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Solution of Algebraic and
Transcendental Equations

4.1 INTRODUCTION
Determination of roots of an equation of the form f(x) =0 has great importance in the

fields of science and Engineering. In this chapter we consider some simple methods of
obtaining approximate roots of algebraic and transcendental equations.

4.2 DEFINITIONS
1. Polynomial function :
A function f(x) is said to be a polynomial function if f(x) is a polynomial in x.

ie. f(x)=apx" +ax" ' +...+a, x+a,, where ay # 0, the coefficients q,qy, ....,q,
are real constants and » is a non-negative integer.
2. Algebraic function :

A function which is a sum or difference or product of two polynomials is called an
algebraic function; otherwise, the function is called a transcendental or non-algebraic
function.

If f(x)is an algebraic function, then the equation f(x) = 0is called an algebraic equation.

If f(x)is a transcendental function, then the equation f(x)=0 is called a

transcendental equation. 3

T x
eg f(x)=ee’ +ese =05 [()=2logr—7 =05 f() =" ~Z-+3=0
are examples of transcendental equations.

3. Root of an equation :

A number o (real or complex) is called a root (or solution) of an equation f(x)=0 if
f(a)=0. We also say that o is a zero of the function f(x). Geometrically, the roots of an

equation are the abscissae of the points where the graph of y = f/(x) cuts the x -axis.

The roots of the equation f(x)=0can be obtained by the following two methods.

4.3 ITERATIVE METHODS

In the following section of this chapter, we deal with a number of iterative methods.
The basic idea behind these methods is explained here.

Suppose, we have to find a root o of the equation f(x)=0. Let x, be an approximation

to a. Using x,, we generate a sequence of numbers x;,x,,...... Under certain conditions

this sequence converges to the root o. The method of generating better and better
approximation from an initial guess is called an Iteration method.

375



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Order of Convergence :

Let &, =x; —a be the error in the i stage. If the sequence {x;} converges to o, then

the sequence {g;} converges to 0. Suppose error ¢; is related to ¢;,; = x;,; —o by a formula

lej. |<k|eg;|P, where k are p arecostants k >0, p >1, then we say that the convergence
is of order p.

If p=1, the convergence is said to be linear.

If p=2, the convergence is said to be quadratic.

If p=3, the convergence is said to be cubic.

We can clearly see that the convergence is faster if £ is small and p is large.
4.4 DIRECT METHOD

We are familiar with the solution of the polynomial equations such as linear equation
ax+b =0, and quadratic equation ax? + bx +c = 0, using direct methods or analytical methods.
Analytical methods for the solution of cubic and biquadratic equations are also available.

However polynomial equations of degree greater than 4 are not solvable by analytical methods.
Analytical methods are not useful in solving most of transcendental equations.

4.5 FALSE POSITION METHOD (REGULA - FALSI METHOD)

In the false position method we will find the root of the equation f(x)=0. Consider
two initial approximate values x, and x; near the required root so that f(x) and f(x;)have
different signs. This implies that a root lies between x, and x;. The curve f(x)crosses
x—axis only once at the point x, lying between the points x, and x;. Consider the point
A =(xy, f(x9)) and B=(x;, f(x1)) on the graph and suppose they are connected by a straight
line. Suppose this line cuts x —axis at x, . We calculate the value of f(x,) at the point. If
f(xp) and f(x,) are of opposite signs, then the root lies between x;, and x, and value x;is
replaced by x, (see Fig. (1)). Otherwise the root lies between x, and x; and the value of x
is replaced by x, (see Fig.(2)). y

y A

A

(x5 f(x1))
(x0,./(x9))

X0 Xy
X O X1

» X
o N

(x5 f(x1)) (x0,./(x9))

Fig.1 Fig.2
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Another line is drawn by connecting the newly obtained pair of values. Again the point
here the line cuts the x - axis is a closer approximation to the root. This process is repeated
as many times as required to obtain the desired accuracy. It can be observed that the points

Xy,X3,X4,-.... Obtained converge to the expected root of the equation y = f(x).
To obtain the equation to find the next approximation to the root.
Let A=(xy, f(x9))and B=(x;, f(x)) be the points on the curve y= f(x). Then the
y=S(xo) _ S(xq)—f(x)
X — X

0 X1 =%

equation to the chord AB is

(1)

At the point C where the line AB crosses the x—axis, we have f(x)=0 i.e.y=0.

Ay
A (x5, f (55))
f(xl)
X o
O E X ”

f(xl)
(»’ﬁaf(»’ﬁ))

By =/f(x)

Fig.3
From (1), we get x=xy— 7% . f(x) .. (2)

S )= f(x0)
x given by (2) serves as an approximated value of the root, when the interval in which
it lies is small. If the new value of x is taken as x, then (2) becomes
(x1 —Xp)

= . — =x0f(x1)—x1f(x0)
T oo S A o w o N €

Now we decide whether the root lies between x, and x, or x, and x;.

We name that interval as (x;,x,). The line joining (x;, ), (x5, y,) meets x—axis at x;

xS () =xp f (%)
S(x)—f(x)

This will in general, be nearer to the exact root. We continue this procedure till the root

is given by x3 =

is found to the desired accuracy.
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The iteration process based on (3) is known as the method of False position.

The successive intervals where the root lies, in the above procedure are named as
(x0,X1), (x1, %), (x2, x3), etc.., where x; <x;,; and f(x;), f(x;,;) are of opposite signs.
XS () =% f(xi_1)

S (x;)— f(xi21)

SOLVED EXAMPLES

Example 1 : By using Regula-Falsi method, find an approximate root of the equation
x*—x—10 =0 that lies between 1.8 and 2. Carry out three approximations.

Also | Xjt1 =

[JNTU(A) June 2010 (Set No.1)]
Solution : Let us take f(x)=x*—-x-10, and xo=18, x=2.
Then f(xy)=/(1.8)=-13<0 and f(x)=/(2)=4>0.
Since f(xy)and f(x;)are of opposite signs, the equation f(x)=0 has a root between
xo and x;.
The first order approximation of this root is
o Yo fOq)=x1.f(x) _ 1.8)(4)-2(-1.3) _ 7.2+2.6 =%
£Gq)— f(xo) 4-(-13) 53 53

We find that f(x,)=-0.161 so that f(x,) and f(x;) are of opposite signs. Hence, the

=1.849

root lies between x, and x; and the second order approximation of the root is

_X f()=xy- () 4 2(-0.161)—1.849(4) _ 7.7182

=1.8549
Sx)—=f(x) —-0.161-4 4.161

We find that f(x3) = £(1.8549) =-0.019 so that f(x;)and f(x,) are of the same sign.
Hence, the root doesnot lie between x, and x;. But f(x3) and f(x|)are of opposite signs.

So the root lies between x; and x; and the third-order approximation of the root is,

0 f(x3)-x3 /(%)) 1.849(=0.019)—1.8549(0.161) _ 0.2635

=1.8557
F)—f(xy) —0.019+0.161 0.142

This gives the approximate value of x.
Example 2 : Find the root of the equation x log (x) = 1.2 using False position method.
[JNTU Aug. 2005S, 2008S, (K)2009S, (A)June 2010, June 2011, May 2012 (Set No. 1)]

Solution : Let f(x)=xlogjy x—1.2. Then
£(2)=2xlog;y(2)~1.2=2x0.30103-1.2 = — 0.59794
and £(3)=3xlog;y(3)-1.2=3x0.47712-1.2 =0.23136

Since f(2) and f(3)have opposite signs, the root lies between 2 and 3.
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Consider x, =2 and x; =3

_ xp.f (x1) = x1./ ()
S(x) = f(xo)

By False position method, x,

~2x0.23136-3x(~0.59794)
0.23136—(~0.59794)

=2.7210

X2

f(xy) = £(2.7210) = 2.721xlog; 0 2.721-1.2 = —0.0171
Now the root lies between 2.721 and 3.

o fO)=xp - f(x)  2.721x0.23136-3x(-0.0171)

= 2.740
Fx)—f(x)) 0.23136—(-0.0171)
F(x3) = £(2.740) = 2.740 x log; ¢ (2.740) — 1.2 = —0.00056
Now, the root lies between 2.740 and 3.
Xy f(x3)—x3- f(xp)  2.740x0.23136 —3x(-0.00056) 27406

£(x3)— f(xp) 0.23136 —(—0.00056)
Hence the root is x = 2.74.

Example 3 : Find out the roots of the equation x* — x — 4 = 0 using False position
method. [JNTU (A)June 2010, June 2011 (Set No. 2), Dec 2011, Dec. 2013 (Set No. 1)]

Solution : Let f(x)=x"—x—4=0.Then f(0)=—4, f(I)=—4, f(2)=2
Since f(1)and f(2)have opposite signs, the root lies between 1 and 2.

Consider xy =1 and x; =2.

xp.f (x1) = x1./ (x9)
S(x) = f(xo)

By False position method, x; =

(1x2)-2(=4) _2+8 _10

~1.666 = [(1.666) = (1.666)° —1.666—4 =—1.042
4 TR /(1.666) = (1.666)

i.e. x2 =

Now, the root lies between 1.666 and 2.

 1.666x2—2x (- 1.042)

~1.780 . Now £(1.780) = (1.780)° —1.780—4 = — 0.1402
2-(-1.042)

X3

Hence, the root lies between 1.780 and 2.

_ 1.780%x2-2x(— 0.1402)
2—(-0.1402)

Xy =1.794. Now /(1.794) = (1.794)> —1.794 —4 = — 0.0201

Hence, the root lies between 1.794 and 2.

~ 1.794x2-2x (- 0.0201)

=1.796 . Now £(1.796) = (1.796)° —1.796 — 4 = — 0.0027
2—(-0.0201)

X5



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Hence, the root lies between 1.796 and 2.

~ 1.796x2—2x(~0.0027)

=1.796. - Therootis 1.796.
2-(~0.0027)

X6

Example 4 : Find the positive root of the equation f'(x) =x* —2x—-5=10
[JNTU (K)Nov. 2009S (Set No.1)]
Solution : Given equation is f(x)=x>-2x-5=0
We have f(2)=-1, f(3)=16 Thus, aroot lies between 2 and 3.
Take xp =2, x =3

X/ () =% /() 2.16-3.(-1) _32+3 35 ),
fG)=-f(xo) 16+l 17 17 ©

Again f(x,)=-0.386, and hence the root lies between 2.059 and 3.

0S(0) =% /() _3.(-0386)-(2.059) (16)
S (x2) = f(x) —0.386—(16)

Repeating this process we obtain x4 =2.0904 and x5 =2.0934, etc.....

We have x, =

Using x3 = =2.0812

We observe that the correct value is 2.0945 and x5 is corrected to two decimal places
only. Thus it is clear that the process of convergence is very slow.

Example 5 : Find the root of the equation 2x —log,, x = 7, which lies between 3.5 and

4 by regula - falsi method. [JINTU(A) June 2010 (Set No.4)]
(or) Find a real root of the equation 2x — log x = 7, by successive approximate method.
[JNTU 2006 (Set No. 3)]

Solution : Let f(x)=2x—-logjgx—7=0. Take xy=3.5, x; =4

X1 — X,
20 f(x) = 3.5 0.5

Th =0T N ) ©0.3979+0.5441
en xp =X 00) - /(%) 0.3979+0.5441

(—0.5441) = 3.7888
Now f(xy)=-0.0009, f(x) = 03979
~. The root lies between 3.7888 and 4.

0.2112

' . s —4 t xy =3.7888—
. By taking x; =3.7888 and x =4, we get x; 0.3988

(—0.0009) =3.7893 .

Now £(x3) =0.00004 .

Hence the required root corrected to three decimal places is 3.789.
Example 6 : Find a real root of xe* = 3 using Regula - Falsi method.
[JNTU May 2006 (Set No.4)]
Solution : Let f(x) = xe* — 3.
We have f(1)=e—-3=-0.2817<0
f(2)=2.-3=11.778>0
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.. One root lies between 1 and 2.
Take x, =1 and x, = 2.
The first approximation of the root by falsi method is

~ X - Xo Xo f(q)—x f(xg)  1(11.778) = 2(~0.2817)
Xp=xg—| — 0| f(xy) = =
S(x) = f(xg) SO = f(x) 11.778 +0.2817

=1.0234

Now f(x,) = f(1.0234)=(1.0234) ¢'*** -3 =-0.1522<0
f2) = 11.778>0

.. The root lies between 1.0234 and 2.
Taking x, = 1.0234 and x, = 2.

) ) (1.0234) £ (2) - 2./ (1.0234)
VOB LT T ) — £ (%) f(2)- f(1.0234)

(1.0234)(11.778) -2 (=0.1522)
- 11.778 (- 0.1522)

=1.036

Now f(x,) = (1.036) " —3=-0.0806 < 0

= Xy f(x3) —x3 f(xp)
Y () - f(x)

This gives approximate root.

=1.043 and x5 =1.046

Example 7 : Find a real root for ¢* sinx = 1, using Regula Falsi method.
[JNTU Sep. 2006, (H) June 2011 (Set No. 3)]

Solution : Given e* sinx = 1. Let f(x)=¢*sinx—-1=0
We have f(x,) = £(0.5) = €% sin(0.5)— 1= 0.790439 — 1 = —0.20956 < 0
F£(xp) = £(0.6) = *C sin(0.6)—1=0.0288 > 0

*. The root lies between 0.5 and 0.6. By Regular Falsi method,

Xo./ () =%/ (%) _ (0.5)(0.0288) —(0.6)(=0.20956)  0.140136

- = ——=0.588
2T f() - f(x) 0.0288 — (=0.20956) 0.23856
flx,) = €388 sin (0.588) - 1
= —0.00133<0

Root lies between x, and x;.

X2 f () —xf(x,) _ 0.588(0.0288) — 0.6(~0.00133)
Nowxs = = i)~ () 0.0288+0.00133 B

5885
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S (x3) = %3885 5in(0.5885)— 1= —0.0000818

Since f(x3) is nearly equal to zero, the required root is 0.5885.

Example 8 : Find a real root of xe* = 2 using Regula-falsi method.

[JNTU April 2007, (A) Nov. 2010 (Set No. 4)]
Solution : Let f{x) = x¢" — 2 = 0. Then
A0)=-2<0; (1)=e—-2=2.7183-2=0.7183>0
Take x, =0, x, = 1.
x, lies between 0 and 1.
By Regula - Falsi method,

x, = RSN ) 0-CD) 23575
2T T i) - f(x)  07183-(-2) 27183
flxy) = — 046445 <0

. x5 lies between x, and x;.

_ nf()-x f(xy) _ (0.73575) (0.7183) - (1) (0.46445)

; o= f (%) 0.7183 +0.46445
_ 0.52848+0.46445 | 0.992939 _ 0 ono o
1.18275 1.18275
o flay) = —0.056339 <0

Now  x, lies between x, and x;.

% fO)=x /() _ (0.83951) (0.7183)+0.056339

47 S~ f(x3) 0.7183+0.056339
= w:O.SSIIH
0.774639

fxy) = —0.006227 <0
Now  x; lies between x, and x,.

X f(a) =% f(x4)  (0.851171) (0.7183) +0.006227
T - fy) 0.7183+0.006227

_ 0.617623 — 085245
0.724527

o flxg) ==0.0006756 <0
Now x, lies between x, and x..

x5 f0n)=x f(x5) _ (0.85245) (0.7183) +0.0006756

6 F(x) - f(xs) 0.7183 +0.0006756
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0.612990
0.71897
fixg) = —0.00002391 <0

' lies between x; and x,.

=0.85260

" f(x)-x (%) _ (0.85260) (0.7183) +0.00002391
7 F(x) = f(xg) 0.7183 + 0.00002391
0.85260

The root of xe* —2 =0 is 0.85260.

Example 9 : Find a real root of the equation, logx = cosx using regula falsi method.
[JNTU (H) June 2011 (Set No. 4)]

Solution : Given equation is log x = cos x
Let f(x)=logx—cosx

f(@)=1log (1)—cos (1)

=0-0.5403=-0.5403 <0

£(2)=0.6931+0.4161 =1.1092 > 0
The root lies between 1 and 2.
Take xy=1 and x =2.

The first approximation is

_ xo.f (x1) =X/ (%)
S (x)= f(xg)

X2

~(1)(1.1092) - (2) (~0.5403)
B 1.1092 +0.5403

_1.1092+1.0806  2.1898

= =1.3275
1.6495 1.6495

F(xy) =0.2832-0.2409 = 0.0423 > 0

- The root lies between x, and x,

_ %/ () =%/ (%) _ (1) (0.0423)— (1.3275) (-0.5403)
F(xy)— f(x0) (0.0423) +0.5403

_0.7595

= =1.3037
0.5826

F(x3)=—-0.1487<0
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The root lies between x; and x, .

_ 5/ (x) =% f(x3)
S ()= f(x3)

Xq

~(1.3037) (0.0423) — (1.3275) (<0.1487) _ (0.0551)+(0.1973)
0.0423+0.1487 0.191

_0.2524
0.191

=1.3214

Thus we take the approximate value of the root is 1.3214.
Example 10 : Find the root of the equation xe* =cosx using the Regula false method
correct to four decimal places [INTU (A) May 2012 (Set No. 3)]
Solution : Let f(x)=cosx—xe* =0. We have, f(0)=1 and f(1)=-2.1779<0
. Aroot lies between 0 and 1. Take xy =0 and x, =1.
By False method,

x :xOf(xl)_xlf(x()): 0-1
? S(xq) = f(xp) -2.1779~1

=0.3146

F(xy) = £(0.3146) = 0.5198 > 0
f(x)=-2.1779<0
.. The root lies between 0.3146 and 1.

NS mn (@) (1(0.5198) - (0.3146)(-2.1779)
C fy)-flx) (0.5198) +(2.1779)

= 0.4467

F(x3) = £(0.4467) = 0.2035 > 0
f(x)=-2.1779<0
. The root lies between 0.4467 and 1.

_nf(3)-x/(0)
J(3)=f ()

Xq

_1(0.2035) — (0.4467)(-2.1779)

T02035-2.1779 P
Continuing this process we get
x5 =0.5099; xg =0.5152; x7 =0.5169
xg =0.5174; X9 =05176;  x9=05177

Thus we will take 0.5177 as correct root.
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4.7 NEWTON - RAPHSON METHOD (NEWTON'S ITERATIVE METHOD)

The Newton - Raphson method is a powerful and elegent method to find the root of an
equation. This method is generally used to improve the results obtained by the previous
methods.

Let xy be an approximate root of f(x)=0, and let x; =xy+#/ be the correct root
which implies that f(x)=0. We use Taylor's theorem and expand

Sa)=f(xg+h)=0
S, + h)=flx) + hfix) + 1 f'(x) + ...

= f(xg)+h f'(x)=0 = h= —@ (neglecting 4%, 3, ...)
S '(x0)
o .. 3 o S(xo)
Substituting this inx,, we get, x; = x +h =x) —~———
S Gxo)

x, is a better approximation than x,.

_JS(x)
ACHE

Successive approximations are given by X, x3,....,%,,; where x;,; =x;

This is called Newton - Raphson formula.

The iterative method starts with an initial approximation say x,. Then a tangent is
drawn from the corresponding point f(x,) on the curve y = f(x). Let this tangent cuts the
x -axis at a point say x; which will be a better approximation of the root. Now compute
f(x) and draw another tangent at the point f(x;) on the curve so that it cuts the x -axis at
the point say x,. The value of x, gives still better approximation and the process can be
continued till the desired accuracy has been achieved.

Graphically this can be shown as in Fig. (4) .

Ayu y=f(x)
R R
SO e & S (xp)
fag) pommmmmmmme e
» X
(6]
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1. CONVERGENCE OF NEWTON-RAPHSON METHOD
To examine the convergence of Newton-raphson formula

_ SO

X =X — =
TS M
We compare it with the general iteration formula
X1 = 00x;)
S(x)
O(x;) = x; —=——
£ @
In general we write it as
f(x)
o(x) =x—=2 \
/) ¢

we have already noted that the iteration method converges if | ¢'(x)| <|

. Newton Raphson formula equation (1) converages, provided

| F@ S ) <] £ P )

In the considered interval, Newton - Raphson formula converges provided the initial
approximation X, is chosen sufficiently close to the root and f{x), f'(x) and /"(x) are continuous
as bounded in any small interval containing the root.

2. QUADRATIC CONVERGENCE OF NEWTON-RAPHSON METHOD [JNTU (H) 2010 (Set No. 4)]
Suppose x, isaroot of f(x)=0 and x; is an estimate of x, such that |xr - xi| =h<<l

then by Taylor Series expansion, we have

0= f(xr) = f(xi +h):f(xi)+f'(xi)(xr —x,-)+%(xr —x,-)z for some Ee (xr’xi)'” (1)
By Newton-Raphson method, we know
o f(x)
Xipl = X ()
= f(x) = )% —xi41) .. (2)
Using (2) in (1), we get
0= J'(x)(x, —x;00) + fﬂz(é) (x, —x)°

(x, —x;), L, =X, —x;,, ,are the errors in the solution at i and
(i + 1) iterations

Suppose ¢

1

A CI
i+1 2f!(xr) 1
. The Newton method is said to have quadratic convergence.

= €y O ei2
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3. Newton-Raphson Extended Formula (or) Chebyshev's Formula of Third Order
S(x) 1 [f(x)T
S 201" 0x)P

Expanding f{x) by using Taylor's series and neglicting the second order terms in the
neighbourhood of x,, we obtain

J) = Axp) + (= x) fix) .. =

1= 20

(%) for finding the root of the equation f{x) = 0.

: S (%)
It gives x=xy————
¢ ")
This is the first approximation to the root.
: S (%)
Xy =Xy
1= T ) ...(1)
Again expanding f(x) by Taylor's series and neglecting the third order terms,
we have, /()= () + () /) + 520 1) 4.0
SO = £ G~ ) )+ S o Q)
Using equation 1, the equation 2 reduces to the form
oy LGOY
- - =0
S (o) + (= x0) /" (%9) + 217 )f S (x)
-. The Newton - Raphson extended formula or Chebysher's formula of third order is

given by

RACORRANIEN) s
S G0) 21 )P
4. Merits and demerits of Newton - Raphson Method
Merits :
1. In this method convergence is quite fast provided the starting value is close to the
desired root.
2. Ifthe root is simple, the convergence is quadratic.

3. The accuracy of Newtons method for the function f(x) which possess continues
first and second derivatives can be estimated.

J"(xp)-

X =X

If M=max| f"(x)| and m=min| f"(x)| in an interval that contains the root o and

. M
the estimator x; and x,, then |x; —a[<(x— a)z.;

Thus the error decreases if <1,

M
(x—a).—
m
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4. Newton - Raphson iteration is a single point iteration.
5. This method can used for solving both algebraic and transcendental equations. It
can also be used when the roots are complex.
Demerits :
1. In deriving the formula for this method, it is assumed that o is a not a repeated root

of f(x)=0. In this case the convergence of the iteration is not guarented. Thus the

Newton-Raphson method is not applicable to find the approximated values of a
repeated root.

2. Most severe limitation in the use of this method is the requirement that f'(x) = 0 in
the neighbourhood of the root o.. Even a moderate value of f’(x,) may more than

sampled by a large value of either f(xy)or f'(xy) to produce a value x that will
result in a sequence that converges to a root that we are not interested.

SOLVED EXAMPLES

Example 1 : Apply Newton - Raphson method to find an approximate root, correct to
three decimal places, of the equation x> —3x—5=0, which lies near x = 2.
Solution : Here f(x)=x"-3x-5=0 and f'(x)=3(x%-1).
. The Newton-Raphson iterative formula (6) yeilds in this case,
x,-3—3x,-—5 2x,-3+5

X =X — = , 1=0,1,2,......
1+ 1 3(x12 _1) 3 (xzz _1) (1)

To find the root near x =2, we take x5 =2. Then (1) gives

J 25045 2x(2.3333)° +5
2 X .
X = xg” S0 A ha33 m= - L2 =2.2806
31 34-D 9 ’ 30 -1 3{(2.3333) _1}
; 3 2x(2.2790)° +5
o 2XE5 _2XQ2806°+5 o0 _2x2790°+5 o

33— 3 {(2.2806)2 —1} 3 {(2.2790)2 —1}

Since x; and x, are identical upto 3 places of decimal, we take x, =2.279 as the
required root, correct to three places of the decimal.
Example 2 : Using the Newton-Raphson method, find the root of the equation

f(x)=e" —3x that lies between 0 and 1. [JNTU (A) June 2013 (Set No. 1)]

Solution : Here f(x)=¢"-3x and f'(x)=¢"-3.
.. The Newton - Raphson iterative formula (6) yeilds
€ =3y,  (x-De"

et -3 (e -3) "’

Xipl =X; = i=0,,2... L. (D)
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Since the required root is supposed to lie between 0 and 1, we take x, to be the average
of Oand 1, i.e, xy =0.5. Then formula (1) yields.

((0.5)-1) " (061006 1) 61006
X =05 . " 0.61006, Xy = 061006 = (0.618996
e =3 e -3
61 -1 0.618996 0.619061—1 60.619061
xy = (0018996-De = 0.619061, x4 = ( ) = 0.619061

60.618996 -3 60'619061 -3

We observe that x; and x, are identical, we therefore, take x~0.619061as an
approximate root of the given equation.

Example 3 : Using Newton-Raphson Method
(a) Find square root of a number (b) Find Reciprocal of a number

[JNTU Sep. 2008 (Set No.2)|
Solution : (@) Square root:

Let f(x)=x>—N=0, where N is the number whose square root is to be found.

The solution to f(x) is then x=~/N . Here f'(x)=2x.By Newton-Raphson technique,

S(x) x}-N 1
Xiyl =X = e xﬂfﬁ

; =X = X =—
[ 2y # X;
using the above iteration formula the square root of any number N can be found to any

desired accuracy. For example (7) We will find the square root of N = 24.

Let the initial approximation be x, =4.8.

1 24 1(2304+24) 47.04
xlz—(4.8+—)=—( 304+ ): 708 _ 49
2 48

2 48 9.6

1 24 1(24.01+24) 48.01
x2=—[4.9+—j=—[ 01+ jz 801 _ 4808

2 49) 2 49 9.8

1 24 ) 1(23.9904+24) 47.9904
x3:—[4.898+—j:—[ 39904+ jz 79904 _ 4 gog

2 4898) 2\ 4.898 9.796

Since x, = x, = 4.898, therefore, the solution to f(x) = x*—24=0 is 4.898. That means,
the square root of 24 is 4.898.

(ii) To find the square root of 10. [JNTU Sep. 2008 (Set No. 2)]

Let x =./10 . Then x2=10

Alsolet f{x) = x2—10=0. Then f'(x)=2x
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Xi

1 N
Here,a=10, x,= E{x,- +—}
Now f(3)=9-10=-1<0 and f[4)=16-10=6>0
The root lies between 3 and 4.
Let x, be the approximate root of the given equation which is 3.8.

1 10
X 1 3.8+£ =3.2157903.216; x = —|3.216+
2 3.8 > 22 3.216

}=3.1627

X ! 3.162 + L =3.1627
) 3.1627

Since x, = x, = 3.162, therefore, the solution to f{x) = x> ~ 10 = 0 is 3.162. Thus we
can take square root of 10 as 3.1627.

(b) Reciprocal:

Let f(x)= 1 _N—-0 where N is the number whose reciprocal is to be found.
X

-1
The solution to f(x) is then x = % -Also, /'(x)=—
x

To find the solution for f(x)=0, apply Newton-Raphson technique,

For example, the calculation of reciprocal of 22 is as follows.
Assume the initial approximation be x, = 0.045.
=0.045 (2—0.045% 22) =0.045 (2—0.99) = 0.045 (1.01) = 0.0454
Xy = 0.0454 (2—0.0454x22) = 0.0454 (2 —0.9988) = 0.0454 (1.0012) = 0.04545
X3 = 0.04545 (2—0.04545x 22) = 0.04545 (2 — 0.9999) = 0.04545 (1.0001) = 0.04545
x4 =0.04545 (2-0.04545x22) = 0.04545 (2-0.9999) = 0.04545 (1.00002) = 0.0454509

-. The reciprocal of 22 is 0.0454509.
Example 4 : Find the reciprocal of 18 using Newton - Raphson method
[JNTU 2004]

Solution : We have by Newton-Raphson method x;,; = x;(2-x;N) [Refer Ex.3(b)]
Take the initial approximtion as x; =0.055 - Then
=0.055 (2—0.055x18) = 0.055 (1.01) = 0.0555
X, =0.0555(2-0.0555x%18) = 0.0555 (1.001) = 0.05555
Since x; = x, , therefore, the reciprocal of 18 is 0.05555.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Example 5 : Evaluate /28 to four decimal places by Newton's iterative method.
[JNTU (A) June 2013 (Set No. 2)|

Solution : Let x=+/28 sothat x> -28=0 ... (1)

Taking f(x)=x?-28, Newton's iterative method gives

S xEes] [wﬁJ

Xi

i+1 i f’(xi) i 2)61-

Now since f(5)=-3, f(6)=8, arootof (1) lies between 5 and 6.
1 2 1 2
. Taking x; =5.5,(2) gives x; = 3 [xo +—8] =3 [5.5 +5—i_j =5.29545

y =Ly 428 =l[5.z954s+ij=5.2915
2\ )72 529545

U =1[5.2915+ 28 j=5.2915
2?7 )2 52915

Since x, = x3 upto 4 decimal places, we have /28 =5.2915
Example 6 : Solve the equation x* +2x* +0.4=0 using Newton-Raphson method.

Solution : Here f(x)=x>+2x>+04=0. f'(x)=3x"+4x

By using the Newton-Raphson formula, the (; +1)" iteration is

AC), ]
Xit] = X; Sy (1) where i =0,1,2,....

Clearly, a root lies between —2 and -3, since f(-2)=04, f(-3)=-28.6
We choose x, = -2 and obtain the successive iterative values as follows:
First approximation: Put i =0 in the Newton-Raphson formula, we get

fxo) __, 04 _

Xy =Xg— T -2.1
S '(x9) 4
Second approximation : Put i=1, we get
13 N2
x2=x1—@=_2.1_( 2.1) +22( 2.1)°+0.4
S ) 3212 -4.0)

= —2.1+M =-2.0915
4.83

Third approximation : By putting i =2 in equation (1), we get

=1 102 _ 5 00145

VACSY)
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Fourth approximation : By putting ; =3 in (1), we get

x4 =5 —18) _ 509145
J(x3)
Since two iterative values (i.e., third and fourth iterative values) coincide, we stop the
process.

Hence the real root of the equation correct to 4 decimal places is — 2.09145.

Example 7 : Derive a formula to find the cube root of N using Newton Raphson
method hence find the cube root of 15. [JNTU (H) June 2011 (Set No. 1)]

Solution :Let f(x)=x> —N =0, when N is the number whose cube root is to be found.

The solution to f(x) is the x = N3

@) =327
Using Newton - Raphson formula,

3
X; x; =N
NP () .
(%) 3x;

3 -x)+N 2% 4N

3x,-2 3»x,-2

1 N
X1 =§{2x,- +x_2J 2 (1)
Using the above iteration formula, the cube root of any number can be found out.
To find the cube root of 15
Let N=15
Let the initial approximation be x, =2.4

Substituting in (1),

1 15 1 15
NIRRT
317 2572) 30U 625

:l(5+ijzl(6'25+3j =l(ﬁj=2.4666
300 12s) 3U12s ) Tl

Put i =1 in (1). Then

1
Xy = (2)61 +—§J
X
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1 15 1 15 1
=5 4932+ == 4.93z+—} = -[4.932+2.467]=2.465
3 { (2.466)° } 3 { 6.08] 3

Put i=2 in (1). Then

1 15
X3=—=|2x, +— :l 2x2.405+ 15 7 21{4,93+1_5}
3 x5 3 (2.465) 3 6.076

= %[4.93 +2.468] = %[7.3987] =2.4662

Put i =3 in (1). Then

1 15 1 15
=—|2x2.4662+———— | =~ 4.9324+—}=2.4661
3 { (2.4662)? } 3 { 6.0821

The value is converging to 2.466.

We take 3/15 =2.466.

Example 8 : Find by Newton's method, the real root of the equation xe* —2 = 0 correct
to three decimal places.

Solution : Let f(x)=xe* -2 ... (1).
Then f(0)=-2 and f(1)=e—-2=0.7183
So root of f(x) lies between 0 and 1. Itis nearto 1. So we take x5 =1
And f(x)=xe* +¢° and f'(1)=e+e=5.4366
By Newton's Rule

() _,_0.7183
flxg)  5.4366
5 f(x) =0.0672, f'(x)) =4.4491 .

Thus second approximation

@) _ g79. 00672
) 4.4491

-, Required root is 0.853 correct to 3 decimal places.

First approximation x; = xy — =0.8679

Xy =X =0.8528

Example 9 : Find a real root of the equation x = ¢, using the Newton-Raphson
method.

Solution : Let f(x)=xe® =1 =0. Then f'(x)=¢*+xe* =(1+x)e".

-1 1(, 1
Let xo=1, x =1—82—e:5[1+zj:0.6839397
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F(x) =0.3553424, £'(x;) =3.337012,

x, =0.6839397 03553424 0.5774545

3.337012
Proceeding in the same way, x; =0.5672297, x, =0.5671433
Example 10 : Find the root of the equation xsin x +cos x = 0, using Newton-Raphson
method.

Solution : Let f(x) =xsinx+cosx=0,

f'(x)=xcosx we have f{2) > and f{(3) <0

By using the formula x;,; =x; — f ’(xi) ’
/()
S (xg)
hen x, =3, x| = xo — =2~ =2.8092
when x, = 3, x; = x 7 (x0) 809

Continuing in this manner we get,
X =2.7984, x3=2.7984, x4 =2.7984
.. Root of the equation is 2.7984
Example 11 : Using Newton-Raphson method find the root of the equation
x +log,, x = 3.375 corrected to four significant figures.
Solution : Let y =x+log;qgx—3.375 ..... (D)

We obtain a rough estimate of the root by drawing the graph of (1) with the help of the
following table.

X 1 2 3 4

y |-2375 | -1.074 | 0.102 | 1.227

Taking one unit along either axis = 0.1, the graph is as shown is figure below. Since the

curve crosses x—axis at x, =2.9 , we take it as the initial approximation of the root.
y A
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Now we will apply Newton-Raphson method to
, 1
f(x)=x+log;ox—3.375. [f'(x)= l+;.10g10 e
£(2.9)=2.9+logy)2.9-3.375 =—0.0126
£12.9) =1+2i910g10 e=1.1497
-, The first approximation to the root is given by x; = x5 — ]]: ’((XO)) =2.9109
X0

Thus f(x)=-0.001 and f'(x)=1.1492

f(x) 0.0001
~. The second approximation is given by *2 =% ~ f'(xll) =2.9109 +m =2.91099.

Hence the required root corrected to four decimals is 2.911.
Example 12 : Find a real root for x tanx + 1 = 0 using Newton Raphson method.

(or) Find the root of the equation xsin x + cosx = 0 using Newton Raphson method.
[JNTU Sep 2006, JNTU (A) June 2011 (Set No. 4)]
Solution : Givenf (x) =xtanx+ 1 =0
f'(x) = x sec’x + tan x
Now f(2) =2tan2 + 1 =-3.370079 <0
and f(3)=3tan3+1=.572370>0
The root lies between 2 and 3. We take the average of 2 and 3.

_2+3
==

Let X, 2.5

. _ S(x;)
Using Newton-Raphson method, Xi =X =
J(x)

L) g5 Z8OT3S 5 79558

X, = = L.
L7 N a) 3.14808
x, = L) g 7555 (F06383) ) g
£'(x) 2.80004
~0.0010803052
X, = % _J@) ) g9 Z0-0010803052 _ ) 4o
£(xy) 2.7983

Since x, = x;, therefore, the real root is 2.798.
Example 13 : Find a root of e* sinx = 1 (near 1) using Newton Raphson’s method.
[JNTU Sep. 2006, (H) June 2010 (Set No.3)]
Solution : Given e* sinx = 1
Let f(x) = e'*sinx—1= f'(x)=e"(sinx+cosx)
We have to find x, and x, such that f{x ) and f{x,) have opposite signs.
Then the root lies between x, and x,.
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. Root of the equation lies between x, and x,.
fl0) =€ sin0-1=-1<0
A1) =¢ sinl-1=1.287>0

.. Root of the equation lies between 0 and 1.

S (%)

By Newton-Raphson’s method, x,,, = x; ————

)
1+0
Let x, = +T =0.5. Then flx,) = &"*sin (.5) ~ 1 =— 20956 and

f(xg) = € [(sin (.5) + cos (.5)] = 2.237328

o f(x) _ . 20956 _

BN £'(xo) = 2.237328 :393665.
593665 .

r=x S(q) _ 503665 e sin(.593665) -1

SRV ACH I 39393 (5in(.593665) + cos(.593665))

=0.593665 01286 58854

e T 251367

000018127
Xy =X~ f,(xZ) = 58854 - ————— = 58853
f(x) 2.4983

X, = x, =.58853.

Root of the equation is .58853.

Example 14 : Find a real root of the equation xe® — cosx = 0 using Newton Raphson
method. [JNTU 2006S, INTU(A) June 2009 (Set No.1), Nov. 2010 (Set No. 4), May 2011]

(or) Using Newton-Raphson's method, find a positive root of cos x —x ¢* = 0

[JNTU Sep. 2008S (Set No.1)]
Solution : Given xe* — cosx = 0. Let f(x) = xe* — cosx =0
We have to find x; and x, such that /'(x;) and /'(x,) are of opposite signs.
. Root of the equation lies between x; and x,.
f(x) = xe°— cosx
f'(x) = (x+ 1)e*+ sinx
Now f(0)=0—-cos0=-1<0; f'(0)=1+sin0=1
f(1)=e—cos1=2.177979>0; f'(1)=6.27803
Roots lies between 0 and 1.
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X] + X
2
By Newton Raphson method, we have

W)
i+1 1 f'(xj)
o) (~0.053221926)
TN Gy T 0T T 2952507

Let Xy = =0.5

=0.51803

Now £(x;) = (0.51803)e’1893 _cos (0.51803) =0.00083
and f'(x) = (1.51803) ¢*3189 4 5in (0.51803) =3.0435

%y =3 =L _ 515803 2:00083

£'(x) 3.0435

Now f(xy)=(0.5178) %3178 —cos (0.5178) =0.00013

=0.5178

and f'(x,) =1.5178 ¢%3178 45in (0.5178) = 3.04234

S@) _ 575 00003

. =0.5177
£1(xy) 3.04234

X3 =Xy

Now £(x3)=(0.5177) €*3'77 —cos (0.5177) = — 0.0001745
and f'(x;) = (1.5177) €177 +5in (0.5177) = 3.04183

000174
Xy =% _&=0.5177+M =0.5177573
f'(x3) 3.04183

Since x3 = x, = 0.5177,
.. The desired root of the equation is 0.5177.

Example 15 : Find a real root of x + log,, x — 2 = 0 using Newton Raphson method.
[JNTU April 2007 (Set No.3), (A) Nov. 2010 (Set No. 1)]

Solution : Let y=x + log,,x — 2 (1)
We obtain a rough estimate of the root by drawing the graph of (1) with the help of the
following table.

X 1 2 3 4

y -1 0.3010 | 14771 | 2.6021

Since the curve crosses x-axis at x, = 1.8, we take it as the initial approximation of the
root.
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A
3__
2__
'I__
X' o 27 4sx
1 2 3 4 5
-1 T
_2__
vy’

1
fx)y=x+log,x-2 = f'(x)=1+ —logjge
x

S A1.8)=1.8+ log)g1.8—2 =1.8+0.2552725 -2 = 0.0555272

0.4343
1.8

1
and /' (1.8) =1+ 1g logioe = 1+ =1.2412778
By Newton - Raphson method,

_S) o SO g 00555272

R T LU AL ) = 1.7552661

(%) 7'18) 12412778

Now f(x,) = —0.00013658 ; £ (x,) = 1.247369

S L 77y NNLLLUUEL: L

SRR ) T 1247369

Now f(x,) = — 0.0000001238, £' (x,) = 1.2473536.

e ) | 75555 4 Q0000001238

SR ) 12473536

.. The real root of x + log;y x —2=01s 1.75558.

Example 16 : Using Newton-Raphson method, find a positive root of x* —x-9=0.
[JNTU (A) June 2009 (Set No.1)]

Solution : Let f(x)=x*-x-9
Now f(0)=-9<0, f(1)=-9<0, f(2)=5>0

. The root lies between 1 and 2.
Now f(1.5)=-5.4375, £(1.75) = -1.3711, £(1.8) =0.3024, (1.9)=2.1321, f(2)=5
The root lies between 1.75 and 1.8.

fl(x)=4x" -1

o f(1.8)=4(1.8)° -1=22.328
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PACH)
J'(x)

Since f(x) and f'(x) have same sign at 1.8, we choose 1.8 as starting point.

By Newton-Raphson method, X;,; = X;

ie,x,=1.8

_SO0) g SAB) o 0.3024
fx) 8 T 22328

Now £(x,) = £(1.7865) = (1.7865)* —1.7865 -9 = — 0.6003 < 0

X =%, =1.8-0.0135=1.7865

and f'(x) =4 (1.7865)° —1=21.807

_SG) _ g65., 26003
() 21.807

Now f(x,)=(1.814)* ~1.814-9=0.014

SoXp =X =1.814

and f'(x,)=4(1.814)° —1=22.8766

PN G ) NS S PR L L )

fln) 22.8766
Now f(x3)=(1.8134)* —1.8134-9 =0.000303
and f'(x;)=4 (1.8134)> —1=22.8529

S@) _{gyaq . 0000303

: =1.8134
£1(x3) 22.8529

SoXg = X3

Since x3 = x4 =1.8134 , the desired root is 1.8134.

Example 17 : Find a real root of x’ —x—2=0. using Newton-Raphson method.
[JNTU (A)June 2009 (Set No.2)]

Solution : Let f(x)=x—-x—-2.Then f'(x)=3x"-1

Since f()=1-1-2=-2, f(2)=8-2-2=4, one root lies between 1 and 2.

_ . Jx)

By Newton — Raphson method, X, =X; =~ ——

/(%)

We take x, =1

S (%) S _, 2

i=0, x,=x,— =1- =1-—-=
S (%) /') 2
izl x = L)y SD 5 ) a6

S () 1'@ 11
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S(5) _ | 364 S (16364)

i=27 )C3=)C2—

() £'(1.6364)
0.7455
=1.6364 - =1.6364—0.106 = 1.5304
7.0334
i=3, x,=x —@:1.5304—M=1.52144
'(x,) 6.02637
P=d. oy, —x, L)y 5y1g4 00003846,
1(x,) 5.94434

Since x, = x5, the desired root is 1.5214.

Example 18 : By using Newton-Raphson method, find the root of xt—x-10=0,
correct to three places of decimal.
Solution : Let £(x)= Xt —x-10
We have f(1)=-10<0and f(2)=4>0
So there is a real root of f(x)=0 lying between | and 2.
Now f'(x) = 4x° -1
Here we take x, =2 as first approximation
xp=2, f(x9)=4, f"(x5) =3

PRGN S L S
f'(xg) 31 31
Second Aproximation :

F(57)=03835, /"(x;)=25.1988

X =

x = 1.871- 0.3835 =1.85578
2 25.1988

Third Approximation :
S (x2)=0.004827, f'(xy) =24.5646

= 1.85578_0.004827
3 24.5646

=1.85558

Hence the root is 1.856 corrected to three places.

Example 19 : Find a real root of the equation cosx—x?—x=0 using Newton
Raphson method. [JNTU (H) Jan. 2012 (Set No. 1)]

Solution : Given equation f(x)=cosx—x> —x =0

fO=Lf1)=cos(l)-1-1<0
The root lies between 0 and 1
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We will use the formula, x;;=x; — ]]: '((x,- )) by Newton - Raphson method.
X
f'(x)=—sinx-2x-1
Take x, =0, f'(xp)=f'(0)=-1
N (€ P U
J'(x) -1
s f(q)=f(1)=cos ()-1-1=0.5403-2

=-1.4597
and f'(x;)=-sin (1)-2-1=-3-0.8414 =—3.8414

_SGa) _,_(£14597)
f(x) ~3.8414

Xy =X ~1-0.3799 =0.6201

£(xy) = cos (0.6201) - (0.6201)* —(0.6201) = 0.8138—(0.3845)—(0.6201)
= —(0.1908)
£(xy) = —sin (0.6201)—2 (0.6201)—1
=—(0.5811)—(1.2402)—1 =—2.8213

L) g CO1909)
() (—2.8213)

=0.6201-0.0676 = 0.5525

X3 =X

£(x3) =0.8512—0.3052 — (0.5525) = — 0.0065

F'(x3) == (0.5248)—1.105—1 = —2.6298

/(x3) (- 0.0065)
flog) ~2.6298

=0.5525-0.0024 = 0.5501
f(x4) =0.8524—0.8527 = — 0.0003

- (0.5501) is taken as the approximate value of the root.

