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1

Curves in Space

1. INTRODUCTION
Differential geometry is that branch of geometry which is treated using the methods of

calculus. In particular, we investigate curves and surfaces in space in differential geometry.
Differential geometry plays an important role in engineering designs, geodesy, geograph and
space travel. Formulae regarding vector algebra and vector calculus are frequently used in
the study of differential geometry.

2. BRANCHES OF DIFFERENTIAL GEOMETRY
There are two branches of differential geometry.
(i) Local Differential Geometry. In this branch of differential geometry, we study

the properties of curves and surfaces in space which depend only upon points close to a particular
point of the geometric figure under consideration.

(ii) Global Differential Geometry. In this branch of differential geometry, we study
the properties of curves and surfaces in space which involve the entire geometric figure under
consideration.

In the present course, we shall study some of the fundamentals of local differential
geometry.

3. FUNCTIONS OF CLASS Cm

A scalar valued (or vector valued) function defined on an interval I belongs to class Cm

on the interval I if the mth order derivative of the function exists and is continuous on I.
The class of continuous functions is denoted by C0. The class of functions having deriva-

tives of all orders is denoted by C∞.
If a function belongs to the class Cm, then that function is called a Cm function.
We know that a vector function is continuous or has a derivative if and only if all com-

ponents of the functions are continuous or have derivatives.
∴ A vector function f(t) = f1(t)i + f2(t)j + f3(t)k belongs to Cm on I if and only if its

components f1(t), f2(t) and f3(t) belong to Cm on I.
Remark 1. We know that a differential function is always continuous.
∴ If a function belongs to Cm, then it belongs to Ck for all k ≤ m.
Remark 2. In printing work, the vector quantity f is depicted by using bold letter. In writing

work, the vector f is written as f
→

 or f .
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4 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Example 1. Show that the vector function f(t) = (cos t)i + t3 j + t5/3 k, – ∞ < t < ∞ belongs
to C1 on – ∞ < t < ∞ and not C2 on – ∞ < t < ∞.

Sol. We have  f(t) = (cos t)i + t3j + t5/3k

∴    f
.
(t) = (– sin t)i + 3t2j + 

5
3

 t2/3k f
f.

=F
HG

I
KJ

d
dt

– sin t, 3t2, 5
3

2 3t /  are continuous functions of t, where – ∞ < t < ∞.

∴ f
.
(t) is continuous on – ∞ < t < ∞.

∴ f (t) belongs to C1 on – ∞ < t < ∞.

Also,  f
..

(t) = (– cos t)i + 6tj + 10

9 1 3t /
k

The function 10

9 1 3t /
 is not continuous at t = 0.

∴ The scalar function t5/3 does not belong to C2 on – ∞ < t < ∞.
∴ f(t) does not belong to C2 on – ∞ < t < ∞.
Remark. f(t) belongs to Cm for all m ≥ 0 on any interval not containing ‘0’.

4. CURVE IN SPACE
A curve in space is defined as the locus of a point whose position vector relative to a

fixed origin may be expressed as a function of a single parameter.
Thus, a curve C in space may be represented by a vector function
r(t) = x(t)i + y(t)j + z(t)k, where t is a parameter. Here

r(t) is the position vector of the point P on the curve C and
x(t), y(t), z(t) are the cartesian coordinates of the point P. To
each value t′ of t there correspond a unique point of the
curve C with position vector r(t′) and cartesian coordinates
(x(t′), y(t′), z(t′)).

As t increases, the direction of travelling along the
curve C is called the positive sense on the curve C. Also
as t decreases, the direction of travelling along the curve C is called the negative sense on
the curve C.

If a curve in space lies wholly in a plane, then it is called a plane curve.
If a curve in space does not lie wholly in a plane then it is called a skew curve or a

tortous curve  or a twisted curve.
Example 2. Show that the curve in space r(t) = a cos t i + b sin t j + 0k is a plane curve.
Sol. We have  r(t) = a cos ti + b sin tj + 0k.
∴ Let (x, y, z) be the coordinates of the point with position vector r(t).
∴   x = a cos t, y = b sin t, z = 0

∴
x

a

y

b

2

2

2

2
+  = 1, z = 0 (∵ cos2 t + sin2 t = 1)

This represents an ellipse in the xy-plane.
∴ The given curve is a plane curve.
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CURVES IN SPACE 5

5. REGULAR CURVE
A curve r = r(t), a ≤ t ≤ b is called a regular curve if
(i) r

.
(t) exists and is continuous on a ≤ t ≤ b i.e., r(t) is of class C1 on a ≤ t ≤ b.

(ii) r
.
(t) ≠ 0 for all t in a ≤ t ≤ b.

For example, consider the curve
r = r(t) = 3ti + t4j + 2k, – ∞ < t < ∞.

