the length of the cylinder to the diameter of its semi-circular ends is
miT o+ 2.

24. A lane runs at right angles out of a road ‘@’ metre wide. Find how many metre wide
the lane must be if it is just possible to carry a pole ‘b’ metre long (b > @) from the
road into the lane, keeping it horizontal.

25. A rectangular sheet of metal has four equal square portions removed at the corners, and
the sides are then turned up so as to form an open rectangular box. Show that when the
volume contained in the box is a maximum, the depth will be

{(a+b)—+a* —ab+b*}/6
where a, b are the sides of the original rectangle.

26. Show that x° — 5x* + 5x* — 1 has a maximum value when x = 1 and a minimum value
when x = 3 and neither when x = 0. (Kumaun, 2003)
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27. Investigate for maximum and minimum values of function given by y = sin x + cos 2x.
(Garhwal, 1997; GN.D.U. Amritsar, 2004)
28. Find the maximum and minimum of the radii vectors of the curve
A = dP/sin® 0 + b*/cos? 0. (Garhwal, 1999)
29. Show that x/(1 + x tan x) has maximum value when x = cos x.
30. Show that the area of the greatest isosceles triangle that can be inscribed in a given
ellipse 2l + yz/b2 = 1, the triangle having its vertex coincident with one extremity
of the major axis, is (3\/§ab)/4.

31. A perpendicular is let fall from the centre to a tangent to the ellipse x*la® + yz/b2 =1.
Show that the greatest value of the intercept between the point of contact and the foot
of the perpendicular is (a — b).

32. Tangents are drawn to the ellipse 2la® + yz/b2 =1 and the circle x> + y2 = a at the
point where a common ordinate cuts them. Show that if 6 be the greatest inclination
of the tangents, then tan 0 = (a —b)/ZJE.

33. Normal is drawn at a variable point P of the ellipse la® + yz/b2 = 1. Show that the
maximum distance of the normal from the centre is (a — b).

34. A person being in a boat ‘a’ metres from the nearest point of the beach wishes to reach
as quickly as possible a point ‘b’ metres from the point along the shore. The ratio of
his rate of walking to his rate of rowing is sec o. Prove that he should land at a
distance (b — a cot o) from the place to be reached.

ANSWERS

1. (i) Max. value is 32 at x = 1; Min. valueis O at x = 3

(i)) Max. value is 14 at x = — 1; Min. valueis— 2 atx =1, — 3

(iii) Max. value is 13 at x = 1; Min. value is — 10 at x = 2; Neither max. nor min. at x
=0

(iv) Maxima at x = — 1; Minima at x = 7/9; Neither maxima nor minima at x = 3

(v) Max. value is 1 at x = 2; Min. value is 9 at x = 2/3

(vi) Max. value = 2/3\/5; Min. value = —2/3\/5;
(vii) Maxima at x = 6/5; Minima at x = 0

1/e

(viii) Max. value = e'“ when x = e.

3. When p > 0, f'has no extreme value; if p <0, then there is maxima at x =—,/— p and

minima at x = ,/— p

5. Max. value = 54; Min. value = 50; Greatest value = 70 and least value = 0

7. Minima at x = 0 and x = /2 22. 6and 9 24. (VP - P2
27. y is max. for x = sin”! (1/4), m - sin”! (1/4) and min. for x = n/2, 3n/2
28. Maximum value of r = cz/(a + b)2

OBJECTIVE QUESTIONS

Multiple Choice Type Questions : Select (a), (b), (¢) or (d), whichever is correct.

1. The maximum value of (log x)/x is :
(@ 1 ) e (c) 2/e (d) e [LA.S. (Prel.), 2004]
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2. The function defined by f(x) = x'™ has a maximum at :

(a) 1 b) e (c) log, e d) 2 [LA.S. (Prel.), 1998]
3. The maximum value of (1/x)" is equal to :
(a) e b 1 () e (d) (1/e). [L.A.S. (Prel.), 2001]

2
4. The maximum value of (l/xz)zx , x>0 isequalto:
(a) e (b) &° (©) ere (d) 1le. [L.A.S. (Prel.), 2004]
5. Letf(x) = x> — 4x + 3. The following statements are associated with f':

1. fis increasing in (2, o) 2. f'is increasing in (— o, — 2) 3. f'has a stationary point
at x = 2. Which of these statements are correct ?

(@) 1 and 2 (b) 1 and 3 (¢) 2and 3 (d) 1,2 and 3.
[I.A.S. (Prel.), 2003]
6. The difference between the maximum and minimum values of the function a sin x + b
coSs X 1S :

(@) 2+/a* + b2 ) 2 (@ + b (©) a* +b (d) —ya*+b.
[LA.S. (Prel.), 1995]
7. Which one of the following statements is correct for the function f(x) = 9

(@) f(x) has a maximum value at x = 0 () f(x) has a minimum value at x = 0

(¢) f(x) has neither a maximum nor a minimum atx =0

(d) f(x) has no point of inflexion. [L.A.S. (Prel.), 1997]
ANSWERS

Multiple Choice Type Questions :
1. (d) 2. (b) 3. (o) 4. (b) 5. ) 6. (a) 7. (¢)

MISCELLANEOUS PROBLEMS ON CHAPTER 11

1. The function f(x)=sin’ x—m sinx is defined on the open interval (-z/2, 7/2) and

it assumes only one maximum value and only one minimum value on this interval.
Then, which one of the following must be correct

(@ 0<m<3 (B)-3<m<0 () m=0 (d m=3 [L.A.S. Prel. 2006]

2. Let 4 and B be fixed points with co-ordinates (0, a) and (0, b) respectively and P is a
variable point (x, 0) referred to rectangular axes. When is the angle 4PB extremum ?

@ x*=Jab ®) ¥*=ab (©) X¥*=a+b (d) > =b—a [LA.S. Prel. 2006]

3. Find the maximum and minimum values of the function f(x)=x’e™", x>0

[Delhi Maths (G) 2006]
4. Find the maximum and minimum value of the function f (x) = A o2 o 12k + 7,
xeR. [Delhi Maths (Prog) 2007]

[Ans. max. at x = —1, value = 14; Min at x = -3, value = -2; min. at x = 1; value = —2]
5. If f (¢) is minimum value of the function, then prove that f'(c) =0 whenever f'(c) exists.
What happens when f'(c) does not exist ? Justify. [Delhi Maths (H) 2007]
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6. Find the maximum and minimum values of the function
S (x) = cos (x — m/6) cos x cos (x + w/6) for all xe[0,n] [Delhi Maths (H) 2007]
7. (i) What is the maximum value of y = sinx cos x, 0<x<n

(@) -3/3/16 (b) 34/3/4 (©)-3/16  (d) 3J6/16 [LA.S. Prel. 2007]

(i) What is the maximum area of the rectangle whose sides pass through the angular points
of a given rectangle of sides a and b.

(@) (a+ b2 (b) (a+ b’ (¢)(@+bH2 (d)a*+ b [LA.S. Prel. 2007]
(iit) Match list I with list Il and select the correct answer using the code given below the
lists:
List — I List — 11
A. The function X —6x? = 36x + 7 is increasing when 1 x=-2
B. The function x> — 6x? — 36x + 7 is maximum at 2 x=6
C.  The function x> — 6x* — 36x + 7 is minimum at 3 x<-2o0rx>6
D. The function x> — 6x? — 36x + 7 decreases when 4 2<x<6
A B C D
Code: (a) 4 2 1 3
(b) 3 1 2 4
(©) 3 2 1 4
() 4 1 2 3 [LA.S. Prel 2007]
8. What is the point on the curve y2 = 4x which is nearest to the point (2,1)?
(@) (1,2) () (1,-2) (¢) (0,0) (d) None of the above (I.A.S. Prel 2009]

xsint
9. What are the points of the extrema of the function »= JO . dt, x>0

(a) 0,+nn (b) £ un only (c)nmonly  (d) 0, nm only (I.A.S. (Prel.) 2009]

2 —5t+4

P Jdt has (a) two maxima and two minima points

10. The function /() =], (

(b) two maxima and three minima points  (c¢) three maxima and two minima points

(d) one maximum point and one minimum point [L.A.S. (Prel) 2009]

11. Define absolute maximum point and absolute minimum point of a function f:4A—>R.
Is the absolute maximum point of f always unique ? Justify your answer.
[Delhi B.Sc. I (Hons) 2010]
ANSWERS

1. (a) 2. (b) 3. Minimum value = 0 and Maximum value = ¢2 7. (i) (d); (i) (a)
(iii) (a) 8.(¢) 9. (¢) 10. (b)
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Mean Value Theorem

. *ROLLE’S THEOREM
If a function f with domain [a, b] is such that it is
(i) continuous in the closed interval [a, b],
(ii) derivable in the open interval la, b[,
(iit) f(a)=f (D).
then there exists ¢ € la, b[ such that ' (c) = 0.
[Delhi Maths (Prog.) 2007, 08; Bharathiar, 2004; Calicut, 2004; Delhi B.Sc. (Prog) 11 2011;
Delhi B.A. (Prog.) II 2007, 08; Bharathiar 2004; Calicut 2004; Delhi (G) 2001, 03, 08
Kanpur, 2001; 06, 07, 09; Kumaon, 2002, 04; Meerut, 2004, 05, 09; Patna, 2003;
K.U. BCA II 2007, 08; Purvanchal, 2001, 06; Rohilkhand, 1997]
Proof. The function f, being continuous in the closed interval [a, b], is bounded and attains
its least upper bound and greatest lower bound. Let M, m be the least upper bound and the
greatest lower bound of f respectively and let ¢, d be such that
f)y=M, f(d)=m.
Either M=m or M # m.
Now M=m = f(x)=M [ x € [a, b]
= f(x)=0 [ x € [a, D]
Thus, the theorem is true in this case.
Now suppose that M # m. As f(a) = f(b) and M # m at least one of the numbers M and m
must be different from f'(«) and f'(b).

Let M be different from each of f(a) and f(b). Thus, M=f(c), M+#f(a), M=f(b).
Now, fl@#fa = c#a and f(c)z2f(b) = c=#b.

Thus, a<c<hb.

The function is derivable at ¢. We shall show that f'(c)=0.

Iff' (¢) > 0, there exists & > 0 such that fx)>fe)=M [x€]c,c+ 3]
But M, being the least upper bound, we have fx) M [ x €[a, b].

Thus, we have a contradiction, so that we cannot have f'(c)>0.

Now suppose that ' (¢) < 0 that there exists & > 0 such that
fx)>fle)=M [x € [c-0, [
This again is not possible. Thus, we cannot have ' (¢) < 0.
We conclude that f'(c)=0.
Corollary. Let f be a function defined on [a, a + h] such that (i) f is continuous on

[a, a + h] (ii) fis derivable on la, a + h[ and (iii) f (@) =f (a + h). Then there exists a real number
0, 0 <6 < 1, such that ' (a + 6h) = 0.

* Rolle (1652-1719) was a British Mathematician.
10.1
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Proof. Let b = a + h. Then, here [a, b] = [a + 0-h, a + 1-K].
Therefore ¢ € Ja, b[ will be of the form ¢ = a + 04, for some 6 satisfying 0 < 6 < 1.
Thus, f'()=0 = f'(a+06h)=0,0<0<1.

10.2. FAILURE OF ROLLE’S THEOREM

Rolle’s theorem fails to hold good for a function which does not satisfy all the three
conditions of the theorem. Hence Rolle’s theorem will not hold good

(¥) if f(x) is discontinuous at some point in [a, b]
or (i) if f(x) is not derivable at some point in ]a, b[

or (iii) if f(a) = f(b).
Note. The conditions of Rolle’s theorem are only sufficient but not necessary for ' (x) to
vanish at some point in [a, b]. For example, consider the function

0, when0<x<1

x+1, whenl< x <2

f(X)={

We can easily show that f'(x) is discontinuous and not derivable at x = 1. Thus f(x) is not
continuous on [0, 2] and f(x) is not derivable on ]0, 2[. Also, f(0) # f(2). But f'(x) =0
[x € [0, 1] < [O, 2.

10.3. GEOMETRICAL INTERPRETATION OF ROLLE’S THEOREM
[Garhwal, 2001; Gorakhpur, 2001; Delhi Maths (G), 2003, 08;
Meerut; 2004; Srivenkateshwara, 2003]

Let 4 and B be the points on the graph AP P,P,B of the function y = f(x) corresponding
to x = a and x = b respectively. Then, geometrically, Rolle’s theorem asserts that there is at least
one point between x = ¢ and x = b, at which the tangent Y4
to the curve of the function, is parallel to x-axis. In the
figure, we have shown the possibility of three points P,,

P, and Py where the tangent is parallel to x-axis.

Note. Rolle’s theorem tells us about the existence of at
least one real number ¢ € Ja, b[ such that /' (¢) = 0. But
it does not rule out the possibility of more than one such
point like x = ¢. We have shown in the adjoining diagram
the existence of three such points P, P, and P, where 0

f'x)=0.
EXAMPLES
Example 1. Verify whether the function f (x) = sin x in [0, 7] satisfies the conditions of Rolle's
theorem and hence find c as prescribed by the theorem. (Srivenkateshwara, 2003)
Solution. Given f(x) =sin x in [0, «].

Here /(0) = 0 = f(w). Also we know that sin x is continuous in [0, 7] and differentiable in
10, w[. Hence, f'satisfies all the conditions of the Rolle’s theorem. So there must exist at least one
value of x € ]0, n[ such that /' (x) = 0.

Now, ffx)=0 = cosx=0 = x=mn/2 € [0, «].
Hence, in Rolle’s theorem, c=m/2.
Example 2. Verify Rolle’s theorem for f(x) = | x | in [- 1, 1].
(Kanpur, 2002; Meerut, 2003)
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Solution. Given f(x) =| x | in [- 1, 1]. Let # > 0. Then

0+h)— (0 h
Rf'(0) = lim Mz lim uz lim 1 =1
h—>0 h h—>0 h h—0
and Lr) = tim 2OZW=SO TR o
h—>0 —h h—>0 —h h—>0

Since R /' (0) # L ' (0), f(x) is not differentiable at 0 € ]— 1, 1[. Thus f'(x) is not derivable
in - 1, 1[. Hence Rolle’s theorem is not applicable to f(x) =| x | in [- 1, 1].

Example 3. Examine the validity of the hypothesis and the conclusion of Rolle's theorem for
the function f(x) = (x — a)" (x — b)", x € [a, b]; m, n being positive integer.

[Delhi B.Sc. (Prog) I 2011; K.U. BCA (II) 2008; Purvanchal 2006]

Solution. Given f(x)=@x—-a)" (x-b)", x € [a, b]. (1)

Since m and n are positive integers, (x — @)" and (x — b)" can be expanded by binomial
theorem. Then, f(x) is a polynomial of degree of m + n. Hence f (x) is continuous and differentiable
on [a, b]. Again, from (1), f(a) = f(b).

Thus all the three conditions of Rolle’s theorem are satisfied. So there exists at least one
value of x in ]a, b[ such that f'(x) = 0.

Now, =0 = m@x-—-a" ' x-b'+nx-a(x-b""'=0
or x—a)" Y (x=b)" "' {m+n)x— (mb+ na)} =0
= x=a,x=0b and x = (mb + na)/(m + n).

Here x = (mb + na)/(m + n) is point within |a, b[ because it divides a and b internally in
the ratio m : n. We reject x = a, x = b as they do not belong to Ja, b[. Thus, Rolle’s theorem
is valid and ¢ = (mb + na)/(m + n).

Example 4. Discuss the applicability of Rolle’s theorem to f(x) =2 + (x — 1)2/3 in [0, 2].

(K.U. BCA (1II) 2003; Osmania, 2004)

Solution. Here Fre)=023) % @x- 17" =2/{3 x- 1",
which does not exist (i.e., is not finite) at x = 1 € ]0, 2[. Hence the condition “f (x) is derivable
in ]0, 2[” is not satisfied. Therefore, Rolle’s theorem is not applicable to f(x) in [0, 2].

Example 5. Discuss the applicability of Rolle'’s theorem to f(x) = log {(x2 + ab)/(a + b) x},

in the interval [a, b], 0 < a < b. (Purvanchal, 2004)
2 2
Solution. Here f(a) = 10ga—+ab =logl =0 and f(b) = 10gM =logl=0
(a+b)a (a+b)b
Thus, we have f(a) = f(b).

2

—ab
Here f(x) = log (x2 +ab)—log(a+b)x = f'(x) = 22x —l=xz—“,
x“+ab X  x(x* +ab)

which does not become infinite or indeterminate for ¢ < x < b and hence f(x) is derivable
in Ja, b[. Since f(x) is derivable in [a, b] also, so it is continuous in [a, b].

Thus f'(x) satisfies all the three conditions of Rolle’s theorem. Here /' (x) = 0 for at least
one value of x in ]a, b].

Now, f'(x)=0 = (xz—ab)/x(x2+ab)=0 = ¥ -ab=0 = x=++ab.

Of these two values of x, clearly x = Jab lies between a and b, being the geometric mean
of @ and b. So here ¢ = Jab « la, b[. Thus Rolle’s theorem is applicable to f(x) in [a, b].




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Example 6. Show that there is no real number k for which the equation x> = 3x + k=0 has
two distinct roots in [0, 1]. [Delhi Maths (H), 2004; Delhi Maths (G), 1999]

Solution. Let, on the contrary, that there is a real number k for which the given equation has
two distinct root o and B in [0, 1], where a < . Obviously [a, B] < [0, 1] (D

Consider fx) = X —3x+kin [a, B].

Since f' (o) = f(B) = 0, the conditions of Rolle’s theorem are satisfied. Hence, there exists some
¢ € ]a, B[ such that

f()=0 = 3*-3=0 = c¢=+1¢]0,1[ = c ¢ Jo, [, using (1)

This is a contradiction to the condition that ¢ € Ja, B[. Hence, our assumption is wrong and
therefore the result follows.

Example 7. Prove that if P be any polynomial and P’ the derivative of P, then between any
two consecutive zeros of P', there lies at the most one zero of P. [Delhi, Maths (H), 2001]

Solution. Let o and B be any two consecutive zeros of P'. Then

P@=0=PP) and P (x)=0 [ x e o, B[ (D)

Let, if possible, there exist two zeros ¢ and d of P, where a < ¢ <d < 3. Then P (¢) =0
= P (d). Since P is a polynomial, P satisfies all the conditions of Rolle’s theorem in [c, d].
Consequently, there exists some point x,, € ¢, d[, (i.e., x, € ]o, B[) such that P’ (x,) = 0, which
contradicts (1). Hence, our assumption is wrong and so there exists at the most one zero of P,
which lies between two consecutive zeros of P'.

Example 8. Show that between any two roots of € cos x = 1, there exists at least one root
of € sinx —1=0. [L.A.S. 2009; Delhi Maths (G), 1997]

Solution. Let o and B be any two distinct roots of € cos x = 1

o e*cosa=1 and P cosp=1 .. (D)
Define a function f as follows f(x)=e *—cosx, [x e [a B] ..(2)
Obviously f'is continuous in [a, B] and f'is derivable in Ja, B[
Indeed, fl(x)=—e “+sinx [xe]a, B[ ..3)

_ L,
From (2), f@)=e ™ —cosa = % = 0, by (1)

e

Similarly; f(PB)=0 andso f(a)=f(P)

Thus, f satisfies all the conditions of Rolle’s theorem in [a, B] and so there exists some
vy € Ja, B[ such that f"(y) =0

Then 3) = siny—-¢ "'=0 = €'siny-1=0,a<y<p

Hence, y is aroot of e sin x — 1 =0, a < y < B.

Example 9. Prove that if a, a,, ..... , a, are real numbers such that
a a a,
— L+ —4a, =0, (D
n+l n

then there exists at least one real number x between 0 and 1 such that
ap" +ax" " Ty +a, = 0. [Delhi Maths (G) 2006; Delhi Maths (H), 2004]

Solution. Define a function f as follows :
a

a a
fx)=— x"tly Dyng o+ 2
n+1 n 2

x+ a,x, x € [0, 1] .(2)

Since f'is a polynomial in x, therefore
(i) fis continuous in [0, 1],
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(@) fis derivable in ]0, 1[,
(i@ii) £(0)=f(1), since f(0) =0 and (1) =0, by (1) and (2)

Thus, there exists some x € ]0, 1[ such that /' (x) =0

a a _ -1
( 01)-(n+1)x"+—1'nx" T+ 2
n+ n
1

Hence, apx" +ax"" "+ L +a, x+a, =0.
Example 10. If ' is continuous on [a, a + h] and derivable on la, a + h[, then prove that
there exists a real number ¢ between a and a + h such that

fla+h) = f(@)+hf (@+H/2)x f"(c).  |Delhi Maths (H), 1999, 2001]

Solution. Define a function ¢ on [a, a + /4] as follows :

or

o(x) = f(x)+(a +h—)c)f'(x)+(l/2)><(a+h—)c)2 A, ..(D
where 4 is a constant to be determined by 0 (@) =0 (a+h)
ie.,  fl@)+hf (a)+(H2I2) x A = f(a+h) )

Since /" is continuous on [a, a + k], fand f' are continuous on [a, a + h]. Further (a + h —
x), (a+ h - x)2 are also continuous on [a, a + k] and so by (1), ¢ is continuous on [a, a + A].
Since /" is derivable on Ja, a + A[, so by (1), ¢ is derivable on |a, a + A[. Thus ¢ satisfies all the
conditions of Rolle’s theorem and so there exists some ¢ € Ja, a + A[ such that

¢ (c)=0. .3
From (1), V@) =f")-f" @) +(a+h-x)f"(x)—(a+h—-x)A.
0=9¢()=(@+h—0o)[f"(c)— 4] (4
= f"()—A=0,since c € |a, a + h[ means (a + h—c) # 0.

Putting A =f" (c) in (2), we obtain

fla+h)= fla)+hf' (a)+ (h2/2) x f"(c).
Example 11. If a function f is twice differentiable on [a, a + h], then show that
fa+h)=f(a)+hf" (a)+ (H*12) x f" (a +Oh), 0 <O < 1.
Hint : Take ¢ = a + 6k, 0 < 6 < 1 and do as in example 10.
Example 12. If /' and g' exist for all x € [a, b] and if g' (x) # 0 [ x € ]a, D[, then prove that
for some ¢ € la, b

SO =@ _ S p S 2005; Delhi Maths (G), 1993; Maths (H) 1998, 2002]
gb)y-g) g

Solution. Define a function y on [a, b] as follows :

V@) =fx) gk —flagk)—g®) f(x), [xela bl (1)
Since f'and g are derivable in [a, b], so y is continuous in [a, b] and derivable in Ja, bl.
Also V(@) =y (b)=—f(a) g (D).

Since y satisfies all the conditions of Rolle’s theorem, therefore, there exists some ¢ € ]a, b[
such that y' (¢) = 0. We have, from (1)

VX)) =) gk +f(x) g X —fla)g &) —gbk)f &)

Vi)=0 = [ ()gl)+f)g)—-flag)-gb)f()=0
or g ) {f(o)—fla} =f"(c) {g®) - g(a)}
f-fl@ _ f(
gb)-glc) g (o)

Hence,
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Example 13. If a function f'is such that its derivative "' is continuous on [a, b] and derivable
on Ja, b[, then show that there exists a number ¢ between a and b such that

fd)=f@+®B-a)f (a)+/2) xb- a)zf" (¢). [Delhi Maths (H), 2005, 08]
Solution. Define a function ¢ on [a, b] as follows :

O =S (B)~f(x) (b-x)[" ()~ (b-x)4, (D)
where 4 is a constant to be determined by 0 (a) = ¢ (b) (2
Le., fb)y—f@-Gb-a)f (a—(b-a)’A=0
Le., fb)y=f@) +(b-a)f (a)+(b-a) A. .3

Since /' is continuous on [a, b], so fis also continuous on [a, b]. Also (b — x), (b — x)2 are
continuous on [a, b]. Then by (1), ¢ is continuous on [a, b]. Similarly, ¢ is derivable on ]a, bl[.
Further ¢ (a) = ¢ (b), by (2).

Thus o satisfies the conditions of Rolle’s theorem and so there exists some point ¢ € Ja, b[

such that ¢’ (¢) = 0. (4
From (1), @) === @)+b-x)f" ()} +2(b-x)4

or VX)) =—0b-x)f"x)+2 (b -x)A. ..(5)
O )=0 = —-(b-o)f")+2MbB-c)A4=0
Thus, A=0/2)xf"(c), sincea<c<b = b-c=#0.

Substituting this value of 4 in (3), the result is proved.

Example 14. If a function f is such that f'is continuous on [a, b] and derivable in [a, b], show
that there exists a real number 0, 0 < 0 < 1, such that

F® = @+ 6-a) f @)+ ) £7 a4 0 (b—a))

Hint : Take c =a + 6 (b — a) and do as in example 13.
Example 15. If f" be continuous on [a, b] and derivable on \a, b, then prove that

- @=L ot @ o0 = - C=0 )

for some number d between a and b.
Solution. Define a function g on [a, b] as follows :

g®) = L= f(@-1/2)x(x=a) {f" @+ [ ()} +A(x—a)’, (D
where A4 is constant to be suitably chosen.

Since /" is continuous on [a, b], it follows that f'and /' are continuous on [a, b]. Hence g (x)
given by (1) is continuous on [a, b] and derivable on [a, b]. If 4 is so chosen that g (a) = g (b),
then g (x) satisfies all the conditions of Rolle’s theorem in [a, b]. Accordingly, there exists a
number ¢ € Ja, b[ such that g’ (¢) = 0.

From (1), g'(x) = f'(x)=(1/2)x {f" (@) + ' (x)} = (1/2) x (x —a) f" (x) + 34 (x — a)”
= g () = [ (-2 x {f" (@) + [ (©)} —(1/2)x (c—a) f" (¢c) + 34 (c—a)
g (©)=0= (1/2)x{f' ()= f (@)}~ (1/2)x (c—a) f" (¢) +34(c—a)? =0...(2)

By hypothesis g (a) = g (b) and g (a) = 0, by (1). So, we must have g (b) = 0
Putting x = b in (1) and noting that g (b) = 0, we get
S )= f@-1/2)x(b-a){f @+ f )} +4(b-a) =0 E))

Now, define a function % on [a, c] as follows :

h(x)=0Q/2)x{f"(x)-f"(@}-1/2)yx(x—a) f" (x)+34 ()c—a)2 ...(4)
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Here & is continuous on [a, c] and derivable on Ja, c[. Again & (¢) = 0 and % (a) = 0 by (2)
and (4). So & (a) = h (c). Hence 4 satisfies all the conditions of Rolle’s theorem in [a, c] and so
there exists a number d € ]a, c[ such that #' (d) = 0.

From (4), A (x) = 1/2)x f" (x)=(1/2)x(x—a) f" (x)—(1/2)x f" (x) + 64 (x —a)
Putting x = d and using the fact that /' (d) = 0, we get
0=0/2)xf"(d)-QA/2)x(d—-a) f"(d)—(1/2)x f" (d)+6A4(d —a)
or 64(d—-a)={/2)x(d-a)f"(d) or A= {/12)x f" (d),asd # a
Substituting this value of 4 in (3), we have

f(b)—f(a)—%(b—a) U@+ ()} = —é(b—aff'”(d).

Example 16. 4 function f'is such that its second derivative is continuous on [a, a + h] and
derivable on la, a + h[, show that there exists a number 0 between 0 and 1 such that

3
f(a +h)—f(a)—§h{f'(a)+f'(a +h)} = —%f”'(a+9h).

Hint : Take b=a + h, h=b—a and d = a + 0h € Ja, a + h[ in example 15 to get the
required result.

EXERCISES

1. Apply Rolle’s theorem to show that tangent to the graph of the function f'(x) = 1/ (x2 +1)
is parallel to x-axis, at least one point between — 3 and 3. [Delhi Maths (G), 2002]

2. Show that f(x) = x> — x + 1 satisfies the conditions of Rolle’s theorem [0, 1].
(Bangalore, 2004)
3. Verify Rolle’s theorem for f(x) =x (x + 3) e Y2 _3<x<0. (Avadh, 2002)
4. Show that Rolle’s theorem is not applicable to the function f(x) = 1 — (x — 1)2/3 in [0, 2].
[Delhi Maths (G), 1993]

5. Verify Rolle’s theorem for the following functions :
(i) f(x) = (x—a)’ (x— b)* on [a, b] (ii) f(x) = € sin x on [0, 7] [Rajasthan 2010]
(iii) [ (x) =log {(x* + 3)/4x} on[1, 3] (iv) f(x) =x (x — 3)* on [0, 3]
(V) f(x)=¢e *sin x on [0, x] (vi) f(x) =€* (sin x — cos x) on [n/4, 57/4]

6. Examine the validity of the hypotheses and the conclusion of Rolle’s theorem for the
following functions :
(@) f(x) = cos (I/x) on [- 1, 1] (ii) f(x) = tan x on [0, 7]
(iii) f(x) = (x — 2)v/x on [0, 2]
7. Does the function f(x) = | x — 2 | satisfy the conditions of Rolle’s theorem in the
interval [1, 3] ? Justify your answer with correct reasoning.
8. The function f is defined on [0, 1] as follows :
f(x) = 1for0<x<1/2
=2for1/2<x< 1.
Show that f'(x) satisfies none of the conditions of Rolle’s theorem, yet ' (0) = 0 for
many points in [0, 1].
9. If a + b + ¢ = 0, then show that the quadratic equation 3ax” + 2bx + ¢ = 0 has at least
one root in ]0, 1].
10. If a) + a; + ..... + a, = 0, where a, a,, ..... , a, € R, show that the equation
a,+2ax+ ... +(n+1)a, x" = 0 has at least one real root in (0, 1).

2. Verify Rolle’s theorem for the function f(x) = N4 —x? in [-2, 2]
[Delhi B.Sc. (Prog) I1 2011]
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11. By considering the function (x — 4) log x, show that the equation x log x = 4 — x is
satisfied by at least one value of x lying between 1 and 4.
12. Prove that if p (x) is a polynomial, then between any two roots of p (x) = 0 lies a root
of p' (x) = 0.
13. Prove that for any real number £, the polynomial given by f(x) = x>+ x + k has exactly
one real root.
14. Show that x = 0 is the only real root of the equation ¢* = 1 + x.
15. If p (x) is a polynomial and k£ € R, prove that between any two real roots of p (x) =0,
there is a root of p’' (x) + kp (x) = 0.
[Hint. Consider f'(x) = & f(x), x € R. Apply Rolle’s theorem to this new function f'(x)].
16. If £ (x) and g (x) are differentiable on (a, b) and continuous on [a, b] and f(a) = f(b)
= 0, then show that there exists a point ¢ € (a, b) such that /' (¢) + f(c) g’ (c¢) = 0.
[Hint : Consider F (x) = f(x) ¢¢® and apply Rolle’s theorem to F (x)].
sinx sina sinf
17. If f(x)=|cosx cosa cosf |, where 0 < a <fB <m/2
tanx tano tanf

show that /' (¢) = 0 where a < ¢ < B.
18. If f(x), g (x) and 4 (x) have derivatives when a < x </, show that there is a value of

fla) gla) h(a)

¢ in Ja, b[ such that S g®) k) |_ 0 (Garhwal, 1998;
' ' ' Delhi Maths (G) 2006
I Y R () Kanpur 2010)

Sla) g(a) h(a)

Hint : Consider F(x)y=| f(b) g®) h()

fx) g h(x)
and apply Rolle’s theorem to F (x) on [a, b].

19. Let fand g be two functions defined and continuous on [a, b] and derivable on ]a, b[.
Show that there exists some ¢ € ]a, b[ such that

fla) )| f@ f'()
= (b-a) )
ga) g0 g(a) g (o
Hint : Consider F(x) = S@ S - (x—aj S SO
ga) g(x) b-a)| g(a) g()

and apply Rolle’s theorem to F (x) on [a, b].
20. If the functions f, g, h are continuous on [a, b] and twice differentiable on ]a, b[, prove
that there exist &, € [a, b] such that

fa) f(b) f(o . S f©E f"m
ga) gb) glo|= 3 (b-c)(c—-a)(a—b)| g(a) g'(§) g"(M)
h(a) h(b) h(c) h(a) h (&) h"(n)
Hint : Consider the function F defined as follows :
fa) ) f(x) (- a) (x - b) f(a) f(b) f(c)
F(x)=|g(a) g(b) g(x) T e—a)(c—b) ga) gb) gl
h(a) h(b) h(x) h(a) h(b) h(c)

Now apply Rolle’s theorem to F (x).
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21. If /" and g’ are continuous and differentiable on [a, b], show that fora < c < b
SO -f@=-b-a) f(a _f"()
gb)-g@-b-a)(g (@ g"()

Hint : Consider F (x) =f(x)—(b—x)f' (x)+ 4 {g (x) + (b —x) g’ (x)} and apply Rolle’s
theorem to F (x) with the assumption that A satisfies F (a) = F (b).
22. Assuming that " (x) exists for all x in [a, b], show that

@ e=h 7 ©) =0,

[Delhi B.Sc. (H), 1991]

FO- @55 1) <=
-a b-a
where ¢ and § both lie in [a, b].

23. If /', g’ are continuous on [a — 4, a + h] and derivable on ]a — A, a + k[, then prove that
fla+th)-2f(@+f@-h _ /")
gla+h)-2g(a)+g(a-h) g"(d)

for some d € la — h, a + h[, provided g (@ + h) — 2g (a) + g(a—h) # 0 and g" () # 0
for each t € Jla — h, a + h[.

ANSWERS
2. Yes; c=1/2 3.Yes; c=-2
4. Not applicable as f'(x) is not differentiable at x = 1 € 0, 2[
5. (i) Yes (i) Yes (iii) Yes, ¢ = NE) () Yes,c=1 (v) Yes,c=mn/4 (vi) Yes,c=T
6. (i) No, as f(x) is discontinuous at x =0 € ]- 1, 1]
(i) No, as f(x) is discontinuous at x = /2 € 10, «] (iii) Yes, c=2/3
7. No, as f(x) is not derivable at x =2 € ]1, 3[

10.4. LAGRANGE’S MEAN VALUE THEOREM OR FIRST MEAN VALUE

THEOREM [DELHI B.Sc. (Prog) I, 2011]
If a function f with domain [a, b] is such that it is
(i) continuous in the closed interval [a, b], (it) derivable in the open interval la, b,
S b)-f(a)

then there exists ¢ € la, b[ such that b = f'(c).

-a
[Agra, 2007, 09, 105 Delhi Maths (H), 2002, 08; Delhi Maths (Prog), 2007; Garhwal, 2001;
Gorakhpur, 1996; Kakatiya, 2003; Kanpur, 2001, 04, 05, 07, 08, 09; 10,11; Kumaon, 1999,
2001, 03; Manipur, 2000; Meerut, 2000, 01, 09; Patna, 2003; Purvanchal, 2006; Utkal, 2003]

Proof. We consider a function ¢ defined as follows :

¢ (x) =f(x) + 4,

where A4 is such that 0 (a) = ¢ (b)
This requires f(a)+Aa=f(b)+ A4b
= A==[f(b)—f(@)(b— a) (D)

Now ¢ is (7) continuous in the closed interval [a, b] (if) derivable in the open interval ]a, b,
and (iii) ¢ (a) = ¢ (b) and as such, by the Rolle’s theorem, there exists ¢ € Ja, b[ such that

¢ ()=0
Also O @) = (x)+4
= 0=¢ ()=, ()+4 = A=—f"(c) Q)
From (1) and (2), Lf(O)—f(@)(b—a)=f"(c).

* Lagrange (1736-1813) was a French Mathematician.
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ANOTHER FORM OF LAGRANGE’S MEAN VALUE THEOREM
If a function f defined in [a, a + h] is such that

() fis continuous in [a, a + h] (ii) fis derivable in la, a + h[
Then there exists some 0 € 0, I[ such that
fla+h)—f(a)=hf"(a+06h) [Delhi Maths (H), 2003]

Proof. Take b=a + hand ¢ € Ja, a + h[ as ¢ = a + 0h, where 0 < 0 < 1.

GEOMETRICAL INTERPRETATION OF THE MEAN VALUE THEOREM
[Delhi Maths (G), 2002; Garhwal, 2001; Kanpur, 2001; Kumaon, 1999;
Meerut, 2001, 02; Purvanchal 2008]

Let A and B be the points on the graph of the function y = f'(x) corresponding to x = a and
x = b respectively. Then the coordinates of 4 and B are (a, f(a)) and (b, f (b)) respectively.

Now, the slope of chord 4B = [ f(b) — f(a)]/(b — a).

Since f(x) is continuous on [a, b] and differentiable on ]a, b[, figures show that there is at

least one point between 4 and B the tangent at which is parallel to the chord 4B.
Ya

AY
P, B

[b, £ (b)]

-

_ B
—===7 T b, £ (b))

1 1
1 1
1 1

o 1
1 I
I I
1 I
1 I
1 1
1 1
1 1
1 1

[
»

0 a c1 Co b X
If ‘¢’ be the abscissa of P, then slope of tangent at P is f'(c). Since chord AB is parallel to
the tangent at P, we have

[
»

o fFm——_—————

Q
o
b

LA (D) =F (@)(b—a)=f"(c).
Thus, interpreted geometrically, Lagrange’s mean value theorem says that the tangent to the
graph y = f(x) at some suitable point between a and b is parallel to the chord joining the points
on the graph with abscissae a and b.

10.5. INCREASING & DECREASING FUNCTIONS. MONOTONE FUNCTIONS

Increasing function. Definition. A function f defined on an interval I is said to be increasing

in I'if f(x)) < f(x,) whenever x|, x, € I and x| < x,. Refer figure (i).
Strictly increasing function. Definition. A function f defined on an interval I is said to
be strictly increasing in I if f(x,) < f, (x,) whenever x,, x, € I and x| < x,. Refer figure (ii).
Ya Ya

» »
»

0 ¢ b X @) b X
Fig. (i) : Increasing function Fig. (if) : Strictly increasing function

QpF==——

Decreasing function. Definition. A function f defined on an interval I is said to be decreasing
in Liff(x,) 2 f(x,) whenever x,, x, € I and x, < x,. Refer figure (iii).
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Strictly decreasing function. Definition. 4 function f defined on an interval I is said to be
strictly decreasing in I if f (x|) > f (x,) whenever x|, x, € I and x, < x,. Refer figure (iv).
YA YA

[
/

»
» »

0O a b x 0 b x
Fig. (#ii) : Decreasing function Fig. (iv) : Strictly decreasing function

»

I
I
I
I
I
I
a

Monotone function. Definition. A function is known as monotone in an interval [ if it is either
increasing in / or decreasing in /.

Strictly monotone function. Definition. A function is known as strictly monotone in an
interval [ if it is either strictly increasing or strictly decreasing in /.

10.6. SOME USEFUL DEDUCTIONS FROM THE MEAN VALUE THEOREM

Theorem 1. If fis defined and continuous on [a, b] and is derivable on la, b[, and if f' (x) =0
for all x in la, b[, then f(x) has a constant value throughout [a, b].
[Delhi B.Sc. I (Hons) 2008]
Proof. Let ¢ be any point of |a, b[. Then f'is continuous on [a, ¢] and derivable on ]a, c[.
Since f'satisfies all the conditions of Lagrange’s mean value theorem on [a, c], it follows that there
exists a real number d between a and ¢ such that
f@)=fla)=(c-a) ' (d) (D)
But by hypothesis f'(x) = 0 [ x € Ja, b[. Hence f'(d) = 0 and so (1) reduces to
f(©)—f(a)=0orf(c)=f(a). Since c is an arbitrary point of |a, b[, it now follows that /(x) =/ (a)
[ x € [a, b]. Therefore f(x) has a constant value throughout [a, b].
Theorem I1. If /' (x) and g (x) are both defined and continuous on [a, b], and are derivable
onla, b[, and if f' (x) =g (x) [ x € Ja, b[, then f(x) and g (x) differ by a constant on |[a, b].
Proof. Consider the function X)) =f(x)—gx) [x € [a, b] (D)

Since f'(x) and g (x) are defined and continuous on [a, b], it follows that ¢ (x) is also defined
and continuous on [a, b|. Again, since f(x) and g (x) are derivable ]a, b[, it follows that ¢ (x)
is also derivable on Ja, b[.

Again, by (1) o) =7 -g K -(2)
By hypothesis ffx)=g x) [x € la, b ..(3)
From (2) and (3), we see that VX)) =0 [x € ]a, b[.

Hence from theorem I, we must have
¢ (x) = constant [ x € [a, b]
= f(x) — g(x) =constant [ x € [a, b], using (1)
Thus f(x) and g (x) differ by a constant on [a, b].
Theorem II1. If fis continuous on [a, b, and ' (x) > 0 in la, D[, then f'is increasing in [a, b].
Proof. Let x, and x, be any two distinct points of [a, b] such that x, < x,. Then

[x,, x,] < [a, b] and f satisfies all the conditions of Lagrange’s mean value theorem in [x,, x,].
Hence there exists a number ¢ such that x; < ¢ <x, and

) =f(x)) = 0y = x)) 1" (). (1)
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Now, X, <x, = x,—x,>0 -(2)
Also, S'x)20 [xela,b[ and x <c<x, = f'(c)20 .(3)
Using 2)and 3), (1) = f(x) ~ /()20 = f(x) <f(xy)
Thus X, <x, = f(x)<f(xy) [x,x, €[a,b]

Hence f'is an increasing function in [a, b].

Theorem IV. If f is continuous on [a, b] and f' (x) > 0 in la, b[, then f'is strictly increasing
in [a, b].

Proof. Let x, and x, be any two distinct points of [a, b] such that x, < x,. Then
[x,, x,] < [a, b] and f satisfies all the conditions of Lagrange’s mean value theorem in [x,, x,].
Hence there exists a number ¢ such that x; < ¢ < x, and

) = fx)) = (xy — xp) [ () (1)
Now, X, <x, = x,—x,>0 ..(2)
Also, f'x)>0 [xela b and x <c<x, = f'(c)>0 ..(3)
Using (2) and (3), (1) = f(x,) —f(x) >0 = f(x) < [f(x,).
Thus X, <x, = flx)<f@x) [x,x, €la bl

Hence f'is a strictly increasing function.

Theorem V. If f is continuous on [a, b] and f' (x) < 0 in Ja, b[, then f is decreasing
in [a, b].

Proof. Proceed as in theorem III yourself.

Theorem VL. If f is continuous on [a, b] and [’ (x) < 0 in la, b[, then fis strictly decreasing
in [a, b].

Proof. Proceed as in theorem IV yourself.

Theorem VIL If f' exists and is bounded on some interval I, then f'is uniformly continuous
on I.

Proof. Since /' is bounded in the interval I, there exists a £ > 0 such that

[ ff) | <k [xel (D)

Let x, and x, be any two distinct points of / such that x;, < x,. Then [x,, x,] < I and f
satisfies all the conditions of Lagrange’s mean value theorem in [x,, x,]. Hence there exists a
number ¢ such that x; < ¢ < x, and

S 0e) = f(xy)

S (o) = -(2)
Xy =X
Then, from (1) and (2), ‘ EACYRrACY
Xy =X
= 1) —fp I <klx,—x | [x,x,€l ..(2)

Let € > 0 be given. Then we can choose o = &/k.
Let x,, x, € I such that | x, — x, | < 8. Then (3) gives
| f(xy) = f(x)) | < kb <e as d=c¢lk

Thus, [x, —x, <8 = |f(xy) —fx)|<e [x,x,€l
Hence f is uniformly continuous on /.
EXAMPLES

Example 1. Find the value of ¢ of Lagrange’s mean value theorem when
F)=2x"+3x+4in[l, 2] (Kanpur, 2002)
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Solution. Here f'(x) = 23 +3x+4 being a polynomial in x is continuous in the closed interval
[1,2].

Again, ' (x) = 4x + 3. Since /"' (x) is always unique and definite for [ x € ]1, 2[. Hence f(x)
is derivable in |1, 2[.

Thus f(x) satisfies conditions of Lagrange’s mean value theorem and so there must exist ¢
€ |1, 2[ such that

f(22)—{(1) - 10 _ f(b;—f(a) 10
_ -a
or w=4c+3 so that c=é.

2-1 2

Since ¢ € |1, 2[, so required value of ¢ = 3/2.
Example 2. Verify Lagrange’s Mean Value Theorem for the function
f@=x&x-1)x-2)in[0, 1/12]. (Agra 2009; Kumaon, 1999; Rohilkhand, 1996)
Solution. Since f'is a polynomial, f'is continuous in [0, 1/2] and derivable in ]0, 1/2[. Thus,
there exists ¢ € ]0, 1/2[ such that

S(1/2)- 10

-0 f'(c). (D)
Now ff)=x-DE-2)+x(x-1)+xx-2)
or £ (x) =3x" — 6x + 2. Now f(0)=0, £(1/2) = 3/8.
From (1), 3/8 = (1/2) x (3¢° — 6¢ +2)
or 12¢> =24c+5=0 or c=(6++21)/6

Out of these two values of ¢ only 1 — (\/_2_1 / 6) liesin ]0, 1/2[. Hence we get ¢ = 1— (\/i/ 6)
and the theorem is verified.

Example 3. Test if Lagrange'’s Mean Value Theorem holds for the function f(x) = | x | in
the interval [— 1, 1. (Kanpur 2010; Meerut, 2001)

Solution. Here f'(x) =| x| is not differentiable at x = 0. Prove this for complete solution. Hence
f(x) is not differentiable in |- I, 1[ and so Lagrange’s mean value theorem does not hold for f'(x)

=|x|in [~ 1, 1].
Example 4. Prove that if f be defined for all x such that | f(x) —f(y) | < (x — y)2 for all x
and y, then f'is constant. [Delhi Maths (H), 2002, 03]
Solution. Given [ f)—f(») | <x- y)2 [x,y e R (D
Let ¢ be any real number. Then, for x # ¢, (1) gives
% <|x-c| . (2)

Let € > 0 be given. Then, we choose & = € and then (2) gives

‘ M—O < ¢ whenever | x —c| < §
x-c
= fim LSO f(c)=0 ..(3)
xX—c X—=C
Since ¢ is any point of R, (3) shows that ffx)=0 [xeR.

Hence by theorem I of Art. 10.6, f is constant.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Example 5. Let f be defined and continuous on [a — h, a + h] and derivable on
la — h, a + h[. Prove that there is real number 0 between 0 and 1 for which

fla+h)—2f(@) +fa—h)y=h[f (a+0h) —f (a—0h)
[Delhi B.Sc. (G), 2001; Delhi Maths (H), 2004

Solution. Consider o (x)=f(a+ hx) + f(a— hx) on [0, 1].
Then, (i) ¢ is continuous in [0, 1], (if) ¢ is derivable in ]0, 1[. So by Lagrange’s mean value
theorem,

%ﬂ))(()) = ¢’ (0) for some 0 €10, I[

or d()—¢(0) = ¢'(0), if 0<0<1
or [f@a+h)+f(a—h]-[f@+f@]=h[f (a+0h)—f (a-0h)],if0<0< L.
Hence,  f(a+h) —2f@) +f(@a—h) =h[f (a+06h) —f (a—0Oh)] if0<0< L.

V—u 1 V=

Example 6. Show that > < tan'v—tan ' u < — > if 0<u<v,
I1+v I1+u
T 3 14 n 1 /
and deduce that 7 + 2 < tan 3 < 7 + pl [Delhi Math (G) 2006; Nagpur 2010]

Solution. Applying Lagrange’s mean value theorem to the function
f(x) =tan" 'y in [u, v], we obtain

M=f’ (c) for some ¢ €Ju, V[
v—u
tan"'v—tan ' u 1
or = 5 for u < c <. ..
v—u 1+c¢
Now c>u = 1+c¢? >1+u?> = 1/(1+c?) <1/(1+u?) ..(2)
Again c<v = 1+t <1+v? = 1/(1+c2)>1/(1+v2) ...(3)

From (1), (2), (3), we obtain

1 tan"'v—tan" ' u 1
< <

1+v? V—u 1+u

2
v=u _ - v—u
2<'[anlv—tanlu<—asu<v = v-u>0 ..(4)

Hence, e
+u

1+v
Taking # = 1 and v = 4/3 in (4), we obtain

3 _14 -1 1 3 _14 T 1

— <tan ——tan 1< — or — <tan ——— < —

25 3 6 25 3 4 6
_14 Y 1
Hence, —+—<tan —<—+-—.
4 25 3 4 6

Example 7. Evaluate the value of O that appears in Lagrange'’s mean value theorem for
the function XX —2x+3 given that a = 1 and b = 1/2.

Solution. Here fx) = x>~ 2x+3 so that ffx)=2x-2 (D)

Since f'is a polynomial, f satisfies the conditions of Lagrange’s mean value theorem and
so there exist 0, 0 < 0 < 1, satisfying

fla+h)y—f(a) =hf' (a+06h)
or fA+12)—f1) =12)xf"(1+06/2),asa=1and h=1/2
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or (312 =2 x(3/2) +3—(1 -2 +3)=(1/2) x {2 (1 + 6/2) — 2}, by (1)
or (9/4)-2=0/2 sothat 06 =1/2.
Example 8. Using Lagrange’s mean value theorem, show that
Y <log(I+x)<x, x> 0. [Delhi Maths (G), 1992)
X
Solution. Let f(x) = log (1 + x) in [0, x], so that f'(x) = 1/(1+ x). (D

Since f'is continuous in [0, x] and derivable in ]0, x[, so by Lagrange’s mean value theorem,
there exists some 0, 0 < 6 < 1 such that

SO =LO) o
x-=0
or log (1+ x) = x/(1+ 6x), using (1) ..(2)
Now 0<O<landx>0 = Ox<ux

= 1+6x < 1+x = 1/(1+6x) > 1/(1+x)

X X X X

> = < . ..(3)
I+6x 1+x I+x 1+6x
Again 0<B<landx>0 = 1 <1+ 6x
= <1l = *<x ...(4)
1+ 6x 1+ 0x
From (3) and (4)
x x
...(5)

<
l+x  1+06x
From (2) and (5), we obtain x/(1+x) <log(1+x) < x.
Example 9. Applying Lagranges mean value theorem to the function defined by
fx)=log (I +x) for all x > 0,
show that 0 < [log (I +x)] V' x ! whenever x > 0.
[Delhi Maths (H), 2000; Delhi Maths (G), 2000]
Solution. First proceed like Example 8 to obtain
1+ x 1
> > —
X log(l+x) x
-1 1.y
log(1+x) «x
Hence, 0 < [log (1 + x)]f1 —x <1, x>0

o< log(l+x) <x =
x

Example 10. Use the mean value theorem to prove <tan ' x < x, if x>0.

1+ x?

(Bundelkhand, 1994; Kanpur, 1996; Kakatiya, 1992)
Solution. Let f(x) =tan” ' x in [0, x].
Then f satisfies the conditions of Lagrange’s mean value theorem in [0, x]. Consequently,
there exists some 0 satisfying 0 < 0 < 1 such that

S-S O g . ) =

x-0 1+x?

and f(0) =0



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

or tan"! x = x/(1+62x2) ..(D
Now 0<B<landx>0 = 2% <x® =1+ <1 +x°
x x x x
= > = < ...(2)
1+607%x? 1+ x? 1+ x? 1+607%x>
Again 0<B<landx>0 = 1<1+6%
1 x
= ——— <1 > —— < «x. ...(3)
1+0%x7 1+0%x7
From (2) and (3), we obtain al 5 < x2 > <x x>0 ..(4)
1+ x 1+6°x
From (1) and (4), we obtain x/(1+ xz) <tan 'x<x x>0

Example 11. If /" (x) > 0 for all x € R, then show that
1 1
f [3 (x; + xz)} < 3 U x)+f(xy)}.  [Delhi Maths (H), 1998, 2000, 01]

. Solu;ion. If x, = x,, then the given relation becomes equality /(x| ) = f (x,) and hence the result
is proved.

Now, let x; # x, and let us assume that x, < x,.

Since /" (x) is exists [ x € R, it follows that f satisfies the conditions of Lagrange’s mean
value theorem in each of the intervals [x, (x; +x,)/2] and [(x, + x,)/2, x,]. Hence there exist
numbers ¢, and ¢, such that

S +xy)/2]= f(x) = [%(xl +x2)—xl}f'(cl), X <¢ < %(x1 +x,)

1 1
and f(xz)—f[(x1+x2)/2]=[x2—5(x1+x2)}f'(cz), E(x1+x2) <e <X,
On subtracting the corresponding sides of the above equations, we get

211, +xD2] = £~ f () = [0y~ x)2] [ (e) — £ ()] (1)
Since /" exists [ x € R, it follows that /' satisfies the conditions of Lagrange’s mean value
theorem in the interval [¢|, ¢,] and hence there exists a number d such that

S'() = f"(c)) =(c, —¢)) f"(d), when d € ]c,, ¢,[. ..(2)
Since ¢, — ¢, > 0 and /" (d) > 0, hence (2) reduces to

SUe) 1) >0 or fie) -~ (ey) <0 -3
Again, since X, <x, = (x,—x)2>0 ..(4)

Using (3) and (4), (1) reduces to

2110y +x,)2] = f(x) = f(x,) <O or SOy +x,) /2] < (1/2) x {f (x)) + f(x,)}.
Example 12. I[fa =— 1, b > 1 and f(x) = 1/| x |, show that the conditions of Lagrange's
mean value theorem are not satisfied by the function fin [a, b] but that the conclusion is true

if and only if b > 1++/2.

Solution. We have [x<0, f(x)=1|x]|=-1/x = f'x)= 1/x%;
and [x>0, f(x)=1|x]|=1/k = f'(x)=-1x%
for x = 0, f'is not derivable.

Thus, the conditions of the Lagrange’s mean value theorem are not satisfied in as much as
fis not derivable at the point ‘0’ of the open interval ]a, b[.
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SO -f@ Vb|-Val| A/b)-1  1-b
b-a b-a b+l b(b+))
As [ (D) — f(a))/(b — a) is negative, it cannot be equal to the derivative of the function f,

for any negative value of x; the derivative being necessarily positive for such values of x. Let,
if possible, there exists ¢ > 0 such that
S @ =1f®) - f(@)]/(b-a).
1- -1 1
This requires L = b = - b = ¢’ = M
2 b+ b+1) b-1

For the conclusion of the theorem to be true, we must have ¢ < b. This requires

Again, forb>1landa = -1

b6+ <b = b>1+42.
b—-1
EXERCISES
1. Verify Lagrange'’s mean value theorem for the following functions in the specified
intervals :

() f()=22" = Tx+10in 2, 5] (Meerut, 2003)

(ii) f(x)=+/x> -4 in[2,4] [Delhi Maths (G), 1994]
(i) f(x)=x*—2x+3in[-2,2] (Kanpur, 2003)

(i) f(x) =cos x in [0, /2] (Kakatiya, 2003)

(v) f(x)=xsin x in [0, /2] (Meerut, 2004)

i) f(x)=1/xin[1, 4]
(vii) f(x) =x", (n being a positive integer) in [~ 1, 1]
(viii) f(x)=log x in [1, €] (Kanpur, 2003; Manipur, 2002)
(x) f(x)= x> in [a, b] (Kanpur, 2001)
2. Examine the validity of the hypotheses and the conclusion of Lagrange’s mean value
theorem for the following functions in the specified intervals :

() f(x)=1xin[1,1] (i) f()=x"in[-1,1]
(i)) f(x)=1++"in[-8,1]
() f(x)=xsin(1/x)in [- 1, 1]; f(0) = 0. (Rohilkhand, 1993)
3. Find ‘¢’ of Lagranges mean value theorem of the following functions in the specified
intervals :
@ fx)=x-1)(x-=2)(x—-3)in [0, 4] (Meerut 2010; Gorakhpur, 2001)
(i) f(x)=Ix*+mx+nin [a, b]
(@ii) f(x)=logx in[1, e] (Gorakhpur, 1992)
@) fx)=¢€"in[0, 1] (Kanpur, 1994)
0) fx)=x*—2x+3in[-2,2] (Kanpur, 2003)
V)fx)=x(x—-1)in[1, 2] (Agra 2007, 10)

4. Prove that (§) [sinx —siny |<|x—y]| ¥ x,» € R [DelhiB.Se. I (H) 2010, 11]
(i) [tan ' x —tan 'y |<|x—y]| v x, » € R [Delhi Maths (G), 1998]

5. Verify that on the curve y = px2 + gx + r (p, q, r being real numbers, p # 0), the chord
joining the points for which x = a, x = b is parallel to the tangent at the point given by
x = (a+ b)/2.
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6. Find the number (numbers) 0 that appears in the conclusion of Lagrange’s mean value
theorem for the following functions for the specified values of a and h :
@ fx) =x>a=1h=1/2 (@) f(x)=log,x;a=1,h=1/10
(@) f(x)=log,x;a=1,h=1le
7. Prove that for any quadratic px + gx + r, the value of 0 in Lagrange’s theorem is always
1/2, whatever p, g, r, h may be.
8. Let f'be defined and continuous in [a — &, a + &] and derivable in |a — h, a + h[. Prove
that there is a real number 6 between 0 and 1 such that
fla+h)y—fa-h=n[f"(a+06h)+f"(a—0h)). [Delhi Maths (G), 1995]
9. Use Lagrange’s mean value theorem to prove that (i) 1 + x < e <1 +xe" [ x > 0.

@) e >1+x, x>0 [Delhi B.Sc. I (Hons) 2010]

10. Show that the function /' if it exists in an interval, cannot have an ordinary or removable
discontinuity in that interval.

11. A twice differentiable function f'on [a, b] is such that f'(a) = f(b) = 0 and f(¢) > 0 for a
< ¢ < b. Prove that there is at least one value £ between a-and b for which /" (§) < 0.

12. If £(0) = 0 and /" (x) exists on [0, o[, show that

rw- ol r@acecn

and deduce that if /" (x) is posmve for positive values of x, then f (x)/x strictly increases
in ]0, oof. [Delhi Maths (H), 1995]
13. If /" be defined on [a, b] and if | /" (x) | £ M for all x in [a, b], then prove that

FO) - f@=5 b-a) (@) s 1 B} | < 5 (b= M.
fo-r@ _10-10

-a b-c
prove that there exists some & € ]a, b[ such that /" (§) = 0. [Delhi maths (H) 2007)
15. Use the mean value theorem to show that

(@) J1+x<l+x/2,if —-1<x<0 or x>0

14. If /" (x) exists [ x € [a, b] and , Where ¢ € Ja, b[, then

@) 1+—F—= 1+x<1+ -l1<x<0
\/__ <4

(i) " (x—a)<e —e'<e (x—a),ifa<x
16. Examine the validity of the (7) hypothesis, and (ii) conclusion of the Lagrange’s mean
value theorem in the cases
(@) f(x)= 1/, (b) f(x) =x"3, for the interval [ 1, 1].
17. Applying Lagrange’s mean value theorem in turn to the functions log x and e*, determine
the corresponding values of 0 in terms of a and 4. Deduce that

() O<[log(1+x) ' —x <1 (i) 0<x 'log[(e"— 1)x] < 1.
[Delhi Maths (H) 2007]
ANSWERS
3. () 2+243/2 (i) (a+b)2 (iye—1 () log (e—1) ) 312

6. () O1/3)'* =5 (i) [log, (1-D] '~ 10 (iii) [log (1 + 1/e)] ! -
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10.7. INCREASING AND DECREASING FUNCTIONS AND THEIR APPLI-
CATION IN ESTABLISHING SOME INEQUALITIES

Reader is advised to study Art. 10.5 and theorems III, IV, V and VI of Art. 10.6 carefully. For
ready reference, we now present some useful results in the following table :

S. No. Value of f' (x) in [a, b] Nature of fin [a, b]
L. fx)=0 fis increasing
2. fx)>0 [ is strictly increasing
3. f(x)<0 fis decreasing
4. fx)<0 fis strictly decreasing
EXAMPLES

Example 1. Separate the intervals in which the function
fG)=20 - 15x* +36x -7 [xeR

is increasing or decreasing. [Delhi Maths (G), 2003]
Solution. Here Fx)=2x" = 15x% + 36x~ 7
From (1), Fr()=6x"—30x+36=6 (X—5x+6)=6(x—2) (x—3)
We observe that
f' (x) > 0, whenever x < 2, f'(x)=0, when x = 2,
/' (x) <0, whenever 2 < x < 3, f' (x) =0, when x = 3,
and f'(x)>0, when x > 3.

Since f' (x) > 0 in each of the intervals |- o, 2[ and ]3, oo and since f is continuous
everywhere, it follows that f is strictly increasing in both the intervals |- oo, 2] and [3, oof.

Again, since /' (x) <0 in ]1, 3[ and since fis continuous in [1, 3], it follows that f'is strictly
decreasing in [1, 3].

Example 2. Show that X = 3xF+ 3x+ 2is monotonically increasing in every interval.

Solution. Let fx) = X3+ 3042 (D)
From (1), Fi)y =32 —6x+3=3(x-1>~
Thus, f'(x)=0whenx=1 and f'(x)> 0 when x = 1.

Let ¢ be any real number less than 1. Since /' (x) > 0 in ]¢, 1[ and since f is continuous
in [c, 1] it follows that f is increasing in [c, 1].
Again, let d be any real number greater than 1. Since /' (x) > 0 in ]1, d[ and f'is continuous
in [1, d], it follows that f increasing in [1, d].
Combining the above two results, we see that f is increasing in every interval.
Example 3. Show that
2 2

X X
a) x——<log(l+x) < x————, x>0
(a) 5 g (1 +x) XV [Agra 2005]
[Meerut 2005; 1.A.S., 2004; Delhi B.Sc. (G), 1996; Delhi Maths (G). 2002]
2 2
(b) < x—log(1+x) < x_’ x > 0. [Delhi Physics (H), 1999]
2(1+x) 2
x? x?
(00 —<x—-log(l+x)<———,-1<x<0. [Delhi, Maths (H), 2005]
2 2(x+1)
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Solution. (a) Let f(x)=log(1+x)—(x—x>/2); x>0
1 2
f(x)=——-1+x = > 0. (s x>0
1+x 1+x
= f(x) is an increasing function of x, for x > 0 (1)

= f(x)>f0),forx>0 = f(x)>0,as f(0)=0
= 10g(1+x)—(x—x2/2)>0,f0rx>0

x—x2/2<10g(1+x),x>0 ...(2)
2
x
Let =x—————log(l+x), x>0 ...(3
e gx) =x 20 og(l+x), x 3)
1]2x+x? 1 2
g (x)=1-— x+x2 - = al 55 >0asx>0
2 |(1+x) I+x  2(1+x%)

= g (x) is an increasing function, for x > 0
=gx)>g0),forx>0 = g(x)>0asg(0)=0,by(3)

2
x— —log (1+x) > 0, for x > 0, using (3)
2(1+x)
2
log(1+x) < x— , & >0 ..(4
og(1+x) < x 20+ or x 4
2 2

Hence, from (2) and (4), x —% <log(l+x) <x-— , for x > 0.

X
2(1+x)
(b) By part (a), we have
x2 2 2 2
—x+— > —-log(l+x) > ————x, x>0 or — > x—log(l+x) >
2 e+0> 507 2 g+

2 2
< x—log(1+x) <x7, x>0,

al , x>0
2(1+x)

X
2(1+x)
(c) Left as an exercise for the reader.

Hence,

tan x

Example 4. Prove that >

X Sin x

[Delhi Maths (H), 1999, 2002; Delhi Maths (G), 1991; Delhi Maths (G), 1992]

: 2
. tan x X tan x sin x — x
Solution. We have, - =

X sin x X sin x

T
, Whenever 0 < x < R [L.A.S. 2008]

Since x sin x > 0 for all x in 0, n/2[, therefore, in order to prove the inequality we must prove
that tan x sin x — x> > 0, [xe]0, n/2[.

Let ¢ be any real number in ]0, m/2].

Let f(x):tanxsinx—x2 [ x € [0, c].

Then f'is continuous as well as derivable in [0, c].

Now, fx)= sec’ x sin x + tan x cos x — 2x = sin x (sec2 x+1)—2x.

Let g (x) =f'"(x) forallxin [0, c].

Clearly, function g is continuous as well as derivable on [0, c].
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Now, g (x) = cos x (sec2 x+ 1) +sin x-2 sec’ x tan x — 2

= (ysec x — y[cos x)? +2 sin? x sec’ x.

Since g’ (x) > 0 for all x € |0, c[ = g is strictly increasing in [0, ¢] = g (x) > g (0), whenever
0 <x < c. Since g (0) =0, this means that g (x) > 0, whenever 0 < x < ¢ = f' (x) > 0, whenever
0 < x < ¢ = fis strictly increasing in [0, ¢c] = f(c¢) > f(0) =0 = f(c) > 0
= tancsinc—c¢? >0 Vcel0, n/2[

tan ¢ c

c sin ¢

>0 Vecelo n/2.

Since ¢ is any point of ]0, m/2[, it follows that

tan x X T
> ——, whenever 0 < x < —.
2 sin x 2
Example 5. Prove that x < sin”' x < % if 0<x <1. [Delhi Maths (G), 2006]
1-x
Solution. Let f(x) =sin" Tx—x0<x<1

L J=qf1 = x2
\/1—x2

1 —
\/1—x2
= ffx)>0,for0<x<1 = [ 1s strictly increasing in 0 < x < 1
= f(x)>f(0),for0<x<1 = f(x)>0,for 0 <x<1.
=

S (x) =

-1

= sinflx—x>0,for0<x<1 sinn  x>ux, for0<x<1

Thus, x<sin 'x, for0<x<1. (D
X .
Let g(x) = 2—s1n x, 0 <x <1
1-x
() 241 x? 1 1 1 x?
g X)= — = — =
(1—x2) 1-x? (l—)cz)ﬂl—x2 ﬂl—x2 (l—x2)3/2
= gx>0,for0<x<1 = g is strictly increasing, for 0 < x < 1
= gx)>g(0),for0<x<1 = gx)>0,for0<x<1
= —sin_1x>0,f0r0<x<l
1-x2
Thus, sin"!x< x/yl-x%, for 0 < x <1 ...(2)
From (1) and (2), x<sinlx<x/yl-x*if 0<x <1

1+ 2
Example 6. If 0 < x < 1, show that 2x < logj Gl 2x£1+§' al 2].
—-X 1—-x

1

)i n+1/2
Deduce that e < (1 +—J < et [Delhi Maths (G), 2003, 04]
n
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-2x,0<x <1 (1)

Solution. Let f(x) = log i’L X
- X

Let ¢ € 10, 1[. Then f'is continuous and derivable in [0, c]. Again, from (1), we have

, l-x (I-x)+(1+x 2 2x?

frog ==X A0y 5 2, 2 Q)
1+x (I-x) 1-x 1-x

From (2), we find that ffx)>0for0<x<c

Hence f'is strictly increasing in [0, c].
In particular, f'(c) > f(0) if ¢ > 0. Also f(0) = 0, by (2).