Example 20 : Find a real root of the equation 3x—cosx—1=0 using Newton Raphson
method. [JNTU (H) June 2012]
Solution : Let f(x)=3x—cosx—1
f(0)=0-cos0-1=-2<0
F(1)=3-cosl-1=1-0.5403 = 0.4597 > 0
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- The root lies between 0 and 1.

f'(x)=3+sinx

By Newton-Rauphson method,

f(x) e (1)
J'(x)

() =3+sin (1) =3+0.8414=3.8414

Taking i =0 and x; =1 in (1), we get

Xyl =X —

oo 004597
: £'(x0) 3.8414
=1-0.1196 =0.8804

o f(x)=£(0.8804) =2.6412-0.6368 —1 =1.0044 and f'(x;)=3.7709

EPAC))
From (1), Xy =x ———— =(0.8804)—0.2663 = 0.6141
S(x)
5 f(xy)=1.8423-0.8172—1 =0.0251 and /'(x,)=3.5762
f(x2)
From (1), X3 =xp ————
M )
0.0251
=0.6141- =0.6141-0.0070 =0.6071
3.5762

f(x3)=1.8213-0.8213-1=0
. The root of the equation is 0.6071

Example 21 : Find the real root of xlog;ox=1.2 correct to five decimal places by
using Newton’s iterative method. [JNTU (A) May 2012 (Set No. 4)]

Solution: f(x) = xlogjgx—1.2

£(x)=—0.59794

£(3)=0.23136

Since f(2) and f(3) having opposite signs the root lies between 2 and 3.

, 1
(%) = x-;loglo e+logygx (- logjg x =log, x.logjg e )
= +logjpx = ! +logjpx = 0.4343+log;o x
log, 10 2.3025
By Newton’s iteration method
i)
i+1 () f,(xi)

Take, x; =2
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_ S, S _,_—05979
£(x0) 2) = W =2+0.8131=2.8131

£(2.8131) = (2.8131)log;, (2.8131) 1.2 =0.0636
£'(2.8131) = 0.8834

X1 =X

Xy =¥ SO g3 0-0636
o 08334 =2-8131-0.0719=2.7412
_ . _S(x)
X3 =X ’
1'(x2)

£(xy) =1.2004—1.200 = 0.0004
F'(xy) =0.8722

0.0004
0.8722

The approximate value of the root is 2.7408
‘ EXERCISEA4.1 )

1.  Find areal root of the following equations using false position method correct to three
decimal places:

| xy =2.7412—

=2.7414-0.0004 =2.7408

() x*-4x-9=0 @) *—x*—xP_1=0 (@) P>-—x2—2=0over(1,2)
2. Using regula-falsi method, find the real root correct to three decimal places:
(@) 2x—logx=6 (fl) xe*-2=0 (i) »* ~log, e=12 over (3,4)

3. Using Newton-Raphson method, find a root of the following equations correct to three
decimal places:

@) e —x3 +cos25x which is near 4.5 (ii) 3x=1+cosx
(i) x° —8x—4-0 near3 (iv) 2x-3sinx=>5 near 3
4. Using Newton's method compute /4] correct to four decimal places.
ANSWERS
1.(:)2.7065 (i)1.399  (iii) 1.69 2.(i)3.257 (1) 0.853  (iii) 3.646
3.(1)4.5067 (ii)0.6071  (iii)3.051 (iv) 2.88324

4.6.4032
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INTERPOLATION

5.1 INTRODUCTION

If we consider the statement y = f(x), x, < x < x, we understand that we can find
the value of y, corresponding to every value of x in the range x, < x < x, . If the function
f(x) is single valued and continuous and is known explicitly then the values of f(x) for
certain values of x like x,, x;,..., x, can be calculated. The problem now is if we are given
the set of tabular values
X X0 X1 X | o | Xy
y Yo || Y2 |Vn
satisfying the relation y = f(x) and the explicit definition of f(x) is not known, is it possible
to find a simple function say ¢ (x) such that f(x) and ¢ (x) agree at the set of tabulated
points. This process of finding ¢ (x) is called interpolation. If ¢ (x) is a polynomial then
the process is called polynomial interpolation and ¢ (x) is called interpolating polynomial. In
our study we are concerned with polynomial interpolation.

5.2 ERRORS IN POLYNOMIAL INTERPOLATION

Suppose the function y(x) which is defined at the points (x;, y;),i = 0,1,2,3,...,n is
continuous and differentiable (n +1) times. Let ¢ ,(x) be polynomial of degree not
exceeding n such that ¢,(x,) = v,,i =0,1,2,3,..,n (1)
be the approximation of y(x) using this ¢ ,(x;) for other value of x, not defined by (1).

The error is to be determined. Since y(x) — ¢ ,(x) = 0 for x = x;, x, x,,..., X, We put

y(x) = ¢,(x) = Lm,,(x) -(2)
where 7, (x) = (x —x5) (x —x;) ... (x —x,) ..(3)
and L to be determined such that the equation (2) holds for any intermediate value of

x suchas x = x',xy, < x'<x,.

EPICOLT MED @
T+l ()C )

We construct a function F(x) such that F(x) = y(x) — ¢,(x) — 7, (x) ..(5)

where L is given by (4).

We can easily see that F(x,) = 0 = F(x;) = F(x,,) = F(x'). Then F(x) vanishes
(n + 2) times in the interval [x,,x,]. Then by repeated application of Rolle's theorem
F'(x) must be equal to zero (n +1) times, F"(x) must be zero n times ... in the interval
[Xy,x,].Also F"*!(x) = 0 once in this interval. Suppose this pointis x = &,x, < § < x,, .

Clearly

404
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Differentiate (5), (n + 1) times with respect to x and putting x = &, we get

n+l (é)

3" 1(&) = L|(n +1) = 0 which implies that L = ynT ..(6)
Comparing (4) and (6), we get, y(x") — ¢ ,(x') = Ll(é) T, (X"
’ ’ n n+ 1 n+l
. . Tcn+1(x) n+l
which can be written as y(x) — ¢,(x) = ——=1y"" (§), x, < & < x, (7

n+1

This gives the required expression for error.
5.3 FINITE DIFFERENCES
1. Introduction:

In this chapter, we introduce what are called the forward, backward and central
differences of a function y = f(x). These differences are three standard examples of
finite differences and play a fundamental role in the study of Differential calculus, which is
an essential part of Numerical Applied Mathematics.

2. Forward Differences :

Consider a function y = f(x) of an independent variable x. Let Yo, V1> Y25+ Y, be
the values of j corresponding to the values Xy, X, X;,..., X, of x respectively. Then, the
differences y; — ¥y, V> — ¥i,... are called the first forward differences of y, and we denote
them by Ay,, Ayy,..... Thatis Ay, = v = v, AV = Yo — V15 AVy = V3 — Vaseene

In general, Ay, =y,,, =y, r=0,1,2,.... (1)

Here the symbol A is called the Forward difference operator.

The first forward difterences of the first forward differences are called second forward
differences and are denoted by A%y,, A%y, .....

Thatis, A%y, = Ay = Ayy, A’y = Ay, = Ay, ...

In general, Azy,, =Ay,.1—Ay.,r=0,12,.. ..(2)

Similarly, the n™ forward differences are defined by the formula

A"y, = A"y A"y r=0,12,... ..(3)

While using this formula for n = 1, use the notation A° Yy =Y.

If f(x) is a constant function, i.e., if f(x) = ¢, aconstant,then y, =y, =y, =...=¢
and we have A"y, =0 for n=1,2,3,.... and r = 0,1,2,..... The symbol A" is referred as
the n forward difference operator.

Note: A f(x)=f(x+h)— f(x)
3. Forward Difference Table :

The forward differences are usually arranged in tabular columns as shown in the
following table called a Forward Difference Table.
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Values of Values of First Second Third Fourth
X y differences differences differences differences
X0 Yo

Ay
==
2
A%y =
X y
! ! Ay — Ay
Ay Ny =
=N Ay —Ay,
Azyl = A4y0 -
X y 3 3
2 2 Ayp —An Ny -Nyy
3
Ayy Ay =
=V3—) Nyy—Ay
2
ATy, =
X Yy
3 3 Ayz = Ay
- - Ayy o o o
xn yn S - - -

x Y = (x) Ay Azy A3y A4y
1 1
7
2 8 12
19 6
3 27 18 0
37 6
4 64 24 0
61 6
5 125 30
91
6 216
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4. Backward Differences :

As mentioned earlier, let yy, v, 3, V),.... b the values of a function y = f(x)

corresponding to the values xy, x;, %y, ..., X,., ..... of x respectively. Then

Vyi =y =39.VYy =¥y = ¥1.Vy3 = ¥3 = »,,.... are called the first backward
differences.

In general, Vy, =y, — y,_;,r =1,2,3,.... (1)

The symbol V is called the Backward difference operator. Like the operator A, this
operator is also a Linear Operator.

Comparing expression (1) above with the expression (1) of previous section, we
immediately note that Vy, = Ay,_,,r =0,1,2,.... ..(2)
The first backward differences of the first backward differences are called second

backward differences and are denoted by V2, Vy,, . V2., .. ie.,

Vz)’z =Vy, - Vylavzh =Vy; = Vy,, ...

In general, szr =Vy, =Vy,_1s F = 2,30 ..(3)
Similarly, the n™ backward differences are defined by the formula
V', =V" y, —V" Ny, r=nyn 41, - (4)

While using this formula, for n = 1 we employ the notation v° Y, =,

If y = f(x) is a constant function, then y = ¢, a constant, for all x, and we get
V”yr =0 forall »n.

The symbol V" is referred to as the n™ backward difference operator.

Note: Vf(x)=f(x)=f(x—h)

5. Backward Difference Table :

The backward differences can be exhibited as shown in the following table, called the
Backward Difference Table.

x y  Vy vy vy
X0 Yo

Vi
X N V2y2

Vy, VBJ’3
X 2 VZJ’3

Vs
X3 V3

6. Central Differences:

With Yy, Y15 V2, Y, as the values of a function y = f(x) corresponding to the values
X{5 X505 Xy oo Of x, We define the first Central differences 8y, ,,, 8y3/5, 8Vs/2,.... as follows



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

ip = V1= Yos 830 = V2 = Vs 850 = V3 = Yo
8,12 = Vr = Vo (1)
The symbol § is called the Central difference operator. This operator is a Linear
operator.

Comparing expressions (1) above with expressions earlier used on Forward and
Backward differences, we get
Sy12 = Ayg = Vo1, 8y30 = Ayp = Vi, 8yspp = Ayy = Vs,
In general, 8y,,; = Ay, = Vy,.p, n=0,1,2,... -(2)
The first central differences of the first central differences are called the second
central differences and are denoted by §2y,, 5%y,, 8%y, ..... Thus,

2 2
8y = 03/5 = 0y/3, 87y; =85, — B39, .o

52)’;1 = Y12 = o2 (3)
Higher order Central differences are similarly defined. In general the n™ central
differences are given by :

(i)forodd n : 8"y, 1, =8" 'y, ="y L =1,2,... ..(4)
(i) foreven n 2 8"y, =8"'y 10 =8" 'y, 0, =12, ... ..(5)
while employing the formula (4) for » = 1, we use the notation §° Yy =Yy

If y is a constant function, that is, if y = ¢, a constant, then 8"y, =0, forall n > 1.

The symbol §" is referred to as the n* central difference operator.
7. Central Difference Table :

The central differences can be displayed in a table as shown below. This is called a
Central difference Table.

x y_ o ¥y &y 8y
X0 Yo
oy1/2
X N 5y
%y3/2 83/
) 2 5%y, 5%y,
ys/2 8y
X3 V3 53
%y7/2
X4 Ya
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Ex. Given f(-2) =12, f(-1) =16, f(0) =15, f(1) =18, f(2) = 20 form the Central
difference table and write down the values of gy ,,,5%y, and §°y,,, by taking x, = 0.

Solution : The Central difference table is

x y=f(x dy 8y &y &'y
_2 12
4
~1 16 -5
~1 9
0 15 4 —14
3 -5
1 18 ~1
2
2 20

Since x, =0 and =1, wehave y_, = f(x, —rh) = f(-r)

From the above table, §y 5, =8 f(=3/2) = 4, 87y = 4, & yy = =5
5.4 SYMBOLIC RELATIONS AND SEPARATION OF SYMBOLS

We will define more operators and symbols in additionto A,V and & already defined
and establish difference formulae by Symbolic methods.
Def. The averaging operator U is defined by the equation

1
W, = E(errl/Z + Vro12) .
Def. The shift operator E is defined by the equation E y, = y, . This shows that the
effect of E is to shift the functional value y, to the next higher value y, ,. A second

operation with E gives E2yr =E(Ey,)=E(y.,) = »,,, Generalising E"y =y .
Def. Inverse operator E! is defined as E™'y, =y,
In general E™"y, = y._ .

RELATIONSHIP BETWEEN A ANDE.
We have Ay, =y, -y =Eyy -y = (E -1y,

=>A=E-lorE=1+A (D)
SOME MORE RELATIONS

Ayo = (E =11y = (E> = 3E% +3E - D)yy = y3 =3y, + 3y — ¥
A*yy =(E-D)*yp = (E2 —2E+1)% yy = (E* +4E* +1-4E> —4E+ 2E?)y,
=(E*—4E> + 6E* —4E +1)yy = ys —4y; + 6y, — 4y +
We can easily establish the following relations:

1 _
() V=1-E" i) 5=E"? —E1? wou55®“+E”5
1
(M)A =VE =E" W)M51+Z§ 2
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1
Proof: (@ij) 1y, = E(yr+l/2 + Yro12)
1

= LiEv2y, y 12y = %[EI/Z LET?),
p= %[EI/Z +E7]
") u? = l[El/Z +B2P = l[E B +2]
4 4
_ l[(El/Z _E2)? 4 4= 1(52 4
4 4
2 _ 1
LpT==(0"+4).
W=7 ( )
Def. The operator D is defined as D y(x) = di( y(x)).-
X
Relation between the operators D and E
2 3
Using Taylor's series we have, y (x +h) = y (x) + hy (x) + -hz—'y "(x) + % y"(x) +
Thi itten i i p°D? | KD’ D
s can be written in symbolic form Ey =|1+/4D + + 3 to |y =€y,

(- The above series in brackets is the expansion of ehD)
. We obtain the relation E = ¢"" . ..(3)

Note : Using the relation (1), many identities can be obtained. This relation is used to
separate the effect of E into powers of A . This method of separation is called the method of
separation of symbols. Some examples are given.

5.5 DIFFERENCES OF A POLYNOMIAL

Result : If f(x)is a polynomial of degree nand the values of x are equally spaced
then A" f(x) is a constant.

Proof: Let f(x)=apx" + ax""

+ ...+ a, x +a, where qy,a,a,,...,a, are
constants and a, # 0.

If & is the step-length, we know the formula for first forward difference
NG =flx+h)—fx).
—[ag(x+h)" +ay(x+h)"" +...+a, (x+h)+a,]

-1
—[apx" + ;X" + ...+ a,_x + a,]

= q Hxn +n.x"1h +@xn72. h? + } - xn}

+q Hx"l +(n-Dx" h+ W}C"? n + } - x"l} + ot a, h

= agnhx" ' + byx" 2 4 byx" P + 4+ b, sx+b, 5

where b,,b;,....,b,_, are constants. Here this polynomial is of degree (n —1).
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Thus, the first difference of a polynomial of n'" degree is a polynomial of degree (n —1).
Now A2f(x) = A [AL(X)] = A [agnh.x" ™" + byx" 2 4 byx" 3 + ..+ b _x +b, 5]

=agnh [(x + )" = X" 4+b, [(x+h)" 2 =x" 1 +...+ b, [(x+ h) - x]
=agn (n—-D) K" 2 4 x4 e, 4x 3
where c¢;,....,c,_5 are constants. This polynomial is of degree (n — 2).
Thus, the second difference of a polynomial of degree n is a polynomial of degree
(n — 2) . Continuing like this we get, A" f(x) = agn (n = 1) (n — 2).... 2.1.h" = ayh”"(n!)
which is a constant.Hence the result.
Note 1. As A” f(x) is a constant, it follows that A" f(x) = 0; A" 2 f(x) = 0, ...
2. The converse of above result is also true. That is, if A" f(x) is tabulated at equally

spaced intervals and is a constant, then the function f(n) is a polynomial of degree 7.

Factorial notation :
The product of factors of which the first is x and the successive factors decrease by a

constant difference is called a factorial polynomial function and is denoted Xy being a
positive integer and is read as "x raised to the power 7 factorial". In general the interval of

differences is #,
In particular we get x(¥) =1
We define x'") = x (x—h) (x = 2h)....[x— (r—1) ]
Also Ax') = (x+h)" =5
=(x+h)x(x=h)...[x—(r—=2)h]-x (x—h)...[x—(r—1)h]
=x(x=h) . (x=(r=2) W) [(x+ h)—x—(r —1) ]
= 'Y
Similarly, A%(x)" = A[A X7 = A[hr" D] = hra 0D
= A2X) =2 (r=1) 572
and generally, A" X = g (= 1) = (m =] X" m < r
=0,m>r
A" (" = m) B
(ny __ X!
(x—n)!

2. For factorial notation, operator A is analogous to operator D.

Note : 1. If x is an integer greater than n—1, then x

3. XU =th(r)

,
We will represent the given polynomial in Factorial notation.
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SOLVED EXAMPLES

Example 1 : Represent the function f(x) given by
F(x)=2x* —12x° +24x% =30x+9 and its successive differences in factorial notation.
Solution : Given f(x) = 2x* —12x> + 24x% =30x+9
=2x® +5x® 4+ ex® 1 ax 19
=2x(x—D(x-2)(x—3)+bx(x - 1)(x—2) +cx(x—1) +dx +9
where a,b,c are constants to be determined.
Put x=1,weget -7=d+9=d=-16
x =2 gives, 2(16)—12(8) +24(4)—30(2)+9
=2c+2d+9
=32-96+96-60=28-32
=>c=4

x=3,gives p=-2
c S =26 —2xP 1 4x@ _16xD 49
Af (x)= 8x® —6x? +8xD ~1640
A f(x) =24xY —12xD 4.8
A3 f(x)=48xD =12
4
A" f(x)=48
Example 2 : Find the function whose first difference is 9x? +11x+5
Solution : Let f(x) be the required function, so that we have
Af(x)=9x% +11x+5
=9(x)(x—-D+bx+c
9x? +11x+5= Ox(x—1)+bx+c
Putting x=0, we get 5=c¢
x=1,8ves 9+11+5=b+c=b=20

o AF(x) =952 +20xD 45
Hence f(x)=3x® +10x? +5x" + k, where k is a constant
S f(0)=3x(x-D(x-2)+10x(x - +5x+k

=30 + x>+ x+k
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Example 3 : The following table gives a set of values of x and the corresponding
values of y = f (x).

X 10 15 20 25 30 35
y 1997 21.51] 2247 23.52| 24.65| 25.89

Form the forward difference table and write down the values of A £(10),A% £(10),A% £(15)
and A*f(15).

Solution : The forward difference table for the given values of x and y is as shown below.

X y Ay Ay Ay Aty Ay
10 19.97
1.54
15 21.51 —0.58
0.96 .67
20 22.47 0.09 —0.68
1.05 -0.01 0.72
25 23.52 0.08 +0.04
1.13 0.03
30 24.65 0.11
1.24
35 25.89

We note that the values of x are equally spaced with step-length # = 5.
xo =10,x; =15,....,x5 = 35 and
Yo = (%) =19.97
n = Jx)=2151

ys = f(xs) = 25.89
From table, A f(10) = Ay, =1.54; A £(10) = A’y, = —0.58

A f5) = Ay =-0.01;  A*f(15) = A%y, = 0.04
Example 4 : Construct a forward difference table from the following data
X 0 1 2 3 4
V. 1 1.5 22 3.1 4.6

Evaluate A°y,, y and y..

Solution : The forward difference table for the given values of x and y is as shown below.
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x Yy Ay Ay Ay Aty
x=1 y=15 Ay, =02
Ay, = 0.7 Ay, =0
=2 y,=22 Ay, =02 Ay, = 0.4
Ay, = 0.9 A3yl =04
;=3 y; =31 Ay, = 0.6

NOW, A3y1 =YVq — 3y3 + 3y2 -N = 4.6 -3 (31) +3 (22) -15=04
Again, we have

X X 2 X 3 X 4
Yy =vo+ "CAyy + "G ATy + TCAT Yy + TCLA Yy

- 1+x(0.5)+% (x (x—l))(0.2)+%x(x—1) (x - 2) (0)

+?4%x x-1D(x-2)(x-3)(0.4)

1 1 1

=l+—x+—(0" =x)+—(* —6x° +11x% - 6%)
2710 60

.y =6i0(x4 S6x3 +17x% +18x + 60)

= s =%((5)4 —6 (5 +17 (5)* +18 (5) +60): 75.
Example 5 : If y = 3x +1)(3x + 4)....(3x + 22) prove that
A*y = 136080 (3x +13) (3x +16) (3x +19) (3x + 22).

Solution : The given equation y = (3x + 1) (3x + 4)....(3x + 22) contains eight factors.
oy =3+ 13) (x + 4/3)...(x + 22/3) = 33 (x + 22/3)°
Ay =83%(x +22/3)", A%y =3%8.7 (x +22/3)°
Ay =3%8.7.6 (x +22/3)° and A%y =388.7.6.5 (x +22/3)*

LAty - 11022480(x+2—32)(x+%_1)(x+%_2)(“%_3)

= 136080 (3x + 22) (3x +19) (3x + 16) (3x +13).
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Example 6 : Evaluate (i) Acosx (if) Alogf (x) (iit) A?sin (px + g) (iv)Atan'x
and (v) A"e® "0,
Solution : Let / be the interval of differencing

. hY . h
) Acosx =cos(x +h)—cosx =-2sin| x +— |sin—
@) (x+5) ( 2) 2

(ii) Alog f(x) = log f(x + h) — log f(x) = 10g[f (x + h)]
S(x)

_ 1Og{f(x) + Af(x)} - log {1 ) Af(x)}
f() /()

(#ii)Asin (px + g) = sin [p(x + h) + g] — sin (px + q)]

ph) . ph .ph . (m ph
=2cos| px+qg+-— |sin— =2sin—sin| —+ px + g +—
[p 1 2) 2 2 [2 P 2

A? sin (px+q) = 25inp?hA{sin(px +gq +%(n - ph)ﬂ

2
= {2sinp7h} sin(px+q +2 .—;-(Tt-i-ph))

(iv) Atan' x = tan"'(x + h) — tan | x

| x+h—x | h
= tan —_— | = tan S E——
Il+x (x+h) Il+x (x+h)

(V) Aeaerb — ea(x+h)+b _ax+b = e(ax+b)(eah _ 1)

e

AZeaerh - A [A (eaerb)] - A [(eah _ 1) (eaerb)] — (eah _ 1)2 A (eax+b)
= (e~ 1)? ™ [+ % —1 is aconstant]

Proceeding on, we get A" (e™*?) = (e —1)" ™.

Example 7 : If the interval of differencing is unity, prove that

Atan™" (”—_1) —tan”! (2%) [INTU (K) June 2009, Nov. 20098, (A) Dec. 2013 (Set No. 3)]
n n
Solution : We know that Atan™'(x)=tan™! (x+ &) —tan"' (x)
Here the interval of difference is # = 1.
-1 1
Thus we have, Atan™ [nj = Atan”! [1—)

n n

=tan"' [1 —Lj —tan”! [1 —l)
n+l n
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=tan”' [2—2) on simplification
n

Example 8 : Using the method of separation of symbols, show that
nn—-1)

=u, —nu,_, +———— = tontED"uy
[JNTU (A) Dec. 2013 (Set No. 3)|

A'u

xX-n

Solution : To prove this result, we start with the right hand side. Thus,
n(n-1)
2

=u, —nEu, + ME_zux + oot (D"E"u,

U, —nu,_q + Up g + o+ (=D"uy,_,

_ |:1 _ nE—l n (n2 1) Lk (_1)11E—n:|ux _ (1 _ E—l)nux

n n n
=(1—l) u, =(u) u, = a —u, =A"E"u,
E E E”

=A"u,_, which is left-hand side.

Hence the result.

2 2
Example 9 : Show that e* | u, + xA u + A2y o =y tugx oy =
0 U 0 0V 255
o
Solution : € | uy + x Aug +=—A"uy + ...
2!

2
=e’”[1+xA + 2 A2 +J U
2

_x XA _ x(1+A) _ xE
e.e Uy =e Uy =€ U

202
{1+xE+ x; +....:|u0

2
X
= Uy + XUy +;u2 + ...

which is the required result.

Example 10 : Evaluate (i) A [ f(x) g (x)] (if) A{f Ex;}

Solution : Let 4 be the interval of differencing.
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(D) ALf(x) g()] = f(x+h)glx+h) - f(x)g(x)
= f(x+h)gx+h) = fx+h)glx)+ fx+h)glx) - f(x) gx)
= f(x+h)[g(x+h)—g)]+gx) [f(x+h)— f(x)]
=f(x+h)Ag(x)+g(x)Af(x).
f(x)} _ SO+l S S+ ex) - f(x) gx+ h)
gx)] glx+h) g g(x) g(x + h)
_ S+ gl - f()egx)+ f(x) g(x) - f(x) glx + h)
g(x) g(x + h)
_ 8™ S +h) - f)] - f(x) [g(x+h) - g(x)]
g(x +h) g(x)
_EWASX) - (DA g(x)
g(x +h) g(x)

(i) A{

n—1
Example 11 : (/) Show that Z Asz =Af, - Ay [JNTU 2003]
k=0

(i) If f(x) = €™, showthat A" £(x) = (e™ —1)"e™

(iii) Show that A (f; /g;) = (& A f; — fiAg)/gi-8gin

(iv) Show that A f2 = (f; + fi.)A f. [JNTU 2006 (Set No.4)]
Solution : Let y = f(x). The first finite forward differenceis A y, = v, ., — ¥y -
Put yp = f(q) = frsweget Afy = fro = Ji

The second difference is A” i =AAL)=A frog = i) = Afisg —Afr-
n—1

() LA =N+ N[+ N+ N f+ .+ A,
k=0

=Af—Afo+ AL —Af+Af=AfL +Afy —Af+ +Af, —Af,
= Af, - A,

(i) Given f(x) = ¢®, wehave f(x + h) = ¢ "1

Here, A is the step size x,,; =x; +h

We have to show that A" f(x) = (e —1)". ™.

This can be proved by mathematical induction.
First we shall prove that this is true for n =1.

(eah _ 1)1 eax — eah‘ eax _ eax

ah+ax — ™ = ea(x+h) o ax

e =flx+h)—fx)=Af(x)

=e

CAS(x) = fxg ) - f(x)
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Therefore, the result is true for n = 1.

Assume that the problem is true for n — 1.

Now consider, A" f(x) = A’Hf(x +h) - A"ilf(x)

_ 1)nflea (x+h) _ (eah _ 1)n71‘ e™

_ 1)n71‘ [ea (x+h) _ eax] — (eah _ 1)n71‘ [eaerah _ eax]

—1" e e =Dl = (e )" e -1 e

_ 1)n—1+1‘ eax — (eah _ 1)n eax

Anf(x) — (eah _ 1)n eax .

(#ii) According to first forward difference, A[

A
8i

_ Jia
il

5
8

|

A —8Ag _ (i = )= fi(&i1 — &)

Now
8i-8i+1

8i - 8i+v1

_ 8ifiv1 — &Ji — Ji&u1 + &ifi _ 8ifiv1 — Ji&in

8i-8i1 8i-8it1
— gifi+1 _ fig[+1 ! fi+1 _i
8i-8i+1 & -8i+1  8i+1 &
. A[ﬁ} _ &M - fidg
8i 8i-8iv1

(&) We know that Af, = fi., — fx

A= - = i

Example 12 : If /' (x) = u(x) W(x) show that f'[x, x,] =

Solution : Given f(x) = u (x)

+ 1) (fia = 1)) = Ui + DAL

ulx,] . vix,, x,] + ulx, x M x,].

The first order divided difference between x, and x; is

VI[x0,x]=
P )|

So, flxp,x]=
X — X

u
u [x()ax1] =
X1 — X

Thus, u [x4].v [xy, %] +u

= {u [xo]-vI[x]-
X — X

[x]—u [x]

N~V _ S () = f(xp)

Sl = fx%]

[JNTU 2006 (Set No 4)]
v(x)
X — Xy
vl = 2Ll = bl
X~ %
gy, [ ] = gy P ]  wln]—ulxo]
xl —XO xl —XO

u[xg]l.vIxgl+ulx]vix]—ulx].v [xl]}
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= ! {u [xl].v[xl]—u[xo].v[xo]}z !
X~ X X1 — X

[/Tx]= fTx1] = fTxg. %]

Example 13 : Find the missing term in the following data.
x [ 0|1 ]2 [3 ]4
y 1 {319 |- |81
Why this value is not equal to 3°. Explain.

Solution : Consider A*y,=0 (we are given only 4 values)

= Y4 —4y3+6y; =4y +y,=0
Substitute given values. We get
814y, +54-12+1=0 = y; =31.

From the given data we can conclude that the given function is y = 3*. To find y,, we
have to assume that y is a polynomial function, which is not so. Thus we are not getting
— 13—
y=3"=27.

Example 14 : If y_is the value of y at x for which the fifth differences are constant
andy, +y,=-"784,y, +y,= 686, y, +y,= 1088, find y,.

Solution : Since fifth differences are constant, A® »=0

=>E-1)Yy,=0

= (E®— 6, E>+ 6. E*— 6., E3+ 6., E2— 6. E+ 6., 1)y, =0
= y; =6y, + 15y,—-20y, + 15y, -6y, + y, =0

= ;) —6(n, + ¥ + 15 (y;+ ) —20y,=0

= —784 -6 (686) + 15 (1088) -20y,=0

= 7844116 +16320-20y,=0= 11420-20y,=0

or 20y, = 11420 .. y,=571.

Example 15 : If fix) = x> + 5x — 7, form a table of forward differences taking
x=-1,0,1, 2, 3,4, 5. Show that the third differences are constant.
Solution : Here [-1)=-1-5-7=-13.
A0)=0-7=-7,
A)=1+5-7=-1,
f2)=8+10-7=11,
f(3)=27+15-7=35,
f(H)=64+20-7=177
f(5)=125+25-7=143
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We form the difference table as follows:

x Sx) Mx)  Nfx)  Afix)

-1 -13

6
0 -7

6 0
1 -1

12 6 6
2 11

24 12 6
3 35

42 18 6
4 77

66
5 143 24 6

We note from the table that all the third forward differences are constant. This illustrates
the result discussed in 1.5

Example 16 : Prove the results:

(i) EV=A=VE (if) SE* = A

1 2
(iii) hA =log(1+A)=—log(1-A)=sin"'(u3)  (iv) 1+n’8* = (1 " 562]

] 1 = 1
(v) E# =p+=38 i) E# =p-=8
2 2
1., 1 1 5
(vii) us=2AE" +2A ) A=582+6,/1+%
(ix) VA=A-V =5 (x) 1+V)(1-V)=1

(xi) 13 =3 (A+Y)

Solution : (i) (EV)u, = E(Vu,)=E(u, —p, ;)
=Ep, —Eu, ; =poy —H = AR,
EV=A
Also (VE)W, = V(Ep,) = Vit = ey — 1, = Al
S VE=A
Hence EV=A=VE
) -
(”) 8“)”% - (EA -£ A)“ﬁ% = Hyrn “He = A“’v
S SE" = A
(#ii) We know oM — F 14 A

Taking logaritham
. hdlog e =log(1+A) ...(1)

Also v=1-fF'=E'=1-V
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i.e., e = (1- V). Taking logarithms
—hd =log(1-V) = hd = —log(1-V)

hd  —hd Bophl L
sinh(hd) =< 2e :EzE :{E ”;E }(EA—EA):HS

. hd =sinh™ (ud)

(iv) 1+u25> :1+(%J(EA—E %

L[ ESET_ EZETD) (E+ETY |
2 4 2 (1)

2

1ol 1//{1 }

Now {1+26} {1+2(E E )} 1+2(E+E 2)
g+ T

= 7 ...(2)

2
1
From (1) amd (2), 1+pu%8% = (1 +552j

VA A Y _th .
) pa Lo EARER EE-ER Ly
2 2 2
. o E/]/z+E% 1oy v »
TR L (EALEY=E
(i) p 5 5 5 )

NN N | L 1 - 1 -1
—AE" +—A=—AE +D)=—(E-D)(E +D)=—(E-E " )=nud
(vii) 5 A3 ( ) 2( X ) 2( )= H

1, / & 1 / 8

=16_8+\/4+62}
s[5 - Ay 4o (B —E%)z}

:%8_(E% —E7) 44 (E” +E%)2}

=%(E% —ER)EA-E"+E%+E”)

=%><2[E% —EPEA=E-1=A
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(iX) AV=(1-E"WE-1)=E+E"' -2=(E2-E ")’ =§°
Also A—V=(E-1)-(1-EH=E+E'-2=8> - VA=A-V=52

(X) A+A)(1-V)=E[l-(1-E Y]=EE" =1 [“A=E-1V=1-E
L N TR T o LN N
(Xl)Z(A+V)—2[E 1+1-E™] 2(E E=ud

Example 17 : If the interval of differencing is unity prove that
Ax(x+D)(x+2)(x+3)]=4x+1)(x+2) (x+3)
[JNTU 2008 (Set No.4)]
Solution : Let fix)= x(x+1)(x+2)(x+3)
Ax(x+1D)(x+2)(x+3)]=f(x+h)—fix). Then h =1
=+ x2)x+3)x+4)—x(x+) (x+2)(x+3)
=@+ x+2)(x+3)[x+4—x]
=4(x+1)(x+2)(x+3)
Example 18 : Find the second difference of the polynomial x* —12x° +42x> —=30x+9
with interval of differencing 7 =2. [JNTU 2008S, (H) Dec. 2011 (Set No. 1)]
Solution : Let f(x)=x*-12x>+42x" ~30x+9.
First difference is given by = A f(x)
Sx+n)=f(x)=f(x+2)- Jf(x)
=(x+2)' =12 (x+2)* +42 (x +2)* =30x (x +2) +9—-9x* +12x° —42x* +30x -9
=8x’ —48x” +56x +28
Second difference = A" f(x)= A[Af (x)]
=8(x+2)° —48 (x+2)* +56 (x+2)+28
=—8x’ +48x” —56x—28 =48x> —96x—16 -
—A f(x)

S f(x+1)
[JNTU(H) June 2010 (Set No.1)]

Example 19 : If the interval of differencing is unity, prove that A f(x) =

1 Jz 1 1
Jx)) Sx+h) f(x)

e - @] A ()
SO) S+ [ f(x+h)

Solution : We know that A(

Taking 4 =1, we get

A( 1 jz A f(x)
VACOVRRNACONACE DY

Hence the result.
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Example 20 : Show that A'°[(1-x) (1-2x%) (1-3x%) (1-4x*)] = 24x2'" x10! if h=2.
[JNTU(H) 2009 (Set No.)|

Solution : A'[(1-x) (1-2x%) (1-3x) (1-4x")]
= A'[(=1) (<2) (=3) (—4) x'* + terms containing powers of x less than 10]
=24A"[x']
=24[10.2" [A"f(x)=|nh" and h=2]

5.6 INTERPOLATION
If we consider y = f{x), x, <x<x, then we can find the value of y, corresponding to

every value of x in the range x, < x < x, . If the function f(x) is single valued and continuous

and known explicitly then the values of f{x) for certain values of x like x, x,..., x, can be
calculated. The problem now is if we are given the set of tabular values

X2 Xg | X1 | X2 | e | Xy

Y lYo [N | V2 || Vn

satisfying the relation y = f{x) and the explicit difinition of f{x) is not known, is it possible
to find a simple function say ¢(x) such that f{x) and ¢(x) agree at the set of tabulated points.
This process of finding ¢(x) is called interpolation. If ¢(x) is a polynomial then the process is
called polynomial interpolation as ¢(x) is called interpolating polynomial. In our study we are
concerned with polynomial interpolation.
5.7 ERRORS IN POLYNOMIAL INTERPOLATION

Suppose the function y(x) which is defined at the points (x,y), i = 0, 1,2,3...,n is
continuous and differentiable (n + 1) times. Let ¢, (x) be the polynomial of degree not exceeding
nsuchthatd (x)=y,i=0,1,2,3,...,n ...(1) be the approximation of y(x). Using this ¢ (x,)
for other value of x, not defined by (1), the error is to be determined.

Since y(x) — ¢ (x) = 0 for x = x,, x,,....x,

we put p(x)—=¢, (x)L El(x) ...(2)

where [1,,,(x)=(x-x)x-x)...(x-x,) ...(3)

and L to be determined such that the equation (2) holds for any intermediate value of x
such as x = x, x, <x <x .

Clearly L = % ...(4)

n+l
we construct a function F(x) such that
F() = ()= 6,()~ T() (5
where L is given by (4).
We can easily sec that F(x)) = 0 = F(x,) = F(x,) = F(x'). Then F(x) vanishey (n + 2)
times in the interval [x, x ]. Then by replaced application of Rolle's theroam F’(x) must

be equal to zero (n + 1) times, F"(x) must be zero in times in the interval [x,, x ]. Also
F"*!(x) = 0 once in this intervl. Suppose this point is x = £, x, < ¢ <x .
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Differentiating equation (3), (z + 1) times w.r.t. x and putting x = ¢, we get
Vi -L(n+1)=0 ....(6)
Comparing (4) and (6), we get

yi’l+1 (t)
y(x)=¢,(x") =——=I1(x)
n+1 n+l

which can be written as

11 ()
@)=, ="—y" 0,5y <t<x, L (7)

n+l1
This gives the required expression for error.

5.8 NEWTON'S FORWARD INTERPOLATION FORMULA

Let y = f(x) be apolynomial of degree n and taken in the following form
y=f(x) = by + b (x = x0) + by (x = xp)(x = x1) + b3 (x — x¢) (x=x) (x—x3)
+oo+b,(x —x) (x = x)).ee(x = X,_) (A)
This polynomial passes through all the points [x,, v ] for i = 0 to n. Therefore, we can
obtain the y;'s by substituting the corresponding x;'s as :

at x = x¢, ¥y = by

at x = x; , ¥ = by +by(x — xq)

at x = Xy , ¥y = by +by(xy — %) + by (xy = Xp) (x5 — xp) (1)

Let 'h' be the length of interval such that x;'s represent

X, X9 + h, Xy + 2h,xy + 30, ... , Xy + nh.
This implies x; — xy =/, x, — x5 = 2h,x3 — x5 = 3h,....,x, — Xy = nh ..(2)
From (1) and (2), we get

Yo = by

Y1 =by + bih

vy = by + by3h + by(3h) (2h) h + by(3h) (2h) h

Y, = by +b(nh)+by(nh) (n —1) h+ ...+ b,(nh) [(n — Dh][(n —2) h] ...(B)
Solving the above equations for by, b,,b,,.....b,, we get

Uy

by = o
b :yl_bo _A "X :Ayo
! h h h
= Yo
(222
bzzyz—bo—blzhz ]’l

242 242
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e =2n =20 - = 2ntYy A%yq
, 2K’ 2h 2h?
22
Similarly, we can see that
by = A3J’0 _ A4)’0 b = A"yy
TR AT T
2 3

Ay A7y b
y=rf(x)=y+ ho(x—xO)+2!h§ (x—xo)(x—xl)+ﬁ(x—x0)

A}’l
'hg (x = xp) (x = xp)eee(x = ,) ...(3)
n!
If we use the relationship x = x, + ph = x — x, = ph, where p =0,1,2,,....,n
then x-x=x-(xg+h)=x-x))—-h=ph—-h=(p-1)h
x—-xy=x—-(q+h=x-x)-h=(p-Dh-h=pP-2)h

(x=x) (x=xy) +...+

X=X, =[p-(=-Dlh
. Equation (3) becomes,

-1
v = 100 = fy + phy = 3y p g + LD a2y,

-1 -2 -1 -2)..... -(n-1
Lp 3)|(p )A3y0 . LD n)' [p—(n=D] ATyo . (4)
This formula is known as Newton's forward interpolation formula (or) Newton

Gregory forward interpolation formula.
This is useful for interpolation near the beginning of a set of tabular values.

Newton's Backward Interpolation Formula
If we consider y,(x) = ay + a;(x —x,) + a,(x —x,) (x —x,_;)

+a3(x —x,) (x = x,_1) (x = X,_5) + e + @, (x — X)) (x = x,_1) -o(x — Xp) .. (5)
and impose the condition that y and y, (x) should agree at the tabulated points

Xys Xpp_1s wees X5 X1, Xg -
+1 +1D.(p+n-1
We obtain y, (x) = y, + pVy, +p(p2—‘)V2yn + ..+ plp+ ) (;D )V"yn + ...,
! n!
X —X,
where P = P ... (6)

This uses tabular values to the left of y, . Thus this formula is useful for interpolation

near the end of the tabular values.
Formulae for Error in Polynomial Interpolation
If y = f(x) is the exact curve and y = ¢,(x) is the interpolating polynomial curve,

then the error in polynomial interpolation is given by
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(= x) (= x)e(x = x,) s
Error = f(x) — ¢, (x) = L (Hi)! e e (7)

forany x, where x, < x < x, and x, <& < x,,.

The error in Newton's forward interpolation formula is given by

19—, (x) = 22D EP - 12))""' (P =M An+1 re) where p == —hxo (8)
n :
The error in Newton's backward interpolation formula is given by
1 1 n+l_n+
f(X)_(I)n(X):p(p+)(p+)(p+n)h ly lf(é)
(n+1!
X—X,
where p = ., ...(9)

SOLVED EXAMPLES

Example 1 : The following data gives the melting points of an alloy of lead and zinc.
Percentage of lead in the alloy (p) : 50 60 70 80
Temperature (Q’) : 205 | 225 | 248 | 274

Find the melting point of the alloy containing 54% of lead, using appropriate interpola-
tion formula.

Solution : The difference table is as under :

X y A A? A®
50 205

20
60 225 3

23 0
70 248 3

26
80 274

Let temperature = f{x)
We have x, = 50, 27 =10

Xy + ph = 54,
50+ p(10) =54 or p=04

By Newton's forward interpolation formula,

+ ...

(p-1 2 (p-D(p-2) 3
f(x0+ph)=y0+pAy0+%Ay0+p P P A vy

3!

L 0404-1(04-2

) (0)

=205+8-0.36 =212.64.
Melting point =212.64
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Example 2 : State appropriate interpolation formula which is to be used to calculate
the value of exp(1.75) from the following data and hence evaluate it from the given data

X 17 |18 |19 |20
y=c" | 5474 6050 6.686| 7.389 [INTU(A) June 2013 (Set No. 1)]
Solution : The difference table is as under :
X y A A? A3
17 5474
0.576
18 6050 0.060
0.636 0.007
19 6686 0.067
0.703
20 7389
Letfilx)=y=¢"

xXg + ph =175, x, =1.7, h = 0.1
1.7+ p(0.1) =1.75 or p=0.5

By Newton's Forward interpolation formula,

-1 -1 -2
f(xg+ph)=yy+pAy +%A2yo+p(p é(p )A3yo + ...
F1.75) = 5.474 + 0.5 x (0.576) + W(O.%O)

N 0.5(0.5-1)(0.5-2)
6
= 5.474 + 0.288 — 0.0075 + 0.0004375 = 5.7624375 — 0.0075 = 5.7549375
= 5.7549 (Rounded up to four decimal places).

(0.007)

Example 3 : Applying Newton's forward interpolation formula, compute the value of

/5.5, given that /5 = 2.236,/6 = 2.449,/7 = 2.646 and /8 = 2.828 correct upto
three places of decimal.

Solution : Let f{x) = x . The difference table is as under :

X y A AP A
2.236
0213
6 2.449 ~0.016
0.197 0.001
7 2.646 ~0.015
0.182
8 2.828
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We have

Xg+ph=55xy=5 h=1

= 5+p()=55 or p=05
By Newton's Forward interpolation formula,
pp-D 2

T A%y +

p(p—1)(p—2) Adyg +

B

S +ph)=y9+pAyy+

£(5.5) = 2236 + 0.5 x (0.213) + wj_l)(—o.mm

L0505-D05-2) (000

ie.

B

5.5 =2.236+ 0.1065 + 0.00200 + 0.0000625
= 2.3445625 = 2.345 (Rounded upto four decimal places).

Example 4 : If py = 1,u; = 0,py =5,u3 = 22,n, = 57 find Mos-

Solution : The difference table is as under :

x [T A A? A? A
0 1
-1
1 0 6
5 6
2 5 12 0
17 6
3 22 18
35
4 57

We have x; + ph =05, x) =0, h =1
= 0+ p()=05 or p=0.S5
By Newton's Forward interpolation formula,

Hos = Mo +0.5A g +

=1+(05) (-1)+

=1-05-0.75+0.375=0.125.

0.5(0.5-1)

2

Azpo +

0.5(0.5-1)(0.5-2
( Ié)( ) Adg + ...

05 (05) . 05(05) (-15)
2 6

Example 5 : Using Newton's forward interpolation formula, and the given table of

X

1.1

1.3

1.5

1.7

1.9

values

S ()

0.21

0.69

1.25

1.89

2.61

Obtain the value of f(x) when x = 1.4.

[JNTU (A) May 2011, June 2013 (Set No. 2)]
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Solution : The difference table is as under :

x  y=fx) A A? A A®
1.1 0.21
0.48
1.3 0.69 0.08
0.56 0
1.5 1.25 0.08 0
0.64 0
1.7 1.89 0.08
0.72
1.9 2.61
If we take x, =1.3, then y, =0.69, Ay, =0.56, A2y0 = 0.08, A3)’0 =0,
h=02,x=13

We have x, + ph =14 or 13+ p (02 =14 = p =%

Using Newton's interpolation formula,

1 1(1 B 1)
S1.4) =069 +=x056+ % x 0.08 = 0.69 + 0.28 — 0.01 = 0.96 -

Note : x, =1.3 is taken so that s < 1.