Here r
.
(t) = 3i + 4t3j + 0k

r
.
(t) is continuous on – ∞ < t < ∞ and also non-zero.

∴ The given curve is a regular curve.

Remark. If r = r(t) = x(t)i + y(t)j + z(t)k is a regular curve then, 
dx
dt

dy
dt

dz
dt

, ,  are never zero

simultaneously.

6. SIMPLE CURVE
A curve r = r(t), a ≤ t ≤ b is called a simple curve if
(i) r = r(t), a ≤ t ≤ b is a regular curve.

(ii) t1 ≠ t2 ⇒ r(t1) ≠ r(t2) i.e., the curve is without points at
which the curve intersects or touches itself.

Remark. A point where a curve intersects or touches itself is called
a multiple point.

EXERCISE 1.1

1. Show that the function f(t) = t2 + t5/2, belongs to:
(i) C2 on (– ∞, ∞) (ii) C3 on (1, 4).

2. Show that the function f(t) = 3t4i + 6t9j + k belongs to C∞ on (– ∞, ∞).
3. If  the vector functions f and g belong to Cm on I, then show that the vector functions f + g , f · g ,

f × g also belong to Cm on I.
4. If a and b are constant vectors, then show that the curve in space r(t) = a + tb is a plane curve.
5. Show that the curve in space r(t) = 4 sin ti + 0j + 3 cos tk, – ∞ < t < ∞ is a plane curve.
6. Show that the curve in space r(t) = 2t2i + (1 + t3)j + 7tk, – ∞ < t < ∞ is a regular curve.

7. ARC OF A CURVE
An arc of a curve is the portion of the curve between any two points of the curve.

For simplicity, we shall say ‘curve’ for curves as well as for arcs.

8. LENGTH OF A CURVE
The length of a curve is defined in

terms of the lengths of approximating
polygonal arcs. Let r = r(t), a ≤ t ≤ b be the
given curve.

Let  a = t0 < t1 < ..... < tn = b
be a subdivision of the interval a ≤ t ≤ b. This
subdivision determines a sequence of points

r r= (t)

r(t )1

r r(a) = (t )0

r(t )2 r(t )3

r(t )4

r(t )5

P

n = 6

r r(b) = (t )n
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6 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

r0 = r(t0), r1 = r(t1), ....., rn = r(tn).
These points are joined in sequence to form an approximating polygonal arc P as shown

in the figure.

∴ Length of  P = 
i

n

i i
i

n

i it t
=

−
=

−∑ ∑− = −
1

1
1

1r r r r( ) ( )

We make subdivisions of the interval arbitrarily small so that the greatest | ti – ti–1 |
approaches 0 as n → ∞.

If lim ( ) ( )
n

i

n

i it t
→ ∞

=
−∑ −

1
1r r  exists finitely, then the given curve is said to a rectifiable

curve and the value of this limit is called the length of the given curve.
Theorem. If r = r(t), a ≤ t ≤ b be a regular curve then prove that this curve is rectifiable

and its length is given by the integral 
a

b
r t dtz | ( )|
.

.

Note. The proof of this theorem is beyond the scope of this book.

WORKING RULES FOR FINDING LENGTH OF THE CURVE
 r = r(t) BETWEEN a ≤ t ≤ b

Step I. Find r
.
 and then | |r

.
.

Step II. Evaluate 
a

b
dtz | |r

.
. This gives the required length of the curve.

Example 1. Find the length of the helix r = (a cos t)i + (a sin t)j + btk, 0 ≤ t ≤ 2π.
Sol. We have r = (a cos t)i + (a sin t)j + btk, 0 ≤ t ≤ 2π.

∴ r
.
 = (– a sin t)i + (a cos t)j + bk

∴  | |r
.

 = a t a t b a b2 2 2 2 2 2 2sin cos+ + = +

∴ Length of the helix  = 
0

2π

z | |r
.

dt

= 
0

2
2 2 2 2

0

2
π

π

z + = +a b dt a b t  = 2 2 2π a b+ .

Example 2. Find the length of the curve r = (4 cosh 2t)i + (4 sinh 2t)j + 8tk, 0 ≤ t ≤ π.
Sol. We have    r = (4 cosh 2t)i + (4 sinh 2t)j + 8tk, 0 ≤ t ≤ π.

∴     r
.
 = (8 sinh 2t)i + (8 cosh 2t)j + 8k

∴    | | sinh coshr
.

= + +64 2 64 2 642 2t t

= 8 2 2 8 22cosh t =  cosh 2t
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CURVES IN SPACE 7

∴ Length of the curve = 
0

π

z | |r
.

dt

= 
0

8 2 2
π

z cosh t dt

= 4 2 2
0

sinh t
π
 = 4 2  sinh 2π.

Example 3. Find the length of the semicubical parabola r = ti + t3/2 j from (0, 0, 0)
to (4, 8, 0).