1+ 1+
Now, [(0)>0 = logy C 2>0,0<c<1 = 2¢ < log “Veel I
-c -c
Since ¢ is any point of |0, 1[, it follows that
1
2x < 1ogﬂ, for 0 <x <1 ...(3)
1-x
1 x? 1+
Let g(x) =2x|1+— al —log al ...(4)
3 1—x2 1—x
1-x%)-3x% +x° 2
From (4), g'(x)=2+g-( )35 Hxm 2 [ 1 + !
3 (1-x%)* l+x 1-x
, 23 -xY) 2 4x*
g (x) =2+ N > = 3 ...(5
3(1—-x7) 1-x 3(1-x7)
From (5), we find that g@>0for0<x<e
Hence fis strictly increasing in [0, ¢]. In particular, g (¢) > g (0) if ¢ > 0. Also g (0) =0,

by (4).

(22

1 1+
Now, g)>0 = 2c[1+§~ 2]—log1 c>0, for 0 <c <1
—-C

l1-c¢

Since ¢ is any point of |0, 1[, it follows that

2

1+

o 14— | tog i S 0, for 0 < x < 1
3 2 1-x

1-—x

2

2

1+ x 1
or log < 2x| 14—
1—-x 3

Jfor 0<x<l ...(6)

1-—x

2

< 2x l+l-x— ,0<x <1 (7
3 -2

Deduction. Since 0 < x < 1, we take x = 1/(2n + 1) in (7) and get

2
1 1
1+
2n +1 2 1 2n+1
< log < 1+—

2n+1 1 2n+1 3 ( 1 Jz

1
From (3) and (6), 2x < log 1+ al

- X

1-
2n+1 n+1
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2 2n+2 2 1 1
or < log < l+——
2n+1 2n 2n+1 3@2n+1)? -1
2 n+1 2 1
or < log < 1+
2n+1 n 2n+1 12n(n+1)
or 1< n+l log 1+l < 1+;
2 n 12n(n+1)
n+1/2 1
or e < (1+—) < e+l
n
EXERCISES

1. Show that the function f, defined on R by f(x) = X +3x2 +3x—8, forall x e R, is
increasing in every interval.
2. Separate the intervals in which the function f defined on R by f(x) = X = 6x? + 9x
+ 1, [ x € R is increasing or decreasing.
3. Determine the intervals in which the function (x4 + 6 + 17x% + 32x + 32) e Tis
increasing or decreasing.
4. Prove that
NX
® 1+x

2 2
(i) x? <x—log(l+x) < 2—(1’6—) if-1<x<0 [Delhi Maths (H), 1997]
+ X
3 x2 x3
<log (1+x) < x ==+ .if x >0 [Delhi Maths (H), 1996]

<log(1+x) < x,if x > -1, x # 0 [1.A.S. 2008; Delhi Maths (H), 2001]

2
(i) x-2 4%
2 3(1+%)

sin x

2 .
@iv) tan x > x, if 0 <x < 7/2 vy — < <1,1f0<x<§

i X
[Kanpur 2011; Delhi Maths (H) 2009; Delhi Maths (G), 2005]
i) log(1+x) > 2x/(1+x),if x>0  (vii)) x—x*/3 <tan ' x, ifx>0

(viii) x —x/6<sinx<x, ifx>0

(ix) log(1+1/x) < 1/4fx* +x,if x > 0 [Delhi Maths (G), 2002]

5. Prove that
(@) Iff' (x) > 0 in ]a, o[, then fis strictly increasing in ]a, oof
(@) If ' (x) 2 0 in ]a, o[, then fis increasing in ]a, oo
(@ii) If f' (x) > 0 in Ja, oo and f'is continuous at a, then fis strictly increasing in [a, ©]
@v) If f' (x) 2 0 in ]Ja, o[ and f'is continuous at a, then f'is increasing in [a, o].
6. Prove that
(@) If f' (x) < 0in Ja, oof, then fis strictly decreasing in Ja, o[
(@) Iff' (x) £0in Ja, o[, then fis decreasing in Ja, o[
(i@ii) If f' (x) < 0 in ]a, o[ and fis continuous at a, then f'is strictly decreasing in [a, ]
@) If f' (x) 2 0 in ]a, oo and f'is continuous at a, then f is decreasing in [a, ©].
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7. Define an increasing function. If f'is increasing on [a, b], prove that f(c +) and f(c —)
both exist for each ¢ € (a, b) and that f(c —) < f(c) < f(c + ). (Bharathiar, 2004)

ANSWERS
2. Strictly increasing in ]— oo, 1] and [3, oo[; strictly decreasing in [1, 3]
3. Strictly increasing in [— 2, — 1], [0, 1] and strictly decreasing in ]— oo, — 2], [- 1, 0] and
[1, oof
10.8. CAUCHY’S MEAN VALUE THEOREM (OR SECOND MEAN VALUE
THEOREM OF DIFFERENTIAL CALCULUS)

If two functions F and f are (i) continuous in the closed interval [a, b); (i) derivable in
the open interval la, b[; and (iii))F' (x) # 0 [ x € la, b[, then there exists at least one point,
¢ € la, b[ such that

SB)=f(a) _ f()
F(b)~F(a) F'(c)
[Kanpur 2008; Gorakhpur, 2002; Nagpur 2010; Delhi Maths (G), 2001, 02, 04, 05;
Manipur, 2002; Meerut, 2002, 03; Agra 2009; Delhi Maths (P), 2001, 03, 04, 05]
Proof. Let a function ¢ be defined by ¢ (x) = f'(x) + 4F (x), where, 4, is a constant to be so
determined that ¢ (a) = ¢ (b).
This requires [F(b)-F (@) A=-[f()-f(a)] (D
Now [F (b) — F (a) # 0, for, if it were 0, then the function F would satisfy all the conditions
of Rolle’s theorem, and its derivative would, therefore, vanish at least once in ]a, b[ and the
condition (7if) would be violated. On this account, we have from (1),
A=—[/b)—f(@V[F (D) - F(a). - (2)
The function ¢ is continuous in the closed interval [a, b], derivable in the open interval
la, b[, and ¢ (a) = ¢ (b). Hence by Rolle’s theorem, there exists at least one point ¢ € ]a, b[ such

[Delhi B.Sc. I (H) 2009; Delhi Maths (Prog) 2007]

that ¢’ (¢) =0.
But o' (x)=f"x)+A4F'(x)
= 0= ¢ (©=f"(c)+A4F'(c)
= 1’;—8 - 4= % Lusing ) [« F'(c) # 0]

Another form statement. If two functions f, F are continuous in a closed interval [a, a + h],
derivable in the open interval la, a + h[ and F' (x) # 0 for any x € la, a + h[, then there exists
at least one number 0, between 0 and 1 such that

fla+th)-f(a) _ f'(a+6h),

F(a+h) —F(a) F'(a+6h)’

Note. Taking F (x) = x, we may be see that the Lagrange’s mean value theorem is only a
particular case of the Cauchy’s theorem. [Delhi Maths (G), 2002]

Geometrical interpretation of Cauchy’s mean value theorem. Rewriting Cauchy’s mean value
theorem, we have

01, I.

b - a) r !
SO TD ey = 170,
F(b) - F(a)
showing that there is an ordinate x = ¢ between x = @ and x = b such that the tangents at the

() - f(a)

points where x = ¢ cuts the graphs of the functions f(x) and /

Fb)— Fl(a) F(x) are mutually

parallel.
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10.9. GENERALISED MEAN VALUE THEOREM

If the three function f, g and h defined on [a, b] are such that
() f, g and h are continuous on [a, b] (it) f, g and h are derivable on la, bl.
Then there exists a number c in la, b[ such that
S g'(e) h(c)
f(a) g(a) h(a)
f ) g®) h(b)
Proof. Define a function ¢ (x) defined on [a, b] as follows :
S (x) gx) h(x)
f(a) g(a) h(a)
S ) gb) hb)
Rewriting (1), we have o (x)=A4f(x)+Bg(x)+ Ch (x), (2
where 4, B, C are constants since each of f, g and % is continuous on [, b] and derivable on
la, b[, (2) shows that ¢ (x) is also continuous on [a, b] and derivable on Ja, b[.
From (1), we see that two rows in ¢ (x) become identical by putting x = @ or x = b, hence

= 0. (Bharathiar, 2004; 1.A.S., 1993)

¢ (x) = (D)

¢ (@) = 0 and ¢ (b) = 0. Hence, 0 (a) = ¢ (b)
Thus ¢ satisfies all the three conditions of Rolle’s theorem on [a, b]. Hence there exists a
number c¢ in Ja, b[ such that ¢ (c) = 0.

ST g ) K(x)
f(@) ga) h(a)
f () g(b) k)
S g'(e) W)
J(@) gla) h(a)
Sy g®) hbd)

Note 1. Taking g (x) = x and /2 (x) =1 [ x € [a, b] in the above generalised mean value
theorem, we get

') g () H(o)
fl@) g(a) h(a)
Sy g®) hbd)

But ¢ (x) = so ¢ (c) =

Since ¢' (¢) = 0, we have = 0.

£ 10 o 10
fa) a 1|=0 or f(a) a 1[=0
Fyb 1 FB)~f(@ b-a 0
b) —
o @G-y e-f@ =0 o LOED e

which is Lagrange’s mean value theorem.

Note 2. Taking g (x) = F(x) and 2 (x) =1 [ x € [a, b] in the above generalised mean value
theorem, we get

S F'(e) 0 (9 F'(c) 0
f(@a F) 1|=0 or f(a) F(a) 11=0
Sy F@®) 1 f®)-fa) F®)-F(a) 0

or —STOFG)-F(a)+F (o{f(b)-f(a)} =0

S D)= f(a) _ ')
F(b)-F(a) F'(o)
which is Cauchy’s mean value theorem.

giving
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EXAMPLES
Example 1. Verify the Cauchy’s mean value theorem for the functions x? and x* in [Z, 2] and
also find ‘c’ of this theorem. (Agra 2005; Meerut, 2002, 06; Utkal, 2003)

Solution. Let f'(x) = x*and F (x)= x°. Since f(x) and g (x) are both polynomial functions, so
they are continuous on [1, 2] and derivable on [1, 2]. Also F' (x) = 3x% # 0 for any point in ]1,
2[. Hence by Cauchy’s mean value theorem there exists at least one number ¢ in |1, 2[ such that

S@-5@ _ () 4-1_ 2¢ ey Py = 22
F(2)—F(l)_ F (o) or 8_1—362,asf(x)—2x and F'(x) = 3x
or 3/7=2/3¢ or c¢=14/9,

which lies in ]1, 2[. Hence Cauchy’s mean value theorem is verified.
Example 2. If, in the Cauchy’s mean value theorem, we write
@ flx) = 1/x* and F (x) = 1/x, then c is the harmonic mean between a and b
(@) f(x) =x and F (x) = x, then c is the arithmetic mean between a and b
(fii) f(x) = \/; and F (x) = 1/\/;, then c is the geometric mean between a and b.
(Agra, 2001)
Solution. (i) Let f(x) = 1/x* and F(x)=1/x = ' (x)=—2/x" and F' (x) = — 1/x°
f(a)=1/a% F(a)=1l/a, f(b) = 1/b*, F (b) = 1/b, f' (¢) =— 2/, F ' (¢) =— 1/c¢*
Hence by Cauchy’s theorem there exists a point ¢ € Ja, b[ such that

B -f@ _ [ o WphH-wa’) (=2/¢)
Fb)=F(a) F() (/b)= (/@) (=1/c?)
or (1/b)y+(1/c) =2/c or ¢ = (2ab)/(a + b),

showing c is the harmonic mean between @ and b.

Parts (i7) and (iii). Left as exercises for the reader.

Example 3. Show that -2 =5"P _ 010, where 0 < a <0 < B < n/2.
cos B —cos a
[Delhi Maths (G), 1998; Delhi Maths (H), 2005, 06; Meerut, 1996]
Solution. Let Jf(x)=sin x, F(x) =cos x sothat f'(x)=cosx, F'(x)=—sin x.
Here f'(x) and F (x) are continuous on [a, 3] and derivable in Ja, B[. Also, F' (x) # 0 for any
x € Ja, B[. Hence by Cauchy’s mean value theorem, there exists at least one number
0 € o, B[ such that
B - [0 or sinp-sino _ cosd
FB)-F(a) F'(0) cosfp—cosa  —sinB
sin o — sin 3

or ——  =cotQ, where 0 < a < 0 < B < m/2.
cosP—cosa

EXERCISES
1. Find ‘¢’ of Cauchy’s mean value theorem for the following pairs of functions :
@) fx)=¢€", F(x)=¢ *in [a, b]
(@) f(x) = sin x, F (x) = cos x in [- 7/2, 0] [Agra 2005]
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2
2. Use Cauchy’s mean value theorem to show that lim cos(mx/2) - I
x—>1 log(1/x) 2

3. Let the function f'be continuous in [a, ] and derivable in ]a, b[. Show that there exists
a number ¢ in Ja, b[ such that 2¢ [f(a) — f(B)] = /' (¢) (&* — b?).
4. If f(x) = X2, g (x) = cos x, then find the point ¢ € [0, ©/2] which gives the result of
Cauchy’s mean value theorem in the interval [0, 7/2] for the functions f(x) and g (x).
ANSWERS
1. () (a+b)2 (i) — /4
10.10. HIGHER DERIVATIVES
Let f'be a function such that /' exists in a certain neighbourhood of ¢. This implies that
is defined and continuous in a neighbourhood of c. If the function /' has derivative at c, then

this derivative is called the second derivative of f at ¢, and is denoted by " (¢). In this case
f' is necessarily continuous at c.

In general, if /"' ~ ! (x) exists in a certain neighbourhood of ¢, then the derivative of /" !
at ¢, in case it exists, is called the nth derivative of f at ¢ and is denoted by f” (c).

10.11. *TAYLOR’S THEOREM WITH SCHLOMILCH AND ROCHE FORM OF
REMAINDER (Meerut 2009; Agra, 2000)
If a function f is such that
(i) the (n — Dth derivative "~ U is continuous in a closed interval [a, a + h],
(if) the nth derivative " exists in the open interval la, a + h[,
and (iii) p is a given positive integer,
then there exists at least one number, © between 0 and 1 such that

! h2 " hn_l n—1 hn (1_9)"‘[’ n
fl@a+h) = f@+hf"(@+—f"(@@)+...+ f (a) + ————— " (a + 6h).
21 (n—-1! (n-D!p
..(H
The condition (i) implies the continuity of each of f, ', f", ..., f "2 in the closed interval
[a, a + h]. Let a function ¢ be defined by
a+h-x)? a+h-x)""'
0= £ I h= £ () + T e T
+A(a+h-x)?
Here A4 is a constant to be determined such that 0 (@) =0 (a+ h).
Thus A4 is given by
' h2 " h”—l n—1 P
fla+h) = fa)+hf (a)+;f (a)+..... +Wf (a)+ Ah ...(2)

The function ¢ is continuous in the closed interval [a, a + ], derivable in the open interval
la, a + h[ and ¢ (a) = ¢ (a + h).
Hence, by Rolle’s theorem, there exists at least one number, 0, between 0 and 1 such that
¢ (a + 6h) = 0.
* Taylor (1685-1731) was a British Mathematician.
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(a+h-x)""1

But ¢ (x) = ———f"(x)-pAd(a+h-x)""!

(n-1)!

hn—l 1_6 n—1
0= ¢ (a+06h) = %f” (a+6h)—pd(1-0)? 1 pp!
n—1)!
KPP A-0)""F

= A= k) -f" (a+0h), for 1-0) = 0 and h = 0.

pm-1!
Substituting the value of 4 in (2), we get the required result (1).

Rt (-6)"7

Remainder after n terms. The term " (a+0h),

" p-(n—1!
is known as the Schlomilch and Roche form of remainder R, after n terms and is due to
Schlomilch and Roche.
TWO PARTICULAR CASES

10.11A. Taylor’s Theorem with Cauchy’s Form of Remainder (Kanpur 2011)
Ranchi 2010; Delhi Maths (Prog) 2007; Meerut, 2002, 04, 10, 11; M.D.U. Rohtak, 2000)
If a function f is such that
(i) the (n — Dth derivative f" ~ Uis continuous in a closed interval [a, a + h]
(ii) the nth derivative [ exists in the open interval [a, a + h[,
then there exists at least one number, 0 between 0 and 1, such that

2 n—1 n n-1
h" (1-6
f(a+h)=f(a)+hf'(a)+h—f"(a)+...+—h f"_l(a)+—( ) f" (a+0h)
2! (n—-1! (n-1!
...(2)
Proof. Taking p = 1 in the proof of Art. 10.11, we easily get (2).
. hl’l (1 _ e)l’l -1 "
Remainder after n terms. The term = W f" (a+06h)
n—1)!

is known as the Cauchy’s form of remainder R, after n terms and is due to Cauchy.

10.11B. Taylor’s Theorem with Lagrange’s Form of Remainder
[Delhi Maths (H) 2009; Delhi Maths (G), 2006; Kanpur, 2003; Meerut, 2003;
Osmania, 2004; M.D.U. Rohtak, 1998, 99]
If a function f is such that
(i) the (n — Dth derivative f" ~ Uis continuous in a closed interval [a, a + h]
(ii) the nth derivative " exists in the open interval la, a + h[,
then there exists at least one number, 0 between 0 and 1, such that

h2 n—1

flathy = f@+hf" @+ f" @)+t

Proof. Taking p = n in the proof of Art. 10.11, we easily get (3).

VA (a)+%f" (a+0h) ..(3)

n
Remainder after n terms. The term R, = h—' f" (a+0h)
n!

is known as the Lagranges form of remainder R, after n terms and is due to Lagrange.
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Cor. 1. Let x be a point of the closed interval [a, a + A].

Let f satisfy the conditions of Taylor’s theorem in the interval [a, a + /]. Then it satisfies
the conditions in the interval [a, x] also.

Changing a + h to x, i.e., h to x — a, in (1), we obtain

(x—a)’ (x—a)’

S ) = f@)+(x—a) f'(a)+ 2!a S" @)+

_ n—1 _ n 1 _ 9 n-p
G, G 0)
(n-1! p(n-1!
This result holds for each x € [a, a + &]. Of course, 6 may be different for different points x.
Cor. 2. *Maclaurin’s Theorem (Meerut, 2004)

Putting a = 0 and 4 = x in (1), (2) and (3), we get three different forms of the so-called
Maclaurin’s theorem.

£ (@) + oo

f"la+0(x—-a)], 0 < O<1.

(I) Maclaurin’s theorem with Schlomilch and Roche form of remainder

If a function f is such that

(i) £~ ! is continuous in [0, x] (i) /" exists in ]0, x[ (iii) pis a given positive integer,
then there exists at least one number, 6 between 0 and 1, such that

f(x) = f(0)+Xf'(0)+if" 0 +....+ , /! (0)+wf” (6x)
21 (n—-1! p(n-1!

(IT) Maclaurin’s theorem with Cauchy’s form of remainder

If a function f is such that

(i) "~ ! is continuous in [0, x] (i) f" exists in 10, x[,

then there exists at least one number, 6 between 0 and 1, such that

2 n—1 n

_ O+ e p X e x
f(x)=fO0O)+xf (0)+2!f ©@+..... +(n—l)!f (0)+(n—1)!

(III) Maclaurin’s theorem with Lagrange’s form of remainder
If a function f'is such that
(i) /"~ ! is continuous in [0, x] (i) f" exists in 10, x[

then there exists at least one number, 6 between 0 and 1, such that

(1-0)""" £" (ox)

xn—l

2 n
' X ” n— X n
X)) =fO)+xf O0O)+—f"O0)+..... +———— ")+ = £ (bx)
21 (n—-1)! n!
11.12. POWER SERIES REPRESENTATION OF FUNCTIONS
Taylor’s Infinite Series. Suppose that a given function f possesses a continuous derivative
of every order in [a, a + h].
Then for any natural number 7, there exists an equality of the form

hi’l—l

n—1
o/ @R

fa+h) = f(a)+hf' (@) +...+

where R, denotes Taylor’s remainder after n terms.

* Maclaurin (1698-1746) was a British Mathematician.
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hn—l

(n—-1!
= fla+h)=S§, +R,.

If R, — 0, as n — oo, we have lim § = f'(a + h) so that the infinite series

",

We write S, = f@+hf"(a)+..... +

hn—l n

(n_l)!f”_l(a)+%f” @)+ ...

converges and its sum is equal to f(a + h).

F@) +hf' @)+t

Thus we have proved that if

(i) a function f possesses continuous derivative of every order in the closed interval
[a + a+ h]

and (ii) Taylor’s remainder R, — 0 as n — oo,

then fla+h) = f(a)+hf' (@) +..... +%f” (@)+ ...

The infinite series f(a)+hf" (a)+.....+ ﬁ'— S (@) +.....
n!

is known as Taylor’s series.

It should be clearly understood that the mere convergence of this series does not mean that
its sum is equal to f(a + h).

10.13. MACLAURIN’S INFINITE SERIES

From Art. 10.12, we deduce that if a function f possesses continuous derivatives of every
order in the closed interval [0, h] and R, — 0 as n — o, then for each x € [0, h],

Note. The student should note that there is no fundamental distinction between the Taylor’s
and the Maclaurin’s infinite series each of which seeks to express the value of a function at
point in terms of the various derivatives of the function at any other point and the distance
between the two points.

In this connection, it is also interesting to see ‘a priori’ why Taylor’s or Maclaurin’s
expansions are not valid for any arbitrary function. Clearly the system of derivatives of a
function at a point takes account of the function in only a neighbourhood of the point and
accordingly the value of an arbitrary function at a point cannot possibly be given by those in
a neighbourhood of another point. The conditions imposed on the function for validity of the
Taylor’s or the Maclaurin’s expansions provide, so to say, linking up of the values of the
function at the two points.

10.14. SOME STANDARD RESULTS

We prove the following two results :

n

L lim 2~ = 0 for all real numbers x.
n—>owo n!
-D.... - 1 .
L 1 m (m— 1 (m n+)x"=0when|x|<landmlsanyrealnumber.
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The proof of these two results will depend upon the fact that if a series £ u, converges, then

hmun:O.
Proof. 1. Consider the series >x"/n!
2 3 n
. X
viz,l+ x+—+—+....+—+...
21 3! n!
2 3 n
, |x|” | x| | x|
and the series 1+] x|+ + +. +..ee
21 3! n!
n n+1
x x
We have un=| |, un+1=| |
n! (n+1)!
. Uni . X
so that hmn—:hm—|:0 Y x.
n—w Uy, n—o n+1

It follows by D’Alembert’s ratio test that X u is a convergent series for all x.
This shows that the given series X x" /n! is absolutely convergent and, therefore, also

convergent for all x.
Since the series X x" /n! is convergent for all x, it follows that the limit of the general term

ie., lim x"/n!l=0 V x.
n—> 0

II. Consider the series

(n—1)!
—1) . —n+1
and the series z m (m—1) (m-n+1) ,
(n-1!
We write
m(m-—1).... m-—n+1 n m(m-—1).... m-—n u
u, = ( ) ( )| |’ U, | = ( ) ( )| |+1
(=D n!
so that Up +1 m—n | |_‘7_1 -
u, "
un
implying that lim = x|
n—oo U,

Thus the series X u, converges if | x | < 1 implying that the given series also converges if
| x| < 1.
Thus the limit of the general term, viz.,

X" =0if [ x|< L

10.15. POWERS SERIES EXPANSIONS OF SOME STANDARD FUNCTIONS

To obtain Maclaurin’s series expansion of
(i) €'[Delhi B.Sc. (Hons) I 2011; Chennai 2011; Meerut, 2004; Delhi B.Sc. (Prog) 111 2011]

(ii) sin x [Delhi Maths (H), 2004; Delhi B.Sc. (Hons) I 2011]
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(iif) cos x [Delhi Maths (Prog) 2008; Delhi Maths (G), 2004]
() log (1 + x), — 1 <x < 1. [Delhi Maths (P), 2001, 04, 08, 09; Delhi Maths (G), 1996;
Delhi Maths (H), 2007; Meerut, 2003]

) (1 +x)",— 1 <x < 1, m being any real number.

[Delhi Maths (H), 1998; Delhi Physics (H), 2001; Delhi Maths (G), 1999]
(i) Expansion of ¢*
We have f(x)=¢" sothat f"(x)=¢"
= f possesses derivatives of every order for every value of x.
Taking Lagrange’s form of remainder, we have

n n
R, = f"(0x) = =™,
n! n!

We know that when n — oo, x"/n ! — 0 whatever value x may have.
[Refer result I of Art. 10.14]

It follows that for all x R, — 0asn — o
Conditions for Maclaurin’s series being satisfied, we get
. 2 3 xn
em =1l+x+—+—+..... + — + 0. 4
2! 3! n!

which is valid for every value of x.
(if) Expansion of sin x
We have f(x)=sinx  sothat  f"(x)=sin(x+nn/2)
= [ possesses derivatives of every order for every value of x.

n n
We have R =x—f" (6x) =X sin|ox+ 22
2 n! n! 2
n n
= R, |=| || sin|ox+=||<| =
n! 2 n!

= R, — 0 asn — oo for every value of x.
Thus the conditions for Maclaurin’s infinite expansion are satisfied.

. nm
Now " (0) = sin >
Making these substitutions in Maclaurin’s series, we get
. X X
sinx =x-——+—-—+.....
3t sy 7!

which is valid for every value of x.
(iii) Expansion of cos x. As above, it may easily be shown that
2 4 6
cosx=1-—+———+.....
2! 4! 6!
for every value of x.
(iv) Expansion of log (1 + x).
Let f(x)=log (1 + x).
We know that log (1 + x) possesses derivatives of every order for (1 + x) > 0, i.e., for > — 1.
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D" n-D!
1+x)"
If R, denotes the Lagrange’s form of remainder, we have

Rn=x—"f"(ex)=(—1)"—1-i[ i ]
n!

Moreover f"(x) = , for x > -1

n{1+6x

Two cases arise :

(@) Let 0 <x <1, so that x/(1 + 0x) and, therefore, also [x/(1 + 0x)]" is positive and less than
1, whatever value n may have. Since, also, 1/n — 0, as n — o, we see that R, — 0.

Thus R, —>0asn—>oowhen0<x<1.

(b) Let — 1 <x < 0. In this case x/(1 + 6x) may not be numerically less than unity so that
we fail to draw any definite conclusions from the Lagrange’s form of R .

Taking Cauchy’s form of remainder, we have

n n—1
R, = ——(1-0)""" " (6x) = (-1)" ' x” 1[1_(9] .

(n—1) 14+0x 1+ 0x
Here (1 — 6)/(1 + 6x) is positive and less than 1 and
1 1

1+0x 1-| x|
Also X" >0asn—>0 = R —0asn— o,
Hence, the conditions for Maclaurin’s theorem are satisfied for — 1 < x < 1.
Also Oy =" tm-10.
Making these substitutions in the Maclaurin’s series, we get

2 30,4
log(1+x)=x—7+7——z—+ ..... for -1 <x<1,ie,[xe]-1,1]

(v) Expansion of (1 + x)™; (m is any real number)
Let fx) =1+ x™

When m is any real number, (1 + x)” possesses continuous derivatives of every order only
when 1 + x > 0, i.e., when x > — 1. Now
ff@W)y=m@m-1)(m-2) ... m-n+1)Q+x)" "
We notice that if 7 is any positive integer, the derivatives of f(x) of order higher than the
mth vanish identically and thus, for n > m, R, identically vanishes, so that (1 + x)™ is expanded
as a finite series consisting of (m + 1) terms.

If m be not a positive integer, then no derivative vanishes identically so that we have to
examine the case still further.

If R, denotes the Cauchy’s form of remainder, we get

n

R, = (nx_1)|(1_e)n_lfn (6x)
=1 xnl)|(1—9)"_1m(m—1) ..... (m—n+1) (1+6x)" "
n— .
:xnm(n—l) ----- (m—n+1)f1-0 n_l(l+9x)m_1
(n—1! 1+ 6x '

Let—1<x<1l,ie,|x|<]1.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Now, 0<b6<1l = 0<1-6<1+6x
=0< _e<1 = 0<(1—6\ <1
1+ 6x L1+6x
Let (m — 1) be positive.
Now, 0<l+0x<l+1=2 = 0<(1+60)" '<2m L
Let, now (m — 1) be negative.
Now, Ox>—|x| = 1+6x>1-]|x]|,

= (1+60)" '>a-|xp" L

m(m-—1)..... (m-n+1) ,

Also we know that — 0 when | x | < 1

(Refer result II of Art. 10.14)
Thus, R, — 0asn —oowhen|x|<1
The conditions for Maclaurin’s expansion are, therefore, satisfied.
Now 0 =m@m-1) ... (m—n+1).
Making substitutions, we get
m(m-1) , m(m—-1)(m—-2) ;3

A+x)" =1+ mx+ x° + X7+
2! 3!
when — 1l <-x<lie,[xe]-1, 1.
EXAMPLES
x* X2 x*
Example 1. Show that | -— < cosx < I=—+—,V x e R.
2 2 24

[Delhi Maths (Prog) 2007; Delhi B.Sc. (Hons) 2010]
Solution. Case I. Let x = 0. Then there is nothing to prove because each of the expressions

2 2 4
1——, cosx, ] —— +— has the value 1.
2 2 24

Case II. Let x > 0. Applying Taylor’s theorem: f(x) = f(0)+ xf" (0) + f" (6x),

0 < 0 < 1, to the function f(x) = cos x in [0, x], we obtain

2
cosx = 1—%005(6}0, 0<06<L (D

2 2
We know that cos (Bx) < I, [ Bx = —x?cos (6x) > _x?

2 2 2
= l—x—cos(ex)zl—x— = cosle—x—,by €))]
2 2 2
2
l—x? < cos x. ...(2)

On applying Taylor’s theorem to the function f(x) = cos x in [0, x] with remainder after four
terms, we get

%2 4

S =0+ (0)+—f" (0)+ f"'(0)+ f” (0'x),0<0 <1
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2 4
or cosx = 1—x—+x—(cose'x), 0<0 <1 ...(3)
2 24
Since cos (B'x) <1, for 0 <0 <1and x>0,
2 4 2 4 2 4
1—x—+x—cos(9'x) <1-2 45 o cosx < l——+x—, using (3). ... (4)
2 24 2 24 2 24

2 2 4
Hence, (2) and (4) = l—x— <cosx <l—-——+—, x>0
2 2 24

Case IIl. Let x < 0. Then —x > 0 or y > 0, where y = — x.

2 2 4
y y .y
By case 1, l-—<cos y <1 ——+—. >0
Yy 5 y ) - y>0)
2 2 4
Putting y = — x, we obtain -2 < cos(—x) < -+
2 2 24
2 2 4
Hence, l-— <cosx <1-—+—,V x €R.
2 2 24
3 308
Example 2. Show that sin x lies between x — — and x U +E.

[Delhi Maths (P), 2001; Delhi Maths (H), 1994, 2005)
Solution. If x = 0, then there is nothing to prove because each of the expressions

3 3 5

x—x—, sinx and x—— +—— has the value 0.
6 6 120

Case 1. Let x > 0. On applying Taylor’s theorem to the function f(x) = sin x in [0, x] with
remainder after three terms, we have

2 3
fx) = f(0)+xf'(0)+%f” (O)+%f”' 0x), 0 <0 < 1

3
or sinx = x—%cos(ex), where 0 < 0 < 1 (D
We know cos (6x) < 1, whatever 6x may be. Therefore, for x > 0,
3 3 3 3
~ % cos (Bx) > o -t s (Bx) > -
6 6 6
= sinx>x-x/6 by (1)
x—x2/6 < sin x. 2)

Again applying Taylor’s theorem to the function f(x) = sin x in [0, x] with remainder after
five terms, we have

. 38
sinx = x p + 120 cos (0,x), where 0 < 6, < L ...(3)
We know cos (0,x) < 1, whatever 8 x may be. For x > 0, we get
3 5 3 5
x—x—+x—cos(61x) <y 4
6 120 6 120
X
Using (3), sinx < x——+— ..(4)

6 120
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3 3 5
X X
From (2) and (4), x—— <sinx < x——+—, x>0 (5
(2) and (4) c = " 130 ®
Case II. Let x < 0, so that —x > 0. Putting y = — x > 0 in (5), we get
3 3 5
y : y y
—— <siny £ y—-—+-— ...(6
Y% YY1 (6)

Putting y = — x > 0, we get

= x—x—ZSianx——+—,x<O. ..(7)
6 6 120

From (5) and (7), we find that sin x lies between x — x*/6 and x — x*/6 + x°/120,V x € R.

Example 3. Use Taylor’s theorem to prove that
2 2
J+x+2— <o < ]+x+x—ex, x> 0.
2 2
[Delhi B.Sc. Physics (H), 1997, 2001, 05]
Solution. Let fx)=e", x>0. (1)

By applying Taylor’s theorem to f'in [0, x] and writing remainder after two terms, we obtain
2

f (%) =f(0)+xf'(0)+%f”(9x), where 0 < 0 < 1 ..(2)
From (1), Fre)=f"(x)=¢e"S0/(0)=1, " (0)=1and f" (6x) = ¥
2
So by (2), e = 1+x +%e9x .03)
Now,0<O<landx>0 = 0<0x<0
= ¥ <™ < e asetisan increasing function
2 2 2 2 2 2
= T oo X et o X or o px+ e clex+ ™ < laxt+ief
2 2 2 2 2 2
x? x?
= 1+x+—2—<e"<l+x+7e",using Q).
Example 4. Expanding the following by Maclaurin's theorem with Lagrange’s remainder,
show that
N a’xd @y’ a" 'xnt (n-1 a"x" nm
(@) sinax=ax — +——..... + sin T+ sin| abx + —
3! 5! (n=10! 2 n! 2
(GN.D.U. Amritsar 2010; Meerut, 2000; Kumaon, 1999)
x2 3 xn—l xn
(i) e = I+x+"—+"—+...+ + ™ (Rohilkhand, 1996)
20 3 (n=-0! n!
2 3 n—1 n
X X _2 X n—1 X
i) log(I+x)=x—"—+"—+ ... +(C-D)'""—+(-D""—"—— forn>-1
(@) 2 3 n—1 n(1+0x)"
) ¥ Xt x"! x—1 x" nm
@) cosx =1——+——..... + cos T |+—cos|Ox+—
2! 4! (n—=D0! 2 n! 2

(Srivenkateshwara, 2003)
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Solution. (/) By Maclaurin’s theorem with Lagrange’s remainder,

2 n-1 n
£ (x) = £0)+xf' (0)+%f" O+t —— "L O + = f (0x)  ...(D)

! (n—1)! n!
Here f(x) = sinax and f"(x) =a"sin(ax+xn/2) ...(2)
So " (0) = sin(nn/2) and f"(0x) = a" sin(abx +xn/2) ...(3)

From (2) and (3), we have
[0)=0,7"(0)=a,f"(0)=0,f" (0)=—a, /" ()= 0,/ (0)=d’, ...
Hence (1) reduces to
. 2 a’ P N | x"a" . ( xnj
sinax = xa — ot sin |+ sin | abx + —
3! (n—-1! 2 n! 2

Parts (i) to (iv). Left as an exercise for the reader.

Example 5 (a). If f(a+h) = f(a)+hf' (a) + f" (a) + f”' (a + 6h) and sz’v (x) s
continuous and non-zero at x = a, show that lim 0 = 1/4. (Agra, 2002, 03, 10)
h—0

Solution. Given that
3

2
fa+h) = f(a)+hf'(a)+%f" (a)+%f”' (a+0h),0<0 <1 (1)

Since /™ (x) is continuous and non-zero at x = a, 50 /" (a) exists. By Taylor’s theorem with
Lagrange’s form of remainder after four terms, we have

f(a+h)—f(a)+hf(a)+—f"()+ f”'()+ f’v(a+9h) -(2)

where 0 < 0’ < 1.
By subtracting, (1) and (2) give

n3 o n3
;f (a)+4—!f (a+9h)=?f (a + Oh)

or (h/ &) x [ (@+0'h) = f" (a+06h)— " (a)
or (h/4) ><fw (a+0"h) = (a+0h-a) fiv (a +0"0h), where 0 < 6" < 1
(By Lagrange’s mean value theorem)

2% !
lim 6 = lim Lxf _(@+t0h 1
h—0 h=>0 4 £ (a+0"0h) 4
Example 5 (b). Show that ‘0’ which occurs in the Lagrange's mean value theorem tends to
the limit 1/2 as h — 0, provided f'" is continuous. (Delhi Maths (H) 2007)
Hint. Proceed as in Example 5 (a) yourself.

2
Example 6. If f(x) = f(0)+x f(0)+ % f" (Ox), find the value of © as x tends to 1, f(x)

being (I — x)°>. (Agra, 1999; 2002, 03; Manipur, 2001)

Solution. Here fx)=(1 - x)S/ 2,

So £ =—(512) x (1 —x)>? and " (x) = (15/4) x (1 — x)'"?
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£0)=1, 1" (0)=—5/2 and f' (6x) = (15/4) x (1 — 6x)"?
Substituting these values in the given relation, we get
(1-x)"%=1-(52) xx + (15/8) x x> (1 — Ox)"?
Taking limit as x — 1 on both sides, we have

0=1—§+§(1—e)“2 or (1—9)“2=i or 1—p-10
2 8 5 25
Thus, 0> 9/25asx > 1.
Example 7. Assuming the validity of expansion, show that
2 x Xt
log(1+sinx) = x — B3 + 5 1z + .o [Delhi Maths (H), 2003]
Solution. Here f(x) =log (1 + sin x) and so f(0)=0 (D
Maclaurin’s expansion for f(x) is given by
<2
f(x)=fO)+xf’ (O)+—f”(O)+ f”'(O)+ f” 0)+..... ...(2)
From (1), fr(x) = 282 so that  f'(0) =1
1+ sinx
Again, £ (x) = —sin x (1 +sin )c)z—cos2 x 1 +sin x2 _ 1.
(1+ sin x) (1+ sin x) 1 +sinx
and so f"(0)=-1
Next, frE) = 22 sothat [ (0) =1
(1+ sin x)
and Y () = —sin x (1 +sinx)? =2 (1 + sin x) -cos? x 0o fY(0) = -2

(1+ sin )c)4
Substituting the above values of (0), ' (0), ....., f v (0) in (1), we get

. 2o Y
log(l+sinx) =x——+——-——+—+......

2 6 12 24

Example 8. Expand log sin (x + h) in powers of h by Taylor's theorem.
(Meerut, 1994, 2001)
Solution. Expanding f'(x + /) by Taylor’s theorem in powers of 4, we obtain

2 3

f(x+h):f(x)+hf'(x)+%f"(x)+%f”'(x)+ ..... ..(D

Here f(x+h)=1logsin (x + h) = f(x)=logsin x -(2)
From(2), f'(x)=cotux, f"(x)=- cosec? x, f"x)y=-2 cosec? x cot x etc.

Substituting these values in (1), we get
log sin (x + &) = log sin x + A cot x — (h2/2 )] cosec? x + (2h3/3 )] cosec? x cot x + .....

Example 9. Assuming the validity of expansion, show that
1 1T x—m/4 1t(x—1t/4)2

X = tan — + > - > 2+ .....
4 [+n%/16 4(1+n°/16)

tan~

[Delhi Maths (H), 2000]
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Solution. Assuming the validity of expansion, by Taylor’s theorem, we have

fla+hy=f(@)+hf' @+ HER2)F" @)+ ... )
Rewriting, tan"' x = tan”! (%+x —%) = tan" ! (a + /)
= a=1t/4,h=x—1t/4 and a+h=x
Now, f(x)=tan 'x = f'(x)= 2,f"( x) = —(ﬁ%)zem.
f(a) = f(n/4) = tan~" (n/4)
2% (n/4)

and so on.

f1@ = f1(rI4) = ———— 7 (@) = [ (r)4) = D
1+7%/16 (1+ 72 /16)

Substituting these values in (1), we obtain

4 x—-n/4 1t(x—1t/4)2
x =tan  —+ 3 - 3 7t
4 1+n°/16 4(1+n"/16)
Example 10. 4 function f is twice derivable and satisfies | x > a the inequalities
| /@) [ <4, [/ ()| <B,
where A and B are constants. Prove that [ x > a, | f' (x) | < 24/(4B).

Solution. Let x > a and % be any positive number. Now there exists a number 0, (0 < 0 < 1)

tan~!

such that
2
f(x+h)=f(x)+hf'(x)+%f”(x+6h)
2
= | Af" (%) | = f(X+h)—f(X)—7f"(X+9h)
02
SIf(X+h)|+|f(X)|+7|f”(X+9h)|
2
<24+—— V x>a
2
= | f(x)]< 24 l;h Y x> a. ..(D)

Now | /' (x) | is independent of 4 and also, by (i), it is less than (24/h + Bh/2) [ h > 0.
Thus | /' (x) | must be less than the least value of (24/h + Bh/2). Also

2 ] o

= 24 AB < —+7 Y h >0 ... (i)

From (i) and (ii), we see that [ x > a

| /7 (x) | <24(4B).
Example 11. Show that © which occurs in the Lagrange’s form of remainder, viz.,

(H"n 1) f™ (a + Oh), tends to the limit, 1/(n + 1), when h — 0, provided that f" * ' is continuous
at a and f"* ! (a) # 0. [Bundelkhand, 1996; Delhi Maths (H), 2003]
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Solution. Since /" * !is continuous at a, there exists an interval [a -9, a + 8] at every point

x of which 1 * ! (x) exists. Also, therefore, f(x), f' (%), ....., /" (x) are all continuous in [a — §, a
+9].
If (a + h) be any point of this interval, the necessary conditions being satisfied, we obtain

n n+1
fla+h) = fa)+hf' (a)+.... +h—f" (@)+—— "L @+0h),0<0 <1
n (n+1)
These imply f"(a+0h) - f" (a) = Lf"+l(a+9'h).

n+1
Again applying Lagrange’s mean value theorem to the expression on the left, we see that

Oh f"* ! (a+00"h) = %f"‘l (a+6"h), where 0 < 6" <1
n
- 07" (a+00"h) = —— £+ (a+ @),
n+1

Let # — 0. Then /" * ! being continuous at a, we obtain

. 1 .
lim 61" (a) = mf"“ (a) sothat lim 0 = ﬁ, for f"*' (a) # 0.

EXERCISES
1. Use Taylor’s theorem to establish the following inequalities :
(@) cosx>1-— x’/2, for all x € R
(i) x—x/6 <sinx<x ifx>0
[Delhi Maths (P), 2003, 04; Delhi Maths (G), 2001, 05; Delhi Maths (H), 1995]

(@) 1+x<e" <1 +xe’,ifx>0 (V) 1-x<e <l-x+x*2,ifx>0
(v) 0 <sinx — (x—x3/3 L+x/510=x/7 )] <x’/91, forx >0

i) 14x/2-23/8 < \[l+x <1+x/2,if x>0

2. Assuming the validity of expansion, show that

) tan lx=x— X3+ x5 ... (@) log sec x = X2 +xY12 4
3,2 4 525
(iif) excosx=1+x—2x _rx 27 +.
3! 41 51
() sinx = 1- & ;/ ) L I'/ ) o (Meerut, 1995)

0 &M =1 +x+x2 —xY8 + ...
i) sin(0+7m/4) = (1/42)x(1+0-02/21-03/31+.....)

| 2 2 3 3
xloga x (log @) X (log a) N

vii) a® =1+ T X 31

LI, (x—n/4)_(x—1t/4)2_(x—n/4)3+

(Vlll) sin x = ﬁ + T 2 3
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2 4

(ix) sin (" —1) = x+%+s4i'+ ..... [Delhi Maths (H), 2002]
B x-a _(x+a ()c—a)3 [ x+a

) f(x)—f(a)+2{ 3 f( 2 )+8x(3!)f ( 2 )

()c—a)5 ) (x+aj
+32X(5!)f 2 +.

3. If /" is continuous on [a — §, a + 8] for some & > 0, prove that
lim L@tM =27 (@+f(a=h)
h—>0 h?
4. If 0 < x < 2, then prove that
logx=x—1-(x-1D22+x-13-@x-1D)%+ ..
. Show that sin (a + 4) differs from sin o + & cos o by not more than W/2.

= f(a).

LI f(x)=¢€" (x2 -x+2)- (x2 + x + 2), show that when x > 0, f(x) increases as x increases.
. Show that ¢" — 1 > (1 + x) log (1 +x), if x > 0.
e+ h)=f(x) + hf (x) + (h2/2 ) f" (x + 0h), find the value of 6 as x — a if
[ =@ - a [Ans. 64/225]
9. Prove that, if /" (c) exists and # 0, then, as 7 — 0
i LM L= =2f (@ 0 L feth) = f(e)
h fe=h)—f(c)

exist and find their values. State the theorem on limits you require in the proof.

L 1 & W

Examine the existence of these limits if f(x) = | x |.
10. If £(0) = 0 and f" (x) exists in [0, oo, show that

-9 e o<e<x
X 2

and deduce that if /' (x) is positive for positive values of x, then f (x)/x strictly increases
as x increases.

11. Show that
(i) x> (1 4+ x) [log (1 +x*[x>0.
(i) x < log [1/(1 — x)] < x/(1 — x), when 0 < x < 1.
12. Prove that, if 0 < x < 1, then | log (1+ x) — x + x2/2 | > x> /3.
13. Show that ¢* > x" if x > a > e.
[Hint. Let f(x) = x log @ — a log x. Show that f(a) = 0 and ' (x) > 0].
14. Show by means of an example that the mere convergence of

2
f(X)+f'(x)+%f" (X)+ .

does not mean that it converges to f(x + h).

15. Assuming " to be continuous in [a, b], show that
b-c c—a

f(©) = f(a) - /)
b-a b-a

where ¢ and § both lie in [a, b].

= %(c—a)(c—b)f" (),
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16. If ) (x) = 0 for every x in [a, b], then there are numbers a, a,, a,, ..., a, _, such that
n—1
f(x)= X ax", Vuxelab]
r=0

17. Show that the derivative of the sum of the infinite series

M8

nx  (n-Dx
not | 1+n2x? 1+(-1)%x% |
is not equal to the sum of the derivative for x = 0.
10.16. CONVEX FUNCTION [Delhi B.Sc. (Hons.) 1 2011]

Definition. Let /C R be an interval and let x,, x, be two arbitrary points in . Then, a

function f:/ — R is said to be a convex function on I if for any ¢ satisfying 0 <t <1, we have

SA=0)x +1x,) < A=1)f(x)+1 f(x;)
Remark. Let x; < x,. Then as t ranges from 0 to 1, the point (1 —7) x, + x, traverses the
interval from x, to x,. Therefore, as shown in the figure, if /'is convex on 7 and if x,, X, e /, then

the chord P, P, joining any two points P(x;, (X)) and F(x,, f(x,)) on the graph of f lies
above the graph P PP, of f.

AY

U
N

y=U=0f)Ftf(xy)

P

- ————————_— ===

[N

I
I
I
I
I
I
I

d

v X

1 (1-) x, +t x,

Theorem. Let / be an open interval and let f:/ — R have a second derivative on I. Then
fis convex on I if and only if f"(x)20V xe[. [Delhi B.Sc. (Hons) I 2011]
Proof. Suppose that f'is convex on / and « is any point in /. Let h be such that 5+ p e/
and g—he]. Then a=(1/2)x{(a+h)—(a—h)}, and since f'is convex on I, by definition, it
follows that f@)=f(A/2)x(a+h)+([1/2)x(a—h) < (1/2)x fla+h)+(1/2)x(a—h)
so that fla+h)=2f(a)+ f(a—h)=0 - (D)

Since f'(x) and f"(x) exist at x = a, they also exist in the neighbourhood of

1 a - h a + h[. Hence, on applying Taylor’s theorem for the intervals la — A, a[ and
la, a + k[ , we have

fla=h)y=f@)—hf"@a)+ /20 f"(a—0h), 0<0, <1 ()
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and fla+h)y=f@)+hf'@+(H12)x f"(a+0,h), 0<0,<1 e
Adding (1) and (2) , f(a—h)+ f(a+h)=2f() + (B [2)x{f"(a+0,h)+ f"(a+0,h)}

i J@=D=2f@+ fla+h) _ . ["(a=6,1)+["(a+8,h)
h—0 h2 n—0 2

=f"(a) (@

Hence

Sincei’ > 0 for all h # 0, it follows that the limit in (4) is non-negative . Hence, from
(4), it follows that f"(a)>20V ael.
Conversely, let f"(a)>0V ael. Let x; and x, be two arbitrary points of I, let

0<z<Tlandx,=(l-17)x, +1x,. Applying Taylor’s theorem to f'at x,,, we obtain a point ¢, between
x, and x, such that

SGq) = f(x)+ () (o =x0) +(1/2)x f"(¢cy) (x —x0)2 - (5)
and a point ¢, between x, and x, such that
S )= f(x)+1'(x0) (g =x0) +(1/2)x [ "(cy) (x, —x0)2 .. (6)

Since /" is nonnegative on / and 0<¢ <1, clearly the term

R=(1/2)x(1=1) f"(c)(x, —x)* +(1/ 2)xt £(c,) (x5 —x4)> 20 (7

Multiplying both sides of (5) and (6) by (1 — #) and t respectively and then adding the
corresponding sides of the resulting equations, we have.

(A=1) fO)+1 £(5) = f(x) + £ ) (A=) + 1, —x0)+(1/ 2)x (1=1) £7(c)) (3 —x)’
+H(1/2)xt (€)%, = x )’
Since R >0 by (7), we have A=1) f(x)+5(x) =2 f(xp)
or  (I-0) f(x)+i(xy) = f((L=0)x +1xy) or  f((A-1) x, +ix;) < (1=0) f(x) + f(xy)

showing that /' must be a convex function.

MISCELLANEOUS PROBLEMS ON CHAPTER 10

1. State and prove Rolle’s theorem and verify for the function f(x)=x’—-3x+2 on the

interval [1, 2] [Meerut 2005]
2. The function f(x)=x—x’ satisfies the Lagrange’s, mean valve theorem in the interval

[-2, 1], Find the valve of c. [Ans. ¢ = —1] [Agra 2005]
3. Find ‘¢’ of Lagrange’s mean valve theorem for f(x)=(x+1)(x—2)(x+3),Vx € [0,1]

Ans. c=(/13-2)/2 [Kanpur 2006]
4. Expand log sin x in powers of (x — 2) by Taylor’s theorem. [Kanpur 2006]

5.() If4a+ 2b+ c =0, the equation 3ax? + 2bx + ¢ = 0 has the one real root between which
of the following : (a) 0 and 1 (b) 1 and 2 (¢) 0 and 2 (d) None of these.
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[I.A.S. Prel 2007]

(ii) What is abscissa of the point at which the tangent to the curve y = " is parallel to the
chord joining the extrimities of the curve in the interval [0, 1].

(a) 172 (b) In (1/e) (c)in(e-1) (d) 1/e [I.A.S. Prel 2007]

(iii) If the tangent to the curve f (x) = X at any point (c, f (¢)) is parallel to the line joining
(a, f(a)) and (b, f (b)) on the curve, then which one of the following is true ? (a) a, ¢, b in A.P
(b)a, ¢, bin GP. (¢) a, ¢, b in HP. (d) a, ¢, b do not follow definite sequence.

Ans. (i) (c); (i) (c); (iii) (a) [I.A.S. Prel 2007]
6. If "' is continuous at x = a with f"'(a) #0, then prove that 0, which occurs in Lagrange s

mean value theorem approaches the limit 1/2 as h— 0 [Delhi Maths (H) 2007]
Hint: Refer Ex. 5(b), page 10.37.

7. If a function f defined on [a, a + x| is such that (i)f(") is continuous on [a, a+ x| (ii)f(")
exists on [a, a + x|, then prove that there exists a real number 0 between 0 and 1 such that

, xnfl . xn (1 _ e)nfl
fla+x)= f(a)+xf (a)+...+mf( 1)(a)+W
[Delhi Maths (Prog) 2007]

f"(a+06x)

8. Prove that ¢ =1+x+x>/24+x>/3!+...+x" /n+.., xR [Delhi Maths (Prog) 2007]
9. Prove that log (1 +x) =x — X212 +x33 — ... for ~1/2<x<0 [Delhi Maths (H) 2007]

10. Using Taylor's theorem, prove that cosx > 1—(x2 /2), x € R [Delhi Maths (Prog) 2007]

11. State Rolle’s Theorem. Prove that there is no real number k for which the equation

X2 —7x+ k=0 has two distinct real roots in [0, 3] [Delhi Maths (Prog) 2008]
[Hint : Proceed as in Ex.6, page 10.4]
12. Show that x/(1+x?*)<tan"'x<x, x>0. [Delhi Maths (Prog) 2008]

13. Derive the expansion of cos x in terms of power series. [Delhi Maths (Prog) 2008]
14. Find ‘¢’ in Cauchy’s mean value theorem if f(x)=x(x—-1)(x—2) and g(x)

= x(x—2)(x—3)in [0,1/2] [Agra 2008]
15. Using Lagrange’s mean value theorem, prove the following inequality for x > 0
0 < (l/x) x log, {(e"—1)/x} <1 [Delhi Maths (H) 2007]

16. State Lagrange’s mean value theorem and prove that if f'(x) >0, a < x < b, then f(x),
monotonically increasing in [a, b] [Delhi BA. Pass 2002]

17. Suppose that f” is continuous on [1, 2] and that f has three zeros in the interval
(1, 2). Show that " has at least one zero in the interval (1, 2). [I.A.S. 2009]
18. Determine the expansion of €* in terms of power series. [Delhi B.Sc. (Prog) 111 2010]
19. Find the Maclaurin’s series for ,**! assuming that ’}1_1330 R, (x)=0 [Delhi 2010]

20. Find the Taylor’s expansion for e*. [Delhi B.Sc. I (Hons) 12010]
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21. Let f:[a, b] > R be such that f and its derivatives f’, f”,...., /" are continuous on

[a, b] and f 4D exists on [a, b]. If X, € [a, b] and x is any point in [a, b], then show that
there exists a point ¢ between x and x; such that

™ (xp) ()

S"(x) n
2!0 (x—x0)2+ ..... +T(x—x0) + D!

[Delhi B.Sc. I (Hons) 2010]

S ) =F(xo)+ ["(x0) (x=x) +

(x _ xo )n+l

22. Write the expansion of f(x)=e¢"in terms of a power series.

[Delhi B.Sc. (Prog) III 2011]

23. Suppose that f:[0,2] > R is continuous on [0, 2] and differentiable on (0, 2) and
that f(0) =0, A1) =1,/ (2) =1
(@) Show that there exists ¢, €(0,1) such that f'(¢;) =1

(b) Show that there exists ¢, €(1,2) such that f'(¢,)=0

(c) Show that there exists ¢; €(0,2) such that f'(c;)=1/3

[Delhi B.Sc. (Hons) I 2011]

Hint. For parts (a) and (), apply the mean value theorem For part (c), apply Darboux’s theorem
to the results of (@) and (b).
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Improper Integrals

16.1 PROPER AND IMPROPER INTEGRALS (Agra 2010)
The theory of Riemann integration, as developed in chapter 13, requires that the domain of
integration is finite and that the integrand is bounded in the domain.

It is possible, however, so to extend the theory that the symbol

[ s

may sometimes have a meaning (i.e., denote a number), even when /'is not bounded or when either
a or b or both are infinite. In case f'is unbounded or the limits a or b are infinite, the symbol

b
[ rea
is called an Improper or Generalised or Infinite integral. Thus
Ldx 2 dx * dx ® 1
& | P
R T P T R SR I

are examples of improper integrals.

An improper integral with finite interval of integration [@,b] with its integrand having a finite
number of points of infinite discontinuity is known as the improper integral of the first kind. Again,
the improper integral with infinite interval of integration and bounded integrand is known as the
improper integral of the second kind. Finally, an improper integral with infinite interval of integration
with its integrand having a finite number of points of infinite discontinuity is known as the improper
integral of the mixed kind.

For the sake of distinction an integral which is not improper will be called a proper integral.

It can be *proved that if a function f'is not bounded in a finite interval [a,b], then there exists
at least one point, c, of the interval such that in no neighbourhood of c, f'is bounded. Such a point
is known as a point of Infinite discontinuity of the function f. It will always be assumed that the
function f'is such that the set of its points of infinite discontinuity in any interval, finite or infinite,
are finite in number; the consideration of functions having an infinite number of points of infinite
discontinuity being beyond the scope of the book.

In a finite interval which encloses no point of infinite discontinuity, the function is always
bounded and we assume, once for all, in order to avoid tedious repetition, that it is also integrable
in such an interval.

16.2 CONVERGENCE OF IMPROPER INTEGRALS OF THE FIRST KIND. DEFINITIONS.
Convergence at the Left-End Let a, be the only point of infinite discontinuity of a function
fin a finite interval [a,b].

b
We write (p(8)=j f(x)dx,0<e<b-a,
a+e

* For the proof, use may be made of the completeness of order of the field of real numbers.
16.1
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the integral on the right existing according to the assumption made in the last paragraph. Thus we
have defined a function ¢ with domain ] 0, 5 —a [.

If, when &€ — (0 + 0), the function ¢ tends to a finite limit, say /, we say that the improper

b
intcgral [ s s, ()

exists, or converges at a, and use the symbol (1) to denote the number /.

b Y
Thus, [ r@ds=1im [ feoax

provided that the limit on the right exists. In case the limit does not exist, we say that the improper

b
integral J S(x) dx does not exists or that it does not converge.
b c
Ex. Show that if J S(x) dx converges at a, then J‘ f(x) dx (a<c¢<b)also converges at a.
b
Ex. The improper integral J f(x)dx converges at a, and k is any constant: show that

b
I kf (x) dx converges at a, and conversely.

Convergence at the right-end. Let b be the only point of infinite discontinuity of fin a finite
interval [a, b]. If then the proper integral

J‘biaf(x) dx,0< < (b—a) Q)

a

tends to a finite limit, as € — (0+0), we say that the improper integral

j;f(x)dx ..(3)
exists or converges at » and use the symbol (3) to denote the limit of (2).
Ex. 1. Examine the convergence of the improper integrals :
Ldx P
o @
Sol. (i) Now 0 is the only point of infinite discontinuity of the integrand. We have, when
0<e<l.

tax [ 17 1 .
¢(€)=| —=|-—| =——L which -+ as £ — (0+0).
e x x], €

Thus we see that the improper integral, in question, does not converge.
(if) Now 1, is the only point of infinite discontinuity of the integrand in [0, 1]. We have

1-¢
0@=] #:ml (1-¢), which —1/2 as &> (0+0)

Thus the improper integral converges with value /2
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n/2
Ex. 2. Show that Io sinx log sinx s convergent with value log (2/e).
(Agra 2007; Delhi Maths (H) 2002)

Sol. Here 0 is the only point of infinite discontinuity of the integrand in [0,7/2]. Here we have

2 . . 2 [®2cos’x
J‘ sinx log sinx dx = [—cosx logsin x]£ + j - dx, integrating by parts
€ > Sin x

n/2
=cos¢ logsing +J‘ (cosecx —sinx) dx = cose logsin g +[logtan(x/2)+ cos x]:/2
&€

=cos¢ logsine — log tan (¢/2) —cose

=cos ¢ log{2sin(e/2) cos(e/2)} — log{sin(e/2)/cos(e/2)} — cose
=coselog(2cose/2)+coselogsin(e/2) —logsing/2 + logcos(e/2) —cose
=cos¢ log(2cos €/2) + log cos(e/2) — cos € —(1—cos ¢) log sin(e/2)

n/2 . . n/2 .
I sin logsinxdx = lim sin logsin x dx
0 e>0+J¢

li%l {coselog(2cos £/2)+logcos(e/2) —cose— 2sin’ (e/2) logsing/2 }
—0+

€

=log2+0—-1-0=1log2-log e=1log (2/e),
as lim 2sin® (¢/2)logsing/2 = liI(I)l 20% logt, if t =sin(e/2)
t—0+

>0+
=2 lim loﬁ {From 2}
t—>0+ ¢ 0]
. 1
— 2 lim (170 =

Ex. 3. Define f:[0,1]—> R where f(x)=1/ Jx. Show that the improper integral of fon R

exists. (Calicut 2004)

Convergence at both the end points
Let the end points @ and b be the only points of infinite discontinuity of /. We take any point,

¢, such that a < ¢ < b.

c b
If the improper integrals I f(x)dx and I S (x) dx

both converge at @ and b respectively, we say that the improper integral

b
I Sf(x) dx converges

and write j b f(x) dx = j £(x) d+ Lb 1) dx.

It is easy to show that the fact of convergence and the value of the improper integral is
independent of the choice of c.
If d be any point of ] a,b [, we have

[ jﬁf (x) dx = L £(x) dx + Ld 1) d,
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and see that

d c
lim [* /() dx exists finitely = lim [* /() d¥ exists finitely

e—>0

It follows that

d C
J‘ f(x) dx converges <:>J‘ f(x) dx converges.

Also, in case they converge finitely, we have

Ld £(x) dx = j F(x) dx+ Ld £(x) dx. ()

It may similarly be shown that

b b
L f(x) dx converges < J f(x) dx converges,

and in case they converge, we have

b c b
[ r@a=] roac+ | oo ax e
Adding (1) and (2), we get

Ldf(x) dx + j;f(x) dx = ij(x) o +Lbf(x) dx = j:f(x) dx.

Ex. Examine the convergence of the improper integrals:

sl d 2 d o [T d
(@) joﬁ, al (iii) al

0 x(2-x) 0 sinx’
General Case. Any finite number of points of infinite discontinuity. Let ¢, c,, c;,... ¢, be

(i)

any finite number of points of discontinuity of f'in [a,b] where a<¢ <c¢, <..<c¢  <c <b.

If the improper integrals

J': 1) d, J':2 £(x) d, .. J' £ d, J':’ £(x) dx

all exist in accordance with the definitions given above and we regard

5 b
J‘lf(x)dx=0ifclza and J. f(x)dx=0ifb=c,
b
then we say that J S(x) dx exists and write

J':f(x) dx = J” £(x) dx + J':2 L) dx 4.+ J':’ £(x) d.

Note. In the examples given above, the improper integrals are such that the integrands admit
of primitives in terms of elementary functions. In such cases the examination of the existance is
generally easy, but more advanced methods become necessary when the integrand does not possess
a primitive in terms of elementary functions.

16.3. TEST FOR CONVERGENCE AT ‘a’. POSITIVE INTEGRAND
Just as in the case of infinite series with positive terms it is comparatively easier to consider
the convergence of integrals with positive integrands. We now proceed to consider the case of
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positive intergrands. Let a be the only point of infinite discontinuity of f'in [a,b]. The case where
the integrand f is positive in a certain neighbourhood ] g, ¢ [ of, a, is particularly simple and

important.
Since | b+ ersersy| " f) d,
c b
it follows that J‘ S (x) dx, J‘ S (x) dx

are either both convergent at, a or both non-convergent. It is, therefore, no loss of generality to
suppose that f'is positive in [a,b].

The question of the existance of the integral is, in such a case, decided by comparison with
another suitably integral whose existance or otherwise is already known.

16.4 THE NECESSARY AND SUFFICIENT CONDITION FOR THE CONVERGENCE
OF THE IMPROPER INTEGRAL

b
[ rea
at a, where f'(x) is positive when x € ] a,b ], is that there exists £ > 0, such that
b
[ reax<kveelop-al
a+e
The proof follows from the fact that, since f'(x) is positive when x € ]a,b], the integral

[ o

monotonically increases as ¢ decreases and will, therefore, tend to a finite limit if, and only if, it is
bounded above.

b
Note. In case ¢ (g) = J‘ f(x) dx is not bounded above, then ¢(g) -+ as & —> (0+0)
at+e

b
and we say that the improper integral J‘ S(x) dx diverges to .

16.5 COMPARISON OF TWO INTEGRALS
Let fand ¢ be two functions such that V x € ]a,b], f(x) >0, ¢ (x) > 0.

Also let f(x) <@ (x). Then

b b
0] J‘ ¢(x) dx converges :J‘ f(x) dx converges,

b b
(i) J‘ f(x) dx does not converge = J‘ ¢@(x) dx does not converges.  (Lucknow 93, 95)

It is assumed that f'and ¢ are both bounded and integrable in [a+¢,b],0<e<(b—a), and
a, is the only point of infinite discontinuity [a,b]. We have V €€ ]0,b—a].

b b
jm f(x) dx < j o dr ()

a

b
Let J‘ ¢(x) dx converge so that there exists a number & such that V e€]0,b—a].

a
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j ’ o(x) dx <k Q)

a+

From (1) and (2), we have Vee€]0,b—al],

b b
J‘ f(x)dx<k= .[ f(x)dx converges at a.
a+e a
b b
For the second part, we see that if J‘ f(x) dx does not converge at a, then J‘ f(x)dx is
a a+e
b
not bounded above and consequently, from (1), J‘ ¢ (x) dx is also not bounded above so that
a+e

b
I ¢(x) dx does not converge.

16.5A. PRACTICAL COMPARISON TEST
If f(x)/ ¢ (x)—>1[ when x—a, and /, is neither 0 nor infinite, then the two integrals

[ 7o as and [ oeras
either both converge or both do not converge.
Since f(x)/@(x) is positive V x, limit f(x)/¢(x) =/ cannot be negative.
Let d be a positive number less than / so that there exists a number ¢ (¢ < ¢ < b), such that
[=8< f(¥)/p(x)<I+d

when a<x<c¢, ie, V¥ xe]a,c]. Wehave Vxela, c],

(-3 p(x)< f(x) and S(x)<(+d) ¢ (x). . (D)
b C
Now J‘ S(x)dx converges = J‘ f(x)dx converges
c c b
= (-9 I f(x)dx converges = I ¢(x) dx converges —> J‘ ¢(x) dx converges.
It may similarly be shown that

b b
I @(x) dx does not converge :>I f(x)dx does not converge.

Also, from (i), we may prove that

b b
J‘ ¢(x) dx converges =— J‘ f(x) dx converges,
b b
I S(x) dx does not converges = I ¢(x) dx does not converge.
Ex. Prove that if f(x)/ o(x) = 0.

b b
I ¢(x) dx converges :>I f(x)dx converges

and that if f(x)/@(x) = oo,

b b
J‘ f(x) dx converges = I ¢(x) dx converges.
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16.6 USEFUL COMPARISON INTEGRALS

(7) The improper integral L (x—a)’ converges if and only if n < 1. [Kanpur 2005]

[Delhi Maths (H) 2009; Himanchal 2004, Meerut 2009]
We have, if n#1,

.[b | 1 |b _ 1 { 1 3 1}
ate (x— a) |(l—n)(x—a)”7l|a+g A-n)| b-a)" &'

which tends to 1/ (1 —n) (b — a)" ' or +% according as n <1 or > 1.
Again, ifn=1,

[
ate X—da

Hence the result.

=log (b—a)—loge, which -+ o as € > (0+0).

(if) The improper integral L (b—x)" is convergent if and only if n <'1.

Proof. Proceed as in part (i), yourself.

