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Kinematics of Fluids
in Motion

2.1. Methods of describing fluid motion.

There are two methods for studying fluid motion mathematically. These are Lagrangian and
Eulerian (flux) methods and refer to ‘individual time-rate of change’ and ‘local time rate of change’
respectively.

(D Lagrangian method. |Garhwal 2005; Meerut 2009, 10, 12]

In this method we study the history of each fluid particle, i.e. any fluid particle is selected
and is pursued on its onward course observing the changes in velocity, pressure and density at
each point and at each instant. Let (x,, y,, z,) be the coordinates of the chosen particle at a given
time ¢z = 7, At a later time, ¢ = ¢, let the coordinates of the same particle be (x, y, z). Since the
chosen particle is any particle in the fluid, the coordinates (x, y, z) will be functions of t and also
of their initial values (x,, y,, z,), so that

x = f1Xes Yor Zo0 s Y =1 & Yo 200 D5 z=f; (X Yoo Zp0 D)- (1)

Letu, v, wand a,, a, a, be the components of velocity and acceleration respectively. Then,
we have

u=0x/ot, v=20y/ot w=0z/0t ..(2)

and a, =0°x/ot%, a,=0"y/ot*, a,=0°z/01 (3)

Remark 1. The fundamental equations of motion in Lagrangian form are non-linear and
hence it leads to many difficulties while solving a problem. In fact, the present method is employed
with an advantage only in some one-dimensional (involving one space coordinate) problems.
Hence we need to think about another method of describing fluid motion.

Remark 2. This method resembles that of dynamics of a particle in so far as (x, y, z) are
dependent on 7. However, in Lagrangian method of fluid dynamics (x, y, z) are dependent on four
independent variables x,, y,, z, .

(II) Eulerian method. [Ranchi 2010, Agra 2005; Garhwal 2005; Meerut 2009, 2010, 12]

In this method we select any point fixed in space occupied by the fluid and study the
changes which take place in velocity, pressure and density as the fluid passes through this point.
Let u, v, w be the components of velocity at the point (x, y, z) at time ¢. Then, we have

u=F, (x,yz1, v=F,(x,y, 20, w=F,(x,,z1). (4

For a particular value of ¢, (4) exhibits the motion at all points in the fluid at that time. Again
for a particular point (x, y, z), u, v, w are functions of ¢, which define the mode of variations of
velocity at that point.

Remark 1. The point under consideration being fixed, x, y, z and ¢ are independent variables
and hence dx/dt d*x/df* etc. have no meaning in this method.

2.1
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Remark 2. In Lagrangian method a particular fluid particle is identified and changes in
velocity etc. are studied as that fluid particle moves onwards. On the other hand, in Eulerian
method the individual fluid particles are not identified. Instead, a point in fluid is chosen and
changes in velocity etc. are studied as the fluid passes through the chosen fixed point.
Relationship between the Lagrangian and Eulerian methods.

[Garhwal 2001, 05; Meerut 2005]

In order to establish relationship between the two methods, we investigate a relation between
the particle parameters and space parameters.

(i) Lagrangian to Eulerian. Suppose ¢ (x,, y,, Z,, f) be some physical quantity involving

Lagrangian description

¢ = ¢ (x()a Yo» 2¢ ,t) (5)
Since Lagrangian description is given, (1) holds. Solving (1) for x,, ¥, z, we have
xO = gl (.X, V> 2 t)’ y() = g2 (.X, Y,z t)a Zp = g3(x7 y, Z,t) (6)
Using (6), (5) reduces to
¢ = ¢ [g1 (X, Vs 2, t)a g2 (X, s 2, t)a g3 (X, Vs 2, t)a t]a (7)

which expresses ¢ in terms of Eulerian description.

(i) Eulerian to Lagrangian. Suppose W (x, y, z, f) be some physical quantity involving

Eulerian description
Vo= VY(x,y, oz, 0. -(8)

Since Eulerian description is given, (4) holds. Again, (2) holds for the proposed Lagrangian
description. Hence (2) and (4) yield

dx/dt = F (x,y, z, 1), dyldt=F, (x,y, z, 1), dz/dt = F; (x, y, z, 1) ...(9)

The integration of (9) involves three constants of integration which may be taken as initial
coordinates x,, y,, z, of the fluid particle. Thus the integration of (9) leads to the well known
equations of Lagrange (1). Using (1), (8) reduces to

Vo= W f; (g Yo 200 D5 5 s Yos Zop D) S5 Xs Yo 205 D5 2], ...(10)
which expresses ¥ in terms of Lagrangian description.
2.2. lllustrative solved examples.
Ex. 1. The velocity components for a two-dimensional fluid system can be given in the
Eulerian system by u =2x + 2y +3t,v=x+y + t/2.
Find the displacement of a fluid particle in the Lagrangian system.
[kanpur 2000, 05, Rajasthan 2003, Rohalkhand 2005]

Sol. Given u=2x+2y+ 3t v=x+y+1t2 (1)
In terms of the displacement x and y, the velocity components # and v may be represented by
u = dx/dt, v = dy/dt .(2)
From (1) and (2), we have

dx/dt =2x + 2y +3t, dyldt=x+y+ 12 ..(3)

Let D=d/dt. Then equations (3) become
D-2)x—-2y=3t (4
—x+D-Dy=12 (5

Operating (5) by (D —2), we have
- D-2)x+D-2)D-1)y=(112)yx(D-2)¢
or —(D-2)x+(D*-3D+2) y=(1/2)—t ...(6)
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Adding (4) and (6), we have
(D*-3D)yy=(1/2)+2t A7)
Auxiliary equation of (7) is D* — 3D = 0. Solving for D, it gives D = 0, 3. Hence complementary
function (C.F.) is given by
C.F=c +ce

Next, the particular integral (P.I.) is given by

Pl = 21 (l+2tj
D" -3D\2
1 1 -
=—(—+2t] L l—lD l+2t
-3D(1-D/3)\2 3D 3 2
:—L 1+1D+.... l+2t :L l+2t+l><2
3D 3 2 3D\ 2 3

2 2
:_l.i 2t+z :_l 2><t_+1><l‘ :—t__z
3D 6 3 2 6 3 18

Hence the general solution of (7) is

y=c, e’ —(3) — (7118) -(8)
From (8), dy/dt = 3e,e’ — (2t/3) — (7/18) -9
Re-writing the second equation of (3), we get
x=dyldt—y— (12) ..(10)
Putting the values of y and dy/dt given by (8) and (9) in (10), we get
x =3¢e” —zt—l—c1 cye + =1 PRIV
3 18
or X =—c +2c,8" + (1% 13)—(7t/9)—(7/18) ~(11)
We now use the following initial conditions :
X =X, Y=Y when t=1,=0 -(12)
Using (12), (8) and (11) reduce to
Yo=¢ T and Xo=—c¢, +2c,—(7/18) ..(13)
Solving (13) for ¢, and c,, we have
2y —xy 7 Xo+yy 7
=" C=——+—
1 3 s and 2 3 54 ..(14)
Using (14), (11) and (8) give
1 2 1 TYs3 7. 1, 7
X==Xg—=Yo+=| 2%y +2yy +— |&" ——t+=t"——
3% 73 Yo 3£ o t<)o 9j 9' "3 27 ..(15)
_ 1,42 +l£x + +lje3’ T lp T
and y 37073 Yo 3| Yo 13 873 54 ...(16)

(15) and 16 give the desired displacements x and y in the Langrangian system involving the
initial positions x, and y, and the time, ¢.
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Ex. 2. For a two-dimensional flow the velocities at a point in a fluid may be expressed in the
Eulerian coordinates by u = x +y + 2t and v = 2y + t. Determine the Lagrange coordinates as

Junctions of the initial positions x, and y, and the time t. [I.A.S. 1999]
Sol. Given u=x+y+2t and v=2y +t ()
In terms of the displacements x and y, we have
u = dx/dt and v = dy/dt. ...QQ)
From (1) and (2), dx/dt=x+y+2t .03
and dy/dt =2y + ¢t or dy/dt — 2y = t. .4

(=2)di _ . .
Integrating factor (I.F.) of (4) = eI f=e and solution of (4) is

ye*Z’ =c + J‘t(e’” )dt, ¢, being an arbitrary constant

-2t L J' Ly Lo 1 1 2t
=c +t| —— |1 —= dt=c,——te” ——e " =¢ ——(2t+1e
or ye q ( 2 e : e q 5 2 ! ( )
or y=ce—Qt+ /4 .5
Substituting the above value of y in (3), we have
dx 2t 1 dx 2t 1
—=x+ce ——2t+1)+2¢ or ——x=ce +—(6t—1
7 1 4( ) 7 1 4( ) ©

LF. of (6) = eJ.(il)dt =e~’ and solution of (6) is

1 t-1) _
xe'=c, + J.eft {cle% +Z(6tl)}h =c,+¢e +I¥e "dt

or xe ' =cy+ce + b1 (—e")- J.(gj (—e " )dt
4 4
or xe ' =cy ke 71(6t ~1e” 7264 =c,+ce 7164(61‘ +5)
4 4 4
or x =cye’ +cleZt —(6t+5)/4. (D
We now use the following initial conditions :
X=X, Y=Y when t=1,=0. .8
Using (8), (5) and (7) reduce to
Yo=1¢,—(1/4) and Xy =c,+c —(5/4). ...9)
Solving (9) for ¢, and c,, c =y, (1/4), e, =xy—y, T 1. ...(10)
Using (10), (7) and (5) reduce to
X =(xy =y, + De' + (v, + 1/4)e* — (6t + 5)/4 ~.(11)
and y =, + 1/4)e* — (2t + 1)/4. ~(12)

(11) and (12) give the desired displacements x and y in the Lagrangian system involving the
initial positions x,, ¥, and the time z.

Ex. 3. The velocity distribution of a certain two-dimensional flow is given by u = Ay + B
and v = Ct, where A, B, C are constants. Obtain the equation of the motion of fluid particles in
Lagrangian method.

Sol. Let r (x, y) be the position of the given particle at any time . Then the path lines for
the fluid particle are given by

dr

oo d o
q= = ui +vj=—(xi + yj).
dt

Cdr
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= u=dx/dt=Ay + B ...(1)

and v =dy/dt = Ct. ...QQ)

Integrating (2), y=(/2)x CA + ¢, where ¢, is a constant of integration .03
Initially, let y = y,, t = 0. Then (3) gives ¢, =y,

So (3) gives y=(172) x CF +y,. .4
Substituting the above value of y in (1), we get

%zA(%Ct2+yoj+B so that x:A(%Ct3+y0tj+Bt+cz, ...(5

where ¢, is a constant of integration.
Initially, let x = x, ¢ = 0. Then (5) gives ¢, = x,,.

. 1
So (5) gives x= A(gCt3 +y0tj+Bt+x0. ...(6)

The required equation of motion is given by (4) and (6).

Ex. 4. (a) The velocities at a point in a fluid in the Eulerian system are given by
u=x+ty+tz+i, v=2x+y+tz)+t, w=3x+y+tz)+t

Obtain the displacements of a fluid particle in the Lagrangian system.  [Garhwal 2000]

(b) The velocity field at a point in fluid is given by

g=[x+y+z+e,2(x+y+z2)+6,3x+y+z)+1].
Obtain the velocity of a fluid partifcle which is at (x, y,, z,) initially.
Sol. (@) In terms of the displacements x, y and z, the velocity components u, v and w, may
also be represented by

u = dx/dt, v = dyldt and w = dz/dt ..(D

Using (1) and the given values of u, v, and w, we have
dxldt=x+y+z+t ...(2)
dyldt =2 (x+y+z)+t ...(3)
dzfdt =3 (x+y+z)+t ...(4)

Let D=d/dt. Then (2) and (3) yield

D-H)x—-y=z+t¢ ...(5)
—2x+D-2)y= 2z+¢ ...(6)

Operating (5) by (D — 2) and then adding the resulting equation to (6), we have
D-2)D-DNx—-2x=D-2)(z+t)+2z+1¢
or (D*-3D)x=Dz+1—1 (D)
Next, multiplying both sides of (5) by 2, operating (6) by (D — 1) and adding the resulting
equations, we have
-2y+D-1)D-2)y=2+HD-1)(Q2z+1)

or (D*-3D)y=2Dz+1+¢ .8
Re-writing (4), we have D-3)z=3x+3y+1t

or (D* - 3D) (D —3) z = 3(D* - 3D)x + 3(D* - 3D)y + (D> — 3D)t

or (D* - 6D* + 9D)z = 3Dz + 3 — 3t + 6Dz + 3 + 3¢ — 3, using (7) and (8)

or (D*~6D)z =3 )

Auxiliary equation of (9) is D®> — 6D* = 0. Solving for D, it gives D = 0, 0, 6.
Hence, CE =c tct+ c3e6’, ¢,» ¢, and ¢, being arbitrary constants.
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1 1 1 D -1
PI-= 3=3x 1___L(,.D
Next, D’ —6D> _6D*(1-D/6) _ 2p? (1 j !

1 1 £
SR PUU S T
6 2D 22

Hence the general solution of (9) is

z=ctet+ c3e6’ — (P14), ¢,» ¢, and ¢, being arbitrary constants ...(10)
Re-writing (3) and (4), we have
D-2)y—2z=2x+1¢ ..(1D)
and -3y+D-3)z=3x+1¢ ..(12)
As before, (11) and (12) give
(D* - 5Dy =2Dx+1—t (13)
and (D*-5D)z=3Dx+1+¢ ..(14)
But from (2), D-1x =y+z+t
= (D>~ 5D) (D — 1)x = (D? = 5D)y + (D* —5D) z + (D’ = 5D) ¢
or (D — 6D*+ 5D)x = 2Dx + 1 — ¢ + 3Dx + 1 + ¢ —5, using (13) and (14)
or (D> -6DMx =-3 ..(15)
As before, the general solution is x=a +at+ a3e6’ +(1/4) x 2 ...(16)
Re-writing (4) and (2), we have
(D-3)z—-3x=3y+1¢ ..(17)
—z+D-Dx=y+t¢t ..(18)
As before, (17) and (18) give
(D>~ 4D) z = 3Dy + 1 +2t ..(19)
and (D*—4D)x =Dy + 1 -2t -.(20)
But from (3), D=2)y=2x+2z+¢
= (D?—4D) (D ~2)p = 2(D* - 4D)x + 2 (D* — 4D) z + (D* — 4D)t
or (D* — 6D* + 8D)y = 2Dy + 2 — 4t + 6Dy + 2 + 4t — 4, using (19) and (20)
or (D> - 6D%y =0 .21)
As before, the general solution is y=b+bt+ b3e6' ...(22)
Also suppose X =X, Y=Y z=2z whent=1=0 ..(23)
Using (23), (16), (22) and (10) give
Xg=a; ta, Yo=0b, * by, Zp=c¢ T o
so that a, =x,—a, b, =y, b, c, =zy— ¢ ...(24)
Using (24), (16), (22) and (10), we have
Xx=xy—ay+a,t+ae” + (1/4) x 7 ..(25)
V=Y, — by + byt + bye™ .(26)
z=zy—cyt oyt + e — (1/4) x £ (27)

Substituting these values of x, y and z into (2), (3) and (4), we have
a, +6a,e + 12 =x,+y,+zy— (a3 + byt ;) (ay, + b, T et (ay+ by +cy) e +1..(28)
b, + 6be® = 2(xy + vy + 2p) — 2(ay + by + ;) +2(ay + by + )t 2@y + byt ) e+t (29
¢y 605% —(1/2) = 3(xy+ vy + 2,) — 3@y + by + ¢;) +3(a, + b+ c,)t
+3(ay + byt cy)e + .(30)
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(28), (29) and (30) are identities. So equating coefficients of ¢, ¢ and absolute terms, these
identities give

Xotygtzg— (a3 + byt cy)=a, ..(31a)
a,+ by + c;= 6a, ...(31b)
a,+b,+c,+1=172 ...(31¢)
2(xg + ¥ +29) = 2(ay + by + c3)= b, ..(32a)
2(ay +by +c;) = 6b, ..(32b)
2(a, + by +¢c,)+1=0 ...(320¢)
30eg + 3o T 29) = 3(ay + by + ey)=c, ..(33a)
3(ay +by + ¢;) = 6cy ..(33b)
3ay + by +c,) +1=-(1/2) ..(33¢)

From (31¢) or (32¢) or (33¢), we have
ay+ b, +c,=—(1/2) ..(34)

Adding (31a), (32a) and (33a), we get
6[(xg+yytz)) —(ay + byt cy)l=a,+ b, + ¢,

or 6[(x, T ¥y T 2p) — (a3 + by + ¢3)] = — (1/2), by (34)
or ay+ by +cy=xy+y,+z,+ (1/12) ..(35)
Using (35), (31b), (32b) and (33b) give
a,=(1/6) x (x, +y, +z,+ 1/12) ..(36)
by=(1/3) X (xg +y, +z,+ 1/12) ..(37)
ey =(1/2) X (x, + y, +z, + 1/12) ..(38)
Again, using (35), (31a), (32a) and (33a) give
a,=-1/12, b, =—1/6, and c,=—1/4 ..(39)

Substutituting the above values of a,, b,, c,, a;, by and c; into (25), (26) and (27) and
simplifying, we have
x = (5/6) X xy— (1/6) Xy — (1/6) x 2, +(1/6) x (x, + y, + 2, + 1/12)e” —#/12 + £/4 — (1/72)...(40)
y=—(173) xxy+ @23) xy,—(1/3) xz,+ (1/3) x (x, + y, + z, + 1/12) S — 116 — (1/36) ...(41)
z=—(1/2) x xy = (1/2) x yo + (1/2) x 25+ (1/2) X (xy + y, + 2, + 1/12) e — 114 — 14 — (1/24) ...(42)

which give the desired displacements.

Part. (b) Let u',v',w' be the components of the velocity in Lagrangian system. Then using
(40), (41) and (42), we have

u'=0x/0t = (x +yy+2zo+1/12)e™ —(1/12) + (¢/2) ..(43)
V' =03y/0t =2(xo+yy +2o +1/12)e* —(1/6) ..(44)
W =0z/0t =3(xy + vy +2o +1/12)e™ —(1/4)—(t/2) ..(45)

The required velocity is u'i+Vv'j+w'k, where ',y and ' are given by (43), (44) and

(45) respectively.
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Velocity of a fluid particle.
Let the fluid particle be at P at any time ¢ and let it be at Q at time 7 + o8¢ such that

— —>
OP =t and 0Q =r+3r.

Then in the interval 6¢ the movement of the particle is P‘Q) = dr and hence the velocity of the
fluid particle q at P is given by
q = lim (or/dt)=dr/dt,
8t—0
assuming such a limit to exist uniquely. Taking the fluid as continuous, the above assumption is

justified. Clearly q is a function of r and ¢ and hence it can be expressed as q = f{(r, 7). If u, v, w
are the components of q along the axes, we have q=ui+vj+ wk

2.4. Material, local and convective derivatives. (Meerut 2009, 2011)
Suppose a fluid particle moves from P (x, y, z) at time t to Q(x+dx,y+3dy,z+3J) at time

t + 8t . Further suppose f (x, y, z, f) be a scalar function associated with some property of the fluid

(e.g. the pressure or density etc.). Let the total change of f due to movement of the fluid particle
from P to Q be &f. Then, we have

8 = (Of /0x)3x +(Of /9v)dy +(Of /82)dz + (f 1 0t)t

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/
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O _of s Iy o o

or 5t oxot oyt dz ot ot (1)
Let limg:D—f or ﬁ, limgzﬁ:u,
&->08f Dt dt &—>00t dt 2
limgzﬂ:v and limgzé:w
8—00t dt 83—>008t dt

where ¢ = (u, v, w) is the velocity of the fluid particle at P. Making &t — 0 and using (2), (1) reduces

to
Dt ox 0Oy 0z Ot
But q=ui+vj+wk (4
and V = (8/0x)i +(8/0v)j+(8/62)k (5
From (4) and (5), q-V= u% + v% + Wgaz- ..(6)
Df of .
Using (6) and (3) reduces to Died +(q-V)f (7
Dt ot

Again, suppose g (x, v, z, t) be a vector function associated with some property of the fluid
(e.g. velocity etc.). Then proceeding as above, we have

Dg Og
—==—=+(q-V (8
., (q-V)g (®)
From (7) and (8), we have for both scalar and vector functions
D 0
— =—+q-V ...(9
Dt ot a ®)

D/Dt is called the material (or particle or substantial) derivative. 1t is also spoken of as
differentiation following the motion of the fluid. The first term on R.H.S. of (9), namely 0/ ¢, is
called the local derivative and it is associated with time variation at a fixed position. The second
term on R.H.S. of (9), namely q-V, is called the convective derivative and it is associated with the
change of a physical quantity f or g due to motion of the fluid particle.

Note. The operator D/Dt signifies that we are calculating the rate of change of a physical

quantity f or g associated with the same fluid particle as it moves about. The symbol d/dt is also
used for the material derivative D/Dt.

2.5A. Acceleration of a fluid particle. [Kanpur 2004]
Suppose a fluid particle moves from P (x, y, z) at time ¢ to Q(x+0x,y+0dy,z+0z) at time
t+38z. Let
q=(u,v,w)=ui+vj+wk (D)
be the velocity of the fluid particle at P and let ¢+ 03¢ be the velocity of the same fluid particle at
Q. Then, we have

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/
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b= Mg, 5 Sy b g gy g a
& oy oz o & oxot dydt oz dt ot
. 0q Dq dq . O dx
lim —=— — lim —=—=
Let s>0dt  Di  di’ soo0st di ~3)
m5_y:Q:V and 1m§=£=w
8—>00t dt &—>008t dt
Making & — 0 and using (3), (2) reduces to
a=m=ua—q+va—q+wﬁ+a—q @)
Dt ox Oy 0z ot
Let V =(0/0x)i+(0/0y)j+(0/0z)k ..(5)
From (1) and (5), q-V=u(0/0x)+v(0/0y)+w(0/0z) ..(6)
Using (6), (4) may be re-written as
Dq oq
=—=(q-V)q+—,
a=— (q-V)q ;) A7)

which shows that the acceleration a of a fluid particle of fixed identity can be expressed as the
material derivative of the velocity vector q.

(i) Components of acceleration in cartesian coordinates (x, y, z). (Meerut 2010)
Leta=ai+a yJ + a k. Then (4) yields

ai+a,j+ak =ug(ui+vj+wk)+v~8—(ui+vj+wk)+wg(ui+vj+wk)+£(ui+vj+wk)
’ Ox oy oz ot

Du ou Ou ou ou
=—=U—FV—tWw—t—,
Dt ox oy 0z Ot

X

Dy ov  Ov ov Ov
a,=—=u—+v—+w—-=+—,
YDt ox oy oz ot

Dw ow oOw ow ow

FV—+W—t—

a,=——=u— .
Dt ax oy oz o

and

(if) Components of acceleration (@, ay-a,) in cylindrical coordinates (r, 6, z) with

velocity components (v, vy-v.).

ov v, vy Ov ov. V?
a, =—"4v, L0y T 0

a “or r oo ‘oz r

o, Ovy Vg OV, vy V.V,
o o Yo . Vo ViV

g = a_ r z
t or r 00 oz r

ov

Ov, vy Ov ov.
gy 24072 T2

ot "or r 80 ° oz

z
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(iti) Components of acceleration (a, aq-a,) in spherical polar coordinates (r, 0, ¢) with

velocity components (v, vy -v,).

r

= ot " or r 00 rsin® 0¢ r

2, 2
ov, ov, LYo ov, N Vo Ov, VotV

2
0 o, o, Vo O v, cot®
Gy =204y 20 0o e OV VeV
ot or r 00 rsin® 0¢ r r

ov, ovy v, OV, vy Ovy  VyV. Vv,V cotO
MM Yo P Ve Do VeVr VeV

aq) = » "
ot or r 00 rsin® 0 r r

2.5B. Acceleration in cartesian coordinates (an alternative proof).
Let P(x, y, z) be any point within the fluid. Let u, v, w be components of velocity of the

element of the fluid at P.
Let u=fx,yz1t) ...(D

Let particle which is at P(x, y, z) at time ¢ move to  Q (x+udt, y+vdt, z+wdt) after a short
interval &¢. If u+8u be x-component of velocity at Q, then
u+ou= f(x+udt, y+vdt, z+wdt, t+0t)

_ Lo/ A
= f(X7y7Z)+[u8x+V8y+Wﬁz+6tj6t

+ terms containing higher power of §z, by Taylor’s theorem

u+0u=u+ u%+va—u+wa—u+% 8t +..., using (1) ..(2)
ox oy 0z ot

Let a,, a, a, be the components of acceleration of the element of the fluid at P. Then,

a, = fim Y _ i (S —u

8—0 8t  81—0 ot
ou Ou ou Ou
(u+ua—+vaf+wa—+af)8t—u
= lim x oy oz o . using (2)
8t—0 ot

Guﬁuﬁuﬁu(ﬁﬁﬁ ajDu
w = tU—+Vv—=F+w— |y =—,

=—tUu—tv—tw—, = —
ot ox Oy oz o ox Oy oz

D 0 0 0 0

where — =—tu—+v—+w—,
Dt ot ox Oy oz
which in known as material or substantial derivative.
—&—% 8_u+va_u w% ..(3)

a, = =—+u
T Dt ot ox oy oz
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Similarly, we have

Dv ov ov ov 9y
a,=—=—+U—+V—+w—, )
Dt ot ox Oy 0z

Dw ow ow ow ow
= sy v — +w—, -(5)

and “To T e Ty e

2.6. lllustrative solved examples.
Ex. 1. If the velocity distribution is q = i Ax*y + j By’zt + kCzt, where A, B, C, are
constants, then find the the acceleration and velocity components.
[Agra 2005; Garhwal 2001; Kanpur 2001; Meerut 2009, 2010, 2011]

Sol. The acceleration a = a i + a jtak is given by

_0q 0q, 0q Oq

a=—+tu—+v—+w— )

ot ox Oy Oz
Also q = ui + vj + wk = idx’y + jBy’zt + kCzr Q2
Hence, u= szy, = Byzzt, w= Czf -.(3)

Using (2) and (3), (1) reduces to
a = By’zj +2Cztk + Ax’y x (2Axyi) + By’zt(Ax’i + 2Byztj) + Czt*(By*tj + CPk)
= AQAXYY + BxYzt) i+ B (’z + 2By 22+ Cy*zr)j + CQzt + Czt') k
The components of the acceleration (a, , a,, a_) are given by
a = AQAx’y* + Bx*y’zi), a,= B (2 + 2By’ZF + Ozr), a_= CQzt + Czth)
Ex. 2. The velocity components of a flow in cylindrical polar coordinates are

(r*zcos 6, rzsin®, z°1). Determine the components of the acceleration of a fluid particle.

Sol. Let v,, vy, v, be the components of velocity in cylindrical polar coordinates (7,6, z).

Then, we have
=’ = rzsin@ =z 1
v, =r°zcos0, Ve =7zsinb, v, =z1 (D)

Let a,, ay and a_ be the components of acceleration. Then using (1), we have

2
_ O, oV, vy Ov, oV, v
=—"+V -

a, + 2
ot or r 00 oz r

=0+ (r2zcos0) (2rzcos B) + {(rzsin )/ r}(~2rzsin 0) + (z1) (* cos 0) — (rzsin 0)* / r
= rz2(2r% cos? ©—3sin” 0 + r¢cos )

o, Ovg Vg OV, vy V.V,
Al R (R} Z%  rhe

- +vr z
ot or r 09 0z r

= (r*z cos 0)(zsin 0) + {(rzsin B)/ r} (rz cos 0) + (z%¢) (rsin 0) + (1/ ) (+* zcos 0) (rz sin O)

g

=z°r sinO(3rcosO+1)

ov ov, Vg OV ov
= zqy 24 07 z

o "or r 80 ° oz

=22+ (r*zcos0)x 0+ {(rzsin0)/ r} x 0+ (z%¢) (2z1) = 2> (1+ 2*2).
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2.7. Significance of the equation of continuity, (or conservation of mass.)
[Kurukshetra 1999; Meerut 2010; Himachal 2002, 09, 10; Garhwal 2005; Kanpur 2003]
The law of conservation of mass states that fluid mass can be neither created nor destroyed.

The equation of continuity aims at expressing the law of conservation of mass in a mathematical

form. Thus, in continuous motion, the equation of continuity expresses the fact that the increase

in the mass of the fluid within any closed surface drawn in the fluid in any time must be equal to

the excess of the mass that flows in over the mass that flows out.

2.8. The equation of continuity (or equation of conservation of mass) by Euler’s method.

[Kurukshatra 1999; Himachal 2010; Kanpur 2003, 05, 08; Meerut 2003, 10 Purvanchal 2004, 05]

Let S be an arbitrary small closed surface drawn in the compressible fluid enclosing a volume
V and let S be taken fixed in space. Let P (x, y, z) be any point of S and let p (x, y, z, #) be the fluid
density at P at any time 7. Let §S denote element of the surface S enclosing P. Let n be the unit

outward-drawn normal at §S and let q be the fluid velocity at P. Then the normal component of q
measured outwards from / is n.q. Thus,

Rate of mass flow accross §S = P (n-q) 5S

.. Total rate of mass flow across S
=[pmwas={ v-eqar
(By Gauss divergence theorem)

.. Total rate of mass flow into V' = —j V-(pq)dV (D)
v

Again, the mass of the fluid within S at time = - jV pdV
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.. Total rate of mass increase within S = QJ‘ pdV = % dv .(2)
otdv v Ot

Suppose that the region V" of the fluid contains neither sources nor sinks (i.e. there are no
inlets or outlets through which fluid can enter or leave the region). Then by the law of conservation
of the fluid mass, the rate of increase of the mass of fluid within " must be equal to the total rate
of mass flowing into V. Hence from (1) and (2), we have

op op
—dV=-| V. dVv —+V. =
|3 [ v-ew or H 2 (pq)}d V=0
which holds for arbitrary small volumes V, if %+V -(pq)=0. ..(3)

Equation (3) is called the equation of continuity, or the conservation of mass and it holds at
all points of fluid free from sources and sinks.

Cor. 1. Since V-(pq)=pV-q+Vp-q, other forms of (3) are

op/ot+pV-q+Vp-q=0, ..(4)
Dp/Dt+pV-q=0, ..(5)
and D(logp)/ Dt+V-q=0. ...(6)

Cor. 2. For an incompressible and heterogeneous fluid the density of any fluid particle is

invariable with time so that Dp /Dt =0. Then (5) gives
V.q=0ie.div q=0 or Ou/ox+0v/oz+ow/oz=0  if q=uit+vj+wk.

Cor. 3. For an incompressible and homogeneous fluid, p is constant and hence dp/dt=0.
Then (3) gives V-(pq) =0 ie. V:q=0 or Ou/dx+0v/0Oy+0w/0z=0,as p is constant.

2.9. The equation of continuity in cartesian coordinates.
[Garhwal 2005; 1.A.S. 1999; Kanpur 2011; Meerut 2002; Agra 1997; Bombay
1998’ G.N.D.U. Amritsar 2000, 03, 05; Rohilkhand 2005]

Let there be a fluid particle at P (x, y, z). Let Z4
p (x, , z, t) be the density of the fluid at P at any time ¢ and
let u, v, w be the velocity components at P parallel to the ) S’

rectangular coordinate axes. Construct a small parallelepiped A
with edges Ox, Oy, 6z of lengths parallel to their respective N & Sx il o
coordinate axes, having P at one of the angular points as > P

shown in figure. Then, we have Q Q'

Mass of the fluid that passes in through the face PORS o >
X
= (pdydz) u per unit time = f (x, y, z) say  ...(1) g
. Mass of the fluid that passes out through the opposite face P'Q'R'S’
= f(x+0x,y,z) perunittime = f(x,y,z)+ Sxaif(x,y,z) +... .2
X

(expanding by Taylor's theorem)
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. The net gain in mass per unit time within the element (rectangular parallelepiped) due to
flow through the faces PQRS and P'Q'R’S’ by using (1) and (2)

= Mass that enters in through the face PORS — Mass that leaves through the face P'Q'R’S’

0
:f(xayaz)_|:f(x7yaz)+6x'a_xf(xayaz)+"':l
0 , L 0
=—-0x 6_f (x,y,z), to the first order of approximation = — &x -a_(puSy 8z), by (1)
x x

A GL)) -0
Ox
Similarly, the net gain in mass per unit time within the element due to flow through the

faces PP'S'S and QQ'RR’ =—5x5y52% ..(4)

and the net gain in mass per unit time within the element due to flow through the faces PP'Q'Q

and SSR'R _ _gxoyss 2BW) .65
0z
. Total rate of mass flow into the elementary parallelepiped
_ _oxSyoz opu) opy) . o(pw) (6
Ox oy Oz
Again, the mass of the fluid within the chosen element at time ¢ = pdx 3y 6z
.. Total rate of mass increase within the element
=g(p5x5y62)=5x5y826—p (7
ot ot

Suppose that the chosen region (bounded by the elementary parallelepiped) of the fluid
contains neither sources nor sinks. Then by the law of conservation of the fluid mass, the rate of
increase of the mass of the fluid within the element must be equal to the rate of mass flowing into
the element. Hence from (6) and (7), we have

5x5y52@=—6x8y62 8(pu)+8(pv)+6(pw)
ot Ox oy Oz
or @+8(pu)+8(pv)+8(pw) =0 (8)
ot Ox oy 0z
or @+p%+u@+p@+v@+pa—w+w@=0
o 0 0. &y o 0Oz 0z
0 0 0 0 Ou Ov Ow
or —tu—+v—+w— |p+p| —+—+—|=0
o ox Oy Oz ox 0Oy Oz
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or @+p 6_u+@+8_w =0, (9)
Dt ox 0Oy oz

which is the desired equation of continuity in cartesian coordinates and it holds at all point of the
fluid free from sources and sinks.

Remark. If the fluid is homogeneous and incompressible, p is constant and (9) reduces to
Ou/0x+0v/oy+ow/oz=0 ...(10)
Further, if the fluid is heterogeneous and incompressible, p is a function of x, y, z and ¢

such that Dp/Dt=0. Hence the corresponding equation of continuity is again given by (10).

2.10. The equation of continuity in cylindrical coordinates. (Kanpur 2009)
[Agra 2005, Himachal 1998, Meerut 2000, 01, Garhwal 2000, Rajasthan 1998]

Let there be a fluid particle at P whose cylindrical coordinates are (r,0,z), where
r20,0<0<2n, —w<z<ow. Let p(r,0,z,¢) be the density of the fluid at P at any time 7. With
P as one corner construct a small curvilinear parallelepiped (PORS, P'Q'R'S") with its edges
SS'=0r,arc SP=rd0 and PQ=0z. Letq,,qy and g, be the velocity components in the direction

of the elements SS’, arc SP and PQ respectively. Then, we have
Mass of the fluid that passes in through the face PSRQ

ZA = p-rd0dz-q, per unittime = f(r,0,z), say (1)
Q Q'
q;
A
R 8z R’
or ,
&P q, P
o
S S’

Y
~. Mass of the fluid that passes out through the opposite face P'S'R'Q’

= f(r+8r,0,2) per unit time = f(r, e,z)+5raif(r,e,z)+,,, -(2)
v

(expanding by Taylor's theorem)
-. The net gain in mass per unit time within the chosen elementary parallelepiped
(PORS, P'Q'R'S") due to flow through the faces PSRQ and P'S'R'Q" by using (1) and (2)

= Mass that enters in through the face PORS — Mass that leaves through the face P'Q'R'S’

=f(r,e,z)—[f(r,e,z)+6r-§f(r,9,z)+..}
a
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0 ,
=-0r 6_f (7,0,z2), tothe first order of approximation = —&r -ai(préie dzq,), by (1)
r r

o(prq,)
=—8r808; —— 1
ro08z—— ..(3)

Similarly, the net gain in mass per unit time within the element due to flow through the faces
SRR'S' and QPP'Q' =—0r 5952%@ do) (4
and the net gain in mass per unit time within the element due to flow through the faces pss’P’ and
ORR'Q’ = —57’5952%@)}’(]2) = —751’5952% ..(5

-. Total rate of mass flow into the chosen element

=—08r8605z {— (Prg,)+=5 (p% yEr— (pqz)} -(6)
Again, the mass of the fluid within the element at time ¢ = pr &r 808z

-. Total rate of mass increase within the element = (;i(pr Sr508z) = rdr 60 52% (7
t t

Suppose that the chosen region of the element of the fluid contains neither sources nor
sinks. Then by the law of conservation of the fluid mass, the rate of increase of the mass of the
fluid within the element must be equal to the rate of mass flowing into the element. Hence from
(6) and (7), we have

r8r8962ip=—6r6962[§(prq,) —(pgy)+r— (pqz):l

5 r
0 10 1

or —p+——(prq,)+——(pqe)+ ~(p7:) =0, - (8)
ot ror

which is the desired equation of continuity in cylindrical coordinates and it holds at all points of
the fluid free from sources and sinks.

2.11. The equation of continuity in spherical polar coordinates.
[Meerut 2008; Garhwal 1995, 96; Rajasthan 1997; Rohilkhand 2000]

Let there be a fluid particle at P whose spherical polar coordinates are (r, 0, ¢), where
r20,05¢<2n,0<0<m. Let p(r,0,,#) be the density of the fluid at P at any time ¢. With P
as one corner construct a small curvilinear parallelopiped (PQORS, P'Q'R'S") with its edges

=0r, arc PO =rd0, arc PS=rsin03¢. Let g,,q5 and ¢, be the velocity components in

the direction of the elements PP’, arc PQ and arc PS respectively. Then, we have
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Mass of the fluid that passes in through the face PORS

=p-rd00rsinB3d-q, per unit time = f(r,0,¢), say
. Mass of the fluid that passes out through the opposite face P’'Q'R'S"

(1)
= f(r+or,0,¢) = f(r,9,¢)+5r—aa 7,6,0)+...
/s

-(2)
(expanding by Taylor's theorem)
-. The net gain in mass per unit time within the chosen elementary parallelopiped
(PQORS, P'Q'R'S") due to flow through the faces PORS and P'Q'R'S’' by using (1) and (2)

:f(r,e,q))—[f(r, 0, ¢)+6r-£(r, 6, ¢)+..}

= Mass that enters in through the face PORS — Mass that leaves through the face P'Q'R'S’

or 6& f(r,8,9), to the first order of approximation
r

_Srag(prz Slne qrse 6(1)), by (1)
”

Similarly the net gain in mass per unit time within the element due to flow through the
faces pSS'P’ and QRR'Q'

..(3)
0 .
rd0——(p-Or-rsinB3¢-qy)
rd0

.(4)
=—rsin0 d¢ !

and the net gain in mass per unit time within the element due to flow through the faces PQQ'P’

5
rsin6 0¢ P 07790 40)

.05
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.. Total rate of mass flow into the elementary parallelepiped

. .0 2 0 . 0
=—-06rdo SZ{sm 95 (preg, )+ rﬁ(p sin Ogy) + ra—¢(pq¢)} .(6)

Again, the mass of the fluid within the chosen element at time ¢ = —pdr-780-7sin 05

.. Total rate of mass increase within the element
=§(pr2 sin 087 508¢) = sin95r698¢g—p (7
t t
Suppose that the chosen region of the fluid contains neither sources nor sinks. Then by the

law of conservation of the fluid mass, the rate of increase of the fluid within the element must be
equal to the rate of mass flowing into the element. Hence from (6) and (7), we have

. .0 0 . 0 . 0
—5}’5952|:Sln95(pr2qr)+r£(psmeqe)+ ra—¢(pq¢)} =r? s1n96r596¢6—f

or

op 1 0, » o, . 1 0
-+ L)+ —(psinOgy) +——— =0, ~(8)
o 2 or )* sing oo P O0)F TS 5y (P

which is the desired equation of continuity in spherical polar coordinates and it holds at all points
of the fluid free from sources and sinks.

2.11A. Generalised orthogonal curvilinear coordinaies
Let the rectangular cartesian coordinates
(xx, ¥, z) of any point P in space be expressed in A
terms of three independent, single-valued and
continuously differentiable scalar point functions
Uy, U,, Uy as follows :
x=x(uy, uy, u})

=G,
Y=y (uy, uy, u3) (D) (’/\/é(/
z=z(uy, Uy, Uy) \&\{V\e_/
Suppose that the Jacobian of x, y, z with /
respect to u,, u,, u, does not vanish, that is, o
1
o(x,y, . .
(—yz);tO. Then the transformation (1) 1) >Y
O(uy,uy,uiy)

can be inverted, i.e., u,, u,, u, can be expressed yx
in terms of x, y, z giving
u, = u(x, y, 2), U, = uy(x, y, z), uy = uy(x, y, 2). ..(2)
Thus to each point P(x, y, z) we can assign a unique set of new coordinates (u,, u,, u,)
called the curvilinear coordinates of P. In this sense the equations (1) or (2) may be interpreted
as defining a transformation of coordinates.

Figure. Curvilinear coordinate system

The surfaces u,(x, y, z) = C|, u,(x, y, z2) = C,, uy (x, y, z) = C;, where C,, C,, C; are
constants, are called coordinate surfaces and each pair of these surfaces intersect in curves called
coordinate curves or lines. The surfaces u, = C, and u, = C; intersect in a curve along which the
coordinate ‘u,’ alone varies and hence it is called u-curve or line. Similarly, we have u,- line and
u,- line. The coordinate axes are determined by the tangents PQ,, PQ, and PQ, to the coordinate
curves u; = C,, u, = C,, u; = C;. Note carefully that the directions of these coordinate axes
depend on the chosen point P of space and consequently the unit vectors associated with them are
not necessarily constant.
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If at every point P(x, y, z), the coordinate axes are mutually perpendicular, then u, u,, u, are
called orthogonal curvilinear coordinates of P.
The line element ds in cartesian coordinates in given by

(ds) = (dx)* + (dy)” + (dz)’. -Q3)
Now, from (1), we have
=2, + 2y + 2 dy =2, + 8y fdn P
1, Ou, 1y oy s
0z 0z 0z
and dz = 8_141du1 o, —du, + 8_143du3 .

Substituting these values of dx, dy and dz in (3) and using the fact that by orthogonal
property coefficents of du,du,, du, du, and du,du, must vanish in the result so obtained, we have

(ds)* = h,* (du))* + h,? (du,)* + hy* (duy)’, (%)
where hy = (ox/0u)* + (8y/ouy Y + (02 / 6uy)?
hy = (0x/duy ) + (O / duy)* + (821 u, ) .05
and hy = (0x/ Bus)* + (O / Buy )+ (0z/ duy),

h,, hy, h, being known as scale factors.

2.11B. Equation of continuity in generalised orthegonal curvilinear coordinates

Let there be a fluid particle at P whose orthogonal (Kanpur 2007, 10)
curvilinear coordinates are (u,, u,, u;). Let AQ;
p (uy, uy, uy, t) be the density of fluid at P at any time ¢ s
and let q,, g,, g; be the velocity components at P along LG5
PP, PO and PS respectively. Consider an infinitesimal R
parallelepiped PORS, P'Q'R'S' with one vertex at P as Pluy, up,ug) P
shown in the figure. Then we know that the lengths of % 91
edges of parallelopiped are PP" = hdu,, PO = h, du, and Q Q@
PS = h; du,. Areas of the faces are h,h; du,0u,,
hyh duy du, and h, h, 6u,du, and volume of the parallel-
epiped is h, h, hy Ou; du, dus.

Then, mass of the fluid that passes in through the face PORS

= p(h,du, hy0uy)g, per unit time = flu,, u,, u;), say. ..(1)
". Mass of the fluid that passes out through the opposite face P’OQ'R'S’

s

R

(0]
Q

= f(u, + du,, u,, uy) per unit time = f(u,, u,, u;) + du, aiﬂul, Uy, Uz) + ... ..(2)
Uy

(expanding by Taylor’s theorem)

. The net gain in mass per unit time within the elementary parallelepiped due to flow
through the faces PQORS and P'Q'R'S’

= Mass that enters in through the face PORS — Mass that leaves through the face PPQ'R'S’

Sy, uy, ug) — [fluy, uy, ug) + 5u1£ﬂul, u,, uy) + ...], by (1) and (2)
1

—Ou, ai Sy, u,, us), to the first order of approximation
1
—5u1 (pth h40u,dus), using (1)

—Ou 5u25u3 (pqlh hs). ...(3)
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Similarly, the net gain in mass per unit time within the element due to flow through the faces
PP'S'S and QO'R'R = —5u15u25u38_22 (pg,h hy) ...(4)
and the net gain in mass per unit time within the element due to flow through the faces PP'Q'Q
and SS'R'R = —6u16u26u38_23 (pgsh,hy). ..(5)

From (3), (4) and (5), total rate of mass flow into the elementary parallelopiped

= —Bu, Su,Buy [ai;l(f)%hzhﬁ + %(P%hl%) + %(P%hlhz )} : -(6)

Again the mass of the fluid within the chosen element at time ¢ =ph,h,h,du,u,du;.
.. Total rate of mass increase within the element

= %(ph1h2h36u16u26u3) = h1h2h36u15u25u3%. ..(7)
t
Now, by the law of conservation of fluid mass, the rate of increase of mass of the fluid

within the element must be equal to the rate of flowing into the element. Hence, from (6) and
(7), we have

hyhoyhySu Suyduy or —Ou, Su,Buy [_83 (Pgi/inhs) + _(');2 (Pg2lmhs) + _823 (pg3hhy )}
1

. 1 [o s 0 _
or 54_ Ty Iy [8141 (Pq1yhs) + Bu, (pgrhihs) + o (pq3h1h2)} =0 ...(8)

This is the required equation of continuity in orthogonal curvilinear coordinates (i, u,, u;).
Deductions. () Rectangular Cartesian Coordinates (x, y, 7)

Then, (ds)’ = (dx)” + (dy) + (dz) = (hydu,)” + (hydu,)’ + (hydus)’
= hy=hy=hy =1, u; = X, u, =y and Uy = z.
Also, here q, = u, q,=v and g, = w

In this case the equation of continuity (8) becomes
9 9pu)  O(pv)  opw) _ .
ot Ox oy Oz

Deduction (if). Cylinderical coordinates (r, 6, z)
Cylindrical coordinates (r, 0, z) are defined by means of equations

x= rcos 60, y =rsin 6, z =z,

where r=0, 0<0 <2, -0 < z < oo,
Here (ds)” = (dr)” + (rd0)* + (d2)* = (h,du,)’ + (hydu,)’ + (hydus)’
= h=1, hy=r, hy=1, uy =71, uy=0, U=z

Also, here q, =4, q, = 4y and 93 = 4. % o r M
In this case the equation of continuity (8) becomes o )
Cylindrical Coordinates
@4_1 g( I")+i( )+£( r):l
a o Pq, 20 P Py PYq. =0
op 10 10 0
—_—+—— r)+—— +— =
or =~ 2% (pg,7) 0 (Pgy) . (Pg.) = 0.

Deduction (iii). Spherical coordinates (r, 6, ¢).
Spherical coordinates (7, 0, ¢) are defined by means of equations
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x =rsin 0 cos 0, y =rsin 0 sin ¢, z=1rcos 0,
where r>0, 0<0<m, 0<¢<2m
Here (ds)’ = (dr)’ + (rd0)* + (r sin 0d0)" = (h,du,)” + (hydu,))’ + (hy dus)’

= h =1 hy=r, hy=rsin®, wu=r, u,=0, u;=7¢.
Also, here q, =4, q; = qq and 93 = 4,
In this case the equation of continuity (8) becomes

@4_; il (pr sinBgq,) + v (pr sin 0 g, ) + — (prq¢) -0 Spherical Coordinates
ot r’sin® o
op 10 1 1
— = —_— 0 +
or ARG S R (p S0 d) 5 20 a0

2.12A. The Equation of continuity by the Lagrangian method.
[GN.D.U - Amritsar 2000, Meerut 2005, 07, Rohilkhand 2005, Kanpur 2003, 04]
Let R, be the region occupied by portion of a fluid at the time 7 = 0, and R the region
occupied by the same fluid at any time z.
Let (a, b, c) be the initial co-ordinates of a fluid particle
P, enclosed in this element and p, be its density.

Then mass of the fluid element at ¢t = 0 is p, da 6b dc.

Let P be the subsequent position of P, at time 7 and let

p be the density of the fluid there.
Then mass of the fluid element at ¢ = 7 i1s pdxdydz. Fo R

From the law of conservation of mass, the mass contained inside a given volume of fluid
remains unchanged throughout the motion. Thus, the total mass inside R, must be equal to the

total mass inside R.
mRO 00 6a5b6c=me6x6ysz -

From the advanced calculus, we have

Ox 8y 0z = J da &b b¢ ..(2)
5 ox/0a ox/0b o0Ox/oOc
where Jacobian J =252 _\ 50160 ayiab ayiec (3)
d(a,b,c)

0z/0a 0z/0b 0z/0c
Using (2), (1) may be re-written as

”Rop06a6b6c=”Ran6a8b6c or ”Ro(per)SaSbSFO (4

which holds for all regions R if Po—pJI =0, (5
which is the equation of continuity in Lagrangian form.

2.12B. Equivalence between Eulerian and Lagrangian forms of equations of continuity.
[Meerut 2007, Kurukshetra 1997]

Refer figure of Art. 2.12A. Let R, be the region occupied by portion of a fluid at the time

t = 0, and R the region occupied by the same fluid at any time z. Let (a, b, c¢) be the initial

coordinates of a fluid particle P, enclosed in this element and p, be its density. Then mass of the
fluid at ¢ = 0 is py 6adbdc. Let P be the subsequent position of P, at time ¢ and let p be the
density of the fluid there. Then mass of the fluid element at ¢ = ¢ is pdxdydz.
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The velocity components in the two systems are connected by the equations

u=dx/dt, v=dy/dt, w=dz/dt (1)
Also, x=x(a,b,c, i), y=yl(a,b,c,t), z=z(a, b, c, i) -(2)

Ou 0 (dx) dfox d(0x) Ou
%2 oa ( dtj dt (8&1} so that dt (8&1} % ete.  ..3)

The equation of continuity in the Lagrangian form is
pJ =Py, ~(4)
Ox/Oa 0x/0b 0Ox/0c
where 0D\ oaa ayiob ayldc (5
d(a,b,c)

0z/0a 0z/0b 0©z/oc
Also, the equation of continuity in the Eulerian form is
d ou 0Ov Oow
7f+ F{a 5 o j 0 .(6)
Differentiating both sides of (5) w.r:z. ‘¢’ and using (3), we get
Ou/da 0Oul/ob Ouldc Ox/0a 0Ox/0b 0Ox/oc ox/0a 0Ox/0b 0Ox/oc
ﬂ: Oy/da 0Oy/ob O0Oyl/oc|+|ov/ida 0Ov/Ob ov/Oc|+| dy/oa 0Oy/ob 0Oy/dc

dt
0z/0a 0z/0b 0©z/0c 0z/0a 0z/0Ob 0Oz/oc| |Ow/0a ow/0b oOw/oc
or dl/dt=J+J,+J5, (7
. Ou _Oudx Ou 8y Ou 0z . . L
Since = —+t— —— etc,J, can be re-written as (after interchanging its

da  ox da 8y8a oz da
rows and columns) Thus, we have

Ou Ox 814 @ ., Ou 0z,

%Y
8x8a 8y8a 0z a Oa
ouodx oudy Oudz 0Oy Oz

ob
¥
oc

J=| EE AT AE

Ox 0b Oy Ob 0z 0b
Ou Ox 8148)/ Ou Oz

Ox 8c 0y O0c 0z Oc

wex o | |[w
Ox 0a Oa Oa Oy 0a
e x| |y
oxob ob 0Ob oy 0b
e x| |y
Ox Oc Oc Oc dy éc

x o

Oa Oa Oa
oul ox oy oz [the last two determinants vanish

=—/|— = —|, Dbecause they possess two identical
ox|ob 0ob 0b columns]

a o &
oc 0Oc Oc

oz oudz o oz
Oa| | 6z 0a 0a éa
we w &
ob 0z0b 0ob 0b
o | | ¥ &
dc 0z Oc Oc Oc

Rle 2le e
®

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Ji =a—uJ, using (5)
Ox

Similarly, we have Jy=—J and Jy=—J
oy oz
aJ 0
.. (7) becomes =J| — “ 8v 6_w .(8)
dt o 8y oz
Derivation of Eulerian form from Lagragin form :
d d dp dJ
From (4), ap J)=— =0 or —J+ =0
L (p) =2 (p0) Eadion
@J+pJ %+@ w =0, using (8)
dt ox Oy Oz
d Ou ov 0O
or dp, fou, v ow)_ o
dt ox Oy 0z
which is (6) i.e. Eulerian form of equation of continuity.
Derivation of Lagrangian form from Eulerian form :
d Ou 0Ov 0O
From (6), Lo T+ 22 =0
dt Ox Oy Oz
@ﬂ) 14y = using (8)
dt J dt
dp dJ d
—_—tp—= 0 e =
or ar p T or 0 (pJ)=0 -(9)
Integrating (9), pJ =py,

which is (4) i.e. Lagrangian equation of continuity.

2.13. Some symmetrical forms of the equation of continuity.
The equation of continuity takes a simplified form in cases when the motion of the fluid
possesses certain symmetrical properties as shown below :

(i) Cylindrical Symmetry. Let there be a fluid particle at P whose cylindrical coordinates
are (r,0,z). Due to cylindrical symmetry, let g, (v, #) be the velocity at P perpendicular to the axis
OZ and let p(r,t) be the density of the fluid at P. Consider an element of the fluid consisting of

two cylinders of radii » and »+ & with OZ as axis, bounded by planes at unit distance apart.
Then, we have

Rate of flow across the inner surface =pq,(2nr)= f(r,t), say (1)

Rate of flow across the outer surface = f(r +or,t) ..(2)
. 0

Rate of change of mass within the element =5(p-2nr-5r) ..(3)
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Suppose the element of the fluid contains neither sources nor sinks. Then by the law of
conservation of the fluid mass, the rate of increase of the mass within the element must be equal
to the rate of mass flowing into the element. Hence from (1), (2) and (3), we have

%(P 2mr-8t) = f(r,t)— f(r+0r,t)

or 2nr6r% = f(r,t)— {f(r, 1)+ Sraif(r, 1+.. } , expanding by Taylor's theorem
r
op o . .
or 27tr5r6— =-— 5}’6— f(r,t), to first order of approximation
t r
op 0
2nr—=——(2 ,
or L ar( rpqg,), by (1)
op 0 A
2nr —=-2n—(r op 10 A,

or nr ot T or ( pqr) or 54_;5’_(7}) qr) =0 (4)

If p is constant, dp/ot =0 and (4) reduces to

0
—(rpg,)=0 ()
or
Integrating (5) w.r.t. ‘r’, we have

rpq, =pg(®) or rq,=g (@ -(6)
If the flow is steady, g(#) reduces to an absolute constant. Thus, for a steady flow
r g, = C, where C is a constant. (7

Note. The relation (4) may be also be derived as a special case of equation(8) of Art. 2.10 by
using the cylindrical symmetry (i.e. /00=0 and 0/0z=0)

(1) Spherical Symmetry. Let there be a fluid particle at P whose spherical polar coordinates
are (r,0,¢). Due to spherical symmetry, let g, (v, ) be the velocity at P in the direction of OP and
let p(r, t) be the density of the fluid at P. Consider an element of the fluid consisting of two
concentric spheres of radii » and »+ & with O as centre. Then, we have

Rate of flow across the inner surface = pg, 4 = f(r,1). say (1)
Rate of flow across the outer surface = £ +5r,1) ..(2)
Rate of change of mass within the element = %(p -4mr? - 8r) ..(3)

Then as in part (i) above, we have

§(4nr2p &)= f(r,)— f(r+8r,t)
t
25 Op 0 . '
or A4mr SrE =f(r,t)-| f(r, t)+8ra—f(r, t)+...|, expanding by Taylor's theorem
r

or 4nr25r2—p = —Srai f(r,t),to first order of approximation
r
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or 4nr25r@=—5r£(pqr A, by (1)
ot or
Gp 0 2 Gp 1 0 2
or 4t 2 = —4n— or L =0 4
Ve T e o e P @

If p is constant, Op/ 0t =0 and (4) reduces to

0
—(r’pg,) =0 .5
ot

Integrating (5) wr.t. ‘’, we have

r’pg, =pg(h) or g, = g(t) (6)
If the flow is steady, g(#) reduces to an absolute constant. Thus, for a steady flow
" g, = C, where C is a constant. (7
Note. The relation (4) may be derived as a special case of equation (8) of Art. 2.11 by using
the spherical symmetry (ie.,0/00=0,0/0¢=0).
2.14. Equation of continuity of a liquid flow through a channel or a pipe.

Let an incompressible liquid continuously flow through a channel
or a pipe whose cross-sectional area may or may not be fixed. Then the

quantity of liquid passing per second is the same at all sections. @
Suppose some liquid is flowing through a tapering pipe as shown @

in figure. Let S, S,, S, be areas of the pipe at sections 1-1, 2-2, 3-3 Si

respectively. Further, let V,V, and V, be velocities of the liquid at 182\ S

1

I
sections 1-1, 2-2, 3-3 respectively. Let O, O,, O, be the total quantity —i —>E —!
of liquid flowing across the sections 1-1, 2-2, 3-3 respectively. Then Y i Ve ! Vs !
0,=57, 0,=5,7, 0,=8, 1, (1) ! L

From the law of conservation of mass, the total quantity of liquid
flowing across the sections 1-1, 2-2, 3-3 must be the same. Hence

3
0,=0,=0,=... and s0 on. @ O
Thus, S, V, =S8, V, = 8, V; = ... is the equation continuity.
2.15. Working rule of writing the equation of continuity.
Let P be any fluid particle and let p be density at P. With P as one corner construct a

parallelepiped whose edges are Ado, Lof, vy, in the chosen coordinate system. Let

Lengths of elements : Ada, nop, vy,

Components of velocity : u v w

Now calculate the rate of the excess of the flow-in over flow-out along the first length by
taking the negative derivative with respect to the first length of the product (density x velocity in
the first direction x product of remaining lengths) and finally multiplying this by first length
itself. We thus obtain

o
N0 —— B v&Y).
axaa(p"“ B voy)

Similarly calculate the rates of the excess of the flow in over the flow-out along the remaining
two lengths and obtain

u8p-2 (porsavey) and 872 (pwisa usp).
nop voy
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Now, the total mass of fluid in the element
= density x product of the three edges of the element = pAdapudpvaoy.

Hence the rate of increase in mass of the element = ag(p Ado udp voy)
t

For the equation of continuity, we have
Rate of increase in mass of the element
= Total rate of the excess of the flow-in over the flow out along the three lengths of the element

0 0
ie. 2 (pAdaL pdP vdy) =— Kéaﬁ(pu udp vdy) —HSﬁ%(pv Ada voy) — v&/%(pwk da pudp),

which on simplification yields the desired equation of the continuity.
2.16. lllustrative solved examples.

Ex. 1. The particles of a fluid move symmetrically in space with regard to a fixed centre;
prove that the equation of continuity is

@Jru@Jrﬂi(ﬂu) =0, where u is the velocity at distance r.

ot or r*or
[Meerut 2011; Rohilkhand 2005; Himachal 2003; Kanpur 2004]

Sol. Here we have spherical symmetry. Proceed as in case (i7) Art. 2.13 upto equation (4) and
obtain (noting that ¢, = u in the present problem).

o, 1o o, o _8p+_1{2_8p+_82 }zO
o 2 o P=0 . a 2 e Par P
P, P pO o
or 5"1‘1{54‘}’_25(7 PM)—O

Ex. 2. A mass of fluid moves in such a way that each particle describes a circle in one plane

about a fixed axis; show that the equation of continuity is Op/ 0t + d(pw)/ 30 =0,
where ® is the angular velocity of a particle whose azimuthal angle is 6 at time ¢
(Meerut 2009; Ranchi 2010) R

Sol. Here the motion is confined in a plane. Consider a fluid ro
particle P, whose polar coordinates are (,0). Let P describe a circle
of radius ». With P as one corner, consider an element PORS such 50
that PS=0&r and arc PQ =r86. Here there is no motion of the o r P &r S
fluid along PS. The rate of the excess of the flow-in over the flow-out along PO

0
=—rd0——(p-ro-or).
rap PO
Again, the total mass of the fluid within the element = p -7 - 786.
The rate of increase in mass of the element = aﬁ(pr or 80)
t
Hence the equation of continuity is given by
0 0 0 0
— (pr 6r 80) = —rd0— (prodr o@°__ =
o (P ) 20 (p ) or 7 oro0 o ror 66 p (pw)

or dp/ 0t + 0(pw)/ 00 = 0,
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Ex. 3. If o is the area of cross-section of a stream filament prove that the equation of

0 0
nuity i —(pw) +—(pwgq) =0,
continuity is Y (pw) s (pwg)
where §s in an element of arc of the filament in the direction of flow and q is the speed.
[Garhwal 1993, 95]
Sol. Let PP' Q'O be stream filament whose area of cross-section is @ and arc PQ = 8s.
The rate of the excess of the flow-in over the flow-out along PQ Q
QI A
0
=—-3s—(pw
5, (P09)
3s
Again, the total mass of the fluid within the stream filament is pwds .
. the rate of increase in mass of the stream filament = g(pw&v). p
ot
Hence the equation of continuity in given by P
0 0 0 0
— (p0ds) = -85 —(pqg) or — (po) + —(pgw) = 0.
ot Os ot Os

Ex. 4. (i) A pulse travelling along a fine straight uniform tube filled with gas causes the

density at time t and distance x from the origin where the velocity is u, to become Pod(V = x).
Prove that the velocity u ( at time t and distance x from the origin) is given by

L =)0 ()
o(vt—x)

(i1) A gas is moving in a uniform straight tube. Prove that if the density be flat —x) at a

point where t is the time and x is the distance of the point from an end of the tube, its velocity is

af(at—x)+(v—a)f(at)
f(at—x) ’

where v is the velocity at that end of the tube and a is a constant.

Sol. (i) Let p be the density and u the velocity at a distance x. Then we are given that

p=podp(vi—x) (1)
Again the equation of continuity is
op 0 op Ou Op
>rL 2 = —+p—+u—=0 -2
o T P00 or o P @
From(1), 2 = pov/(v ) d P pt i) 3
rom (1), o Po > an o Po -.(3)

Using (1) and (3), (2) reduces to

pev ' (vt —x) +p0¢(vt—x)2—j:—up0¢’(vt—x) =0 or (v—u)p' (vt—x)+d(vt —x)g—u =0
X

du +¢ (vt—x)dxzo

or v—u ¢(vt—x)
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Integrating, —log (v—x) — logd (vt — x) = — log C, C being an arbitrary constant
or v-uwod(wt-x)=C ..(4)
Given, u = u, when x = 0 so that (v — u,) ¢ (v¢) = C. With this value of C, (4) reduces to

- t
v=u)d(vt—x)=(v—uy)d ) or u:v+(uov—)¢(v)
o(vt—x)
(i) Do just like (7) yourself.
Ex. 5. A mass of fluid is in motion so that the lines of motion lie on the surface of co-axial
cylinders. Show that the equation of continuity is

P 1L puy+ L pm =0,
where u,v are the velocity perpendicular and parallel to z.
[Agra 2003; Rohilkhand 2002, Kanpur 2000, 08; Meerut 1999, 2002, 2012]
Sol. Consider a fluid particle P, whose cylindrical coordinates are (7,0, z) . With P as one
corner construct an element (curvilinear parallelepiped PORS, P'Q'R'S") with edges PQ =dr
PS =780 and PP'=65z.
Let p be the density of the fluid at P.

Since the lines of motion lie on the surface of co-axial cylinder, there is no motion along
PQ. Hence the rate of the excess of the flow-in over flow-out along PQ vanishes. Again, we have

Rate of excess of flow-in over flow-out along p§ = — rSG%(pu dr8z2) ﬂ‘z
B
Rate of excess of flow-in over flow-out along pp’' = — &ai(pvr 306r) A
zZ
Again, the rate of increase in mass of the element =£(pr 506r 82) R
ot
Hence the equation of continuity is given by
0 0 0
—(pro0droz) = —80— (pu drdz) — dz— (pvr o0 or)
or 00 oz
O —
or rd0r 52@+5r SGSZi(pu)+r5r5952£(pv) =0 9 X
ot 00 Oz r
op 10 0 Y,
or —+——(pu)+—(pv)=0.
oyt e

Ex. 6. If'the lines of motion are curves on the surfaces of cones having their vertices at the
origin and the axis of z for common surface, prove that the equation of continuity is

@4_&(
or or

2pu  cosecO 0

+ — =0,
pu) = (pw)

where u and w are the velocity components in the directions in which r and ¢ increase.
[Agra2001; Garhwal 2000; Meerut 2001, 02, 03, 04, G.N.D.U. Amritsar 1998; Rohilkhand 2004]
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Sol. Let O, the vertex of cones, be the origin and let OZ, their common axis, be the axis of z.
Let OAB be a cone of semi-vertical angle §. Consider a fluid particle P whose spherical polar

coordinates are (r,0,¢).. With P as one corner construct an ZA
element (curvilinear parallelepiped PORS, P' Q' R'S') with
edges PP'=0dr, PS=rd0 and PQ =rsin05¢.