Example 6 : Find the Newton's forward difference interpolating polynomial for the
X 01123

fx [1]3]7] 13

data :

Solution : The difference table is as under :

x f(x) A AN
0 1
2
1 3 2
4 0
2 7 2
6
3 13
By Newton's Forward interpolation formula,
fxg+ph)=yy+pAy +WA2)}O + 2 (p—lé(p—2) A3yo + ...

Herex,=0,n=1 and p=x

Thus we have f(x) = 1+ x (2) + 28D ), 2 =D &=2)

2 3

=l+2x+x> —x=x>+x+1.
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Example 7 : The following table gives corresponding values of x and y. Construct
the difference table and then express y as a function of x :

x[o[1]2]3]4
y[ 3] 6] 11| 18] 27

Solution : The difference table is as under :

x y Ay Ay Ay Ay
0 3
3
1 6 2
5 0
2 11 2 0
7 0
3 18 2
9
4 27
We have

Xg+ph=x,xy=0,h=1
= 0+p(l)=x or p=x
By Newton's forward interpolation formula,

S(xg +ph)y=yo+pAy +p_(£27'—_1)A2y0+p(p—B(p—2)A3yo + o

fe f(x)=3+x () +3 (E_l) @)+ ("_E("_z) )+ ...

ie. f(x)=3+3x+x2—x+0

or f(x)=x>+2x+3.
Example 8 : Consider the following data for g(x) = (sin x) / x?
X 0.1 0.2 0.3 0.4 0.5

g(x)] 9.9833 | 4.9696| 3.2836 | 2.4339| 1.9177
[JNTU (A) 2003, Dec. 2013 (Set No. 1)]

Calculate g(0.25) accurately using Newton's forward method of interpolation.

Solution : Newton's Forward interpolation formula is

p(p=1 2 prp-D (-2

LN Ani N

21 Yo+ 3
Let x = x, + ph, x = 0.25, x, = 0.1

Step interval 2 = 0.2 — 0.1 = 0.1

o _025-01_015
' h 0.1 0.1

A3y0 + ...

S +ph)=yo+pAyy+

1.5
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The Newton's forward difference table is :

x v Ay Ny Ny AYy

0.1 9.9833
50137

02 4969 33277
—1.6860 24914

03 32836 0.8363 1.9886
—0.8497 —0.5028

04 24339 03335
~0.5162

05 19177

2(0.25) = 9.9833 + 1.5(-5.0137) + 12203, 3 3977, 19 X0 ¥ (09
2 3x2
«(-2.4919) 4 122X 03X COD X LI 1 gggs

4x3x%x2
=9.9833 —7.52 +1.24789 + 0.1557 + 0.0466 = 3.9135
. g(0.25) = 3.9135

Example 9 : Forx=0, 1, 2, 3, 4; f(x) = 1, 14, 15, 5, 6. Find f (3) using Forward
difference table. [JNTU 2004, (A) June 2011 (Set No. 4)]

x 0] 1] 2
f)| 1|14 15{5| 6

Solution : Given

Let x=3h=1p=a-0_320_3 Tpeq
h 1
Ayy =13, A%y, =-12, Ay, =1
Ay =1, A%y =-11, A’y =22, Ay, =21
Ay, = =10, A%y, =11,
and Ay; =1

p(p—-1

-Dp-2)...p—(m-1) ,
--.f<x0+ph):yo+pAyo+TA2yo+....+P<P P =2-p = (=) o

n!

_ 30, ., 3@, _
=1+ 13+ = (1) + =) = 5

Example 10 : Find the cubic polynomial which takes the following values :
y(0)=1,y(1)=0,y(2)=1 and y (3) = 10. Hence, or otherwise, obtain y(4).

Solution : We form the difference table as :
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X y A A2 AP
0 1

-1
1 0 2

1 6
2 1 8

9
3 10

Here 7 = 1. Hence, take x = x, + ph and x, = 0, we obtain p = x.
Substituting the value of p, we get
x(x—l)(2)+ x(x-1)(x-2)
(6)
which is the polynomial form which we obtained the above tabular values. To compute
1(4) we observe that p = 4. Hence formula gives y(4)=1+ 4 (=1) + (12) + 24 = 33 which
is the same value as that obtained by substituting x = 4 in the cubic polynomial above.
Note. This process of finding the value of y for some value of x outside the given

range is called extrapolation and this example demonstrates the fact that if a tabulated
function is polynomial, then interpolation and extrapolation would give exact values.

6) =x> —2x% +1

yx)=1+x(-)+

Example 11 : The population of a town in the decimal census was given below.
Estimate the population for the 1895.

year x 1891] 1901] 1911] 1921] 1931
Tat
(thousandsj |46 |66 |81 |93 | 101

Solution : Putting 4 = 10, x, = 1891, x = 1895 in the formula x = x, + ph we obtain

p=2/5=04
The difference table 1s

x y A A? A’ A*

1891 46
20

1901 66 -5
15 2

1911 81 -3 -3
12 -1

1921 93 —4
8

1931 101

(0.4 —1) 0.4 (0.4 — 2)

- 1(1895) = 46 + (0.4) (20) + -

(=3) +

(0.4) (2.4 ~1) @

L (04) (04-1 (04-2)(04-3)
24

(-3)
= 54 .45 thousands.
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Example 12 : In Ex. 11, estimate the population of the year 1925.
Solution : Here Interpolation is desired at the end of the table. Thus we use Newton's

Backward difference interpolation formula. Take x = x,, + ph with x =1925,x, =1931
and ~ =10. We obtain p = —0.6 . Hence it gives

(~0.6) ((=0.6) +1) (~0.6)(—0.6 + 1) (=0.6 + 2)
2

$(1925) = 101 - (0.6) 8 + -

D

4+

N (-0.6) (0.6 +1) (0.6 + 2) (-0.6 + 3) 3)
24
= 96.84 thousands.

Example 13 : In the table below the values of y are consecutive terms of a series of
which the number 21.6 is the 6™ term. Find the first and tenth terms of the series.

4 5 6 7 8 9
27164 |12.5 |121.6|343| 51.2|72.9

Solution : The difference table is

x y A A? A} A

3 2.7
3.7

4 6.4 2.4
6.1 0.6

5 12.5 3.0 0
9.1 0.6

6 21.6 3.6 0
12.7 0.6

7 343 4.2 0
16.9 0.6

8 512 4.8
21.7

9 729

From the difference table, it will be seen that third differences are constant and hence
tabulated function represents a polynomial of third degree. We conclude that both interpola-
tion and extra polation would yield exact results.

To obtain tenth term, we use formula with x, =3,x =10,A =1 and p =7 we get,
()6 4y, DOO) o

10) = 2.7 3.7) 7
y U0 =27+ G 70 0 Q) 6)

=100
To find the first term, we use formula with x, =9,x =1,A =1 and p = 8.

The student is advised to verify that the formula gives y (1) = 0.1.
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Example 14 : Given sin 45° = 0.7071, sin 50° = 0.7660, sin 55° = 0.8192 and
sin 60° = 0.8660, find sin 52° using Newton's interpolation formula. Estimate the error.
[JNTU 2006 (Set No.2)]
Solution : Let y = sinx be the function. We construct the following difference table

x y=sinx Ay Ay Ay
45 0.7071

0.0589
50 0.7660 —0.0057

0.0532 —0.0007
55 0.8192 —0.0064

0.0468
60 0.8660

Here x, = 45,y, = 0.7071, Ay, = 0.0589,A*y, = —0.0057 and A3y0 = —0.0007
Using Newton's Forward interpolation formula

1 1
Y=o+ pAvy +—op(p - 1) A%y, + 52 (p=Dip - 2)A%y,

X = Xy

where p = . Let y, be the value of yat x = 520,
p=(52- 45)/5 =7/5=14

ys, = 0.7071 + (1.4) (0.0589) + %(1.4) (1.4 — 1) (=0.0057)

+-é-(1.4) (1.4 — 1)(1.4 — 2)(=0.0007)

= 0.7071 + 0.08246 — 0.001596 + 0.0000392 = 0.7880032
. sin52° =0.7880032

Error - 22— 1;..'..(;: =) il gy - (14) (14 = DU4=2) 13, ) [by taking n = 2]

_ (144 —61) (14-2) 45 0 _ (D) (0.;1) (0. _0.0007) = 0.0000392

Example 15 : Find f{2.5) using Newtons forward formula from the following table:

x| Of1] 2| 3| 4 5 6
0[1]16] 81| 256| 625 1296 [JNTU May 2006 (Set No.1)]

x—=xy 25-0
Solution: Wehavex=2.5,h=1,p= = =25

Ayg=n -y =1-0=1



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Ay, =y3 —y, =81-16=65

Ay =y, —y3 =256 -81=175

Ay, =ys —y, =1296 - 625=671
A%y, = Ay —Ayy =15-1=14

Ay, =Ayy — Ay =65-15=50
A%y, =Ay; — Ay, =175-65=110
Ay; = Ay, — Ay = 674 —175= 499
Nyy =AMy — Ay, =50 -14=36
Ny =A%y, —A%y, =110-50 =60
Ny, =A%y, — A%y, =499 -110 = 389
Aty =Ny = Ny, =60 -36=24
Aty = A3y, — A3y, =389 - 60 =329

ANy, =A%y — A%y, =329 -24 =305

Using Newton Forward Difference Formula, we have

p(p—1) A2y, + p(p—D(p-2) Ay

2 ’ 3

f(xo+ph)=yy+ pAyy+

~p-2)p-3 “D(p-2)p-3)p-4
+p(p )(pH )Np—3) Aty + p(p—-1)(p I_;(p Np—4) Ay
. A (2.5)(1.5) (2.5)(1.5)(.5) (2.5)(1.5)(.5)(-.5)
£(2.5)=0+2.501) + 2 14) + E (36) + 4 (24)
(2.5)(1.5)(.5)(-.5)(~1.5)
+ 5 (305)

=2.5+26.25+11.25-0.9375 + 3.5390 = 42.6015.
Example 16 : Find y(1.6) using Newton’s Forward difference formula from the table

X 1 1.4 1.8 ] 22

y 1349|482 | 596]| 6.5 [JNTU May 2006 (Set No.3)|
6 3
Solution : Let xy =1, h=14-1=4, xy+ ph=1.6 = 1+4p=16 = P = )

We have Ay, =y, -y, =4.82-3.49=1.33
Ay =y, -y =596-4.82=1.14
Ay, =y;—y, =6.5-5.96 =.54
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A*yo =AMy —Avy =1.14-1.33=-0.19
A’y = Ay, — Ay =.54-1.14 =~ .60
Nyy =A% — A%y =—0.60+0.19=—0.41.

Using Newton’s forward difference formula, we have

pp=0 2 plp-DP-2),3
+ ph)=yy+ pAyy+ ———A"yy + —— A
Jf(xo+ph)=yo +pAyg 2 Yo 3 Yo
0o () Z)con
e £(1.6)=349+>(1.33)+ 22 2202
2 2 3
=3.49+1.995 —0.07125 + 0.025625
=5.4394.
Example 17 : Construct difference table for the following data.
X 0.1 0.3 0.5 0.7 0.9 1.1 1.3
flx) | 0.003 [ 0.067 | 0.148 [ 0248 | 0370 [ 0.518 | 0.697
Evaluate f(0.6). [JNTU May 2007 (Set No. 2)]
Solution :
x Yo AYy A, APy
0.1 0.003
0.064
0.3 0.067 0.017
0.081 0.002
0.5 0.148 0.019
0.1 0.003
0.7 0.248 0.022
0.122 0.004
0.9 0.370 0.026
0.148 0.005
1.1 0.518 0.031
0.179
1.3 0.697

Here x = 0.6, x,= 0.1, h = 0.2, ¥ =0.003,Ay, =0.064,A>y; = 0.017,A> 5 = 0.002
We have x,+ ph=x
05

= 0.1+p(02) = 06 = p(02)=05= p =

Lp=25
By Newton's forward difference formula,

-1 -D(p-2
§0) = 5, + iy = 3o+ p(ayy + PED (g2 PEZIEZD (s
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i.e., 0.6)=0.003 + (2.5) (0.064) + —(2‘5)(2'5_1) (0.017) + (25)@-5 _1)6(2'5 )(0.002)

=0.003+0.16 +0.031875 +0.000625 = 0.1955
- f(0.6) =0.1955.

Example 18 : Find »(54) given that »(50) =205, y(60) = 225, y(70) = 248 and
»(80) =274 . Using Newton’s forward difference formula. [JNTU (H) Jan. 2012 (Set No. 4)]

Solution :| X 50 60 70 80
y(x) | 205 | 225 | 248 | 274

55-50

Here, h=10,xy =50,xy + ph=55= p= 0.5

x |y(x)|A A% | A3
50 | 205

20
60 | 225 3

23 0
70 | 248 3

26
80 | 274

Using Newton’s forward difference formula,

(p- D
(3o + ph) = yo + pAyg + 7 1; ) A%yq + ta 13)(17 2) Ay

1(55) = 205+ (0.5)(20) +

(0.5)(0.5)
E— 3)

=205+10-0.375 =215-0.375 =214.625

5.9 CENTRAL DIFFERENCE INTERPOLATION

As mentioned earlier, Newton's forward interpolation formula is useful to find the value
of y = f(x) at a point which is near the beginning value of x and the Newton's backward
interpolation formula is useful to find the value of 'y ' at a point which is near the terminal
value of x. We now derive the interpolation formulas that can be employed to find the value
of x which is around the middle to the specified values.

For this purpose, we take x, as one of the specified values of x that lies around the
middle of the difference table and denote x;, — 4 by x_, and the corresponding value of j
by y_,. Then the middle part of the forward difference table will appear as shown below.
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x y N Ay ANy Ay Ay
X_4 V-4

Ay_y4
X_3 Y3 A2y74

Ay A3y,4
X2 Vo2 Ay s Ay,

Ay, Ay, ANy,
Xy Yo Ay, Aty

Ay_, Ay, Ay,
Xo Yo Ay Ay,

Ay Ay, Ay,
X N Ay, Aty

Ay, A’y Ay,
X 2 Ay, Ay,

Ay, A3J/1
X3 3 Azyz

Ays
X4 Ya

From the table, we note the following :
Avo = Ay + A2y, Afyg = A%y + APy, Ay = APy + ATy,
Ayo =ty + A%y ...(1) and so on.
and Ay = Ay, + Ay, Ay = APy, + Ny, Ny = Ny, + Ay,
A*y | =A%y, + A%y, Ay =A%y, + A%y, and so on. (2

By using the expressions (1) and (2), we now obtain two versions of the following
Newton's Forward interpolation formula :

p(p-1 (A%y,) + p(p-D(p-2) (A%y0)

yp{yo +p (Ayy) + o 3

(3

P (zj“— 2) (p-3) (M) + }

Here y, is the value of y at x = xp = x, + ph.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

1. Gauss's Forward Interpolation formula :
Substituting for A? Vo> A® Yos--.. from (1) in the formula (3), we get,

yp{ywpmyo)ﬂ(i {2y @)+ L2220 D (0,

+p(p—1)(p—2)(p—3)
4!

4 4 5
A'y_1) Ay +Ay D+ }

p(p—l)(Azy_)+(p+1)p(p—1)

_ 3
yp—{YOJrPAJ’oJr 1 1 3 (A%y_y)

. (p+D(p ;'1)}7(}7 =2) (A4y_1) + }

Substituting for A*y | from (2), this becomes

Yp = |:YO +p (M) +%A2Y—1 +%3p|(p_ll@3y_1)

DT D=2 s, } ()

This version of the Newton's Forward interpolation formula is known as the Gauss's
Forward interpolation formula. We observe that the formula (4) contains y, and the
even differences A%y |, A%y ,,... which lie on the line containing x, (called the central

line) and the odd differences A Yoo A3 R which lie on the line just below this line, in the
difference table.

Note. We observe from the difference table that
Ayg = 8yy5, Ay | =82y, Ay, =8y, A'y, = 8%y, and so on. Accord-
ingly the formula (4) can be rewritten in the notation of central differences as given below :

p(p-— )82 (p+1)p(p—1)63
21 31

N (p+Dp(p-D(p-2) 8y, + } .(5)

Yy ={J’o +poyy, +

41
2. Gauss's Backward interpolation formula :

Next, let us substitute for Ay,, A%y,, Ay, .... from (1) in the formula (3).
Thus we obtain.

-1 2
Yp = [J’o +p Ay + Azy—l) + L2 (]; )(Azy 1t Ay )+ L(p 3)| (p-2)

Vo + Asy_l) + }

Ay, + A%y ) + p(p—1) (11‘ 2) (p-3) "
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+1 -1
(p+ )p( A2y )+ (p+Dp (p )(A3y_1)
2! 3!
+1 -1 -2
L )p(zzu ) (p )(A4y_1)+--}
Substituting for A%y | and A*y | from (2), this becomes

Yp = |:J’O +p Ay )+—"" e+hp X D APy + W(A%’—l +A%y )

= [yo +p Ay )+

LptD p(z;'—l) (p-2) A%y, +A5y_2)+”}

=[yo F Ay )+ (”2 wxhp mHW(A%)

22D PP D P aty ) 4 } .(6)
This version of the Newton's Forward interpolatin formula is known as the Gauss's
Backward interpolation formula.
Observe that the formula (6) contains y, and the even differences A? Vi, A? Vg
which lie on the central line, and the odd differences Ay_,, A3 ¥_5,.... which lie on the line

just above this line.
Note. In the notation of central differences, the formula (6) reads

Yp = {yo +pdy_ +@;—l)p§2 (p+1)§9'(p—1) 5y 12
+2)(p+1 -1
L (p+2) p4' )r(p =D, } D

SOLVED EXAMPLES

Example 1 : Find f{2.5) using the following table

x |[1{2] 3| 4

f(x)| 1} 8 (27| 64

Solution : Since the value required for interpolation is near the centre of the table, we
can use Gauss forward formula by considering x, = 2. The central difference table is

X fx)y Ay Ary Ay
1 1

.
2 8 12

19 6
3 27 18

37
4 64
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Here h=2-1=1Lx=25,x, =2
X=Xy 25-2
= = = 0‘5
Pm 1
Using Gauss Forward interpolation formula,

f(2.5)=8+0.5><19+Wx12+(0'5

=8+95-15-0.375=15.625.
Example 2 : From the following table values of x and y = e* interpolate values of y
when x = 1.91.

X 1.7 1.8 1.9 2 2.1 2.2
e* [5.4739 16.0496 | 6.6859 | 7.3891 | 8.1662 |9.0250

Solution : The central difference table is

-1) (0.5 (0.5+1) <6
3x2

x v Ay Ay Ay Ay Ay
7 54739
0.5757
1.8 6.0496 0.0606
0.6363 0.0063
19 66859 0.0669 0.0007
T~ 070327 >50.00707 00001
2 7.3891 0.0739 0.0008
0.7771 0.0078
21 8.1662 0.0817
0.8588
22 9.0250

Here h=18-17=0.1,x, =1.9,x =191;

x—x 191-19 0.01
Ao 01 0l

According to Gauss Forward interpolation formula,

(0.1-1)x 0.1

=0.1

p:

Yiop = f(1.91) = 6.6859 + 0.1x 0.7032 + x 0.0669 +

(0.1-1) (0.D) (0.1+1) % 0.0070 + (0.1-2)(0.1-1D (0.1 (0.1+1
3x2 ' 4x3x2
N (0.1-2)(0.1-1 (0.1) (0.1 +1) (0.1+2)

S5x4x3x%x2
Example 3 : From the following table find y when x = 38.

x| 30 | 35| 40 | 45| 50
y [15.9]14.9]|14.1]13.3] 12.5

x 0.0007

x 0.0001 =6.7531

Solution : Since the value x = 38 is near the centre of the table we can use Gauss
Backward interpolation formula starting from x, = 40 . The central difference table is
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x y Ay Ay Ay Ay
30 159
~1.0
35 149 0.2
08 ~02
40 141 0.0 0.2
S5 oo 7
45 133 0.0
~08
50 125
Here 7 =35 -30 = 5,x, = 40, x = 38
X—x, 38-40 -2
X=xy+ph=p= 0 — =—=_-_04
0oTP p 7 5 5

According to Gauss Backward formula,

vz = f(38) = 14.1+ (-0.4) (-0.8) + (0.4) (2—'0.4 D 0o

L (04 -1 (-04) (-04 1)
3!

x (0.0)

L (£04-1D) (:04) (04 +1D (04 +2)

x 0.2
4
= 14.4245.
Example 4 : From the following table find y when x = 1.35
x| 1 1.2 14 1.6 1.8 |2
y 10.0] -0.112 | -0.016 | 0.336 | 0.992
Solution : The central difference table is
X y Ay ANy Ny Ay
1 0
—-0.112
1.2 —0.112 0.208
+0.09 0.04
14 —0016” K—*O.256;' ~ 0
0.352 0.048
1.6 0.336 0.304 0
0.656 0.048
1.8 0.992 0.352
1.008

2 2
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Here h=12-1=02,x, =14,x =135

_ o x—Xxy 135-14 -0.05
X=xy+ph=p-= = 02 =0

According to Gauss Backward interpolation formula,
(-0.25) (-0.25 +1)
!

=-0.25

Vi35 = f(1.35) = -0.016 + (=0.25) x 0.096 +

, (£025 1) (£0.25) (025 + 1)
31

x 0.256

x 0.048

=-0.062125.

Example S : Use Gauss Forward interpolation formula to find f(3.3) from the following
table :

X 1 2 3 4 5
y = f(x)] 15.30] 15.10| 15.00| 14.50| 14.00

Solution : The difference table for the given data is given below with x, = 3

x v Ay Ay Ny A
x,=1 y,=1530
-0.20
x,=2 y,;=1510 0.10
-0.10 —-0.50
Xg =3 y,=1500 —-0.40 0.90
—-0.50 0.40
x =4 y =14.50 0.00
—-0.50
x, =5 y, =14.00

From the table, we note that y, =15.00; Ay, = -0.50,
A’y | =040, A’y | =0.40 and A*y , =0.90.

X, — X _
Let x, =3.3. Then p = p_ 0 3'31 3 _ 0.3
The Gauss's Forward difference formula now becomes

f(3:3) =y, =15.00 + (0.3) (-0.50) + W(—OAO)
L (0.3 (0.09-1) (0.3) (0.09 — 1) (0.3 — 2)
6

0.40) +
( ) 24

(0.90)

=14.9

Example 6 : Use Gauss's Forward interpolation formula to find f (30) given that
f(21)=18.4708, f(25) = 17.8144, 1(29) = 17.1070, f(33)=16.3432, f(37)=15.5154.
Solution : Let us take x, = 29 and prepare the following difference table :
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X y=f(x Ay Ay Ay Ay
x, =21 y_, =18.4708
—0.6564
X, =25 y, =17.8144 ~0.0510
-0.7074 —0.0064
Xy =29 y, =17.1070 —0.0574 .0018
—0.7648 —0.0046
X =33y =163422 ~0.0620
—0.8268
x, =37 y, =15.5154

From the table, we find that y, = 17.1070; Ay, = —0.7648 ,
A’y | = —-0.0574, A’y | = —0.0046, A*y , = .0018

X, — X, -

p—%0 _30-29 55

Let x,, =30. Then p =

The Gauss's Forward difference formula now gives

(0.25) (3.25 =D Lo0s74)

f(30) = y, =17.1070 + (0.25) (~0.7648) +

, (0.25) (0.2625 D Va0 0046,

, (025) (0.0625 - 1) (0.25 - 2)

24
Example 7 : Find the polynomial which fits the data in the following table using Gauss
forward formula.

(.0018) =16.921.

501719 |11
24|58 | 108 | 174

[INTU (H) Jan. 2012 (Set No. 3)]

Solution : Take xy+ph=x.Here xy=3 and h=2 = 3+2p=x=>p= x;B
Difference table is
x y Ay A’y A3 Aty
3 6
18
5 24 16
34 0
7 58 16 0
50 0
9 108 16
66
11 179
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Using the Gauss forward formula,

S(x)=yo+pAyy +

oo (2o

=6+ (9x—27) +(x* ~8x +15) (4)

_1 2
p(p2 )A Yo

—4x% —32x+60+9x—-27+6

= 4x% ~23x+39
Example 8 : Find by Gauss's Backward interpolating formula the value of y at
x = 1936, using the following table :

x [1901] 1911|1921 |1931 | 1941 1951
y| 12115 20 [27 [39 | 52

Solution : Let us take x, = 1931 and construct the following difference table :

x y Ay Ay Ay Ay Ay
v, =1901 y, =12
3
X, =1911 y, =15 2
5 0
x, =1921 y_ =20 2 3
7 3 _10
1931 =21 s N7 —
12 4
x =194 y =39 1
13
x, =1951  y, =52

From the table, we find that
yo =27, Ay, =7, A%y =5 Ay, =3 Ay, =-7, Ay;3=-10
Yp Y0 1936 -1931 _
h 10
The Gauss's Backward difference formula now gives

0.5

Let x, =1936. Then p =

¥, =274 (0.5) (7) + (0.5) ((2).5 +1) 5, (05 (0625 -0 3
L09025-D©05+2) (o, (0.5 ©25-D(025-4)
24 120

=32.345.

This is the value of y for x =1936.
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Example 9 : Use Gauss's backward interpolation formula to find f (32) given that
f(25)=0.2707, f(30)=0.3027, f(35)=0.3386, f(40)=0.3794.
[JNTU (A) Nov. 2010 (Set No. 1), May 2012 (Set No. 2)]
Solution : Let us take x;, = 35 and construct the following difference table :

X y=f(x) Ay A%y Ay
0.032
x_; =30 y_, =0.3027 0.0039
0.0359 0.0010
xp =35  y, =0.3386 0.0049
0.0408
x =40 y, =037%4

From the table, we find that y, = 0.3386;

Ay_, =0.0359, A’y_, =0.0049, A>y_, = 0.0010
Xp ~ X _32-35 _

Let x,, =32 Then p = —0.6

The Gauss's backward difference formula now yields
(-0.6) (0.6 +1)
2

f(32) = y, = 0.3386 + (-0.6) (0.0359) +

N (-0.6) (0.36 —1)
6
Example 10 : Given that /6500 = 80.6223, /6510 = 80.6846, /6520 = 80.7456,
\6530 = 80.8084 . Find /6526 by using Gauss's backward formula.

Solution : Here the given function is of the form f(x) = /x . Let us take Xy = 6520
and construct the difference table below :

(0.0049)

(0.0010) = 0.3165.

x = Ay Ay Ay
X, = 6500 ., = 80.6223
0.0623
x| =6510 y_, =80.6846 ~0.0004
0.0619 0.004
Xo = 6520y, = 80.7465 0
0.0619
X =6530  y, =80.8084

From the table, we find

yo =80.7465; Ay | = 0.0619, A’y | =0, A’y _, = 0.0004

Let x, = 6526. Then p =

Xp ~ %o _ 6526~ 6520 _

0.6

h

10

The Gauss's Backward interpolation formula gives
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¥, = 80.7465 + (0.6) (0.0619) +

05 051D ) , 06) (0636_1) (0.0004)

=80.7836.

Thus /6526 = 80.7836.
Example 11 : Find y(25), given that y,, = 24, y,, = 32, y,, = 35, y,, = 40, using Gauss

forward difference formula. [JNTU Sep. 2006, (H) June 2011 (Set No. 2,4)]
Solution : Gi x [20]24]28 |32
olution : G1ven v [ 24 [32 35 |40

By Gauss Forward difference formula,

p(p=1) 2 (p+D(P)Xp -1 3
y () =Yo+pAy, + o Ay 1+ Y Ay b
We take x = 24 as origin.

xX—xy 25-24

Soxyg=24,h=4,x=25,pP= 3 2 25
Gauss forward difference table is as follows
x p y Ay A’y Ay
20 -1 24
A
24 0o | G2, G ay-1
@AyO @A3Y71
28 1| GOn @Ay,
@A)ﬁ
32 2 ¥,

*. By Gauss Forward interpolation formula, we have

(25)(25-1) o (25+D(25)(25-1)
2 6

¥ (25) = 32+(25)3+ (=5)

= 32+ .75 46875 — 2734 =32.945.
y(25) = 32.945.

(7

Example 12 : Using Gauss Backward difference formula, find y(8) from the following
table. [JNTU Sep. 2006, May 2007 (Set No. 1)]

X 0 5 10 IS | 20 | 25
7 11 14 18| 24 | 32
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Solution : Given

X 0 5 10 | 15 120 | 25
y 7 11 14 | 18 | 24 | 32

The difference table is given below :

x y Ay A%y Ady Aty Ady

x,=0 vo=17
Ay ,=4 | Ay ,=-1| Ny,=2| A%y ,=-1
x ;=5 y, =11 Ny =
=3 A2y71= 1 A3y71= 1 A“y71 =-1
xp =10 Yo =14
Ay,=4 A%,=2 Ay,=0
x =15 y =18

.X'z:20 y2:24

X3 = 25 V3 = 32
By Gauss Backward interpolation formula,

pp+h) (p+hp (p-D A2

SO =y, =y TP Ay Ty A T T A
(p+thp (p-D(p-2) 4
+ 2 Ay g+
Here xp=8,y0:14,x0:10,h=5
d _ X -x _8-10 -2 0.4
A T e
—04)(-04+D1 (-04+1)(—0.4)(-0.4-1
7(8)= 142 04(3) + ( )(2 ) +( ) : ) )(2)

, (£04-2)-04 +2 i)(—0.4)(—0.4 -1 1)
=14-12+0.112+0.0336-0.12
~o(8) = 12.7024.
Example 13 : Find f{22) from the Gauss forward formula.
x | 20 25| 30| 35 |40 | 45 [JNTU May 2007 (Set No. 4)]
flx) | 354 332 291 260 |231 |204

Solution : The Difference table for the given data is given below with x,, = 25.
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X y Ay Azy A3y A4y ASy
x, 20 y,354 Ay |
22 Ny,
-19 | A1 | AYy
vy Ay, 29 Ay-1
X, 25 332 —41 Ny, | Ay, | -37
10 45
x, 30 ¥, 291 Ay, -8
-31
x, 35 ¥,260 | Ay, Ay, 2 Aly,8
~29
x; 40 ¥, 231 Ay,0
x, 45 ¥,204 | Ay, Ny, 2
—27

From the table, we note that

Vo =332, Ay, =41, A%y =19, A%y =8, A%y =-37,A% =45

~ XXy 22-25 -3
Letxp—22.Thenp— N 5 5 0.6.
Now the Gauss Forward formula gives,

(~0.6) (-0.6—1)
2

(=0.6)(-0.6 —=1)(-0.6 +1)
6

f22)=y,=332+(-0.6) (41) + (-19) + (-8)

(—0.6)(=0.6 —1)(—0.6 + 1)(—0.6 — 2)
" 24
L (F06)(0.6-1(-0.6+1(-0.6-2)(-0.6+2)
120

(-37) +

(45)

(0.6) [(0.6)* = (1)°]
6

2
— 332+ (0.6) (41) - M;O'é)(wn ®)
(0.6 [(0.6)* -171(0.6+2)

24

(37

~ (0.6)[(0.6)* —1] [(0.6)* —2°]
120

= 332+24.6-9.12 - 0.512 + 1.5392 — 0.5241
Thus A22) = 347.9831.

(45).
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Example 14 : Find £ (2.36) from the following table :

x:] 16| 1820 221 24 26
y:| 495 | 605|739 | 9.03 | 11.02 | 13.46
[JNTU 2008 (Set No.4)|
Solution :
x |y=f| Ay A%y Ady Aty Ady
1.6 4.95
1.1
1.8 6.05 0.24
1.34 0.06
2.0 7.39 0.30 —0.01
1.64 0.05 0.06
22 9.03 0.35 0.05
1.99 0.10
N\ -
// N A
2.4 11.02 0.45
2.44
2.6 13.46

Here h=18-16=02,x,=2.4, x=2.36
x=x,+tph=236=24+(02)p
= —0.04=02p=>p=-0.2

Using the Gauss backward formula,

V36 = f(2.36)

=Yy T Ay + p(pTrl)(AzyoH%(ﬁyo)

(0.10)

= 11.02 + (—0.2)(1.99)+(_L2)(°8)(o.45)+(0‘8)(‘062)(‘1'2)
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11.02 - 0.398 — 0.036 + 0.0032
" Yyae = 10.5892.

Example 15 : Given f(2)=10, f(1)=38, f(0)=5, f(-1)=10 estimate f(1/2) by using
Gauss’s forward formula. [JNTU (A) May 2012 (Set No. 4)]

Solution : Tabulating the given values

x |[-1]of1]2
f(x)=y|10|5]8]10

We form the difference table

x y Ay A%y Ay Aty

X_1 =-1 Y =10

-5
X =0 Yo =5 8

3 -9
x =1 » =38 o]

2

X2=2 y2=10

Here’ Xp = O’yo = 5’ Ayo = 3,A2y71 =8

1
x,=—=0.5
p 2 ’

X, =X 0.5-0
- _0°70 s
P= 1

Using Gauss forward difference formula,

fU2)=f(xp)=yp = yo+ p(Aro) +-p(1;1) A%y,

= 5+(0.5)(3)+M2_0'5).8

=5+1.5-1=45
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5.10 INTERPOLATION WITH UNEVENLY SPACED POINTS

In the previous sections we have derived interpolation formulae which are of great
importance. But in those formulae the disadvantage is that the values of the independent
variables are to be equally spaced. We desire to have interpolation formulae with unequally
spaced values of the independent variables. We discuss Lagrange's Interpolation Formula
which uses only function values.
1. Lagrange's Interpolation Formula :

Let x,,x;,X,,...,x, be the (n+1) values of x which are not necessarily equally
spaced. Let y,, y;, v5,..., ¥, be the corresponding values of y = f(x). Let the polynomial
of degree n for the function y = f(x) passing through the (n +1) points (x,, f(x;))
(x1, f(x)))....(x,,, f(x,,)) be in the following form

y=Ff(x)=ay(x—x) (x =xp)c(x = x,) ... + @1 (x — Xp) (x =%3)...(x = X,)
+ay(x—x5) (x=x) (x = x3)(x—x,) +...+a,(x = x5) (x=x).c..(x = x,,_;)

where ay,a,,a,,...,a, are constants. (1)

Since the polynomial passes through (x,, f(xy)), (x;, /(x))),.... (x,, f(x,)), the
constants can be determined by substituting one of the values of x,, x;, x,,..., x, for x in the
above equation.

Putting x = x, in (1) we get, f(xy) = ag(xy — x1) (Xg — X5) ....(xy — X,,)

/()
(X0 = x1) (% = %) .. (X — X,
Putting x = x; in (1) we get, f(x;) = a;(x; — xp) (X} —xp) oo (Xp — X))
/()
(q —x) (0 = %) e (g — )

Similarly substituting x = x, in (1) we get, a, =

= a4y =

p— al =
S (x)
(x3 = xg) (X3 = x1) ..o (x2 = Xp)
Continuing in this manner and putting x = x, in (1), we get
| (%)

(x, = x0) (6, = x7) oo (X, = 2%, 1)
Substituting the values of g, g, a,,...,a, , we get

ay

(x=—x)(x—x3).c.(x — x,) F(x) + (x=xp) (x = x3).c(x — x,,)
(X0 = x1) (%9 = x2) ... (X0 = X;) (X = x0) (3 = %) 03y = ;)

f(x)=

S ()

(x=xp) (x =x7) .ecx = x,)
(0 = x) (% = x7) . (g = X))
(x—x) (x—x)..(x —x, 1)
(x, = x0) (%, = xp)e (X, = X, )
This is known as Lagrange's Interpolation formula. This can be expressed as
F = Y e []
k=0

j=0 (xp — xj)
Jj#k

£(x) + ...

VACH)
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Another form : f(x) = (x = x)(x = x3)..(x — x,,) F0q) +
(1 = x)(x = x3)...0 — x,,)
(x = X )(x = x3)(x = Xg)...(X — X;,) F(xy) 4o+ (x = x)(x = xp)...(x = x,_)
(X = x)(xy = x3)...(x%; — X;,) (x, = x)(x, = X3).(x, = %,1)

SOLVED EXAMPLES

Example 1 : Evaluate f{10) given f (x) = 168, 192, 336 at x = 1, 7, 15 respectively.

Use Lagrange interpolation. [INTU 2002, (A) May 2012 (Set No. 2)]
Solution : We are given

VACH

Xo=Lx =7,x =15x=10and
Yo =168,y =192,y, =336,y =?
The Lagrange's formula is
_ = x) (r-x) + (x —xp) (x = xp) N (x —xp) (x —x)
= 0 1 2
(xo —x1) (X9 — x3) (v = xp) (O —x3) (x5 — xp) (X —x7)
On substitution, we have
10-7)@0-15 o0 (10-DQA0-15 o (0-D@A0-T) ..
1-7)1-15) (7-1D(7-15) a5-1)15-17

y=/(10) =

=D 68+ 2 w192 + 2L w336
84 8 112

= —0.1786 x 168 + 0.9375 x 192 + 0.24 x 336

= -30.005 + 180 + 81.01 = 231.005 approx.
Example 2 : Using Lagrange formula, calculate /' (3) from the following table.
x (0]1]214]|5]|6
feo (1 e [is [5]e |19 [JNTU May 03]

Solution : Given x5 =0,x =1L, x; =2,x3 =4,x4 =5,x5 =6

and f(xg) =L f(x) =14, f(xy) =15, f(x3) = 5, f(x4) = 6, f(x5) = 19
From Lagrange's interpolation formula,
f(x) = (x —x) (x =) (x = x3) (x —x4) (x — x5)
(xg = x1) (xg = xp) (xg —x3) (%9 — x) (X9 — x5)
(x—x) (x—xp) (x —x3) (x —x4) (x = x5)
(xp = %) (¥ = x) (3 — x3) (x = xg) (¥ = X5)
(x —xp) (x —x) (x —x3) (x —xy) (x — x5)
(xy = x9) (X3 —x7) (o = x3) (o —x4) (3 — X5)
(x—xp) (x—xp) (x— X)) (x —xy) (X —x5) Fg)+
(3 =Xp) (3 =) (03 = X) (3 —x4) (o3 — x5)
(x—x) (x—x) (x—x) (x—x3) (x— x5)
(x4 = x9) (x4 —x7) (x4 = X3) (x4 —x3) (34 = X5)
(x —xp) (x —xp) (x = xp) (x —x3) (x — xg)
(x5 = xg) (x5 — x1) (x5 = X3) (X5 = x3) (X5 —x4)

S (x) +

S(x)+

S(a) +

S (x4) +

S (x5)
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Here x =3.
O0O-D(O-2)(0-4)(0-5)(0-06)
(3—0)(3—2)(3—4)(3—5)(3—6)><1
1-0001-2)1-49a-50-0)
B-0B-DB-4HB-56-6
2-002-D(2-42-5@2-6)
B-0B-DB=-2B=-50C-60 .
4-0@4-1H)4d-2)4-5@E-06)
B-0B-DB=-2B-49C=-6 .
G-0G5-D(5-2)5-4)(5-6)
B-0B-DB=2)B-9B=5 4
6-0)(6-1)(6-2)(6-4)(6-5)

A2 I8y 30,5305 18612
240 60 48 48 60 240
=0.05-42+11.25+3.75-1.84+0.95 =10
s f(xy) =10.
Example 3 : Using Lagrange's interpolation formula, find the value of y(10) from the
following table:
X 51 61 911
y | 1213|114 |16

4 +

15+

[INTUAug. 2008S (Set No.2]

(or) Find y(10), Given that (5) = 12, (6) = 13, »(9) = 14, y(11) = 16 using Lagrange's
formula. [JNTU(H) June 2010 (Set No.3)|

Solution : Lagrange's interpolation formula is given by

(x—x) (x = x3) (x — xy4) f(xy)

(X —x) (x — x3) (x — x4) f(x

0= (g —xp) () = x3) (% —x4) )+ (x —x1) (% = x3) (x5 —xy)
(x —xp) (x = x;) (x — x4) (x —xp) (x = x;) (x — x3)
' (3 —x) (33 —x3) (%3 — x4) fla)+ (x4 —x1) (x4 —xp) (x4 — X3) /)

Given x; = 5,x, = 6,x3 =9,x, =11
Here x=10, f(x;) =12, f(x,) =13, f(x3) =14, f(x;) = 16
7010y = (10 -6) (10 -9) (10_11)x12+ (10-5) (10-9) 10 -11) <13
5-6)(5-9)(5-11) (6-5(6-9) (6-11)
+(10—5) (10 - 6) (10—11)X14+(10—5) (10—6)(10—9)><16
9-50©-6)(O-11) (11-5)(11-6)(11-9)
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4x1x-1 S5x1x-—1 S5x4x-1 S5x4x1
= x 12+ —mMm—x 13 + x 14 + X
—1x—-4x -6 I1x-3x-5 4x3x-2 6x5x%x2
13,3516 142 — 146666
3 3 3 3
Example 4 : Given u, = 580, u, = 556, u, = 520 and u, = 385 find u,.

Solution : Given data can be tabulated as follows.
X 0 1 2 4
u(x) 580 556 520 | 385

Here x,=0,x,=1,x,=2,x,=3 and
S (x) = f(0) = uy =580

Slx) = f(A) =u =556

f(5y) = f(2) = uy = 520

S(xg) = f(4) = uy = 385

By Lagrange's formula,

f(x) = (x—x) (x—x) (¥~ x) flx)* (X —x) (X —x) (x—x4)

(xo — x1) (X9 — X3) (X — X4) ‘ (5 —x) (0 —x) (x5 —xy)

16

S ()

(x —xp) (x —x) (x — x4) (x—xp) (x —x) (x — x)
+(x2 = xp) (% = x) (% _x4)f(XZ)+ (x4 —xp) (xg —xp) (x4 _xz)f(x4)
103 = B-V3B-2)3-4% (58O)+(3_0) 3-2 (3_4)(556)
O-1)(0-2)(0-4 1-01-2ya-4
+(3—0)(3—1) 3-4 (520) + B3-03B3-H)@3B-2 (385)
2-02-1)2-49 4-04-1)H“-2
o 2x1x-1 3x1x-1 3x2x-1 3x2x1
_—1><—2><—4(580)+1><—1><—3(556)+2><1><—2(520)+4><3><2(385)

=145 - 556 + 780 + 96.25 = 465.25 .

Example 5 : The values of a function f (x) are given below for certain values of x
X 0|1 ]|3]|4
f(x) |5 |6 [50 |105

Find the values of f'(2) using Lagrange's interpolation formula.
Solution : By Lagrange's interpolation formula,

(x—x) (x = x3) (x — xy)

_ (x —x5) (x = x3) (Xx = x4)
7 (g —xp) (= x3) (7 —xy) fa)+ (o —x1) (% = x3) (xp — xy) ftx2)
n (x —x) (x = x;) (x — x4) flx) + (x—xp) (x = x;) (x — x3) f(x)

(x3 = x) (x5 —x3) (x5 — x4) (xg —x1) (x4 — xp) (x4 — x3)
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. _2-H2-3)2-9 (2-0)(2-3)(2-4)
SEACR (0—1) (0 —3) (0—4)(5)+ (1-0)(1-3) (1-4) ©
+(2—0)(2—1)(2—4)(50)+(2—0)(2—1)(2—3)(1 )
B-03-H@B-4 4-0)4-1)HE-3

_ Ix-1x-2 (5)+2><—1><—2(6)+2><l><—2(50)+2><1><—1(105)
—Ix-3x-4 1x-2x-3 3x2x-1 4%x3x1
=—_5+4+@_§ _ -5+ 24+ 200 -105 _ 114 ~ 19
3 2 6 6

Example 6 : Given the values :

x o|2] 3| 6
F(x) |4|2]14 [158

Using Lagrange's formula for interpolation find the value of f{4).
Solution : Using Lagrange's interpolation formula,

fx) = (x—x) (x—x3) (x = x4) P (x=x) (x = x3) (x — x) e

(1 —x) () — x3) (% — x4) (5 = x7) (% = x3) (x5 —xy) 2)
(x —xp) (x = x;) (x — x4) (x —xp) (x = x;) (x — x3)
' (x3 = x) (33 —x3) (x5 —24) ) (x4 —x1) (x4 —x3) (x4 — x3) /)

Here x =4, x, =0,x, = 2,53 = 3,x4, = 6
and f(x;) = =4, f(x;) = 2,/ (x;) = 14, [ (xy) = 158
(4-2)(4-3)(4-6) (4-0)(4-3)(4-6)

0060 Ve ne a6
LEE0 @D (26 ) (20 ()03 (g
(3-0)(3-2)(3-6) (6-0) (6 -2) (6-23)
L 2xix(=2) 4 x1x(=2) 4x2x-2 4x2x1
_—2><*3><—6(4)+2><—1><—4(2)+3><1><—3 (14)+6><4><3(158)
_ 45,224 158 —4-18+224+158 _
9 9 9 9

Example 7 : State Lagrange's formula of interpolation, using unequal intervals. From
an experiment, we get the following values of a function f (x):

X 1124
f(x) [3]|-5] 4

Represent the function f (x) approximately by a polynomial of degree 2.
Solution : Lagrange's interpolation formula,
(x—x) (x-x3) (x—x) (x—x3)
fx) = . = () + 1 = f(x,)
(= x) (o — x3) (x = x) (x5 — x3)
(x—x) (x—-x
P 0)

(55— x) (%5 — xp)
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Here x;, = Lx, =2,x; =—4; f(x)=3,f(x) =-5,f(x;) =4
:3X(x—2)(x+4)+ (x—l)()c+4)+4>< (x-D(x-2)

X =5
/(9 1-2)(1+4) ( )(2—1)(2+4) (-4-1D)(4-2)
-3 2 5,2 4 2
=— X +2x-8) - =x"+3x-4H+—(x" -3x+2
5( ) 6( ) 30( )
_(—3 5 4) ) (—6 15 4) (24 10 4)
==t — || === x| ==+ —
5 6 30 5 6 10 5 3 15
-13 » 41 42 -1 2
. = —x " ——x+— = —(3x“ +41x-84
o S o0 10t 10( x x ).