16.7 TWO USEFUL TESTS
With the help of article 16.4, 16.5 and 16.6, we deduce two important practical tests for

convergence at, a, of the integral of f by comparison with the integral of ¢(x)=1/(x—a)"

Practical test I.
Let /' be positive in [a,b]. Then the integral of f converges at a, if there exists a number

n >0 and less than 1 and a fixed positive number & such that f(x)<k/(x—a)" V x€]a,b].
Also, the integral of f does not converge, if, there exists a number a =1 and a fixed positive

number k such that f(x)>k/(x—a)" V xe]a,b].
Practical test II. The Lt - test [Meerut 2010]

(i) If a is the only point of infinite discontinuity of fon [a, b] and lim0 (x—a)" f(x) exists
X—a+!

b
and is non-zero finite, then I f(x) dx converges if and only if n<1.

(i1) If b is the only point of infinite discontinuity of fon [a, b] and lim (b—x)" f(x) exists
x—>b-0

b
and is non-zero finite, then J‘ f(x)dx converges if and only if p<1

EXAMPLES
1 dx
Ex. 1. Examnine the convergence of (i) ], A (14 x) (LA. S. 2003)
1 dx 1 dx
@) ), 2 (1+x)2 (Purvanchal 2006) @i ), 1/2( )1/2 (Merrut 1998)
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Sol. The integrands are all positive.
(?) Here 0, is the only point of infinite discontinuity of the integrand.

1 1
We have, f(X) = m Take (p(x) = xlT

JACI T

lim
Now x—0 (p(x) x>0 1+ x

1 1
Hence jo f(x) dx and jo o(x) dx

have identical behaviours. But n = 1/3 being less than 1, the latter integral converges by Art. 16.5.
Hence the given integral also converges.
(if) Here, 0, is the only point of infinite discontinuity of the given integrand. We have

)= (14 x) Take o(x) :xiz
@ .1
Now }f})w = jl_rf}) 422
1 1
Thus, [ r)ds and | ot dx
0 0

have identical behaviours.

But n = 2 being greater than 1, the latter integral does not converge by Art. 16.5. Hence the
given integral also does not converge.

(iii) Here, 0 and 1, are the two points of infinite discontinuity of the integrand. We have

1
f(x)=m§

We take any number between 0 and 1, say 1/2, and examine the convergence of the two
improper integrals.

1/2 1
f(x)dx  and 1/2f (x)
at 0, and 1, respectively.

To examine the convergence of the former integral, we take ¢(x) =1/ X2

so that f(x)/o(x)>1 as x— 0.
1/2
By Art. 16.5, IO S(x) dx converges.

For the latter, we take ¢(x)=1/1-x)"3

so that f(x)/p(x) >1 as x — 1. So by Art. 16.5,
1

1
s f(x)dx converges. Hence .[o f(x)dx converges.

1
Ex. 2. Show that the Beta function Io X" (1=x)"" dx converges if and onlyif m>0and n > 0.

(Kanpur 2005, 07; Delhi B.A. (Prog) I1I 2011; G. N.D. U 2010;! Himachal 2003, 04, 03
Utkal 2003, Delhi B.Sc. (Prog) III 2010, 2011; Purvanchal 2007, Agra 2009)
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Sol. The integral is proper if m =1 and n=1.

The number, 0 is a point of infinite discontinuity if m < 1 and the number, 1, is a point of
infinite discontinuity if n < 1.
Let m<landn<1

We take any number, say, 1/2 between 0 and 1 and examine the convergence of the two
improper integrals

ICR | 1 | |
J‘ X" (1=-x)"" dx, .[ X" 1-x)"" dx
0 12

at 0, 1 respectively.
Convergence at 0. We write

) =x""(1-x)"" =1-x)""/xm
and take o(x) =1/x""", so that

f(x)/o(x)—>1 as x — 0.

1/2

12 ]
As o) dx = [
0 0

xl—m

dx

is convergent at, 0, if and only if 1-m <1< 0 <m, we deduce that the integral

2 |
J‘ X" (1-x)" dx
0

is convergent at 0, if and only if, m > 0.
Convergence at 1. We write

f(x) :xm71 (l_x)n71 :xm71 /(1_x)1*f’l
and take @(x)=1/(1 —x)l/", so that
S () >1 as x - 1.

1 1 1
= ——
As 1/2@()() * 172 (1—x)!" *

is convergent, if and only if, 1 —n <1< 0<n, we deduce that the integral
1
I X" 1= x)"dx
1/2
converges if, and only if, n > 0.

1
Thus I x"(1-x)"" dx exists for positive values of m, n only. It is a function of two
0

variables called Beta function denoted by B (m, n) and defined for all positive values of m and ».

/2
Ex.3 (a) Show that jo x" cosec” x dx .. (i)
exists if and only if n < (m + 1) (Delhi Maths (Prog) 2007; Pune 2010, 1.A.S. 2001)
x" x \' x )1
L X)= = X =
Sol. (@) Writing S (x) (sinx)" (sin x) (sin x) =
0 if m—n>0
we see that )}1_r)n0f(x)= Lif m=n=0

o if m—-n<0
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Thus (7) is a proper integral if (m —n) > 0; and improper if (m — n) <0; 0 being the only point
of infinite discontinuity of the integrand in this case,

Let (m—n)<0 so that (n—m)>0
Take o(x)=1/x"".
Then S(x)/p(x)>1 as x - 0.
n/2 n/2
Also [ owax= " = ax
0 0 x

converges, if only if, (n—m) <1 < n<(m+1).
Therefore the integral converges if and only if n < (m + 1), which also includes the case
n <m when the integral is proper.

sin” x

n
X

(Delhi B.Sc. Maths (H) 2003, 07, Delhi B.Sc Physics (H), 2000, Himachal Pradesh 1998)
Sol. Try Yourself.

Ex.4. Examine the convergence of

dx existsiffn<m+ 1

/2
3 (b) Show that | )

1
jo X" logx dx. (Purvanchal 2006; Kumaur 96; Garhwal 93)

The integrand is negative in the interval ] 0, 1] and we therefore, consider

! n—1 ! n—1 1
j—x 10gxdx=j x"log| — |dx.
0 0 X

The integrand is proper if (n — 1) > 0, inasmuch as the integrand, in that case — 0 as x — 0
and accordingly, 0, is not a point of infinite discontinuity in this case.

Let (n—1)<0 so that we have now to examine the convergence at 0. Let m be a positive
number such that (m +n—1)>0

We have lim [—X"H'H log x} =0,

x -0
so that ¢ being a given positive number.

m

—x"" T ogx<e = —x""logx<e/x
for values of x, sufficiently near 0.
Now the integral of ¢/ x™ converges at 0 if and only if m < 1.
It is possible to choose a number m < 1 such that
(m+n-)=[(m-1)+n]>0
if and only if n > 0. Thus the integral converges if n > 0
When 7 = 0, the integrand becomes x~' log x. We have

1 1 2
j xillogxdxz—@ which > - as - 0.

€
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When n < 0, we have x ' <x" Vv xe[0,1],

so that in this case also the integral does not converge.
Thus the given integral converges if and only if n > 0.

1
Ex. 5. Show that Io X"e T dx s convergent if x > 0

(Delhi B.Sc. (Prog) 111 2011)
Sol. If n>1, then the given integral / (say) is a proper integral because its integrand
f(x)=x"""e™is bounded in [0, 1]. So I is convergent when > 1

If 0 < n < 1, then the integrand of / is unbounded at x = 0. Take ¢(x) =x""". Then, we have

tim Z® _ fim o
x—0 ¢(x) x—0

X

=1, which is finite and non-zero.

1 1
So by comparison test, .[0 f(x)dx and .[0 ¢ (x) dx either both converge or both diverge.

e>0| n e—>0|n n n

1
1 1 " "
Now j (x) dx = 1imj 2" dy = lim {X-} = lim P—g—}l,
0 e>0d¢ )
which is finite number
1 1
Io ¢(x) dx is convergent and hence '[0 x"Me™ dx is also convergent when n > 0.

EX. 6. Test the convergence ()f a[(
g 0 vV 2 —X

(Delhi Maths (H) 2004, Delhi B.Sc. Physics (H) 1989, Kumann 1999)

Sol. Let f(x) = (log x)/~/2—x. Clearly, fis unbounded at x = 0 and x = 2. Let 0 <c¢ < 2. Then,
we have

2 logx ¢ logx 2 logx
=z = dx+j =1 +1, 1
0N2-x J02-x e2-x W -1

For 1, 0 is the only point of infinite discontinuity in [0, c].

. . log x
lim x* = lim x* =0, ;
Now, lim x f(x) lim i ifp>0

Hence, if we choose 0 <p <1, then by M -test, /, is convergent

Again, for 1,, 2 is the only point of infinite discontinuity in [¢,2]. Now choosing p =1/2, we have

. . log x
lim (2—x)" = lim 2=-x)"? —22 _ _1og2
ngl}O ( X) f(X) erlgl}O( X) (2 - x)”z o8

Hence by [ test, /, is convergent because 0 <p<I.

Hence, by (1), the given integral [ is also convergent because it is sum of two convergent
integrals /, and /,.

1
Ex. 7. Find the values of m and n for which the integral Io e x" dx converges
[GN.D.U. Amritsar 1997
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Sol. For all values of m, when n>0, the given integral is a proper integral and hence
convergent. When # < 0 and m is any number, 0 is the only point of infinite discontinuity.

Let f(x)=¢e™ x" and take @(x)=x"=1/x"".
lim PAC)) = lim e ™ =1, which is non-zero and finite
x>0+ @(x) x>0+
1 .
But J.O(P (x) dx = .[o —, converges if n <1, ie,ifn>-1.
x

1
. By comparison test, .[0 S (x) dx also converges if n > —1.

/2
Ex. 8. (@) Show that .[0 log sinx dx is convergent and hence evaluate it

(Kamaun 1997, 98)

(b) Test th f logx
€S € convergence O .
0\/1—x2

Sol. (a) Let f'(x) = log sinx. Here 0 is the only point of infinite discontinuity of f'in [0,7/2].

Since f'is negative in [0,7/2], we consider —f for testing convergence of the integral.

Take @(x)=1/x", where 0 <n < 1. Then
fim =L (_bgﬂj From =
08 @(x) o0+ 1/x" %
_lim 222 gim 2
=0+ /X" x50+ n tanx

n/

/2
Also, .[0 ¢ (x) dx convergent and hence by comparison test .[0

) s

convergent.

/2 n/2
Consequently, J‘o f(x)dx, ie., .[0 log sin dx is convergent
n/2 .

To evaluate the integral, let [ = .[0 log sin dx .. (D)

n/2 . n/2
From (1), 1= I log sin (/2 — x)dx = I log cos dx -2

0 0

[ jo F(x)dx = jo fla-x) dx}
n/2 n/2

Adding (1) and (2), 21 = jo log sin dx + J' log cos x dx

0

/2 /2
21 = jo log (sin x cos x) = J‘O log {(sin2x)/2} dx
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/2 . /2 /2 . T
or 2] = I log sin 2x dx — j log2 dx = I log sin 2x dx — . log2 -3
0 0 0
/2 . 1 ¢n/2 .
Now, I log sin2x dx = EI logsint dt, putting 2x = ¢
0 0

1 /2 . /2 .
=EXZI log s1ntdt=j log sin dx =1 , using (1)
0 0

Then (3) reduces to 2l =1—-(n/2)log2 or [=—(n/2)log2.
(b) Put x = sin y so that dx = cos y dy. Then

] n/
.[ 08X d—.[ log sin y dy,

Vi

Now proceed as in part (a).

X
Ex. 9. Test for convergence Io \/1—3 (Delhi B.Sc. (Prog) I1I 2010; Calicut 2004)
-Xx
I 1 8 1
Sol. Hence o (-2 (4xsx)? ’

1/2

where 1/(1+x+x%)"/? is a bounded function. If M be its upper bound then we have

1A= < M i(1-x)"?

U dx
Since Io (1- x)l/z is convergent, so by comparison test, the given integral is also convergent.
EXERCISES
1. Test the convergence of the following integrals :
dx
(a) _[0 Janx (Himachal Pradesh 2003, Kanpur 2001)
- j & .
® J, 3 a +x2) (Meerut 2003) (© ), m (Himachal Pradesh 2002)

(Delhi B.Sc. (Prog) 111 2009)

Tf/zsmx

™2 cos X )
(d) L dx (Meerut 2003, 04) (e) I dx [Delhi B.A. (Prog) 1II 2010)]
x
Icosec x Isec x
) J. —dx, J. —dx (Pune 2010; Meerut 2007)
0 X 0 x
logx
(9) jo Jg; dx (Delhi Maths (H) 2000, 08; Kanpur 2004, GM.D.U. 1996)
2 Jx
(h) ! log x dx (Himachal Pradesh 1994, 96)
™2 log x
O3 xga dx,a<1 0], <-d (Delhi Maths (H) 2006)
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™/2sin x )
(k) I > dx  (Delhi 2009) (m)
0 x

01+x

lcosecx | .
2. Show that Io is divergent if 5 >1.

xl’l
3. Show that .[o sin”~' x cos"”' xdx is convergent if m > 0, n > 0.
1
4. (a) Show that Io x"(1-x)"" logx is convergentif m>0,n>-1.  (Himachal 2002)
1
(b) Show that .[0 xm*l(l —x)"i1 log(1/x) dx is convergent if m >0, n>—1.

(Delhi Maths (H) 2002)
5. Test for convergence :

Lx" logx 1x" log x
X (Himachal 2003, Delhi Math (H) 2006, 09) (b) J. dx
(a) 0 (1+X)2 0 1
/2 Jog sin x 2 :
(c) I dx,n <1 (Kanpur 1992) (d) cos 2n x logsinx dx
0 (sinx)" 0

e)) 01 (xp”fpilog(l”) dx (f) J.Ol(log j dx (g) J' XA ekt Maths () 1997)

b
(h) L xlogx (@) Lz 0 I;xb(log%j dx (G.N.D.U. Amritsar 2010)

2x—x*
ANSWERS
1. (a) convergent  (b) divergent (c) convergent (d) convergent, if 0 <n <1
(e) convergent if n <2 (f) both divergent(g) convergent
(h) divergent (i) convergent  (j) divergent
(k) convergent if p <2, divergent it p > 2. (/) divergent for all , e R
(m) convergent if n>—1, divergent if n<—1.
5. (a) convergentifn>-1 (b) convergent if n > —1
(c) Convergent (d) convergent for Vn eR
(e) convergent if -1 <p <1 (f) convergent if -1 <m <0
() Divergent (i) Divergent

16.8 f(x) NOT NECESSARILY POSITIVE
(General) Test for Convergence. We now obtain a general test for convergence at, a, of the

b
infinite integral [ reoax ()

Cauchy’s Test. The necessary and sufficient condition for the convergence of the improper
integral (1) at, a is that to every given M >0 there corresponds & >0 such that

<m,

[ e

Y positive numbers €, &, less than or equal to §, (Delhi Maths (H) 2004)
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b
Proof. We write o(e) = .[m; S(x) dx.

The necessary and sufficient condition for lim ¢ (¢) to exist finitely is that to every n >0

there corresponds &>0 such that V0<g &, <&

= [o(z,) — 0(z,)| <n
b b
- o F(x) dx — jmz f(x)dx <n
ass,
PN v, f(x)dx|<n.

16.9 ABSOLUTE AND CONDITIONALLY CONVERGENCE OF IMPROPER
INTEGRALS OF THE FIRST KIND

b
Definitions. The improper integral J‘ f(x)dx is said to be abosolutely convergent if

b
J‘ | f(x)|dx is convergent,

A convergent integral which is not absolutely convergent is said to be a conditionally
convergent integral.
Theorem. Every absolutely convergent integral is convergent.
(Delhi Maths (H) 2004)

b b
e, j | 7(x) | dx exists = j Fx) dx exists

b
Proof. Since I | f(x)|dx exists, so by Cauchy's test for every N> 0, there corresponds

8§ >0 such that

[ e

+El

Also, we know that (refer Art 13.11, Chapter 13) that

<N, for 0<81,82<6 (1)

a+£2 a+£2
Fedx <[ fax Q)
a+£1 a+£1
a+£2
From (1) and (2), jm Jx)dy<m, for 0<e e, <8
1
b
= J‘ f(x) dx exists, by Cauchy's test

Note. Since | f(x)| is always positive, the comparison test can be used to examine the

b b
convergence of I | f(x)|dx i.e., absolute convergence of I f(x)dx

Note 2. The converse of the above theorem is not always true, i.e., every convergent integral
need not always be absolutely convergent

Note 3. The above theorem provides us with sufficient test for convergence.
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EXAMPLES

sin(l/x) x)
Ex.1. Test the convergence of j \/7 dx. (LA.S. 2001)

Sol. Let f(x) =sin(1/x)/ Jx. Here there is no neighbourhood of the point 0, in which f (x)
constantly keeps the same sign.

Now V x€]0,1], we have
[sin(1/x)| | |[(sinl/x)| _ 1

NS e

Also _[ \/, dx is convergent. It follows that

I

Ex. 2. Show that I

sin(1/ x)
Jx

1 s1n(1 /x)

Isin(1/x)
dx ig convergent = _[ \/7 dx is absolutely convergent.

dx, x>0, converges absolutely, if 7 < 1.

Sol. Left as an exercise.

16.10 CONVERGENCE OF IMPROPER INTEGRALS OF THE SECOND KIND.
Infinite Range of Integration. Convergence at

Let f'be bounded and integrable in [a, #] where ¢ is a number = a so that the proper integral
t
J‘ Sf(x)dx exists.

We write o) = J.; S(x) dx

so that ¢ is a function with domain [a, [. If @ tends to a finite limit as ¢ = o, we say that the
improper integral

[“rea (D)

exists or that it converges at c and regard the symbol (1) as denoting the limit. Thus by definition
0 t

[ reode=tim [ 7o av )

provided the limit exists.
Convergence at —©

If /' be bounded and integrable in [z, b] where ¢ <b, and

b

L £(x) dx - 3)
tends to a finite limit at £ — — o, we say that

[* reoax 4

converges or exists and regard the symbol (4) as denoting the limit of (3).
Let the Range of Integration be ]—o0, .
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If ¢, is any number and

[ rwan [ rewoa
both exist in accordance Witl?‘[he deﬁnitior:s already given, then we say that
[ reax
exists and write
jw f(x)dx=r f(x)dx+j°°f(x)dx.
It is easy to show that ;Ee existence :;ld the Valuecof
[ rwa

is independent of the choice of c.

General Case

If an infinite range of integration includes a finite number of points of infinite discontinuity,
then we arbitrarily consider an interval [a,b] which embraces all the points of infinite discontinuity
and examine the existence of the three improper integrals

[* e [ s [ po as

o0
in accordance with the definitions given above, and in case they all exist, we say that I f(x)dx
—00

exists and write

[ reya=["joac+ jb fede+ [ 1 ds.

Example. Examine the existence of the following improper integrals and evaluate those
which exist ?

) 2 0 dx
() L x4x_ " dx (i) Lﬁ—(l 22 (Kanpur 2003)
o [™dx . ® dx ® dx
(i) .[1 > @) )i ey O Jo e opx
*© dx *® dx ©
(i) Ilm (vii) le 1+ 2) (viii) .[0 x2e ™ dx

Solution. (7) By definition, we have

2 2
lim AN+ (- dx

= lim
24t =1 e d2 (241 (¥ -1)

J“” 2x*dx J" 2x%dx
2 x4—1 t—>®

1 1 |1 -1 T
= lim [ + jdx=11m[—logx—+tan1x}
—od2\ 2 -1 X241 t—o | 2 x+1 2

= lim llogt—_1 +tan"'¢ 1 10gl —tan"' 2
t+1 2 3

—w© 2
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im ogm+£4—llog3—tan712
250 “1+(1/) 2 2

=7/2+(1/2) x log3 —tan™" 2, which is finite

Hence the given integral is convergent and its value is 7/2+(1/2) xlog3—tan™' 2.
(if) By definition, we have

J“” dx :J‘O dx +J‘°° dx J“” dx _ lim J" dx

o (1+x%)? de1+x2)? Jo (14x?)? 0 (1+x%)? 150 d0 (14 x%)? - (1)
dx sec’0d0 1 ,

Now, .[ 1t 2y —.[ 1+ an? 07 —5.[ (1+c0s20) d6, putting x =tan 6

tan® 4

TP O B LR P
2 4 2 2 1+tan"0Q 2 2(1+x7)

~. (1) reduces to

t

Iw%:zlim ltanflx+L2 = lim tanflt+;2
—o(l+x7)" o= |2 21+ x7) |, - = 1+t)

= lim| tan™" t+_(l_/t_)_ L. .
t—>® /)| T n/2, which is finite
Hence the given integral in convergent and its value is =r/2,

(iii) By definition, we have

0 !
| & e = tim [ % < lim[loga] = limlog/ = o
1

X t—>nJl x t—0 1 t—w

Since the limit does not exist finitely, so the given integral is divergent, i.e., it does not exist.
(iv) — (viii) - Left as exercises for the reader.

16.11CONVERGENCE AT . THE INTEGRAND BEING POSITIVE

Theorem. Let f (x) be positive in [a,t]. The necessary and sufficient condition for I S(x)dx

to be convergent is that there exists a positive number k, independent of t, such that

t
j f()dx<kViza (Delhi Maths (H) 1999)

Proof. Let @) = J‘t S(x)dx

Since fis positive in [a,¢], the function @(¢) monotonically increases with ¢ and will therefore
tend to a finite limit if and only if it is bounded above, i.e., there exists a positive number £,
independent of #, such that @(t) <k V¢ =a. Hence, we have

J‘lf(x)<k Viza

Note. If no such number £ exists, then the monotonic increasing function ¢(¢) is unbounded

t
above and so it tends to oo as ¢ — oo. Hence I f(x) dx diverges to .
a
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16.12 COMPARISON OF TWO INTEGRALS.
If fand ¢ are two functions such that 0 < f(x) <@ (x) V x €[a,o[. Then,

) J‘ ¢ (x) dx is convergent = J‘ f(x) is convergent

(i) J‘ f(x) dx is divergent = J‘ ¢(x) is divergent

Proof. Since fand ¢ are both positive and f(x) <(x) V €[a,t], we have
t t
[ redcs| o@ar (D)

(@) Let J‘ @(x) dx be convergent. Then there exists a positive number k such that

t
jcp(x)dx<k Vi>a e
t
From (1) and (2), I f(xX)dx<k Vt>a
= I Sf(x)dx is convergent

0 t
(ii) Let I f(x)dx be divergent. Then j JS(x) dx is unbounded above. Hence (1) shows

t ')
that J‘ @(x) dx is unbounded above and therefore J‘ ¢@(x) dx is divergent.

a

Practical Comparison test. If f and ¢ are positive on [a,o[ k and f(x)/@(x) —> [ when
x — oo, then
(9) if | is non-zero finite, then the two integrals.

J.\ f(x)dx and J ¢ (x) dx converge or diverge together.
(ii) if I = 0 and I @(x) dx converges, then J‘ f(x)dx converges

(iii) if | =0 and J‘ ¢(x) dx diverges, then J‘ S(x)dx diverges
Proof. Left as an exercise for the reader.

16.13 A USEFUL COMPARISON INTEGRAL
To prove that

[ >0 ()
a x

converges if and only if n > 1
. [Kanpur 2009; Agra 2007; Meerut 2005, 07, 11; Himanchal 2008; Delhi B.A. (Prog) II1 2010]

Proof: We have, if 5 #1.

r@_ 1 {1 1 }
axn 1-n tnfl anfl

so that when ¢ — oo, the integral tends to 1/(n —1) @" ' or o accordingas n>1or n < 1.
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! dx t .
For n =1, we have — =log — which = ® as t - .
a Xx a

Hence the result.

Note. Adopting (1) as the comparison integral and employing the test of Art. 16.11, we may
now easily obtain the following practical tests for convergence at .

Test L. If f (x) is positive in [a, [ then the integral converges, if there exists a positive
number n greater than 1 and a fixed positive number k such that

f(xX)<k/x"Vx>a.

Again, the integral does not converge, if there exists a positive number n<1 and a fixed
positive number k such that

f(x)2k/x" Vx>a.
Test I (u-test). If f(x) be bounded and integrable in [a,od, which a>0. Then

(i) if there exists a number w>1 such that )}fgo XM f(X) s finite, then I f(x)dx is
convergent.

(i1) if there exists a number W<1, such that )}E}}O XM (%) exists and is non-zero, then

I f(x) dx is divergent. The same still holds if )}1_{?0 X (x) s o0 OF —0.

Note. Let m be the highest power of x in the denominater and 7 be the highest power of x in
the numberator of the integrand, then choose 1 =m—n.

EXAMPLES
1. Examine the convergence of’
I L S I
@ J, (1+x)3 (Himachal 2003, Kanpur 2006) @) ), (1+x)\/;
cLoode »sin? x
(@) J, A3 (a2 (Meerut 2009) (iv) .[o 2 dx. (Himanchal 2009)
Sol. (i) Let f(x)=x/(1+x)>. We take ¢(x)=x/x> =1/x?,
3
so that tim L9 = fim —* L=l
xoo @(x)  x-o(l+x)
Thus the two integrals I al dx3 and J.w% dx
1 (1+x) I x

have identical behaviour for convergence at oo,
By Art. 16.13 the latter integral is convergent. Accordingly, the given integral is also

convergent.
(ii) Let f(x)=1/(1+x)/x. We take o(x)=1/xx =1/ x*"
s that tim £~ tim ¥ = fim

e @(x)  xom ltx xow (1/x)+1
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!
Also L —77 X is convergent. Thus
x
o ©  dx .
f(x)dx ie., I ——— = is convergent.
L L1+ x)x

(iii) Let f(x) =1/x"% (1+x)""%. We take o(x) =1/x"3 x""* =1/x"6.

We have lim *) =1, when x =, and .[1 ¢(x) is not convergent.

o(x
* . ® dx L
So J‘ f(x)dx ie., I —5———5 s divergent
1 L x" (1+x)
(iv) Taking a > 0, we have
© qin2 aqin2 © qin2
J‘ smzx dx=.|. sm2 X dx+J. sm2 X i ()
0 x 0 x a x
0 qin2
sin” x ) ) . ) )
Here J. S—dx is a proper integral for (sin”x)/x* —»1 as x— 0, so that, 0 is not a
0 x

)
a

point of infinite discontinuity. So J. St >
U

X, .
dx is convergent.

sin? x )
5— dx for its convergence.

o0
We now test J.
a x

Let f{x) = (sin’x)/x* and take @(x)=1/x". Then clearly (sin® x)/x*> <1/x” as sin’ x<1.

sin’
2
x

x .
dx is also

© dx 0
Again, we know that J‘ — is convergent. So by the comparison test, J.
a x a

convergent.

Since, both the integrals on R.H.S. of (1) are convergent, it follows that the integral on L.H.S.
of (1), i.e., the given integral is also convergent.

00
Ex. 2. Show that the Gamma function Io X"le dx s convergent if, and only, it n > 0.

(Delhi B.A. (Prog) Il 2011; Garhwal 1998, Himachal 2002, 03,
Agra 2009; Purvanchal 2006; M.D. U 1998, 2001, 1.A.S. 2005; Kanpur 2006, 08)

Sol. Let fx)y=x""e".

Now 0, is a point of infinite discontinuity of the function f, if n < 1. Thus we have to examine
the convergence at « as well as at 0.
We consider any positive number > 0, say 1, and examine the convergence of the two integrals

[ s ax and ["reas,

at 0, and oo, respectively.
(7)) Convergence at . Let a < 1. We take
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1

1
X

lim &zl.

b= 30 o)

so that

11
Also J. : dx
0 xt-n

converges, ifand onlyif (1 -n)<1 < 0 < n.
(if) Convergence at «. Now given n we have for sufficiently large values of x

& >x" o X <1/x%
|
But .[1 — dx converges.
X
® -l —x
Therefore | x"" e “dx also converges V n.
® -l -x . .
Thus o x"7 e dx converges if, and only if, n > 0.

©f 1 1 dx
Ex. 3. Show that I T —_° is convergent.
0\x sinhx) x

(Agra 2006; Delhi B.Sc. (H) Maths 2008, Gerhwal 1997, Himanchal Pradesh 2003)
Sol. The point 0, is not a point of infinite discontinuity of the integrand inasmuch as the

integrand —>1/6 as x — 0. We have, therefore, to examine convergence at oo only. We have
L eoea T ey,
x sinhx)x x*(e"-e¥) x* (e -e)

11 ]1 e

Thus ——= — <=
’ x sinhx)x > -1 &2

Since ¢** /(¢** —1) — 1 as x —> o0, there exists a number & such that

(e -1)<3/2, Vx>k.

r o r)r 3t
Thus, > k, x sinhx)x 2 42
. »(1 1 1 . L .
Since I - = —dx is convergent the given integral is also convergent.
k\x sinhx)x
) *log x )
Ex. 4. Examine the convergence of .[1 S—dx (Delhi Maths (H) 2003)
x

Sol. Here f(x) = (logx)/x>. Taking p=3/2, we have

3/2 0
lim x* /(x) = lim x—lzogx = lim 101%; [From —}
X—>0 X—0

X X—0 x o0

X—»0 (1/2) x71/2 X—>00 \/;

Since n=3/2>1, it follows by the p- test that the given integral in convergent.

0, which is finite.

2m
X
2n

00
Ex. 5. Test the convergence of .[o dx, m and n being positive integers.

I+x
(Purvanchal 2007; Garhwal 1999, Kumaun 1995)
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Sol. Let a > 0. Then, we have

2m 2m . 2 m

© X 4 x
dx=J. dx+J. dx = [ +1 , sa (1
~[0 1+x*" 0 1+x>" a 1+x*" 2 Y M

Since [, is a proper integral, so it is convergent. We now test 7,, by p-test. Take u = 2n — 2m.
Then, we have

2m
2n—2m 1

. . x .
lim x* f(x) = lim x —=lim—— =
X—>0 X—>0 1+x2” X—>0 1+(1/x2”)
which is finite. So, by p-test 7, is convergent if p > 1 i.e., 2n — 2m > 1, which is possible if n > m
because m and » are given to be positive integers. Again, by p test 7, is divergent if p<1,i.e., 2n

—2m < 1, which is possible if 5 < m.

Y| | dx
Ex. 6. Show that _[0 [m -e j; is convergent. (Delhi Maths (H) 2001, 04, 05)
1 1 —-1-x
x)=|—-¢" —=——>0 Vx>0
Sol. Lt ro0=(p -t p o
© 1 ©
Now, [Crear=[ reac [ reodx=1+1,. say ()

Here 0 is not a point of infinite discontinuity for the integrand tends to 0 as x — (. Hence
1
Io S (x) dx is a proper integral and so it is convergent.

To test 1, for convergence at o, we take ¢(x)=1/ x?.

fO)_fe(dy) x :1im(1_1+xj><lim
e

x—o 1+1/x

lim
Then, X—>0 (p(x) X0 er 14x x>

(1—1mij x1=1-0=1
X—0 ex

© o 1
Also, .[1 ¢ (x)dx= .[1 — dx is convergent. So by the comparison test, 1, is also convergent.
x

Since /; and 1, are both convergent, so from (1), the integral on L.H.S., i.e., the given integral is
convergent.

EXERCISES

1. Discuss the convergence of the following.

a 1 -1
log x *tan~ x
@ [, S tgra 2007 (@ [ 25 s @ f,
(Delhi Maths (H) 2009, Pune 2010)

DOnl

© xtan~' x dx J"” dx o ey
@ J, (1+x )1/3 (€) > x log log x U .[1 e @

© CcOs mx dx, J"” COS X

69} (Rohilkhanar 1999)

0 x%+4?
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(h) .[0 e x dx (Delhi B.A. (Prog) 11l 2010, Delhi Maths (H) 1995, 2004)
© dx

j s L 201

0 ), xm (Lucknow 2010)

J“” x logx
2. Provethat | (1+x2)2

3. Discuss the convergence of the following :

X converges to 0. [Delhi B.Sc.(Hons) 1II 2011]

@ [ e (l” XX e (Delhi Maths Prog 2007) () j ¥ (log x)" dx
o0 )Ca

e 1
(C)I @D Jo (14 [l+(10gx)2]dx

4. Show that the improper integral jo log(1+2 sech x) dx. converges.

[Hint : Since log(1+x)<x Vx>0

4 4
so  log(l1+2sech x)<2sech x= — <—=4¢ "
e +e e

» cosh bt
cosh at

5, Showthatj. dt ¢ > 0,b >0
converges if, and only if b < a.

bt bt bt | bt
coshbt e +e e’ +e (g
= < = ¢ (@D

[Hint: b<a=

coshat % +¢ @ e

bt | bt bt

coshbt e +e e 1 o

b>a= = > =— b1
cosh at eat 4 e—at eat +eat

® sinh bx

6. Show that J' de.a > 0,b > 0,
0

sinh ax
converges if and only if, @ > b.

4 p s Sinhbx e —e < &
. . - b
[Hint : sinhax e* —e ™ ™ -1

ax ax

sinh bx e —e™ ™1
a<b= — = < .
sinh ax % —¢~ e

7. Discuss the convergence of the improper integral
©( 1 1 1\e™
[ [ __+_]e_dx.
0 \e*—-1 x 2) x

® 2
8. Show that the integrals j e dx [Delhi BA (Prog) 2009]

© 2 ® 7(x7a/x)2
j e’ dx and j e dx converge.
0 —o0
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ox*+x ¢
9. Discuss the convergence of .[o 1—2
+x

© .2
10. Show that .[o e dx s convergent for all positive integral values of n.

® dx
1. Ifa > 1, showthat |, x(log x)"*! is convergent if n > 0 and divergent if n<0.
ANSWERS
1. (a) convergentif 0 <n <1 (b) convergent if a <0
(c) convergent (d) divergent
(e) divergent (f) convergent if n > 0
() both convergent (h) convergent if p > -1, g >—1 (7) convergent

5. convergent.

16.14 GENERAL TEST. CONVERGENCE AT oo, THE INTEGRAND BEING NOT
NECESSARILY POSITIVE
Cauchy’s test for convergence. The necessary and sufficient condition for the convergence of

o0
J f(x)dx at « is that corresponding to every n>0 there exists a number k, such that
a

)
‘ L S(x)dx|<m, Vi1, 2k (Delhi B.Sc. (H) 2000, 03)
1

t
Proof. We write ()= j £(x) dx.
The necessary and sufficient condition for lim @(x) to exist finitely is that to every positive

number, M, there corresponds a number £, such that vV 1,1, > k

01, ~0(t,) <N = ‘ [Frean-["reoas <n

< o U'Zf(x)dx

16.15 ABSOLUTE AND CONDITIONALLY CONVERGENCE OF IMPROPER INTEGRALS OF
THE SECOND KIND [DELHI B.Sc. (HONS.) II 2011]

Definitions. The improper integral J‘ f(x)dx is said to be absolutely convergent if

I | f(x)|dx is convergent.

A convergent integral which is not absolutely convergent is said to be a conditionally
convergent integral.

Theorem. Every absolutely convergtent integral is convergent.

ie., I | f(x)|dx converges — I f(x)dx converges

o0
Proof. Let n be a positive number. Since J | f (x)| dx converges, there exists a number &k
a

such that V 1,1, 2 k
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‘ i1 a|<n ()

<

L

L 2 £ ()] d

Also, : - (2)

From (1) and (2) the result follows.

Note. The converse of the above theorem is not true. Every convergent integral need not
always be absolutely convergent.

16.16 TEST FOR THE ABSOLUTE CONVERGENCE OF THE INTEGRAL OF A PRODUCT
Let @ be bounded in [a, o[ and integrable in [a,t|Vt > a.

Let J‘ f(x)dx converge absolutely at «. Then J‘ S(x) (x) dx, is absolutely onvergent.

(Delhi Maths (H) 2003)
Proof. Since ¢ is bounded in [a, o[, there exists a number 4 such that

lp(x)|<4Vx>a. (D)

00
Since the improper integral I | f (X)| dx with positive integrand is convergent, there exists a
a

number B, such that
J:|f(x)| dc<BVt>a. . (2)
We have from (1) and (2)
|f(x) o (x)| S Al f(x)|Vx2a.

t t

N I|f(x)¢(x)|deAI [f(x)|dx<ABVt>a.
t

= I |f (x) (P(x)‘ dx " is bounded above V¢ 2>a.

= J‘ |/(x) o(x)| dx is convergent

= I S(x) o(x) dx is absolutely convergent.

Ex. Discuss the convergence of the following integrals :

(®) I s1112x dx. (if) I e cosxdx.

1 x 0
16.17. ABEL’S TEST (Meerut 2010)

If J‘ f(x)dx is convergent at o and @(x) is bounded and monotonic for x>a, then

I J(x) o(x) dx is convergent at oo (Delhi Maths (H) 2001, 04, 08; Lucknow 1995,
Purvanchal 2007; M.D.U. Rohtak 2001)

Proof. The bounded function @, which is monotonic in [a, o[, is integrable in [a, {] V¢ > a.
Applying the second mean value theorem, we have
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[*r@ ot dr=0 () [ 1) des ott) [ reas, ()

where a < tl SE_,S f2.
Let M be a positive number.

Since @ is bounded in [a, [, there exists a positive number 4 such that

(p(x)|San2a.

In particular it follows that

o (1) < 4. |o(r,)| < 4. e

Also, since I f(x) dx is convergent, there exists by Art. 16.14, a number k such that V' #,,2, > k

I n
x) dx| < —-
[ Cf) <
We now suppose that ,, ¢, are numbers > & so that & which lies between ¢, and ¢, is also > &
3 t I n
x) dx| < L and .[ x) dx| <— .3
‘jtlf() - e <L 3

From (1), (2) and (3), we deduce that there exists a number & such that V 7,7, = k

‘ [ 7o) 9ty

<lou | |77 dx o)

L’Z £(x) dx

P LI By
24 24

where M is a positive number assigned arbitrarily.
Hence I f(x) o(x) dx converges at .
16.18 DIRICHET TEST. (Meerut 2007, 10)
Let © be bounded and monotonic in [a,©[ and let ¢(x)—> 0, when x —> 0. Also let
t 0
I S(x)dx be bounded ¥V t>a. Then J‘ f(x) @ (x)dx converges. (Purvanchal 2008)

(K.U. Kurukshetra 2000, M.D.U. Rohtak 1997, Delhi Maths (H) 1999, 2000, 01, 02, 05, 07)

Proof. The function @, which is monotonic in [a, [, is integrable in [a, {] V ¢ > a. Applying
the second mean value theorem, we have

[Fr@moe@dar=ew) [ f@ar+ow) [ reoas ()

where a<t1 SE”StZ'
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t
Since j f(x)dx isbounded V ¢>a there exists a number 4 such that

Jlf(x)dx <AVit2a, ()

‘ff(x) dx

=Uff(x) dx —j: £(x) dx

< f F(x) dx| + jl‘ f(x) dx

<A+ A4=2A.

<24 -3

[ reoas

Similarly

Let M be a positive number.

Since @(x) > 0 as x — o, there exists a number & such that
lo(x)| <m/4 4V x= k. (4
We now suppose that #,, ¢, are any two numbers <k, so that from (4) V1,1, 2k
o) <n/4d, Jot,)[<n/a4 -5

From (1), (2), (3) and (5), we deduce that there exists a number k such that V7,7, 2 k

< o(t,)| +| o)

‘ [ o) 9ty

["rea REE

<(M/44)x24 +(n/44)x24=n

where M is a positive number arbitratily assigned.

= j f(x) o(x) dx converges at oo.
EXAMPLES
Ex. 1. Show that jo sinx* dx is convergent (Delhi B.Sc. (Prog) I1I 2009)

(Delhi Maths (H) 2002, Garhwal 1994, M.D.U. Rohtak 1997)

© 2 1 . 2 © 2
Sol. We have .[ sin x dxzj sin x dx+.[ sinx” dx (D
0 0 1
L,
But .[0 sinx~ dx is a proper integral and so it is convergent.

o0
L2
We now test L sinx~ dx for convergence at . We have

© 2 _ ) . 2 i
.[1 sin x abc—J.1 (2x sinx”) o dx -2
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Let 7 (x)=2xsin x> and @(x)=1/2x. .. (3)

Now, ¢(x) is monotonic and —0 as x — . Also,
t
[-eos ']

t
showing that .[1 f(x)dx is bounded for all s>1.

t
.2
:IZx51nx dx
1

=‘cosl—cost2 < |cos 1|+|cost2|S2’

‘fﬂmw

. By Dirichlet's test, .[1 f(x)e(x)dx, ie., .[1 sinx?dx is convergent. Hence, from (1), the

given integral is convergent.

Ex. 2. (a) Show that J. “sinx dx converges but not absolutely. (Delhi B.Sc. (Prog) 2009)
0 Xx

(Calicut 2003, IAS 1993, Delhi Maths (H) 1998, 2005, 06, 09, Himachal 2004, 05;
G.N.D.U. Amritsar 2010)

(b) Show that J. *sinx dx 1s conditionally convergent.
0 Xx

(Calicut 2003, 1.A.S. 1993, Delhi Maths (H) 1998, 2005, 06, Himachal Pradesh 1999)

*gin x Isin x *gin x
Sol. (@) We have I —dx =I dx + L —dx (D)

0 X 0 X X

Since the integral — 0, as x — 0, therefore, 0, is not a point of infinite discontinuity. Hence

I'sin x
Io . dx is a proper integral and therefore it is convergent.

© 1
We now test .[1 sinx-—dx for its convergence.
X

Let f(x)=sinx and o(x)=1/x

Now, ¢(x) is monotonic and — () as x — . Also,

jltsinx dx| = ‘[—cosx]i ‘z |cos 1—cos t| < |cos 1| +|cos t| <2,

‘fﬂmw

t [e'e]
showing that L f(x)dx is bounded V ¢>1. Hence, by Dirichlet's test, L f(x)o(x)dx, ie.,

*sin x
L . dx is convergent. Therefore, from (1), the given integral is convergent.

In order to show that the given integral is not absolutely convergent, we must show that

J’w | sinx|
0 x
integer. We have

| sin x |

dx is not convergent. Consider the proper integral I dx where n is a positive

0 X

J'"“|sinx|dx_§ m |sinx|dx
0 x r=1do-nr x '
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We put x=(r—1)mt+y so that y varies in [0, ]. We have

[sin[(r =1 x+y]| = ‘(—1)H sin y‘ = sin y.

J"“ |sinx|dx_.|-ﬂ sin y p
(r-Dr X o(r-Dm+y 4

Since, rr is the maximum value of [(r -Dn+ y] when y €[0, ], we have

n i 1= . 2
J. &dyz—j sinydy=—
o(r-)m+y rm o rn

j"“dezgizzgl.
0 X lrm mwlr

n
Since 513——> o0 as 1 —>00, we see that
r

dx —> ®© a5 n— o,

J’"“|sinx|

0 X
Let, now, ¢ be a real number. There exists a positive integer n such that nt <t < (n+1)m.

|sinx| Tl sinx |
We have J. —dXZJ. —— dx.
0 X 0 X

Let t = o so that n also — . Thus we see that

t|sinx|d °°|sinx|d
— X — 0= ), & o X does not converge.

®sin x
Hence 0

dx is not absolutely convergent

sinx

(b) From part (a), we see that the given integral is convergent while _[0 dx s not

absolutely convergent. Hence, by definition, the given integral is conditionally convergent.
in x

© _ax S1
Ex. 3. Show that Jo e “——dx,a >0 is convergent.
X

(Kanpur 2009, 11; Delhi Maths (H) 2001, 04, 1.A.S. 1998, Kurukshetra 2000)
Sol. Let f(x)=(sinx)/x and ¢(x)=e“,a>0. Proceed as in first part of Ex. 2, to show

Isin x

that J:O f(x)dx, ie., .[o

decreasing function for x > 0.

dx is convergent. Also, ¢(x) is a bounded and monotonically

® e Sinx

So by Abel's test, Io f(x)o(x)dx ie., .[o e

dx is convergent.
X

22
Ex. 4. If a #0, then prove that J‘ e " sin by dx is absolutely convergent.

o0

0

_ 22 I 22 ©| 22 |

e s1nbxdx=j e” s1nbxdx+j e " sinbx
0 1

dx ()

Sol. We have Io
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22 |
We have, j e “ " sin bx

0

t 22
deIe‘”dx vV t>0
0

—a*x?

Also, for a#0, lim i
x—0 1/x

© dx
=0 and J. — is convergent
1 x

2.2 © 2.2
j e " dxis convergent and so j e " sinbx dx converges absolutely.
1 1

122 |
Here jo e ® " sinbx dx is a proper integral and so it is absolutely convergent, since f'is R-

integrable = | /| is also R -integrable. Hence, from (1), it follows that the given integral is absolutely

convergent, if a # 0.

®  xdx
Ex. 5. Show that the improper integral | —¢ 5 is convergent.
0 1+x"sin” x
Sol. The integral is positive for positive values of & but the test obtained in Art. 16.11 does

not enable us to establish the convergence. In order to show that the integral converges, we proceed
as follows. Consider the proper integral

J‘”“ x dx
. b
0 1+x°sin®x
.[’“T x dx g'["“ X dx
and write . S - )
0 1+x%sin”x  r=1de-Dr 1+x%sin®x
Now V xe[(r—1)m, rx], we have
,
6x 2 < 6Tt6 2
1+x°sin"x 1+(r—1)° n sin”x
rn x dx rn 7T dx
2= 6 6 .2 9> say
(r-Dr 1+x"sin“x YD 1+(r-1)°n sin“x "

Putting x=(r=1) t+y, we see that
n rudy /2 rmdy
- I 6.6 2 2I 6 6 2
01+(r—1)" n’ sin” y 0 1+(-1)"n"sin”y
If, now, A4 is a positive number, we have

I3

n/2
J‘“/z dy _J‘“/z cosec’ y dy _ 1 0! cot y _ T 1
0 1+4sin’y 90 A+l+cot’y  J(A+1) JA+D |2 J4+

1 rm’

= X il X =
oA [J \/[(r—l)é 1] \/[(r—1)6n6+1]

rm X rT r
.[ —— dx < < 3~—,Wh€rer¢l.
(r-Dm 1+x% sin? x [H(,_l)é né] (r=1" m
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1

Since
the two infinite series
® 1
2 2
r=2(r—1)
are both convergent. It follows that
z r 1
N
r=2(r-1y w
J‘”“ X dx
0 1+x%sin?x

Hence the given integral converges

and

1 -1

r-1°"

213
r=2 (r-1)

is a convergent series.

— a finite limit as n — .

®  xdx
Ex. 6. Show that |, 1+ < sin? x is divergent. (I.A4.S. 2003)
Sol. We write
no xdx noprm X dx
I i I TV 4 om0
0 1+x"sin“x r=1J¢-Dr [+x" sin” x
Now V xe[(r—1)m, rr], we have
(r-Dmn < x
1+(rn)* sin x 14 x* sin® x
rn —1 rn
J — R i Jor T
(r=Dm 14+ (rm)” sin” x (r=Dm 14+ x" sin” x
m (r=Dm= K dy
———dx= (r—l)nj P —
Now, I(r—l)n 1+ (rm)* sin® x 0 1+ (rm)* sin? y
n/2
— 2(-Dn j S
0 1+(rm)” sin” y
1 (r-n*

= 2(1”—1)TE><£><

(r-Hn’

% (1/7). Hence the given integral does not converge.

The infinite series

\/[1 + (rn)4] ) \/[1 + (rn)4] .

diverges, as we may see on comparison with the series

EXERCISE

1. Examine the convergence of

®gin x

@ J,

® sin x
]

dx

(Delhi Math (H) 2004)

(GN.D.U. Amritsar 1996, Himachal 2002)
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(c) J‘wef"z)r2 cos bx dx
0

(@) jow sin x dx

(e) jow cos® x dx

J“” cos x
0 Vx+x?
(2) .[lw sinx? dx, p>1

¢, COSX
M) dx

(i) Ilw(l—e

(k) .[lw f(x) dx, where

» sin x™
o[

© sin mx
2. Show that I - 2
0 a”+x

»gin x

3. Show that J.

® COS X
4. (a) Show that

R s1n X
(b) Show that J.

5. Examine the convergence of

® cOs ax cosbx
(a) I —dx

X

()J')CSII’I)C

1+ x?

» x™ cos ax

@ [, =

I+x
6. Examine the convergence of

» x dx
(@) 2

4
0 1+x cos” x

dx converges absolutely.

dx converges, but not absolutely.

(Kumaun 1998)
(Delhi Maths (H) 2004, Himachal Pradesh 2003)

(Delhi B.Sc. Physics (H) 1998)
(Delhi Maths (H) 1996, 2008)

® sin x
(h) .[1 —dx, p>0 (Meerut 2010)
x

»sinx logx
G) | FE=Edx (Himanchal 2004)

a X

1/x2, if x is rational
S(x)=

~(1/x%), if x is irrational

(Delhi Maths (H) 2002, 05)

(Kanpur 2002)

dx converges absolutely if p > 1

> log dx is conditionally convergent.

(Delhi Maths (H) 1999; Himachal 2003, 04)

(Delhi Maths (H) 2007)

. 2
® sin(x +x")
(b) IO — &
(Delhi Maths (H) 2002)

(Delhi Maths (H) 2002, 07)

o [ —E

4
1+x" cos™ x
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') Bd
7. If >0,$>0, then show that x—xz converges for o >2(+1) and diverges
0 1+x%sin” x
for a <2(B+1) (LA.S. 1992)
&
8. Show that ], 1+ sin’ x 18 divergent (I.A.S. 2003)
® COS ax — cos bx )
9. Show that o x dx is convergent
© sinx
10. Examine whether the integral L o2 dx is convergent. (Pune 2010)
X
ANSWERS

1. (a) convergent (b) convergent (c) convergent (d) convergent (e) convergetnt
(f) convergent  (g) convergent (/) convergent (i) convergent () convergent
(k) convergent

(m) convergent for | —-m<n <1+ mand Vm,+ve or —ve

5. (a) Divergent (b) convergent if -1 <n <2 (c¢) convergent for—3 <p <1
(d) convergent forn >0, -1 <m<n,orn<0,0>m>n-1
6. (@) convergent (b) convergent 10. convergent

OBJECTIVE QUESTIONS

Choose the correct answers for each question:==:

T+

1
1. If m >0, n> 0 then integral jo xm71(1 5 x)”i1 dx is

(a) convergent (b) divergent (c) oscillatory  (d) None of these (Agra 2009)
/2 o 2m—1 2n—-1
2. The integral .[0 sin x cos™ xdx is convergent iff
(aym>0,n>0 (b)ym<0,n<0 (c) m#n (d) None of these
(Meerut 2011)
0
3. I e'dx is
(a) convergent (b) divergent (c) oscillatory (d) None of these
(Kanpur 2001)
1
4. Io x"! a- x)”i1 dx is convergent when
(a)m>0 b)yn>0 (cym>0,n>0 dm>1,n>1
5. .[o x""'e™ dx is convergent when
(a)n>0 b)yn=20 (c)n<0 (d) None of these (Meerut 2011)

©sin x )
6. ——=dx, wherea >0 is :
Jx

a

(a) convergent (b) divergent (c) oscillatory (d) proper.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

® sinmx
—dx:
7. Io PR R
(a) converges but not absolutely (b) absolutely convergent
(c) divergent (d) None of these
J«Tc/4 dx
8. Integral ], m :
(a) convergent but not absolutely (b) absolutely convergent
(c) divergent (d) proper
9. If j | f(x)|dx is convergent then integral I f(x)dx is
(a) conditionally convergent (b) uniformly convergent
(c) absolutely convergent (d) divergent
10. If, when x — oo lim [ f(x) x"] exists finitely, the limit being neither 0 nor infinite, then the
® dx
integral I —; (a>0) converges if
a x
(a)n<1 b)yn>1 (c)n=1 (dn=20
0 qin2
n [ s
ToX
(a) convergent (b) divergent (c) oscillatory (d) proper.
12. Integral J. —dx is convergent if
(@) n<m (b)yn>m (cyn=m (d) None of these
ANSWERS
1. (a) 2. (a) 3. (a) 4. (¢) 5. (a) 6. (a)
7. (b) 8. (a) 9. (¢) 10. (b) 11. (@) 12. (b)
MISCELLENEOUS PROBLEMS ON CHAPTER 16
. Udx
1. Is it true or false : IO I is convergent [Ans. True] [Meerut 2005]
2. Test the convergence of
@) Io (x+1)2x1/2 (x—1)" [Delhi Maths (H) 2006]
® dx
(@) j [Ans. Conv.] [Meerut 2006]
3. Write the statement of Abel’s test for the convergence of first and second kind of integral
of the product of two functions. [Meerut 2005]
4. State are prove Abel’s test for the improper integral of a product of two functions.

[Meerut 2010, Delhi Maths (H) 2006]
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5. Test the convergence of the following

1 dx
@) I 1t x (Kanpur 2009) @ ), [IEPINE [Purvanchal 2006]

® dx o o
(iii) IO 173 (1+ xl/z) [Kanpur 2007] (iv) J‘O e dx [Delhi Maths (H) 2007]

©/2 logsin x

») J.O (- a) [(Kanpur 2011] (i) I dx, n<1 [Kanpur 2010]

[Ans. (i) Conv. (if) Conv. (iii) Div. (iv) Conv. (v) Div. (vi) conv.]

® dx
6. Show that the integral | — converges when n > 1 and diverges when p<1.
a x

(sinx)"

[Meerut 2007]
7.State Dirichlet test for the convergence of integral of product of two functions and hence

® sin x
test of convergence of I —dx, x>0 [Meerut 2007]
a x

n/2 s1n3x

8. Examine the convergence of I 28 dx [Delhi Maths (H) 2008]

[Hint. Ans. Convergent. Use Ex. 3(b) page 16.10. Note that here n =28 and m = 3]

9. Discuss the convergence of I : ey ldv A >0,a<0 [Delhi Maths (Prog) 2008]
10. Show that J T dx is absolutely convergent. [Agra 2008]

11. Discuss the convergence of (i) I:cos (x* + x)dx [Delhi Maths (H) 2009]

sin x

(if) j >—Zdx, where p>0 [Delhi Maths (H) 2009]

[Ans (z) Convergent (if) Convergent]

2 xdx

12. Show that Jl ﬁ is convergent [Delhi B.Sc. (Prog) 111 2010]

13. Examine the convergence of I xP [IOg j dx [Kanpur 2011]
®Ccost ,

14. Show that L Tdf is not absolutely convergent. [Delhi B.Sc. (Hons) IT 2011]
©__Cosx

15. Show that J, 172 9% converges [Delhi B.Sc. (Hons) 111 2011]

()c2 +Xx)
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Chapter

12

Indeterminate Forms

12.1. INTRODUCTION

In this chapter we shall deal with applications of Taylor’s theorem to the evaluation of certain
limits, known as indeterminate forms.

We know that (refer Chapter 9)

lim f(x)

lim £ _ x> ,
x—a g(x) lim g(x)
X —>a

provided lim f(x) and lim g (x) both exist and lim g (x) # 0.
X—>a X—>a

X—a
In what follows we shall discuss a method (known as L’ Hopital’s rule) to evaluate

lim {f(x)/g(x)} even when Ilim f(x)= lim g(x) =0. In such a situation
x—>a xX—a x—a

lim {f(x)/g(x)} is said to take the form 0/0.
X—>a

There are various kinds of indeterminate forms 0/0, oo/, 0 x o0, (00 — o), 1%, 0° and «o°.
The forms 0/0 and /o0 are known as fundamental forms because the remaining forms can
be easily converted into one of these forms.

12.2. THE INDETERMINATE FORM (0/0) (Gujarat, 2004)
Theorem 1. Let f, g be two functions such that
@ Ilim f(x)=0, lim g(x)=10 ..(0)
X —>cC X —>cC

and (ii) f'(c), g (c) both exist and g' (c¢) # 0.
lim M = —f' (©

xoe g(x) g (o)
Proof. Since the functions f, g are derivable at the point c, therefore, they are continuous at

Then

¢ and accordingly, by the given condition (i), f)=g()=0.
We have
£1(@) = tim LEXN=S@ St
h=>0 h h—0 h
and g (¢) = lim gleth)-g(o) lim M
h=0 h h>0  (h)

SO iy ey St S
g hoofg(c+h)/h]l hr-0g(c+h) x-c g(x)
Note. This result may also be stated as follows :
Iff(c)=g(c)=0,and f' (¢), g (c) exist but g’ (c) # 0, then
lim [ f(x)/g (x)] =f" (c)/g’ (¢) when x — c.
121
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*L’ Hopital’s Theorem Il. Let f, g be two functions such that
@ lim f(x)=0, lim g(x) =20
X—>cC X—>cC

and (i) lim[f' (x)/g (x)] =1 whenx —> c.
Then lim[ f(x)/g (x)] =1 when x —> c.

The condition (i7) implies that /' (x) and g’ (x) exist and g’ (x) # 0 at every point x, other than
¢, of a certain neighbourhood Jc — 9, ¢ + J[ of c.

We suppose that f(c) = g (¢) = 0 for this change in the definitions of fand g influences neither
the hypothesis nor the conclusion of the theorem.

Ifx € [c — 3, ¢ + 8], we have, by Cauchy’s theorem,

S _ - _ [(©)
gx) g-gl) g(©’
where & lies between ¢ and x and also depends upon x. By virtue of the given condition (if)
f1@gE >lasx—>c = fx)gkx)>lasx—c.
Note. The theorem may also be stated in another form as follows :

lim f(x)=0= lim g(x),

S ()
= lim = lim .
x=e g(x) g' (%)

provided that the limit on the right exists.

It will later on be seen by means of an example that lim [ f(x)/g (x)] may exist without
lim [ f' (x)/g' (x)] existing.

Note. The reader will find it useful to compare the hypothesis and the conclusions, of the
preceding two theorems. In theorem I the derivability of f and g is assumed at x = ¢ only,
whereas in theorem II while assuming the derivability of f, g in a neighbourhood at x = ¢, it
is exactly at x = ¢ where we have not needed it.

Theorem II1. If f, g be two functions such that when x — c,

. {limf(x) = lim [ (x) = e = lim " () = 0
D Vimg (6) = lime' () = o= limg" (x) = 0
and lim [ f" (x)/g" (x)] =1, whenx — ¢
then lim[ f(x)/g (x)] =1, whenx — c.

This may be proved through repeated applications of the preceding theorem.
Theorem 1V. Let f, g be two functions such that when x — c,

. {limf(x) = lim f1 () = e = lim " () = 0
® limg(x) =limg (x) = ..... =limg" ' (x) =0
and (ii) f" (c), g" (c) exist and g" (c) # 0
then Lim[ f(x)g ()] = f" (c)g" (c), when x — c.
Proof. By virtue of the given condition (ii), on applying the theorem I, we see that
SN e
g g

* L’ Hopital (1661-1704) was a French Mathematician.

lim
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Also from theorem III, changing »n to (n — 1), we see that

1imM — hmfn_l (x) _ /" (c)

g (x) g '@ g
Theorem V. If f, g be two functions such that

@ Ilim f(x)=0, lim g(x) =0,

and (i) lim [f'(x)/g ()] =1,

then lim [f(x)/gx)] =1L
X —> 0
Wewrite z=1/xsothatx >+o = z—>0+0.
Let F@)=f(1/z),G(z)=g(1/z)
so that lim F(z)=0, Ilim G(z)=0. -..(D
25 (0+0) 2 (0+0)
1
We have F'(z) = —f'(l}iz, G((z)=-¢ (—)—2
zZ) z z) z
FV !’
RO
G'(z) g (/2
so that, by the given condition (ii),
F'(2)/G' (z) > I, when z — (0 + 0). -(2)
Hence, from (1) and (2), li(gn 0 [F(2)/G(2)] =1,
z—>(0+

= lim [f(x)/g(x)] =1L
X —> 0
We may similarly see the truth of the result when x — — oo.

12.3. THE INDETERMINATE FORM (c0/o0)
Theorem 1. If f, g be two functions such that when x — c,

@) lim [g (x)] =00 and (ii) lim [ f' (x)/g (x)]=0

then lim[ f(x)/g (x)] =0, when x — c.

Proof. The given condition (if) implies that there exists an interval [c — §, ¢ + J] around ¢ such
that for every point x # ¢ of this interval, ' (x), g’ (x) exist and g’ (x) = 0.

From the Darboux’s theorem (refer Art. 9.6), it follows g’ (x) keeps the same sign, positive or
negative [ x € ]c, ¢ + [, and the same is true for [c — J, [ also.

Firstly we consider the interval ]c, ¢ + J[. Let g’ (x) remain positive in it.

Let & > 0 be any number. Then, by virtue of (ii), there exists a positive number 6, > & such
that[ x € Je, ¢ + §,[

f'(X)_0‘<g
g (x) 2’
- FRCIRE NPICIEE Ty ae
= —%ag'(x) < f"(x) <%8g'(x).

By the Art. 10.6, we see that [ x € ]Jc, ¢ + §,[

—%s[g(wa)—g(x)] <L (e+d) - f(0]< %e[g(cw)—g(x)]
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1
= |f(0+5)—f(X)|<58|g(0+5)—g(X)|
1 1
= If(X)|—|f(0+5)|<58|g(0+5)|+58|g(X)|
1 1
= If(X)|<58|g(X)|+58|g(C+5)|+|f(C+5)|
1
= If(X)|<58|g(X)|+k,
R FECY D P
g | 2 |g]
Here k=(0/2)xe| g(c+d) |+]| f(c+9d) |is free of x.
Again lim | g(x) | = o implies that there exists a positive number 6, < 6, such that
X—>cC
[ x € Je, ¢ + 8,[, we have kllg(x)|<¢el2.

Thus, we see that to every &€ > 0, there corresponds 6, > 0 such that[ x € ], ¢ + §,],

| f(x)/g ) | <e

_ CIT
x> (+0) g(x)

It may similarly be shown that lim S(x) =0
x> (c-0) g(x)

Thus, fx)/gx) > 0asx > c.

Theorem II. If f, g be two functions such that when x — c,
(@) lim | g (x) [ = oo, (id) lim [ f' (x)/g" (X)] = L,

then lim[ f(x)/g (x)] =1, when x — c.
Proof. We write o) =f(x)—1g (x).
We have lim ¢' (x) = lim {f' ) -1 } = 0, by the given condition (i)
x>0 g (x) x>0 g (x)
= tim 20 _ o,
e g (x)
= lim {f(x) —l} 0
xoe | g (x)
= tim L9 _ ;.
g (x)
Note 1. As in theorem V of Art. 12.2, it may be shown that the result remains true even when
X — o,

Note 2. It should be specially noted that in the preceding theorem nothing whatsoever has
been said about the limit of f(x) as x — ¢ so that the result holds good independently of the
behaviour of f(x) as x — c. In particular, therefore, the result holds good when f(x) — o as
X — c; this being the form in which the theorem is usually stated.

12.4. SOME USEFUL RESULTS

I. The following standard infinite series expansion of functions can be used to compute limits
of indeterminate forms.
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2 .3
(@) e* = 1+x+%+%+...ad. inf

38 7 3 5 7
(@) sinx = x——+——-—+..ad. inf sinhx = x+—+—+—+...ad. inf
31 50 7! 3t 5t 7!
2ot S 2 4 6
(iii) cosx = 1-—+——-—+...ad. inf coshx=1+—+—+—+..ad. inf
21 41 6! 21 4! 6!
3 5 3 5 7
2 . - .
(iv) tanx = X+ + 25 4 ad. inf tan"'x=x-—+> -2 4 _ad inf
3 15 3 5 7
2 3 4
v) log(l+x) =x—-——+——-—+...ad. inf, -1 <x <1
() log (1+x) > T3 "2
2 3 4
log(1-x) = T inf, -1<x <1
2 3 4
I1. The following standard limits can be used directly while finding limits of indeterminate
forms.
i t
() lim X 1, lim - =1, lim =X =1, lim — 1
x—>0 X x—0 sInx x—>0 X x—0 tan x
, : 1)* . log (1+
(i) lim (1+x)1/x =e, lim (1+—) = e, lim M =1
x—>0 x—>0 X x—>0 X

Note. The application of the above results either in the beginning or at an appropriate stage
in some problems will shorten the whole process of evaluation of given limit.

12.5. WORKING RULE TO EVALUATE LIMIT IN INDETERMINATE FORM
<, NAMELY, lim I wheRrE f@ = g(a = 0.
x—>a g (x)

Step 1. Differentiate the numerator and denominator separately.
Step 2. Find lim [f'(x)/g" (x)].
X —>a

Step 3. If the indeterminate form 0/0 still persists, then repeat the process. Sometimes more
than one application of L” Hopital’s rule will be necessary.