Sol. We have r = ti + t3/2 j.
The coordinates of the point with position vector r are (t, t3/2, 0).

 t = 0, t3/2 = 0 ⇒ t = 0 and t = 4, t3/2 = 8 ⇒ t = 4.
∴ The given points correspond to the values 0 and 4 of t.

 r
.
 = i + 

3
2

t1/2 j

∴ | |r
.

= + = +1
9
4

1
2

4 9t t

∴ Length of the given curve

= 
0

4

0

4 1
2

4 9z z= +| |r
.

dt t dt

= 
1
2

4 9
3 2 9

1
27

40 4
3 2

0

4
3 2 3 2.

( )
( / )

[( ) ( ) ]
/

/ /+
= −

t

= 
1

27
10 8

8
27

1000 1[80 ] [ ]− = −  = 9.073.

Example 4. Show that the length of the curve x = 2a(sin–1 t + t 1 t2− ), y = 2at2,

z = 4at between the points t = t1 and t = t2 is 4 2 a(t2 – t1).

Sol. We have x = 2a(sin–1 t + t 1 2− t ), y = 2at2, z = 4at.

Let r be the position vector of the point (x, y, z) on the given curve.

∴  r = xi + yj + zk = 2a(sin–1 t + t 1 2− t )i + 2at2j + 4atk

∴  r
.
 = 2a

1

1

1
2

1 2 1 1
2

2 1 2 2

−
+ − − + −

F

H
G
G

I

K
J
J

−

t
t t t t. ( ) ( ) ./ i + 4atj + 4ak

= 2a 1

1 1
1

2

2

2

2

−
−

−
+ −

F

H
G
G

I

K
J
Jt

t

t
t i + 4atj + 4ak

= 2a 1 12 2− + −F
H

I
Kt t i + 4atj + 4ak

= 4a 1 2− t i + 4atj + 4ak
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8 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴ |r
.
| = 16 1 16 162 2 2 2 2a t a t a( )− + +

= 4a ( )1 12 2− + +t t  = 4 2 a
∴ Length of the given curve

= 
t

t

t

t
dt a dt

1

2

1

2 4 2z z=| |r
.

= 4 2
1

2
at a t t

t

t
= −4 2 2 1( ) .

Example 5. Find the arc length as a function of θ along the epicycloid:

 x = (a + b) cos θ – b cos 
a b

b
+F

HG
I
KJ

θ , y = (a + b) sin θ – b sin 
a b

b
+F

HG
I
KJ

θ , z = 0.

Sol. The given epicycloid is

 x = (a + b) cos θ – b cos a b
b
+F

HG
I
KJ

θ  , y = (a + b) sin θ – b sin a b
b
+F

HG
I
KJ

θ , z = 0.

∴ x
.

 = – (a + b) sin θ + (a + b) sin a b
b
+F

HG
I
KJ

θ  ,

y
.

 = (a + b) cos θ – (a + b) cos a b
b
+F

HG
I
KJ

θ and z
.
 = 0

Let r be the position vector of the point (x, y, z) on the epicycloid.

∴ r = xi + yj + zk ∴ r
. .

i
.

j
.

k= + +x y z

∴ | | � � �r
.

2 2 2 2= + +x y z  = (a + b)2 − + +F
HG

I
KJ

F

HG
I

KJ
sin sinθ θa b

b

2

+ (a + b)2 cos cosθ θ− +F
HG

I
KJ

F
HG

I
KJ

+a b
b

2
20

= (a + b)2 2 2 2−
+

−
+L

N
M

O

Q
Psin sin cos cosθ θ θ θ

a b
b

a b
b

= (a + b)2 2 2− + −F
HG

I
KJ

L

N
M

O

Q
Pcos

a b
b

θ θ  = (a + b)2 2 2– cos
a
b

θF
HG
I
KJ

L

N
M

O

Q
P

= 4(a + b)2 sin2 a
b2

θF
HG

I
KJ

∴  |r
.
| = 2(a + b) sin a

b2
θF

HG
I
KJ

∴   s = 
0 0

2
2

θ θ
θ θ θz z= + F

HG
I
KJ

| | ( ) sinr
.

d a b
a
b

d  = – 
2

2
2

0

( ) cos

/

a b
a
b

a b

+ F
HG

I
KJ

θ
θ

= −
+ F

HG
I
KJ

−
L

N
M

O

Q
P =

+
− F

HG
I
KJ

L

N
M

O

Q
P

4
2

1
4

1
2

( )
cos

( )
cos

a b b
a

a
b

a b b
a

a
b

θ θ .
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CURVES IN SPACE 9

Example 6. Find the length of the curve given by the intersection of the surfaces 
x

a

y

b

2

2

2

2
−  = 1,

x = a cosh 
z
a

 from the point (a, 0, 0) to the point (x, y, z).