Example 8 : Find the interpolation polynomial for the following :

X 011]2 5
f(x) | 2|3 12 [147

Solution : By Lagrange's interpolation formula,

f(x)=(x_1) (x—2)(x—5)(2)+(x—O)(x—2)(x—5)
0-1)(0-2)(0-5) 1-001-2)1-5)

Jr(x—O) (x-1) (x—5)(12)+(x—0) (x=1D(x-2)
2-0)2-1)(2-9) G-0)5-1 (-2
=_?1(x3 gy +17x—10)+%(x3 — 722 £10x) = 2 (= 6x% + 5%)

+ ﬁ(;ﬁ —3x% + 2%)
20

©)

(147)

= L (44 1553 — 40 + 49x%) + - (3202 — 10522 + 24022 — 147x2)
20 20
+2—1O (=68x + 150x — 200x + 98x) + 2

=x’ ax” —x+2
Example 9: Givenx =1, 2, 3,4 and f'(x) = 1, 2, 9, 28 respectively find f(3.5) using
Lagrange method of 2" and 3™ order degree polynomials.

x | 1]2[3] 4
fo | 129 (28

Solution : By Lagrange's interpolation formula,

[INTU (A) May 2013 |

_ c (x = xp)..(x —x ) (X=X 4)(x — X))
J&) ,;f(xk) (o = x0)- (X = x51) (3 — x,)
For four points (i.e., n = 4)
f(x) = (x—x) x—x) (x—x) f(xg) + (x—x) x—x) (x—x3)

(xg —x1) (X9 — x3) (X9 — X3) (1 —xp) (4 —x3) (¥ —x3)
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(x—xp) (x—x) (x —x) 1

(x—x) (x —xp) (x — x3)
+ + X3)
&) (X3 = x9) (x5 —x7) (% —x3) %) (x5 = xp) (i3 —x7) (x5 — x) ’
. 35y = (35-2)(3.5-3)(3.5-4) W+ (3.5-1)(3.5-3)(3.5-4) @
(1-2)(1-3)(1-4) 2-1)(2-3)(2-4)
LB5-D(35-2)(3.5-4) )+ (3.5-1)(3.5-2)(3.5-3) 28)
B-1)(3-2)(3-4) (4-1)(4-2)(4-3)
= 0.0625 + (=0.625) + 8.4375 + 8.75 = 16.625
Now f(x) = (x—-2) (x_—63) ()c—4)(1)+ (x-1 (x;?a) (x—4)(2)
) (x—4)(9)+ (x-1) (x=2) (x—3)(28)
(-2)
s —sx;s) (x — 4) SR (x° —3xJ_r22) (x—4)(9)
+(x2 ~3x +62) (x - 3) 8)
_ X0 -9’ +626x—24+x3 62 19/ B —7x2;14x—8(9)
+ x3 - 6x26+ 11x -6 (28)
= [—x3 +9x% —26x + 24 + 657 — 48x% +114x — 72 — 27x° +189x% — 378x
8x2 + 18x

3
+216 +308x + 28x° — 168x7 — 168]/6 b -l 2

e f(x)=x" =3x" +3x
5 f(3.5) = (3.5) = 3(3.5)° +3 (3.5) = 16.625 .
Example 10 : Find the unique polynomial P(x) of degree 2 or less such that P(1) =1,
P(3) =27, P(4) = 64 using Lagrange interpolation formula.
[JNTU 2004, (A) Nov. 2010 (Set No. 2), May 2012 (Set No. 3)]
x| 1] 3] 4

P(x)| 1 [27 | 64
Here x, = Lx; =3,x, =4; f(xo) =1, f(x)) = 27, f(x;) = 64

Solution : Given

By Lagrange's interpolation formula for three points,
_ (x—x) (x —x,) (x = xp) (x = x;)
1 (xp —x) (%9 — %) b+ (x = xp) (% = x3)
(x —xp) (x —x)
" (%) = xp) (x5 = x7) /5
_ (x—-3) (x—4)x1+(x—1) ()c—4)><27Jr (x-1 ()c—.’a)><64
1-3)(1-4) B3-1)Y@B-49 4-1H@4-3

VACSY)
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= %[48x2 —114x + 72] = 8x? = 19x + 12
. The polynomial P(x) = 8x* —19x +12.
Example 11 : The values of x and log , x are (300, 2.4771), (304, 2.4829),
(305,2.4843) and (307, 2.4871), find the log ,301.
Solution : By Lagrange's interpolation formula,
(x=x) (x=xp)..(x = x,) (x = x) (x =x3)...(x — x,,)
1) 2) 0 2 f(xl)

S (xo) +

(xo —x7) (X9 = x)--(x9 — X;,) (v —xp) (¥ = xp)...(p — x,,)

f(x) =

(x = xp) (x = xp) (x = x3)-..(x — x;,)
' (xy —xp) (x3 — X)Xy — X)) S(x) + ...

(x — xO) (x — xl)...(x — xn—l)
’ ()Cn - xO) ()Cn - xl)"'(xn - xn—l) f(xn)

_ D EVEO 5 479, LEDCO 5 4809
(—4) (=5) (-7) 4 (=D (3

+ D CO 4843 DD D 5 4e9y
) M (-2) (7)(3) ()

=1.2739 + 4.9658 — 4.4717 + 0.7106 = 2.4786 -
Example 12 : The function y = sin x is tabulated below

log,, 301

X 0 /4 /2

y=sinx 0 | 070711 | 1.0
Using Lagrange's interpolation formula, find the value of sin(r/ 6).

Solution : - We have
in ™ ~ (n/6 —0) (n/6 — 1/2) (0.70711) + (n/6 —0) (n/6 — /4) 1)
6 (n/4-0) (n/4—m/2) (n/2 —0) (n/2 — /4)

— 8070711y L 2 265688 _ ) 51743
9 9" 9

Example 13 : Using Lagrange's interpolation formula, find the form of the function
¥(x) from the following table :
X 0111 3] 4
y [-12]10]12 |24
Solution : From the table, we observe x =1,y = 0. Thus x —1 is a factor.

Let ¥(x) = (x —1) R(x) = R(x) = ﬁ
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Tabulating the values of x and R(x), we get
X 01314
R(x) 1216 |8
Using the Lagrange's interpolation formula,
R(x) = (x—x) (x=—x) Fxg) + (x —xp) (x —x) ()
(X0 = x1) (X = %) (= Xp) (¥ = x3)
X—X) (x —x
CEENTCEE TR
(3 =x) (x3 — ;)
_ (x—-3) ()c—4)(12)+ (x—-0) ()c—4)(6)Jr (x-0) (x—3)(8)
(=3) (4 B-003-4 (4-=0)(4-3)
=x-3)(x-4)-2x(x—-4) +2x (x-3) =x" =5x+12
Hence the required polynomial approximation to y(x) is given by
y(x) = (x = 1) (x* = 5x +12).
Example 14 : Find the interpolating polynomial f{x) from the table.
X 0 1 4 5
fix)| 4 3 24 | 39

[JNTU 2008, (H) June 2009, (K) Nov.2009S (Set No.4)]

Solution : Given
x,=0, x,=1, x,=4, x;=5and
Sixg) =4, fix) =3, flx) =24, flixy) =39

Using Lagrange’s interpolation formula,

(x — 2 (x —x)(x — x3) F(xg) + (x — xp)(x = xp )(x — x3) I

Jix) = (xg —xp)(xg = X2 )(xg — X3) (o1 = x0 )(xp = x2 )(xy — x3) )
(o =0 )(x = X )(x — x3) (x = xp)(x = x )(x = xp)
(g = x0)(oxp —x1)(x — x3) S o)+ (o3 = xp)(x3 — x1)(x3 _xz)f(x3)

(=D -)(x—5) . (x—0)(x—4)(x—5)
S 9= 00— s0-5 P aoaaas O

N (x=0)(x—-1)(x-5) (24)+ (x=0)(x-1I)(x—-4) (39)
(4-0)4-DH4-5) G-0)5-D(5-4)

_ (-DY —9x+20](4)+ x[x? = 9x +20]

=20 12 @)

x[x? —6x+5]
+ e ——
~12

x[x2 —5x+4]

(24) + (39)
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X —9x2+20x—x2+9x—20+[x3—9x2+20x]

— 1 —(2x> —12x% +10x)

+[39;;3 ~195x2 +156x]
20

On simplification, f(x)=2x> —3x+4
Example 15 : Using Lagrange’s interpolation formula, find y (10) from the following
table :

x | 5 6 ]9 |1
y |12 [13]14] 16 [INTU 2008 (Set No.2)]

Solution : Lagrange’s interpolation formula is

B (x = xp)(x = xp)(x — x3) n (x = X0 )(x — 2 )(x = x3)
Jix) = (%0 — x1)(xg — X2 )(xg — x3) 0 (1 = x0) (¥ = x)(x; —x3)

(x = x0)(x — x)(x — x3) )+ (x =xp)(x =x)(x —xp)
(g —x0)(x3 —x1)(x2 — x3) (3 =20 )(x3 —x1)(x3 —x2)

40)(=D G)D(=D 54D 531D
=10 =5 P oo T iee e
_, 13,35 16 613435416
3 3 3 3
or y(10)= 14.67
Example 16 : Find the parabola passing through points (0, 1) (1, 3) and (3,55) using
lagrange’s interpolation formula. [JINTU 2008 (Set No.3)]
Solution : Given points are (0, 1) (1, 3) (3, 55).
Lagrange’s Interpolation formula is
(r=x)(x—x9) | (e=xg)(x=xp)  (x=xp)(x—xp)
) = Go=)(g=x2) 10" Gq=x) (=) 1 (=) =)
R R o

(16)

2

2 2
_4 — —
X x+3 x 3x(3) x6x(55)

3 -2

:2x2—8x+6—9x2+27x+55x2 —55x
6

=%[48x2 —36x+ 6]

or flx) = 8x%—6x+1
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Example 17 : The following are the measurements T made on a curve recorded by
the oscilograph representing a change of current I due to a change in the conditions of an
electric current.

T:]112 |20 25 (3.0
I:11.36]0.58| 0.34 ]0.20

Using Lagrange's formula, find [ at T=1.6. [JNTU (H) June 2009 (Set No.1), May 2012]
Solution : By Lagrange's interpolation formula,

f(x) = (x—x) (x—x,) (x—x3) Fx)+ (x=x) (x—x) (x—x3) (%)

(xo —x1) (X9 — X3) (%9 —x3) (x —x9) (5 = %) (3 —x3)

+ (x—x) (x—x;) (x—x3) )+ (x—xp)(x—x) (x=x,)

(X3 = x0) (3 =) (X — x3) (x5 =x0) (53 —x1) (03 — %)

S(x3)
We will use T and I in the above formula

(16-2)(16-2.5) (16-3) () (16212 (16-25)(16-3)

- fAe)=
(12-2)(1.2-2.5)(1.2-3) (2-12)(2-2.5)(2-3)

/)

L06-12)(16-2(16-3) ) o) (16-12)(16-2)(16-25)
(2.5-12) (2.5-2) (2.5-3) (3-1.2)(3-2) (3-2.5)
(0D 091D oo 04 (09 (14 (oo 04 (04) (-1.4)
(~0.8) (-1.3) (-1.8) (0.8) (-0.5) (1) (1.3) (0.5) (~0.5)

(0.34)

,(04) (-0.4) (-09)
(1.8) (1)(0.5)

(0.20)

_~(0.6854) 02923 0.0761 0.0288
—(1.872) 04  —(0325) 0.9

=0.3661+0.7307-0.2341+0.032
=0.8947
- 1=0.8947
Example 18 : A curve passes through the points (0,18),(1,10),(3,-18) and (6,90). Find
the slope of the curve at x=2. [JNTU(H) June 2009 (Set No.1)]

Solution : We are given

x[o[1[3 e
y [18 {10 [-18] 90

Since the arguments are not equally spaced, we will use Lagrange's formula.

By Lagrange's interpolation formula, we have
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y=f(x)= (x=x) (x—x) (x—x3) f(x)+ (x=x9) (x—x) (x—x3) f(x)

(xo —x1) (xg —x3) (xo —x3) (¥ —x0) (5 —x) (% —x3)

(x—xp) (x—x;) (x—x3) (x—xp) (x—x;) (x—x,)
(x5 = xp) (x5 —x;) (% — x3) Sl)t (3 =x0) (x5 =x7) (3 —xz)f(
_(x=D(x-3) (x—6)'(18)+(x—0) (x=3) (x=6)
(0-1) (0-3) (0-6) 1-0)(1-3)(1-6)
L=0) (x=1) (x=6) '(_18)+(x—0) (x-D(x=3)
B-0)3-1)(3-6) (6-0)(6-1)(6-3)

x3)

(10)

(90)

e, f(x)=(x*—4x+3) (x=6) (1) +x (x> =9x +18) + x (x* = Tx+6) + x (x* —4x+3)
= (x> +10x% = 27x +18) + (x> —=9x? +18x) + (x> = 7x” +6x)+ (x° —4x* +3x)
=2x>—10x% +18

o f'(x)=6x* —20x

Thus the slope of the curve at x =2 is given by f'(2)=6(4)-20(2)=-16

Example 19 : Using Lagrange's formula fit a polynomial to the data

X:[-1]10(2]3
Y:[-8[3]|1 (12

and hence find y (1). [JNTU (H) June 2009 (Set No.3)|
Solution : Take x, =-1,% =0,x,=2,x; =12

y(O0)=-8y =3y @2)=LyG)=12
Using Lagranges interpolation formula, we have

(x—x) (x=x,) (x—x3) (x0) + (x=x) (x—x) (x—x3)

y(x) =
(x —x1) (X9 —x2) (X —x3) (x —x9) (5 = %) (3 —x3)

(x)

(x—xp) (x—x) (x—x3) (x,) (x—xp) (x—x) (x—x,)
(X3 —xp) (X3 =) (X —x3) 2 (3 = xp) (%3 =x1) (X3 —x3)

_ (x-0)(x—-2)(x-3) (_8)+(x+l) (x-2)(x-3)
(-1-0)(-1-2) (-1-3) 0+ (0-2)(0-3)

+()c+l) (x-0)(x-3) (1)+(x+1) (x-0)(x-2)
2+ (2-0)(2-3) B+H(3-0)(3-2)

y(x3)

©)

12)

Cx (2 —5x+6) g, (14D (x° —5x+6)(3)+x(x2 ~2-3) 4y, X

2 — —
_ x—-2) (12)
-12 6 -6 12

B 2(x3—5x2 +6)c)+x3 —5x° +6x+x2—5x+6+x3 -2x° —3x+x3 —x*—2x
3 2 -6 1
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4x% —20x% +24x+3x> —12x +3x+18— x> +2x% +3x+6x° —6x% —12x
6

_12x° —36x% +18x +18
6

=2x —6x +3x+3

5 y(x)=2x"—6x> +3x+3 is the required polynomial.

Put x=1. We get y(1)=2.

Example 20 : Given u, =22,u, =30,u, =82,u, =106,u, =206, find u, .

Use Lagrange's interpolation formula. [INTU (K), (A)June 2009 (SetNo.2)]
Solution : Given data can be tabulated as follows:

X 1 2 4 7 8
u(x) |22 | 30 [ 8 [ 106 ] 206

According to Lagrange's interpolation formula

fy BB

D+
(=2, = x,)(x — x7)(x; — Xg)

(= 2)(x =2 )(x —x, )(xX — xg) f(x,)+

(oy = x)(3y = X, )(3y —26,)(x, —X¢)

(o =2 = x) )0 — x)(x = xg) flx)+

(g —x) (g — X)), —x;) (x4 — Xg)

(x =2 = x))(x = x ) )(x — xg) f(x)+

(o7 = x )y =26, )(3; — X )(7 — Xg)

(x = x)(x = x,)(x = x;)(x — xg) f(x)
(g =) (g — 2, )(xg — x4 )(xg — X7)

Putting x = x, , we obtain

(e =2D)(x =) (x=T)(x—8)
T =t = o aa—Tya-s)
N (x-D(x—-dH(x-7)(x-8) (30) + (x—-D(x-2)(x—7)(x—8)
2-D2-4)2-7)(2-8) 4-1)4-2)(4-7)(4-8)

N (x=D(x-2)(x—4)(x—28) (106) + (x-D(x-2)(x—4)(x—-7) (206)
(7-1)(7-2)(7-4)(7-28) B-1)(8-2)(8—-4)8-17)

(82)

(6=2)(6=HO=T)6=8) ), (6=DO=HE-7)6-8)

(30)
B)=0)(=7) (ME2)()ET)

f(6)=
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L6=D6-2)6=7)6=8) o (6=1)6-2)6-4)(6-8)

(106)
(+3)(+2)(=3)(—4) 6)(5)3)(=1D)
L6-D(6-2)(6-4)(6-7) (206)
(M(6)(4)(1)
_H2)(2) <(22)+ 10x2 L (30)+ 20x2 o)
21x6 —60 72
(5)(=16) 20x(-2)
o0 106)+ 7% 24 (206)
352 3280 848 8240
=—-10+——+———
126 729 168

=2.7936-10+45.5+94.2 -49.0476
=142.4936 —-59.0476 = 83.446 .
Example 21 : Using Lagrange's formula, fit a polynomial to the data

X:1 0 |1(3]|4
Y:|-12|0| 6|12

Also find y at x=2. [JNTU (K)June 2009(Set No.2)]

Solution : Take x, =0, x, =1, x; =3, x, =4 and
Sx)=-12, f(x)=6, f(x,)=0, f(x,) =12
fx) = (x =x)(x = x5 )(x — x,) fx) + (x = x)(x = x3)(x —x,) f(x,)

(2, = 2x) (6, — 25)(x, = x) (X = x)(x; = x3)(x, = x,)

(0 —x)(x —x;, )(x — x,) (x = x))(x = x))(x — x3)
T L o — T
_ (x—-D(x=3)(x-4) (-12)+ (x-0)(x-3)(x-4) 0)
(0—1)(0—3)(0—4) (0+12)(0—6)(0—12)
LGN o G0 De=3) o
G-0G-DG-4)  (A-0)d-DE-3)

=(x—1)(x—3)(x—4)+%§x—4)+x(x—1)(x—3)

=(x-D(x=3)(x—-4)—x(x—4)+x(x-3)]
=(x=D[x* =3x—4x+12—x* +4x+x* —3x]
f(x) =x> —7x* +18x-12
From this we get, f(2)=8-28+36-12=4.
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Example 22 : Using Lagrange’s’s formula find y (6) given:
x |35 7] 9|1

Solution : X0 :3’)(1 =5,X2 =7,X3 =9,X4 =11 and

(=X )(x = x5 )(x = x3)(x —x4)
(xp = x1)(xg — x2)(x9 — x3)(X9 — X4)

fx)=

(x = xp)(x = x5 )(x —x3)(x — Xxy)
(X = x0)(x = xp)(x1 — x3)(x] —x4)

(x = x0)(x — X7 )(x —x3)(x — xy)
(%2 —X0) (2 —x)(03 = X3)(02 —%4) "

(x = x0)(x — X7 )(x — x5 )(x — x4)
(o3 —x0)(x3 —3) (3 —2)(x3 —x4) "

(x = xp)(x — xp )(x = x5)(x — x3)
(x4 —%0) (s —3)(ig =324 —X3) "

Here, x =6

(6-=5)6-T7)(6-9)6-11) ©)+ (6-3)(6-7)(6-9)(6-4)

(24)
(B-53-73-93-11)  (5-3)5-7)(5-9)(5-11)

= f(6)=

L5 69611 o1 (6=3)(6=5)6-T)6-1D
(7-3)(7-5)(7-9)(7-11) (9-3)9-5)(9-7)(9—11)

L (6=3)(6=5)(6-7)(6-9)
(9-3)(9-5)9-7)(9-11)

(74)

__OEDEES) o BUEDEIED) ) BIDENS) (o
OB QDA @RI

LONEDES) (o ODEDED) o
O@D2) (ORI

—-15 -45 45 15
=—+—+—x(58) +——x(108) + — (74
2 T (5 o (108) + (7
=.2343+11.25+40.7812-16.875+6.9375

=43.328

(108

y | 6|24 58|108|74 [JNTU (H) June 2010 (Set No. 1)]

)
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Example 23 : Find y(5) given that y(0) =1, y(1) = 3, ¥(3) =13, and y(8) =123 using
Lagrange’s formula. [JNTU (H) June 2010 (Set No. 4)]

x{0]1]3 |8

y{1]13]13]128
Using Lagrange’s formula,

Solution : Given

y=f(x)= (= x)(x = x5 )(x — x3) - (x—Xg)(x— X )(x = x3) 1
(% —x1)(xg —x2)(xg —3) (1 —x0)(x1 —x2)(x1 —x3)

N (x = xp )(x — x )(x — x3) N (x = xp)(x = x)(x—x7)
2 V3
(X2 = x0)(xg = x1 ) (% — X3) (33 —x0) (3 —x1 )(X3 —x2)

Take xy =0,x =1,x, =3,x3 =8 and
Yo=Ly =3y, =13,y3 =128

_(5-D(5-3)(5-9) (5-0)(5-3)(5-8)
YO =0 n0-30-8 P aCon-3a_g "

) (x = xp)(x = x )(x — x3) & (x =xp)(x = x)(x—xp) X
(o5 —xp)(xp —x1 )(xp =x3) (o3 = x0 )3 —x1 )(x3 —x2)
_ (HR2)(=3) 1)+ (5)(=2)(3) 3)+ )H(3) 13)+ )H?2) (128)
(=D(-3)(-8) (D(=2)(=7) (3)(2)(-5) @®)N7N)(S)

- 1+§+26+%=1+6.4285+26+18.2857=51.7142

. p(5)=51.7142

Example 24 : Given that y(3) =6, y(5) =24, y(7) =58, (9) =108, y(11) =174 find x when
¥ =100, Using Lagranges formula. [JNTU (H) Jan. 2012 (Set No. 2)]

Solution : Here we will view x as a function of y.

y|6]24|58|108 |174
x|3|15]7]9 |11

By Lagrange’s formula,

_ __ =) =y3) P =y4) = s)
O ) ) 01 =3w) O1 —yg)” OV

=)0 =33) =)y —ys)
2 =2D)2 = y3)(2 = y4) (2 = ¥s)

f(n)

=) =) -ys) —ys)
3 =y) (r3=22) (¥3—4) (¥3—5)

VAGLY
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=) =) =23) —s)
Va=y1) Va—32) Va—»3) (¥4 —Ys)

S ()

=) =) =y3) ¥=y4)
s =) (s = y2) (s = ¥3) (V5 = ¥4)
Taking y =100 and substituting the values, we get

__ (100-24) (100 -58) (100~108) (100~174)

3)
(6—24) (6—58) (6—108) (6—174)

, (100-6) (100-58) (100-108) (100 ~174)
(24-6) (24—58) (24—108) (24—174)

©)

,(100-6) (100-24) (100-108) (100~174)
(58—6) (58 —24) (58 —108) (58 —174)

(7

, (100-6) (100—24) (100 -58) (100 ~174)
(108—6) (108 —24) (108 —58) (108 —174)

©)

, (100-6) (100 —24) (100-58) (100~ 108)
(174—6) (174 —24) (174—58) (174—108)

(1

(76) (42) (=8) (=74) 3)+ (94) (42) (=8) (=74) (5)+ ©4) (76) (=8) (=74)

T (C18) (=52) (—102) (—168) " (18) (—34) (—84) (~150) " (52) (34) (~50) (~116) M

L 04 (76) (42) (=74) 9)+ (94) (76) (42) (-8)
(102) (84) (50) (~66)  ~ (168) (150) (116) (66)

1889664 2337216 4229248 22203552 2400384
= x3— x5+ X7+ x9 + X
16039296 7711200 10254400 28204400 192931200

an

=0.3534-1.5154+2.8870+7.0675—-0.1368
=10.3079-1.6522
=8.6557

Example 25 : Use Lagrange’s interpolation formula to express the function

2 2

+x-3
(@) 3 - 2x (b) X HOx+ as sums of partial fractions.
X =2x"—x+2 (x-D(x+D)(x—4)(x—-6)

[JNTU (A) Jan. 2012 (Set No. 2)]

2
. .. +x-3
Sol. Given function is Al

X —2x% —x+2

Denominator = x3 —2x% — x+2

=x%(x=2)-1(x-2)
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= (x% ~1)(x-2)
=(x+D(x-D)(x-2)
Take f(x)=x*+x-3

f(=D)=1-1-3=-3; f()=1+1-3=-1; f(2)=4+2-3=3
We write the table as follows :

x |11 ]2
f | -3]-13

We will use the Lagrange's interpolation formula,

(o)) | Goap)amx) ()
(o =) %) (=)0 —x2) " (g —x0)(x2 — 1)

¥ +x-3 =Ly(») =

_ (x=1D(x-2) (=3)+ (x+D(x-2) 1)+ (x+1D)(x-1) 3)
(-1-1)(-1-2) A+(1-1 2+DH(2-1)
_(x=D(x-2) N (x+D(x-2) o (x+D(x-1)
2 2 1
2 +x-3 3 (x—-D(x-2) N (x+D(x—-2) N (x+D(x-1)
3 -2x?r—x+2 N 2(x+D(x-D(x-2) 2(x+D(x—-D(x-2) (x+D(x-1D(x-2)

-1 1 1
= + +
2(x+1) 2(x-1) (x-2)

which is the required partil fractions form.

‘ EXERCISE 5.1 ~

1. (i) Using Newton's Forward formula, find the value of f(1.6), if
X 1 14 (1.8 )22
f(x)]3.49(4.82[596(6.5

(@) Find f(2.5) using the following table.

x 1 2 | 3 4
o 1 T 1 27 [ & [JNTU (A) June 2013 (Set No. 4)]

2. If f(1.15) =1.0723, £(1.20) = 1.0954, f(1.25) = 1.1180 and f(1.30) =1.1401 find
f£(1.28).
3. Construct Newton's Forward interpolation polynomial for the following data

x |4]16] 8|10
s 13816 Hence evaluate for x = 5.
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=)

Using Lagrange's interpolation formula find the value of y when x = 10, if the following)
values of x and y are given

x:|516]9]11
y:|12(13]|14] 16

S. Givenlog,, 654 = 2.8156,log;, 658 = 2.8182,l0og,, 659 = 2.8189,

log;, 661 = 2.8202 find by using Lagrange formula, the value of log,, 656 .
6. Using Lagrange's formula find the form of f(x) given
X 0 2 3 6
f(x):] 648 | 704 729 792

7. The population of certain town is shown in the following table

Year : 1921 1931 [ 1941 | 1951 | 1961

Population |19 96 39,65 | 58.81| 77.21 |94.61
in thouusands:

Estimate the population in the years 1936 and 1963. Also find the rate of growth of
population in 1951 ?

8. Find the value of cos 1.747 using the values given in the table below :

X 1.70 1.74 1.78 1.82 1.86
sinx : 10.9916 |1 0.9857 10.9781 [0.9691 10.9584

9. Find y(142) from the following data using Newton's Forward interpolation formula:

x: | 140 | 150 | 160 | 170 180
y(x) |3.685 | 4.854 | 6.302 | 8.076 [10.225

10. Using Lagrange's interpolation formula, find the interpolating polynomial that approximate
the following function

X —4 |1 -110]2 5
f(x)] 1245133 (5] 91335

11. Given f(2) =10, f(1) =8, f(0) =5, f(-1) =10 estimate f(1/2) by using Gauss's
forward formula.

12. Using Gauss's Forward interpolation formula estimate f(32),
given f(25) = 0.2707, £(30) = 0.3027, 1(35) = 0.3386, f(40) = 0.3794.

13. Find the Lagrange interpolation polynomial for the function given that
x [0]-1]1

fol 1] 23
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14. Find the second difference of the polynomial x* — 12x3 + 42x? — 30 x + 9 with interval

of differencing /4 = 2. [JNTU 2008(Set No.2)]
X X
15. Ifthe interval of differencing is unity, prove that Az— = M
x!' (x+D)!
[JNTU 2008 (Set No.4)]

16. Using Lagrange's formula, fit a polynomial to the data
x| O 1 3 4
vyl =121 0| 6 12

Also find y at x = 2. [INTU(K) Nov.2009S(SetNo.4)]
. ANSWERS \

1. 554 2. 1.1312 3.1.625 4.19.4

5. 2.8168 6.648 + 30x — x° 7.49.3,97.68, 1.8 thousand / yr.

8.-0.175 9.3.899 10.3x% =533 + 6x% —14x+5

11. 6 12. 0317 1371+ Le 352

27 2
14. 48x> -96x-16 16. x> —7x* +18x-12

OBJECTIVE TYPE QUESTIONS

1. If x> — x — 4 =0, by Bisection method first two approximations x, and x,are 1 and

2 then x,, is
(A) 1.25 (B)2.0 (O) 1.75 (D) 1.5

2. Vys=
(A) yg+3ys+ 3y, + s B)ys =3y, -3y -,
(O ys—3ys+ 3y, -1 (D) ys + 3y, + 3y, +y,

3. Gauss — Forward interpolation formula is used to interpolate the values of y for
(A)0<p<-a B)—a<p<0
O)-1<p<o0 MD)o<p<1

4. If first two approximations x, and x, are roots of x*—x3+1=0are 1 and 2 then
x, by Regula Falsi method is

(A) 1.05 (B)1.25 (©)1.15 (D) 1.35
5. If first approximation root of x> — 5x + 3 = 0 is x, = 0.64 then x, by Newton-
Raphson method is

(A) 0.825 (B) 0.6565 (C) 0.721 (D) 0.6724
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NUMERICAL INTEGRATION

b
We know that a definite integral of the form J. f(x) dx represents the area under the

a
curve y = f(x), enclosed between the limits x =« and x = 5. This integration is possible only

if f(x)is explicitly given and if it is integrable. The problem of numerical integration can be
stated as follows :

Given a set of (n+1) data points (x;,y;),i =0,1,2,....,n of the function y = f(x), where
)C”

f(x) is not known explicitly, it is required to evaluate I f(x)dx.

X0

The problem of numerical integration, like that of numerical differentiation is solved by

Xn

replacing f(x)with an interpolating polynomial P,(x)and obtaining IPn (x) dx which is
Xn X0

approximately taken as the value of I f(x)dx. Numerical Integration is also known as
Xo

Numerical quadrature.

7.7 NEWTON-COTE'S QUADRATURE FORMULA (GENERAL QUADRATURE FORMULA)

This is the most popular and widely used numerical integration formula. It forms the
basis for a number of numerical integration methods known as Newton-Cote's methods.

Derivation of Newton-Cotes formula.
Let the interval [a,b] be divided into n equal subintervals such that

a=xy<x<xy<...<x,=b. Then x, =xy+nh.
Newton's forward difference formula is

-1
¥ )=y (xg + ph) = B, () = v + phyg + ZLD p2y

. PP=DP=2) 3, (1)

3!
X=X

where p =

Now, instead of f(x) we will replace it by this interpolating polynomial.

xn xn
S| fx)de= I P,(x) dx, where P, (x)is an interpolating polynomial of degree n

X0 X0



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Xo+nh Xo+nh
-1 -1 -2
= j P, (x)dx = J- {y0+pAy0+p(12)' )A2y0+p(p 3)'(p )A3yo+ ..... } dx
XO xo ! ’

Since x = xg + ph, dx=h.dp and hence the above integral becomes

T f PP-p.o. P -30"+2p 3
J-f(x)dxzhjl Yo + PAyy + Y A%y, +TA Yo+....| dp
Xo 0 ’ ’

2 3 2 4 3 2
p Lfp” p” |2 l[p p p ] 3 }
=h +—Ayg+=| ——— Ay +—| — -3 —+2.— [ATyy +.....
{yo(l?) 7 Mo 2[3 2] Ntel G 3 5 Yo

2 3 2

n 1{n n
=h|nyy+—Ayg+—| ——— |+
{yo y 0 2(3 2J

=nh {yo +§Ayo 42

4 3 2 4
A
+["__3L+£_3n] 4{0 Vo Q)

This is called Newton-Cote's quadrature formula. From this general formula, we can
get different integration formulae by putting n=1,2,3,.......

7.8 TRAPEZOIDAL RULE [JNTU 2007S, 2008S, (H) Dec. 2011S (Set No. 1)]
Here the function f(x) is approximated by a first - order polynomial P,(x) which passes
through two points.

Putting , =1 in the above general formula, all differences higher than the first will
become zero (since other differences do not exist if  =1) and we get

X Xo+h
! 0 1 1 h
xff(x)dx= j f(x)dx=h{J’0+5AJ’0}:h{J’0+5(J’1—J’0)}=5(J’0+J’1)
Similarly
X, Xo+2h 1 1 A
Jreyax="| f(x)dx=h[y1+5Ayl}=h[yl+5(yz—yl)};(ywyz)
X Xg+h
X3 Xg+3h h
[fode= [ fax)de="02+13)
X, Xo+2h

Xg+nh

h
Finally, J- SG) =2 (Yn-1+ )
Xg+ (n=1)h
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Xn Xg+nh Xo+h Xo+2h Xo+nh
Hence [f(mdr= [ f(ydc= [ f@de+ [ fdcto.+ [ fx)dx
Xo Xo Xo Xg+h Xo+ (n=1)h

h h h
=—o+y)+=—n+y)+eet=(ya +
2(yo n) 2(y1 ) 2(ynl Vn)

h
:5[(y0+yn)+2(yl+y2+y3+ ----- +y,-)1 )

Thus

X,
4 h
I f(x)dx= E[(Sum of the first and last ordinates) + 2 (Sum of the remaining ordinates)]

Xo

This is known as Trapezoidal Rule.
Geometrical Interpretation :

Consider the points Py (xg,0), Py (%1, 1), Py (X2, 19 )seeeees Pyl(x,,, 3,,) . Suppose the curve
vy = f(x) passing through the above points be approximated by the union of the line segments
Joining (P, Py), (P, Py ), (Py, Ps),......; (P, Py

Geometrically, the curve y = f(x)is replaced by n straight line segments joining the
points (xg, o) and (x;,»); (x,y) and (x5, ¥5)s....r; (x,,_1, v,—1) and (x,,, y,) . The area bounded
by the curve y = f(x), x - axis and the ordinates x=xyand x=x,is then approximately
equal to the sum of the areas of the # trapeziums as shown in the figure.

The total area is given by

h h h h
E(yo +y1)+5(y1 +J’2)+E(J’2 +y3)+~~+5(yn71 + )

Xn

h .
= E[ Vo+2+yp + 334ty )+ y,]= j f(x)dx (approximately).

X0
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Note. Though this method is very simple for calculation purposes of numerical integration,
the error in this case is significant. The accuracy of the result can be improved by increasing
the number of intervals or by decreasing the value of 4.

7.9 SIMPSON'S 1/3 RULE [UNTU (H) Dec. 2011S (Set No. 2)]

This is another popular method. Here, the function f{x) is approximated by a second
order polynomial P (x) which passes through three successive points.

Putting n =2 in Newton-Cotes quadrature formula i.e. by replacing the curve y = f(x)

by n/2 parabolas, we have
X2

[ £ dx =24 {J’o +%AJ’0 +¥A2J’0} =2h {yo + Ay +%A2yo}

X0

1 1 2 1
=2h {yo +( —yo)+g(y2 -2y +J’o)} =2h {g)’o +§y1 +g)’2}

2h h
=?[J’o +4y+ ;] =§(J’o +4y;+ 1)
Similarly
X4

J 10 dx=S0a 44334 3)

X

‘ h
[ f@dr=Z0na+47,0+5)

Xp-2

Adding all these integrals, we obtain

Xo X0 X2 Xp—2

h
=§[(yo Ay + 1)+ H4y3t ya) t et (Vo H4Y, V) ]

h
=§[(J’0 Y )43+ Y5+t Y )2+ st Ye+ et Y0l L (4)

h
= 3 [(Sum of the first and last ordinates) + 4 (Sum of the odd ordinates)

+ 2 (Sum of the remaining even ordinates) |

with the convention that y,, y,, y,....., », are even ordinates and y,, y,, y, ....., ¥, , are
odd ordinates.

This is known as Simpson's 1/3 Rule or simply Simpson's Rule. It should be noted
that this rule requires the given interval must be divided into an even number of equal sub-
intervals of width 4.
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7.10 SIMPSON'S 3/8 RULE

Simpson's 1/3 rule was derived using three points that fit a quadratic equation. We can
extend this approach by incorporating four successive points so that the rule can be exact for
a polynomial f{x) of degree 3. Putting » = 3 in Newton-Cote's quadrature formula, all
differences higher than the third will become zero and we obtain

X3 P
3 3(6-3) 5 3(3-27 3 }

X)de=3h| yo+2 Ay + 20D A2 2OTEN
xff() {yo A+ Ay = Ay
0

3 3 1 1.3 }
=3h +=Ayg+—Ayg+=A
{yo > 3] 4 Yo 3 Yo

3 3 1
=3h {yo +5(y1 —yo)+z(y2 -2y +yo)+§(y3 =3y, +3y —yo)}

3h
=?(J’o +3y1+3y2 +¥3)

6
3h
Similarly I S(x)dx= ?()@ +3y4+3ys + ) and so on.

X
Adding all these integrals, from x, to x,, where n is a multiple of 3, we get

X0 X0 X3 Xn—-3

3h
=?[(J’o 3013+ 13)+ (V3 +3ya+3ys +¥e) oot (V3 + 350 +3y, + 3]

3h
=?[(J/o V) A3yt vat s+t Y D)2 (3 F st yg et 1)1 L (5)

Equation (5) is called Simpson's 3/8 rule which is applicable only when 7 is a multiple
of 3. This rule is not so accurate as Simpson's 1/3 rule.
Note : While there is no restriction for the number of intervals in Trapezoidal rule,

. . . 1 . 3
number of sub-intervals n in the case of Simpson's 3 rule must be even, for Simpson's 3

SOLVED EXAMPLES

1
Example 1 : Evaluate jx3 dx with five sub-intervals by Trapezoidal rule.
0
b-—a 1-0

rule must be multiple of 3.

Solution : Here ¢ =0,b=1,n=5 and y=f(x)=x3 ;o h= s 0.2
The values of x and y are tabulated below: !
x |0 0.2 0.4 0.6 0.8 1
y | 0 [ 0.008 0.064 | 0.216 | 0.512 1
Yo Y Y, Vs Yy Vs
By Trapezoidal rule,

1
h .
J.x3dx = 5[(sum of the first and last ordinates) + 2 (sum of the remaining ordinates)]

T
2

[(0+1)+2(0.008+0.064+0.216+0.512)] = 0.26
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T
Example 2 : Evaluate J.t sin ¢ dt using the Trapezoidal rule.
0

Solution : Divide the interval (0,7) into six parts each of width h=nr/6.

The values of f(¢) =tsint are given below.

t O w/6 | 2n/6 | 3n/6 | 4n/6 | 5n/6| &

f)=y 0 1026181 0.9069 | 1.5708 [ 1.8138 1 1.309 | O
o pal pY) V3 Y4 Y5 1 Ve

By Trapezoidal rule,
i h
IfSin dr = 5[()’0 +Y6)+2 (I +y2 +y3+ys+ys)]
0
=%[(0+0)+2 (0.2618+0.9069 +1.5708 +1.8138 +1.309) |

- % (11.7246) = 3.0695 1 3.07.

2
dx
Example 3 : Find the value of I ~. by Simpson's rule. Hence obtain approximate
1

value of log,2 . [JNTU (A) Dec. 2013 (Set No. 1)]

Solution : Divide the interval (1,2) into eight parts each of width #=0.125.
The values of x and y are tabulated below:

X 1| 1.125 | 1.25} 1.375 1.5 1.625 1.75 1.875 | 2
(1/x)=y 1 |1 0.8888 | 0.8 | 0.7272] 0.6666 | 0.6153 | 0.5714 | 0.5333 | 0.5
Yo N %) 3 Y4 Vs Y6 7 g

By Simpson's 1/3 rule,

2
ﬂ = g[(sum of the first and last ordinates)

1
+ 4 (sum of the odd ordinates) + 2 ( sum of the remaining even ordinates)]

h
=§[(yo +yg)+4 +y3+ys +y)+2(vy + ¥4+ 56)]

_ _0'225 [(1+0.5)+4 (0.8888+0.7272+0.6153 +0.5333) + 2 (0.8 + 0.6666 + 0.5714)]

- _0';25 [1.5+11.0584 +4.076] = &325(16.6344) = 0.6931

2
. . d.
By actual integration , I—x =(log x)12 =log2—-logl=1log2
X
1
Hence log2 =0.6931, correct to four decimal places.
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2 2
Example 4 : Evaluate fe_x dx using Simpson’s rule taking 4 = 0-25.
0

[JNTU 2006, 2007 (Set No.2)]

Solution : The values of y = f'(x) = e are given below:

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
x| 0.0625 | 025 |[0.5625 1.00 1.5625 225 | 3.0625 4.00

0.939411 0.7788 [0.56978 | 0.36788 | 0.20961 | 0.1054 [ 0.04677( 0.0183
Yo Y Y, Y3 Y4 Vs Ve s

By Simpson’s %rd rule, we have
2 2
[e™ax =
0

[(yo +y7) +4(y +y3+5)+2(yy + ya+ Vo)l

S W=

%[(0-9394“ 0-0183)+4(0-7788+0-36788 +0-1054)

+2(0-56978 + 020961 + 0 - 04677)]

- %[(0 -95771+5-00832 +1-65232]

= %(7 -61835) = 0.63486.

Example 5 : A rocket is launched from the ground. Its acceleration measured every
5 seconds is tabulated below. Find the velocity and the position of the rocket at £ =40 sec-
onds. Use trapezoidal rule as well as Simpson’s rule.

t 0 5 10 15 20 25 30 35 40
a(?) 40.0 [ 45.25 [48.50 | 51.25 | 5435 |59.48 | 61.5 | 643 | 68.7
[JNTU 2006, (A) Dec. 2013 (Set No. 2)]
Solution : If s is the distance travelled in time ¢ and v is the velocity at time ¢, then
dv
—=a
dt
Integrating, we get

40
W) = j adt
0

Here h= 5, ay = 400, a = 4525, a, = 4850, as = 5125, ay = 5435, as = 5948,
ag =61.5, a; =64.3 and ag = 68.7

By Trapezoidal rule, we have
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: . h
The required velocity = 5[(00 +ag) +2(a; +ay + a3+ ay + as + ag + a)]

[40.0 + 68.7) +2(45.25 + 48.50 + 51.25 + 54.35 +
59.48+61.5+64.3)]

N | i

[108.7 +2(384.63)] = %(877.96) =2194.9

SRRV

Position of the rocket at # = 40 seconds = (2194.9) (40) = 87796
By Simpson's rule, we have

h
The required velocity = g[(ao +ag)+2(ay +ag +ag)+4(a; +ay+as+aq)]
= g[(40.0 +68.7)+ 2(48.5+54.35+61.5)

+4(45.25+51.25+ 59.48 4 64.3)]

(108.7 +328.7 +881.123) = 2197.5

W |

Position of the rocket at # = 40 seconds = (2197.5) (40) = 87900.

Example 6 : Evaluate the following integral using Simpson's 3 rule for n = 4.
2 x

I £ dx

L

X
Solution : Given y=f(x)=e—, a=1,b=2 and n=4
X

bra 221 1 gos

- h= —
n 4
.. The values of x and y are tabulated below:
x 1 1.25 1.5 1.75 2
e 271828 | 3.4903 | 44817 | 5.7546 | 7.3890

C¢F 271828 27922 | 29878 | 3.2883 |3.69452
I Yo Y, v, Vs Y,

By Simpson's rule, we have

2 x
e h
I—x dng[(yo +y4)+4(y +3)+2),]

1

_ 0 [(2.71828 +3.69452) + 4(2.7922 + 3.2883) + 2(2.9878)]

0.25

3
2 [6.4128 +24.322 +5.9756]= Z==(36.7104) = 3.0592 .
3

o
(9]

« ‘
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Example 7 :

1
(?) by Trapezoidal rule and Simpson's 3 rule.

[JNTU(H) June 2009, (K) May 2010, (H) Dec. 2011S, 2012]
. . 3

(i) using Simpson's 3 rule. [JNTU (H) Dec. 20118 (Set No. 3)]

Solution : We divide the interval [0, 1] into six (multiple of 3) subintervals.