Note. Before applying L’ Hopital’s rule at any stage, make sure that the expression to which

the rule in being applied is an indeterminate form. For example, the following solution of
evaluation of limit, namely,

X} 4+3x-4 . 3x*+3 . 6x 3
= = lim — =

lim = lim
+x-3 x—>1 4x+1 x>1 4 2

x—>1 2x
is wrong because the expression (3x2 + 3)/(4x + 1) is not of the form 0/0 as x — 1. Hence we
cannot apply L’ Hopital’s rule to evaluate lim1 {(3x2 +3)/(4x + 1)}. Actually, we have
X —>
. 2
Sedx-d4 o 3Pe3 ROTHI
2

lim

_5
x—>1 2x 5

= l1m = N
+x-3 x-o1 4x+1 lim (4x+1)
x—1
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EXAMPLES

xcot x —1

Example 1. Evaluate lim 3

[Delhi Maths (G), 1998, 2000]
x—0 X

Solution. We have

lim lim

xcotx—1 . X Cosx —sin x 0
—_— _— Form —
x—0 x2 x—0 x2 Sinx

. COSX— XxSinx—cosx
= lim 3
x>0 2xsinx+x~ cosx

. —sin x 0
= lim —— Form —
x—>0 2s8In X+ X CcosSx 0

. —COoS X 1
= lim - = i
x—0 2COSX+COSX — XxSsinx 3

Example 2. Evaluate [lim m;lﬁ

x>0 x“ tan x

[Delhi Maths (H), 2003; Delhi Maths (P), 1998; Manipur, 2002]
Solution. We have

. tan x — x . tan x — x X . tan x — x .
im ————— = lim | ———- = lim —— x lim
x>0 y2tanx x—0 %3 tan x x>0y x—0 tanx
t -
= lim —Mxl, as lim T oo Forrn9
x>0 o x—0 tan x 0
2
-1
_ lim sec” x Foer
x—0 3x2 0
. 2sec’ xtanx 1 .. 2 . tanx
= lim ———  — = — lim sec” x x lim
x>0 6x 3x-0 x—>0 X
=(1/3)x1x1=1/3.
] 2
. —cos x .
Example 3. Evaluate lim - [Delhi Maths (H), 2004]
x>0 x* sinx
Solution. We have
. 1-cosx? . l-cosx?> x2
lim > = lim n . 5|
x—>0 x“ ginx x—>0 x sin x
1- 2
= lim ﬂxl Forrn9
x—0 x4 0
_lim 2x sin x> 1 sin x2 1
x>0 453 2x50 52 2

. sinh x — sin x

Example 4. Evaluate lim —————
0 2

x> X sin” x
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Solution. We have

lim —— = lim - -
x>0 xsin® x x>0 X sin x

sinh x —sin x i {sinhx—sinx( X \2}

. sinhx—sinx
= lim —3><1 Form —
x>0 X

. cosh x—cos x 0
= lim ————— Form —
x>0 3x 0

. sinh x +sin x 0
= lim —— Form —
x>0 6x

. coshx+cosx 1+1
=lim —— = —=

1
x50 6 6 3

sinx—x+x>/6
—_—

[Agra, 2005; Delhi Maths (G), 2002; Kanpur, 2002;]

X3 XS X7 X3
X = ead nf xS
1

Example 5. Evaluate lim
x—0 X

Solution. We have

i sinx—x+x°/6 3! 57!
1 _—_—m
x>0 xs x>0 xs
X7 /5= xT )T+ 1 x? 1
= lim =1 =z =
x>0 E x>0 |51 71 120
Example 6. Prove that
]+ 1/x _
0 lim Urx) -—e_ —g. (Agra, 1998; Avadh, 2000; Kumaon, 2004)
x— X
Lepx) % — 2 11
iy tim L) - ex/2 e Dol B.Se.I (H) 2008, Meerut 2011, 2006]
x—0 X 24
Solution. Since lim0 1+ x)l/x = e, it follows that the given limit is of the form 0/0. Let ¢
x>
first find the expansion of (1 + x)l/x as follows :
Let y=(+ x)l/2 so that
lo —llo (1+x)—l x_ﬁ+x_3_£+
8 x g X 2 3 4
x x° x X
or logy =1+|——+——..... =14z, where z = ——+——.....
2 3 2 3
y=eT e =e(l+z+22/21+...)

or

<
I
()
—
+
I
| =
+
|><
(3]
I
N——
+
N | =
I
N | &
+
w|><m
I
N——
(3]
I
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2
So (1+x)/* =e 1—lx+ l+l x2 4 =e l—lx+11x o
2 3 8 2 24

(/) We have
x 1
x e 1—5 + 2 + . —e
lim a+x) " —e = lim
x—0 X x—>0 X
. e .. e
= lim | ——+ terms containing x | = — —
x—>0 ( 2 ) 2
(if) We have
x 11x? ex
(1+x)l/x_e+% e[1—2+ 2 +eens ]—e+2
lim 3 = lim 3
x—0 X x—0 X
. 1le ® 1le
= lim | — + terms containing x | = —.
x—>0 24
Example 7. For what value of a does (sin 2x + a sin x)/x3 tend to a finite limit as x —> 0 ?
Find this limit. [Delhi Maths (G), 2000; GN.D.U. Amritsar, 2004; I.A.S. (Prel.), 2001]

Solution. Here (sin 2x + a sin x)/x3 is of the form 0/0 as x — 0 whatever value a may have.
So, by L’ Hopital’s rule,

. sin 2x + a sin x . 2 coS2x + acosx
lim ————— = lim ..(D
x—>0 X 3 x>0 3x 2
Since the denominator of the expression on the R.H.S. of (1) is 0 when x = 0, it follows
that in order that the limit of the expression on R.H.S. of (1) be finite as x — 0, the numerator
of the expression on R.H.S. of (1) should also be zero when x = 0. This will happen if we choose
2+a=0, ie., a=-2.
Substituting this value of @ on R.H.S. of (1), we have

sin 2x + @ sin x . 2cos2x —2cosx 0
lim —— = lim Form —
x—0 x3 x—0 3x2
. —4sin2x +2sinx 0
= lim Form —
x—0 6x 0
. —8cos2x+2sinx
= lim = -1
x—0 6

in 3x + A sin 2x + B si
Example 8. Determine the values of A and B for which lim S ox S <X S X

x—0 xs
exists and find the limit. [Delhi Maths (G), 2003]
Solution. Let L be the value of given limit.
. sin 3x + Asin2x + B sin x 0
L = lim Form —
x—0 X 5 0
or I - lim 3cos3x+2Acos2x + Bcosx ()

x—0 5x4

Here the denominator of (1) has the value 0 when x = 0. So in order that the limit (1) may
exist, it is necessary that the numerator of (1) has the value 0 at x = 0. Thus, we must have
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3+24+B=0 or 24+B=-3 Q)

Now, if the relation (2) holds, then (1) is of the form 0/0 as x — 0, and hence its limit as
x — 0 can be obtained by L’ Hopital’s rule. Then, (1) yelds

. —9sin3x—4A4sin2x— Bsinx 0

L = lim Form —

X0 20x° 0

or I - lim —27cos3x —8Acos2x — Bcosx .0
x>0 60x2

Again we find that the denominator of (3) has the value 0 when x = 0. So in order that
the limit (3) may exist, it is necessary that the numerator of (3) has the value 0 at x = 0. Thus,
we must have

-27-84-B=0 or 84 + B = - 27 ..(4)
Solving (2) and (4), we have 4 = — 4, B = 5. With these values, (3) reduces to
I - lim —27 cos3x + 32 cos2x —5cosx [Form 9}
x>0 60x2 0
. 81sin3x—64sin2x +5sin x 0
= lim [Form —}
x>0 120x 0
. 243 cos3x — 128 cos 2x + 5cos x
= lim =1
x—0 120
12.6. APPLICATION OF I''HOPITAL’S RULE FOR /o FORM
SO ()

If lim f(x) = and lim g(x) = oo, then lim lim .
x—>a x—>a xX—a g(x) xX—a g'(x)

Note 1. Sometimes more than one application of L’ Hopital’s rule will be necessary to
evaluate an indeterminate form oo/oo.
Note 2. The above result is also true when x — oo.

Note 3. In some problems of the form oo/oo, it is necessary to convert it into the form 0/0
at the proper stage, otherwise the process of application of L’ Hopital’s rule will never end.

EXAMPLES

tan 3x

Example 1. Evaluate lim [Delhi Maths (H), 1994]

x—>n/2 tan x '

Solution. We have

. tan 3x o0 |
lim Form —
x—mn/2 tan x © |
. 3sec? 3x o]

= llm ——— Form —

x—>n/2 SCCZ X OO_

. 3cos? x 0]

= lim —— Form —

x—>n/2 COSZ 3x 0_

. —6cos xsin x . sin 2x 0]

= lm —— = lim — Form —

x—>n/2 —6cos3xsin3x  x—n/2 sin 6x 0]

2 cos2x -2 1

im = — =
x—n/2 6cosbx -6 3



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

low si
Example 2. Evaluate  lim M.
x—>n-0 log sin 2x

Solution. We have

loo si
og s.m X [Form f}
x—>n-0 logsin2x )
t
= cotx Form Nl
x—>n-0 2cot2x 00
_ 2
= lim — % = lim cos’x = L
x—>n-0 —4cosec” 2x x—>n-0
Example 3. Evaluate lim (x"/e"), n being a positive integer.
X —> 0
Solution. We have
n
lim — [Form —}
x>0 ¥ 0
—1x"" 2
= I nin-Dx Form —}
x> e™ 0
-D(n-2) ..... 3-2-1
= lim ~ (n=1)(n=2) , after applying L’ Hopital’s rule
X —>® e” .
(n —2) times more
!
= lim = =0
x> o ¥
Example 4. Evaluate R Zmo . log,,, . tan 2x. (Gujarat, 2004)
Solution. We have
lim log,  tan2x = lim log tan 2x [Form —}
x—>0+ x—>0+ logtan x 0
2sec? 2x )
. tan 2x . 2sin2x 0
= 1 I B lim — Form —
x>0+ sec x x—>0+ sindx 0
tan x
_ 4cos2x 4 |

x>0+ 4cosdx 4
12.7. THE INDETERMINATE FORM 0 x o
If im f(x) =0and lim g(x) = oo, then f(x) x g (x) takes the form 0 x oco. In such
X —>a

X —>a

cases, f(x) x g (x) is expressed as
f ) N ()
1/g(x) 1/ f (x)
which has respectively 0/0 or co/oo forms. Their limits can then be evaluated by using I’ Hopital’s
rules explained in Art. 12.5 and 12.6 respectively.
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EXAMPLES
Example 1. Evaluate lim1 (I —x) tan (mx/2). [Delhi (G), 1998]
X
Solution. lim1 (1-x) tan (nx/2) [Form 0 x o]
xX—
1-
= lim ——— [Form 9}
x—>1 cot (nx/2) 0
. -1 2
= lim > ==,
x=>1 (-m/2)cosec” (mx/2) ™

Example 2. Evaluate lig1 . (xk log x), for each positive real number k.
x>0+

[Delhi Maths (H), 2002]

Solution. lim (xk log x) [Form 0 x oo]
x—>0+0
1
= lim 08 X [Form S}
x—=>0+0 x~ k 0

k
im — %~ im0
x>0+0 (—f)x K71 Txso0r0 |~k
12.8. THE INDETERMINATE FORM © - o
If lim f(x) = and lim g (x) = oo, then f(x) — g (x) takes the form oo — co. In such
X—>a

X—>a

cases, f(x) — g (x) is expressed in the form 0/0 as follows :

xliina [f(x)-g((x)] [Form oo — o0]
= lim { 1 - ! }: lim l/g(x)—l/f(x), [Formg}
x—a |1/ f(x) 1/g(x) x—a 1/{f(x)g(x)} 0

which is evaluated by L’ Hopital’s rule as explained in Art. 12.5.
EXAMPLES
Example 1. Evaluate lim (1/x — cot x).
x—0

[Delhi Maths (G), 19965 Delhi B.A. (P), 2003, 04, 09]

Solution. lim (1/x - cot x) [Form oo — 0]
x—>0
. 1 cosx . sinXx—Xxcosx 0
= lim | ——— = lim —— Form —
x—0{x sinx x—0 X sin x 0
. sinx—xcosx x . sinx—xcosx 0
=l -— = lim — Form —
x>0 %2 sinx x—0 %2 0
. cosx—(cosx— xsin x) . sinx
= lim = lim = 0.
x—>0 2x x—>0 2

Example 2. Evaluate lim [ r__ i]
x—=0le¥ -1 x

[Delhi Maths (H), 2000; Delhi Maths (G), 2002; Delhi Maths (P), 2002]
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Solution. We have

lim [ ! —lJ [Form oo — o0]
x—0 ex — 1 X
— e 1
T ek [Form 9}
x>0 x(e* —1) 0
1_ X
= lim — [Form 9}
x>0 ¥ —1+xe” 0
. —e” 1
= lim —— = ——.
x>0 ¥ pe’ +xe” 2
Example 3. Evaluate lim [i - iz log (1+ x)}. [Delhi Maths (H), 2003]
x>0 [Xx x

Solution. Since lim {log(1+ x)}/x = 1, we have
x—>0

lim |:l 1 log (1 + x)} [Form oo — 0]
x—>0 | X x2
. x-log(1+x) [ 0}
= lim ——= Form —
x>0 x2 0
o 1=-1/0+x) . 1 1
=lim ——— = lim — = —.
x—0 2x x—0 2 (l + x) 2
12.9. THE INDETERMINATE FORMS 00, o’ AND 1®
Let [ = lim {f(x)}¢W, e
X —>a

where the R.H.S. assumes one of the above three indeterminate forms.
Taking logarithms on both sides, (1) reduces to

log/ = lim g (x) log f (x) ..(2)

The limit on R.H.S. of (2) can be evaluated by one of the previous methods. If k& is the value
of the limit on L.H:S. of (2), then

logl=k = I= ¢, which is the required value of the limit.

EXAMPLES
Example 1. Evaluate lim _  x". [Agra 2006, Delhi Maths (P) 2008]
Solution. Let /= lim x* [Form 0°]
x—>0+0
log / = lim xlogx [Form 0 x 0]
x—>0+0
1
= lim 08X [Form oo/ 0]
x—>0+0 1/x
= tim - im (cx) =0

x50+0 —1/x2  x50+0
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Thus log /=0 so that I=¢"=1.

Example 2. Evaluate lim1 (1— x*)Vlos (1=
x>

Solution. Let [ = lim (1-x?%)Ylegd=» [Form 0°]
x—>1
log (1 - x*
logl = lim 280 =X [Form 2}
x—>1 log(l1-x) )
(—20)/(1-x%) . 2x
= -~ = lim =1
x—>1 (—1)/(1—)6) x—>11+x
Example 3. Evaluate  lim  (cot x)*"*.
x—>0+0
[Bangalore, 2004; Delhi Maths (G), 2000, 04; Delhi Maths (H), 2006; Delhi Maths (P), 1998]
Solution. Let [ = lim (cotx)s™~ [Form oo’
x—>0+0
log/ = lim sinx logcot x [Form 0 x 0]
x—>0+0
1 t
_ oy Jogeotx [Form z}
x—>0+0 cosec x [e)
. —(1/cot x) x (— cosec’ X) ) : 2
= lim = lim sinxsec” x =0
x—0+0 — CcOosec x cot x x—>0+0
Thus, log/=0 sothat [= & =1.
Example 4. Evaluate lir(1)1 . (1/x)“"*, |Delhi Maths (G), 1994]
x— 0+
Solution. Let [ = Tlim (1/x)"™* [Form oo’
x—>0+0
log (1/
log! = lim M [Form 2}
x=>0+0 cotx 00
—1/x? i
= lim M = lim (smx Xsinx) =1x0=1
x—>0+0 _Coseczx x—0 X
Thus log/=0 sothat [= &L =1.

2
Example 5. Evaluate (i) lim (cos x)l/x .
x>0

[Delhi Maths (P), 1998, 2003; M.D.U. Rohtak, 2000)

(i) lim(cos e [Delhi Maths (H), 2003]

x—>0+

2
Solution. (i) Let [ = lim (cos ) [Form 1]
X
1

log! = lim 08CosY [Form 9}
x—0 x2 0

I
é..
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Thus, log/=-12 sothat [=e¢ 2=1/4e.
3
(ii) Let I = lim (cosx)"* [Form 1%
x—=>0+0
1
log!/ = lim 08 Los Y [Form 9}
x—=>0+0 3 0
. —tan x 1 . tan x . 1
= lim ——=-—| lim x lim —
x>0+0 3x2 3lx>0+0 X x—>0+0 X
Thus, log/=(-13)x1xw=-w sothat [I=¢ *=0.

1/x?
t
Example 6. Evaluate lim ( an XJ . [Agra 2010; Delhi Math 2007; Bangalore, 2004;
X

x—>0
Delhi Maths (H), 2000, 09; Garhwal, 2001; GN.D.U., Amritsar, 2004; Kumaon, 2002]
tan x s
Solution. Let [ = lim ( ) [Form 1%]
x—0 X
{Note that lim tan x = 1}
x—0 X
1 t /
logl = lim 08 /x} [Form 9}
x>0 x2 0
X X 8602 x — tan x
tan x 52
= lim
x>0 2x
2
=t
_ i 2SS xtnx [Form 9}
x—0 2x° tan x 0

i sec’ x + 2x sec’ x tan x —sec> x
im
x—=0 4x tan x + 2x2 sec? x

. sec’ x tan x 0
= lim 3 Form —
x—0 2tan x + x sec” x 0

: sect x +2sec x (sec x tan x) tan x 1
= lim 3 3 3 = —.
x>0 2sec” x+sec” x+2xsec” xtanx 3
Thus, log/=1/3 sothat [= !B,
Example 7. Evaluate lim (2 - x/a)'™ (™29 (Rohilkhand, 2002)
X —>a
Solution. Let [ = lim (2-x/a)™ ™20 [Form 1%]
X —>a
log/ = lim tan — log (2 - i) [Form 0 x 0]
x—>a 2a a
. log(2-x/a) 0
= lim ——— Form —
x—>a cot(nx/2a) 0

) (-1/a)yx {1/Q2-x/a)} 2
lim 2 -
x—>a —(m/2a)cosec” (mx/2a) T




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Thus, log/=2/n sothat [=¢™
EXERCISES
1. Evaluate the following limits :
- .
@ lim cos x ®) cos X © lim s%n ax
x>0  y2 xon2 ©/2-x x—0 sinbx
tan x — . 1-cosx’ . x—si
) lim aTn X—x (© lim cos x (f) lim X —sinx
x—0 sinx—1 x>0 x sinx3 x>0 tan3x
x —sinx x — tan x a* -1
lim ——— h) lim ——— ) lim —— b # 1
(g) x>0 x3 ( ) x—>0 x3 (l) x—0 pt —1
~ 1. log(+x)—x . tan® x—x° 1—-cosx
() lim —————— (k) lim 5 )

x>0 1—cosx

x cosx —log (1+ x)

x—>0 x“tan” x

lim ——
x>0 xlog(l+x)

(m) lim . [Delhi Maths (G), 2005; M.D.U. Rohtak, 2000,
X —> X
Meerut 2005, 09]
_ log (1-x?
() lim 2080=x) (Kumaon, 1998, 99)

x>0 logcosx

2

I e —e* lim efsinx—x—x

m —-

©) x>0 log (1+bx) () S 32 +xlog (1-x)
(Delhi Maths (H) 2009)

cosh x —cos x

)cl/2 tan x

i lim 20t
(@ xlino Csinx [Meerut 2006] ) 150 (&F — 1)1/2
Y _emX 22 log (14
() lim < —¢ ~2log* o) (GN.D.U. Amritsar, 2004)
x—0 X Sin x
_at b
@ lim 2 (Rohilkhand, 2001)
x—>0 X
) X _o7¥ i
@ lim &~ =02 (Calicut, 2004)
x—0 X
. .2 . x
- . —log(1+
o) lim sin 2x + 2 sin )c2 2 sin x (w) lim xe og(1+x) (Agra 2010)
x>0 COS X — COS~ X x=0
2. (a) If lim w is finite, find the value of @ and the limit.
x—0 X

(b) Determine the values of p and g for which lim
x—>0

[Delhi Maths (G) 2006; Avadh, 1999; Delhi Maths (P), 2001;

equals 1.

x(1+ pcosx)—gsinx

3 exists and
X

Delhi Maths (H), 1997, 2005; Rohilkhand, 2000]

(©

Find the values of ¢ and b in order that lim x(-acosx)+bsinx = l

x—>0 x3 3

[Delhi Maths (Prog) 2007; Delhi Maths (G), 2001, 04; Delhi Maths (H), 1995]
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X -X
. . ae —bcosx+ce
(d) Find the values of a, b and ¢, so that lim - = 2.
x—0 X sin x

a+bcosx+csinx
2

(e) Find the values of a, b and ¢ so that lim

exists and equals
x—0 X

1/2.

X_ + - X
(f) If lim Xe® —qcosx+ pe

x—>0 X tan x

= 3, find the values of p, ¢ and r.

x(a+b—-cosx)—csinx

5 =1L

(2) Find the values of @, b and ¢ such that lim
x—0 X

(Agra, 2001; Garhwal, 1998; Kanpur, 2001)

3. Evaluate the following limits :

t log (1 - .1
@ lim —— ) lim gd=Y © lim 2% 550
x—0+0 logsin x x—>1-0 cot mx xow  x”
[Delhi Maths (G) 2006] [Agra 2003]
1 -n/2 —
@) lim 8@y 18 ma] Sy i log. tanx
x—n/2 tan x xX—a log(ex_ea) X —> 0
(g) lim x"e”* where n is a positive integer (h) Iim log x
x> ® ’ ) x>0 cot x [Agra 2006]

4. Evaluate the following limits :

(@) lim (1-x)tan (l TDC) () lim (I-sinx)tanx (c) lim sinx In x?
x—>1 2 x—n/2 x>0

(d) lim sec(lnx) 1n(l) () lim 2%sin(a/2%) () lim (@ -1x
x—1 2 X xX— o X—> o

(2) lim0 x™ (log x)", where m, n are positive integers.
X —>

(h) limsinxlogx (peini 2009) (i) limsec(n/ 2x)log.x (Lucknow 2010)
X
5. Evaluate the following limits :
. 1 1
(@) lim (— - — j [Delhi Maths (G), 1995, 2005; Delhi Maths (H), 2006;
x>0 | x sinx
Delhi Maths (P) 2008]
(b) lim Lz - 12 [Kanpur 2011; Nagpur 2010; Delhi B.Sc. I (H) 2008]
x>0 | x sin” x
[Garhwal, 2000; G.N.D.U. Amritsar, 2004; Delhi Maths (G), 1997]
(¢) lim (x tan x — I sec x] (Agra, 1999)
x> n/2 2
d) lim0 (cot2 X - l/xz) [Delhi Maths (G), 1997; Delhi Maths (G), 2002;
X —>
Garhwal, 1998; Kumaon, 1997; GN.D.U. Amritsar, 2004]
(e) lim0 (cosec x — cot x) [Delhi Maths (P), 1995, 2002]
X —>

. 1
(f) lim |——- [Delhi Maths (G), 2001]
x>1\x—-1 logx
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1 1
lim (sec x — tan A lim {——M———
©  Dm, (secx—tanx) ® H4{1n(x—3) x—4}
() lim |secx——— | (Purvanchal 2006) (j) lim 4~ — "
x> /2 1—sinx x>0 [4x  2x(e™ +1)
*) lim 1 _ log (1+x) 0 lim x 1
x—>0 x(l+x) x2 x—>1 [x—1 1ng
6. Evaluate the following limits :
(@ lim (sin x)tanx [Calicut, 2004; Delhi B.A. (P), 2000]
X—>T
() lim (sin )t [Delhi B.A. (P), 1996]
X—>T
(¢) lim (1+ )" [Delhi B.Sc. (G), 1995]
x>
(@) lim (tan x)sin 2 [Delhi Maths (H), 1999]
xX—>m/2—
(e lim x"I"* (f) lm (tanx)*"**  (g) lim (cosx)"’*
x—>0+0 x—>0+0 x—>0
(h) lim  (cosx)®* () lim #/CD () lim (cotx)VIm*
x—>mn/2-0 x—1 x—>0+0
tan x
(k) lim (1+sin x)®"" () lim {ln(1/x)}" (m) lim (E - xj
x>0 x—>0+0 x—>n/2-0\ 2
sin x Vx
(n) lim (2 - x)@(™/2) (0) lim (—j
x—1 x—>0 X
. sin x .
(p) 11m0 ( j (Kumaun, 2003; Manipur, 2002; M.D.U. Rohtak, 1999)
x—> X
. tan x <’
(¢) lim (Garhwal, 2003; Patna, 2003)
x—0 X
tan x Vx
 lim ( j (Avadh, 2001; Kanpur, 2000)
x—>0-0 X
. sinh x }"*
(s) lim (Patna, 2000)
x—> X

7. If " (x) exists and is continuous in a neighbourhood of x = a, then show that

i S+ =2f @+ f(a=h

h—>0 h?

= f" ().
8. Show that

X X COS X X sin x

N . € —e N
(¢ lm ——— =3 (@) lim -
x>0 x-—sinx x>0 x—sinx

1 (Patna, 2003)
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e’ +log (H)
e _1

b x
- 1-1
x —b _1-logh ) lim —~ ¢/ _

(iii) lim

xob x¥ —pb B 1+logh x>0 tan x — x 2
(v) lim ax — xa = log (a/e) log (ae) (Rohilkhand, 2003)
x—>a x —a
b a
(vi) lim % = log (e/b) log (be) (MLD.U. Rohtak, 1998)
i) lim ———> =2 (M.D.U. Rohtak, 2001)
x>1 x—1-logx
ANSWERS
1. (a) 12 b 1 (©) alb d) 2 (e 0
(f) 1/6 (g) 1/6 (h) —1/3 (i) log, a () -1
(k) —2/3 0 12 (m) 112 (n) 2 (0) 2alb
(p) —2/3 (@1 1 () 1 (t) log, (a/b)
(u) 23 ) 4 W) 0
2. (a) a=3,limit=—4 by p=-572,qg=-32
©a=12,b=-12 da=1,b=2c=1
ea=1,b=-1,c=0 NHp=32,9g=3,r=32
(g) a=120,b=60, c =180
3. (a) - » ) 0 () 0 d) 0 (e 1
N1 (2 0 (h) 0
4. (a) 2/m b) 0 (© 0 (d) 2/n (e) a
(f) log a (2 0 (h) 0 (i) ~(2/m)
5 (a) 0 (b) ~1/3 © -2 (d) - 2/3 (e 0
(f) 12 (g) 0 (h) 172 (i) (j) ©*/8
k) —1/2 0 12
6. (@)1 b) e 2 () e d) 1 (e) e
(N 1 @ e '? () 1 (i) e () Ve
(k) e 01 (m) 0 (n) e 27 (0) 1
(p)e (g) 1 (0 (s)

OBJECTIVE QUESTIONS

Multiple Choice Type Questions : Select (a), (D), (¢) or (d), whichever is correct.

1. Which of the following is not an indeterminate form ?

(@) o+ (b) 0—o00 () /o (d) 0 x o0, (Agra, 2001; Kanpur, 2000)
a)C _ X
2. lim is equal to :
x—0 X

(@ 0 (b) (c) log (a/b) (d) log (a — b). (Agra, 2001, Kanpur, 2001)



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

3. What is the value of of | e _;_1 9

x—>0 X
(@ 0 (b) 12 (o) 2 d) e (I.A.S. Prel. 2009)
4. The value of lim l—cc;sx is:
x—0 3x
(@) 3 b) 173 (c) 1/6 (d) 1/9. (Garhwal, 2002)

5. The value of lim (1+x)"% is:
x—0

(a) 1 b) -1 (c) e (d) le. (Agra, 2003; Kanpur, 2003)
6. lim # is equal to :

x—0 X

(@) 1 b -1 (c) 112 (d) —1/2. [L.A.S. (Prel.), 2002]
7. lim EE @0 B o (Do (A1  [Agra 2008, 10]
8. What is the value of nli_g)lo(zn“ +3" /2" +3") 9

(@ 1/3 (b)1 (©3 (d) o (L.A.S. Prel. 2009)

ANSWERS

1. (@) 2. (o) 3. (b) 4. (¢) 5. (¢) 6. (a) 7. (a) 8. (¢

MISCELLANEOUS PROBLEMS ON CHAPTER 12

. logx . Y —log(1+
1. Evaluate (i) hrr} _gl [Meerut 2006]  (ii) 11rr(1) xe —ostry ozg( *)
x>l x— x>

[Agra 2006; Meerut 2010]

5 lim log(1+ x) is

x>0 §inx

(@1 ()0 ()2  (d) None of these [Agra 2006]

3. lim (sinx)™"*

=1 the value of 1 is
x—on/2

()0 (h) 1 (¢) © (de [Agra 2005]

4. Evaluate limx (a'" 1), a>0 [Delhi Maths (Prog) 2007

5. Evaluate lim (cosecx)”*" [Purvanchal 2006]
lim ! ! )

6. Evaluat - Delhi Maths (H) 2007

vatuate H‘)Llog(ﬁm) 10g(1—X)J [Dethi Maths (H) 2007]

. tan x e .
7. The value of lim| — is

(a) e () e (c) e ) 1 [Agra 2010]
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2 1
lim -—
8. Evaluate X-’l{xz 1 x—l} [Agra 2008, 10]
iy Soseex .. sinxsin”'x
9. Evaluate : (i) M | (Agra 2009) (i) lim ——— (Meerut 2009)
x> ng x>0 X
10. lim (tanx—x)/(x=sinx) i @) 0 B)1 ()3 (d)2 (Agra 2009)
: 1/n 1/n .
1. lim (e =1)/(e™ +1) js @1l B)-1 (0 (2 (Agra 2010)
12. lim (logx)/x g (@) 0 b) o (©)-w @1 (Agra 2010)
) . _acosx+bxsinx—5 ) )
13. Determine constants a and b so that }13(1) 7 exists and is finite

(G.N.D.U. Amritsar 2010)
ANSWERS 1. (i) 1 (i) 3/2 2.(a) 3.(b) 4. log.a 5.-1
6. —(1/2) 7. (b) 8. —(1/2) 9. () o (@)1 10. (d) 1. (@) 12.(a)
13.a=35 b=752
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Multiple Integrals

8.1 DOUBLE INTEGRATION

Double integrals occur in many practical problems in science and engineering. It is used in problems
involving area, volume, mass, centre of mass. In probability theory it is used to evaluate probabilities
of two dimensional continuous random variables.

8.1.1 Double Integrals in Cartesian Coordinates

A double integral is defined as the limit of a sum. Let f{x, y) be a continuous function of two inde-
pendent variables x and y defined in a simple closed region R. Sub-divide R into element areas
AA,, AA,, ..., AA, by drawing lines parallel to the coordinate axes.

ry AA

TTIN
L

N\ (Xw V‘)

Fig. 8.1
Let (x,, y,) be any point in AA,.

Find the sum f(xl,yl)AA1+f(x2,y2)AA2+~~~+f(xn,yn)AAn=z f(xisyi) AAi

i=1
Increase the number of sub-divisions indefinitely large. i.e., n — oo so that each AA, — 0.

In this limit, if the sum exists, i.e.,nli_)rg Zf(x »Y1) AA, exists, then it is called the double integral of

AA,—0 1=1
f(x, y) over the region R and it is denoted by
[[ £ x.) dxay.
R
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Note The continuity of f{x, y) is a sufficient condition for the existence of double integral, but not
necessary. The double integral exists even if finite number of discontinuous points are there in R, but
fshould be bounded.

8.1.2 Evaluation of Double Integrals
In practice, a double integral is computed by repeated single variable integration, integrate with
respect to one variable treating the other variable as constant.

Case 1: If the region R is a rectangle given by R = {(x, y)/a<x <b, c <y <d}
where a, b, ¢, d are constants, then
by

[[ 7oy dxdy= j[jf(x, ») dy} dx = f[ff(x, ») dx}dy

¢

a

If the limits are constants the order of integration is immaterial,
provided proper limits are taken and f{x, y) is bounded in R

Case 2: If the region R is given by

R={(x,y)/asx<b,g(x)<y <h(x)}

where a and b are constants, then

b | h(x)
[freeyydedy =J{ Jf(w)dy}dx

R al g(x)

Here the limits of x are constants and the limits of y are functions

of x, so we integrate first with respect to y and then with respect O] x-a X=b <
to x.
Case 3: If the region R is given by Fig. 8.3

R={(x,y)/g(y)<x<h(y), c<y <d)

where ¢ and d are constants then

d| h(y)
[Jree.y)dxay =j{ ff(x,y)dx}dy

clgly)

Since the limits of x are functions of y, we integrate first w.r.to
x and then w.r.to y.

Note _ o ' ‘ Fig. 8.4
(1) When variable limits are involved we have to integrate first

w.r.to the variable having variable limits and then w.r.to the
variable having constant limits.
(2) When all the limits are constants, the order of dx, dy determine the limits of the variable.
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WORKED EXAMPLES

EXAMPLE 1
12

Evaluate Ijx(x +y)dydx.

01

Solution.

Let I= jjx(x+y) dydx = jﬁx(x+y) dy:|dx

oLt

1]
=
—~  —A—
| —
=
[\
+
N | N
—_
|
| a—
=
o
+
N |
| |
[e——
&

1 3 27
x+§)dx=j(x2+3—xjdx=[x—+3i:| =l+§=E
2 0 2 3221, 3 4 12
EXAMPLE 2
11
Evaluate '” dxdy

ooﬂl—xzﬂl—yz .

Solution.

LetI:jj dxdy zzj' dx j- dy
0 0

oo\/l—xz\/l—y \/l—xz

=1

x]y[sin” y]; = (sin”' 1—sin™' 0) (sin”' 1—sin~' 0) =

2
= [sin T
4

(SR |
|3

Note We could write the integral in Example 2 as a product of two integrals because the limits are
constants and the functions could be factorised as x terms and y terms. This is not possible in Example 1,
even though the limits are constants.

EXAMPLE 3

a Na*—x?

Evaluate_[ j x*y dxdy.

0 0
Solution.
a VGZ*.‘CZ GZ*XZ
LetI:j J x*y dxdy =
0

0

O
—
XI\J
~
H
=
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la 2 2 2
=—|x"(a" —x")dx
2{ (a*—x%)

175 3 ST 3 5 1 24° 5
=5J(a2x2—x4)dx=%[a2%—%} =_[a2.a__a_:|=_,i=a_
0 0

EXAMPLE 4
Evaluate ”xy dxdy over the positive quadrant of the circle x*+y* =a’.
R

Solution.
Given that the region R is bounded by the coordinate axes y = 0, x = 0 and the circle x* + y* = a*.
So, the region of integration is the shaded region OAB as in Fig. 8.5.
To find the limits for x, consider a strip PQ parallel to x-axis, x varies from x = 0 to x = \/a’ —y .
When we move the strip to cover the region it moves from y =0to y = a.
. limits foryarey=0andy=a

a o=y \
ny dxdy :J. J xy dxdy ’
R 0 0

)2

e
—{y[zl dy

1(1
= Efy(az -y dy
0

:lj(azy—yS)dy=l[azi—£]a
2 2l 2 4

|-

Evaluate ”xy dxdy, where A is the region bounded by x = 2a and the curve x* = 4ay.
A

a
8

a
4

| R,
|
IR
0o | —

EXAMPLE 5

Solution.
Given that the shaded region OAB is the region of integration bounded by y = 0, x = 2a and the parab-
ola x? = 4ay as in Fig 8.6.

We first integrate w.r.to y and then w.r.to x.

To find the limits for y, we take a strip PQ parallel to the y-axis, its lower end P lies on y = 0 and

2
upperend Q lieson x> =4ay = y = Z—
a
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’ y Y -
" the limits foryare y=0and y = Z— X - day
a )
When the strip is moved to cover the area, ) B
x varies from x = 0 to x = 2a.
k Q X=2a
2a 4q 2a 2 % -« s >
_ ”xy dxdy = '[ jxy dydx = '[ |:y_:| dx < P A(2a, 0)x
R 00 2 1

1% 4 | 1 6\2¢ 1 26 46 4
B S PR By (x_) __L[zd) &
2 16a 32a 32a°\ 6 ), 32a 6 3

0

EXAMPLE 6
Evaluate J‘J‘\lxy —y *dxdy, where R is the triangle with vertex (0, 0), (10, 1), (1, 1).
R

Solution.
Given that the region of integration is the triangle OAB as shown as Fig. 8.7.
EquationofOAisy_Ozx_O y=x AY
0-1 0-1
. .y—=0 x-0 X
Equation of OB is = = g% (0, 1)
0-1 0-10 10

We first integrate w.r.to x and then w.r. to y.

To find the limits for x, take a strip PQ parallel
to the x-axis. Its left end P is on x = y and right end
Qisonx=10y.

.. the limits for x are x =y and x = 10y. 0(0, 0) X

When the strip is moved to cover the region,

y varies from 0 to 1. Fig. 8.7

110y

U\/W V' dxdy = H\/xy » ddy = Hy (x=»)" ddy

Il
o —
~<
Y-

[10y
J (x— y)2 dx:| dy
LV

_ 10y

3
! (X _y) ? n+l
|75 [ ate]

Il
Sy S——
= |

3
2

— y
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2¢ ¢ 3 3
= gjyz {(10y—y)2 —(y—y)z}dy
0
N A B S 37
=—Jy2(9y)2dy=—33fy2dy=18[y—] dy = 6[1-0]=6.
30 3 0 3 0

EXAMPLE 7
Evaluate J.J.x dxdy over the region R bounded by y* = x and the linesx + y = 2,x = 0,x = 1.
R

Solution.
Given that the region of integration is the shaded J
region OAB as in Fig. 8.8. B (0,2) KQ
To find A, solve x + y=2 and y* =x a5
= yi=2-y
- Piay—2=0 ol (1.0
= V+2)y-1)=0 = y=-21
s x=4,1
s Ais (1, 1) and B is (0, 2) which is the point of Fig. 8.8
intersection of x =0 and x + y = 2.

It is convenient to integrate with respect to y first

and hence find y limits.
Take a strip PQ parallel to y-axis. P lies on y* = x and Q lies on x + y = 2.

yE=x

X+y=2

xY

... the limits for y are y = Jx and y=2—x:
When the strip is moved to cover the region, x varies from 0 to 1.
1

”x dxdy = j.zj.xx dydx = J.x-[y]fg‘dx
R 0 Jx ’

0

EXERCISE 8.1

1. Evaluate j J' xy dxdy over the first quadrant of the circle x* +y* = a’.

2. Evaluate ” x dxdy over the region bounded by the hyperbola xy = 6 and the lines y =0,x=1,x=3.

3. Evaluate H [xy —y2dxdy» where R is a triangle with vertices (0, 0), (5, 1) and (1, 1).
R

2 2
4. Evaluate H (x +y)’dxdy over the area bounded the ellipse x_2 + y_2 =1.
a b
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5. Evaluate ” (x> +y?), where R is the region bounded by x=0,y=0and x + y = 1.
R

6. Evaluate ”62”3-" dxdy over the triangle bounded by x=0,y=0and x + y = 1.

H

8. Compute the value of H y dxdy, where R is the region in the first quadrant bounded by the ellipse
2 2 R
S
a b
9. Evaluate “xy dxdy, where A is the domain bounded by x-axis, ordinate x = 2a and curve x> = 4ay.
A

7. Show that j j

dxdy
00 x+y)

ab b a
10. Show that | | (v +¥)dxdy = [ [ (x +y) dyds.
00 00

42 | res?
1. Evaluate [ drdy 12. Bvaluate [ dydx
21 Xy 0 0 1+.X2 +y2

13. Evaluate ”xy (x +y) dxdy over the area between y = x* and y = x.
R

14. Evaluate ” xy dxdy, where R is the region bounded by the parabola y* = x, the x-axis and the line
R

x +y =2, lying on the first quadrant.
15. Evaluate ” v dxdy over the region R bounded by y =x and y = 4x — x%.
R

ANSWERS TO EXERCISE 8.1

4
L v 2. 24 3. 16 4. 70 2y s L
4 9 4 6
2 4 ab
6. l(e—1)2(2e+1) g. &~ 9. L 10. =(a+b)
6 3 3
k)
1. (log2  12. Zloge(”ﬁ) 13. % 14, % 15, 24

8.1.3 Change of Order of Integration
a h(x)

The double integral with variable limits for y and constant limits for x is j j f(x,y)dydx.To evaluate
b g(x)

this integral, we integrate first w.r.to y and then w.r.to x. This may sometimes be difficult to evalu-

ate. But change in the order of integration will change the limits of y from ¢ to d where ¢ and d are
d h(y)

constants and the limits of x from g,(y) to 4 (). The double integral becomes J‘ J- f(x,y)dxdy and
cgy)

hence the evaluation may be easy. To evaluate this integral, we integrate first w.r.to x and then w.r.to y.
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This process of changing a given double integral into an equal double integral with order of integra-
tion changed is called Change of order of integration.

For doing this we have to identify the region R of integration from the limits of the given double
integral. Sometimes this region R may split into two regions R, and R, when we change the order of

integration and hence the given double integral j J f (x, y) dxdy will be the sum of two double integrals.
R

ie., [[Fee.yyaxdy = [[£ e, p)drdy + ][ (x, y) drdy
R R, R,
WORKED EXAMPLES
EXAMPLE 1
Evaluate ﬁey;ydydx by changing the order of integration.
Solution. "
Let I= TTidydx

0 x
The region of integration is bounded by y =x, y = o0, x =0, x = oo.
.. the region is unbounded as in Fig. 8.9.
In the given integral, integration is first with respect to y and then w.r.to x.
After changing the order of integration, first integrate w.r.to x and then w.r.to y. To find the limits of x,
take a strip PQ parallel to x-axis (see Fig. 8.10) with P on the line x = 0 and Q on the line x =y respectively.

\y y=x Ny y=x
P ln -
0 X 0 X
Fig. 8.9 Fig. 8.10
Given order of integration After the change of order of integration

.. the limits of x are x = 0 and x = y and the limits of yare y =0 and y = e

R

O —y 8

Yoy Y = Y = - I°
[S—dvdy = [“—-[xL;dv =je—-ydy=je-"dy=[e—] =—(e”—e")=—~(0-1)=1
0 Y 0 Y 0 Y o —1ly

EXAMPLE 2 rarl
Evaluate by changing the order of integration ‘[ j dydx.

0 x
4a
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Solution.
4a 2\ax
Letl= J j dydx
0 x2
4a x?
The region of integration is bounded by y = o y = 23Jax and x = 0, x = 4a.
2
y = :_ = x’= 4qy is a parabolaand y = 2\/a_x = y2 =4ax is a parabola.
a

In the given integral, integration is first w.r.to y and then w.r.to x. After changing the order of
integration, we have to integrate first w.r.to x and then w.r. to y.

2_4 _
' \y X ay . Ly x2=4ay

Fig. 8.11 Fig. 8.12
Given order of integration After the change of order of integration

To find the points of intersection of the curves x* = 4ay and )? = 4ax, solve the two equations.
x* =16a’y’ =164’ - 4ax = 64a’x

= x(x'=64a')=0 = x=0 and x’—64d’ =0
Now X —64a’=0 = x’=64a’=(4a)’ = x=4a
2 16 2
When x =0, y =0 and when x = 4aq, y—x =22 4
da  4a

Points of intersection are O(0, 0) and A is (4a, 4a)
Now to find the x limits, take a strip PQ parallel to the x-axis (see Fig. 8.11) where P lies on )? = 4ax
and Q lies on x? = 4ay.

2
. the limits of x are x = Z_ and x =2\Jay
a

When the strip is moved to cover the region, y varies from 0 to 4a.
4a 2\/7f
L I= J. J- dxdy = J. [x]N—‘/_

Vv /4a

[

4a
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4a

2
_ J'|:2a1/zy1/z _)’_:ldy
4a

0

_ [ N r _ 44" (o - (4a) _324° 164> _ 164’
3
0

32 4a 3 4a 3 3 3 3

EXAMPLE 3 _

a atya -y
Change the order of integration in J J xy dxdy and then evaluate it.

[ )
Solution.
Let Izj j xy dxdy
The region of integration is bounded by the linesy=0,y=aand the curves x=a —+/a* — y*, x=a+/a’ -’
ie., x=at\a' -y = x-—a=tJdd -y =G -a)+y’=d

which is a circle with (a, 0) as centre and radius a.

The region of integration is the upper semi-circle OAB as in Fig. 8.14.

The original order is first integration w.r.to x and then w.rto y. After changing the order of
integration, first integrate w.r.to y and then w.r.to x. To find the limits of y, take a strip PQ parallel to y-axis

(see Fig. 8.14), where P lies on y = 0 and Q lies on the circle (x —a)’ +y* = d’.

\Yy Y
A q % y=a
y=a ﬁ(x—a)%}ﬂ:az ‘/J ' i(x—a)ﬁy?:a?
} A > X 4 —t > X
ot S "B(2a, 0) P ao 7B(2a, 0)
Fig. 8.13 Fig. 8.14
Given order of integration After the change of order of integration

.. the limits of y are y=0and y = \/az —(x—a)’ = \/zax—x2

When the strip is moved to cover the region, x varies from 0 to 2a.

202 o [o2 TP
Izj J xydydxzj xl:y?:lo dx.
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=1j(2ax2—x3)dx
2 0
1. % T 1], Qap a]_1[16a" 16a*] 116a* 2 |,
=—|2a———| =—=|2a—- == - =— =—a
2 3 44 2 3 4 2L 3 4 2 12 3
EXAMPLE 4 | 2-x
Change the order of integration in J j xy dydx and hence evaluate.
[
Solution.
12-x
LetI ZI j xy dydx
0 52

The region of integration is bounded by x=0,x=1,y=x% y=2—x.
In the given integral, first integrate with respect to y and then w.r.to x. After changing the order we
have to first integrate w.r.to x, then w.r.to y.

\y Ay
. y=x . y=x
. B V0,28
““ “‘ P/ Ql
A1, 1) NooC A1, 1)
“_P 6
o x=1 } X 0 } X
y=2-x y=2-x
Fig. 8.15 Fig. 8.16
Given order of integration After the change of order of integration

To find A, solve y =x>, y=2-x

= x2=2-x = xl4x-2=0 = (x+2)x-1)=0 = x=-2,1

Since the region of integration is OAB, x =1 = y =1
- Ais(1,1) and B is (0, 2), which is the point of intersection of y-axisx=0and y =2 —x

Now to find the x limits, take a strip parallel to the x-axis. We see there are two types of strips PQ and
P’ Q' after the change of order of integration (see Fig. 8.16) with right end points Q and Q’ are respectively
on the parabola y = x* and the line y =2 — x. So, the region OAB splits into two regions OAC and CAB
as in Fig. 8.16.
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Hence, the given integral I is written as the sum of two integrals

In the region OAC, x varies from 0 to ,/y and y varies from 0 to 1
In the region CAB, x varies from 0 to 2 — y and y varies from 1 to 2
I= J.J‘ xy dxdy = H xy dxdy + H xy dxdy
OAB OAC CAB

22~y

—Ijxydxdy+.[ J xy dx dy

o[5] wlfz]
yl—=| dv+ y[—} dy
il e b3

1

1 17
=—[yydy+=[y-@-p) dy
2 0 2 1

1 17
=—[ydy+=[y4-ay+y")dy
29 2

3 2
1
=—[y—] o[-
1

0

r 2 3 472
_11 4y__4L+y_}
6 2L 2 3 4]
1 1 4 1
=—+=|202*-1P)——(2*-1H+—-(2* -1* ]
p: 2_( ) 3( ) 4( )
1 1[4 1 2-112+4 1
=—+—|6——XT+— xls] —[7 4] —+5 2 E
6 2L 3 4 6 2 12 6 24 24 8
EXAMPLE 5
2-x?
Evaluate

S~

J ;dydx by changing the order of integration.
Y oxi+y?
Solution.

2-x2

1
Let J J

0 x \, )7
The region of integration is bounded by x=0,x=1land y=x, y =+2—x7.

Now y=+2-%¥ = ' =2-%

¥ +37 =2, which is a circle, with centre (0, 0) and radius +/2.
The region of integration is OAB as in Fig. 8.18.
To find A, solve

dydx

y=xand x*+y*=2
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X+xt=2 = wrP=2 = x=+1

Since A is in the first quadrant, x=1 .. y=1
- Ais (1, 1) and B is (0,+/2), which is the point
of intersection of x = 0 and x* + y* =2

In the given integral, integration is w.r.to y
first and then w.r.to x. After changing the order of

integration, first integrate w.r.to x and then w.r.to y. ) Fig. 8.17 )
To find the x limits, take a strip parallel to the x-axis. Given order of integration
We see there are two strips PQ and P’Q” with ends
Q, Q’ onthe line y=x and circle x* +* =2 respectively. ! —y
So, the region splits into 2 regions OAC and CAB. o~2)| B o y=
In the region OAC, , 1)8’ XA (1, 1)
x varies from 0 to y and y varies from 0 to 1 P .'-._: 7Q X2t y?=2
In the region CAB, ' >
x varies from 0 to /2 —y?
zmdyvmwsﬂmnltoJE Fig. 8.18
” ” After the change of order of
L I= dxdy4— dxdy integration
Ly N
fj(xz + )" x dxdy + _[ j (x> +*) " x dxdy
00 1 0
1L 1 2t
=—“‘(x2+y2)’”22x dxdy+—_[ J‘ (x* +y*)"*2x dxdy
2 00 2 1 0
_lj (x? + )" yd +lf X+ yh)"? Hd
| U AT B g
2 o 2 0

‘ 2
:J‘[(yz +y2)1/2 —(yz)l/z]dy+_[[(2—y2 +yz)1/z —(yz)l/z]dy

1 V2
= f(ﬁy —y)dy + J (V2= y)dy
0 X ] 1 X 5
[wz-n2 | a2
2 2

SICRIE A RS NoRE

2 2 2

_2-1 C@V2-)_V2-1+2-22+1_2-42
2 2

+2-1 =
2 2
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EXAMPLE 6

2a-x

J xy dydx and hence evaluate.

X

2a2a—y

aJay a
Show that J J xy dxdy +J J xy dxdy = J.
0

™

a

Solution.
aay 2a2a-y
LetI=J j ydxdy+j J xy dxdy.
0 0 a 0

The given integral I has same integrand defined over two region R, and R, given by the two double

integrals.
Region R isboundedby y=0,y=aandx=a, TY
y 2_-g
X = l@/ = x2 =ay ‘\‘ B(O, 23) / X Y

x = a and x* = ay intersect at A (a, a)

Region R, is given by y=a and y = 2a and x = 0, R

x=2a-y. “X=0 y=4

The regions R, and R, are as shown in Fig. 8.19. >

R, is the shaded region OAC © X

R, is the shaded region CAB X+y=2a

The line x + y = 2a also passes through A and B. x=a
Combining the two regions R and R, we get the Fig.8.19

shaded region OAB. In the given integral, we have
to integrate first with respect to x and then w.r.to y. Changing the order integration, we first integrate

w.r.to y, then w.r.to x. To find the y limits, take a strip PQ parallel to the y-axis with Pon x> =ay =

2
X
y=—andQonx+y=2a = y=2a-x.
a
2

X
- the limits for y are » = —— and y = 2a—x and the limits for x are x =0 and x = a
a
2q2a-y

]1 ji‘ xy dxdy + I _[ xy.dxdy = joXxy dydx
00

a 0 0 4?

1 x*
5 x~|:(2a -x) —a—z]dx

Il
O C—

1§ ¢
:—J)c|:4a2 —dax+x’ —x—2:|dx
2 a

0
a xS
= —j(4a2x—4ax2 +x° ——z)dx
o a
1 2 3 4 6 1
P .
2 2 3 4 a6l
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3 4 6 ) 12 212 8
EXERCISE 8.2
Change the order of integration in the following integrals and evaluate.
a2a-x aa x+y
1. xy dydx 2.
/ J o J J e
al\2 \/le -y? o ¥ 5 12-x
3. J- J log(x* +y*)dxdy,a>0 4. ije_"’ " dxdy S. J J' xy dydx
0 ¥ 00 0 2

6. ”xy dxdy , where R is region bounded by the line x + 2y =2 and axes in the first quadrant.
R

a a 2a 3a—x
7 [ vy 8. [ [ dvdy 9. [ | 7+ dydx
0 2-y va +y 0 x%/4qa
4% 16-x* 4245 | o
10. [ [ xdydx 1. [ [ dydx 2. —dxdy
0 0 0% /4 0 x
a 2ax 1 Viy? dxd 34—y
13. [ [ ¥dyax 4] oy 15. [ [ (x+y)dxdy
0 0 0 0 1+x +y 0 1
%Vuz—xz 12-y 3 6/x
16. J J y* dydx 17. J J xy dxdy 18. '[ '[ x*dydsx.
0 X 0y 1 y=0
ANSWERS TO EXERCISE 8.2
4 2
1. 31 2. M+£10g02 3. wa (10gca—l) 4. l 5. E
8 4 2 2 2 2 8
6. L 7. 4 g T4 9. 314 4 10. 10
6 3 4 35
4
. % 12, 1- 13, 4 14. T log(14++2)
3 2 7 4
4
241 a
15. =2 16, —(Q2+m) 17. L 18, 24
60 32 3
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8.1.4 Double Integral in Polar Coordinates

To evaluate the double integral of f{r, @) over a region R in polar coordinates, generally we integrate
0, r=1,(0)
first w.r.to 7 and then w.r.to 0. So, the double integral is J J f(r,0) drd@
0, r=1(0)
However, whenever necessary, the order of integration may be changed with suitable changes in the
limits. As in Cartesian, when we integrate w.r.to r, treat 0 as constant.

WORKED EXAMPLES
EXAMPLE 1
% 2cos0
Evaluate _[ _[ rdrd®.
-z 0
Solution.
%ZCUSG % r3 2cos® 1 g
Let1=[ [ rdrde= [—} 0 =~ [ 8cos’ 0
w 0 3 0 3 u
2 ) 2
= = “- cos’ O is an even
[
8 Z 8 2 f t
— I cos’ 0d0 = — J cos® 040 unction]
3 a 3 o
2
16 2 32
= 33 1= 9 [Using formula]
Important Formulae
w/2 w/2
j cos" xdx = _[ sin” xdx = n—l.n—3 z 1 if nisoddand n >3
o o n n=2"3
/2 w/2
. -1 n- 1 . .
and J.cos“xdxz Jsm“xdx:n [z 3..—-3 if nis even
0 ° n n=-2 22

(LG o e = LOI gy
n+1

EXAMPLE 2

Evaluate ” rsin Odrd 0 over the area of the cardioid r = a(1 + cos0) above the initial line.

Solution.
Let 1= ”rsin 0drd0

A
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First integrate w.r.to .

Take a radial strip OP, its ends are on » = 0 and
r = a(l + cos@). When it is moved to cover the area,
0 varies from 0 to

a a(l+cos0) - I"2 a(l+cos0) 9 K - 2 >
1=] [ rsin0drao= j[—] sin 040 ' X
0 0 0 2 0 IS It
= %j a*(1+ cos0)” sin 040 Fig. 8.20

0

2w
= _%J(l+cos 0)’(—sin0)d0
0

__i M [ i(1+cosﬂ)=—sin0]
2 3 d9
2 2 2 2
= —%[(1+cos1'r)3 —(1+c0s0)’ | = —%[(1—1)3 —(1+1y' ] = 8%: 4%

EXAMPLE 3

Evaluate J.J‘ r*drd 0, over the area bounded between the circles r =2 cos® and r = 4cos0.

Solution.
Let 1= j ¥drde,
A YA o= %
where the region A is the area between the circles
r=2cos0and r = 4cos0 = -

The area A is the shaded area in the Fig. 8.21
We first integrate w.r.to 7. So, take a radius vector OPQ, o 0 >
where 7 varies from P to Q.

Al
.. rvaries from 2 cos 0 to 4 cos 0 rea
When PQ is varied to cover the area A between
r=2cos 0 and » =4 cos 0, 0 varies from —% to % v
2 4cosh 4 JAcos® 6=— g
1_j | rdrde = j[ ] do _
—m 2cos0 2cos0 Flg- 8.21

(4* cos* @—2% cos* 0)d0

-

N‘ﬂ'—.w\ﬂ NH'—.NH

J@s6- 16)cos’ 040

4>|~
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240
4

3
cos* 040 =60x2[cos’ 040 [ cos” @ is even]
0

I\)‘:‘]'—.N‘:]

w 45w .
—=— Using formula
5= [Using ]
EXAMPLE 4
Evaluate ”M, where R is the area of one loop of the leminiscate r* = a* cos 20.
R P+
Solution.
rdrd 0
Letl= || ——
'Lj Nt +d’
First integrate with respect to
Take a radial strip OP, its ends are » = 0 and

r=ay/cos2 0 3

When the strip covers the region, @ varies e g

™
from —— to —
4

>

x

% a~/cos20 % av‘m .
1= | [ ——=drd0=[|-= [ (*+a*)"2rdr|d0 Fig. 8.22
-m 0 1"2 +a2 m 2 0
4 4
. L qedeze
14 2 2872
—EJ. (r +a ) 40

0

[(r2 +a*)"? ]Zm do

[
Iy —nla

[
—la

[(a* cos20+a*)"> —(a*)"* | a0

E]

[
—la

a[cos20+1]"* —a}d@
{

E}

[
—la

[a(2c0s> 0)"> — a]d®

|
~la
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T

3
= Zj a(N2 cos®—1)d0 [ \2 cos® —1 is even function]
0

=2a [\/5 sin 0 — 0]17/4

0

- 2a{[ﬁsin%—ﬂ—(\/§sin0—0)}= 2”[(\5'%_3)_0}: 2“[1_%}

8.1.5 Change of Variables in Double Integral

The evaluation of a double integral, sometimes become simpler if the variables of integration are
transformed suitably into new variables.
For example, from cartesian coordinates to polar coordinates or to some variables « and v.

1. Change of variables from x, y to the variables « and v.
Let ” f(x, ) dxdy be the given double integral.
R

Suppose x = g(u, v), y = h(u, v) be the transformations. Then dxdy = [J|dudv, where J = 9x%.y) is
the Jacobian of the transformation. (u,v)

_U f(x,») dxdy = ” F(u,v) 1l dudv
R R
2. Change of variable from Cartesian to polar coordinates

Let [[ f(x.y)dxdy be the double integral.
R

Let x = rcos0, y = rsin be the transformation from Cartesian to polar coordinates.

Then dxdy =|Jldrd®

where J = _8((x, :; 3 is the Jacobian of transformation.
r’
o
or 00| |cos® —rsin® ) . ) .
and = =| . =rcos O+rsin” @ =r(cos"0+sin”0)=r
a_y B_y sin® rcos®
Jar 00

dxdy =rdrd® and .. ” F(x, y) dxdy = ” F(r,0)rdrd®
R R

WORKED EXAMPLES

EXAMPLE 1

Evaluate ‘”e“"z” ") dxdy by changing to polar coordinates and hence evaluate je"‘zdx.
00 0
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Solution.

Let I=

S ey §

J‘e’”z”’z’ dxdy
0

Since x varies from 0 to o and y varies from 0 to o, it
is clear that the region of integration is the first quadrant
as in Fig. 8.23

To change to polar coordinates, put x = rcos0, y = rsin@

dxdy = rdrd@

and  x%+)*=7r2cos’0 + r’sin?0 = r*(cos? O + sin®> 0) =2

7 varies from 0 to e~ and 0 varies from 0 to g

%
1=j
0

J‘e’rz rdrd0
0
2 _ _ dt
Put =t = 2r=dt = rdr:z
When r=0,t=0and when r = oo, t = o

[ PEE) _T
_(’:'([e dxdy 4

To find je""2 dx

o0 00 - . ) . _
NOW, jje (x+y )dxdy = e dx .J’e,yz dy - E _ [J‘exzdx] [ J‘e—xzdx _ Je_yzdy
00 0 4 |9 A
]ie_xz dx = E = ﬁ
) 4 2
EXAMPLE 2

X
———dydx by changing into polar coordinates.
I'; Jxi+y?
Solution.
2
Let I= [ —
'([ '([ Jxi+y

The limits for y are y =0 and y =+2x —x°
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Now, y=v2x-x> = yp?’=2x-x' => x’+y°-2x=0 = (x=1*+y* =1,
which is a circle with centre (1, 0) and radius r = 1 A el y2—2x=0
and x varies from 0 to 2. or r=2cos6

*. the region of integration is the upper semi-circle
as in Fig. 8.24

To change to polar coordinates,

put x = rcos0, y = rsin@

sodedy=rdrdd o a0) 7|(2,0)X
X243y =2x=0
Fig. 8.24
= 7’ cos’0+7°sin> @ —2rcos® =0
= r’=2rcos@=0 = r(r—2cos0)=0 = r=0,2cos0

Limits of 7 are ¥ = 0 and r = 2cos0 and limits of @ are € = 0 and 6 = %

2cos0
J rcos0 drd0

0

2cos6
cosﬂ[ j rdr] a0

0

} Cj.s“ r'cos erdrd(') =
0

1l
Sl ot ot——u|a

5 2cos6
= cosﬂl:r—] do
2 1o
1% 2 3-1, 4
= —J‘c0504cos2 040 = 2jcos dg=2-—-1=—
29 o 3
EXAMPLE 3
2a \1241.)c—x2
By changing into polar coordinates, evaluate the integral J J (x*+y?)dydx.
0 0
Solution.
2a \/Za,vfxz
Let I= (x> +y?)dydx
'([ '([ Y X2+ y2—2ax=0
or r=2acos6

The limits for y are y =0 and y = v/ 2ax — x>

Now, y=+2ax-x> = y’=2ax—x’

=x"+y’-2ax =0 = (-a+y’=d

which is a circle with centre (a, 0) and radius r = a.
.. x varies from 0 to 2a
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.. the region of integration is the upper semi circle as in Fig. 8.25.
To change to polar coordinates, put x = rcos 0 and y = rsin 0.

dxdy = rdrd® and x* + y* = r* cos” 0+ 7" sin* @ =

and x>+’ -2ax=0 = r*-2arcos®=0 = r(r—2acos®)=0 = r=0, r=2acos0

) ) w
“. r varies from 0 to 2acos® and 0 varies from 0 to B

§2acose 2acos®
1=[ [ r*rdrdo= [ | ﬂﬁ}de
0

0

g 4 2acos®
0 4 Jo
2 ‘0 164" 2 31 34"
=J-(2a)4 cos do = a J-c()s40d0=4a4 ..... E: aw
0 4 5 4 2 2 4
EXAMPLE 4
d4a y xz -y 2
Evaluate _f j dedy by changing to polar coordinates.
0,2X TY
Y
Solution.
4a y 2 2
- " i/
Let I_'(['_[x2+y2 dxdy Ay y=x
%a y?=4ax
v T
Given, the limits forxare x ==— and x =y 0 _
4a i x
= Y =4dax and y=x

And the limits for y are y =0 and y = 4a
To find the point of intersection of y* = 4ax and y = x, Fig. 8.26
solve the two equations.
Now ¥ =4dax = y'=day = yy—-4a)=0 = y=0, y=4a
R x=0, x=4a
... the points are (0, 0), (4a, 4a)
.. the region of integration is the shaded region as in Fig. 8.26 which is bounded by y* = 4ax and y = x.
To change to polar coordinates, put x = rcos@, y = rsin@
dxdy =rdrd® and x*+)?=12
X2 — 3% = r’cos’0 — r’sin’*0 = r’(cos?0 — sin’0) = r’cos20

and y*=4ax becomes r’sin’@ =4a - rcos® = r(rsin’0 — 4acosO) =0
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= r=0 and rsin’0 —4acos@0=0 = = 4acos @

sin’ 0

.. limits for r are 0, dacos®

and @ varies from = to =, [ slope of the lineistan =1 =@ = E]
sin” @ 4 2 4

[ 4acos®
sin? 0

I:j: Si:[e rzco—smrdrdﬁz;[coﬂﬂ J‘ rdr |dO
n

IS
3
a
O
2
@
SE]

2
r 0

4acos0
sin? @

cos20 do

I
INER I |

22 2
16 J‘(cos2 0 —sin’ 0) cos” 0

do

sin* @

E]

do

(cos2 0 1] sin” @ cos’ 0
sin’ @ sin* 0

cos’ 0

=8a" | (cot’ 0 —-1)——d0
@] )sinzﬂ

a3 —o]y &2

=84’ | (cosec’® —1—1)cot’ 070

S
&0 o[

=8a’ | (cosec’® —2)cot’ 00

¥
B ER e ISIE |

84” | (cosec’@cot® @ —2cot’ 0) 4O

w

2
cosec’0 cot” 040 — ZJ cot’ 040

I

[*3

Q

o
—— slat—ua
&) o

4
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1

=84’ jcotz 0 cosec’0d0 — Zj (cosec’0—1) 40
B H

=84’ ‘2[— cot” 0 (—cosec’0)d® — 2[—cot @ — 0]2
B )

=8ad’

C .
——[cot’ ]2 +2 cotE+z—(cotE+E)
| 3 N 2 2 4 4

=8a’ —l(coﬁﬂ—cot3 EJ+2(O+E—1—E):|
L 3 2 4 2 4

[ 2 2
=84’ —%(—1)—2+2(g—;):|= 8a’ [1—2+3]=8%(3w—10) =4%(31-r—10)

EXAMPLE 5
Evaluate J J (x*+y?) dxdy by changing into polar coordinates.
0 0

Solution.
a aZ*YZ

Let I=J J (x> +y?)dxdy
0 0

Limits for x are x =0 and x = \Ja* —*

Now x=qya' -y = x'=d'-y’ = x*+y’=d
which is circle with centre (0, 0) and radius a A
Limits for yare y=0and y=a

... the region of integration is as in Fig. 8.27

bounded by y=0,y=aandx=0, x = \Ja’ —y
To change to polar coordinates,

put x = rcos0, y = rsin@

dxdy=rdrd® and x*+)y*=r?

X*+y'=a> = r=a> = r=ta

Fig. 8.27
*. in the given region, » varies from 0 to a and
0 varies fromOto%
%u % a % 477 % 4 4 L 4
IZJJrZ-rdrdﬂzj jr3dr de =j[r—] d0=ja—d0=a—[9]o -
00 olLo 0 4 1o 0 4 4 8
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EXAMPLE 6
Evaluate ” ydxdy, where R is the region bounded by the semi-circle x*> + y* = 2ax and the x-axis
R

and the linesy = 0 and y = a.

Solution.
Let I= Hydxdy

R
The region R is as in Fig. 8.28

Ay

We have x*+)?=2ax

29 2 2.2) - y=a
= Xl tyn = X2+ y2=2ax
- (x —a)2 +y 2o or r=2acosf

which is a circle with centre (a, 0) and .
radius a
To change to polar coordinates,
put x = rcos0, y = rsin@

Fig. 8.28
dxdy =rdrd® and x* +y? =¢°
Now x*+y*=2ax = 7’ =2arcos0
= r*—2arcos®0=0 = 7(r—2acos®)=0 = r=0, r=2acos0

. 7 varies from 0 to 2a cos  and @ varies from 0 to =

%2«0059 . % . 5 [2acos0
. I=.([ _([ rsmﬂ-rdrdﬁz!sm()[r jo dr:|d0
% 3 2acos®
= Jsinﬂ[%] d0
0

T

2
= %J-sinﬂ(Za)z’ cos’ 040
0

3
= j cos’ 0sin 040
0

STl 3 3 3
_8a [ cos 9] :—zi[cos“z—costlz—zi(O—l)zzi
o 3 2 3 3
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EXERCISE 8.3
Polar Coordinates

2acos@

j rdrd 0.

0

3ol
1. Evaluate-[ J rdrd 0. 2. Evaluate

ENER e SIE |

3. Find the area of a loop of the curve » = a sin30. 4. Find the area of a loop of the curve » = a cos30.

5. Find the area common to the circles r = a\/z and r = 2acos0.

Kl

rdrd0

6. Find the area of the cardioid » = a(1 — cos0). 7. Evaluate J.J e
+a

8. Evaluate ” > drd@, where A is the area between the circles » =2 sin @ and » =4 sin 0.
A

7 a(l+cos0)

gacose
9. Evaluate J. J‘ ma® —r*drd 0. 10. EvaluateJ‘ J. 2 cos 0 dr de.
0

0 0

Change of Variables

xdxdy

11. Change into polar coordinates and evaluate _” ( Ty
y

12. Evaluate j j (x* +y?)"?dxdy by changing into polar coordinates where R is the region bounded

by the circle x> +y* = 1.
20 2ax—x*
13. Change into polar coordinates and evaluate J' J (x*+y*)dxdy.
14. Evaluate [ 22 Xydxdy by ch, oo
. 222277 by changing into polar coordinates, where R is the region in the positive
R )C +y
quadrant.

15. Evaluate j dxdy
R JXT+y +d

by changing into polar coordinates, where R is the I quadrant.