Sol. We have  
x

a

y

b

2

2

2

2
−  = 1 ...(1)

and   x = a cosh 
z
a

...(2)

Let x = a cosh t, y = b sinh t, z = at
∴ (1) and (2) are satisfied.
Let r be the position vector of the point (x, y, z)  on the given curve.
∴ r = (a cosh t)i + (b sinh t)j + atk

 a cosh t = a, b sinh t = 0, at = 0 ⇒ t = 0
∴ The initial point corresponds to t = 0.

r
.
 = (a sinh t)i + (b cosh t)j + ak

∴ | | sinh coshr
.

= + +a t b t a2 2 2 2 2

= a t b t2 2 2 21(sinh ) cosh+ +

= a t b t2 2 2 2cosh cosh+  = ( )a b2 2+  cosh t

∴ Length of the given curve

= 
0 0

2 2
t t

dt a b t dtz z= +| | coshr
.

= a b t a b t
t

2 2

0

2 2+ = +sinh sinh

= 
a b

b
y

2 2+
.

EXERCISE 1.2

1. Find the length of the helix r = (3 cos t)i + (3 sin t)j + 4tk, 0 ≤ t ≤ 2π.

2. (i) Find the length of one complete turn of the helix :

r  = (a cos t, a sin t, bt), – ∞ < t < ∞, a > 0, b > 0.

(ii) Find the length of the helix r = a cos ui + a sin uj + cuk, – ∞ < u < ∞ from the point (a, 0, 0) to
the point (a, 0, 2πc).

3. Find the length of the curve r = (3 cosh 2t)i + (3 sinh 2t)j + 6tk, 0 ≤ t ≤ π.

4. Find the length of the catenary r = ti + cosh tj from t = 0 to t = 1.

5. Find the length of the curve r = (1 + 2t)i + (2 + t)j – k, 3 ≤ t ≤ 7.

6. Find the length of the curve r = (2 + 9t)i + (1 – 3t)j + tk, 8 ≤ t  ≤ 15. Also, verify the result by using
the distance formula to find the distance between two given points.
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10 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

7. Find the length of the semicubical parabola r = ti + t3/2k from (0, 0, 0) to (9, 0, 27).

8. Find the length of the curve r = (sin–1 t + t 1 2− t )i + t2j + 2tk from t = 1 to t = 3.

9. Find the length of the curve given by the intersection of the surfaces x2 – y2 = 1, x = cosh z from
the point (1, 0, 0) to the point (x, y, z).

10. Find the length of the curve r = et cos ti + et sin tj + etk, 0 ≤ t ≤ π.

Answers

1. 10 π 2. (i) 2 2 2π a b+ (ii) 2 2 2π a c+ 3. 3 2  sinh 2π

4. sinh 1 5. 4 5 6. 7 91 7. 28.73

8. 4 2 9. 2 y 10. 3 (eπ – 1).
Hint

2. (i) The limits in the definite integral are to be t0 and t0 + 2π, where t0 is any number.

9. ARC LENGTH AS PARAMETER IN REPRESENTATIONS OF CURVES

Let r = r(t) be any regular curve. Let A(t = a) be any arbitrary but fixed point on the
curve. We define a function s of t as

s = s(t) = 
a

t
dtz | |r

.
...(1)

s(t) is called the arc length function of the curve r = r(t). If t0 > a, then s(t0) is the
length of curve between the points with parametric values a and t0. If t0 < a, then s(t0) is
negative of the length of the curve between the points with parametric values a and t0. Thus
s(a) = 0 and for points on one side of A the value of s will be positive ; for points on other side,
negative. The choice of the fixed point A(t = a) is arbitrary. Changing point A shall mean
changing s by a constant quantity.

For simplicity, the arc length function s is written arc length. The use of arc length s
as parameter in space curves would help us a lot in studying their curvature and torsion.

By the fundamental theorem of calculus, (1) implies

 ds
dt

d
dt

= =| |r
r.

...(2)

∴   d
ds

d
dt

dt
ds

d
dt

dt
ds

r r r
= =.

= 
d
dt

ds
dt

r
 = 

d
dt

d
dt

r r
 = 1 (Using (2))

∴
d
ds
r

 = 1.

If the equation of a curve is given in terms of arc length, then we say that the equation
of the curve is a natural representation of the curve.

If the parameter in the equation of a curve is other than, ‘arc length s′, then the equa-
tion of the curve is called an arbitrary representation of the curve.
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CURVES IN SPACE 11

In general, the geometric quantities along a curve are defined in terms of a natural

representation of the curve. By using the chain rule and the relation ds
dt

d
dt

= r , these quanti-

ties can also be derived in terms of any arbitrary parameter.

WORKING RULES FOR WRITING r = r(t) IN TERMS OF s

Step I. Find | |r
.

.

Step II. Solve s = 
0

t
dtz | |r

.
 to find s in terms of t.