The values of x and y are tabulated below :

X 0] 1/6 | 2/6] 3/6 |4/6| 5/6 1

1 1 10.8571] 0.75 ] 0.6666 | 0.6 |0.5454 | 0.5
1+x| Yo N 2 V3 Ya )5 Y6

(7)) By Trapezoidal rule,
1

?dx ——[(yo +V6) + 2+ yy + Yy ys+3s)]

= %[(l +0.5)+2(0.8571+0.75+0.6666 + 0.6 + 0.5454)] = 0.69485

1
(if) By Simpson's 3 rule,

1

h
I dx = —[(yg + y6)*+ 4y + 3+ ¥s)+ 2(yy + y4)]
01+x 3

= %[(1 +0.5) +4(0.8571+0.6666 + 0.5454) + 2(0.75 + 0.6)]

=0.6931, correct to four decimal places

.. . 3
(i1) By Simpson's 3 rule,

1

1
J’l_ :—[(y0+y6)+3(yl+y2 +ya+ys)+2(13)]
0

=m[ (1+0.5)+3 (0.8571+0.75+0.6 + 0.5454) + 2 (0.6666)]

:%[1.5+8.2575+1.3332]

_11.0907 0.6932, correct to 4 decimal places.
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Example 8 : Given that

X 4.0 4.2 44 4.6 4.8 5.0 52
log(x) | 1.3863 | 1.4351 | 1.4816 | 1.5261 | 1.5686 | 1.6094 | 1.6487
5.2 3
Evaluate j logx dx by Simpson's 3 rule. [JNTU 2006 (Set No.1)]

4

Solution : Here 2 =10.2,y,=1.3863, y, = 1.4351, y, = 1.4816, y,=1.5261,
v, = 1.5686, y,=1.6094 and y, = 1.6487

3
By Simpson's 3 rule, we have
7 3h
[ logx dx= 5 L0+ Y6) #3002+ 3y 4 y5) +2y5]
4

30-2) 1 3863 +1.6487) + 3(1.4351+1.4816 + 15686 +1.6094) + 2(1.5261)]

o
N >

“|2 |

[3.035+18.2841+3.0522]

6 (24.3713) =1.827847,

1
3
Example 9 : Evaluatej N1+ x* dx using Simpson's 3 rule.
0

3
Solution : We know that Simpson's 3 rule is applicable only when 7 is a multiple of 3.

1
Thus we should divide the interval (0, 1) into six equal parts each of width, 4 = x The

values of y = f{x) = V1 + x* are as follows.

1 2 3 4 5

¥ |0 6 6 6 6 6 !

y | 1]1.0003857 | 1.006154 | 1.0307764 | 1.0943175 | 1.217478 | 1.4142136
Yo », Y, Vs Y, Vs Vs

By Simpson's

8

3
— rule, we have

1
3h
I 1+ x*dx = ?[(YO +Y6) + 30+ 32+ ya+ ) +2(p3)]

0

| w

AN

8

>l =

+1.217478) +2(1.0307764)]

[(1+1.4142136)+3 (1.0003857 +1.006154 +1.0943175

[2.4142136 +12.955 +2.0615528] = i(17.430772) =1.08942 .
16
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6
1 1 3
Example 10 : Evaluate j T dx by using () Simpson's 3 rule (i7) Simpson's 3
0

rule and compare the result with its actual value. [INTU (A) Dec. 2013 (Set No. 4)]
Solution :  All the formulae are applicable if n, the number of intervals is a multiple of

six. So we divide the interval (0, 6) into equal parts each of width, 4 = % =1.

The values of y = f(x) are given below.

X 0 1 2 3 4 5 6
1 1 |05 03333 0.25] 0.2 10.1666 | 0.1428
Y 1+x y() y1 yz y3 y4 y5 y6

1
(i) By Simpson's grule,
6

1 h
mdx = —[(o +¥6)+ 41+ y3+ ¥5) + 202 + y4)]
0

3
(if) By Simpson's 2 rule,

6

1 3h
J.1+xdx: ?[(-yo+y6)+3 (V1+y2+y4+y5)+2y3]
0

[(1+0.1428) +3 (0.5 +0.3333 + 0.2 + 0.1666) + 2(0.25)]

0| W 00| W

3
[ 1.1428 +3.5997 + 0.5] = 3 (5.2425) = 1.9659

By actual integration,

6
Ide = [log(1+x)]§ =log 7 —log 1 =log 7
) 1+ x 0 g g g

=1.94591

1
Example 11 : Evaluate J' dx

. . 3 . .
using Simpson's — rule taking 4 = 1 Hence obtain
pltx 8 6

2
an approximate value of .

Solution : The values of x and y are tabulated below.
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x 0| 1/6 |2/6[3/6| 4/6 5/6 | 1
T y 110.973] 0.9 | 0.8 |0.6923 [ 0.5901| 0.5
1+ x2 Yol N Y2 73 Y4 Vs Ye

3
By Simpson's 3 rule,

1
1 3
[ — ==L +76)+3 0 + 22+ y4 +15)+2 (33)]
0 1+x 8

_3 (18/ 6 1 (140.5)+3 (0.973+0.9+0.6923+0.5901)+2 (0.8)]

1 .
= 6 [1.5+9.4662+1.6] = %(12.5662) =0.7854, correct to 4 decimal places

By actual integration,

1

[ d ~ = (tan" x)f) = tan "' (1)~ tan"'(0) =
opl+x 4

g= 0.7854 = 1= 3.1416

1
Example 12 : Evaluate I\]l + x> dx taking 4 = 0.1 using
0
1
i) Simpson’s 3 rdrule. ii) Trapezoidal rule.  [JNTU 2006, (A) Dec. 2013, (Set No. 3)]

b—a 1-0
Solution: Herea=0,b=1,h=0.1.Son= P ZWZIO
The values of x and y are tabulated below.
x 0 0.1 02 03 04 0.5 0.6 0.7 0.8 09 1

y=~’1+x3 1 11.0005]1.0034|1.0134|1.0315]1.06061.1027 | 1.1589 | 1.2296|1.3149 | 1.4142
Yo | i Vs Y3 V4 Vs Ve Y7 Vg Y9 Y10

i) By Simpson’s % rule,

1

h
J\/l +x° dx= 3 [(Sum of the first and last ordinates) + 4(Sum of the odd ordinates)
0

+ 2( sum of the remaining even ordinates)]

h
= E[(J’o +310) + 400 + Y3 s+ 7+ V0) +2vy + vy + Vs + 3s)]
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OT [(14+1.4142) + 4(1.0005 +1.0134 +1.0606 + 1.1589 +1.3149) +

2(1.0034 +1.0315 +1.1027 +1.2296)]

= %(2.4142 +22.1932+8.7344)=1.1114.
ii) By Trapezoidal rule,

1

h
J\/1+x3 dx = 5[(yo +310) 200 + Yy + V3 Yy Vs Vg + g+ Vg + 0o)]
0

0 1[(1+1 4142) + 2(1.0005 +1.0034 +1.0134 +1.0315 + 1.0606 +

1.1027 +1.1589 +1.2296 +1.3149)]

= %(2.4142 +19.831)=1.11226.

Example 13 : The table below shows the temperature f{¢) as a function of time
t 1 2 3 4 5 6 7
Ay | 81 75 80 83 78 70 | 60.

S
Use Simpson’s 1/3 method to estimatej f(@)dt.

[JNTU 2006, 2007, (H) Dec. 2011S (Set No. 1)]
Solution : Here 2= 1and y,=81,y, =75,y,=80,y,=83,y,=78,y,=70, y, = 60.

1
By Simpson’s 3 rule,

;
If(l)d[ = ﬁ[(yo +¥6) H A + vy + 5) + 20y + 3y)]
1

[(81 +60)+4(75+83+70)+2(80 + 78)]

[141+912+316] = 3369 =456.3333

wl~wl

2.0
Example 14 : Evaluate j y dx using Trapezoidal rule.
0.6
[JNTU 2007,(H) Dec. 20118 (Set No. 2)]
x| 06| 08 10| 12| 14 ] 16 1.8 2.0

y | 1.23 [ 1.58 | 2.03 | 432 | 6.25| 8.38 [ 10.23 [ 12.45

Solution : We have 2= 0.2 and Vo= 1.23, » = 1.58, »,= 2.03, y, = 4.32, V= 6.25,
ys=8.38, y,=10.23,and y,=12.45

By Trapezoidal rule,
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2.0

h
[yax = 5[(% +37) 4200+ Yy Y3+ Va+ Vs + ) ]
0.6

- 0_22 [(1.23 +12.45) + 2(1.58 + 2.03 + 432 + 6.25 + 838 + 10.23 + 12.45)]

= (0.1) [13.68 + 90.48] = 10.416.

6

Example 15 : Using Simpson’s 3/8th rule evaluate J 1 f);z by dividing the range into
0
6 equal parts. [JNTU 2008 (Set No.3)]

Solution: Herea=0,b=6andn=2=6 .'.h=b;a=%=l
The values of x and y are tabulated below:

X 0 1 2 3 4 5 6

fx)= 1+1x2 1 (05 [02 [0.1 [0.058824 |0.03846 |[0.027027
Yo [ V1 | V2 | Vs Yy Vs Ve

3\
By Simpson’s (gj rule,

¢

3h
1+xzdx = g[(yo +6)+3(V + 2+ ya +ys5)+ 23]
0

- 2[(1 +0.027027) +3(0.5 +0.2+0.058824 + 0.03846) + 2(0.1)]

= %[1.027027+2.391852+0.2]= %(3.618879)

= 1.35708.

2
Example 16 : Calculate J' i3 using Simpson's rule and Trapezoidal rule. Take 7 =0.25
X
1
in the given range. [JNTU 2008S(Set No.2)|

Solution : Here #=0.25 and n= 2-1 =4
0.25

So we cannot use Simpson's rule. Hence we will use Trapezoidal rule.

The values of y = f(x)=1/x are given below.
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X 111251 1.50 1.75 2.0
y=f(x)| 1| 0.8 |0.6666 | 0.5714 | 0.5
Yo N 3% V3 V4

2
By Trapezoidal rule, Id—; = %[(J’o +y) 2+ +33)]
1

2
=0—25[(1+0.5)+2(0.8+0.6666+0.5714)] =0.697

Example 17 : Evaluate jsinx dx by dividing the range into 10 equal parts using
0

(7) Trapezoidal rule
(ii) Simpson's % rule. [JNTU(H) June 2009 (Set No.2), June 2013]
Solution : Here n=10 and h="-2-T
' "= 1010
-, The table of values is
T = T2z [3n [ 4 [sa]6x |72 | 8¢ | o= |.
10 10 10 10 10 10 10 10 10
y=sinx | 0 | 0.3090 ]0.5878 |0.8090 j 0.9511 [1.0 [0.9511 |0.8090 | 0.5878 | 0.3090 | 0
Yo N B%) V3 Y4 Js Ve Y7 Vs Yo Yo
(7)) By Trapezoidal rule,

Y

[ sinx dx = 210[(o+0) +2.(0.3090+0.5878 +0.8090+0.9511+1.0
0

+ 0.9511+0.8090+0.5878 +0.3090)]

=1.9843 (approximately)
(i/) By Simpson's rule,

Y

[sinx ax =3—’:)[(0+0)+4 (0.3090 +0.8090+ 1+ 0.8090 + 0.3090)
0

+2(0.5878+0.9511+0.9511+0.5878)]
=2.0009

4
Example 18 : Evaluate J-e"dx using Trapezoidal and Simpson's rule. Also compare
0

your result with the exact value of the integral. [INTU (A) June 2009 (Set No.2)|
Solution : Here b—a=4-0=4. Divide into four equal parts. h=4/4=1.
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Hence, the table is

X 0 1 2 3 4
y=e"| 1 [2.71828] 7.3890 | 20.0855 | 54.5981
Yo N Vs V3 Vs

There are 5 ordinates (n=4).
We can use both Trapezoidal and Simpson's rule.

(7) By Traezoidal rule,

4

L h
Ie' dx 25[0}0 +y4)+2(y1 +y2 +y3)]
0
1
= 5[(“ 54.5981)+2 (2.71828 +7.3890 + 20.0855)]

1
= 5[55.5981+ 2(30.19278)] =57.992

(if) By Simpson's rule,

4

. h
j.e' dx :E[(yo +Y)+40, + ) +2y,]
0
= %[(l+ 54.5981)+4 (2.71828 +20.0855) + 2 (7.3890)]
=%[55.5981+91.21512+14.7780] =53.864

4
(éii) By actual integration, Ie"dx =(e")* =e* -1=53.5981. Here, the value by Simpson's
0

rule is closer to the actual value than the value by Trapezoidal rule.

Note : The accuracy of the result can be improved by increasing the number of intervals
and decreasing the value of 4. Refer Solved Ex.19.

4
Example 19 : Compute J-exdx by Simpson's one-third rule with 10 subdivisions.
0

[JNTU (A) June 2009 (Set No.3)]

b-a 4

=—=04
n 10

Solution : Here b—a=4-0=4, n=10 and h=

Hence the table is

x 0] 04 0.8 1.2 1.6 2.0 24 2.8 32 3.6 4.0
1.4918(2.2255{3.3201]4.9530] 7.3890{11.0232]16.444]24.5325[36.5982|54.5981

Yol N Vs V3 Va4 Vs Vs V7 Vs Yo Yio

<

Il

Q
—_
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4

. h
Ie'dng[(yo+ylo)+4(y1 Y3+ Vs Y+ Y) 20y + Yy + Ve + 1))

0

= %[(1 +54.5981) + 4(1.4918 +3.3201+ 7.3890 +16.4446 + 36.5982)
+2(2.255+4.9530+11.0232 4+ 24.5325)]

=0—:[55.5981+4 (65.2437) +2 (42.7342)]

= 0—54(402.013) =53.6055

Example 20 : When a train is moving at 30 m/sec, steam is shut off and brakes are
applied. The speed of the train per second after ¢ seconds is given by

Time(r) | 0 | 5 ] 10 [15] 20 | 25 [30] 35 [ 40
Speed (v) | 30 [ 24 [19.5[ 16 [13.6[ 11.7] 10| 85| 7.0

Using Simpson's rule, determine the distance moved by the train in 40 seconds.
[JNTU (A) 2009 (Set No.4)]

=V

ds
Solution : We know that i

d
S:Ivdt

To get S, we have to integrate v

40

L S=[var =§[(30+7)+4(24+16+11.7+8.5)+2(19.5+13.6+10)]

0

(using Simpson's 1/3 rule)

= 606.6667 meters.

= %(37 +240.8+86.2) = 5(3364)

/2

Example 21 : Evaluate I e dx taking p=1/6. [JNTU (K)June 2009 (Set No.4)]

0
Solution : Let y=¢""*.
T

n
Length of interval is [E - Oj =

-, The values of y are calculated as points taking / =g .

b 2n m|3n ®
b 0 - oo ===
6 6 3|16 2
y= e 1 11.6487 | 2.3774 |2.71828
Yo N B%) V3

Here n=3. We will use Trapezoidal rule.
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/2

. sinx h
By Trapezoidal rule, _[ eMdx = 5[()’0 +y3)+2(0 + 1))
0

= %[(H2.71828)+2(l.6487+2.3774)]

= %[(11.77048) =3.0815

/2
Example 22 : Evaluate I ¢S dx correct to four decimal places by Simpson’s three-
0
eighth rule. [JNTU (A) May 2012 (Set No. 1)]

Solution : Here b—a=£—0=£.
2 2

Simpson’s 3/8 rule is applicable only when n is a multiple of 3.

So we divide {0,%} into six equal parts.

) h_b—a_n/Z_i
' n 6 12

sin x

The values of y =¢*"" are calculated as follows.

n |2n m|3n mwl|4n =W 5n 6m W
X 0 — — == === —== — | ===

12 |12 6112 412 3| 12 |12 2
sinx | 0 02588 ) 05 |0.7071 | 0.8660 | 0.9659 1

1 | 1.2954 | 1.6487 | 2.0281 | 2.3774 | 2.6272 | 2.7183
Yo N1 2 V3 Y4 )5 Y6

sin x
y=e

By Simpson’s three - eighth rule,

n/2 _ 3
I e =2F[ (0 +26) +30n + 32+ va +y5) +233]
0

= 3—2[(1 +2.7183)+3 (1.2954 +1.6487 + 2.3774 + 2.6272) + 2(2.0281)]

= 3—2(3.7183 +23.8461+4.0562) = 3—2(31.6206)

REVIEW QUESTIONS
b

1.  Derive the formula to evaluate I v dx using Trapezoidal rule.

=3.1043

[JNTU 20078, 2008S, (H) Dec. 2011S (Set No. 1)]
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s b 3
1
2. Derive the formula to evaluate _[ y dx using Simpson's 3 rule.
a [JNTU (H) Dec. 2011S (Set No. 2)]
b

3
3. Derive the formula to evaluate _[ ¥ dx using Simpson's 2 rule.

f EXERCISE 7.2 w

1
. . . dx )
1. Use the Trapezoidal rule with » = 4 to estimate _[1 5> correct to four decimal
+ X
0

places. [JNTU 2007S, 2008S, (H) June 2011 (Set No. 1)]

T .
2. Evaluate I% dx by using (i) Trapezoidal rule (ii) Simpson's 1/3 rule taking n = 6.
X
0

[JNTU (H) June 2011 (Set No. 1)]
1
1
3. (a)Evaluate j e’)‘2 dx taking h = 0.2 using (i) Simpson's Erd rule (ii) Trapezoidal rule.

0 [JNTU 2007S, 2008S (Set No. 1)]

14
(b) Evaluate J. e*xzdx by taking # = 0.1 using Simpson's rule.
| [JNTU (K) 2011S (Set No. 2)]

2
4. Evaluate _[(x3 +1) dx using Simpson's 3/8 rule, dividing the range into three equal parts.
L)
5. (a) Evaluate J. \/sin6 40 using (i) Simpson's 1/3 rule (if) Simpson's 3/8 rule
0
considering six sub - intervals.

/2
(b) Evaluate I sinx dx by Simpsoon's %rd rule and compare with exact value.
0
[JNTU (A) June 2011 (Set No. 3)]

1/2

6. Evaluatej. dx
0

. . 3 .
- using Simpon's < rule with n=6.
1-x

8

6
7. (a) Evaluate I%dx using (i) Trapezoidal rule (i7) Simpson's 3/8 rule and compare it
X
0

with the actual value.

2
(b) Evaluate j 1& using Simpson's rule with 3 =0.1  [JNTU (K) 2011S (Set No. 3)]
+Xx
1

L J
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/2
8. Evaluate I \JcosO d6 by dividing the range into six equal parts.
0

dx

1
T by using (i) Trapezoidal rule (i7) Simpson's = rule  (iii) Simpson's
+x

3

6
9. Evaluate I
0

3/8 rule and compare the result in each case with its actual value.

[JNTU 2008 (Set No. 3)]

Time,r |1 (2|34 |5]6]7
Temp.f(¢) | 81 [75 [ 80 [83 [78 70 | 60

10. Given that

7
1
Evaluate I f(t) dt using Simpson's 3 rule. [JNTU 2006S (Set No.1)]
1

1. Gi that x 4.0 42 4.4 4.6 4.8 5.0 52
- oiven e logx | 1.3863 | 1.4351 [1.4816 | 1.5261| 1.5686 | 1.6094 | 1.6487

5.2
Evaluate I log x dx by using (i) Trapezoidal rule  (77) Simpson's rule

4
(éii) Simpson's 3/8 rule [JNTU 2006 (Set No.1)]

12. The table below shows the velocities of a moped which starts from rest at fixed intervals

of time. Find the distance travelled by the moped in 20 minutes.
Time, #(min) 2141 6| 81012 ]14] 16]18 |20

Velocity,v (km/min.) [ O [ 10| 18] 25( 29132 20] 11| 5 | 2

13. A curve is drawn to pass through the points given by the following table:

x [747|7.48 |7.4517.50 | 7.51 | 7.52
y |1.9311.95|1.98 | 2.01 |2.03|2.06

Find the area bounded by the curve, the x - axis and the lines x=7.47,x=7.52.

14. The table below shows the velocities of a car at various intervals of time. Find the
distance covered by the car using Simpson's 1/3 rule.

Time (min.) 0] 2 [4] 6] 8[10(f12
Velocity (km/hr) [ 0] 22 [30] 27 (18] 7 | 0

15. The velocity v (m/sec) of a particle at distance S () from a point on its path is given by
the following table:

S10]10(20]|30|40]| 50] 60
v |47 58| 64| 65] 61| 52| 38

Estimate the time taken to travel 60 meters by using Simpson's 1/3 rule. Compare your
answer with Simpson's 3/8 rule.

| J
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NUMERICAL SOLUTION OF
ORDINARY DIFFERENTIAL
EQUATIONS

8.1 INTRODUCTION

Many problems in science and engineering can be formulated into ordinary differential
equations. The analytical methods of solving differential equations are applicable only to a
selected class of differential equations. Quite often equations appearing in physical problems
do not belong to any of these familiar types and one is obliged to resort to numerical methods
for solving such differential equations.

8.2 SOLUTION OF A DIFFERENTIAL EQUATION

The solution of an ordinary differential equation in which x is the independent variable
and y is the dependent variable usually means finding an explicit expression for y in terms
of a finite number of elementary functions of x; for example, polynomial, trigonometric or
exponential functions. If such an explicit relation is found, then the solution is known as the
closed form or finite form of solution. In the absence of such a solution, we have to resort to
numerical methods of solution.

In this chapter we mainly concentrate on the numerical solution of ordinary differential
equations and discuss the following methods :

1. Taylor's series method
Euler's method
Modified Euler method
Picard's method of successive approximation
Runge - Kutta method
6. Predictor Corrector methods : Adams Moulton method

To describe various numerical methods for the solution of ordinary differential equations,

we consider the general first order differential equation

A el

dy . s »
I Sy (1) with the initial condition y(xy) = v, .

The methods will yield the solution in one of the two forms :
(i) A series for y in terms of powers of x, from which the values of y can be
obtained by direct substitution.
(i) A set of tabulated values of y corresponding to different values of x .
The methods of Taylor and Picard belong to calss (7). In these methods, y in (1) is
approximated by a truncated series, each term of which is a function of x. The information
about the curve at one point is utilized and the solution is not iterated. As such, these are

567
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referred to as single - step methods. The methods of Euler, Runge - Kutta, Adams -
Bashforth, Milne, etc., belong to class (i7). These methods are called step-by-step methods
or marching methods because the values of ¥ are computed by short steps ahead for equal
intervals / of the independent variable.

Euler and Runge-Kutta methods are used for computing y over a limited range of
x -values whereas Milne, Adams-Bashforth, Adams-Moulton, etc., may be applied for finding
y over a wide range of x -values. Therefore, Milne and Adams methods requires 'starting
values' which are usually obtained by Taylor's series or Runge-Kutta methods.
8.3 INITIAL AND BOUNDARY CONDITIONS

An ordinary differential equation of » th order is of the form

ny@&md"y =0 2
”dx’dxz’ ’dxn ..... ()

Its general solution will contain » arbitrary constants and it will be of the form
f(x,y,¢,09,.,¢,)=0 L. 3)
To obtain its particular solution, » conditions must be given so that the constants

[, ¢y, .-, ¢, can be determined. Problems in which ». ', ..., ¥y are all specified at the

same value of x, say x,, are called initial-value problems. If the conditions on y are
prescribed at » distinct points, then the problems are called boundary - value problems.
Problems in which function is prescribed at % different points and (n—k) derivatives are

prescribed at the same point are called mixed value problems.
In this chapter, we shall describe some numerical methods to solve initial value problems.

8.4 TAYLOR - SERIES METHOD
To find the numerical solution of the differential equation

d
d—i=f(x,y) ..... (1)

given the initial condition y (xg) =y,

» (x) can be expanded about the point x, in a Taylor's series in powers of (x—x,) as
X=X (x—xp )2

T Y'(xp)+ X y"(x0)+....+%

¥ (x) = y(x) + V() +ee L(2)

where y'(xy) is the ;th derivative of y (x) at x= Xq -
The value of y (x) can be obtained if we know the values of its derivatives.
Differentiating (1), we have

(D) dp 0 T
4 _dx[dx)_dx[f(x’y)] ax[f(x’y)]Jray[f(an’)] i
LT p—fr 1S, -3

Gxa
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where f denotes the function f(x,y)and f, and f, denote the partial derivatives of
the function f(x,y) with respect to xand y, respectively.

Similarly, we can obtain y" = f, , +2f.fy +f2fW +ffy +f.fy2 ..... (4)

and other higher derivatives of y .

If we let x—xy=h (ie.x=x =xy+h), we can write the Taylor's series as

2 3

h 4 h 4 h m
Y(X)ZY(XO)+1—!Y(XO)+2—!)/ (xo)+;y (xp)+ee (5)
h 2 3
ie, MN=Xo +1—!y() +2—!y(')' +§y(')"+....

From the above equation knowing the value of y(x,); the higher derivatives

¥'(x9), ¥"(xp), ... may be computed and the value of y at the neighbouring point x; + 4 may
be found out.

On finding the value y; for x=x using (2) or (5), »',»",»" etc. can be found at
x=x; by means of (1), (3) and (4). Then y can be expanded about x =x; .

h ! 2 n 3 m
Thus =)o +1—!y0 +2—!y0 +§y0 + ..

Similarly expanding y(x) in a Taylor series about the point x;, we will get
2 K
Y2=n +1—!Y1 +2—!J’1 +3—!J’1 o
Similarly expanding y(x) at a general point x,, , we will get
2 3

v h” B
yn+1:yn+ﬁyn+2_!yn+§yn+"" ..... (6)

d}"
where Yy, :( y]
dx}"
(X5 )

Equation (6) can be used to get the value of y,,,. For this, the exact value of y, must

be known from the previous step. Since (6) is an infinite series, we have to truncate at some
term to have the numerical value calculated. Thus the value of y, can be got approximately,
without much error. Further equation (6) can be written as

K
yn+1:yn+hyn +7yn+o(h3) ..... (7)

O (#*) means "terms invloving third and higher powers of 4*" and read as "order of #*".

So if (7) is taken to determine y . leaving the terms O(%’), the truncation error in the
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estimation of y  is kh’> where k is some constant. The Taylor series used is said to be of
the second order.

In general, if we retain, for calculation purpose, the terms upto and including 4" and
neglect terms ~"*! and higher powers of # in the R.H.S. of (7), the error will be proportional
to the (n+1) th power of the setp-size. The Taylor's algorithm is said to be of the » th order.
The truncation error is O(A""). By including more number of terms in the R.H.S. of (7), the
error can be reduced further.

n
If 4 is small and the terms after n terms are neglected, the error is h—' f"(0), where
n!

X0 <9<x1 if X; —Xo =h.
8.5 MERITS AND DEMERITS OF THE TAYLOR SERIES

The Taylor series method is a single step method and works well so long as the successive
derivatives of y can be calculated in an easy manner. But if f(x, y)is some what complicated,
then the evaluation of higher order derivatives may become tedious. This is the demerit of
the Taylor's series method and therefore, has little application for computer programs. Also
this method is particularly unsuitable if f(x, y) is given in a tabular form.

However, this method will be very useful for finding initial starting values for powerful
numerical methods such as Runge-Kutta, Milne's method and Adams-Bashforth which will

be discussed subsequently.
SOLVED-EXAMPLES

Example 1 : Using Taylor's series method, solve the equation % = 2 + y? forx=0.4,
given that y = 0 when x = 0. &

Solution : Given equationis »'=/f (x,») where f (x,y)= X242

Differentiating repeatedly w.r.t.x, we get

Ay 2 2
=—=x"+
= ¥
" d2 ' m d3 ) 2 n 3 d4 ' n m
Ly =—2y=2x+2y.y; y =—§}=2+2(y) 2" yW:—ijzﬁy P2y
dx dx dx

At x=0,y=0, so we have »'(0)=0, y"(0)=0, y"(0) =2, y(iv) 0)=0
The Taylor series for y(x)near x =0 is given by

2 3 3

4
X X7 . X i X
Y0 = 1O+ 'O+ YO+ (0)+Zy(’v)(0)+... 04040+ 240+

3
= x?+ (higher order terms neglected)

3
©4 —0'(;64 =0.02133

Hence y(0.4) = 3

Note: Notice that Taylor's series method rests on the successive evaluation of

d? y d’ y . . . dy _
e etc., using the given equation o S ().
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Example 2 : Solve y'=x—y?, y(0)=1using Taylor's series method and compute

1(0.1),9(0.2) . [JNTU (A) Dec. 2013 (Set No. 1)]
Solution : The derivatives of y are given by

] . n__ [ m__ n2 "
y'=x—yt; y=1-2yy'; y ——2[(y) +ny

' n ' n

=202y y Y vy y = 2[3 " "y »"]
Here x5 =0,y9=1 and 2=0.1
Now
3o =136 =1-2() (-1 =3, 5§ ==2[ -D? + 1) B) | =8
W =-2[3-D3)+ ()(-8)] =2[-9-8] =34
2 S 4

By Taylor's series, we have 1 = Y()+1|J’0 T X Y0 3 — Wt 41 W0+

~ (0.1) 0.1 o ©n
=y(0.1)= 1+ (l) 3 3)+ 6 (—8)+ B 34)+

=1-0.1+0.015-0.00133+0.00014+ ....
=0.91381
Now, take x =0.1,2=0.1 and y, =0.91381
We calculate i, ¥{> v i,

Y =x -y} =0.1-(0.91381)% = 0.1-0.8350487 = — 0.735
y=1=2y, 3 =1-2(0.91381) (-0.735) = 1+1.3433 = 2.3433
3 = =2[ 0D 4| = 2] (- 07357 +(091381) (23433)|
= —2[0.540225+2.141331] = 5363112
AW = =230 ¥+ o] = —2[3(=0.735)(2.3433) +(0.91381)(5.363112)]
= —2[-5.16697 —4.90087] = 20.133567
2 3 4

h . .
We take ¥, =y +hy| +— Y A%t +; %t +z P+ . using the Taylor's series method.

2
" yy = 9(0.2) = 0.91381+(0.1) (— 0735)+(0 D" 23433

n (0.61) (-5.363112) +%(20.13567) +....

= 0.91381-0.0735+0.0117-0.00089 +0.00008 =0.8512
Proceeding like this it is possible to get the values of y at various values of x.
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Example 3 : Using Taylor series method, find an approximate value of y at x = 0.2 for
the differential equation y'—2y =3¢, y(0)=0. [JNTU (H) June 2010 (Set No.1)]
Compare the numerical solution obtained with exact solution.

(OR) Using the Taylor's series method, solve E =2y+3e",y(0)=0at x=0.1,0.2

[JNTU (A) June 2011 (Set No. 4)]

Solution : Given equation can be written as y'=2y+3e”*
Differentiating repeatedly w.r.z. 'x', we get

y'=2y'+3e’; y"=2y"+3e; yiv=2y"’+3ex
Here X0 =0, Yo =0, X 20.2,]’!:0.2
L yh =2y +3e° =2x0+3x1=3; =2y +3e’ =2x3+3x1=9
y(')"=2y(')'+3eo=2><9+3><1=21; y6v=2y(')"+3eo=2><21+3><1=45
2 3 4

. h h
We have the Taylor algorithm »; =y + T ,J’O LA 2 Yo+ 31 Yo +z 0+

(0.2)?
2

(0. 2)

0.2)*
24

y(02)=y =0+ % 3)+ 9)+ Ch+——45+..

=0.6+0.18+0.028+0.003 =0.811
We can get the analytical solution of the given differential equation as follows.

The equation is Z—y -2y =3¢
X

which is a linear equation in y .
Here P=-2,Q=3¢". [LF.= eIde = eizjdx =e ¥

.. General solution is yxLF.= J'Q xLF.dx+c

e, ye = j3ex e Fdv+e =3 Ie_xdx tc=-3e¢ " +c
" y=-3¢"+ce?*. When x=0,y=0. So 0=-3+c or c¢=3
. The particular solution is y =-3¢* +3 &

Putting x = 0.2 in the above particular solution,

y=-3e"2 43" =3(1.2214)+3 (1.4918) = —3.6642 + 4.4754 = 0.8112
Note :  Using Taylor's series method, y(0.2) =0.811

Using the exact solution, y(0.2)=0.8112
The difference between the values is 0.0002
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Example 4 : Employ Taylor's method to obtain approximate value of y(1.1) and y(1.3),
for the differential equation y'=x Y3 5 y=1. Compare the numerical solution obtained
with exact solution. [JNTU (A) Dec. 2013 (Set No. 4)]

Solution : The derivatives of y are given by

V' =xy e (1)
" 1 o3, 1 -
Y =xg 2130 V3 5xz y13 3 @)
2
mo_ X 1Y a3, 2x 3 1 /3,
N +2= +— )]
y 3 [ 3])/ y 3 y 3)/ y
2 3
Step 1: We have the Taylor algorithm y; = yo +4 g +; 0 +; Y0+ o e (4)

Here xg=Lyy=1LAk=0.1.
Putting x; =1, o =1 in (1), (2) and (3), we get

1 _ 4 1 2 1
SR INE ST W P TE SN U B o 1, 2.1
yo=1(1) Y0 3()() M 3andyo £33

O | oo

Hence substituting the values of Yo, Y0, Y6-Y0 in (4), we get
(0.1) [4] (0:1)° [8]
=y(1.)=1+0.1) 1)+ — = — |+
y =y (L1) 0.1 (1) e 69
=1+0.14+0.0066+0.000148 =1.10674811 1.1067 .
Thus we have evaluated y(1.1) .
Step 2: Let us find y (1.2). We start with (x;, y;) as tI%e startiglg value x =xy+h=1.1

. ’ h " h m
We have by the Taylor's algorithm , y, =y +4 +; ! +; Wt wee (5)

Putting x; =1.1 and y; =1.1067 in (1), (2) and (3)
yi=x »' 3 =(1.1)(1.1067)"3 =1.13782
" 1 - 1
¥ :gxf w34 yi3 =§(1.1)2(1.1067)1/3 +(1.1067)"3 =§(1.21) (0.96677)+1.03437
=0.38993+1.03437 =1.4243
and yi”:O.9297
Substituting the above in (5), we get

2 3
v, =y (1.2)=1.1067 +(0.1) (l.l3782)+%(l.4243)+ %(0.9297)
+ (higher order terms neglected)

=1.1067 +0.113782 +0.00712 + 0.00015495= 12277569 L 1.2278 .
Thus we obtained y(1.2).
Step 3 :  Now we start with (X2, ¥2) as the starting value, where x, = x; +h=1.2
2 3

’ h " h "
We have by the Taylor's algorithm, »3=y2+h )5 +; » +; B+ (6)
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Putting x, =1.2 and y, =1.2278 in (1) and (2),

Yy =%, Y3 = (1.2)1.2278)13 = 1.28496

= éxg yt 33— %(1.2)2(1.2278)’1/ 3 +(1.2278)'3

= %(1 44) (0.93388)+1.070802 = 0.44826+1.070802 =1.51906
Substituting the above in (6), we obtain

2
3 =1.2278+(0.1) (1.28496) +% (1.51906) + (higher order terms neglected)

=1.2278+0.128496 +0.0075953 =1.3638913

"y, 013639
ANALYTICAL SOLUTION:
dy 1/3

SN
The equation is oY

-1
Separating the variables, & _ xdx Or y3dy=xdx

173
y
. 3 93 X 31
— =— =1, y= So—=—+c=c=1
Integrating, 2y 5 +c¢. When x=1y=1 5= Te=e¢
. . Sy 3 1
Hence the particular solution is — y* 3:%“ or y2/3=§(x2+2) ..... (7)
Putting x=1.1 in (7), »?/3 =%(l.21+2)=%=1.07

soy=0.0DY 211068 e, y(l1)=y =1.1068

1 3.44
Putting x=12 in (7), »*"° =5(144+2) === =1.1467

s y=(1.1467)%'2 =1.2278

Putting x=13 in (7), ,2/3 =%(1.69+2)=%=1.Z3

O

s oy=(1.23)%2 =1.364136 0 1.364

Thus we can tabulate the values as follows :

Taylor's series method | Exact solution

y y
1 1 1
1.1 1.1067 1.1068
1.2 1.2278 1.2278

1.3 1.3639 1.364
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We notice that the values of y in the last two columns are sufficiently close to one
another.

Example 5 : Solve y'= X2 - ¥, ¥(0)=1 using Taylor's series method and compute
1(0.1), ¥(0.2),1(0.3), and y(0.4) (correct to 4 decimal places). [JNTU (A) June 2010 (Set No.3)]

Solution : Given equationis y'= X2y .. (1)
Differentiating (1) successively, we get
Y=2x—y ..(2) y"=2-y" ..(3) and V' =" .. (4
. . ' h2 " h3 m h4 v
Step 1. The Taylor algorithm gives y; =y +4 ) +; Y0 +; Y0 +Z Yo+ (5)

Here x, =0, yy=1, #=0.1

Putting x, =0, yo =1 in (1), (2), (3) and (4), we obtain
Yo=x5-yo=-1; 6 =2x) -y, =0-(-1)=1
W=2-y5=2-1=1; i =—yp=-1

Hence substituting the above in (5), we get

y = p(0.1)=1+(0.1) (-1) + 0';1 (1) 2001

)

0.0001
+ -+
24 D

=1-0.1+0.005+0.01666—0.0000416 +... = 0.905125 1 0.9051 (4 decimal places)
Step 2. We start with (x;, y;) as the starting value where x; =xy+/2=0+0.1=0.1
Wo,n
From the Taylor's algorithm y, =y, +4 y| +; " +; WHee (6)
Putting x; =0.1 and »; =0.905125 in (1), (2), (3) and (4),

Y = x12 -y, =0.01-0.905125=-0.895125; ) =2x -y =0.2+0.895125=1.095125

Y'=2— I =2-1.095125=0.904875; yI" = —y{'=-0.904875
Substituting the above in (6),

01
¥, =¥ (0.2) =0.905125+ (0.1) (~0.895125) +%(l.o95125)

+%(o.9o4875) +%(—0.904875) o

=0.905125-0.0895125+0.00547562 +0.000150812 —0.00000377
=0.82123510 0.8212 (4 decimal places)

Similarly y (0.3) =0.7492 (4 decimals) and y (0.4) =0.6897 (4 decimal places)
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d
Note: Solve the equation d—i: =x-3 with the conditions y(0)=1and y'(0)=1. Find

y(0.2) and y(0.4)using Taylor's series method. [INTU Aug. 2008S (Set No.1)]

Takex,=0,y,= 1, h = 0.2 and substitute these values in (1), (2), (3), (4) and then in (5)
to find y = »(0.2). Now take x, = x, + 2= 0 +0.2 = 0.2 and substitute these values in (6) to
find y, = »(0.4).

Example 6 : Tabulate y(.1), ¥(.2) and y(.3) using Taylor’s series method given that

y'=y*+xandy (0)= 1. [JNTU 2006, 2006S (Set No.2, 3), (A) Nov. 2010, (Set No. 2)]
Solution : Given y' = y? + x (D)
and y(0)=1 .. (2)
Differentiating (1) w.r.t. ‘x’, we get
y'=2yy'+1 .. (3)
y!" — 2y y” + 2 (y')z ces (4)
=2y y"+6y"y" .. (5)
and so on.
We have x; = 0 and y, = 1. Putting these in equations (1), (3), (4) and (5), we obtain
=(1)y+0=1
0 —2(1) (H+1=

w=2(1)(3)+2(1)=8

”’ =2(D)®)+6(1)(3)=34

Take h 0.1
Step 1: We know by Taylor’s series expansion,

2 3 4

= h h™ w b .. (6
Y= Y +1'yo 270 +§J/o ?yo + (6)
On Substituting the values of y,, vy, yj, etc. in (6), we get
0.1 0.1y 0.1
p 0=y, = 102 O ) O ) Oy

=1+0.1+0.015+0.001333 + 0.000416
=1.116749

Step 2: Now we will find 3(0.2). We start with (x,, y,) as the starting value.
Here x, =x,+h =0+0.1 and y, = 1.116749.
Putting these values of x, and y, in (1), (3), (4) and (5), we get

y = )’1 +x,=(1.116749)* + 0.1 = 1.3471283

Y= 2y +1=2(1.116749) (1.3471283) +1 = 4.0088
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W= 20 +2(0))? =2(1.116749)(4.0088) +2(1.347128)?

8.95365 +3.6295=12.5831

" = 2y v+ 631 ¥

2(1.116749) (12.5831) + 6(1.3471283) (4.0088)
=28.104329 +32.4022 = 60.50653

By Talyor's series expansion,

2 3 4

v, =yt hy+ o Y1+?Y1 z)ﬁ T

0.01 0.001
—1116749+(01)(13471283)+[ j(40088)+{ j(12.5831)

0.0001
* [ 24
=1.116749 + 0.1347128 + 0.020044 + 0.002097 + 0.000252
ie, y(0.2) =1.27385
Step 3: Let us find y (0.2). We start with (x,, y,) as the starting value.
Here x,=x +h=0.1+0.1=0.2
and y,=1.27385
Substituting the values of x, and y, in equations (1), (3), (4) and (5), we get

vy = y2 +x, =(1.27385)* + 0.2 = 1.82269

j (60.50653)

¥5 =2y, +1 =2 (1.27385) (1.82269) +1 = 5.64366

5 =20, 4 +2()% = 2(1.27385) (5.64366) + 2(1.82269)
= 14.37835 + 6.64439 = 21.02274

¥, = 2095 + 6355
=2(1.27385) (21.02274) + 6 (1.82269) (5.64366)
=53.559635 + 61.719856 = 115.27949
By Taylor's series expansion,

2 3 4

Yy = athyy+— Y J/2+;J/2+?J/2 +..

0.01 0.001
= 1.27385 + (0.1) (1.82269) + { j (5.64366) + { j (21.02274)

{0.0001)
+| 755 ) (115.27949)

=1.27385+0.182269 + 0.02821 + 0.0035037 + 0.00048033
=1.48831
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Thus we can tabulate the values as follows :

X y
0 1
0.1 | 1.116749
02 | 1.27385
0.3 | 1.48831

Note: Using Taylor's series method, solve )’ =xy+)?, ¥(0)=1atx=0.1,0.2,0.3

[JNTU Aug. 2008S, (K) June 2009 (Set No.2)]

Proceeding as in the above problem, the student can easily get the solution as
»(0.1)=1.1167,»(0.2) = 1.2767 and »(0.3) = 1.5023.

Example 7 : Solve y'=x+y, given (1) =0. Find y(1.1) and y(1.2) by Taylor’s series

method. [JNTU 2008R (Set No. 3)]
Solution : Given y'=x+y .. (1)
and  y(0)=1
Differentiating (1) w.r.t. ‘x’, we get
y'=1+y .. (2)
yr=y" - (3)
ylV :ym (4)
and so on.

We have x,=1,y,=0and 2= 0.1.
Putting these values in equations (1), (2), (3) and (4), we obtain

Vo=xg+yy=1+0=1
yvo=l+yy=1+1=2

Yo =0 =2
o = 25-etc.,
Step 1 : By Taylor’s series, we have
2 3 4
_ AP AR 4 AT A A
Y = yo+1!yo+ 2!y0+ 3!yo+ 4!yo +
: = y(1 1)—0+£(1)+(0'1)2 2)+ (0'1)3 2)+ (0'1)4 2)+ (0'1)5 2)+---
AN 1 2 6 24 120
= 0.1+0.01+0.00033 +0.00000833 + 0.000000166 + ---

= 0.11033847.
Step 2 : Now we will find (0.2). We start with (x, y,) as the starting value.
Here x, = 1.1 and y, = 0.11033847
Putting these values of x, and y, in (1), (2), (3) and (4), we get
y = x, +y, =11+0.11033847=1.21033847
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Net 1+ y] =2.21033847
V= =" =y =2.21033847
By Taylor’s series expansion,

2 3 4
Y, = y1+hy{+g)’{'+§ﬂ+4—!yfv+‘“
0.1 (0.1)?
Sy = y(12)=0.11033847 +=(1.21033847) + = (2.21033847)
1)° 1*
+%(2.21033847)+%(2.21033847)+m
= 0.11033847 +0.121033847 +2.21033847 (0.005 + 0.0016666 + ---)

0.24280160
Analytical Solution :

..oay
Th t ——)y=X
e equation is i y
ILE. =¢>

The general solutionis y-e " = Ixe_xdx +e=—(x+1)e " +c
or y=—(x+1)+ce
wehave y(1)=0=>0=-2+ce ... ¢=2¢!
Hence the solution is y = —x — 1 + 2¢*!
Thus y(1.1) = —1.1 —1+2%' =0.11034
y(1.2) = -1.2-1+2%2=0.2428
We can tabulate the values as follows :

x | Taylor’s series method Exact solution
) )
1.1 0.11033847 0.11034
1.2 0.2428016 0.2428
Example 8 : Use Taylor's series method to find the approximate value of y when
x = 0.1 given y(0) =1 and y'=3x+ 2. [INTU(K) May 2010 (Set No.1)]
Solution : Given y' =3x+ * .. (1)

and y©0) = 1
Differentiating (1) successively w.r.t. 'x, we get

n

yoo= 3+2y .. (2)
Y= 2"+ ()] .. (3)
Y= 2w 43y "] . (@)

Here x, =0,y,=1. We have to find y,. Take & = 0.1
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Putting these values in (1), (2), (3),(4) and (5), we obtain

yb = 3.X'0 +y§ =1
y('; = 3+2y0y('):3+2(1)(1):3+2:5
Y6 = 2oy +(06)*1=2(5+ =12
yf)v = 2yoyg +3y0-yol=2[12+15]=54
By Taylor's series method,
2 3
n = yo+1—!J/o+2—!J/o+§J/o+-~
(0.1)2 0.1)° 0.1
= 1+0.11) + 5)+ 12)+ 54) +...
M 5 (5 6 12) 4 (54)
= 14+0.1+0.025+0.002 + 0.000225 +...
= 1.127

Example 9 : Find by Taylor's series method the value of y at x = 0.1 to five places of
decimal from

d
d_i = 2y_Ly0)=1 [JNTU(A) May2010 (Set No.1)]

Solution : Given

Vo= xy-l (D
Differentiating (1) successively w.r.t.'x’ we get

Y= 2+ xly ()
y" o= 2y+4xy'+x2y" .. (3)
Y= 6y +oxy" +x7y" (@

and so on
We have x,=0,y, =1 and 2 = 0.1
Substituting these values in equations (1), (2), (3), and (4), we obtain

Yo = xgyo -1=-1
n j— 2 ’
Yo = 2xpyo+xpyo=0
" j— ! 2 n
Yo = 2y +4xoyy+xgyg=2(1)=2
7 !/ n 2 n
vy = 60 +6x0y0+x5yp=06(=1)=-6

By Taylor's sereies, we have
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h 2 3 h4 )
_ A AN noom - v
n=y0.1 = )/o+1!)/o+ 2!y0+ Y Yo+ TRL +.