2
—dxdy by changing into polar coordinates, where R is the annular region

16. Evaluate ”
between the cucles X +y*=4and x* +y* = 16.

2w 4

[Hint 1= [ [+ cos’ @sin’ 8drd0 |
02

17. Evaluate J.J‘ |a®> —x* —y* dxdy Where Ris the semi-circle x* +)* = ax in the I quadrant, changing

to polar coordinates.
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aa 2
18. Evaluate J. J'—x dxdy by changing to polar coordinates.
2 2
0y X +Yy

19. Evaluate J. J' xy(x® + y*)2dxdy over the positive quadrant of x2+y* =4, supposing n + 3 > 0.

2 V4-x*

20. Transforming to polar coordinates evaluate the integral J- J (X*y+y?) dxdy.
0 0
ANSWERS TO EXERCISE 8.3
2 2 2 2
], T 2. L (m-2) 3. @ 4, T 5. a(w—1)
2 4 12 12
2 3 5 3
6. 3™ 7. L g Hm 9. L Gm-4) 10. =2
2 4a 2 18 8
4 3
1. ™ 2 = 13, 3T 14. © 15.
4 9 4 6 4a’
3 3 n+3
2 2
16. 15w 17. a—(31'r—4) 18. a—loge(\/i+l) 19. 20. 32
18 3 n+4 5

8.1.6 Area as Double Integral

(a) Area as double integral in cartesian coordinates

Double integrals are used to compute area of bounded plane regions. The area A of a plane
bounded region R in cartesian coordinates is

A=ga@

(i) If the region R is bounded by curves y = f,(x), y = f,(x) and lines x = a, x = b where a and b are
constants, then

(ii) If the region R is bounded by curves x = g,(y), x = g,(v) and line y = ¢, y = d where ¢ and d are

constants, then
d| g
A=l [ ax|ay

cl g ®
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WORKED EXAMPLES
EXAMPLE 1 s )
Find the area bounded by the ellipse x_2+ 'Z—z=1, using double integration.
a
Solution.
r y

Equation of the ellipse i is * >+ b_2 =
a*

By the symmetry of the curve, the area of the
ellipse is A = 4 X Area in the first quadrant

b))
b
dydx \\

[y](l;\/l—xz/az dx

1-x2/d®

_4

'—;

4

O

Fig. 8.29
a 2 a

= 4J.b 1—x—2dx = ﬁJ‘\/a2 —x%dx
0 a a 0

_ ﬁ[xxlaz -x* d . . x 4b

N 2
+—sin —] |:O+-sm 1:| 2ab~E = mab
2 2

a 2 2 al, a

EXAMPLE 2
Using double integral find the area enclosed by the curves y = 2x? and )* = 4x.

Solution.
The region of integration is the shaded region J y=2x*
(as in Fig. 8.30) bounded by j? = 4x and y = 2x?

To find A, solve the equations "

V2 =4x and y = 2x?
= Yy =4x

= 4x=4x* => x(x**-1)=0 = x=0,1 .
Ais (1, 1)

Required area = J-J.dxdy Fig. 8.30
R
Take a strip PQ parallel to y axis with P lies on
y=2x%,Qliesony*=4x =y =2Jx
. the limits of y are y = 2x? to y = 2/x and the limits of x are x=0to x = 1

jz-l[ & \/_ 32 31 4 2 2
area = dydx = WXy = | [24/x = 2x%]d —[ -2 ] ——_Z_Z
)L j[v] v J[ ¥ o2de=| 29520 | =3 T
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EXAMPLE 3
Find the smaller of the areas bounded by y = 2 — x and x? + )? = 4 using double integral.

Solution.
The region R is the shaded part in Fig. 8.31.

Required area A = H dxdy
R

AY
To find limits for y, take a strip PQ parallel to B(0, 2)
the y-axis, P lies on y = 2 — x and Q lies on the Q
circle x> +y* =4 ‘ x2+y2=4
soylimitsare y=2—xtoy= m and the P A(2, 0)
x limits arex=0tox =2 ' @) ’ ™
5 S y=2-X
2| Va-x?
A=Il '[ dy]dx
0 2-x
2
— OJ‘D}]de Flg. 8.31

[Va—2* —2-x)]ax

2
{
27T 4 ™
Ja—x* +—sm1——2x+— =0+2(sin”"' 1-sin"0)-2-2+—=2-——4+2=mr-2
2 2 2 2

0

EXAMPLE 4

Find the area bounded by the parabola y> = 4 — x and y> = 4 — 4x as a double integral and
evaluate it.

Solution.

Given =4 — x=—(x—4) is a parabola with vertex (4, 0) and towards

the negative x-axis, axis of symmetry the x-axis.

and y*=4 —4x=—4 (x— 1) is a parabola with vertex (1, 0) and towards
the negative x-axis, axis of symmetry the x-axis.

To find the points of intersections, solve y* =4 — x and )* =4 — 4x,

RS 4—x=4-4x=3x=0= x=0

and y»=4-x = y*=4 = y==4and the points are (0, 2), (0, -2)
Draw the graph and determine the region. The region is the shaded region as in Fig. 8.32.
Both curves are symmetric about x-axis.

.. required area A = 2 Area above the x-axis = 2” dxdy
R
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It is convenient to take strip PQ parallel to the

x-axis. P lies on y* = 4 — 4x yi=a-ax §

and Q lieson y*=4-—x.

2

Now VP=4-dr=x=1-2_ s
4 X

and V'=4-x =x=4-)

and the limits of y are y=0, y =2 7

2 4—y2 2
soarea A = ZI J dx | dy = ZJ‘[)C]‘FYYZZ dy
0 o 77

2

-
4

2
3 3y 8
3-= ZJd :2[3 —--] :2[3x2——]=26—2 =38
( Y |dy Y 3 1, 2 [ ]

EXAMPLE 5
Using double integration find the area of the parallelogram whose vertices are A(1, 0), B(3, 1),
C(2,2),D(0,1)

Solution.
The given points A(1, 0), B(3, 1), C(2, 2) and D(0,1) are the vertices of a parallelogram ABCD.
Required area is the area of the parallelogram
ABCD as in Fig 8.33.
Area of the parallelogram ABCD

= 2 (area of the triangle ABD)
We shall find the equations of AB and AD.
We know the equation of the line joining the
the points (x,, y,) and (x,, y,) is

Ay

L0 _XTN

V=Y, X=X,

.. equation of AB, the line joining (1, 0) and (3, 1)
y—-0 x-1
0-1 1-3
Equation of AD, the line joining (1, 0), (0, 1) is

y :%(x—u (1)

y—0 x-1
o-1 1-0 7777 @
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Area of AABD = [[ dx dy

ABD

Take a strip PQ parallel to the x-axis with P is on (2) and Q is on (1).
sox=-y+1landx=2y+ 1 and y varies from 0 to 1.

1[ 2y+1 1
area of AABD = j|: j dx} dy = J‘[x]ff, Hdy [Note that BD is parallel to the x-axis]
0

0| —y+1

L 1 T
=J[2y+1—(—y+1)]dy=J3ydy=3|:y_} i
0 0 2 1
.. area of the parallelogram ABCD is =2 x% =3.

EXERCISE 8.4
. Find the area bounded by the parabola x? = 4y and the straight line x — 2y +4 =0.

. Evaluate the area bounded by y =x and y = x%.
. Evaluate the area bounded by )? = 4ax and x? = 4ay.

. Evaluate the area bounded by y =4x — x> and y = x.
2 2

. Evaluate the smaller area bounded by % + yT —1 and the line %4-% =1.

[V T "SI \S

(=)}

. Evaluate the smaller area bounded by x* +)* =4 and x + y = 2.
7. Evaluate the area bounded by y? = 4x, x +y = 3 and the X-axis.

2
8. Evaluate the area bound by y = :— v =Jax,x =0 and x = 4a.
a

9. Find the area common to y*> = x and x*> + y* =4.
10. Find the area bounded by y* =4 — x, )? =x.
11. Find the area of the curve a%? = x*(2a — x).
12. Find the area of a circle of radius a by double integration.
13. Find the area between the parabola y = 4x — x? and the line y = x by double integration.

ANSWERS TO EXERCISE 8.4
2

1.9 2. 1 3. 16a 4.2 5. 3m-2)

6 3 2 2
6. mw—2 7. 10 g, 164" 0. 35447 10 16V2

3 3 3

9

11. 4a 12. @d? 13. 5

(b) Area as double integral in polar coordinates
As double integral, area in polar coordinates is H rdrd 0
R
where R is the region for which the area is required.
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WORKED EXAMPLES

EXAMPLE 1

Find the area bounded between r = 2¢0s0 and r = 4cos0.

Solution.
Area A = ” rdrd©

where the region R is the region between the circles

r=2co0s0 and r = 4cos0 \
) ) ) \% r=2cos6
The area is the shaded region as in Fig. 8.34. . r=4cos0
We first integrate w.r.to  and so, we take the radius 2 L
vector OPQ. When PQ is moved to cover the area A, S
7 varies from r = 2c0s0 to r = 4cos0,

and 0 varies from @ = _% tog="2

_ ™ 2cos®
2

2 4cos0 T o qheos
AreaA= [ [ rdrd0= | [%} de
2

(4% cos’ @—2° cos” 0) dO

I\JIP—‘
—o [

o2

/2

c0s>0d0 = 6x2jcoszﬂd0 2%6

II
'_.ma

%: 3w [0 cos’@iseven]

1
2

S}

EXAMPLE 2

Find the area of one loop of the leminiscate * = a’c0s20.

Solution.
Given 2 = a*cos20

Area of the loop = ” rdrd® , where R is the region as in Fig. 8.35.

Since the loop is symmetric about the initial line, required area is twice the area above the
initial line.

First we integrate w.r.to r

In this region, take a radial strip OP, its ends are

r=0and 7 =a+/cos20



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

When the strip is moved to cover the region R,
0 varies from 0 to % (above ox)

™

4 a\Jcos20
Required Area A = 2_[ j rdrd®

0 0

: Py Gl
=2 j K?H de
0 0

Y
= jaz c0s20d0
0

<y

Fig. 8.35

4 . ; 2 2
=azJ‘cosZ()a’0=a2 [M] :a—(sinE—sinO):g—
o 2 2 2 2

0

EXAMPLE 3
Find the area of a loop of the curve r = a sin30.

Solution

Given r = asin30 A

The area of the loop = Jj rdrd 0 0=
R

But the loop is formed by two consecutive values of 0
when r = 0.
When =0, asin30 =0 @)

N 30=Oor11:>0:00r§

Fig. 8.36

and r varies from » = 0 to » = asin30

asin30

% r2 asin30
j rdrd0=_([[?] o

0 0

area of the loop =

o t—u|a

_1 a*sin’30d40
2

o t—u|a

23,
a jl COS6ed0
2

0

? [0_ sin60]3 a [ﬂ_ sinZﬁ—sinO]_ wa’
12

. 413 6
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EXAMPLE 4
Find the area which is inside the circle r = 3acos0 and outside the cardioid » = a(1 + cos0).

Solution.
Given r=3acosO (1) and r=a(l +cosO) 2)
Required area A = J‘J.rdrdﬂ r=3acosb

Eliminating » from (1) and (2), we get

3acosO =a(l+cos0)

= 2cos0=1 = cosﬂ:l
2

™
O0=——or—
3 3 r=a(l + cosb)
Required area is the shaded region as in Fig. 8.37. Fig. 8.37
Since both the curves are symmetrical about the
initial line, required area is twice the area above the initial line.
In this region take a radial strip OPP’ where P lies on (2) and P’ lies on (1).
When it moves, it will cover the required area.

. rvaries from a(1 + cos@) to 3acos@ and 0 varies from 0 to E_

o™

3 r=3acos0

% 5 JPacos6
Required area = 2 J J rdrd@ = 2J. |:r_:| do
0 r=a(l+cos0) 0 2 a(1+cos0)

[9a” cos* @ —a’(1+cos0)*]d0

S ]

[9cos® @ —(1+2cos@+cos’ 0)]d0

Il
Q
8]
c—u|a

2

a’|[8cos’@—1—2cos0]d0

Il
N}
LS

Ot | O

2

=g [4(0+ sze)—e—zsme]
2 o

|:8{M}—1—200s0:|d9

PP
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EXAMPLE 5
Find the area common to r=a\/5 and r = 2acos0.

Solution.

Given r=a2 (1) and r=2acosO )
(1) is a circle with centre (0, 0) and radius a~/2 Ay
(2) isa circle with centre (a, 0) and radius a r=aJ2

Solve (1) and (2) to find the point of intersection. r=2acos8

a\/E =2acos0

1 [¢)
= cosﬂ=—:>0=E

NG

Since the circles are symmetrical about the initial

line OX,
required area = 2 [area OABC] = 2 [arca OAB
+ area OBC]
In OAB, take a strip OP. Fig. 8.38

When OP moves it covers the area OAB. Ends of OP are, =0 and » = a2
. 7 varies from 0 to a+/2 and @ varies from 0 to ;

In the area OBC, take a strip OQ. Ends of OQ are, » = 0 and » = 2acos0
When OQ moves it covers the area OBC.

.. rvaries from 0 to 2acos0 and 0 varies from ; toE
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NSIE |

2a 2d0+j4a cos? 0d0

ct—.»m

jul
4

™

= 24’0} +4d? (M) )

2

M:u'-—.w\:l

NIE]

kg

4

na’ 2[1‘: ™ 1(4 . 'n'n
= +2a" | ———+—| sinw—sin—
2 2 4 2 2
2 2
e R e
2 4 2 2 2

=2d’ -%+2a2 |:O+ sm2('):|

EXAMPLE 6

Find the area inside the circle » = asin0 but lying outside the cardiod r = a(1 — cos0).

Solution.

Given r=a sin® (1) and r=a(l—cosB) 2)
Area = J. J rdrd® Y

r=a(1 - cosb) 6=

Eliminating » from (1) and (2), we get

asin® = a(1 — cosO)

= sin® + cos@ =1
Squaring, sin?0 + cos?0 + 2sin® cos® = 1 \
= 1 +2sin20 = 1 Fig. 8.39

= sin20=0 = 20=0,m=0=00r =

asin®
7’2
— do
2 a(l-cos0)

3
_[a sin® @ —a’(1-co0s0)°]d0
0

% asin®
Area = J J rdrd® =
0

a(l-cos0)

ce—wla

NI»—

“7 [sin? @ — (1 —2cos 0+ cos” 0)] 40

N
se—wla
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3
%j{ 1+2cos®—(cos’ @ —sin” 0)} d0

0
2|z 3
—J 1+Zcosﬂ}d0—J{coszO—Sinzﬂ]dO
2 0 0
:

. 2 _ 2
:7_([(—1+2c050) 40 [since ‘([cos dﬁ—!sm 040]

2 b 2 2
=%[—0+Zsin0]0 =%[—§+2sin§]=%[_ﬂ+2]=_[4_ﬁ]

EXERCISE 8.5

Find the area bounded between r = 2sin® and » = 4sin®.

Find the area of one loop of » = acos360.

Find the area that lies inside the cardioid » = a(1 + cos0) and outside the circle r = a.

Find the area of the cardioid

(1) r=a(l + cos0), (ii) » = 4(1 + cos0)

5. Find by double integration, the area lying inside the cardioid » = 1 + cos® and out the parabola
r(1 +cos@) = 1.

6. Calculate the area included between the curve r = a(sec + cos0) and its asymptote.

7. Find the area of the cardioid r = a(l — cos®).

bl o e

'ANSWERS TO EXERCISE 8.5
2 2
1. 3m ). T4 3. Cmrs) 4 6 T i) 24m
2 4
5 9 +16 6. Sma’ 7 3mra?
12 4 >

8.2 AREA OF A CURVED SURFACE

Introduction

Let D c R, say D =[a, b]. If f: D — R is a function, then the graph of the function f'is the set of points
{(x,y) : y=f(x) V x € D} which is a subset of R.

This subset of R? is called a curve in R? whose equation is

y=fx) V x[a, b]

In implicit form the equation of the curve is F(x, y) =0

For example y = x* is the equation of the parabola in explicit form, where as x> — y = 0 is the
implicit form of the equation of the parabola.

Let D c R?



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

If f: D — R is a function, then the graph of the function f'is the set of points

{6, y,2) 1 2=/, y) V (x,y) € D}

which is a subset of R3.
This subset of R? is called a surface in R?, whose equation is

z=flx,y)V (x,y)e D

This explicit form is called Monge’s form of the equation of the surface.
The general form of the surface is the implicit form

F(x,y,z)=0

Sphere, cone, cylinder are surfaces in R3.
The equation x* + y? + z?> = a? is a sphere in R* or 3-dimensional space.
The equation x?+y* = a* is a cylinder in R® or 3-dimensional space.
The equation x*+y* =4z%is a cone in R® or 3-dimensional space.

Smooth surface

Definition 8.1 A surface S is said to be smooth if at each point unique normal exists and it varies
continuously as the point moves on S.

Piece-wise Smooth surface

Definition 8.2 A surface S is said to be piece-wise smooth if it can be divided into a finite number of
smooth surfaces.

For example: the surface of a cube is a piece-wise smooth surface.

8.2.1 Surface Area of a Curved Surface
In earlier classes you have seen the area of surface of revolution. That is a surface obtained by
revolving an arc of a curve about an axis.

For example the surface of a sphere is obtained by revolving the semi-circle about its bounding diameter.

This surface area is expressed as an integral of a function of a single independent variable.

b b 2
We know that surface area = jzﬁy Z—S dx = ZﬁJ. Yy / 1+ (Z’l) dx
x . x

where y = f(x).

But the general problem of finding the area of a curved surface S is found as a double integral over
the orthogonal projection D of S on one of the coordinate planes.

This is possible if any line perpendicular to the chosen coordinate plane meets the surface S in not
more than one point.

8.2.2 Derivation of the Formula for Surface Area

Let S be a surface of finite area represented by the equation F(x, y, z) = 0.
Let D be the orthogonal projection of S on the xy-plane as in Fig. 8.40
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H 1”". !
/7 Ll T TN
V /[ Lot~ A

' a
NLLSL S S
WD

dxdy

Fig. 8.40

Divide the region D into element rectangular areas by drawing lines parallel to x-axis and y-axis.
Let dS be the element area of the surface whose projection is shaded, which is a rectangle of sides dx, dy
-. element area = dxdy
Let P(x, y, z) be any point on dS and 7 be the outward unit normal at P.

-oF -0F -0dF _

VF . ~ ~
ﬁ,whereVF:1§+]$+ké?=in+ij +k F.

|VF|=4/Fj+Fy2+FZ2

Let y be the angle between the plane of dS and the plane of dxdy.

Then 7 =

We know that the angle between two planes is the angle between their normals.

The normal to the plane of dS is 7 and the normal to the plane of dxdy is k.

S
Lt}

=rn-k, Since xn and k are unit vectors.

cosy=

We always take the acute angle, which is given by cosy = |1; -k

Lt}

S|

Since dxdy is the projection of dS, we have

dxdy=cosyxdS = dS:M
cos ¥
. _ ([ dxdy dxdy
Integrating, S = J;J‘ cos v - J)‘m (1)
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Similarly, projecting on yz plane, we get
dydz )
s=lItT

where, D, is the orthogonal pI‘Q] jection of S on the yz plane.
Projecting on the zx-plane, we get

_ J' J dzdx 3)
n: J

Cartesian form of Surface Area

VF iF.+jF,+kF,

PR S S v I

’P;2+F:VZ+P;2 E;2+F;2+F;2

§= ”‘dxdy J.J.JF +F +E° . (4)
7] “

o ”dydz HJF +F? +F? iy d: )

)

and S = ” dzdx J‘J‘ /£ dz dx (6)

IFI

D,

Since

Sy
Il

Similarly,

D, n- _] D,
Corollary If the equation of the surface is given explicitly or rewritten as z = f{x, y).

Then fix,y)—z=0

Here Fx,y,z)=flx,y)—z
a_F af a_Z a_F = al - % and a_F =—1
dx ox ox  dy dy Iy 0z

(@)= S= jj\/( ) (a—z) +1 dxdy

If the equation of the surface is given by x = f(y, z), then as above

5)= Sz_l[j\/(g—;) +(g—;€) +1 dydz

If the equation of the surface is given by y = f)(x, z), then

SRR
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8.2.3 Parametric Representation of a Surface

The parametric equations of a surface F(x, y, z) = 0 are written interms of two parameters as
x=x(u, v), y=y(u, v), z= (u, v) where (4, v) € D  R? in the u, v-plane. u and v are the parameters.

For example: The parametric equation of the equation of the sphere x? + )2 + z2 = ¢? in spherical
polar coordinates are x = a sin 0 cos ¢, y = a sin 0 sin ¢, and z = a cos 0; where 0 and ¢ are the
parameters.

WORKED EXAMPLES

EXAMPLE 1

Find the surface area of the sphere of radius a.

Solution.

Let X4y + 22 =a (1)

be the equation of the sphere.
Since the sphere is symmetric about all the coordinate axes

the surface area S = 8 x Surface area of the sphere in the (i
positive octant.
The projection of the surface in the first octant is a
quadrant of the circle x* + y* = a? as in Fig 8.42.
surface area S= 8_[.[2"’36—%Z [9) >y
D ‘n : k|

But P A2

[V
where F=x*+y*+ 2" — &? X Y

F =2x, F =2y, F =2z Fig. 8.41
VF=2xi+2yj+2zk
AY

IVF| = \4x> +4y> +4z% =\4d* = 2a

;l=2xi+2yj+22k:£l?+_}+£E
2a a a a =0 D x= 7y
g.z:(£;+x}+ig).;_i I e o o
a a a T4 a Y
[using (1)] X2+ y?= 2
y
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1]
o0
S
S —y
1
Q
ot— "
—~
S
=)
|
IS
‘<:N &
~
|
«
=)
| S|
&

Il
[* 3
Q
O
P
=
=
<
¥}
| S
(=]
S
<
S

= 8a:|i{sin1 (ﬁ“cf—sz —sin™ O} dy
0 a -y

=84 (sin™ 1-0) dy = 8af g dy = 4amly]’ = 4mala—0] = 4wd’
0

0

Aliter:  Since the sphere is symmetric in all the 8 octants. Consider the sphere in the / octant and
project it on the xy-plane. We get the quadrant of the circle x> +)? = &%

0z) (ozY
Surface area S:g”\/(_ZJ +(_Z) +1 dxdy
5 | \ox

dy
where D is the region of the circle in the first quadrant as in Fig.8.42
The equation of the sphere is
X+ +22=a?

Treating z as a function of x and y and differentiating partially w. r. to x and y respectively, we get

i B Bl
ox ox z
and 2L og o E oY
ay dy z
2 2 2 2 2 2 2 2
(8_2) Y20 T G R S A
ox dy z° z z z
(az)z 2z Y a
— |+ =] t1=—
dx dy z
[y =saf [ e
Surface area S =8||—dxdy =8a ———dxdy =4md’ [as above]
D Z 0 0 az—xz—y
EXAMPLE 2

Find the surface area of the cone x> + y*> = 4z lying above the xy-plane and inside the cylinder
2 2
x"+y” =3ay.

Solution.
The equation of the cone is x*+y’ =4z’ (1)
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The equation of the cylinder is x* +y° = 3ay 2) Az

The surface area of (1) lying inside (2) is required.

Project this surface on the xy-plane.

Y (o)
surface area § = (—Z) +(—ZJ +1 dxdy
'[;[ \/ ox dy

Differentiating (1) partially w. r. to x, y treating z as a
function of x and y, we get

0z Jdz  x

B i=2r o =t X Fig.8.43
and 828—2=2y = 8_2=L
dy dy 4z
2 2 2 2 2 2 2 2
(a_z)+a_z +1:x2+y2+1:x +y -|;16z :202222
ox dy 16z% 16z 16z 16z° 4

) (az )2 oz ? \/g
Sl = = *1=—
0z dy 2
Surface area § = J‘J‘ﬁ dxdy
S 2

5
) %Lfdxdy B g(area of the circle x° + y* = 3ay) = %mz

where r is the radius of the circle.

2
x2+y2=3ay = x2+y2—3ay=0 . radius r = (‘%a) :‘%a
NN EA N
S=—m|—| =——ma
2 2 8

EXAMPLE 3
Find the area cut from the sphere x’ +y’ +z?=a’ by the cylinder x*>+y*=ax.

Solution.
We interchange the x, y axis for convenience as in Fig 8.44.
The equation of the sphere is

xP+yi+zi=d (1)
The equation of the cylinder is

x*+yl=ax 2)
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Both the surfaces are symmetric about the axes. AZ

*. surfaces above and below the xy-plane are the L —
same. Since the cylinder lies on the side of the ~——1
positive x-axis, the required surface area

= 2 (surface area above the xy-plane)
. X2+ y?+ 7%= &
Project the surface of the sphere cut off by the

cylinder onto the xy plane.

This is the circle x* +y* = ax.

Y (oz)
ns=2ff \/(—Z) +(—Z) +1 dvdy y
2 \\ox dy

X
J—»x% y?=ax
Y
N

. o . . Fig. 8.44
Differentiating (1) partially w. r. to x, y, treating z
as a function of x and y, we get
i o X
dx dx z
and 2P0 - oY
ay dy z
2 2 2 2 2 2 2
ox ay z° z z z
\/(az )2 (Bz )2 a
ox ay z a-x>—y’
s=2ff dxdy
D Na —x"—y
where D is the circle in the xy plane.
The equation of this circle is
x2+y2=ax = yzzax—x2 = y=% ax —x’
a H.‘C—Xz 1
S = 2aj _[ ——dydx
0—\LLY—XZ (az _xz)_yz
a \/aX*XZ
= 4aj j ———— dydx |: J(@ —x*)—y?is even function ofy:|
0 0 y(@—x)-y

. Nax—x?
= 401"‘|:sinl (¢H dx
0 2 2

0

4 2 a [ a
= dafsin | YEZX | gy = 44 sin™ NEiCe) dx = 4a|sin™,| Yk
-([ [Vaz—xz '('). Va’ —x* '(’,. a+x




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

/ : X ) X
Put ¢t =sin™ sint = = sin’t =
a+x a+x a+x
a+x—x a
cos’t =1—sin’t =1— = =
a+x a+x a+x

= a+x =

—=asec’t = x=asec’t—a=a(sec’t—1)=atan’t
cos’t

dx =2atantsec’t dt

When x =0, t=0 and when x =aq, t:sin‘lL:%

V2

™ kg
3 z

Jsin’l,f dx—J.t 2atant sec’ t dt _2ajt(tant sec’ 1) dt
a+x

0

We integrate using integration by parts.
So, take
u=t and  dv=tantsec’tdt
tan” ¢
2

du=dt and Idv:_[tantsecztdt =Sv=

w7
T / X t-tan’ ¢ t  tan’ t
Jsm'I dx =2a l: ] J.
0 a+x 0

3
J(sec t—1)dt
0

S =4a-%(1‘r—2)= 2d(w—2)

Note This problem can also be stated as below.
Find the surface area of the portion of the sphere x> + ) + z> = ¢ lying inside the cylinder x* + ) = ax.
EXAMPLE 4

Find the surface area of the part of the plane x + y + 7 = 24 which lies in the first octant and is
bounded by the cylinder x? + y* = a.

Solution.
The required surface area is the part of plane

x+y+z=2a
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bounded by x=0,y=0,z=0 AZ
and the cylinder x?+)? = a?
Y
The projection of the surface on the xy plane N~
is the quadrant of the circle
2 2_ 2 (0, 0,|2a)
X +y =a.
zY (oY
S= (—) +(—) +1 dxdy
J;,J.\/ ox dy
The surfaceisz=2a—x -y o) \ >
_.--"7(0,23a,0) y
0z ! 0z ! I
a_x__ g__ —_,"' > X2+ y? = a2
2 2
(g—z) +(g—z) +1=1+1+1=3
X A4 /\

2 2
\/(8_2) +(E)_z) +1=3
) oy Fig. 8.45
S = ”\@ dxdy = x/gﬂdxdy = \/gx% area of the circle x* + y* = a’
D D

= ﬁﬂaz [. radius of the circle = a]

EXAMPLE 5
Find the surface area of the cylinder x* + y* = a” cut out by the cylinder x> + 7> =a’.

Solution.
Given two right circular cylinders
2 2 _ 2
X" +y°“=a (1)
with z-axis as the axis of the cylinder
and x*+zr=d" 2)

with y-axis as the axis of the cylinder.
Both the cylinders are symmetric about the three axis.
" the surface area are the same in all octants.
Projecting the surface x> +y> = ¢’ on the xz-plane, we get the required surface area S.

Y (Y
S=8H\/(—y) +(l) +1 dzdx
5, ox o0z

where D, is the circle x* +z* = a” in the xz-plane.

The surface is x*+y’=da
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Differentiating, partially w. r. to x A
and z, treating y as a function of x and z,
we get
Y
2x+2ya—y=0 = »__x ~1—
ox ox y
—> X+ 7°=a?
and 2ya—y=0 = 8_y=0
0z

0z /\

2 2 2
(a—y) +(8_y) +1=X—2+1 ----------- o) >
ax aZ y ' \j y

[
'
'
'
] .
T
'
'
'

3 x2t+y2=3?
2 2
&)= 5
ox 0z y & —x?

Y (Y
.. Surface area S = 8_” \/(_y) +(a—y) +1 dxdz
X z

T

EXAMPLE 6
Find the surface area of the cylinder x> + z*> = 4 lying inside the cylinder x> + y* = 4.

Solution.
In the above example 5, putting a = 2, we get the surface area.

surface area S = 8-2% = 32.

EXAMPLE 7
Find the surface area cut off from the cylinder x? + y*> = ax by the sphere x> + ? + 7> = &?

Solution
The equation of the sphere is x'+yi+zi=d’ (1)
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The equation of the cylinder is A

\Z
x4y =ax ) L
The surface area of the cylinder cut off N~
by the sphere is required.
Projecting the surface on the xz-plane,
we get the required surface area S.

2 2 X+ Y4 2= @ -
S=ij\/(a—y) +(a_y) +1 dxdz
5, ox 0z

(o) X
where D, is the region obtained by /
N

eliminating y? from (1) and (2)

== X+ y’=ax

o 2+ax=d’ 3)
The surface is x* +y* = ax y N~
Differentiating partially w.r.to x and z, Fig. 8.47
treating y as function of x and z, we get
2x +2y a_y =a = al = a-2x
dx ox 2y
and 2y B_y =0 = 8_y =0
oz oz
2 2 _ 2
(a_y) +(a_y) +1= w_{_l
dx 0z 4y
_ 2 2 2 2 2 2
_ (a—2x) 2+ 4y _a dax +4x° +4(ax —x°) _a [using (2)]
4y 4y? 4y?
2 2
J(al) NES I —— fusing (]
ox 0z 2y 2Jax —x?
We have [x and y axes are interchanged for convenience of the figure]
Ftrax=a" = z’=d -ax = z=*tJa' —ax

1
dz dx
2

§=2[[—L— dvd P
- "LI[Z ax—x ) Z_a'([m\/ax—xz

=2

ax —Xx
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=2a dx
ax—x

—2_[ a(a—x) v
x(a—x)

1
—ZaJ\/7 dx —2a\/_jx 2 dx —2a\/_ T :4a\/2(az—0):4a2
2

EXERCISE 8.6

1. Find the surface area of that part of the plane x +y +z = a intercepted by the coordinate planes.

2. Find the surface area of that part of the plane LR A | intercepted by coordinate planes.

a b c

3. Find the surface area of the portion of the cylinder x* +y? =4y lying inside the sphere
2 2 2
xX“+y“+z° =16.

4. Find the surface area of the portion of the cone x> +y > = 3z lying above the xy-plane inside the
cylinder x> +y* = 4y.

5. Find the area of the surface of the sphere x* +y* +2z° = 94° cut off by the cylinder x*> +y* = 3ax.

. ANSWERS TO EXERCISE 8.6
1. %az 2. % bc? +ca® +a*bh? 3. 64 4. STZ 5. 9612(11'—2)

8.3 TRIPLE INTEGRAL IN CARTESIAN COORDINATES

Let f(x, y, z) be a continuous function at every point in a closed and bounded region D in space.
Subdivide the region into a number of element volumes by drawing planes parallel to the
coordinate planes. Let AV ,AV,, ..., AV be the number of element volumes formed. Let (x,, y,, z,) be

any point in AV, where AV, = Ax, Ay, Az.. Form the sum Z'f(xi ,¥.,z;) AV,. The limit of the sum as
i=1
n — oo and AV, — 0, if it exists, is called the triple integral of f(x, y, z) over D and is denoted by

[[[rey,zyav or [[[f(x,p,2) dedydz (1)

As in the case of double integrals, the triple integral is evaluated by three successive integration of
single variable.
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Consider the triple integral

zlir,jrf(x,y,z) dxdydz

Zo Yo Xo

(1) If all the limits are constants, then the integration can be performed in any order with proper

limits,
ie., Jl T ff(x,y,z) dxdydz = J-l Tr Jlf(x,y,z)dzdydx = T ]l ]lf(x,y,z) dydzdx
7o Yo Xo %o Yo 7o X0 70 Yo

(2) Ifxo :f;)(ya Z), X, :.fl(ya Z)’ yOZgO(Z), i Zgl(Z), Z,=4a, z Zb,

Z Y1 X b |yi=g(2) | x=1f(y.2)

then JJ‘J-f(x,y,z)dxdydz:J‘ j J f(x,y,z)dx|dy|dz

2 Yo Xo a |yo=gy(2)|xg=f,(y,2)

First we integrate w.r.to x, treating y and z as constants and substitute limits of x. Next integrate
the resulting function of y and z w.r.to y, treating z as constant and substitute the limits of y.
Finally we integrate the resulting function of z w.r.to z and substitute the limits of z.

WORKED EXAMPLES
EXAMPLE 1
122
Evaluate J.J-J.xzyz dxdydsz .
001
Solution.
122
LetI=J_“x2yz dxdydz
001
L 2 2 , N IN2 7 3\2
N I:szzjydij dx =(Z_) (J’_) (x_) =lﬂ(§_l)=z [ limits are constants]
0 0 | 2 )o\2 )y\3 )7 22\3 3] 3
EXAMPLE 2
abec
Evaluate J_”(xz +y* + 2% ) dxdydz.
000
Solution.
abc ab x} ¢
Let I= (x*+y*+z*)dxdydz = it (yi+z? x:| dydz
i oo
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EXAMPLE 3

log2 x x+y

Evaluate j J J e dxdyds,.

000
Solution.
log2 x x+y log2 log2
Let 1= [ [ [ e ?dzdydx= | ™[] dydz = [ " (e ~N)dydz
0 0 0 0 0
log2 x log2 2y IF
= J. J.(e(z”z"’) —e")dydz = J‘ {ezx.[fz—:| —e".[e}’]g}dz
00 0 o
log2 1 log2
j (e —1)—2e" (e —1)]dz_ [ [ —e™ —2¢™ +2¢" | ax
0
1 log2
= 5 j (e™ =3e™ +2e" )dx
0
1 [ ax 2x log, 2
=-|&--38 +Ze"]
2L 4 2 o

(@410&32 _2 2log, 2 +2€10g,2)_(l_
s 2° 4

1
2
_ l elogel6 _Eebge“ +Zelogl)2 _§:| = ll:

EXAMPLE 4

2\& Vdz— x?

Evaluate J J. dydxdz.
0 0

D —
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Solution.
424z Vaz—x? 42z
Let I:J. j J. dydxdz —j J‘ " = dxdz [Treating x, z constants]
00 0
424z
=J‘ J. 4z —x*dxdz
0 0
¢ x 4z by 2l
=||=V4z —x* +—sin™" dz [Treating z constant]
! [ 2 2z ]o ¢
4
= [[Wz4z =4z +2zsin™ 1-0] dz
0
¢ 21 =
=jzz—dz_wjzdz_ [—] =2(16)=8mn
) 2, 2
EXAMPLE 5
log2 x x+log2
Evaluate J j j e dydydx.
00 0
Solution.
log2 x x+log, y log2 x
Let I= f J J e dzdydx = j je" -e’[e” 17 dydx
00 0 0 0

log2

— J‘ Iex_ey[exﬂogy_eo]dydx
00

log2 x
= J Jexey (e* - —1)dydx
00
log2 x
= j Je"ey(e" -y —1) dydx [ e =y]
00
log2 x
= j J(ezx -ye’ —e*-e”) dydx
0 0
log2 X X
= J [ezxjyeydy—exjeydy}dx
0 0 0

log2

j {e*[y-e —1-e’]} —e* [’} }dx  [Using Bernoulli’s formula]
0

log2

j {e™[xe* —e* —(0—1)]—e"(e* —1)}dx

log2
= J {(x=De™ +e™ —e™ +e* }dx
0
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log2

= j {(x=D)e™ +eldx

3x log, 2
[ + ex ]
0

= {%(loge 2-1)e’? —ée“"g”z +e%? —[—l—l+1:|}

39
1 8 5 3log, 2 log, 2° 3 log, 2
=—(log,2-1)-8——+2—-— [ e =" =2°=8and e"*" = 2]
3 9 9
8 8 8 5 8 19 1
=—log 2————+2—-—=—-log, 2——=—(24log2-19
3108, 2=3-5 93gegg(g)
EXAMPLE 6
aa-x? \az_xz_yz
EvaluateJ J j dzdydx .
2 2 2 2
(U] 0 a —x —y —17
Solution.
Let I_j‘ ”]-xl\laz_j'iz_yz dzdydx
e =
0 0 0 \/(az—xz—y2 —z?
=.a[ azfxz sin’I; > dydx |: J-d—x—sm’1 f]
0 0 Jai —x* =y b a> —x? a

= _[ J. [sin”' 1—sin™" 0]dydx
0 0

a 2 2 2 2
g[gxﬁx i _] _g[o%sm—u_o}z“_ﬂ:w

aly

1V1=x? Y1-x =y
dxdydz
Evaluat
valua eJ' J' J‘ —
0 0 0 -X -y —Z
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Solution.
L1 1-x7 -y 2 2
In example 6, putting a = 1, we get J J‘ j drdydz _ml_m
0 0 0 1-x? —y2 -z’ 8 8
EXAMPLE 7

Evaluate J.‘”xyz dxdydz over the volume V enclosed by the three coordinate planes and the
v

plane £+"i+i =1.
a b ¢
Solution.
Let V be the volume enclosed by the plane £+%+£:1 and it meets the coordinate axes in
a c

A(a, 0, 0), B(0, b, 0), C(0, 0, c) respectively.
The projection of V on the xy-plane is the AOAB

bounded by x=0,y=0,£+£:1
a b

N

z varies from 0 to z :c(l—f—l)
a b

y varies from 0 to p (1 - f)

. a
and x varies from 0 to a.

dx [Using Bernouli’s formula]
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EXERCISE 8.7

Evaluate the following integrals

dxdyd. . . .
l. J-“-LZ}, where D is the region bounded by x + y + z = 1 and the coordinate planes.

(x+y+z+1)
_ i J1-x2—y?

2. j.J J xdzdydx. 3. j‘ IJ. | j y M
00 0 0 0 1-)62—)/2—22
1z x+z l a1

o J] ] Gty dydna 5. jje j rdzdrd 0.

-10 x-z o 0 0

6. Ijjxyz dxdydz , where D is the region interior to the sphere x* + ) + z2 = @* in the I octant.
D

7. _”jxyz dxdydz taken over the volume for which x, y, z > 0 and x* + y* + 2> = 9.

z=5 x=6 y:m 1 l—x(X+y)2 a h(l—%) C(l_i_%)
8. [ [ | dvaxa. 9. [[ [ xdzdvax. 0. [ [ [ xzdedydr.
2=0x=6 y__[36_y> 00 0 0 0 0
11. j .T j‘(x2 +y*+2°) dxdydz.  12. jjxj‘yex+Y+z dzdydx. 13. ‘][Tl ]‘ yxyz dxdydz.
e la 00 0 00 0
1 1-x xty 31 \/E 1 1—x(x+y)Z
14. J‘ j j e”dzdydx 15 JJ J xy dzdydx. 16. J J _[ x dzdydx.
00 0 1o 00 0

17.} || wzddyaz
0 0 0
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ANSWERS TO EXERCISE 8.7

2 3 6
LoLlge -2 2L 3. © 4.0 5 2™ 6. L 7.2
2 > 16 4 8 64 48 19
3p02 8abc
8. 180w o. L g0 @b g 2 1p 1Y)
10 360 3
| 1 1 2[2
12. —[e* —6e* +8¢* —3 13, — 14. = 15. —[— 93 -1)—1lo ,3}
8[e e e ] 720 > 5 5( )—log,
16. L 17. 1
10 48

8.3.1 Volume as Triple Integral
Triple integrals can be used to evaluate volume V of a finite bounded region D in space.
The volume v = j J j dxdyd:z .
D

[Taking f{x, y, z) = 1 in (1) of 8.3, page 8.49, we get the volume]

WORKED EXAMPLES
EXAMPLE 1
Find the volume of the tetrahedron bounded by the plane X +¥ 4+ % —1 and the coordinate
planes. “a b
Solution.

The region of integration is the region bounded by

£+Z+i=1’x20,y20,220. A

a b ¢

Its projection in the xy-plane is the AOAB

boundedbysz,yannd£+%=1
a

volume V = _”_[dxdydz
D
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a 0
EXAMPLE 2
Find the volume bounded by the cylinder x> + y* = 4 and the planes y + z = 4,7 = 0.

Solution.
Required volume of the cylinder x2 + )2 = 4, cut off between the planesz=0and y +z=4is

v=| £ Jaxdydz

. zvaries fromz=0toz=4-y
The projection of the region in the xy plane is

X+y’=4 = y=ix/4—x2
.y varies from —/4—-x?> to +yJ4—x> and

x-varies from — 2 to 2

2 V4-—x? 4=y

“VomeV=[ [ [dyax . oL

—%[4—)62 —(4—x2)]} dx
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2
=8-2Jv4—x2dx [ 4—x" is even]
0

2
4-x7 4
=16|:u+—sin1£] =16[0+2sin”" 1-(0+0)]=16-22 =16m
2 20 2 2

0

EXAMPLE 3
dxdydz

2

————— where V is the
x’ +y +z

Change to spherical polar coordinates and hence evaluate ”j

volume of the sphere x> + y* + 72 = a’.
Solution.

I—_”jx P — dxdydz

Using spherical polar coordinates (7, 0, &), x = rsin@cosd, y = rsin@sind, z = rcosd
Then the Jacobian of transformation is

_d(x,y,z)
A(r,0,d)

dxdydz =|J|drd @ dd = r* sin® drd® d

x> +y* +2° = r*sin’ cos’ ¢ +rsin* Osin> ¢ +7° cos” 0

=r’sin@ [Ref Chapter 5, worked example 5,Page 5.31]

= r? sin” O[cos” ¢ +sin’ ]+ 7* cos’ @ = #*[sin’ @+ cos® 0] = #*

:2_[ }jrz sin@drd0d ¢
000

=2d j mej dr = 2[p]" [~ cos e]g[r]g =2-2n[-0+1][a—0] = 4ma

EXAMPLE 4
Find the volume of the region of the sphere x* + y* + 72 = ¢? lying inside the cylinder x* + y* = ay.

Solution.
X2+ =ay

2 2
= x2+y2—ay=() = x2+(y—g) :a_
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which is a circle with centre (0, a/2) radius = < in
the xy-plane, z=0 2
So, the cylinder has this circle as guiding curve
and generators parallel to the z-axis.
X2 + 3%+ 22 = @? is a sphere with centre (0, 0, 0)
and radius = a. i
The volume inside the cylinder bounded by the
sphere is symmetric about the xy-plane. So, the
required volume = 2 (volume inside the cylinder) ;
above the xy-plane. X ©
Its projection in the xy-plane is the circle Fig. 8.51
X2+ =ay.
The circle is symmetric about the y-axis.

volume V = 4jjjdxdydz
D

where D is the common region in the first octant.
Changing to cylindrical polar coordinates (7, 0, z),
we have x = rcos0, y =rsin@, z =z

dedydz=rdrdddz and x*+)y*=#

. z varies from 0 to \/az —x2—y? =1

¥+y'=ay = rFP=arsin@ = r=0andr=asin®
.. rvaries from 0 to asin® and 0 varies from 0 to K
2

asin®
[ =3y drdo

0

volume V = 4J j J rdzdrd @ =4

0 0 0

asin®
J. ra* —r*drd 0

0

- Jf [! " Ja? = (<2r) drd®

(az )3/2 asin O
ky

— rz
N
2

4

St d o3

0
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= —g jo? [(a® —a’ sin> 0)" —a*1d0

h 3
= —%jﬂz [a3(1—sin2 0)° —449

44° 7 3

_—Tjo (cos® 0 —1)d0

_ 4 jgcos36d0—j§d9
3 0 0

4a’ | 2 Sl__ 4|2 m|_2a
__7{5-1—[0]0]_ [ }— 5 [3w—4]

EXAMPLE 5

Find the volume of the cylinder x> + y* = 4 bounded by the plane z = 0 and the surface
z=x2+ )y + 2.

Solution.
The region is bounded by the cylinder x2 + y* = 4 above the xy-plane
and the surface z =x?+ )% + 2.

Changing to cylindrical polar coordinates, we get =X+ 724D

x=rcos0,y=rsin@,z=z //__\\{
dxdydz = rdrd0dz

and X+y = /\
0o

z=xX*+)"+2=r+2

.. z varies from 0 to 7>+ 2

r varies from 0 to 2 and 0 varies from 0 to 27 v

. volume V = [ [ [ dxdydz = [ [ [ rdrdd:
D D

2w 2 1’42

= [ | [ rdzarae

0=0r=0 z=0
2m 2

= J ~l‘r[z]f;*zdrdﬂ
00

2w 2 I”4 }"2 2 16
= [ a0f( +2r) dr=[(-)]§“[—+2-—:| =2ﬁ[—+4]=16ﬁ
0 0 4 2 0 4
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EXAMPLE 6 ) ) s
Find the volume of the ellipsoid x_2 + y_2 + z_z =1.
a b c
Solution.
X 2 2 z 2
Since the ellipsoid —2-{-Jl;—z+—2 =1 is symmetric about the coordinate planes, the volume of the
a c

ellipsoid = 8 X volume in the first octant
Volume of ellipsoid in the first octant is bounded by the
planes x =0, y =0, z= 0 and the ellipsoid

2 y2 2
—2+—2+—2_1
a b
2 2 2
z
= == __2_y_2
c a b
2 2
X
= 22262(1——2—y—2)
a b

xz 32 Fig. 8.53
In the first octant z varies fromz=0toz =c,/l——— ek
The section of the ellipsoid by the xy plane z = 0 is the ellipse

x2 y2 ) 5 x2 .XZ
—2 —221 = ¥ =b l—a—z = yzib 1_a_2
*. y varies from 0 to p h -y and x varies from 0 to a

a 2
:EJ 0+b2(1—x—2){sin"l—sin'IO}:|dx
b a
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2)s
R

—Zﬁbc[x—%-x—:| —211'bc[a—L a —0] Zﬁbc[z ]ziﬂ'abc
a 3 3a? 3 3

Note If a = b = c, the ellipsoid becomes the sphere x? + ? + z2 = ¢*.

The volume of the sphere = % wa-a-a= 4%(13

EXAMPLE 7
A Circular hole of radius b is made centrally through a sphere of radius a. Find the volume of

the remaining sphere.

Solution
Both the sphere and circular hole are symmetric about the xy plane.
So, volume of the hole = 2 x volume of the hole above the xy-plane

=2 J_\[dedydz .

V is the volume above the xy-plane

—2”[ j - dz}dydx ,

where the region R is the circle x> + )* = b,
b is the radius of hole and x, y vary over R. Xhyieted

Volume of the hole = 2” [z ]OV“Z_XZ_y ’ dy dx
R

= 2‘“‘\/612 —x*—y’dydx
R

By changing to polar coordinates, we shall evaluate
this double integral.

. putx=rcos 0, y=rsin0,
sdedy=rdrdd, x*+)y*?=r?

rvaries from 0 to b and @ varies from 0 to 27

2w b

. volume of the hole = 2j j Ja* —r*r dr de
00
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27
2 ™

J.[(az _b2)3/2 _a3]d0 — _g[(a2 _b2)3/2 _a3][0](2)
0

4

_ ——[(a2 _b2)3/2 —&]2m = Tﬂ[az _(az _bz)s/z]

We know the volume of the sphere of radius a is 4%7413
4

4
. volume of the remaining part = Tﬂf —T[cf —(@*-b*)""?] = i;.E(a2 —b*)?

EXERCISE 8.8

1. Evaluate J j I dxdydz, where V is the volume enclosed by the cylinder x> +)? = 1 and the planes
v

z=0,z=2-x
¥ 2 2 z 2
2. Find the volume of the ellipsoid — + z_z +I-1
a c
2 z 2
+5=1 which lies in the first octant
c

3. Find the volume of the portion of the ellipsoid £+y—2
using triple integral. “ b

4. Find the volume bounded by xy-plane, the cylinder x?> + y*> = 1 and the plane x + y +z=3.

5. Find the volume of the paraboloid x? + ? = 4z cut off by z = 4.

6. Find the volume of the region D cut off from the solid sphere x> + )? + z2 < 1 by the right circular

cone with vertex at the origin and semi-vertical angle T above the xy-plane.
3

[Hint Use spherical polar coordinates; Then0<r<1,0<0<2m,0<$ < E]
7. Find the volume in the positive octant bounded by the plane ’
X + 2y + 3z =4 and the coordinate planes.
8. Find the volume of sphere x? + )? + z2 = ¢? using triple integrals.
9. Find the volume of the region bounded by the paraboloid z = x* + )* and the plane z = 4.
2

10. Find the volume common to the cylinders x> + )? = ¢? and x* + 2> = a%.

11. Find the volume cut off from the sphere x* + )? + z2 = a? by the cone x* + y? = Z2.
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ANSWERS TO EXERCISE 8.8
I om-2 o dmabe 5 mabe 4. 1 om—4 5. 30m
3 6 3w
16 4md’ a 2w d’
6. T 7. =2 8. 9. 8 10. 16— 11 _
3 3 m 3 ; @ V2)
SHORT ANSWER QUESTIONS
a \/; a Vaz_xz 1x?
1. Evaluate I I xydxdy . 2. Evaluate 'f 'f dydx. 3. Evaluate Ij(xz +y?) dydx.

4. Find the limits in the integral ” f(x,y) dydx, where R is bounded by y = x% x = 1 and the x-axis.
R

N

1
5. Find the value of -” dxdy 6. Change the order of integration in J J ydydx.
11 xy ! 0 0

7. Change the order of integration in Iszdydx.

00

12-x ;sine
8. Change the order of integration in f fx, y) dydx. 9. Evaluate J J rdrd 0.

0 2 00

10. Why do we change the order of integration in multiple integral? Justify your answer with an example.
w5 00 00
11. Evaluate _”r4 sin0drd 0. 12. Transform I J. ydxdy into polar coordinates.
00

13. Express J.J' + dxdy in polar coordinates. 14. Find the area bounded by y = x and y = x%,
Y (xt+y )2
15. Evaluate I(x’dy +y2dx) where C is the path y = x from (0, 0) to (1, 1).
C

16. Find the area of a circle of radius ‘a’ by double integration in polar coordinates.

1 P 2w 111

17. Evaluate J J J pdpdz do. 18. Evaluate _[_”(41 —y) dzdydx.

p=02=p2 0=0 000

2 2

1
19. Evaluate _[ _[ _[xy dxdydz . 20. State the surface area of a curved surface.

x=0y=01

OBJECTIVE TYPE QUESTIONS

A. Fill up the blanks

1. The double integral H f(x,y)dxdy, where R is the region in the first quadrant bounded by x =1,y =1, and
R

y* = 4x, with limits is
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123
The value of H e —dydx is . 3. The value of [ [ [xyzdzdyas is
000
11-x
The value of J'JdXdy is ) 5. The value of I j ydydx is
xy

. Changing to polar coordinates, the double integral '” f(x,y)dydx becomes

0y

. The area between the circles 7 =2sin0,7 = 4sin® is given by the double integral

11

_”dy dx after the change of order of integration becomes

0 x

. The volume of the tetrahedron bounded by two coordinate planes and the plane x +y +z =4 is given by the

integral
2

2 2
. The volume of the ellipsoid Lz + Lz + 27 =1 is given by the triple integral
a b c

. Choose the correct answer

2 x+2

. The value of j j dydx is (a) 6 ®) 5 () 7 d 2
-1 x

2x2 2

The value of_”xdydx is (a) %5 (b) % (©) % @ 3

The value of ” dxdy, where R is the region bounded by x=0,y=0,and x +y =1 is
R

1 1 1
a) 1 b) — c) — d -
(a) o (b) 7 () 5 (d) 3
The value of J J. xydydx is equal to
0 y?
1 3 3 1
a) — b) - c) = d —
(a) 2 ®) 5 (©) g (d) 5
. The area between y=4x—x* andy=x1is
3 3 9
a) = b) = c) 1 d -
(a) 5 (b) 2 (©) (d) 5
The area of the region bounded by the curve y(x’+2)=3x and 4y=x" is given by
|2 1x%/4 13x/x*+2
@ [ [ axay ® | [ dvax © [ [ dyax (d) None of these
0 % 00 0 s
o2 ea 2
e dxdy is equal to a) T b T o 9 T
i) y is eq @ 7 ® 7 © 3 @ 7

00

11
Changing the order of integration in JJ 5 al > dydx , the integral is
0y X +y

Ly 11 1y? 1)°
(a) jsz _dxdy  (b) fsziyzdxdy ©) ”xziyzdxdy (d) H;xziyzdxdy

0y
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9. The area of a loop of the curve » = 2sin30 is given by

7/325in30 7/6 25in30 1 7/325in30 /6 25in30
@ [ [ rdrde ® | [ rdrde © —| | rdrde @ = | [ rdrae
0 0 0 0 2 0 0 2 0 0
el a’ wa’ wa’
10. rdrd® is equal to (a) wa’ (b)y = (¢c) — (d)
I a ) ; 5

11. The area of one loop of the leminiscate * = a’cos20 is given by

/4 aJoos 20 w/3 av/eos 20 /4 avJcos 20
(a) I J rdrd@ (b) _[ J rdrd@ (c) 2J. J rdrd@ (d) None of these
0 0 0 0 0 0
11 1-x
. 4 3 8 6
12. dz dx dy is equal to a) — b) — c) — d —
Hjx y is eq @ o2 ® = © = @ 52
111
13. JJIe’””dxdydz is equal to (@ (e—1) (b) & (c) (e—=1y (d) 3e
000

14. Volume of the cylinder x> + y* = a® bounded by z = 0 and z = & is given by the triple integral

—x* h aNa®=x* h aNa®=x* h

@ [ | [dzdyax ® 4] [ Jdzdvar (o) 8 [ [dzdydx  (d) None of these

0 0 0 0 0 0 0 0 0

15. Volume of the sphere x? + y* + z* = 1 is given by the triple integral

1 V1o 122 -y? 1 V1o V122 -y?
(a) j j j dzdy dx (b) 4j f j dzdydx

[UN(] 0 0o 0 0

1 VIox? 1-x2 -2

(c) 8_[ f f dzdy dx (d) None of these

0o 0 0

ANSWERS

A. Fill up the blanks

2 1
L[ [ feoyydeay 2. T2 3. [[axay 4. Ina-Inb 5. L
1y 4 0y 6
/4 asin@ 7 4sin@ 44-yd-x—y
6. [ [ oorarae 7. [ [ rara0 s 2 9. [[ [ dzdxay
0 0 0 2sin0 2 0 )
b 1= ¢ 1—%—%
a- b

B. Choose the correct answer
1. (a) 2. (a) 3. (¢) 4. (¢) 5. (d) 6. (c) 7. (b) 8. (a) 9. (a) 10. (d)
11. (¢) 12. (a) 13. (a) 14. (b) 15. (¢)
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Beta and Gamma Functions

20.1.INTRODUCTION

In this chapter we propose to discuss the Gamma and Beta functions. These functions arise in
the solution of physical problems and are also of great importance in various branches of
mathematical analysis. The reader in strongly advised to master important results of these functions
in order to understand the topics coverved by this book.
20.2. Euler’s integrals. Beta and Gamma functions

Beta function. Definition [ Delhi B.Sc. (Hons) 11 2011; Delhi B.A. (Prog) 111, 2010]

1
The definite integral I X" 1-x)""dx, form>0, n>0
0

is known as the Beta function and is denoted by B(m, n) [read as “Beta m, n”’]. Beta function is
also called the Eulerian integral of the first kind.

1
Thus, B(m, n) = j " 1-xy""dx, m>0, n>0. (D)
0
Gamma function. Definition [Delhi B.A. (Prog) 111, 2010, 11; Agra 2000]
The definite integral I e x"dx, for n>0
0

is known as the Gamma function and is denoted by I'(n) [read as “Gamma »’’]. Gamma function is
also called the Eulerain integral of the second kind.
Thus, I'(n) = Io e *x"Vdx, for n>0 (2

Remark. The integral (1) is valid only for m > 0 and n > 0 and the integral (2) is valid only for
n > 0, because it is for just these values of m and # that the above integrals are convergent.

20.3. Properties of Gamma function. (Agra 1999)
L. To show that ["'(1) = 1. [Delhi B.A. (Prog) I11 2011]
Proof. By the definition of Gamma function, I'(n)= I e x"dx,n>0 ... (1)

0
_ ® _x 1l _ g _| @ _
From (1), F(l)—jo e 'x dx _Io e dx—[ e ]0 =1.

II.Toshowthat I'(n +1) =nl"(n), n > 0. (Agra 2010, Lucknow 2010, Delhi Physics (H) 2000)

Proof. We have from the definition of Gamma function,

C(n+1) =I e X" dx =I x"e "dx
0 0
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= [x” (—efx)l) - Io (nx" ") (=e™™) dx, on integrating by parts

n

T(+1)=—lim 4+ 0+n J' X" d. (1)
x—0 ¥ 0
Now, we have ('.' lll’I'(I) x"e " =0asn> 0)
X—>
Xt x" . 1
lim — = lim > : = lim =0
x—om ¥ x>0 X x x" X't X—0 i 1 i X
I+=+—+..+—+ +... PR |
1 21 n!  (n+1)! x" 1Ilx n! (n+1)!
Also, by definition T(n) = j X" .
0
Using the above facts (1) reduces to F(n+1)=nT(n).

II1. If n is a non-negative integer, then I'(m+1)=n!.
Proof. We known that for n > 0, we have (from property II)
IFrn+)=nl'(n) =nT(n-1+1) =n (n-DI(n—-1), by property II again
=n(n-1)(n-2)I' (n—2), by property II again
=n(n-1)(n-2)..3-2.1T (1)
(by repeated use of property II and the fact that » is positive integer)
=nl,as'(1)=1
Remark. Gauss’s Pi-function is denoted by I1 (n) and is defined by IT (n) =T'(n+1). When
n is tve integer, I1 (n)=n.
20.4. Extension of definition of Gamma function I'(n) for n < 0.
When n > 0, we known that IFrn+1)=nT(n)
so that I'n)=T(n+1)/n. (1)
Let—1<n<0.Then—-1<n = n+1>0sothat ['(n+1) is well defined by definition 20.2
and so R.H.S. of (1) is well defined. Thus I'(n) is defined for —1 <# <0 by (1). Similarly, I'(n) is

given by (1) for -2 <n <-1,-3 <n <-2 and so on. Thus (1) defines I'(n) for all values of n except
n=0,-1,-2,-3, ..

Property : To show that '(n) = oo, if n is zero or a negative integer.

Proof. Putting n =0 in (1), we get ro=rw/o = r)=ow -2
. . . o)
Again, putting n=-11in (1), we get T'(-1)= — =00, by (2) -3
: . . I'=D
Next putting n = -2 in (1) and using (3), we get ['(-2)=——==o,

-2
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and so on. Thus, we find that I'(n) is oo if 1 is zero or negative integer.

20.5. Theorem. To show that I"(1/2) = \/E . [Agra 2000, 05, 09; Meerut 2007]

[Delhi B.A. (Prog) III, 2010]

Proof. From definition of gamma function, I'(n)= Jo et Ydt,n>0 (D)

Replacing 7 by 1/2 in (1), we have r{a/2)= J‘wef’t*l/zdt = 2J‘we*'ﬂdu - (2)
0 0

[Putting ¢ = u* so that df = 2u du]

S T(1/2)=2 j: e dy and r{/2)=2 j: ey, . (3)

[Limits remaining the same, we can write x or y as the variable in the integrand of (2)].
Multiplying the corresponding sides of two equations of (3), we get

[T1/2)P = [ j: e dx)[ j: e’ dy) —4 j: j: e aedy =4 .[6:02 r:o e rdo dr

(on changing the variables to polar co-ordinates (r,0), where x=rcosf, y=rsin0 so that

x*+y? =2 and dx dy =r d0 dr. The area of integration is the positive quadrant of xy— plane).

/2 0 /2 o0
- [TA/2)P =2 _[ { J 2" r dr} 4o =2 j { J e dv} d0, putting 1 = v so that 2r dr = dv
0 0 0 0

H [C(1/2)] —2[“'2[— > o =2jmare=2[e]’”2 -
ence, - Y e 0 0 0
Thus, [CA/2)P =n so that r(1/2)=r. (4
0 2
Remark. From (3) and (4), ZJO e dx=+n (Kanpur 2011) .. (5)
20.6. Transformation of Gamma function.
Form 1. To show that T'(n) = 1 J‘ N e"‘lln dx,n > 0. (Meerut 1996)
nJo

Proof. By definition, [(n)= jo e X" dx, n>0. . (D)
Put x" = ¢ so that nx" ' dx = dt. Then (i) gives

T(n) = l.[we*’”"dt or T(n) = l.[we*"”"dx. .. (i)

nJo nJo
© 2

Particular Case. Put # = 12 in (ii). Then, r(1/2)=2 jo k. . (iii)

dxgn-lge o I'(n)

Form II. Show that J.o e o n>0, k>0. (Meerut 2011; Agra 2010)

Proof. By definition, T(n) = j Cenlan, n>o0. - 0)
Put x = kt so that dx = k dt, Then (i) gives
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C(n)= Jmefktk”flt”flk dt or C(n)=k" Jmefk"x”fldx or
0 0

n1 I'(n)
dx ﬂxsk"ﬂ’> ﬁ\’feerut 1997, Kumaun 2000,

Form II1. To show that I'(n) J} fl‘)g J

Agra 2008; Garhwal 2003 Purvanchal 2005, Delhi Physics (H) 2001]
Proof. By definition, I(n) = j %l g . (i)
Put e*=t¢ sothat —e ™ dx=dt Then (i) gives

0 1 n—1 1 1 n—1
F(l’l) = _'[ [10g_) dx = J [bg—) dt, as e'=t = e’ =-— = xX= log—
1 t 0 t t t

1 n—-1
['(n) =_[ [logl) dx, n>0.
0 X
FormIV. To show that T'(n) =2 j e x™ gy, n>0.
0

Proof. By definition, I(n) = j el gy (D)

Put x = £ so that dx = 2¢ dt. Then (i) gives

X o0 2 0 2
T(n) = j @Y ud or  T(n)=2 jo e o T(n)=2 jo e X2y
0

20.7. Solved examples based on Gamma function
Ex. 1. Evaluate (i) J‘: xte ™ dx (i) .[: xbedx
Sol. (i) I : xte ™ dx = I : e x> ldx =T'(5) = 4!= 24, by definition of Gamma function
(i) Let I = J.: x%¢ **dx. Put 2x = ¢ so that dx = %dt. Then, we have

00 6 00
I = J r et -ldt = 1 J et = iF (7), by definition of Gamma function.
o\2 20 27 2’
=(1/27) x 6! =45/8
1
Ex. 2. Compute (i) F[_E) [ Agra 2006, 10]  (if) F[——) (iii) F[—%)

(iv) Prove that '(-9/2) =—(32/r)/945 [Kanpur 2004]
Sol. We know that IF(n)=T{1+n)/n ..
1 ra/2 1
Part (i). Putting n = L in (1), F[——j /2 ) \/7 2Jr, as F[—) =Jr
2 2) (-1/2) ( 1/ 2) 2
Part (ii). Putting n = -3/2 in (1), we have

p[_éj _ ﬂ _ _Ep[_lj _ _g(_zﬁ) - @ using part (3

2) (=3/2) 3 2
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3
rl=2
, 5 5 ( z) 2(afrn) .
Part (iii). Putting n = — — in (i), F[__J = =-Z| —— |, using part (if)
2 2) (=5/2) 50 3

Part (iv) Left as an exercise

Ex. 3. If n is a positive integer, prove that 2"T(1+1/2)=1-3-5..2n +1)x/E.
[Delhi Physics (H) 2002]
Sol. Using the formula IFn+1)=nl’'(n), n>0. - (1)

F[n+lj ZF[n—l+1j =[n—l)l"[n—l) :[n—ljl“[n—§+lj,using (1)
2 2 2 2 2 2

1 3 3 2n—-1 2n-3 2n-3 2n—1 2n-3 5 3 1 1
= i - R . - = . == —
(n 21" 2)r£n 2) 22 ( 2 J 2 2 7222 F[zj

[By repeated application of (1) and noting that (2n - 1), (2n — 3), ... are all odd].

F[n+%j :(2n—1)(2n2;3)...5~3~1\/;, N e =

2"T(n+1/2)= 135... 2n-1r

! ~1)"n!
Ex. 4. If n is a positive integer and m > —1, prove that j x" (log x)" dx =%.
0 m+1)"

1
Sol. Let 7 =j x" (logx)"dx. Putlog x = — ¢ so that x = ¢ and dx = — e’ dt.
0

1= j: (e*l)m (_[)iz (_efldt) [+ log0=—o0 and log 1 = 0]

I'(n+1)

W, provided m +1>0i.e.,m>-1
m+

— (_1)n.[we*(n‘l+l)l[(n+l)*ldt — (_l)l’l .
0

[using form II of Art. 20.6]
_ (=D)"n!
(m +1)n+1 '

Ex. 5 (a) With certain limitations on the values of a, b, m and n, prove that

J.wJ.we—(aszrbyz)x2m—1y2n—ldx dy — F(m)r(n) )
0 Jo

[+ T'(n+1)=n!, nbeing the integer]

4a™b"

Sol. Let 1= j: j: (@ hy®) 2ml 2l g ()
or 1= J:O ef‘”r2 " gy x J:O e’by2y2”71dy =1, x1, )]
where I, = J:O e 2l gy (3
and I, = J:O efby2y2”71dy. (@

Put ax’ = ¢, i.e., x = (t/a)"* so that dx = dt/2+Jat. Then (3) becomes
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- 2m-1)/2
11:-[ el|:£:| dt J‘ e*ltm ldt
0 a 2\/7 2a"™

=T'(m)/2a", by definition of Gamma function, taking m >0, a>0

Similarly, L, =T(n)/2b", ifn>0,b>0
I'(mT
*. From (1) and (2), we obtain I=1IxI, :Zn)"—ib'gn)'
a

Ex.5(®) Show that I e g - 21U (Purvanchal 2007)

0 24"

[Hint. Same as /; of Ex. 5(a)]

1
Ex. 6. Evaluate .[ [Meerut 1996, Agra 1998]

dx
0/(-logx)

Sol. Put—logx =tsothat x = e and dx = — ¢ dt.

e YDl —r(1/2) =n

IW L J‘ et

Ex. 7. Evaluate J‘w 21— dr
0

B 12\ .4 -1/2
Sol. Io 173/2(1—371)‘11 ={(l—e’)(il/2ﬂ _.[o (et)(il/ZJdt
0

20+2j:e*’z“’2>*‘dt = 2r(1/2) =2

Ex. 8. Evaluate (i) I e dx (i) Io X" dx.
0
Sol. Part (i). Put ax" = ¢ so that x = /""/a"" = (t/a)"", dx = (1/a"™) x (1/n) x {71 gy
m/n _
o n 0 — 1 1 — *© !
J‘ A g :I (L) o L Lam- g, =J‘ /e . t(m/n)+(1/n)71,ldt
0 0\a a nop 0 a(m n)+(1/n) n
1 o .\ .
= —.[ e Amain gy ! r| 2 *l , by definition of Gamma function
na(erl)/n 0 na(erl)/n n
Part (ii). Put a = 1 in part (i) Ans. (1/2)xT((m+1)/n)
o x° r 1
Ex. 9. Show that j X o= (C—+)1,c >0 (Agra 2010; Purvanchal 2006)
0 X (logc)CJr
Sol. —dx J. x¢ Vdx =I X[°% T dx, as c=e%%C, if¢>0
0 C 0 0
» _log. ¢ I'(c+1
=I xlerDlgmlosee gy =(C—C)H [j Fae =T 0 k507
0 (log, ¢) 0 k"
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0 P n/2 poo
Ex. 10. Show that  [T(1/2)] =4j0 jo ) gy dy=4j0 jo e r dr do.