Step III. Using the relation found in Step II, find t in terms of s.
Step IV. Substitute the value of t in r = r(t) to get the required natural representation of

the given curve.

Example 1. Find the equation of the helix r = a cos ti + a sin tj + ctk, – ∞ < t < ∞ in terms
of arc length s as parameter.

Sol. We have  r = a cos ti + a sin tj + ctk , – ∞ < t < ∞ ...(1)

∴ r
.
 = – a sin ti + a cos tj + ck

∴   |r
.
| = a t a t c a c2 2 2 2 2 2 2sin cos+ + = +

Let the point with t = 0 be the fixed point for the arc length parameter s.

∴ s = s(t) = 
0

t
dtz | |r

.

= 
0

2 2 2 2
t

a c dt a c tz + = +

∴ t = s

a c2 2+
Substituting the value of t in (1), the equation of the given helix in terms of arc length s

as parameter is

r(s) = a cos s

a c2 2+
 i + a sin s

a c2 2+
 j + 

cs

a c2 2+
 k.

Example 2. Express the curve r =  et cos ti + et sin tj + etk, – ∞ < t < ∞ in terms of arc
length s as parameter.

Sol. We have r = et cos t i + et  sin tj + etk. ...(1)

∴ r
.
 = (et cos t – et sin t)i + (et sin t + et  cos t)j + etk
= et(cos t – sin t)i + et (sin t + cos t)j + etk

∴ | r
.
 | = e t t e t t et t t2 2 2 2 2(cos sin ) (sin cos )− + + +

= e t t t t t t t tt cos sin cos sin sin cos sin cos2 2 2 22 2 1+ − + + + +

= et 3
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12 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Let the point with t = 0 be the fixed point for the arc length parameter s.

∴ s = s(t) = 
0

t
dtz | |r

.

=
0

3
t

te dtz  = 3
0

et t
 = 3 (et – 1)

⇒ et – 1 =
s

3
⇒ et = 

s

3
 + 1 ⇒ t = log s

3
1+

F

HG
I

KJ

Substituting the value of t in (1), the equation of the given curve in terms of arc length
s as parameter is

 r(s) = 
s

3
1+

F

HG
I

KJ
 cos log

s

3
1+

F

HG
I

KJ
F

HG
I

KJ
 i + 

s

3
1+

F

HG
I

KJ
 sin log

s

3
1+

F

HG
I

KJ
F

HG
I

KJ
 j + 

s

3
1+

F

HG
I

KJ
k.

EXERCISE 1.3

1. Find the equation of the helix r = cos ti + sin tj + tk, – ∞ < t < ∞ in terms of arc length s as
parameter.

2. Find the equation of the curve r = e2t cos ti + e2t sin tj + e2tk, – ∞ < t < ∞ in terms of arc length s
as parameter.

3. For the helix x = a cos t, y = a sin t, z = at tan α, show that the length of the curve measured

from the point t = 0 is at sec α. Also show that 
ds
dt

 = a sec α.

4. Show that r = 
1
2

1
1

2 1

1

2
12

2

2( )
( )

log ( )s s
s s

s s+ + +
+ +

+ + +i j k  is a natural representa-

tion of a curve.

Answers

1. r = cos sin
s s s

2 2 2
i j k+ +

2. r = 2
3

1
1
2

2
3

1
1
2

2
3

1
s s s+F

HG
I
KJ

+F
HG

I
KJ

F

HG
I

KJ
+ +F

HG
I
KJ

F

HG
I

KJ
+

L

N
M
M

O

Q
P
P

cos log sin logi j k .

Hint

4. u = s + s2 1+  implies r = 1
2

 ui + 
1

2u
 j + 

1

2
(log )u k

∴ d
ds

d
du

du
ds

r r= .  = 
1
2

1

2

1

22
i j k− +

F

HG
I

KJu u
 1

12
+

+

F

H
G
G

I

K
J
J

s

s
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CURVES IN SPACE 13

∴     
d
ds u u

s s

s

r = + +
+ +

+

F

H
GG

I

K
JJ

1
4

1
4

1
2

1

1
4 2

2

2
.

= 
1
2

1
2 1

1

2 1
2 2

2

2
+F

HG
I
KJ +

= +

+u
u

s

u

u s
 = 1.

10. TANGENT TO A CURVE
Let C be a curve and P be any point on C. The

tangent at P to the curve C is the limiting position of a
straight line L through P and a point Q of C as Q approaches
P along C.

11. UNIT TANGENT VECTOR
Let r = r(t) be the equation of a regular curve C in

terms of an arbitrary parameter t. Let P and Q be the points
on the curve whose position vectors are r and r + δr
corresponding to the values t and t + δt of the parameter
respectively.

∴ PQ OQ OP
→

=
→

−
→

 = (r + δr) – r = δr

∴ The quotient 
δ
δ
r
t

 is a vector parallel to the line

PQ. Since the given curve is regular, r(t) has continuous
non-zero derivative.