Since the lines of motion are curves on the surfaces of rsin 6 50|
cones, there would be no motion perpendicular to the surface of 5 A
the cone i.e., the velocity in the O -direction (in the direction of /
PS) is zero. Further, given that u and w are velocities along

PP’ and PQ respectively. Since velocity along PS is zero, the o
excess of flow-in over flow-out along PS vanishes.
Again, we have

Rate of excess of flow-in over flow-out along pp’
0 . . 0, 5
=—0r— (pu-rd0-rsin03¢) = —sin 0 6r 60 d¢— (r“up)
or or
Rate of excess of flow-in over flow-out along PO

=—rsindd

5 5
7 160) = — ror 505
rsin6ag P O o0 =—rors08e (pw)

Also, the rate of increase in mass of the element
=%(p5r-r59-rsin95¢) =2 sin@SrSG&])%
t

Hence the equation of continuity is given by

2 sin96r695¢a—p =—3rd08¢ sin9£(72up)+ Vi(PW)
ot or o)

op 1 0 » 0 op 1| ,0(pu) 1 d(pw)
—+——(r + — =0 —+—|r—=42 +———==0
O P e P T A e TP Y e b
or @4_ O(pu) N 2pu N cosecO O(pw) 0.
ot or r r o

Ex. 7. If every particle moves on the surface of a sphere prove that the equation of continuity is

@+ cos 6 +i(pmcos 0) +i(pm’cos 0)=0,
ot o0 oo

p being the density, 0, ¢ the latitude and longitude of any element, ® and ®' the angular
velocities of the element in latitude and longitude respectively. (1.A.S. 1991)

Sol. Consider a fluid particle P on the semi-circle 4PB making an angle ¢ with semi-circle
ACB. Suppose that OP makes an angle 9 with OC. With P as one corner construct and elementary
parallelepiped PORS, P'Q'R'S on the surface of edges PO =06r, PP'=r30 an PS =rcos05¢.
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Let p be the density of the fluid at P. Y4

Since every particle moves on the surface of the
sphere, there will be no velocity normal to the surface
of the sphere (i.e. radial direction or along PQ). Again
the velocities along pp’ and PS arero and rcos0w’

because ® and ' are the angular velocities in
latitude and longitude respectively.

Since velocity along PQ is zero, the rate of
excess of flow-in over flow-out along PQ vanishes.
Further, we have

Rate of excess of flow-in over flow-out along pp’

B

0 ) 0
=—rd0—(p-ro-or- 06¢) =—r-0r603p— 0
r 0 (p-r®-0r-rcos0d¢) =—r-or ¢69 (pwcos0)
Rate of excess of flow-in over flow-out along PS
= —rcos@&bL(p-rcosem’-Sr-r69) = —r26r696¢i(pm’cos 0)
7 cos 00 od

Again, the rate of increase in mass of the element
=§(p-5r-r59-rcos@5¢) =72 cos@SrSG&b?
4 t

Hence the equation of continuity is given by
0 0 0
72 c0s 087 50502 = — 1751 50 50| — (pecos 0) +— (pe’ cos O
b o & ¢ P (& ) 2 (P )

op 0 0 ,
—cosO+—(pwcosB)+—(pw' cosB) =0.
or o ae(p ) a¢(p )

Ex. 8. If the lines of motion are curves on the surfaces of spheres, all touching the plane of
xy at the origin O, the equation of continuity is

. .O0p O ., 0
rsin®0—+—(pv) +sin0— (pu) + pu(1+2cos0) =0,
5 8¢(p) 5 P+ pul )
where r is the radius CP of one of the spheres, 0 the angle PCO, u the velocity in the plane PCO,
v the perpendicular velocity and ¢ the inclination of the plane PCO fto a fixed plane through the
axis of z.

[Agra 1995; Garhwal 2001; L.A.S. 1999, Rohilkhand 2000, U.P.P.C.S. 2002; Rajasthan 1998]

Sol. Let C and C' be the centres of the two consecutive spheres of radii » and r+ &
respectively touching the plane of xy at the origin O as shown in the figure. Clearly,

CC'=0C'"-0C = (r+0r)—r=20r. Consider a fluid particle P on the inner sphere. Produce CP
so as to meet the outer sphere at 0. Let S be a consecutive point on the circle in the given plane

PCO so that £SCO=0+386. Hence LSCP=2SCO-~LPCO =(0+60)—6=230. Let PR be an
elementary arc in a plane perpendicular to the plane PCO.
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In ACC'Q, we have form Trigonometry,
C'0* =CC™* +CQ* -2CC"-COcos OCC'
or  (r+or) =8 +(r + PO)* —28r (r + PQ) cos (1 — 6)

or  2rdr =2r PO+ PQ* +2r8rcos 0+ 28r PO cosO

Since PO and §r are small quantities, to first order
of approximation we have

2rdr (1—cos 0) =2r PQ

or PQ =(-cos0)or.
With P as one corner consider an elementary
parallelepiped with edges PQ = (1—cos0)6r, PS =rd&0

X

and PR =rsin0d3¢, where ¢ is the angle that the plane PCO makes with a fixed plane through the
z axis (say, the plane XOZ). The value of PR can be calculated by rotating the plane PCO about Z-
axis through an angle &¢.

Since the lines of motion are curves on the surfaces of spheres touching the plane of xy,
there would be no motion along PQ, i.e., the velocity along PQ is zero. Further, given that u and

v are the velocity components along the edges PS and PR in the direction of § and ¢ increasing.

Since velocity along PQ is zero, the rate of excess of flow in over flow-out along PQ
vanishes. Further, we have

Rate of excess of flow-in over flow-out along PS

= —rSG%{pu -(1=cos ) &r-rsin 03¢}
=—rér 696¢{sin9(l —cos 9)%(pu)+ pu-{ cos6(1 - cos0) + sin’ e}}
=—rord0dd[sinO(1—cos 9)%(pu) +pu {cos O(1—cos 0) + (1 —cos” 0)}]

=—r(1-cos0)drd05¢[sin Og(pu) +pu(1+2cos0)]
Next, rate of excess of flow-in over flow-out along PR

= —rsine&l)#{pv(l —co0s0)or-rd0} =—r(1—cos 9)5r595¢£(pv)
7sin 0 O od

n00od
Also, the rate of increase in mass of the element
=%{p-(1—cos9)5r-r59-rsin98¢} =r? sin@(l—cos@)SrS@&b%

Hence the equation of continuity is given by

2 sin O (1 - cos 0) 51 80 8(])% =—r(1—co0s0)drd05¢[sin Gg(pu) +pu(l+2cos0)]

—r(1-cos0)6rd0 6(])8—84) (pv)
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. . 0p . .0 0
7sin 0— +sin 0 — (pu) +—(pv) +pu (1+2cos0) = 0.
or P 7PV a¢(p) pu ( )
Ex. 9. Show that in a two-dimensional incompressible steady flow field the equation of
continuity is satisfied with the velocity components in rectangular coordinates given by

k(x* —y? 2kx
u(x,y)z(z—;/z), v(x,y)=2—J/22,
(x“+y7) (x"+y7)
where k is an arbitrary constant. [Meerut 1994; Rolhilkhand 2001, 03, 04]
Sol. The equation of continuity for incompressible steady flow in cartesian coordinates is
Ou/0x+0v/Oy+ow/oz=0 (D)
For a two dimensional flow in xy-plane, w = 0 so that (1) reduce to
Ou/ox+0v/oy=0 -(2)
Differentiating the given values of u and v partially w.rt ‘x” and “y’ respectively, we get
Ou -2)x(2x ko 2x x* =P 2kx
_:k(xz_yz)( 2) (2 3)+ 2, 2.2 (2 y2)3+ 2, 2.2 E))
Ox (T+y7)7 (4T (T+yT) (YD)
2
@:2]“}/( ?X(?;)+ 22kx2 27 kayz 3T 22kx2 2 )
o (" +y7) () (" +07) (T +y)
From (3) and (4), we have
ou v _ —4kx® + 4kxy? — 8hxy? LAk —4foc’ + dhoey® —8kxy® + dhor(x +y7) 0
ox oy "+ (x* +y%)? (*+»%)’

Hence, the equation of continuity (2) is satisfied.
Ex. 10. Consider a two dimensional incompressible steady flow field with velocity components

in spherical coordinates (r,0,¢) given by

3 17 3 17
v, =¢ [1——L0+—ri]cose, vy =0, Vo =—¢ [1__%_2%

sinf, r>75>0
2 243 ] 0

where ¢, and v, are arbitrary constants. Is the equation of continuity satisfied.
Sol. The equation of continuity in spherical polar coordinates is given by (using Art. 2.11

with notations : ¢, =V,, qg =Vg, Gy =Vy)

o 10, R 10
—+——(prv,)+————(psinOvy) +———(pvy) =0
a2 o P e ap PO T e ()

For a two-dimensional incompressible steady flow with v, =0, we have p = constant and

Op/0t =0. Hence for the present flow, the equation of continuity is given by

po(ri,) p o . { 5 OV, }
+ — Ovy)=0 —| =421y, |+ —
2o rsingopCnOv=0 o Fsind

[sin9%+cos9-ve}=0
00

Wy 20 1% Vo 0 ()

ot or r roo r
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From the given values of v, and vy, we have

v 3 3
—r = 0+——-—— 0 (2
e cl[ Pl @
vy 1 3r, r03 0

and 0 =-q|l- 4r 47 cos .(3)

Using (2) and (3), we have

35 3r03 2¢ 375
LHS.of(1) =¢| =——— |[cosO+—| | ———
W 1[2 22t

Hence, the equation of continuity (1) is satisfied.

Ex. 11. 4 pipe branches into two pipes C and D
as shown in the adjoining figure. The pipe has diameter
of 45 cm at A, 30 cm at B, 20 cm at C and 15 cm at D.
Determine the discharge at A, if the velocity at A is
2m/sec. Also determine the velocities at B and D, if
the velocity at C is 4 m/sec.

Sol. Let S, S S, and S, be areas of cross sections and let V,, V,, V., V), be velocities at
A, B, C and D respectively. Then, we have

2 2
4 .
S, = n(%) = 0.159 square meters Sp = n(%) = 0.0706 square meters
02’ 0.15)’
Sc=mn eV 0.0314 square meters | Sp=m - = 0.01767 square meters
Also, given that V, =2 m/sec and Vi =4 m/sec

Let O, Op, O, and O, be discharges at 4, B, C and D respectively. Remembering that
Discharge = area of cross-section X velocity, we have

0,=S,V,=0159 x 2 =0.318 m’/sec
From the equation of continuity (refer Art. 2.14), we have

Sy 94 0318

S V. =S,V so that v, =4.5m/sec.
aATEs BTs, s, 0.0706
Again, from the geometry of flow, we have
0,=0.+0, or 0.138 =S, V.+S,V,

or 0.138=0.0314 x4 +0.01767x V', so that V,=10.6 m/sec

Ex. 12. The diameters of a pipe at the sections A and B are 200 mm and 300 mm respectively.
If the velocity of water flowing through the pipe at section A is 4m/s, find

(i) Discharge through the pipe (ii) velocity of water at section B.

Sol. Radii r, and 7, at the section 4 and B are given by
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r,=d,/2=100mm=0.1 m, B
r,=dy2 =150 mm=0.15m

. 2
S, = area of section 4 =7, v, =4 m/s

=1x(0.1)* = 0.0314m> ~
1 =200 mm

v, = velocity at section 4 = 4m/s (given) d, =300 mm

S, = area of section B= nr22 = 11x(0.15)* = 0.0707m*

(7) To determine discharge Q through the pipe. We have
0=5,v,=0.0314 x4 =0.1256 m?/s.
(if) To determine velocity v, of water at section B : Here the continuity equation is

_ Sy _0.0314x4

- = =1.77m/s
Sivi=5v, = s, 0.0707

Ex.13. 4 pipe A 450 mm in diameter branches into two pipe B and C of diameters 300 mm
and 200 mm respectively. If the average velocity in 450 mm diameter pipe is 3 m/s, find
(i) Discharge through 450 mm diameter pipe (ii) Velocity in 200 mm diameter pipe if the average
velocity in 300 mm pipe is 2.5 m/s.

Sol. S, = area of section A =n(d,/2)* = (n/4)x(0.45)* =0.159m’
S, = area of section B =n(d,/2)* =(n/4)x(0.3)* =0.0707m*
S, = area of section C =n(d;/2)" = (n/4)x(0.2)* = 0.0314m*

(i) To find dischange Q, through A : 4@.20 o
0, =89, =0.159 x 3 = 0477 m’/s. //x‘d';;b
(if) To find velocity v, in pipe C. A B

By continuity equation,we have 015 3m/s

T4, =450 c
= mm
S0, = 8,0, + 8,0, so that
0, = (S0, — S,0,)IS (1) \aﬁa
3 191 7 2203 <3200
mm

But by part (i), S0, = 0477 m’s.
Also S0, = 0.0707 x 2.5 = 0.1767 m’/s.
0.4770-0.1767
Hence (1) reduces to UV3=———————=955m/s.
0.0314

Ex. 14. In a three dimensional incomperessible flow, the velocity components in y and z
directions are v = ax’ — by* + czAw = bx® — ¢y + az* x. Determine the missing component of
velocity distribution such that continuity equation is satisfied.

Sol. Given v=ax’ — by + cz? and w=b - +ax. (1)

The continuity equation for an incompressible fluid flow is

(Ou/0x)+(0v/oy)+(0w/0z) =0
or Ou/0x—2by+2azx=0 or Ou/0x =2by —2azx.

Integrating (2) w.r:t. x’, u = 2byx — 2az x (x*12) + 1 (v, 2), -(2)
where f (y, z) is an arbitrary function which is independent of x.

Ex. 15. Water flows through a pipe of length | which tapers from the entrance radius r,
to the exist radius r, If the entrance velocity is V, and the relation between v, and r, is given
by r, = r, £ ml, where m is the slope, prove that the exist velocity V, is
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_ 22m/n)+m (U n)
1£2m(/R)+m? (11 R)?

Sol. If S| and §, be the areas of cross-sections of the pipe at the entrance and exist, then

v, =Vi|1

S = nrlz and S, = nrzz, From the equation of continuity, we have
SV=8,7, or nrlel = nrszz

2 2
iV, 2 .
Thus, 7, S i U U as given r,=r £ml

r22 (nt ml)2 ’

B 14 ~ 14 vl £2m(l/ R)+m? (11 1)
Qtm(/n)y? 122m(/ ) +m>(/n) | 122m(l/ )+ m>(/5)?

Ex. 16. Determine the constants I, m and n in order that the velocity
q={(x+Ii+Q@+m)j+ @+ K/ {rx + ), where r= (x> + 17 + )2 may satisfy the
equation of continuity for a liquid. [Bhopal 2000; Meerut 1996]

Sol. Let q = ui + vj + wk, then we have

x+1r y+mr z+nr
= 5 V: 5 W: 5
r(x+r) r(x+r) r(x+r)

(1)
2

Also, given r=+ A+ 22 so that P=x*+)y+2 Q)
From (2), differentiating partially w.r.t. “x’, we have

2r(0r/ox) =2x so that orlox=xl/r. ..(3)
Similarly, from (2), orldy=ylr and orloz=z/r. (4

From (1), Ou__ 1 3(x+1r)+(x+1r)i !
ox r(x+r)ox ox | r(x+r)

1 or 1 or 1 or
- [ O B S S S S WL
r(x+r) ox rrox r(x+r)t\ ax

1 b 1 x 1 X
G (1+Z7j+(x+lr){—r—2.7_ e (1+7H, by (3)

r+xl _(x+lr)(£+ 1 j

Fr(x+r) r? rox+r

@: ! i(y+mr)+(y+mr)i !
oy r(x+r)dy oy | r(x+r)

1 or 1 or 1 or
= l+m— |+ (y+mr)s——————=| 0+—
r(x+r) oy re 0y r(x+r) oy

1 y ly Iy
- (1+m7j+(y+mr){—r—2———2—}, by (4)

B r(x+r)

(5

Also,

+ (y+mr)

_rz(x+r) r? roo(x+r)
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Similarly, Qu__rinz —(“;”)j ! A7)
0z ri(x+r) r roo(x+r)

For the given velocity to satisfy the equation of continuity, we must have
(Ou/0x)+(0v/0y)+(0w/0z) =0 (8)

r+xl _(x+lr)(£+ 1 j+ r+my (y+mr){1+ Y }

rr(x+r) r rox+r) rA(x+r) r? roo(x+r)?

T —(”;’”)j {L Z } =0, by (5), (6) and (7)
re(x+r) r roo(x+r)
Multiplying both sides by 7° (x + )%, we have
re+x)(x+r)—x+in@+r)xx+r)+r]+r(r+my) (x+r)
—@+mr) [+ )y e+ nz) (x+ 1) - @+ ar) [z + )+ 2] = 0
or r{r(1—= 1) + x(1 — [) — my — nz} = 0, on simplification.
This is satisfied by all values of x, y, z, ifand only if /=1, m=0 and n=0.

Ex.17. From the law of conservation of mass, show that whether the flow field represented
byu=—3x+y*—1/xandv=x>+ 3y +ylog x is a possible velocity field for two-dimenation
incomprenible fluid flow.

Sol. Here Ouldx+0ovidy =—3+2/x" +3+logx #0,

showing that the equation of continuity is not satstied Hence the given flow does not represent a
possible two-dimenation fluid flow

Ex. 18. Liquid flows through a pipe whose surface is the surface of revolution of the curve
y =a + (kx* / a) about the x - axis (—a < x < a). If the liquid enters at the end x = — a of the pipe

with velicity V, show that the time taken by a liquid particle to traverse the entire length of the
pipe from x = —a to x = a is {2al V(1 + ky*} {1+ (2k/3) + (k*/5)}. Assume that k is so small that

flow remains apprecially one dimensional thoughtout. [LA.S. 1999]
Sol. Re-writing the given curve, we have
Y —a= k*la or (x — 0)* = (a/k) (v — a), (1)

which is a parabola ABC whose vertex is B (0, a). When the given curve (1) revolved about x-
axis, we get surface of revolution. Figure shows a portion of the above mentioned surface bounded

by circular ends CC'(x=—a) and A44'(x=a).

Y
A
P Y N
ax X=a
at —V
5 Q X
B P’
c' A’
\4 Y!
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Let P(x, y) be any point on (1). Then from (1), we have

PO =y=a+ k. -2)
Also C(—a, CD) lies on (1), Hence, we have
CD - a = k(- a)’/a so that CD =a(l + k) -3)

Velocity at section CC’ is given to be V. Again, velocity of arbitrary section PQ is dx/dt. If
S,and S, be areas of sections at C and P respectively, then

S, = CD* = na” (1+ k%) and S, =my? = n(a+kx* /a)’.
Since the motion is regarded as one-dimensional, by equation of continuity (expressing
equal rates of volumetric flow across the cross-sections at CC’' and pp'), we have

a1+ k) V =n(a+ke* /a)* (dx/ dr)

52
or dt:ﬁ a+kx— dx. ..(4)
a’V(l+k) a
Let the required time of travelling from x = — a to x = a be 7. Then integrating w.r.t ‘#’ between
t=0to ¢t = T and integrating w.r.t ‘x’ between corresponding limits x = —a and x = q, (4) gives
T 1 of kY
g —— P
0 aV(l+k)y J-a a
a 2\ a 2\?
S ] (V- U R
VA+k) J-a a Vd+k) 7o a

[Since the integrand in an even function]

2 pof gk Y 2 2% K2 [
VA k) -[o [H 2 T ] = V(l+k)? {H W sd }
0
= {2a/V (1 + k) {1 + 2k/3) + (K/5)}
Ex. 19. Each particle of a mass of liquid moves in a plane through the axis of z; find the
equation of continuity.
Sol. Let ZOAB be a plane passing of through the axis of z. Let ZXOA4=¢. Let P(r,0,0)
be the position of fluid particle of a mass of fluid moving on 4 ) B
the plane ZOAB. We contruct a parallelopiped with edges 2 RS
PQ, PR and pp' such that PQ=06r, PR=rd0 and AN Q'

PP" =rsin08¢. Clearly, the edges PQ and PR lie on the plane RS 7K

ZOAB while pp' is perpendicular to the plane. Since the ~
fluid particle move only on the plane ZOAB, there would be N
no motion along pp'.

Let u and v be velocity components of the fluid along
PQ and PR respectively, We now use working rule of Art
2.15 for writting the equation continuity

The rate of the excess of flow-in over the flow-out along PQ

Y

= —Sri(pur 50 rsin06¢) = —sin98r595¢£(pur2)
or or
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Again, the rate of the excess of flow-in over the flow-out along PR
0 . 0 .
=—rd0——(pvdr rsin039) = —r 5r508¢— (pvsinO
e, (3 ) o 8 (3 )
Also, the rate of increase in mass of the element
=ﬁ(p & -rd0-rsin08¢) = r? sinesrse&p@
ot ot
Hence the equation of continuity is given by

r? sinesrse&p@ =—sin0 5r595¢i(pur2)—r 5r595¢i(p vsin 0)
ot or o0

5p 1 0 2
e +
or ot iy or (pur”) rsin®

Ex. 20. In the motion of a homogeneous liquid in two dimensions the velocity at any point

%(p vsin 0) =0

is given by v,v' along the directions which pass through the fixed points distant ‘a’ from one
another. Show that the equation of continuity is
v oo rrert-dt(ov ') v vV
—t— + +—+—=0,
or or 2rr

58}’

ror

where r and r' are distances of any point of the liquid from the fixed points.[Osmania 2005]
[In this example (r,7") are known as the di-polar co-ordinates of any point of the liquid]
Sol. Let 4 and B be two given fixed points such that AB

=a. Let r and 7' be the distances of any point P of the liquid
from 4 and B respectively. With A as centre draw two circular

arcs PO and RS with » and »+06r as radii. Similarly, with B
as centre draw two circular arcs PR and QS with " and »' + &7
as radii. Then, we have AR =r+0dr and BQ =r'+dr".

Since arcs PO and PR are very small hence we can
assume that arcs PO and PR are approximately equal to straight
lines PQ and PR respectively.

Let Z4APB=0. Draw PN and PM perpendicular to AR and BQ. Then,

AN = r, BM =r' NR=5dr, MQ =51, ZNPR =60 and ZMPQ =0
From right-angled APRN, sin@= NR/PR = PR = (8r)/sin®
Similarly, from APMQ, sin® = QM / PQ = PQ=(8r")/sin0

Since v and V' are velocities along AP and BP respectively so velocity along normal to PR
is v'+vcos® and velocity along normal to PQ is v+v'cos®.
Since the liquid is homogeneous, so P = constant.
The rate of mass of the liquid flowing through PQ.
=px PO x(velocity perpendicular to PQ) = p(6r'/sin0) (v+1'cos0)

.. the rate of the excess of the flow-in over the flow-out along PO
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:_6]/'2 ps_r(v+v COS@) __p6r6rl£ V+VCOS9
or or sin©

Similarly, the rate of the excess of the flow-in over the flow-out along PR

0 or 0 (Vv'+vcos0
=& —{p—— (V' +vcos0) b =—p&r &r —| -7
ar{p (v'+veos )} por raw( sin 0 j
Now, arca POSR = PQ- PRsin OPR = - —x - sin(n—0)
sin® sin0

-, the rate of increase of mass of the liquid in POSR

:££ or X o xsinej:p&& % =0, as P = constant.

ot\" sin® sin0 sin® ot

Hence the equation of continuity is given by

0=—pbr 5" 8£v+v’cos9j 081 5” 0 [v’+vcos9j

or sin® or' sin 0
O (v+v'cosO 0 (V' +vcosO
or = X +— : =0
or sin 6 or' sin®
1 (8\/ o' ,8cosej v+v'cose 00
or - —+—-cosB+v - 0s0—
sinb\ or or or sin’ 0 or
1 (8\/’ ov acosej v'+vc0s9 00
—| —+——cos0+v - 0s0— =
sin0\ or' o' or' sin? @ or'
ov o ,0cos® v+v'cosH ( 8c0s9j
—+—-cosO+v - cosO| —
or r oF sin% 0 or
8_+@c . ocose_v +vcos9cose£ 8c0s9j:0
or' or' or' sin% 0 or'
8v o' (o ov 8c0s9 0cos0
or ——+| —+—|cosO+ +v
81’ or' or or or or'
cos o0cosH
+ +v'cos 0 + +vcos0 =0 ..(1
sin” 0 {(V ) 81’ ' ) or' } M
Using cosine formula of trigonometry in A4BP, we have
2,02 2 ' 2
cosg= a4 Q)
2rr' 2r' 2r 2
Ocos®) 1 @’ 1 Afr ' &’ | 1 cosO
or 2r 22 A vl 2r 2 2m r' r

Similarly, from (2), we have =
or' roor

Substituting the above values of d(cos0)/dr and d(cos0)/or" in (1), we have

8v 6*v’ ov'  ov 1 cose 1 cos0
—+| —+—|cos6+V +v| ——
81’ 81’ or or r’ r r 7
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+ Coie {(v+v’cos 9)(%— cos9j+ (v'+vcos9)(l— cos;ej} =0
r r r

sin” © r
ov o (v ov viow (Vo
or —+—+| —+— |cosO+—+——| —+— |cosO
or or' \or or rr \r r
ﬁ{;(l—cos29)+1(l—cos29)}=0
sin“ 0 (7 r
or @+i+ a—V+ﬁ cosO+ 2+ 2| Xy Y leos0+] L+ ¥ |coso=0
or or' or or' ror ror roor
’ 2 2 2 ’ ’
or @+5_v+"+"_—a(@+&j YiY o, using@)
or or 2rr' or or !

EXERCISE 2(C)
1. Determine the equation of continuity by vector apprach for incompressible fluid. Interpret
it physically. [Meerut 2003]
2. A mass of fluid is in motion so that the lines of motion lie on the surface of co-axial
cylinders. Show that the equation of continuity is

%

+li(pq )+£(pq ) =0, where ¢ and g, are velocities perpendicular and parallel to z-axis.
o roo : T

Oz

[Hint. Do as in Ex. 5 of Art 2.16 by taking u = g, v=¢q4] [Meerut 1999, 2001, 02]
3. Water is flowing through a pipe 10 cm diameter with an average velocity of 10 m/sec.
What is the rate of discharge of the water? Also determine the velocity at the other end of the

pipe, if the diameter of the pipe is gradually changes to 20 cm.
[Ans. Discharge = 0.7854 m®/sec; velocity = 2.5 m/sec.]
4. Homogeneous liquid moves so that the path the any particle P lies in the plane POX,
where OX is fixed axis. Prove that if OP = r and the ZXOP =6, the equation of continuity may

0 0 .
be written as —ur*)——=—(vrsin0) =0,
or ou

where u, v are the component velocities along and perpendicular to OP in the plane POX and

W = cosb.

[Hint: p=cosO so that du=sin0d6. Also p = constant. Proceed as Ex. 19 of Art. 2.16
by taking OX in place of OZ]

5. Does the three-dimensional incompressible flow given by
kx ky kz

2y s v(xy,z)= e wy.2)=

v Ry

(x2+y2+ (x2+y2+z2)3/2

satisfy the equation of continuity? K is an arbitrary constant. Thus show the above motion is
kinematically possible for an incompressible fluid. [Purvanchal 2005]

6. Does the two-dimensional incompressible flow given by

v,.(r,0)=¢ (%—ljcose, ve(r,0) =¢ £%+ljsin9 (r>0)
r r

where ¢, is an arbitrary non-zero constant, satisfy the equation of continuity?
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Boundary conditions (kinematical).

When fluid is in contact with a rigid solid surface (or with another unmixed fluid), the
following boundary condition must be satisfied in order to maintain contact:

The fluid and the surface with which contact is preserved must have the same velocity
normal to the surface.

Let n denote a normal unit vector drawn at the point P of the surface of contact and let q
denote the fluid velocity at P. When the rigid surface of contact is at rest, we must have
gq.n = 0 at each point of the surface. This expresses the condition that the normal velocities are
both zero and hence the fluid velocity is tangential to the surface at its each point as shown in

Fig. ().
Next, let the rigid surface be in motion and let u be its velocity at P (refer Fig (if)]. Then we
must have

q-n=1u-n or (q—-u)-n=0,
which expresses the fact that there must be no normal velocity at P between boundary and fluid,
that is, the velocity of the fluid relative to the boundary is tangential to the boundary at its each

point.
n
- ‘\\:\\

// ) — T T TN
R =N
it / N O\ > 4q
/// ?\\( ) / \\\\s

\QOP\ N

C Fig. (i)

Remark. For inviscid fluid the above condition must be satisfied at the boundary. However,
for viscous fluid (in which there is no slip), the fluid and the surface with which contact is
maintained must also have the same tangential velocity at P.

Boundary conditions (physical). The above mentioned kinematical boundary conditions
must hold independently of any particular physical hypothesis. In the case of a non-viscous fluid
in contact with rigid boundaries (fixed or moving), the following additional condition must be
satisfied:

The pressure of the fluid must act normal to the boundary.

Again, let S denote the surface of separation of two fluids (which do not mix). Then the
following additional condition must be satisfied :

The pressure must be continuous at the boundary as we pass from one side of S to the
other.

2.18. Conditions at a boundary surface.
[Garhwal 1996, Kanpur 2002, 03, Meerut 1997, Rajasthan 2000,
Rohilkhand 2001, 04, Purvanchal 2004]

We propose to derive the differential equation satisfied by a boundary surface of a fluid.
Thus, we discuss the following problem :

To find the condition that the surface F (r, t) = 0 or F (x, y, z, t) = 0 may be a boundary
surface. For figure, refer figure (if) of Art. 2.17.

Let P be a point on the moving boundary surface F(r,)=0. (1)
where the fluid velocity is q and the velocity of the surface is u.
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Now in order to preserve contact, the fluid and the surface with which contact is to be
maintained must have the same velocity normal to the surface. Thus, we have

q-n=u-n or (q—u)-n=0, -(2)
where n in the unit normal vector drawn at P on the boundary surface (1). We know that the
direction ratios of n are oF /ox, OF /0y, OF /0z. Again,

VF = (0F | 8x)i+(0F | dv)j+ (OF | é2)k, .(3)

which shows that n and VF are parallel vectors and hence we may write n =k VF. With this
value of n, (2) reduces to
(q—u)-kVF =0 so that q-VF=u-VF (4
Let P (r, f) move to a point Q(r +9dr,7+¢) in time &¢. Then QO must satisfy the equation of
the boundary surface (1), at time ¢+ 8¢, namely
F(r+or,t+0t)=0

Expanding by Taylor’s theorem, the above equation gives

OF & .
F(r,t)+0r-VF + 0ot 8_F =0 or —+«r-VF=O, using(l) ...(5)
ot ot ot

Proceeding to the limits as ér — 0, &t — 0 and noting that

limﬁ—ﬂ—u 5) gi OF /0 VF=0 6
T (5) gives t+u-VF = ..(6)
or OF /0t+q-VF =0, using (4) (7
which is the required condition for F(r, 7) to be a boundary surface.

Remark 1. Let q = ui + vj + wk. Then (7) may be re-written as

%—F+(ui+vj+wk)-{a—Fi+a—Fj+a—ij=O
t

ox oy Oz
DF
or ai+uai+va—F+wa—F:O or —=0, ..(8)
ot ox oy oz Dt
where D=0/0t+u(0/0x)+v(0/0y)+w(0/0z)
(8) presents the required condition in cartesian coordinates for F (x, y, z, £) = 0 to be a
boundary surface. [Agra 2006, Meerut 1997]
Remark 2. The normal velocity of the boundary
—u VF — (OF / o¢) by (3) and (6)

Y VE T @F ani+ 0F 10y)j+ (0OF 2)k]”

—(0F | ot)
\/{(8F/8x)2 +(OF /o) +(8F/8z)2} -(9)

__u(0F /&%) +v(0F | 8y) + w(OF | dz) using (8) (10)

\/{(8F/8x)2 +(0F | oy)? +(8F/8z)2}
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Remark 3. When the boundary surface is at rest, then §F /or =0 and hence the condition

(8) reduces to u(0F / 0x)+v(OF / 0y)+ w(OF /0z) =0 (1)
2.19. lllustrative solved examples.
2 2
Ex. 1. Show that the surface ﬁ+kt2 “+— |=1 is a possible form of boundary
a’kt b” ¢
surface of a liquid at time t. [LA.S. 1992; Punjab 2002; Rohilkhand 2001]
Sol. The given surface
2 2 2
-_* 2|y 7 -
F(X,y,Z,t)—azk—zlA‘l'kt (b—z‘l'c—z]—l—o (l)
can be a possible boundary surface of a liquid, if it satisfies the boundary condition
OF /0t +u (OF / 0x)+v(OF / 0y) + w(OF /0z) =0 .(2)
and the same values of u, v , w satisfy the equation of continuity
Ou/Ox+0v/0y+ow/oz=0 ..(3)

2 2 2 2 2
OF 2 OF 2kt OF 2kt
From (1), OF | & oml 242 | %L 224, o _ zy, o9 _ 22

ot a’ ke 202 ox a‘kt oy b oz c
With these values, (2) reduces to

2 2 2 2 2
4x +2k{y z j+ 2xu +2kt yv+2kt ZW:O,

_+_

e R R b* ?
2x 2x | 2kyt 2ktz
——|u—— |+ +v)+ +wt) =0,
or a2k2t4 ( P j b2 (y ) C2 (Z )
which is identically satisfied if we take
u = 2x/t, v =—yl, w=—z/t ..(4)
From (4), 6_u=27 @:_1, a_wz_l (5
ox t oy t Oz t

Using (5), we find that (3) is also satisfied by the above values of u, v and w. Hence (1) is
a possible boundary surface with velocity components given by (4).
Ex. 2. (i) Determine the restrictions on f,, f,, f5 if oHa®) SO+ 0*b?) L+ Calen) L@O=1
is a possible boundary surface of a liquid.
[Agra2005; 1.A.S.1995; Kanpur 2011; Meerut 2000]

(ii) Show that (x2/a®)f())+(y* /b*) o)+ (22 /) w(t) =1is a possible from of the

boundary surface if f(t) o(¢) y(¢) =1.
Sol. (i) The given surface

F(x,y,z,0) = (Ca®) f,(t) + PI0)) fo () + @) f() -1 =0 (1)
can be a possible boundary surface of a liquid, if it satisfies the boundary condition
(OF / 0t) +u (OF / 0x)+v(OF /1 0y)+ w(OF / 0z) =0 (2)
and the same values of u, v w satisfy the equation of continuity
Ou/0x+0v/Oy+ow/oz=0 ..(3)
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Using dashes for differentiation with respect to z, (1) gives

oF _ aF 2 OF 2 OF 2
o J ———me

o fl(t)+ fz(f)+ fg(t) r fl() Bl b2f2() %

With these Values, (2) reduces to

PRV 2L 2w 2y 22w

a* b? c2 a’ b* ?
or 2)({1 A 2y{2 - L N 2253 w+£ _0
&2, ) 2L« 215
which is identically satisfied if we take
uz_ﬁ7 v=_&7 Wz_fé.— (4)
2h 21 2/5
Ou ' ov ' ow '
From (4), —=—f—1§ —=—f—2.§ —‘:—f—3 NE))
Ox 2f oy 21 oz 2f;

Now the required restriction will be obtained if the above velocity components satisfy (3).
Hence, we get

_f_ll_f_zl_f_;zo or f_1+f_2+f_3=0
2h 25 2fs h L fs
Integrating, log f, + log f, + log f; = log c
or log (f\f, f;) = log c or 155 /3 = ¢, where ¢ is an arbitrary constant.

(i1) Proceed as in the above example. There is no loss of generality if ¢ is taken as unity.
Ex. 3. Show that (x*/a® ) tan*t + (*/b*)co® t = 1 is a possible form for the bounding
surface of a liquid, and find an expression for the normal velocity.
|Garhwal 2005; 1.A.S. 1997; Kanpur 1999, 2004, 08; Rajasthan 2004;
Meerut 2003, 05; Rohilkhand 2002; 05; Purvanchel 2004]

Sol. For the present two dimensional motion (OF /0z=0 and ow/0dz =0), the surface

F(x, v, 1) = (*a®) tan® t + (/b cot? t—1 =0 (1)
can be a possible boundary surface of a liquid, if it satisfies the boundary condition
OF /0t +u(OF / 0x)+Vv(OF /0y) =0 -(2)
and the same values of u and v satisfy the equation of continuity
Ou/ox+0v/oy=0 ..(3)
From (1), o =2 2tanrsec? -2 2cot ¢ cosec’t, 6_F 2x Ztan? ¢, & = —fcotzt
a’ b’ ) v b

With these values, (2) reduces to

xtant

tt
(xsec’ t+utant)+ 24 (— ycosec’t +vcots) =0,

a

which is identically satisfied if we take
xsec’ t+ utant=0 and —ycosec’ 1+ veott=0
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ie. u= —‘; and V= # (4)
sinzcost sinfcost
1
From (4), % = and @ = ; (5
ox sinfcost Oy sintcost

Using (5), we find that (3) is also satisfied by the above values of u, v. Hence (1) is a possible
bounding surface with velocity components given by (4).

Using remark 2 of Art. 2.18 (with 0F / 0z =0 here), the normal velocity

X '2xtan2t+ y '2ycot2t
__u(OF /0x)+v(OF /dy) _ _sintcost 4 sinfcost  b>
1/2
Jl@r 17 +@F oy {( 2xtan? tjz {2 yoot® tﬂ
2 2
a b

@’y cottcosec’t —h’x* tantsec” t
\/(xzb4 tan* £+ y*a* cot® 1)

Ex. 4. (a) Show that the ellipsoid X /(a2k2t2")+kt" (/b)Y +(z/¢)*} =1 is a possible
orm of the boundary surface of a liquid. Derive also velocity components.

f the bound. liquid. D L /

(Kanpur 2009; 2010; Meerut 2007)

(b) Show that the variable ellipsoid x* /(azk2t4) +kt* {(y/b)* +(z/¢)*} =1 is a possible form
for the boundary surface at any time +. (Kanpur 2007)

Sol. (a) The given surface

F(x,p, 2,0 =27 /(a2 )4 k" (9 15)” + (2 €)1 =1 =0 (D)
can be a possible boundary surface of a liquid, if it satisfies the boundary condtion
OF / 0t +u(0F /| ox)+v(OF / 0y)+w(OF /0z) =0 -(2)
and the same values of u, v w stisfy the equation of continuity
ou/ox+0v/dy+ow/oz=0. ..(3)
oF X 2n el y2 z?
From (1), o R +nkt [_2+c_2 ,
oF o oF _2u'y . o2k
o kA v b an oz 2
With these values, (2) reducces to
2 2 2 n n
x° 2n a1| ¥z 2xu 2kt"vy  2kt"zw
S PEIT +nkt (_2+C_2]+ JEPERT + 2 + 2 0
or (u—ﬂj 2x +(v+ﬂj—2kyt +(W+Ej—2k2t =0,
t a2k2 t2n 2t b2 2t C2
which is identically satisfied if we take
u— (nx/t) =0, v+ (ny2) =0 and w+ (nz/2t) =0
or u = nx/t, v =—ny/2t and w = — nz/2t. (4
From (4), ouldx=nlt, ov/oy=—-n/2t and ow/0z=—-n/2t ...(5
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Using (5), we find that (3) is also satisfied by the above values of u, v and w. Hence (1) is a
possible boundary surface with velocity components given by (4)
(b) Proceed as in part (a) by taking n = 2
Ex. 5. Show that the ellipsoid
2 2 2
2 . to v t3 : =1
a‘e’cos(t+m/4) besin(t+m/4) ¢ sect
is a possible form of boundary surface of a liquid for any time t and determine the velocity q of
any particle on this boundary. Also prove that the equation of continuity is satisfied.

Sol. The given surface
F(x,y, z, ) = (Fah)e' sec (t+m/4) + (* /b*)e cosec (t+m/4) + (Z%/cP) cos 2t—1=0 ..(1)

can be a possible boundary surface of a liquid, if it satisfies the boundary condition

OF /0t + u(0F / 0x) + v(OF / 0y) +w(0F / 0z) = 0 ..(2)
and the same values of u, v, w satisfy the equation of continuity
Ou/0x+0v/oy+0ow/dz=0. ..(3)
2 2 2
From (1), 6—F R sec(t+£j+x—e’ sec(t+£jtan(t+£j oY cosec (t+£j
ot a2 4 a2 4 4 b2 4
2 2
~ 2 cosec (r+£jcot(t+ﬂj—2isin2t
b2 4 4 C2
a—Fzﬁetse{t+£j, 8_F:Qe_, cosec(r+£j, a—Fzzcos%
ox  a* 4 oy b 4 oz c?

With these values, (2) reduces to

xe' b T ye ! b s
—-sec| t+— || 2u+xql+tan| t+— ||+ cosec| t+— || 2v—yql+cot| t+—
a’ 4 4 b’ 4 4

+(2z/¢*)x (weos 2t — zsin 2f) = 0,

which is identically satisfied if we take
2u+x{l+tan(t+m/4)} =0, 2v—y{l+cot(t+m/4)} =0, weos2t —zsin2t =0
or u=—(x/2)x{l+tan(t+n/4)}, v=—(y/2)x{l+cot(t +/4)}, w = ztan2¢

Using these values of u, v, w on the boundary for all 7, we have

ou oOv ow 1 ( nj 1 ( nj
—+—+—=——<l+tan| t+— |p——<l+cot| t+— |- +tan2¢
Ox 0Oy Oz 2 4 2 4

2
:M+tan2t =cot 2t+E +tan 2t = —tan 2¢ + tan 2¢ = 0,
2tan(t+7/4) 2

showing that the equation of continuity is satisfied.

EXERCISE 2 (D)
1. Show that (x*/a®)f(t)+ (> /b*)d(t) =1, where f(£)$(t) =1 is a possible form of the

boundary surface of a liquid. [Kanpur 2006]
2. Show that (x?/a?)f (1)+(y* /b*)f(f)=1 is a possible from of the boundary surface of
a liquid.
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3. Show that (x*/a*)cos” 1+ (y2 /b*)sec? t =1 is a possible form for the boundary surface.
[I.A.S. 2007]

4. Show that (x*/a®)f (t)+y*/b*+(z*/c*) f () =1 is a possible form of the boundary
surface of a liquid.

5. A sphere of radius » moves with a steady velocity components (U, V, W) through an
initially stationary fluid. If # be measured from the instant the sphere was at the origin, prove that

W-U)x-Un+@-NE-V)y +w-mw) (@z-W)=0

where (u, v, w) are components of velocity on the sphere at any point.

6. The parabolic profile y = kx> moves in the negative x-direction with a velocity U through
a fluid which was initially stationary. If ¥ and v are the instantaneous velocity components of a
fluid particle on boundary, show that v/(u + U) = k*/2y.

2.20. Streamline or line of flow. [I.A.S. 1995; Kurkshetra 1998; U. P. P. C. S. 2000,

Agra 2004, 2009 Kanpur 2000, 04, Meerut 2001, 02, 05, 12; G. N. D. U. Amritsar 1999]

A streamline is a curve drawn in the fluid so that its tangent at each point is the direction of
motion (i.e. fluid velocity) at that point.

Let r = xi + yj + zk be the position vector of a point P on a straight line and let

q = ui + vj + wk be the fluid velocity at P. Then q is parallel to dr at P on the steamline. Thus,
the equation of streamlines is given by

qxdr=0 (1)
ie., (ui+ vj+wk) x (dxi+ dyj+ dzk)=0
or (vdz — wdy) i + (wdx — udz) j + (udy — vdx) k = 0
whence vdz —wdy =0, wdx = udz = 0, udy —vdx =0
so that i = Y = % .(2)

u v w

The equations (2) have a double infinite set of solutions. Through each point of the flow field
where u(x, y, z, t), v(x, y, z, t) and w(x, v, z, t) do not all vanish, there passes one and only one
streamline at a given instant. This fact can be verified by employing the well known existence
theorem for the system of equations (2). If the velocity vanishes at a given point, various
singularities occur there. Such a point is known as a critical point or stagnation point.

2.21. Path line or path of a particle. [Meerut 2012; Kanpur 2000, 02]
A path line is the curve or trajectory along which a particular fluid particle travels during its
motion.
The differential equation of a path line is dr/dt = q (D)
so that dx/dt = u, dyldt =v and dz/dt = w .(2)
where q=ui+vj+wk and r =xi+yj+ wk.

Remark. Let a fluid particle of fixed identity be at (x, y,, z,) when ¢ = ¢, then the path line is
determined from equations

dx/dt =u(x,y,z,t)

dy/dt =v(x,y,z,t) ©)
dz/dt = w(x, y,z,t)

with initial conditions x(ty) = x, W(ty) = Yo z(ty) = z, .4

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Streamline or line of flow. [I.A.S. 1995; Kurkshetra 1998; U. P. P. C. S. 2000,

Agra 2004, 2009 Kanpur 2000, 04, Meerut 2001, 02, 05, 12; G. N. D. U. Amritsar 1999]

A streamline is a curve drawn in the fluid so that its tangent at each point is the direction of
motion (i.e. fluid velocity) at that point.

Let r = xi + yj + zk be the position vector of a point P on a straight line and let

q = ui + vj + wk be the fluid velocity at P. Then q is parallel to dr at P on the steamline. Thus,
the equation of streamlines is given by

qxdr=0 (1)
ie., (ui+ vj+wk) x (dxi+ dyj+ dzk)=0
or (vdz — wdy) i + (wdx — udz) j + (udy — vdx) k = 0
whence vdz —wdy =0, wdx = udz = 0, udy —vdx =0
so that i = Y = % .(2)

u v w

The equations (2) have a double infinite set of solutions. Through each point of the flow field
where u(x, y, z, t), v(x, y, z, t) and w(x, v, z, t) do not all vanish, there passes one and only one
streamline at a given instant. This fact can be verified by employing the well known existence
theorem for the system of equations (2). If the velocity vanishes at a given point, various
singularities occur there. Such a point is known as a critical point or stagnation point.

2.21. Path line or path of a particle. [Meerut 2012; Kanpur 2000, 02]
A path line is the curve or trajectory along which a particular fluid particle travels during its
motion.
The differential equation of a path line is dr/dt = q (D)
so that dx/dt = u, dyldt =v and dz/dt = w .(2)
where q=ui+vj+wk and r =xi+yj+ wk.

Remark. Let a fluid particle of fixed identity be at (x, y,, z,) when ¢ = ¢, then the path line is
determined from equations

dx/dt =u(x,y,z,t)

dy/dt =v(x,y,z,t) ©)
dz/dt = w(x, y,z,t)

with initial conditions x(ty) = x, W(ty) = Yo z(ty) = z, .4
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2.22. Streak lines or filament lines. [Kanpur 2000; Meerut 2005, 12]

A streak line is a line on which lie all those fluid particles that at some earlier instant passed
through a certain point of space. Thus, a streak line presents the instantaneous pictures of the
position of all fluid particles, which have passed through a given point at some previous time.
When a dye is injected into a moving fluid at some fixed point, the visible lines produced in the
fluid are streak lines which have passed through the injected point.

The equation of the streak line at time ¢ can be derived by Lagragian method, Suppose that
a fluid particle (x,, y,, z,) passes a fixed point (x,, y,, z,) in the course of time. Then by using the
Lagrangian method of description, we have

fl (XO, Yos 20 1) = X fz(x()a Yos Zp» = Yo f3 (XO, Yos 20 1= 2 (1)
Solving (1) for x,, y,, z,, we have
Xo = & (xla Y 21 t)a Yo= & (Xl, Y Z2ps t), Zp= 83 (xl’yl’zl’ t) (2)

Now a streak line is the locus of the positions (x, y, z) of the particles which have passed
through the fixed point (x,, y, z,). Hence the equation of the streak line at time t is given by
x=h; (Xp Yo» Zg» D> Y =hy (X, Yo Zp0 D), z =y (xp, Yoo 2 1) ..(3)
Substituting the values of x, y,, z, in (3), the desired equation of streak line passing
through (x,, y,, z,) at time ¢ is given by
X = h1 (g1> & &3 1), y= hz (1> & &5: D), zZ= h3 (1> & &3 1) (4
2.23. Difference between the streamlines and path lines. [Agra 2005]
It is important to note that streamlines are not, in general, the same as the path lines.
Streamlines show how each particle is moving at a given instant of time while the path lines
present the motion of the particles at each instant. Except in the case of steady motion, u,y, w are
always functions of the time and hence the streamlines go on changing with the time, and the
actual path of any fluid particle will not in general coincide with a streamline. To understand
this, take three consecutive points P, (O, R on a streamline at time 7. Then a particle moving
through P at this instant will move along PQ but as soon as it arrives at Q at time+ 8¢, OR is no
longer the direction of the velocity at Q and the particle will therefore cease to move along OR
and move instead in the direction of the new velocity at Q. However, in the case of steady motion
the streamlines remain unchanged as time progresses and hence they are also the path lines.

2.24. Stream tube (or tube of flow) and stream filament.

If we draw the streamlines from each point of a closed curve in the fluid, we obtain a tube
called the stream tube.

A stream tube of infinitesimal cross-section is known as a stream filament.

Remark 1. Since there is no movement of fluid across a streamline, no fluid can enter or
leave the steam tube except at the ends. So in the case of the steady motion, a stream tube
behaves like an actual solid tube through which the fluid is flowing. Due to steady flow, the walls
of the tube are fixed in space and hence the motion through the stream tube would remain
unchanged on replacing the walls of the tube by a rigid boundary.

Remark 2. Consider a steam filament of liquid in steady motion. Let the cross-sectional
area of the filament be so small that the velocity is the same at each point of this area, which may
be taken perpendicular to the direction of the velocity. Let v, v,
be the speeds of the flow at places where the cross-sectional
areas are S, S,. Let the liquid be incompressible. From the law
of conservation of mass, the total quantity of liquid flowing
across each section of the filament must be the same. Thus, we
have 0, 8,=0,8,
from which we arrive at the following theorem :
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Theorem : The product of the speed and cross sectional area is constant along a stream
filament of a liquid in steady motion.

It follows from the above theorem that a stream filament is widest at places where the speed
is least and is narrowest at places where the speed is greatest. Furthermore, the stream filament
cannot terminate at a point within the liquid unless the velocity is infinite there, which is never
possible. Leaving this exceptional case, it follows that, in general, stream filaments are either
closed or terminate at the boundary of a liquid. The same results are true for stream lines, because
the cross-section of the filament may be considered as small as we please.

2.25. lllustrative solved examples.

Ex. 1. Obtain the streamlines of a flow u = x, v =—y.
OR If'the velocity q is given q = xi - yj, determine the equations of the streamlines.
[Meerut 2012]
Sol. For two-dimensional flow (w = 0), we have
q=ui+vj+wk=uxi—yj
so that u=x, v=-—y, w=0
Streamlines are given by (dx)/u = (dy)lv = (dz)lw
ie. (dx)x = (dy)/(-y)=(dz)/0 so that (dx)lx + (dy))y=0and dz =0
Integrating, log x + log y = log ¢, or Xy =c, and z=¢,

The required straight lines are given by the curves of intersection of

xy =c, and z = ¢,, ¢, and c, being arbitrary constants.

Ex. 2. The velocity components in a three-dimensional flow field for an incompressible fluid
are ( 2x, —y, —z). Is it a possible field? Determine the equations of the streamline passing through
the point (1, 1, 1). Sketch the streamlines.

Sol. Here u=2x, v=—y, w=-—z
Streamlines are given by

dcx dy dz . dc _dy dz
— = N ie. —=—=— (1)
u v.oow 2x -y -z
Taking the first two members of (1), we have
dx_dy . d b
2x =y X y
Integrating, log x + 2 log y = log ¢, or xy? = c, -(2)
Again, taking the first and third members of (1) and proceeding as above, we get
2
xz" = c,. ..(3)

Here ¢, and c,are arbitrary constants. The streamlines are given by the curves of intersection
of (2) and (3). The required streamline passes through (1, 1, 1) so that ¢, = 1 and ¢, = 1. Thus,

the desired stream line is given by the intersection of 0w =1 and xz> = 1.
We also have ou/ox=2, ov/oy=—1, ow/oz =-1
so that Ou/ox+0v/Oy+ow/oz=0,

showing that the equation of continuity is satisfied for the given flow field for an incompressible
fluid. Hence the given velocity components correspond to a possible field.

Ex. 3. The velocity field at a point in fluid is given as q = (x/t, y, 0). Obtain path lines and

streak lines. [Agra 2008; Meerut 2002; 04]
Sol. Here q=(u, v,w)=(x/t,y, 0)
so that u = x/t, v =y, w=0 (1)
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The equations of path lines are

dx/dt = u, dyldt = v, dzldt = w
Le. dx/dt = x/t, dyldt =y, dz/dt = 0 -(2)
Suppose that (x,, y,, z,) are coordinates of the chosen fluid particle at time ¢ = #,. Then
X = X, Y=Yy z=1z, when ¢ = ¢ -.(3)
From (2), (1/x)dx = (1/t)dt giving log x = log ¢ + log ¢,
ie. X = tc,, ¢, being an arbitrary constant (4
Using initial conditions (3), (4) gives
Xy = t,C, so that ¢, = xy/t,
. From (4), x = (x, Dt (5
Similarly, integrating dyldt =y ie. (1/y) dy = dt, we get
logy—loge,=t ie. Y= .(6)
Using (3), (6) gives Vo = ¢, € ie. =y, e
. From (6), y=y,e’ (7
Finally, integrating dz/dt = 0, we get z=c -(8)
Using (3), Zy= ¢4 so that z=2z, (9

Hence the required path lines are given by
X = (xot)/to y= yoet_to s zZ=z. ..(10)

Let the fluid particle (x, y,, z,) passes a fixed point (x, y,, z,) at time ¢ = s where 7, <s<t.
Then (10) gives

— S—1 —
x = (xo8)/ 1y, yi=yee ", 2= %

so that xo = (x;89)/ s, Vo = 1€, zy =12 (1)
wherein s is the parameter. Substituting equations (11) into (10), we obtain the equation of streak
line passing through (x,, y,, z;) at times ¢ as
x=(xt)/s, y=ye’, z=7z. ..(12)
Remark. It is easily seen from the above example that for a steady flow, streak lines are
identical to path lines, and hence they coincide with streamlines.
Ex. 4. Find the streamlines and paths of the particles when
u=x/(1+1), v=y/(1+7), w=z/(1 + §). [I.A.S. 1994]
Sol. Streamlines are given by

dx _dy _dz . dx _ dy _ dz
v v w ne x/+0)  y/+t) z/1+1)
ie. (dx)/ x=(dy)/ y=(dz)/z (D)
Taking the first two members of (1), we get xly = ¢, ..(2)
Taking the last two members of (1), we get yiz =c, ..(3)

The desired streamlines are given by the intersection of (2) and (3).
The paths of the particle are given by
dx/dt = u, dyldt = v, dzldt = w
ie. dx/dt = x/(1 + ¢), dyldt = y/(1 + 1), dz/dt = z/(1 + 1)
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.. dx dt dy dt dz dt
giving — = —=—, — =
x 1+t y 1+t z 1+t

Integrating, x=cy (1 +1), y=c,(1+1), z=cs(1+1)

which give the desired paths of the particles, c;, ¢, and ¢, being arbitrary constants.

Ex. 5. Consider the velocity field given by q = (1 + At)i + xj. Find the equation of the
streamline at t = t, passing through the point (x,, y,). Also obtain the equation of the path line of
a fluid element which comes to (x, y,) at t = t, Show that, if A = 0 (ie. steady flow), the
streamline and path line coincide.

Sol. Since ¢ = ui + vj, u = 1 + At and v = x. Hence the streamline at ¢ = 7, is given by

&b &b d. 1 + At))d

u v o 1+4t, «x or xdx = ( )y
Integrating, (1 + Aty = x*/2 + ¢, ¢ being an arbitrary constant. (D)
But y = y,, when x = x, so we get (1 + At))y, = x%/Z +c ()
Subtracting (i7) from (7) to eliminate ¢, we get (1 +41) -y, = (x2 - xg )2, .(1)

which is the required streamline.
We now determine required path line. Consider a fluid element passing through (x,, y,) at t =
t,-Then its coordinates (x, y) at any instant ¢# (which define the path line) may be written as
x=x (xp ¥y > 0 Y=y &g Ve 1) ..(2)
Now the path line is given by

dx/dt=u =1+ At ...(3)
and dyldt =v =x ..(4)
Integrating (3) and using the condition x = x, at t = ¢, we get
Xoxg= () +AE— 122 ..(5)
Using (5), (4) may be re-written as
dyldt = x,+ (t — 1) + A (F — 13)2 ..(6)

Integrating (6) and using the condition y = y, at t = ¢, we get

y=>Yo :(t—to){xo +%(t—to)}'%14(t3 —tg)—%Atg(t—to) (7

Equations (5) and (7) together give the equation of the path line in parametric form with ¢
as parameter. On elimination of t between (5) and (7), we will get equation of path-line in
cartesian coordinates x, y. The resulting equation so obtained will be different from the equation
(1) of the streamline.

When 4 = 0, the equation of the streamline (1) gives

Y-y, == x5)2 (8)
and parametric equation of path line given by (5) and (7) reduce to
X=Xy =t—1t,, y—yO:(t—tO)[x0 +(1/2)><(t—t0)] (9)

Eliminating ¢ from (9), the equation of path line is

Y=Yy = (x2 - xg )/2.

Thus, the streamline coindes with the path line.

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Ex. 6. Prove that if the speed is everywhere the same, the streamlines are straight lines.
Sol. Let u, v, w be the constant speed components of the speed of the fluid particle. Then the

equation of the streamlines are given by (dxX)/u = (dy)lv = (dz)/w (D)
Taking first and second and then first and third fractions in (1), we get
vdx — udy = 0 and  wdx —udz = 0.
Integrating, VX —uy = ¢, and WX — Uz = c,, -(2)

where ¢, and c, are arbitray constants of integration.
The required streamlines are given by the straight lines of intersection of two planes given

by (2).
EX. 7. Find the equation of the streamlines for the flow q = — i (3y*) — j (6x) at the point
1, D.
Sol. Here q =ui+ vj=—i (3H) —j (6x) = u=-23)" v=— 6x, (1)
The equations of streamlines are given by
& _dy b ,
vy or 3,2 —6x or 6xdx — 3y° dy = 0.
Integrating, 3x* — y* = ¢, ¢ being an arbitrary constant. -(2)
At the point (1, 1), (2) gives 3-1 =c¢ or c=2.
Hence, from (2), the required equation of the streamline is 3x* -y =2
Ex. 8. The velocity components in a two-dimensonal flow field for an incompressible fluid
are given by u = €' cosh y and v = — ¢€" sinh y. Determine the equation of the streamlines for this
flow. k ” 0 [Agra 2003]
Sol. The equation of the streamlines are given by
dx d
dx_du or r g y or coth y dy = — dx.
u v e coshy —e'sinhy
Integrating, log sinh y = log ¢ = — x or sinh y = ce™,

where ¢ is a constant of integration.
Ex. 9. For an incompressible homogeneous fluid at the point (x, y, z) the velocity distribution
is given by u = — (¢y/r?), v = 2 x/r*, w = 0, where r denotes the distance from the z-axis. Show
that it is a possible motion and determine the surface which is orthogonal to streamlines.
Sol. Since r is distance of point (x, y, z) from the z-axis, we have r = (x> + yz)l/ 2

velocity distribution becomes
u=—1{yl + 57}, v = () + D), w=0 (1)

From (1), ou/ox=—{2yx/(x* +y*)*},  ov/idy = Q7 xy)/(x* +y*),  ow/dz=0

. Hence given

. Ou/0x+0v/Oy+0ow/oz =0, showing that the equation of continutiy is satisfied and so
the motion specified by (1) is possble.
The surfaces which are orhogonal to streamlines (dx)/u =(dy)/v = (dz)/w are given by*
udx + vdy + wdz = 0 or —{EYP+ ) dx+ (P X (P D) dy =0
or —ydx+txdy=0 or (1/y)dy = (1/x) dx,
Integrating, log y = log k + log x or  y=kx, kbeing an arbitrary constant.

* Refer chapter 3 in part II of author’s Ordinary and Partial Differential Equations published by
S. Chand & Co., New Delhi
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Ex.10. Determine the streamlines and the path lines of the particle when the components of
the velocity field are given by u = x /(1 + ), v = yA2 + {) and w = z/(3 + {). Also state the

condition for which the steamlines are identical with path lines. [I.A.S. 2000]
Sol. Streamlines are given by dx/u = dylv = dzlw
or 1+ (Ax)dx=Q2+1) (1/y)dy = 3 +1) (1/2)dz. (D)

Taking the first two members of (1), we have
(Ux)dx + (t/x)dx = 2/y)dy + (t/y)dy

or (1/x)dx — 2/y)dy =t {(1/y)dy — (1/x)dx}.
Integrating, logx —2logy =t (logy — log x) +log ¢, ¢, being an arbitrary constant

or log (x/?) = log {c (y/x)'} so that i) = xle y*. -2
Similarly, taking the last two members of (1), we have

or log (*/2°) = log{ ¢, (v/z)'} or 0iz) = Yoz, -(3)

The desired stremlines at a given instant 7 = ¢, are given by the intersection of the surfaces
(2) and (3) by substituting #, for z.
Again, the path lines are given by

dx/dt = u, dyldt = v dzldt = w
or dx/dt = x/(1 + 1), dyldt = y/(2 + 1), dz/dt = z/(3 + ©),
giving dx/x = dt/(1 + ¢), dyly = dt/(2 + 1), dz/z = dt/(3 + ©).

Integraing, x = ¢; (1 + 1),y = ¢, (2 + 1), z = ¢ 3 + 1), ¢;, ¢,, ¢5 being arbitrary constants
which gives the desired paths of the given particle in terms of the parameter 7.

Condition under which the stremlines and path linear are indentical.

In the case of steady motion the steamlines remain unchanged as time progresses and hence
they are identical with the path lines.

Ex. 11. In the steady motion of homogenous liquid if the surfaces f, = a,, f, = a,, define the
streamlines prove that the most general values of the velocity components u, v, w are

o(f, a(f, o(fq,
F(fl,fz)%, F(fl,fz)%, F(ﬁ,fz)a(é—,f)). (Meerut 2008)

Sol. The motion being steady, the streamlines will be independent of time. It follows that
the functions £, and f, will be functions of x, y, z. We have

fi=a = df =0 = %dx+%dy+%dz=0 (1)
Ox Oy oz

f=a = df, =0 = %dx+%dy+%dz=0. .(2)
Ox oy oz

From (1) and (2), by cross multiplication, we have

dx _ dy _ dz
hoh ohdh 9hdh _Ohdh 99 _hh

or ﬂ:ﬂzf, .(2)
Joo Sy U
Ui fa) Uity Ui fy)
where J, = 2(0r.2) s 5 o) and Jy = ox.y) . -.(3)
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We know that the equation of streamlines are given by
(dx)/u = (dy)lv = (dz)/w.
Comparing (2) and (3), u=rFJj, v="FJ, w=FJ, .(5)
where F is an arbitrary function. We now proceed to find F.
For the given liquid motion to be possible, the equation of continuity must be satisfied, i.e

Ou/Ox+0v/oy+0ow/oz=0

or —(FJI) +— (FJ2)+ (FJ3) 0 ..(6)
o]
or F %+%+% + Jla—F+J2 or +J;— or =0. A7)
ox Oy Oz Ox oy Oz
By the property of Jocabains, &J, 1 dx+0J, /0y +0J5/0z =0. ~(8)
Using (8), (7) becomes J(OF / 0x)+ J,(OF / 0y) + J5(OF / 0z) =0

o OF 0 o), OF 24 o), OF OUA12) ) sing (3)

x O(y,z) dy 0(zx) & Axy)

0z Ox Ox Oz

or
Oy 0z 0Oz Oy

OF (0h of, of ofy 6F(8f of, o 6f2j OF(ah o ahoh 0
ax oy oz | ox oy oy ox

OF |ox oF |y oF 10z .
or ofylox of,/dy ofyloz\=0 or (al’flafz)zo,

oflox of, /oy of,/ox (x,,2)

showing that F, f| and f, are not independent and hence F is a function of £}, f, only. Therefore, F’
=, 1))

Hence, from (2) and (5), the values of the velocity components u, v, w respectively are given
by FJ,, FJ,, FJ,, that is,

oh.S2) oh.f2) r 0th.f2)
0.2 " Fhh)— o) (f1-.12) )

EXERCISE 2 (E)

1. Determine the streamlines and streaklines for the flow whose velocity field is given by

l(f’fz)

u=—x+tr+2, v=y—t+2. [Meerut 2005]
2. Find the streamlines and path lines of the two-dimensional velocity field u = x/(1 + #), v
=y, w=0. [Agra 2002, 2004]

[Ans.z=c,y=c,x' "5 x=a, (1 +1),y=a,, z=a]
3. Distinguish between path lines and streamlines.

4. Find the streamline and path of the paticle when u = 2x0)/(1 + ), v = 2p)/(1+7),
w=Q2z0)/(1+ 7). [Purvanchal 2007]
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The velocity potential or velocity function.
[Meerut 2005, 09; Rohilkhand 2004, 05]

Suppose that the fluid velocity at time ¢ is q = (u, v, w). Further suppose that at the considered
instant ¢, there exists a scalar function ¢ (x, y, z, ), uniform throughout the entire field of flow and

such that —dé=udx+vdy+wdz (1)
o, .0 . 0
i —| —dx+—dy+—dz |=udx+vdy+wd
ie. (ax Y 'y pe Z|=udx+tvdy+wdaz -(2)
Then the expression on the R.H.S. of (1) is an exact differential and we have
u=-0¢/0x, v=—00/0y, w=—-00/0z -(3)
q=—-Vé=—grad¢. (4

¢ is called the velocity potential. The negative sign in (4) is a convention. It ensures that
the flow takes place from the higher to lower potentials.
The necessary and sufficient condition for (4) to hold is

Vxq=0, ie. curlq =0 (5
A
or i Qv +j(a—”—a—wj+k @ iy .(6)
oy 0Oz 0z Ox Ox 0Oy
Remark 1. The surfaces ¢ (x, y, z, ) = const. (7
are called the equipotenials. The streamlines

dxlu = dylv = dzIw ...(8)

are cut at right angles by the surfaces given by the differential equation
udx + vdy + wdz = 0 ..(9)

and the condition for the existence of such orthogonal surfaces is the condition that (9) may
posses a solution of the form (7) at the considered instant ¢, the analytical condition being

ow 0Ov ou ow ov Ou
W Sl +v(———j+w Sl (10)
oy Oz 0z Ox ox Oy

When the velocity potential exists, (3) holds. Then

2 2
w v 0% 0% _, ie, w_ov (1)
oy oz Oy0z  0zOy dy 0Oz
Similarly, ou/oz =ow/ox and Ov/ox =0uldy ..(12)

Using (11) and (12), we find that the condition (10) is satisfied. Hence surfaces exist which
cut the streamlines orthogonallly. We also conclude that at all points of field of flow the
equipotentials are cut orthogonally by the streamlines.