Sol. Let I=4 j: j:e*@‘z*yz)dx dy. 0
= 4j J‘ e dx dy = [2] dxj[2j xey2dyj :r[lj-r[lj, refer Art. 20.5
0 2 2
- I=[C1/2)] (2
Again, put x=rcos0, y=rsin0 so that X4yt =7 and dxdy =r do dr.

Furthermore, the region of integration in integral I is the first quadrant of xy plane and so in
polar coordinates the corresponding limits will be ¥ = 0to =0 and =0 to 0 =n/2 for the

n/2 poo
same first quadrant. Hence =4 J‘ .[ e”z 7do dr. .3
0 Jo

From (1), (2) and (3), the required result follows

o 1
Ex. 11. Show that .[o exp (2ax — x? )dx = 5\/; exp az, where exp k = e,

0 © 2 © 2 2 2 © 2 2
Sol. Io exp (2ax — x> )dx =I &2 dx ='[ e T Taan) gy =I e” T gy
0 0 0

_ a2 [” 7(x7a)2 _ PRI g . _ _
=e e dx =e e ' dt,onputting x — @ = t and dx = dt
0 0

.[o exp(2ax = x*)dx = exp az.[o e dt. (1)
Now, I(n)= j et . N r@/2)= jo e u™du. e
0
@© 2
Putting u = £ so that du = 2¢ in (2), we get ras2)= J;) (e - 20) dr
or Jr=2 j Tt dr or j L] -0
0 0 2
® 1
Using (3), (1) reduces to Io exp(2ax — x*)dx = E\/E exp a’.

EXERCISE 20(A)

» REVEL!
1. Prove that (i J' 2y = T _[ 2d_
rove that (7) N 28 (i) X
15 2

2. Show that T'| —
( 2) 1-3-5-7-9-11-13-15

3. Show that if # is a positive integer, then F(—n +lj = M
2) 1-3-5..2n-1

1 m—1
4. Prove that _[ X" (loglj dx = (m) ,m>0,n>0. [Garhwal 2003]
0 X nm
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y )2
dt=[—) ,$>0
s

6. Prove that (i) J.w\/; e dv = ﬁ (ii) .[00374)(2 dx = —\/E
0 3 0 4,/(log 3)
7. Prove that J.we*”"x”dx = F(n—jll), n>-1,a>0.
0 n

a
20.8. Symmetrical property of Beta function, i.e., B(m, n) = B(n, m).
Proof. By the definition of Beta function, we have

B(m, n) = jolxm*‘(l —x)"ldx = j; (1= x)" 1= (1= )] dx, as j: £(x) dx = j: fla—x)dx

J‘ 1-x)""x""dx = J‘ "1(1-x)"" dx = B (n, m), by the def. of Beta function.

: B(m, n) = B (n, m).
20.9. Evaluatlon of B(m, n) in an explicit form when m or n is a positive integer

1
By the definition of Beta function,  B(m, n) = '[ X" 1= x)"dx. (D
0

The following three cases arise:
Case 1. When only # is positive integer. If n =1, (1) gives

1
1 1 m
B(m,1) = jo X" Ta-x)ldx = jo x"”dx{x } =i, o)

m

showing that B(m, n) can be evaluated when n = 1.
Now, let n > 1. Then from (1), we have

B(m,n)= jol(l—x)”*lxmfld {(1 X)) X } I(n ) (1-x)""2

1t
=0 +n_lj'0 x"(1-x)"2dx, as n>1, S0 hm(l X" X =0
m
_1 ¢ -1
= n—lj. xM DA ) D gy = n—B(m +1,n—1), by def. of Beta function
m 90 m
n—1
Thus, B(m,n)=——B(m+1,n-1). (3
m
Replacing m by m + 1 and nby n — 1 in (3), we get
n—1-1
B(m+1L,n-1)= B(m+2,n-2). (@
m+1
. n—-1 n-2
Using (4), (3) becomes B(m,n)=—— 1 B(m+2,n-2) .. (5
m +

Since # is a positive integer and n > 1, after applying the above process repeatedly, we get

-1 n-2 n- 1
B(m, n) = ol nmsn 3 B(m+n-1,1). .. (6)
m m+1l m+1 m+n-2
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1

Replacing mby m + n—1is (2), we get B(m+n-1,1)= )
m+n—1
Using (7), (6) becomes B(m, n)=n_l~n_2- n_3... ! S
m m+l m+2 m+n-2 m+n-1
n—1)!
B(m, n) = (n=1) - (8)

or m(m+1) (m+2)..(m+n—-2) (m+n—1)

Case II. When only m is a positive integer.
Since the Beta function is symmetrical in m and n, i.e., B(m, n) = B(n, m), hence from case 7,
interchanging m and » in (8), we get

(m-1)!
B(m, n)= (9
n(n+l)(n+2)...(n+m-2)(n+m-1)
Case I11. When both m and n are positive integers.
Since 7 is a positive integer, so by case /, we have
1!
B(m, n) = (n—-1)!
m(m+1)(m+2)..(m+n-2) (m+n—1)
[1.2.3..(m=D](n-1)! _(m=D!(n-1)!

123 (m-Dmm D)+ 2)(mrn—2) (man—1)  (m+n—-1)!
20.10. Transformation of Beta function
. xnfldx ) jw xmfldx
0 (1+ x)m+n ?

From L To show that B(7. 1) = = m>0,1>0 (Veerut 2010)

0 (1+x)m+n

1
Proof. By definition, B(m, n) = '[ . X" (1-x)" . ()
Putx = 1/(1 + 1), so that dx = ~dt/(1 + £)*. Then, from (1), we have

B(mn):—jo;[l—Ljnl di -[ ! [Ljnldt =jwﬂ
’ e+ 1+e) a4 Jo @+t UL+t 0 (14+1)"*"

n—1
© x"dx
B(m,n)=| ——— .2
or R W @

Since m and n are interchangeable in Beta function, (2) gives

m—1
*© X
Blm.n)=| de' NE)

© n—1 © m—1
Thus, (2) and (3) = Bm,my = [ J' X dx (@)
0 (1+ x)ﬂ1+l’l 0 (1+ x)ﬂ1+l’l
1> xmfl +xn71
Deduction. Show that B(m,n)=— j —dx [Delhi 2008; Kanpur 2004]
2 0 (1+x)m+n
Proof. Adding (3) and (4), we have
o M1 n—1 1 po m—1 n—1
2B(m,n) = ﬁdx = B(m,n)z—.[ %dx
0 (1+x)m+f’l 2 0 (l+x)m n
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1 ,m-1 n—1
From IL To show that B(m, n) = %dx. [Delhi Phy (H) 2002, Kumaun 2002]
0 (1+x)™"

Proof. From form I, we have

B(m, n) =

o xmfldx ~ .[1 xmfldx +.[w xmfldx
0 (1+x)™"  Jod+x)™" I 14+ x)"" = (D)

Put x = 1/¢, so that dx = —1/# dt. Then, we have

jw X" J‘O(l/t)m*l(—l/tz)dtz jl " de jl x"dx
1 1

(1 + x)m+” (1 +1/[)m+” 0 (1 + t)m+” 0 (1 + x)ern : (2)
Uox"™ e X
Using (2), (1) reduces B(m,n) = +.[ = .[0_ ~—dx
0 (1+ x)m+n 0 (1+ x)m+n (1+ )C)

J“” x"dx _ B(m, n)
0 (ax+b)™"  a"b"
[Delhi Maths (H) 2006; G.N.D.U. Amritsar 2010]

From III. To show that

o m—1
Proof. From form I, we have B(m,n) = S — - (1)
0 (1 T x)ern

Put x = (at)/b so that dx = (a dt)/b. Then, (1) reduces to

m—1 o m—1 o m—1
n)= J‘ (at/b)" x(alb) ><(a/b) a’"b”j " dt —a’"b”.[ x"dx '
(I+at/b)™" 0 (at+b)™™" 0 (ax+b)y""

J'°° x"dx _ B(m, n)
0 (ax+b)™" g

FromIV. To show that

J‘“/z sin®" ™' 0 cos>" ' 0 d6 _ B(m, n)
0 (asin’>0@+bcos’ )" 2a"b"

Proof. Put x = tan’ 0 so that dx = 2tan Osec’ 0 d0. Then from form III above, we have

B(m n) J‘“/Ztanz’" 29-2tan0-sec’ 0 dO
(atan® 0+ b)™*"

) jm sin®"" O(sin 0/ cos6) (cos 0)*"*"d0 _ jm sin®” "' 0cos™ " 0 40

0 cos® 2 0cos> O(asin® O+ bcos> )" 0 (asin®0+bcos> )"

J‘“/z sin®" ' Bcos* ' 0 dO _ B(m,n)
0 (asin® 0+bcos’ 0)""  2a"b"

Ix™ (1= x)"ldx B(m, n)

(x+a)™" a"(l+a)m

Form V. To show that .[

t
l+a t+a

Proof. Put so that dx=a(l+a) di > - Then (1) reduces to
(t+a
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m—1 n—1
s [tsor {1z e

t+a 1+¢ (t+a)?
14m=1 o _ n-l 1 M=l n-1
P Ll R U Sy B L S Gt
0 (t + a)ﬂ‘Hri’l 0 (x + a)ﬂ‘Hri’l

J‘l X" a-x)"! de— B(m, n)
0 (x+a)"™" a"(1+ay"

Form VL. To show that J'b (x=b)""a-x)""dx=(a-b)"""B(m,n) ,m>0,n>0
[Delhi Maths (H) 2009]

Proof. Put x = t=b so that dx = ib Then (1) gives
a- a-

m—1 n—1
al t—b a—t dt
B(m, n) =
(e, ) J.b(a—bj (a—bj a->b

_ 1 a _pym—1 -1 - 1 a A Y
S J'b (=" a—1)""df = o ) L (x—b)"(a—x)""dx
J‘: (x=b)"" (a = x)"dx = (a = b)Y B(m, n) ()
Remark 1. By putting a =1, b =—1in (1), we get
1
j e+ D" (1= x)Y e = 277V B, m) = pren-t (DT 0D [Delhi Maths(H) 2002]
-1 I' (m+n)

Remark 2. Puttingb=5,a=7,m=7,n=41n (1), we get
7
j (x=5)°(7T—x) dx = 2" B(7, 4).
5

L 1=x)""dx 1
Form VI To shoy that (i) |, @b a" B(m, n)

- J‘lxmfl(l—x)"fldx _ 1
@D o brey™ (brey"p”

B(m, n),m>0,n>0. [Delhi Maths (H) 2006, 09]

1
Proof. By definition, B(m,n) = .[ X" (1=x)""dx (D)
0
Let g—2=a—b so that x=b—y .. (2)
y X a+(b-a)y
- - - bd
From (2), dx = bla+(b=a)y] bygb @) d or dx = #2 .. (3)
la+(b-a)y} [a+(b-a)y]
Again from(2), weseethatwhenx=1,y=1andwhenx=0,y=0. Again, using (2), we have
lexolo— by al=y)

a+by—ay_a+(b—a) - ()
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Using (2), (3) and (4), (1) gives

B(m n):1 by " at-y " abdy
o larb-ayy|  latr-ay] {a+B-a)y)’

1 ,m=1 n—1 1 M=l n-1
o (2= dy anbm.[ X7 (I-x)" dx
0{a+(b-a)y)™" 0{a+(b-a)x}y™™"

J‘l x" 1= x)"dx 1

=— o B(m,n). -5

0{a+(b-a)x}™" a"b"

1 ,m-1 1— nfld 1
Part (ii). Interchanging a and b in (5), .[0 {); (( 1):)) }erxn = n B(m, n) ..(6)
+(a-b)x a

Puttinga—b=c,ie.,a=>b+ cin(6), we get

Lx" 1= x)"dx 1

.[ ( ?71+I’l = mn B(m’ }’l) (7)

0 (b+cx) b+c)"b
20.11. Relation between Beta and Gamma Functions. [Delhi B.A. (Prog) III, 2010]
B(m, n) = M, m>0,n>0. [Agra 2009, 10, Meerut 2004, 11; Delhi 2004]

I'(m+n)
r(m) _ |
Proof. From form II of Art. 20.6, il RUEE A (1)
z

or L(m) = I: z"e 5" dx. (2
Multiplying both sides of (2) by €= 2/~ !, T(m)e"z"" = jo eIl gy (3)

Integrating both sides of (3) w.r.t. z from 0 to oo, we have

l—(m)J'we—zzn—le 4 J.Oo{Jwe_z(l+x)zm+"_1xm_ldx} dz or T(m)['(n)= J‘w{jwe—z(1+x)zm+n—1dz}xm—1 dx
0 o [Jo o [Jo

[using definition of Gamma function on L.H.S. and interchanging the order of integration on R.H.S.]

*© I'(m+n)

m—1
x" " dx, by (1
0 (1+x)m+n Y( )

or I'(m)'(n) =

0 m—1

dx
=I'(m+n) . W =I'(m+n)B(m, n), by form I of Art. 20.10.
_LmI(n)

B(m, n) C(m+n)

Deduction IA. To show that I'(n) " (1-n) ==n/sinnm, 0<n <1

[Agra 1999, Delhi Maths (H) 2002, 08; Delhi Physics (H) 2000; Kanpur 2006]
o x"dx

Proof. We know that B(m,n)=| —— ,m>0,n>0. (D
0 (1+x)m+l’t
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The relation between Beta and Gamma is B(m, n) =[['(m) T'(n)]/T(m+n) -2
© x"'dx  T(m)T(n)
From (1) and (2), .[0 (4 1) = T(m+n) . .. (3)

Taking m + n =1 so that m = 1 — n, (3) reduces to
J-oo X"dx  TA-n)(n)
0

= ,0<n<l.asm>0= 1-n>0= n<l;Alson>0
1+x rq

o
But we know that J. X dx =— T
0 l1+x sinnm

n/sinnt=I(1-n)'(n), 0<n<l1
Deduction IB. To show that I'(1+r)I" (1 —n) = (nn)/sin nx.
Proof. LH.S. =nT'(n)T'(1-n), as '(n+1)=nT(n)
= (nm)/sinnm, by deduction IA.

and ra=1.

Deduction II. To show that T'(1/2) = \/x. [Delhi B.A. (Prog) 111, 2010]
Proof. We have just proved that IF'MI'(l—n)=mn/sinnn - (1)
Putting n=1/2 in (1), we obtain

ra/2)ra-1/2)=mn/sin(r/2) or [C1/2)P =n or ra/2)= Jn

Deduction II1. To show that

j meﬂ‘2 dx = g [Meerut 2009; Rohilkhand 1999, Delhi Maths (H) 2005]

0

Proof. From the definition of Gamma function, we have

I'(n)= J e x"dx and so F[—) = .[o e x2dx. (D)
0

Let x =7 sothat dx =2¢dz. Then (1)becomes

LY [® 2 21 RPN R 1“1:200*)‘2 2
F[E)_Le ) 2t dt or F[2) ZIOe dt. or 5 joe dx. ..(2)

Also ra/2)=+r. -~ (3)
. © 2 © 2 \/E
From (2) and (3), we obtain ZJ‘ e dx=~n or j et de=—.
0 0 2
Deduction IV. (i) B (x+1, y) = —B(x ) (i) B(x,y+1)=—2—B (x, y)
xX+y

[Delhi Maths (H) 2009]

. _T(x+DI(y) Iy _
Proof. (i) B(x+1, y) = Trtlsy) = G Gin)’ as T'(n+1)=nT(n)

B(x, y).
xX+y
(if) Proceed as in part (i)
Deduction V. To show that for m >0, n> 0, B(m,n)=B(m+1,n)+ B(m, n+1).
Proof. Using results (i) and (i7) of deduction IV, we have [Agra 2006, 07]

m+n
B(m, n) =
n m+n

B(m+1, n)+B(m,n+l)=LB(m, n)+ " B(m, n) = B(m, n)
m+n m+
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Deduction V1. To show that

/2
(i) J‘O sin2" 0 cos? ' 0 46 = ['(m) T'(n) _ B(m, n)

2T (m+n) 2
[Nagpur 2010; Delhi B.Sc. (Hons) ITI 2008, 11; Purvanchal 2005; Agra 2008]

N q 2 2
(”)j sin” 6cos? 06 dO =
0 21_,[p+q+2)

,m>0,n>0

,p>—-1,g>-1

2 [G.N.D.U. Amritsar 2010; Agra 1999]

1:3:5.(p-Dn

/2 /2
(i) j sin” 0 d6 = j cos” 0. do =
0 0 2:4-6...p 2

, if p is even +ve integer

=2-4-6...(p—l)

, is p is odd +ve integer
1-3-5..p P s

T(p/2)(q/2)
2r(p+"j
2
L(p/2T/2) r T(p/2) s F[lj:ﬁ
A
2 2

1
Proof. (/) By definition of Beta function, B(m, n) = I X" (1= x)" " dx
0

n/2
@) .[0 sin” 'O cos? 0 dO =

/2 /2
W) jo sin? ' 0 do = J‘O cos?™ 0 dO =

Let x =sin’ 0 so that dx =2sin 0 cos 0 d0. Then, we have

/2 n/2
B(m, n)= j sin®""%(1—sin” 0)" ' (2sinBcos640) or j §in2" 0 cos?" 0 40 = B
0 0
n/2
2 J. sin”™! Beos™ 6d6=m, as B(m, n)=w .. (D)
0 20 (m+n) L(m+n)
Part (ii). Letp=2m—landg=2n—-1,sothatm=(p+ 1)/2 and n = (¢ + 1)/2.
F[p+l)1_(q+l)
n/2 2 2
Then (1) becomes j sin” Bcos? 0 dO = (2
0 21_,( p+q+ 2)
2
SN )
Part (iii) Replacing g by 0 in (2), .[ sinf9do=——=- 2 =7 .. (3)
0

21_,[p+2)
2
F[}Hljr[l)
jon/zcos” 0do _ 2 ) \2) (4

21_,[p+2)
2

Next, putting p =0 and ¢ = p in (2),
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Let p be even, say p = 2r. Then R.H.S. of (3) or (4)

) )

2F(2r2+2j 2I(r +1) 2.r(r-1)(2r-3)..3.2.1

__ @r-p@r=3.3.1  m _13.5.@r-3)@r-hr r[ljzﬁ
T 2r)(2r-2)(2r—-4)..6.4.22  2.4.6..2r-2)(2r) 2’

_1.3.5.(p-3)(p-Dm
2.4.6.(p-2)p 2
Next, let p =2r + 1 i.e., odd +ve integer. Then R.H.S. of (3) and (4)

,as p=2r .. (5

_TE+D01/2) _ r(r=D.3.2.0dn _ 2.4.6..2r=2)(2r) _2.4.6..(p-1) ©)
2r(r+3) 2'(“1)(%1)”3'1& 1.3.5..2r=1)@r+l)  1.3.5.p > ™
2 2 2)72 2

since 2r + 1 = p. Thus from (3), (4), (5) and (6) the required results follow.
Part (iv) Let 2m = p and 2n = ¢ so that m = p/2 and n = ¢/2. Then (1) becomes

/2
J' sin? 10 cos?!' 040 = L(p/2)T(q/2) .. (7
0 2F[p+qj
2
7 I'(p/2)rQ/2
Part (v) Replacing ¢ by 1 in (7), J.o sin”™' 0 d6 = % .. (8)
2r
)
m _ ra/2)r(p/2
Next, replacing p by 1 and g by p, in (7), J.o cos? ' 0.do = ()1—+(i))) ()
zr[ j
2

From (8) and (9), the required results follow.

20.12. Solved Examples
Ex. 1. Evaluate the following Integrals :

(s 2 2 x2dx
@) J‘Ox (1-x)"dx (i) .[ (2 "
(i) j: @ - %) dy () jo x@-x)3dv.  [Agra 2000, 03]
! m— n— r r
Sol. We know that on (1-x) 1dx=l?(rn,n)=% (D

4 2 J‘l 5-1 3-1 CSHLE) 412! 41x2 1
. (@). 1-x)"dx= 1— dx = 1
Part. (i) on (1-x)"dx e (1-x) T (5+3) R o TIATY

2
Part. (ii) Let [ = j (2= x) "2 dx. Let x = 24, so that dx = 24z, Then
0

[=[ @Pe=200"2dty =42 [ =0y "2de = a2 [ A =0 ar
0 0 0
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210(1/2) 642
3. 15
2

_4p IOy s

r(3+1/2) 1

2
a 2 2 azdt adt

Part (iii) Let 1=J‘ y4(@® - y?) dv. Let y* = d’t, so that dy =55 == 7 Then

0 y t

1 (adt) a° (! A _ _
I:_[ 22 (d? — a :_J‘ P2 1—t1/2dt:—j (/D1 _ 311 g
@@ = T2 =S [ AP Pa= [ -

3 1
a® L(/2rG/2) a6 ‘F*\F _

2 F(5/2+3/2) 2 3! 32

Part (iv) Let [ =j x(8—x )1/3 dx. Put x> = 8¢ or x = 21" so that dx = (2/3) x £ ¥* dt

1 1 1
1= (2;“3)(8—8;)1/3(2/3)f2/3dr=§ [ t’m(l—t)mdt:g [ A2 a-ne e
0 0 0

_8 [(Q2/3)r@/3) _8 TA-1/3)1+1/3) =§r(1—1) 1 F[lj a5 T(nal)—n (0

3 [(2/3+4/3) 3 rQ) 3 3)3° 3
T e,
9 sin(n/3) 243 sin nt
Ex. 2. Show that (a) j Ki/m [Meerut 2004, Purvanchal 2006]
,/(1 oy TA/2+1/m n [Kanpur 2009]
odx Nm o T(1/4)
) OW_T'W [Meerut 2007]

Sol. (a) Let I = I Putting x" = so that x = /" and dx = (1/n){""! dt, we get

n)l/2

. J«1 1 .lt(l/n)—ldt _ lj‘lt(l/n)fl(l_t)(l/Z)fl dt =lB[l, lj
o1-n"? n nJo n \n’2
1TW/mr/2)  NaT/n)
n T(1/n+1/2) nT(1/n+1/2)
(b) Taking n = 4 in part (a) we get the required result.

Ex. 3. Show that .[ TP L . [Meerut 1998]
x) " nsin(rt/n)

“ dx : n n 1/n (1/n)-1 :
Sol. Let 7 = W Putting x" = ¢" ¢ so that x = at™"”" and dx = a(1/n) ¢ dt, gives
0 (a” —x

1 1 1 ¢l - o
]:I ;1/ t(l/n)fldt:ljl (ML gy gy :_J' (1M=L _pUm-t g,
0 (a —a t) n nJo nJo
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:13[1,1_1} :l.r[ijr[l—ij:r[ijr[l—ij 1 m

n \n n n F(l+l—lj n o sin(n/n)
n n
[ T(pId-p)=mn/sinpn]
©»xdx 1 _(1 2 T .
Ex. 4. Show that c=—Bl-.2|=—F [Delhi Maths (H) 2007, 08]
01+x® 6 \373) 33
Sol. Let [ = J. Puttmg x® =t so that x = ¢® and dx = (1/6)r° dr, we get

[_J.wtme '(1/6)175/6 _lj'wfmdt e A173)-1
0 1+¢ 6

——dt
0 14¢ 6J0 (1+t)1/3+2/3
:13[1,3)
6 \3° 3

. m—1
‘ '[ X = B(m,n)

0 (1+x)m+n
1 F(1/3)F(2/3) lr[ljr[l—lj
6 ras3+2/3) 6 \3 3
1 s th
6 sin(n/3) 9 « Tm= ”)—Smnn
=(n3)/9.
m—1 n—1
xt (14 x°) A Rt SN
Ex. 5. Evaluate (i) j IE X @i J, (1+ x)"*!
o 58 (1—x )
(i) J, 141 [Garhwal 2000]
x*(1+27) © x*dx oy © xdx © ¥ dx
1. Part d. =
SO ar (l) '[ )15 X = .[0 (1+x)15 +.[0 (1+x)15 X .[0 (l+x)5+10 .[0 (l+x)10+5
m—1
=B (5, 10)+ B (10, 5), as dx =B(m,n
()()j(l)w()
=2B(5,10),as B (5, 10) =B (10, 5)
_2F(5)F(10)_2x4!x9!_ 1
[ (5+10) 14! 5005
© x m=1 _ _n-1 o m—1 o n—1
Part (ii) j ﬁ = j X" dx j X" dx (Meerut 2010)
(1+ ) 0 (1+x)m+n 0 (1+x)m+n
=B (m: I’l)—B (}’l, m) =0. ['-' B(m: n)=B(n: m)]
Part (iii) J‘°°x8(l—x6)dx =J‘°° xSdx _J“” xdx =J‘°° X" dx _J“” X
o (1+x)* o (1+x)* Jo 1+ Jo 1+ Jo (40P

=B(9,15)-B (15,9)=0 [-- B9, 15)=B(15,9)]
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dx

(z-x)"%(x-0* sinma

Ex. 6. Show by means of Beta function, that I ,0<a <l
t

z dx
Sol. Let I= j B
t(z=x) "(x—-1)

Puttingx — ¢t = (z— )y sothat x = ¢ + (z— ¢) y and dx = (z — £)dy, (1) becomes

(D

[ (z—ndy _ I‘ (z-t)dy
0[z—t—(z=Oy] *[(z=t)yT* D0(z-0""A=-»)"" -0y

1 1
= jo (1-»)*"ydy = jo YO - ay = B(1-a, a), by definition of Beta function.

=1"(1—0()1"((1) __ =

n
l-o+a) sinmo’ as F(p)l"(l—p)=sinnp

/2
Ex. 7. Prove that (a) Io tan6 40 = %F [%)F (%J = # [Kumaun 2000 Meerut 2004]

/2
(b) j tan”xﬁzﬁsecﬂ,—l<n<l.
0 2 2

m/2 w2( sin@ )"’ M2 1 -1/2
Sol. Part (@) jo </tan © d9=_[0 — dezj-o sin”"“Bcos” '~ 0dO

cos©

F[l+l/2jr[l—l/2j
_ 2 2

2F[1/2 —1/2+ 2] ‘ Refer deduction VI (ii) of Art. 20.11.

2
=F(3/4)m/4)=lr[3jr(1j—lr(1)r(1—l)—1 T w2
20(1) 2 \4) \4) 2 \4 4) 2sin(n/4) 2

/2 " _ n/2 " n
Part (b) . tan” x dx = , Sinxcos x dx

l+n 1-n Refer deduction VI (ii) of Art. 20.11
F[ 7 jF[zj Here (1 +n)/2>0and (1 —n)/2>0
= = n>-landn<1 = -1<n<l.
n—n+2
21"[2 j

=lr[l+njr[l_l+nj :% 111 _ n _ nm
2 2 2 sin 2t n 2sin EJrn—7t 2cos—
2 2 2 2

=(mn/2)xsec(nn/2), where —1 <n<1. [+ T(pT'd—-p)=mn/sin pr]
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ng+m+1
Ex.8.Ifp>0,g>0,m+1>0,n+1>0, prove Ipx'"(pq —x)y'dx=2 B[n+1,m—+1j
0 q q
P
Sol. Let 1=J' X" (pT —x1)" dx (1)
0

Putting x? = p%t so that x = pr''? and dx = (p/q) £Y9 1 dt, (1) reduces to

I mopp el B o
I=_[ (Y (p? = pey (p1 gy = 22 PJ‘Ot( [+ =1 _ D1 gy
0

q
ng+m+1 ng+m+1
oy B(m—ﬂ,n+lJ:p B(n+l,m—+lJ
q q q q

o0 4 £ 4
Ex. 9. Compute I = j x%e™ dx- j e " dx.
0 0

Sol. Putting x* = ¢ so that x = " and dx = (1/4) ¢t~ ** dt, we get

® 1 © 1 © ©
I :J (t1/4)2e*l [_tsmjdt,j el 234y :ij' e—zt—1/4dt.J‘ el 34y
0 4 0 16Jo 0

4
:ijwe#t@m)—].J'weftt(l/4)—ldt :LF[E}F[lj:LF[lJF[l_lJ
16 Jo 0 16 \4) l4) 16 (4 4
1 T TE\/E
T16 sin(n/4) 16 - TEd=m ==
/2 /2
x. 10. Show that 1= [ sin6 do.[" -2 [Delhi B.Sc. (Prog.) 2009]
Ex. 10. Show th 0 do Ve
0 0 sin
[Garhwal 2002, Meerut 1998, Delhi Maths (H) 2005, 08]
/2 F[p;l)\/z
Sol. We know that j sin? 00 = ——=—2 (D)
0 21ﬂ(p+ )
2
p(V2+1) o (U240 o
I= In/zsinl/z 0 de~jn/2sin*“2 0do = 2 : 2 using (1)
0 0 2F[1/2+2j 2r(—1/2+2j
2 2
_T@/4r TU/4NT _ al(/4)  al(1/4) .
2I(5/4) 2I(3/4) AL(1+1/4) 4x(1/4)xT(1/4)
EXERCISE 20 B
I dx 2n I dx n
1. Prove that (a _ = b =
@ [ TR ® | T sl
! {ra/n)y’ 1 1 nlT(m/k)
1—x" 1/f1dx= m=1,1_ _k\n . hlimix)
(©) .[o( ) 2n'(2/n) @ .[ox (I=x7) dx al(n+1+m/k)

[Nagpur 2010]
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_T(/4)r(/2)
Ja+xt 42T (3/4)

(e) I m— 1(1 X )ﬂ ld :—B[;m nj [GarhW312003] (f) .[

nl _
@ [ X _YxLin=h/2) n [ & L rasap

/(1 2 2I'(n/2) 0\/(1 ) 6«/%

[Delhi Math (H) 2003, Meerut 2007]

| 1/4 .
2. Prove that (a) (l—lj dx = (5 3) I (b).[ _dr B[l,lj =T
ol x 4°4) 22 o Jr+r)  \272

3. ShowthatJ‘ d _13.5.(- 1) n or 2.4.6..(n-1)

/(1 2 2.46.0 2 1.3.5..n

according as # is even or odd posmve integer.

4. Show that if p and ¢ are positive, then

n/2 b
B(p,q)= 2J. cos>? 7 0sin?47' 0 40 = T(p)rq) and deduce that j e’)‘2 dx :ﬁ,

0 I(p+q) 0 2
5. Prove that (i) B(I, m) B(I + m, n) = B(m, n) B(m + n, ) = B(n, [) B(n + [, m).

r'(Or(m)'(n)’
(i1) B(L. m) BU+ m, n) B+ m + n, p) = DELI(P)
C+m+n+p)

@D IB(I,m+)=mB(l+1, m). [Agra 2005]

6. Prove that J‘ (a+x)""(a—x)"dx =Q2a)"" " B(m, n)

1
7. Prove j 1+ x)P (=) dx = 2777 B(p, q)
-1

DOnl

,0<n<l1, prove that I'(n) '(1-n)=n/sinnm,

8. Using the integral J. dx =—
sinnm
0 < n <1 Hence obtain value of I'(1/2).

1 a-l, _ \b-1 a+b-1
9. Prove that (x+1)” (1=x) dx = 2 B(a,b),a>0,b>0
-1 (x+2)**t 3a

10. Show that the perimeter of a loop of the curve " = g" cos n@ can be expressed as
(a/n)x2Y" UL 1/ 2n)/T(1/ n)}

11. Show that the area enclosed by the curve x* + y* = 1is [T(1/4)]> / 2+/x.

)
12. With the help of double integral, prove that Io e de=+n/2.

[Delhi Maths (H) 2007)
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20.13. Legendre-Duplication Formula. F(n)F[n + ;] 2;/;1 r'(2n),n> 0.
[Delhi B.Sc. (Hons) 1112005, 07, 11; Agra 2000, 01, 02, 03, 06, 08, 10; Meerut 1999]
Proof. We know that B(m,n)= %, where m >0, n> 0. - (1)
Putting m = n in (1), we get B(n, n)=[[(n)]* /T (2n) - (2)
By the definition of the Beta function, B(n,n)= J‘; x"11-x)""dx. .. (3

Putting x =sin? 0 so that dx =2sinBcos0 d0, (1) gives

/2 /2
B(n, n) = jo (sin® 0)" ' (1-sin® 0)" ' - 2sinBcosO dO =2 jo (sin O cos0)*"'d0

w2 5in20 " L2 o ! g dd L 7o
= 2_[0 (T) do = T .[0 sin”™"" 20d0 = o2 J.o sin 4) 22n ; J.o sin“"" ¢ do

[On putting 20 =¢ and d6=(d¢)/2]

B 22}“*1 * 2J.om28in2nil b do, as J‘Oz" S (x)dx = 2'[: S(x)dx when f2a-x)=f(x)

2n—-1+1 0+1
_— j“/zsmz'“*‘q)(cosq))odq,: ! F[ 2 jr[ 2 )
2212 Jo p2n2 2F(2n—l+0+2)

2

r..r 1
B(n’ n) = M’ as ['| — |= \/E (3)
221 T(n+1/2) 2
Equating two values of B (n, n) given by (2) and (3), we obtain
2
[T(m)] 1 - T(nWn N
= Ir(mI'(n+1/2)=
T@n) 227 T(n+1/2) o T - @)
Deduction 1. To show that B(n, n) = M, n>0
27" T'(n+1/2)
Proof. From (3), we get the required result.
Deduction II For all positive real values of p, 27 F[p ; ij[p hi 2) Jr L'(p+1).
Proof. Putting 2n — 1 = p so that n=(p+1)/2 in (4), we get
p+1\ (p+1 1) _ +n p+1)(p+2
|2 r| 4= =220 (p+1 P pre_
[2][2 5 )= T+ or | EE 5 JrT(p+1).
Deduction III. When # is positive integer, to show that
[Delhi Maths (H) 2003]

F[n +lj =M\/E
2) 2%
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I'2n) (2n-1! 2n)(2n-1)! (2n)!
') m-1) 2-n(n-1)! 2-n!
Now, from the duplication formula (4) and the above result, we have
! !
F(n+lj: Jn T(2n) _ Jroo@n)! @n! -
2) 2271 T(n) 27! 2.nl  2¥p

Proof. Let n be positive integer, then

20.14. SOLVED EXAMPLES.
Ex. 1. Express I'(1/6) in terms of I'(1/3).

1
Sol. From the duplication formula, F(n)F[n +E] = 2\2/51 L' (2n). . (D)
Putting n = 1/6 in (1), we get
F(zjr[zjzm or FGJM L
6) \3 2723 6) 2771 (2/3)
Now, we know that IF(m)I'(1—n)=mn/sinnn. .. (3)
Putting n = 1/3 in (3) we get
r(ljr(g} _n__2n or F[3]=2—“ ()
3) \3) sin(n/3) B 3) B3T@/3)
Substituting the value of I'(2/3) given by (4) in (2), we get
F[;j_\/%r(lm).ﬁr(m) o (D B [T
6 72/3 o 6) 21/3\/; 3 )
Ex. 2. Prove that F(n)l"[l_nj= 1&1"(11/2) ,0<n<l.
2 2" cos(nm/2)
Sol. We know that I'm)I'1—m)=mn/sinmn,0<m<1 - (D
1\ Jrr@2m
and F(m)F[m +5] = ﬁ, m>0, (2)
Putting m = (n+ 1)/2 in (1), we get
n+l 1-n b b b
r =— =- = 3)
2 2 sin{(n+1)n/2} sin(n/2+nn/2) cos(nm/2)
+1) nT
Putting m = n/2 in (2), we get F[%JF[%] = 7;171(11) @
Dividing the corresponding sides of (3) and (4), we get
T[(1-n)/2] n 2 - (n)r[l - n)_ Vr [(n/2)
= r —n
[(n/2) cos(nn/2)  r T(n) © 2 217" cos(nm/2)

Ex. 3. Prove that B(m, m)B(m+1/2,m+1/2) = (nm™")/2*""!
[Delhi B.A. (Prog) I1I 2010]

/2 n/2
Ex. 4. By evaluating [ = J‘ sin?” xdx and J = Io sin®” xdx derive the Legendre’s
0

duplication formula for gamma function. [Kanpur 2006]
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MISCELLANEOUS PROBLEMS BASED ON THIS CHAPTER
Ex. 1.7t 0 <n <1, then T(m)['(1-n) =

(a) m/sinnmn (b) m/cosnm (c)(n+1)! (d) (n—1)! [Agra 2008]
Sol. Ans. (@). Refer deduction 1 4, page 20.12
Ex. 2. B (I, m) is equal to

jw xmfldx . xm+1 .[0 xmfldx
@}, 1+ x) ™" o J, (1+x)*m © ), (1+x)"" (d) None of these
Sol. Ans. (a). Refer form 7 of Art. 20.10, page 20.9 [Agra 2008]

Ex. 3. If n is a positive integer, then T (n+1) is equal to

(a) n! b) n+ 1)! (c) mn—1)! (d) n [Agra 2007]
Sol. Ans. (a). Refer property IIT of Art. 20.3

Ex. 4. B (m, n) is equal to

I (m)T(n) C(m-1)I(n-1) © I (m)T (n) @ I'(m)['(n)

I'(m+n) I'(m+n) '(m—n) I (mn)
Sol. Ans. (a). Refer Art. 2011 [Agra 2007, 09, 10
Ex.5. B (m, n) = (@) B(m+ 1, n)+B(m) (b)Bm+1,n)+B@mn+1)
(¢c)B(m+1,n+Bm) (dB@m-1,m) +B(mn—-1) [Agra 2006]
Sol. Ans. (b). Refer deduction V, page 20.13
Ex. 6. The value of nB (m + 1, n) equals

(@) T'(m) (b) mB (m, n + 1) (¢c) mB (m, n) (d) None of these [Agra 2005]
Sol. Ans. (b). We have, nB (m + 1, n)

@

I'(m+DI' (n) _ ml (m)xnT'(n) _ FmI(n+l)

=n m =mB(m,n+1)
I'm+1+n) IF'm+1+n) F'm+n+1)
° )
Ex. 7. Prove that | " x’dv =l /4 [Agra 2008]
*® _ax® on- I'(n
Sol. As in Ex. 5 (b), page. 20.6, jo e Xy = # (1)
a

Setting » = 3/2 and a = 1 in (1), we obtain

j‘”e*ffdx _TE/2) _W2xr/2) _r/2_+n
0 2 2 2 4

a)p+q+1 r (p + l)r (q + l)

b
Ex. 8. Prove that L (x=a)’ (b—x)Tdx=(b- T(p+q+2)

[Agra 2007]
Sol. Refer form VI on page 20.11 Thus, we have
Ja (x _b)m—l (Cl _x)n—l dx = (a _b)anle(m’ I’l) . (1)
b

Replacing a, b, n and m by b, a, ¢ + 1 and p + 1 respectively, we have
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)p+q+1 r (P + l) F(q + l)

[/ -y -yt = -0 B L) = b= e

2 1
Ex. 9. Show that X dx .[ & ___n

X =
O\ 1—x* 70 \/ 1+x* 4\/5
[Delhi B.Sc. (Hon) IIT 2008, 11; Delhi B.Sc. III (Prog) 2008]

Sol. Let x* =sin0 so that 2x dx = cos0do

Thus, dx=(1/2)xcosBx(sin0) /240 . Then, we have

2 /2 /2
jo rax 1 szcos 0(sin 0) /2 d0 = : j sin'’2 0 cos°0 do
0

1— x4 cos
1/2+1 0+1
=—B , 3/4,1/2

4[2 )= aGra2) 0

/2 1
{ _[ sin®""'@ cos2”19d9=—B(m,n)}

0 2

Again, let x? =tan¢ so that 2x dx = sec’ odo

Thus, dx = (secz 0/2 tand))dd), Then, we have

n/4 1 SCC(I) 1 pn/4
d
-[0 1+ x* 2-[ (secd) tan J 4 -[ «/smd)cos \/_I s1n2

= ﬁj}) /2 cos®t dt , on putting ¢ = 2¢ and d = (dt)/2
= 4\1/513(_1/22+1,0;1j:4\1/58(1/4,1/2),as before Q)
x“dx
joﬁxjom 3(3/4 1/2) B(1/4,1/2)
L LGMAT2) TU/HTA/D) o T )0
T16v2 T(5/4) ra/4) Y T )
1 {T(/2)}* xT(1/4)
:16\/§X (1/2)xT(1/4) sas(m)=m—-1)T(n-1)
1 (f) n

Sz 14 a2
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1
Ex. 10. Show that jo x P A-x)2PA+2x) dx =32%3(2/3, 1/3)

[Delhi B.Sc. (Hons) III 2008, 11]

1
Sol. Let I= J'O A=) 2314 2x) dx (D)
Let x/(1-x)=(at)/ (1 -1, ie., x = (at) {1 - —a)t}, .2
where a is a constant to be so selected in order that I given by (1) reduces to Beta function.
I-(1-a)t-t{—-(1-a)} a
—a dt = dt
From @) = - 1--ay?
I J‘l at e - at 2 1+ 2at - adt
o l1-(1-a) 1-(1-a)t 1-(1—a)] {1-(1-a)}?
_ jl aPrP =07 (-t+3ay adt
Chog—a-an™? g-a-a?? g-d-an Q-0-a))?

L1300 273 213
amj %dt = [lj '[ 31— dr, choosing a = 1/3

0 1-¢t+3at 3 0

123 ¢! |
- [5] I (P 1= = B(2/3,1/3)
0 B(m,n) = (I'(m)T(n) /2T (m + n)

Ex. 11. Show that  B(m,m) B(m+1/2, m+1/2)=nxm ' x 2""*" where B(m,n) denotes the
Beta function of m and n. [Delhi B.Sc. (Prog) 111 2010]

Sol. We know that B (m, n)= [T(m)I'(n)]/ T'(m+n)

Hence, L.H.S.= B(m.m) B(m+1/2, m+1/2)

- I'(m) F(m)>< IF(m+1/2)T (m+1/2)
T (2m) r(2m+1)

T 2m , as r@2m+1)=2m I'(2m)

2m

22/7171

(E

2
1 . L

J x—, using duplication formula
2m

=nxm  x 2™ = RHS

w dt
Ex. 12. Using Beta and Gamma function, show that J.O \/; (1+1) =7
[Delhi B.A. (Prog) 111 2010
m—1

o f
Sol. We know that B(m,n) = fo s dt e

Setting m =n=1/2, in (1), we get

-1/2 2
3(1/2’1/2)=I:t t _TW/2) r[l/z]z(ﬁ) .

dt or on d
(1+1) o Jr (1+¢) T(@1/2+1/2)  T()
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Ex. 13. The relation between Beta and Gemma function is
(@) B(m,n)='(m)I'(n)]/T(m,n)
(b) B(m,n)= '(m+n)/[[(m)[(n)]
(¢) B(m,n)=[(T(m+1)T'(n+1)]/2I(m+n)
(d) B(m,n)=(T'(m)I'(n)/2I'(m+n)
Hint. Ans. (a). Refer Art. 20.11 [Agra 2009, 10]

1
Ex. 14. Evaluate j . x* {log(1/ x)}3 dx. (Delhi B.Sc. (Hons) 111 2011)
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Area of Plane Curves

(a) Area of Plane Curves in Cartesian Coordinates

1. If f(x)1is cobntinuous, positive and bounded in y
[a,b], then _[ f(x) dx geometrically represents y=1
the area bounded by the curve y = f(x), the

x-axis and the abscissae x=a and x =5

soarea 4 = jydx = j.f(x)dx

2. If y= f(x) crosses the x-axis (as in Fig 6.2)
at x = c in [a, b], then the area is given by

>

A=jf(x)dx+

[ fodx

b
Since j f(x)dx <0, for area, we take the
absolute value.
3. If the area is bounded by the curve x = g(y), the

y-axis and the ordinates y=c, y =d, then the
area

d d
A =[xdy = [g(v)dy
C ‘ Fig. 6.3

4. Area bounded between two curves

If f(x)<g(x)Vxela,b], then the area y
bounded between the curves y = f(x) and V=g
y=g(x)in[a,b]is
b 1 /\
A=[[g(x)- f(x)]ax oly=s P
y=1f(x)




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

WORKED EXAMPLES

EXAMPLE 1
2

2
Find the area of the ellipse x—2+Z—2=1.
a
Solution. x? 2
The given curve is the ellipse — + = =1 )
, a
area A= .[ ydx

The area in the four quadrants are equal, because
the ellipse is symmetric w.r.to both the axis. B

2 2 2 2
Equation (1) = Z_z S L X(-a, O)Q/(a, 0) x
a a

B’
= y= ié\/a2 -x’ ,
a y

’ 2 2 Fig. 6.5

WhenyzO,x—2:1 = x ' =a = x=ta
a

area of the ellipse 4 =4 x Area in the first quadrant
= 4'[ydx - 4J‘é\/a2 —x? dx
a
0 0
bl:xx/a2 -x* a . x}
——+—sin” —
a

a 2
0

2 a
249 O+a—(sin'11—sin_1 0) =2ab-E:ﬂ-ab
a 2 . 2

EXAMPLE 2

Find the area of the curve x*” + y** = a*”.

Solution.

The given curve is x> + y** = a*". (1)

b
Area A= j ydx

The curve is symmetric w.r.to both the axes. .". the area in the four quadrants are equal.

. 3/2
Equation 1= y2/3 = o y= [a2/3 _x2/3:|

When y=0, x*’ =d’ =2 x’=d" = x==*a



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

area A = 4x Area in the first quadrant 4

a a ()
- 4jydx= 4J(a2/3 _x2/3)3/2dx
0 0

Put x = asin’ @ o dx=23asin’ 0cos 040 o .
X'(-a, 0) g @0 X
When x =0, sin@=0=0=0and
When x=a,sin@=1= ="
enx=a,sinf=1= 0= ©.-a)
w2 302 y
. area A=4 J [am —a’" sin’ 0] 3asin® 0 cos 040 .
o Fig. 6.6
/2
=124" | (1-sin” 0)” sin’ B cos 840
0
/2
=124’ I cos’@sin’ @ cos 040
0
/2
=124" | cos*0sin’ 640
0
2 _ 1 /2
=124 —— J cos'040 [Using reduction formula|
0
2
_12a .E.l.ﬂ:éﬂ-az [~ n=4is even]
6 422 8
EXAMPLE 3 3
Show that the area of the loop of the curve ay’ = x*(a—x) is %.
Solution.
The given curve is ay” = x*(a—x) (1)

To find the loop of the curve, first trace the curve.
Since the equation is of even degree in y, it is symmetric about the x-axis.
To find the intersection with the x-axis, put y =0 in (1)

¥(a-x)=0 = x=0,0,a

If x > a, )" is negative = y is imaginary. So, the curve does not exit beyond x = a.

Tangents at the origin is obtained by equating the lowest degree terms to zero.
a’—ax’=0 = Yy =x = y=tx

.. the loop of the curve is a shown in Fig 6.7.
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Let A be the area of the loop of the curve.

A =2x area of the loop above the x-axis

a a _ y
:2jydx:2_[x a7 i
0 0 \/;
2 ¢ y=x
——Jx\/a—xdx
Jay
Put t=a-x . .—-dx=dt = dx=-dt
(a,0) x
When x =0, t =a and when x=a,t=0
A —lj(a—r)\ﬁ(—dt) ——ij(a—t)\ﬁdz y==x
Jay, Jas,
- ij(atl/z —l3/2)dl Flg. 6.7
0
2 |:at3/2 t5/2:|”
Jal| 312 52
4 a3/2 a5/2 4 a5/2 a5/2 4 aS/Z 8a2
=g —— == ——— =_2_=_
\/;|: 3 5 ] a|: 3 5 :| a 1 15
EXAMPLE 4

Find the area bounded by the curve y’(2a—x)=x’ and its asymptote.

Solution.

3
X

(2a—1x)
The equation is even degree iny. So, the curve is symmetric about the x-axis.
To find the point of intersection with the x-axis, put y = 0 in (1)

The given curve is y*(2a—x)=x" = )’ =

M

¥=0 = x=0
When x = 2a, )? is infinite

x =2a 1is an asymptote.

Tangent at the origin is y = 0, the x-axis.
The curve will be as shown in the figure.
Let A = area bounded by the asymptote X
. A =2x area above the x-axis > Xx=2a

(24, 0)

dx

_2jydx_2j
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Put x=2asin’0 ..dx=4asin0cosOd0

When x=0,5sin0=0 = 0=0 and when x=2q4,sin’0=1 = Ozg

3
:2J2asin20 M%zsmﬂcosﬁdﬂ
o 2a—2asin’ 0
3 Ocosﬂ
=16a*|sin’ 0 - s1n
Z[ \1—sin’ 9
3 3
= 16azjsin40 cosﬂdo = 16azJ‘sin4 0 4o = 164" -E-l-ﬂz?maz.
o cos O o 42 2

EXAMPLE 5
Compute the area bounded by the curve y=x*—2x’+x’+3, the x = axis and the ordinates
corresponding to the points of minimum of the function.

Solution.
Given y = x* —2x’ + x> +3 Q=4x3—6x2+2x
dx
. .. dy
For maximum or minimum — =0
dx
= 4x’ —6x> +2x=0
1
= 2x2x% =3x+1]=0 = 2x2x-D(x-1)=0 = x:O,E,l
d2
Now L~ 1222 —12x+2
dx
d*y
When x=0, —-=2>0. ..y IS minimum.
dx
1 d* 1Y 1 o
When x——,F—IZ 3 —12-§+2=3—6+2=—1<O ..y is maximun.
d*y
When x=1, —5=12-1-12-1+2=2>0 ..y is minimum

.. the minimum points correspond to x = 0 and x = 1 and the curve is above the x-axis in this interval.

I !
.. required area is 4 = Jydx J(x4 —2x" +x* +3)dx
0 0

St 11 _6-15+10+90 _ 91
x + —_—
) 3 30 ~30
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EXAMPLE 6

The gradient of a curve at any point is x’—4x+3 and the curve passes through (3, 1). Find the
area enclosed by this curve, the x-axis and the maximum and minimum ordinates.

Solution.

Let y = f(x) be the equation the curve.

Given the slope of the curve at any point is x° —4x +3.

We know that the slope of the curve at any point is the same as the slope of the tangent at that point.

. . d
At any point(x, y), the slope of the tangent is d_y
X

d—y:x2—4x+3
dx

Integrating w.r.to x,
y=[(" —4x+3)dx

3 2 3
X

= y=——4x—+3x+c = y=3c——2x2+3x+c
3 2 3

It passes through the point (3, 1)

3
1:3?—2-32+3-3+c =9-1849+4+¢c = c=1

.. the equation of the curve is

3

y:%—2x2+3x+1 (1)

For maximum or minimum,

d
d—y=0 = X —4x+3=0 = (x-3)x-1)=0= x=1,3
X
d2
and Z:2x—4
X
d2
When x =1, f:2-1—4:—2<0 <.y is maximum at x = 1.
x
d’y
When x=3, I =6-4=2>0 -y is minimum at x =3
X

.. area bounded by the curve (1), the x-axis and the maximum and the minimum ordinates is

T e 1 x* X x2 ’
A=[ydx = [| T -22" 43041 |do=| = S =2- 43 T4y
] (3 34 3 2 7,
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1 4_4_% 3_3 é 2_2 _
ST G R R G DRI CAE RN R

=ix80—z><26+§><8+2
12 3 2

20 52 20-52+42 10
S VI R

3 3 3 3

EXAMPLE 7
Find the area of the propeller shaded region enclosed by the curves x — y”*=0and x—y"°=0.

Solution.
The given curves are

x=yP=0=x=y (1) L1, 1)
and x—y=0=x"=y 2)

To find the points of intersection solve (1) and (2)

¥=xX=xx"-1)=0

= x=0,-1,+1

When x=-1,y=-land whenx =1y =1

The curves are symmetric about the origin.
Area bounded by the curves is

A = 2[areainthe I quadrant] Fig. 6.9

=2 l—l =2 ﬁ =2 i =l
4 6 12 12) 6
EXAMPLE 8

Find the area between the curves y = x* +x* +16x+4 and y=x*+6x> +8x+4.

Solution.
Let fx)=x*+x"+16x+4

g(x)=x"+6x>+8x+4

y
Now  f(x)—g(x)=x’—6x"+8x ©, 4) Oﬁ

The points of intersection of the two
curves is given by f(x)—g(x)=0

= X —6x2+8x =0 0 X=2  x=4 x
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= x(x* —6x+8)=0
= x(x+2)(x-4)=0
= x=0,2,4

Whenx=0,y=4.
In the interval [0,4], the curves intersect at x = 2.

Required area is 4 = +

()= g@pax| +| [ (/1 (x) - g(x))ax

Now [ £(0)-g(x)dr = [ (x* - 62" +8x) dx

4 3 2 4
| O 8 2 00t a4 16416=4
TR

and [(F () - g(x)) dx = [ (x* —6x* +8x) dx

xto6xt 8x? ’
=4+ —
4 3 4

2

:%(44 _24)_2(43 _23)+2(42 _22)
= i(240)—2(56)+4(12) =60-112+48=-4
Aread = [4]+|-4|=4+4=38.
EXAMPLE 9

Find the area bounded by y = \/;, xel0,1], y=x*,x€e[1,2] and y = —x*+2x+4, x €[0, 2].

Solution.
The given curves are y = Jx ,x€[0,1]

= Y =x,x€[0,1] (M
y=x",x¢€[l2] (2)
and y=—x"+2x+4 3)

= (¥ —2x)+4=—(x—1)> —1]+4=—(x—1)> +5

= y=5=—(x-1y,
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Which is a downward parabola with vertex
(1,5) and axis x =1 as in Fig 6.11.

2 1 2
. area A :jy(3)dx _jy(l)dx _jy(z)dx
0 0 !

- j(—xz +2x +4) dx —_I[J;dx —szdx
0 0 1

3 2 L 3 3P
3 2 N 3/2 . 3 .

3
_ 2 s 0-2u—o-ip o
3 3 3

19

3

Fig. 6.11

y2=x
X
y2=x

is a point on the hyperbola x’—y’=1. Show that the

area bounded by this hyperbola and the lines joining its centre to the points corresponding to

:_§+4+8_2_Z=_1_7+12:ﬂ=
3 3
EXAMPLE 10
For any real #,x = R e
y s 5 sy >
tand—t¢ ist.
Solution.
The given equation of the hyperbola is
2 2
x =y =1
t+ —t )‘_ -t

Also given x=2r¢ ,y=e ¢ ;tER

2 2

t -t t —t
e+e’ e —e .
", ( S ] are the coordinates of any

point on the rectangular hyperbola x* —y* =1.
Centre of the hyperbola is the origin O.

Let P be the point on the hyperbola corresponding
to the parameter ¢ =1,

4 + -4 ho_ ,7h
L p= e e ’€ e
2 2

)

(2)

N
/

o

Fig. 6.12
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Let Q be the point on the curve corresponding to ¢ = —,.

0= e te e —eh et +e™ et —e™
2 72 2 2

.. Pand Q have same x-coordinates but y-coordinates have opposite signs.

Hence, Q is the image of Pin the x-axis and so PQ is perpendicular to the x-axis

Since the points Pand O and the curve are symmetric about the x-axis, OP and OQ are symmetric
about the x-axis.

So, the area bounded by OP, OQ and the curve is = 2 (area above x-axis)

Let PQ cuts the x-axis at R.
.. the required area = 2[Area of the right angled AOPR —area APR]
where area APR is the area bounded by the curve, the x-axis and the line PR.

Now area of AOPR = %OR -PR

_ letl +e"1 .etl _e—fl _ 1(82,1 _e—2r1)
2 2 2 8
todx
and the area APR = j yZdt [ t=0correspondsto A]
0
. t_ -t t+ —t d t_ —t
Since y = € "¢ andx=% ze d-x w 26 [ t =t correspondsto P]
t

e —e’ e —e”

2 2

dt

area APR = 11[
0

1 e
=—|(e' —e ") dt
4£( )

1{e* e™ 1 1 1 t
=— e——e——Zt]— ————0||==(" —e?)-1L
4| 2 2 2 2 8 2

1 1 t t
required area A = 2| —(e*' —e )= =(e* —e?)—Ll| =2 L |=¢.
qu |:8(€ e™) {8(6 e™) ) 5=
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EXERCISE 6.5

1. Find the area bounded by the curve Jx+ \/; = land the coordinate axes.

2. Find the area bounded by the parabola and its latus rectum.

3. Find the area bounded by the curve y = x’ —4xand the x-axes.
4. Find the area of the curve y* = x*(9—x?).
5. Find the area bounded by the curve and its asymptote
i ¥ = 2)“_3 . (i) = a"ixx (it}) 0 =a’(a-x)
6. Find the area of the loop of the curve s
() @'y =x'(a=2) (i) 30" = x(x—a) (i) o' ==

7. Find the area in the I quadrant bounded by y* = x, the x-axis and the line x — y = 2.
8. Find the area bounded by y* = 4ax and x* = 4by.

9. Find the area bounded by the parabola y = x* and the line 2x — y+3=0.

10. Show that the larger of the two areas into which the circle x* + y* = 644 is divided by the parabola

l 2
12 =12ax is 63” (87 —/3).

11. Find the area bounded by the parabola x = —2y*, x =1-3)".

12. Find the area bounded by x* =4y and y = .
x +4

13. Find the area of the region bounded by the parabola y = —x*> —2x+3, the tangent at the point
P(2,-5) on the curve and the y-axis.

+
14. Find the area of the loop of the curve y* = x’ (a x)_
a-—x

15. Find the area of the curve y = sin x bounded by the x-axis (i) in [0, 27] and (ii) in [—, ].
16. Compute the area bounded by the curve by y = Jx and y=x".
17. Find the area bounded by the curve x* = 4y and the straight line x = 4y — 2.

18. Show that the parabola y* = x divides the circle x* + y* =2 into two portions whose area are in
the ratio (97 —2): (3w +2).

19. Find the area bounded by one arch of the cycloid x = a(0 —sin @), y = a(1 —cos 0) and its base.
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ANSWERS TO EXERCISE 6.5

1. l 2. §a2 3.8 4, 211'
6 3 4

5. (i) 3m (i) mwa® (iii) mwa®

6. (i) %az (i) %az (iif) %(ﬂ—z)az

7. 2 5. 1040 9. 22 1. =
3 3 3

2

12. 2ﬁ—§ 13. g 14. %(w+4). 15. (i) 4, (ii) 4

16. 1 17. 9
3 8

Area in Polar Coordinates

Formula: The area bounded by the curve r = f(0) and the radius vectors @ = aand 0 = is
]
ne |7 de.
2 «

Proof
Q(r+Ar, 0+ A8)

Given r = f(0) is the equation of the curve.

Let 4 and B be two points on the curve with radii
vectors @ =aand 0 =3

f(8) is continuous in [&,B]

Let P(r,0) and QO(r+ Ar, 0+ AB) be 1o)
neighbouring points on the curve.

Let AA4 be the element area of the strip OPQ.

1
Then Ad = ErZAO approximately.
1
A=Y ~1A0
Sa-3!

The limit of Z AA as AO — 0 is the area of OA4B.

B B
.~ area of the region OAB = J%rz do = %jrz de. |
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WORKED EXAMPLES

EXAMPLE 1
Find the area of the cardioid r» = a(1 + cos 0).

Solution.
The given curve is r=a(l+cos0).
1 B
area A= —J.rzdﬂ
2 «
The equation is unaffected if @ is changed to —6, : ;9 \ =0
because cos(—0) = cos 0. 6=mn /O 20 X

o the curve is symmetric about the initial line OX
and 0 varies from 0 to 7.

area of the curve = 2 (area above OX) Fig.6.14

Area A= 2x%jr2d0 = [a*(1+cos0)d0

0 0

:aZJ.(1+Zcosﬁ+cosz())d0

0
=a2'|.|:1+20050+mj|d0

0

T3 2
=azj[—+2cosﬂ+cos 0:|a’0

(2 2
=a2[§0+25in0+5m20:|

2 0

. 2

:az[%w+25inﬁ+smzﬂ—0:|=37;(1

EXAMPLE 2

Find the area outside the circle » = 2acos 0 and inside the cardioid r = a(1+co0s0).

Solution.
Given the circle » = 2acos 0 (1) ﬁ
and the cardioid r = a(1+ cos 0) 2 0 (a= 0 J@ao0) X
The required area is as shown in the Fig 6.15, M
since the circle lies inside the cardioid.
Fig. 6.15

From (1), when 0 =0, r = 2a

andwhenﬁz%,rzo



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

To find the point of intersection, solve (1) and (2)
a(l+cos@)=2acos®@ = cos@=1 = O=0or2w

When 02%’ r=2a%=a [From (1)]

That is the circle lies inside the cardioid.

Required area 4 = Area of the cardioid — Area of the circle

2
Area of the cardioid = 3ma

[by example 1]

Area of the circle = ma?, since radius is a.

. 3ma’ , ma
required area = -ma” = .
2 2
EXAMPLE 3
Find the area of a loop of the curve r = asin30 .
Solution.
Given the curve is 7 = asin 30
When 6=0, r=0 y
[ ™ 6= % —+ o=
When 0=g,r=asinz=a, which is the "3/
maximum value of r. s
(] .
When 0 =—, r=asinmw=0 p=L
3 6
So, as 0 varies from 0 to %, x goes from 0 to 4 A g
. T T /007"
and as 0 varies from — to —, x comes from A4 A130°
6 3 (@] 6=0 X
to 0.
So, as 0 varies from 0 to %’ we get a loop as Fig. 6.16
in Fig. 6.16.
2
Area of the loop = E_[rz do

N | —

0

3 231y

| a?sin* 3040 = “—I[M]de
0 2 0 2

_a g Sin60 s _d m_sin2m _wa’
4 6 4

0
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EXAMPLE 4 3 8
Show that the area between the cardioids » = a(1+cos0) and r = a(1 — cos0) is %az.
Solution.
The given equations of the two cardioids are
r=a(l+cos0) D
r=a(l—-cos0) (2)

The area common to the cardioids is the two shaded regions as in Fig 6.17, which are equal in area,
because both the curves are symmetric about the initial line.
Common Area 4 = 2[area of the part above the line of OX].

r=a(1 —cos 0) r=a(1 + cos 0)

Fig.6.17
31

The two cardioids interact at 6 = g, Y since a(1 —cos®)=a(l +cos@) = cos@=0= 0 = %, 3711

3 3
But area of the loop above the line OX =2- jrz de = Jrz de
0 0

N | —

where 7 is from the cardioid (2).

SIE}

Now |r*d0 =

S o3
S v |3

*(1-cos8)’ d0 =a’ [ (1-2c0s0+cos” 0)dO

0
3
:azj(l—200s0+—l+cosze)d0
0
P 2
=a2j(§—2cose+m)de
o\ 2 2
=a2(§0—25in0+8m20)2
2 0
=d’ E~E—2sin£+smw—0 =4’ 3_17_2 :az—(3ﬁ_8)
22 27 4 4 4
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a*(3w—3)
4

2 2

common Area 4 = 2><%(3~n'—8) = %(311—8).

.~ area of the loop above the x-axis =

EXAMPLE 5

2
Prove that the area of the loop of the curve x* + y’ = 3axy is %.

Solution.
The given curve is x° + y° = 3axy M)

Transform (1) to polar coordinates by putting x =rcos® and y = rsin€
.. the equation (1) becomes 7’ cos’ @+ 7 sin’ @ = 3ar cos@sin 0

= 7 (cos’ @ +sin® 0) = 3ar* cos 0 sin O
i ; 3asin@cos 9
= r(cos’ B+sin’ 0) = 3acosBsin® = p=— o oD
cos” O+sin” O

sin20

If r =0, then cos0sin® =0 =0 = sin20=0 = 20=0o0r20=m

= 0=00r0= g, which are the limits for 0.
As 0 varies from 0 to %, we get a loop of the curve, because r varies from 0 to 0.

For the figure, refer the Fig 3.32, page 3.133

) 1 w/2 1 /2 2 2 2
. area of the loop is 4=~ J #d = — J w
29 2 4 (cos” O +sin” 0)
%’”2 sin’ @ cos” 0 %”2 tan® Osec’ 0

2 ) cos 0(+tan’ 0 2 4 (I+tan’0)

0

Putf=1+tan’ @ ..df=3tan’0sec’0d0 = tan’sec’0d0= %d;.

When 0=0, t=1+tan’0 = t:landwhen():%,t:1+tan3§ = f(=o0

oo

9a2°° 1 dt 2 2 -2+ I
A:_JT_ =3th’2dt=3i !
24173 2 2 | -2+1]

2 A 2 2 2
=_3L[fl]w=_3i o3 o 3a g =32
2 ! 2 |t 2 2 2

oo
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EXERCISE 6.6

1. Find the area of the cardioid » = a(l1 —cos0).

2. Find the area of circle » = 3+ 2sin@.
3. Find the area of the lemniscate »* = a* cos 20.
4. Find the area common to the circles » = a~/2 and » = 2acos 0.
5. Find the area of the loop of the curve » = asin 20.
6. Find the area of circle r = 2acos©.
7. Show that the curve r = 3+ 2cos0 consists of a single oval and find its area.
ANSWERS TO EXERCISE 6.6 ,
2 2
1. 3“2“ 2. ma? 3. & 4. a(m—1) 5. “g

6. ma’ 7. llm
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Put V2sin@=sind .. V2050 dB = cosd dp = cosﬁd():%cosd)dd)

. . 1
When =0, sind=0 = ¢=0 andwhen():%, Sln¢=\/§smz=\/§~$=1:>¢=

(SR |

4md’ } . 2 4 COSd
V= —sin’* ¢p)* - —=-d

S !( )= mdd
dmd }

= cos’ dcosd db
3\/§£

_4113} 5 b dep = dmd’ Elﬂ ’n'a_\/zﬂn'ch
W2 32 422 42 8

EXERCISE 6.10

1. Find the volume of the solid generated by revolving the curve r =a+bcos0, a > b about the
initial line.

2. The area of the loop of » = acos 30 lying between 0 = —% and 0 = % is revolved about the initial
8om
line. Find the volume generated. | Hint: /" = JT r’ sin® d0
0
3. Find the volume of solid generated by revolving the area of the cardioid » = a(1+ cos @) about the
initial line.
4. Find the volume of the solid formed by rotating the area of 7* = a* cos @ about its line of symmetry.