∴ lim
δ

δ
δt t

d
dt→

=
0

r r  exists and is non-

zero.

By the definition of a tangent to a curve at a point, the vector d
dt
r  i.e., r

.
(t) is parallel to

the tangent at the point P.

The vector r
.
(t) is called the tangent vector of C at the point P.

 The corresponding unit vector 
1

| |r
r

.

.
 is called the unit tangent vector of C at the point

P and it is denoted by t. The vectors r
.
 and t point in the direction of increasing t. Thus the

directions of r
.
 and t  are same and depend upon the orientation of the curve C.

In particular, if the equation of the curve C is given in terms of the arc length s, then the

tangent vector of C at P is d
ds

r .

The vector 
d
ds

r
 is denoted by r′. We know that 

d
ds

r
 i.e., r′ is a unit vector.

∴ Unit tangent vector ‘t’ at P = r′.

Tangent at P

P

Q

L

C
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14 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Example 1. Find the unit tangent vector t and direction cosines of the tangent at a point
on the circular helix x = a cos t, y = a sin t, z = bt, – ∞ < t < ∞.

Sol. The given helix is

x = a cos t, y = a sin t, z = bt, – ∞ < t < ∞.

Let r be the position vector of the point (x, y, z) on the helix.

∴ r = a cos ti + a sin tj + btk

Unit tangent vector,  t = 1

| |r
r

.

.

We have r
.
 = – a sin ti + a cos tj + bk

∴ |r
.
| = a t a t b a b2 2 2 2 2 2 2sin cos+ + = +

∴ t = 1

| |r
r

.

.
 = 

1
2 2a b+

 (– a sin ti + a cos tj + bk)

= – 
a

a b2 2+
 sin ti + 

a

a b2 2+
 cos tj + 

b

a b2 2+
 k

Since tangent is parallel to t and t is a unit vector, the d.c.’s of the tangent are

– 
a

a b2 2+
 sin t, 

a

a b2 2+
 cos t, b

a b2 2+
.

Example 2. Show that the tangent vectors along the curve r = ati + bt2j + t3k, where
2b2 = 3a make a constant angle with the vector i + k.

Sol. Given curve is r = ati + bt2 j + t3k.

∴ r
.
 = ai + 2btj + 3t2k

The tangent vector at point ‘t’ is r
.

i.e., ai + 2btj + 3t2k.

Given vector is i + k, i.e., 1.i + 0.j + 1.k

Let θ be the angle between the tangent vector r
.
 and the vector i + k.

∴ cos θ =
a bt t

a b t t

( ) ( ) ( )1 2 0 3 1

4 9 1 0 1

2

2 2 2 4

+ +

+ + + +

=
a t

a a t t

a t

a t

+

+ +
= +

+
=3

2 3 9 2

3

3 2

1

2

2

2 2 4

2

2
( ) ( )

∴ θ = π/4, which is a constant angle.
∴ The result holds.
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CURVES IN SPACE 15

12. EQUATION OF THE TANGENT AT A POINT ON A CURVE
Let r = r(t)  be the equation of a regular curve C

in terms of an arbitrary parameter t. Let P(r) be any

point on the curve. We know that r
.
 is the tangent

vector at the point P and the tangent at P is parallel
to this vector. Let Q be a general point on the tangent
at P. Let R be the position vector of the point Q.

∴ The equation of the tangent at the point P(r)

is R = r + λr
.
, where λ is a scalar parameter.

Let the coordinates of P and Q be (x, y, z) and
(X, Y, Z) respectively.

∴ r = xi + yj + zk and R = Xi + Yj + Zk

Also  r i j k
. . . .

= + +x y z
∴ The equation of the tangent at P is

Xi + Yj + Zk = xi + yj + zk + λ( x y z
. . .
i j k+ + )

⇒ X = x + λ x
.
, Y = y + λ y

.
, Z = z + λ z

.

∴
X Y Z− = − = −x

x

y

y

z

z
. . . (= λ).

These are the cartesian equations of the tangent at the point P(x, y, z). Here x y z
. . .
, ,  are

direction ratios  of the tangent at the point P.
In particular, if the equation of the curve C is given in terms of the arc length s then, r′

is the unit tangent vector of C at P.
∴ The tangent at P is parallel to the vector r′.
∴ The equation of the tangent at P(r) is R = r + λr′, where R is the position vector of

the general point Q(R) on the tangent at P.
The cartesian form of the equations of tangent at P are

 
X Y Z−

′
= −

′
= −

′
x

x
y

y
z

z  (= λ)

Since r′ = x′i + y′j + z′k is a unit vector, x′, y′, z′ are the direction cosines of the  tangent
at P.