Remark 2. When (5) holds, the flow is known as the potential kind. 1t is also known as
irrototional. For such flow the field of q is conservative.

Remark 3. The equation of continuity of an incompressible fluid is

Ou/Ox+0v/oy+0ow/oz=0 ..(13)
Suppose that the fluid move irrotationally. Then the velocity potential ¢ exists such that
u=-0¢/0x, v=—00/0y, w=-0¢/0z ..(14)
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Using (14), (13) reduces to
O*o/oxt +d%p /oyt + 02l oz =0, -(15)
showing that¢ is a harmonic function satisfying the Laplace euation V=0, where
Vi=o?/axt +0% 1oyt +07 oz -(16)

2.27. The Vorticity Vector. [Kanpur 2004, Garhwal 2005]
Let q = ui + vi + wk be the fluid velocity such that curl q #0. Then the vector

Q = curlq (1)
is called the vorticity vector.

Let Q,,Q,, Q. be the components of Q in cartesian coordinates. Then (1) reduces to

Qi+Q,j+Q, k_{@_w_@j J(a—u—a—wj [@—%j

oy Oz 0z Ox ox Oy
so that QY:@—@, Q = ou_ow Q. :@_a_“.
S0y oz Yoz ox ox 0Oy

Note. Some authors use &, n, €, for Q, Qy, Q. and define Q=Ei+nj+Ck =(1/2)xcurl q.
Thus, we have

o o IR G )
2oy o) %4 Vox ox oy

Remark 1. In the two-dimensional cartesian coordinates, the Vorticity is given by
Q. =0v/0x—(0ul/dy)

Remark 2. In the two-dimensional polar coordinates the vorticity is given by

Yo, Ovg 1 Ov,

Q, =
r or r 00

Remark 3. The vorticity components in cylindrical polar coordinates (r, 0, z) are given by

A
1o v o, - 2 0, -0 %% 10w
rdo oz 0z or r or r 00

Remark 4. The vortcity components in spherical polar coordinates (r, 0, ¢) are given by

ov, v, ovy v
S L PO SR SL Sl B Q, _ OV Yo 10v,
r 00 rsin® o r rsin® op or r o r rado
2.28. Vortex line [Agra 2004, 2009; Garhwal 2005]

A vortex line is a curve drawn in the fluid such that the tangent to it at every point is in the
direction of the vorticity vector Q.

Let Q=Q.,i+Q,j+Q.k and let r=xi+ yj+zk be the position vector of a point P on a

vortex line. Then Q is parallel to dr at P on the vortex line. Hence the equation of vortex lines is
given by Qxdr=0

ie. (Qi+Qj+QK)x(dxi+dyj+dzk)=0
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or (©Q, dz Q. dy)i +(Q,dx — O, dz)j + (Q,dy — Q, dv)k =0
whence Q,dz-Q.dy =0, Q. dx-Q dz =0, Q.dy-Q,dx=0

X & bk 1
so that o 0 o (1)

(1) gives the disired equations of vortex lines.

2.29. Vortex tube and vortex filament.

It we draw the vortex lines from each point of a closed curve in the fluid. we obtain a tube
callled the vortex tube.

A vortex tube of infinitesimal cross-section is known as vortex filament or simply a vortex.

Remark. It will be shown that vortex lines and tubes cannot originate or terminate at
internal points in a fluid. They can only form closed curves or terminate on boundaries. [For
proof, refer Art. 11.2 of chapter 11].
2.30. Rotational and irrotationl motion.

[Agra 2011; Garhwal 2005; 1.A.S. 2000; G.N.D.U. Amritser 2003; Meerut 2002, 09, 10]

The motion of a fluid is said to be irrotational when the vorticity vector Q of every fluid
particle is zero. When the vorticity vector is different from zero, the motion is said to be rotational.

ow  Ov ou ow ov Ou
i Q = curl d Q= ——— |li+| ———|j+| — —— |k,
Since curd an {Gy szl (62 8xjj (6x 8yj

we conclude that the motion is irrotation if curlq=0
or ow/ 0y =0v/ 0z, Ou/ 0z = 0w/ ox, ov/0x =0u/dy,
When the motion is irrotational i.e. when curl q = 0, then q must be of the form (— grad ¢ ) for

some scalar point function ¢ (say) because curl grad ¢ = 0. Thus velocity potential exists whenever

the fluid motion is irrotational. Again notice that when velocity potential exists, the motion is

irrotational because q =— grad ¢ = curl q =— curl grad ¢ = 0.

Thus, the fluid motion is irrotational if and only if the velocity potential exists. (Meerut 2009, 10)
Rotational motion is also said to be vortex motion. Again by definition it follows that there

are no vortex lines in an irrotational fluid motion.

2.31. The angular velocity vector. [Kanpur 2003]
Consider a rectangular element in two-dimensional flow such that 4B =0x and 4D =0y as

shown in the figure. Upon rotating about 4 during a small interval &, let the element assume the

shape indicated by 4'B'C'D’' in figure, g’ and p' approximately lying on BC and CD produced.
Let u, v be the components of velocity at 4. Then the components of velocity along BC and

DC are respectively v+ (0v/0x)6x and u+(Ou/0y)dy. o
"
. . ov
. velocity of B relative to 4 along BC o ox . u+sy éy c
D
S /
and velocity of D relative to A along DC = a—uéiy. 3p g B
Oy Av v+ 2 5x
B 5 ox
' u >
. BB' = o SxSt and DD'=-— 6ydt A U SxX B X
Ox Oy
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Hence, the angular velocity of AB about z-axis i.e. perendicular to the plane through 4

. do. . tanda
= lim —=lim
5t>0 8  8t—0 Ot

[+ doaissmall = da = tanda]

ov
' 78x8t
_lim BBy ox O
50 Ot 550 Ox Ot ox

Again, the angular velocity of AD about z-axis

ou
56 tan 5B DD'/§ >
= lim 2 = lim ——>2 = lim Y o lim Y=
3—0 8t  8t—0 Bt 3—>0 Ot 30  dy Ot Oy

Let ®, denote the averge of the angular velocities of AB and AD. Then, we have

o _Lfov o
ol ) ()

The average angular velocity components ®,, ®, and ®, in the case of three-dimensional

flows may be obetained in a similar manner as follows:

_ 1({ow ov _ 1(0u ow _ 1({ov oOu
Oy =7\ 7" | O, == "= | O, == ..(2)
2\ 0y Oz 2\ 0z ox 2\ 0x Oy

Hence the angular velocity vector @ of a fluid element is given by

0=i0, +jo, +ko,

1|, (éw ov ,(81/! 8wj ov ou
or o= —— (+j| ——— |+k| ———
2| (oy @0z 0z Ox ox Oy

Thus, o= (1/2) x curl q or 20 =curl q ..(3)

But the vorticity vector () is given by Q =curlq ..(4)
From (3) and (4), we have Q=20

Remark 1. o is also called the rotation. The condition for the two dimensional flow to be
irrotational is that the rotation w_ is everywhere zero i.e. Ov/0x =0u/oy.

Again, the condition for irrotationality in three-dimendional flow is that,

Q, :Qy =Q_ =0 everwhere in the flow, i.c.

ow/ oy =ov/oz du/ oz =ow/ dx ov/ox =0uldy

Remark 2. A flow, in which the fluid particle also rotate (i.e. possess some angular velocity)
about their own axes,while flowing, is said to be a rotational flow. Again a flow, in which the
fluid particles do not rotate about their own axes, and retain their original orientations, is said to
be an irrotational flow.
2.32. lllustrative solved examples.

Ex. 1. Give examples of irrotational and rotational flows. [Agra 2011, Garhwal 2005]

Sol. Consider parallel flow with uniform velocity. For example, let there be a fluid motion with
the following velocity components:

u = kx, k#0 v=0, w=0 (1)
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Then, ow/0y=0v/oz Ou/oz =0w/ox Ov/ox =0uldy

Hence the flow is irrotational.
Next, consider a two-dimensional shear flow with the following velocity components;

u = ky, v=0, w=0, (k=0) -(2)
Then Q. =0v/0x—0ul/dy=—k#0

Hence the rotation (). is non-zero and so the flow is rotational.
Ex. 2. Determine the vorticity components when velocity distribution is given by
q =i (Ax%yl) + j (BY?zt) + k (CzP) where A, B, and C are constants.
Sol. Let q = ui + vj + wk. Hence, here we have
u = Ax*yt, v = By’zt, w= Czt? (1)
The vorticity components €., €2, Q. are given by
Q. =0w/dy—(dv/dz)=0-By*t =—By’t, Q, =0u/dz—(0w/ox)=0-0=0
and Q_ =dv/dx—(du/dy) =0— Ax*t = — Ax’t.

k2 (xj - i)

Ex. 3. (a) Test whether the motion specified by ¢ =————— (k =const), is a possible
Xty

motion for an incompressible fluid. If so, determine the equation of the streamlines. Also test

whether the motion is of the potential kind and if so determine the velocity potential.
[Kanpur 2006; 1.A.S. 1996, Rohilkhand 2003, 04]

. . . . . K2 (xj— yi)
(b) Determine the velocity potential for the motion specified by 4 =——"5—, (k= const).
X" +y
[Agra 2007]
Sol. (@) Let q = ui + vj + wk. Then here

2 2
u=-SEN M w=0 (1)
x“+y x“+y
The equation of continuity for an incompressible fluid is
Ou/0x+0v/Oy+ow/oz=0 -(2)
2 2
Form (1), & kajzjz’ X kaJzzz’ 5_W=0
ox  (x"+y7) o (x+y) 0z
Hence (2) is satisfied and so the motion specified by given q is possible.
The equation of the streamlines are dx/u = dylv = dzlw
ie. &b & E)
—k“y/(x“+y7) kx/(x+y7) O
Taking the last fraction, dz=10 so that z=c. ..(4)
Taking the first two fractions in (3) and simplifying, we get
dx/(-y) = dy/x or 2xdx + 2ydy = 0
Integrating, P4y = ¢,, ¢, being an arbitrary constant (5

(4) and (5) together give the streamlines. Clearly, the streamlines are circles whose centres are
on the z-axis, their planes being perpendicular to this axis.
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i J k 2 2 22
: 2)_ YV =X X -y

Again curlq=| 0/0x 0/dy 0/0z|=k { 5t 2}kz().
Ky En (x"+y7)" (T +y7)

x2+y2 x2+y2

0

Hence the flow is of the potential kind and we can find velocity potential ¢ (x, y, z) such that
q=-V¢. Thus, we have

2
% - x2k+—yy2 (6)
G . A7)
oy 4yt
0p/0z=-w=0 (8)
Equation (8) shows that the velocity potential ¢ is function of x and y only so that ¢ = ¢ (x, ).
Integrating (6), ¢ (x,y) = k> tan"' (x/y)+ (), Where f(y)is an arbitrary function, -9)
From 9), Tero —% -(10)
Comparing (7) and (10), we have f'(»=0 so that

f(v) = constant.
Since the constant can be omitted while writting
velocity potential, the required velocity potential can be
taken as [refer equation (9)]

d(x,y)=k*tan '(x/y) (11
The equipotentials are given by

k*tan™! (x/y)=constant = kK tan'¢
or X = ¢y, ¢ being a constant
which are planes through the z-axis. They are intersected
by the streamlines as shown in the figure. Dotted lines
represent equipotentials and ordinary lines represent
streamlines.

(b) Proceed as in part (a) upto equation (11). Then the required velocity potential is given by (11).
Ex. 4. The velocity in the flow field is given by
q=i(4z—By)+j(Bx— Cz) + k (Cy— Ax)
where 4, B, C are non-zero constants. Determine the equation of the votex lines.
Sol. Let q = ui + vj + wk, Then we have
u=Az— By, v=Bx-Cz, w=Cy— Ax (1)

Let Q,,€Q,,Q. be vorticity components. Then
Q =ow/dy—(ov/oz)=C+C =2C, Q, =0u/oz—(ow/dx)=A+A=24,
and Q. =0v/Ox—(0u/dy)=B+B=2B.
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The equation of the vortex lines are dx/Q, =dy/Q, =dz/Q,

ie. dx/(2C) = dy/(24) = dz/(2B) .(2)
Taking the first two members in (2) and integrating, we get
Ax — Cy = C,, C, being an arbitrary constant -(3)
Next, taking the last two membes in (2) and integrating, we get
By — Az = C,, C, being an arbitrary constants (4
The required vortex lines are the straight lines of the intersection of (3) and (4).

Ex. 5. At a point in an incomressible fluid having spherical polar co-ordinates (r, 0, ¢), the

velocity components are [2Mr~> cos®, My~ sin®,0], where M is a constant. Show the velocity is

of the potential kind. Find the velocity potential and the equations of the stream lines.

Sol. Here q, =2Mr~ cos, qo =Mr~> sin6, gy =0.
Then, we have q=2Mr" cos Oe, + Mr~sin0 ey +0e, and hence
e, reg rsinfey e, reg rsin6 e,
1 1
culq=————0/0r 0/06 0/0p |=————| OJlor 0/08 0/0¢
r°sin” 0 r°sin” 0 5 5 .
q; qo qy 2Mr~ cos® Mr " sinB 0

= 0, on simplification
Hence the flow is of the potential kind.
Let F(r,0,9) be the required velocity potential. We have used F' for velocity potential to
avoid confusion. Then by definition

oF , 1 0F N 1 oF
e, g =M 0, = =g, =0
5 = 2Mr~ cos0, oo do=Mr7sm and Fsin® 36 £
ar = a9 494+ 9 4y,
or 20 o
or dF = —(2Mr ™ cos®)dr —(Mr 2 sin0)d0+0-d ¢ = d(Mr > cos6)

Integrating, F = My > cos. omiting constant of integration, for it has no significance in F)

Finally, the streamlines are given by

dr rd® rsinBd¢ . dr _rd®  rsinbd¢

—_——— le., 3 = 3 . =

4, 9 " 2Mr— cos® Mrsin® 0
given do=0 and 2cot0d0=(/r)dr.

Integrating, the equation of the streamlines are given by

¢=C  and r=¢C, sin?0, C , and C, being arbitrary constants.

The equation ¢ = constant shows that the required streamlines lie in a plane which pass
through the axis of symmetry 9= 0.

_ 2xyz v (* —yz)z we—7
(x2+y2)27 (x2+y2)2’ 4y

are the velocity components of a possible liquid motion. Is this motion irrotational.
[Garhwal 2004; Agra 2004; Kerala 2001; 1.A.S. 2000, 2002 Meerut 2002, 04]

Ex. 6. (a) Show that u=
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(b) Show that a fluid of constant density can have a velocity q given by
29z (P-yDz oy
(2 24y Pyt
Find the vorticity vector. [Kanpur 2007; 1.A.S. 1988, 98, 2000]

Sol. Part (a). Here, we have

Ou (3 +y5) —x-2(x* +y%) - 2x x? +y? —4x? y*=3x%
oo="2yz 2, 2.4 =-S5 o5 = 22, 2%
Ox (" +y%) (x*+y%) (" +y%)

L3 TG SRR G SR 0 1 (G b0 WYL 0.0 1€ e 40 BN SE:hb
> O+ (57 2+ 7Y
and ow/éz =0

Hence the equation of continuity Ou/0x+0v/Oy+ow/oz=0

is satisfied and so the liquid motion is possible.
Furthermore, we have
Cow v Ko y? W oy?

= = - =0
Ty oz P4y ()

ou ow 2xy 2xy
QV == =+ =
Y6 ox (x2+y2)2 (x2+y2)2
_v_ou_2x(3y’—a") 2023y’ —xh) o
and 77 o oy (x2+y2)3 (x2+y2)3
ow/ 0y =0v/ oz, Ou/ oz = ow/ ox, ov/ox =du/dy

and hence the motion is irrotational.
Part (b). Let q = (#, v, w). Then we have the same values of u, v, w as in part (a). By
definition, the vorticity vector € is given by

Q=Q,i+Qj+Q k=0, using part (a)

Ex. 7. Show that ¢ =(x—1t)(y—t) represents the velocity potential of an incompressible

two dimensional fluid. Show that the streamlines at time ‘t’ are the curves
(x — £)* — (v — £)* = constant,

and that the paths of the fluid particles have the equations

log (x —y) = (1/2) x {(x + y) —a (x — y)"'}+ b, where a, b are constants.

Sol. Given o=(x-t)(y-1) (D

From (1), we have

u=-0p/ox=—(y—t), v=—-00/0y=—(x—t) and so Ou/ox=0=0v/0dy

Thus the equation of continuity ou/dx+0v/dy =0 is satisfied. Hence ¢ given by (1)
represents the velocity potential of an incompressible two-dimensional flow.

Again, the equaiton of streamlines are given by

dx _dv dx dy

or =
u v -(y=0 -(x-0
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or x-Hde—-(@-0Hdy=0
Integrating, (x — 1)* — (v — #)* = constant
Finally, the paths of particles are given by
u=dxldt=—-(y— 1) and v=dyldt=-(x—1)
dx/dt=1t-y -(2)
and dyldt=1t—x -.(3)
From (2) and (3), dx/dt +dy/dt =2t—(x+y) (4
Letx+y=z so that dx/dt + dyldt = dz/dt (5
Then (4) gives dz/dt=2t -z or dzldt + z =2t ...(6)

which is a linear differential equation.
: ) far . :
Its integrating factor = e’ =e¢'. Here solution of (6) is

ze' = IZtetdt+c1 =2t-¢ —I(Z)etdt+c1 =2t —2¢' +¢

z=2t-2+¢e”’ or x+y=2t-2+¢e’, by (5) (7
Again from (2) and (3), dx/dt — (dyldt)y =x —y
or Body x-y or dizdy dt
dt xX—-y
Integrating, log (x —y)—logc,=t or x—y=c,é. -(8)
Using (7) and (8), we have
-1 . A . a
x+y—a(x—y) =2t-2+4+ce ——e =2t-2, taking ¢ =—
) )
(12)* {x+y)—a G-y} =11 )
But from (8), e'=x-y)le, so that t=log (x—y)—logc,
: t—1=log(x—y)—(logec,+1)
t—1=log (x—y)—b, taking b=—(ogc,+1) ..(10)

Using (10), (9) reduces to the required equations
(112) % {x+y)—a (x—p) '} =log (x—y) + b.
Ex. 8(a). If the velocity of an incompressible fluid at the point (x, y, z) is given by
3xz 3yz 322 —rzj

_, = 2
}"5 }"5 }"5

prove that the liquid motion is possible and that the velcity potential is (cos0)/r*. Also determine

the streamlines.

3 2_ 2 2
Sol. Here u=2, =22, wodt o 3 1 ()
5 5 3
r r r roor
where rP=x*+y"+27 ...(2)
From (2), orl/ox=x/r, orldy=ylr, orloz=z/r ...(3)

From (1), (2) and (3), we have

5T 7
r r

u_ 3z {is +(=5x)r°
r

Q} _ 3z 15x%z
Ox

X

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

2
s, i5+(—5y)f6@ _3z _byz
r oy

8}/ 1’5 1’7
2 3
w6 sl g i 6152z 3z 0: ls:
oz z oz P N T
Qu o ow 15z 15z s, o, o) 152 155 o o

o 8_y oz FER FER
Since the equation of continuity is satisfied by the given values of u, v and w, the motion is
possible. Let ¢ be the required velocity potential. Then

od od od ..
dp=—dx+—dy+—dz = —
¢ o x o y o z (udx+vdy + wdz), by definition of ¢

=— %dﬁ_% fy 322 17 dz} _r2d2—3z(xdx+ydy+zdz)
5 5 5 = 5
r r P

3 2
r dz —=3r"zdr z
Thus, do= ) = d(?j, using (2)
Intergrating , o=z/ r

[Omitting constant - of integration, for it has no significance in ¢ ]

In spherical polar coordinates (7,0, ¢), we know that z = r cos 9. Hence the required

potential is given by ¢ =(rcos0)/ = (cos0)/r?
We now obtain the streamlines. The equations of streamlines are given by
dc _dy dz ) dc  dy dz
oy W o 5 ST 22 2v,5
u v.w 3xz/r> 3yz/r? Bz —r)/r
or = & 3 (4

3xz 3yz 322 —r
Taking the first two members of (4) and simplifying, we get

dx/x = dyly or dx/x — dyly =0
Integrating, log x —log y = log c, ie. x/y = ¢, ¢, being a constant (5
xdx + ydy + zdz _ xdx+ydy+zdz

Now, each member in (4) =

32z + 3y2z+3z3 —rz 3z(x2 +y2 +z2)—r2z

xdx + ydy + zdz _ xdx + ydy + zdz

T4z 4l420) 2R 4yt P (6)

Taking the first member in (4) and (6), we get

dx _ xdx+ ydy+zdz 2dx 1 2xdx+2ydy+2zdz
3xz 2203 + 7 +2%) o 3x 2 Payies?
Integrating, (2/3) x log x = (1/2) x log (x* + y* + 2%) + log c,
or X3 = c, o2+ + o ¢, being an arbitrary constant (7

The required streamlines are the curves of intersction of (5) and (7).
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Ex. 8(b). If velocity distributon of an incompressible fluid at point (x, y, z) is gives by
(3xz/r°, 3yzlr® (kz* — r*)/r’}, determine the parameter k such that it is a possible motion. Hence
find its velocity potential. [LA.S. 2001]

3xz 3yz k2t = k1
Sol. Here u=-=, v="2, W=———=——— (1)
)5 e E JERE
where rP=x*+y’+ 27 .(2)
From (2), orl/ox=xlr, orloy=ylr and orloz=zl/r -(3)
Now proceed as in solved Ex. 8(a) and obtain
u 3z 15x%z v 3z 15y%z
—==— —==— (4
ox r r o r r
ow  2kz s 6O L a0r 2kz 5kz* z 3 z (2k+3)z 15Z°
d —=—F—-5kzr"—+3r  —=— - "—— 4 = .5
an oz o oz oz P A - 75 57 )

Since (1) gives a possible liquid motion, the equation of continuity must be satisfied and so

Ou/Ox+0v/oy+ow/oz=0

Qk49)z 152 2y 242220 @EE9z 152 2 _ ) using (2),(4) and (5)

r r’ = r
or (Qk—6)z/r =0 so that 2k—6=0 giving k=3.
Substituting the above value of £ in (1), we have
u=(3xz)/r’, v=yz)/i", w= 322 - ). ..(6)

Using (6) and proceeding as in Ex. 8(a), the required velocity potential ¢is given by ¢p=z/r".
Ex. 9. (@) Show that if the velocity potential of an irroatioanl fluid motion is equal to
A+ )2+ 273 22 tan "' (y/x)
the lines of flow will be on the series of the surfaces x* + y* + 22 = 3 (* + 12)?>.
[Agra 2004, 06; Kanpur 2002, 11; Meerut 2004]

(b) If the velocity potential of a fluid is ¢ = (z/r>)tan ' (y/x) where P =x*+)* + 2, then
2/3

show that the streamlines lie on the surfaces x> +y° + 22 = ¢ (&> + y°)*°, ¢ being an arbitrary

constant. [I.A.S. 2008]
Sol. (a) The veloctiy potential ¢ is given by
o(x,y,2) = A(x? +y2 +zz)73/zztan71(y/x) = Ar73ztan71(y/x) (D)
where P=x*+y"+27 ..(2)
so that orlox=xl/r, orloy=ylr, ozldr=z/r -(3)
-3
u= _% =34z S tan ' L +AZL
Ox x xr+y?
-3
V= —@ = 3Azyr_5 tan~! 2 Azzxr 3
X x4y
w= —@ =34z tan™! Y 43 tan L
Oz X X
The equation of lines of flow are given by dx/u = dylv = dzlw
ie. dx —- dy — - dz - (4
34zer S tan™ 2 +% 3Azyr_5 tan ™! X—iz ABZ 7 =r ) tan ! =
X x“+y X x“+y x
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Each member of (4) is = xdx + ydy + 2dz = xdx + ydy (on simplification)

Gx* +3y2 +32)r 2 =1 (3x* +3y)/ 77

xdx+ ydy +zdz % (xdx + ydy)

or
2 3(x* +37)
2xdx+2ydy+2zdz 2 2xdx+2ydy
or T = (5
X +y 4z 3 x+y
Integrating (5), log (x> + 2 + 2%) = (2/3) x log (x* + »*) + (2/3) x log ¢
or P+yr+ 2= AP+ y2)2/ 3, ¢ being an arbitrary constant ...(6)

(6) gives the required series of the surfaces on which the desired lines of flow will lie.

(b). Proceed like part (a) by taking A = 1. Thus obtain (5). Integrating (5), log (x> + y* + z%) =
(2/3) x log (x* + y?) + log ¢ giving x> + y* + 22 = ¢ (x* + y2)2/ 3, ¢ being an arbitrary constant.

Ex. 10. Given u = — Wy, v = Wx, w = 0, show that the surfaces intersecting the streamlines
orthogonally exist and are the planes through z-axis, although the velocity potential does not
exist. Discuss the nature of flow.

Sol. Given u=-mw, v = Wx, w=20 (D)
Ou/ox =0, ov/oy =0, ow/oz=0
so that Ou/0x+0y/0dy+ow/0z=0. ..(2)

(2) shows that the equation of continuity is satisfied and so the motion specified by (1) is
possible. The equations of the streamlines are

dcx dy dw . dc dy dz
— == ie., —=—=—
uovw -wy Wx 0
giving xdx + ydy =0 and dz=10
Integrating, X+ = ¢, and z=c, c and c, being arbitrary constants ...(3)

Hence the streamlines are circles given by the intersection of surfaces (3).
The surfaces which cut the stream lines orthogonally are
udx + vdy + wdz = 0

ie. — Wydx + Wxdy = 0 or dx/x — dyly =0
Integrating, xly=c or X = ¢y, c being an arbitrary constant, (4
which repressents a plane through z-axis and cuts the stream lines (3) orthogonally
Now udx + vdy + wdz = — Wydx + Wxdy (5
0 0
Here — (-Wy)=-Ww and — Wx)=W. .(6)
oy Ox

Hence udx + vdy + wdz is not a perfect differential and so the velocity potential does not
exist. Again, we have

i j Kk i i k
carlq=| L & 21| 2 0 Ol oy
ox oy Oz ox Oy oz

u v w| |-Wy Wx 0

Since curl q# 0, the motion is rotational. Notice that a rigid body rotating about z-axis
with constant vector angular velocity 2k will produce the above type of motion.
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Ex. 11. Prove that the liquid motion is possible when velocity at (x, y, z) is given by
u= (3x2 - rz)/rs, V= 3xy/r5, w = 3xz/r°,
where r? = x* + y* + 2%, and the streamlines lines are the intersection of the surfaces
o + 12 + 25 = ¢ (O + 2)* by the planes passing through OX. State if the motion is irrotational
giving reasons for your answer. [Kanpur 2011; Agra 2008]
Sol. Given u=0G3xr- i, v =3xy/r, w = 3xz/r (1)
For the motion to be possible, we must show that the equation of continuity

Ouldx+0v/dy+0ow/ oz =0 -2)

2

must be satisfied.

Qu _[6x=2r(0r/a0)]r’ =5t (@r/ax) (3x” —r?)

From (1), .3
(1) ~ 5 3
But rP=x*+y’+ 27 (4
From (4), orlox=x/r, orloy=ylr and Or/oz==z/r (5
Using (5), (3) gives
Qu_ (6x=2x)r° =5r°x (3x” =r?) 3x(3r” —5x°)
Ox 10 !
o ov 3x(r? —5y2) ow 3x(r? —52%)
Similarly, 5 = r—7 and P r—7
2 2, .2, 2
- LHS. of (2) = 2" ‘5("7 +Y"+2)] . Using (4)
r
(2) is satisfied. So the liquid motion is possible. The equation of streamlines are
dx _dy _dz g 2"" zzﬂzﬁ ..(6)
uovow 3x“—r" 3xy 3xz

Taking the last two members (6), we get
dyly = dz/z giving ¥y = az, a being an arbitrary constant (7
which is a plane passsing through OX.

xdx + ydy +zdz _ ydy+zdz

Now each member of (6) = = —
x(3re—r") 3x(y"+z7)

3(2xdx+2ydy+2zdz)  2(2ydy +2zdz)

Thus,

4yt V42
Integrating, 3log (> +1*+z%)=21log (O +2°) +log ¢
or o? + 17 + 2% = ¢(b? + 2%, ¢ being an arbitrary constant (8)

The required streamlines are given by the intersection of surfaces (8) by the planes (7)
passing through OX.

Finally, to show that the motion is irrotational, we should verify the conditions:

ow Ov ou Oow ov Ou
. % = 50 (9)
dy oz oz ox x oy
From (11), we have
8_u:73y(5x2_r2) 8_u_732(5x2—r2) @:3y(r2—5x2)
oy r’ , 0z r! ’ ox r! '

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

ov_ 15xyz 6‘w_3z(r2—5x2) ow _ 15xyz
g - v’ ’ a - r’ ’ oy r’ .
With these values, conditions (9) are all satisfied. Hence the motion is irrotational.
Ex. 12. Show that in the motion of a fluid in two dimensions if the coordinates (x, y) of an

element at any time be expressed in terms of the initial coordinates (a, b) and the time, the

motion is irrotational, if o(a.b)  d(a.b) [Here x 7 and V dr

1

[Agra 2010; G.N.D.U. Amritser 2003, 05; Kanpur 1999, 2007; Meerut 2003]
Sol. Let u and v be the velocity components parallel to x-and y-axes respectively so that
X =dx/dt =u, y=dyldt =v. Now, we have

Ou _Ou Ox ou Oy Oou Ou Ox Ou oy
%a 0x 6a & oa’ ® ox b oy ob
L S - T (1)
da ox Oa Oy Oa ob  ox ob 0oy ob

8(XX) 0(,y) _0u,x) a(Vy)
a(ab)  dab) d(ab) o(ab)

Ou  Ou| |ov ov
_ da 0Ob N da 0Ob|_Oudx Ou 8x ovady Ovoy
o ox| |9y Oy " 0adb b 8a da ob b da

oa ob| lea ob

8x{6u8x 5u8yj 5x{6u5x auayj+a_y{@@+@ayj 6y{8v6_x @a_yj

ob\axda 0Oy oa) oaldxdb dyob) obloxda dyoa) da\dxdb oy db
[Using (1)]

(8x oy Ox 8yj+ (8x 6‘)/_@@)
8y Oa

b oa 0a 0b da 0b da Ob

v du (a_xa_y_ggj v 0Ou\|0x/da 0Ox/0b
o 0y J\ Oa 0b 0Oa Ob Ox 6y Oy/da 0Oy/0ob
oY) 0(hy) (v _0u|0(x.y) @)
o(a, b) o(a,b) \ox 0y )o(a,b)
Lagrangian equation of continuity in two dimensional case is given by
o(x,¥)
=pJ —== .3
Po=p or o(a.b) 0 3)

From (3), we find that 0(x,y)/0(a,b) # 0,s0 (2) shows that

2&x) a(y, Y) =0 if and only if v_ou_ =0, i.e. the motion is irrotational.
d(a, b) 0(a,b) Ox Oy
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Ex. 13. Show that all necessary conditions can be satisfied by a velocity potential of the
Jorm ¢ = ox? +[3y2 +yzz, and a bounding surface of the form F = ax* +by4 +ezt —x() =0,
where x(t) is a given function of the time and o, P, v, a, b, c are suitable functions of the time.

[Kanpur 2003; Himachel 1994; Gerhwal 1998; 1.A.S. 1998; Kurkshetra 2000]
Sol. The given expressions for velocity potential and bounding surface are respectively

$(x,7,2) = ox” +By” +y2° (D)
and F(x,y,z,t)=ax* +by* +cz* =4 (1) (2
The following conditions must be satisfied :

(1) ¢ satisfies the Laplace’s equation, namely,

O*o/ox* +0%p /oyt +0%p /027 =0 (3
(i) F satisfies the condition for boundary surface, namely,
OF /0t +u (OF /0x)+v(OF / dy) + w(OF /8z) =0 (4
From (1), ¢/ ox* =2a, 3¢/ ay* =28, and *¢/0z" =2y
Hence (2) will be satisfied if
20+2B+2y=0 or o+B+y=0 ..(5)

for which o, 3, y must be some suitable functions of time.

Now from (2), we have (by using dots for differentiation with respect to time)
OF Jot=x*a+y'b+z%—y, OF/ox=4ax’, OF/dy=4by’, 0F/oz=4cz> ..(6)

Remember that if ¢ is the velocity potential function, then u, v, w are given by

u=-00¢/0x, v=—00/0y, and w=-0¢/0z (7
Using (1) and (7), we have
u=-20x, v=-2By, and w=-2yz -(8)

Using (6) and (8), (4) reduces to
x*(a—8aa)+ y* (H—8bB) +z* (¢ —8cy) -7 =0 ..(9)
Since all the points on the surface (2) must also simultaneously satisfy (9), we have

a—8aa _b-8hp _¢-8cy 7

P b p » ..(10)
Taking first and the fourth members of (10), we get
ala=8a+y/y
Integrating, loga :SIadt+10gx ..(11)
Simlarly, log b :SIBdt+10gx (12)
and loge :SIydt+10gx ..(13)
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In view of (5), o, and Y are known. Hence equations (11) to (13) determine a, b and ¢ as
functions of ¢.
Thus, velocity potential ¢ given by (1) and the bounding surface F = 0 given by (2) satisfy

the necessary conditions if a, b, ¢, o, and Y are some suitable functions of time.

Ex. 14. Show that the velocity poremtial (1)z(a/2)><(x2 +y2 -22%) satisfies the Laplace
equation. Also determine the streamlines. [Nagpur 2003, I.A.S. 2002]
Sol. We know that the velocity q of the fluid is given by

q =—v¢=—{ii+ji+kﬁj {%(ﬁ + 32 —222)}

ox "0y oz
or q=—(a/2) x (2xi + 2yj — 4zK). (1)
But q=ui+ vj+ wk. -(2)
Comparing (1) and (2), u = — ax, v =—ay, w = 2az.
The equaitons of streamlines are given by dx/u = dylv = dzlw
de dy dz 2dx  2dy dz
_ = = or /=95 - ...(3)
—-ax —ay 2az X y -z
Taking the first two fractions of (3), (1/x)dx = (11y) dy.
Integrating, log x = log y + log ¢, or X =cy. ..(4)
Taking the last two fractions of (3), h)dy + (1/z)dz = 0
Integrating, 2logy +logz=logc, or yz = c, (5
(4) and (5) together give the equations of streamlines, ¢, and c, being arbitrary constants of
integration.
Now, given that b=(a/2)x(x*+y* -22%). ...(6)
From (6), 0/ ox = ax, od/ oy =ay and 00/ 0z =—-2az
= *o/oxt =a, o/’ =a and o*9/ 0z =-2a
L 0rolaxt +@2G/ 0y +0%0 /028 =a+a—2a or VZip=0,

showing that ¢ satisfies the Laplace equation.
Ex. 15. Show that ¢=xf(r) is a possible form for the velocity potential of an

incompressible liquid motion. Given that the liquid speed q—>0 as r — o, deduce that the
surfaces of constant speed are (r* + 3x*)r™® = constant.

Sol. Given o=x1(r). (1)
q=—Vo=—Vxf(r)]=-[f(r)Vx+xVf(r)]. -(2)
Now, r=xt+yt+z2 = 2(@r/ax)=2x =  or/ox=x/r. NE)
Similarly, orldy=ylr and orloz=zlr. (4
Also, Vx =[i(d/dx)+ j(@/y) +Kk(8/ dz)|x =i
and VI (r)=[i(@/x)+ j(8/ dy) +k(d/ 82)] f (r)
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=if'(ry(or/ox)+jf'(r)(©r/oy)+k f'(r)(0Or/0z)
=if'(Nx/r)+jf (N /r)+k f(r)(z/r), by (3) and (4)
=1/r) f'(r)(ix+jy+ ko) =(1/r) f'(r)r.

2 = q=—f(Ni-(x/r)f'(r)r. (5
For a possible motion of an incompressible fluid, we have
V.q=0 or V- (-V$)=0 or V=0
or (&% /ax? +0% 1oy* +0/az)[x f(r)] =0, using (1) (6)
o _of[a af(r)}
Now, P [x f(r)]= o L%c {Xf(r)}} {f( r)+x e

2
— g+g+xﬂ: 21+xﬂ
ox Ox ox? ox ox?

82 82 82 82
Also y[x f(]= x@y_{ and —22—[x f()]= xaT{
2
. (6) becomes ZL+x o’ f 9 f o’ { =0. (7
Ox o’ 6y 82
Now, g o f'f, using (3). .(8)
Ox dr ox r
o I Q(L'j
and ox? ( j Ox ( j r i ox\ r
-, W i(LJ.@_f S x
r dr\'r ) ox r 7> r
ocf _ [ X X,
- =L 4 _
Pt ¥l -9
Af v, P
imilarl S =t (1
Simi arly, 8)/2 B }"2 f }"3 f ( 0)
’f _ [ 2.
- =L 4= N
and JSERRSL f 3 f (1)
Adding (9), (10) and (11), we get
af af+8f 3 x +y2+22f,,_x2+y2+22f,
ot ot oz r r 3
3f +f” f , as x2+y2+22:r2.
Ofloxt 4o floyt +drf ot =2f Ir+ f" -(12)
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Using (8) and (12), (7) reduces to

2 ’x 2 ! o '
2fx +x£—f+fj=0 or f”+i=0
r r 7
or [ +4/r=0.
Integrating log f'+4logr =logq so that f'= cl;ﬂ‘, -(13)
Integrating (13), f=—(c,/3) x 3+ ¢,, ¢, being an arbitrary constant ..(14)
Substituting the values of ' and f from (13) and (14) in (5), we get
q=-{(c,3) —c,}i—(cx/r)r (15)
Given that ¢ — 0 as 7 — o0, hence (15) shows that ¢, = 0.
.. from (15) q= C—l[i -ﬂj (16)
o , 3 2
2 c 6x 9x
2 _ _G 3ar) (. 3xr L i-——r-i+—r-r
NOW, qg =q q—9r6( —ﬂj-(l—ﬁj 9y |: 2 4
clz | 6x>  9x*r? )
Y _r_2+ L as rr=r and ri=x

2 2 2
—C—1(1+3ij =9c—18(r2 +3x7).
r

95 2

Hence the required surfaces of constant speed are
¢*> = constant  or (cl2 /9% (r* +3x*) =constant  or (% +3x%)r"® = constant.
Ex. 16. What is the irrotional velocity field associated with the velocity potential

o= 3x? —3x+ 3’y2 +161% +12zt. Does the flow field satisfy the incompressible continuty equation?
Sol. The velocity field is given by

00 __ 0 a0 2 1602
U=——=——03x"=3x+3y" +16¢" +12zt) = - 6x+3
% o ( y zt) (1)
o 0 2 2 2
v=——=——03x"=3x+3y" +16t" +12zt) = - 6.
and o Y ( y ) y .(2)
Here ou/ox=-6 and ov/ox =-6. -.(3)
The continuity equation for an incompressible fluid is

(Ou/ ox)+(6v/oy) = 0. -(4)

Using (3) in (4) we find — 6 — 6 = 0, which is absurd. Hence the velocity field given by (1) and
(2) does not satisfy the continuity equation (4).

Ex. 17. The velocity potential function ¢ is given by ¢ = — (xy*/3) — x* + (y/3) + %
Determine the velocity components in x and y directions and show that ¢ represents a possible
case of flow.
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Sol. Here u=—a¢/ox =(y°/3)+2x—x"y, v=—208/dy = xy* —(x/3)-2y.
Ou/ox =2-2xy and ov/0y =2xy-2.
Hence ou/0x+0v/0y =0, showing that the continuity equation is satisfied so ¢ represents
a possible case of flow.
Ex. 18. Prove that the velocity potentials ¢, = x*—y* and ¢, = "% cos(8/2) are solutions

of the Laplace equation and the velocity potential ¢, :(xz—yz)+r1/2 cos(0/2) satisfies

V29, = 0.
Sol. The Laplace’s equation in cartesian and cylindrical polar coordinates are given by
2 2 2 2
N L ST PN SR Wi RTS8
Ox oy or r- 00 r or
Here 8%, /ox* =2 and % /oy* =-2. So Vi =2-2=0.  ..(1)
%, 1 1 0 0 _ 1 5p 0 2%, _ ' 0
Next —==—r '“cos—, =——r " cos—, =———Cos—
o o’ 4 2w 4 2
Vi, = - ! cosg— ! c059+ ! c0s9=0. -(2)

4r3/2 2 4r3/2 2 2 3/2 2

(1) and (2) show that ¢; and ¢, satisfy Laplace’s equation.
Now, 0N = (x*? —yz)+r1/2 cos(0/2)=¢; +¢,
= Vs = V2 (¢ +0,) = V2 + V2, =0+0=0, by (1) and (2).

Hence ¢; satisfies V2¢3 =0.

Ex. 19. Find the vorticity of the fluid motion for the given velocity components :
Du=4x+y,v=-4x+y), (i) u = 24xz, v = 4 (¢* + x* = 2%,
(iily u = A* + By + ¢, v = 0, Here A, B, C as constants.

Sol. The vorticity vector  is given by

Q = (0w/ 8y — dv/z)i + (Bu | 0z — dw/ dx)j+ (v / bx — du/ By)k (1)
(i) Using (1), Q = (0)i + (0)j+ (-4 — A)k = —24k.

(ii) Using (1), Q = (0-2Az)i+ (24x— 0)j+ (2A4x — O)k = 2 A(—zi + xj+ xK).
(iii) Using (1), Q =(0)i+(0)j+[0— 24y + B)]k =— 24y + B)k.

Ex. 20. Find the vorticity in the spherical coordinates for the velocity components
v, =(1—-A4/r*)cosH, Vo =—(1+A4/2r)sin0, vo =0. Here A is a constant. Find the nature of
the fluid motion.
Sol. Refer remark 4 of Art. 2.27. Let ©(€2,,Qy, Q) be the vorticity vector in the spherical
polar coordinates (7,0,¢). Then, we have
1OV 1 Ovy Y 1 v, Ovy v

- Mo Moo=, Qy=— D T N _g
"7V 00 rsin 06 ¢ 9T sinB o6 or 1
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M

= —i(l +ijsin9 —l(l +ijsin6—li (1 —ijcose
or 2}’3 r Zr3 r 00 r3

_34sin® 16 A Vet 1-Alsino <[ 24 LA 1 Ao
2t U 28 A 27t et

Since Q, =Qqy =Q, =0, the motion is irrotational.

Ex. 21. If the fluid be in motion with a velocity potential ¢ =z log r, and if the density at a
point fixed in space be independent of the time, show that the surfaces of equal density are of the

forms r*{logr—(1/2)}—z* = f(6,p), where p is the density at (z,r,0)

Sol. The surfaces of equal density are given by p(z,r,0) = constant
or @zo or a—p+(q-V)p=0
Dt ot
or @@.,.i@@.ﬁ.@a_p =0 and q=-Vo. (1)
oror 20000 0z oz
Also, given o==zlogr. .(2)
Then, using (2), (1) reduces to z(Op/or)+rlogr (0p/0z)=0. ..(3)

(3) is of the form of *Lagrange’s equation Pp + Qg = R and so here Lagrange’s subsidiary
equations are
dr dz dp

A/ A =, ..(4

rrlogr 0 @

Third fraction of (4) gives dp=0 so that p=c, (5
where ¢, is an arbitary constant.

Taking the first and the second fractions in (4), we have 2rlog rdr — 2z dz = 0.

Integrating, J.27‘ log r dr -7 = ¢, or (logr)r’ _jl_,,Z dr—z* = ¢,, integrating by parts
or ¥ log r — (2) — 2> = ¢,, ¢, being an arrbitrary constant. ...(6)
From (5) and (6), the solution of (3) is given by
r*{logr—(1/2)}—z* = f(8, p), f being an arbitrary function
which are the surfaces of equal density.

EXERCISE 2(F)

1. Show that the following velocity field is a possible case of irrotational flow of an
incompressible flow u = yzt, v = zxt, w = xyt.

2. Show that the equation of an incompressible fluid moving irrotationally is given by
%h/ox? +0°h/0y> +0°h/0z> =0, where ¢ is the velocity potential.

3. L denoting a variable parameter, and f a given function, find the condition that

* Refer chapter 2 of part III in author’s “Ordinary and partial differential equations” published by S. Chand
& Co., New Delhi.
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f(x,y,A)=0should be a possible system of streamlines for steady irrotational motion in two

dimensions.
4. Find the vorticity in polar coordinates for the following velocity components:

(@) v, =rsinB, vy =2rcos® (i) v, =(A/r)cosB,vy =0 @iii) v, =A/r,,vyg=0

(@) v, =(1-4/r")cosb, vy =—(1+4/r7 )sin0—(B /7).
ax—>by ay +bx . . . Lo
5. fu=———, v=—""—7, w= 0, investigate the nature of the motion of the liquid.
X“+y X" +y

[Ans. Irrotational]
6. Establish the relation Q =2 ® connecting the angular velocity @ and the vorticity vector € .

(Meerut 2000, 2010)
7. Show that the equation of continuity reduces to Laplace’s equation when the liquid is
incompressible and irrotational.

[Hint. Since the motion is irrotational, there exists velocity potential ¢ such that q =— V.

Further Op/0t=0 as the liquid is incompressible. Hence the equation of continuity
Op/dt+pV-q=0 reduces to 0+pV-(=V) =0 or V=0
Le, 0%/ ox? +0%p/0y* +0°9/dz* =0, which is Laplace’s equation as required]

8. Prove that a surface of the form ax* +by* +cz* —(¢) = 0 is a possible form of a boundary
surface of a homogeneous liquid at time t, the velocity potential of the liquid being
o= B-12" +(y-)y’ + (@)=’
where y, o, B,y are given functions of time and a, b, ¢ are suitable functions of time.

OBJECTIVE QUESTIONS ON CHAPTER 2
Multiple choice questions
Choose the correct alternative from the following questions
1. If the motion is irrotational, we have

@) w=(1/2)xcurl q=0 @) w=curlq=0
@iy w=divq=0 (iv) None of these. [Agra 2012; Kanpur 2003]
2. The condition that the surface F' (x, y, z, t) = 0 may be bounding surface is
() DF/Dt=1 (i) DF/Dt=0
(iii) DF/Dt=2 (iv) None of these [Kanpur 2002, 2003]
3. With usual notations
) q=-V¢ (i) q=V¢
@iii) |q|= v? ¢ (=v) None of these [Kanpur 2003]
4. Differential equations of the path lines are
(@) dx/u=dy/v=dz/w @) dx/dt=u,dy/dt=v,dzldt=w
@#ii) dx/E=dy/n=dz/{ (=v) None of these [Kanpur 2002]
5. Velocity potential ¢ satisfies the following equation
(?) Bernoulli (i7) Cauchy (#i7) Laplace (iv) None of these
. 0(x,y,2) . . o
6. In usual notations, p ————=p,, is the equation of continuity in
0 (a,b,c)
(i) Cartesian coordinates (i) Euler’s form
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Equations of Motion of
Inviscid Fluids

Euler’s equations of motion.
[Meerut 2012; Kanpur 1999; 02, 04; Agra 2005; Garhwal 2001, 05;
G.N.D.U. Amritsar 1999; Rohilkhand 2001; Rajasthan 1997, 98;
U.P.P.C.S. 1998, Purvanchel 2004; Kurukshetra 1997]
Let p be the pressure and P be density at a point P (x, y, z) in an inviscid (perfect) fluid.

Consider an elementary parallelepiped with edges of lengths x, 8y, 6z parallel to their respective
coordinate axes having P at its centre as shown in figure. Let (u, v, w) be the components of
velocity and (X, ¥ Z) be the components of external force per unit mass at time ¢ at P. Then if
p =f( » z), we have

Z A

D D'

6z c

op dx
op 8x 9 w +_(p+0£?)8y8
(P-z 5 )¥0z—>  1-P(xy.2) ’
Sy 7 dX A
14
B B’
o X
Y

Force on the plane through P parallel to 4BCD = pdydz.

1
.. Force on the face ABCD = f[x - ESx, v, szy oz

= { f- %ng—f + } Oy 6z, expanding by Taylor’s theorem
X

and force on the face A'B'C'D' = f(x + %Sx, v, szySz = {f + %ng—f + ..}8}/82
X

The net force in x-direction due to forces on ABCD and A'B'C'D’

1.0 1. 0of
=¢f—=0x=—+..; 00z - —O0x—+...; Oy
{f 2x8x+ }yz {f+2xaz+ }yz
=—(0f / Ox)dx dy &z, to first order of approximation
=—(0p/0x)dx dydz, as p=fx2)
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The mass of the element is pdxdydz. Hence the external force on the element in x-direction
is Xpoxdydz. Also we know that Du/Dt is the total acceleration of the element in x-direction.
By Newton’s second law of motion, the equation of motion in x-direction is
Mass x (acceleration in x-direction) = Sum of the components of external forces in x-direction.

ie. p5x5y52&=Xp5x5y5276—p8x8y62
Dt Ox

or Du_ 1o e
Dt p Ox

Similarly, the equations of motion in y and z-directions are, respectively
Dv_y 1o
Dt p oy
D 19
Wz P .03
Dt p Oz

Re-writing (1), (2) and (3), the so called Euler’s dynamical equations of motion in cartesian
coordinates are

Q)

and

Ou Ou Ou Ou 1 op
—tu—+v—+w—=X - —— 4)
ot ox oy oz p Ox

ov ov ov ov 1 op
—tu—+v—+w—=yY —-—— (5)
ot ox Oy 0z p oy

ow ow  ow ow 1 op
—tu—4v—tw—=zZ -—— (6)
ot Ox oy oz p Oz

Alternativ form (Vector method). [Delhi 1997, Punjab 2003, Kurukshetra 2000]
Letq=ui + vj + wk and F = Xi + ¥j + Zk. Then, since

i(Op/0x) + j(Op/0oy) + k(Op/0z) = Vp,

. . Dq 1
(1), (2) and (3) may be combined to yield Dt F —BVP, ..(7)
which is called the Eulers equation of motion.
Dq _9q
But —2="24+(q-V ...(8)
oo Fa@va
Using (8), (7) may be re-written as
o 1
A (q-V)q=F--Vp )
ot p
Again, V(q-q) =2[qx curlq +(q-V)q]
so that (q~V)q:(1/2)><Vq27q><curlq ...(10)

Using (10), (9) takes the form
aq 1 2 1
—+V|= —qxcurlq=F-—-V
o (2‘1j q xcurlq 0 p

aq 1 1 2
— —qxcurlq=F-—Vp——Vg~.
or o q q > p ) q ...(1D)
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3.1A. The equation of motion of an inviscid fluid (Vector method)
Consider any arbitrary closed surface S drawn in the region
occupied by the incompressible fluid and moving with it, so that it
contains the same fluid particles at every instant.
By Newton’s second law of motion,
the total force acting on this mass of fluid

= the rate of change in linear momentum  ...(1)

The mass of fluid under consideration is subjected to the following
two forces : (/) The normal pressure thrusts on the boundary.

(i1) The external force F (say) per unit mass.
Let p be the density of the fluid particle P within the closed surface

and let dV be the volume enclosing P. The mass of element pd}) will always remain constant. Let
q be the velocity of fluid particle P, then the momentum M of the volume ¥/ is given by

M=qupdV, ..(2)

where the integral has been taken over the entire volume V.
The time rate of change of linear momentum is given by differentiating (2) w.r.t. ‘¢’ as

DM D Dq D
—_— = dV=J‘ — dV+I —(pdV
Dt Dt qu 14 Dtp Vth(p )

DM Dq
—=| —pdV,
or Dt IV Dr p ...(3)

noting that the second integral vanishes because the mass pd) remains constant for all time.

Here D/Dt is the well known material derivative (or differentiation following the motion
of the fluid) and is given by —=—+q-V. . @
If F be the external force per unit mass acting on fluid particle P, then the total force on

the volume V' is given by IV Fpar. ...(5

Finally, if p be the normal pressure thrust at a point of the surface element dS, the total
force on the surface S

=I p (—n) dS, (negative sign is taken because surface force acts inwards and 0 is unit
s
vector along the outward normal)

= —I Vp dV, by Gauss theorem
v

The total force acting on the volume V =I Fp dV—I Vp dV =J. Fp-Vp)dv. ..(6)
4 v 4

By Newton’s second law as stated in (1), we have

Dq Dq
Fp-Vp)dv = 240 ar I 24 Fiv 0.
IV( p—Vp) IV D ° or V[th pF + pjdV @)
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Since the volume V" enclosed by surface S is arbitrary, (7) holds if

Dq Dq 1
21 _oF+Vp=0 or —=F-—Vp, ...(8)
p Dt p 4 Dt o
which is known as Euler's equation of motion. It is also known as the equation of motion by flux
method.
Deduction of Lamb’s hydrodynamical equations.
Using (4), (8) may be rewritten as
o 1
A, (q-V)q=F--Vp. .9
ot p
But V(q-q)=2[qxcurlq+(q-V)q]
so that (q-V)q=(1/2)xV (q-q)—qxcurl q
or (q-V)q=V(q*/2)+curlq xq. ...(10)
Using (10), (9) reduces to
aq 2 1
—+V(q°/2)+(curlq)xq=F-—Vp. ..(11)
ot p
Now, the vorticity vector Q is given by Q =curl q. ...(12)
Using (12), (11) may be rewritten as
aq 2 1
—+V /2)+Qxq=F—-—Vp,
5 TVa@’2) q VP ..(13)

which is known as Lamb’s hydrodynamical equation. The main advantage of it lies in the fact
that it is invariant under a change of co-ordinate system.

3.1B. Conservative field of force.
In a conservative field of force, the work done by the force F of the field in taking a unit
mass from one point to the other is independent of the path of motion.

Thus, if F = Xi + Yj + Zk, then a scalar point function V(x, y, z) exists such that
Xdx + Ydy + Zdz = — dV or F=-VV

so that X =-0V/ox, Y=-0V/0y, Z=-0V/oz.
V is said to be force potential and it measures the potential energy of the field.
3.2A. Euler’s equations of motion in cylindrical coordinates.

Dg_y 1

F-—Vp (D)

Euler’s equation of motion is
q Dt p

Let (g,,q9,9,) be the velocity components and (F,, Fy, F,) be the components of external
force in r, 0, z directions. Then we know that

Dq:{qu % Dy . 9,9 qu]  1op &

F:(E,Fean)a Vp:[;’;ae’azj.

Substituting in (1), and equating the coefficients of i, j, k, we obtain Euler’s equations of
motion in cylindrical coordinates as:

- s + s
Dt Dt r Dt r Dt
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Dg, 4 _, 10p
Dt r p or
Dgy 9,90 _, 1 0p
Dt r  oroef )
Dg. . 10op
Dt p Oz
D o 0 qp O d
where —=_tq - t——+t4q.—- ...03

Dt ot ot ro0 oz
3.2B. Euler’s equations of motion in spherical coordinates. [Garhwal 2005]

Dq_p |

Euler’ ti f motion i F-—-V (1
uler’s equation of motion is Dr o p @

Let (g,, g qy) be the velocity components and (F,, Fy, ) be the components of external

force in 7, 0, ¢ directions. Then we know that

>

Dq _ %743“143 Dg, ,‘142>°°t9+qrqe Dg, +qeq¢c0t9
Dr Dt r Dt r r Dt r

F=(Fr7Fe7F¢)7 and vp: a—p7la_p7;a_p .
Or rOr rsinB 0¢

Substituting in (1) and equating the coefficients of i, j, k we obtain Euler’s equations of
motion in spherical polar coordinates as :

Da, Gt _p 1
Dt r " por
2
cotO
Dgy 4 A :Fefié’_p , o)
Dt r r pr 00
D cot O 1
9o , 904 R ap
Dt r prsin® 0

where £=ﬁ+q,ﬁ+q—9i+ﬁi ...(3)
Dt ot or r 00 rsin6 0
3.2C. An important theorem.
If the motion of an ideal fluid, for which density is a function of pressure p only, is steady
and the external forces are conservative, then there exists a family of surfaces which contain the
streamlines and vortex lines.

Proof. Euler’s equation in vector form is given by (Refer equation (11), Art. 3.1)

oq 1 lo o
— —qxcurlq=F-—Vp-—V i
o q q 0 p > q (D)

For steady flow, oq/ot =0.

Since the external forces are conservative, there exists force potential V" such that F=-VV.
Further, density being a function of pressure p only, there must be a function P such that
V P=(1/p)Vp. Using these facts, (i) reduces to
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V(V+P+q¢*/2)=qxcurlq ...(ii)
Let Q = curl q = vorticity vector.
Then VWV +P+¢*/2)=qxQ ....(iii)
Let n=V({y +P+q/2) V)
Then (iii) reduces to n=qxQ ...(v)
From (v), we get n-q=(qxQ)-q=(qxq)- Q=0
and n-Q=(qxQ)-Q=q-(QAxQ)=0.

These results show that n is perpendicular to both q and Q.

Since Vf 1is perpendicular everywhere to the surface f = constant, (iv) shows that n is
perpendicular to the family of surfaces

V+P+q*/2=C. )

Thus q and Q are both tangential to the surfaces (vi). Hence (vi) contains the streamlines
and vortex lines.
Another Form : Prove that for steady motion of an inviscid isotropic fluid

dp 1
p=f(p), J.—p+5q2 + Q = const. over a surface containing the streamlines and vortex lines.
p

Comment on the nature of this constant.

3.3. Working rule for solving problems.

(7) Read and remember all equations of motion given in Art. 3.1, 3.1A, 3.2A and 3.2B. Use
an appropriate one in the given problem.

(i7) Read and remember all equations of continuity given in Art. 2.8 to 2.14 of chapter 2.
Use an appropriate one in the given problem.

(iii) Physical relations connecting p and P may be used. If the given fluid is at constant

temperature, then use p =kp, where k is a constant. When the change is adiabatic, the relation
p=kp' is used.

(iv) Given initial and boundary conditions are used.
3.4. lllustrative solved examples.

Ex. 1. A4 sphere of radius R, whose centre is at rest, vibrates radically in an infinite
incompressible fluid of density P, which is at rest at infinity. If the pressure at infinity is I,

show that the pressure at the surface of the sphere at time t is

1 |d?R*> (dRY
M+—p +|— ;. [Kanpur 2008; Meerut 2007; Bombay 2000; 1.A.S. 1996]

2 dr* dt

If R = a (2 + cos nt), show that, to prevent cavitation in the fluid, IT must not be less than
3pa2n2.

Sol. Here the motion of the fluid will take place in such a manner so that each element of
the fluid moves towards the centre. Hence the free surface would be spherical. Thus the fluid
velocity ¢' will be radial and hence ¢’ will be function of »’ (the radial distance from the centre

of the sphere which is taken as origin), and time ¢ only. Let p be pressure at a distance »'. Let P
be the pressure on the surface of the sphere of radius R and V be the velocity there. Then the
equation of continuity is
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r"*0' = RV = F(t) (D)
From (1), 56_2;' _F I,(zt) Q)
r

. . . . ! ! 1
Again equation of motion is @ + v,a_v 8p
ot or' por

or F ,(zt) pw ( 5 v’zj l%, using (2) ...(3

Integrating with respect to ', (3) reduces to

F'(ty 1, P
- +-v?= *E +C | Cbeing an arbitrary constant

r' 2
When r'=o, then v'=0 and p=II so that C =I1/p. Then, we get
_ F'(t
F(f) o2 H=p or p=IT+—= p|: Eil0) 0'2}. e
7 2 p 2 r'

But p = Pand v' =V when r'=R. Hence (4) gives

P=I+— p{ {F')}, Vﬂ .6
Also V' = dR/dt. Hence using (1), we have

, d, d( >dRY d[R drR®
F'@)Y, =—@RI)==|rRP—= =222

_RA’R*1dR*dR _R 4R’ R(d_Rjz
Y "2 dr ar 2 g dt

Using the above values of ¥ and {F'(t)},—z, (5) reduces to

2 2
P:H+lp RdR +R(d—R) (dR)
2 2 dr* dt dt

1 | d*R? (dR j2
P=I1+— +| — .
or P{ e ar ...(6)

Second Part: From »'*v' = constant, we conclude that v’ is maximum when 7' is minimum

i.e. r'=R. So pressure is minimum on 7' =R by using Bernoulli’s theorem [Refer Chapter 4].

Given R=a (2 + cos nt) ...(7)
dR/dt = — an sin nt
and dR*/dt = 2a* (2 + cos nt) (- n sin nf)

: PRYdf = - 2a*n® (2 + cos nf) cos nt + 2a*n* sin’nt
Wlth the above values, (6) reduces to

P=11+(3/2) ><pa n?sin’ nt — aznzp (2cos nt + cos” nt) ...(8)
From (7), R varies from 3a to a. Thus the sphere has the greatest radius 3¢ when nt = 0 or

2mmn. Clearly as the sphere shrinks from R = 3a, there is a possibility of a cavitation there
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because pressure would be minimum there. Hence the minimum value of pressure p’ (say) on the
surface of the sphere is given by replacing ¢t = 0 or n¢f =2mmn in (8). We thus obtain
P =T1-3pa’n’. .9
To prevent cavitation in the fluid. P' given by (9) must be positive i.e. [T must not be less
than 3pa2n2.
Ex. 2. An infinite mass of homogeneous incompressible fluid is at rest subject to a uniform

pressure I1 and contains a spherical cavity of radius a, filled with a gas at pressure mI1; prove

that if the inertia of the gas be neglected, and Boyle's law be supposed to hold throughout the
ensuing motion, the radius of the sphere will oscillate between the values a and na, where n is
determined by the equation 1+3mlogn—n®=0. (Kanpur 2010)

If m be nearly equal to 1, the time of an oscillation will be 2m\[(a’p/3m), P being the
density of the fluid. [Kanpur 2008; Agra 1998; I.A.S. 1994; Meerut 1999]

Sol. As in Ex. 1, let at any time ¢, ' be the velocity at a distance ¢ and p’ the pressure
there. Also let v be the velocity at a distance r and p the pressure there. Then the equation of

continuity is ¥’ = F(t)= o ..(D)
From (1), o Q) )
ot 72
The equation of motion is o + v’@ = Lo
ot or' por'
. F'@ty o (1 , 1 op' .

ie. +—| =07 |=————, using (2 ...(3
r? 81”(2 por' £ ®)

Integrating with respect to 7", (3) gives

F'(,t) +%v’2 =C _E , C being an arbitrary constant
r p

When ' =00, then v'=0, p'=I1 so that C =I1/p. Hence, the above equation yields

F't) 1 Im-p'
()+_,012: p

- e
r' 2 p @
Since gas inside cavity obeys Boyle’s law, we get
(4/3)x na’mll = (4/3)x nr3p so that p= (a3m1_l)/r3
When #' =7 then v'=v, p'= p =(a’mIl)/r>. So (4) gives
F'(t) 1 I a’mll 1
0,1 O aml 1 .5
r 2 p p 7
From (1), F'(t):Zrﬂ-v+r2-ﬂzhv2 +r2ﬂﬂ, as v:ﬂ
dt dt dr dt dt
or F'(f) = 2rv* + v (dv/dr)
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Hence (5) reduces to

3
1(2}’02 +r2'vdvj+lvz =E 7%L
p

r dr 2 p r
3
or rvﬁ+év2 :7E+a mil ...(6)
dr 2 p pr3

Multiplying both sides of (6) by 2r%dr, we get

224 20077 2a’mll
2vdo + 320%dr = 2 L 2am L (r'o?) = ( — o+ S dr
p pr p pr
3
Integrating, >v? = 72_Hr3 + Za_ml_llogr + C’, C’ being an arbitrary constant (D
3p p
. 2Mla’  2a’'mll
Initially, when r = a, then v=0.Hence(7) = C(C'= B N loga
p p
211 2a’mll
- From (7), P = (@ ) g2 1og(1j ..(8)
3p p a

Since the radius of the sphere oscillates between ¢ and na, we have v = 0, when » = a and
r = na. Putting v = 0 and r = na in (8), we have

0= Z—H{a3 —n’a® +3mad’ log(ﬂj}
3p a

so that 1+3mlogn—n =0, as a#0
Second Part. Let m be nearly equal to 1. Then, we take » = a + x where x is small. Again,
v = dr/dt = dx/dt = X% . Hence, taking m = 1, (8) reduces to

3
(a+x)*%? :Z—H{a3 - (a+x)3} +2L1_H10g(a_+xj
3p p

a
3 3 3 3
or a’ [ij x? = 2la 1(1+£j + 2a Hlog(1+£j
a 3p a p a
xY ., on 3x 3x 2 [x 147
or I+— | X =——ql-|I+—+—+... [p+ ==t
a 3p a a p la 2a
-3 2 2 2
211
or x2=£(1+fj SLE N 173—x+6i27... fgx—z+...
3p a 2 42 3p a a 2a
or %> = —[311x* /pa’], neglecting higher powers of x
Differentiating the above relation with respect to z, we get
I1
2)'656':*3—'2)()'( or 5é=73—1_£x,
pa pa

which represents the standard equation of simple harmonic motion and hence the required time
of oscillation (i.e. periodic time) is given by

21 /(30 / pa?) Le. 2114/ (pa® /311).
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Ex. 3. A mass of gravitating fluid is at rest under its own attraction only, the free surface
being a sphere of radius b and the inner surface a rigid concentric shell of radius a. Show that
if the shell suddenly disappears, the initial pressure at any point of the fluid at distance r from

2 +b
the centre is gTC’YpZ (b-a)(r—a) [a_ + lj. [Bombay 1998]
r

Sol. As in Ex. 1, let at time #, ' be the velocity at a distance »' from the centre and let the

radius of the inner spherical cavity be r. Let p be the pressure at a distance r'. Then the equation

of continuity is v’ = F(f) (D
From (1), av_ F—(;) Q)
dt 7'

B (4/3)><7'cyp(r’3 7r3)

Attraction at distance 7’ >
12
B

£l

where y is the usual constant of gravitation.
Hence the equation of motion is

o' o0 4 (, r3] 1 dp
—+U—=7§nyp r—— -t

ot or' 2 por
_ F'(ty @ (1 ,zj 4 R 1
ie. +—| =" |=—=m 7'—— | ———, using (2
¥ o'\ 2 3 A% P por e@

Integrating with respect to 7', we obtain

’ 2 3
_F@ + lv’z = fﬁnyp Lyl 2ic,c being an arbitrary constant )]
roo2 3 2 ) op

Initially, when ¢ =0, then ©"'=0, r = a and p = P (say). Hence (3) yields
F'(0) 4 "ol P
e 7] [ P Y
a 3P [ ") )
But, P=0 when r'=a and r'=5b. So (4) gives

F'(0) 4 a
o = —+ad|+C
3nvp[ S *a ] .5
F'(0) 4 b 4
LM 2. —+Z|+cC
and b 37T“/F{ > 7 ...(6)

Subtracting (6) from (5), we have

o LoD\ 4 100 ofa
F(O)(b aj—37typ{ 5 +a (b lj}

nd—b_4 (b—a)(b+a) a*(a—b)
FO= _3””){ > b }
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or F'(0)=—(2/3)xnypab(a+b)+(4/3)xnypa’ (D
Multiplying (5) by @ and (6) by b and then subtracting, we get

303
Ozinyp[b—a?]+C(ab)

3 2
or C(b-a)=Q/3)xnypb—a)(b* +a* + ba)
or C=2/3)xnyp(a’+b* + ab) ®)

Putting the values of F'(0) and C in (4), we get

2 3
i,{znypab(a+b)+inypa3}=iﬂ:yp r—+a—, 7£+zﬂ:yp(a2+b2+ab)
r 3 3 3 2 r p 3

P= %nypz {az +b* +ab _abla+b) (a,+b) - r'z}
r

or Pz%nypz(r’a)(br’)(atb+lj. .9
r

For the required result, replace 7' by r in (9).
Ex. 4. Liquid is contained between two parallel planes, the free surface is a circular cylinder
of radius a whose axis is perpendicular to the planes. All the liquid within a concentric circular

cylinder of radius b is suddenly annihilated ; prove that if T1 be the pressure at the outer
surface, the initial pressure at any point on the liquid distant r from the centre is

pplogr—logh [Kanpur 2000; Meerut 2000; Agra 1995; L.A.S. 2006]
loga — logh

Sol. Here the motion of the liquid will take place in such a manner so that each element of

the liquid moves towards the axis of the cylinder | z | = b. Hence the free surface would be

cylindrical. Thus the liquid velocity v’ will be radial and v' will be function of #' (the radial
distance from the centre of the cylinder | z | = b which is taken as origin) and time ¢ only. Let p

be the pressure at a distance '. Then the equation of continuity is
r'v'=F () (D
From (1), ov'/ot' =F'"(t)/r' ...(2)
ov N ,0v 1 op

The equation of motion is 4 ==
1 ot or'  por

or El0) + 2 lv’z = —la—p, using (2)
r or'\ 2 por'
Integrating, F'(t)logr' + %v’z - P.c,c being an arbitrary constant ...(3)
p
Initially when =0, v'=0, p=P.So (3) = F'(0)logr'=—(P/p)+C ...(4)

Again, P=1II when r'=a and P =0 when r'=5b. So (3) yields
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F'(0)loga=—(I1/p)+C and F'(0)logh=C ...(5)
Solving (5) for F'(0) and C, we have

C=—logh—— F0)=——2%
plog(a/b) plog(a/b)
Putting these values in (4), we get
P I1 ,

=——logr'———  log b
p plog(a/b) plog(a/b)

znlogr —logb znlogr —logb

..(6)

or log(a/b) loga —logh’

For the required result, replace 7' by r in (6).