ANSWERS TO EXERCISE 6.10

197d’ 8ma’ 8ma’
960 3 C15

1. gﬂ'a(at2 +b%) 2.

6.5.4 Surface Area of Revolution

An arc of a curve is revolved about an axis, a surface is generated. This surface is called the surface
of revolution and its area is the surface area.
We find the surface area in Cartesian and polar coordinates.

6.5.4(a) Surface Area of Revolution in Cartesian Coordinates

Let y = f(x) be the equation of the curve.
Let AB be an arc on the curve.
Let PO = A s be an element arc in between the points 4 and B.
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Let the coordinates of P be (x, y) and the
coordinates of O be (x+Ax,y+Ay).

The element arc A s is revolved about the x-axis,
we get the element surface as a circular ring of
radius y and width As. Let AS be the element

surface area generated by the element arc A s . \

M
©AS=2myAs

The sum of such element surface areas o

= ZASz ZZﬁyAs

.. the surface area is S = ?r%z AS = Egloz 2myAs = _’-211')/ ds
with proper limits s, and s,.
(a) If the limits for x are known, say x = a and x = b, then

S= J2nyd—dx JZ*n'y /1+(Zx) dx

(b) Ifthe limits for y are known say y = c and y = d, then

S = j2nxd—dy j2fn'x /1+(§y] dy

(c) Ifthe equation of the curve is given in parametric form, x = f(¢), y = g(¢) and the limits for 7 are
t=t and =1, then

dx dy
2my —dt =12 + dt
S = J 1'ry dt J wy (dt) (dt)

WORKED EXAMPLES

Fig. 6.37

EXAMPLE 1 ) 3
The portion of the curve y = x? cut off by the straight line y = P is revolved about the y-axis.

Find the surface area of revolution.

Solution. 2
The given curve is y = > which is a parabola with vertex (0, 0).
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y
It is symmetric about the y-axis. Let the line y=E .
intersect the parabola at the points 4 and B 2 \
3 B A y=3/2
.. the portion of the curve Cut off by the line y = = is the
arc AOB as in figure. 2 o X
The surface obtained by revolving arc AOB about the
y-axis, is the same as the surface obtained by revolving
arc OA about the y-axis. Fig. 6.38
.. the surface area generated is
3/2 ds 312 dx 2
S = j 2mx —dy =21TJ X 1+(—) dy
0 Ay 0 dy
x? dy 2x dx 1 ) 1
we have y=— o —=—=x . —== = |—| ==
2 dx 2 dy x dy x
2 2 2 2 2
1+ﬂ =1+i=x+l . H_@ _ x+l= x +1
dy x x’ dy x’ X
3/2 2 3/2
Vxt+1
S=2m|x "x dy =2m [ 2y +1dy [ 22 = 2)]
0 0
3/2 3/2
_ 2ﬂ[(2y +1) }
2:(3/2) |,
3/2
=%”l(z%+1) —(2-o+1)”]
27 27 2w 14w
=2 -11="—"—[2-1]="—8-1)=—
3 [ 3 (2" 1] 3 (8-1) 3
EXAMPLE 2

Find the surface area formed by revolving four-cusped hypocycloid (astroid) x** + y** = ¢*"
about the x-axis.

Solution.
The given curve is

2/3 2/3 2/3
X7 +yT=a

(1
The curve is symmetric w.r.to both the axes.
Let x-axis meets the curve at the points 4 and C and the y-axis meets the curve at B and D
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When y=0, x’=d"’=x"=d"=x==a ‘y
Ais (a, 0), C is (=a,0). B0, a)
Similarly, B is (0, a) and D is (0,—a)
A
By symmetry the four arcs 4B, BC, CD and DA «t o) t
are equal. x'(-a,0) (@0) x
‘. the surface area generated by revolving the
curve about the x-axis is equal to twice the surface D(O, -a)
area generated by the arc AB about the x-axis. x varies from 0 to a. y
f ds T dyY .
.. Surface area S = 2><J2*n'y —dx = 41':J.y 1+ = dx Fig. 6.39
0 dx 0 dx

Differentiating (1) w.r.to x, we get

Ex—l/3 +zy71/3 d_y -0

3 3 dx
— Xy d_y -0

dx
dy X3 yl/3 dy 2 y2/3
= E:_F:_XIT N ) =8
2 2/3 2/3 2/3 2/3
T L I i e AR [Using (1)]
I x2/3 x2/3 x2/3
dx X X
We have
x2/3 +y2/3 — a2/3 = y2/3 — a2/3 _x2/3 = y= (a2/3 _x2/3)3/2
a 1/3 a
1
S = 411"‘(612/3 _x2/3)3/2 .% dx = 41'ra”3_[(a2/3 _x2/3)3/2 — dx

0 x 0 x

Let t2 — a2/3 _x2/3
2 2 21 11
2tdt = ——x3 ldxz———la’x = tdt =————dx = —3tdt=de
3 3 3 L
X X x 3

When x=0, * =a’” =¢=d"" and when x=a, t=0a""-a"" =0

0 0
S = 47" J‘ (t2)3/2(—3tdt) = 1274} J‘ St

al/3

=12ma"? J thdt
0

173

= 1274} i ’ — 12ma” (a1/3)5_0 =12’n'a1/3'a5/3 =12'n'a2
5 5 5 5

0
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EXAMPLE 3

Find the surface generated by revolving the portion of the curve y* = 4 + x cut off by the straight
line x = 2, about the x-axis.

Solution.
The given curve is y° =4+x (D
is a parabola with vertex (—4, 0). y Bl

Let the straight line x = 2 intersect the parabola at X A
the points B, B’. (-4,
The straight line x = 2 meets the x-axis at (2,0). — |
The required surface area generated by revolving y B
the arc 4B about the x-axis.
x varies from —4 to 2.

2 ds 2 d 2
.. Surface areais § = JZ*n'y —dx = zﬂjy 1+(l) dx
4 dx 4 dx

Differentiating (1) w.r.to x, we get

2
Zyd_yzl = Q:L = (ﬂ) = !
dx dx 2y dx 4y

It is symmetric about the x-axis. Let 4 be the vertex.
s Ais (-4, 0).
o (2,0
0)

2

dyY 1 4y*+1 dyY 4y +1
) == )
y

4y? dx 2y

2 4.2 2
SzZ‘n'jy—4y +1dx Zﬂj 4y* +1 dx
-4 2y -4
2
=@ [ J4(c+4)+1 dx
4
2
=ﬂj\/4x +17 dx
)

{(4x +17)02 T
=17 —
4((12)+1)

[(4x +17)2 ]2
=1 —
4x(32)

4

4

= %[(4-2 +17)72 = (4(=4) +17)"]

K 32 _ 1= Trog2y32 _
= E[(25) 1] 6 [(5)"" ~1]

2
=E[53—1]=E[125—1]=3><124=6_"'r
6 6 6 3
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EXAMPLE 4

t
Compute the surface area generated when an arc of the curve x=1¢>, y= g(t2 — 3) between

the points of intersection of the curve and the x-axis is revolved about the x-axis.

Solution.
The given curve is

— 7, y=§(t2—3) (1)

Which is parametric form

dy ’
S=|2m dt 2w +| = dt

J "G J (w) (m)
To find the limits O\___"\B0ox
When y =0, g(t2—3)=0 = (=0, t=*/3

Fig. 6.41
When ¢ =0, x =0 and when 7 = ++/3, x =3

.. We get the loop of the curve as in figure.
..t varies fromt=0to t =+/3
.. the required surface area is

NG
S=2my (d ) +(dy) dt
o dt dt

We have x=#* and y=§(z2—3)=%(t3—3t)
dx dy 1 _, )
—=2¢t and —=—-0Btr"-3) =@ -1
7 % 3( ) =( )
( ") (l A (1) = At =2 = 127 = (4 1)
dt d
ﬂ d_y _ [ 2 _ 2
+ =4+ =t"+1
dt dt
3 t
S=2wj—§(t2—3)(t2+1)dt Since t <3 =12<3=1>-3<0
0

=—(t*-3)>0and >0
y :—%(12—3)>0
2w} 2w ¢
s=-7 j (£ =30)(t* +1)dt = -5 J' (£ =36)(* +1) dt
0 0
_Z_ﬁf( 3
3 0

£ =3t)dt



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874

Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

== -3 -0
30 6 2 2
__2m|3 3 3 __2_“[2_2_2]__2_“[_2]_3,7
316 2 2| 302 2 2 3| 2
EXERCISE 6.11

Find the surface area generated by revolving the arc of the curve 8y° = x”(1—x*) about the x-axis.

2. Find the surface area generated by revolving the curve 3y = x” between x = —2 and x = 2 about
the x-axis.
3. Find the surface area generated by revolving the loop of the curve 93° = x(x — 3)* about the x-axis.
4. An arc of the curve ay2 = x° from x = 0 to x = 4a is revolved about the y-axis, find the surface
area generated.
5. Find the surface area of the right circular cone of height /# and base radius 7.
6. A quadrant of a circle of radius 2 revolves about the tangent at one end. Show that the surface area
generated is 47(7 — x).
7. The part of the parabola y* = 4x cut off by the latus rectum revolves about the tangent at the
vertex. Find the curved surface of the real thus generated.
8. Find the area of the surface generated by revolving the cardioid x = a(2cos@—cos20),
y = a(2sin 0@+ sin 20) about the x-axis.
9. Find the area of the surface generated by revolving one arch of the cardioid x = a(z —sin¢)
y =a(l—cost) about the x-axis.
10. The asteroid x = asin’#, y = acos’ t is revolved about the x-axis. Find the surface area generated.
11. Find the surface area obtained by revolving a loop of the curve 9ax* = y(3a — y)* about the y-axis.
2 2
12. Find the surface area of the ellipsoid formed by revolving the ellipse x_2 + y_2 =1 about the x-axis.
Deduce the surface area of the sphere of radius a. a b
ANSWERS TO EXERCISE 6.11
11 128
.= 2. 3417-2)= 3. 3m 4, ma* (1+125410)
9 1215
1 128 64
5. —mr’h 7. wa’ [3\/5 —log(1+ \/5)] 8. —mad’ 9. —ma’
3 5 3
10.

12%d’
“Sm . 11. 3ma’ 12. 211ab|:\/1—ez+lsin'1e:|,41':a2
e
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6.5.4 (b) Surface Area in Polar Coordinates

Let » = £(0) be the equation of the curve.
Let A and B be two points on the curve with vectorial B
angles o and f3. r=10)
1. If the arc 4B is revolved about the initial line 4_
0 = 0 (i.e., the x-axis) then the surface is generated.

The area of the surface is S =J21‘ry ds with
limits for s. o

B
ds
S=j2ny%d9

f ds f dr)’ .
:JZwrSinB—dB =I2ﬂrsin0 PP+l —1d0 [ y=rsin0]
. do ° do

2. If the arc 4B is revolved about the line 6 = — (i.e., about the y-axis, then a surface is generated)
The area of the surface is 2

S = j 2mxds within suitable limits

f ds r dr\
= [2mx a0 = [2mrcost, [ +| = | a0 [+ x =rcos0]
T ) d0

WORKED EXAMPLES

EXAMPLE 1

Find the area of the surface formed by revolving the lemniscate r* = a’ cos 20 about the polar
axis (polar axis is the initial line).

Solution.
Given the curve

P =a*cos20 = r=acos20

cos20>20 = —ESZOSE
2 2
= “Tcp<t
4 4
and 3T 09<2™ 3T g™
2 2 4 4

The curve is symmetric about the initial line
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WhenOzO,rziaandwhenOz%, r=0,0

We get the two loops of the curve as in Fig 6.43. 0 =%
The required surface area is B(-a, 0) A(a, 0)

S = area of the surface generated by revolving the two O
loops about the initial line.

= 2[area of the surface generated by revolving the
arc OA] [ the curve is symmetric]

w/4 dS /4 dr 2
=2J2ﬁy—d0=4ﬁjrsin0 4| —| do
o do o do

We have 7 =a\/cos20

dr 1 asin20

O (—sin20)-2 =
d0  2+/cos20 \Jcos20

( dr )2 _ a® sin* 20
cos20

Fig. 6.43

d 2 26in? 20
P2 2 — Peos2e+ S
do cos 20
@’ cos’ 20+a’ sin> 20 a’ [COSZ 20 +sin’ 29] a
a cos20 - c0s20 " c0s20

) (dr)z a
P+ —| =—
do \Jcos20

w/4

S =47 [ aveos20'5in@ 4 40
0

cos20

w4
=4zmd’ '[ sin0d0 = 4mwa’[—cos0]7*

T
= —41a” | cos——cos 0:|

2|: .
2[ ! —1:|=—4ﬂa2l%—1]=—4ﬂaz{%}=2ﬂ02[2—\/§]

=—4ma
2

EXAMPLE 2
Find the area of the surface generated by revolving one branch of the lemniscates r = a+/cos 20
about the tangent at the origin.
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Solution.

Given 7 =a+/cos20 9]

The curve has two loops as in Fig 6.44.

0= % is a tangent at the origin to the right side loop.

This loop is revolved about 0 = ; .

Let P(r, 0) be any point on the curve.

Draw PM perpendicular to the tangent 0 = ;

From the right angled triangle OPM, we get

PM_ (T g
or ™73 Fig. 6.44

PM = OPSin(% —OJ = rsin(% —9) = a+/cos 20 sin(% —9)

/4
" ds

o S= [ 2mPM =40
—-w/4 do
o ar ) [From example 1, page 6.100
=21'r a c0s2051 —— ) r +( )dﬂ
—‘rr/4 4 de
w/4 o . dr a
=27 J- a~/cos 20 sin (Z_ ) cosZ do r d() ,/COSZO
—m/4

‘ﬂ/4
= 2ma’ sm( OJdO

—m/4
—cos( - 9)
= 2ma’
L —m/4
r /4
=2md’ cos(E - 9) =2ma’ | cos0— cos(E) =2md’
L 4 —1/4 2

EXERCISE 6.12

1. Find the surface area generated by rotating the cardioid r = a(1+ cos @) about the initial line.

2. Find the surface area generated when the curve r = 4 + 2 cos 0 revolves about its axis.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

3. The portion of the parabola r =

0 cut off by the latus rectum revolves about the axis. Find
+cos
the surface area generated.

4. Find the surface area generated by revolving the curve r = 2a cos 0 about the initial line.

5. Find the area of the surface generated by revolution of the curve » = 24 sin 0 about the polar axis.

ANSWERS TO EXERCISE 6.12
32ma’ 37 8
1. nd 2. 2 3. —md’ 4. 4md’ 5. 4m’d’
5 5 3
SHORT ANSWER QUESTIONS B
Evaluate the following integrals
1. Je'“sin4xdx 2. J.e“coszxdx 3. szsinx3dx
4, legzxdx 5. Jsin6xc052xdx 6. Jcos3xsin2xdx
x
3
i x (1-x%)?
7. je sine” dx 8. J25+4x2 dx 9. _[ G dx
10. [Rai¥N [ 12. [sec’xdx
x—2 (x+1)
| 3
13. Jcosec3xdx 14. Jx"logxdx 15. Jsinﬁxdx
0 0
3 E 3
16. Jcos"xdx 17. J.sin7xcos"’xdx 18. Jsinzxcos4xdx
0 0 0
% 3 \/— g : 3
19. [sin® xcos® xdx 20. [——% i o1 X
}[ '2[\/;+\/5—x '([sin3x+cos3x
b dx T ox—1
22. hmz 23 [——— 24 [ dx
e bt 2 4 2 o (x+D(x” +1) o (x+1)

OBJECTIVE TYPE QUESTIONS

A. Fill up the blanks

In3 X

Ll
| J- e 5 -2[ sinx
. x =
myl+e’ o Sinx + cosx

. m
Jsinx .
— _dx = 4, fsm}xcos“xdx
| /sinx ++/cosx

-

W
S t— (23
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; I
5. J‘de = 6. Je—( sec 7+2tanijd =
2\/;4' 9—x 0 2 2
7 Tsin4xdx = 8. hmz
' o Sinx - n—yee 1n+r

9. The area of the region in the first quadrant bounded by y-axis and curves y = sin x and y = cos x
is
10. The length of the arc of the curve 6xy =x*+ 3 fromx=1tox=2is
11. The area of the surface of the solid generated by the revolution of the line segment y =2x fromx=0tox=2
about x-axis is
12. The area bounded by y*=x and x>=y is .
13. The length of the arc of the curve y = log_sec x between x =0 and x = s is

14. Ifthe area of the curve y*= 4x bounded by y = 0 and x = 1 is rotated about the line x = 1, then the volume of
the solid generated is

15. The surface area of the surface generated by the revolution of the line segment y =x+ 1 fromx=0tox =2
about the x-axis is equal to

B. Choose the correct answer

+ .
J(SIDx COsx)abc is equal to

1 +sin2x
(a) sinx (b) cosx (c) x (d) tanx

b
1
2. J.de is equal to
T X

(a) flog (b) log,(ab) (b) loge(%).loge(ab) (c) log, (b) log,(ab)  (d) None of these

1
3. flsx = 3fax is
0

1 13 1 23
_— b)) — Z 4 =
(@ 2 (b) 10 © 2 (d) T
5 [
4. Jﬁdx is
3 Jx +8-x
1 3
1 b) — = d 3
(a) (b) 3 (c) 3 (d)
= 2
5. | —dx isequal to
}[2X X qui
(@) (log2)? (b) 2log2 (c) 2(logp2)” (d) None of these
6. lim O 1 i 1
B /AR S R n*+(n—1)° s equal to
3w [ w
a) — b) — c) — d) None of these
(@) 4 (b) 4 () 3 (d)
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sin’x cos’ xdx is equal to

=
e K]

-
(a 0 (b) (c) 5711- (d) None of these
sl xn—l
8. The value ofjidx is equal to
o (1 + )m+n
mIn . mIn mAIn . "
@ omen © e © Jnenrt () None of these
% tanx
9. | ——F—dxisequalto
'('). 1+ +/tanx d
@ = ® T © % @ 0
2 4 4

T 1 1
10. If the function f'is continuous for all x > 0 and satisfies Jf(t)dt = -5 +x% +xsin2x + ECOS 2x then the
0

value off’(%) is
(a mw-2 (b) w+2 () 2—m (d —=

11. The length of the curve y = log sec x between the points with abscissae 0, % is equal to

(a) log,(\2+3) (b) log,(\3+1) () log,(v2+1) ) log,(2++3
12. The area bounded by the parabola y>= 4ax and its latus rectum is given by
a a a 2 a
(@ [ydx () 2[Vdardx © | ;VTdy @) 2| Jaaxds
0 0 0 Ta —a
13. The area of the cardiod r = a(1—cos0) is given by R
(a) 3ma (b) 6ma? () ma @ > ";"

14. The volume of the solid obtained by revolving the area of the parabola y*= 4ax cut off by the latus rectum
about the tangent at the vertex is given by
} 2ma’ dnd’ 2ma’

m™wa
5 ® — © = @ =

(@)

15. The volume of the solid generated by the revolution of » = 2a cos® about the initial line is given by

2ma’ 4ma’ 8ma’
b c
3 (b) 3 (©)

(a) (d) None of these
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ANSWERS
A. Fill up the blanks
1. log, 3 2. = 3. % 4.0 5.2
3 4 4 2
z 17
6. e? 7.0 8. In2 9. V2-1 10. =
1 1 167
11. 85w 12. 2 13. ~log,3 4. = 15. 82w

B. Choose the correct answer
I. ¢) 2. (a) 3. (b) 4. (a) 5. (¢) 6. (b) 7. (a) 8. (b) 9. (b) 10. (¢)
11. (d) 12. (b) 13. (d) 14. (¢) 15. (b)
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6.5.3 Volume of Solid of Revolution

The volume of solid of revolution is obtained by revolving a plane area about line in the plane. This
line is called the axis of revolution.

6.5.3(a) Volume in Cartesian Coordinates

Formulal: The volume of the solid of revolution obtained by revolving the area bounded by y = f(x),
the x-axis, x = a and x = b about the x-axis is

V= ‘b[*n'y2 dx

Proof Let y = f(x) be the equation of the curve. y

Let A and B be the points on the curve with
x=a,x=>b.
The area ABCD is revolved about the x-axis, a
solid of revolution is generated.
Let P(x, y) and Q(x+Ax,y+Ay) be two
neighbouring points on the curve. y
The element area is yAx.
An element volume is generated by the element Io) c Ax D
area yAx, which is practically a rectangle as Ax
is small.
When yAx is revolved about the x-axis we get a
circular disc of radius y and thickness Ax.

Fig. 6.24

AV =myp’Ax = ZAV=Zﬂy2Ax.

The sum of such element volume is approximately the required volume.
- in the limit, as Ax — 0 we get the volume

b
V= j*n'yzdx
Formula2: The volume generated by revolving the area bounded by x = g(y), y=c and y =d about the
d
y-axis is V= jﬁxzdy

Formula 3: If the parametric equations of the curve are given by x = f{f) and y = g(t), then volume of
the solid obtained by revolving area about the x-axis is

k dx
V= |my>—dt
{ Y
and when revolved about the y-axis

1y d
V= J*n'xz ldt
N dt
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Integral Calculus ™ 6.83

Formula4: If f,(x) < f,(x)Vx €[a,b] and the area
bounded by the curves y=f(x),y=f,(x)
and x = a, x = b (that is area ABCD) is revolved
about the x-axis, the volume of the solid
generated is

b
V =J1T()/§ —yf)dx

where y, = f,(x),, = f,(x).

Similarly, the area bounded by the
x=g(y),x=h(y) and y=c,y=d is revolved
about the y-axis, the volume of the solid generated is

d
V=jﬂ(x§ -x)dy

where x, = g(y) and x,= h(y)

Formula 5: Solid of revolution about any
line L in the xy plane. 0 y

Let y = f(x) be the equation of curve.

The given line L is in the xy plane is taken as the Fig. 6.26
x-axis.

Let 4 and B be two points on the curve. Draw AC and BD perpendicular to the line L.

When the area ACDB as in Fig 6.27 is revolved
about the line L, we get the required volume of solid of
revolution.

Let PONM be the element area perpendicular to CD.
When the element area is revolved about the line L,
we get a circular disc of height PM and width MN.

The element volume AV is the volume of the circular
disc

AV =m(PM)* .(MN)

The limit of the sum of such element volume is the
volume of the solid of revolution.

OD
«. Volume ¥ = [ w(PM)’d(OM ).

ocC

WORKED EXAMPLES
EXAMPLE 1 ) )
Find the volume of the solid generated by revolving the ellipse x—2+y—z=1,a > b be the major
axis. a b
Solution. 2 2

The equation of the ellipse is x—2+ ;—2 =1 €8
a
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6.84 ® Engineering Mathematics

The x-axis is the major axis. y
The ellipse meets the x-axis at x = —a, a.

Volume V' = j wy dx ,
2 2 _“2 -a, /3/;_\(/:, 0) x
x , b ( )\_/

Now L =1-2 = =" (a*-x)
b a

a b2
V= 'n"[ ?(a2 —x%)dx

Fig. 6.28
b2 a R R
= 2“(1_2,’. (a” =x7) dx [ a® = x” is even function]
0
2 3774 2 2 2 3
=2'n'b—2 azx—x— =21'rb—2 aza—a— :Zﬁ%.ziziﬁabz.
a 3 N a 3 a 3 3

Note If revolved about the minor axis (y-axis), Volume = %wazb

EXAMPLE 2
a
A sphere of radius « is divided into two parts by a plane at a distance 2 from the centre. Show

that the ratio of the volume of two parts is 5:27.

Solution.

A sphere of radius a is obtained by revolving the
semi-circular area of radius a as in figure about the
X-axis.

The sphere is cut off by a plane at a distance % from

the centre (0,0) means the area of the semi-circle is cut

off by the line x = %

Let V| and ¥, be the two volumes generated by the two

areas 4, and 4.
Equation of the circle is x* + y* = @’ (1)
.. Volume V] is generated by the area bounded the portion of the circle (1) and the lines

a
X=—,x=a.

2

a a 374
.. Volume v, = J wyldy = *n'J (@ —x*)dx = 'n'{azx _x?:|

af2 af2
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Integral Calculus ™ 6.85

,a 174 3[1 7:| 3|:12—7:| Swa’
=mw|la . ———.—|=ma’ | - —— |=ma’ | — |= .
2 3 8 2 24 24 24

We know that the volume of the sphere of radius a is %'n'a}.

3 Sma’ _ wa’ (32-5) _ 27mad’

4
Volume V, = —ma’

24 24 24
Sma’ 27ma’
V,:V,= ) : 2 =5:27

EXAMPLE 3
Find the volume of a spherical cap of height / cut off from a solid sphere of radius a.

Solution.

The equation of the circle of radius a is x* + y* = a’.
Required the volume of the sphere cap of height /
cut off from a sphere of radius a. y

OA=a—-h, AB=h

If the area ABC is revolved about the x-axis,
then we get the spherical cap of height /.

- required volume V = j my’dx

a—h I
. A h B(a0)
=1T_[ yidx (a-h,0)
a—h
= [ (@ —x")ax Fig. 6.30
a—h

r a
2 x’
=m|la x——
3 a—h

. a%a—(a—h))—%(af—(a—h)})]

=m|a’h —%(cf —a +3d*h —3ah’ +h3)]

[ 362h —3d*h +3ah® — I }
3

) wh’
=—Bah*-1’)=——@Ca-h
3( ) 3 ( )
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6.86 ® Engineering Mathematics

Note Sometimes the spherical cap formula is given in y
terms of base radius of the cap and its height 4.
If we assume the base radius of the spherical —C

capisc. 1ie.,AC=c
Then OC? = O4* + AC*

(o]
=(a-h’+c’ ,
a_
= a =a*-2ah+ W+ o A h B(a0) x
(a-h,0)
h2 2
= 2ah=W 4+ =a="1TC
2h Fig. 6.31

2 2 2
Volume of the cap = wh” 3M —h
3 2h

wh’
6h

[3h% +3c2 —2h%] = %h[h2 +3¢2]

EXAMPLE 4

The area bounded by one arch of the cycloid x = a(0 — sin0), y = a(1 — cos 0) and its base is
revolved about its base. Find the volume generated.

Solution.

The parametric equations of the cycloid are x = a(0—sin®),y = a(l—cos0)

The base is the x-axis.

The curve meets the x-axis y=0 .. cos@0=1=0=0, 27w

The volume of the solid generated by revolving the area bounded by one arch of the given curve and
its base (x-axis) about the x-axis is

i dx T o, dx
V=my’—=do=m|y>—do
{ T {y 49

We have dc
=a(@—-sin@) .. —=a(l—cosO
x=a( ) 70 a( )
2
V =m [ a’(1-cos8)’a(l - cos®) d@
0
2w 2w 0 3 2m 0
=na’ j (1-cos0)’ d0 =md’ j (2 sin’ —) do =8nd’ J (sin6 —) do
0 0 2 0 2
0 1
Put t=5 Edf):dt = dO=2dt

When 0 =0, =0 and when 0 =2, f =
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Integral Calculus ™  6.87

-V =8md j sin® ¢ 2dt = 16md’ j sin® ¢dt
0 0

[using property f(m —0) = sin®(m —1)

3 e
=16ma’ x 2 sin® 1 dr =sin’t = f(7)
0 o
™ 2
N B S B S | rde=2] r@yar
6422 2 7

EXAMPLE 5
The area bounded by y*> = 4x and the line x = 4 is revolved about the line x = 4. Find the
volume of the solid of revolution.

Solution.

Given  y* =4x (1) y

Let the line x = 4 meets the parabola in 4 and B

When x=4,)=16 = yz*4 /T
P(x,

< Ais (4,4) and B is (4, —4) ( V A4, 4) y2=4x

The area OA4B is revolved about the line x = 4

to get the solid of revolution. C

Let P(x, y) be any point on the curve. o N (4, 0) X
Draw PM perpendicular to the line AB. —> x=4

s PM=4-0ON=4-x —
The line x = 4 is parallel to the y-axis. B(4, -4)

4
.. required volume V = j*n'(PM Vdy =m
4

4 2 2 yz 2
= 2ﬁj(4 _yT) dy *. the function (4 _T) is even
0
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5 3
=27 16><4+i.4——2.4—
16 5 3

=2 x4’ 1+l_3 =128 15+3-10 — 1287 ﬁ :102411'
503 15 15 15
EXAMPLE 6

Find the volume generated when the area bounded by the parabolas y>=4 —xand y> =4 — 4x
revolves

1. about the common axis of the two curves

2. about the y-axis.

Solution.
The given parabolae are

¥ =4-x=—(x-4) (1 Y

and yz =4-4x =-4(x-1) 2) & 0,2)
For the first parabola, the x-axis is the axis and \
the vertex is (4, 0). A

For the second parabola, the axis is the x-axis © (1,0 /(4,0 x

and the vertex is (1, 0).
.. the common axis is the x-axis. 7 (0,-2)
To find the point of intersection, solve (1) and (2).

4—-x=4-4x=3x=0=x=0 Fig. 6.33

Whenx =0, y* =4=> y+2.

.. the points of intersection are (0, 2), (0, —2).

The common area is as shown in the Fig 6.33.

The volume of the solid generated by revolving the common area about the x-axis is the same as
the volume of the solid generated by revolving the area above the x-axis, about the x-axis.

4 1
.. required volume V = J*n'yfdx - I*n'yjdx, where ¥, =4-x, y, =4—4x
0 0

= ’n'j‘(4—x) dx —’n'j.(4—4x)dx

0

]
-2 0 -2 0

=~ (4 =4) ~(4=0)"]+ 2m[(1-1)* ~(1-0)"]

=—%[0—16]+21‘r[0—1]=§><16—21T=81T—21T=61T
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2. If the area is revolved about the y-axis, then the volume generated is

2
1
= [m(x} —x2) dy, where x, =4 -y x, =5¢4-))
-2
2 1
_ 4= ——(4—v*) |d
wji( Y =1 y)}y

15
=wj—<4—y2>2dy

1511'
" (4—=y")is an even function y,
151': ) )
4—
J( feassrar=2]@-rya
-2 0
1511'

f(16 8y +y*)dy

3 52
_ 5= 16y —82—+2
8 305

15“[16 2 8yl ><25:|
8 3 5

157 %32 2 1
= |1 —-—+—=
8 [ 3 5}

C15mxa| 203 e an S 3om
15 15

Remark: From the above problem, we observe that the solids generated revolving the same area about
two different axes of revolution are different. Hence, volume generated are different.

EXERCISE 6.9
1. Find the volume of the solid generated by revolving about the x-axis, the area bounded by
x"? + y"? = 4"* and the coordinates axes.

2

2. The area bounded by y* = % + 2 and the line 5x —8y +14 = 0 is revolved about the x-axis. Find

the volume of the solid generated.

2 2 2
Hint:V = 11'_[ 1(5x+7) - x_+2 dx=%
Tl 16\ 2 4 1280

3. Find the volume if the area of the loop of y*> = x*(x +4) is revolved about x-axis.

4. The area of the loop of y*(1+x)=x>(1—x) is revolved about the x-axis. Find the volume of the
solid of revolution.
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5. The area bounded by the portion of the curve y = e* sin x between x = 0 and x = 47, revolves about
the x-axis. Find the volume generated.
6. Find the volume of the solid generated by revolving the area of the curve y = x°, y=0and x = 2.
3 4
7. Find the volume of the solid obtained by revolving the area of the curve y* = Y about the

Xx-axis.

2
a

8. The volume of the solid generated by revolving the area bounded by y(x* +a°)=a’ and its
asymptote about the asymptote.
9. The area bounded by y* = 4ax and x* = 4ay, a > 0, revolves about the x-axis. Show that the

2
volume of the solid formed is V' = 96ma

10. Compute the volume of the solid generated by revolving about the y-axis, the area bounded by
y=x"and 8x = .

11. Find the volume of the solid generated when the area of the loop of the curve ) = x(2x —1)°
resolves about the x-axis.

12. Find the volume of a right circular cone of base radius 7 and height / by integration.

13. When the area of the curve x> +1*”* = *” in the first quadrant is revolved about the x-axis, find

the volume of the solid generated.
14. Find the volume of the solid generated by revolving the loop of the curve 3ay > = x(x —a)*, about
the x-axis.

15. Find the volume of the solid generated by revolving the catenary y =a cosh about the x-axis
a

between x = 0 and x = b. e
16. A bowl has a shape that can be generated by revolving the graph y = > betweeny=0and y=5

about the y-axis. Find the volume of bowl.

17. Find the volume of the frustrum of a right circular cone whose lower base has radius R, upper
base is of radius  and height /.

18. Ifthe curve (a—x)y” = a’x revolved about its asymptote, find the volume formed.

19. The area bounded by y > = 4x and the line x = 4 above the x-axis is revolved about the x-axis. Find
the volume of the solid generated.

20. Find the volume of the solid if the area included between the curve xy’ =a’(a—x) and its
asymptote is revolved about the asymptote.

ANSWERS TO EXERCISE 6.9
3 1 4 4
Ty Blm G 4. m|2log2-~| 5. S -1]
15 1280 3 3 8
3 2 2 2
6 64T 7 wa 2. ma 9. 961a 0. 241
5 20 2 5 5
3 3 3 2
1= 12 w13 16 14, T2 15, = T8 [paria _ wiag TAD
48 105 36 8 2
h 2.3 23
16. 25@  17. “T[R2+rh+r2] 8. “2" 19. 32w 20. “2“
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6.5.3 (b) Volume in Polar Coordinates

1. Revolution about the initial line
Let » = £(0) be the equation of the given curve y
When arc O4B bounded by the given curve and
radii vector @ = o and 0 = B is revolved about the r= 1)
initial line, the volume of the solid generated is 0

Il
noja
>

2'11'B .
V= —jr3 sin® d0
3 o

2. Revolution about the line 0 = T

When the area OAB is revolved about the line Fig. 6.34
B
0= %, the volume is V = z—ﬂjr3 cos0 do.

o

WORKED EXAMPLES

EXAMPLE 1

Find the volume of the solid generated by revolving the area of the cardioid » = a(1 — cos 0)
about the initial line.

Solution.

P
Given r = a(l - cos0) (1) /_7

Since the volume of the solid generated by revolving the A 5 "
area of the cardioid about the initial line is same as the
volume generated by revolving the area OPA above the

initial line, about the initial line.

b
Required volume V= Tq-rj‘r’3 sin® d0,

where a=0and B =

For, whenr=0, 1-cos@=0=cos@0=1 = 0=0
and whenr=2a, 1-cos@0=2=cos0=-1=0=m

2w | 2w ¢
v =_“Ir3 sin@® do = —ﬁ“-J‘a3(1—cos())3 sin 040
39 39

23
e

3
(Zsin2 9) 25ingcosgd0
) 2 272

3
_ 32ma Jsin7 gcos Edﬂ
2 2

0
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rmd’ in® 0/2 & < n+l
=3ﬂ Sin’ 92 '.'J‘sin"aﬂcosaﬂdﬁ=M
3 1A/2)x8], a(n+1)
3 3 3
=5 Gt T sin 0| = 2791 - g7 = 7
3 2 3 3
EXAMPLE 2
Show that the volume of the solid generated by revolving the lemniscate > = a” cos 20 about the

3

T wa
line @ = —is /2 .
2 8

Solution.
Given ¥’ =a’ cos20 (1) ,

. . 2 3 T
Required volume is V' = Tjr cos0do =7

@ /’_>e :%
|:since the area is revolved about the line 0 = g]
X
If we replace r by —, then bo=-1
(-r)’ =a’cos20 = 7’ =a’cos20

.. the equation is unaffected. Fig. 6.36

When 0 is changed to —0, the equation is unaffected,
since cos(—20) = cos 20.
.. the curve is symmetric about the initial line and pole respectively.

When F=0, 00520=0=>20=§z9=%

When r=a, cos20=1 = 20=0 = 0=0
When r=-a, cos20=1 = 20=0 = 0=0

We get two loops of the curve as in Fig 6.36. .
The volume of the solid generated by revolving the area of the lemniscate about the line 0 = > is

equal to 2 times the volume generated by the area above Ox of one loop of the curve revolving about

the line @ = .
2

: : 2w}
- required volume is V' =2x Tﬂj 7’ cos0d0
0

1/2 3/2

Now r’=a’cos20 = r=a(cos20)”’ = r’ =a’(cos20)
4ma’

3 (1-2sin’ 0)** cos® d0

Ehn K]

2 ™
V= sz“jaS(cosze)“ cos0 do =
0
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Put V2sin@=sind .. V2cos0 dB = cosd dp = cosﬁd():%coscbd(b

. . 1
When =0, sind=0 = ¢=0 andwhen():%, SInd):\/Est:\/aE:l:q):

(SR |

4md’ } . 5 .30 COSh
V= —sin® p)** - —-d

S !( )= mdd
4md }

= cos’ dcosd db
3\/5!

_4113} S b dep = dmd’ Elﬂ ’n'a_\/zﬂn'ch
W2 32 422 42 8

EXERCISE 6.10

1. Find the volume of the solid generated by revolving the curve r =a+bcos0, a > b about the
initial line.

2. The area of the loop of » = a cos 30 lying between 0 = —% and 0 = = is revolved about the initial
8om
line. Find the volume generated. | Hint: /" = JT ’ sin® d0
0
3. Find the volume of solid generated by revolving the area of the cardioid » = a(1+ cos @) about the
initial line.
4. Find the volume of the solid formed by rotating the area of 7* = a* cos @ about its line of symmetry.

ANSWERS TO EXERCISE 6.10

197d® 8ma’ 8ma’
960 3 "5

1. gﬂ'a(at2 +b%) 2.

6.5.4 Surface Area of Revolution

An arc of a curve is revolved about an axis, a surface is generated. This surface is called the surface
of revolution and its area is the surface area.

We find the surface area in Cartesian and polar coordinates.

6.5.4(a) Surface Area of Revolution in Cartesian Coordinates

Let y = f(x) be the equation of the curve.
Let AB be an arc on the curve.
Let PO = A s be an element arc in between the points 4 and B.
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3.8 ASYMPTOTES

The study of asymptotes is yet another aspect of characterizing the shape of a curve. In this section we
study rectilinear asymptote. Roughly, an asymptote to an infinite curve is a straight line touching the
curve at an infinite distance from the origin.

In order that a curve to have asymptote it should extend up to infinity. Closed curves like circle and
ellipse will not have asymptotes. But every curve extending up to infinity need not have asymptotes
for example parabola y > = 4ax extends up to infinity, yet it has no asymptote.

We shall now formally define an asymptote.

Definition 3.7 A point P(x,y) on an infinite curve is said to fend to infinity (i.e., P— o) along the
curve as either x or y or both tend to e or —eo as P moves along the curve.

Definition 3.8 Asymptote
A straight line at a finite distance from the origin is called an asymptote of an infinite curve, if when a
point P on the curve tends to e along the curve, the perpendicular distance from P to the line tends to 0.
An asymptote parallel to the x-axis is called a horizontal asymptote and an asymptote parallel to
the y-axis is called a vertical asymptote.
An asymptote which is not parallel to either axis will be called an oblique asymptote.

Theorem 3.7 If y = mx +c (where m and c are finite) is an asymptote of an infinite curve, then
m = lim (i) and ¢ = lim(y —mx),
x>\ X X —oo

where P(x, y) is any point on the infinite curve.

Proof Given P(x, y) be any point on the infinite curve.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

The perpendicular distance from P(x, y) to the line y —mx —c =0 (1)

is g=2-"-c )

1+ m?

If the line (1) is an asymptote to the curve, then d — 0 as P — co. i.e., as x — eo(0r —oo).

lim(y —-mx-c)=0 = lim(y —mx)=c.

x—eo

Also X—m:(y—mx)l
X X
1im(l—m)= lim(y —mx)lim+ = cx0=0 = lim% = m
X —>o0 x X —oo X —>oo x X —>o0 x
Hence, lim (Z) =m and ¢ = lim(y —mx).
x>\ x X —>oo

Conversely, if these two limits exists as P — oo, then y —mx —c — 0 as x —> oo
and hence,d > 0 as P — o

¥ =mx +c is an asymptote.

Note

(1) In the theorem m and c are finite. If m = 0, then the asymptote is parallel to x-axis.
(2) The above theorem gives a method of finding asymptotes not parallel to y-axis.

Working rule:
Given a curve f(x,y) =0.

(i) Find lim (Z) where y = ¢(x).
x—eo\ x

For different branches of the curve, we may get different values for this limit.
(i) If m is one such value, then find lim(y —mx).

X —oo

Let this limit be ¢, then y = mx + ¢ is an asymptote to the curve.

Note
The above method will give all asymptotes not parallel to y-axis.
To find asymptotes not parallel to x-axis, we start with x = my +d and x = d(y),

where m = lim (ﬁ) and d = lim(x —my).
y—veo

vl y
WORKED EXAMPLES

EXAMPLE 1 3x

Find the asymptotes of the curve y = 2

Solution.

3x

The given curve is y = .
x=2
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When x =2,y 5. .. x=21is a vertical asymptote.
. . . 2
Also rewriting the equation as x interms of y, x = _y3
y -
When y =3,x — oo, So, y =3 is a horizontal asymptote.

Note: Determination of asymptotes parallel to the axes

Let x =k be an asymptote parallel to the y-axis. Then lim (x—k)=0 = limx=k.

y>eo y—eo
Find the values of x, for which y — . For each value of x we get a vertical asymptote x = k.

Similarly, to find the asymptote parallel to the x-axis, find the values of y for which x — eo.
For each value of y, we get a horizontal asymptote y = k.

EXAMPLE 2 o
Find the vertical and horizontal asymptotes of the curve y =2;.
x ' +2x—15
Solution.
, 3x 3x7
The curve is y = — al = al
x +2x-15 (x=3)(x+5)
Whenx =—-5andx =3,y > oo .~ x ==5 and x =3 are vertical asymptotes.
2 2
Now limy = lim ZL = lim _&Fy = lim 3 =3
xoe”xoel x4 2x =15 e 2 15 ¥ e 2 15
x [1+——— I+———
X X X X
.y =3 is the horizontal asymptote.
EXAMPLE 3 R
Find the vertical and horizontal asymptotes of the graph of the function f(x) = %
x"+3x
Solution.
Let the equation of the given curve be
_ x*=9 _(x+3)(x-3) x-3
x®+3x x(x+3) x y
When x =0,y — oo, - x =0 is a vertical asymptote.
L e S
.. y =1is the horizontal asymptote. : /—
0 x=3 X

Note

The graph has a break at x =0 i.e., discontinuous at x =0
and continuous for all other values of x.

The y-axis x = 0 and y =1 are the asymptotes.

Fig. 3.24
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EXAMPLE 4
Find the asymptote of the curve y = + Sx.
x —
Solution.
. . 2x
The given curve is y= +5x.
x=3
When x =3, y > . .. x =3 is a vertical asymptote.
2 2
Now lij?oy=1imm(xj3+5x)=li£?6 —3+5x —> oo,

X

.. there is no horizontal asymptote.

To find the oblique asymptote

. . 2
Weknowm=11m()i)=hm( +5)=—+5=5
x|\ x x| x —3 )
And
. . 2 . 2 . 2
¢ =lim(y —mx)=1lim Y+ 5x =5y |=lim| == | = lim| —— |= =2
X0 x>\ x =3 x—e\ x —3 X oo _é 1_0
X
y =5x +2 is an oblique asymyptote.
EXAMPLE 5
Find the asymptotes if any, of the curve y = xe'~.
Solution.
The given curve is y =xe'”
1 . . X
When x = 0,,— — . . e = o0 and }L%l)’ = }gg xe'” (0o form)
¥ :
1/x
= lim < (— form)
x=0+ 1/x oo
1/x 2
. I .
= 111})1 w, [by L’hopital’s rule]
X
= lime" =

.. as X = 0+, —> . Hence, x = 0 is a vertical asymptote.
It can be seen that as x — o0, — < and so, there is no horizontal asymptote.
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To find the oblique asymptote

We know
1/x
m=limZ =1limX— = lime'"" = ¢’ = 1.

x—eo X X0y xX—>o0 . 0 f )

and ¢ = lim(y—mx) = lim(xe"* - %)= limx(e"" ~1) (c0-0 form
1/x _1 1/x 1/ O

= c=1im(e )=1ime - x)—hm =’ =1 — form

X—>o0 X X—>00 _l/x X—>o0 0

y =x +1 is the oblique asymptote.

3.8.1 A General Method

Find the asymptotes of the rational algebraic curve f(x, y) =0
Consider the general algebraic curve of n degree in x and y
ax"+ax"'y +ax"y +. +a,_xy" " +ay”
+bx" b X"y b,y T e x " e x Ty e,y T+
+(r,_x+ry)+s, =0 (1)
It can be rewritten as

2 n-1 n

n Y Y Y Y
X la0+al—+027+...+anl(—) +an ”:|

X X X X

2
+Xnl|ib1+bzx+b3y_z+"'+bnyn—1:|+xn 2|:02+c3y +__.+Cnyn—2}+“'
X X X x .

Y -
—Hc(rn_l +7, ;)-ﬁ-s” =0

It is of the form

x ¢( )+x” ‘b l(i)+x"-2¢n_2(z)+ +xch( )+¢0( ): . )

Where ¢, ( ) is a polynomial of degree r in 2

X

To find the point of intersection of the line y = mx +c¢ with (2), put =m + in (2).

x"d, (m +£)+x"'ld)n_l (m +£)+x”_zd)n_2 (m +£)+... =0.
X x x

Expanding by Taylor’s theorem, we get

2

x"{¢n<m)+f€¢ (m)+— )+ ]

nl|:¢n 1(m)+ d)n 1( ) a2 n”]( )+ :|
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2
c

+xn_2 |:¢n_2(m)+Ed)n'_z(m)-{-i—¢;:2(m)+...:|+..~: 0.
X 2!

xZ
= X", (m)+x""[ed(m) + b, (m)]
e [%¢;'(m>+c¢;l<m>+¢n2<m>}+--- = 0.
Dividing by x", we get

b, <m)+%[c¢;<m)+¢n_l(m)]

1 C2 ’” ’
+x_2|:5¢" (m)+cd, (m)+¢n_2(m)]+...=o 3)
Also from (2), we get
1 1
b, (¥)+—¢n_] (1)+—2¢n_2(1)+...=0. @)
x) x x) x X
y =mx + c is an asymptote if lim (Z) =m.
x|\ x
Hence, from (4), we get ¢, (m) = 0. (5)

The real values of m are the slopes of the asymptotes.
Substituting (5) in (3), we get

l[cq;,;(m) +¢n_1(m)]+i2[c—(pn”(m)+c¢;_1 (m) +¢n_2(m):|+... =0.
X x| 2!

Multiplying by x and taking limit as x — oo, we get
e, (m)+ b, ,(m)=0

- c=— "’";l(’”) if b/ (m) # 0. (6)
&, (m)
If m, m,, ..., m_are the real roots of ¢, (m)=0, then the corresponding values of ¢ from (6)
arec,, c,, ..., C,
.. the asymptotes are
y=mx+c, y=myx+c,,..., y=mx+c,.

Note

(1) Suppose ¢/(m)=0 and ¢, (m)# 0 then ¢ is infinite and hence, there is no asymptote to the
curve, in this case.

(2) Suppose ¢/(m) =0 and &b, (m) =0 then cd, (m)+d,_,(m) =0 is an identity.
If d/(m) =0, then ¢, (m) = 0 has repeated roots.
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Let the repeated roots be m, m,, then c is given by

2
c 2/ ’ : 2/
= B+ bl (m)+ &, ,0m) =0 if b(m) # 0.
If ¢,, c, are the roots, then y =m x +c and y = mx + ¢, are parallel asymptotes.

Working Rule to find oblique asymptotes of algebraic rational function f{x, y) =0
(1) Putx =1, y=m in the highest degree terms.
That is in the n™ degree terms and find ¢, (m).Solve ¢, (m) = 0 to find the real roots m,m,,..., m,.

2) Putx =1, y =m in the next highest degree terms. That is in the (n — 1) degree terms and get
y
d)n—l (m)
¢n—1 (m)
&, (m)

Findc,c,, ..., c, corresponding tom , m,, ... m .
Then the asymptotes are

Then find ¢ = — if &/(m)#0.

y=mx+c, y=mx+c,,.., y=mx+c,.

(3) If ¢,/ (m)=0and &, (m)= 0 and two roots of ¢, (m) = 0 are equal say m,, m, then the values of
c are given by

2

S lm)+ e (m)+ 7, (m) = 0 i &(m) #0.

If ¢, c, are the roots, then we get parallel asymptotes y = mx +c,and y = mx +c,.

3.8.2 Asymptotes parallel to the coordinates axes
Let f{x, y) = 0 be the rational algebraic equation of the given curve.

(1) To find the asymptotes parallel to the x-axis, equate to zero the coefficients of highest power
of x.
The linear factors of this equation are the asymptotes parallel to the x-axis.
If the highest coefficient is constant or if the linear factors are imaginary, then there is no
horizontal asymptotes.
(2) To find the asymptotes parallel to the y-axis, equate to zero the coefficients of the highest power
of y.
The real linear factors of this equation are the asymptotes parallel to the y-axis.
If the highest coefficient is constant or if the linear factors are imaginary, then there is no vertical
asymptotes.

WORKED EXAMPLES

EXAMPLE 1
Find the asymptotes of the curve

x*+2xy —xy? =2y +4y’ +2xy +y —1=0.
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Solution.
The given curve is
X +2x%y —xp? =2y +4y* +2xy +y —1=0.
It is a third degree equation. The third degree terms are
x’+2x%y —xyt -2y’
Putx=1, y=m, we get
b, (m)=142m —m* -2m’ (1)
Solve b,(m)=0= 142m-m* -2m’ =0
= 1+2m—m*(1-2m)=0
1

= (1+2m)(1-m*)=0 = (A+2m)(1-m)1+m)=0 = m=—5,1,—1
Now put x =1, y = m in the second degree terms 4)? + 2xy.
We get b, (m)=4m* +2m =2m(2m +1)
b m)  dy(m)

&, (m) &;(m)
But b, (m)=1+42m —m” —2m’

Now c=

&/ (m)=2-2m—6m’ =-203m"> +m—1)
o 2mQC2m+1)  m(2m+1)
—2Bm*+m-1) 3m*+m-1

Whenmz—l, c=0
2
When m =—-1 = (_12)(_2+1) __1 =1.
31 +(-D)—1 3-1-1
When m = 1 _le1+y 3,

c= =
3P +1-1 3

1
.. the asymptotes are y = —Ex, y=—x+L y=x+1.

Note Since the coefficient of x> and )? are constants, there is no asymptotes parallel to x-axis and
y-axis.

EXAMPLE 2

Find the asymptotes of the curve y* + x’y +2xy’> —y +1=0.

Solution.
The given curve is

Y 4+x’y +2xy* -y +1=0.
It is cubic equation.
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Since coefficient of y is 1, a constant, there is no asymptotes parallel to the y-axis.
The highest degree term in x is x* and the coefficient of x is y, equating the coefficient of x> to
zero we get y = 0 is the asymptote, which is the x—axis.

To find the other asymptotes
Put x =1,y = m in the cubic terms y> +x°y +2xy°.

b(m)y=m’ +m+2m’
&/(m)=3m’ +4m +1.

There is no second degree terms.

&,(m)=0  and =—3’)§,§m; if &/(m)# 0 (1)
m
Solving ¢, (m)=0
= m*+2m> +m=0
= mm* +2m+1)=0 = m@m+1)’=0 = m=0or m=-1-1.

When m=0,c=0. .. theasymptote isy =0.

But when m = —1, we can’t find ¢ using (1), because ¢/(—1) = 0.
.. we can find ¢ using

)+ cl(m) +y (m) = 0

Now b (m)y=6m+4,  &'(m)=0, &(m)=-1

%(6m+4)+0—m =0 = A@m+4)-m=0

When m=-1, *B(-1)+4)-1=0 = c’-1=0=>c=+I

.. there are two parallel asymptotes
y=-x+land y =—x—1.
.. the three asymptotes are

y=0,y==x+Ly=—x-1.

EXAMPLE 3

2 2
Find the asymptotes of the curve x = ! 2

1+ T 14

Solution.
The equation of the curve is given in parametric form

2

t*+2
e and y =

1+¢

t

X =
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When ¢ = -1, x — o and y — oo, we get an asymptote.

We know that y = mx +c is an asymptote if m = lim2 and ¢ = lim(y —mx)

X—eo x

where (x, ) is a point on the curve.

1P +2
We have m = 113;10 %) = }Lrg lt;zt (. asx > oot — —1).
£ +1
B R e
and c= 11_{{10()’ —mx) :}i_I)Ialo(y -9x)

2 2
_timl +2_9 t :
==t 1+t 1+¢

T E+2)A+) =9t +1)

= A+0)(1+£)
— lim [(>+2)t* =t +1) =97t +1)
i=-1 (I+6)(1+2%)
. (P2 =t +1)—-9r?
:}Ln}l( )((1+t3) )
_ limt4 —+tP+27 =2t +2-9¢7
11 (1+1%)
L [ 6 2142 I:Qform]
1=-1 1+ 0

1 4¢° =3t* =121 -2
=T s [by L'Hopital’s rule]

L A(=-1) =3(=1? —12(-1)-2  —4-3+12-2 12-9

_ =1.
3(-1) 3 3

.. the asymptote is y =9x +1.

3.8.3 Another Method for Finding the Asymptotes

Let the equation of the curve be n' degree in x and y.
Suppose the n™ degree curve can be put in the form (ax +by +c)P, | +F, , =0, where P, and F, ,
denote polynomials of degree (» —1)in x and y.

Any line parallel to ax +by +c¢ = 0 that cut the curve in two points at infinity is an asymptote and

F
itis given by ax +by +c+ lim ( e ) =0, if the limit is finite.

a
y:—g«\'%m n-1
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Suppose ax +by +c is a factor of P _,, then the equation of the curve takes the form

(ax+by+c)’P,_,+F, , =0 and the parallel asymptotes are given by

n=2

1/2
a
ax+by+c=i|:lim(—£ﬂ ,when x,y — e along y = ——x.
P b

If the equation is (ax + by + c)P _ + F =0, then ax + by + ¢ = 0 is an asymptote.

1

WORKED EXAMPLES

EXAMPLE 1
Find the asymptotes of x* + y* = 3axy.

Solution.
The equation of the given curve is x*+y° =3axy.
= (x+y)(x* —xy+y*)=3axy = 0.

This is of the form (x +y)P,_, +F _, =0.
.. the asymptotes parallel to x +y = 0is

. -3
i hyt lim [—y]o
y=mxoe| X7 —xy+ Yy
= X +y +lim —3ax(=x)

oo x? —x(=x)+(—x)>

2

= x+y+1im32=0 = x+y+lima=0 = x+y+a=0.

X —o0 X X—o0

There is no asymptote parallel to the axes. It has only one asymptote.
EXAMPLE 2
Find the asymptotes of (x +y)>(x +2y +2)=x + 9y —2.

Solution.
The equation of the given curve is (x +y)*(x +2y +2)=x +9y —2.

This is of the form (x +y)’P,_, +F, , =0.

The asymptotes parallel to x +y =0 are

. +9y -2 . -9x —
(4p) = lim STV =2y X=9x=2
y=xoex 42y +2 xoex—2x+42

842 8x(1+82) 8(1+82) )

5 m ) m 3
x X — x x(l_) x 1_7 X
X
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x+y= iZ\/E are two asymptotes.
Now the equation is of the form
(x+2y+2)P_+F,,=0

s Xx+2y+2=0 ia an asymptote.

Hence, x +y = +22 , X+2y+2=0 are the three asymptotes. [Work out this by the general
method]

EXAMPLE 3
Find the asymptotes of x*—2x’y +xy > +x’—xy +2=0.

Solution.
It is a third degree equation in x and y.
Since the coefficient of x’ is constant there is no asymptote parallel to the x-axis.
Since the coefficient of y° is x, asymptote parallel to the y-axis is x = 0.
That is the y-axis itself.
Factorising the third degree terms

x(xP=2xy +yH)+x(x—py)+2=0 = x(x-y) +x(x-y)+2=0

= x(y—x)=x(y -x)+2=0 = (y—x)z—(y—x)+£=0.
X

. .2
Asymptote parallel to y —x = 0 is given by (y —x)* =(y —x)+ lim ==0

y=x—eo x
= (0 -x) =7 -x)=0
= -0y -x)-11=0 = y-x=0,y-x-1=0

o the asymptotes are x=0, y—-x=0, y—x—-1=0.

3.8.4 Asymptotes by Inspection

In certain cases, we can find the asymptotes of an rational algebraic equation without any calculations.
If the equation can be rewritten in the form F, + F, , =0, where F, is a polynomial of degree # in x
and y and F, , is a polynomial of degree almost n — 2.

If F, can be factored into linear factors so that no two of them represent parallel straight lines, then

F =0 gives all the asymptotes. X2 I3
For example: The equation of the hyperbola —-— Z—z =lis of the F, +F, , =0, where
a
2 2
et (x )(x)
a b a b/\a b

So, the asymptotes are i _% =0and Z+2 =0.
a

a



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

WORKED EXAMPLES

EXAMPLE 4
Find the asymptotes of (x + y)(x —y)(x —2y —4)=3x+ Ty —6.

Solution.
The given curve is

x+y)x—-y)x—-2y-4)-CBx+7y -6)=0.

This is of the form F, +F,_, =0, where F, = F; = (x +y )(x —y)(x —2y —4) and F, is the product of
linear factors, which do not represent parallel lines.
.. the asymptotes are given by

F=0 =  (x+y)x-y)x-2y-4)=0

.. The asymptotes of the given curve are x+y=0, x—y=0, x-2y-4=0.

3.8.5 Intersection of a Curve and Its Asymptotes

Any asymptote of an algebraic curve of n degree cuts the curve in two points at infinity and in (n —2)
other points. So, the » asymptotes of the curve cut it in atmost n (n —2) points.

If the equation of the curve is written in the form F, + F, , = 0, where F is of n™ degree and is a
product of # linear factors and F,_, is of degree atmost n — 2, then, the equation of the asymptote is
givenby F, = 0.

So, the point of intersection of the curve and the asymptote are obtained by solving F, =0,
F +F _, =0 and hence such points lie on the curve F,_, = 0.

Note
If C is the equation of the curve and 4 is the combined equation of the asymptotes, then the curve on
which the points intersection of the asymptotes lie is C —4 = 0.

WORKED EXAMPLES

EXAMPLE 5

Show that the asymptotes of the cubic x’y —xy* + xy + y*> + x —y = 0 cut the curve again in
three points which lie on the linex +y = 0.

Solution.
The given curve is
X’y —xyi+xy+y +x-y =0
Since the coefficient of x” is y, the asymptote parallel to the x-axis is y = 0.
Since the coefficient of y > is 1 —x, the equation of the asymptote parallel to the y-axis is

l-x=0=>x=1.
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Now the equation can be rewritten as
xy(x=y)+(xy+y +x-y)=0
This is of the form (x —y)P _, +F _, =0.

.. the asymptote parallel to x —y =0 is

xy+y2+x—y:|=0

F
x—y+ lim 22 =0 = x—y+lim[
xy

X=y e P,,,l xX=y e
2 2y 252
- x—y+1im[M =0 Sx-y+lim|Z|=0 = x-p+2=0.

X —>o0 2 X —o0 2

x x
.. the asymptotes are y =0, x —1=0,x -y +2=0.

The curve cannot have more than 3 asymptotes.
*. their combined equation is

yxr=Dx-y+2)=0 = (0 =y)x=y+2)=0
= xXy-xp’+2y-xy+y -2y =0 = x’y-xy +xy+y’ -2y =0.
A=xy—xy’+xy+y’ -2y =0.

The curve is
C=x’y—xy’+xy+y>+x-y=0.

The point of intersection of the asymptotes lie on the curve.

C-4=0. =x+y =0,

which is a straight line and the number of points of intersection is 3(3 —2) = 3.

EXAMPLE 6
Show that the four asymptotes of the curve

(x=pH)(y —4x?)+6x’—5x’y —3xy*+2y —x’+3xy —1=0

cut the curve again in eight points which lie on a conic.

Solution.

The given curve is (x> —y°)(y* —4x?)+6x°> —5x°y —3xy*> +2y*> —x* +3xy —1=0.
Put x =1, y = m in the fourth degree terms, we get b,(m)=(1-m>)(m* —4).
Put x =1, y = m in the third degree terms, we get b, (m)=6-5m—3m’.

&/ (m) = (1=m*)(2m)+(m* —4)(-2m)
=2m[l—m* —m* +4]=2m[5-2m"]

__d)3(m)__ 6—5m —3m?
Cdlm) | 2mG5-2m?) |
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Solving ¢, (m) =0, we get

(1-m*)(m> -4)=0 = 1-m*=0 orm*>—4=0 = m=+1or m==+2.
— — f— — 2 —
When m = -1, __ 6—-5(-1)—3( 12) =_6+5 3= 8 =i
2(-DH(5-2(-1)7) (-2)-3 2x3 3
. 4 4
.. asymptote 1s y=-x +§ = y+x _5 =0.
— . f— . 2 —
When m =1, :—(6 > 312):_( 2)21.
2-1(5-1-2-1%) 2.3 3
. 1 1
.. the asymptote is y=x+§ = y—x—§=0_
f— — — — 2 —
When m = -2, c:_[6 5(-2)-3( 23 ]:_[6+10 12]:_ 4 :_l'
2(-2)[5-2(-2)"] —4[5-8] 4x3 3

1 1
. the asymptote is  y =—2x—§ = y+2x +§=O.

f— f— . 2 — f—
When m =2, L [6-5%2 322] _le=10-12) 16 _ 4
2:2(5-2-2%) 4(5-8) 4x3 3

4 4
.. the asymptote is y=2x—§ = y—2x+§=0,

The fourth degree equation has 4 asymptotes.
.. the combined equation of the asymptotes is

O o SR

= |:y2—xz—é(y+x)—§(y—x)+g:|[y2—4x2+g(y+2x)+%(y—2x)+g:|=0
2 2 2 2 4 2 2 1 2 2 4 2 2
- 07 =37 A+ 507 )+ 204507 =)0 =20+ 507 =)
—l(y+x)(y2—4x2)—i(y+x)(y+2x)—l( +x)(y—2x)—i(y+x)
3 9 9" 27
=30 =00 4K =D =0+ 20 =50 =00 - 20 - 0 =)

4 , 2y 16 4 16
+=( —4x )+ —=(+2x)+—=(y-2x)+—=0
oW m Ay 20+ —(y -2+
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17 2 5 4 16
= ¥ =y —4x?)=3xpt+6x’ —5x*y +—y +=x’+>xy——x——=0
(" =y )=3xy yEGYIAGF I 3T

17 2 5 4 16
A==y’ —4x?)=3xy’ +6x° =5x°y +—y +=x’+=xy ——x——=0
Ca (6 )= 3xy YA AGE AW TIE

C=x>—yH)(y>—4x*)+6x> =5x7y =3xp> +2y° —x>+3xy —1=0.

The points of intersection lie on the curve C-4=0.
17 2 5 4 1
= 2-—y’ -’ -ZxX7+3xy —Sxy+-x-1+—=0
N R 81
= ly2_1_1x2+‘bc_y+ix_§:0
9 9 3 3 8l
) ) 65
= y —1lx +12xy+12x—?=0.
which is a hyperbola. [ A2 —ab>0]
EXAMPLE 7

Determine the asymptotes of the curve
4(x*+y*)—17x’y* —4x(4y’ —x*)+2(x* —2)=0 and show that they pass through the points

of intersection of the curve with the ellipse x* +4y*=4.

Solution.
The given curve is

4(x4 +y4)—17)czy2 —4x(4y2 —xz)+2()c2 -2)=0

Put x =1,y = m in the fourth degree terms, we get & ,(m)=4(1+m*)—-17m’
& (m)=16m’> —34m
Put x =1,y = m in the third degree terms, we get ¢, (m) = —4(4m* -1).

_ bsm)  4@m®-1) _ 2(4m>-1)
T dL(m)  16m’=34m  8m® —17m

Solving, ¢ ,(m) =0, we get
A1+m*)-1Tm* =0 = 4m* -1Tm*+4=0

= 4m* —16m*> —m’ +4=0 = 4m>(m*> -4)—1(m* —-4)=0
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1
= @m’-1)(m>-4)=0 = 4m’-1=0 or m’-4=0 = m=*— or m=%2

1 2
2 4-(—) -1 2 4.1_1
1 2 4
Whenm:—z, c= = -0,

3 B 17
()
2 2

.. the asymptote is y = —g =2y+x=0.

RO
o2 )13)

Lo 244-D  _ 2xI5 30 _
8(-2)' —17(-2) —64+34 30

1
Whenm=5, =0. ..theasymptoteis y =% = 2y—x=0.

When m = -2,

.. the asymptote is y=-2x-1 = y+2x+1=0.

When m =2, c= 2(?4_1) AZYy :&:1.
8x2°—-17x2 64-34 30

.. the asymptote is y=2x+1 = y—-(2x+1)=0.

The 4" degree equation has 4 asymptotes.
Now the combined equation of the asymptotes is

2y +x)2y =)y +2x+ D]y —(2x+1D]=0

= Ay?=x)H’-2x+1)’1=0
= 4y =xP)y’ —@x> +4x+D]=0
= 4y? —x)(p?—4x* —4x-1)=0
= 4y —x)(y’ —4dx*)—dx(4y* —x*)—(4y> =x")=0
= 4yt —17x°y? +4x* —16xy> +4x° —4y” +x> =0
= Ax* +y*)—17xy* —16xy’ +4x° —4y> +x° =0

A=4x+y*)—17x°y? —16xy* +4x° —4y* +x> =0
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The curve is C=4(x*+y*)—17x’y* —16xy> +4x> +2x* -4 =0.
The four asymptotes intersect the curve in 4(4 —2) = 8 points and they lie on the curve

C-4=0. = 49*+x’-4=0 = x*+4y’=4.
which is an ellipse.