Example 3. Show that a curve is a straight line if  all tangent lines are parallel.
Sol. Let r = r(s) be the given curve.
∴ Tangent vector = r′
Since tangent line at a point is parallel to the tangent vector at that point and all

tangent lines are parallel, the direction of r′ is fixed. Also r′ is a unit vector.
∴ r′ is a non-zero constant vector, say a.

∴
d
ds

r
 = a
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16 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Integrating, we get
r = as + b, where b is a constant vector.

∴ The curve is a straight line passing through the point with position vector b and
parallel to the vector a.

Example 4. Find the equation of the tangent to the ellipse 
1
4

x2 + y2 = 1 at the point

2 ,
1

2

F

HG
I

KJ
.

Sol. The given ellipse is

 
1
4

 x2 + y2 = 1.

The parametric equations of this ellipse are
x = 2 cos t, y = sin t, z = 0

Let r be the position vector of the point (x, y, z).
∴ r = xi + yj + zk = 2 cos ti + sin tj + 0k

2 cos t = 2 , sin t = 1

2
⇒ t = 

π
4

∴ The point 2
1

2
,

F

HG
I

KJ
 in xy-plane corresponds to t = 

π
4

.

 r
.
 = – 2 sin ti + cos tj + 0k

At t = 
π
4

, r
.
 = – 2 sin 

π
4

i + cos 
π
4

j + 0k

= – 2  i + 
1

2
 j + 0k

∴ The tangent at 2
1

2
,

F

HG
I

KJ
 passes through 2

1

2
0, ,

F

HG
I

KJ
 and has d.r.’s – 2

1

2
,  , 0.

∴ The equations of the tangent at 2
1
2

0, ,
F
HG

I
KJ
 are

  x
y

z−
−

=
−

=
−2

2

1
2

1
2

0
0

or x y z−
−

= − =2
2

2 1
1 0

.

Example 5. Find the equation of the tangent to the curve x = 1 + t, y = – t2, z = 1 + t2,
– ∞ < t < ∞  at the point for which t = 2.

Sol. The given curve is
x = 1 + t, y = – t2, z = 1 + t2, – ∞ < t < ∞.
t = 2 ⇒ x = 1 + 2 = 3, y = – (2)2 = – 4, z = 1 + (2)2 = 5

∴ t = 2 corresponds to the point (3, – 4, 5) on the curve.

Also, x
.
 = 1, y

.
 = – 2t, z

.
 = 2t
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CURVES IN SPACE 17

t = 2 ⇒ x
.
 = 1, y

.
 = – 2(2) = – 4, z

.
 = 2(2) = 4

∴ The tangent at (3, – 4, 5) passes through (3, – 4, 5) and has d.r.’s 1, – 4, 4.
∴ The equations of the tangent at (3, – 4, 5) are

x y z− = − −
−

= −3
1

4
4

5
4

( )
or x – 3 = 

y z+
−

= −4
4

5
4

.

Example 6. Show that the equation of the tangent  at any point on the curve whose
equation referred to rectangular axes are x = 3t, y = 3t2, z = 2t3  makes a constant angle with the
line y = z – x = 0.

Sol. Given curve is x = 3t , y = 3t2, z = 2t3.
Let r be the position vector of the point (x, y, z) on the given curve.
∴ r = 3ti + 3t2j + 2t3k

∴ r
.
 = 3i + 6tj + 6t2k

The tangent line at the point with parametric value t is parallel to the vector r
.
.

∴ D.r.’s of the tangent are 3, 6t, 6t2..
Given line is y = z – x = 0

⇒
x y z
1 0 1

= =

∴ D.r.’s of the given line are 1, 0, 1.
Let θ be the angle between the tangent and the given line.

∴ cos θ =
3 1 6 0 6 1

3 6 6 1 0 1

2

2 2 2 2 2 2 2

( ) ( ) ( )

( ) ( ) ( )

+ +

+ + + +

t t

t t

=
3 6

3 6 2

2

2 2

+

+

t

t( )
 = 1

2

∴ θ = π/4, which is a constant angle.
∴ The result holds.

13. DIRECTION RATIOS OF THE TANGENT AT A POINT ON THE CURVE OF
INTERSECTION OF TWO SURFACES

Let the given curve be the intersection of the surfaces
F(x, y, z) = 0 ...(1)

and G(x, y, z) = 0 ...(2)
Eliminating x, y, z from (1) and (2), let the equation of the given curve be

r = r(t) = x(t)i + y(t)j + z(t)k,
where t is an arbitrary parameter.

∴ D.r.’s  of the tangent to the curve at the point ‘t’ are x y z, ,
. . .

.