Ex. 5. A mass of liquid of density p whose external surface is a long circular cylinder of
radius a which is subject to a constant pressure 11, surrounds a coaxial long circular cylinder
of radius b. The internal cylinder is suddenly destroyed; show that if v is the velocity at the
internal surface, when the radius is 1, then

2 211 (b° —1?)

v = 0 2 log {(r2 r b))/ r2} - [Garhwal 2000, Meerut 2006, Kanpur 2011]

Sol. When the inner cylinder is suddenly destroyed, the motion of the liquid will take place
along the radii of the normal sections of the cylinder. Hence the velocity will be function of

r' (the radial distance from the centre of the cylinder | z | = a which is taken as origin) and time
t only. Let p be the pressure at a distance r'. Then the equation of continuity is
r'v'=F(t) ..(1)
From (1), ov'/ot=F'(t)/r ...(2)
W g 1p
ot or' por

F'ty o(1 » ldp .
= =———
r 81”(2 ¢ j por' using (2)

The equation of motion is

Integrating, F'(t)logr' + %7/2 -2, being an arbitrary constant ...(3)
p
Let » and R be the radii of the internal and external surfaces of the cylinder and let v and

V be the velocities there at any time ¢. Hence, we have

When r'=r, v' =0, p=0 ...(4)

and when r'=R, v'=V, p=II ...(5)
Using (4) and (5), (2) reduces to

F'(t)logr+v*/2=C ...(6)

and F'(t)logR+V?*/2=-T1/p+C (7
Subtracting (7) from (6), we have

F'(t) (logr —logR) + (v* —V*)/2=T1/p ...(8)
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From (1), rv =RV =F({) ...9)
But v = dr/dt and V = dR/dt. So (9) becomes
2rdr = 2RdR = 2F(t)dt ...(10)
Also R*— =4 -1 ~.(11)
, d d dr d dr
From (9), F'ty=—@rv)=—((rv)-—=v—(rv), as p=—
(€)) (0 dt( ) dr( )dt dr( ), as v "
Putting the values of F'(t) and V, (8) gives
2.2 1 2 N
vi(rv)-log1+l 2 :E or rvi(rv)-logi+—rv2 lfr—2 =-r
dr R 2 R? P dr R 2 R P
1d ) o1, (1 rj Ir d£122 ”j Ir
or ——{(ro) i-log—+—rv|——— |=— or —| =rv log— |=—, .12
2dr{( )} gR 2 r R? P dr\ 2 £ R p (12
where we have used (10) i.e. RdR = rdr.
2
Integrating (12), %rzvz logizri—r+ C', C'being an arbitrary contant ...(13)
p
But v=0 when r=b. So C'=—nb*/2p.
.. From (13), o’ logL:E(r2 sz)
R p
F\ om
or r2o? log[—j =Z_(?-b?)
R P
o 207 -b*)  200G7-bY) 2@ -bP) 21D 1Y)
or v =" 2, p2y .2 N ) 2,2 .2 2,2
prilog(r“/R°) pr log(R°/r") prolog(R°/r7) prilog(R/r)
2 2
Thus, 0= - 2H§b 2r )2 —» using (11)
pr log{(r +a”-b")/r }

Ex. 6. 4 centre of force attracting inversely as the square of the distance is at the centre of
a spherical cavity within an infinite mass of incompressible fluid, the pressure on which at an

infinite distance is T1 and is such that the work done by this pressure on a unit area through a
unit of length is one-half the work done by the attractive force on a unit volume of the fluid from
infinity to the initial boundary of the cavity; prove that the time filling up the cavity will be
na(p/m)'"? {2 -3 /2)3/2}, a being the initial radius of the cavity, and P the density of the fluid.
[Meerut 1999]

Sol. At any time ¢, let v’ be the velocity at a distance ' and p be the pressure there. Let r
be the radius of the cavity at that time and v be the velocity there. Then equation of continuity is

r*0 = F(1) = r*v (1)
From (1), ov'/ot=F'(t)/r? (2
@ + 'U, av | l ap
ot or' P por

o F'(t) +ﬂ(lv'2j:ila—p using (2)
A2 a2 por

The equation of motion is
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F' 1
SEROMNR NN

Integrating, 5 -
r roop

+ C, C beings an arbitrary constant

But v'=0 and p=II when r'=w. So C=II/p. Hence the above equation yields

PO 1, Oop e
r 2 r p

Also v'=v and p =0 when r'=r. So from (3), we get

FO, L. _p IO
r 2 rop
di > dv dr 2@@

From (1), Foy=L o)y =2 i 2 gy,
dt dt dt dt dr dt

@

dv dr
=2r0% + 1?0, as  v=—
dr dt

Using the above value of F'(¢), (4) gives

! 2r02+r2v@ +lvz:E+E or 2rvdv + 3v°dr = -2 E+E dr
r dr 2 rop rop

or  2r%dv + 302 2dr = — 21 {“ + Hj dr or d(r*v?) = z(w A jdr
rop p

‘ 32 ) L , . ,
Integrating, ot =—|ur +3_p” +C" | C' being an arbitrary constant 6]

Initially, when r = @, v = 0. So C'=pa’ + (2I1/3p)a’.
.. From (5), o? = u(a2 - rz) +23—H(a3 - r3). ...(6)
p

Since the work done by IT is half the work done by the attractive force, we have

1 pa
Hxlxlzﬁj [_%jpdr so that uzzna.
2Jol p p

Putting this value of p in (6), we get

3 :m_a(az 7p2)+2(a3 N
p 3p

3 2 21

or o :—{3a(a27r2)+a37r3} or v2=2_H{3a(a27r2)+a37r3}
3p

3p r3

dr (znjm Ba(a® — 1) +d® — 1)
or — =

e\ 3p P2 -

wherein negative sign is taken as » decreases when ¢ increases.

Let T be the time of filling the cavity. Then we have, » = @ when =0 and » =0 when ¢ = T.
Hence (7) gives on integration
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J‘O P2 dr
a Ba(a* —r*) +a® —r}?

T= (3_pj1/2 J‘“ P 2dr
211 0 (r+2a)(a—r) - ®)

Put 7 =gsin’ 0 so that dr =2asinBcosO. Then (8) reduces to

r _(3_pj“2 J.n/Z a*'?sin®0-2asin® cos0dO Za(ﬁjm Jan/z sin* 046
211 0 a(2 +sin® 0)-a'? cos 0 211 0 2+sin’0

2,
=2a(3—pj j sin2972+% do
211 0 2+sin” 0
172 e 1/2 s 5
=2a(3_pj £7n+4J‘ d—92 =2a(3_9j 73£+4J‘ sic 9d92
21 4 0 2+sin"6 211 4 0 2sec”0+tan” 0

1/2 /2 2 1/2 ©
=2a(3_9j ,3_n+4j _sec 0d9_ ﬁ”(ﬁj EELTLY
211 4 0 2+3tan’0 211 4 3Jdo (2/3)+1¢

[Putting tan®=¢ and sec’ 0d0 = dr |

1/2 * /2 1/2
=2a(3—pj 73—H+i- 3 tan™' t\/E =2a 3 ,E_FE 3 -ln
2I1 4 3 V2 2 o 211 4 3\2 2
12 1/2 1/2 3/2
Aoty i )
I1 2 \2 3 2 I1 2

Ex. 7. A spherical hollow of radius a initially exists in an infinite fluid, subject to constant
pressure at infinity. Show that the pressure at distance r' from the centre when the radius of the
cavity is r is to the pressure at infinity as 34t (@ =4 R =@ =) 3t

[Garhwal 2000]

Sol. Let o' be the velocity at a distance 7' at any time ¢ and p be the pressure there. Again,
let v be the velocity of the inner surface of radius ». Then the equation of continuity is

' = F()=r*v (1)
From (1), ov' /ot =F'(1)/ r' (2
The equation of motion is @ + v,@l = _l@_p
ot or' por
or F_(t) + i(lv’zj = ,la_p, using (2)
P2 or'\2 por
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7F_(,t) + lv'z -2, C, C being an arbitrary constant ...(3)

Integrating, 5
r p

Let 1 be the pressue at infinity. Thus v'=0 and p=I1 when r'=o. So (3) gives
C =TI1/p. Then (3) reduces to

O 1 Top @
r 2 p

But p = 0 and v'=v when r'=r. Then (4) gives

Fw, 1, 1 "
r 2 p
From (1), F'(r):i(r%):zrﬂmr2ﬂ=zwﬂ+r2@ﬂ
dt dt t dt dr dt
d
=2r0% + rzvﬂ [ v :—r}
dr dt
Using the above value of F'(t), (5) gives
l{erz +r2v@}+lv2 :E or ,w@,évz :E ...(6)
r r) 2 P dr 2 P
Multiplying both sides by (= 2/ dr), (6) gives
2r’vdv + 3r’ v dr = fErzdr or d(v*) = ,E,ﬂzd,,
p p
. 3 2 2H}’3 . .
Integrating, rlvT =-— 3 + C’, C' being an arbitrary constant. )]
p
But when » = g, v = 0. Hence C'= (2Ha3)/(3p)
211
-, From (7), ot ="—(@ - r) .(8)
3p
Putting the value of v from (8) in (5), we get
33
F't)y=r 1p ) |La ;r |
2 P 3 or P
a4
F'(ty=— .
or ® 3 2 ...(9)
From (1), v' = (r*v)/ r'? ...(10)

Using (9) and (10), (4) reduces to

E'a374r3 +E'r(a3fr3)

- , using (8)
p }” 3p }’2 2 }’"4 3p }’2}’" 3p }’"4

p E+£'a3 — 4 7E'r(a3 )

}"2}" 3p r14

©

©
W

o
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p 3@ -4y =@ - )P
or == )
II 3]/,2 }’"4

which gives the required ratio of two pressures under consideration

Ex. 8. 4 solid sphere of radius a is surrounded by a mass of liquid whose volume is (4nc’) /3

and its centre is a centre of attractive force varying directly as the square of the distance. If the
solid sphere be suddenly annihilated, show that the velocity of the inner surface, when its radius

3
is x, is given by P13+ )P —a]= 21 2uc @ — ) (A + )3,
3p 9
where P is the density, T1 the external pressure, | the absolute force and X =dx/dt.
[Agra 2000; Himanchal 1999]

Sol. Let v be the velocity at a distance 7' at any time ¢ and p be the pressure there. Let r
and R be the radii and v and V the velocities of the inner and outer surfaces at time ¢. Then the
equation of continuity is

' =F(t)=r*v=RV (D)
From (1), ov'lot=F'(t))r? (2
The equation of motion is
@, + '@, = _w'? 1o , where here p,r’z is the attractive force
dt or' por'
o th)+%(lv,zj:“rlzla_P
r' or'\ 2 por'
’ 3
Integrating, ,F_('t_) " %v’z - WT _P.c C being an arbitrary constant ...(3)
r p
Now, when r=r, v'=0 and p=0
and when r'=R, v'=V and p=II
’ 3
- (3) ields O L v @
r 2 3
F'(t) 1 oI
and SO L, .9
R 2 3 p
Subtracting (4) from (5), we have
N TN P R N P B A i
FO)———|—-= 14 R)——
( )( RJ 5 ( )==( )
But (4/3)xR> — (4/3)x 1 = (4/3)xnc>  so that P-R=-c.
(1LY 1, , pe®  TII
F'@t)———|—-— v -V )=—"———
( )(r Rj 2 ( ) 3, ©
From (1), F'(t) = 4 (r*v) = i(r2z;) e F'(t)= vi(rzv) (7
dt dr dt dr
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Again from (1), we get V= (r*v)/R* ...(8)
Using (7) and (8), (6) gives

vi(rzv)'(lijl 0277402 :7upc3+3H
dr r R) 2 RrR* 3p

Multiplying both sides by 7%, we get

Zr%i(;ﬂy).(l lj oAl L 2| wpd’ 4300 2
dr r R 2 4 DY

r R 3p
d 2.2 (1 1 j 2.2 1 }’2 },l,pC3 + 311 ,
—r )y -—=|-(r)y ==
or d}’( ) p R ( ) ;1'2 R4 3p ...(9)
From (1), v =RV or P29 _ p2dR
dt dt
ie. rdr = R*dR ..(10)

Integrating (9) and using (10), we have

3 3
A2 (lljzmw p+3H)J‘rzdr+C,:72(uc P+3H)r3 L C
r R 3p 9
3
When r=a, v=0 so that c’ =Ma3
9%
3
A2 (lijz 2(pe P+3H)(a3 N
r R 9
1 1 2uc® 200
ie. ot == o | = pe 20 (a37r3)
ro (" +c) 9 3p

Now, for the inner surface, » = x, v =x. Hence, the above relation reduces to

3
b [(x3 +c3)”3 —x] :(2%4_23_“] (a3 7x3) (x3 +c3)”3.
[

Ex. 9. A sphere is at rest in an infinite mass of homogenous liquid of density P, the pressure
at infinity being P. If the radius R of the sphere varies in such a way that R = a
+ b cos nt, where b > a, show that pressure at the surface of the sphere at any time is

2
P+ —bn4 P(b ~ 4acosnt — Sbcos2nr). [Agra 2003, Himachal 2000]

Sol. Let v’ be the velocity at a distance r' at any time ¢ and p’ be the pressure there.
Again, let v be the velocity on the surface of sphere of radius R, where

R=a + b cos nt ..(1)
Then the equation of continuity is P2 =F = R*v ...(2)
From (2), ov' /ot =F'(1)/ r' ..3)
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The equation of motion is

W gt F(’)+i£lvr2jzlap

o0 o  por o por’

ing (3
7 using (3)

F (,t) + %v,z __r C, C being an arbitrary constant
r p

Integrating,

Given: when r'=w, v =0, p'=P. So C=P/p. So the above equation gives

F’ 1 P-p'
,ﬁ_F_v’z :—p

e
r 2 p @
Let p'=p when r'=R. Also, v'=v when r'=R. Then, (4) yields
' _ F' 1
_F_(t)+102 :u or p:P+p{—£Q—vz} .5
R ) p R 2
, d 2 dR D dv
F 2), F'(t)y=—@WR")=2R— v+ R —
rom (2) ) dt( ) % A
? 1 dR
=2R[d—Rj At [ v:_}
dt dt2 dt

Using the above value of F'(t) and noting v = dR/dt, we have

Fo 1, zzid_Rjz +Rﬁ1£d_f€f :z(d_Rjz L RR
R 2 dt dr? 2\ dt 2\ dt dr?
= (3/2) X (~ bn sin nt)> + (a + b cos nt) (— bn* cos nt), using (1)
= (bn*/2) x (3b sin’nt — 2b cos® nt — 2a cos nt)
= (bn’/4) % [3b (1 — cos 2nf) — 2b (1 + cos 2nt) — 4a cos nf]
= (bn?/4) x (b — 4a cos nt — 5b cos 2nf)

bn*p
4

Ex. 10. For an inviscid, incompressible, steady flow with negligible body forces, velocity
components in spherical polar coordinates are given by

Hence (5) reduces to p=P+ (b —4acosnt —5bcos2nt).

u, =V (1—R>/r’)cos, g =—V (1+R>/2r°)sin0, uy =0.

Show that it is a possible solution of momentum equations (i.e. equations of motion). R and
V are constants.

Sol. Here equations of motion in spherical polar coordinates are (refer Art. 14.12)

ou, Ou,  ug Ou, Uy ou, ug + u‘i - 1op M
ot " or r 00 rsin® 0¢ r " por
Oug Oug  ugy Oy Uy  Oug Ul M‘i cot6 1 op
Oy, =0 00 : - =Fy ——— .2
ot or r 00 rsin® 0 r r pr 0o
%4_”}”%4_”—9%4__1{4) %+_u¢ur +—u¢ue cot® =F¢ — 1 a_p (3)
ot or r 00 rsin® 0¢ r r prsin® o
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For steady flow (0/0t=0) with negligible body forces (£, =Fy=F, =0), the above
equations reduces to
ou, wdu, w10

——r 4 9 _
ur o r o0 r por ()

ou, 0 | )
u, o2 r0 0 Bl B (5
or r 09 r pr 00
___ L o
prsind o --(6)
Equation (6) shows that p is function of » and 0 only.
3 R ).
Given : u, =V[1R—3]cose, ug =V[1+’—3‘j51n9 e
7 2r
3 ou, R .
From (7), %= 31:5 cos, £=V(lr—3]5m9 .(8)

Using (7) and (8), (4) reduces to

3 3 3 3 3\2
14 I—RT c0s9~3Vie cose—K 1+R—3 sin@-| -V 17% sin O L 2 1+R—3 sin? 0 :—ia—p
r r r 2r r r 2r por

3V2R3{ R3j . 3V2R3( R3j ., 1 6p
or l——|cos” O— l+—|sin“0=—-—— .. 9
r I 274 253 por ©)
3 3
From (7), Oug :M, and Quy _ —V{1+R—jcos9 ... (10)
or 2 o0 23

Using (7) and (10), (5) reduces to

3 3 3 3
V(I—RTJCOSG':S;/]i sin9+l{—V{l+ZR—3jsin9} {—V{l+f—3jcose}
r r r r r
3 3
+l V{I—RTJCOSG —V{1+R—3jsin9 __1%
r r 2r pr 00

253 3 253 3
or 3 f (I—R—3jsin9cos9+ 3V f (1+R—3jsin9cos9 :_lﬁ_p
2r r 2r 2r p 00
Differentiating (9) with respect to 0, we get
1 82 2p3 R? . 2p3 R? .
1o =3V—4 1-— -200s9(—s1n9)—3V—4 1+— |x2sinBcos 6
p 00 or r r 2r 2r

16%p 9V*R> 9V*R®
- =| - +

or > 200r = r4 . jsine cos 0 .. (12)
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Next, differentiating (11) with respect to , we get

1 82 2p3 R 2p3 RS .
_1op = 3 [—%+6—7 sin® cos9+3V —%—6 - [xsin@cos 6
p or 00 2 oo o 2r
1 8%p [ 92 R} 9V2R6j .
- =| - + sin cos©
or P or 00 I"4 2’/'7 (13)
Since (12) and (13) are identical, the equations of motion (i.e., monemtum equations) are

satisfied.

2 2
Ex. 11. The velocity components — u,(r,0) =V {1 —a—zj cos 0, uy(r,0) =u {1 +a—2j sin @
r r

satisfy the equations of motion for a two-dimensional inviscid incompressible flow. Find the
pressure associated with this velocity field. u and a are constants.

Sol. The equations of motion for inviscid incompressible fluid in cylindrical polar coordinates
are given by (Refer Art. 14.11)

2
Oty yyy Ot o Oy Oy Mo p LD ()
ot or r 00 o0z r por
% ur%+u—9%+u2%+&u—e:ﬁ"9—ia—p (2)
Ot or r 00 Oz r pr 00
Ou, Ou, ugy Ou, Ou, 1op
+u, — U, =r, = ..(3)
ot or r 00 oz p Oz

For steady (0/0t=0) and two dimensional flow (0/0z=0,u, =0) with negligible body
forces (F, = Fy =F, =0), the above equations (1) to (3) reduces to

ou,  ty Ou, w3 __13p

u =
"or r 00 r p or - @)
y o o Oty ity 1 Op )
o r 00 r pr oo
and 0= —lz—p , which implies that p is function of » and @ only.
p oz
a2 (12 .
Given u, = —U{l——zjcos 0, ug =U| 1+— |sin® .. (6)
r r

Using (6), (4) reduces to

2 2 2 2
—U{l—a—jcose {_Za chos@+lU{l+a—jsin6 —U{l—a—jx(—sine)
2 3 , 2 2

5 \2
—l-U2 (1+a—2j sin? Gz—la—p
r r por

2 2 2 2 4 2\?
or 2U3a {l—a—zjcosze+U—sin29 {1—%)—{1+a—2j :_la_p
r r r r r p or
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22 2 2 2 2
or 22U 3(1 {1 —a—zjcos2 0- 2U3a {1+a—2j sin? 0 = _la_p (7
7 V4 r r Y or

Again using (6), (5) reduces to

2 2 2 2
—U{l—a—zjcoseXU{—Z%jsin9+g{l+a—2jsin9xU{l+a—2jcos9
r r r r r

2 2
—lU{l—a—jcosexU{l+a—jsin9 = 1o

r 2 r rp 00

2712 2
or 2a’U (l—a—jsinecos9+ (1+a_j 1n9c0s9———6p

-3 2 2 rp 00

2712 2 )
or 2ar2U (l—j—zjsin9c0s9+2a§] (1+a_2j inBcosO =—— %

2,2
s1n9cos9————

or 2 0 80 ..(8)

Differentiating (7) with respect to 6, we have

2 2 2 2 2 2 2
_16_p=_4U a {l—a—zjsinecose—éuj 4 (1+a—2jsin9c0s9

P 00or r3 r r3 r
1 &*p  8U%d” .
or EMZTSIHG cos 0 (9)
Differentiating (8) with respect to r, we have
1 &2 2,2
_88 59 :8U3a sin® cos O .. (10)
p or r

Since (9) and (10) are identical, it follows that the given velocity components satisfy the
equations of motion.
Since p is function of » and 6, we have

dp = (Op/0r)dr + (Op/00)d0
Substituting the values of dp/0r and op /00 given by (7) and (8) respectively in the above

equation, we obtain

2 2 2 2
dp=2pU2a2{{i3+a—5jsin29—{%—‘1—5jcos29}dr—4pU2a sin® cos0d0 ... (11)
ror rPor r

Let dp = Mdr + NdO. Then, by comparison, we have
M= 2pU%d? {(l/r3 +a’ /) sin?0—(1/r° —a® /r°) cos® 9}

and N=— (4pU?a*/r*)xsin0 cosO

oM 0 2 2 [1 azj .2 [1 [lzj 2
—=—|2pU —+— |sin" 0—| ———|cos” O
20 89{ pU-a { JERSE R

= 20U {(1/1* +a® 1+°)x 25in B cos O+ (1/ 1> —a® /r*)x 25in 6 cos O}

:(8/r3)><pU2a2 sinO cos 0
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2 2 2 2
and 6_N=2(_4pU a sin@cos@j:ng a“sin0 cosO
or or 2 3

p
Thus, OM /00 =0N/or.
Hence (11) must be exact and so its solution by the usual rule of an exact equation is

2 2
p=2pU%* H—#—:—A‘jsinz 9—{—2%+Z—4jcosz 9}+ C
r r r r

20 o . :
or p=2pU%* {cosz _a4j +C, C being an arbitrary constant
2r 4r
Ex. 12(a). 4 steady inviscid incompressible fluid flow has a velocity field u = fx, v = —fy,
w = 0, where if is a constant. Derive an expression for the pressure field p(x, y, z) if the pressure

r

p0,0,0) =pyand F=—giz [L.A.S. 2006]
Sol. Given u=fx, v=—fy, w =0, f being a constant ... (1)
Also, given that D= Dy when x=0, y=0, z=0 )]
Again, F=-giz = X=0, Y=0 and Z=-gz ..(3)

Equations of motion for steady motion (0/0t) =0 of an incompressible fluid flow (see Art

3.1) are given by

u(Bu | dx)+v(u / 0y) + w(du/8z) = X —(1/p)x (p / &x) o (@
u(Bv/0x) +v(ov/ y) + w(ov/dz) = ¥ —(1/p)x (dp/ dy) . (5
u(w/ ox) +v(ow! dy) + wlow/ 6z) = Z —(1/ p) x (8p  z) .. (6)

Using (1) and (3), (4), (5) and (6) reduce to

[2x=—=(1/p)x(dp/ &), —f*y==(/p)x(@p/ay), 0=—gz—(1/p)x(dp/oz)

= aplox=—1px, oplov=flpy and  Op/oz=-pgz . (7)

Now, dp = (8p/ &x) dx +(Op/ dy) dy +(8p/ bz) d=

dp=—(f*px) dx+(f’py)dy—(pgz) dz, using (7)

Integrating, p =— (fszz)/Z + (fzpyz)/Z —(pgzz)/Z +C, C being a constant .. (8)
Putting x = y = z= 0 and p = p, (see condition (2)), in (8), we get C = p,
Thus, the required expression for the pressure field is given by

P 3,2)=po—p (257 =12y +g2)/2

Ex. 12(b). For a steady motion of inviscid incompressible fluid of uniform density under
conservative forces, show that the vorticity w and velocity q satisfies

(g-VIw=(w-V)gq. [LA.S. 1989]

Sol. Vector equation of motion for invicid incompressible fluid is (refer Art. 3.1A)
oq/0t+V(q* 12)—gxcurl g=F —(1/p) Vp (1)

Since the motion is steady, oq/ot=0 .. (2)
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Since p is uniform, 1/p) Vp=V(p/p) - (3)
Since F is conservative, F=-VQ, where Q issome scalar function. .. (®
Again, by definition, vorticity vector = w = curl gq.

Using (2), (3), (4) and (5) in (1), we obtain
V(g 12)—gxw=-VQ-V(p/p) or gxw=V(qg*/2+Q+p/p)
Taking the curl of both sides of the above equation and using the vector identity

curl gral ¢ =0, we have

curl (g x w) =0 or V-wygq—(qg-Vyw+w-V)g—(V-g)w=0
or —(q-Vyw+(w-V)g=0 or (g-VyIw=(w-V)q.
where we have used the following two results
V-w=V.Vxqg=0 and V-q =0 (continuity equation).
Ex. 13.  Show that if the velocity field
B(x? —yz) 2Bxy
“(xay):—, U(XJ): 5 =
(x2 +y2)2 (2 412)? w(x, y) =0

satisfies the equations of motion for inviscid incompressible flow, then determine the pressure
associated with this velocity field, B being a constant.
[Kanpur 2002, 03, 05; Rohilkhand 2000, 05]

Sol. The equations of motion for steady inviscid incompressible flow are given by

u(Ou/ox)+v(0u/dy)+w(ou/oz)=—(1/p) (op/ox), .. (D)
u(ov/ox)+v(dv/ oy)+w(ov/0z) =—(1/p) (Op/ dy) .. (2
and u(ow/ ox)+ov(ow/ dy)+w(ow/oz) = —(1/p) (Op/ 0z). .. (3

From the given values of u;, v and w, we have

A _ g2 +y7) —dx(x® —y?) (7 +y?) _ 2Bx(3)y’ -x%)

ox % + %) (% + y2)
Ou_ o2y +y)? —4y(? —y?) (P +y?) | 2By(x’ —)%) ou_,
oy (2 +y)? 412 i
W _ ey +y?) —axly( +)?)  2By(y’ -3x%)
o % + %) 2+ 2
@ZZBx(x2+y2)2—4xy2(x2+y2):2Bx(x2—3y2) %zo
o] (x* +y%)* o+ oz
ow/ox =0, ow/dy=0 and ow/ 0z =0.
Substituting the given values of u, v and w and also using the above relations, (1), (2) and (3)

reduce to

B(x*-y%) 2Bx(3y* -x°)  2Bxy  2By(3x’-y) _ 1dp
(o o BN b ) M C o U L C A R pox
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BG™-y") 2By %) | 2By 2Bx(-3y") _ 1dp

4y Pty (Z+y)? (P +y?) pay
and 0=—(1/p)(Op/02z)
Simplifying the above equations, we have
2B°x 2 2 2 2 2042 2 1 op
)3 ) =226 ) =2,
P y)By y y o
2B2y 2 2N (.2 2 2,.2 2 1p
— 55T =y) (7 =3x7) + 207 (x7 =3y )] =—-——
(*+y°) p oy
and 0=0p/oz
Again simplifying the above equations, we have
2B°x 4 20 4 1 op ZBzxp ap
— X 2Ty ) = —— e, A NN .
or (x2+y2)5( y =y o ox Le B+ O @
2 2
%(ﬂc“fbczyzfy“):fla—p ie., %za—p .2
(x"+y%) p oz (x* 4y
and 0=0p/dz. ...(3
Relation (3) shows that the pressure p is independent of z, i.e., p = p (x, y). Hence, we have
dp = (Op/ ox)dx + (Op/0y)dy
2BZXP 232)’9 2 0.2, 2\-3
or dp = X + dy=Bp(x“+y°) " (2xdx +2ydy)
p (x2+y2)3 (x2+y2)3 Ly p y yay
or dp=Bp(x" +)°) d(x* +)7).

Integrating, p=C—(1/2)xB’p(x* +y*) 2 =C—{B*p/2(x* +y*)*},
where C is a constant of integratioon. It gives the required pressure distribution.

Ex. 14. The particle velocity for a fluid motion referred to rectangular axes is given by the
components u = A cos (mx/2a) cos (nz/2a), v =0, w = A sin (mx/2a) sin (nz/2a),
where A is a constant. Show that this is a possible motion of an incompressible fluid under no
body forces in an infinite fixed rigid tube, -a < x < a, 0 <z < 2a. Also, find the pressure
associated with this velocity field. [L.A.S. 1994; Meerut 2003]

Sd. Given u = A4 cos (mx/2a) cos (nz/2a), v =0, w= A sin (mx/2a) sin (nz/2a). ...(1)

From (1), Ou/ox =—(An/2a)sin(nx/2a) cos(nz/ 2a), 0v/0y=0
and ow/ 0z =(An/2a) sin(mx /2a) cos(nz/2a). }...(2)

o Ou/ox + Ovloy + ow/oz = 0,
showing that the given velocity components represent a physically possible flow.

The equations of motion for steady inviscid incompressible flow under no body forces are

u(Ouldx) + v(Ouldw) + wduldz) = —(1/p) (@p/dv), (3)
u(00/dx) + v(v/dy) + W(0vldz) = —(1/p) (3p/dy) (4
and u(Ow/ox) + v(ow/dy) + w(owldz) = —(1/p) (Op/0z). ..(5)
From (l)ou/oy=0, Oul/ oz =— (An/2a) cos (nx/2a) sin(nz/2a)
v/ ox = dv/ 8z =0, ow/dx = (An/ 2a) cos (rx / 2a) sin (12 / 2a) -(6)
and ow/ oy =0.
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Using (1), (2) and (6), the equations of motion (3), (4) and (5) become

X nz. Am X nz X nz An X nz 1 op
—Acos— cos —-— sin — cos— — 4 sin— sin —-—— c0s — Sin — = —— —
a 2a 2a 2a 2a 2a 2a 2a 2a 2a p Ox
0= —(1/p) (dp/oy)
™ nz Am ™ . Tmz . MXx . Mz Am . mx nz 1 op
Acos— cos —-— cos — sin— + Asin— sin —-——sin — cos— = ———
2a 2a 2a 2a 2a 2a 2a 2a 2a 2a p Oz
Simplifying the above equations, we have
Gp/@x:(npA2 /2a)cos(nx /2a)sin(nx / 2a), (7
dploy =0 -(8)
and Op/loz=—(npA*/2a)cos(nz/2a)sin(nz/2a). -9)

Equation (8) shows that the pressure p is independent of y so that p = p(x, z). Then
dp = (Op/ox)dx + (Op/0z)dz
or dp = (TEpAz/Za) [cos (mx/2a) sin (mx/2a) dx — cos (nz/2a) sin (nz/2a)dz], using (7) and (9)
Integrating, p =(npA*/2a)[(a/ m)sin® (x/ 2a) —(a/m)sin® (nz/2a)] + C
or p= (pA2 /2) [sin2 (mx /2a) —sin® (nz/2a)]+ C, C being a constant of integration. ...(10)
(10) gives the required pressure associated with the velocity field given by (1).

Ex. 15. Prove that if A = (Ou/0t) —v(0v/0x—0ou/0y)+ w(w/cz — w/dx) and u, v are two

similar expressions, then A dx + u dy + v dz is a perfect differential, if the external forces are
conservative and the density is constant. [Agra 2006]

Sol. Let (X, Y, Z) be the components of external forces. Since the external forces are
conservative, there exists force potential V(x, y, z) such that

X =-0V/ox, Y=-0V/oy and Z =-0V/oz. (D)
Euler’s dynamical equations of motion are

Du/Dt=X—(1/p) (dp/ 0x), ..(2)

Dv/Dt=Y —(1/p) (Op/0y) ..(3)

and Dw/Dt=27-(1/p)(0p/0z), ..(4)

where p(x, v, z) is the pressure at any point (x, y, z).
Using (1), (2), (3) and (4) can be rewritten as

Du/ Dt =-0V/ox—(1/p) (Op/ox), ..(5)
Dv/Dt=-0V /oy —(1/p)(dp/dy) ...(6)
and Dw/ Dt =-0V/0z—(1/p)(dp/0z). (7

Multiplying (5), (6) and (7) by dx, dy and dz and then adding, we have

D e 20 gy g [V OV gy V] L apd + Py Py,
Dt Dt Dt Ox oy Oz Ox oy Oz

or &d + d +—dz——dV——dp. ...(8)
Dt Dt p

Re-writing the given value of A, we have
Ou 80 Ou Ou ow

= — -V —+V—+W— —W—

ot 8x oy oz ox
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ou Ou Ou  Ou ( ou oo 6wj
= | —tu—+0—+w— |~ U —+V—+W—
ot Ox oy oz Ox Ox Ox
Du 1 0 5, 5 o Du 10d4*
=———= —(u" +v° + ==
Dt 2 ox w ) Dt 2 ox ~0)
252 ui+vi+w— and q2=u2+v +w?
Dt ot Ox y z
Dv 1 0q° 2
Similarly, o= FZ)_E% and v=%—%aai- .(10)
z

.. Using (9) and (10), we have,

Du Do Dw 1| oq° oq* oq’
Ndx+udy+vds = —dv+—dy+—dz ——| Z—dx+——dy +——dz
Y Y T Y 2{ax & o
=—dV - (1/p)dp - (1/2) x dg’ =~d [V+ (p/p)+(1/2) x ¢’],
which is a perfect differential which is what we wished to prove.

Ex. 16. A sphere whose radius at time t is b + a cos nt, is surrounded by liquid extending
to infinity under no forces. Prove that the pressure at distance r from the centre is less than the
pressure I1 at infinity by

n’a 2 a’ sin’ nt 3
R (b + a cos nt) {a(l — 3sin” nt) + b cos nt + 2—3(b + a cos nt)’}.
r
Prove also that least pressure at the surface of the sphere during the motion is
I1 - n’pa(a+b).
Sol. Let v’ be the velocity of the fluid at a distance 7' from the origin at any time ¢ and p

be the pressure there. Let 7/ = b + a cos nt and let » be the radius of any concentric sphere and
v be the velocity there. Then the equation continuity is

P =F(t)=r*v. (1)
From (1), ov/ot=F(t)/r? .(2)
The equation of motion is
ov ov 1 op F'(ty o(1 , 1op .
—+t—=——— —| = =——— 2
o var oo or 2 + E 27} , using (2)

Integrating it with respect to », we have

F'ty 1, p i )

-——+ EU =-+C, C being an arbitrary constant ..(3)
r P
When 7 = o, v =0, p = I1. So (3) gives C = I1/p. Hence (3) reduces to
F'(ty 1 I1-

PO, 1, H=p (4

r 2 p
Now, r=b+ acos nt = v'=dr'/dt = - an sin nt.

Then, 1 = Fo-= P = (b + a cos nt)2 (—an sin nt)
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or F(t)=—an (b + a cos nt)2 sin nt. (5
Defterentiating (5) with respect to ‘#’, we have

F'(t)= 2d*n* (b + a cos nt) sin® nt — anz(b + a cos nt)2 cos nt

or F'(H) = anz(b + a cos nt) [2a sin” nt — (b + a cos nt) cos nt] ..(6)
Now, (4) = TI-p=—(p/r)F'(t)+(1/2) x pv°. (7
or IM—-p =—(p/r)F'(t) + (p/2) {F(t)/rz}z, using (1)

Using (5) and (6), the above equation becomes
IM-p=—(p/r) x anz(b + a cos nt) [2a sin” nt — (b + a cos nt) cos nt]
+ (p/2r4) X aznz(b + a cos nt)4 sin® nt
= (panz/r) x (b+ acosnt) {a(1 -3 sin” nt) + b cos nt + (a/2r3) x sin’nt (b+ acos nt)3}

Second part : Atsurface r =r'= b+ acos nt,v=v"==dr'/dt = —an sin t.
Also, using (6), (4) reduces to

IT - F'@y 1,

B . ——()+—U2 = 1 .an®(b + a cos nt) [2a sin’ nt

p 7 2 " b+acosnt

—(b+acosnt)cosnt] + (1/2) a*n® sin® nt

=na [a(l - 3sin’ nt) + b cos nt + (1/2) x a sin” nt]. (8)
For the maximum or minimum of p, we must have
d(ll-p) _
dt( p j =0
ie. n’a [-6an sin nt cos nt — bn sin nt + na sin nt cos nt] = 0,
giving sinnt=0 or cosnt=—(b/5a) ie nt=0 or nt=cos (- b/5a).
d* (O-p\ d_» . . .
Now, P ( . 7 [n"a { 3an sin 2nt — bnsinnt + (1/2) x ansin 2nt}
_ 2 2 2 2
=n"a [-6an” cos 2nt — bn” cos nt + an” cos 2nt]
=n’a [—6an2 — b+ anz], when nt =0
2 (11— 2
" d—2( p) is negative when nt =0 = 5~ is positive when nt = 0.
dt p dt
Putting nt = 0 in (8), the least pressure p is given by I1 - p)p = nza(a + b)
and hence the required least pressure = p = I1 — pnza(a + b).

Ex. 17. A sphere of radius a is alone in an unbounded liquid which is at rest at a great
distance from the sphere and is subject to no external force. The sphere is forced to vibrate
radially keeping its spherical shape, the radius r at any time being given by r = a + b cos nt.
Show that if T1 is the pressure in the liquid at a great distance from the sphere, the least
pressure (assumed positive) at the surface of the sphere during the motion is I1 — nzpb(a + b).

Hint. Refer Ex. 16.

Ex. 18. 4 volume (4/3) x e’ of gravitating liquid, of density p is initially in the form of
a spherical shell of infinitely great radius. If the liquid shell contract under the influence of its
own attraction, there being no external or internal pressure, show that when the radius of the
inner spherical surface is r, its velocity will be given by

V2 = 4mypR/157) QR + 2R’y + 2R = 3R - 319,

where vy is the constant of gravitation, and R=r+c
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Sol. Let » be the radius of the inner surface and 7' be the distance of the point from the
centre of the spherical shell, where at time ¢, p is the pressure and v’ is the velocity.
Here attraction F at the point of which distance from the centre is 7’ is given by

4/3)xmyp(r” —r°) 4 ,
F= / Yf; = —myp| r'-—5 | (1)
r 3 r'
The equation of continuity is P = Fi) = 0. -(2)
From (2), ov'/ot=F'(f)/r? NE)
The equation of motion is X + U'a—U, =-F - 1o
ot or p or'
F'(ty (1 4 P 1o
+—| V" | =—Zmyp| r'-—5 |-—— > by (1) and (3
or ’,,12 8]"’(2 3 YP r,2 p or' y( ) an ( )
Integrating this with respect to ', we have
F'(y 1., 4 [ ) p , \
- +—0"=—— +—|-—+C,
2 3 WF{ R C being an arbitrary constant 4)
Initially, at the inner surface, »' = r, v' = v and p = 0.
L = A O O S S ) 5
r 2 3 2
Also, initially, at the outer surface, r=R, v =uv, (say) and p=0.
F(ty 1, 4 R* /3
(4 A— ] — ) = —— —4+— |+ C. ..(6
Q) = 2 Gl =3 m/p( >t % ©)
Subtracting (6) from (5), we have
yall (l_ij+l(02_vz)—_i ﬁ_R_z_ﬁ . 7
—F'(¢) RS 1 371“/P > > R A7)
From equation of continuity, we have v =R% L = F@). .(8)
From (8), v= F(t)/r2 and v, = F(t)/Rz. Then (7) becomes
1 1) 1| {FO¥ {FO0))? 4 3 R
-FO|———|+=|—F————F— |=—= —_— | -9
()(r Rj 2{ r R* 3Pl T2 R ©)
Now,(8) = rX(dr/dfy=R*dR/dt)=F()y =  rdr=RdR=F{)dt -(10)
Multiplying each term of (9) by 22 dr or 2R*dR or 2F(¢) dt (all being equal by virtue of (10)),

we have

11 (F(O))* | 2r%dr  2R%dR 4 ”
—| === |x 2F@) F'(t) dt + - = ——myp[3r*dr — R*dR — —x 2R* dR
(r R] 0 F'@®) 2 r4 Iz 3nvp[ ridr 7 ]

or G _%) A{F (O} + (F ()} d(% —%) - %nyp[3r4 dr - R* dR - 2R(R® - ¢*) dR]

[+ Given that R-rF= c3]
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5 5

Integrating , (r ) {F(1)}? nyp{ 32 - R? - 2% +cR? }
where we have chosen the constant of integration to be zero
or (l——) (R = 15 w307 = R + 5CRA. (1D

Given that when » = r, v = V. So from (8), WV = F().

. (11) gives (% —E) = nyp{3(r - 5) + 5R2(R3 - r3)], asR=r+¢
o 2 4 mpR [3(° - R°)+5R*(R* 1Y)

15 43 R-7r

47[pr
15r

or V= (30" + PR+ PR+ rR + R + SRR’ + R + 1)}
= (4mypRI157%) QR* + 2R%r + 2R - 3R — 3.

Ex. 19. 4 homogeneous liquid is contained between two concentric spherical surfaces, the
radius of the inner being a and that of the outer indefinitely great. The fluid is attracted to the
centre of these surfaces by a force O(r) and a constant pressure 11 is exerted at the outer
surface. Suppose [§(r) dr = w(r) and w(r) vanishes when ris infinite, show that if the inner
surface is removed, the pressure at the distance r is suddenly diminished by

M(a/r) - (aph)y(a).

Find §(r) so that the pressure immediately after the inner surface is removed may be the
same as it would be if no attractive force existed. Also with this value of ¢(r), find the velocity
of the inner boundary of the fluid at any period of the motion.

Sol. Let v be the velocity and p the pressure at a distance r' from the centre at any time .
Then the equation of continuity is P = = F(1). (D)

From (1), ov'/ot = F'(0)ir. (2

The equation of motion is

ov'/ot + v'(ov'lor'y = = (') — (1/p) (Oplor'),

Fl(t)y o (1
or 2 +ar,£2 j——(b() a,,by(2)

Integrating it with respect to 7/, we have

F (t) Iq)(r Ydr' -+ + C, C being an arbitrary constant
7 p
. O - 2 o
r 2 p

(" given that f(l)(r’) dr'=vy ()]
When ' =o, v'=0, p=1II and y(0)=0.S0 3) = C=1Il/p.

*. (3) becomes F (t) = -y )+ —P, ...(4)
r' 2 p
Given, initially when ¢ = 0, ' = 0 and p = p, (say). Then (4) gives
F'(0 Im-
SELE —w(r'>+Tp°- (5)
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Again, when 7' = a, p; = 0. So (5) reduces to

—(1/a) F'(0) = —y(a) + (IT/p). ...(6)
Dividing (5) by (6) and re-writting, we have
I1-p,—py()=1/ra - (1/r")a py(a). (7
Initially the liquid was at rest. Then hydrostatic pressure is given by
dp' = —p (") dr' so that p'=C —py(). (8)

[ J60) dr' = ()]
But, when 7' = o0, y(0) = 0 and p’ = I1. So (8) gives C' = I1 and hence (8) reduces to
p' =1 -py(). -(9)
Then decrease in pressure
=p' =py=—-py(’) - [ - py(’) + (1/r)la+ (1/r') apy(a)], using (7) and (9)
.. The required decrease in pressure at distance » = I1(a/r) — (ap/r)y(a).
Second Part : In presence of attractive forces, (7) gives
Py =I1—py () — (1/r)a + (1/r)apy(a). ..(10)
In absence of attractive forces, the terms containing y are zero and hence the corresponding
pressure p; is given by (10) as
po =11 - (1/r)a. .(11)
But, by the condition of the problem, p, = p{. Hence, using (10) and (11), we get
: IT - py (") — (1/rIa + (1/rapy(a) =1 — (1/r)I1a.

y(r') = (alr)y(a), (12)
Given [6G") dr' = (@) so that o) = %\y(r’).
N4 dfa __ay(@)
0= (r, w(a)] -

Substituting the above value of y(7') in (4), we have

_m+lv’2 _M+u

i Y T i 0 ‘ ..(13)
When 7' = r, v' = v, p = 0. Then (13) becomes
F'(t) 1 ay(a) TII
W, L _avi) 11 s
r 2 r p
The equation of continuity is F() = .
d 2 d 2 dr d 2 dr
F{t) =— (r'v)y=— (r'v)-—=v— (r'v), as v=—
® dt( ) dr( ) dt dr( ) dt

=0 2rv+rzﬂ =2r0% +r20ﬂ.
dr dr

.. Subtituting the above value of F'(t) in (14), we have

—l£2r02 +r? v?j+lvz :—&W)+E

7 r 2 r [Y)
or rvﬂ+202—lvz=&w)—E
dr 2 r p
or 2rvdv + 30 dr =[2ray(a) — 211/ p)r* ] dr
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or d(r*v*) =[2ray(a) — (2I1/p)r?] dr.

Integrating, ot = a\v(a)r2 - (2H/3p)r3 + C', C'Dbeing an arbitrary constant ... (15)
When r = a, v=0. So (15) gives C' = (2M/3p)a® - y(a)a’.
Putting this value of C' in (15), the required velocity is given by

v = ay(a)? + 2I1/3p) (a® — ).

Ex. 20. A mass of uniform liquid is in the form of a thick spherical shell bounded by
concentric spheres of radii a and b (a < b). The cavity is filled with gas the pressure of which
varies according to Boyle's law and is initially equal to atmospheric pressure I1 and the mass of
which may be neglected. The outer surface of the shell is exposed to atmospheric pressure.
Prove that if the system is symmetrically disturbed, so that particle moves along a line joining it to
the centre, the time of small oscillation is

1/2
b-a
2na {pﬁ} » where p is the density of the fluid.

Sol. Here the motion of the fluid will take place in such a manner so that each element of the
fluid moves towards the centre. Hence the free surface would be spherical. Thus the fluid velocity
v will be radial and v will be function of x (the radial distance from the centre of the spherical shell
which is taken as origin) and ¢ only. Let p be pressure at a distance x. Then the equation of
continuity is

x*v = F(1) so that ovlot = F'(1)lx* e
The equation of motion is
@+v@:_18_p or F(t)+i£lvzj=—la—p, using (1).
ot ox pox ¥ ox\2 p Ox
! 1
Integrating it w.r.t. ‘x’, we get ENO) + Evz --Lic -(2)
X p

Let » and R be internal and external radii of the shell at any time ¢ Since the given shell
contains gas, it follows that there will be pressure on the inner surface. Let p = p, when x = 7.
Since the total mass of the liquid is constant, we have

4 3 4 3 4 3 4 5
—nR ——mw’ |p=|=-nb" ——ma 33
£3 3 jp £3 3 P or R —-r=b-a. ...(3)
Since the initial pressure of the gas is equal to atmospheric pressure I1, Boyle’s law gives
@4/3) % x p, = (43) x na’ x I sothat  p, = (a'TI)/r. (%)
Since the outer surface is exposed to atmospheric pressure I1, we have
when x = R, v = dR/dt= U, (say) and p =TI So (2) gives
F'() 1,2 10
—T-I-EU :_F_I—C. (5)
Again, when x=r, ©=dr/dt= u(say), p=p = (a3H)/r3, by (4)
’ 3
So by (2), _Fo +lu2 = _ann + C, C being an arbitrary constant. ...(6)

r 2 pr3
Subtracting (6) from (5), we have

3
(%—%)F’(t)+%(U2 —u2)=%(j—3—1) A7)
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Since we are to consider small oscillation, so U and u” are small quantities and hence we
neglect them. Then (7) reduces to

o= Dx 8k ®)
p ¥  R-r
By continuity equation (1), F() = Pu.
2
d
F'(H) = 2rﬂu+r2ﬂ=2m2+r2ﬂ, as  u=2
dt dt dt* dt
or F'(H) = rz(dzr/dtz), neglecting u* as before
5 clzr_l_1><113—r3>< R
Then (8) becomes L 0 2 R_r ...(9)
Since the displacement is small. We choose small quantities x and x’ such that
r=a+x and R=5b+x. ...(10)
d*r  d? d’r Fd%x
Then (10) = —=——(a+x) or —=——=X. (say)
> dt? dt*  dr’
I & —(a+x) b+x'
L 9)b +x)P g = —x L x
(9) becomes (@t )" % p (a+x) b+x"—(a+x)
. O &-d1+x/a)’ b+x' . I 1-(+x/a)’ b+x'
or X = —X 7 X ; or X = —X 1 X -
p (a+x) b—a+x'—x p (I+x/a) X' —-x+b-a
. m 1-(1+3 b+x' L
or X =—X (L+3x/a) X o , to first order of approximation ..(11)
ap (1+4x/a) x'-x+b-a
Using (10), (3) reduces to
b+ x’)3 —(a+ x)3 =b—a or b3(1 + x’/b)3 - a3(1 + x/a)3 =b-a
or b3(1 + 3x'/b) — a3(1 + 3x/a) = b - a3, to first order of approximation
or 3x'b* = 3dx = 0 or X' = a’x/b. . (12)
Using (12), (11) reduces to
o (3x/a)(b+a’x/b?) _ (3xb/a)
ap (1+4x/a)[(a*x/b*) —x+b—a] ap (a’x/b*)—x+b—a+ (4xb/a) - 4x
[To first order approximation]
-1
_ o (3xb/a) _ 3l 1+(a2/b2)—5+(4b/a)x
ap x(a®/b* -5+4bla)+b—-a azp(b—a) b-a

3pITx (a®/b) =5+ (4b/a)
3 1- X+....
a’p(b - a) b-a

X = —fix , to first order of approximation
a’p(b-a)
which represents simple harmonic motion of time period

/
21 o - {p(b - a)}1 2
[3bI1/a*p(b — a)]"* 3I1b '
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EXERCISE 3 (A)

1. Obtain Euler’s equation of motion in cartesian form. [Kanpur 2002; 2004]
2. Prove that the equation of motion of a homogeneous inviscid liquid moving under

1
conservative forces may be written in the form Z—(tl —qxcurl q = —grad (ﬁ + 59 2+ Qj
p

[Hint. From Art. 3.1, we have aa—(tl—qxcurlq:F —le _%qu ..(D)
p

Since the forces form a conservative system, there exists a force potential Q such that

F = -VQ. Moreover, the fluid being homogeneous, we may write A/p)Vp=V(p/p).

Hence (1) reduces to

q p 1 2j oq p. 1,
——gxcurlq=-VQ-V| & |-V]| — or ——qxcurlq=—grad| =+—g~ +Q
a1 4 { P j (z 1 ot p 2

3. A mass of fluid of density p and volume (4rmc?)/3 is in the form of a speherical shell.
There is a constant pressure p on the external surface, and zero pressure on the internal surface.

Initially the fluid is at rest and the external radius 2nc. Show that when the external radius
becomes nc the velocity U of the external surface is given by

. 14p -1y
3p n—(m -3

Ex. 4. The particle velocity for a fluid motion referred to rectangular axes is given by
(Acos(nx/2a) cos(nz/2a),0, Asin(mx/2a)sin(nz/2a)), where A, a are constants. Show that
this is a possible motion of an inconpressible fluid under no body forces in an infinite fixed rigid
tube —a<x<a, 0<z<2a. Also find the pressure associated with this velocity field.

Sol. Let u, v, w be the components of velocity referred to rectangular axes OX, OY, OZ. Then
we have  u = Acos(mx/2a)cos(nz / 2a), v=0, w = Asin(nx / 2a)sin(nz / 2a).

Now do as in solved example 14 of Art 3.4

Ex. 5. 4 sphere is at rest in an infinite mass of homogeneous liquid of density p. The
pressure at infinity being w. Show that, if the radius R of the sphere varies in any manner, the

pressure at the surface of the sphere at any time is v_v+(p/2){a’2 (R)? /dt? +(dR/dt)2}.
Sol. Refer solved Ex. 1 of Art 3.4 by taking IT=w. [LA.S. 1996]

3.5. Impulsive action.

Let sudden velocity changes be produced at the boundaries of an incompressible fluid or
that impulsive forces be made to act to its interior. Then it is known that the impulsive pressure
at any point is the same in every direction. Moreover the dstrubances produced in both cases are
propagated instantaneously throughout the fluid.

3.6. Equation of motion under Impulsive forces (Vector form).
[Meerut 2007; Kanpur 2000, 03, 05, 09; Rohilkhand 2000, 05]

Let S be an arbitrary small closed surface drawn in the incompressible fluid enclosing a
volume V. Let I be the impulsive body force per unit mass. Let this impulse change the velocity at
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3.5. Impulsive action.

Let sudden velocity changes be produced at the boundaries of an incompressible fluid or
that impulsive forces be made to act to its interior. Then it is known that the impulsive pressure
at any point is the same in every direction. Moreover the dstrubances produced in both cases are
propagated instantaneously throughout the fluid.

3.6. Equation of motion under Impulsive forces (Vector form).
[Meerut 2007; Kanpur 2000, 03, 05, 09; Rohilkhand 2000, 05]

Let S be an arbitrary small closed surface drawn in the incompressible fluid enclosing a
volume V. Let I be the impulsive body force per unit mass. Let this impulse change the velocity at
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P (r, t) of Vinstantaneously from q, to q, and let it produce impulsive n
pressure on the boundary S. Let @ denote the inpulsive pressure on S
the element §S of S. Let n be the unit outward drawn normal at §S. S

Let p be density of the fluid.

We now apply Newton’s second law for inpulsive motion to
the fluid enclosed by S, namely,

Total impulse applied = Change of momentum

IVIpdV—ISnmdSz IVp(qz —q)dv ()
But j nods :j VaodV (by Gauss divergence theorem)
s v
- From (1), J,1p-v6-pa,-an1ar =0 @)

Since ¥ is an arbitrary small volume, (2) gives

Ip-Vo-p(@,-q,)=0 or 9 -q,=1-(1/p)Vd -(3)
Cor. 1. Let I = 0 (i.e. external impulsive body forces are absent) whereas impulsive pressures
be present. Then (3) reduces to

@©-q=—1/pVo -(4)
From (4), V-@y-q)=V-[-1/p)Va]
or V-q, Vg =-(1/p)V’ 0, (%)
For the incompressible fluid, the equation of continuity gives
V-q,=V-q,=0 ...(6)

Making use of (6), (5) reduces to
vig=0. (Laplace’s equation) (D

Cor. 2. Let q; = 0 and I = 0 so that the motion is started from rest by the application of
impulsive pressure at the boundaries but without use of external impulsive body forces. Then,
writing q, = q, (3) reduces to

q=-V(®/p), (8)
showing that there exists a velocity potential ¢ =@/p and that the motion is irrotational.

Cor. 3. Let I = 0 i.e. let there be no extraneous impulses. Further, let ¢, and ¢, denote the
velocity potential just before and just after the impulsive action. Then

q =-V and a4 =-Vi, --(9)
Then (3) reduces to
Vo, +Vo, =—~(1/p)Vd or Vo=pV(p, —¢)
Integrating, when p is constant O=p(d, —¢)+C.

The constant C may be omitted by regarding as an extra pressure and constant throughout
the fluid.

O =pd, —pP;. -.(10)
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Cor. 4. Physical meaning of velocity potential.

Take ¢, =0 and p=1 in cor. 3. Then we find that any actual motion, for which a single
valued velocity potential exists, could be produced instantaneously from rest by applying appropriate
impulses. We then also note that the velocity potential is the impulsive pressure at any point.

It is also easily seen that when a state of rotational motion exists in a fluid, the motion
could neither be created nor destroyed by impulsive pressures.

3.7. Equations of motion under Impulsive Force (Cartesian form). [Kanpur 2002, 05]

Let there by a fluid particle at P(x, y, z) and let p be the density of the incompressible fluid.
Let u,, v|, w, and u,, v,, w, be the velocity components at the point P just before and just after the
impulsive action. Let [, 1,1, be the components of the external impulsive forces per unit mass of
the fluid. Construct a small parallelepiped with edges of lengths &x, Jdy, 8z parallel to their
respective co-ordinate axes, having P at one of the angular points as shown in figure. Let @
denote the impulsive pressure at P. Then, we have

21 Q Q'
74
~ A R ~ 0B
o dy dz Sx «——(® tox 8x) 8y 6z
S/ Px 2 F
o S S X
Y,
Force on the face PORS = ®dy oz = f (x,y,z) say (1)
. Force on the face P"Q' R'S" =f(x + &x, y,z) = f(x,y,z)+5xa£ fxy,2)+... .2
X

(expanding by Taylor’s theorem)
. The net force on the opposite faces PORS and P'Q'R'S’

. . o .
:f(x7y7z)_[f (x7y7z)+8xaf (x7y7z)+"']
o . L
=— 5x6— f(x,y,2), to the first order of approximation
X
0, . .
=—-0x—(®dydz), using (1)
Oox

=—0xdy 6266—0), which will act along the x-axis. ..(3)
X
Again, the impulse on the elementary parallelepiped along the x-axis due to external impulsive

body force I, =pdxdydz I,. ..(4)

Finally, the change in momentum along x-axis = pdx 3y 6z (u, —u;) (5
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We now apply Newton’s second law for impulsive motion to the fluid enclosed by the
parallelopiped, namely,
Total impulse applied along x-axis = Change of momentum along x-axis

—dx0ydz ((33_0) + pdxdydz I, = pdxdydz (uy —uy)
X

or p(uy —uy)=pI, —(0®d/0x) ...(6)
Similarly p(v,—wv)=pl, —(0®/dy) .(7)
and p(wy—w)=pI, —(0®/0z). ...(8)

Equations (6), (7) and (8) are the required equations of motion of an incompressible fluid
under impulsive forces.
3.8. lllustrative solved examples.

Ex. 1. A sphere of radius a is surrounded by infinite liquid of density P, the pressure at
infinity being T1. The sphere is suddenly annihilated. Show that the pressure at a distance r from

the centre immediately falls to T1(1—a/r). [Purvanchel 2004, I.A.S. 1996]

Show further that if the liquid is brought to rest by impinging on a concentric sphere of

radius a/2, the impulsive pressure sustained by the surface of this sphere is (7I1p*/ 6)"2.

Sol. Let v" be the velocity at a distance ' from the centre of the sphere at any time ¢ and
p the pressure there. Then the equation of continuity is

o' = F (1) (1)
From (1), ov'lot=F'(t)/r? (2
The equation of motion is
o' v 10P F'(fy © (1 ,zj 1oP .
Y UL or +—| v |=———, using (2)
oa o por 72 a2 par” PE
Integrating, —F—(,t)+%v’2 = _£,+ C, C being an arbitrary constant.
r r
When ' =oo, then p=II and v'=0 so that C=T1I/p.
FO 1 _H-p -(3)
r 2 p
When the sphere is suddenly annihilated, we have
t=0, r'=a, v'=0 and p=0
! IT , 11
- From (3), Fo_n so that Flo)=-22
a [ p
Hence immediately after the annihilation of the sphere (with ¢ = 0, v'=0), (3) reduces to
_ a
at o, HO-p or P=H{1——,j -(4)
pr' p r
Thus at the time of annihilation, when r' =r, the pressure is given by
p:H(l—a/r’). ..(5)
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Second Part. If o be the impulsive pressure at distance 7', then we have

do=—pv'dr' ..(6)

Let » be the radius of the inner surface and v the velocity there. Then by the equation of
continuity, we have

F(t)=r'v=r"0' so that v’ = (r*v)/ " (7
. (6) gives do' =pv(r* | r*)dr
Integrating with respect to ', we get d=po(r*/r)+C' ..(8)
When 7' =00, ®=0 so that C' =0.
d=po(r*/r), .9

which gives the impulsive pressure @& at a distance '. Since » = a/2, (9) reduces to

2

. 1
®0=—pva” -— ...(10)
-

=

We now determine velocity v at the inner surface of the sphere. Setting »'=r, v'=0 and

, Fo re I
p =01n (3), we get p ) b .. (1D
From (7), F'(t)= 1(#0) L e L S YN
dt dt d d dt dr
d
Thus, F(t) =2r0% +72020 as v
dr dt
1 2 2 dv 1 2 IT
. i ——| 2rv" +r'v— |+ =0 =—
- (11) gives r( ar ) 2 0
Multiplying both sides by (— 2/ dr), we get
2 2
2r’vdo+3r*vt dr = —zidr or d(r3v2)=—2£dr
p p
3
Integrating, P =— Zl;lr +C", C" being an arbitrary constant
p
3
When r=a, v=0 so that C'"=- 2la .
3p
v’ =£(a3—r3) ..(12)
3p

The velocity v on the surface of the sphere of radius a/2 (which would be the inner surface
on which the liquid impinges) is given by (12) by replacing » by a/2

, 2l &*-d*/8 14 11
VT E—X——— = — X —
3p a’/8 3 p
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Putting this value of v in (10), the impulsive pressure at a distance ' is given by

(I)—B EXE l/zﬁ 13
4 3 p r! .n( )

Hence the desired impulsive pressure on the surface of the sphere of radius a/2 is given by

setting ' =a/2 in (13).
1/2 ) ,\1/2
) B Exg X a = 7Hpa
43 »p (a/2) 6

Ex. 2. 4 portion of homogeneous fluid is contained between two concentric spheres of radii
A and a, and is attracted towards their centre by a force varying inversely as the square of the
distance. The inner spherical surface is suddenly annihilated and when the radii of the inner and
outer surfaces of the fluid are r and R the fluid impinges on a solid ball concentric with these
surfaces, prove that the impulsive pressure at any point of the ball for different values of R and
r varies as

22 2, p2 12
{(a —r° —A"+R)(1/r- I/R)} [Agra 1996; Kanpur 1998]

Sol. Let v' be the velocity at a distance ' from the centre of the sphere at any time ¢ and p the
pressure there. Then the equation of continuity is

I’IZZ)’:F(t) (l)
From (1), ov'lot =F'(t) /" -(2)

Taking n/ #'? as the force towards the centre of the sphere, the equation of motion is

o' o p lop F'(ty o (1 19
Y S o s 202 - _ u ___p :
ot o 2 por or 2 +_8r' (2 v j — pwE using (2)

r (,t) +%v’2 :ﬁ,_£+c, C being an arbitrary constant ..(3)
r r'op

Integrating, -

Let r and R be the internal and external radii of the fluid at any time ¢ and v and V' be the
velocities there. Thus, we have

When r'=R, =V, p=0 and also when r'=0, v'=0, p=0

- (3) yields FO 1y B (4
R 2 R
F'(t) 1
and ——()+—1’2 =c+E ..(5)
r 2 r
Subtracting (4) from (5), we have
, 1 1 | ) 1 1
-F'(t)|——= |+=@ =V )=p|———
o[ (1) o
From the equation of continuity (1), we have
v = R*V = F(f) (7
From (7), r? ar =R? ar =F(t)
dt dt
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7 dr =R dR = F() dt -(8)
Using (7), (6) reduces to

rolt-A]-eor [t

Multiplying both sides by 2F(7) dt, we get

2F (1) 2F(t)}d [ZF(I)_ZF(I)}dt
R B r

—2F(t)F(t)(———j dt +— {F O} [ R

}"

2dr 2dR
or —2F(t) F'(1) £———j —{F O) [ ?} =u(2rdr — 2RdR), using (8)
Integrating, ~{F ()} [— —E} ne? -R*)+C', being arbitrary constant -(9)
Since velocity is zero when » = a and R = 4, it follows that F(f) = 0. Then (9) reduces to
0=p(a*-4H)+C' ie. C'=—n@a -4%
(9) becommes ~{F()}’ [———J n(’ =R -a’+4%) ..(10)

If @ be the impulsive pressure at a distance ', then we have

do=—pv' dr'=- (t) dr', using (1)
Integrating, &= P th) +C", C" being an arbitrary constant
rl

But when, »'=R, ®=0 so that C"=[pF(t)]/R. So the above equation gives
d=pF@)(1/r'-1/R)
Hence the impulsive pressure at any point of the ball where ' =7 is given by
o=pF@)(A/r-1/R) (11

2 2 2, 202
From (10), F(r):{“(“ (1_/’" _IIjR;—R )}
,,_

172
o=puf@-r’ =42+ R)(1/r-UR)
showing that the required impulsive pressure varies as {(a2 —r2 A2+ RHA/r-1/ R)}

EXERCISE 3(B)

1. If a bomb shell explodes at a great depth beneath the surface of the sea, prove that the
impulsive pressure at any point varies inversely as the distance from the centre of the shell.