2 3
1+%(—1 LOD* .1

)

1-0.1+0+0.00033-0.000025 +....
0.9003
Note: Similarly y, = (0.2) = 0.80256

0.n*
0) 2)+ 24 (=6) +...

d
Example 10 : Solve Ey =xy+1 and y(0) = 1 using Taylor's series method and compute

1(0.1). [JNTU(H) June2010(Set No.3)]
Solution : Given y'=xy+1 (D
Differentiating (1) successively w.r.t. 'x', we get
yi=xy'+y .. (2)
y'=xy"+2y' .. (3)
YV = xp"+3y" . (4)

and so on.
We have x, =0, y,=1 and ,=0.1
Substituting these values in equations (1), (2), (3) and (4), we obtain

Yo = Xgyp+l=0+1=1
Yo = Xyo+yo=0+1=1
Yo T Xuot+2yp=0+2(1)=2
yf)" = xgvo+3y9=0+31=3
By Taylor's series, we have ) 5 .
h ’ n n h |
=200 = YT Yo F IOV e
(0.1)% (0.1)° 0.1)*
= 14+(0.1)+ 1)+ 2)+ 3)+..
(0.1) 5 @ 6 () 4 3)
= 1+0.1+0.005+0.00033 +0.0000125 +...
= 1.1053425
= 1.1053 correct to four decimal places
dy

Example 11 : Solve the equation e =x— y2 with the conditions y(0) =land y'(0)=1.
X

Find y(0.2) and y(0.4) using Taylor’s series method.
[JNTU 2008 (Set No.4)]

Solution : We have y' =x—3% y(0)=1and y' (0)=1
Differentiating y' = x — )” repeatedly, we find

14

y'=1=2y', y'(0)=1-2(1)(1H)=1-2=-1
yu! — 2[yyu+(y!)2] , y'”(O) =-2 [1(—1) + 1] =0



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Y= 20y Yy 200, yM(0) = 2[0-1-2] =6
By Taylor’s series expansion,

2 3 4
y(x) = y(0)+ y(0)+ y"(0)+ y"'(0)+ y’v(0)+
2 4 2 4
= 1+x+x—(—l)+0+x—(6)+... = x4
24 2 4
4
(02) 0.2)
. 9(0.2) = 1+0.2— =
»0.2) > 2
= 1.2-0.02 +0.0004 =1.1804.
4
§04) — 1104- 0D "

2 4
= 1.4-0.08 +0.0064 =1.3264.
8.6 Taylor Series Method for Simultaneous First order Differential Equations.

The equations of the type % = f(x,y,z) and ZE =g(x,y,z) with initial conditions
by /X
W(xy) = ¥, 2(x,) = z, (Here x is independent variable while y and z are dependent) can be

solved by Taylor’s series method as explained through the following example.

SOLVED EXAMPLES

d d
Example 1 : Find y(0.1), 1(0.2), z(0.1), 2(0.2) given d—i=x+z, d—i=x—y2 and

1(0) =2, z(0) = 1 by using Taylor’s series method.
[JNTU 2008R, (K) June 2009,2009S, (H) June 2010 (Set No. 2)]

Solution : Given

y'=X+Z Z':x—y2

Take x,=0,y,=2,h=0.1 Take x,=0,z,=1,h=0.1

We have to find y, = »(0.1) and y, = 1(0.2) We have to find

Now y'=x+z z, =2z(0.1) and z, = 2(0.2)
y"=1+Z' Now Z':x—yz
y"':Z" Z":1_2y‘y'
yiv — Zm Zm — _2[y . y" + (yr)z]

and so on. and so on.
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By Taylor's series, for y, and z,, we have

h2 h3
vy = y0.1)= yo+hyo+2, SRR (D)
wo,on
and z, = z(0.1)=zy +hzp +— o zZ5+— 3 zg .. (2)
We have
Yo =2 z, =1
Yo = x,tzy=0+1=1 2= Xo-¥5 =0—-4=-4
Vo = 1+z{)=1+x0—y§ z0 = 1-2yy - ¥4
= 14+0-4=3 =1-2)(1)=1-4=-3
Y= 20=1=2y0-%0 2 = ~2[wo - i+ ()] =10
=1-22)(1)=1-4=-3
W=z
= 2yo - ¥§+ ()]
= 2[2:(=3)+1]=10

Substituting these in (1) and (2), we get
0.01 0.001

vy = ¥0.)=2+(0. 1)(1)+»( 3)+ —( 3)+
=2+0.1-0.015-0. 0005 + =2, 0845 (Correct to four decimal places)
0.01 1
z, = z(0.)=1+(0.1)(-4) + 20 (-3)+ 0.00 10)+

=1-0.4-0.015+0.00166 + -+ = 0.5867 (correct to four decimal places)
By Taylor’s series for y, and z,, we have
2 3

ok h
»n=y02) = y+h+— X yﬁyh - (3)
wo, K
andz,=z(0.2) = zj +hz{+—— o z{+— 3 Z{ 4 . (4)
Now we have
x, = 0.1,h=0.1 z, = 0.5867
y, = 2.0845 Zf = x -yt
= Xtz = 0.1 +0.5867 =0.1- (2.0845)2
= 0.6867 = 42451
I E 2= =20y y+ ()]
= 14y -2 — 2 [(2.0845) (~3.2451) + (0.6867)?]
=14+0.1- (2.0845)2 = -2 [-6.7644 + 0.4716]
= 32451 = (-2) (-6.2928) = 12.5856
W= z'=1-2y -y
= 1—2 (2.0845) (0.6867)

= —1.8628
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Substituting these values in (3) and (4), we get
0.01 0.001

v, = ¥(0.2)=2.0845+(0.1)(0.6867) + T(—3.245 D+ T(_l .8628) +---
= 2.0845 + 0.06867 — 0.0162 — 0.0003104 + -
= 2.1367 (correct to four decimal places)
.01 .001
z, = 2(0.2)=0.5867 +(0.1)(—4.2451) +%(—1.8628) + 0 20 (12.5856) +---

= 0.5867 - 0.42451 - 0.009314 + 0.0020976 + -
= 0.15497.

8.7 TAYLOR SERIES METHOD FOR SECOND ORDER DIFFERENTIAL EQUATION

Any differential equation of the second or higher order is best treated by transforming
the given equation into a first order differential equation which can be solved as usual.
Consider, for example the second order differential equation:

Y= [0, 3, (x0) = yo and y'(xy) =y}

Substituti ﬂ =z 1
ubstituting — .. (1)
the above equation reduces to
dz
! = I x’ b Z cee
z pn f(x,y,2) (2)
with initial conditions
y(x) = ¥ .. (3)
and z(xg) = zg =¥ e (4)
Now, we resort to solve (2) together with (3) and (4) using Taylor series method.
2 3
721 = zg+hz +2—!26 +§zg+... .. (5)
Whel‘e Zl A Z(.x = xl) and xl - .xO = h
2
Now = Yo+hw +7y3 +... becomes
2 PE
y = Yo+hz +72(') +;Z('S +..., using (1) ... (6)

Equation (2) gives z' and differentiating it, we get z”,z",... Hence zj,z{,zg,... canbe
obtained and using (6) and (5) we can get y; and z,. Since we know y; and z; we can get

Z{’Z{'9Z{':~-~ at (xl,yl)
2
L h .
Again using z, = z +FZ{ +721" +..., we get z, and using

!/ h n : !/ n
¥y = +Fy1 +7y1 +..., we get y, since we can calculate »1,)1,... from (1)
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SOLVED EXAMPLES

Example 1 : Evaluate the values of y (1.1) and y (1.2)from y"+3%y' =x;y (1) =1,
y'(1) =1 by using Taylor series method. [INTU (A)June 2009 (Set No.4)]
Solution : Given equationis y"+y’y' =x" ... (1)
Put y'=z so that (1) becomes z'+ y’z = x*
=X -z .. (2)
Given y, =y(l)=1and z, =y, =1 ... 3
Now we solve (2) given z, =z(1)=1 and x, =1.
JE
Here z, =z, +hz) +2—!Zg+... . (4
From (2), we have z"=3x" —y*z'—2zyy’ and )" =z’
2" =6x-2yz'—y’z" =2y +yz'y' + yzy"] and y" =z"
sz =X =iz, =1-1=0
z0=3x; — iz —2z,3,0h =3-0-2=1
2y =6, = 2y,25 = ¥y 20 — 2 [(Do¥5 + Voiz +920¥5] =6—0-1-2[1+0+0]=3
Substituting in (4), we get

z, =1+(0.1) (1)+(°'2—1')2(0)+(—03—1'£(3)+...=1.1005

By Taylor series for y,,

2

. h
Y =y(0-1)=y0+hy0+;yo+ ......

0.01 , 0.001 ,
:1+(O'1)20+2_!ZO+TZO+""

0.001

=1+0.1+0+ =1.1002

. h o, W,
Similarly yzzy(xz):y1+ﬁy1+5yl+""

0.1 0.01 , 0.001 ,
=1.1002+TZI+TZI+TZI+-~- ..... (5)

Now z/ =x’ —y?z = (0.1) —(1.1002)*(1.1005) = —1.3311
2'=3x7 = y2z =2z, =3 (0.01)— (1.1002)> (=1.3311) =2(1.1005)(1.1002) (1.1008)
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=0.03+1.6112-2.6656 =—1.0244
Using in (5),

0'(;01 (-1.0244) +....=1.2034

y, =1.1002+0.1 (1.1005)+%(—1.3311)+

~ y(0.1)=1.1002 and y (0.2) =1.2034

f EXERCISE 8.1 w

1. Given the differential equation y'=x>+ 3%, y(0)=1 Obtain y (0.25)and y (0.5) by
Taylor's series method.

2. Solve Z—y =xy+1 and y (0) =1using Taylor's series method and compute y (0.1).
X
[JNTU (H) June 2010 (Set No.3)]
3. Evaluate y(0.2)and y (0.4) correct to four decimal places by Taylor's series method if
y(x) satisfies ' =1-2xy and y (0)=0. [JNTU (H) Dec. 2011 (Set No. 3)]

4. Employ Taylor's method to obtain approximate value of y (1.1) and y (1.2)for the

differential equation D _ x+y,y (1)=0. Compare the final result with the value of the

explicit solution. ~ [JNTU 2008 (Set No. 3)]

5. Given the differential equation % =x?y—1, y(0)=1. Compute y (0.1) by Taylor's series
X

method. [JNTU (A) June 2010 (Set No.1)]
(OR) Find by Taylor's series method the value of y at x = 0.1 to five places of decimals

from % =2y -1,y (0)=1. [JNTU (A) June 2011 (Set No. 1)]
X

6. Solve y'= xy2 +»,y(0)=1 using Taylor's series method and compute y (0.1)and

y(0.2).
7. Use Taylor's series method to solve the differential equation

@ L ,y (4)=4 and compute y (4.2) and y (4.4).
dx x2 +y

8. Using Taylor's series method, obtain the solution of Z—y = (> +x?H) e, y(0)=1 for
X

x=0.1,0.2,0.3 [JNTU (A) June 2010, 2011 (Set No. 3)]
9. Evaluate y(0.4) correct to six places of decimals by Taylor's series method if y(x)
satisfies ' =xy+1, y (0)=1 taking #=0.2.

10. Find y(-1), y(-2) and y(-3) using Taylor's series method given that % =1-y,y(0)=0.
X
[JNTU 20078, 2008S (Set No. 1)]
11. Find 1(0.1), 2(0.1) given % -
X
L series method. )

z—x, % =y+x and y(0) = 1, z(0) = 1 by using Taylor's
X
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12. Find x(0.1), (0.1), x(0.2), 1(0.2) given % — e+, % - —tx and x(0) = 0, y(0) = 1 by
using Taylor's series method.

13. Estimate the value of y (0.1) from y" = xy'+ y, y(0) =1, y'(0) =0 by using Taylor series

method.
( ANSWERS )
1. 1.3333,1.81667 2. 1.1053 3. 0.1948,0.3599
4. 0.11033847,0.2428016 5. 0.9003 6. 1.111,1.248
7. 4.0098,4.0185 8. 1.0047,1.01812,1.03995
9. 2.588419 10.0.095,0.181, 0.2587
| 11. 1.1003, 1.1100 12.0.105, 0.9987,0.21998, 0.9972 13.1.005
8.8 PICARD'S METHOD OF SUCCESSIVE APPROXIMATIONS
Consider the differential equation Z—y =f(x,») (D)
X
Given thaty =y forx=x, .~ . (2)

It is required to obtain the solution of (1) subject to the condition (2).
The equation is dy = f (x,y) dx
Integrating (1) in the interval (x, x), we get

X X

[ dv = [ reryd

X=X X

ie., (y)ﬁzx0 = _[f(x,y)dx e, »(Xx)-y(xg)= _[f(x,y)dx

X0

X
or y@=y+ [ fapae (3)
0
We find that the R.H.S of (3) contains the unknown y under the integral sign. An
equation of this kind is called an integral equation and it can be solved by a process of
successive approximations.
Picard's method gives a sequence of functions y®(x), y® (x), y® (), ....

which form a sequence of approximations to y converging to y(x) .

To get the first approximation »" (x), put y =y, in the integrand of (3) . We get

X

W =yo+ [ feypax e 4)
Xo

Since f(x,y,) is a function of x , it is possible to evaluate the integral.

After getting the first approximation yV for y, we use this instead of y in f{x, y) of (3)
and then integrate to get the second approximation y*» for y as

y(2) = yp + I f(x,y(l))dx ..... (5)

X0
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Similarly, a third approximation y® for y is

W=y [ ey L (6)

X0

Proceeding in this way, we get the n™ approximation y for y as

X
Y =yo+ [ £ e n=123, ™

X0

X
or y,=yo+ [ £ yp)dx, 1=1,2,3,...
o

Equation (7) gives the general iterative formula for y. Iterations are repeated until the
two successive approximations y and y‘~V are sufficiently close.

Equation (7) is known as Picard's iteration formula. It gives a sequence of approximations
3y 52 (), @®) | each giving a better result than the preceeding one. Since this method
involves actual integration, sometimes it may not be possible to carry out the integration.
This method is not convenient for computer based solutions.

This method is illustrated through the following examples.

SOLVED EXAMPLES

Example 1 : Find an approximate value of y for x = 0.1, x = 0.2, if % =x+y and
X

y =1 at x =1 using Picard's method. Check your answer with the exact particular solution.

Solution : Consider % = f(x,y)where y =y, at x=1x,.
X

Here flx, y) = x+ p, x,=0and y = L.

By Picard's method, a sequence of successive approximations to y are given by

X
S R PACR A

X0

The integral equation representing the given problem is

X
WOl [y e (1)
0

Here x=0,y=1.

First approximation:

For n = 1, equation (1) becomes y) = 1+f(x+y0)dx

0
X 2
y(l) =1+J.(x+l) dx=1+ x+x7

0
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Second approximation:

For n =2, equation (1) becomes

Yy = 1+I(x+y1)dx
0

X 2 X 2 3
y(2)=1+J. x| Lex+ || =1+J. 1+ 2x+ 2 |de=1+x+x" +—
2 0 2 6

0

0.001

When x=0.1, y? =1+0.1+0.01+ =1.1101

When x=02, y» =1+02+ 0.04+$ =1.2413

Third approximation:
Putting n =3 in (1), we have

Yy = 1+I(x+y2)dx
0

X 3 X 3
y(3):1+I x| T+x+x®+2 dx:1+J. 1+ 2x+x° +°— | dx
0 6 6
0
3 4

R .. (2)
324

Thus y is found as a power series in x. It is clear that the resulting expressions are too
big, as we proceed to higher approximations. Hence appropriate value of y is y*. The
method therefore has very limited applications.

For x=0.1,y = 1+0.1+0.01+§(0.001) +2—14(O.001) , using (2)

=1+0.1+0.01+0.0003333+0.0000041
=1.1103374 [1 1.1103 (correct to 4 decimal places)

For x=02, y =1+0.2+(0.2) +g+% , using (2)
=14+0.2+0.04+0.0026666+ 0.00006666
=1.242733 [J 1.2427 (correct to 4 decimal places)
We can get a better value by continuing the procedure and getting the subsequent
approximations.
Note. To find y for x=10.2 it will be better if we take x=0.1, y=1.1103 as the initial

conditions and start again instead of simply putting x=0.2 on R.H.S. of (2). In this case
(0.2) =1.2428
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ANALYTICAL SOLUTION:

The exact solution of % =x+y, y(0)=1 can be found as follows.
X

The equation can be written as % -y=x
X

This is a linear equation in y .
Here P=-1, Q=x .. LF.= eIde = eI(_l)dx =e”
General solutionis yxLF.= IQ xLF.dx+c

ie, ye ¥ = Ixe_xdx+c =—(x+D)e ¥ +c or y=—(x+1)+ce"
Whenx=0,y=1 ie, I=—(0+1)+c or c=2
Hence the particular solution of the equation is

y=—(x+1)+2e" =2¢" —x—-1
For x=0.1, y=2¢"" —0.1-1=2(1.1052) - 0.1—-1=1.1104
For x=02, y=2¢"%-0.2-1=2(1.2214)-0.2—1=1.2428
These values of y agree well with the numerical solution got by Picard's method.
The above resutls are tabulated as follows :

x| 50| @
0.1] 1.105] 1.1101 | 1.1103 1.1104
0.2] 1.22 | 1.2413 | 1.2427 1.2428

y(3) Exact solution

Example 2 : Find the value of y for x = 0.4 by Picard's method, given that

Z—y =x?+3%, »(0)=0. [JNTU (A) June 2009 (Set No. 3), Dec. 2013 (Set No. 1, 3)]
X

Solution : Here f(x,y)= X2 +y2, x3=0,y9=0

X X X
By Picard's method, y(")=y0+_|.f(x,y"71)cbc=O+J.(x2+y02)dx=J.(x2+y02)dx e (1)
X 0 0

For the first approximation, replacing y, in the integrand by 0

x 3
y(l) = I(xz +0)dx = %
0
For the second approximation, from (1)
X

332 6
y(z):f{x2+(y(l))2}dx :]: x2+[%J dx=f[x2+%de =§+)6C_;

0 0

Calculation of ) is tedious and hence approximate value is y®.
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3 7
0.4 0.4
For x=04,y = ©4” 3) +—( 63) =0.021333+0.00026

=0.0213663 [1 0.0214 (correct to 4 decimal places)

Example 3 : Solve il—‘;: =2x-y, ¥(1)=3 by Picard's method.

Solution : Here f(x,y)=2x—y,xy=1,y9=3

Using Picard's method, y =y, + _[ f(x,y)dx ie., y=3+ I(2x—y) dx .. (D)

X 1

First approximation. Put y=3 in 2x—y, giving
X x2 *
yﬂ)=3+IQx—3)dx=3+[2r5~3xJ =3+ (% =3x)f
1 1
=3+[@2—3@—(L—$}=3+02—3x+2):x2—3x+5 ----- (2)

Second approximation. Put y = x* =3%+5 in 2x— v, giving

y(2) =3+T [zx—(xz —3x+5)J abg:}mL}(—x2 +5x—-5)dx
1 1

2 3
Third approximation. Put y = % —S5x+ 5% —% in 2x—y, giving

X 2 3 X 2 3
(NP i (PSVN O SR SN S S0 PN B e NP E SR 2
y {[x 6 X ) 3 X +‘!. 6 +/Xx > +3

35 72 5 x4 35 7x% 58 X)) (=35 7 5 1
=34 —x+— -+ | =34 — Xt ———+— || —F———+—
6 ) 6 2 6 12 6 2 6 12

2 3 4
_M_ 35 I T % e (4)
12 6 2 6 12

Calculation of y¥ is tedious and hence approximate value of y is y** which is given
by (4).
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Example 4 : Find the value of y at x = 0.1 by Picard's method, given that
@ _yE
dx y+x

(or) Obtain y(0.1) given y' = i—:z, 1(0) = 1 by Picard's method.

$(0)=1 [JNTU (A) June 2010, 2011 (Set No.1)]

[JNTU Aug. 2008S, (K) June 2009 (Set No. 2)]

Solution : Here f(x,y)= ,% =0,y9=1.

Xo
For the first approximation, in the integrand on the R.H.S. of (1), » is replaced by its
initial value 1.

tl-x B 2
y(l) =1+I —dx =1+I [—l+—]dx
0 1+x 0 1+x

=1+[-x+2log(+x)]; =1+[-x+2log(1+x)|~(0+2log(1+0))

=1-x+2log(l+x) e (2)
For the second approximation, from (1),

x X
4@ :1+J- 1—x+2log(l+x)—xdx :1+I 1-2x+2log (1+x)
0 I-x+2log (1+x)+x 1+2log (1+x)

X
=1+ J. _— dx=l+x—2j+dx
1+2log I+ x 1+2log (1+x
0

which is very difficult to integrate.
Hence we use the first approximation (2) itself as the value of y.

Loy(x) = y(l) =1-x+2log (1+x)
Putting x =0.1, we obtain
3 (0.1)=1-0.1+2log (1.1) = 1 - 0.1+0.1906203 = 1.0906204
11.0906 (correct to 4 decimals)

d
Example 5 : Given that d_i = 1+xy and y(0) =1, compute y(.1) and y(.2) using Picards
method. [JNTU 2006 (Set No. 1)]

Solution : Here f'(x, y) =1 +xy,x,=0and y, = 1

By Picard's method, a sequence of successive approximations to y are given by

X
v, =y, | fy,)dx

x()
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The integral equation representing the given problem is

X
y =1+ JA+xy,)dx
0

First approximation. we have

X X
y,=1+[(+xyy) dx = 1+[(1+x) dx
0 0

2\ 2
=1+ x4+ | = 1ex+
2 2

0
Second approximation. We have

X X 2
X
y, =1+ [(+xy)dx = 1+j{1+){1+x+7ﬂ dx

0 0

i < 2 St
= 1+J 1 +x+x?+2— |de=1+ X+—4+—+=
0 2 2 3 8
0
2 3 4
X X X
=l4+x+—+—+—
2 8

Third approximation. We have

X X x2 x3 x4
=1+ [A+xy)de =1+ |1+x 1+x+7+?+— dx

0 0 8
x 3 4 5
=1+ Tx+x? + o+ 2 | gy
\ 2 3 8|
2 3 45 6T
=l+|x+—+—+—+—+—
3 8 12 48

2 3 4 5 6
R [ S A I S S (D)
2 8§ 12 48
It is clear that the resulting expressions are too big, as we proceed to higher
approximations. Hence we use the third approximation and taking x = 0.1 in (1), we obtain

2 3 4 5 6
y1) =1+01+ 0D ©D Oh O O
2 3 8 12 48

=1+0.1+0.005+0.00033 +0.0000125 + 0.00000025 + 0.00000002
=1.10534
Putting x =0.2 in (1), we obtain

y(02) =1+02+

2 3 4 3 6
02° (02 02 (02 +(°f) — 1.222868

3 8 12
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Example 6 : Solve y'=y—x2, y(0)=1, by Picard’s method upto the fourth
approximation. Hence find the value of y(0.1), 3(0.2). [JNTU 2008R, (A) Nov. 2010 (Set No. 1)]

Solution : Here f(x,y)=y —x?, Xg=0and yy=1.
By Picard’s method, we have

X X
y= v+ [ fenae =1+ [o=ds L)
X0 0
First approximation : Puty =1 in y — x?, giving

X B3Y 3
Yy = 1+j.(1—x2)dx=1+[x—?J =1+x—x?
0 0

3
Second approximation : Put y=1+x —% iny — x%, giving

T 2 A
Y = 1+I I+x———-x"|dx =1+x+—-"——-—
. 3 2 1

Third approximation : Using this again in (1), we obtain

I )Cz x4 X3
Y = 1+ || I+x+—-"-—- X% |dx
2

12 3
0
C x2 x4 x3
= 1+I I+ x——-"—- — |dx
2 12 3
0
28 Y
= l+x4+—-—-——-——

T PR S A
Y = 1+I 1+x+? ——————— x> |dx
0

6 12 60
X 2 3 4 5
X X X X
= 1+I I+x——-——-——- —
0 2 6 12 60
2 3 4 6

5
X X X X

—————— = (2
6 24 60 360 @

[
-
=
+
|><
|
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Calculation of y(5) is tedious and hence approximate value of y is y* which is given by
equation (2).
Putting x = 0.1 in (2), we obtain

©0.D? ©.)° ©0.n* ©.1° (©.1°

6 24 60 360
1+0.1+0.005 — 0.0001666 — 0.00000416 — 0.000000166 — 0.00000000277
1.104829
Putting x = 0.2 in (2), we obtain
02)% (0.2 (0.2* 02° (0.2)°

6 24 60 360
1+0.2+0.02—0.0013333 — 0.00006666 — 0.000005333 —0.0000001777

1.21859

Note : In getting the value (0.2) we could have started with x, = 0.1 and y, = 1.104829
to get a closer value of y(0.2).

¥(0.1) = 1+0.1+

1(0.2) = 1+0.2+

We will adopt this procedure.

X
Now v = Yo+ | S(xp)dx
X0

X 3 X
¥y = 1.104829 + I (o —xz)dx = 1.104829+(y0x—x?}
0.1 0.1
X3 (0.1)°
=1.104829+1.104829x—?—(0.1)(1.104829)+T
x3
= 0.994346+1.104829x—?
X 3
y? = 1.104829 + I(0.994346+1.104829x—%—x2de
0.1
2ot BY
= 1.104829 +| 0.994346x +1.104829— — — ——
2 12 3 ol

1.10482 1
= 1.104829 +0.994346(x —0.1)+¥(x2 ~0.01) —E[x4 —(0.0)%

1
—E[x3 ~0.001]

1.10482
Hence 1 (0.2) = 1.104829 +0.994346(0.2-0.1) + %(0.04 -0.01)

- %[(0.2)4 —(0.1)4]—%[(0.2)3 ~0.001]
— 12177527
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Example 7 : Obtain Picard's second approximate solution of the initial value problem

dy X

dx y2+1

,¥(0)=0. [JNTU(A) June2010(Set No.3)]

Solution : We have
2

X
%Y)= 5> x3=0,y,=0
f(x,p) TR Yo

By Picard's method, a sequence of successive approximations to y are given by

X
ym = m+ff@f”nw
X0
The integral equation representing the given problem is

2

(n) — ]Ex—dx . (1)

Y R

First approximation:
For n =1, equation (1) becomes

Second approximation:
For n =2, equation (2) becomes
x x2 H x2 = x2
I 2 dsz'é dx:9I6 dx
o"]° 41 0 % +1 pX +9

X 2 3
3[%%( = tan_l .X'_
o (x7)"+3 3

Example 8 : Solve y'=x? + y?,(0)=1 using picard’s method.
[JNTU (H) Jan. 2012 (Set No. 4)]

y(Z)

Solution : Here f(x,y)=y'=x>+y* and xy =0,y =1.
By Picard’s method, a sequence of successive approximations are given by

X
=0t [ Seynds g
X0
First Approximation :

For 5 =1, equation (1) becomes
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3 =yo+ [ fOnyg)dv=1+ [ f(x.D dv
0

X0

X 3 . 3
=1+J‘(x2 +1) dx =1+[x—+xj =l+x+—
3 0 3
0
Second Approximation :

For n=2, equation (2) becomes

X X 3
s =y0+If(x,yl)dx=1+jf(x,1+x+%de
XO O

x 3 2
=1+I x2+(1+x+x?j dx
0

¢ X8 2t 2y
=1+.[ Xl x? 4+ 2+ S | dx
0 9 3 3

o 2 2% axt O
=1+.[ 1+2x+2x +T+—+—
0

=14x+x2 +%x3 +lx4 +£x5 +Lx7
3 6 15 63

This is the approximate value of y (since higher approximations results in big
expressions).

r EXERCISE 8.2 w

1. Using Picard's method, obtain the solution of P _ x—2, y(0)=1and compute y(0.1)
dx

correct to four decimal places.
2. Solve y'=x?+3?%, y(0)=1 using Picard's method. [JNTU (H) Dec. 2011S (Set No. 4)]
3. Solve y'+y=e", y(0) =0 using Picard's method. ~ [JNTU (H) Dec. 2011S (Set No. 4)]

4. Given %zxey , ¥(0)=0 determine y(0.1), ¥(0.2)and y(1) using Picard's method.
X

Compare the numerical solution obtained with exact solution.

J
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5. Find the value of ¥ for x=0.25,0.5,1 by Picard's method, given that )
d x2
2= y0)=0.
dx yo+1

6. Solve % =1+2xy, ¥(0) =0 by Picard's method.
X
7. Using Picard's method, obtain the solution of »'=x+ y2, y(0)=1.

8. Find an approximate value of y for x=0.2 if % =x -y, y(0) =1 using Picard's method.
X
Compare the numerical solution obtained with exact solution.

9. Find the successive approximate solution of the differential equation ' =y, y(0)=1 by

L Picard's method and compare it with exact solution. [JNTU (H) Dec. 2012])
- ANSWERS \
1
1. y=1—x+§x2—2x3+x4——x5; 0.9138
2 4
2. y:1+x+x2 +2x3 +lx4+3x5+ix7
3 6 15 63
2
- * &
3. y:ex—7—a—l 4. y=e? ;0.005,0.0202,0.6487 5. 0.005,0.042,0.321
22 45 32,23 14 15
=x+—x"+— S+t —x"+—x"+—x +—
6. y=xtIxAT L SR
x3 X4 )CS
8. y=l-x+x>--+— -1 083746
L 3 12 120 )

8.9 EULER'S METHOD

We have so far discussed the methods which yield the solution of a differential equation
in the form of a function. We will now describe the methods which gives the solution in the
form of a set of tabulated values.

y

A
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Suppose we wish to solve the equationj_y = f(x,y) subject to the condition that
X

Y (x0) = ¥o-

The solution of this differential equation subject to the given condition represents a
curve y = g(x) whose slope at any point (x,y) is f(x,y). We note that the curve y =g (x)
passes through (x;, yy) and the slope of the curve at (xy, y9) is f(xgy, yo) -

Suppose we want y at x, = x, + h where £ is 'small'. In the interval (x,, x,), Euler's
method suggests that we replace the part of the curve PQ with the line segment PQ , (which
is tangent at P to the curve) passing through P(x,, y,) and having slope f(x, y,). The
(approximate) value of y(x,) is taken to be Q N and not the exact QN (see figure).

Thus in the interval (x,x;), we approximate the curve by the tangent at the point

(XO, yO) .
The equation of the tangent at (x,, ) is
d dy
y—J’o=[—yJ (x=x0) = f(x0, yo) (x—Xg) [ —Zf(x,J’)j
dx dx
(%05 ¥0)

Le, y=yo+(x—x)f(xp,¥0)
This is the value of » on the tangent at x = x;.
Then the value of y at x =x, is given by
y=yo +(x1=x0) f(x0, v9) =¥ +h f(x0, o)
This gives the approximate value of y at x=x;. We shall denote this by y,.

After determining y; (approximately) at x = x; , we will start with this (x;, y;), in place
of (xy, ) and find (x,, y,) where y, is the approximate value of y at x=x,.
This is given by
Vo =y +h f(x, 0)
Similarly, y at x=x; is given by

3=y +h f(xp, )
In general, we obtain a recursive relation as

‘ Yui1 = Vu+h f(x,5,),n=0,1,2,...

This is known as Euler algorithm and can be used recursively to evaluate y, y,,...
(i.e.,) y(x), ¥(xy), ..., starting from the initial condition y(xy)=y,. Note that this does not
involve any derivatives. A new value of y is determined using the previous value of y as the

initial condition. Note that the term 4 f(x,,y,) represents the incremental value of y and

f(x,,y,) is the slope of y at (x,,y,).
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To obtain reasonable accuracy with Euler's method, we have to take a smaller value of
h. It may happen that the sequence of approximations may deviate considerably from the
exact values of y. As such, the method is likely to give erroneous results as we move away
from the initial point.

Hence we introduce a modification to this method and present this in the next section.

SOLVED EXAMPLES

Example 1 : Solve by Euler's method, y'=x+y, »(0)=1 and find y(0.3) taking step

size = 0.1. Compare the result obtained by this method with the result obtained by analytical
method. [JNTU (A) Dee. 2013 (Set No. 2)]

Solution : Here f(x,y)=x+y,xy=0,y,=1 and ~=0.1
Euler's algorithm is y,, =y, +4 f(x,,v,) .. (D)
Taking n=0, yy =yo+h f(xy,¥9) i-e, y0.1)=1+0.1 £(0,)=1+0.10+1)=1.1
Next, we have x; =x)+2=0+0.1=0.1; Here y =1.1.
Hence  y, =y +h f(x,y) [taking n=11n (1) ]
=1.1+(0.1) £(0.1,1.1) = 1.1+ (0.1) (0.1+1.1)

ie, »02)=1.1+(0.1)(1.2)=1.1+0.12=122
Now xy =x;+h=0.140.1=0.2; ) =122

y3=ya+h f(x3,,) [takingn=21in(1)]

=1.22+(0.1) £(0.2,1.22) =1.22+(0.1)(0.2+1.22) =1.22+0.142
ie, 1(0.3)=1.362
To compare with exact solution :

Let us now find the exact solution of the given differential equation.

The equation is ﬂ=x+y ie., ﬂ—y =x .. (2)
dx dx

which is linear in y . Comparing with % +Py=Q, P=-1,Q=x
X

IPdX _ e—x

The integrating factor (I.F) is e
The general solution of (2) is y (LF) = IQ x(LF) dx+c

X

ie, ye =Ixe_x di+c=—(x+)e *+c

or y=ce' —(x+])
Given that when x=0, y=1.
So 1=—(1+0)+ce® =—l+c=>c=2

- Particular solution of (2)is y=2¢" —(x+1) .. (3)
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Hence » (0.1)=2¢™! —0.1-1=2(1.10517)~0.1-1=1.11034 | using (3)
1(02)=2¢"2-02-1=2(1.2214)-0.2—-1=1.2428

1(0.3)=2¢%% —0.3-1=2(1.34985)-0.3—-1=1.3997
We shall tabulate the results as follows:

X 0 0.1 0.2 0.3
Eulery | 1 1.1 1.22 | 1.362
Exacty | 1| 1.11034| 1.2428 | 1.3997

The values of y deviate from the exact value as x increases. (This indicates that the
method is not that accurate. This necessitates a modification for the method.)

Note. If we compute y (0.1) for the above problem by Taylor series of order 4,
1 (0.1)=1.110333
But by Euler method, y (0.1)=1.1

Because of the restricted step size, Euler method is not commonly used for integration
of differential equation. We could apply Taylor's algorithm of higher order to obtain better
accuracy (higher the order-better the accuracy). However, the necessity of calculating
higher derivatives makes Taylor's algorithm completely unsuitable for high speed computer
for general integration purposes.

Example 2 : Using Euler's method, solve for y at x = 2 from % =3x2+1, p(1)=2,
taking step size (i) £ = 0.5 (i1) h = 0.25. [JNTU (H)xJune 2010 (Set No.4)]

Solution : Here f(x,y)=3x>+1, xy =1, yp =2
Euler's algorithm is y,, =y, +4 f(x,,,) v (1)

(@) h=05
Taking , =0 in (1), we have

n=yo+h f(x, ) e (2)

ie, v =y(15)=2+05 f(1,2) =2+0.5 [3(1)2+1}=2+0.5 4)=4

Now x =xy+h=1+05=1.5

From (1), taking n =1, we have

Yy =y (2.0) =y +h f(xy, 7) =4+0.5 f(1.5,4) =4+0.5 [3 (1.5)2 +1} ~7.875
(il) h=025

v =y (1.25)=2+0.25 £(1,2) =2+0.25 [3 1?2 + 1} _ 3 [using (2)]

vy =y (1.5)=3+0.25 [3 (1.25) +1} — 442188
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3 =y (1.75) =4.42188+0.25 [3 (1.5) +1} — 635938

V4 =y (2) = 635938 +0.25 [3 (1.75) + 1} —8.90626

Notice the difference in values of y (2) in both cases (i.e.,when 4 =0.5 and when /& =
0.25). The accuracy is improved significantly when / is reduced to 0.25. (Exact solution of
the equation is y = x> +x and with this y(2)=y, =10.)

Example 3 : Given ' =x? -y, (0) = 1, find correct to four decimal places the value
of y(0.1), by using Euler’s method. [JNTU 2008, (H) June 2009 (Set No.4)]
Solution : We have f{x, y) = x> — y, x,=0,y,=1land 7=0.1
By Euler’s method,
Vpor =V, TR, p)
Sy =y hf(x, ) = 1+0,1) f(0,1)
=1+(0.1)(0-1)=1-0.1=0.9
ie, ¥(0.1) = 0.9.
Example 4 : Use Eulers method to find p (0.1),y (0.2) given y'=(+x%)e ™,y (0)=1.
[JNTU 2008S (Set No.2)|
Solution : Here #=0.1, f(x,y) = (x’ +x*) e *,xy =0,y =1, x, =0.1,x, =0.2
By Euler's algorithm,
W= Yo +hf (0, 70) = Vo £ (3 +315) € =1+4(0.1) (0+0) e =1
Yo =0 +hE, )= (s +xy0) e
= 1+ (0.1)[(0.1)> +(0.1) (1)*T &*! =1+(0.1) (0.101) (0.9048) = 1.0091

Example 5 : Using Euler's method, solve numerically the equation, y'=x+y, y (0)=1,
for x=0.0(0.2)1.0. Check your answer with the exact solution.

[JNTU (A)June 2009 (Set No.2)]

Solution : Here #=0.2, f(x,y)=x+y and x, =0, y, =1
Euler's algorithm is y,,, =y, +hf(x,,»,) e (D
Taking n=0, y, =y, + hf (x,,,) = ¥, +h (x, +¥,) =1+(0.2) (0+1)=1.2
Next we have x, =x,+h=0+02=02 and y =12
Hence y, =y, +hf(x,,y,) [Taking n=1 in (1)]

=1.2+(02) (x, +y,) =1.2+(0.2) (0.2 +1.2) =1.48
Now x,=x, +h=02+02=04,y, =148
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Vs =y, +hf (x,,y,) [Taking n=2 in(1)]
=1.48+(0.2) (x, + y,) =1.48+(0.2) (0.4+1.48) =1.856
Xy=x,+h=04+02=0.6
Similarly y, =y, + b (x5, y5) =y, +h (%, + 3)
=1.856+(0.2) (0.6+1.856) = 2.3472
Now x, =x,+h=0.6+02=0.8
Vo=, H (X 3,) =y, +h (x5, +p,) =2.3472+(0.2) (0.8 +2.3472) = 2.97664

To compare with exact solution :

Let us now find the exact solution of the given differential equation.

Given equation can be written as dy _ y = x which is linear in y .

dx

I. F.=eIde =e

Hence the general solution is ye™ = Ixe'xdx +e=—(x+1) e +c
or y=ce' —(x+1)
Given that when x=0,y =1
=S1=-(1+0)+ce’ =-l+c=>c=2
. The (particular) solution of the given equation is y =2e* —(x+1)
Hence  y(0.2)=2¢"—(0.2+1)=1.2428
1 (0.4)=2¢" —(0.4+1)=1.5836
1(0.6) = 2" — (0.6 +1) = 2.0442
1(0.8)=2¢" —(0.8+1)=2.6511
y(1.0)=2e—(1+1)=3.4366

We shall tabulate the results as follows :

X 0f 0.2 0.4 0.6 0.8 1.0
Eulery [1]| 1.2 1.48 | 1.856 |2.3472 | 2.94664
Exact y [ 1 ]1.2428 [ 1.5836 | 2.0442 | 2.6511 | 3.4366

We notice that the values of y deviates from the exact values as x increases.

Example 6 : Solve numerically using Eulers method »' = y2 +x, y(0)=1.Find y(0.1)
and »(0.2). [JNTU(K) May 2010 (Set No.1)]

Solution : Giveny' = 12 +x, 1(0)=1

Here f(x’y)z y2+x’ X0 :0, yozl,x1=0.1 and x2=0.2
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We have to find y; and y, . Take  =0.1
By Euler algorithm,

Vsl = Y TR (0, . (1)

Taking n =0 in (1), we have
Y= yo+hf(xg,y9)=1+0.1(0,1)=1+0.1(1) =1.1
ie., (0.1) 1.1

NOW x1= X0 +h=0+0.1=0.1

From (1), taking n = 1, we have

Yo = »+hf(x,»n)=11+0.1f(0.1,1.1)

ie, y(0.2) 1.1+ 0.D[(1.1)2 +0.1]=1.1+0.131=1.231

Example 7 : Compute y at x = 0.25 by Euler's method given y'=2xy,y(0)=1.
[JNTU(K) May 2010 (Set No.2)]

Solution : Given y'=2xy and y(0)=1

Here f(x,y) = 2xy, x=0, yy=1

We have to find y, i.e., y(0.25). Take 5 = 0.25

By Euler algorithm,

o= o +hf(x0,50) =y +h(2x050)
ie, p(025 = 1+(025)0)=1

d
Exact Solution: Solving Ey =2xy, we get

_ 2 : X2
logy = x“+c ie, y=e* +c
using y(0)=1, 1= L te=e=0
2

.. The solution of y" = 2xy, yp(0)=11is y= e’

2
Hence 1(0.25)= €02 =1.0645
Note: We notice that the value of y deviates from the exact value. Hence we require

to use Modified Euler method for the above problem.
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8.10 MODIFIED EULER'S METHOD

y
A
Solution Curve
P
B
/ C
(9. o) Py = e A
Q™)
Yo
» x
(0] MO 1\/[1

Let PyA be the tangent at (x,, yy) to the solution curve. In the interval (xy,x), by

Euler's method, we approximate the curve by the tangent PyA .
D =y h (g y0) e (1)

The point (x;, yl(o)) is on the line PyA . Letitbe Q;. At Q; we compute the slope of

dy
dx

- Slope of QB=f (x1ay1(0)) :

the curve i.e., the value of —- and draw the line P,B with that slope.

Now take the average of the two slopes at f(xy, yy) and f (x, yl(o)) and get the line
S G5 0)+ S (1.1 ™)

2
Now draw a line PyD through Py(x,, yy) parallel to Q,C and this line is taken as

Q,C. Hence slope of Q,C=

approximation to the curve in the interval (xy, x;) .

(0)
The equation of the line PyD is y—y, = S0 o)+ S (01 7) (x=xp) e ()

2
The point at which this line intersects the ordinate x = x; = x( +# is taken to be the point

(X1, 1) -
Putting x = x; =x; +4 in (2), we obtain

Wew i raa™] L 3)

A further improvement to this is given by

h
W2 =30+ 2] o)+ £ ] ete.
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In general, we have the formula

AW = 3+ 2 S G 0) + £ ™) ] n =0, 1,2..

where yl(”) is the » th approximation to y; .
The procedure will be terminated depending on the accuracy required. If two successive

values of yl( (k”) are almost equal, we stop there and take i U y( )

Now we start with this (x,y) and find (x,,y;).
y§0) =y +h f(xo+h,y) , from (1)

Better approximation yg) is obtained from (3)

A = 542 S + )+ £ )]

We repeat this step until y, becomes stationary. Then we proceed to estimate y, as
above so on.

Note. The difference between Euler's method and Modified Euler's method is that in
the latter we take the average of the slopes at (x,y,) and (x, yl(o)) instead of the slope at
(x9,y0) in the former method. Further we repeat this procedure until difference between
yl(k”) and yl(k) is negligible.

SUMMARY OF THE METHOD:

d
d—i=f(x,y) given that y =y, at x=x,.
To find y(xl)zyl at X=x =X +h:

yl(o) = o +hf(x9, ¥o)

W=y +2 [f(xo,yo)Jff(xl’y )J

o2 =342 f 03+ £ ) |
(k+1) _
AT FC RO CRL)
If two successive values of y1 , yl(k”) are sufficiently close to one another, we will

take the common value as y;.

d
Now we have d—i}=f(x,y) with y=y at x=1x.

To get y, = y(x,) =y(x; +h) we use the above procedure again.
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SOLVED EXAMPLES

Example 1 : Using modified Euler method find »(0.2) and y(0.4) given y'=y+e*,
»(0)=0.
(or) Solve numerically y' = y+e”*, y(0)=0 for x = 0.2, 0.4 by modified Euler's method.