EXERCISE 3.13

I. Obtain the horizontal and the vertical asymptotes, if any, of the following curves.

2

X X X
l'y:x—Z 2'y:1+)c 3'y:)cz—l
4. x*+5p° =1 5. y=log,x,x>0 6. y=e"‘2

x 3x -1 x2+2
7.y:xz+l 'y:x+2 9'y:x2—l

10. y =secx 11. y =tanx 12. xy =log,x, x>0
13. y=¢' 14, y=X*2 s, o2

x=3 x+3

II. Find the asymptotes of the following curves.

1. x’y+xy>+xy+y° +3x =0

2. (x+y)x=py)2x—y)—4x(x -2y)+4x =0
3. 2% —x’y —2xy’+y’ —4x> +8xy —4x +1=0
4. x’y?=x’y —xp’+x+y+1=0
5. (x+y)Y(x+2y+2)—(x+9y -2)=0
6. ¥ —2xy’ —x’y +20 +3y° —Txy +2x" +2y +2x +1=0
7.y +xly+2xy  —p#1=0
8. x’+2x°y —dxy’ -8y  —4x+8y =1
9. y¥=x’(x-y)

10. 8x*+10xy —3y° —2x+4y -2=0
1. (=) +2y +)+x+y+1=0
12. x> =2x*y+xy° +x>—xy+2=0

—
w

L Hx=D 2+ D 3 =2)(y —x)+x* =y  +5=0

III. Show that the asymptotes of the cubic x* —2y° +xy(2x —y)+y(x —y)+1= 0 cuts the curve in
three points which lie on the straight line x —y +1=0.

IV. Show that the four asymptotes of the curve

(x> =y (y?> —4x*)+6x> —5x°y —3xp° +2y° —x* +3xy —1=0 cuts in 8 points which lie on a
circle.
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ANSWERS TO EXERCISE 3.13

. x=2,y=1 2. x=-1 3. x=x1,y=0
4. No, it is an ellipse which is a finite curve. 5. x=0
6. y=0 7. y=0 8. x=-2,y=3
9. x=xlLy=1 10. x=(2n+l)g,n=0,1,2,3,...
T
11. x:(2n+1)5,n=0,1,2,3,... 12. y =0
13. y=0 14. x=3andy=1 15. x=3,y=2x-6
II.
I. x=-Ly=0,y=—x 2. y=x+9,y=2x—-4,y=-x+2
3. y==x+2,y=x+2,y=2x—-4 4. x=0,y=0,x=1y=1
5. x+2y+2=0,x+y=i2\/5 6. y=x-lLy=—x-2,y=2x
X X X

7. y=0,x+y=Lx+y=-1 8. y=",y=—"gly=—=-1

y Xty Xty Y 5 y > Y 5
9. y=x-1 10. 3y=-2x+1
1. x+2y+1=0;y=x;y=—x 12. x=0,y=x,y=x+1

13. y+x—-1=0, y+2x+1=0, y+3x-2=0 and y—-x=0

3.9 CONCAvVITY

In Section 3.4, we have seen that the sign of first derivative of a function tells us where the function is
increasing or decreasing. Critical points are the points where the first derivative is zero or the points
where the first derivative does not exist. At these points, local maximum or local minimum occurs.

We shall now discuss another aspect of the shape of a curve called concavity. All these concepts are
needed to draw the graph of a function.

Definition 3.9 Let f'be a differentiable function in the interval (a, ). The graph of f, viz, the curve
given by the equation y = f(x) is said to be concave up in (a, b) if the curve lies above every tangent
to the curve in (a, b)

The curve is said to be concave down in (a, b) if the curve lies below every tangent to the curve
in (a, b)

Note
Concave up is sometimes referred as convex down and concave down is referred as convex up.
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6.5.2 Length of the Arc of a Curve

The process of finding the length of a continuous curve is known as rectification.
A curve having arc length is said to be a rectifiable curve.
As in the case of area, we can find the arc length in Cartesian and polar coordinates.

6.5.2 (a) Length of the Arc in Cartesian Coordinates

Let y = f(x) be the Cartesian equation of the curve whose length is required between x = ¢ and x = b.

y B

> Q(X+ AX, y+ Ay)

Fig. 6.18

Let the arc length be measured from a fixed point F on the curve. Let the lines x = a and x = b meet
the curve at 4and Brespectively.

Let FA=s and FB=s,.

Let P(x,y) and O(x + Ax, y+ Ay) are neighbouring points on the curve such that FP = s and
FQ=5+As.

Let PO = As be the element arc.
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The sum of such element arcs z As gives approximately arc AB.

The limit when the largest element As — 0, we have the length of arc AB = jds

1. Since 4 and B on the curve correspond to x = a and x = b,

b
we have arc length = I? dx
X

We know (ds)’ = (dx)’ +(dy)’ = & 1+(dy J
dx dx

b Pt
s=J. 1+ @ dx
/ dx

2. If the points A4 and B on the curve corresponding to y = ¢ and y = d, then the arc length

igo-1{ 6]

If x = f(¢t) and y = g(¢) be the parametric equations of the given curve y = f(x) and the limits of

t are t, and t,, then arc length
—[Bai=] @) (d)
A N/ dt

WORKED EXAMPLES

3. Parametric form

EXAMPLE 1
Find the length of arc of the curve x’ = y* from x = 0tox =1

Solution:
Given =3 and a=0,b=1 0]

tds h dyY
Length of arc s=J—dx=I 1+(—y) dx
X

Differentiating (1) w.r.to x, we get
dy _, dy_3x

3x2:2y— =
dx dx 2y

2 4 4
1+(dl) :1+9x2 :1+9x—3:1+9—)C
dx 4y 4x 4

2
1+(@) = 1+9—x
dx 4
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4
9 2! n+l
(1+4x) '.'J(ax+b)”=—(ax+b) if n#-1
o aneD
7X7
472 |,
8 9)"2 ] 8 [13\/5 } |
27{( 4) 270 8 27! Vi3-g)

EXAMPLE 2
Find the length of one loop of the curve 3ay’ = x(x — a)’.

Solution.
Given 3ay’ = x(x—a)’ (1)
It is even degree in y and so symmetric about the y
X-axis.
- ) = -
When y =0,x(x —a)"=0=x=0, a, a /W
That is the curve meets the x-axis at x = 0 and 0 %
X = a two times M
So, we get a loop between x = 0 and x = g as in o a
Fig 6.19. -
Let A be the point (a, 0) on the x-axis Fig. 6.19
Length of thearc  OA= Jé dx
o.dx
length of the loop = 2 X the length of arc O4
a a 2
= 2jd—sdx =2 1+(dl) dx
o dx 0 dx
Differentiating (1) w.r.to x, we get
6ay dl =x-2(x —a)+(x —a)’ -1
dx
=(x—-a)+2x+x-a)=(x-a)3x —a)
N d_y= (x—a)(3x—a)
dx 6ay
(@)2 _ (x—a)z(?ax—a)2 _ (x—a)z(?ax—a)2 _ (3)c—a)2
dx 36a’y’ 12ax(x —a)’ 12ax

2 2 2
1+(@) _1,Bx-a) _12ax+(x-a)
dx 12ax 12ax
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~ Rax+ 9x> —6ax +a’ _ 9x> +6ax +a’ _ (B3x+ a)’
12ax 12ax 12ax

(3x +a)’ _ 3x+a

12av  23avx
length of the loop = Zj xta
2\/§f
1 7§ a
3a '0[|: \/;}
1 a
- 3x1/2 +ax—l/2 dx
3a '([[ ]
b
3a 3/ 1/2
1 1 4a-d"*  4a
(247 +2a-a" 0= —[24"2 +24%* ] = _aa
ol =7l =55
EXAMPLE 3
Find the length of the curve x**+y**=a".
Solution.
The given curve is x*° + y** = a*” (1) ‘

It is symmetric w.r.to both the axes

o the length of the arc is the same in all four B
quardrants as in Fig 6.20.
When y=0,x"=a"" = x*=a’ = x+ta c

When x =0,y** =a’’ =y>=d> =y =ta X (-a, 0) o aO) X
.. length of the arc 4B = length of the arc BC = length
of the arc CD = length of the arc DA

(0, _a)

*. length of the curve = 4 x length of the arc 4B

=4xj§dx
de

Fig. 6.20

Differentiating (1) w.r.to x, we get

2 72 Jay_
—x34+=y?3
3 37 dx
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S dy -1/3

= yo o= = T T T T

dx dx y

dy 2 yzxs
(EJ = 2
. Q 2 . yz/s ~ e +y2/3 ~ >
dx

1 = -
2/ 2/ 2
3 23 TR
2 2/3 1/3
dy _ja a3
+ - W o s 4 X
dx x x

length of the curve is s = 4 J.a‘”x“”dx
0

X

a

— 44" x — 44" ﬁ
1 2/3

——+1
3 b

EXAMPLE 4
Find the length of the curve x*(a’ — x*) =8a’y’.

Solution.
Given curve is x°(a* —x*) =84y’

[from (1)]

:6a1/3(a2/3_0):6a

)

The equation of the curve is of even degree in x and y and so the curve is symmetric w.r.to both the

axes.

If y =0,then x*(¢’ —x*)=0=>x=0,0 or x = —a,a

That is it meets the x-axis at the arigin x = 0 twice,
x=—aandx=a.

y

If x=0,y=0andif x =%a,y =0
.. the curve passes through the origin and meets the
x-axis at the points A(a,0) and B(—a,0).
~.we get two loops of the curve as in Fig 6.21.
.. total length of the curve is
s =4x length of the arc OA4

a a 2
4jd—sdx =4x| (1+dl) dx
o ax 0 dx

Differentiating (1) w.r.to x, we get

(_av 0)

8a’2y Z—y =x(-2x)+(a’ —x")2x
X

Fig. 6.21

= 2%’ +2a*x = 2x° = —4x° +2a°x = 2x[a® - 2x7]

(@ 0) x
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dy _ x[a® —2x7]

dx 8a’y
( d_y]z _[x(@® ~ 2]
dx (8a’y)?
202 5 232 202 5 232 2 A 2y2
) o) o) from (1)
8a”.8a’y 8a”-x"(a"—x") 8a(a" —x")
N 2 n 22
NEyECE
dx 8a (a” —x7)

_ 8a’(a’* —x*)+(a’ —2x*)’
8a’(a’ —x?)

_ 8a* —8a’x? +a* —4a*x* +4x*
8a’(a® —x%)
_ 9a* —12a°x* +4x* _ (3a® —2x°)

8a*(a® —x%) T84 (a*=x%)
l+(dl)2— (Ba®> —2x°) _ 3a’ —2x*
dx 8a’(a’ —x?) 2a8[2Na? = x*
a’ —2x’
-+ Length of the curve s =
'([Zaxf\/a —x’
2(a —-x )+a

=4

o2af\/a —x?
2
=——||2va* =x* dx + a—dx
| ] e

V2 [ {x\/az—x2 a . lx” 2[. lx]a
=—1|2 —+?sm —¢| +a’|sin” —
a

a 2 a |,
0

V2

= —[0 +a’(sin”' 1-sin™' 0) +a’(sin”' 1 —sin™ O)]
a

V[, = =] V2,
—ld—+d—|=——dm=ma
2 2 a

a

EXAMPLE 5 3

Find the perimeter of the loop of the curve x =¢>and y =¢ 3

Solution.
. £
Given x=tzandy=t—§
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£ ~Y xY
=4 y=lt-——| = |1-— =x(1——)
3 3 3

2 x 2
When y =0, ;{1—%) =0 = x=0 or (1—5) =0 = x=0,x=33

.. the curve meets the x-axis at the origin
and at the point (3, 0), twice.
.. the loop of the curve is as shown in the

Fig 6.22. A
Let A be the point (3, 0) N S
When x = 0,¢ = 0 and when x = 3,7 = 3 O%

Length of the loop = 2 X arc length of OA.
Since the equation of the curve is in
parametric form, the length of the loop is

? Fig. 6.22
s = ZJ-édt 9

where t, =0 and ¢, = V3.

NG 2 2
= [ (T
o V\ dt dt
) dx I dy 3t? )

We have x=t" = —=2tand y=t-— = —=l-—=1-¢
dt 3 dt 3

2 2
(%) +(%) =42 4 (1= =48 +1-20 +* =t + 2 + 1= (1+1°)°

(dt) ( ) = =t

s—zj(1+r )t

=2[I+§r_zl 3{] [ F4 5] 445

0

EXERCISE 6.7

1. Find the length of the following curves

1045 ]

2
(i) 9x* =4(1+y?)’ from the point (5,0) to the point [T, 2.

(i) 2y =(x—-1)(3—x) between x =1 and x = 3.

(iii) y* = 4ax cut off by the line 3y = 8x.
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2. Find the perimeter of the loop of the curves.
(i) 6ay’ = x(x—2a)’ (i) 9xy* = (x—2a)(x —5a)’

3. Find the length of the curve x = 20 —sin 20,y = 2sin” 0 as @ varies from 0 to 2.
4. Find the length of the curve x = at’ cos ¢, y = at” sin ¢ from the origin to the point # = J5.

5. Find the length of the curve x = a(cos0+0sin@), y = a(sin® -0 cosB) from 0 =0to 0 = g

6. Prove that the length of parabola y? = 4ax cut off by the latus rectum is 2a[\/§ +log(1+ V2 )]

7. Find the length of one complete arch of the cycloid x = a(0 —sin®) and y = a(1—cos0).

ANSWERS TO EXERCISE 6.7

L (1) % (ii) 2 +log(1++/2) (iii) (%+log2)a

2. () 8a (i) 4a\3 3.8 4, == 5

NE) 3 "8

7. 8a

6.5.2 (b) Length of the Arc in Polar Coordinates

Let » = £(0) be the equation of the curve. Let 4 and B be two points on the curve with vectorial angles

B
a and . Then the length of the arc 4B 1s s = J%dﬁ.

We know the differential arc in polars is

(ds)* =r*(d@)’ +(dr)’

(ds )2 ) (dr )2 ds ) (dr)z
— | =rt|—] = —— =, | =
do do do do

r r 2
When the limits for r are given, the arc length is s = j? dr = J. 1+7° (?) dr.
r r
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WORKED EXAMPLES
EXAMPLE 1
Find the length of the cardioid » = a(1 + cos 0). Also show that the upper half is bisected by
0=".
3
Solution.

The equation of the given curve is r = a(1+cos 0)

The cardioid is symmetric about the initial line

B
Ox as shown in Fig 6.23
So, the length of the curve is
5 /3 0=0
2 x length of the arc OBA b=n)5 A x
drY
=2 deg=2 do
jgaco=21y+( )

Differentiating (1) w.r.to 0, we get Fig. 6.23

2
dr—a( sin@) = —asin® = (ﬁ) =a* sin’ 0
doe
r ( )=a2(1+cosﬁ)2+a2sin20
=a’(1+2cos0+cos’ @ +sin’ 9)

=a’(1+2cos0+1)=a’(2+2cos0) = 2a*(1+cos 0) = 44’ coszg

2
R ﬂ) 21}461200529:2610089
do 2 2

sin0/2 |

T 0 N I
s=2|2acos—d0 =4a|: ] :8a|:sm——sm0:|:8a(l—0):8a
'([ 2 vz, 2

.. upper half curve is of length 4a.

3 2
Now, length of arc 4B = Jédﬂ J. 2+ (ﬂ) do
o d0 do
H
jZacos—dO
0

4 ?
24| S92 4ol 6in ™ —sin0 | = 4a| 2 -0 | = 24
02 | 6 2
arc AB = half of the upper half of the cardioid.

= the line @ = % bisects the upper half of the cardioid.

(1
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EXAMPLE 2

Prove that the length of the equiangular spiral r =
r and r, is |r1 -, |sec a.

ﬂcot(x

between the points with radii vectors

Solution.
The equation of the given curve is r = ae® )
Since the limits for » are given, the length of the arc is s = _[ dr

r

r 2

s =j 1+r2(@) dr
. dr

Differentiating (1) w.r.to 0, we get
dr
de
do 1 1

= - = Ocota =
dr ae .cotae  rcota

9 _ 1 , (de )2 ,
=tana = 7| — | =tan" o
dr cota dr

i

Bcota

=ae cota

do
1+r2(—) =1+tan’ @ =sec’ o

»
2
= l+r2(fl—0) =+/sec’ @ =seca
r

szj.secadr =seca[r]} = s=seca[r,—n] if r,>n

Ui
Note: If r, <7, s =|r, —r;|seca, since s is positive.

EXERCISE 6.8

1. Find the perimeter of the cardioid » = 5(1+ cos 0).

2. Find the length of the parabola r(1+cos©) = 2a cut off by its latus rectum.

3. Find the perimeter of the curve r = a sin’ 3

4. Find the perimeter of the curve » = a(cos0+5sin®) 0<0 <.

ANSWERS TO EXERCISE 6.8
140 2 2a[V2+log+42)] 3. 3'"7" 4. \2ma
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Differentiation Under
the Integral Sign

21.1 Introduction. If the integrand of a definite integral is a function of one or more parameters
in addition to the variable of integration, then the given definite integral between the limits, which
may be constants or functions of the parameters, is a function of these parameters as illustrated in
the following examples:

J‘Ol cos (o) dx = [(l/oc) X sin(ocx)]:) =(sina)/a
J‘Ol(cosocx+ cosPx) dx = [(l/oc) xsinox + (1/B) x sian]L = (sina)/ o+ (sinB)/P

b b
Thus, in general, I f(x,0) dx = F(a) and J‘ glx,a,B)dx=G(a,B) ...(1)
where o and B are parameters and a, b are constants or functions of parameters.

In some problems functions f{x, o) and g(x, o, B) are such that the evaluation of the

corresponding integrals given by (1) are either very complicated or impossible. In such problems
sometimes the integrals

bof (x,a) b og(x,0,PB) b og(x,0,B)
J‘ oo sy y ) ja oo dx or -L aB d

may be easily evaluated. In view of this fact, we propose to discuss the technique of differentiation
under the integral sign.

21.2. Leibnitz’s rule for differentiation under the integral sign. (Kanpur 2011)

a

Theorem. If f(x,0) and Of /0o are continuous functions of x and o fora < x < b,

¢ < o < d a, bbeing independent of o, then

b b
%L f(x,a)dxzja%dx
b
Proof. Let Fo) = | f(a)dx ()

Let o change to o+ 8a (o and o+ 6a. both lying in the closed interval [¢, d]), then a, b and
x being independent of o , remain unaltered and F( o ) changes to F(o. + 8a. ). Hence, we have

F(a+06a) = jbf(x,maa) dx. Q)
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From (1) and (2), F(o+80) - F(a) = j " Fa 80— fx,a)}dx ..3)

Using the Lagrange’s mean value theorem for derivatives, we get

0
f(x,(l‘f's(l)_f(x,(l) ZS(X'af(x,(X'f'eS(l), where 0<0<l1 (4)

Using (4), (3) reduces to

b 0 b9
F(a+8a)—F(a) = j o~ f(x,0+080) dx = aajaaf(x,wea o) dx

F da)—F b
Thus, (0+8a)— F(o) _ J‘ if(x, o+ 03a) dx .5
da a 0o
- dF
By definition, we have lim Flo+8a)-Fla) = (@) ...(6)
3a—0 Sa do

Taking limits as §o —» 0 on both sides of (5) and using (6), we get

dF (@) " lim 2 f(ra+05a)d

= sloHoJ —f(xa+eaa)dx = |, dim = f G ) dx, )

where we have assumed that the limit of integral is equal to the integral of limit. Again, since

Of / 0a. is continuous, we have

mao—f(x a+66a)——f(x a) ..(8)
Using (8), (7) reduces to
b
dF(OL) Ib ACKIPS or %L flx,o)dy = J‘:% dx, using (1)
Remark Let G(a,B) = Ibg(x, o, B)dx, ()]

where a and b are independent of parameters o and B. Then, proceeding as in the above theorem,
we may show that

9G(0,B) _ J'bag(x,oc,ﬁ) dx and 0G(0,B) _ " 0g(x, . B) dx
oo, a oo op a O

While dealing with function g(x,o,B) of two parameters, we make a choice of appropriate

... (i)

parameter oo or B in the above results (if). The selected parameter must lead us to new integral
which can be easily evaluated. For more discussion, refer Art. 21.5 A.

21.3. General form of Leibnitz’s rule of differentiation under the integral sign when
the limits of integration are functions of the parameters.

Theorem L f{(x, o) and Of / Oo. are contiinuous functions of x and a. for g(o.) < x < h(a),
c<a<d and g(a), h(a.) are themselves functions of o, possessing continuous first order

derivatives, then

i he )f(x o) dx = h(@) af(x,ot) dh(oc)

dadg( ga) O

dg(ot)

S (@), o) === f(g(a), )
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(o)
Proof. Let F(a) = J. ( )f(x,oc)dx QY
g(a

Since g() and %(a) are functions of o, when o changes to o +8a., let g(o ) change to

g(a+0a), A(a)change to h(o+0a) and F(o) change to F(a+0a). Hence, we get

h(a+da)
F(o+8a) = L( ) /(oo 0) dx e

o+ool

h(o+3a)

Hand @) = Flarsa)-Fe = ferorsad=[ " fixods

g(o+da

g(a) h(o) h(o+3a) h(a)
_ j f(x,004+ 8 +J' F(r, 00+ 800 dy+ j F(r, 00+ 801 dy— j f(x,00)dx
g(o+da) g(a) h(a) g(a)

(o)
Thus, F(a+80)~F(@) = [ {/(ra+80)=/(x.a)ds

h(o+3a) g(a+da)
[ fearsna-[ 7 fassaydr o)
(o) g(a)
Using the Lagrange’s mean theorem for derivatives, we get
f(x,oc+80c)—f(x,oc)=6aaﬂf(x,oc+980c), 0<0<1 .4
o
Again, using the mean value theorem for integrals, we get
h(o+3a.)
Ih(a) S(ro+d0)dx = {h(a+8a)—h(a)} x f(& 0 +dat) .5
g(o+da)
and I ~ f(x,0+80)dx = {g(a+8a)—g(a)} x f(M,0+da), ..(6)
g(a

where & lies between /4(o) and 2(a+da) and m lies between g(a) and g(o+da).
Using (4) (5) and (6), (3) reduces to

h(o) 0
F(a+80)—F(a) = L(q) 0 (x, o+ 0501) di

+ {h(o+80) = h(a)} f(§, o+ 8a) — {g (o +8a) —g(a)f  f(m, o +8a)
F(a+d6a)—-F(a) _

h(o)
or I if(x,o&+980t)dx

Sa. g(a) OoL
+ h((x+50l)—h(0l)f(§’a+5a)_wf(n’a+5a) (7)
oal ool
Now, lim F@FO0=F@) dF = Ma+da)=h@) db -, ga+d0)-glo) _ de

300 Sa do.’ sa—0 Sa. do’ 8a—0 o da
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Taking limit as §a. — 0 on both sides of (7) and using the above three results, we obtain

(o)
dar _ [ DACTI N f(h( )a)——f(g(a) o)

do  Yg(@) Oa
[Since h(a) < & < h(o+0da) and g(a)<n< g(a+da), hence
lim f(€0+8) = f(h(o).c) and lim f(n,0+50) = f(g(@),0)]
thus, [ oy = [ LD 4 D f0 00 - B o0
aJg(a) g(a) oo,

Remark 1. If g(a) =aand A(a) = b are independent of o, then the last two terms in result

(8) are zero and we get

L[ proyas= [ X%,

which is what we have already proved in Art 21.2
Remark 2. Differentiation under the integral sign in the case of improper integrals.

The results obtained in Art. 21.2 and Art. 21.3 may not be applicable in the case of improper
integrals, and the question of validity of the results to improper integral requires further investigation.
However, in our discussion in this chapter we shall omit this investigation. Accordingly, whenever
we shall deal with any improper integral, we shall assume that the necessary conditions for validity
of the results are satisfied.

b
21.4A. Evaluation of integral J‘ f(x,a)dx, where a and b are independent of param-
eter o. WORKING RULE.
b
Step 1: Let F(a) = j f(xa) dx 0

Step 2: Differentiating both sides of (1) w.r.t. 'o' and using Leibnitz’s rule for differentiation
under the integral sign (refer Art 21.2), we have

ar e,
do a O

Step 3: Evaluate the integral on R.H.S of (2) as usual.

Step 4: Solve the resulting differential equation obtained in step 3. The solution so obtained
will involve a constant of integration C.

Step 5: Using (1), compute the value of constant C (obtained in step 4) by giving a suitable
value to the parameter. Substitute this value of C in the result of step 4 and thus get the value of
the integral (1)

21.4 B. Solved examples of type 1 based on Art 21.4 A
Ex. 1. Assuming the validity of differentiation under the integral sign, show that

/2 02
(i)J' log(+ysin"x) , n(/1+y —1), where y > -1

0 sin? x

Q)

[Delhi B.Sc. (Hons) III 2008, 11; Kurukshetra B.C.A (II) 2007]
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n/2
(i) J'O log(1—x* cos> 0)d6 = n{log(1+\/1—x2)—log2}, X<l

n{log(1+\/1—x2)—log2}, x? <1

n/2
(i) jo log(1— x* sin? 6) 0

Sol. (i). Let Fi) = | “”M dx )

0 sin” x
Differentiating both sides of (1) w.r.t. ‘y’ and using the Leibnitz’s rule of differentiation under
the integral sign, we get
n/2 in? m2 ] 1 .
ar J- i{w}b{ = J. x > x sin” x dx

dy do oy sin? x 0 sin’x 1+ ysinx

J'“/z dx J‘“/2 sec? x d J‘“/Z sec’ x d
S — x: ——as. umy T x

0 1+ysin2x 0 sech+ytan2x 0 1+(1+y)tan2x

[on dividing the numerator and denominator by cos® x]

= J. Lz’ putting tanx=1¢ and sec’x dx = dt
0 1+ (1+ y)t

1 jw dt 1 1

= X X 71—1 ’
0 2+ {1+ Ly (1 [T+y) {taﬂ (l/,/l+y)l)

(1+y)’1/2(tan’1<>o—tan’1 0) =1 + ) x (n/2-0) = (n/2)x(1+y)”

1+y

1/2

Thus, dF'= (n/2)x(1+y) " ? dy 2

Integrating (2), F(y) = n(1+ )2 + C, C being an arbitrary constant .3
Putting y = 0 in (1), we get F(0) = 0. Next, putting y = 0 and F(0) = 0 in (3), we get
C = —n. Hence (3) reduces to

n/2 in2
FO) = n(1+y)"?-n or J. de = n(y1+ y —1), using (1)
0 sm” x
.. m/2 2 .2
(ii) Let F(x) = j log(1 - x? cos? ) d6 ()
0

Differntiating both sides of (1) w.r.t. x” and using the Leibnitz’s rule of differntiation under
the integral sign, we have

n/2 1

2 2

——————— x(~2xc0s? 0)d0
0 1-x"cos“0

/2 _ 42 2
d_sz- Olog(1-x"cos*0) =j
dx 0 Ox

_ _J-n/z( X2 cos e)de _ J'ﬂ/z(l—xzcosze)—lde

1-x?cos? 0 xJ0 1-x?cos® 0
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[ pri2 /2 2 m 2(m2 do
=z J. de_J. _ 49 | _zZIr = —
x[Jo 0 1-x%cos’0 x 2 x40 l-x"cos 6

/2 2 n/2 2
E_E sec” 0 d9=£—g sec” 0 40

x xJ0  sec’0-—x’ X xJ90 1+tan’>0—x>

2@ dt .
r_=z ————=, putting  tan@ = and  sec’0d0=dr

x xdo 24 (1-x%)

_z_z{ Lt }_E_#Xz

R V1-x2 o X oxfl-x? 2
T T

Thus, dF = | —- dx .2
(x le—sz

+ C, C being an arbitrary constant ...(3)

Integrating (2), F(x)= mlogx— n.[
xV1-x2

Now, putting x = 1/z and dz = —(1/z*)dz, we have

dx _ (—1/22)dz _ dz . . \/22__
J‘xm '[(1/2)\/1_(1/2)2 J‘\/zz_1 0g (z+ 1)

= —log{l/x+/(1/x)* =1} =-log {(1+1-x*)/x)}
= —{log(1+~1—-x*)—logx} =log x —log(1+1-x)

Hence (3) yields, F(x) = nlogx—7 {logx—log(1+~1-x*)} + C

or F(x) = nlog(1+~1- x* )+ C, C being an arbitrary constant .4
Putting x = 0 in (1), we get F(0) = 0. Next, putting x = 0 and F(0) = 0 in (4), we get
0= nlog2+C giving C = —wlog2. Hence, (4) reduces to

F(x)= nlog(1++1-x*)—mlog2

n/2
or j log(1 - x? cos? 0)d0 = n{log(1++1-x* )—log2}, using (1)
0

(iii). Using the property j ‘ f(x)dx = j ‘ f(a—x)dx of definite integrals, we have
0 0

T

n/2 /2 n/2
J‘O (1-xsin®0) dO = jo (1—x2sin? (/2 -0)}dO = J‘O (1 x* cos® 0) dO

= n{log(1+v1-x> )—log2)}, by, part (ii)
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Ex. 2 Assuming the validity of differentiation under the integral sign, show that

(i) j “loglracosy) ;o _ iy if o<1 [Delhi Maths (H) 2001, 04, 05]
cosx [Pune 2010]

dx = ma

(ii) J‘ log(1+sin o cos x)
cosx

n/2 1( =2
(zzz)j log(1+ cosa sin x) dx = E(E _O‘J

COS x

m/2 Jog(1+ asin x) d

(iv) , = nsin'a, if |all
-n/2 sSin x
. log(1+ acos x)
Sol. (i). Let Fla) = j — i (D)
COS X

Differentiating both sides of (1) w.r.t ‘a’ and using the Leibnitz’s rule of differentiation under
the sign of integral, we get

dF © 0 | log(1+ acosx) LI | cosx T dx
ar _ ——dxzj' .—d=j—...(2)
da 0 Oa cos X 0 cosx l+acosx 0 1+acosx
dx 1 i b+acosx
From Integral Calculus, I = cos > ifb*<a” ...(3)
a+bcosx a?—b> a+bcosx
Here, given that |a| < I so that * < 1 Hence, using (3), (2) yields
dF 1 [ 1 a+cosx T 1 [ qa-1 1a+1}
—= cos = cos —cos
da 1-—a? I+acosx |y /1—42 l-a l+a

= {cos (=) —cos ()} [(1-a®)'? = (n-0)/(1-a®)"? = n/(1-a®)"?
Thus, dF = {n/(1-d*)"*}da

Integrating it, F(a) = msin™' a+C, C being an arbitrary constant .4
Putting a = 0 in (1), we get F(0) = 0. Next, putting @ = 0 and F(0) = 0 in (4), we get
C = 0. Hence, (4) reduces to

dx = msin~ a, using (1)

Fla)= nsin' a or .[KM
0

COS x

(ii). Taking a = sina, proceed as in part (i). Also, note that the condition | a | < 1 =

| sina | <1, which is true. Thus, jn log(1+sina cosa)

0 COS x

dx = msin”'(sina) = ma

n/2
(ii). Let F(o) = J‘ log(1 + cosacosx) ()
0 COsS X
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Differentiating both sides of (1) w.r.t. ‘o * and using Leibnitz’s rule of differentiation under the
integral sign, we have

dF /2 log(1 . /2 d
ar _ J‘ 0 | log(1+ cosacosx) dr = —smoc.[ _ax )
da 0 Oa cosx 0 l+4+cosoacosx
From Integral Calculus, I dx = ! cos™! b+acosx’ if B*<a®> ..
at+bcosx \[,2_p? a+bcosx

Here cos’ o <1 and so using (3), (2) yields

/2
dF ) 1 _1 COSOL+COSX -1 -1
= —sina cos = —(coscos  a—cos l)=-a
1—cos? a 1+cosacosx )
Thus, dF = —ada
Integrating, F(a)= —(a2 /2)+C,C being an arbitrary constant .4

Putting o = /2 in(1), we get F(n/2)=0. Next, putting o = r/2 and F(n/2) =0in (4),

we get 0 = —n? /8+C so that C = n° /8. Hence (4) yields

2 2 ) 12
F(a) = L or J‘ cos(l+cosacosx)dx N LA . using (1)
2 8 0 Cosx 2( 4
/2 1
(iv). Let Fla) = j 7 loglli+asinyg )
/2 sin x

Differentiating both sides of (1) w.r.t. ‘@’ and using Leibnitz’s rule of differentiation under the
integral sign, we obtain

dF i{log(lfasinx)}dx _ In/z dx 0
da -n/20a sin x -n/21+asinx
Putting x = n/2—¢ and dx =—dt, (2) reduces to
aF _ (°__ (=1 _ jn dt )
da n l+asin(n/2—t) 0 1+acost
1
From Integral Calculus, j d = cos™! b+acosx ,PP<dt .4
a+bcosx a? — b a+bcosx

Here, given that | a | < I so that * < 1. Hence, using (4), (3) yields

aF _ 1 cog-1 A C08? i _ 1 [Cosla—l_coslaﬂ}
da N 1+ cost o \/1_a2 I-a l+a
dFlda = {[cos™' (-1)—cos1]} /(1-a®)" or dF = {n/(1-a*)"*}da.

Integrating, F(a) = nsin"'a+ C, C being an arbitrary constant .5
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Putting @ = 0 in (1) yields F(0) = 0. Next, putting a = 0 and F(0) = 0 in (5) yields C = 0. Hence,
(5) reduces to

Fla) = nsin'a or J‘n/z de = nsin"'a , using (1)
—n/2 sin x
Ex. 3. Assuming the validity of differentiation under the integral sign, show that

1

® tan " ax T
————dx= —log(l+a),a>0.
Io iiat) T plostira)
Also find the value of integral if a < 0. [Delhi B.Sc. (Hons) 2008, 11]
w fom—]
Sol. Let Fla) = j an_ax g )
0 x(1+x7)

Differentiating both sides of (1) w.r.t. ‘@’ and using Leilinitz’s rule of differntiation under the
integral sign, we obtain

dF  (* 0| tan 'ax * 1 X 4 dx
—=f— x=I N 22dxzj.ﬁ
da 0 da| x(1+x?) 0 x(1+x°) l+a’x 0 I+ x)(A+ax*)

o 2
= ! 2.[ ! > az > on resolving into partial fractions
1-a”7J0 | 1+x" 1+a°x
1 o0 e 1 0
= 5 j dxz —j 5 dx > & 2[tan*1x—atan’laxJ .2
I-a |90 1+x 0 x“+(1/a) l-a 0

Case (i). Let 4 > 0. Then, (2) reduces to

dF 1 {E_ﬂ}_ 1 Jl-a)  m
da 1-a"12 2 (I-a)(1+a) 2 2(1+a)
Thus, dF = [n/2(1+a)]da
Integrating, F(a) = (n/2)xlog(1+a)+C, C being an arbitrary constant .(3)

Putting @ = 0 in (1) yields F(0) = 0. Next, putting @ = 0 and F(0) = 0 in (3) yields C = 0. Hence,
(3) reduces to

J‘w tan~! ax

F(a) = %(l+a) or 0 x(1+x2)

=§(1+a), using (1) (4)

Case (if). Let a <0. Then, <0 = tan ' (ax) = —n/2. Therefore, (2) yields

dF 1 {EJFE} _ 1 Jra)  om
de  1-d*12 2] (-a)l+a) 2 2(1-a)
Then, dF = [rn/2(1-a)]da

Integrating, F(a) = —(n/2)xlog(l—a) +D, D being an arbitrary constant ...(5
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Putting @ = 0 in (1) yields F(0) = 0. Next, putting a = 0 and F(0) = 0 in (5) yields D = 0. Hence,
(5) reduces to
n(l—a)

Fla)= - 5

J‘w tan’laxd _ _n(l-a)

or Sdx
0 x(1+x7)

, using (1)
Ex. 4.If| a| <1, prove that Jo log(1+acosx)dx = mlog(1/2++1—a®/2) [Delhi2007]
Sol. Let Fla) = .[o log(1+ acosx)dx (D

Differentiating boths sides of (1) w.r.t. ‘a’ and using Leibnitz’s rule of differentiation under the
integral sign, we get

F o (n n 1pr(l+ -1
d—='[ i[log(l+acosx)]dx='[ _cosxdy =— (+acosx)-1 dx
da 0 Oa 0 1+acosx ado 1+acosx
e Ny
or da ado 1+acosx dx = a ado l+acosx @)
From Integral Calculus, I d = ! cos™ b+acosx, if B <
a+bcosx a2 —b> a+bcosx

Here, given that | a | < 1 so that «* < 1. Hence, using the above formula, (2) reduces to

aF _m 1) 1 cos~! AFCosx | _ o1 |:COSIa_1—Cosla+l:|
da a a|.]1_z 1+ acosx a  gJ1-a° l-a l+a
o
o . or dF = (E_ : Jda
da a g1-a2 PR

[Using the fact that cos™ (1) = and cos ' 1=0]
. da . .
Integrating, F(a) = mloga—n| ————+C, C being an arbitrary constant ...(3)
g g >
aNl—a

Putting a = 1/t and da = —(l/t2 )dt, we get

(/¢ dt

da dt
— - _ = — =—10g(t+1} 2 _ )
Ia\/l—az I(1/1)\/1—(1/12) I\/ﬂ -1 rol
= —log{l/a++1-(1/a®)} =—log{(1+\1-a*)/a} = loga—log(l+V1—a?)

Hence, (3) yields F(a) = rloga—n{loga—log(l+y1-a*)}+C
or F(a) = rlog(l1+V1-a*)+C @

Putting a = 0 in (1) yields F(0) = 0. Next, putting a = 0 and F(0) = 0 in (4) yields
0= mlog2+C sothat C= —mlog2. Hence, (4) reduces to

F(a) = n{log(1+V1-a*)—log2} = nlog{(1+\1-a’)/2}

or .[0 log(1+acosx)dx = mlog{l/2+(1-a*)/2}, using (1)
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Ex. 5. Assuming the validity of differntiation under integral sign, show that

e
I log( HUC] X _rsina [Delhi Maths (H) 1994]
0 l—ax/ J1- 42
1 1+ d.
Sol. Let Fla) = jolog [1 “xj \/x_z (D)
—ax) x\l-x

Differentiating boths sides of (1) w.r.t. ‘a’ and using Leibnitz’s rule of differentiating under the
integral sign, we get

dF ) J‘l 1 Xx(l—ax)—(—xg(l+ax). dx
da 0 (1+ ax),(1-ax) (1-ax) x\/l—xz
2J'1 dx Il (2/x)dx
0 (1-a’x*W1-x° 0(1/x* —a*WA/xP) -1
0 (“20)dr 1 ) 2
= — > utting ——1 =¢ and ——dx =2tdt
L(r2+1—a2)r Putne 2 e
® df 2 |: 4 4 :| 2 T . 2
=2 — —— = 7—|tan = — ifa <1
Thus, Fa) = (n/\1-d")da 2)
Integrating (2), F(a) = mnsin™ a+C, C being an arbitrary constant .03
g g

Putting a = 0 in (1) yields F(0) = 0. Next, putting a = 0 and F(0) = 0 in (3) yields C = 0. Hence
(3) reduces to

F( ) . Illog(l+axj dx Tcsin,l a 3 (1)
a)= msin a or = > using
0 1-ax xﬁ

Ex. 6. Ify > 0, show that jwe’xy T dx = cot™! y =m/2—tan"y
0 x
[Kurukshetra B.C.A (IT) 2008]
® _., sinx
Sol. Let Fy) = j . € v . dx (D

Differentiating boths sides of (1) w.r.t. °y* and using Leibnitz’s z rule of differentiation under
integral sign, we get

. ©o( s s ©
aF _ J —(e wa)dx = j ﬂe’)‘y(—x)dx =—.[0 e ™ sinxdx
x

dy 0 Oy X 0
—yx © ax . _
= - ez (-ysinx—cosx) | , as Ie”x sinbxdx = £ (asmsz fCObe)
yo+1 o a +b

or dF/dy

—1/1+ yH)] or dF = —{1/(1+ y*)}dy
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Integrating, F(y) = cot™" y + ¢, ¢ being an arbitrary constant .2
Letting y > in (1) = F(y) —» 0as y — 0. Next, letting y = o in (3) and using the fact
that F(y)—> 0 as y —> o, we get C = 0. Hence, (2) reduces to

F(y)=cot'y or J‘we*"y S X dx =cot™!y, using (1)
0 X
or J‘weﬁy Y e = n/2—tan”! Vs as tan”' y+cot™ y=m/2
0 X

Ex.7. Assuming the validity of differentiation under the integral sign, showt that

@ *XZ 1 *(lz
(i) JO e cosaxdr = Eﬁ et [Delhi Physics. (H) 1994]
. ® 2 1 2 . .
(i) IO exp(—x”)cos20wdy = —VT exp (-a?) [Delhi Physics (H) 1998]
© 2
Sol. (i) Let F(o) = Io e ™ cosaxdx (D)

Differentiating both sides of (1) w.r.t. 'o' and using Leibnitz’s rule under the integral sign, we
have

dF _ J'""c’?(e"2 cosocx)dx _

* 1>, _2
do 0 do J‘O €7x2 (_xsin(xx)dx = EIO SIIIOUC'(—er )dx (2)

Putting —x” = ¢ and —2x dx = dt, we have
—x2 ! t —x2 2
J.(—Zx)e dx =J'e di=e'= e, as  t=-x e

Integrating by parts the integral on R.H.S. of (2) and using (3) while treating (—2x e*X2) as

function to be integrated, (2) reduces to

ar _1 [sinowc eiXZT—J.OOacosaxefxzdx 0LJ‘°° - d
Ta 2 L) =3 Oe cOS OX dx .4
Now, (1) and (4) = ar %R F@ g —— g
da 2 F(o) 2
Integrating, log F(a) = —(a2 /4)+ C, C being an arbitrary constant .5
o 2
Putting ¢ =0 in (1) yields F(0)= Io e dx ...(6)

Putting x* = u, i.e., x = ,V/2 and dx = (1/2) xu~"?du, (6) yields

F(0) = ljwe*%f“zdu - 1j°°e*" WD gy = (172) x T(1/2)
2J0 240

[Since, by definition (see Art 20.2), Io e x"ldx=T(n)]
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or F(0)= (1/2) x/, as F(1/2)=+m,  (see Art. 20.5)
Putting o = 0 in (5) and using F(0) = \/r /2, (5) yields C = 1og(\/E/2). So, (5) gives
log F(at) = —(o2 /4)+log(V7 /2) or Flo)=Wn/2)xe™
or Jme“2 cosox dx = (y/n /2) xe’“2/4, using (1) )
(ii). Note that exp a Ostands for ¢°. Hence, we are to show that
J? e cos2axdyx = (Jr/2)x o ...(8)
Replacing o by 2 in (7), we get the required result (8).

Ex. 8. Evaluate I: (e /x){a—(1/x)+(1/x)xe “}dx

Sol. Let F(a) =JA:(e7x/x) {a—1/x)+(1/x)xe “}dx (D

Differentiating both sides of (1) w.r.t. ‘e’ and using Leibnitz’s rule of differentiation under the
integral sign, we have

dFF (=0 |e” I 1 (e’ Cax
y@{j[a—;ue J}d"‘fﬁ“‘e o

Again, differentiating both sides of (2) wir.t ‘a’ as before yields

e e P R R

x
or dF [da” =[O =1+ a)} | =10 +a) -0
Integrating (3), df/da =log (1 + a) + C,, C, being an arbitrary constant ..(4)

Putting a = 0 in (2), we get dF/da = 0. Next, putting a = 0 and dF/da = 0 in (4), we get
C, = 0. Hence, (4) reduces to

dFlda = log (1 + a) or dF=log (1 +a)da .. (5
Integrating (5), F(a) =[log(a+1)da = a.log (a+1)~[{a/(1+a)}da
or F(a)=alog (a+1) —f{l—l/(1+a)}da =alog(a+1)—a+logla+1)+C,
or F(a)=(a+Dlog (a+1)—a+C,, C, being an arbitrary constant .. (6)

Putting a = 0 in (1), we get F(a) = 0. Next, putting a = 0 and F(a) = 0 in (6), we get C,= 0.
Hence, (6) reduces to
Fla)=@+1)log(a+1)—a (7

From (1) and (6), j;” (e /) {a=(1/x)+ (1/x)e™™ | dx = (a+1)log(a+1)~a

EXERCISE 21 (A)
Assuming the validity of differentiation under the integral sign, show that

1,9
X" -
L.

1 Ui =log (1+a), 0> 1 [Pune 2010; Delhi Maths (H) 2006]
0 logx
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/2
2 jo log(1-e*sin® 0)d0 = nlog{(1+1-e?)/2},if <1

- 1
3. j ~TCOSE oy = —log(l+m?)
0 b 2

4 jo e gy = (Jm/2)xe, b>0

b
21.5A. Evaluation of integral j g(x,a,B)dx, where a and b are independent of param-

etersa and . Working rule.

b
Step 1. Let G(a,B) = I g(x,o,B)dx ()
Step 2. Read carefully remark of Art 21.2 for getting
b b
Vap) | [FBEaD 4 o OB (b ,
oo a oa op a op

Steps 3 to 5: Read Art 21.4 A with corresponding modifications. The process will be clear by
the following solved examples given in Art 21.5 B.

21.5B. Solved examples of type 2 based on Art 21.5 A

.. (ii)

Ex.1. Show that Jme"“ Emdx = tan”! E, a=>0
0 X o
) n/2, if >0
and deduce that J‘ sinpx dx = 40, if B=0
0
g -n/2,1f B<0 [Kanpur 2001]

Sol. First part. Here, the integrand (e”* sinx)/x contains two parameters o and B. In

order to get rid of the factor (1 / x) in this integrad, we must treat only 3 as parameter. So, let

F@) = j:e*m%dx o

X

Differentiating both sides of (1) w.r.t. 'B' and using Leibnitz’s rule of differentiation under the
integral sign, we get

dF _ (* 0 |e ™ sinfx |, _ [*e™ .
ar _J' _|:—j|dx - J.o x(xcosPx)dx = Io e “*cosPdx

dp ~ do B x x

e ™ . ~ o e“ (acosbx + bsin bx)
= —o.cosBx + Bsin , as I e" coshbxdx =
sz e ( Px+p [395)}0 o JEE
dF o o
—= - dB, a>0
or dp o2+ [32 or dF = o2 +[32 B

Integrating, F(B) = tan”'(B/a)+C, C being an arbitrary constant. ...(2)
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Putting =0 in (1) yields F(0) = 0. Next, putting =0 and F(0) = 0 in (2) yields C = 0. Hence,
(2) reduces to

F(B)= tanfIE or Iowefmwdx = tan”' 5, using (1)
a

X

Letting o, — 0 on both sides of the above result, we get

. n/2,if >0
J‘ sin x dx_hmta E= 0,if =0
0 o
* 20 /2,ifB<0

Ex. 2. Assuming the validity of differentiation under the integral sign, show that

(i) j g&thsin® db nsin' 2. a>b. [Delhi Maths (H) 2002, 03, 07, 09]
a

a bsme sin©

(i) J‘ 1+7»s1n9 do
i

l 1-sin® sin®
Sol (i). Here, the integrand contains two parameters a and b. Because of the presence of

= qsin~' A, Where ) <1

(1/sin0) as a factor in the integrand, we treat only b as a parameter. So let

/2 q+bsin® dO
F(b) = log——— (1
®) Jo Oga—bsine sin 0 @

Differentiating both sides of (1) w.r.t ‘b’ and using Leibnitz’s rule of differentiation under the
integral sign, we have
1
} do
no

"2 sing sind ) do "2 4o
R R
0 \a+bsin® a—bsinb/sind 0 4% —b*sin’0

/2
‘;_IZ= ) a—ab[{mg(a+bsine)—1og(a—bsine)}xsi

w2 sec? 0do /2 sec’ 0dO
=24 J. = Za'[ 2 2 2.2
0 a*sec’0-b’tan’ 0 0 ag°(l+tan“0)—H"tan” 0

© dt . 2
2al| ———=————=—, puttin tan @ =¢ and sec 0dO=dt
J.o a’ +12(a® -b?) putting

2a .[DO dt — 2a y 1 tan,l t
@ =00 24 (a/Na® ~b? ) @ =0 (a/Na®-b*) a/Na* -b* |,
Thus, dFldb = (g /\d*-b?) or dF = (n /\a* - b*)db

Integrating, F(b) = nsin™'(b/a)+c, ¢ being an arbitrary constant .2

Putting » = 0 in (1) yields F(0) = 0. Next, putting b = 0 and F(0) = 0 in (2), yields C = 0. Hence,
(2) reduces to

Fb) = nsinflé J‘n/zlo atbsinb do = nsin’lé i 1 4
(b) = a of 0 Ca—bsin® sinb g g ) @)
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/2 i in-12
J 10g1+(b/a)><s?n9 fie = msin' = .0
0 1-(b/a)xsin6 sind a

(4) is true for a > b, i.e., b < a. Setting b/a = ), in (5), we get

(ii). Re-writing (4),

= msin~'A, where ) <1

2 1+Asin® dO
[ gl in
0 I-Asin® sin®
Ex. 3. Assuming the validity of differentiation under the integral sign, show that

/2
(@) jo log(aLcos® 0+ Bsin® 0)d0 = nlog{(vo +/B)/2}. [Delhi-Maths (H) 2000,04]
[ 2 2 2 .2
(i) jo log(a” cos” 0+b"sin” 0) dO = wlog{(a+b)/2}

/2
Sol (i). Let Gl B) = jo (cvcos? B+ Bsin? 0)d6 ()

Differentiating both sides of (1) partally w.r.t. '¢' and using Leibnitz’s rule of differentiation
under the integral sign, we get

Q)

oG J‘“/Z cos’ 0 B J‘“/z do
do 0 acos’O+Psin’0 0 a+fPtan’0

Putting tan@ = so that sec? 040 =dtie., d6=(dr)/(1+tan’0) i.., dO = (dr)/(1+¢>), (1)
reduces to

oG ® dt 1 i 1 B .
gy _ = - dt, if
oo J.o A+ %) (o +Br?) a—BIo (1+t2 a+[3t2j Lifa=p

[on resolving into partial fractions]

- : jw{ 12_2 1 }dl=;tanlt— ! tan ! d

a—BJo |1+27 ¢+ (a/P) oa— Jo/p Vo /B
i Bm o on  Ne-B_ n 6
B2 Vo 2] (a)’-GB)Y e  NaGe+B)

For B =a, (2) reduces to

0G _ pm2cos’0 1 2 1 sin20
-j a0 = - jo (1+cos20)d0 =~ 0+

oo 0 o 200 0
Thus, 0G /oo = 1/ 4. @)
From (3) and (4), it follows that without exception, we have
oG « n (1/24o0)

0 WaWa+yB)  Noa+yB

d(J&+J§)/dada

= nlog(o C, .5
J&+JE nlog( a+\/ﬁ)+ ®)

Integrating w.r.t. ‘o', G(a,B) = n.[
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where C is independent of o. Using the well known property J‘a f(x)dx = I ’ f(a—x)dx of
0 0
definite integrals, (1) yields

n/2 n/2
G(a,p) = Io 10g((xcos29+[3sin2 0)do = Io 10g{(xcosz(1t/2—9)+Bsin2(n/2—9)}d9

/2
= jo log(Bcos® 0+ asin20)d0 = G(B,o), using (1)

In view of the relation G(a,p) = G(B,a), it follows that C occruing in (5) is also independent

of B. Hence, C is an absolute constant Now, putting aa=f =1 in (1), we get
n/2 2 2 n/2
G, )= I log(cos” 0 +sin” 0)dO = I (logl)d® =0, aslog 1 =0
0 0

Putting o =B=1 in (5) and using G(1, 1) = 0, we get 0 = zlog2 + C so that
C = —nlog2. Hence, from (1) and (5), we get

.[On/zlog(occos29+[3sin2 0)d0 = n{loga +~/B)—log2} = mlog{(No++/B)/2} -..(6)

(éi). Replacing o and B by ¢ and b? respectively in equation (6) of part (i), we get

/2 2 2 2 .2
.[0 log(a” cos” 0+ b sin” 0)d0 = mlog{(a+b)/2}

- -1 -1 a+f
Ex. 4. Show that J. wdx = E1og % ,oa>0,>0
0 2 ) (quB

e 1 1
Sol. Let G(a,p) J' tan o tan fx

> dx ()

0 by

Differentiating both sides of (1) w.r.t. “ o > and using the Leibnitz’s rule of differention under
the integral sign, we have

oG ) J'wﬂ{tanl(xxtanlﬁx}dx _ J“” tan ' px dx O

Qo 0 ool x° 0 x(1+0’x?)

Again, differentiating both sides of (2) w.r.t. * B * and using the Leibnit’s rule of differentiation
under the integral sign, we have

G _[* 0| tan'px [ dx
opoa jo %{x(uazxz)}dx B IO (L+a?x?) (1+B°x?)

o ] o’ B2 . . .
= J. T 5 o) dx, on resolving into partial fractions
0 o =B 1+a"x" 1+p°x

1 ® 1 1 1 B B o
Co2-p? '[0 {(l/(x)2+x2 _(1/5)2+x2}dx ) o’ —p’ [atan o —pan lﬁxJo 0P
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2
or 88(1_8G[3 = ﬁ(ax%—ﬁx%} = (a—B)l(a+[3) . n(otz P = 2(an+ 5’ a>0,>0...03)
It is easy to show that (3) remains valid even for o = .
Now, integrating (3)w.r.t. ‘3, we have
0G/oa = (n/2)xlog(a+P)+ f(a), f(a), being an arbitrary function of o .4

Putting B =0 in (2) yields 6G/o6a = 0. Next, putting B=0 and §G /o = 0 in (4) yields
0= (n/2)xloga+ f(a) sothat f(a) = —(n/2)xloga. Hence, (4) reduces to
0G /o0 = (m/2)xlog(a+p)—(n/2)xloga .5

Integrating (5) wr.t. 'a.', we get

G(a,B) = g.“log(a+[3)~lda—gj‘loga~lda = ;{log(owﬁ)-oc—_‘.m}—;{logwa—fiada}

or G(aB) = {oclog(oc+[3) .[Ll——\doc}——(oclog(x a)

G(a.B) = (n/2){alog(a +P) —a +Ploglo+P)}—(n/2) x (o log— o) + g(B),
where g(B) in an arbitrary function of f.
Thus, G(o,B) = (n/2)x{(ac+B)log(a+ ) —aloga}+ g(B) ..(6)
Putting ¢ = 0 in (1) yields G(0, B) = 0. Next, putting oo =0 and G(0,B) =0 in (6) gives
0= (n/2)X{Blogﬁ—iiir})(xloga}+g(ﬁ) (D

1g0L_1 (/o)

But, hm oclogoc = ilg}) IR TS =0, using L’ Hospital’ s rule ..(8)
Using (8), (7) reduces to
0= (n/2)xPlogB+g(P) so that gPB)=—(n/2)xPlogph .9
Using (9), (6) reduces to G(a,B) = (n/2)x{(a+B)log(a +p)—aloga —Plog P}
or G(aB) = (n/2)x {log(ar x B)*P ~loga” ~logp’}
“tan 'oxtan 'Px ™ (o +B)*P )
or .[o de = Elog{ o pP , using (1)
EXERCISE 21(B)

Assuming the validity of differentiation udner the integral sign, show that

1. DOlog(1+a x )d _T (1+gj
I 1+b2 2 b o8 b

2 JADOeiaX b2y = (\/E/Za)xe72“b,a>(),b2()
0
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© 2 2,2
Deduce that .[o e T gy o (\/E/2) xe 2 a>0

b

Ix* —x a+1
3._[ dx =log——
0 logx b+1
PCOSAX . _gx  —bx 1 b* +22
4J' —eydy=~log 4 450,550
— (" —e)dx e 7
de _ (@’ +b%)

> j (a* cos? O+ b* sin” 0)° 4a°b’

h(a)

21.6A. Evaluation of integral I( )f(x,a)dx, where g(a)and h(a) are functions of
g(o

parameter a. Working rule.

h(a)
Step 1. Let F(a) = j o S ()
g(a

Step 2. Differentiating both sides of (1) w.r.t. ‘o’ and using general Leibnitz’s rule of
differntiation under integral sign (see Art 21.3), we get

aF _ (M0oF dh e
da Ig(a) o, 2o+~ S (ha), 00 ==~ f(g(a), o) 2)

While writing (2), write g4/ do = 0 if & is independent of o (or write dg/do =0 if g is
independent of o)

Steps 3 to 5. Read Art 21.4 A for complete discussion.
21.6B. Solved examples of type 3 base on Art.21.6A

Ex.1. Assuming the validity of differntiation under the integral sign, show that

n/2
j sinBcos™! (cosa.cosec 0)dO = %(l —cos0) [Delhi Maths (H) 2001, 03, 04, 09]

n/2—a

/2
Sol. Let F(a) = I sin® cos~'(cos o cosec 0)d0O (D)

n/2—-o
Here the lower limit of integral is function of the parameter o while the upper limit is
independent of o Hence, differentiating both sides of (1) w.r.t. 'o' and using the general form of
Leibnitz’s rule of differentiation under the integral sign, we have

ar _
do.

d(n/2)

J-n/z 0 {smecos (cosacosece)}d9+ .

. T 1 T
Sin — CoS COS AL coseC —
n/2—a 0L 2 2

d(n/2-a) . _
—%SIH(R/Z—U)COS ! {cosacosec (n/2—a)}

d®—(=1)x coso. x cos ' (1)

.[“/2 sin 0 cosec Osin o

_ 2 2
m/2 0‘\/l—cos o.cosec 0

smede .[ n/2 sin0do

n/2
sin aj = sina ,ascos ' (1)=0
m/2-a \[sin? @ — cos’ a /2= 0‘\/(l cos®0)— (1—-sin’ )

—=¢ and —sin® dO =dt

—sin ot.[ —, putting cos0
sina.\[gin? o — £



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

0
= —sin0c|:sin1 .t } = —(sina)x 0-Z1 = Esinoc
sino g, ., 2 2
Thus, dF = (n/2)xsinada
Integrating, F(a) = =(n/2)xcosa+C, C being an arbitrary constant .2

Putting o = 0 in (1) yields F(0) = 0. Next, putting a = 0 and F(0) = 0 in (2) yields
= —n/2. Hence, (2) reduces to

F(a) = —(n/2)xcosa+mn/2 or J‘a/z sinecosfl(cosoccosecG)dezg(l—cosa), by (1)

Ex. 2. What are the points of the extrema of the function y = I sz dt, x>0?
0

t
(@) 0, + nm(b) +nn only (¢) nronly (d) 0, nmonly, where n=1, 2, 3,... [L.A.S. (Prel) 2009]

Sd. Ans. (¢). Given y(x) = J‘X%ntdt, x>0 (D
0

Differentiating both sides of (1) w.r.t. “x” and using the general form of Leibnitz’s rule of
differentiation under the integral sign, we obtain

dy [* 0 (sint dx sinx d0 . sint
—=| —|—|dt+—x————xlim——
dx Joox\ t dx ~ x dx -0 ¢
or Q=0+Sinx_(()x1) or dy _sinx .5 Q)
dx X dx X

For extremen values of y, we have dy / dx =0, i.e., sin x / x = 0 or sin x = 0, since x > 0.
Thus, x = n7, where n =1, 2, 3, ... Hence the choice (c) is correct.

\’2 2 -
Ex. 3 The function f{x) = J. it has (@) two maxima and two minima points

0 2+e
(b) two maxima and three minima points (¢) Three maxima and two minima points
(d) One maximum point and one minimum point [L.A.S. (Prel.) 2009]
22544
Sol. Ans. (b). Given flx) = J' r-ot+a (1)
0 2+¢

Differentiating both sides of (1) w.r.t. “x” and using the general form of Leibnitz’s rule of
differentiation under the integral sign, we obtain

22— \ 2 4 2
fr(x)zj- i t 5f;’r4 dt+di><x 5x2+4_@><i
0 Ox\ 2+¢ dx 246" de 3
2x(x* —5x7 +4) 5_ 5.3
or f'x)=—"___2 = 2()65—)6;_4)6) ..Q

2+e" 2+¢*
For maximum and minimum values of f{x), we have
(%) =0 = x(x*~5x*+4)=0 or x(x*—1) (x*~4)=0, giving,x=0, 1,—1,2,-2.
Differentiating boths sides of (2) w.r.t. ‘x’, we get
4 2 x2 5 3 x2
5 Gx"—-15x"+4)(2+e" )—(x" =5x"+4x)xe’ x2x

(Q+e" )

1@ =2
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25x* — 152 +4) 2+ €% ) —4x2e” (x—1)(x + D)(x—2)(x +2)

2+ )

or f"(x) = -3

Now, (3) = f"(0)>0, f'MH<0, f"(-1H<0, f"(2)>0 and f"(-2)>0,

showing that the given function f{x) has maxima at two points (namely, at x = 1 and x =—1) and it
has minima at three points (namely, at x = 0, x = 2 and x = -2).

Ex. 4. If F(x) = (1% x j " {42 Z3F(1))dt, then what is F'(4) ?

4
(@) 32/19 (b) 64/3 (c) 64/19 (d) 16/3. [LA.S. (Prel,) 2009]
Sol. Ans. (¢). Given Fx) = (1x2) % j 42 3F ()i ()

4

Differentiating both sides of (1) w.r.t. “x’, we obtain

2 ¢r 1 d

o) = ——=[ 142 <3P pvde+ — @4 —3F ) di
F() x3j4{ (03— <[ (1)} e

Using the general from of Leibinitz’s urule of differentiating under the integral sign in the
second term on R.H.S of (2), (2) reduces to

P , 110 2 ,
Fi(x) = _x—3j'4 (42 _3F (t)}dt+x—2D.4a{4t L3F(f)dt
+ (dx/dx) % 1437 —3F(x)} — (d4/ dx) x (64 —3F"(4)}]

Hence, F'(4)=0+0+ {64 —3F'(4)}/16 -0 = F'(4) = 64/19

Exercise 21(C)

log(1+ ax)
2

log (1+x)

1. Show that j ‘
0 2

1 a
dx = Elog(l + az)tan’1 a . Deduce that I dx = %logS
0

1+x I+x

2. Show thaty = %stin k(x—1)dr satisfies the equation d’y / dx* + Ky = f{x), where k is a
0

constant.

n/2a  sin ax
dx = constant.

3. Show that I

n/6a X

21.7A Determination of the value of an integral when certain standard known integral
is given with its value. Working rule.

b
Let j feua)dy = F(a) ()

be given, a and b being independent of the parameter o . Then, differentiating both sides of (1) and
using Leibnitz’s rule of differentiating under the integral sign, we get a new integral on L.H.S of (1)
and its value on the R.H.S. of (1)

Remark. Sometimes one or more than one successive differentiation w.r.t. © o * may be required
to get the required results.
21.7B. Solved examples of type 4 based on Art. 21.7 A
dx 1

X
Ex.1. Given I — = Ztan'Z Using the rule of differentiation under the integral
0 x"+a a a
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sign, show that J.XL BN S S
' 0 ()c2 +az)2 24° a 2czz(x2 +a2)
. x dx 1 1 X
Sol. Given I > = —tan  — (D
0 x"+a a a

Differentiating both sides of (1) w.r.t. “x” and using Leibnitz’s rule of differentiation under the
integral sign, we obtain

x 1
.[ —ﬁXZa dx = lX%X(-%} —iztan71£
0 (x*+a”) a 1+ (x/a) a a a

J‘" dx 1 X x

Hence —_— = — e
’ 0 (x*+a*)? 2a° a 2a*(x*+ad*)

I I
Ex. 2. From the value of .[a x"dx, deduce the value of I{) x"(loglx )"a m 20 and n is a
positive integer
1
Sol. We have, .[0 x"dx = [x’"“ /(m+1)}i W= (m+ 1) (D

Differentiating both sides of (1) wir.t. ‘m’ and using e Leilr tz’s rule of differentiation under
the integral sign, we get

1
Jl)x'"logxdx = () (19 ? ..Q
Again, differentiations boths sides of (2) w.r'”"m’, as before, we get
1
[ ¥ ol dxe= 1) (2 m + 1) -0
Continuing likewise till (1] is difzrentiated » times w.r.t. ‘m’, we finally obtain
1 —n -1)"n!
[ 2208007 ah= 1) (2 (3) o om v 1y 00 = EDIL
(m+1)"

© o 2
Ex.3. From the valu OfJ‘ e dx deduce the value of'[ e xMd.
0 0

Sol. Let ax’> =7, i.e., x = (¢ /a)l/2 so that dx = (1/2\/;) xt V24t . Then, we have

0 2 © 1 — —
J‘ efax dx :J- e*l K ——— X t—1/2dt — zt(1/2) ldt

1 0
—F | e
0 0 2\/2 2Va J-O

or Iwe*ax2dx = Lr(l) = ﬁxafl/z (1)
0 2a \2 2

[ By definition of Gamma function, (refer Art 20.2) I DOe*)‘ X" ax = T(m)]
0

Differentiating both sides of (1) w.r.t. ‘e’ and using Leibnitz’s rule of differentiation under the
integral sign, we obtain

o N& 1 _ © _ 2

Differentiating both sides of (2) w.r.t. ‘@’ and proceeding as before, we get
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© Jrno1 3) © 2 Jn o1 3
ax -1 22d =—><—><(——ja5/2 or J‘ ax 22 = 2w xIxa
Ioe XEDx () e = S 7y o € )Tde = Ty
Continuing likewise till (1) is differentiated » times w.r.t. ‘a’, we get
Iwefﬂz(xz)"dx —ﬁxlxéx xzn_lxa’(l/z)’”
2 2 2
o1 2n-1 2n-3 301
= x x XL X—X—
2 n+1/2 2 2 2

1 ( 1)( 3) 31 (1) (1)
— | n—=||n-=|..==T'| =], as =T|=
2an+1/2 n 2 n 2 22 2 \/; r )

[C(n+1/2)]/2a""?,  as  (n=DI(n=1)=T(n)
EXERCISE 21 (D)

n dx i
1. Strarting with = ,a>0,|b|<a,deunce v at
g 0 a+bcosx [ 2 _p? o] / .
0) m dx __ ma (i) [ Cosxdy nh
0 (a+bcosx)’  (a*-b>) L0 (a+becosx)’  (a*—-b*)?

2. Starting from Jo ey = 1 for a > 0, dd lugsthat .[ x"e Y dx =(m)/a™"!
a 0

3. Using the value of the integral Iw~ “**_how that
O xoHan
J“” X sm13.5-@n-1) 1
0 (2 gyt 2 2:4:.6--(2n) ™2

MISCE LANEOUS PROBLEMS ON CHAPTER 21

Ex.1,If f(x)= JFOV + 1% ¢ x >0, Then find f/(2). (Pune 2010)

Sol. Differeniizt7.g b th sides of the given equation and using Leibnitz’s rule of differentiation
under integral sign, we ha've

') = [F90 6 6 dx do
f(X)—IOa\/l+t dt+\/l+x xa—qll.ko X;

Thus, f'(x)=+1+x° and so f'(2)=+/1+2° =65

2
xe

lim — .
Ex.2. The value of xl—l;% Ixetzdt is
0

(@) 0 (b) 1 (c) does not exist (d) -1 (I.A.S. 2004)
Sol. Ans. (b). We have,
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2
. xe o
lim Form |—
x—0 J‘xet2 dt (e 0]
0

_lim dglxe )7/dx
x—0 a Xerdf
dx 0

, by L’ Hospital’s rule

(1><e"2)+(x><e"3 x2x)
J‘Xg(e'z)aft+e"2 x@—eox@
0 Ox dx dx

[Using the Leibnitz’ rule of differentiation under the integral sign]

=lim

25 x°
—tim T i ey =1
x—0 O+ex -0 x—0
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