2. Prove that if @ be the impulsive pressure, ¢, ¢’ the velocity potentials immediately
before and after an impulse acts, V' the potential of the impulses, then ® +pV + p(¢'—¢) = const.

3. Find the equations of motion of a perfect fluid under extraneous impulses and impulsive
pressure. Deduce that any actual irrotational motion of a liquid can be produced instantaneously
from rest by a set of impulses properly applied.
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The energy equation.
[Kanpue 2007; Agra 2005; Banglore 2006; Patna 2003, 06; Garhwal 2005]
Statement : The rate of change of total energy (kinetic, potential and intrinsic) of any
portion of a compressible inviscid fluid as it moves about is equal to the rate at which work is
being done by the pressure on the boundary. The potential due to the extraneous forces is supposed
to be independent of time.
Proof. Consider any arbitrary closed surface S drawn in the region occupied by the inviscid
fluid and let V' be the volume of the fluid within S. Let p be the density of the fluid particle P

within § and dV be the volume element surrounding P. Let q (r, #) be the velocity of P. Then, the

Euler’s equation of motion is dq/dt=—(1/p)Vp +F. . (1)
Let the external forces be conservative so that there exists a force potential Q which is
independent of time. Thus F=-VQ and 0Q/0t=0.
Using the above results and then multiplying both sides of (1) scalarly by q, we get
dq d(1 ,
— |=—q-Vp-plq-VQ —| = +(q-V)Q |=—q-V
qu dtj qQ-Vp-plq-VQ] o p{m(zq j (q-V) } QaVp Q)
But £=§9+(q.v)9=(q.v)g, since X _
dt ot ot
. d (1,
Hence, equation (2) becomes p; Eq +Q1=-q-Vp ..(3)

Since the elementary mass remains invariant throughout the motion, so d(pV)/dt=0...(4)

Integrating both sides of (3) over V, we have

d(1 d -
deizq jpdV+ IVE (PQ)dV == (qVp)dV

d(1l , 1 ,d d _
o L e e L o)+ [ S0 = - v

[Noting that , (4) = (¢° /2)x {d(pdV)/dt)}=0]

d 1 d
Thus, ] V[quzjdv +— [, 0 ar == (@Vp)ar (5

Let 7, W and I denote the kinetic, potential and intrinsic (internal) energies respectively. Then,
by definitions

* Here, we write d/dt for D/Dt so that d/dt=D/Dt=0/0t+q-V (Refer note of Art. 2.4)
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oo’ J J
-| = W = Qdv, I= EdV,
T jV Jpa’ V. P P (6)
where E is the intrinsic energy per unit mass,
Since V-(pq)=pV-q+q-Vp, we have q-Vp=V-(pq)—pV-q
- RHS. of (4) =—j v-(pq)dV+j PV -qdV =qu-ndS+LpV-qu, (7
v v

[By Gauss divergence theorem]
where n is unit inward normal and dS is the element of the fluid surface S. We now prove that
dl
cqdV =——
IV pv-q r (8)

Now, E is defined as the work done by the unit mass of the fluid against external pressure p
(assuming that there exists a relation between pressure and density) from its actual state to some

standard state in which p, and p, are the values of pressure and density respectively.

14
E= jVO pdv, where Vp =1, ie., V=1/p
PO 1 Pop ya
or E= _[p pd (B) = _[ dp —I dp -9)
From (9), dE = % and so dE d—E ap = % ar
dp p dr dp dt p- dt

Multiplying both sides by pd V' and then integrating over a volume ¥, we have

9k ay = I pdp .(10)
v dt vp dt
d dE d
But —(EpdV)=—pdV + E—(pdV
u dt( pdV) 7" 7 (pdV’)
E .
%(Epd V) =il—tpdV, using (4) .(11)
Also from the equation of continuity, dp/dt=—-pV-q -(12)
Using (11) and (12), (10) reduces to
iJ‘ EpdV:—I pV-qdV or ﬂ:—J‘ pV-qdV, by (6)
dtdv v dt 4

which proves (8).
Again the rate of work done by the fluid pressure on an element §§ of Sis p8S n- q.

Hence the net rate at which work is being done by the fluid pressure is

L pq-ndsS =R, (say) -(13)
Using (8) and (13), (7) reduces to
RH.S. of (4) =R - dl /dt ..(14)
d
Hence using (6) and (14), (4) reduces to E(T +W+1)=R, ..(15)
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which is the desired energy equation. It is also known as “the Volume integral form of Bernoulli’s
equation”.

Re-writing (15), %(T+W)=R—%=qu-nd$+IVpV-qu .15y

[on putting values of R and dl/dt]
Corollary. Energy equation for incompressible fluids.
Since /= 0 for incompressible fluids, (15) reduces to

%(T +W)=R. .(16)

Remark. Many problems solved so far in this chapter may also be solved by using the
energy equation. This principle is used to shorten the solution. In what follows, we will give two
methods to solve many problems.

The energy equation is stated as follows : The rate of increase of energy in the system is
equal to the rate at which work is done on the system.
3.10. lllustrative solved examples.

Ex. 1. An infinite mass of fluid is acted on by a force p,/r3/2 per unit mass directed to the
origin. If initially the fluid is at rest and there is a cavity in the form of the sphere r = c in it,

show that the cavity will be filled up after an interval of time (2/5;1)1/2 o
[Kanpur 1999, 2009; Meerut 2005; 1.A.S. 2003]

Sol. Method I At any time ¢, let v" be the velocity at distance # from the centre. Again, let r
be the radius of the cavity and v its velocity. Then the equation of continuity yields

20 = o (1)

When the radius of the cavity is 7, then

I * 1 2 2 ~ Kinetic energy = 1 X mass x (Velocity)2
Kinetic energy =I 5(4711" pdr')-v' ) gy 7

=2npriv? J. %’ using (1)
rr

=2n pr3vz.
The initial kinetic energy is zero.
Let 7 be the work function (or force potential) due to external forces. Then, we have

_8_V,= tt/z so that V= 2u
o 172

. the work done = rVdm, dm being the elementary mass

cof 2 c 1
:J' ( ﬁz)“mﬂ ar'p =87WPJ. 312 dr’=?6npu(c5/2 512
14 r

r

We now use energy equation, namely, Increase in kinetic energy = work done
This = 27tpr3v2 -0=(16/5) xmpu (cS/2 —r52)
12 52 5/2\1/2
_dr_ (& % -Q2)
dt 5 2

wherein negative sign is taken because » decreases as ¢ increases.
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Let T be the time of filling up the cavity. Then (2) gives

J,T :[ j J, 2 gy . [ j J, 2 gy
0 Su fCS/z 512y 8 \/'05/2 572y

Put P =c"%sin? 0 so that (5/2)><r3/2dr:2c5/2sin9cos9d9.

1/2 1/2
/2
T= > J‘n ic5/4sin6d@= 2 o,
8u 0o 5 Sp

Second Method. Here the motion of the fluid will take place in such a manner so that each
element of the fluid moves towards the centre. Hence the free surface would be spherical. Thus the

fluid velocity o' will be radial and hence v’ will be function of 7' (the radial distance from the
centre of the sphere which is taken as origin) and time ¢. Also, let v be the velocity at a distance 7.

Then the equation of continuity is

v = Ft) = o e
From (1), % = % -(2)

The equation of motion is

L Y

q

ot or' r'3/2 p 5‘

or F (zt) +i£1012j W }3"’ _l a_p, using 2) -.(3)
% or'\ 2 7 /2 p or'
Integrating (3) with respect to 7', we have

Fi() 1 o, 2p p
v +EU )- 7 —E +C, C being an arbitrary constant (4

When ¥ = w0, ©' =0, p=0. So from (4), C = 0. Then (4) becomes

- 20 I _E
Now when 7' = r, v' = v and p = 0. So (5) reduces to

PO 10 2

FO 1 20 p (5

. 5 T ...(6)
Now, (1) = Fo=rv =  F'@)=2rv(drld)+ r*(dvldr)
or F'(f)=2rv ﬂ+r2@ﬂ=2r02+r20ﬂ, as ﬂ:
dt dr dt dr dt
Hence (6) gives
1 , o, dv] v 2u dv 3 2
——| 2r0* + PP |+ — =" R .
r{ dr} 2 2 o " t5v 2
Multiplying both sides by 2/%, the above equation can be written as
2r°0 do + 3r*0* dr = —4;.11’3/2 dr or d (r302) = —4;.11’3/2 dr.
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Integrating, v’ = —(8u/ 5)1’5/2 + D, D being an arbitrary constant A7)

When r=¢,v=0. So (7) gives D = (8u/5)c5/2 Hence (7) reduces to
3.2 52 52
ro°=@8usS) x (¢ -r")

o (8 12 (52 s\
or v= "= —

taking negative sign for dr/dt since velocity increases as r decreases.
Let T be the time of filling up the cavity, then

A2 g
= 8u J- (5/2 2 2 -(8)

Let %= sin’ 0 so that (5/2) x " dr = ¢ sin 0 cos 6 db.
1/2 1/2
4 72 512 i 454 L
_4 i J‘ c 5/s;n Ocos 6 40— c i J‘ S 6 46
5\ 8u o ¢ cosB 5.\ 8u Y
o T=@50)" x ™.

Ex. 4. An infinite fluid in which a spherical hollow of radius a is initially at rest under the
action of no forces. If a constant pressure Il is applied at infinity, show that the time of filling up

r(5/6)
the cavity is a oIl m [Agra 2004, 05]

and show that it is equivalent to 2°'°7* a(p/11)* {r(1/3)}‘3 [Meerut 2008, 11; Kanpur 2002]

Sol. At any time ¢, let ¢’ be the velocity at distance ' from the centre. Again, let 7 be the
radius of the cavity and v its velocity. Then the equation of continuity yields

r:zv,:rzv (1)

When the radius of the cavity is 7, then

. | ! .
Kinetic energy :J‘ 5(4751"2 dr'p)-v"? = 2npr4v2I d—g, using (1)
r ror

= 27:pr3v2 .
The initial kinetic energy is zero.

r 4
Again, the work done by the outer pressure = I 47rr2H(7dr) = E pll (a3 3 ).

Then, by the energy equation, we get 27:pr3v2 —0=(4/3)xmIl (a3 - r3)
_dr_ 2_Hll2a3fr3 2)
" B 3

where negative sign is taken because » decreases as ¢ increases.
Let T be the time of filling up the cavity. Then (2) gives

T 0 1/2 3/2 vz . 3/2
J‘ de I (3_pj ' dr o - (3_pj J‘ ' dr
0 a\ 201 @ —) 2a1) o [P

Put  =d’sin>® ie r=asin®?0 and dr=(2a/3) (sin0) > cosO dO
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1/2 3/2 . 1/2
3p 2 4% %sin® 2a , . 1/3 2a 3p J‘n/z . 2/3
r=| 22 a__smY Za _zaf e 0d0
[ 2nj IO o (sin) " cosedd =S| SF | [ sin

(2] GO (2 LES o ranE 0
3 211 2T (4/3) 6I1) T(4/3)

which is the required first part of the result.
From advanced Integral Calculus, we know that

T(m)T(n+1/2)= % (Duplication Formula) ...4d
and I'(n)T'(1-n)=m/sinnn .5
Replacing n by 1/3 in (4), we get r1/3)r(5/6)= 2l I'2/3)

(C/32T(5/6)=r23T(1/3)T(2/3) =/m 23T (1/3)C(1-1/3)
=/n 23 x{n/sin(x/3)}, by (5)

Thus, (T(1/3)}>T(5/6) =7 x2'3 x @27//3)
U(5/6) =~m x 213 x (2n/N3) % {[ (1/3)} 2 ..(6)
Also T4/3)=T(1+1/3)=(1/3)xT(1/3) (7

Using (6) and (7), (3) reduces to

, a(gj“ N rx2x@r/B) X[ /3)
-\ J6 (1/3)xT(1/3)

or 7 =2"7a(p/I)"* [T (1/3)]3.

Second Method. Here the motion of the fluid will take place in such a manner so that each
element of the fluid moves towards the centre. Hence the free surface would be spherical. Thus
the fluid velocity v’ will be radial and v’ will be function of 7’ (the radial distance from the centre
of the spherical shell which is taken as origin). and time ¢ only. Let p be pressure at a distance 7.
Then from the continuity equation, we have

¥ = Fi) = . (1)
From (1), w_F ©. o)
ot r'
The equation of motion is @ + v’@ = _l@_p
ot or' por
F' 1 1 .
or (zt) +i(_012j = __a_p, using (2) -0)
r or'\ 2 por'
Integrating (3) with respect to 7', we have
—F—(,t) +%v’2 =C —E, where C is an arbitrary constant. (4
r p

Initially, when 7' = oo, =0 and p=II so(d4) = C=Il/p.

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

F' 1 In-
_&4__'0’2 = —p

r 2 p

.. (4) becomes

(5

Let v be the velocity and » be the radius of spherical cavity at any time ¢ so that v' = v,
r=rand p = 0 (being hollow part of cavity). Then (5) reduces to

PO 1. 0
, + 20 > ...(6)
Now, from (1) , F@= 7?0 ..(7)

Differentiating (7) with respect to ¢, we have

F'(t)= r2@+ 2rvﬂ =’ ﬂﬂ+ 2r dar
dt dt dr dt dt
or F'(t)= o (dvldr) + 2r02, as dridt = v.
Substituting the above value of F'(f) in (6), we have
2
——|:I"27)d—+21’7)2:|+17)2 :E or }’Uﬂ+3i=—g-
2 p dr 2 p
Multiplying both sides by 2/%dr, we have
2F° v dvo+ 370 dr = — (2[/p) ¥dr.

Integrating, P ot =— (2I1/3p) * ' + D, where D is an arbitrary constant. ...(8)
Initially, when radius of cavity » = 0, then v = 0. Hence (8) gives D = 2I1/3p and so (8)
reduces to
13
30 2011 3 3 dr (211 "2 a’—r3
ro’= — (@ -r’) or v=— = —| 3= 3 )
3p dt 3p r

taking negative sign since v increases as r decreases.
Let T be the required time of filling up the cavity, then

)2 s )7
T——(ﬁj ‘[(a3—r3] dr. ...(9)

a

Putting 7 = @ sin”” 0 so that dr = (2a/3) x sin "> 0 cos 0 d0, (9) gives

1/2 0 3/2 .
T= _(3_Pj J‘ a—sme.z—asin_mecos 0d0o
211 2> % cos® 3

/2 m/ /
_2a(3)" f i ode2a( 30" TG/6r/2)
3\ 20 3\ 20 2T (4/3)

) s )l
- 3lemm)  3yrassy’ 3) 3) 3 13

e (ﬁj“z JrT(5/6)

a| 5 TR ..(10)
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From integral calculus, we know that

C(n)T(n+1/2)= % (1)
and ['(n) T(1-n)=mn/sinnn. ~(12)
Putting n = 1/3 in (11), T(1/3)T(5/6)=4n 2" T(2/3). -(13)

Multiplying both sides of (13) by I'(1/3), we get

[T (1/3)]]2 T (5/6)=4/r 23 T(1/3)T (2/3)

or [T (1/3)]2 1"(5/6):\/7t_21/3 r(1/3)T(1-1/3)
or [T (1/3)]° T (5/6)=+n 2% {n/sin(n/3)}, using (12)
\/;21/371_
I(5/6)= :
(10 3/2)[r(1/3)F

Substituting the above value of I"(5/6)in (10), we have

1/2 1/3
T—a[3—pj X \/E X \/;2 T

o0 F1/3) - (Var2)[ras)f

or T= % a(p/T)"? 25T (1/3)} .

Ex. 3. A mass of fluid of density p and volume (4/3) x e’ is in the form of a spherical shell.
A constant pressure T1 is exerted on the external surface of the shell. There is no pressure on the
internal surface and no other forces act on the liquid. Initially the liquid is at rest and the internal
radius of the shell is 2c. Prove that the velocity of the internal surface when its radius is c, is

un 2 )"
? m [Kanpur 1997]

Sol. At any time ¢, let v’ be the velocity at distance ' from the centre. Let » and R be the
radii and v and V' the velocities of the internal and external surfaces of the shell. Then the
equation of continuity yields 0 =r* (D)

Again from conservation of mass, we have

4 4
—nR*p ——mr*p = constant = — nic?
3 p 3 p 3 p
- R-7FP= so that R=r+c. ...(2)
Now, the initial kinetic energy is zero. Again the final kinetic energy
R1 R gy
:j E(47rr’2dr')v'2 =2Tcpr4U2J‘ a using (1)

b
, }",2

1

1
=2n o2 (/r—1/R =271 P el I S , .
P ( ) P ” (r3 +c3)”3 using (2)
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Again, the work done by the external pressure I1 in decreasing the shell from radius 7 to 2¢
- J' " 4 (~dr) = “"Tn(gc3 ).
2c
Then the energy equation yields

1 1 4
2npr402 {;W}Zgﬁn(géﬁ *7"3) (3)

The required value of velocity is given by setting » = ¢ in (3). Thus, we get

[14n 213

1/2
- 5 as required.
3p 27 -1

pc4v2 (%#jz%xnx(%% or v=
c

Second Method. Let » and R be the internal and external radii of the shell, 7' be any radius,
where the velocity is v' and the pressure p at any time .

Volume of liquid = %n}ﬁ N g %n‘c3 (given)

3
and so R=r+c ..(D)
The equation of continuity is ¥ = Fi) = *o=RV ...(2)
" F'(t
From (2), L = @, .3
ot 7'
The equation of motion is
o' o 1 g F'(t o1l , 1 g
W o E 1) 1,
ot or p or r' or'\ 2 por
Integrating it with respect to r', we have
F'(t) 1
——(,) + 50'2 = —% + C, C being an arbitrary constant (4
B

Initially, when ' = R, v" =V, p = I1 and when »' = r, v’ = v, p = 0 (as there is no pressure on
internal surface). Then (4) reduces to

_m+ly2f_ﬂ+c

T2 .05
F'(t) 1

and O e ¢ (6)
r 2

Subtracting (5) from (6), we have

1 1 1 I1 F(2 F(n?
—F’(t)(;—EJ+E(UZ—V2):F or _F’(I)G_i%l[{ o} {Fo} }:g

R) 2| 4 R* p
(1 1Y fFOYTr 1] on
or —F'(?) (7 - Ej + > |:r—4 - F:l = 0 . (7
From (2), o =RV =FQ
= #(drldt) = R*(dR/df) = F(t) = Pdr = R*dR = F(?) dt. -(8)
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Multiplying both sides of (7) by 2/°dr, we get

2
F(t 2 2 2

_2F'(h) rz[l_ ljdr+{ )} 2r4dr 2 4dr _200r7dr

r R ’ R )

-9)

Using relations (8), (9) may be rewritten as

—2F'(f) F(t)(% - %]

(F)Y' [22ar 2R*R| 21%dr
dt + 5 - n =
r R p

2
or (2= atran s rpaf3- 1 - 2 (10)
r R r R p

3
Integrating, {F(t)}2 (l—%j =— 21;“ + D, D being an arbitrary constant

r p

Initially, when » = 2¢, v = 0 [so that F(f) = 0 by (2)]. Hence (10) gives
0=—QM3p)’ + D or D = QI/3p)c’.

1 1

. (10) reduces to {F(t)}2(7 - ﬁ) = % (8c3 - r3)

1 1 211
or ot (— - E) = 37p (8c3 - r3), using (2).

1 1 211
or rio? {;—3—1/3} = ?p (8c* — ), using (1)

or U= : (11
P r4{1/r—1/(r3+c3)1/3} (

giving velocity v at the inner surface of the cavity. Hence the velocity of the internal surface
(where r = ¢) is given by

1/2
) 21 7’ {141‘[ 213 } _

(4

T 3p tl/e—ex2P) or =3, 25

Ex. 4. A mass of liquid surrounds a solid sphere of radius a, and its outer surface, which is

a concentric sphere of radius b, is subjected to a given constant pressure I, no other force

being in action on the liquid. The solid, sphere, suddenly shrinks into a concentric sphere,
determine the subsequent motion and the impulsive action on the sphere.

[Allahabad 2000; Kerala 2004]

Sol. At time ¢z, let ' be the velocity at distance 7' from the centre. Again, let R, r be the
radii of the external and internal boundaries at time ¢, and V, v their velocities. Then the equation

of continuity yields. ' = o (D)
Again from conservation of mass, we have
4

4 4 4
—nR*p——mrp =—nb’p ——nd’®
3 P 3 P 3 P 3 P
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so that R —rP=b0-d’= ¢, (say) -(2)
R=0"+ M5,
Now the initial kinetic energy is zero. Again the final kinetic energy

R 42

1%
2
Iz

R R
= j %(47rr’2 a’r’p)v’2 =2mp j 2 o? dr' = anj

r

dr', using (1)

=2m-*pv? (1/r —1/R)
and the work done by the outer pressure
R 2 4 3 3 4 3 3 H
=I 4nR H(—dR):EnH(b -R )=gnH(a —-r”), using (2)
b
Therefore, using the energy equation, we have

2wt pv? (1/r=1/R) = (4/3) xnIl(a® — 1)

oI 1/2 @ —r3)1/2 ST 1/2 (@ P2
U=\ 3T 2 A e -(3)
3p r“(1/r—1/R) 3p ,,2{1/,,_1/(},3+C3)1/3}

Expression for impulsive action on the sphere. Let 7 be the radius of the solid sphere and

@ the impulsive pressure at distance ' from its centre. Then we have

2 '
. o “odr .
do=—pv'dr'= p} ::2} , using (1)

r’o
Integrating, H="> —+C, C being an arbitrary constant

r
Given that ®=0 when 7'=R. Hence C =—(pr’v)/R. So d=pro(1/r-1/R).
Thus the impulsive pressure when »' =7 is given by o= przv (/7 —1/R).

Hence the whole impulsive pressure on the sphere = 4m°® =4m~v(R—r)/R,

and the whole momentum destroyed

A 2 R 2 R
=I (4mr'! dr’p)v'=47th‘ o'r'dr’ =47rpj r“vdr, using (1)

=4np v (R-r).

Ex. 5. Two equal closed cylinders, of height c, with their bases in the same horizontal
plane, are filled, one with water and the other with air of such a density as to support a column
h of water, h being lees than c. If a communication be opened between them at their bases, the
height x, to which the water rises, is given by the equation. cx — x* + ch log {(c — x)/c} = 0.

[Meerut 1997; Rajasthan 2000]

Sol. Let A (shown on L.H.S.) and B (shown on R.H.S.) be two cylinders containing water
and air respectively. Let o be the cross-section of each cylinder. The water and air are at rest
before and after the communication is set up between the two cylinders. Hence the initial and
final kinetic energies are zero.
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Now, initial potential energy V| due to water height in A4 is

After communication is set up, a height x of water rises in B and
hence a height (¢ — x) of water is left behind in A. Therefore, the final =
potential energy V, due to water in 4 and B is given by -

A
¢ r ’ 1 T
given by V= L gpox'dx =Egpotc2. M
A

v, =r_v gpox'dx' +I gpox'dx’'
0

=%gpoL[(c—x)2 +x7] =%gpot(c2 —2cx+2x%).
-, The work done against gravity
=V, — V, = loss in potential energy = (1/2)x gpa (2ex —2x7) = gpowx (¢ — x).

Again, work is also done against the compressions of air in B. Let p be the pressure of the air
when the water stands to a height x. Assume that temperature remains constant so that Boyle’s
law is applicable. Thus, we have

gphac =pa(c—x") so that p = (gphc)/(c—x")
x gphcal

Thus the total work done by this pressure = —I
0 c—x'

dx' = gphca log
Now by energy equation, we have

Increase in K.E. = total work done so that total work done = 0

. gpox(c—x)+ gphcalog {(c—x)/c}=0 or ex — x>+ ch log {(c —x)lc} =0

Ex. 6. Show that the rate per unit of time at which work is done by the internal pressures
between the parts of a compressible fluid obeying Boyle's law is

”I {Z—Z Z—;+Z—V: x dy dz,

where p is the pressure and u, v, w the velocity components at any point and the integration
extends through the volume of the fluid.

Sol. Let I be the work done in compressing the fluid, p is the pressure and dJ an elementary

volume. Then, we have W= [p(-dv)=-Ip dv.
Hence the rate per unit time of work done is given by
D
- j Ly, (D)
The equation of continuity is @+ p 8_u+% w =0. .(2)
Dt Ox 0Oy Oz

Since the compressible fluid obeys Boyle’s law, hence we have
p=kp so that p = plk. -(3)
Using (3), (2) becomes

£(£j+£a—u @ 8w =0 so that @:_pﬁ_u 62} 8w
Dt\ k Oox Oy oz Dt Ox @/ o
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. DW Ou 60 ow
Hence (1) gives Dt _J‘J‘J‘p(ax 8y GZJdV

which gives the required rate per unit of time at which work is done.

Ex. 7. A mass of perfect imcompressible fluid of density p is bounded by concentric spherical
surfaces. The outer surface is contained by a flexible envelope which exerts continuously uniform
pressure 11 and contracts from radius R, to radius R,. The hollow is filled with a gas obeying
Boyle’s law, its radius contracts from c, to c, and the pressure of gas is initially, p,. Initially the
whole mass is at rest. Prove that, neglecting the mass of the gas, the velocity v of the inner
surface when the configuration (R,, c,) is reached is given by

1, |1 o |0 p q )
—p =" 1= | == log — 1-—= 1.A.S. 2005
2 cg {3[ C13 p P & &) R, ! !

Sol. Let p, be the pressure of the gas when the internal radius is c2. Then, by Boyle’s law,

(4/3) x 71:c1p1 (4/3) x 71:c2p2 so that = (cf/cé)pl. ..(1)
Equation of continuity is Py = =F@ = 02 ..(2)
From (2), v = czzv/r ! ..(3)
Now, the initial kinetic energy (K.E) = 0.
R R dp'
and final K.E. = I ’ %(47U"2d}"p)0'2 = ancg‘sz‘ Zd%, by (3)
5 o r
= 2npcho’ 8 = 2npcv” -2 4)
pC, o R pC, R

Now, work done W by the external pressure IT and the internal pressure p, is given by

* 4R “ 411e2 s [rR27" o,

W = JR 4nR; TI(—dR,) +J 4le; pydey = -3 nl]] TZ +471:J c%.—gpldcz, using (1)
1 & ¢ c
R, ! 2

= (4/3)xall (R - R) +4mp,c; [log ¢, ]L

Gl

. = (4/3)xall (R’ - R)) +4mpc; log(c,/c,) . ..(5)
Slnce the mass of the fluid remains constant, we have
(4/3)x(R3 —3) = (4/3)x (R} — ) or R -R=¢ —c. ..(6)
Using (6), (5) reduces to
The work done = W= (4/3) nTl(c; — ;) +4mpic; log(cy /¢)). ()
Now, from the energy equation, Increase in K.E. = total work done
or 27rpc3202(1 - ¢,/R,) = (4/3) x 71:]_[(c13 - c32) + 47rp1c13 log (¢y/c;)
3
lzglczj 30 1 G |II Py G
L =2 | = EY R = 4 P
o Zvcz( Ry )~ |3 G )p P %

3 3
or 102:% 1 1—% H—&logc—1 P
2 o130 g)p P o R,
Ex. 8. 4 given quantity of liquid moves, under no forces, in a smooth conical tube having

a small vertical angle and the distances of its nearer and farther extremities from the vertex at
the time t are r and r’, show that
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dt dt

Show that it follows also by taking vis-viva of the mass of the liquid as constant, and that the
velocity V of the inner surface is given by the equations

v?= Cr’/(r’ -, PP = C, ¢ being constants.

Sol. At any time ¢, let p’ be the pressure at a distance x from the vertex and v’ be the
velocity there. Let o be the semi-vertical angle of the conical tube. Then the equation of continuity

2 2 2 3
P (ﬂj {3 LS r—} —0. [Purvanchal 2005, Agra 2005]

is given by
v’(PQ)2 = f¥) or v'(x tan 0L)2 = f{¥)
or v'x’ = F@), where F@) = cot’al D). ..(1)
P
a : W Q
02 )ERE S } \
The equation of motion is 2, + v'a—v = 1 ai ..(2)
ot ox p Ox
From (1), ov'/ot = (1/x%) F'(f). ..(3)
: F'@y, of1 ,zj 1 op'
U 3 2 +—| 0 | = — ..(4
sing (3. @ = ~ ax[z o @
Integrating (4) with respect to x, we have
F'(ty 1, !
_—x(~) + EU *=cC —%, C being an arbitrary constant ..(5)

Let v and v’ be the velocities when x = r and x = 7’ respectively and p be the pressure
there. Then (5) gives

PO L ek

-0
p 2 o ...(6)
and ELAUNLIC N 3 (1)
r 2 p
Subtracting (6) from (7), —F' () A/r=1/r)+(1/2) x(v* —v"*) = 0. ..(8)
From the equation of continuity, o= = F@), ...(9)
where v = dr/dt and o' = dr'/dt. ...(10)

From (9), v’ = #*u/r'?. Then (8) becomes

’ 14 4
(1 1Y 1 5 ) : (fﬁ}lvzu
-F (f)(;_7j+5[v A =0 or —F O\ 7 2 Pt
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' 2 ' 3 2 1.2 3
or F'(t)(r ,rj_v_(r r)(r +r4r+rr +r)=0
rr 2 r
2F'(¢ R o
or ( )—1’2[ 3 =0. (1)
r r
F 9 F'(f) = i(rzv)—i(rzﬂj—b’(ﬂjz + zd_zl"
rom (), 0= dt\" dt dt dt’
2 dr 2 d?r dr 2 ror P _
a1y = r{zr(dt) +r dtz} (dt) (1+r’+ ’2+r’3 =0
dr (dr\ rort R
or 2r % +(dt) (3 pr EIE =0
Second part.
r' " d
The vis-viva =2 K.E. = I n(x tan o)® dxp v = p tan> a{F(t)}2I —)26, by (1)
r r X
= qp tan® o {F(1)}> [—%} = np tan” oc{F(t)}Q(% - %) . ..(12)
By the principal of conservation of vis-viva, we have
p tan” o {F(t)}2 (% - %) = constant or {F(t)}2 (% - %) = constant = C
or (rzv)2 (1/r = 1/r") = C using (9)
or o’ = O - Py or V= Crir - e, taking V=0

Since the mass is constant, volume will also be constant.

Hence (1/3) x m(#' tan 0L)2 ' —(1/3) x &t (r tan 0L)2 7 = constant
so that 3

Ex. 9. 4 spherical mass of liquid of radius b has a concentric spherical cavity of radius a,
which contains gas at pressure p whose mass may be neglected; at every point of the external
boundary of the liquid an impulsive pressure ® per unit area is applied. Assuming that the gas
obeys Boyls’ law, show that when the liquid first comes to rest, the radius of internal spherical
surface will be a exp. {{—wzb/(praZ(b —a)}], where exp x stands for e".

Sol. Let v' be the velocity at a distance ' from the centre of the spherical cavity at any time
t. Then the equation of continuity is

3_ _ 3
— r” = constant = ¢”, say.

P2 = F(1) = bV, e
where we have assumed that v’ = V' when ' = b.
Let o' be the impulsive pressure at a distance 7/, then
do' =—pv' dr' = - p(sz/r’z) dr', by (1)

Integrating, o = (psz/r’) + C, C being an arbitrary constant. -(2)
Given that, when 7' = b, o= and when ¥ = a, =0
() = o= (pb*VIb) + C and 0 = (pb*Via) + C.
Subtracting, these give o= (pbVlia) (a — b). ..(3)
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b 1 1”2 Not2 b 2 b4V2 '
The initial kinetic energy = j 5(4nr pdr')v =27rpf r' . ——dr', by (1)
a a r

bdr’ 17
= 2npb*1? J -5 = Zﬁpb4V2[——,}
ar r,
ooty [ L L] 2w
=2npb"' V' [ pt a} = p (b—a). (4
Again, Final kinetic energy = 0. (5

During the compression let 7 be the radius of the internal cavity and p, the pressure of the
gas there. Since the gas obey Boyle’s law, we have
(4/3) x e x p, = (4/3) x na x P = P = a3p/r3. ...(6)
Now, the work done by internal pressure, i.e., work done in compression of the gas from a
sphere of radius a to a sphere of radius r

= Lr47rr2 pdr = Lr47rr2(a3p/r3) dr, by (6)

rdr r
= 47ra3p J — =4na’plog—.
ar a

Now, by energy equation, increase in K.E. = work done
or Final K.E. — initial K.E. = work done
32 2nph* (b —
or O—M(b—a)=4na3plog1 or logiz—LA‘a)-V2
a a 4na”p
2mph’ (b — ’a’
or log r.__2mp (b—a) ®’a

47ta4p 'pzbz (a—b)*

| 2
or log~ = —{wib} or r=aexp —Oz—b
a 2ppa’(b-a) 2ppa“(b—a)

EXERCISE 3(C)

1. An infinite mass of liquid acted upon by no forces is at rest and a spherical portion of

radius ¢ is suddenly annihilated; the pressure IT at an infinite distance being supposed to remain
constant, prove that the pressure at a distance » from the centre of the space in instantaneously
diminished in the ratio (» — ¢)/r and that the cavity will be filled up in the time

[npczj I'(5/6)

6I1 | (4/3)

2. A spherical globule of gas of radius a and at pressure P extends in an infinite mass of
liquid of density p in which the pressure at infinity is zero. The gas is initially at rest and its
pressure and volume are governed by the equation pv*> = const. Prove that the gas doubles its

radius in time (28a/15)+/2p P. [L.A.S. 1999]

3. An infinite fluid in which there is a spherical hollow of radius « is initially at rest under

the action of no forces. If a constant pressure IT is applied at infinity, find the rate at which the
radius of the cavity diminishes.
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3.11. Lagrange’s hydrodynamical equations. [Ranchi 2010; Kanpur 2003, 04]
Let a, b, ¢ be the initial co-ordinates of a particle and x, y, z the co-ordinates of the same
particle at time ¢. Then (refer Lagrangian method in Art. 2.1 in chapter 2) we know that a, b, c,
t are the independent variables. We wish to obtain x, y, z in terms of a, b, ¢ and t and hence
discuss completely the motion.
Now at time ¢ the component accelerations of the fluid element &x8ydz are ox/or%,
o? y/atz, 0%z/0t%. Let V be the force potential for the external forces. Then we have (noting

that X =-0V/ox, Y=-0V /0y, and Z=-0V/0z) as in Art. 3.1

e pox (1)
?y oV 1op
o Bt .(2)
ot oy poy

FRr— @)
We now try to get equations containing only differentiations with respect to a, b, ¢ and ¢. To
this end, we multiply (1), (2) and (3) by &x/da, Oy/da and Oz/da then add. Thus, we get*

Pxox Oydy oz _aV 10

ot> éa o> da ot ba :_E_E da (%)
. Frox, Pyoy BE__ oV 1 5
tmiary, o ob o> b o' b 0Ob pob )
Pxox 0'yoy *zoz oV 10op
et — —=—————
and o2 oc ot oc  or* oc dc p oc +(6)
These equations, together with the equation of continuity
0(x,y,z) _
d(@be) O (D

are known as Lagranges Hydrodynamical Equations.

3.12. Cauchy’s integrals.
Let a, b, ¢ be the initial co-ordinates of a particle and x, y, z the coordinates of the same

particle at time 7. Then (refer Lagrangian method in Art. 2.1 in chapter 2) we know that a, b, c,
¢t are the independent variables.

Now at time ¢ the component accelerations of the fluid element Sxdydz are 8%x/of,
o° y/@tz, 0%z /or?. Let V be the force potential for the external forces. Then we have (noting
that X =-0V/0x, Y=—-0V/0yand Z=-0V/0z) as in Art. 3.1

o pox -
Oy oV 1ap
ST Tl .(2)
ot oy p oy

*

Use results: al* a7Vﬁ+87[/@+87[/g etc.; al: afp@-i—afp@-l—afp@ etc.

da  Ox da &y da 0z da da  Ox da Oy da 0Oz da

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

=== ()

Taking p as a function of p, we take 0=V+ I ' = (4

Then from (4), we have

W a -
09__or lop
b @b pob ~(6)
09__oV _1dp
oc  éc p Oc ~(7)

Multiplying (1), (2), (3) by dx/0a, 0y/da, éz/da respectively, and adding, we have

FPxox ydy zoz Al 1op

o da o da o da | da p Oa

2 2 2
or 0x ox ﬂ@ 07z 0z _ _82, using (5) ..(8)

o2 da atz da ot* Oa oa

. 8x8x 8y8y &%z oz 00
Similarl PP . 9
R o ob o ob.oP ob  ob ©)

*x Ox o’y oy 0%z oz _ 00
e (1
and o dcor% oc o o dc (10)

Writing u, v, w for ox/ot, Ov/ot, oz/ot, (8), (9) and (10) may be re-written as
Qug ovdy owoz 00

Ot Oa Ot da Ot Ga  da ~(11)
Julr by owh 30 N
ot &b ot db ot ob b --(12)
e -(13)

Ot Oc 0Ot Oc 0Ot Oc oc
Differentiating (12) and (13) partially w.r.t. to ¢ and b respectively, subtracting and noting

that ££8—QJ :i£5_QJ etc., we get
oc\ ob ob \ oc

[82u ox 8x]+[820 o 0% 6‘)/]+[82w oz *w 82]

0bot oc  Ocot Ob 0bot Oc  Ocot Ob

0bot O0c  Ocot ob

0b oc  Oc Ob

or

8[814 o ou 8xj ou &*x Lo ’x
ab otoc  dc ordb

~ _ZZ2 } + two similar terms = 0

8(811 o Ou ox o*x ou  *x  ou d ox
b éc  oc db ocot oc’  otob  ob ot

p —————j+twosimilarterms:O, as —=—, —=— and u=—
t

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

o i ma), 2y ny), (ex w)l
ot (\ob 0c Oc 0b 0b 0c  Oc Ob 0b 0c  Oc 0Ob
Integrating the above equation with respect to ¢ and taking u,, v,, w, as initial values, we get
Oudx Ouodx Ovdy Ovdy Owadz Owadz 0wy, 00y

————— +t =t ——=—=- ) ..(14)
0boc 0Ocob 0boc oOcob 0Ob oc Oc Ob  Ob oc

where we have used the following results :

Initially : x =a,y = b and z = c so that dx/0a =1, Ox/0b=0, Ox/Oc=0 etc.
w_duer oy i
Oa Ox Oa 0Oy Oa 0Oz Oa
Making use of relations of the type (15), (14) may be re-wirtten as

w_ a(y,z)+(a_u_a_wja(z,x)+ o0 ou) Ay o oy (14
oy 0z)ab,e) \oz ox)ob,e) \ox oy) dbe) b dc
Let & M, € be the vorticity components. Then, we have [refer Art. 2.27 of chapter 2]

g & _Ou ow (oo au
oy o " o oy
Then the above equation (14) becomes

o(y,z) n 0(z,x) iC
o(b,c) 0(b,c) o(b,c)

00r2) D), D) _
o(c,a) d(c,a) d(c,a)

0(y,2) 0(z,x) 0(x,¥) _
0(a,b) o d(a,b) 6 @b .(18)

Now, etc. ..(15)

o(x,y) _

g =& -(16)

Similarly, & Ny -(17)

and €

where &,, mg, §, are the initial vorticity components.

The equation of continuity in Lagrangian system is

0(x,,2) _
d(a,b,c)

Multiplying (16), (17), (18) by 0x/0a, 0x/0b, 0x/0c respectively, adding and using (19),

we obtain

Po- -(19)

Go Ox My O G
po Oa py Ob py Oc

g
° .(20)
So» Mo, Cody el)

Similarly, A
P Poda py 0b pg 0c

S0z Moz G0z
po Oa py b pg oc’

and ..(22)

S
p
These are known as Cauchy's integrals.

We now state and prove the following theorem.

Statement : The motion of a inviscid fluid under conservative forces, if once irrotational, is
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always irrotational.
OR
When the external forces are conservative and are derived from a single valued potential
and pressure is a function of density only, then if once the motion of a non-viscous fluid is
irrotational, it remains irrotational even afterwards.

Proof. Let the motion be initially irrotational so that &, =1, =, =0. Then (20), (21) and
(22) show that E=n=C=0 are always zero. Thus if once the motion is irrotational, it remains
irrotational even afterwards.

3.13. Helmholtz equations or Helmholtz vorticity equations

[G.N.D.U. Amritsar 1999, Kanpur 2000]
The Euler’s equations of motion are :

ou ou ou ou 1 op
—tu—+v—+w—=X —— = (la)
a oax oy oz p ox
o v v v 1 dp
—tu—+0—+w—=Y—-—— (1b)
o ox  dy oz p Oy
ow  ow _ow  ow 1 op
—tU—+—FWw—=7 -— = (L)
ot x oy oz p oz

Let V' be the potential function of the external forces and let p be a function of p. Then 1(«a)
may be re-written as

Ou Ou Ou Ou oV 1dp
— U — P W= ———— =

ot ox Oy oz ox p ox
Ou Ou Ou Ou ou 0Ov ou Oow ov 1dp
or —+ u—+v—+w— |+ ——— |+ W] ——— | = — & -(2)
ot 2 ox oy Ox 0z Ox Ox p Ox

Let Q=C&i+nj+Ck be the vorticity vector so that (&,m,C) are the vorticity components or
the components of spin. These are given by

1{ow 0o 1(ou ow 1(0v Ou
&:_ —_———, N==|—-—-——1 C:— - A (3)
2oy Oz 2\ 0z oOx 2 ox Oy
Let ¢ =+ vt w
2
Then u u + v@ + w@ = 1547 (4
Ox Oox ox 2 ox
Using (3) and (4), (2) reduces to
Ou 0 1 5 [dp
L 20C4+2wn=——|V+—qg* + | X (5
ot vG+2wm 8x( 2 1 I p j ©)
Let o=V +lq2 + J.@ -(6)
2 p
Then (5) reduces to
ou oQ
—=2v8+2wn=——=
o C+2wn o (7

Similarly, 1(b) and 1(c) may be re-written as :
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ov o0
—=2wE+2ul=—-—=
Py C+2ul o -(8)
and w_ 2un + 20 = _%Q (9
ot oz
Differentiating (8) and (9) partially w.r.t. ‘z’ and ‘y’ and using the fact 62Q /0z0y = 0Q/ Oyoz,
we obtain
2 2
IR S VLD WP YR AL WL B SO %ug
ozot oz oz 0z oz 8y8t oy oy oy oy
) Ofow ov 5_1”[_,’_% +20 %5 ‘: ‘: Lo ov 8w o _6_14__2(;_= .(10)
at 6y oz oy Oz 6y 6z Oy 6 oy
From (3), it easily follows that % + o + % =0 ..(11)

ox Oy 0z
Using (11), (10) reduces to

2%+2u%+22)%+2 6& 2§{a—u @+@Kj— &——2 %—2(;—:
/4

ot ox oy oz ox Oy Oz
o DE gfou oo ow) [ ou, ou, (; (12)
Dt ox oy oz ox oy
Now the equation of continuity is
D ou 0Ov 0
_p+p{_u _U Wj 0 so that a—u-l—@-l-a—w —l@ (13)
Dt ox oy Oz ox oy Oz p Dt
Using (13), (12) becomes
DESDp oo dujch LD EDp Sau nm Cn
Dt p Dt x pDt p°Dt pox poy poz
o 2 E)_&0u mou Cou (14a)
Dt\p) pox pody poz

Similarly, we have

D (ﬂ}é%ﬂ%ﬁ%

Dr o) pox poy peoz ...(14b)
D(C)_gaw now Lo e
Dt\p) pox poy poz
We now re-write (14a), (14b), (14c) in another form. Using (3), we observe that
nouw Cou_mj(ou_0v) ovi G (ih@}%
poy poz plloy ox) ox| p|l\oz ox Ox
p p Ox pox pox po

Using (15), (14a) reduces to
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D (éjzéa_hﬂ%éa_w

Dt p) pox pox pox (16a)
Similarly, (14b) and (14c¢) reduce to
D(n) &€0u mov Cow
_{_jz__+__+__ ...(16b)
Di\p) pdy pdy poy
D (L) &ou mov Cow
— |2 =2t ==+ 2.
and Dt {pj 0 o e ...(16¢)

Equations (16a), (16b), (16¢) are known as Helmholtz'’s equations. Let at any instant
t,E=m=C=0. Then the above equations reduce to

D(g)_D(n)_D(c)_

Df{pj Dt(pj Dt{pj e (17)

o D_F::m:D—C=0, if p = constant ..(18)
Dt Dt Dt

Equation (18) shows that & ™M,  must be constant. Since these are zero at time ¢ = 0, it
follows that E=mn==0 at all time afterwards.

Thus those elements of fluid which at any instant have no rotation remain during the
motion without rotation.

We discuss the general case by taking p # constant. Let du/dx, dv/dx, etc. be all finite and
let L denote their superior limit. Then &/p, n/p, /p cannot increase faster than if they satisfied
the equations

DIE\_D(n|_D(E)_
Dt{pj Dt(pj Dt{pj LE+n+0)/p ..(19)
Let E+n+C=pW ...(20)
Then (19) rediices to b {5 + 5) D" _aiw,

Dt\p p »p Dt

so that if /¥ is not zero, by dividing by W and integrating, we have
W= Ce*', C being an arbitrary constant ..(2D)
But E=n==0 at+r=0. So W= 0 at t = 0. Hence (21) shows that C = 0 and so W is
always zero. But W is the sum of three quantities &, M, { which evidently cannot be negative.
It follows that £=mn==0. Moreover as &, M, { remain zero when they satisfy (19), still
more will they do so when they satisfy (16a) to (16¢)

Thus, in general, if the motion is irrotational at any instant, it must be so for all time. In
other words, if once, the velocity potential exists, it exists for all time. This is known as the
principle of permanence of irrotational motion.
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An illustrative solved example

Prove that in the steady motion of an incompressible liquid, under the action of conserrative
forces, we have &(Ou/0x)+n(0u/dy)+ C(ou/dz)=0and two similar equation in v and w.

Sol. Helmholtz equations are given by

D {éjzéa_hﬂa_héa_“

Dt p) pox poy p oz ~(1a)
D 0 0 0
Din)_s now, & (5
Dt\p) pox pody poz
and DS =§8_w+ﬂ8_w+§6_w (L)
Dt\p) pox poy p oz
For the steady incompressible liquid, b {éj _D [ﬂj ) N {Ej =0
Dt\p) Dt{p Dt\p
(la) > E(u/ox)+m(ou/oy)+ C(0u/oz)=0
(16) = E(0v/ox) +n(0v/0y) + C(0v/dz) =0
and (le) > E(Ow/ox)+n(ow/dy) +E(ow/dz)=0
OBJECTIVE QUESTIONS ON CHAPTER 3
Multiple choice questions
Choose the correct alternative from the following questions
1. The equation for impulsive action is
() q@-q,=1+1/p)V o (i) qu+q;=1-(1/p)V o
@) q,-q=1-(1/p)Va @) q—q,=I+pVd [Kanpur 2001]

2. The motion of a inviscid fluid under conservative forces, if once irrorational, is always
(7) rotational (i7) irrotational (#77) laminar (iv) None of these

3. If @ denotes the impulsive pressure and external impulsive body forces are absent, then

() VZo=0 (i) V=0 (iii) V2o #0 (iv) None of these
4. Euler’s equation of motion in x-direction is
(i) Du/Dt=X-(1/p)x(Op/0x) (#@) Du/Dt =X +(1/p)x(dp/ox)
(iii) ou/ot=X—(1/p)x(0p/ox) (iv) ou/ot=X+(1/p)x(Op/0x)

Answers/Hints to objective type questions
1. (@ii). See Eq. (3), Art. 3.6 2. (ii). Refer Art. 3.1.2
3. (i). See Cor. 1, Art. 3.6 4. (i). See Eq. (1), Art. 3.1
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One-Dimensional Inviscid
Incompressible Flow
(Bernoulli’s Equation and
its Applications)

4.1. Integration of Euler’s equations of motion. Bernoulli’s equation. Pressure equation.
[L.A.S. 2005; Kanpur 2002, 04, 05, 09; Meerut 2000, 02, 08]
When a velocity potential exists (so that the motion is irrotational) and the external forces are

derivable from a potential function, the equations of motion can always be integrated. Let ¢ be the
velocity potential and V" be the force potential. Then, by definition, we get

u=—0/ox, v=— 00/ 0y, w=— 0/ oz, (D)
X =—0V/ox, Y=—avioy, Z=—0V /o, Q)
and ou /dy = dv/ ox, 80/ 0z = ow/ dy, ow/ ox = du / éz. -0

Then well known Euler’s dynamical equation are

L Ou+va—u+wa—u=X Lo
ot Ox oy Oz p Ox

ow v dv 0v 1op

Using (1) (2) and (3), these can be re-written as

0 ou v ow oV lop
——tU—+V—FW—=—————
otox  Ox  Ox Ox ox pox

0 ou v ow oV 1dp
U+ W= —— -4
otoy oy d d d py

%6 ou ov  ow oV 1op
- tU—+0——+W——=——————
otoz 0z 0Oz Oz 0z poz
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Re-writing equations (4), we get

8(1) 2 2 2 oV 1 ap
+0 W)= ——
8x(8tj T A S )
_i(@j_Fli(uz_FUz_FWz):_a_V_la_p (6)
y\ot) 2 5y & py
od oV 1op
+O W)= —
82(&) 25 T )= 0 0z ~(7)
N AR AW IR "
ot) dx\ot oy \ ot 0z\ Ot
dV =0V /ox)dx+ 0V /0y)dy+(0OV /0z)dz -(9)
dp =(Op/0x)dx+(Op/0y)dy+(Op/0z)dz ..(10)
dW? +0* +w?) =£(u2 +0 + wz)a'x+£(u2 +0 + wz)a'y+£(u2 +02+w)dz (1D
Ox oy Oz

Multiplying (5), (6) and (7) by dx, dy and dz respectively, then adding and using (8), (9), (10)
and (11), we have

—d(@j+%d(u2 +07 + ) = —dV—ldp
p

ot
or £Z¢j+ dq +dV +— dp 0 ..(12)
where q2 =u? +0% +w? = (velocity of fluid particle)*

If p is a function of p, integration of (12) gives
. 1 5 dp
P S +V+I—:Ft,
o g > - F0 -(13)
where F() is an arbitrary function of ¢ arising from integration in which ¢ is regarded as constant.

(13) is Bernoulli'’s equation in its most general form. Equation (13) is also known as pressure
equation.

Special Case 1. Let the fluid be homogeneous and inelastic (so that p = constant i.e., fluid is
incompressible). Then Bernoulli’s equation for unsteady and irrotational motion is given by

op 1 , P
——+—q +V+==F(
o T2 0 (0 (14)

Special Case II. If the motion be steady 0¢/0t =0, the Bernoulli’s equation for steady
irrotational motion of an incompressible fluid is given by
q2 /2+V +pl/p=C, where C is an absolute constant. (Kanpur 2010) ...(15)

4.2. Bernoulli’s theorem. (Steady motion with no velocity potential and conservative
field of force).
[ Agra 2009; Meerut 2009, 2010; Kanpur 2004; Purvanchel 2005; G.N.D.U. Amritsar 2002, 05]
When the motion is steady and the velocity potential does not exist, we have
1 2 +V+ I dp =C,
p

where V is the force potential from which the external forces are derivable. [Meerut 2011]
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Proof. Consider a streamline 4B in the fluid. Let §s be an element of this stream line and CD

be a small cylinder of cross-sectional area oo and §sg as axis. If ¢ be the velocity and S be the
component of external force per unit mass in direction of the streamline, then by Newton’s second
law of motion, we have

Dq op
ads.— =pads-S+pa—| p+—38s |
pads D =pas-5 +po- p+ Lo

Dgq 1op
or H_5--%
Dt p Os

O O 19
or Ligles-—L

ot 0Os p Os

If the motion be steady 0g/0t =0, and if the external forces have a potential function " such
that S =-0V/0ds, (1) reduces to
2
10" oV 1op_
2 0s 0Os pos
If p is a function of p, integration of (2) along the streamline 4B yields

0 Q)

1, dp
—q +V+ I—~ =C,
> q S .(3)

where C is constant whose value depends on the particular chosen streamline.
Special Case 1. If the fluid be homogeneous and incompressible, p = constant and hence (3)
reduces to
g 124V +plp=C. (Kanpur 2008) (%)
Special Case II. Let S be a graviational force per unit mass. Let 54 be the vertical distance
between C and D. Then we have

oh 0
S=—-g—=——(gh), as V=gh
8% " % (gh) g
Hence, if the fluid be incompressible, (3) reduces to
q*/12+gh+plp=C. 5

4.3. lllustrative solved examples.

Ex. 1. 4 stream is rushing from a boiler through a conical pipe, the diameter of the ends of
which are D and d; if V and v be the corresponding velocities of the stream and if the motion be
supposed to be that of the divergence from the vertex of the cone, prove that

0/V = (D?/d?)e® V)2 [L.A.S. 1993, 98]
where k is the pressure divided by the density and supposed constant.

Sol. Let AB and A'B’ be the ends of the conical pipe such that 4'B" = d and 4B = D. Let
p; and p, be densities of the stream at A'B’ and AB. By principle of conservation of mass, the

mass of the streem that entres the end AB and leaves at the end A'B' must be the same. Hence the
equation of continuity is

n(d/2)*vp, =n(D/2)*Vp,
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v D? ol
so that v :7 X p_l (1)
By Bernoulli’s theorem (in absence of external forces

like gravity), we have

dp 1 2
—+—q =C
I o 2 q .(2)
Given that pp =k so that dp=kdp. ..(3)
1 .
. (2) reduces to kj.@+5q2 =C, using (3)
p
Integrating, klogp+g*/2=C, C being an arbitrary constant (4
When ¢ =70, p=p;, and  when q=1V, p=p,. Hence, (4) yields
klogp, +v*/2=C and klogp,+V*2=C
Subtracting, k(logp, —logp;)+ (V2=v*)/2=0
or log (p, /py) = (©* —=V?*)2k or Py /P = Q@YK (5)

Using (5), (1) reduces to v/V =(D*/d*)x SOV 2%k

Ex. 2. A stream in a horizontal pipe, after passing a contraction in the pipe at which its
sectional area is A is delivered at atmospheric pressure at a place, where the sectional area is B.
Show that if a side tube is connected with the pipe at the former place, water will be sucked up
through it into the pipe from a reservoir at a depth (s> /2g)><(l/A2 —1/B?) below the pipe, s
being the delivery per second. [LA.S. 1997]

Sol. Let v be the velocity in the tube of smaller section 4 and p the pressure at that section.
Further, let /" and IT be the corresponding quantities
at the bigger section B of the figure. Then, by —

— D)

Bernoulli’s Theorem (in absence of external forces like P_Uf
gravity) for incompressible fluid, namely A =
plp+q*/2 = constant, 1 17 = lnl_ B
we obtain plp+0*/2=T1/p+V?*/2 S=tiss
so that (I1-p)/p=@@* -V?)/2 (D

Let i be the height through which water is sucked up. Then

(ah)pg =all—ap, o being area of cross-section of the tube

or gph = difference of pressure =I1— p. .(2)
The equation of continuity is Av =BV =3¢ (delivery per second)
so that v =s/A and V=s/B -.(3)
Using (2) and (3), (1) reduces to
1 (s> s° sS(1 1
—xgph=—|——-—— or h=—|—-—|
p EF Z(Az Bz] 2g(A2 sz
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Ex. 3. 4 mass of homogeneous liquid is moving so that the velocity at any point is
proportional to the time and that the pressure is given by
plp=pxyz—(212)x( 2>+ 22x% +x*)7).
Prove that this motion may have been generated from rest by natural forces independent of
the time and show that, if the direction of motion at every point coincides with the direction of

the acting force, each particle of the liquid describes a curve which is the intersection of two
hyperbolic cylinders.

Sol. Given that velocity ¢ is proportional to time. So q=»M (1)
Also, given p/p:uxyz—(tz/Z)x(yzzz+22x2+x2y2) ..(2)

Suppose that the motion is produced by finite natural forces (conservative forces) which are
derivable from the potential function V. Then by Bernoulli’s equation, we get

£—@+lq2 +V =F()
p ot 2
or £=@—lk2t2 -V +F(t), using (1) ..(3)
p ot 2
Since (2) and (3) must be identical, equating the coefficients of # on R.H.S. of (2) and (3),
we get
A=y 4t xty? (4)
Using (4), (1) reduces to q2 <> (yzzz +22x° +x2y2) ..(5)
But q* = (00/0x)* +(8h/0y)* +(09/ &2)* ..(6)
Comparing (5) and (6), an appropriate value of ¢ is given by
O=txyz (7
Using (7) and (4), (3) reduces to
plp=xyz—(t" 12)x(y*2* + 22x* + X2 Y1)~V + F(1) -(8)
Comparing (2) and (8), we find F@®=0 and xyz =V =pxyz
Thus, V=xyz (1 -p) ..(9)
If u, v, w are the components of velocities and X, Y, Z are the components of forces, then
u=—(09/0x)=-tyz, v=—(0¢/0y) = —txz, w=—(0¢/0z) =—txy
and X=—-0OV/ox)=(uw-Dyz, Y=—(©@V/y)=u-Dxz, Z=—(0OV/0z)=(n—1xy .. 9)
Given that the direction of motion coincides with that of the acting forces. Hence, we have
wX =v/Y =w/Z
Again, the equations of the path
A _dy_d e & _dy_d
v v w reduee o X v Zz
de dy d.
ie., 2. . Z , using (9) ...(10)
yz zZX Xy
Taking the first two members of (10), we get
xdx —ydy =0 so that -y = C, ~(11)
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Taking the last two members of (10), we get
ydy —zdz =0 so that Y -z= c, -(12)

Thus each particle of the fluid will be on the curve which is the intersection of two hyperbolic
oflinders x* - ? = C, and yri-zt= C,, C, and C, being arbitrary constants

Ex. 4. A quantity of liquid occupies a length 21 of a straight tube of uniform small bore
under the action of a force to a point in the tube varying as a distance from that point. Determine
the pressure at any point.

OR

A quantity of liquid occupies a length 21 of a straight tube of uniform bore under the
action of force which is equal to ux to a point O in the tube, where x is the distance from O. Find
the motion and show that if z be the distance of the nearer free surface from O, pressure at any
point is given by plp=—(n/2)x (x*—2%) +u(x—z)(z+1).

Sol. Let p be the pressure and u the velocity at a distance x from the fixed point O; and let
z be the distance of the nearer free surface from O. Then the equation of continuity is

oul/ox=0 (D)
Let ux be the external force at a distance x which acts towards O. Then equation of motion
19
a—u+u%:X—la—p reduces to a—uz—p.x———p ..(2)
ot  Ox p Ox ot p Ox
Integrating (2) w.r.t. ‘x’, we get
ou_ 1 5, p ) .
xa = —wa —E +C, C being an arbitrary constant ..(3)

But p = 0 when x = z and x = z + 2/. So (3) gives

ou 1

2
—=——uz"+C
z or > nz (4
5u 1 2
+2))—=—— +20)"+C
(z+2D) o 2 n(z+20) «(5)
Subtracting (4) from (5), we get
5u 1 2 2 5u
2l—=—— +20)° - or —=—wz+! ..(6
= 2u[(z ) —z2] o Wz +1) (6)
or d*z/dt* =—p(z+1) [ u=dz/dl] (7
Putting z+Il=y so that z=y—1, (7) gives
a’zy/dt2 +uy=0
whose solution is y=Acos (t\/; +B), A and B being arbitrary constants.
Since y = z + 1, it yields z= Acos(t/u+B)—I (8)

in which 4 and B may be determined from the knowledge of initial position and velocity.
We now determine pressure. From (4), we get

5u 1 2
C=z—+—
ot ZHZ
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Putting this value of C in (3), we get

1 0 1
Loon@-2)--0% o L=—op( =) +u(x-2)z+0), using (6)
p 2 ot p 2

which gives the pressure at any point.

Ex. 5. 4 horizontal pipe gradually reduces in diameter from 24 in. to 12 in. Determine the
total longitudinal thrust exerted on the pipe if the pressure at the larger end is 50 Ibf/in® and the
velocity of the water is 8 ft./sec.

Sol. Let S, and S, be the cross-sections of the larger and the smaller ends. Let ¢, and g, be
the velocities and p, and p, be the pressures at the larger and the smaller ends of the pipe. Given

S, = n(12)%in”. and S, =m(6)*in’.,
Also, g, =8 x 12 = 96 in/sec. and p, = 50 Ibf/in®.
The equation of continuity S, = 8,4, gives n(12)° q = 7:(6)2512
so that q, =4q, (D)

By Bernouill’s equation, we have

ol a2 pp 1, 1 2 2
—_—t—g =—=4— —p, =— -
> "2 i > 2 9> or PL—Pr=7 p(a —q1)

- Py =(1/2)xp(16g; —qi), using (1)

or Py =p —(15/2)% pgi Q)
. The required longitudinal thrust on the pipe

= 1S = p2Ss =1 (12)° p —m(6)” p, =36n(4p; — py)
=36n[4p,— p+(15/2) x pg;’ ], using (2)

15 15 62.4
= 36n(3p+=pa?) =367 150+ 22
2 2123

x 962j =950407

(- p=6241b/ft° = (62.4)/12° Ib/in’.)
Ex. 6. An elastic fluid, the weight of which is neglected, obeying Boyle's law is in motion in
a uniform straight tube; show that on the hypothesis of parallel sections the velocity at any time
t at a distance r from a fixed point in the tube is defined by the equation

v o, v Lo % .
67 + P 205 +v o = k@?' [Kanpur 2006; Rohilkhand 2005]
Sol. The equation of continuity is %+%(p0) =0. (1)

Ih t.() ()f O .() 1 — 4+ 0—=——— ( )
n motion 1 : .
c equal S 2

Since the given elastic fluid obeys Boyle’s law, we have

P _ 4.

=k that
PP so e o or

-3
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o o kop
+o—=———""

i 2 - (4
Using (3), (2) becomes o or o or 4)
Differentiating (4) partially with respect to ¢, we have
v o ov o(kop
el el Eaiatewl asteall (5
ot ot\ or ot\ p or
Now, Q(U%jzﬁ i(lvzj _9 ﬁ(lvzj =£(zﬂj
ot\ or) ot or\2 or| ot\2 or\ ot
k k
ot\p or) otor or| ot or| p ot
Hence (5) reduces to
% a(avj ok op v o ov kdp
—t—|—|=——| —— or — 4+ —|v—+——1]=0
ot or\_ ot or\p ot orr or\ ot pot
2
or 24_2 U@-I-E{—M} :0, using (])
ot or| ot p or
2 2
or 8l+g vav—k(pav+vapj =0 or @+£ v@—k@—vﬁﬁ =0
o or| ot p\or or o> or\ ot or por
2 A
or @4_2 va_v_k@+v[ov -H)@j , using (4)
o2 or| ot or ot or
v 9 v ,00 v v o v .00 o*v
or —+— | 20—+ ——k— |=90 or —+— | 20—+ — |=k—-
o or ot or or or?  or ot or or?