[JNTU(K) June 2009 (Set No. 3)]
Solution : Here f(x,y)=y +ex, X9 =0,y0=0 and h=0.2

To find y, i.e. y(0.02)
Using Euler's formula »© = yo + 1 £ (xg, 79) =0+(0.2) £(0,0) =(0:2) (0+¢")=0.2
Now x =02 and f(x;,)(”) = £(0.2,02)=02+¢%? =0.2+1.2214=1.4214

We have ylnH) =yo+= [f(xo vo)+ f(x, yl( ))] n=0,1,2,.. . (1)
First Approximation to y, :

The value of yl(l) can therefore be determined by using the formula
A =30+ 2] 700, 700+ 7010 |puiting n=0 in (1)

= 0+¥[1+1.4214] =0.24214

Second Approximation to y, :
W =y 4= [f(xo ¥0) 1, 51 )} [Putting n =1 in (1)]

- 0+%—2[1+ £(0.2,0.24214)] =(0.1) [1+(0.24214+e0'2)J —0.2463

Third Approximation to y, :
A =0+ 2] F0, 700+ 7G| [Putting n=2 in (1)

0 +%[1 +/(02,02463)] = (0. 1+(02463+¢"?) |

=0.2468 , correct to 4 decimal places

Fourth Approximation to y, :

A =0+ 2] £, 3)+ £Gaf™)| - [Putting 0 =3 in (1)

=(0.1)[1+ (0.2, 0.2468)] =(0.1)[1+(0.2468+1.2214)] =0.2468
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Since the values of y1(3) and y1(4) are equal, we take
¥ = (0.2) =0.2468 approximately.
To find y, ie. y(0.4)

We take x; =0.2, y; =0.2468 and x, =04,h=0.2

s f(x, ) = £(0.2,0.2468) = 0.2468 + ¢ = 0.2468+1.2214 =1.4682

Euler's formula gives
yéo) =y +h fOq,0n)

=0.2468 +(0.2) (1.4682) = 0.5404
First approximation to y, is given by

h
W =n +§[f(x1, y1)+f(x2’ygo))}

= 0.2468+(0.1)[1.4682 + £(0.4,0.5404)]
= 0.2468 +(0.1) [1 4682 +(0.5404 + 60'4)J

=0.2468+(0.1) [1 4682 +(0.5404 + 1.4918)] =0.5968

A better approximation yéz) is obtained from

h
W =n +§[f(x1, )+ f(x, yg))}

=0.2468+(0.1) [1.4682 + £(0.4,0.5968)]

=0.2468+(0.1) [1.4682+(0.5968 +1.4918)]

=0.6025 , correct to four decimal places.
Next approximation y§3) is given by
hi . .
Y§3) =) +E[f(x1aY1)+ S(x, yéz))}

=0.2468+(0.1) [1.4682 + £(0.4,0.6025)]
=0.603

Next approximation y§4) is given by
hr . .
W =3+ 3 [ G0+ f G )]

—0.2468+(0.1) [1.4682 + £(0.4,0.603)]
= 0.2468+(0.1) [1.4682 +(0.603+1.4918)] = 0.6031
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Next approximation y{> is given by

7 = 0.2468 +(0.1) [1.4682 + (0.6031+1.4918)]
=0.6031, correct to four decimal places
Since y{* = y{? =0.6031 , we have y, = (0.4) =0.6031

Hence we conclude that the value of ¥ when x=0.2 1s 0.2468 and the value of »
when x = 0.4 1s 0.6031.

Example 2 : Solve the differential equation : % =x? +7, y(0)=1 by modified Euler's
X

method and compute y(0.02) and y(0.04).

Solution : Here f(x,y)= X2+ ¥, X9 =0,y9=1 and £ =0.02
To find y; i.e. y(0.02)

S(x0,0)=f(0,)=0+1=1

Using Euler's formula y( ) = =yo+h f(xg,¥9) =1+(0.02) (1) =1.02

Now x =0.02 and f(x, y”) = £(0.02,1.02) = (0.02)* +1.02 = 1.0204
First Approximation to y,

The value of y(l) can be calculated by using the formula

R [ £ 700+ £, 1) ] =14 0,00 [1+1.0204] = 1.0202

Second Approximation to- j;

WD =y +2 [f(xo Yo+ f (x5 1 )} =1+(0.01) [1+ £(0.02,1.0202)]
~1+(0.01) [1+ (0.02) + 1.0202} ~1.0202
Since yl(l) = yl(z) =1.0202 , therefore, we take y; = y(0.02) =1.0202
To find y, i.e. y(0.04)
Now x; =0.02, y; =1.0202, x, =0.04 and 4 =0.02
£, vp) = £(0.02,1.0202) = (0.02)% +1.0202 = 1.0206

Euler's formula gives ) =y, +/ f(x}, y;) = 1.0202+0.02(1.0206) = 1.0406

First Approximation to y, :
A0 =i [+ £ A |
=1.0202+(0.01)[1.0206 + £(0.04, 1.0406)]

=1.0202+(0.01) [1 0206+ (0.04)% + 1.0406} =1.0408
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Second Approximation to y, :

A2 =+ [ Fen 0+ fa D) |
=1.0202 +(0.01) [1.0206 + f(0.04, 1.0408)]
=1.0202+(0.01) [1.0206+ (0.04)> +1.0408J =1.0408

Since {9 = {2 =1.0408 , we take y, = (0.04) =1.0408
Y27 =0 2

Hence we conclude that the value of y when x=0.02 is 1.0202 and the value of y
when x=0.04 is 1.0408.

dy _
dx

Example 3 : Given ¥(0) =1 compute y(0.1) in steps of 0.02 using Euler's

modified method.

Solution : Here f(x,y)=2——,x,=0, yp=1 and 4 =0.02
y+x

To find y, i.e. y(0.02)

Fo30)=£(0.1 )——O 1

Using Euler's formula yl( )= yo+h f(xg, %) =1+ (0.02) (1) =1.02

1.02-0.02
Now x =0.02 and f(x;, y”) = £(0.02,1.02) = ~————=0.9615

1.02+0.02
First Approximation to y; :

W =yo+> [ £, y0)+ /G, 5{”) | = 1+0.0D[1+0.9615] =1.0196

Second Approximation to y;:

A2 = o+ 2 o y0)+ £ ™))

1.0196-0.02
=1+(0.0D)[1+ £(0.02,1.0196)] = 1+(0.0)|1+——
( )[ I )] ( ){ 1.0196+0.02}
0.9996
=1+(0.01)| 1+ = 1.01
( ){ 10396} 0196

Since y(" = (), we take y; =(0.02)=1.019%.
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To find y, i.e. y(0.04)
Now x; =0.02, y; =1.0196, x, =0.04 and ~=0.02

1.0196-0.02  0.9996
(. ) = £(0.02,1.0196) = - ~ 0.9615
SGa ) =1 )= 1 019650.02 ~ 1.039

Euler's formula gives
A =y +h f(x, y) =1.0196+(0.02) (0.9615) =1.0388

First Approximation to y, :

W=y+2 [f(xl, )+ [,y O))}

~1.0196+(0.01)[0.9615 + £(0.04,1.0388 )]

1.0388—-0.04
:1.0196+(O.01){0.9615+M}

1.0388+0.04
=1.0196+(0.01)[0.9615+ 0.9258] =1.0385, correct to four decimal places.

Second Approximation to y, :

W =4 [f(x1,y1)+f(x2, 1))}:1.0196+(0.01)[0.9615+f(0.04,1.0385)]

1.0385-0.04
~1.0196 + (0.01) 0.9615+u}
10385+ 0.04
0.9985

=1.0196+(0.01)| 0.9615+ ———
1.0785

} =1.0385, correct to four decimal places

Since ){" = y{* =1.0385, we take y; =»(0.04)=1.0385
To find y; i.e.” y (0.06)
Now x, =0.04, y, =1.0385, x3=0.06 and /= 0.02

1.0385-0.04  0.9985
 (xy. ) =  (0.04,1.0385 ) = - — 0.9258
Sl 32)=f( )= 10385+0.04 _ 10785

Euler's formula gives
WO =y, +h f(xy, y,) =1.0385+(0.02) (0.9258) = 1.057

First Approximation to y;:
A=y, +2 [f(xz y2)+ £ (3,0 ))] =1.0385+(0.01)[0.9258 + £(0.06,1.057)]

1.057-0.
=1.0385+(0.01) {0.9258 +M}

1.057+0.06
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=1.0385+ (0.01){0.9258 +%} =1.057, correct to four decimal places.

Since y{* = y{V =1.057, we take y; = (0.06) = 1.057
To find y, ie. y(0.08)

Now x3 =0.06, y3 =1.057, x4, =0.08 and j =0.02

1.057-0.06 _ 0.997

= = 0.8926
1.057+0.06 1.117

5 f(x3,3) = £(0.06,1.057) =

Euler's formula gives
0 = y3 +h f(x3,93) =1.057+(0.02) (0.8926) = 1.0748

First Approximation to y,:

h
J’z(;l) ECREY [f(x3:J’3) +f(x4,yf‘0))}
=1.057+(0.01)[0.8926+ £(0.08,1.0748)]

1.0748—0.08}

= 1.057+(0.01)[0.8926+
1.0748+0.08

0.9948
1.1548

=1.057+(0.01){0.8926+ } =1.0745

Second Approximation to y,:

h
W =w 3 S+ o |

=1.057 +(0.01)[0.8926 + £(0.08,1.0745)]

1.0745—0.08}

= 1.057+(o.01)[0.8926+
1.0745+0.08

0.9945
1.1545

=1.057+(0.01){0.8926+ } =1.0745

Since yfll) = yf) , therefore we take y, =y (0.08)=1.0745
To find y5 ie. y (0.1)
Now x; =0.08, y, =1.0745, x5 =0.1 and / =0.02

1.0745-0.08  0.9945

= =0.8614
1.0745+0.08 1.1545

5 (x4, v4) = £(0.08,1.0745) =
Euler's formula gives

y§o) =yy+h f(x4,94)
=1.0745+(0.02) £(0.1,1.0745) =1.0745+(0.02) (0.8614) =1.0917
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First Approximation to ys:

h
AV =y, + [ F G va) + £, yg0>)} —1.0745+(0.01)[0.8614 + £(0.1,1.0917)]

1.0917-0.1
1.0917+0.1

= 1.0745+(0.01){0.8614+ 0-9917}

} =1.0745+(0.01) {0.8614+
1.1917

=1.0914
Second Approximation to ys:

h
AP =y, + [ F (g, va)+ f(xs, yg))] —1.0745+(0.01)[0.8614 + £(0.1,1.0914)]

1.0914-0.1
1.0914+0.1

= 1.0745+(0.01){0.8614+ 0-9914}

} =1.0745+ (0.01){0.8614 +
1.1914

=1.0914
Since y{V = y{%) =1.0914, we take y5 = y(0.1)=1.0914

Hence »(0.1)=1.0914 (approximately)
The results are tabulated as follows :

X new y
0.0 0.9615
0.02 1.0196
0.02 1.0196
0.02 1.0388
0.04 1.0385
0.04 1.0385
0.04 1.057

0.06 1.057

0.06 1.0748
0.08 1.0745
0.08 1.0745
0.08 1.0917
0.1 1.0914
0.1 1.0914

Example 4 : Given % =—xy?, y(0) = 2. Compute »(0.2) in steps of 0.1, using
X
modified Euler's method. [JNTU (H) Dec. 2011S (Set No. 1)]
Solution : Here % = f(x,y)=-07, X =0,y5=2 and h=0.1
X

To find y; i.e. y (0.1)
S (x0, 9) = 1(0,2)=0
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Using Euler's formula
WO = yo +h f(xg, y9) =2+(0.1) (0)=2
Now x =0.1 and £(x;, »{”) = £(0.1,2) == (0.1) (4) == 0.4
First Approximation to y, :
YO =y +2 [ S5 30)+ £ )| =24(0.09)[0+(-0.4)] =2-0.02 =198

Second Approximation to y; :
P =yt [f (%0, vo) + £ (xp, » D)} 2+(0.05)[0+ £(0.1,1.98)]

=2+ (0.05)[—(0.1) (1.98)2} =2-0.019602 =1.9804

Third approximation to y, :
W =yt [f(xo o)+ f(xg, ¥ ))} — 24+ (0.05) [0 + £(0.1,1.9804)]

=2+(0.05)[—(0.1) (1.9804)2} =2-0.196099 = :1.9804

Since y? =y =1.9804, therefore y, = y (0.1) =1.9804
To find y, ie. y (0.2)
Now x; =0.1, y; =1.9804, x, =0.2 and 5 =0.1

5 f(xy, 3p) = £(0.1,1.9804) = —(0.1) (1.9804)% = — 0.3922
Euler's formula gives

AY =yt h f(x, y) =1.9804+(0.1) (- 0.3922) =1.94118
First Approximation to y,:
A0 =+ 2] S )+ £, o)
= 1.9804 + (0.05)[~ 0.3922+ £(0.2,1.94118)]
~1.9804 + (0.05)[— 0.3922+(=0.2) (1.941 18)2J ~1.9804—0.05729 =1.9231
Second Approximation to y, :
A2 =y 3] )+ S )|

—1.9804 + (0.05)[- 0.3922 + £(0.2,1.9231)]

=1.9804 + (o.os)[— 0.3922 +(~0.2) (1.9231)2}
=1.9804—-0.056934 =1.9238
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Third approximation to y,:

h
W =y +§[f(x1, )+ [, ygz))}

=1.9804 + (0.05)[— 0.3922+ £(0.2,1.9238)]
—~1.9804 + (0.05) [— 0.3922 + (~0.2) (1.9238)2J
—~1.9804—0.05662 =1.9238

Since yéz) = yf) =1.9238, therefore we take y, = y(0.2) =1.9238

Hence we conclude that the value of ¥ when x=0.2 is 1.9238
The results are tabulated as shown below.

X new y
0.0 2

0.1 1.98

0.1 1.9804
0.1 1.9804
0.1 1.94118
0.2 1.9231
0.2 1.9238
0.2 1.9238

d
Example 5 : Find the solution of d_i =x—»»0)=1atx=0.1,0.2,0.3, 0.4 and 0.5

using modified Euler's method. [JNTU 2006, 2007S (Set No. 3)]
Solution : We have

dy
T Sy =x—yandx, =0,y,=1,h=0.1

To find y, i.e. y (0.1)
[Gpy) =f(0, )= 0-1 = —1

Using Euler's formula

O =y, thf(x,y)=1+(0.1)(-1)=1-0.1=0.9
Now x,=0.land f(x,»®)=/(0.1,0.9)=0.1-0.9 = -0.8
First Approximation to y, :

h 0.1
70 = ¥ +5[f(xo,yo>+f(xl,yl(°>>] =1+ —[-1-08]=1-0.09=091

Second Approximation to y, :

»@ = +§[f<xo,yo>+f(xl, =1+ % [-1+£(0.1,0.91)]

0.1
=1+ [1+(01-091)] =1+ % [~ 1.81] = 1- 0.0905 = 0.9095
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Third Approximation to y, :

h
yO =y + E[f(xo,yo) + £ )]

0.1 0.1
=1+ = [F14/(0.1,0.9095)] = 1 + —= [-1 +(0.1-0.9095)]

=1+ % (-1.8095) =1 —-0.090475 = 0.909525

Since y,@ =y, = 0.9095, we have

¥, =»(0.1)=0.9095
To find y, i.e. y(0.2)
Now x, =0.1,y,=0.9095,x,=0.2 and 2= 0.1
s f(x,y)=/(0.1,0.9095) = 0.1 — 0.9095 = - 0.8095
Euler's formula gives

¥ =y +hf(x,y)=0.9095+ (0.1) (-0. 8095)

= 0.82855
First Approximation to y, :

M=y, +% [f Cepp )+ (e 2]

0.1 0.1
=0.9095 +7 [-0.8095 +£(0.2, 0.82855] = 0.9095 + 3 (—0.8095 — 0.62855)

=0.9095-0.0719 =0.8376
Second Approximation to y, :

h
ygz) =) + —i V(xla yl) +f(x2a ygl) )]
0.1
= 0.9095 + —~[-0.8095 +/(0.2, 0.8376)]

0.1
=0.9095 + B3 [-0.8095 —0.6376] = 0.9095 —0.072355

=0.837145
Third Approximation to y, :

h
7O =y + S @)+ 0 1)

0.1 0.1
=0.9095 + =~ [-0.8095 +/(0.2 - 0.837145)] = 0.9095 + —= (- 1. 446645)

=0.9095-0.07233=0.83716
Since y, = y,® = 0.8371, we have
v, =y(0.2)=0.8371
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To find y, i.e. y(0.3)

Now x,=0.2,y,=0.8371,x,=0.3 and 2= 0.1

S f(x,y,)=/(02,0.8371) = 0.2 - 0.8371 = —0.6371
Euler's formula gives

0=y, +hf(x,,y,)=0.8371+0.1(-0.6371) = 0.7734

First Approximation to y, :

h
yO=y + 3 [f (x, v,) +f (g O]

0.1 0.1
=0.8371 + > [-0.6371 +£(0.3,0.7734)] = 0.8371 +7 (~0.6371 -0.4734)

=0.8371 -0.0555 = 0.7816
Second Approximation to y, :

h
2=y, S G ) TS (x5 1,0
0.1
=0.8371 + —~ [-0.6371+/(0.3,0.7816)]

0.1
=0.8371 + X (-1.1187) =0.8371 - 0.056

=0.7811
Third Approximation to y,:

h
y3(3) :yz + 5 [f(xzv yz) +f(x3a y3(2))]
0.1
=0.8371 + > [-0.6371 +£(0.3, 0.7811)]

Bl
=0.8371 + 07 (—1.1182)=0.8371 - 0.05591 = 0.7812

Fourth Approximation to y, :

h
y3(4) :yz + 5 V(xza yz) +f(x37 y3(3))]

0.1
=0.8371 + > [-0.3671 +£(0.3, 0.7812)] = 0.8371 — 0.0559 = 0.7812

Since y,® = y,®, we have
¥, =(0.3)=10.7812
To find y, i.e. y(0.4)
Now x,=0.3,y,=0.7812,x,= 0.4 and 2= 0.1
S f(xg, y,)=£(0.3,0.7812) = 0.3 - 0.7812 = — 0.4812
Euler's formula gives
», 0=y, +hf(x,,y,)=0.7812+0.1 (- 0.4812) = 0.7331
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First Approximation to y, :

h
y 0 =y + S UG )+ (s, A

0.1 0.1
0.7812+ == [-0.4812+/(0.3,0.7331)] = 0.7812 + = (-0.4812—0.4331)

0.7812 - 0.0457 = 0.7355
Second Approximation to y, :

@ =y + %[f(xy )+ y,M)]

0.1 0.1
07812+ —~ [-0.4812+/(0.3, 0.7355)] = 0.7812 + —= [-0.4812 - 0.4355]

0.7812 - 0.0458 = 0.7354
Third Approximation to y, :

yO =y + %[f(xy y)) +f @ ]

0.1 0.1
= 07812+ == [~ 04812 +(03,0.7354)] = 0.7812 +=~ (- 0.4812 - 0.4354)

=0.7812-0.0458 =0.7354
Since y,? =y, = 0.7354, we have
v, =y (0.4)=0.7354
To find y, i.e y(0. 5)
Nowx,=0.4,y,=0.7354,x,=0.5and 2= 0.1
S f e, v,) =/(0.4,0.7354) =0.4 - 0.7354 = — 0.3354
Euler's formula gives
v O =y, +hf(x,y,)=0.7354+ 0.1 (-0. 3354)
=0.7354 — 0.03354 = 0.70186.
First Approximation to y, :
2=, S 3 S 5 2]

0.1 0.1
=0.7354 +7 [-0.3354 +£(0.4,0.70186)] = 0.7354 +7 (—0.3354-0.30186)

=0.7354-0.03186 =0.7035.
Second Approximation to y, :

h
y5(2) =Y, + 5 [f(x4v y4) +f(x4’ yS(l))]
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0.1 .1
=0.7354 +7 [-0.3354 +£(0.4, 0.7035)] = 0.7354 +07 (—0.3354-0.30354)

=0.7354-0.0319 = 0.7035
Since y, ) =y, = 0.7035, therefore, y, = 3(0.5) = 0.7035

The above results are tabulated as shown below.

X new y X new y

0.0 0.9 0.3 0.7331

0.1 0.91 0.4 0.7355

0.1 0.9095 0.4 0.7354

0.1 0.9095 0.4 0.7354

0.1 0.82855 0.4 0.70186

0.2 0.8376 0.5 0.7035

0.2 0.837145 0.5 0.7035

0.2 0.83716

0.2 0.7734

0.3 0.7816

0.3 0.7811

0.3 0.7812

0.3 0.7812
; Example 6 : Find y(0.1) and y(0.2) using Euler's modified formula given that
LAl v,y (0)=1. [JNTU 2006, (H) June 2011 (Set No. 4)]

dx
Solution : Here ? =f(x,»)=x-y,x,=0,y,=land h=0.1
X

To find y, i.e. y(0.1)
f(xoa yo) :f(o,l) =0-1=-1

Using Euler's formula

yl(O) = y() + hf(xoa yo) =1+ (01)(_1) =0.9.
Now x, = 0.1 and f'(x, y,”) = (0.1, 0.9) = (0.1)* - 0.9 = - 0.89
First Approximation to y, :

h
y 0=y, + 5 [f(xp p) 1/ (x, y,D]

0.1 0.1
=1+ X [-1+/(0.1,-0.89)] =1+ X (-1+0.9)=1-0.005=0.995
Second Approximation to y, :

h
Y@=y + 3 [f(xpy) 1/ (x, v, D]

0.1 0.1
=1+ < [F1+/(0.1,0995)] = 1 + — (-1 - 0.985)
=1-0.09925 = 0.90075
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Third Approximation to y, :
h
W=yt U G y) @, 1]

0.1
=1+ - [-1+/(0.1,0.90075)] =1 + % (-1 -0.89075) = 0.90546
Fourth Approximation to y, :

h 0.1
W=t UG ) T @y = 14 —= 214 £(0.1, 0.90546)]

0.1
=1+ - (-1 -0.89546) =1 —0.09477 = 0.90523
Fifth Approximation to y, :

h 0.1
W=yt G U0y T 0 p )= 14 == -1+ £(0.1,.0.90523)]

=1+ % (-1 -0.89523) =1-10.09476 = 0.90523

Since y,¥ = y,©, we have

¥, =»(0.1)=0.90523

To find y, i.e. y (0.2)

Now x, = 0.1, y, = 0.90523, x, = 0.2 and 4 = 0.1

S f(x,y)=£(0.1,0.90523) = 0.01 —0.90523 = —0.8952
Euler's formula gives
¥, =y +hf(x,y)=0.90523 + 0.1 £(0.1, 0.90523)

=0.90523 + 0.1 (-0.8952) = 0.8157
First Approximation to y, :

h 0.1
»o=y 5 [f G, ) + 1 (x,, », )] =0.90523 + B3 [-0.8952 +1(0.2, 0.8157)]

0.1
=0.90523 + > [-0.8952 +(0.04 — 0.8157)] = 090523 —0.0835 = 0.8217
Second Approximation to y, :

h
D R VAC RS AR

0.1
0.90523 + —~ [~ 0.8952 +/(0.2, 0.8217)]

0.1
0.90523 + Y [—0.8952 + (0.04 —0.8217)]

0.90523 — 0.08385 = 0.8214.
Third Approximation to y, :

h
y2(3) =y + 5 [f(xl, yl) +f(xza y2(2>)]

0.1
= 0.90523 + —- [~ 0.8952 +/(0.2, 0.8214)]
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= 0.90523 + %[—0.8952 + (0.04-0.8214)] =0.90523 —0.08383 =0.8214

Since y,® =y, = 0.8214, therefore y, = y (0.2) = 0.8214.
The above results are tabulated as follows :

X new y

0.0 0.9

0.1 0.995

0.1 0.90075

0.1 0.90546

0.1 0.90523

0.1 0.90523

0.1 0.8157

0.2 0.8217

0.2 0.8214

0.3 0.8214
Example 7 : Given y'=x+sin y, »(0) = 1 compute 1(0.2) and y(0.4) with 2 = 0.2
using Euler’s modified method. [JNTU 2007S, 2007, (H) Dec. 2011S (Set No. 2)]

Solution : Here f{x, y) =x +siny, x,=0,y,=1and h=0.2.

Using Euler’s formula,
W = yo +hf (x9,05) =1+ 0.2£(0,1)=1+0.2(0 +sin1) =1.163
Now x, = 0.2 and f(x;, ") =£0.2, 1.163) = 0.2 + sin(1.163) = 1.12
We have yl(nH) = +%[f(x0,yo) +f(x1,yl(n))],n =0,1,2,..... ... )

To find y, i.e.y(0.2)

The value of »V can be determined by using the formula
h . .
J’1(1) =¥ +E[f(x0,y0) + f(xl,yl(o))] [Putting n=0 in (1)]

:1+0—é2 [sin1+1.12] =1.1961

Repeating the procedure again

h ; i
3= 3o+ 5[ Go3)+ S0 | [Putting n=1in (1)
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= 1+0—;[sin1+1.1961] =1.2038

Next approximation to y, is given by
h . .
=5 +5[ fGo20)+ f(a.3P)] [Putting n=2 in (1)]

=1+ 0—?[0.8414 +1.2038] =1.20452

Next approximation to y, is given by

Y=y + [f(xo,yo>+f<x1, ] [Putting n=3in(1)]
= 1+—[0 8414 +1.20452] =1.2046

Similarly ® = 1+7'[0.8414+1.2046] = 1.2046

Since y* =y = 1.2046, therefore, y, = y(0.2) = 1.2046.
To find y, i.e. y(0.4)
We take x, = 0.2, y, =1.2046 and x,=0.4,2=0.2

o fix,y) =A0.2,1.2046) = 0.2 + sin(1.2046) = 1.1337

Euler’s formula gives
WO =y, + hf(x,, ;) = 1.2046 + (0.2)(1.1337) = 1.4313

First approximation to Y, is given by

WD =it —[f(xl,y1>+f(x2,y§°>>]

= 12046+ (0.1)[1.1337 + 1.4313]=1.4611
Next approximation to y{* is given by
§ =+ 2] FGn)+ £ )]
=1.2046 +(0.1) [1.1337 + 1.4611] = 1.4641
Similarly y{¥ =1.2046+(0.1)[1.1337 + 1.4641] = 1.4644
and y{Y = 1.2046 +(0.1) [1.1337 + 1.4644] = 1.4644

Since p{¥ = (" = 1.4644, therefore, y, = y(0.4) = 1.4644.
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The above results are tabulated as follows :

X New y
0.0 1.163
0.2 1.1961
0.2 1.2038
0.2 1.20452
0.2 1.2046
0.2 1.2046
0.4 1.4313
0.4 1.4611
0.4 1.4641
0.4 1.4644
0.4 1.4644

Example 8 : Using modified Euler’s method, find an approximate value of y when

x=13 giventhat @Y = L 14)2) [JNTU (A) Dec. 2011]
dx x 52
. dy 1 y 1-xp
Solution : Here — = f(x,y)=——== ,Xo=1Lyo=1and h=03
dx x2 X xz

To find y, i.e., y(1.3)

1-1
S (xo,30) =7 (LD =€ = 0
Using Euler’s formula,

WO = yo +he f(xg,50) = 1+0.3(0) =1

12130 _ 1775
> .

Now x =xo+h=13 and f(xq,»")=r(13,1)=
First Approximation to y;

h
W0 =0+ 2 130+ 70

:1+%[0+f(1.3,—0.1775)] =1+Oj[1_(1'3) (4'1775)}

(1.3)

O.3(1+0.23075
1+—

j=1.1092
2
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Second Approximation to y,

W2 =0+ 3 £+ £

_1+—[0+f(13 11002y =1+ 22 : {w}

(1.3)

0.3(—0.44196
1+—

j =0.961
2 1.69

Third Approximation to y,

5O =0+ 2 1600+ 100 |

—1+—[0+f(1 3,096D] =1+ {w}

(13)2
0.3(~0.2493)
3.38

Fourth Approximation to y,

=1+ =0.9778

WO =042 10000+ Sef)]

—1+—[0+f(13 0.778)] =1+ : {w}

(1.3)
=0.999
Fifth Approximation to jy,

5O =05 )+ e

—1+—[0+f(130999)] 1+ 23 ; {w}

(1.3)
=0.9735
Sixth Approximation to jy,

WO =0+ 3] £ r0)+ 103

_1+—[0+f(13 0.9735)] =1+ {w}

(1.3)?
=0.9735
Since y = )(® =0.9735, therefore, y, = (0.3)=0.9735
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Example 9 : Solve % =1-1y,y(0) =0 in the range 0<x <0.3 by taking #=0.1 by
X

the modified Euler’s method. [JNTU (A) May 2012 (Set No. 4)]
Solution : Here %zl—y. So f(x,y)=y"'=1-y and x5 =0,y =0,A=0.1
X

To find y, i.e., y(0.1)

S(x0,0)=/(0,00=1-0=1
Using Euler’s formula,

A = yo + 1 (xg,39) = 0+(0.1)(1) = 0.1

Now x =xy+4=0.1 and f(x,»”)=£(0.1,0.1)=1-0.1=0.9
First Approximation to y;

»D =y +§[f(xo,yo)+f(xl,yl(°))J =0+%[1+0.9] = 0.095
Second Approximation to y,

S,y ™) = £(0.1,0.095) =1-0.095 = 0.905

¥ =y, +§[ FGxoy0)+ (1. yf”)J :0+%[1+0.905] —0.09525
Third Approximation to y,

S,y ) = £(0.1,0.09525) = 1-0.09525 = 0.90475
3 = + @] 20+%1 0140904751 = 0.0952375
i Yot S Gos o)+ /(s ™) 5 [1+0. 1=0.

Since y1(2) = y1(3) , we take y; = y(0.1) =0.0952
To find y, i.e., y(0.2)

Now x; =0.1,; =0.0952,x, =0.2 and s =0.1
~ () = £(0.1,0.0952) = 1-0.0952 = 0.9048

Using Euler’s formula gives

O =y +hf (31, 1) = 0.0952+(0.1)(0.9048) = 0.18568

First Approximation to y,

WD =y %[ FOp v+ f(xo, yg)))} =0.0952+%[O.9048+ £(0.2,0.18568)]

=0.0952 +%[0.9048+1—0.18568] =0.18115
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Second Approximation to y,
¥ =y +E[f(x1,y1)+f(x2,y2 )} =0.0952+=-[0.9048 + /(0.2,0.18115)]
0.1
=0.0952+7[O.9048+1—0.18115]=0.18138
Third Approximation to y,

1
NOREY +§[f(x1,yl)+f(x2,y§2))J =0.0952+07[0.9048+f(0.2,0.18138)]
0.1
=0.0952+=-[0.9048 +1-0.18138] = 0.18137

Since yéz) = y§3) , we take y, =»(0.2)=0.1814
To find y; i.e., y(0.3)
Now x, =0.2,y, =0.1814,x, =0.3 and s =0.1

5 f(x,y9) = £(0.2,0.1814) =1-0.1814 = 0.8186

Using Euler’s formula gives
WO =y, +hf (x5, ,) = 0.1814 + (0.1)(0.8186) = 0.26326

First Approximation to j;

»D o=y, +%[f(x2,y2)+f(x3,y§0))J =0.1814+%[O.8186+f(0.3,0.26326)]

1
= 0.1814+07[0.8186+1—0.26326] =0.259167

Second Approximation to y;
2) _ h O]
v =nts S22+ f(x3,37)
0.1
=0.1814 +7[O.8186+f(0.3,0.259167)]

1
= 0.1814+07[0.8186+1—0.259167] =0.2593716

Similarly y{* =0.2593614

Since ygl) = ygz) , we take y; = »(0.3)=0.2593
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Exact Solution :

dy dy

i l-y= Ty dx (Variables Separable)

Integrating, J.ﬂ = J.dx+c: log(l-y)=-x+c. .. 1-y=e"c
1-y

At x=0,y=0,weget 1-0=c=c=1

X X

Ll-y=e " or y=l-e
Now 3(0.1)=1-¢~ %! =0.09516258
1(0.2) =1-¢~ %2 =0.18126927

1(0.3)=1-¢" %% =0.259181779

The results are tabulated as follows :

X Modified Euler Exact solution
0.1 0.0952 0.09516
0.2 0.1814 0.18127
0.3 0.2593 0.25918
- EXERCISE 8.3 \

1. Given % =xy, y(0)=1, find y(0.1) using Euler's method.
X

[JNTU (H) June 2011 (Set No. 2)]
2. Solve by Euler's method, y'+y=0 given y(0)=1and find »(0.04) taking step size
h=0.01-

3. Given that % =3x? +y, y(0)=4 compute »(0.25)and »(0.5) using Euler's method.
X

4. Solve by Euler's method % _ given y(1)=2 and find y(2).
X

[JNTU (H) June 2011 (Set No. 2)]
5. Using Euler's method, find the value of y when x=0.6 given that »(0)=0 and

y'=1-2xp.
6. Using Euler's method, solve for y at x=0.1 from y'=x+y+xy, y(0)=1 taking step
size h = 0.025.
7. Using Euler's method, find an approximate value of y corresponding to x=2.5 given
that & _ sy and y=2 when x=2.
dx y

8. Solve the first order differential equation &_y —%  1(0)=1 and estimate y(0.1) using
+x

Euler's method (5 steps).

| J
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9. Using Modified Euler's method, find the value of y when x=0.1,0.2 and 0.3 given that‘
y'=1-y,y(0)=0.

10. Find »(0.5), y(1) and y(1.5), given that y'=4-2x, y(0) =2 with 4 = 0.5 using Modified

Euler's method. [JNTU 2007S, (H) June 2011 (Set No. 3)]

11. Using Modified Euler's formula, solve for y(0.1) given that y'= 24y, 9(0)=1,

12. Using Modified Euler's method, obtain y(0.25) given y'=2xy, y(0)=1.

13. Given that % =x?+y?, »(0)=1, determine y(0.1) and y(0.2) using Modified Euler's
X

method.
14. Solve the following by Modified Euler's method :

% — x4y, p(0) =1 at x=002,004 and 0.06 with / = 0.02.
X

15. Find y(1.2) and y(1.4) by Modified Euler's method given y'=log(x+ y), y(0) =2 taking
h=02.

16. If Z—y = x+4/y , use Modified Euler's method to approximate y when x = 0.6 in steps of
X
0.2 given that y=1 at x = 0.
17. Using Modified Euler's method, find an approximate value of y when x=0.3, given
dy
that —==x+, y(0) =1. [JNTU (A) June 2010, 2011, May 2012 (Set No.2)]
X
18. Solve the differential equation :

% =2 +\/E, y(1) =1 by Modified Euler's method and obtain y at x =2 in steps of 0.2.
X

(or) Given ?—\/E =2,y(1)=1 find the value of y(2) in steps of 0.2 using modified
X
Euler's method . [JNTU (A) June 2013 (Set No. 1)]

19. Solve numerically y'=y+e*,y(0)=0 for x =0.2, 0.4 by Euler's method.
[JNTU (K) June 2009 (Set No.3)]
20. Using modified Euler's method, find an approximate value of y when x =1.3, given that

| %+%=x%.y(1) =1 [INTU (A) Dec. 2010]J
r ANSWERS w
(1) 1.0611 (2) 0.9606 “4) 7.2 (5) 0.4748
(6) 1.1448 (7) 3.028 (8) 1.0928 (9) 0.095, 0.18098, 0.2588
(10) 2.25,2.45, 2.55 (11) 1.1055 (12) 1.0625
(13) 1.17266, 1.25066 (14) 1.0202, 1.0408, 1.0619
(15) 2.5351, 2.6531 (16) 1.8861 (17) 1.4004
§ (18) 5.051 (19) 0.24214,0.59116 )
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8.11 RUNGE - KUTTA METHODS

The previous methods used for numerical solution of initial value problems are restricted
due to either slow convergence or due to labour involved in finding the higher order derivatives,
especially in Taylor's series method. But, Runge-Kutta (R - K) method does not require the
determination of higher order derivatives and give greater accuracy. These methods possess
the advantage of requiring only the function values at some selected points on the subinterval.
They agree with Taylor's series solution upto the terms of /4" where r differs from method to
method and is known as the order of that Runge-Kutta method. Hence Runge-Kutta methods
are known by their order.

Euler's method and Modified Euler's method are the Runge - Kutta methods of first
and second order respectively.

These methods are called single-step methods, since they require only the value of y,
to determine y,, . Thus, R-K methods are self-starting.
Merits and Demerits of Runge-Kutta Method :

The principal advantage of R-K method is the self starting feature and consequently
the ease of programming. One disadvantage of R-K method is the requirement that the
function f(x, y) must be evaluated for several slightly different values of x and y in every step
of the function. This repeated determination of f(x, ) may result in a less efficient method
with respect to computing time than other methods of comparable accuracy in which previously
determined values of the dependent variable are used in subsequent steps.

1. First - order Runge - Kutta method :

We know that, by Euler's method,

n=ro+h f(x0,¥0) =yo+hyy  [vy'=f(xp)] 2

Expanding L. H. S. by Taylor's series, we get ¥ = ¥(xo +h)=yo +h yp * Yo+

It follows that the Euler's method agrees with the Taylor's series solution upto the term in 4.

Hence, Euler's method is the R - K method of the first order.

2. Second - order Runge - Kutta method :

The modified Euler's mehod gives

y1(1)=yo+hf(xo,yo)
@_. . h ONN DI
and —y0+2|:f(x05y0)+f(xlay1 )}—yo+2[fo+f(xo+hayo+hfo)] e (D)

where [y = f(xg, )
If we now set

k=hfo;  ky=hf(xg+h, yo+k)
then equation (1) becomes 1 = Yo + = (ki +k2)

which is the second order Runge-Kutta formula.
The seconder order Runge-Kutta formula is

n=»n +%(k1 +ky)
where & =4 f(xg, yo)
and  ky, =h f(xg+h, yo+ki)
Since the derivations of third and fourth order R - K methods are tedious, we state
them below for use.
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3. Third-order Runge-Kutta method :
The third order R - K method is defined by the equation

1
y1=y0+g(k1+4k2+k3)
where & =h f(xy, ¥o)
1 1
ky =hf(x0+§h, A +5k1)
and ks =h f(xg+h, yy+2ky— k)

4. Fourth - order Runge-Kutta method : [JNTU (A) June 2011 (Set No.4)]

This method is most commonly used in practice and is often referred to as 'Runge-
Kutta method' only without any reference to the order.

&
X

d :f(xay)a y(XO):yO

Working Rule: To solve the differential equation

by Runge - Kutta fourth order method:
Calculate successively

ki =h f(xg,y0)

1 1
ky=h +=h, yo+=k
2=hf(xg S0+ 1)

1 1
ks =h f(xo +5h, 0 +Ek2)
and k4 =h f(xy+h, yy+k3) - Then

1

Now starting from (x,, ,) and repeating the process, we get (x,, y,) etc.
8.12 ADVANTAGES OF RUNGE - KUTTA METHOD OVER TAYLOR'S SERIES

Though approximately the R-K method is the same as Taylor's polynomial, R-K formula
does not require prior calculation of higher derivatives of y(x) as the Taylor's series method
does. Since the differential equations arising in application are often complicated, the calculation
of derivatives may be very difficult. In R-K method, the computation of f{x, y) at various
positions, instead of derivatives are calculated and this function occurs in the given equation.
To evaluate y . , we need information only at the point (x , y ). Informations at the points
Y, » Y, €tc., are not directly required. Thus R-K methods are one - step methods.

SOLVED EXAMPLES

Example 1 : Using Runge-Kutta method of second order, compute y (2.5) from

%: XY y2)=2, taking h = 0.25.
X

Solution : Here f(x,y)=

xX+y

First Step: xy =2, yo=2 and 7 =025
ki =h f(x9,y9)=(0.25) f(2,2) =(0.25) (2)=0.5

ky =h f(xg +h, yo+hk) =(0.25)[ £(2.25,2.5)] = (0.25) [

2.25+2.5j 0508
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1 1
Hence yi =y (225)= yo+- (ki +ky) = 2+ (0.5+0.528) = 2.514

Second Step: Now starting from (x;,y;), we get (x;,7,) .
Again apply R -K method replacing (xy, o) with (x;,»).
Here x =xg+h=2+025=225, y; =2.514,h =025

sk =h f(x, ) =(025) f(2.25,2.514)=(0‘25)[%225'514

ky =h f(x; +hy + k) =(0.25)[ £(2.25+0.25,2.514+0.5293)]
[2.5+3.0433)

) =0.5293

=(0.25)[ f(2.5,3.0433)] = (0.25) = 0.55433

1 1
Hence yy =7 (25) =y + (k +hy) =2.514+(0.5293+0.55433) = 3.0558.

Example 2 : Obtain the values of y at x = 0.1, 0.2 using Runge-kutta method of
(?) second order (i7) third order (ii7) fourth order for the differential equation y’'+y =0, y(0)=1.

Solution : Given equation can be written as y'=—y, y(0)=1. Here f(x,y)=-y.
(i) Second order:

Step 1: x5 =0,y =1A4=0.1

Now k& =h f(xg,5) =(0.1) £(0,1)=(0.1) (-1) =—0.1

and ky =h f(xy+h,y9+k)=(0.1) £(0,1,0.9) =(0.1) (-0.9) =— 0.09

Sy =y 0.0) =y, +%(k1 +hs) = 1+%(—0.1—0.09) =1-0.095 =0.905

Now starting from (x;, 1), we get (x5, y,) . Again apply R-K method replacing (xy, vy)
by (x;, y1)-
Step 2: x, =xq+h=0.1, 5, =0.905, h=0.1

k=l f (. 1) = (0D [£(0.1,0.905)] = (0.1) (- 0.905) = — 0.0905
by =h f(xy +hy vy + k) = (0.1) [ £(0.2,0.905—0.0905)]
=(0.1) [f(0.2, 0.8145)] =(0.1) (- 0.8145) =—-0.08145
Hence »» = y (0.2) =y, +%(k1 thy)

= 0.905 +%(— 0.0905—-0.08145) = 0.905-0.085975 = 0.819025
(ii) Third order :
Step 1: X0 =0, Yo 21, h=0.1

sk =h f(xg, v9)=(0.1) £(0,1)=—0.1
ky =h f(x +%h, 0 +%k1) = (0.1)[ £(0.05,0.95)] = (0.1) (-0.95) = — 0.095
Oky =h f(xg+h, yo+2ky =) =(0.1)[£(0.1,0.9)] = (0.1) (~0.9) = — 0.09

1
Hence 7 =y (02)=yo + (b +4k; +K3) :1+é(— 0.1-0.38—0.09) = 1-0.095 = 0.905
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Step 2: x; =xp+h=0.1, 3, =0.905, h=0.1
sk =h f(xg, y) =(0.1) £(0.1,0.905) = (0.1) (- 0.905) = — 0.0905

1 1
ky = h f(x +5h, » +5k1) =(0.1) [ £(0.1+ 0.05,0.905 — 0.04525)]

= (0.1)[ £(0.15, 0.85975)] = (0.1) (=0.85975) = — 0.085975
ky = h f(x; +h, 3 +2ky —k) =(0.1)[ £(0.2,0.905— 0.17195+0.0905)]

= (0.1) [ £(0.2,0.82355)] = (0.1) (~0.82355) = — 0.082355

1
Hence y, =y (0.2)=y +g(k1 +4ky +h3)
=.0.905 +l(—0.0905 —0.3439—-0.082355) =0.905—0.0861258 = 0.818874

(iii) Fourth order:
Step 1: X0 =0, Yo =L,h=0.1
Sk =h f(x, ) =(0.1) (0,1) = (0.1) (=1) == 0.1

ky =h f(x, +%h, Yo +%k1) = (0.1) [/(0.05,0.95)] = (0.1) (- 0.95) = — 0.095

1 1
ky =h f(xy +Eh’ Yo +Ek2) =(0.1)[ £(0.05,0.9525)] = (0.1) (—0.9525) = —0.09525
ky=h f(xg +h, yo+k3) =(0.1)[ /(0.05,0.90475)] = (0.1) (— 0.90475) = —0.090475
Hence y; =y (0.1)=y, +%(k1 +2ly +2k5 +ky)
=1 +é(— 0.1-0.19-0.1905—-0.090475) =1-0.0951625 = 0.9048375

Step 2: x; =xp+h=0.1, y =0.9048375, h=0.1
ok =h f(x, 31) =(0.1) [ £(0.1,0.9048375)] = (0.1) (~ 0.9048375) = — 0.09048375

ky = h f(x +%h, yl +%k1)=(0.1) [£(0.15,0.8595956)]
=(0.1) (- 0.8595956) = — 0.08595956
ky=hf(x +%h, v +%k2) = (0.1)[ £(0.15, 0.8618577)]

= (0.1) (- 0.8618577) = — 0.08618577
and ky = h f(x+h, 3 +k3) = (0.1)[ £(0.2,0.8186517)]
= (0.1) (- 0.8186517) = —0.8186517

1
Hence », =y (0.2)=y, +E(kl +2ky +2k3 +ky)
=0.9048375 +%(— 0.09048375—-0.171919-0.1723714—-0.08186517)

=0.9048375-0.0861065 = 0.8187309
So the value of ¥ when x=0.2 is 0.8187 correct to four decimal places.
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Note. Exact solution of the given differential equation is y=e ™. Hence the exact
solution of y when x=0.1 is 0.9048 and when x=0.2 is 0.8187. It can be seen that this
fourth order method is an accurate method.