Ex. 7. Water oscillates in a bent uniform tube in a vertical plane. If O be the lowest point
of the tube, AB the equilibrium level of the water, o, B the inclinations of the tube to the
horizontal at A, B and OA = a, OB = b, the period of oscillation is given by
2n{(a+b)/g(sina+sinB)} [Ranchi 2010; Garhwal 2000; Kanpur 2001]

Sol. Let O be the lowest point of the tube, 4B the
equilibrium level of water, 4 the height of 4B above O, B
o, B, the inclinations of the tube to the horizontal at A
and B and 0 its inclination at P at distance s from O. Let
a, b, denote the lengths OA4, OB and suppose that at time
t the water is displaced a small distance x along the tube
from its equilibrium position.

If ¢ is the velocity, the equation of continuity is

Again, the equation of motion is % +q % =—gsin 0 —% % ..(2)
Using (1), (2) becomes 9 = —gsin - 10
ot p Os
or % :—g@—l a—p, as sinE)zQ -(3)
ot 0s p Os Os
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Integrating (3) with respect to s, we have
s— =—gy-— % + f(¢t), where f(¢) is an arbitrary function of z. ...(4)
Let IT be the atmospheric pressure. Then, the conditions at the ends of the tube are :

Wheny=h+xsina,s=a+x,p=I1 and wheny=h—-xsinf,s=—-(b—-x),p=1IL
Hence, (4) yields

@+ % = ghrxsina) - (o) .5
ot p
and ~(b—x) S == g (h=xsin B =T+ (0. (6)
p
Subtracting (6) from (5), we have (a +b) % =— gx(sina + sinf})
d’x g .. . dx dq d*x
or ? =— (sin o +sinB)x, as q= A and y ! = ?
or X = —ux, where p =g (sino+sinf) /Aa + b).

This represents a simple harmonic motion. If 7 be its time period, then we have

T =2n/Ju =2ul[g(sina+sinP)/((a+b)]"” = 2r{(a+b)/g(sino+sinB)}"”

Ex. 8. 4 straight tube of small bore, ABC, is bent so as to make the angle ABC a right
angle and AB equal to BC. The end C is closed and the tube is placed with end A upwards and
AB vertical and is filled with liquid. If the end C be opened, prove that the pressure at any point
of the vertical tube is instantaneously diminished one-half and find the instantaneous change of
pressure at any point of the horizontal tube, the pressure of the atmosphere being neglected.

[Aligarh 2005; Bangalore 2003, Nagpur 1999]

Sol. Let ABC be the given tube in which 4B is vertical and BC
is horizontal. Let AB = BC = a.

Let at time ¢ the liquid fall through a depth z and at that instant
let g be the downward velocity and p be the pressure at a point P at p
depth y in the vertical tube. Since the only external force acting
downwards is g, the equation of motion is

A

%9, .0 _, 10 ==3 )EE
o T4 v -8 oo (1) ::::::::::E( ==
B&—x——>Q C
Since the motion is one-dimensional, the equation of continuity is
0q /0y =0. ..(2)
Using (2), (1) becomes Oq/ot=g—(1/p)(Op/0y). .(3)
Integrating (3) with respect to y, we have
(0g/ot)yy=gy—(p/p)+C, Cbeing an arbitrary constant. (4
Initially, when y =z, p = 0. So 4 = C = z(0ql/ot — g).
~ %4 g P00
So (4) gives )= 0 +z o &
P_[o %), _
so that 0" (g o j (y-2). (5
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At B, where y = a, let p = p, so that from (5), we have

p=P (g - %) (a-2z). .(6)

The cross-section of the tube being the same everywhere, let a point Q at a distance x from
the point B have the velocity ¢ and let p’ be the pressure there.

The equation of continuity is Oq/0x =0. (7
and the equation of motion is % +q Z_z =— %aa%
or O0q/0t=—(1/p) (0p'/0x), using (7). ...(8)
Integrating (8) with respect to x, X (Oqg/oty=—(p'/p)+C'. -(9)

At C, when x=a, p'=0 SO 9) = C'=a(0q/0r).

Hence (9) gives p'= p(-0q/0t) (x —a). ..(10)
At B, where x = 0, p" = p, so that from (10), we have
Py = pa(oq/or). (1)
0 0
Now, (6) and (11) = p(g—ait’j (a—z)zpaa—‘t’
or (Og /0ty (2a —z)=g(a—z). . (12)
. _ : og) 1
Initially, when z = 0, (12) gives | ==g. -(13)
ot), 2

If the initial pressure at P be p;, then putting z = 0 in (5), we get

&— o — a—q = —l :l

Thus, Do = (1/2) x gpy. ..(14)
When end C is closed, the hydrostatic pressure p,, at P is Py = 8Py -(15)
Now, (14) and (15) = po = (172) x p,,

showing that the pressure at any point of the vertical tube is instantaneously diminished by half.
If pj, be the initial pressure at O, then from (10), we get

0 1 :
ph=- p(x—a)(a—‘t]j = =P x 75 (x —a)g, using (13)
0

When end C is closed, let p, be the initial pressure at Q.
P, = the initial pressure at B = gpa.

Hence the change in pressure

=p,—P'o=gpa+ (112) x p (x —a)g = (1/2) x gp(a + x).

Ex. 9. 4 fine tube whose section k is a function of its length s, in the form of a closed plane
curve of area A, filled with ice, is moved in any manner. When the component angular velocity
of the tube about a normal to its plane is Q , the ice melts without change of volume. Prove that
the velocity of the fluid relatively to the tube at a point where the section is K at any subsequent
time when o is the anguler velocity is

2A(Q—0))/{KJ6;;S}, the integral being taken once round tube.
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Sol. With O as pole (origin) and OX as initial
line, let polar coordinates of an arbitrary point P on
the tube be (7, 0). Let O’ be taken as a fixed point
on the tube and the length of the arc O'P of the tube
be 5. Let the tube rotate about a normal through O
and let at any subsequent time, after the ice melts,
the component angular velocity be Q. Let the cross-
section of the tube be k at P and let v be velocity
there. Let O be the point where the cross-section of
the tube is K and velocity V. Let p be pressure at P.

The equation of continuity is vk = VK. (1)
Relative to the tube, the acceleration of the fluid particle along the tangent at P is
OV /0t)+V(oV /0s).
Let ¢ be the angle between radius vector OP and tangent P7. Then we know that
sin ¢ = r (d0/ds) and cos ¢ = dr/ds. ..(2)
Now, acceleration of the point P of the tube along the tangent at P
— o 2 IESCY o o = do
= rm sin ¢ —rw cos ¢ = 1® s ro 75’ where o ="
| - VGOV, a0 adr ldp
Hence the equation of motion is given by o 2 ds ds o ds
Integrating both sides of the above equation w.r.t. “s’ once round the tube, we have
d
—d +IV ds+J. 25,99 4 - I zd” S f - (3)
ds

dr 0
J.V—dS = J.VdV :[V2 /2]8 :0, Slmllarly, J.Vﬂ)zgds =(,l)2 |:}"2 /2:|Q =0 and

.[(dp/ds)ds = [p]g =0 . Hence, (3) reduces to

J‘a—vdﬁj‘r%de:o or a—Vds—fcoJ'ﬂde
ot ot
or J‘@V ds =-2Ao, as A= jl 2 de (4
(/t 2
Integrating both sides of (4) w.rt. ‘’, we get

H—ds dr——ZAj o or Jo ds = 24(© - o)

or J‘% ds =24(Q - w), since from (1), v= %
d.

or VKJ'TS =24(Q - w) or V:2A(Q_m)/{KJCIiS}’

Ex. 10. The water is flowing through a tapering pipe having diameters 300 mm and 150 mm
at sections AA’" and BB’ respectively. The discharge through the pipe is 40 litres/s. The section
AA’is 10 m above datum and section BB’ is 6 m above datum. Find the intensity of pressure at
section BB’ if that at section AA" is 400 KN/m’.

Sol. At section AA4', we have diameter = d; = 300 mm = 0.3 m

. Area of cross-section = S, = (/4) x (0-3)2 = 0-0707 m*
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Pressure = p, = 400 kN/m®
Height of upper end above the datum = 4, = 10 m
At section BB’, we have
diameter = d,= 150 mm = 0.15 m
. Area of crosssection = S, = (n/4) x (0.15)2
=0.01767 m’.
Height of the lower end above the datum = 4, = 6 m.

Let pressure at section BB’ be p,. :
Rate of flow (i.e. discharge) = Q Datum line

. 40 x 10° 3
= 40 liters/s = 10 =0.04 m’/s.

Let velocity of flow at sections 44" and BB’ be g, and ¢, respectively. Then, we have

0 004 0 om
9= 5 T oo707 - 0266m/s and g, = o =501767

Applying Bernaulli’s equation at sections 44" and BB’, we get

=2.264 m/s.

1 p 1 p Pr_ P 1, 2 2
3‘]12+gh1+?1:§qz2+ghz +T’2 or ?2—?1+§(‘11 g )+ g —hy)
P, P 1
or, Tj =71+72g (‘112—‘]22)+(h1—hz), as pg=w
Py _ 400 1 2 2 A _ _
=981 + 7% 981 [(0.566) (2.264) ]+ (10 -6)=40.77-0.245+4=44.525m

= p,=44.525 x w=44.525 x 9.81 = 436.8 KN/m’ as w=9.81kN/m’

Ex. 11. 4 jet of water 8 cm in diameter impinges on a plate held normal to its axis. For a
velocity of 4 m/s, what force will keep the plate in equilibrium?

Sol. Diameter of jet = d = 8 cm = 0.08 m.

. Area of cross section of the jet

=S =(n/4)xd* =(n/4)x(0.08)" m*.

Plate

[o 2]

o

3
CEETTREETETEEeET T

q = velocity of jet = 4 m/s

w = weight per unit cubic meter of water = 10° kg/m’

F = Force acting on the jet.

Now, force on the plate = charge in momentum

- FowSDq _ wSq? _ 1000 % (1/ 4)x (0.08)% x 4 _328ke.
g g 9.81

Ex. 12. Air, obeying Boyle's law, is in motion in a uniform tube of a small section prove that
if P be the density and v the velocity at a distance x from a fixed point at time t, then
2 2
% B 58_2{9 (0*+k)}, where k= P [Garhwal 2005. Kanpur 2004, Meerut 2003, 2011]
t x p
Sol. Given that plp =k that is, p=pk )]
Since the motion is one-densional, the equations of continuity and motion (refer equation (1)
with § = 0 in Art. 4.2) are respectively
op O
4+ —(p)=0 (2
o 5 PV @
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ov ov _la_p

— 4 —=
and Py Uax o ox .(3)
From (1), we have dp/ 0x =k(Op/0x) (4
Using (4), (3) reduces to @+ % o = _kop (5
ot ox p Ox
Differentiating (2) partialy w.r.t. ‘¢, we get
2
P oo B 5_P+i{ﬁ v}zo
87_‘—5{5([)0)}_0 or at2 o at(P)
?p o[ v op ?p 0 v kop o
P ISy (5 I i uil) QU —+— —0———— |-v—(p0) ;=0
* or T ox {p o o 0 o a2 ox T\ ox p ox ox (p?)
[on using (2) and (5)]
o*p 8{80 o 0 } a{a 8p} a{a / }
—+—<pv—+k—+0v—(pv); =—<—(PV-V)+k—} =—<{—(pv" +k
o orr  ox P ox oOx Ox P) Oox (Ox (pv-0) ox ox [ Ox ® P)
o’p & )
or 87=§{P(U +h)5.

Ex. 13. If the body force F form a conservative system, density P is a function of p only and
the flow is steady, prove that Q)+ P+q2 /2 is constant along every streamline and vortex line,

where F=-VQ, P= I(lj dp and q is velocity. [LA.S. 1989]
p
Sol. Vector equation of motion for invicid incompressible fluid is
oq/0t+V(q’12)~gxcurlg=F —(1/p)Vp (1)
Since the flow in steady, oq/ot=0. ..(2)
Since p in function of p only, 1/p)Vp=V(p/p). ..(3)
Also given that F=-VQ. ..(4)
By definition, vorticity vector = w = curl q. (5
Using (2), (3), (4) and (5), (1) reduces to
1, dp
V(g®/12)—gxw=-VQ-V(p/p) or V{zq +Q+ij=qxw
1, 1 .
or \% Q+P+5q =gxw, as I — |dp =P (given) ...(6)
p

Taking scalar product of (6) with d r, a time independent variation in the position vector r of
the fluid particle, we get

d(Q+P+q°12) =dr-(qgxw). A7)
Two cases arise:
Case I. Let ¢ x w = 0. Then have
either (/) when ¢ and w are parallel, i.e., when the streamlines and vortex lines coincide. For such
motion, ¢ is known as Beltrami vector.
or (i) when w = 0, i.e. the motion is irrotational.
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In both cases, (7) gives d(Q+P+¢*/2)=0 (8)
at all times throughout the entire flow field.

Integrating (8), Q+P+ q2 /2 = constant ..(9)

throughout the entire field of flow. The constatnt in (9) will remain unchanged throughout the
entire field because the differential dr in (7) is an arbitrary small variation of position vector r in
the field.

Case II. When qxw #0. Since ¢ x w is perpendicular to the vectors ¢ and w, it follows
that if dr #0, then dr-(q xw)=0 whenever dr lies in the plane of ¢ and w. Therefore, if we
take the variation dr in the surface containing both the streamlines and vortex lines, then (7)

shows that d[Q+P+ q2 /2]1=0 over such a surface

and hence Q+P+q* /2 = constant -(10)

over a surfce containing the streamlines and vortex lines. It may be observed that the constant in
(10) is the same everywhere on any one such surface, but that its value varies from one surface to
another. It may be noted that (10) holds for steady rotational as well as irrotational motious.

Ex. 14. Prove that in a steady motion of a liquid, H = p/p+ q2 /2+V =constant along a
streamline. If this constant has the same value everywhere in the liquid, then prove that the
motion must be either irrotational or the vertex lines must coincide with the streamlines.

In two dimensional motion of a liquid with constant vorticity C, prove that

V(H -2C0y)=0.
Show that if the motion be steady, the pressure is given by p/p+q2 +V —2Cy = const.,
where V is the Laplace’s operator. [Agra 2000; I.A.S. 1992; Rohilkhand 1999]
Sol. For the first part, refer Art. 4.2 Thus, we have
Id—p+ %qz +JV =const. along a streamline ..(1)
[

If the fluid be homogeneous so that p=const, then (1) becomes

H=plp+q>/2+V =constant along a streamline .(2)
Second part. We know that for steady motion, Euler’s equations of motion for homogeneous

liquid moving under conservative forces (so that X =—0V /dx, y=-0V /0y, Z =-0V / 0z, where
V is force potential and F =Xi+Y j+Zk and q=ui+v j+wk) (refer Art. of 3.1 chapter3).

0 0 oV 1op
U—+0—+w— lu=————— .(3A)

ox Oy oy ox pox

0 0 0 oV 1dop
U—+0—+w— |0=————— ..(3B)

ox Oy oz dy poy

0 0 0 oV 10dp
U—+V0—+W— (W= ——— .(30)

ox Oy Oz 0z poz

Let &, M, £ be the vorticity components, then

2& =0w/dy—0v/ oz, 2n =0u/0z—ow/ ox, 2L =0v/0x—0ouldy, ..(4)
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Re-writing (34), we have

ou Ov ow ou Ov (81: 6wj lop oV
U—F+V—+W—t V| ——— |+ W] ——— [+ ——+—=
ox  Ox Ox oy Ox 0z Ox) pox Ox

or L0 ewtyroe20+wen) + 22+ _ o, using (4)
2 0x pox Ox
2
or i £+q—+V =2(vl-wnm), where q2:uz+vz+w2
oaxlp 2
or OH / 0x =2(v{—wn), using (2) ...(54A)
Similarly (3B) and (3C) reduce to
OH /0y = 2(w& —uQ) ...(5B)
OH / 0z = 2(un —v&) ...(50C)
Multiplying (5A), (5B), (5C) by u, v, w respectively and then adding, we get
u(0H /0x)+v(0H /0y)+w(0H /0z) =0 ...(6)
Multiplying (5A), (5B), (5C) by &, M, £ and the adding, we get
E(OH / ox)+m(0H /oy)+E(0H /0z) =0 (7

From (6) and (7), it follows that the surface H = const. contains the streamlines (whose
direction cosines are proportional to u, v, w) and vertex lines (whose direction cosines are

proportional to &, M, €).

If H has the same value everywhere in the liquid, we have

OH /0x =0, OH [0y =0 and CH/0z=0

= vl—-wn=0, wé—ul =0, un—-vE=0, by (7A) (7B) and (7C)
= either E=n=C=0 or ul&=v/n=w/

Now, E=m=C=0 => the motion is irrotational.
and u/&=v/n=w/{ = streamlines given by (dx)u = (dy)lv = (dz)/w
coincide with vortex lines (dx)/&=(dy)/n=(dz)/C

Third part. Consider two dimensional motion such that € = constnat.
Then, w=0 and 2§ =0v/0x—0u/0dy. Also, if ¥ be stream function, then we have (refer Art. 5.4,
chapter 5)

20 =0y /ax? + My /dy* =V, -(8)

where V (= 0% /ox* +0*/dy?) is Laplace’s operater .8

As before, Euler’s equations motion (refer Art. 3.1, chapter 3), for two dimensional notion (so
that w = 0), we have

ou Ou Ou oV 1dp
_t+“_+v_:_____ ...(9A)

v @&
and o o oy o poy ...(9B)
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ou Ou 0Ov ou Ov oV 1dp
Re-writing (9A), o, TUu—+0—+7 - = .

ot ox  Ox 5 ox Ox pox
or a—u+li(u2+vz)+vx(—2C):—a—V—la—p
ot 20x Ox pox
ou o(q*>) v 1op
— 20 =—| —| "~ |[+—+——|, 2 4ot
o a2 {ax[zj ax  pox where g su v
or Ou/ot—2vL =—(0H /0x). .(10A)
Similarly, (9B) gives ov/ot+2ul=—(CH/0y) ..(10B)
Differentiating (10A) and (10B) w.r.t."x” and ‘y’ respectively and then adding, we get
d(ou ov dv  ou OH °H
ol ool e Rl R SRR .(11)
ot\ ox 0oy ox 0Oy Ox oy
For incompressible fluid in two dimensions, equations of continuity is
Oul/dx+0v/dy=0 ...(12)

Also, for a two dimensinonal, if ¥ be velocity potential, then we have
u=-0y/dy, v=0y/dx sothat ou/dy=-"y/0y}, Ov/dx=0"y/ x>
o0/ ox—0uldy =%y /oxt +07y /0%y =V, ..(13)

where V is given by (8)'.
Using (12), (13) and (8)', (11) reduces to

-2LVy=-VH or V(H-2Ly)=0 ..(14)
Fourth Part. Let the motion be steady so that du/0t = 0v/0t =0 and so again (11) reduces
to (15),
Integrating (14), H -2Cy =const.
or P/p+q2/2+V—2Q\|/:const., using (2)

Ex. 15. 4 long pipe is of length | and has slowly tapering cross-section. It is inclined at
angle o to the horizontal and water flows steadily through it from the upper to the lower end.
The section at the upper end has twice the radius of the lower end. At the lower end, the water is
delivered at atmospheric pressure. If the pressure at the upper end is twice atmospheric, find the
velocity of delivery.

Sol. Let ABCD be the given pipe of length
[(=00"). Let OX be horizontal line which is taken
as the zero level of potential energy. Let radii of the
ends AD and BC of the given pipe be 2a and a
respecively Let I1 be the atmopsheric pressure. Then,
the pressures at upper and lower ends are 2I1 and
IT respectively. Let ¢, and g, be velocities at the entry
end 4D and exist end BC respectively.

Now, Bernoulli’s equation for steady motion is

plp+q*/2+V =C, (1)

where V' is the force potential and C is a absolute constant.
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Atend AD, V=0 and at end BC, V'=— gl sin o, where — g/ sin o is the potential ernergy per
unit mass of the gravitational force at the end BC. Hence, using (1) at the ends 4D and BC,
21 1 , m 1, .
it 0=C d —+—q. —qlsina.=C -2
> "2 q, an > t2 9, -9 @
Since the fluid is incompressible, equation of continuity of water flowing through the given
pipe is (refer Art. 2.14) given by

gy % (47ta2) =q, x(naz) or q, = q,/4 ...(3)
2 2 2 2
From (2), £+q_1:E+q_2_glsina or E+glsinotzq—2—q—2, using (3)
P2 p 2 32
1/2
15 2—H+ /sin o = 2 E+ [sina
or 3 q, 0 g or q> 150 p 8 5

which yields the desired velocity of delivery at exist BC.

Ex. 16. AB is a tube of small uniform, bore forming a quadrant arc of a circle of radius a
and centre O, OA being horizontal and OB vertical with B below O. The tube is full of liquid of
density P, the end B being closed. If B is suddeenly opened, show that intially du/dt = 2g/m,
where u = u(t) is the velocity and that the pressure at a point whose angular distance from A is

0 immediately drops to p ga(sin®—20/mn) above atmospheric pressure. Prove further that when
the liquid contained in the tube subtends an angle B at the centre,

d*B/dr* =—(2g/aB)xsin®(B/2).

Sol. As shown in the figure, 4B is a tube of o

small uniform bore (= A4'=BB'=PP'=0Q'). Let

ZAOB =90°. Let P be any point of the tube such

that ZAOP =0. Let O be another point on the tube

such that Z40Q = 0+386. Also, let arc AP = s and
arc AQ =s+0ds, where s is measured from 4.

Let u(r) be the velocity of the liquid along arc

AB so that Ou/0s=0. Then equation of motion of

the element PP'Q'O is given by (refer equation (1)

of Art. 4.2)
\/
ﬂ=gcos9—la—p (1) g
dt p Os B
But, ﬂ:@+u%:a—u g£l 2) and
dt ot Os Ot O0Os\2

where y is the depth of P blow OA. Therefore, (1) reduces to
u_ 0 [uzj_ dy 10p

+—| — | = PACAUE—— i
ot os| 2 £ ds pOs -(2)

Integrating (2) w.r.t. ‘s’ while treating ¢ as constant, we get
s(@u/oy+u*12=gy—(p/p)+ f(0), ..(3)

where f(¢) is the arbitary function of ¢. Note that while integrating w.r.t. ‘s’ we have assumed that

at any time ¢, Ou/0t is the same at all points of the liquid.
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Let TT be the atmospheric pressure.

Now, initially at 4, when t=0, s=0, wu=0, p=II and y=0.

. (3) reduces to 0=—(1/p)+ f(0) or fO)y=I1/p ..(4)
Again, at B,when (=0, s=arc4dB=(na)/2, u=0, p=I, y=a

na (Ou I1
-, (3) reduces t —X(—j =ga-—+/(0) (5
.. (3) reduces to ) ot )y o )
Subtracting (4) from (5), we have
E{a_“j o [%j 2
2\ ), g or o), w ..(6)

We now apply (3) at P. Initialy at P, t =0, u=0,y=0OM=asin@,s=arc AP=a@. Also, let
p = p,- Then (3) reduces
a0x(0u/dt),_g = gasin®—(py/p)+ f(0)

or abx(2g/m)=gasin®—(p,/p)+I1/p, by (4) and (6)

or (po—I1)/p=gasin®—(2ga0)/n or po —I1 =pga(sin®-26/n),

showing that if B is suddenly opened, the pressure at P immediately drops to p ga(sin®—26/m).
Let us now consider the situation when the liquid contained in the tube AB subtends an

angle B at the centre. In this case liquid is shown in part RBB'R’ of the tube such that

ZROB =f. Then ZNOR =m/2—p. Let RN be perpendicular to OA. Thus RN = ORsin(n/2—f)

=acosP. Also, arc AR =a(n/2—-B). For this situation, P =TT at the surface RR'. So (3) gives

b ou I
al —=B |—+—=gacosP——+ f(¢
(2 Bj@t 5 ~gacosp o J® (7
Again, using (3) at B, where s=(am)/2, y=a, p=II, we get
an ou u’ I1
Xt —=ga——+ f(t -(8)
R o AU
Subtracting (7) from (8), we have
0
B = ga(l - cosp) or W _28 2 P (9)
ot o B 2
. 0(an
Since arc AR =a(n/2-p), we have u :8_t T—aﬁ
2
or u=—ad—[3 so that 8—u=—ad—f ...(10)
dt ot dt
2 2
From (9) and (10), —aﬂ = 2—gsin2 E or d—E = —z—gsin2 E
ar* B 2 dt ap 2
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EXERCISE 4 (A)

1. Liquid of density p is flowing along a horizontal pipe of variable cross-section, and the

pipe is connected with a differential pressure gauge at two points 4 and B. Show that if p, — p, is
the pressure indicated by the gauge, the mass m of liquid through the pipe per second is given by

m=0,0, M , where ©,,0, are the cross-sections at 4, B respectively.
01 =63

2. The diameter of a pipe changes from 20 cm at a section 5 metres above datum, to 5 cm
at a section 3 metres above datum. The pressure of water at first section is 5 kg/cm?. If the
velocity of flow at the first section is 1 m/sec, determine the intensity of pressure at the second
section. [Ans. 3.9 kg/cm?]

3. A pipe 300 metres long has a slope of 1 in 100 and tapers from 1 metre diameter at the
high end to 0.5 metre at the low end. Quantity of water flowing is 5,400 litres per minute. If the
pressure at the high end is 0.7 kg/cm?, find the pressure at the low end.  [Ans. 0.999 kg/cm?]

4. Find out Bernoulli’s equation for unsteady irratational. [Kanpur 2005; Meerut 2002]
5. Obtain the well known equation —(6¢/0t)+ p/p+ (q2 [12)+V =C [Kanpur 2001]
6. Obtain Bernoulli’s equation for steady motion. [Kanpur 2002, 03]
7. Define pressure equation. [Kanpur 2000]

8. Define pressure equation in its most general form by integrating Euler’s equation of motion.
[I.A.S. 2005; Meerut 2000]

9. A vertical tube 4B of small section has two apertures close to its base B in which horizontal
tubes are fitted and the apertures are closed by valves; a given height a of the tube AB is filled with
water and the valves are then opened. The areal section of each horizontal tube being half that of
the vertical tube and the length of each greater than AB, prove that the motion is of the simple
harmonic type until the vertical tube is emptied which will take place after time (r/2)\/(a/g).

10. In the case of a steady motion of an ineladtic fluid under no forces the velocities parallel
to the axes at the point (x, y, z) are proportional to y + z, z + x, x + y; prove that the surfaces of equal

pressure are oblate spheroids, the eccentricity of the generating ellipse being ~/2/3.

11. Derive Bernoulli’s equation for unsteady motion of an incompressible fluid and hence
derive expression for steady motion.
12. (@) State the condition under which Euler’s equation of motion can be integrated. Show

that —@+lq2+V+J.d—p:F(t),
o 2 p
where the symbols have this usual meaning. [LA.S. 2005]

[Hint: Proceed as in Art. 4.1 upto equation (13)]
(b) When the velocity potential exists and the forces are conservative, show that the Euler’s

dynamical equations can always be integrated in the form J- dp +lq2 _? +V = f(t), where
p 2 t

the symbols have their usual meaning. [Kanpur 2008]

4.4. Applications of Bernoulli’s equation and theorem. [Meerut 2008]

Bernoulli’s equation is of fundamental importance in fluid dynamics, especially in hydraulics.
It is employed to handle some complicated situations of fluid flow problems in a simple manner.
We now discuss some practical applications of the Bernoulli’s equation. In each case the fluid will
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be assumed inviscid and incompressible

4.4A. Flow from a tank through a small orifice. Torrieclli’s theorem.
Consider a tank containing a liquid. Let the tank be sealed except for a small orifice near its
base. We wish to determine the velocity of efflux from the
tank when the orifice is opened. Let S, and S, be the areas |‘_ S —>
of cross-section of the tank and the orifice respectively.
Now the water will move out steadily in the form ofa ——
smooth jet. Let the line connecting point 1 on the liquid
surface with the point 2 in the jet represents a streamline of h AN
the flow. Then the Bernoulli’s theorem [refer equation (5) of  h AN

) 1 N2 S,
Art 4.2] yields P |
P hy

1 P

e
\d1
N \

\
N \

%qf cgh+ 2= Lgdign, D) _
p 2 p _ Reference Line
But from figure hy—hy=h -(2)
Now, from the equation of continuity, we have
q9,5,=4q,5, or q, = (5,/8)) % q, -.(3)
Using (2) and (3), (1) reduces to
1, 158 , 1 2 2 2
qu —Es_lzqz :g(hl_h2)+E(P1—P2) or (q2/2)x(1-85/87)=gh+(p—p2)/p
2 PL— P
" ne J(I ~53 /Sf)[ P ghj @

which gives the desired velocity of efflux from the tank through the orifice.
We now discuss two special cases of (4) :

Case 1. Suppose the tank is vented to the atmosphere or has an open surface, so that
D, = D, Further, let S, << .§,. Then (4) reduces to

4> =-2gh. ..(5)

Hence the velocity of efflux from the vented tank is equal to that of a rigid body falling
freely from a height h.

The above result is known as Torricelli’s theorem.
Case 1. Let S, << §| and (p, — p,)/ P >> gh. Then (4) reduces to

4> =~ (2/p)x(p1 = P2)-
lllustrative Examples.
Ex. 1. Calculate the velocity of the water jet in above problem if p, = 14.7 Iblin*.,
p, =30 Iblin*., S,/S; =0.01 and /= 10fz., p = 1.94 Ib/fE.
Sol. From (4), we have

2 (30-14.7)x 144 }
= +(32.2x10 = =
9> \/1_(0.01)2{ o4 ( )| =/2917.8 = 54.01ft /sec.

If p, = p,, the discharge velocity is given by g> =~/2%(32.2)x(10) =25.381t/sec.

Ex. 2. Fluid is coming out from a small hole of cross-section G, in a tank. If the minimum
cross-section of the stream coming out of the hole is c,, then show that ¢,/c, =1/2.
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Sol. Let AB be the hole and 4'B’ be its image on the opposite
wall of the tank. Let / be the height of the fluid level in the tank
above the orifice. Again, let p, be the pressure at 4B when the
hole is closed. Since the velocity of the fluid coming out from
minimum cross-section is at right angles to the hole, the direction
of velocity will be horizontal there. If the velocity at the minimum
cross-section is g, and pressure is p, there, then the principle of
the conservation of momentum yields

o1(p— 1) =020 45 or p—pr=(0,/0)pg3 (D)

Consider a streamline connecting a point of 4'B’ and a point of minimum cross-section of
the jet. Then the Bernoulli’s equation for the above streamline gives

1 1
ﬂ=&+—q§ or Pr— P =—pq§ .(2)
p p 2 2
Comparing (1) and (2), we find that o, /o =1/2.

4.4B. Trajectory of a free jet.

Consider a liquid jet which is coming out from a small hole of area of cross-section S with
velocity ¢, and making an angle o with the horizon. Since the entire jet is in the atmosphere, p,
= p,. Then the Bernoulli’s equation between the jet exit 1 and an arbitrary point 2 on the stream
line yields

2
\%
—> X
AR
Reference Line
ghi+qi 12=ghy+q3 /2 or % =4 -2, (1)
where y = h, — h,. Let Q = g, S so that g, = Q/S. Then (1) reduces to
q; =(0/5) —2gy (2)

To determine the trajectory of the jet, consider the equations of motion for the jet along the
horizontal line (x-axis) and the vertical line (y-axis).

dx/dt =g, cosa ..(3)

and dy/dt=q,sino — gt, (4
where (x, y) are coordinates of point 2 with point 1 as the origin. Integrating (3) and (4), we get

X =gq,cosa-t+cp, ¢, being an arbitrary constant (5

and y=gq;sino-t—(1/2)x gt +¢;, ¢, being an arbitrary constant ...(6)

Initially at point 1, #=0, x =0, y = 0 so that ¢, = 0 and ¢, = 0. Then (5) and (6) give
X=gq;coso-t (7
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y=q sina-£—(1/2) x gt -(8)
Eliminating ¢ from (7) and (8), the equation of the jet (or streamline) is given by
y:xtanoz—(l/2)><(g/qlz)seczot~x2 (9
or y=xtana—(1/2)x g(S/0)* sec’ o - x* -(10)
Putting this value of y in (2), the velocity of the liquid at any point of the jet is given by
y=(0/8)* —2gxtano.+(S/0)* x g*x* sec’ a -(11)

lllustrative Solved Examples
Ex. 1. Calculate the horizontal distance required for a jet striking the ground which is 3
feet below the horizontal line of the nozzle. The jet is inclined at an angle of 60° with the
horizontal at a velocity of 20 ft./sec. What is the velocity of the jet just before reaching the
ground.

Sol. Refer equation (9) in above article. Here o= 60°,q, = 20 ft./sec., y = -3 ft. Then we get
—3=xtan60°—(1/2) x (g/20%)sec® 60°x x* or  x*—10.74x—-18.63 =0, on simplification

or x = {10.74%+/(10.74) + (4x18.62)} /2

Since x cannot be — ve, reject — ve sign in the above value of x. Then (1) gives x = 12.13 ft,
which is the required horizontal distance between the nozzle and jet striking the ground.
The velocity ¢, of the jet just before reaching the ground can be obtained by using (1) of

above article. Thus, q, = \/(20)2 —2g(=3) =~/593 = 24.24ft/sec.

Ex 2. A nozzle is situated at a distance of 1.2 m above the ground level and is inclined at
60° to the horizontal. The diameter of the nozzel is 40 mm and the jet of water from the nozzle
strikes the ground at a horizontal distance of Sm.Find the flow rate.

Sol. Here the co-ordinates of 4, which is on the
centre line of the jet of water and is situated on the
ground with respect to O as origin are (5, —1.2). Let v

be the velocity of the jet. Then the equation of the jet 4 v
is given by
) Jet
y=xtano— gx . nozzle 60 >
207 cos” a o

2 1.2m

or —1.2:5tan60°—%
207 cos” 60°

R 5m > | A5, -1.2)

or -1.2=5x1.732-(122.62x4) /v or ground

498.48/v* =8.66+1.2
or v* =49.74 or v=7.05m/s.

Area of cross-section of nozzle = (7/4)x (diameter)* = (m/4)x(0.04)’m* =0.001256 m".

Hence, flow rate = Q = Sv = 0.001256 x 7.05 = 0.00885m> /.

Ex. 2. Calculate the horizontal distance required for the jet striking the ground which is 2
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ft. above the horizontal line of the nozzle. The jet is inclined at a 30° angle with the horizontal at
a velocity of 25 ft/sec.
Hint: Do just like Ex. 1.

4.4C. Pitot tube. [Garhwal [1994, 96]

A Pitot tube is an instrument to measure the velocity of flow at the required point in a pipe or
a stream. Suppose we wish to determine the velocity g of a stream of water. The inner tube B4 is
kept so as to face the direction of the flow as shown in figure.
The outer tube of the Pitot tube has holes such as H. If p is the
pressure in the stream where the fluid velocity is g then p is
also the pressure on the inside and outside of the hole and
therefore p is also the pressure at the meniscus D of the mercury
in the U-tube (manometer). Let the steam enter the tube 4B and
let it be brought to rest at meniscus C. C is called a stagnation
point. Let p, be pressure at C. Applying the Bernoulli’s equation
to the steamline passing through 4 and C, we have

2 =
p. Lo p ‘- {(po p)} 0

—+—q° == or
p P

27
where p is the density of the water.
Let & be the difference in level of the mercury in the U-tube and let ¢ be the density of the
mercury. Then we have po— P =0gh ..(2)

Using (2), (1) reduces to q=20gh/p)"? ..(3)
which determines the fluid velocity at a point in the flow region.

4.4D. Venturi meter (or tube).

A venturi meter is an instrument to measure the fluid velocity in pipes. The flow rate of a
fluid in conduit and the discharge of a fluid flowing in a pipe may also be measured. The venturi
meter is made up of a constant cross-section S, tapering
to a section of smaller cross-section S, (also known as
throat) and then gradually expanding to the original cross-
section. 4 U-tube serving as a mercury manometer is
attached to connect the broad and narrow sections at 4
and B.

Let g, g, be the fluid velocities at 4, B and p,, p,
the pressures. Then by the equation of continuity, we have

018 =4S, or 0 =(@15)/S, (1)
Applying the Bernoulli’s equation to the central streamline passing through 4 and B, we get
Plp+ai /2= pyp+qi /2, -2)

where p is the density of the fluid. Eliminating ¢, from (1) and (2) we have
,1/2
1 :{2(1% 2—172)252 }
p(SI —S3)
Let /1 be the difference in levels of the mercury in the U-tube and let ¢ be the density of the

-3

density of the mercury. Then we have p— P, =0gh ..(4)
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, 12
Using (4), (3) reduces to = {%} ...(5)
pP(SI —53)

Let O be flow rate of the fluid flowing through the broad section at 4. Then

, 12
26ghS? }
p(S7=S3)
Remarks. Let the venturi meter be kept inclined at a certain angle to the horizon. With
reference to a fixed horizontal line, let vertical heights of 4 and B be %, and h, (h, > h,) and let
h

q, =pPq;S, = pS; { ..(6)

,— h, = Ah. Then equation (2) modifies in the following form:
Plp+ai 2+ gh = py/p+aqs [ 2+gh A7)
Eliminating ¢, from (1) and (7), we get

) {2[@1 —p)/p-g(h —ho]}“
qr =

1-(S,/8))*
and hence the flow rate at either sections is given by
1/2
2[(cgh)/p—gAh
0=54,=5, [(ogh)/p g2 ] ®
1-(S, /S))

Let C be the coefficient of venturi meter (or the coefficient of discharge). Let O be the
discharge through the venturi meter. Then we know that

d(ogh! p)-ga]|
1-(S,/8))*

If Ah =0 (i.e. the venturi meter is horizontal), then (9) reduces to

CS,S
Q:#\/EJZgh. .(10)
Jsi-s3\p
4.4 E. Weir.

A structure, used to measure the flow rate of fluid with a free surface (as in an open channel
or river), is known as a weir. There are two types of weirs depending on the common physical
principle. One type of weir, known as sharp-crested weir, is made up of a sharp edged plate
mounted normal to the direction of the flow so as to span the fluid stream. The opening is
generally either a rectangle or a triangle (called V-notch also). The other type of weir, known as
broad-crested weir, is made up of a obstacle with broad edge. We now discuss these in details.

(i) Sharp-crested weir.

0=CS,q, =CS, { ..(9)

7 B >
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Consider a streamline lying entirely in the free surface and joining points 1 and 2 as shown in
Fig. (a). Then the Bernoulli’s equation for this streamlines yields

n, 1o |2
—+—q +tgh=—"=+=¢q; +gh
o 2‘11 & o 2 9 +8m (1)

Since the entire streamline lies in free surface, we have p, = p,. Let h —hy =h Then, (1)

reduces to q, = «/qlz +2gh, ..(2)

which gives the velocity at the weir plane. Again the flow rate over the weir is given by

H
0= j q,dS,, -3)

where dS, is the cross-sectional element parallel to the width lying in the plane of the weir.
For rectangular weir [see Fig. (b)] dS, = Bdh and hence

H B
0= qBdn=-[Cet +4})"* ~4}] )
o 3g

When the body of water being measured is very large in comparison with the weir opening,
g, may be neglected. Than, we have

0=(2B/3)x~2g H'? ..(5)
If C,, is a discharge coefficient, for the actual case, we have
2BC,,
Qactual = > 4 V 2g H3/2 (6)
In a similar manner, for the triangular weir the flow rate is given by
3
Qactual ' A de V 2g H5/2 tan (9 / 2) (7)
15
(ii) Broad-crested Wear. 1 Free Surface

We again proceed as in (i) above. Let there be

uniform parallel flow at point 2 and let ¢ <<¢;
Then Bernoulli’s equation for the streamline joining
points 1 and 2 gives

gh=a;/2+gh
.. The flow rate over a weir of width B is given by

Q= Bhy~\2g(h —hy) -(8)
Then, we have O,ctval = CaBhy~J2g (h —hy) ..(9)

4.5. Euler’'s momentum theorem.

Consider steady motion of a non-viscous liquid contained
between, AB and CD of the filament at a given time ¢. The surrounding
fluid will produce a force on the walls and ends of the filament. By
Newton’s second law of motion, the net force will be equal to the rate
of change of momentum of the fluid in the filament ABCD at time ¢. At
time ¢+8¢, let the new position of the fluid be A'B'C’'D’. Then
notice that the momentum of the given fluid has increased by the
momentum of the fluid between CD and C' D’ and has decreased by

the momentum of the fluid between 4B and A'B’.
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Gain of momentum at CD = (pa.,q,06t)q,

and loss of momentum at AB = (pa,; ¢,8t)q;,
where g, and ¢, are the velocities at 4B and CD respectively.

Hence the net gain = p8t(a2q22 —othl2 ) or the net rate of gain = p(azqg —alqlz ).

This gives the resultant force due to pressure of the surrounding liquid on the walls and
ends of the filament. This result is known as Euler’s momentum theorem.

4.6. D’Alembert’s paradox. [Meerut 2000, Kanpur 2001]

Consider a long straight channel of uniform cross section in which a liquid is flowing with a
uniform speed g. Let the ends of the tube be bounded by equal cross-sectional area o. If an
obstacle 4 is placed in the middle of the channel, the flow
in the immediate neighbourhood of 4 will be disturbed
whereas the flow at a great distance either up-stream or
down-stream will remain undisturbed. Suppose F is the
force required to hold the obstacle to rest, in the direction
of uniform flow.

Let BB’ and CC' be two sections at a great
distance from A and let the fluid between these sections
be split up into stream filaments. Since the outer filaments
are bounded by the walls of the channel, the thrust
components are normal to the direction of flow. Moreover, the obstacle 4 acts on those filaments
which are in contact with it by a force — F.

By Euler’s momentum theorem the resultant of all the thrusts on the fluid is p()tq2 - p(xqz.

Let p, and p, be the pressures on BB’ and CC' respectively. Then Bernoulli’s theorem gives

n,l s |2

—+—q =C=—"=+— =

o 2q 0 2q so that D= D,
Now, the thrust due to pressure p; and p, is PioL— PO

Thus the equation of motion becomes
pi0— py0~F =pag’ - pag’ so that F=0, as p;=p,

Let the diameter of the channel increase indefinitely. Then the above problem reduces to that
of a obstacle immersed in an infinite uniform stream. As before, again the resultant force exerted by
the liquid on the obstacle is zero.

Now let us superimpose a velocity u in the opposite direction on the entire system (the body
A and the liquid). Then the body A4 can be thought as moving with uniform velocity » and the
liquid at great distance is reduced to rest.

Thus a body moving with uniform velocity through an infinite liquid, otherwise at rest, will
experience no resistance at all. This result is known as D Alembert’s paradox.

EXERCISE 4 (B)

1. A venturi meter has its axis vertical, the inlet and throat diameter ratio being 2.5. The
throat is 12 in. above the inlet and the coefficient of discharge is 0.97. Determine the pressure
difference between the inlet and throat when the velocity of water at the inlet is 6 ft/sec.

2. A jet of water 1 in. in diameter strikes a flat plate at an angle 30° to the normal of the
plate with a velocity of 30 ft/sec. Determine the velocity of the plate, moving parallel to itself, if
the normal force exerted by the jet is 2.5 Ib.

3. A rectangular plate 4 in. wide and 10 in. long hangs vertically from hinges at its top
edge. A jet of water 1 in. in diameter with a velocity of 30 ft/sec strikes the plate at its centre.
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Determine the weight of the plate if the plate stays in equilibrium after deflecting 20° from its
origind position.

4. A jet of water 2 in. in diameter discharges 1.0 ft*/sec. Calculate the force required to move
a flat plate towards the jet with velocity of 25 ft/sec. The jet is perpendicular to the plate.

5. Calculate the force exerted by a jet of water 3/4 in. in diameter which strikes a flat plate at
an angle of 30° to the normal of the plate with a velocity of 30 ft/sec if (a) the plate is stationary, (b)
the plate is moving in the direction of the jet with a velocity of 10 ft/sec.

[Ans. (a) 4.63 Ibf. (b) 3.09 Ibf ]

6. State and prove Bernoulli’s theorem for steady inviscid flow in a conservative field of force
and discuss the nature of the constant.

7. Fluid enters a contracting pipe with velocity V| through area 4, and leaves with velocity
V, through area A, after having been turned through an angle o. Determine the force required to
hold the pipe in equilibrium against the pressure of the fluid.

8. A water venturi meter has a throat diameter of 3 in. and a pipe diameter of 6 in. Calculate the
velocity at the throat if the deflection of mercury manometer which connects the pipe and the
throat is 9.5 in. The coefficient of discharge is 0.96.

9. Define stream tube. Using this obtain the Bernoulli’s equation for a steady flow.

10. The venturi meter has an entrance of 6 inch diameter and a throat of 3 inch diameter
whose centre is 18 inch above the centre of the entrance. Find the velocity of water at the throat
when p, — p, =5 1b/ in®. The coefficient of discharge C , 15 0.97. Find the value of the constant for
the venturimeter. [Ans. 25.4 ft/sec]

11. Calculate the horizontal distance required for the jet striking ground which is 0.5 m
above the horizontal line of the nozzle. The jet is inclined at a 30° angle with the horizontal at a
velocity of 10 m/s.

12. If the water jet is discharged from a nozzle (inclined at a 60° angle with the horizontal)
at 5 m/s, calculate the horizontal distance required for the jet striking the ground which is 1 m
below the horizontal line of the nozzle. What is the velocity of the jet just before reaching the
ground ?

13. A horizontal straight pipe gradually reduces in diameter from 0.5 m to 0.25 m. Determine
the total longitudinal thrust exerted on the pipe if the pressure at the larger end is 0.4 MN/m? and
the velocity of the water is 2 m/s.

14. A jet of water 0.05 m in diameter strikes a plate at an angle 30° to the normal of the
plate with a velocity of 10 m/s. Determine the velocity of the plate, moving parallel to itself, if
the normal force exerted by the jet is 10 N.

15. Calculate the force exerted by a jet of water 10 mm in diameter which strikes a flat
plate at an angle of 30° to the normal of the plate with a velocity of 10 m/s if (a) the plate is
stationary, (b) the plate is moving in the direction of the jet with a velocity of 2 m/s.

16. A venturi meter has its axis vertical, the inlet and throat diameter ratio being 2.5. The
throat is 0.3 m above the inlet and the coefficient of discharge is 0.97. Determine the pressure
difference between the inlet and throat when the velocity of water at the inlet is 2 m/s.

17. A water venturi meter has a throat diameter of 0.1 m and a pipe diameter of 0.2 m.
Calculate the velocity at the throat if the deflection of the mercury manometer which connects the
pipe and the throat is 0.15 m. The coefficient of discharge is 0.96.

18. State and prove D’Alembert’s Paradox. [Meerut 1999, 2000]

19. Briefly explain the application of Bernoulli’s theorem. [Kanpur 2000]

Hint. Refer Art. 4.4 and Art 4.4A
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OBJECTIVE QUESTIONS ON CHAPTER 4

Multiple choice questions
Choose the correct alternative from the following questions

1. If the motion is steady, velocity potential does not exist and 7 be the potential function
from which the external forces are derivable, then Bernoulli’s theorem is

dp 1
o -1, +V+Idp c (i) f—p+—q2+V=C
a 2! p p 2
@) plp+ q2 /2+V =C (iv) None of these
2. The Bernoulli’s equation for unsteady and irrotational motion is given by
(i) —oh/ot+q*/2+V +plp=F(t) (i) —60/0t+q” /12+V = F(1)
(iil) —84/0t—q* 124V —plp=F(t) ) ¢*/2+V+plp=F(1)

3. A stream in a horizontal pipe, after passing a contraction in the pipe at which its sectional
area is A is delivered at atmospheric pressure at a place, where the sectional area is B. If a side
tube is connected with the pipe at the former place, water will be sucked up through it into the
pipe from a reservoir at a depth A below the pipe, s being the delivery per second, where £ is
given by

(i) (s*/2g)x(1/ A* +1/ B*) (i) (s*/2g)x(1/ 4> -1/ B%)

(iil) (2g/s*)x(1/ 4> -1/B?) (iv) (g/s*)x(1/A*+1/B%)
4. The horizontal distance required for a jet striking the ground which is 3 feet below the

horizontal line of the nozzle (given that the jet is inclined at a an angle 60° with the horizontal
at a velocity of 20 ft/sec.) is

(@) 12.20 feet (i) 12.15 feet (#i7) 12.13 feet (iv) None of these
5. A body moving with uniform velocity through an infinite liquid otherwise at rest, will
experience no resistance at all. This result is known as
(i) Euler’s paradox (i) Lagrange’s paradox
(7ii) D’Alembert’s paradox (7v) none of these

6. If the fluid be homogeneous and incompressible, then in usual, symbols, the Bernoulli’s
theorem bcomes

(i) ¢*/24+V+p=C (i) ¢*+V+plp=C

(iii) ¢*/2+V+plp*=C V) ¢*/2+V+plp=C

7. The most general form of Bernoulli’s equation for motion of fluid is
1, dp 09 12+Q—J-d—p—@= t
@S¢ +Q+ jp =1 (b) 54 o f@)
dp 0O
© 30 0= [L 2= r0 @ 4 +Q+j D= 10 1agea 2005
p

8. The equation q2 /2+Q+ p/p=constant is known as (a) Navier equation

(b) Bernonilli equation (¢) Euler equation (d) Stokes equation [Agra 2007]
9. The Bernoulli’s equation for steady motion with the velocity potential and conservative

field of force is.......... (Fill up the gap) [Agra 2008]
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Answers/Hints to objective type questions

1. (ii). See Eq. (3), Art. 4.2 2. (i). See Eq. (14), Art. 4.1
3. (ii). See Ex. 2, Art. 4.3 4. (iii). See Ex. 1, Art. 4.4B

5. (iii). Refer Art. 4.6 6. (iv). See Eq. (4), Art. 4.2
7. (a). See Art. 4.1 8. (b). See Eq. (15), Art. 4.1

9. ¢*/2+V + I (1/p)dp = C. Refer Eq. (3), Art. 4.2.
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CHAPTER

Motion in Two-
Dimensions Sources
and Sinks

5.1. Motion in two-dimensions.

Let a fluid move in such a way that at any given instant the flow pattern in a certain plane
(say XOY) is the same as that in all other parallel planes within the fluid. Then the fluid is said to
have two-dimensional motion. If (x, y, z) are coordinates of any point in the fluid, then all physical
quantities (velocity, density, pressure etc.) associated with the fluid are independent of z. Thus u,

are functions of x, y and ¢ and w = 0 for such a motion.

To make the concept of two-dimensional motion more clear, suppose the plane under
consideration be xy-plane. Let P be an arbitrary point on that plane. Draw a straight line PQ parallel
to OZ (or perpendicular to the xy-plane). Then all points on the line PQ are said to correspond to
P. Draw a plane (in the fluid) parallel to the xy-plane and
meeting PQ in R. Then, if the velocity at P is V in the xy-
plane in a direction making an angle o with OJX, the velocity
at R is also V in magnitude and parallel in direction to the
velocity at P as shown in the figure. It follows that the %
velocity at corresponding points is a function of x, y and

R
the time ¢, but not of z. o a > X
In order to maintain physical reality, we assume that %v

the fluid in two-dimensional motion is confined between ,~
two planes parallel to the plane of motion and at a unit Y

distance apart. The reference plane of motion is taken parallel to and midway between the assumed
fixed planes. Thus while studying the flow of a fluid past a cylinder in a two-dimensional motion in
planes perpendicular to the axis of the cylinder, it is useful to restrict attention to a unit length of
cylinder confined between the said planes in place of worrying over the cylinder of infinite length.

Z) Q

Suppose we are dealing with a two-dimensional motion in xy plane. Then by flow across a
curve in this plane, we mean the flow across unit length of a cylinder whose trace on the plane xy
is the curve under consideration, the generators of the cylinder being parallel to the z-axis. By a
point in a flow, we mean a line through that point parallel to z-axis.

5.2. Stream function or current function.
[Agra 2005; Rohilkhand 2002, 03; Meerut 1999, 2010; Kanpur 2010, 09]

Let u and be the components of velocity in two-dimensional motion. Then the differential
equation of lines of flow or streamline is

dx/u=dy/ or dx—udy =0 (1)

and the equation of continuity is

5.1
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Motion in Two-
Dimensions Sources
and Sinks

5.1. Motion in two-dimensions.

Let a fluid move in such a way that at any given instant the flow pattern in a certain plane
(say XOY) is the same as that in all other parallel planes within the fluid. Then the fluid is said to
have two-dimensional motion. If (x, y, z) are coordinates of any point in the fluid, then all physical
quantities (velocity, density, pressure etc.) associated with the fluid are independent of z. Thus u,

are functions of x, y and ¢ and w = 0 for such a motion.

To make the concept of two-dimensional motion more clear, suppose the plane under
consideration be xy-plane. Let P be an arbitrary point on that plane. Draw a straight line PQ parallel
to OZ (or perpendicular to the xy-plane). Then all points on the line PQ are said to correspond to
P. Draw a plane (in the fluid) parallel to the xy-plane and
meeting PQ in R. Then, if the velocity at P is V in the xy-
plane in a direction making an angle o with OJX, the velocity
at R is also V in magnitude and parallel in direction to the
velocity at P as shown in the figure. It follows that the %
velocity at corresponding points is a function of x, y and

R
the time ¢, but not of z. o a > X
In order to maintain physical reality, we assume that %v

the fluid in two-dimensional motion is confined between ,~
two planes parallel to the plane of motion and at a unit Y

distance apart. The reference plane of motion is taken parallel to and midway between the assumed
fixed planes. Thus while studying the flow of a fluid past a cylinder in a two-dimensional motion in
planes perpendicular to the axis of the cylinder, it is useful to restrict attention to a unit length of
cylinder confined between the said planes in place of worrying over the cylinder of infinite length.

Z) Q

Suppose we are dealing with a two-dimensional motion in xy plane. Then by flow across a
curve in this plane, we mean the flow across unit length of a cylinder whose trace on the plane xy
is the curve under consideration, the generators of the cylinder being parallel to the z-axis. By a
point in a flow, we mean a line through that point parallel to z-axis.

5.2. Stream function or current function.
[Agra 2005; Rohilkhand 2002, 03; Meerut 1999, 2010; Kanpur 2010, 09]

Let u and be the components of velocity in two-dimensional motion. Then the differential
equation of lines of flow or streamline is

dx/u=dy/ or dx—udy =0 (1)

and the equation of continuity is
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u o o _a(-u)

o +5 =0 or 5 . -(2)
(2) shows that L.H.S. of (1) must be an exact differential, dy (say). Thus, we have
dx —udy = dy = (dy/ox)dx+ (Oy /0y)dy .(3)
so that u=-0y/0oy and =0y /0x (4

This function V is known as the stream function. Then using (1) and (3), the streamlines are

given by dy =0 i.e., by the equation y =¢, where c is an arbitrary constant. Thus the stream
function is constant along a streamline. Clearly the current function exists by virtue of the equation
of continuity and incompressibility of the fluid. Hence the current function exists in all types of
two-dimensional motion whether rotational or irrotational.

5.3. Physical significance of stream function. [Kanpur 2005; Rohilkhand 2002, 03]

Let LM be any curve in the x-y plane and let v,

and vy, be the stream functions at L and M 4
respectively. Let P be an arbitrary point on LM such
that arc LP = s and let Q be a neighbouring point on
LM such that arc LQ=s+38s. Let 9 be the angle
between tangent at P and the x-axis. If w and be the
velocity-components at P, then

velocity at P along inward drawn normal PN

= cosO—usin0 (1)
When ¥ is the stream function, then we have o

u=-0y/0oy and =0y /0x -(2)
Also from Calculus, cos 0 =dx/ds and sin 0 =dy/ds ..(3)
Using (1), we get flux across PQ from right to left = ( cos0—usin0)ds

. Total flux across curve LM from right to left

=j (' cosO—usin0) ds =I a_‘Vﬂ+a_‘Vﬂ s, using (2) and (3)
LM LM\ Ox ds Oy ds

0 0 V2
=I P Lay|= [ “ay =y, -,
LM\ Ox oy w1

Thus a property of the current function is that the difference of its values at two points
represents the flow across any line joining the points.

Remark 1. The current function ¥ at any point can also be defined as the flux (i.e. rate of
flow of fluid) across a curve LP where L is some fixed point in the plane.

Remark 2. Since the velocity normal to §s will contribute to the flux across §s whereas
the velocity along tangent to §s will not contribute towards flux across §s, we have

flux across 8s = &sx normal velocity

or (y+0y)—wy =03s x velocity from right to left acrss &s
or Velocity from right to left across s =0y /0s (4
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Remark 3. Velocity components in terms of ¥ in plane-polar coordinates (r, 0) can be
obtained by using the method outlined in remark 2 above. Let ¢, and gq be velocity components

in the directions of » and @ increasing respectively. Then

Jo b 4 &
g, = velocity from right to left across 50 AN L7

- lim Sy 1oy I;(r, 0)

3050700 1 00,
and g = velocity from right to left across & o 0 > x
Initial line g

= Jim Y-V

&r—>00r Or
_loy _o%vy
Thus, q, = - 20 and 9y = P ...(5)

5.4. Spin components in terms of v.
We know that the velocity components « and are functions of x, y and ¢ and w = 0 in two-

dimensional flow. Hence the spin components (&, 1, ) are given by

~
zgza_w_a_:(), 2n:a_”_°W=0
oy 0Oz 0z Ox
2 2
and zgzi_%zi(a_\vj_i L) v, oy
ox oy oax\ox) ayl av) ax?r 9

Let the motion be irrotational so that € =0 also. Then we obtain
éz\u/éxz +62\u/8y2 =0 or Vz\u =0
showing that  satisfies Laplace’s equation.
5.5. Some aspects of elementary theory of functions of a complex variables.
Suppose that z = x + iy  and that w=f(z)=0(x, y)+iy(x, y),

where x, y, ¢, ¥ are all real and j =+/—1. Also, suppose that ¢ and ¥ and their first derivatives
are everywhere continuous within a given region. If at any point of the region specified by z the
derivative dw/dz (= f'(z)) is unique, then w is said to be analytic or regular at that point. If the

derivative is unique throughout the region, then w is said to be analytic or regular throughout the
region. It can be shown that the necessary and sufficient conditions for w to be analytic at z are

0/ ox =0y /0y and 0/ 0y =—0y/onx,
which are known as the Cauchy-Riemann equations. The functions ¢, y are known as conjugate
functions.
5.6. Irrotational motion in two-dimensions. [Meerut 2007; Purvanchal 2004, 05]

Let there be an irrotational motion so that the velocity potential ¢ exists such that

u=-0¢/ox and =—06¢/0y (1)
In two-dimensional flow the stream function y always exists such that
u=-0y/oy and =0y /0x ..(2)
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From (1) and (2), we have
0/ ox =0y /oy and 0 /0y =—0y/0x -(3)
which are well known Cauchy-Riemann's equations. Hence ¢+iy is an analytic function of
z=x+1iy. Moreover ¢ and ¥ are known as conjugate functions.
On multiplying and re-writing, (3) gives
% v, 9% v _, (4)

showing that the families of curves given by ¢ = constant and ¥ = constant intersect orthogonally.
Thus the curves of equi-velocity potential and the stream lines intersect orthogonally.
Differentiating the equations given in (3) with respect to x and y respectively, we get

@:8\4/ and _i):_aw- ..(5)
ox?  Oxoy oy Oxdy
2 2
Since oy = oy , adding (5) gives
Ox0y  Oyox
o*G/ox* + 0%/ = 0. ..(6)
Again, differentiating the equations given in (3) with respect to y and x respectively, we get
2 2 o2 o2
_8¢:_8w and _(I):_ \24/
dyox  oy* oxdy 0x

Since 9%¢/dxdy = 6/ dy dx, subtracting these, we get %y /x> +0%y/y* =0 ..(7)

Equations (6) and (7) show that ¢ and v satisfy Laplaces equation when a two-dimensional
irrotational motion is considered. [Meerut 2010]

5.7. Complex potential. [Meerut 2011]
[GN.D.U. Amritsar 2003; Rohilkhand 2001; Kanpur 2001, 05; Agra 2005]

Let w=¢+iy be taken as a function of x + iy i.e., z. Thus, suppose that w = f'(2) i.e.
O+iy = f(x+iy) (1)
Differentiating (1) w.r.t x and y respectively, we get
o/ ox+i(Oy/ox) = f'(x+iy) -(2)
and o/ oy +i(0y/oy)=if" (x+iy)
or 0/ 0y +i(Oy/dy)=i{0p/Ox +i(Oy/dx)}, by (2)
Equating real and imaginary parts, we get
00/ 0x =0y /Oy and 00/ 0y =—0y/0x ..(3)
which are Cauchy-Riemann equations. Then w is an analytic function of z and w is known as the
complex potential.
Conversely, if w is an analytic function of z, then its real part is the velocity potential and
imaginary part is the stream function of an irrotational two-dimensional motion.

Remarks. If O+iy = f(x+iy), then i0—y =if (x+iy)
Thus, y—ip=—if (x+iy) = g(x+iy), say
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Hence proceeding as before, we get (3). Hence another irrotational motion is also possible in
which lines of equi - velocity potential are given by ¥ = constant and the streamlines by

¢ = constant.

5.7A. Cauchy-Riemann equations in polar form. [Kanpur 2003]
Let d+iy = f(2)= f(re”) (D)
Differentiating (1) w.r.t. » and 0, we get

o Oy _ . iy 6
L 4L = .
or T TS ey
and DyiZh— prre)- it )
From (2) and (3), we easily obtain @H' 8_\41 =ir £@+ i a_\l’j
o0 00 or  Or
Equating real and imadginary parts,we get
o0 oy oy 0
—_—=—p— _ ! =T
0 o and 0 or
o _10v 100 _ oy
Thus, o 7 0 and 20 o ...(4)
which are Cauchy-Riemann equations in polar form.

5.8. Magnitude of velocity. [GN.D.U. Amritsar 2002; Kanpur 1997]

Let w = f (z) be the complex potential. Then
w=0+iy and z=Xx+iy (D)
Also 00/ 0x =0y /Oy and 00/ 0y =—0y/ox ..(2)
For two-diensional irrotational motion, we have (see Art. 5.1.)
u=—0¢/dx and =—0¢/dy ..(3)
0
From (1), ﬂ.%=@+ia—w and o
dz ox Ox Ox Ox
dw _0p .0 )
;—a_lg, using (2) ..(4)
or dw/dz=—u+i using (3) ...(5)

which is called the complex velocity.

From (4) and (5), we see that the magnitude of velocity ¢ at any point in a two-dimensional
irrotational motion is given by | dw/dz |, where

/
|dw/dz| = {0/ )2 + @0/ )12 =P+ 2) =g (5)
Remarks. The points where velocity is zero are known as stagnation points.
5.9. Complex potential for some uniform flows yn
(i) Consider w = ikz, ..(1)

where k is a real and positive constant

Now, (1) = dwldz=-u+i =ik = u=0and =k,
which is clearly a uniform flow parallel to y-axis.

Hence the complex potential for a uniform flow whose
magnitude of the stream is V in the positive y-direction is given
by w=ilz.
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(if) Consider w = —ke "z, -2 x
where k and a are real constants.
From (2), dwldz = —u+i =—ke™ /;/
= —u+i =—k(cosa —isina) /
= u=kcosa and = k sin o, which
corresponds to a uniform flow inclined at an angle o to the x- A
axis.
Hence the complex potential for a uniform flow whose 0 >X
magnitude is " and which is inclined is at an angle o to x-axis is
given by w=-le ' z.

5.10. lllustrative Solved Exaples
Ex. 1. To show that the curves of constant velocity potential and constant stream functions
cut orthogonally at their points of intersection. [Meerut 2007; Garhwal 2005]
OR
To shows that the family of curves ¢ (x, y) = ¢, and y(x, y) = ¢,, ¢,, ¢, being constants,
cut orthogonally at their points of intersection.
Proof. Let the curves of constant velocity potential and constant stream function be given by

o (x,y)=¢ (1)
and vy (x, y) =c,, ..(2)
where ¢, and c, are arbitrary constants. Let m, and m, be gradients y
of tangents PT, and PT, at point of intersection P of (1) and (2). 1
Then, we have

od / Ox oy /ox
my = — YED and my = = e ..(3)
We know that ¢ and y satisfy the Cauchy-Riemann
equations, namely,
0p/Ox =0y /0y and 00/0y = —0Oy/ox. ..(4) Sx
(@]

ol = (09 /0x) (Oy /0x) _ (dy /dy) (Oy /0x) ,
(09 /0y) (0w /dy)  —(0y/ox) (dy /dy)

Hence m,m, = —1, showing that the curves (1) and (2) cut each other orthogonally.

Ex. 2. If ¢ = A(xz - yZ) represents a possible flow phenomenon, determine the stream

Now, from (3),

by (4)

Sfunction.
Sol. Here b= Ax" - %) (1)
oy /0y = 0¢/0x= 2A4x, using (1)
Integrating it w.r.t. y’, Y = 24xy + fix), ..(2)

where f(x) is an arbitrary function of x. (2) gives the required stream function.

Ex. 3. Determine the stream function V (x, y, t) for the given velocity field u = Ut, = x.

Sol. We know that u=—(0y/oy) and = Oy/0x.

o oy/oy = -Ut . (1)
and oy/ox = x. ..(2)

Integrating (1), Y (x, y, t) = =Uty + fix, 1), ..(3)

where f(x, ) is an arbitrary function of x and ¢.
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From (3), oy/ox = oflox. ..(4)

Then (2) and (4) = oflox = x. ..(5)

Integrating (5), fix, t) = X2+ F(), ...(6)
where F(?) is an arbitrary function of ¢.

From (3) and (6), Y (x, y, f) = ~Uty + X2 + F(0).

Ex. 4. The velocity potential function for a two-dimensional flow is ¢ = x(2y — 1). At a
point P(4, 5) determine : (i) The velocity and (ii) The value of stream function.

Sol. Given o =2xy — x. (D)
(7)) The velocity components # and in x and y directions are given by

u=-0p/ox =-2y+ 1 and =-00/0y= —2x. ..(2)
At the point P(4, 5), u=-10+1=9 and = -8.
.. Resultant velocity = V' = (u2 + 2)1/2 = (81 + 64)1/2 = 12-04 units.
(i) Now, u=—0y/0y and = Oy /0x. ...(3)
From (2) and (3), Ooy/ox = —2x and oy/oy =2y — 1.
Now, dy = (Oy/ox)dx + (Ow/dy)dy = —2x dx + 2y = 1)dy.
Integrating, Yy =-x + y2 —y + C, C being constant of integration.
For y = 0 at the origin, we have 0=0+C or Cc=0.
Hence y=-+)y -y
At the point P(4, 5), w=—4"+ 5" ~5 = 4 units.

Ex. 5. The streamlines are represented by (a) ¢ = X - yZ and (b)) y = o+ yz.
Then (i) determine the velocity and its direction at (2, 2) (i) sketch the streamlines and show
the direction of flow in each case.

Part (a) Given that Y = X - yz.
Now, u=0y/oy = -2y and = —0y/Ox = —2x.
At (2, 2), u=-4 and = 4.
.. The resultant velocity = (u2 + 2)1'/2 = (16 + 16)1/2 = 42 units
and its direction has a slope = /u = 1 showing that y
the velocity vector is inclined at 45° to 2z 1

. Z (& Py
e S0 T,
The required streamlines are given by w = ¢, _,_ S
. . D 2 . X 0 rd
where c is a constant, i.e. x~ — y° = ¢, which repre- / l( l(
sents a family of hyperbolas. In figure, we have

sketched the steamlines for various values of y. The

direction of arrowhead shows the direction of flow y'
in each case. Fig. Pattern of Streamlines for y = x2—y2
Part (b) Given that y = X+ y2
Now, u = 0oy/dy = 2y, = —0y/ox = —2x. A N
At (2,2), u=4 and =4 =~
The resultant velocity S 2

=@+ 3" =16+ 16)” = 4J2 units.
and its direction has a slope = /u = — 1, showing that the velocity X o)
vector is inclined at 135° to x-axis.

The required streamlines are given by y = ¢, where ¢ is a
constant, i.e. x* + y2 = ¢, which represents a family of circles. In i
figure, we have sketched the streamlines for various values of y.
The direction of arrowhead shows the direction of flow in each
case.

Fig. Patiern of
Streamlines for y = X + ¥
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Ex. 6. If ¢ = 3xy, find x and y components of velocity at (1, 3) and (3, 3). Determine the
discharge passing between streamlines passing through these points.
Sol. The velocity components # and in x and y directions are given by

u = —0¢p/ox = -3y and = —0¢/0y = —3x. (D)
Hence the velocity components at (1, 3) are u=-9, =-3.
and the velocity components at (3, 3) are u=-9, =-9.
Now, we have u = oy/oy and = —0y/0x. ..(2)
Then, (1) and 2) = oy/oy = =3y and oy/ox = 3x. ...(3)
dy = (Oy/ox)dx + (Oy/0y)dy = 3xdx — 3y dy.
Integrating, y= (3x2/2) - (3y2/2) + C, where C is constant of integration. ..(4)

Discharge between the streamlines passing through (1, 3) and (3, 3)
=y(l,3)-w3,3)=32)x (1 -9)-(3/2) x (9 —9) = —12 units.
Ex. 7. If the expression for stream function is described by y = X - 3xy2, determine
whether flow is rotational or irrotational. If the flow is irrotational, then indicate the correct

value of the velocity potential. (@) 6= y3 - 3x2y. b) ¢ =- 3x2y.
Sol. Now u = oy/dy = —6xy, = —0y/0x = —3(x2 — y2). (D)
Hence, 0 /ox = —6x and Ou/oy = —6x. ..(2)

A two-dimensional flow in xy-plane will be irrotational if the vorticity vector component
Q_ in the z-direction is zero.

Here Q_= (0 /0x) — (Buldy) = —6x — (=6x) = 0, by (2)
Hence the flow is irrotational.
Now, u = —0d/0Ox and = —00/0y. ..(3)

For an irrotational flow Laplace equation in ¢ must be satisfied, i.e. (82 (l)/@xz) + (82 (l)/@yz) =0.
We now check the validity of each given value of ¢.

(a) Given o= y3 - 3x2y = 82¢/8x2 = -6y and o ¢/8)/2 = 6y
(@ p/ox?) + (32 p/ov’) = —6y + 6y = 0.

(b) Given b =-3x"y = dolox’ = —6y and ey =0
(@ 9/ox’) + (@ Ploy) = —6y + 0 0.

Hence the correct value of ¢ is given by 0= y3 - 3x2y.

Ex. 8. Show that the velocity vector q is everywhere tangent to lines in the xy-plane along
which y (x, y) = const.

Sol. We have dy = (Oy/ox)dx + (Oy/oy)dy
or (oy/ox)dx + (Oy/oy)dy = 0 [* w(x, y) = const. = dy = 0]
or dx —udy =0, as u = —0y/oy and = Oy/0x
or (dx)/u = (dy)/ ,

showing that the velocity vector q = ui + j is tangent to the streamlines y(x, y) = const.
Ex. 9. Find the stream function y for a given velocity potential ¢ = cx, where c is a

constant. Also, draw a set of steamlines and equipotential lines. [Rohilkhand 2003]
Sol. The velocity components u and in x and y 4 = constant
directions are given by /y\
u=-0¢/0x = —c and =-0¢/0y = 0. ...(1)
u=-0y/0y and = Oy/0x
= Ooy/oy=c and oy/ox =0. ...(2)
Then, dy = (Oy/dx)dx + (Oy/dy)dy = ¢ dy. = constant
Integrating, Y =cy +d, ..(3) >x
where d is constant of integration. 0
Now, (l) = constant = cx = constant = X = constant,

showing that the lines of equipotential are parallel to y-axis.
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Next, = constant = ¢y + d = constant = y = constant,
showing that the streamlines are parallel to x-axis as shown in the figure.
Ex. 10. In a two-dimensional incompressible flow, the fluid velocity components are given

by u =x —4y and = —y — 4x. Show that velocity potential exists and determine its form as
well as stream function.
Sol. Given u=x-4y and = -y — 4x. (D)

The velocity potential will exist if flow is irrotational. Therefore, the vorticity component
Q,_ in the z-direction must be zero.

Here Q_= (0 /0x) — (Ouldy) = -4 — (-4) = 0, using (1).

Here the vorticity being zero, the flow is irrotational and so the velocity potential ¢ exists.
Now, we have dd = (0¢/0x)dx + (0p/oy)dy = — udx — dy
or ddp = —(x — 4y)dx — (—y — 4x)dy = —xdx + ydy + 4(ydx + xdy).

Integration, ¢ = —(x2/2) + y2/2 + 4xy + C, where C is constant of integration. ..(2)

If ¢ = 0 at the origin, then from (2), we find C = 0. Hence (2) reduces to

o= (yz - xz)/2 + 4xy.

Ex. 11. For a two-dimensional flow the velocity function is given by the expression,
o= X - yz. Then (i) Determine velocity components in x and y directions (if) Show that the
velocity components satisfy the conditions of flow continuity and irrotationality (iii) Determine
stream function and flow rate between the streamlines (2, 0) and (2, 2) (iv) Show that the
streamlines and potential lines intersect orthogonally at the point (2, 2).

Sol. (i) The velocity components in x and y directions are

u =—-0¢/0x = —2x and = —0¢/0y = 2y. (D)
(i7) Here %+%:i(—2x)+i(2y)=—2+2=0,
ox 0Oy oOx Oy
showing that the velocity components satisfy the flow continuity conditions.
i j k i j k
Here curl q = |6/ox 0/oy ©/oz|=|6/ox 0O/dy ooz
u w -2x 2y 0

0 0 . 0 0 .
or curlq:{a(o)—g(zﬁ} 1—{5—)((0)—5(—2@} J+[a—ax(2y)—%(—2x)}k

= curl q =0 = flow is irrotational.
(7ii) We know that u = oy/0dy and = —Oy/0x. ..(2)
Then (1) and 2) = oy/oy = 2x and oy/ox = -2y
dy = (Oy/ox)dx + (Oy/dy)dy = -2(y dx + xdy).
Integrating, y = —2xy + C, C being constant of integration.

The required flow between the streamlines through (2, 0) and (2, 2)
=y(2,0) -y, 2)=0-(-8) =8 ms.
Now, we have o= X - y2 and vy =-2xy+ C. ..(3)
m, = The slope of tangent at (x, y) to potential lines ¢ = ¢,

W/ox __ 2x _ ) using (3)

a2y
m, = The slope of tangent to ¢ = ¢, at (2, 2) = 2/2 = 1.
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oy/ox 2y
oyldy  2x
. m, = slope of tangent to streamlines y = ¢, at (2, 2) = - (2/2) = -1
Here m m, = —1 showing that the streamlines and the potential lines intersect orthogonally
Ex. 12. Find the lines of flow in the two dimensional fluid motion given by ¢ + iy
= —(n/2) x (x + iy)’ €™ Prove or verify that the paths of the particles of the fluid (in polar
coordinates) may be obtained by eliminating t from the equations.

Next, m, = the slope of tangent to y = ¢, at (x, y) = — = —X, by (3)
x

rcos (nt + 0) —x, = r sin(nt + 0) —y, = nt (x, — y,)- [Banaras 2003; 1.A.S. 1992]
Sol. Given O+ iy =— (n2) x (x + iy)’ ™ (D)
Let x=rcos® and y=rsinb. Then x+iy—r(cos9+isin9)=reie.
So (1) becomes O+ iy = —(n/2) x (e ™ = —(n/2) x #* SO
or o+ iy =—(n/2) x r [cos 2(0 + nt) + i sin 2(0 + np)].

Equating the real and imaginary parts on both sides of (2), we get
o =—(n/2) x # cos 2(0 + nt) and vy =—(n/2) x 2 sin 2(0 + nr). .(2)
The lines of flow are given by y = constant, namely,

—(n/2) % #* sin 2(0 + nf) = constant or # sin 2(6 + nt) = constant.

We now proceed to find the path of the particles. We have

dr__0% _ + nf) =
7P nr cos 2(0 + nt) = nr cos 2, by (2) -.(3)
and pd9_ 1 % = —nr sin 2(0 + nt) = —nr sin 21, by (2) (4
dt r 00
where nt+6=2»A (5
dr dr d\ _dr(dd
Now, (3) = nrcos2i= d’; d; d d;z ( d ”) , by (5)
dr . .
or nr cos 2 = Ex(—n sin 2\ + n), using (4)
or (2/r)dr =2 cos 2A/(1 — sin 21)] dh = 0.
Integrating, 2 log r + log (1 —sin 21) = log C or r2(1 —sin20)=C
or rz(sin2 A+ cos®A — 2 sin A cos A=C or [ (cos A — sin 7»)]2 =C
or r(cos A —sin A) = C', where C' (= /() is an arbitrary constant. ...(6)
Initially, let A = 0, and r = r, when ¢ = 0. Then (6) gives
C' =ry(cos B, —sin 0) = x, — y,, where  x,=r,cos 0,  y,=rysin0,.
*. (6) becomes 7 Ccos A —rsin A =x,— ¥, (7
or rcos (0 + nt) — x, = r sin (0 — nt) — y,, using (5). ..(8)
Now, from (5), dAdt=n+ (dO/dt) or  dMdt=n—nsin 2, using (4)
_a d _
or 1—Sin27\._ndt or m =ndt
d
I sec” ) d) —I dt or —j%znt+D
—tan 1)? u

(Putting 1 —tan A = u sothat —sec’A d\ = du)
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1 S S

or ;:nﬁ-D or 1—tan A =nt+ D
or cos AM(cos A —sin A) = nt + D. ..(9)

As before, initially A = 0, and ¢ = 0. Hence (9) gives

cos 0 7, cos 0 X
D= g = 0 0_ = 0 , as before
cosB,—sinB, rycosB,—rysin®, xy5—y,
Then, (9) becomes r cos h ——=nt + al)
rcosh —rsin Xy — Vo
or rcos (6 +nt) = nt 4 —20 or rcos (8 + nt) = nt(x, — y,) + x,
Xo = Yo X0 = Yo

or rcos (nt + 0) — x, = nt(x, — y,)- ..(10)

.. Then, from (8) and (10), we have
r cos (nt+ 0) —x,=r sin (nt+ 0) -y, =nt(x,~y,)
Ex. 13. A4 single source is placed in an infinite perfectly elastic fluid, which is also a
perfect conductor of heat. Show that if the motion be steady, the velocity  at a distance r from

the source satisfies the equation ( —kj 9 = 2k and hence that r= Le 2k
or r N
Sol. Since we have an infinite perfectly elastic fluid, there would be hardly any change in
temperature, and hence Boyle’s law would be obeyed and so p=kp - (1)
Since the motion is symmetrical about the source, the equation of continuity may be written as
pr2 = constant, .(2)
where is the velocity at a distance 7 and p is the density of fluid. The pressure equation takes
the form
[ €[ % constant by (1 3
o 27 constant or o 27 constant, by (1). .(3)
Differentiating (2) and (3) w.r.t. ‘#’, we have
20p 20
rr—+p|r —+2r | =0 (4
or p{ or } @
k op 0 op po
=—+ _:Oa -. . =T = .
and p or or hes or k or ©)
Substituting the value of dp/or given by (5) in (4), we get
(PO +p r28—+2r =0
k or or
2
r- o 2 k\o 2k
2 k- H=- —-——|=—=, ..(6
or o (k )=-2r or ( j Fo. 6)

which proves the first part of the problem.
Integrating (6), ( 2/2) —klog =2klogr—2klog C, C being an arbitrary constant.

or (1/2) xlog +logr—log C = */ak or [ =Ce 14k

or r= (1/\/—)e 2/4k,taking C=1.
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Ex.14. Prove that the radius of curvature R at any point of a streamline \V = constant is
given by R=@*+ 2P /1”@ /ox)-2u (ouldx)— *(6uldy)],

where u, are respectively the velocity components of a fluid motion along OX and OY.
Sol. From Differential Calculus, we know that the radius of curvature R at a point (x, y) of

streamline  (x, y) = constant is given by

R=[1+(dy/dx)*T'*/ (d*y/dx*). (D
Given streamline is y(x,y)=0. ...(2)
Also, we have u=-0y/0oy and =0y /0x. ...(3)
Differentiating (2) w.r.t. x, (0w /0x)+ (0w /0y) (dy/dx) =0
or —u(dy/dx)=0 or dyldx= /u. ...(4)
2
Differentiating (4) w.r.t. x, 4y = ££_j +££—jﬂ
d*  ox\u) oy\u)dx
dzy u(0 /ox)— (Ou/dx) u(© /oy)— (Oul/dy) .
or -5 = 3 + 5 .—, uning (4)
dx u u u
A’y ufu(® /ox)— (Qu/ox)]+ [u@ /oy)— (duldy)]
or —=
dx® u’
d*y w0 /éx)—2u (ouldx)+ (Ou/dy)
or — = 3 ...(5
dx u
0 o0 o0 Ou
—=—(—‘Vj=— Loy )
oy oy\ ox ox\ oy Ox
Putting the values of dy/dx and d’y/dx* from (4) and (5) in (1), we get
3/2
R=—— (+ 2/u?) 2 _ W+ 22 |
[{u=(0 /ox)—2u (Ou/dx)— “(Ou/y)}/w’ | |u*(6 /ox)—2u (6uldx)— *(6uldy)|
Ex.15 Show that u = 2cxy, = c(@® + x* — %) are the velocity components of a possible
Sfluid motion. Determine the stream function. [Rohilkhand 1999]
Sol. Given u = 2cxy, =c(d@® +x* )P ..(1)
Equation of continuity in xy-plane is given by
ou/ox+0 /oy=0 ..(2)

From (1), Ou/0x=2cy and 0 /0y =-2cy. Putting these values in (2) we get 0 = 0,
showing (2) is satisfied by u#, given by (1). Hence u and  constitute a possible fluid motion.

Let W be the required stream function. Then, we have
u=—(0y/0dy) or oy /3y =—2cxy ...(3)
and =0y /ox or oy/ox=c(a® +x*—y*) (4
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Integrating (3) partially w.r.t. ‘)’ Y= —cxy2 +¢(x, 1), )
where ¢(x,?) is an arbitrary function of x and .

Differentiating (5) partially w.r.t. ‘x’, oy /0x = —cy2 + 0/ 0x -(6)
(4) and (6) = —ey’ + 00/ dx=c(a® +x>—y?) or  op/ox=c(a’ +x°) (N

Integrating (7) partially w.r.t. x’, O(x, ) =c(a’x+x°/3) +y (», 1),

where vy (y,?) is an arbitrary function of y and ¢.
Substituting the above value of ¢(x,?) in (5), we get
y=c (ax? +x°/3— xyz) +y (,t), which is the required stream function.

Ex. 16. Show that u = — wy, = ax, w = 0 represents a possible motion of inviscid fluid.
Find the stream function and sketch stream lines. What is the basic difference between this
motion and one represented by the potential ¢ = Alogr, where r=(x" + yz)l/z.

Sol. Given u=-w, = aw and w=0 ...(1)

(1) = o0Ou/ox=0=0 /0y. Hence the equation of continuity ou/dx+0 /0y =0 is

satisfied. Hence these exist a two dimensional motion defined by (1).

Now, oy = (0y/ ox)dx+( oy /0oy )dy ...(2)
O
But %:_@: =X and %=—¢=—“=®y
Ox oy oy Ox
. (3) reduces to dy = oxdx+oydy =d{o(x* +y?)/2}
Y
Integrating, = o(x* + yz) /2+¢, where ¢ is an arbitrary constant.
The required streamlines are given by W = constant = ¢’, say X
ie. =0 (x2 +y2)/2 +¢  or x4 y2 =2(c"-¢c)/w= a, say
Hence the required streamlines are concentric circles with centres
at origin as shown in the adjoining figure.
Second part: Given
o = Alogr = Alog(x* + y*)""? = (4/2)xlog (x> + »*) ..(3)
0 A 0 A
“=——¢=—z—xz and =__¢=_2—yz
ox  x“+y Oy X +y
8_u:_Ax2+y2—2x2: X2 y? 8___Ax2_y2_2y2:_ K2 )P
a @ @Y @ (@)

s Ou/0x+0 /0y =0 so that the equation of continuity is satisfied.

Hence there exists exists a motion for the given value of ¢ .

Third part. Difference between the two given motions.
For the fluid motion given by (1), we have

curl g =i(0w/0y—0 /0z)+ j(Ou/Oz—0w/0x)+ k(0 /Ox—0uldy)
=i(0-0)+j(0-0)+k(0+®) =0,
showing that curl ¢ # 0. Hence velocity potential does not exist for the fluid motion defined by (1)
(refer Art. 2.26), whereas velocity potential exist for the second fluid motion.
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Ex. 17. In irrotational motion in two dimensions, prove that
(©q/ ox)? + (0q/ 8y)2 = quq . (Agra 2012; Kanpur 2002; Meerut 2002,05)
Sol. Since the motion is irrotational, the velocity potential ¢ exists such that

Vi =0p/oxt +0%9/ oyt = 0 e

Again, q° = (8/ %) + (@9 / oy)* -2)
Differentiating (2) partially w.r.t. x and y respectively, we get

9 _205% 0 0%

ox  oxox | oy oxdy ~B)
oq _ 2 0’9 09 &%
—1 _ T N S &
and q oy oxoxdy oy oy ..(4)
Differentiating (3) and (4) partially w.r.z. x and y respectively, we get
2 2 2.2 3 2, )2 3
q8_2+ (%j - 8_(21) +@8_(3l>+ 22 +@ 82¢ (5)
Ox Ox Ox Ox ox Ox0y Oy ox“ oy
Pq (g} (%) o6 36 (%6 a66%
and g—+ {—j = = >t oo | T3 (6)
oy oy Ox0y 0X OxOy oy oy oy

Adding (5) and (6) and simplifying, we get

oolg] (5] G AGDE 2208230
ox oy Ox Ox0y oy Ox ox | ox” oy oy oy\ ox” oy

=2(8%0/ ox*)? +2(0%/ oxdy)* (D
P4 o 2y & o) (%)
[ £+8y_(2b:0 = gi):—ay—i) = (ﬁ] =(£] }

Next, squaring and adding (3) and (4), we get

el )] e i
Ox oy Ox ox? 0OxOy oy Oxdy o’
+2@@ﬂ[@+5_2¢]
ox oy oxdy | ox®  oy?

e (aeY] |(2%) (%)

_a_x+§ +§+% > using (1)
2,\? 2, )2

:qzl(%j 4{%} }, using (2)
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Thus, D%/ ox?)? + (070 / oxdy)* =(0q/ox)* +(dq/dy)* -(8)
From (7) and (8), we find
qVq+(0q/ %)’ +(0g/ &y)* =2[(0q/ &x)* +(3g/ y)’]
or qViq = (8q/ox)* +(oq/ dy)*.

Ex. 18. ) denoting a variable parameter, and f a given function, find the condition that
f(x,v,A)=0 should be a possible system of stream lines for steady irrotational motion in two

dimensions. [Kurukshetra 1998]
Sol. If v is the stream function, then streamlines are given by

y =C (constant) (D)

Given that f(x,y,A)=0 ..(2)

represents a system of streamlines, ) being parameter. Then for A =1"' (say), (2) must give a
streamline which corresponds with (1) for ¢ =C’. HenceV .is a function of ) alone. Moreover
A is a function of x and y from (2). Hence, we obtain

oy _dy Ok and Oy _dy Or
Ox d\ox oy d\oy
. Oy ooy a(dy o) @ o dy oo
Again, i Y e —t— | =
ox dx\ Ox axlan ax) ox Ox dh Ox\ Ox
oy _|d [d\yj oh Oh  dy 0*\
so that p — "
ox di\ dh ox ox dh ox
Py _dy (axj L4y 1
Thus, o2 i\ ox 2 o ..(3)
- Py _dy(a)  dy o
Similarly, 8}/2 dkz 8y an 8y2 (4
For the irrotational motion, 82\V /ox° +62\y /6y2 =0. .. (5)

Adding (3) and (4) and using (5), we get

dzw(asz(axj a1 )
dr* |\ ox oy Tl o o

2 2 2 2
o (2] (2]] |22 - - utan, ©
Ox oy ox~ 9y d*y/dh

Since the R.H.S. of (6) is a function of A alone, the required condition is that the L.H.S. of
(6) should be a function of ) alone.

Ex. 19. In two-dimensional motion show that, if the streamlines are confocal ellipses

X M@ +0)+yP b0 =1, then v =Alog (Na? +h++b> +2.)+ B
and the velocity at any point is inversely proportional to the square root of the rectangle under
the focal radii of the point. [Rajasthan 1998]

Sol. Take z=Ccosw then x+iy=C cos(dp+iy) (1)
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or x+iy =C (cos¢ cosiy —sin dsiniy)
or x+iy = C cos¢d coshy —iCsin¢sinhy .(2)
Equating real and imaginary parts, (2) gives
x =C cosdcoshy and y=—Csin¢sinhy

Y

X -z
C sinhy

so that cosp=—"—— and sin¢ =—
C coshy

Squaring and adding these, we obtain

x2 y2 )

+ =
C*cosh? y C*sinh’y
which give the streamlines in two-dimensions.

.03

Again, given that the streamlines are confocal ellipses
X Ha® +0)+ Y I(bE+0) =1 (4
Since (3) and (4) must be identical, we have
C? cosh® y=a” +1 and C?sinh? y=b*+ 1

C(cosh y +sinh y) =va? + A +3b* + A or  Ce¥=va’+h+VbE+ A

[ coshy =(e"+e")2 and sinhy = (e¥—eV)2]

or v =log(Va® + 1 ++/b” +1)~logC ~(5)

If ¢, y are velocity potential and stream function, so also will be 4 ¢ and 4y where 4 is

a constant. Hence (5) may be re-written as
v =Alog(Na> + L +b* + 1)+ B

From (1), %:—cSinw}c 1-cos? w=-C(1-z*/C?)"?

= NCP-22 = [(C+2)(C-2)=—fr 1,

where 7, and r, are the focal distances (radii) of any point P(z) from the foci S (C, 0) and
S" (= C, 0) of the ellipses.

Thus q=|dwldz|=1/\nr,.

2, .2
llo (x+a) +y

Ex. 20. Show that the velocity potential ¢= B
2 (x-a)y+y

gives a possible motion. Determine the streamlines and show also that the curves of equal speed

are the ovals of Cassini given by rr' = const. [Rajasthan 2000; I.A.S. 1990]
Sol. Given b =(1/2) xlog[(x +a)* + y*1—(1/2) x log[x —a)* + y*]
”z_@z_ x+2a 2T x_za 2 (1)
0x (x+a)*+y° (x—a) +y
0
and =——¢=— Y + Y ..(2)

oy (x+a)’ +y*  (x—a)® +)?

u_ Y -+a? Y -(x-a)
From (1) o [rray +y’ T [r-ap + T )
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Lo G ) S W ) il
From (2) o [(x+a) +y2]2 [(x—a)? +y2]2 (4

Adding (3) and (4), we see that the equation of continuity ou/0x+0 /0y =0 is satisfied.

Hence there exists a motion for the given ¢.

To determine the streamlines, we use the fact that velocity potential ¢ and the stream
function y satisfy the Cauchy-Riemann equations, namely,
0/ 0x =0y /oy and 0/ 0y =—0y/0ox ..(5)

oy xX+a x—a

From (1) and (5), we have 6_y - (x+a) + 7 h (x—a)’ + 5

Integrating it w.r.t. y, we get

v =tan"! Y tan' - + f(x), f(x) being an arbitrary function of x  ...(6)
X+a x—a
oy y y v
—=— + + f'(x)
ox (x+a)* +y* (x—a)’+)* / -~
Again from (5) and (2), we get
N___y L
o (x+a)2 +y2 (xfa)2 +y2 ...(8)

Comparing (7) and (8) f'(x)=0 so that f{x) = constant. Omitting the additive constant,

(6) gives
wztanfl Y _fan 'Y~ tan™! [y/(X+a)]—[y/(x_a)]
x+a x—a 1-[y/(x+a)][y/(x-a)]
_ (—2ay)
=tan | 2
v x2 +y2 —(12

Hence the streamlines are given by y = const. = tan ™! (= 2a/C), that is,

2+’ -cy=d? ...(9)
which are circles. When C = 0, the stream line is the circle passing through (a, 0) and (— a, 0).
Again, if C is infinite then stream line y = 0 [divide (9) by C and then let C — « ]

Now, w=(1)+i\|/=llog[(x+a)2+y2)}—llog[(x—a)2+y2J+itan’1 Y jtan' 2
2 2 x+a xX—a
:10g[(x+a)+iy]—10g[(x—a)+iy] =log(z+a)—log(z—a),as z=x+iy

dw

dz

| 1 1| 2a _2a

PR

_|z+a z—a|_|z+a|-|z—a|_rr
where 7, 7' are the distances of the point from the points P (x, y) from the points (a, 0) and

(—a, 0). The curves of equal speed are given by g = constant or rr' = constant,
which are Cassini ovals.

Ex. 21. 4 velocity field is given by q = — xi + (y + ?)j. Find the stream function and the
streamlines for this field at t = 2. [Agra 2005; Garhwal 2000; Rohilkhand 2002]
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Sol. We have —oy/0y=u=—x ..(D
and Ooy/ox= =y+t -(2)
Integrating (1) and (2), we get y=xy+ fi(x,0) ..(3)
and y=xy+ix+ fr(x, 1) (4

Note that f, must be a function of ¢ alone, otherwise (4) will not be satisfied; and then
Jfi = tx + f,. Thus
y=xy+ix+ £,(1) ..(5)
The function f, cannot be obtained from the given data. However since we deal only with
differences in ¥ values at a given ¢ or with the derivatives oy /0x and Oy/0dy, the determination
of f, is not necessary. At ¢ = 2, (5) becomes

y=xy+2x+ f,(2) ...(6)
The stream lines (y = constant) are given by x (v + 2) = constant,
which are rectangular hyperbolas.
Ex. 22. 4 two-dimensional flow field is given by y = xy. (a) Show that the flow is irrotational.
(b) Find the velocity potential. (c¢) Verify that y and ¢ satisfy the Laplace equation. (d) Find the

streamlines and potential lines. [Agra 2005, 2011; Garhwal 2005]
Sol. (a) The velocity components are given by u =—-0y /0y =—x, =0y/0x =y so that
q=ui+ j or q=—xi+yj
i Kk
o 0
d 1q=— — —|=0.
an Wl & &
=x y 0
Hence the flow is irrotational.
(b) We have @:87\4/, @:_87\4/
ox oy oy Ox
o= [@y/andx+ fi(n) = 12+ fi(2), (1)
and o==[(@w/ar)dv+ 1) == (7 1D+ () Q)
(1) and (2) show that
[10)=- y*/2 + constant and SHx) = x?/2 + constant,
so that ¢ = (x* — y»)/2 + constant

() Vy=y/ox?+0°y/oy* =0+0=0 and V>*p=0’¢/ox’ +0*p/dy° =1-1=0
Hence ¥ and ¢ satisfy the Laplace equation.

(d) The streamlines (W = constant) and the potential lines (¢ = constant) are given by
xy = C, and -y = C,, respectively, where C, and C, are constants.
EXERCISE 5 A

1. Show that the difference of the values of y at two points represents the flux of the fluid
across any curve joining the two points. [Kanpur 2005]
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Sources and sinks.
[Aga 2005; Kanpur 2000, 02; Purvanchal 2004; Meerat 2009; Rohilkhand 2005]
If the motion of a fluid consists of symmetrical radial flow in all directions proceeding from a
point, the point is known as a simple source. If, however, the flow is such that the fluid is directed
radially inwards to a point from all directions in a symmetrical manner, then the point is known as
a simple sink.

Obviously a source implies the creation of fluid at a point whereas a sink implies the
annihilation of fluid at a point. Sources and sinks are not readily obtained by some dynamical
effects of the motion of fluid but may occur due to some external causes. For example, consider a
simple source in a tank filled with a fluid. This source may be created by taking a long tube of
very small cross-section and injecting fluid through it into the tank as shown in figure (7). In
such a situation, we find that the fluid is coming out from the tube radially into the tank, Again,
a sink can be created by taking a long tube of very small cross-section and sucking fluid through
the tube from the tank as shown in figure (7).

Consider a source at the origin. Then the mass m of the fluid coming out from the origin in
a unit time is known as the strength of the source. Similarly, in a tank at the origin, the amount
of fluid going into the sink in a unit time is called the strength of the sink.
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Remark. Since the velocity is unique at a point, so usually no two streamlines intersect each
other. But some flow fields may have singularities, where the velocity vector is not unique. Sources
and sinks are examples of singularities of a flow field because infinitely many stream lines meet at
such points as indicated in the figures (i) and (i7).

5.12. Source and sinks in two-dimensions.

[Garhwal 2002; Kanpur 1999; Meerut 2010]
In two-dimensions a source of strength m is such that the flow across any small curve

surrounding is 2mm. Sink is regarded as a source of strength — m.

Consider a circle of radius » with source at its centre. Then radial velocity g, is given by

__loy
q, = ’ ae (1)
o0 9 _loy
=——, — == -2
o =" as or o8 @
Then the flow across the circle is 2mrg,. Hence we have
2nrq, =2nm or rq, =m -(3)
1 oy
rl————|=m, by (l
o ( r aej LN
Integrating and omitting constant of integration, we get
y=—mb (4
Using (2) and (3), we obtain as before
o=—mlogr (5

Equation (4) shows that the streamlines are 6 = constant, i.e., straight lines radiating from the
source. Again (5) shows that the curves of equi-velocity potential are 7 = constant, i.e., concentric
circles with centre at the source.

5.13. Complex potential due to a source.
[Kurukshetra 2004; Meerut 2001, 2012; Kanpur 2009]

Let there be a source of strength m at origin. Then

w=bo+iy ==mlogr—im6=-m (logr+ilogeie):—mlog(reie) =—-mlogz.

If, however, the source is at z', then the complex potential is given by w =—m log (z — z")
The relation between w and z for sources of strengths m,, m,, m,,... situated at the points
Z =2z, 2y, Z3,... 18 given by

w=-m log(z—z)—m,log(z—2z)—mylog(z—2z)— ..
leading to ¢ =—m logr —m,logr,—mylogr,— ..
and y=—m 0 —my0, —my0;—...
where r,=|lz—z,| and 0, =arg (z - z,), n=1,2,3, ...

5.14. Doublet (or dipole) in two dimensions
[Agra 2005; Garhwal 2000, 04; Rohilkhand 2000; Kanpur 1999, 2002, 07]
A combination of a source of strength m and a sink of strength — m at a small distance §s
apart, where in the limit m is taken infinitely great and §s infinitely small but so that the product
mds remains finite and equal to p, is called a doublet of strength p, and the line §s taken in the
sense from — m to + m is taken as the axis of the doublet.
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Complex potential due to a doublet in two-dimensions
[G.ND.U. Amritsar 2004, 06; Kanpur 2000, 05, 07; Meerut 2002, 09, 10; Purvanchal 2004, 05]

Let A, B denote the positions of the sink and source and P be any point. Let AP = r,
P

BP=r+ § and ZPAB =0. Let ¢ be the velocity potential due to this doublet.
¢ =mlogr—mlog(r+06r)=—mlog reor
B

Then
or ¢:mlog(l+gj
B
or N
. ¢=—-m—, to first order of approximation. ..(1)
" A ds B
Let BM be perpendicular drawn from B on AP. Then, (-m) (+m)
AM = AP — MP = r—(r+0r)=-0r
cosO =AM/ AB =—38r/8s so that &r =~ 38s cos6
- From (1), o= mos. 089 _ neos® -2)
r r
where p =mds = strength of the doublet.
o0 pcosO
F 2 —=-
rom (2), or r?
or 1oy _ peos® N % _loy
r 00 r? or r 00
or W _, peosd

a0 r

Integrating it with respect to 0, we get

sin®
=5 0 -(3)
1
Now, 106 _ o ()
r 00 or

Using (2) and (3), (4) reduces to
1 sin® sin 6 ,
r r r
f (r) = constant Hence omitting the additive constant, (3) reduces to

(5

or f'(r)=0 so that

_ usin6

-
Using (2) and (5), the complex potential due to a doublet is given by
G R

w:¢+iw=%(c0597isine)=% -

Note 1. Equi-potential curves are given by ¢ = constant, i.e., by
(ncos0)/r = constant or (cos0)/r=C
rcosf = Cr? or x=C @ +)D),

which represent circles touching the y-axis at the origin.
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Note 2. Streamlines are given by y = constant i.e., by

or (sin@)/r=C"

(—psin®)/r = constant
or rsin® =C'r? y=C'(x*+)%),

which represent circles touching the x-axis at the origin.
Note 3. If the doublet makes an angle 6 with x-axis, we have to write 6 — o for 0 so that

o

or

B pe® _pe

wW=— = p
ret(e—oc) reze z

If the doublet be at the point A4 (x', y") where z'=x"+iy" [in place of 4 being origin (0, 0)]

io
e
then we have w= B -
z—z
... and their axes

Note 4. If doublets of strengths w,, p,, W;,... are situated at z = z, z,, z,,
making angles o, a,, oj,... with x-axis, then the complex potential due to the above system is

given by

oy iy o3

e e e

L L LY o L

Z-123

Z—z; Z—1Z,

5.15. lllustrative solved examples.
Ex. 1. What arrangement of sources and sinks will give rise to the function w

= log (z — d%/z). Draw a rough sketch of the streamlines. Prove that two of the streamlines
[Kanpur 2003, 04; Meerut 2001, 03, 10, 11;

subdivide into the circle r = a and axis of y.
[Agra 2005; Garhwal 2004; GNDU Amritsar 2003, 05; Rohilkhand 2000, 03, 05]

Sol. Given w= 10g(z a_zj =log {M}
z z
or w=log(z—a)+log(z+a)—logz
which shows that there are two sinks of unit strength at the points z = a and z = — @ and a source
of unit strength at origin. Since w=¢+iy and z = x + iy, we obtain
o+iv=log(x+iy—a)+log(x+iy+a)—log(x+iy)

o +iy =log[(x—a)+iy]+log[(x+a) +iy]—log (x+iy)

Equating imaginary parts on both sides, we have
Y= tan! Y ttan 'Y an 2 ,as log(a+iB)= llog (a® +p*)+itan”! B
xX—a x+a X 2 v}
y Y
=tan | X=4 X+d 5! 2 tan ! > 7 2);)/ —tan ! 2
1— y _y X x*—=y" —a X
x—a x+a
2xy Yy
2 2 2 2, .2, .2
—y - x
—tan ' 2 ¢ =tan’1y(x2+y2+a2).
20y ARy
2 x

The desired streamlines are given by y = constant = tan ™! O, i.e.
(1)

y(x2 +y2 +a2) B
x(x? +y2 —a%)
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When C = 0, (1) reduces to y = 0. Thus x-axis is a streamline. Again, when C — o0, (1)
reduces to x (x> + y* —a®) = 0, i.e, x = 0 and x* +)? = &°
Hence the rough sketch of the streamlines is as shown in the following figure. In this figure

there is a source of unit strength at origin O and there are two sinks each of unit strength at 4 (a,
0) and (—a, 0).

or r = a, which are streamlines.

Ex. 2. There is a source of strength m at (0, 0) and equal sinks at (1, 0) and (-1, 0). Discuss
two-dimensional motion. Also draw the stream lines. [Meerut 2002, 09]
Sol. Proceed just like Ex. 1. Here, we have
w=mlog(z-1)+mlog (z+ 1)—mlog(z—0)
¢ +iy =m[log (x +iy—1)+log (x+iy+1)—log (x +iy)]

2, .2
- +y7+1
Y :m[tan1 L+tan’liftan’1 Z} or ¥ tan 1y(xz—y2)
x—1 x+1 X m x(x"+y° =1
[As in Ex. 1, here note that @ = 1]
The desired streamlines are given by y/m = constant = tan”' C ie.

y(x2 +y2 +1) c
Y (1)
x(x"+y -1
Now give the same discussion and figure as given in Ex. 1 noting that here a = 1.
Ex. 3. Tivo sources, each of strength m are placed at the points (— a, 0), (a, 0) and a sink of
strength 2m at the origin. Show that the streamlines are the curves (x* + y2)2
=d (x2 - y2 + A xy) where ) is a variable parameter. [U.P. P.C.S. 1999; L.A.S. 1999, 2003]
Show also that the fluid speed at any point is (Zmaz)/(rl r, ¥3) where r,, 1, r; are the
distances of the points from the sources and the sink.
[LA.S. 1999, 2003; Meerut 2000; Garhwal 2005; Rohilkhand 2002]
Sol. First Part.
The complex potential w at any point P(z) is given by

w=—mlog(z—a)-mlog(z+a)+2mlog:z (D)
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or w =m [log - log (z2 - az)]
or O+iy = m[log(x2 fyz +2ixy)flog(x2 fyz —ad’ +2ixy)],as z=x+iy
F P2)
I3 n

>

.0 o|Cam o "

Equating the imaginary parts, we have

Y= m|:tan’1 {2xy/(x2 fyz)} —tan" {ny/(x2 fyz faz)}]

72a2xy
(437 —a* (o - »)

The desired streamlines are given by w = constant = m tan | (—2/A). Then we obtain

y=m tan ! { } , on simplification.

(2/0) =) [(* +y*) - (P =y o () =d (2 -y ).
Second Part. From (1), we have

dw m m 2m 2a’m
dz z—a z+a z z(z—a)(z+a)
dw 2a%m 2a’m
q: —_— = =
dz| |z||z—al||lz+a| nrnrn

where r=lz-al, ry=lz+al and ry=|z|

Ex. 4. An area A is bounded by that part of the x-axis for which x > a and by that branch
of x*—y* = a® which is in the positive quadrant. There is a two-dimensional unit source at (a, 0)
which sends out liquid uniformly in all directions. Show by means of the transformation
w = log (z* — @®) that in steady motion the streamlines of the liquid within the area A4 are portions
of rectangular hyperbola. Draw the streamlines corresponding to v = 0, /4, @2. If p, and p,
are the distances of a point P within the fluid from the points (x a, 0), show that the velocity of

the fluid at P is measured by 20P/p,p,, O being the origin. [Grahwal 2001]
Sol. Given w=log (2% — &%) (1)
or w = log [(x +iy)* — %] or O+iy = log[(x2 fyz fa2)+2ixy]

Equating the imaginary parts, we have
1 2xy

v =tan~ ...(2)
2y _d
The streamlines are given by v = constant = tan 'C, ie.,
Q) /(P —y—ad)=C ..(3)

When C = 0, stream lines (3) reduce to xy = 0 i.e., x = 0, and y = 0. Again, when C — oo,
(3) reduces to x’— y* —a* = 0, i.e. x> — y’= d*

Hence the liquid flows in the area 4 bounded by x = 0, y = 0 and x° — y* = &* in the positive
quadrant.
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From (1), w=1log (z—a) +log (z + a),
which shows that there is a source of unit strength at (@, 0) and an equal source at (— a, 0). Here the
source at (—a, 0) is the image of (a, 0) with respect to y-axis.

From (1), aw _ 222 ~= 2z
dz z°—a (z—a)(z+a)
_|aw| _ 2| z| _20P
dz| |z—allz+al pp,
From (2), the streamline corresponding to y=0 is
% =0 giving x=0 and y=0.
X +y —a

From (2), the streamline corresponding to y = 7/4 is

%:tanﬁzl or X -y —a® = 2y.
X" -y —a
From (2), the streamline corresponding to y = 7/2 is
Ex. 5. Find the stream function of the two-dimencial motion due to two equal sources and
an equal sink situated midway between them. [Kanpur 2008; I.A.S. 1996]

Sol. Let there be two sources of strength 1 at the points z = g and z = — @ and a sink at of same
strength at z = 0 (origin). Then complex potential w due to these sources and sink is given by
w=—m log(z —a)— m log (z + a) +m log (z— 0)

or O +iy =mlog(x +iy)— mlog(x +iy —a)—mlog(x +iy +a)
or O+ iy = mlog(x +iy) —mlog{(x—a) + iy} —mlog{(x+a)+iy}
or d+iy = m{(1/2)xlog(x> + y*)+itan ' (y/ x)} —m[(1/2) xlog{(x —a)* + y*}

+ i tan  {/(x — a)}] — m [(1/2) x log{(x + a)® + y?} + itan ' {y/(x + a)}]
Equating imaginars parts on both sides, we get

y=mtan ' (y/x)—mftan ' {y/(x—a)} +tan " {y /(x+a)}]

or l=tan’1xftan’1 ix=a)i+iy/(x+a)} =tan’lzftan’1¢
m X 1={yx=a)j{y/(x+a)} X -y —d?
224 2, .2, 2
o gt 020 ziyziaz)} or W:mtan,l_y(x_2+y2 +a—2)
m 1+(y/x)2xy /(x” —y" —a”)} x(@®—x*—y?)

Ex. 6. An infinite mass of liquid is moving irrotationally and steadily under the influence of
a source of strength | and an equal sink at a distance 2a from it. Prove that the kinetic energy of
the liquid which passes in unit time across the plane which bisects at right angles the line
Joining the source and sink is (8mpp’)/7a*, p being the density of the liquid.

Sol. Let a aource of strength p and a sink of strength — p be situated at 4 and B such that
AB = 2a. Let O be the middle point of AB so that O4 = OB = a. Let OYZ be the plane which
bisects AB at right angles. Hence ZPOA = ZPOB =90°. Let /PAB = /PBA = 0. Let PC be parallel
to AB such that /4'PC = ZBPC =9. Also let AP = BP = r. From APAQ, we have

cosO=al/r and y=atan 0, where OP=y. Also, r= (a2 + yz)l/z.
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Consider an annular strip bounded by circles of radii
yand y+0y. It §S be the area of this strip, then

08 =2my dy. (D)

At any point inside the circular ring all the fluid
particles have the same velocity ¢ in the same direction,
namely normal to the plane.

Now, velocity at P due to source + p at 4

= w/r* along AP
and velocity at P due to sink — p at B = p/r* along PB
. 2 2 2
. q = the resultant of the above velocites along PC = —};cose = _;,;a = %.
r r (a+y7)

In unit time the mass ém of the liquid crossing the strip is given by

dm = p(88)g = p(2mydy)q, by (1) Q)
Hence the required K.E. of the liquid which passes across the plane OYZ in unit time

P e _ * 3
—j25mq —L 59 (anyqdy)—npjo q’ydy, by (2)

3
” 2pa 3 3I°° ydy
= dy=8 :
npjo |:(a2+y2)3/2:| yay ppa 0 (a2+y2)9/2

, putting y = a tan 0 and dy = a sec’0 do

33 "2 g tan - asec 0 dO
=8mpu’a j SN
a’ sec’ 0

8mpu® (72 . Smpu’ | cos’ O " 8mpu’
= p:u J‘ cos® Bsinfdh = F:“ { } = ptl .
a” 0 a T 1 Ta
Ex. 7. In a two dimensinal liquid motion ¢ and v are the velocitly and current functions, show
that a second fluid motion exists in which ¥ is the velocity potential and — ¢ the current function;
and prove that if the first motion be due to sources and sinks, the second motion can be built up
by replacing a source and an equal sink by a line of doublets uniformly distributed along any curve
joining them
Sol. Since ¢ and y are the velocity potential and stream function respectively for the two-
dimensional motion, we have

0/ ox =0y /0y and 0d/0y =—(Oy/ox) ..(1)

Again if y and — ¢ be the velocity potential and strem function respectively for another

fluid motion in two-dimensions, then the conditions of the type (1) must be satisfied by y and
—¢ i.e., we must have

oy _ a4 ind v _ )
Ox 8)/ 8)/ ox
ie., 00 /0y =—(0y/0Ox) and 00/ 0x =0y /Oy

which is true by virtue of (1).
If follows that if w=¢+iy exists, then w' =y —idp=—i(p+iy)=—iw, also exists.

Second part. Consider a source of strength m at 4 (a, 0) and a sink of strength —m at
B (—a, 0). Then, the complex potential function w due to them is given by
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w=—-mlog(z—a)+mlog(z+a)=mlog{(z+a)/(z—a)} ...QQ)
Join 4, B by an arbitrary curve. Then the axis of the doublet on this curve is normal to AB. If

w" be the complex potential due this line of doublets then

in/2

B me z—a

; z—a . .
dt = me™?* log=— = milog =—iw

4 z—t z+a z+a
The required result now follows from the first part.

EXERCISE 5 (B)

1. Find the cartesian equation of the lines of plane flow when fluid is streaming from three
equal sources situated at the corners of an equilateral triangle.

2. Let there be a source of strength m at (a, 0) and a sink — m at (— a, 0). Find ¢, y, w and

w'=

velocity g.

3. Let there be a source of strength m at (a, 0) and a sink — m at (0, ). Find ¢, v, w and
velocity g.

4. If there are sources at (a, 0) and (— a, 0) and sinks at (0, a), (0, — a) all of equal strengths,
show that the circle through these four points is a streamline. [LA.S. 1990]

5. A source of strength m at 4 (a, 0) and a sink of strength — m at B (—a, 0) are in the xy
plane and in the presence of a uniform stream U-parallel to the x-axis. The stream is directed
from the source to the sink. Derive the stream function of the resulting motion.

6. A source and a sink of the same strength are placed at a given distance apart in an
infinite fluid which is otherwise at rest. Show that the streamlines are circles and that the fluid
speed along any streamline varies inversely as the distance from the line joining the source and
sink.

7. Define sources and sinks and explain their utility in hydrodynamics. [Kanpur 2002]

8. There is a source at 4 and an equal sink at B. AB is the direction of a uniform stream. If
Ais (a, 0), Bis (—a, 0) and the ratio of the flow issuing from A in unit time to the speed of the
stream is 27th, show the stream function is y=Vy—-Vb tanfl[Zay (2 +y2 —a*)]
and that the length 2/, and the breadth 2d, of the closed wall that forms part of the dividing
streamline is given by P = a* + 2ab, tan (d/b) = 2ad/(d* — %)
and the locus of the points at which the speed is equal to that of the stream is x* — y* = a* +ab.

9. Sources of equal strength are placed at the points z = nia where n = ..., -2, - 1,0, 1,
2, ... . Prove that the complex potential is w = — m log sinh (mz/a). Hence show that the complex
potential for doublets, parallel to x-axis of strength p at the same points is given by
w = coth (nz/a).

If the row of doublets is placed in a uniform stream — U parallel to x-axis, prove that the

ay sin (2my/ a)

streamline y =0 is nb®  cosh (2nx/a)—cos(2my/a)

and show that this consists of part of the x-axis and part of an oval curve which is nearly circular
(diameter 2b) if b << a.

5.16. Images.

If in a liquid a surface S can be drawn across which there is no flow, then any system of
sources, sinks and doublets on opposite sides of this surface is known as the image of the system
with regard to the surface. Moreover, if the surface S is treated as a rigid boundary and the liquid
removed from one side of it, the motion on the other side will remain unchanged.

As there is no flow across the surface, it must be a streamline. Thus the fluid flows tangentially
to the surface and hence the normal velocity of the fluid at any point of the surface is zero.
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Images in two dimensions.

If in a liquid a curve C can be drawn across which there is no flow, then any system of
sources, sinks and doublets on opposite sides of this curve is known as the image of the system
with regard to the curve.

5.17. Advantages of images in fluid dynamics. [Kanpur 2002]

The method of images is used to determine the complex potential due to sources, sinks and
doublets in the presence of rigid boundaries. Suppose we wish to determine the flow field outside
a rigid boundary due to sources, sinks, doublets lying outside the boundary. To this end we
assume the existence of some hypothetical image sources, sinks, doublets within the boundary in
such a manner so that the boundary behaves as a streamline or surface. Then the given system of
sources, sinks and doublets together with the hypothetical one will be equivalent to the given
sources and the rigid boundaries for the region outside the rigid boundary.

5.18. Image of a source with respect to a line.
[Agra 2006; Kanpur 2003, 04, 07, 08; Meerut 2003]

Suppose that image of the source m at 4 (a, 0) on x-axis is required

with respect to OY. Take an equal source at 4’ (—a, 0). Let P be any
point on OY such that AP = A'P=r. Then the velocity at P due to

source at 4 is m/r along AP and velocity at P due to source A’ is

Y

m/r along A'P. Let PL be perpendicular to OY. Then, we see that

A >
. ® 9 o
Resultant velocity at P due to sources at 4 and 4’ along PL
= (m/r)cos®—(m/r)cos® =0,
showing that there will be no flow across OY. Hence by definition, the image of a simple source
with respect to a line in two-dimensions is an equal source equidistant from the line opposite to
the source.
Remark 1. Proceeding as above we can prove that the image of a sink with respect to a line
in two-dimensions is an equal sink equidistant from the line opposite to the sink.

Remark 2. The result of Art. 5.18 will still hold good if a line is replaced by a plane.
Corollary. Image of a doublet with respect to a line.
[Kanpur 2002, Rohilkhand 2003]
Let PO be a doublet with its axis ) Ya
inclined at an angle o to OX. Then by using @Q W Q@
the above result for finding the images of
source and sink with respect to OY, we see ’ :>\ /4:

that the image of the doublet PQ is again an

A (@] A X
equal doublet P'Q" symmetrically placed as \
shown in the adjoining figure. P P @
5.19A. Conformal representation (or transformation or mapping.)

Let f(z) be a function of the complex variable z = x + iy and let f{z) be single-valued and
differentiable within a closed contour C in the z-plane (i.e. xy- plane). Let {=&+in be another
complex variable in  -plane (i.e &n-plane) and let there be a relation {= f(z). Then
corresponding to each point in the z-plane within or on C, there will be a point { in the ¢ -plane
and points on C or within C will lie on or within a certain contour C’ in the {-plane. The
necessary condition for existence of such a mapping of z-plane into  -plane is that f'(z) should

never vanish at any point on or within C, or in other words, d(/dz must exist independent of
the directions of dz. Thus, let P, P,, P, be neighbouring points z, z|, z, and O, Q,, O, the

corresponding points &, §;, £,. Then, we have
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Ylk P2 nAL QZ
Q1
P1
x
Aﬂ 4
o 5% o %
Cl*C:f(Zl)*f(Z) and Cz*C:f(Zz)*f(Z)
z—z z2—-z Z,—z2 Z,—z
In the limit when P,, P, approach P, we have
LS f(2), and S2-6_ f'(2), very nearly
z—z Z,—z2
C C CZ C—f(Z)— C (l)
Zi—z  Zp,— dz
o 00" 00,¢'* or 00, S0 00, S0
PR®  PRE” PR PP,
o —0=y"-0 or ¥ -x=6-6 ie. 20,00, = ZR PP,
, d
and QQI :QQZ :|f‘(z)|_‘_§
PR PP, d.

Hence the triangles P\PP, and O,00, are similar. This establishes the similarity of the
correspoding infitiesimal elements of the two planes. Such a relation between the two planes is
called the conformal represenation of either plane on the other.

A Q00 < (1/2)x Q0 x 00, sin 20,00, _ 00, % 00, =| f'(z) |2 )

Again -
AP PP,  (1/2)xPP xPP, sin ZROP, PR PP,
From C=f(2) ie., E+in=f(x+iy), we have
g6x £6y+z rl6)c+8rl6 (6§+ij6x+ %H— dy
88 6(E+in)  Ox oy Ox oy Ox  Ox oy Oy
0z O (x+iy) Ox +idy Ox + idy
Since 8&/9dz is independent of dx/dy, we must have
&, i(%na—“j
oy oy ox  Ox
so that %=@ and %:78_11 ...(3)
ox Oy oy ox
¢ _ o8 |
Also Az 8y 8y ...(d)
2
S @P —‘ (] 4[(2) wsing (1) and
dz 8y 6y ’
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2 2
or | f(2) P =(%j +(%j =h?, (say), using (3) .5
Ox oy
- From (2), AQ,00, | AP PP, = h* so that d&dn = W dxdy,

showing that the corresponding areas in the ¢ and z planes are in the ratio 4* : 1.

Let ¢ and y be the velocity and current functions of any motion within the contour C’ in
€ -plane. Then, within the contour C’, we have

d+iy =F(E+in) ..(6)

and C' is given by v = f{(& m) = const. (7
Substituting the values of &, in terms of x, y, (6) and (7) respectively reduce to

O+iy = F,(x+iy) ...(8)

and v = f,(x, y) = constant, ...(9)

where f,(x, y) is the new value of f{(§, 1). Thus we fund that ¢ and v are the same in the two

cases. In other words, w=¢+iy is the same in both the motions so that if ¢, and ¢, be velocities
at P and Q respectively, then

g =| dw/dz and g; =|dw/dg [’
so that ¢ =qi |dz/dC P =g I h*, using (5)
q; dedn=(qi 1) x > dxdy = gi dx dy,
1 1
so that Equi d&dnzaqulzdxdy,

showing that the kinetic energies of the two fields are equal.

5.19B. Two important transformation.
(7)) Transformation of a source.

zplane

Let there be a source of strength m at z; and {; be the corresponding point in the C -plane.
Let these be regular points of the transformation. Then a small closed curve C, may be drawn to
enclose z, which will transform into a small closed curve C; enclosing ;. Since the value of
the stream function is independent of the domain considered, we obtain

Iczd\;l:jccd\y, ..(1)

But I dy =J. (udy — dx) = total flow across the contour C,
CZ CZ

= sum of source strength within C,
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Let C, be chosen sufficiently small so as to isolate the single source of strength m at z. It
follows from (1) that this will transform into a source at ; of equal strength. Thus, a source will
always transform into a source but the strengths will be equal only if the position of the source is
a regular point of the transformation i.e. when it is possible to draw a closed contour surrounding
the point. However care has to be taken at a zero, infinity or branch point of the function that
€ is of z or that z is of . For example, in the case (= 22 since a semi circle with centre
¢ =0 transforms into a circle with centre z = 0 (as arg {=(1/2)xargz). Hence if there be a
source of strength m at z = 0 the corresponding source at { =( must be of strength 2m as the
mass efflux is unchanged by the transformation. (see the following figure).

\ // \\
/ \
B@ ’ ’
m %
A / \ 2m

Fluid produced =m x 2n fluid produced =2 m x &
z - plane ¢ - plane

(i7) Transformation of a Doublet.

Y n
C(+m) C, (+m)
A 4_» B B1
=m) A A
> =m) .
o X o s
Z—plane £ —plane

Let there be doublet of strength pat 4. Then by above case (i), it follows that there will be
doublet of strength p' at the corresponding point 4, in the  -plane.

Also, A,C, = h AC, p=m- AC, ' =m-A4C
" A4C
B_An g ie., ' =ph
po AC

If the axis AC of the doublet at 4 makes an angle o with a given direction, the axis 4,C, of
doublet at 4, will make angle o with the corresponding direction in C-plane.
5.19C. Same theorems concerning conformal transformation of line distribution
[Bangalore 2005, Kurukshetra 1997]
Theorem 1. Under conformal transformation a uniform line source maps into another
uniform line source of the same strength. [Bangalore 2005; K.U. Kurukshetra 1997]

Proof. Let there be a uniform line source of strength m per unit length through the point z
= z, and suppose the conformal transformation { = f'(z) is made from the z-plane to the {-plane

so that the point z = z; maps into the point {=C,. Let C, be a closed curve in the z-plane

containing the point z = 2 and C, , maps into C, is the C-plane Then {=¢, lies within C¢ .
The complex potential w is clearly the same for both the systems and has the forms

(D)

w = ¢ + iy, for the z-plane
=¢'+iy’, for the ¢ -plane.
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From (1), ¢ =¢' and y =y’'. Since y is the same at corresponding points of Cz0 and C. we
0

CJSCZO dy = stcgo v’ Q)

But in the z-plane, w = — m log(z — z,) and dw = — mdz/(z — z,). Then, using Cauchy-Residue
theorem, we have

have,

(j) dw=-m dz =—mx(2mni), .0
Cey Cyp 22
since the integrand has a residue of 1 at z = z,. Also, w=¢+iy = dw=do¢+idy. So, (3)
reduces to
<j> (do+idy) = —mx (2mi) = <j> dy =" 2mm ()
Cy Cz

The numerical value of this is clearly the volume of fluid crossing unit thickness of C
per unit time. Thus, (2) and (4) show that the same volume crosses unit thickness of Cy, per unit
time which implies an equal line source of strength m per unit length at =(,.

Theorem II. Under conformal transformation a uniform line vortex maps into another uniform
line vertex of the same strength. [Nagpur 2003, 05]

Proof. Let there be a uniform line vortex of strength & per unit length through z = z . Also
assume that the conformed transformation £ = f(z) is made from the z-plane to the C-plane so

that the point z = z, maps into {=C,. Let C. be a closed curve containing z = z_ and let C,

be its map in the C-plane. Then C. = contains C=C,. The complex potential w is clearly the
same for both the systems and has the forms

w = ¢+ 1y, for the z-plane }

= ¢'+iy’, for the g-plane. (1)
From (1), ¢=¢' and y =y’ Since y is the same at corresponding points of C. and
Cg;0 , we have 4)% dy = 4)% dy ...(2)
Now, in the z-plane, w= ilog (z—z,) so that dw = Ldz
2n 2n(z—z,)

[Using result (14) of Art. 11.4 of chapter 11]

§. dv=ged, = goxami=—k. 3)
C, 2 Gy Z2— 2 2 ol

since the integrand has a residue of 1 at z = z,.
Also, w=d+iy = dw=do+idvy. Hence, (3) reduces to
(j‘)czo(d¢+id\y)=fk N ,gjs do=k e
‘0
The integral on the L.H.S. of (4) is the circulation round C. . Equations (2) and (4) show that
the circulation round C, is also k. Since C and C, are arbitrary, it follows that the line source
through z = z;, of strength & per unit length maps into an equal line source thorugh €= Cj.

Theorem III. Under conformal transformation a uniform line doublet maps into another
uniform line doublet of different strength. [K.U.Kurukshetra 2003]

Proof. Let there be a uniform doublet of strength p per unit length through P where
z = z,. Also assume that under conformal transformation = f(z), P maps into Q where {=,.
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Let the doublet be replaced by equivalent line sources of strengths —m, +m per unit length
through P, P' where PP’ =0z, p=m|dz| and PP’ is in the direction of the axis of the line
doublet. Suppose p’ maps into Q'. Then by the theorem I, the line sources of strengths —m, + m
per unit length through P, P’ map into ones of strengths —m, +m per unit length through Q, Q'
If Q0'=8¢, then 3C= f'(z)dz, so that |3(|=|f"(z)|-|6z| and arg & =arg f'(z)+argdz,
showing that the two line sources through O, Q' give a line doublet at Q of strength p' where

w=m|d6L|=pn| f'(z)|. The inclination of the axis of the line doublet to the real axis is increased

by arg f'(z).
5.19D. Summery of important results regarding applications of conformal transfor-
mations in fluid dynamics [Kanpur 2000]

(?) In a conformal transformation a source is transformed into an equal source, a sink into
an equal sink and a doublet into an equal doublet.

(it) The complex potential w=¢+iy is invariant under a conformal transformation.

(ii7) Let L= f(z) be the conformal transformal transformation. Then
total K.E. of fluid in z-plane (per unit depth) = Total K.E. of the liquid in {-plane (per unit depth)

(iv) Under a conformal transformation, a stream line in z-plane is transtormed into, a
stream line in C-plane.

(v) While using conformal transformation { = z", n is found by dividing /2 by half the
angle contained between the rigid boundaries.

5.20. lllustrative solved examples.

Ex. 1. Between the fixed boundaries 0 =m/6 and O =—mn/6 there is a two-dimensional
liqguid motion due to a source at the point (r =c¢,0 =a) and a sink at the origin absorbing water
at the same rate as the source produces. Find the stream function and show that one of the stream
lines is a part of the curve > sin 3o = ¢ sin 30.

[Kanpur 2000, 07; Meerut 2002 Garhwal 2003, 04; Rohilkhand 2003, 04]

Sol. Consider the following conformal transformation from z-plane (xy-plane) to C-plane (&n-
plane) :

*C=2 where z=reé® and £ =Re®
This = Re'® =3¢ = R=1r and ®=30.
Hence the boundaries §=+nr/6 in z-plane transform to ® =+r/2, i.e., imaginary axis in

¢-plane. The point (¢, o) in z-plane transforms to (¢®, 3a) in (-plane. Hence the image system
with respect to imaginary axis (® =+n/2) in C-plane consists of

(/) a source of strength m at (¢, 3a), (i) a sink of strength —m at (0, 0),
(iif) a source of strength m at (¢’, m—3a)  (iv) a sink of strength — m at (0, 0)
Y A
16
8 7 (m)
-
—m| Alco) .
(0]
&\\

*  Refer result (v) of Art. 5.19D. Take ¢ = Z". Here, half the angle contained by boundaries = /6.
Therefore, n = (1/2)/(n/6) = 3 and hence we take ( = z°.
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w=—log((—c’e*)—mlog {C—ce' ™3} + 2mlog (- 0)

=—log(z’ =’ *)—mlog(z* + e ')+ 2mlog 2°

[+ (=2 and €™ =cosm+isinm=—1]

=—mlog[(z’ =) (2> + e )|+ 6mlog z = —mlog (z° —c® — 2ic® 2° sin 3at) + 6m log z

28— % —2ic* 2 sin 30
=-mlog

6

] =—mlog(1-c®z % —2ic*z 73 sin30)
z

=-mlog(1— Er 070 _2ic3 330 sin 3a)
w =-mlog[l— r % cos60—2¢r sin3asin30 +i (céf6 sin 60 — 2¢°r 2 sin 3o cos 30)]

Writing = ¢+y and equating imaginary parts, we get

6.6 33
1 ¢’rsin60—2¢’r sin3a.cos 360

% T N (D
1-¢’r " cos60—2c r " sin30sin 30
which is the required stream function. The streem lines are given by y = constant. The stream line
corresponding to y = 0 is given by [putting y = 0 in (1) and noting that tan™' = 0]

Y = —mtan

S 0sin60—2¢% 77 sin30.c0s30 = 0 or ¢ sin 60 = 27 sin 3a.cos 30

or 2¢% sin 30 cos 30 = 27 sin 30 cos 30 or ¢ sin 30 = 7 sin 3.

Ex.2. Between two fixed boundaries © = ©/4 and 6 = — 1/4, there is two-dimensional liquid
motion due to a source of strength m at the point (r = a, © = 0) and an equal sink at the point
(r = b, 8 = 0). Show that the stream function is
. r*(a* —b*)sin 40

P —r*(a* +b*)cos 40+ a’b*

—mtan [L.A.S. 1998; Garhwal 1996; Meerut 2006;

Rohilkhand 2000; U.P.P.C.S 2000; Kanpur 1999]
and show that the velocity at (r,0) is
4m(a* b3
(o =2a*r* cos40+ a2 (¥ —2b%r* cos 40 +b*)?