Tabular values are :

X Second order | Third order Fourth order | Exact value
0.1 0.905 0.905 0.9048375 0.9048374
0.2 0.819025 0.818874 0.8187309 0.8187307

Example 3 : Apply the fourth order Runge - Kutta method, to find an approximate
value of y when x = 1.2, in steps of 0.1, given that: y'= x° +y2, y(1)=1.5
Solution : Here f(x,y)=x>+y* and we take 4 =0.1 and carry out the calculations in

two steps.
Step 1. X0 21, Yo =1.5,h20.1

ki =h f(xg, y9)=(0.1) £(1,1.5) = (0.1)[(1)2 +(1.5)2J = 0.325
ky =h f(x, +%h, Yo +%k1) = (0.1)[£(14+0.05,1.5+0.1625)]
= (0.1)[£(1.05,1.6625)] = (0.1) [(1.05)2 +(1.6625)2} = 0.3866
ky =h f(x0+%h, o +%k2)=(0.1) [/(1.05,1.6933)]
= (0.1) [(1.05)2 +(1.6933)2} ~ 039698
and ky =h f(xg+h, yo+hky) = (0.1)[ £(1.05,1.8969)]
= (0.1) [(1.05)2 +(1.8969)2J — 0.4808
Hence y; =y (0.1) =y, +%(kl +2ky +2ks + ky)
=1.5+%(O.325+0.7732+0.7939+0.4808) =1.5+0.39548 = 1.89548 1 1.8955

Step 2. x; =xg+h=1+0.1=1.1, y; =1.8955, 1 =0.1
ky =h f(x,y)=(0.1) £(1.10,1.8955) = (0.1) [(1.10)2 +(1.8955)2J = 0.4803

ky = h f(x, +%h, yl +%k1) = h[£(1.1+0.05,1.8955 +0.24015)]
= h[£(1.15,2.13565)] = (0.1)[(1.15)2 +(2.13565)2J — 0.58835
ks = h f(x +%h, " +%k2) = (0.1) £(1.15, 2.189675)
- (0.1)[(1.15)2 +(2.189675)2} - 0.6117
and ky =h f(x; +h, y; +k3) =(0.1) £(1.2,2.5072) =(0.1)[(l-2)2 +(2-5072)2} =0.7726

1
Hence »» =y (1.2)=y +g(k1 +2ky +2k3 +ky)
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=1.8955 +%(0.4803 +1.1767+1.2234+0.7726)

=1.8955 +%(3.653) =1.8955+0.6088 = 2.5043

Example 4 : Using Runge-Kutta method, find y(0.2) for the equation

D YT 0)=1. Take h=02
dx X

Solution : Here y’=f(x,y)=u, X0=0,yp=1and p=02
y+x

ki =hf(x 70) =(0.2) £(0,1)=(0.2) [gj ~0.2

1.1-0.1 1

1.08333-0.1

1 1
_ 1 L _ =(0.2
ks =h f (o + b3y +3H2) = (02 [ £(0.1,1.08333)) = ( )(1.08333+0.1

j=0.16619

1.16619-0.2

jz 0.07072
1.16619+0.2

ky=h f(xg+h, yo+k3)=(0.1)[ £(0.2,1.16619)] =(0.1)[
1
Hence » =y(0.2)=yy s (ki +2ky +2k3 +1y)

=1 +%(0.2 +0.33332+0.33238+0.07072) =1+0.15607 =1.15607

Example 5 : Use Runge - Kutta method to evaluate y(0.1) and y(0.2) given that

y'=x+y, p0)=1. [JNTU 2007 (Set No.3), (A) May 2011]
Solution : Here f(x,y)=x+y,x,=0,y,=1

Step 1. xy=0,yy=1LAk=0.1
Sk =hf(x.y9) = (0.1 £(0,1) =(0.1) (0+1) =0.1

ky =h f(x +%h, Yo +%k1) = (0.1) [ £(0.05,1.05)] = (0.1) (0.05+1.05) = 0.11
ky =h f(x +%h, Yo +%k2) = (0.1)[ £(0.05,1.055)] = (0.1) (0.05+1.055) = 0.1105
ky=h f(xg+h yy+k3) = (0.1)[ £(0.1,1.1105)] =(0.1) (0.1+1.1105) = 0.12105

HenCC n=y (01) =)o +%(kl +2k2 +2k3 +k4)

= l+%(0.1+0.22+0.2210+0.12105) =1+0.1103416 =1.11034

To find y, = »(0.2), we again start from (x;, ;) =(0.1,1.11034)
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Step. 2. x;=xy+h=0+0.1=0.1,); =1.11034 and % =0.1
Sk =h f(x,3)=(0.)[£(0.1,1.11034)] = (0.1) (0.1+1.11034) = 0.121034
ky =h f(x +%h,yl +%k1) = (0.1)[ £(0.15,1.170857)]
=(0.1) (0.15+1.170857) = 0.1320857
ky=h f(x +%h,yl +%k2) = (0.1)[/(0.15,1.1763829)]
=(0.1) (0.15+1.1763829) = 0.1326382
ky =h f(x +h,y +k3)=(0.1)[ £(0.2,1.2429783)]
=(0.1) (0.2 + 1.2429783) = 0.1442978
Hence »,=y(0.2)=y + é(kl +2ky +2k3 + ky)

=1.11034 +é(0. 121034 +0.2641714+0.2652764 +0.1442978)

=1.11034+0.1324632 =1.242803
So the value of ¥ when x = 0.2 is 1.2428 correct to four decimal places.

Example 6 : Find y(.1) and y(.2) using Runge-Kutta 4™ order formula given that
3 =x%—y and y(0)=1. [JNTU 2006, (A) Nov. 2010 (Set No. 1, 4)]
Solution : Here y' = f(x,y)=x>~y, x, =0, y,=1 and h = 0.1

Step1. To find y(0.1)

ky = b G, ) = (0.0 £(0,1) = (0.0~ 1) = ~0.1

= hf[xo +%h, Yo +%klj =(0.1) £(0.05, 0.95)
(0.1) [(0.05)% — 0.95] =— 0.09475

=
S}
|

ky = hf[xo +%h, o +%k2j — (0.1 /{0.05, 0.952625)

(0.1) [(0.05)2 — 0.952625] = — 0.095
ky = hf(xy+ h yy+ky)=(0.1) £(0.1,0.905)
= (0.1) [(0.1)2 - 0.905] = — 0.0895

1

1
=1 +g [-0.1-0.1895-0.19-0.0895] = 0.9052.

Step 2. To find y(0.2)
Now we have x; = xy + /2 =0.1,y,=0.9052 and 2 = 0.1

ky = hfxp, ) =(0.1)£(0.1,0.9052) = (0.1) [0.01 — 0.9052] = — 0.08952
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1 1
= hf[xl +hon +5k1j =(0.1) {0.15, 0.86044)

b
S}
|

(0.1) [(0.15)2 — 0.86044] = — 0.08379

1 1
ky = hf[xl +h +5k2j =(0.1) 0.15, 0.8633)

(0.1) [(0.15)2 — 0.8633] = — 0.0841
hf (e + h, yp + k) = (0.1) 0.2, 0.8211)
(0.1) [(0.2)% — 0.8211] = —0.07811

ky

Hence y, =3(0.2)= y +%(k1 +2ky +2ky + ky)

=0.9052 + % (—0.08952 - 0.16758 — 0.1682 — 0.07811) = 0.8213.

Example 7 : Solve the following using R-K fourth method y" =y—x, 3(0) =2, h=0.2.
Find 1(0.2). [INTU 2008, (H) June 2009 (Set No.4)]

Sdution: Herex;=0,y,=2,7=02,x =x;th=02and flx, y) =y —x
By R—K method of fourth order,

1
Yy, = Yo +g(k1+2k2 +2k3 +k4) (1)

Where k, = h.f (x;,) =(0.2) £ (0, 2)
= (0.2)(2-0)= 0.4

h 1
kz = h_f(xO +E,yo +5klj = (02)f(01, 22)
= (0.2) (2.2-0.1) = 0.42.

h 1
k, = h.f[xo +230 +5kzj=(0.2). £(0.1, 2.21)

(0.2)(2.21-0.1)=0.422
and k, = h.f(x,+ h,y,+ k) =(0.2) . (0.2, 2.422)
= (0.2) (2.422-0.2) = 0.4444
Hence, using (1)

y(02) =y = 2+%[0.4+2(0.42+0.422)+0.4444]

= 2+0.4214=2.4214.
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d
Example 8 : Solve Ey = xy using R-K Method for x = 0.2 given y(0) = 1, taking
h=0.2. [JNTU 2008, 2008S(Set No.1)]
Solution : Here flx,y)=xy,x,=0,y,=1and h=0.2

k, = hfix, y,) = (0.2) £0,1) =0

=~
Il

1 1
hf[)fo +5h, Yo +5k1j =(0.2)£A0.1,1)

(0.2) (1.1) = 0.0202

1 1
k, = hf[xwgh, yo+5k2j=(0.2)f(0.1,1.01)

(0.2) (0.1) (1.01) = 0.0202
k, = hfix,+ h, y,+ k) = (0.2) 0.2, 1.0202)

= (0.2)(0.2) (1.0202) = 0.040808
By R — K method,

1
Y. = y(02)= Yo +g[k1 +2(k2 +k3)+k4]

1
1+-10+2(0.02:+0.0202) +0.040808]

1.0202

Example 9 : Compute y(0.1) and y(0.2) by Runge - Kutta method of 4th order for the
differential equation ' = xy+y°,y (0) =1. [JNTU (A) June 2009, (H) Dec. 2012]

Solution : Here y'= f(x,y)=xy+)’,x,=0,y,=1and 1 =0.1
To find y(0.1)
By fourth order Runge - Kutta method,

K, =h. f(x,,) = (0.1) (x,3, + ¥5) = (0.1) (0+1) = 0.1
1 1
K2 =h.f(x0 +El’l,y0 +EKIJ
— h £ (0.05,1.05) = (0.1)[(0.05) (1.05) + (1.05)*] = 0.1155
1 1
K3 =h.f(x0 +Eh,y0+EK2j

= (0.1) £(0.05,1.05775) = (0.1) [(0.05) (1.05775) + (1.05775)* = 0.11217
K, =h. f(x,+h,y,+K,)=(0.1)£(0.1,1.11217)
= (0.1)[(0.1)(1.11217) +(1.11217)°] = 0.1248
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Loy =y(01)=y, +%(K1 +2K, +2K, +K,)
=1+%(0.1+0.231+0.22434+0.1248) =1.1133
To find y (0.2)
Now starting from (x,,y,) we get (x,,,) .
Again apply Runge - Kutta method replacing (x,,y,) by (x,,»,).
Now we have x, =x,+/4=0.1,y,=1.1133 and p=0.1.
K, =h. f(x,)=(0.1). £(0.1,1.1133)

=(0.1)[(0.1) (1.1133) +(1.1133)*]=0.1351
K,=h f(x +lh +1Kj

2 =N [ s P

=(0.1) £ (0.15,1.18085) = (0.1) [(0.15) (1.18085) + (1.18085)*] = 0.1571
K, =h.f(x1+%h,yl+%K2j

=(0.1)£(0.15,1.19185) = (0.1) [(0.15) (1.19185) + (1.19185)]> = 0.1599
K, =h. f(x +hy +K;)=(0.1)£(02,12732)
=(0.1)[(0.2) (1.2732) +(1.2732)’] = 0.1876

1
Hence y, =y(0.2) =y, +E(Kl +2K, +2K, +K,)

=1.1133 +%(0.1351+0.3142+0.3198+O.1876) =1.2728

Example 10 : Solve y'=x—y given that y(1)=0.4. Find y(1.2) using R—K method.

[JNTU(K)May 2010 (Set No.2)]
Solution : Since £ is not mentioned in the question, we take 2 = 0.1

Here f(x,y) = x—-yx=Lyy=04,x=1.1x,=12
Step 1: By fourth order R — K method,

ki = hf(x,59)=(0.D(xy — yy)=(0.1)(1-0.4) = 0.06

1 1
= h +—=h,yy +=Fh
ky f (xo > Yo > 1)
= (0.1)f(1+0.05,0.4+0.03) = (0.1) /(1.05,0.43)
= (0.1)(1.05-0.43)=0.062
1 1
= h +—=h,yy+—k
ks f (xo S Yot 2)
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= (0.1)£(1.05,0.4+0.031) = (0.1)£(1.05,0.431)
= (0.1)(1.05-0.431) = (0.1)(0.619) = 0.0619

ky = hf(xg+h,yo+k3)
= (0.1)£(1.1,0.4+0.0619) = (0.1) £(1.1,0.4619)
= (0.1)(1.1-0.4619) = (0.1)(0.6381) = 0.06381

1

= 04+ %[0.06 +2(0.062 +0.0619) + 0.06381]

= 0.4+%(0.37161) =0.4619

Tofind y, = »(0.2), we again start from (x;, ;) =(1.1,0.4619)
Step 2 : X1 = xp+h=1+0.1=1.1, y;=0.4619 and 2 =0.1

k= b (x1,31)=(0.1)£(1.1,0.4619)
= (0.1)(1.1-0.4619)=0.70191

1 1
ky = hf(xﬁEh,J/ﬁEklj

= (0.1)£(1.1+00.5,0.4619 +0.350955)

= (0.1)f(1.15,0.81285) = (0.1)(1.15-0.81285)
= 0.03371

1 1
ky = hf{xl +5h,yl +5k2j

— (0.1)/(1.15,0.4619 +0.01686)

= (0.1)£(1.15, 0.47876)

= (0.1)(1.15-0.47876)=0.67124
ky = hf(xq+hy+k3)

= (0.1)f(1.1+0.1,0.4619 + 0.67124)

= (0.1)f(1.2, 1.13314)

— (0.1) (1.2 — 1.13314) = 0.06686

1
Hence y, = »(02)=yy+ (ki +2ky +2k3 + k)

= 0.4619 +%[O.70191 +2(0.03371+0.67124) + 0.06686]

= 0.4619 +%(2.17867) =0.825
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Example 11 : Find y(0.1) and y(0.2) using Runge Kutta fourth order formula given that

d
d—i =x+x"y and y(0)=1. [INTU (H) June 2012

Solution : Here f(x,y)=)'= x+x2y =x(1+xy),xyp=0,y9 =1 and h=0.1
Tofind y, i.e., y(0.1)

Now ki = hf (xg,¥0) = (0.1) £(0,1) = 0.1 (0) = 0

ky = hf(xo +§, o +%) = (0.1)£(0.05,1)

= (0.1)[0.05 (1+0.05)] = 0.00525
h ks
ks =hf| %+ .30+ |=(0.1)/(0.05,1.002625)

=(0.1)[0.05 (1+0.0501312)] = 0.00525
ky = hf (xg + h, vy +k3) = (0.1) £(0.1,1.00525)
=(0.1)[0.1 (1+0.100525)] = 0.011

By Runge - Kutta Fourth order formula,

1
n=>x» +E[(kl +hkyg)+2(ky +k3)]

=1 +%[(0 +0.011) +2(0.00525 +0.00525)] =1.0053

Tofind y, ie., y(0.2)
Here x; =0.1,; =1.0053,x, =0.2 and /#=0.1

ki = hf (xp, yp) = (0.1) £(0.1,1.0053) = (0.1)[0.1(1+0.10053)] = 0.0110053

h k
ky = hf(xl TSN +31) =(0.1)/(0.15,1.0108) =(0.1)[0.15 (1+0.15162)] = 0.0173

h k
ky = hf(xl TSN +72) =(0.1)/(0.15,1.01395) =(0.1)[0.15 (1+0.1521)] = 0.01728

kg =hf (x +h,yy +k3) =(0.1)£(0.2,1.02258)
= (0.1)[(0.2) (1+0.204516)] = 0.0241

By Runge - Kutta Fourth order formula,

1
¥ =y(02) =y +g[(k1 +hg)+2(ky +h3)]
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=1.0053 +é[(0.01 10053 +0.0241)+2(0.0173+0.01728)]

=1.0053 +%(0.0351053 +0.06916) =1.02268
Example 12 : Using Runge-Kutta method of fourth order find y(0.1),y(0.2) and y(0.3),
given that % =1+x0,9(0)=2. [JNTU (A) May 2012 (Set No. 2)]
be

Solution : Here % =1+xp,50 f(x,y)=y" =1+xy,h=0.Lxg =0,y9 =2, =0.1,x, =0.2
X

and x3 =0.3

Tofind y, i.e., y(0.1)

ky = h- £ (x0,v0) = (0.1)£(0,2) = (0.1)(1+0) = 0.1
ky = h- f[;q) +%h, o +%k1j = (0.1)(0.05,2.05)
= (0.[1+(0.05)(2.05)] = 0.11025
ly =h- f[xo +%h, o +%k2) = (0.1)£(0.05,2.055125)

— (0.1)[1+(0.05)(2.055125)] = 0.11028
k4 = h'f(XO +h,y0 +k3) = (01)f(01,21 1028)
—(0.1) [1+(0:1) (2.11028)] = 0.1211

Hence y;| = »(0.1) = y; +%(k1 +2ky +2kz + k4 ) , using R - K method of fourth order.
= 2+é[(0.1+0.1211)+2 (0.11025+0.11028)]

= 2+%(O.66216) =2.11036

Tofind y, i.e., y(0.2)
We have x =0.1,) =2.11036 and ;=0.1
Iy =hf(x;, ) =(0.1)£(0.1,2.11036)

= (0.D)[1+(0.1)(2.11036)] = 0.1211

ky = hf[xl +%h,y1 +%/q) =(0.1) £(0.15,2.17091)
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= (0.)[1+(0.15)(2.17091)] = 0.1325

ks = hf[xl +%h,y1 +%k2) =(0.1)£(0.15,2.17661)

= (0.1) [1+(0.15)(2.17661)] = 0.13265
ky = hf (e +h, y, +k3) = (0.1) £(0.2,2.24301)
= (0.1) [1+(0.2) (2.24301)] = 0.14486

Hence Y = y(02) =N +é(kl +2k2 +2k3 +k4) =N +é[(kl +k4)+2(k2 +k3)]
=2.11036+%[(O.1211+0.14486)+2(0.1325+0.13265)]

=2.11036 +%(0.79626) =2.24307

Tofind yj; i.e., y(0.3)
We have x, =0.2,y, =2.24307 and ; =0.1
Iy =hf (x5,¥,) =(0.1)£(0.2,2.24307)

= (0.1)[1+(0.2)(2.24307)] = 0.1449

ky = hf[xz +%h, ¥ +%k1j =(0.1)/(0.25,2.31552)

= (0.D)[1+(0.25)(2.31552)] = 0.1579

k3 = hf[X2 +%h, b)) +%k2j = (01)f(025,232202)

= (0.1) [1+(0.25)(2.32202)] = 0.15805
ky =hf(xy +h,yy +k3) = (0.1)£(0.3,2.40112)
= (0.1) [1+(0.3) (2.40112)] = 0.1720

1
Hence y3 = (0.3) =y, +E[(kl +hy)+2(ky +k3)]

- 2.24307+%[(0.1449+0.1720)+2(0.1579+0.15805)]

=2.24307 +%(0.9488) =2.4012

Thus »(0.1)=2.11036, y(0.2) = 2.24307 and ¥(0.3) =2.4012 .
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22
Example 13 : Using Runge-Kutta method of fourth order, solve % 2 5 o 5 with y(0) =1
Xy +x
at x=02,0.4. [JNTU (A) May 2012 (Set No. 3)]
2 2 2 2
Solution : Here & =2~ =% ,80 f(x,y)=y' = y —X
dx +x? y2 +x°

and x5 =0,y =1,h=0.2,x,=02,x, =04.

Tofind y, i.e., y(0.2)

1-0
k= hf (x9,70) = (0.2) £(0,1) = (0.2) [m) =02
ky = hf[)% +%h,yo +;k1j =(0.2)/(0+0.1,1+0.1)=(0.2) £(0.1,1.1)

(1.1)* =(0.1) [ 1.2 j
=(0.2)| —L L | =(0.2)| —= | =0.19672
( ){(1.1)%(0.1)2} 0212

ks = hf[xo +éh, Yo +%k2) =(0.2)7(0.1,1+0.09836) = (0.2) £(0.1,1.09836)

2 2
:(0'2){(1.09836) —(0.1) }: FY [1.19639

=0.1967
(1.09836)% +(0.1)> 1.21639)

ky = hf (g +h, yo +k3) = (0.2) £(0+0.2,1+0.1967) =(0.2) £(0.2,1.1967)

(1.1967)% = (0.2)? 1.3921
= (0.2 oo (13921
( ){(1.1967)2+(0.2)2} (0'2)[1'4721) 0.1891

Hence y; = »(0.2) =y, +%(k1 +2ky +2ky + ky) , using R - K method of fourth order.

= 1+é[(o.z +0.1891) +2(0.19672 +0.1967)]

=1.19599 ~1.196
Tofind y, i.e., y(0.4)

We have x =0.2,y; =1.196 and h=0.2

(1.196)% — (0.2)°
(1.196) +(0.2)°

ki = hf(xy, ) =(0.2) £(0.2,1.196) = (0.2)(
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1.3904
=(o.2)( 390 ):0.1891
1.4704

ky = hf[xl +%h,y1 +%klj =(0.2)£(0.2+0.1,1.196 + 0.09456)

2 2
=(0.2)/(0.3,1.29056) = (o,z){(1 29056)" —(0.3) }

(1.29056)> + (0.3)*

= (0.2)[ﬂj =0.1795
1.7555

ks = hf[xl +%h, yl +%k2) =(0.2)£(0.2+0.1,1.196+0.08975) =(0.2) /(0.3,1.28575)

2 2]
:(0.2){028575) —-(0.3) (0.2)[1.56315

= =0.1793
(1.28575)% +(0.3) | 1.743 15)

ky =hf (e +h, v, +k3) =(0.2)£(0.2+0.2,1.196 +0.1793)

=(0.2)£(0.4,1.3753) = (0.2)

[(1.3753)% — (0.4)>
| (1.3753) +(0.4)°

1.7314
=(0.2)[ 3 5):0.1688
2.05145

1
Hence y2 = y(04) =N +g[(kl +k4) +2(k2 +k3 )]
y 1.196+%[(O.1891+0.1688)+2(0.1795+O.1793)]

=1.196 +%(l .0755) =1.37525

Thus y(0.2) =1.196 and y(0.4) =1.37525
8.13 Runge-Kutta Method for Simultaneous First Order Differential Equations.

d dz
The equations of the type d—y = /i(x,¥,2) and i f>(x,y,2z) with initial conditions
x x

¥(x9) =y, and z(x,) =z, can be solved by R-K method as explained through the following
example.
Formulae for the application of Runge-kutta method are as follows:
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ki =h f1(x0,¥0,20)
i =h f2(x0,¥0-20)

1 1 1
ky=nh +—h,yyg+—ky,zy +=1
2 =h fi(xo S Yot Skizo+ 5 1)
bL=hf [x L+ +11j
2 2| *o 5 > )0 5 120 21
k —hf[x LY S +11j
3 1| %o 5 > )0 5 2520 > 2

13 =hf2[XO+ h y0+;k2,Zo+;lzj
k4—hﬁ()€0+h Yo +k3,Z0+l3)

Iy =hfr(x0+hyo +ks,29 +13)

N=X» +é(k1 +2ky +2k3 + ky)

1
and Zl =ZO +Z(Il+212+2l3 +l4)

Having got (x;,y;,2), we get (¥2,)2,22) by repeating the above algorithm once
again starting from (x;,y;,z;).

SOLVED EXAMPLES

Example 1 : Find y (0.1),z(0.1),y(0.2) and z(0.2) from the system of equations,
Yy =x+z, 2’ =x—y* given y(0)=2,z(0) =1using Runge - Kutta method of fourth order.
[JNTU(H) June 2009, (K) May 2010 (Set No.4)]
Solution : Wehave )" = f,(x,y,z)=x+z and z'= f,(x,y,z) =x—)°
and x,=0,y,=2,z,=1. Also 2=0.1

Now Kk =h. f;(x0,0.20) = (0.1) £,(0,2,1) = (0.1) (0+1) = 0.1 [« fi=x+z]
L= h. £y (s vos20) = (0.1) £ (0,2,1) = (0.1) (0~ 4) = — 0.4 [ fy=x—37]
1 k I
k, :h.fl(x0 +Eh’y0 +?1,zo +El)
=(0.1).£,(0.05, 2.05,0.8) = (0.1) (0.05+0.8) = 0.085

k /
L=h. +=hy,+ =,z +1)
2 fz(xo Yo ) ) >

=(0.1). £,(0.05,2.05,0.8) = (0.1) [0.05 — (2.05)*] = — 0.41525
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h k [
ky=h. +—, Y+ =, +l)
3 fl(xo 5 Yo > Zy >

=(0.1). £,(0.05,2.0425,0.79238) = (0.1) (0.05+0.79238) = 0.084238

L=h.f, (xo LYy A, +112)
2 2 2

=(0.1) £, (0.05,2.0425,0.79238)

=(0.1)[0.05—(2.0425)*] = — 0.4122
ky=h.fi(xg+h,yy+ky,zy +13)

=(0.1)£; (0.1,2.084238, 0.5878) = (0.1) (0.1+ 0.5878) = 0.06878
Ly=h.f(xg+hyy+ky,zy +15)

=(0.1)[0.1—(2.084238)2 ] = —0.4244
. By Runge - Kutta method, we have

Y=Y +%(k1 + 2k, + 2k +ky)
=2 +%[0.1 +2(0.085+0.084238) +0.06878] =2.0845
1
z =z, +E[Zl +20, +20+1,]

= 1+é[—0.4—2(0.41525+0.4122)+0.4122] =0.5868

Hence y (0.1)=2.0845 and =z (0.1)=0.5868 .

Repeat the above procedure to compute »(0.2) and z(0.2) and this is left as an exercise
to the reader.
8.14 RUNGE-KUTTAMETHOD FOR SECOND ORDER DIFFERENTIAL EQUATION

Any differential equation of second or Higher order differential equations are best
treated by transforming the given equation into a system of first order simultaneous differential
equations which can be solved as usual.

Consider, for example the second order differential equation:

y' =10, v(x0) =0, ¥'(xp) =0

Substituting Y z (D)
dx
2
we get = _dy = f(x,y,z), using (1) .. (2)
dx  di?

Given  y(xy) = ypand y'(xg) = z(x) =¥
Equations (1) and (2) constitute the equivalent system of simultaneous equations where

i y,z)=z, fr(x,y,z)=f(x,y,z) given. Also y(0) and z(0) are given.
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SOLVED EXAMPLES

Example 1 : Solve )"—x(3")* + y?> =0 using R-K method for x = 0.2 given

»(0)=1,y'(0)=0 taking h =0.2. [JNTU(A)May 2010S]
Solution : Given equation is a second order differential equation.
.. dy
Substituting PRt f1(x,,2) .. (1)
The given equation reduces to
dz
o~ = ) - 2)

Given xy =0,yy =1Lz =y5=0.Also h=0.2
By R — K algorithm,
ky = hf1(xg,v0,20) =(0.2) £1(0,1,0) = (0.2)(0) =0

l = hf3(x0, 0, %) = (02) /2(0,1,0) = (0.2)[0 - (1)* ] =—0.2

1 1 1
kz = hfi {XO +5h,yo +5kl,ZO +Ellj
= (0.2)£,(0.1, 1,-0.1) = (0.2)(=0.1) = — 0.02

=y + - ho o + ki zg o)
= (0.2) £4(0.1, 1, -0.1) = (0:2)[(0.1)(0.1)>-1]
=-0.1998
ks = hf (xo +lh,y0 +lk2,zo +llzj
2 2 2

=(0.2) £,(0.1,0.99, - 0.0999)
=(0.2) (- 0.0999) [ fi=z]
=-0.01998

Iy =hfy [xo +%h,yo +%k2,zo +%sz
= (0.2) £,(0.1,0.99,-0.0999)
= (0.2) [(0.1)(-0.0999~(0.99] [ f5 =xz* —)?]
=(0.2) (-0.9791) =—0.1958

k4 = hfi(xO +h1,y0 +k3,ZO + 13)
=(0.2)£,(0.2,0.98, - 0.1958)
=(0.2) (-0.1958) =-0.0392
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I = hfy (xg + hyyo + k3u 29 +15)
=(0.2)£,(0.2,0.98, - 0.1958)
= (0.2) [(0.2)(~0.1958)2~(0.98)?]
= (0.2) (-0.9527324) = — 0.1905

=Y +%(k1 +2ky + 2k3 + ky)

ie, (0.2)

1+ %[o +2(~0.02 - 0.01998) — 0.0392]

1+%(—0.11916):0.98014

Example 2 : Use Runge-Kutta method to find y(0.1) for the equation y"+xy'+ y =0,
1(0)=1,y'(0)=0.

d
Solution : Substituting d—i =z=fi(x,9.2) (1)
The given equation reduces to
dz
E = _xz_y:fZ(xayaz) '(2)

Given xy =0,yy=1z5=y5=0.Also h=0.1
By Runge-Kutta algorithm,

k= hf (9. ¥0-20) = (0.1) £(0,1,0) = (0.1)(0) = 0 [~ fi=2]
Iy = hf> (xg,9,29) =(0.1) /5(0,1,0) = (0.1)(-1) = 0.1 [~ fo=—xz—)]
1 1 1
kz = hfi {XO +Eh,yo +Ekl,Zo +Ellj
= (0.1)£,(0.05,1,-0.05) = (0.1)(~0.05) = —0.005
1 1 1
12 = hf2 {XO +5h’y0 +Ekl>ZO +Ellj

= (0.1)£,(0.05, 1,-0.05)
= (0.1)[(0.05)(~0.05) —1] = (0.1)(~ 0.9975)
=-0.09975

1 1 1
k3 = hfi {XO +Eh,y0 +Ek2,ZO "rzlzj
=(0.1) £,(0.05, 0.9975,-0.0499)
= (0.1) (- 0.0499) = — 0.00499
1 1 1
Ly = hfy (xo 5 yo ka2 +512j

= (0.1)£,(0.05,0.9975,—0.0499)
= (0.1) [(0.05) (— 0.0499) — 0.9975]
= (0.1) (~0.995005) = — 0.09950
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=(0.1)£,(0.1,0.99511, - 0.0995)
=(0.1) (= 0.0995) =—0.00995

1, =(0.1) £5(0.1,0.99511,-0.0995)
= (0.1)[~(0.1)(~0.0995) — 0.99511] = —0.0985

yl :yo "r%[kl +2k2 +2k3 +k4]
ie, »0.)=1+ %[0 +2(=0.005 - 0.00499) — 0.00995]

=1 +%(—0.02993) =0.9950

; REVIEW QUESTIONS \

1. Write the merits and demerits of Runge-Kutta Method.
2.  Write the Runge - Kutta fourth order formulae. [JNTU (A) June 2011 (Set No. 4)]

r EXERCISES.4 1

1. Use Runge - Kutta method of second order to find ¥ when x=0.3 in steps of 0.1,

given that : Qzl(lﬂc) y2, y(0)=1.
dx 2

2. Obtain the values of y at x=0.1,0.2 using Runge - Kutta method of (7) second order
(#7) third order (ii7) fourth order for the differential equation y'=x-2y, y (0)=1 taking 5 =0.1.
3. Giventhat y'=y—x,y(0)=2 find y(0.2) using Runge-Kutta method. Take #=0.1

[JNTU 2008 (Set No. 1), INTU (H) June 2009 (Set No. 4)]
4. Using Runge- Kutta method of fourth order,

(/) Compute y (1.1) for the equation y'=3x+ 1%,y (1)=1.2

(@) Find y(0.2) given % =x+y,y(0)=1 taking h=0.2

5. Using Runge - Kutta method of order 4, compute y (2.5) for the equation

dy x+
L2 y@)=2
dx X

6. Using Runge-Kutta method, find y(0.4) for the differential equation
d_y:x2+y2,y(o):0. Take h=0.2.

dx
7. Apply the fourth order R - K method, to find y (0.2) and y (0.4) given that :

10%=x2+y2,y(0)=1. Take /=0.1
X
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8. Using Runge - Kutta method of fourth order, solve

2_.2
? = y2 — x2 , ¥(0)=1.Find»(0.2) and»(0.4) [JNTU(K)June 2009, May 2012 (Set No. 3)|
Xyt +x

9. Using R - K method, find y (0.3) given that : %Jr y +xy2 =0,y (0)=1,taking 1=0.1
X

1
10. Estimate y (0.2), given y'=3x +E ¥, ¥(0)=1 by using Runge - Kutta method, taking
h=0.1

11. Evaluate y (0.8) using R-K method given ' = (x + y)l/zjy =041 atx=0.4
[INTU (K) Nov. 2009S (Set No.4)|

. . d
12. Using Runge - Kutta method of 4th order find the solution of d_ic} =x*+025 y2 ,1(0)=-1

on [0,0.5] with #=0.1. [JNTU (A) June 2013 (Set No. 4)]
13. Solve y"—xy'+y =0 using R-K method for x = 0.2 given »(0)=1,'(0)=0 taking
L h=0.2. )
ANSWERS

1. 12073 2. (i)0.825, 0.6905 (ii)0.8234, 0.6878 (iii) 0.8234, 0.6879
3. 24214 4.()1.72785.3.058 6. 0.02136 7. 1.0207, 1.038

8. 1.19598, 1.3751 9. 0.7144  10. 1.16722 11.0.8489 13. 0.97993
8.15 PREDICTOR - CORRECTOR METHODS

So far we have discussed many methods for obtaining numerical solution of the

d /
differential equation d_y = f(x, ), vy (x0)=Yp- (D)
X

We divide the range for x into a number of subintervals of equal width. If x, and x,_|
are two consecutive step locations, then x, = x,_ + h. For each x, approximate values of y
are calculated using a suitable recursive formula. These values are y,, y,, v, ...

All the earlier methods require information only from the last computed point (x;, y;) to

estimate the next point (x,, , v, ). Therefore, all these methods are called single-step

i+1

methods. They do not make use of information available at the earlier steps, y;_;, y;,_, etc.,

even when they are available. It is possible to improve the efficiency of estimation by using
the information at several previous points. Methods that use information from more than one
previous point to compute the next point are called multistep methods. Sometimes, a pair of
multistep methods are used in conjunction with each other, one for predicting the value of

v;i+1 and the other for correcting the predicted value of y,.;. Such methods are called
Predictor - Corrector methods.

For example, in solving equation (1) we used Euler's formula

Yiel =Yith f(x, ), i=0,1,2,... .. (2)
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We improved this value by Modified Euler's method

1
i = vt h [ G+ £ | . 3)
where yl(i)l is same as y;,; of equation (2)

Here we obtained initially a crude estimate of y;,; and subsequently refined it by
means of a more accurate formula. This method is a predictor - corrector method. As the

name suggests, we first predict a value for y,,; (here as yl(i)l ) by using a certain formula and

then correct this value by using a different formula. Hence equation (2) is used as the
predictor and the equation (3) is used as the corrector.

A predictor formula is used to predict the value of y, ., at x,,; and a corrector formula
is used to correct the error and to improve the value of y, ..

Multistep methods are not self starting. They need more information than the initial
value condition. In the predictor - corrector (multistep) methods, four prior values are needed
for finding the value of » at x,. If a method uses four previous points, say y,, y;, »» and
»3, then all these values must be obtained before the method is actually used. These values,
known as starting values, can be obtained using any of the single - step methods discussed
earlier.

We have two popular predictor - corrector methods, namely : Milne's method and
Adams - Bashforth - Moulton method. In this chapter we will discuss these methods.

8.16 MILNE'S PREDICTOR - CORRECTOR FORMULAE
Suppose we want to solve the equation % = (), y(x) =¥ (D)
X
numerically.
Starting from y,, we have to estimate successively

1 =y(xp +h)=p(x1), vy =y(xg +2h) = y(x3), y3 =y(xg+3h)=y(x3)
by Picard's or Taylor's series method.
Next we calculate,

Jo =71 (x0.»0), Si=F (xo+h, ), fa=F (xo+2h,37), f3= 1 (xo+3h, y3)

Then to find y, = y(x, +4h), we substitute Newton's forward interpolation formula

J(xy)=fo+n.Ay +%!_1)A2J’o +WA3J’0+W - (2)

X=Xy

where n = ie.x=x,+ nh in the relation

X4

va=yo+ [ f(x.y)d

X0
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Xg+4h

L Ya=Yot J. {fo‘F”Afo

X0

n(n— 1)Af0 }

n(n-1)

4
=y0+hj[f0+nAf0
0

n? 1nd n? 2 1 n* 3 2.3 *
:y0+h f0n+7Af0+E ?—7 A f0+€ T—I’l +n Af0+...
0

A fy + Jdn (putting x =xy +nh,dx=hdn)

_y0+h{4f0+8Af0 {%—8]&,‘0 —(64-64+16) A* £ +. }

20 8 14
:yO+h{4f0+8Af0+?A2f0+§A3f0+4—5A4f0+..} ,,,,, 3)

Neglecting fourth and higher order differences and expressing Af;,, A? fo and A3 fo 1n
terms of the function values, we get

Ya=yo+h 4fo+8(f1—fo)+?(f2—2ﬁ+fo)+§(f3—3fz+3ﬁ—fo)}
=yg+h [4 8+?0—§ij [8—4—30+8jf1+[?—8jf2+§f3}

= +h_§f1 —gfz +§f3}

e, Y =0+ Q- fr+2f) ©

4h ! r r
=0 +?(2y1 —y2+2y3)

which is called a predictor (the superscript 'p' indicating that it is a predicted value).

The formula (3) can be used to predict the value of y, when those of y,, y;, v, and y3
are known.

In general, J’,,+1 Yn— 3+ (ZJ’n 2= Vo1 +2¥1)

» 4h
i€, Vo1 =Vn3t 3 Qo= L 4212

Equation (5) is called Milne's predictor formula. The superscript 'p' indicates that
y?. | is a predicted value.
CORRECTOR FORMULA

To obtain Milne's corrector formula, we substitute Newton's forward interpolation
formula given by the equation (2) in the relation
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364 NUMERICAL ANALYSIS

Calculating A", we get

gt -l 02 -04
T 0.36|-06 -0.6

o AT | =2.664

Hence condition number of A =||A|| ||A™" || =(0.959) (2.669) =2.555

Since the condition number of A is small, we can say that A is well - conditioned.
Ex. 7: Show that the system 2x+ y =2,2x+1.01y =2.01 is ill-conditioned.
Sol. We take Eucleadian norm

|All=v4+1+4+1.0201 =410.021 =3.165

101 22
pich 4k A =219 _ys8073
0.02

T002| -1 2

.. k(A)= condition number of A =||A|| ||A~ 500974
- k(A) is large.
‘Hence A is ill-conditioned and the systenis ili~vonditioned.

- 74
Let us consider the system of eguations

5,

a1 X +appxy +adxy =
Gy Xy +anXy g by
a31x) + a3y ax,x3 = by

. (1)

where the coefficieris of the (liagonal elements are all not equal to zero and large compared
to the other coefficiais. | Systems of this type are known as diagonally dominant systems.

The solution to the above system is obtained by iteration method called Jacobi's Iteration
method. The procedure is as follows : we write the equations as

1 .
x; =—I[b —apx; ~ay3x3]
a

i
Xy =—|[by —ay 13 —ay3x3]¢ TG
L)
1
Xy =—1I[b —a3;x —azx;]
ass J

Suppose x{*,x{",x{”) are the initial approximate values of x;,x,,x; which satisfy
equations (2). Substituting these values into the right sides of equations (2), we obtain a
system of first approximations of x;,x,,x; or first iterates, given by
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xfl) [bl alzx( ) —a13x30)]
l (0
3 = —1[by —ay " - ap3x”]

-f'zz oV

(l) - —[bz. a31x —aszxg 0

Substituting xl(l),xg),xg” for x,x,x; in the right sides of (2), we obtain the second
iterates, given by

2 1
xl()_ : [ - alzx( _‘7133'3()]
5 = [bz P AR o6 | S— @
xgz) = "_"[bj —a31x1(1) —032):(1)]
a3

Proceeding like this we get successive iterates.

The (k+1) iterates are given by

0 17
UHD =—[b| alzxz —a30 ]
e+ 1 g k
x D = — (b Nt - a3V
)

D = ot - ay ") —apx?]
as3
The process of iteration is stopped when the desired order of approximation is reached
or two successive iterations are nearly the same. The final values of x;,x,,x; so obtained
constitute an approximate solution of the system (1).

We can extend this method to n equations in n unknowns. This method is known as the
Jacobi's Iteration method. This is also called the method of Simultaneous displacement.

Note : In this method, the process of iteration starts with some initial approximation to
the solution, namely x(*, x{”’, x{). This initial solution is choosen as zero solution. However,
if an initial approximation is known before hand, it can be used to start the iteration.
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366 NUMERICAL ANALYSIS

Ex. 1 : Using Jacobi's Iteration method, solve the system of equations

10x+2y+2z=9;x+10y—z=-22;-2x+3y+10z =22

Sol. We observe that given system is diagonally dominant. We rewrite the system of
equations as, '

1
=—[9-2y-
x 10[ y-1z]

y=%[z'—x—22] L = ()

1
=—[22+2x-3
z 10[ y]

Consider the initial solutions as x =0,y =0,z =0. Substitdiing these values in R. H. S.
of (1), we get the first approximate solution as

@: 09,5V =-22,:0 =22

Substituting these values in R. H. S. of (1), we getithe second approximate solution as

AP CLIZYP €22.07)®

Again, substituting these values in R/11. S. 07(1), we get the third approximate solution
as
x® =1.01,y® = -2.008,22. 24,045
Proceeding like this, we obt.in
x® 20,9971, y@ = —1 90651 =3.0044

) =0.9989 4% =2,0993, 2 =2.9984

X =1.0000,y./-2.0000,2 = 2.999

P =1.0000, " = -2.0000,27 =3.0000
We notice that the solutions in the 6th and the 7th iterations are nearly equal. So, we
stop the iteration process, and take the solution of the system as x=1,y =-2,z=3. Hence it

is the exact solution of the system.

Ex. 2 : Solve the system of equations by Jacobi's iteration method.
14x; =3xy =8 ;xp +5x, =11
Sol. Given system of equations is
- 14x —3x; = 8}
X +5x =11

(1)

We observe that given system is diagonally dominant. We rewrite the system of equations

1 1
as, x =ﬁ(8+3x2); X =g(11*x1)
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LINEAR SYSTEMS OF EQUATIONS
We take x; = 0,x, =0 as initial approximation.
We get the first approximation as

A= % =0.57

A =22
We continue the iterations and they are as shown in the following table

x: [057] 1.04 [ 1.02 ] 1.00
xp: 4 22 [ 209 [ 1.99 | 2.00

We observe that the solutions in the 3rd and 4th iterations are nearly equal.
So, we stop the iteration proces, and take the solution of the system as x =1,x, =2.

Ex. 3 : Solve the system of equations by Jacobi's iteration method.
10x+y-z=1119;x+10y +z = 28.08;—x+ y +10z =35.61

Sol. Given system of equations is
10x+y—z=11.19;x+10y+z = 28.08;, —x + y +10z = 35.61

We observe that given system is diagonally domi‘iant.

We rewrite the system of equations as,

1 >
=—(11.19-
x 10( y+z)

1
y=E(28.08—x——z)> Ny

1
z=—(35.61+x-
10( »)

Consider the initial solutin 25 x =0,y =0,z=0
Substituting these vuiues in R. H. S. of (1), we get the first approximate solution as
X® =1.119,y® = 2 808, 2 =3 561
Substituting these values in R. H. S. of (1), we get the second approximate solution as
@ =1.194, y@ = 2340, =3392 .
Continuating like this, we get 3rd and 4th iterations as
x® =1,224,1® =2349 :® -3.446
X 21229, @ = 2341, 2 =3.448
Hence we take x=1.23,y=2.34,z =3.45 as solution
Ex. 4 : Solve the equations 5x-y+3z=10,3x+6y = 18,x+y+5z=-10 by Jacobi's

method with (3,0,-2) as the initial approximation to the solution.

Sol. We observe that given system is diagonally dominant.
We rewrite the system of equations as,
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368 NUMERICAL ANALYSIS

x=§(10+y—3z)

y=%(18—3x) b wic i)

z=—é(10+x+y)

The initial approximation to the solution is given as
X 2350 _o O _

Substituting these values in (1) we get the 1st approximation as
W =320 -15:0-226

Substituting these values in (1) we get the 2nd approximation as
2@ =386,y =14, =294

Proceeding like this, we obtain
x® =4.044,y® =1.07,2% = -3.052

x® = 40452, @ =0.978,2¥ =-3.0228

x®) = 4.009928, y) =0.977,25) =3.00464

x(6) =3.998184, (6 = 0995367 =2.997256

x(D =3.9974256, y7 =1£00908,27) = —2.9987088

x® =3.99940688, v = 19012872, 2® = -2.99966672
X =4.000957472, ) =1.00029656, 2 = -3.000138816

x19 = 4000142602, y19 =0.999971264, 219 = —3.000070806

We observe that the solutions in the 9th and 10th iterations are nearly equal.
- So we stop the iteration process, and take the solution of the system as

x=4,y=Lz=-3
Ex. 5 : Solve the system oféquations S5x42y+z=12; x+4y+2z=15; x+2y+5z=20
by Jacobi method. (4. U, M2013)
Sol. Given system of equations 5x+2y+z=12; x+4y+2z=15; x+2y+5z=20
We observe that given system is diagonally dominant.

5

1
=<2 -2y~
x 5[ y-2z]

; 3 1
We rewrite the system of equations as, y = Z[IS—x—ZZ] A

z=%[20—x—-2y]
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