Sol. Consider the following conformal transformation from z-plane (xy-plane) to C-plane

[I.A.S. 1991, 94]

(En-plane).
(=22, where z=re' and £ =Re'®
This = Re'® = 220 = R=7r and ®=20.
Y4 na
®=m/2
\X
B
Q
A B B e A g .
o} m -m X -m m O m -m
)
N
AN
22 ®=-n/2
z - PLANE ¢ - PLANE

*10g(x + i) =(1/2) x 10g(x2 + yz) +1i tan’l(y/x), log(x —iy) = (1/2) x 10g(x2 +y2) —itan’! (v/x)
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Hence the boundaries 9=+ /4 in z-plane transform to ® =+ /2 i.e., imaginary axis of

¢-plane. The points 4 (a, 0) and B (b, 0) in z-plane transform to 4’ (a%,0) and B’ (b*,0) respectively
in {-plane. Then, the image system with respect to imaginary axis (® =+ nt/2) in {-plane consists of

(/) a source of strength m at A’ (%, 0) (ii) a sink of strength — m at B’ (b% 0)
(iif) a source of strength m at A" (- a°, 0) (iv) a sink of strength — m at B" (— b%, 0)
w=—mlog(C—a*)+mlog(C—b*)—mlog(§+a®)+mlog (§+b%)
= fmlog((;z fa4)+mlog((;2 —bh= fmlog(z4 fa4)+m10g(z4 —b%), as = 22 ...(2)
=-mlog (r4e4i6 - a4) + mlog (r4e4i6 fb4) ,as z=re'
w =-mlog (r* cos40 —a* +ir* sin40)+ mlog (r* cos 40— b* +ir* sin 40) ...(3)

Writing w = ¢+iy in (3) and equating imaginary parts, we get

v=-m tan”! 4 sin 40 ~tan”! #* sin 40
r* cos40—at r* cos 40+ b*
\ r*(a* —b*)sin 40 . = 1 Xy
or y=-mtan_ TR — o on using tan x-—tan y=tan 1
r®—r*(a” +b*)cos40 —a’b txy
3 3 LAm (dPp?
From (2), ﬂ:7m' 4z m 4z7  _ - mz4(a . Z
dz PAR 2ot (2 -at)(t-bY)
B —4mr?e®® (a* — b P 249711’3 (cos30+isin30)(a* —b*)

(I’4e4ie - a4)(r4e4ie - b4) - (r4 c0s40 —a” + 4ir* sin 40) (r4 cos40 —b* + 4ir* sin* 0)
Hence the required velocity ¢ =|dw/dz| is given by
: 4mr? (a* - b*)
7= (® —2a%r* cos 40+ a®)? (r® —2b%r* cos 40 +b*)"?
Ex. 3. Use the method of images to prove that if there be a source m at the point z, in a
fluid bounded by the lines © = 0 and 0 =r/3, the solution is

d+iy =—mlog{(z> —z)(z° —zf)}  where  z,=x,+ iy, and  zy =Xy — 1y,
[Agra 2000; Garhwal 2005; Kanpur 2002, 04; 1.A.S. 1997]
Sol. Consider the following conformal transformation from z-plane (xy-plane) to C-plane

(&n-plane) :
(=2 where z=re® and £ =Re'® ..(1)
This = Re'® =310 = R=7 and ®=30.
Hence the boundaries 8 = 0 and 6 = 7/3 in z-plane transform .
to ® = 0 and ® = = i.e, real axis in C-plane. The point z;, in z-plane * S((m) 3
transforms to point {, in z-plane such that {, = 23, Hence the image E ©=%
system with respect to real axis in C-plane consists of O=n ! .
- 3 . 2 3 ! _n
(i) a source m at (; =z (if) a source m at (j =z o 10=0
Hence, w=—mlog (C—Cy)—mlog (L) L
! (G’ =2")
or w :fmlog(z3fzg)fmlog(z3fz’03) S'(m)
or o+iy = -mlog{(z> - 25) (2 — 25"}
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Ex. 4. If fluid fills the region of space on the positive side of the x-axis, which is a rigid
boundary and if there be a source m at the point (0, a) and an equal sink at (0, b) and if the
pressure on the negative side be the same as the pressure at infunity, show that the resultant

pressure on the boundary is npm2 (a—b)? /2ab(a+b), where p is the density of the fluid.

[U.P.P.C.S. 1995; L.A.S. 1995, 2008]
Sol. Here the image system with respect to x-axis in z-plane consists of
(i) asource m at (0, a) i.e.,atz = ai (i) asink —m at (0, b) i.e., at z= bi
(iif) asource mat (0, —a) i.e.,atz=—ai (iv) asink —m at (0, —b) i.e., at z = — bi

Clearly this image system does away with the boundary y = 0 (i.e., x-axis). Thus, the complex
potential of this entire system is given by
w=—mlog (z—ai)+ mlog (z— bi)— mlog (z + ai) + log (z + bi)

or w=—mlog (Z2 + a®) + m log (> +b°)
Jocity 2zm 2zm |
velocity = |—| =
dz 24d® 22 +b?
The velocity ¢ at a point on the boundary (i.e., y = 0) is given by (settingz =x + iy =x as y = 0)
g=|- 2xm 2xm |_ 2xm (a* —b%)
X’ +a® x2+b2| (x2+a2)(x2+b2) - (1)
Let p, be the pressure at infinity. Then by Bernoulli’s theorem, the pressure p at any piont is
given by
- 1
lqz +£:lxoz+& or Mz—qz. (2)
27 p 2 p P2
. The resultant pressure on the boundary
(b}

:jw(pofp)dx=lp qude=2pm2 ro dx, by (1)and (2)
0 2 0 0

(x2 + az)2 (x2 + 172)2

_zpmzj‘wa2+b2( [ j a
o @ -p*\x?*+a® P+ (P +d?) P+

(on resolving into partial fractions)

5 A+b(n = T T
=2pm JERp 27172_b 74_ai4_b > on simplification

_ 7rpm2 {2(&12 +b2)(a+b)2}: 71:pm2(afb)2

2ab (a+b) 2ab(a+b)
Ex. 5. Parallel line sources (perpendicular to xy-plane) of equal strength m are parallel at
the points z = nia where n = ..., — 2, — 1,0, 1, 2, ... . Prove that the complex potential is
w = —m log sinh (nz/a). Hence, show that the complex potential for two dimensional doublets

(lines doublets), with their axes parallel to the x-axis, of strength |\ at the same points is given by
w = p coth (nz/a).
Sol. The complex potential due to sources of strength m situated at the points z = 0, ia, —ia,
2ia, —2ia, ... is given by
w=—mlog (z—0)— mlog (z— ia) — mlog (z + ia) — m log (z —2ia) — m log (z + 2ia) — ...
=—mlog z—mlog {(z — ia) (z + ia)} — m log {z — 2ia) (z +2ia)} _ .....
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=—mlogz—mlog (z*+ a*)— mlog (> +2%a°) — ...
=—mlog[z(@+d°) (P +22d%) (+3%dD)..]

~ | - . 22 . 22 . 22 .
=—mlog ;Z +? +ﬁ +ﬁ +me la
X' <€ > X

(0]
mlogKﬁj 2(2%12)(32(12)..1 tme—ia
T +m¢ - 2ia
s w = — m sinh (mz/a)+ constant. J
The complex potential w, for the doublets at the same point is y
oM (Ej _ MO&{E), where  p=""
0z a a a a

Ex. 6. In the case of the motion of liquid in a part of a plane bounded by a straight line
due to a source in the plane, prove that if mp is the mass of fluid (of density p) generated at the
source per unit of time the pressure on the length 21 of the boundary immediately oppostite to the
source is less than that on an equal length at a great distance by

1 mzp

2

I l
0 {— tan 1——}7 where c is the distance of source to the boundary.
T

2, 2

¢ ¢ e [Rohilkhand 2005; Indore 1998; Meerut 1996; Kanpur 2000]
Sol. Let y-axis be the bounding line and let the given y

source of strength (u, say) be situated at S where OS = c. ad

Now, by the definition of strength p of the source, we have

2nup = mp so that p=m/2n. Now, the image system g s

consists of
(7) a source of strength m/2m at S (¢, 0)

(ii) a source of strength m/2m at S' (- ¢, 0)
Here S’ is image of S such that OS =0S"=c.

The complex potential w is given by

w=—(m/2m)log(z —c)— (m/2m)log(z +¢) = — (m/2m)log (z* — *).
dw
dz

Hence velocity g at any point P (where z = iy) is given by

‘m 22|
|

21 ZZ*CZ

The velocity is given by

..(1)

Bernoulli’s equation for steady motionis given by
p/p+q2 /2 = constant = ¢, say. .. (2)
Let p, be the pressure on y-axis at great distance from O so that p = p, and ¢ = 0 when

y=c. Then (2) reduces to p,/p = c and hence (2) becomes

2
q Po
+—=— or —_—
) q

o |
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m22

- _ y .
or PO*P—EQ _E'Tcz(yz—+c2)2, using (1). .3

Let A4 =2I, where OA = 0A'=1. Then pressure on the length A4" of the boundary (i.e. y-
y dy _mlp ! Yy
G+ w ety
[ The integrand is an even function of y]

aXIs)—j (po — p)dy— p

B m?p I“ c* tan? 0-csec’ 0d0
0

2 4

) [Putting y = ¢ tan @ so that dy = ¢ sec’ 40 .
T c"sec 0

Here let 6 = oo when y = /so that / = ¢ tan . ]

2 " @ o )
“MP[in20q0 =" pj (17c0529)d9—;n p{@—stG} :mzp [6—sinOcos O]
n’c

e Jo 2% o 2mc

2 2
=m2p[(x—sin(xcosoc]=m—p[tan11— fe } mp[ an’lif ! }
C

2n°¢c 2%e c >+ 27 ¢ PP+

[ tana=//c = sina=I/("+c*)"? and COSOL=C/(12+C2)1/2:|

Ex. 7. The space on one side of an infinite plane wall y = 0, is filled with inviscid,
incompressible fluid, moving at infinity with velocity U in the direction of the axis of X. The
motion of the fluid is wholly two dimensional, in the (x, y) plane. A doublet of strength 1 is at a
distance a from the wall and points in the negative direction of the axis of X. Show that if | is

less than 4a*U, the pressure of the fluid on the wall is a maximum at points distant a3 from O,
the foot of the perpendicular from the doublet on the wall, and is minimum at O.

If wis equal to 4a*U, find the point where the velocity of the fluid is zero, and show that the
streamlines include the circle x* + (v —a)* = 4a”, where the origin is taken at O.

Sol. We know that the complex potential for a doublet of ):
strength p at z = z; inclined at an angle a to the x-axis is given >U
ol "
by p €/(z - z,). A(+) Q g
Here the given doublet 4B points in the negative direction o @ p R
of x-axis and so the given doublet makes an angle © with OX. * AN €< x—> - 6X
Now the given doublet is situated at Q where z = ia. Hence c—¥ R D
the image of the given doublet 4B will be an equal doublet of +) )
strength p, similarly oriented, and will be situated at R where z \Y/

= —ia (note that here OR = OQ = a).
Let w be the complex potential for the system, consisting of original doublet 4B, image
doublet CD and the stream U.
in in
we M M W (1)
z—ia z+ia 22 442

dw_ Ix(z* +a*)—zx2z . 2u(a® - 2%)

From (1), =k @2 +d) -vY=- &+ ) - .(2)
Let P be any point on the wall X'X. Then, at P, z = x. Hence the velocity g on the wall is
given by
dwl|_| 2@’ -x%) _| 2m(@® -x?)
9= gz 2. 22 +U ..(3)
z (x“+a”) (x? +a*)?
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By Bernouilli’s theorem, we have

plp+ q2/2 = constant = C, say. ..(4)
Now, when z = o, p=1I1 and qg="U. Then (4) becomes
Mp+ U2=C. (5
Subtracting (4) from (5), (I -p)p+ U —¢H2=0
g
or M-p=p2)x(q - U
2 2 2
pl[2ua® -2 ol
or M-p=7> { (@ +x2)? +U v > using (3)
2 232 2 2
wa® —x°) a” —x
or Mm-p=2 .
p upl: @ +x2) @ +x2)2}
(@® - x2)? a2 —x2
or p=T-2up—2 _ppU—— . (6)
u p(az 12y up (@ +x2)°
dp o2 4x(a® —x*)  8x(a® —x?)? B 2x 4x(a® - x%)
de - @ +x2)° @ +22) HP @+x)? (@ +x2)
dp _ Awepu(a’ - x*) + U’ +5°)°} Ba —x°) ;
or i @ NG (7
a” +x°)
The pressure will be maximum or minimum if dp/dx = 0 i.e., if
X (3a2 - xz) =0 or 2u(a2 - xz) + U(a2 + xz)2 =0, by (7)
Ifx(3a2 - xz) =0, then we have x=0, x=a3 and x=-a-3.
Now on the wall XX’ (y =0) atx = a3 , by (2), we have
dw 2u(a® —3a’) po_p-4d’U
LA § - =_U+ = . (8
dz (a” +3a*)? 4a® 4a* ®)

Ifp< 4a* U, the value of d°p/dx” at x = a~/3 is negative and hence the pressure of the fluid
at the wall is a maximum when x = a+/3 .

Again, a’zp/a'x2 at x = 0 is positive and hence the pressure of the fluid at the wall is a
minimum when x = 0.

Now, if p = 4a2U, then dw/dz = 0 from (8). So (2) reduces to

R UGE -2 @+ -U=0

or 2~ 6a’2 + 94" = 0, so that (z2 - SaZ)2 =0 or z=+ a\/g.

Hence the stragnation points are given by (a\/g , 0) and (- a3, 0).

Writing  p = 44°U,  w= ¢+ iy and z=x+ iy, (1) may be re written as

842U (x +1y)
2, 2 2 .
(x“+a” —y°)+2ixy

O+ iy =— - U(x +1iy)

84U (x + iy) [(x* +d% - yz) - 2ixy]
[(x* +a® - yz) + 2ixy] [(x* +d% - yz) - 2ixy]

or O+ iy =-— -U(x +1iy). ...(9)

Equating the imaginary parts on both sides of (9), we have

8azU{y(x2 +a’ —yz) - 2x2y}
ve (x> +a*> - y*)* +4x?y* oy ~(10)
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The streamlines are given by y = constant. Taking constant = 0, the streamlines given by v

=0 are
8a*UM(x* + a® — y*) - 2x7%] ~
2 2 22 22 T Uy =0
(x"+a” —y° ) +4x7y
or 8’ [d” — (2 + )] +[(2 =) + T + 4D =0
or 8a* — 8a°(x* + yz) N yz)z +2d°(" - yz) +a*+ 4x2y2 =0
or 9a* — 8’ (x> + %) + ( + ) + 28°(x* =) = 0
or 9a'+ ()Y - 64’ —6a’y’ —4d’y’ =0 or [ +)7)-3d’T —4a’ =0
or o +)7 = 3a” = 2ay) (¥ + )7 = 3a” + 2ay) = 0,
which includes the circle X+ y2 - 3d* - 2ay =0 or X+ - a)2 = 4d’.

EXERCISE 5 (C)
1. Obtain the image of a simple source with respect to a plane (or a straight line).
[Kanpur 2003]
Hint. Proceeed as in Art 5.18 by replacing line by plane to get the same result.
2. A two-dimensional source of strength m is situated at the point (a, 0), the axis of y being
a fixed boundary. Find the points in the boundary at which the fluid velocity is a maximum. Show
that the resultant thrust on the part of the axis of y which lies between y = + b is
| ) b
2pob—2m*p| —tan ' ——
p 0 p |: a a a2 + b2

}, where p, is the pressure at infinity.

Particular Case. When b = a, the thrust =2 pya — (mzp/ a)x(n/2-1)

3. OX and OY are fixed rigid boundaries and there is a source at (a, b). Find the stream lines
and show that the dividing line is xy (x* =3 — a* + b%) = 0.
4. The irrotational motion in two-dimensions of a fluid bounded by the lines y = £ b is due to
a doublet of strength p at the origin, the axis of the doublet being in the positive direction of the
axis of x. Prove that the motion is given by
; T n(x+1iy)
O+iy = b coth{ b }
Show also that the points where the fluid is moving parallel to the axis of y lie on the curve
coth (mx/b) = sec (my/b).
5. In liquid bounded by the axes of x and y in the first quadrant there is a source of strength
m at distance @ from the origin on the bisector of the angle XOY. Prove that the complex potential
is —m log (x4 + a4).
5.21. Image of a source with regard to a circle. [Meerut 2000, 06; Rajasthan 2000, 2010;
Agra 2005; Garhwal 1999; G.N.D.U. Amritsar 2000, Kanpur 2002, 2010]
Let us determine the image of a source of strength m at a point 4 with respect to the circle
with O as centre. Let O4 = f and let B be inverse point of 4 with respect to the circle. If a be the
radius of the circle, then OA-PB = a* so that OB = a*/f. Let P(z) be an arbitrary point in the plane of
the circle.
Let there be a source of strength m at B. If w be the complex
potential due to sources at 4 and B, then we get
w=—mlog (z—f) — m log (z — d*/f)
:fm[log(rcos97r+irsin9)+10g(rc0s97a2 / f +irsin 0)]

[ z=ré® =7 (cos 0 +isin 0) = cos O +irsin 0]
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Image of a source with regard to a circle. [Meerut 2000, 06; Rajasthan 2000, 2010;
Agra 2005; Garhwal 1999; G.N.D.U. Amritsar 2000, Kanpur 2002, 2010]
Let us determine the image of a source of strength m at a point 4 with respect to the circle
with O as centre. Let O4 = f and let B be inverse point of 4 with respect to the circle. If a be the
radius of the circle, then OA-PB = a* so that OB = a*/f. Let P(z) be an arbitrary point in the plane of
the circle.
Let there be a source of strength m at B. If w be the complex
potential due to sources at 4 and B, then we get
w=—mlog (z—f) — m log (z — d*/f)
:fm[log(rcosE)fr+irsin9)+10g(rc0s97a2 / f +irsin 0)]

[ z=ré® =7 (cos 0 +isin 0) = cos O +irsin 0]
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Writing w = ¢+jy and equating real parts, we get
b=—(m/2) x[log{(rcoseff)z +(rsin0)*} +log{(rcos0—a?/ /)’ +(rsin9)2}}

4 2

m 2 2 2 a 2ra
=——|log(r" + f 2frcos9)+log[r +—-— cosO
2{ o

or 2
Hence normal velocity at any point Q on the circle

=(@j o a— fcos0 N (a/ f)(f —acosB)
or )y a®+ 2 =2facos® (a*/fH)(f*+a* —2af cos0)

% _ m| 2(r—fcos®) 2{r —(a*/ f)cos 6}
rr 4+ f2=2frcos® r*+a’/ f2—2r(a*/ f)cos0

o affcose+f2/affcos@+ _m
a’+ f?~2facos0 a
Now, if we place a source of strength — m at O, the normal velocity due to it at Q will be
—(m/a) and hence the normal velocity of the system will reduce to zero.

Hence the image system for a source outside a circle consists of an equal source at the
inverse point and an equal sink at the centre of the circle. [Kanpur 2002, 08]

5.22. Image of a doublet with regard to a circle.

[Kanpur 2003, 06; Kurukshetra 2000; Rajasthan 1998]

Let us determine the image of a doublet 44" with its axis making an angle o with O4,

outside the circle, there being a sink — m at A and a source m at A’. Join O4 and OA'. Let B and

B’ be the inverse points of 4 and A’ with regard to the circle with O
as centre.

Then OA-OB=04'-0B' = a°, (D)

where a is the radius of the circle.

Now the image of source m at A" consists of a source m at B’
and and a sink — m at O. Similarly, the image of sink — m at 4
consists of a sink at B and a source m at O. Compounding these, we see that source m and sink
— m at O cancel each other and hence the image of the given doublet 44" is another doublet BB'.

Let the strength of the given doublet A4’ be p.
Then p= lim (m-A44") ...(2)
A4

From (1) 0A4/0A' = OB'/OB, ...(3)
showing that triangles OAA' and OB’B are similar. From these similar triangles, we have
BB _oB 08 04 __d
AA" 04 04 0OA'" 0A4-04'

(4

2

u' = strength of doublet BB = Blrimg(m'B'B) = lim “(m-A44'), by (4)
-

A->404-04'
=pa®/ 2, using (2) and taking OA= 04’ = f
Thus the image of a two-dimensional doublet at A with regard to a circle is another doublet

at the inverse point B, the axes of the doublets making supplementary angles with the radius
OBA.
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5.23A. The Milne-Thomson circle theorem or simply the circle theorem.

Statement : Let f(z) be the complex potential for a flow having no rigid boundaries and
such that there are no singularities of flow within the circle | z | = a. Then, on introducing the
solid circular cylinder | z | = a into the flow, the new complex potential is given by

w=f(2)+ f(a’/z) for |z|2a.
[Rohilkhand 2002, 03, 05; Kanpur 2000, 09; Garhwal 2003, 05; Meerut 1998]

Proof. Let C be the cross-section of the circular cylinder | z | = a. Then on C, 2z =a’ or

Zz =4’ /z Hence for points on the circle, we have
w=f(@)+f(@’/2)=f()+[(E) or o+iy=r(2)+f(2) (D)

Since the quantity on R.H.S. of (1) is purely real, equating imaginary parts (1) gives
Y =0 on C. Hence C is a streamline in the new flow.

By hypothesis all the singularites of f (z) (at which sources, sinks, doublets or vortices may
be present) lie outside the circle | z | = @ and so the singularities of f (a® /2) lie inside the circle
| z | = a. Hence the singularities of ]_”(a2 /z) also lie inside the circle | z | = a. Thus we find that the
additional term ]_”(a2 /z) introduces no new singularities into the flow outside the circle | z | = a.

Hence | z | = a is a possible boundary for the new flow and w= f(z)+ f(a’/z) is the

appropriate complex potential for the new flow.

Remark 1. In the above proof of circle theorem we have used the following important
results :

Let u(?) and v(f) be real functions of a real variable ¢. Let f{t) = u(f) + iv (f) so that f{¢) is a
complex function of the real variable . Then conjugate of f{7) is denoted and defined as

fO)=u@®) ().

On replacing real variable ¢ by the complex variable z (= x + iy), f(z) and f(z) are defined
as follows :

f@)=u(z2)+iv(2), F(2)=u(z)-iv(z)

Again, @) =u@)+iv(z), @) =u(@)-iv(z)
On comparing the forms of fiz) and f(z), we find that, since z = x + iy, z =x—1iy, the
value of ]_”(E) is obtained from f{z) by replacing i throughout by — i. It then follows that ]_”(E) is

merely the complex conjugate of f{z) and accordingly, we write ]_”(E) = f(2).

Remark 2. When a circular cylinder is present in the field of sources, sinks, doublets or
vortices, the above theorem provides an easy method for determining the image system. Furthermore
the theorem can also be used to determine modified flows when a long circular cylinder is
introduced into a given two-dimensional flow. Consider the following application of “Circle
theorem”.

523B. To determine image system for a source outside a circle (or a circular
cylinder) of radius « with help of the circle theorem.

Refer figure of Art. 5.21. Let O4 = f. Suppose there is a source of strength m at 4 where
z = f, outside the circle of radius @ whose centre is at O. When the source is alone in the fluid the
complex potential at a point P (z) is given by

f@) =—mlog(z—)) Then f(z)=—mlog(z— f)
f(a*/z)=—mlog(a®/z— f)
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When the circle of section | z | = a is introduced, then the complex potential in the region

|z|>a is given by

W:f(z)+f(a2/z) =—mlog (z—f)— mlog (a*/z - f)

2
=—mlog (z—f)—m log (a Zf]
z

=—mlog (z—f)— mlog (a* — zf) + m log z
=—mlog(z—f)—mlog[(-f) (z—d*f)] + mlog z
—fmlog(z f—mlog (z—a* )+ mlogz—mlog(—f)

—log (z — f) — m log (z — a*/f) + m log z + constant, ..(1)
the constant (real or cornplex — m log (- f)) being immaterial from the view point of analysing
the flow. (1) shows that w is the complex potential of

(i)asource mat A, z=f  (ii)asource m at B, z=da*/f  (iii) a sink — m at the origin

Since O4 - OB = a*, A and B are the inverse points with respect to the circle | z | =  and so
B is inside the circle.

Thus the image system for a source outside a circle consists of an equal source at the
inverse point and an equal sink at the centre of the circle.
5.24. The Theorem of Blasius. [Agra 2005, 08, 09, 11; L.A.S. 1985; Kanpur 2000;

Meerut 2001, 02, 04, 08, 09, 10, 11, 12; G.N.D.U. Amritsar 2003, 05; Rohilkhand 2003]

In a steady two-dimensional irrotational motion of an incompressible fluid under no external
forced given by the complex potential w = f(z), if the pressure thrusts on the fixed cylinder of any
shape are represented by a force (X, Y) and a couple of moment M about the origin of co-
ordinates, then

2
v 1. dw
XzY—2sz‘C(de dz, M = Real part of {—lpJ‘ ( )dz}

where p is the fluid density and integrals are taken round the contour C of the cylinder.

Proof. Figure shows the section C of the cylinder YA
in plane XOY. Let P (x, y) and O (x + dx, y + dy) be
two neighbouring points on C such that arc PQ =§s . If
0 be the angle which the tangent PT at P on the
contour C makes with x-axis, then

cosO =dx/ds, sinO=dy/ds, ...(1)

and the normal at P makes an angle (0+m/2)with the

x-axis. Now, if p denotes the pressure at p, the force on fo)
unit length of the section §s is pds normal to C. Then
using (1), we have

ijcpcos(9+7r/2)ds =7JACpsin9ds =7JAdey, using (1) 0)
Y= jcpsm(9+7r/2)ds = jcpcoseds =Icpdx, using (1) ...03

M:jc [x-psin (0 +m/2)ds—y- pcos(0+m/2)ds] =jp(xcoseds+ysin6ds)

or M =Icp(xdx+ydy),u5ing(1) .4
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Now Bernoulli’s equation in this context is
1

lq2+£:B so that p=pB-——pq’, ...(5
2 p 2

where ¢ is the fluid velocity, p the density. Since p is constant for an incompressible fluid, take
pB = A (a contant). Again ¢°> = u* + v* where u and v are the velocity components. Then (5)

reduces to

p=A—(p/2)xu*+v?) ..(6)
Also, dw/dz =—u+iv or —dw/dz =u—iv ...(7)

Using (6), (2), (3) and (4) reduce to

| 1 2, .2
x=-[ {Agp(u +o )}dy=5pjc (o +0*) dy -
L o 1 2, 2
Y:J.c [Aap(u +0 )}dx:EpIC(u +v7)dkx, .9
and M =I [Alp(uz +vz)}(xdx+ydy)=lpj. @2 +07) (xds + ydy) ..(10)
c 2 2 Jc

While simplifying (8), (9) and (10), we have to use the following results

J.Cdy='[cdx=J.dex:J.dey:0

which hold good because C is a closed contour.

Now the contour of the cylinder is a streamline. Hence we have dx/u=dylv.
. 4 . . N2 2
Now, dx =ﬂ _ dx +idy _ dx —idy or dx z.dy _u z.v _ (zf iv) . (u2 zv)2
u v u+iv = iv dx+idy u+iv (u+iv) (u—iv) u +v
(u—i0)* (dx +idy) = (u* +v%) (dx —idy) (1)

From (8) and (9), we have
X—inlpJ‘ (u? +0%) (dy +idyx) =lpij. (u? +vz)£dx+l_dyj
2 Jc 2 c i
| P 2 . I . . \2 .
=Ele‘C(u +o )(dxfldy)zzpljlc(uflv) (dx+idy), by (11)
1 . awY . . .
:—sz — | dz, using (7) and the fact z =x + iy = dz =dx + idy;
2 Je\ dz

Re-writing (10), we have

M = Reat part of f%pJ‘C (x+iy) (dx—idy) u? +0%)

= Real part of f%pj‘c(xﬂ'y) (ufiv)2 (dx+idy), using (11)

2
= Real part of {%pjc z(%j dz}, using (7)
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Remark 1. The above integrals are to be taken over the contour of the cylinder. If however,
we take a large contour surrounding the cylinder such that between this contour and the cylinder
there is no singularity of the integrand, then we can take the integrals round such large contours.
The singularities of the integrand occur at sources, sinks, doublets etc.

Remark 2. In what follows, we shall often use the following important definitions and results
of functions of complex variables.

A point at which a function f{z) ceases to be analytic is known as a singular point or
singularity of the function. If in the neighbourhood of the point z = a, f (z) can be expanded in
positive and negative powers of (z — a), say

f@)=...tA,@z—-al+A4, (z—a)+ A, + BB .
2N 2 1 " z-a (z—a)
then the point z = a is a singular point of f(z). If only a finite number of terms contain negative
powers of z — a, the point z = a is called a pole. In this case the coefficient of 1/(z — a) is called
the residue of the function at z = a.
Cauchy’s Residue theorem. If f{z) is analytic, except at a finite number of poles within a
closed contour C and continuous on the boundary C, then

jcf(z)dz =2ni x [sum of the residues of f(z) at its poles within C]

5.25. lllustrative solved examples.

Ex. 1(a). In the region bounded by a fixed quadrantal arc and its radii, deduce the motion
due to a source and an equal sink situated at the ends of one of the bounding radii. Show that
the streamline leaving either end at an angle . with the radius is r* sin(o +0) = a* sin(a.—0) .

[Kanpur 2011; P.C.S. (U.P.) 2000; Rohilkhand 2003; 1.A.S. 1986; Meerut 2002, 07]
(b) In a region bounded by a fixed quadrant arc and its radii, deduce the motion due to a
source and an equal sink situated at the ends of one of the bounding radii. Show that the streamline

leaving either end at an angle 1./ 6 with radius is r* sin (1/6+0) = a* sin (1n/6—0), where a is

radius of the quadrant. [L.A.S. 1996]
Sol. (a). Let AOB be the circular quadrant of radius a Y
with O4 and OB as bounding radii. Consider a source of strength __|B
m at A and a sink of strength — m at O. Then the image system //
consists of (i) asource m at 4 (a, 0) //
(it) asource m at A' (—a, 0) /
(iii) a sink =m at O (0, 0). A ’(,;,) —————— 5 (m) X
Hence the complex potential w for the motion of the fluid (=m)

at any point P(z+x+iy = reie) is given by

2 2
w=—mlog(z—-a)—mlog(z+a)+ mlogz=—mlog zZ-a =fm10g(zfazz’1)
or w=—mlog(re’® —a*r'e?), as z=re'®
or w=—mlog[r(cos0+isin0)—a’r ' (cos—isinH)]
or d+iy =-mlog[(r—a*/r)cosO+i(r+a’ /r)sin 0]

Equating imaginary parts, we obtain

B -1 (r+a2/r)sin9 B -1 P +ad?
y=-mtan ———————=-—mtan 2 2tane
(r—a“/r)cos0

r-—a
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The streamline leaving the end 4 and O at an angle o is given by

2, 2
. g ri+a
y=—m(n—a) ie., —mtan”! s tan6 . =—m(n—a)

r’—a

(r* +a*)sin 0 sin o
or #ztan(nf(x)zftanazf

(r"—a“)cos0 cosa

2 2\ _ 2 2 . 2 . a2
or (r"+a”)sinbcosa=—(r"—a")cosOsina or r~sin(a+ 0) = a” sin(o. — 0).

(b) Hint. Proceed as in part (a) by taking oo =7/6.

Ex. 2. In the case of the two-dimensional fluid motion produced by a source of strength m
placed at a point S outside a rigid circular disc of radius a whose centre is O, show that the
velocity of slip of the fluid in contact with the disc is greatest at the points where the lines
joining S to the ends of the diameter at right angles to OS meet the circle, prove that its magnitude
at these points is (2m x OS)/(0S* — a°)

Sol. Let S” be the inverse point of S with respect to the circular disc, with O as its centre.
Let OS=c Then OS x OS' =a* sothat OS'=dc.

The equivlent image system consists of

(7) a source of strength m at S (c, 0), > X

(ii) a source of strength m at S’ (a’/c, 0),

(ii7) a sink of strength — m at O (0, 0).

Let OS be taken as x-axis. Then the complex potential for the motion of the fluid at any
point z(=x+iy = reie) is given by

w=—mlog (z~ c)~ mlog (z — a*c) + m log z
dw m m m
- = _ - 4+
dz z—¢c z-a’lc z

Let g (= | dw / dz |) be the velocity at any point z. Then

L | Gcmaera |
z—¢ z—a"/c z |z(zfc)(zfa2/c)|

L e

Hence the velocity at any point z = ge'® on the boundary of the circular disc is given by

_ i (aeie —a) (aeie +a) | _ m| c(eie 1) (eie 1) |
! |aeie (ae'® —c)(ae'® —a? /C| |e"e (ae'® —c)(ce™® 7a)|
or q=mc| (1-e"(+e) |_ 2mcsin 0 o

|(aeie —¢)(ce® 7a)| @+ —2accosh
For maximum ¢, dg/d0=0. Hence (1) gives

me (a* +¢* —2accos 0) cos 0 —sin O (2acsin 0) _
(a* +¢* —2accos 0)*

or (a* +c*)cos®—2ac=0 or cos0=(2ac)/(a* +c*)  ...(2)

Since 6 = 0 gives the minimum velocity [g becomes zero at 8 = 0 by (1)], the value of 6

given by (2) must correspond to the maximum value of velocity g. Moreover (2) gives the same

angles which the diameter through the point where the line joining S to the end of the diameter at
right angle to OS cuts the circle, will make with OS.

2 0
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From (2), sin@ =+1-cos2 0 = (c2 —a®) /(c? +d?) E))
Using (1), (2) and (3), the maximum value of ¢ is given by
2 2
2mc-(c2 az] 2 2
4= ¢ +a” )  2mc(c”—a”) or q= 2mec_ 2m-OS
2 4q%c? (a2 +c2)2 —44%? —a®> 0S*-d?
a“+c¢’————
a +c

Since the boundary of the circular disc is a streamline, the velocity on the boundary is the
velocity of the slip.

Ex. 3. 4 source S and a sink T of equal strengths m are situated within the space bounded
by a circle whose centre is O. If S and T are at equal distances from O on opposite sides of it and
on the same diameter AOB, show that the velocity of the liquid at any point P is

0S? + 04> PA-PB

2m Y

os PS.pPS'-PT-PT'
where S” and T’ are the inverses of S and T with respect to the circle. [Rohilkhand 2001]
Sol. Let OS = OT = c. Then, we have O4 = a, OS - OS’ = a* and OT - OT' = & so that
0S’ = d’/c and OT’ = d*lc. ...(D

Now the image system of source m at S consists of a source m at S and a sink — m at O.
Again the image system of sink — m at T consists of a sink — m at 7” and a source m at O.
Compounding these, we find that source m and sink — m at O cancel each other. Hence the
equivalent image system finally consists of

. P(2)
(7) a source of strength m at S (c, 0)
(ii) a source of strength m at S’ (a*/c, 0)
(iii) a sink of strength —m at T (- ¢, 0) < m >
_ . x T Bl T o0 s JA S x
(iv) a sink of strength — m at T’ (- a“/c, 0) (= m) (=m) (-m) (m) (m)
Taking OS as the x-axis, the complex
potential at any point z (= x + iy) is given by
a* a’
w=—mlog(z—c)—mlog z—]+mlog(z+c)+mlog[z+—]
c c
dw m m m m
— == - + +
dz z—c z-a*lc z+c z+ad’lc
The velocity ¢ (= | dw/dz |) at any point is given by
B 2¢ (2a* /¢) |_2 |c(zzfa2)+(a2/c)(zzfa2)|
g=m-—"3" PPN Rt 2 2\,.2 4,2
z5—c¢® z:—(a"/c%) (zZ=c)(z"—a" /c?)
c2+a2| 2 —d? |  +a? |z—al|z+a|
=2m 2 a2 4,2\ 2Zm 2 2
c — - c
(- a1 lz—c|lztel|z=2 | z+ %
c c
0S* +04° PA-PB
=2m

oS  PS-PS'-PT-PT'
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Ex. 4. In the part of an infinite plane bounded by a circular quadrant AB and the production
of the radii OA, OB, there is a two-dimensional motion due to the production of the liquid at A
and its absorption at B, at the uniform rate m. Find the velocity potential of the motion and show
that the fluid which issues from A in the direction making an angle n with OA follows the path

whose polar equation is r = ay/sin 20 [cot p+ \/(cotz w+cosec? 20)]2,
the positive sign being taken for all square roots.
Sol. The image system of source m/2n at A with respect to the circular boundary consists

of a source m/2n at A (since A4 is the inverse point of itself ) and a sink —m /27 at O, the centre
of the circle. Next, the image of system of the above mentioned image system with respect to the
line OA and OB consists of

(7) a source of strength m/2n+m/2n ie. m/n at A (a, 0)

(i1) a source of strength m/2x+m/2n ie. m/n at A (—a, 0)

(ii7) a sink of strength 72ﬂ at O (0, 0)
T

Again there is a sink of strength — m/2n at B. The image system of this sink with respect
to the circular boundary consists of a sink —m/2m at B (since B is the inverse point of itself) and
a source m/2m and O. Again the image of the system of the above mentioned image system with
respect to lines OA4 and OB as before consists of

(i) a sink of strength —(m/2m)—(m/2m) ie. —(m/m) at B (0, a)
(i7) a sink of strength —(m/2m) — (m/2m) i.e. —(m/m) at B’ (0, — a)
(ii7) a source of strength m/2n at O (0, 0)

Compounding these we find that source m/2n and sink — m/2n at O cancel each other.
Taking OA as the x-axis, the complex potential at any point P(z = x+iy = reie) is given by

w= fﬂlog(zfa)fﬁlog(z+a)+ﬂlog(zfai)+ﬂlog(z+ai)
T T T T

¢+i\y=fﬁlog(z2fa2)+ﬂlog(zz+a2) (D)
T T
Equating real parts, (1) gives
2 2‘

o= fﬂlog‘zz fa2‘+ﬂlog‘zz —ita”| = fﬂ{|zfa|-|z+a|}+ﬂlog{|zfia||z+ia|}
T T T T
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m m m, BP-B'P
or ¢=——Ilog (AP -A'P)+—log(BP-B'P)=—log———
b i i AP-A'P
Putting z =¢™ in (1) and equating imaginary parts, we get
m, | 2 sin20 m, | % sin20
Yy =——tan ﬁ+—tan DU Y
T r°cos20—a T r°cos20+a
*sin20 3 *sin20
m, _| r2c0s20 —a®  r?cos20 +a’ _om_ 2a%r?sin 20
=——tan 1.2 =——tan —a
T |4 rsin 20 n r'—a

4 4

r*cos?20 - a
The required streamline that leaves A at an inclination p is given by y=—(m/m)p, ie.,

m m._ i 2a*r*sin20 4 20 . 4
——u=s-—tan — —— or r’ —2a"r"sin20cotp —a =0
T T r'—a

P = [2a2 sin 20 cot L +\/(4a4 sin? 20 cot” U+ 4a* )] /2
wherein negative sign has been omitted because > is non-negative quantity. Thus, we have

r =a~/sin20 [cotp + \/ (cot2 u+ cosec? 26)]“2.

Ex. 5. Prove that in the two-dimensional liquid motion due to any number of sources at
points on a circle, the circle is a streamline provided that there is no boundary and that the
algebraic sum of the strengths of sources is zero. Show that the same is true if the region of flow
is bounded by a circle which cuts orthogonally the circle in question.

[Kanpur 1997, 2000; Rohilkhand 2000]

Sol. Let 4, 4,, A4,,... be the positions of the sources of strengths m, m,, m,,... respectivly.
Let P be any point on the circle and let the diameter through P be taken as the initial line.

Let L4 PA=08, LA,PA, =P,, LA;PA, =B, and so on. Then the stream function y of the
system is given by
Y=—md—my (8+P)—my (8+P; +Py) - ...
==08(my +my +my+..)— [mP +my (B +By) +...] =—5 (m, +m,+ m,+..)— constant,

since Py, B, P;, ... do not depend on the position of P. If we take m, + m, + my + ... = 0, then
y = constant is a streamline i.e. the circle is a stream line.
A

5 A,

Second Part. Let O, be the centre of a circle which cuts the above circle (with centre O)
orthogonally. The image of m, at 4 is m at B,, the inverse point of 4 and a sink — m at O,. If the
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barriers are omitted, we see that the system reduces to a source 2 (m, + m, + ...) on the boundary
o thegivendrdeand asink — (m, + m, + ...) at O,. Since m, + m, + ... = 0, the result follows.
Ex. 6. A4 line source is in the presence of an infinite plane on which is placed a semi-
circular cylindrical boss, the direction of the source is parallel to the axis of the boss, the source
is at a disdtance c from the plane and the axis of the boss, whose radius is a. Show that the
radius to the point on the boss at which the velocity is a maximum makes an angle @ with the
radius to the source, where
1 a2 + C2
2(a* +c*)}
OR  If the axis of y and the circle x> + y* = a” are fived boundaries and there is a two-
dimensional source at the point (c, 0) where ¢ > a, show that the radius drawn from the origin to
the point on the circle, where the velocity is a maximum, makes with the axis of x an angle

0=cos” [Agra 1999, 2000]

1 a2 +C2
Vi2(a* + ey

When ¢ = 2a, show that the required angle is cos ! (5/\/3—4).

Sol. Let there be a source of strength m at
L (c, 0). Let L' be the inverse point of L with respect

COS

y
to the circular boundary so that OL x OL' = a* ie.
. . P
OL'=a?/c. The image of source m at L in the P@
circular boundary (cylindrical boundary) is a source
m at L’ and a sink — m at O.
. . L// L/N O L/ L
For the above system the equivalent image | >
X m m -m m m X

system with respect to the y-axis (i.e. the line x = 0) -'m
consists of

(i) a source m at L (¢, 0) and 1" (— ¢, 0)

(ii) a source m at L’ (a*/c, 0) and L"(=a’/¢c, 0)

(i) a sink —m — m i.e. — 2m at O (0, 0)

y

Thus, if P (z=x+iy = reie) is any point in the fluid, the complex potential at P due to the

above system is given by

w=fm10g(zfc)fm10g(z+c)fm10g(zfaz/c)fm10g(z+a2/c)+2mlogz
or w = 2m log z — m log (2> — ¢*) — m log (> — a*/c?)
dw_2m  2mz  2mz o W 2m(z* - a*)
dz  z 22_¢ 2_gb/c dz 2z =) (P —at et

The velocity ¢ (=|dw/dz|) at any point P(z = ae)’® on the circular boundary is given by

g-= 2m|a*e’’® ~1| or : 4mac* sin 20
|ae'®(a*e*® — c*)(a?e*® —a* 1 )| 1 a* +c* —2a%c? cos20
or (4mac* / q) = (a* +¢* = 2a*c* cos 20) /sin 20 (D)
Let f = 4mac*/q. When ¢ is maximum, then £ will be minimum. From (1), we have
f= (a4 +ct )cosec 26 — 2a’c? cot 20 ...(2)
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df 1do=— 2(a4 + c4)cosec 20¢0t20 + 4a’c’cosec® 20 ...(3)
dzf /do* = 4(a4 +ct )cosec 260 (cosec2 20 + cot” 20) — 8a’c*cosec? 20 cot 20
= 4cosec 29[(azcosec 20 — % cot 29)2 +a* cot? 20 + c*cosec? 20]

Since 0 < /2, clearly ¢> fld 0° is positive and hence f will be minimum and consequently

g will be maximum. From (3), setting df /d0 =0, we get
(a* + ¢*)cosec 20 cot 20 = 4a*c*cosec? 20 or c0s20 =2a*c* [(a* +¢*)

2cos” 0 —1=2a%c*/(a* + ), or  cos’0=(a’+c*)*/2(a" + )

so that cosf = (a’ + cz)/«/{2(a4 +ch).

Ex. 7. A source of fluid situated in space of two dimensions, is of such strength that 2mpp
represents the mass of fluid of density p emitted pet unit of time. Show that the force necessary to
hold a circular disc at rest in the plane of source is 27tpp,2a2 [r(r? —a”), where a is the radius
of the disc and r the distance of the source from its centre. In what direction is the disc urged by
the pressure ? [Kanpur 2005, 06; Meerut 2005, 11; Rohilkhand 2002]

Sol. Since the mass of fluid emitted is 2npp per unit
of time, by definition the strength of the given source is . P(2
Let this source be situated at 4 such that O4 = r and let B be
the inverse point of 4. Then, O4 - OB = a° so that
OB = a*/r. Here the equivalent image system consists of o B A
(taking OA as x-axis and using Art. 5.21)

(7) a source of strength p at 4 (7, 0)

(i) a source of strength p at B (a’/r, 0)

(iii) a sink of strength p at O (0, 0)

Hence the complex potentioal at any point P (z = x + iy) is given by

w=—plog(z—r)—pnlog(z faz/r) + plogz

dw___B __ BB (D
dz z—r z-d*/r z

If the pressure thrusts on the given circular disc are represented by (X, Y), then by Blasius’

2
. 1. dw
theorem, we have X -i¥ :Elpjc (Zj dz .2
where C is the boundary of the disc. Again, by Cauchy’s residue theorem, we have
dwY . .
j — | dz=2mi % [sum of the residues], ...(3)
c\dz

wherein the indicated sum of the residues is calcualated at poles of (dw/dz)* lying within the
circular boundary. Using (3), (2) reduces to
X —iY = — mp x [sum of the residues] ...(4)
We proceed to find the residues of (dw/dz)*. From (1), we have

(dwjz S I 1 L2 2 . 2
=) " (z—1rY (z-d*/r)? 22 z(z—1) z(z-d*Ir) (z-r)(z-a’lF)
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|1 1 1 2 2 2

(z—r)? +(zfatz/r)2 +z_272(zfr)+;7(az/r)(zfaz/r)

+ 2 + 2 + 2
@ /rz (r-d*IrGz-r) @/r-rz-d/r)

[Resolving R.H.S. into partial fractions]

.0

From (5), we find that the poles inside the circular contour C are z =0 and z = alr
. The required sum of the residues

= the sum of the coffecients of z~ ' and (z—a® /)" in R.H.S. of (5)

:2;,12 N 2;,12 2;,12 N 2;,12 _ 2;,12a2 ©

r alr d*lr d*lr—r r(azfrz)

Using (6) in (4) and then equating real and imaginary parts, we have
X= 27tp;12a2 [r(r? = a?) and  Y=0.

Thus the disc is attracted towards the source along OA. Hence the disc will be urged to move
along OA4.

Ex. 8. Within a circular boundary of radius a there is a two-dimensional liquid motion due
to source producing liquid at the rate m, at a distance f from the centre, and an equal sink at the
centre. Find the velocity potential and show that the resultant pressure on the boundary is
pm® [ 12a* (a* — f*), where p is the density. Deduce as a limit velocity potential due to a
doublet at the centre. [Rohilkhand 2000; Agra 2004; Kanpur 1997; Meerut 1999, 2005]

Sol. Since the rate of production of liquid is m, by definition the strength of the given

source is m/2mn. Let this sources be situated at B such that OB = f (refer figure of Ex. 7). Let 4
be the inverse point of B. Then 0A-OB = d* S0 that 04 = d*/f.

Taking OA as x-axis, the equivalent image system consists of
(/) a source of strength /21 at B (f, 0)  (ii) a source of length /27 at A (d?/f, 0)

(iii) a sink of strength — m/2n at O (0, 0)
Hence the complex potential w at any point P(z = x + iy) is

w:f(m/2n)log(zff)f(m/2n)10g(z—a2/f)+(m/27t)10gz ...(D
dv_ [ 01
dz  2m z—f z-d*lf =z

.(dwjz I U U U 2 2 2
Ndz) 4| )? (-d IS} P e-f)z-d*lf) z(z-d*lf) z(z—f)

_m I, ! Ly 2 + 2
i G- fY a2 - INC-1) @I -]
2 2 2 2
_ _ - ...(5
TR @ ING-d ) f(zf)+fz} ©

[Resolving R.H.S. into partial fraction]
If the pressure thrusts on the given circular disc are represented by (X, Y), then by Blasius’
theorem, we have
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2
. 1. dw
XZY_EZPIC(ZJ dz (6
where C is the boundary of the disc. Again, by Cauchy’s residue theorem, we have
2
dw . .
j (—j dz = 2mi % [sum of the residues] ...(7)
c\ dz
Using (7), (6) reduces to X —iY =np X [sum of the residues] ...(8)

From (5), we find that poles inside the circular contour Careatz=0 and z=f.
. The required sum of the residues
= the sum of the coefficients of z~ ' and (z — /)" ' in R.H.S. of (5)

m? 2 2 2 2 m? f3
) 2 L I il I i s S
A | (f-a"lf) a/f f f]| 2a7n°(f° —a)
Using this in (8) and equating real and imaginary parts, we have
X =pm*f3/24* (a* - 1) and Y=0, .9
giving the required pressure.

We now obtain the velocity potential. Note that real part of log z = log | z |. Writing w = ¢ + iy
(1) and equating real parts, we have

m X X
¢=—- llog|z— fltlog|z+f|=log|zl]

PB-PA
PO
Second part. In order to obtain the doublet at the centre, make f — 0, (m/2m)f —> p so

=- ﬂ[logPB + log P4 — log PO = — ﬂlog
2n 2n

that o’ / f — oo. Then, (1) reduces to

w=— ;n—n{log(l - fj + log(l Z—iﬂ,

where we have rejected the constant term. Using the expansions of log (1 + x) and rejecting
powers of f higher than the first, we get

m(f  f T mf
w=—o/|<L + 2= AP ol -
2n(z azj o briv z+a2 [ 2n :
. —i ro; .
or ¢+I\V=%e e+“—2ee, as Z:rele
a

Equating real parts, the velocity potential due to doublet at centre is given by
o= ;,L(if1 +a *r)cos
Ex. 9. Find the velocity potential when there is a source and an equal sink within a circular
cavity and show that one of the stream lines is an arc of the circle which passes through the
source and the sink and cuts orthogonally the boundary of the cavity.

Sol. Let the source m and the sink — m be situated at the P and Q within the circular cavity
with centre at O (0, 0). Let P’ and O’ be the inverse points of P and Q respectively. Now, to do
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away with the circular cavity, we proceed to get an equivalent system. The image system of source
m at P consists of a source m at P’ and a sink — m at O. Similarly, the image system of sink — m at
QO consists of a sink — m at O’ and a source m at O. The source and sink at O cancel each other and
then the resulting equivalent system consists of T

N <7
(i) a source of strength m at P (z = ¢) /

(ii) a source of strength m at P’ (z = a*/c)

(iii) a sink of strength — m at Q(z = be'®)

(iv) a sink of strength — m at Q'[z = (a* /b)e'®]
wherein OP = ¢, OQ = b, a = radius of circle with centre O, OP-OP’ = a* so that OP’ = az/c, 00-00’
= d® so that 0Q’ = d®/b and ZQOP =a..

Hence the complex potential at any point P (z) is

w=-mlog(z—c) fmlog(zfa2/c)+m10g(szei°‘)+mlog[z — (a”/b)e™]

(z = be'*)[z—(a* /1 b)e']
(z—c)(z—d’lc) )

¢ + iy = mlog

The desired velocity potential ¢ and stream function \y may be obtained by equating real and
imaginary parts in (1).

Since OP-OP' = 0Q-0Q' = a*, the points P, O, P, Q' are concyclic. Let the circle
passing through P, O, P’, O’ cut given circle (with centre O) at N and M. Since OP- OP’ = a* = ON?,
ON must be tangent to the circle through N. Hence the two circles cut orthogonally. Again the
circle POMN passes through P and Q (i.e. source and sink) and so it is a streamline.

Ex. 10. With a rigid boundary in the form of the circle (x + a)* + (y — 4a)* =8a?, there is

a liquid motion due to a doublet of strength | at the point (0, 3o) with its axis along the axis of
v. Show that the velocity potential is

4(x—-3a) y—3a
n G300+ 5 + O 30) : [Meerut 2008]
x - 30 yooox y-=3a

Sol. The given circle has centre O'(~a,4a) and radius = /(8a.?) = 2+/2a.. Let the given
doublet be at P (0, 3a.).

Gradient of O'P = Se—da 1= tan3—n-
0-(-a) 4
Hence O’P makes an angle n/4 with OY. Let P’ be the image
of P. Then the axis of doublet at P’ will make an angle of 45°with
PP’ and hence it will be parallel to x-axis.

We now show that P’ lies on x-axis. We have

O'P-OP' =8a®> or OPOP+PP)=8 ..(1) 135°

But  OP=y[(ca—-0+@a-30)]]=av2  ..(2)

- From (1), a~v/2(an/2 + PP)=8a> or PP’ =302 =3asec45° = OPsec45°
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This shows that P’ lies on the x-axis and that co-ordinates of P’ are (3a, 0). Let pu be the
strength of P.
dius)? 802
Then, the strength of doublet at P* = -w = uiz =4u-
(O'P) 2a
Thus the equivalent image system consists of doublets at P and P’ Hence the complex
potential of motion at point z (= x + iy) is given by

mi/2 0.1

4 .
W:L+L, where ¢'® = cos 0+isin 0
z-3ioc z-3a
. 4 i x—30)—1i i{x—i(y—3a
or ¢+z\y:u{ - + - — |=u| 4 ( 3 y2+ {2 & g} .. 3)
x+iy—3a x+iy-3ia (x-3a)" +y X"+ (y-3w)

. . 4(x —3a) y-3a
Equating real parts, (3) gives d=p + .
a £ P £ (x —30)% + y2 X2+ (y- 3a)?

Ex. 11. Find image of a line source in a circular cylinder.

Sol. Let there be a uniform line source of strength m per unit length through the point
z = ¢, where z > a. Then the complex potential at a point z is given by

S =-mlog(z-c)

Then f (@) =-mlog(z—c)

and so f(a*/z)=—mlog {(a*/ z) - ¢}

Let a circular cylinder of section | z | = a be introduced. Then the new complex potential by
Milne-Thomson’s circle theorem is given by

w=f()+ ] (a2 for |z|>a
ie. w=—mlog(z—c)—mlog {(d®/2)—c}
or w=—mlog (z—¢)—mlog {z— (a* /c)} + m log z + constant, (D)

the constant (real or complex) being immaterial for the discussion of the flow. The point
z = d%/c is the inverse point of the point z = ¢ with regard to the circle | z | = a. Hence (1) shows
that the image of a line source in a right circular cylinder is an equal line source through the
inverse point in the circular section in the plane of flow together with an equal line sink through
the centre of the section.

Ex. 12. Determine image of a line doublet parallel to the axis of a right circular cylinder.

Sol. Let there be a uniform line doublet of strength p per unit length through the point
z = ¢ > a. Furthermore let the axis of the line doublet be inclined at an angle o to x-axis. Then the
complex potential at a point z is given by

[(2) =) (z-0)

Then f(@)=(ue ")z ~c)
and so 17(“2/2)=(;/eﬁ'

Let a circular cylinder of section | z | = a be introduced. Then the new complex potential by

ia ia

e pe
z—c (a®/z)-c¢

Milne-Thomson’s circle theorem is given by w=
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Ex. 13. A source and sink of equal strength are placed at the points (+ a/2, 0) within a fixed
circular boundary x* + y* = a*. Show that the streamlines are given by

(" —d> 1 4) (P - 4d®) - 4d° y* = ky (F - D). [Bhopal 1999, 2000; L.A.S. 1984, 86]

Sol. Corresponding to a source of strength m, say at (@/2, 0) and an equal sink of strength
— m at (— a /2, 0), the complex potential f{z) in absence of the given circular boundary x* + y* =
@, is given by flz)=—mlog (z — a/2) + m log (z + a/2) (D)

€)) = fa*z) = — m log (a/z — al2) + m log (a*/z + al2)

When the circular boundary x* + y* = & is inserted, the complex potential w at any interior
point of the boundary is given by

w = fiz) + fld*/z), that is,

w=mlog (z+ a/2) — mlog (z — a/2) + m log {(z + 2a)/2z} — m log {(2a — 2)/2z}
or w=mlog (z+ a/2) — m log (z — a/2) + m {log 2a + z) — log 2z} — m{log (2a — z) — log 2)}
or O+iy =mlog(x+a/2+iy)—mlog(x—a/2+iy)+mlog(Qa+ x+iy)—mlog(2a—x—iy)

Using results log (x + iy) = (1/2) x log (x* + y) + i tan™" (v/x) and
log (x — iy) = (1/2) x log (x> + y®) — i tan”! (y/x) on R.H.S. of the above equation and then
equation imaginary parts on both sides, we obtain

hd =tan! 2y tan ! Y +tan! Y ( tan ! Y j

m x+al2 x—al2 2a +x 2a —x
y ) D 4
— tan ' X+a/2 );—a/z ptan ! 2a+X %afx
Yy __ry
5 1 22
X" —a’/4 4a” —x
4
= tan”' [%j—tanl (%j, where P =xt+)?
4a” —r r-—a’/4
4ay ay
22 2 2 2_4%
~tan!_4a’—r r—q /4 _ ! . 25@;(” 20) _
4a”y (4a”—r )Y —a /4) + 4a”y

1+

(4a® —r*)(r? —a*/14)

The required streamlines in the desired form can be obtained by choosing Wy = constant
= m tan"! (—5a/k). Thus, the required streamlines are given by

_Sa _ Say (r* —a®) I y(rt —a*)
k(a0 —d I +aady Ok (P —d 8P —4dd)—ddly?
or (r2 - a2/4) (r2 - 4a2) - 4azy2 =ky (r2 - az).

Ex. 14. Verify that w = ik log {(z — ia) / (z + ia)} is the complex potential of a steady flow
of liquid about a circular cylinder the plane y = 0 being a rigid boundary. Find the force exerted

by the liquid on unit length of the cylinder. [Bhopal 1993; Rohilkhand 1998]
Sol. We have w=0+iy =iklog|(z—ia)/(z+ia)| ...(1)
Hence, v =klog|(z—ia)/(z+ia)|

and so the streamlines are given by y = constant = kA, say i.e.,

| (z—ia)/(z+ia)|=A, or |z—ia|=MA|z+ial, ...(2)
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which are non-intersecting co-axial circles having z = + ia as the limiting points. In particular, for
L =1, (2) represents the straight line |z —ia |=|z+ia|, i.e., |x+i(y—a)|=|x+i(y+a)|, i.e., x*
+(@y—a)l=x*+(y+a), ie.,y=0,showing that y = 0 is a rigid boundary.

From (1), w = ik {log (z — ia) — log (z + ia)}
dw 1 1 2ka
that —=ik - = .3
S0 tha dz (zia z+iaj 22+ d? @
The adjoining figure shows that circular section C of the cylinder and Y
the rigid plane. c
If the pressure thrusts on the given circular disc are represented by (X,
Y) then by Blasius theorem, we have
X
2 o
XfinlipJ‘ (d_wj dz = 2k2a? piJ‘ —dz @)
> c\ dz C(22+i2)2
Again, by Cauchy’s residue theorem, we have
I % =2ni x (sum of the resides)
C(z"+a’)
. (4) becomes, X —iY =—4k*a*pr x (sum of the residues) .5
where the indicated sum of the residues is calculated at poles of 1/(z*> + a?)* lying within the circular

boundary C.

We now proceed to find the residues of 1/(z> + @°)*. The only poles of 1/(z* + a°)* are at
z = %+ ia. But only z = ia lies within the boundadry C as shown in the figure. Hence we shall find
residue at z = ia.

N 1 1 1 [ 1 1 j
ow, = -
22 +a* (z-ia)(z+ia) 2ia\z—ia z+ia

N SR T S S S 2
(z2+a*Y? 4d® |(z—ia)® (z+ia)® (z—ia)(z+ia)

1 1 1 1 ( 1 1 j
= + - -
4a® |(z—ia)? (z+ia)* 2ia\z—ia z+ia
Hence, Reissue of 1/(z> + a®)* at z = ia is 1/(8id®).

- (5) becomes X-iY= f(4k2a2pn)>< (1/8ia’) = {(npkz)/Za}i

= X=0 and Y = —(npk? /2a),

showing that the liquid exerts a downward force on the cylinder of numerical value (npk2 /2a) per

unit length.

Ex. 15. In the two-dimensial motion of an infinite liquid there is a rigid boundary consisting
of that part of the circle x* + y* = a® which lies in the first and fourth quadrants and the parts of
y-axis which lie outside the circle. A simple source of strength m is placed at the point (f, 0)
where > a. Prove that the speed of the fluid at the point (a cos 0, a sin 0) of the semi-circular
boundary is (4 a m f sin 20)(a* + f* — 2d® f? cos 20). Find at what point of the boundary the
pressure is least ?
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Sol. Refer solution of Ex. 6. Here = c. Then equation (1) gives the required value of speed of
the fluid.

Second part. By Bernoulli’s equation. p+(pg°)/2 = constant. So it follows that p is least
when ¢ is maximum. Hence as explained in solution of Ex. 6 at a point P (a cos 0, a sin 0),
where 0 is given by cos 0 = (a® + f2)/[2(a* + f*)]"2, the pressure is least. At every other point, p
is greater than that at P.

Ex. 16. A circular cylinder is placed in a uniform stream, find the forces acting on the
cylinder.

Sol. For undisturbed motion, the complex potential is given by w=(u—iv)z.

Then by circle theorem, complex potential for the disturbed motion is

w=(u—iv)z+(u+iv)(a/z).
so that dw! dz = (u—iv)— (u +iv)(a* | 2°). (D)

If the pressure thrusts on the given cylinder are represented by a force (X,Y) and a couple of

moment M about the origin of co-ordinates, then by Blasius’s throrem, we have

. 1. 2
szngsz‘C (dw] d2)? dz Q)

and N = Real part of 7% o I 2 (dw/dz)dz .0

where p is the fluid density and integrals are taken round the contour C of the cylinder.
From (1) and (2), we have

2
X —i¥ =(1/2)xip jc{(u—iw ~+i0) (@ /) dz=0 = X=0 and Y=0
From (1) and (3), we have

2
N = Real part of f%pjc[(ufiv)f(u+iv) (az/zz)J zdz
= Real part of 7%pjc [(u,l-v)Z 72(u2 +Uz) (a2/22)+"'JZdZ

= Real part of — (1/2)xp{-2u* +v*)a*}2ni=0

Thus, we find that no force or couple acts on the cylinder.

Ex. 17. Prove that for liquid circulating irrotationally in part of the fluid between two non-
intersecting circles the curves of constant veloctity are Cassini’s Ovals.

[U.P.P.C.S 1997; Rohilkhand 1994; I.A.S. 1993]

Sol. Let O and O’ be the centres of the two non-
intersecting  circles. Let A (a, 0) and
B (- a, 0) be the inverse points with respect to both the
circles. Let P be any point on one of the given circles
such that P4 = » and PB = r".

Since 4 and B are inverse points of the circle with centre O, so by defintion, we have

0A4-0B = OP?
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Now, from similar triangles OP4 and OPB, we have
PA/PB = OP/OB = constant = r/r’ = constant.

Hence the equations of the two circles may taken as 7/’ = ¢, and /¢’ = c,, where ¢, and c,
are constants. Since these circles are two streamlines, it follows that the stream function v is of
the form f'(r/r’) and it being a harmonic, we take y = k log (/7 ) because log r is the only
function of » which is plane harmonic. Here £ is a constant.

Now, if 0 is the conjugate harmonic of », ¢ +iy or Wy —i¢ must be an analytic function of
z, so that o=—-k(0-6).

w=vy —ip=klog(r/r")+ik(60—0") = k[logr—logr'+i0—i0']

= k[(logr +10) ~ (log ' +10")] = k[log(r¢'") ~ log(r'e"™)]

or w = k[log(z — a) —log(z + a)], as re’ =z—a and re? =z+a

]{ 11 }
zZ—a z+a

Hence the curves of equal velocity are given by g = constant or (2ak) /rr' = constant or
rr’ = constant, which are Cassini’s ovals.
EXERCISE 5 (D)

1. Show that the image system of a source outside a circle consists of an equal source at the
inverse point and an equal sink at the centre of the circle. [Meerut 2000]

v 2ak . lak

_|zfa||z+a|_ rr'

dz

2. Show that the force per unit length extered on a circular cylinder, radius a, due a source
of strength m, at a distance ¢ from the the axis is (27tpm2az)/c(c2 faz)z [Kanpur 2005]

Hint. Refer Ex. 7 of Art. 5.25. Here p = m, r = a.

3. The boundary of a semi-infinite liquid consists of an infinite plane surmounted by the
cylinder boss of semi-circular cross=section of radius a and the liquid contains a line source
everywhere at a distance ¢ from the plane and the axis of the boss, where ¢ = a tanA. Show that
the velocity at points on the boss is a maximum along the generators lying in the axial planes,
making an angle an angle 0 with the axial plane containing the line source, given by

tan® =t cos2A.

4. A source is situated at the point (¢, ¢) on the region bounded by the x-axis and the circle
x> + 3 = a% the source being outside the circle. Show that the fluid velocity vanishes at the
points (£ a, 0) and that it will vanish at any other point on the circle provided that 2¢ < (2+ 2 a.

5. If a circle be cut in half by the y-axis, forming rigid boundary and a source of strength m
be on the x-axis at a distance a, equal to half the radius, from the centre, prove that the stream

lines are given by (16a” +r*)cos20—17a*r* = (16a* — *)sin 20 cot (y/m).
Show that stream line y =mn/2 leves the source in a direction perpendicular to OX and

entres the sink at and angle n/4 with OX.

6. Within a rigid circular boundary of radius a there is a source of strength m at a point P
distance b from the centre; at Q, R the extremities of the diameter through P are equal sinks.
Find the velocity potential and stream function of two dimensional fluid motion.

7. A simple source, of strength m, is fixed at the origin O in a uniform stream of incompessible
fluid moving with velocity U. Show that the velocity potential ¢ at any point P of the stream is
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(m/r)— U r cosB, where OP = r and 0 is the angle OP makes with the direction #. Find the differential
equation of the stream lines and show that they lie on the surfaces

Ur? sin®0 — 2m cos® = constant.
OBJECTIVE QUESTIONS ON CHAPTER 5
Choose the correct alternative from the following questions
1. The image of source + m with respect to a circle is a source + m at the inverse point and
(i) a source + m at the centre (i1) a source + m at the same point
(7ii) a sink — m at the centre (=v) None of these. [Kanpu