Differentiating (1) and (2) w.r.t. t, we get

  
∂
∂

∂
∂

∂
∂

F F F
x

dx
dt y

dy
dt z

dz
dt

. . .+ +  = 0

and
∂
∂

∂
∂

∂
∂

G G G
x

dx
dt y

dy
dt z

dz
dt

. . .+ +  = 0
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18 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

⇒  (Fx)x
.
 + (Fy) y

.
 + (Fz)z

.
 = 0

and (Gx)x
.
 + (Gy) y

.
 + (Gz)z

.
 = 0

Solving these equations for x y
. .
,  and z

.
, we get

x y z

y z z y z x x z x y y x

. . .

F G F G F G F G F G F G−
=

−
=

−

∴ FyGz – FzGy , FzGx – FxGz , FxGy – FyGx
are also d.r.’s of the tangent to the curve given by the equations F(x, y, z) = 0, G(x, y, z) = 0 at
the point t.

Example 7. Show that the equation of the tangent to the curve of intersection of the

ellipsoid 
x

a

y

b

z

c

2

2

2

2

2

2
+ +  = 1 and the confocal 

x

a

y

b

z

c

2

2

2

2

2

2−
+

−
+

−λ λ λ
 = 1 is

x X x

a (b c )(a )2 2 2 2

( )−
− − λ

  = 
y(Y y)

b (c a ) (b )
z(Z z)

c (a b ) (c )2 2 2 2 2 2 2 2
−

− −
= −

− −λ λ
,

where (x, y, z) is an arbitrary point on the curve.
Sol. The given surfaces are

x

a

y

b

z

c

2

2

2

2

2

2
+ +  – 1 = 0 ...(1)

and x

a

y

b

z

c

2

2

2

2

2

2−
+

−
+

−λ λ λ
 – 1 = 0 ...(2)

Let the equation of the curve of intersection of given surfaces be r = r(t), where t is an
arbitrary parameter.

Differentiating the equations (1) and (2) w.r.t. t, we get

2 2 2
2 2 2
x

a
x

y
b

y
z

c
z

. . .
+ +  = 0

and  
2 2 2
2 2 2

x
a

x
y

b
y

z
c

z
−

+
−

+
−λ λ λ

. . .
 = 0

⇒
x x
a

y y
b

z z
c

. . .

2 2 2+ +  = 0

and
x x

a

y y

b

z z

c

. . .

2 2 2−
+

−
+

−λ λ λ
 = 0

Solving these equations for x y
. .
,  and z

.
, we get

x
yz

b c

yz

c b

y
zx

c a

zx

a c

z
xy

a b

xy

b a

. . .

2 2 2 2 2 2 2 2 2 2 2 2( ) ( ) ( ) ( ) ( ) ( )−
−

−

=

−
−

−

=

−
−

−λ λ λ λ λ λ
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CURVES IN SPACE 19

⇒
x

yz b c
b c c b

y

zx c a
c a a c

z

xy a b
a b b a

. . .

λ
λ λ

λ
λ λ

λ
λ λ

( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

2 2

2 2 2 2

2 2

2 2 2 2

2 2

2 2 2 2
−

− −

=
−

− −

=
−

− −

⇒ x
a b c a

x

y
b c a b

y

z
c a b c

z

. . .

2 2 2 2 2 2 2 2 2 2 2 2( ) ( ) ( ) ( ) ( ) ( )− −
=

− −
=

− −λ λ λ

∴ D.r.’s of the tangent at the point (x, y, z) on the curve are

a b c a
x

b c a b
y

c a b c
z

2 2 2 2 2 2 2 2 2 2 2 2( ) ( )
,

( ) ( )
,

( ) ( )− − − − − −λ λ λ
.

∴ The equations of the tangent at the point (x, y, z) on the curve are

X Y Z−
− −

= −
− −

= −
− −

x

a b c a
x

y

b c a b
y

z

c a b c
z

2 2 2 2 2 2 2 2 2 2 2 2( ) ( ) ( ) ( ) ( ) ( )λ λ λ

or x x

a b c a

y y

b c a b

z z

c a b c

(X (Y (Z−
− −

= −
− −

= −
− −

)

( ) ( )

)

( ) ( )

)

( ) ( )2 2 2 2 2 2 2 2 2 2 2 2λ λ λ
.

14. NORMAL PLANE TO A CURVE
Let C be a curve and P be any point on C. The normal

plane at P to the curve C is the plane passing through P and
perpendicular to the tangent at P.

15. EQUATION OF THE NORMAL PLANE AT A POINT ON A CURVE
Let r = r (t) be the equation of a regular curve C, where

t is an arbitrary parameter. Let P(r) be any point on the curve.
We know that the tangent at P is parallel to the tangent
vector r

.
.

Let Q be a general point on the normal plane at P. Let
R be the position vector of the point Q.

∴ PQ
→

 and r
.
 are perpendicular.

⇒ PQ
→

 . r
.
 = 0 ⇒ (R – r) . r

.
 = 0 ...(1)

This represents the equation of the normal plane at
the point P(r).

Ta
ng

en
t

C

P
Normal
plane

Ta
ng

en
t

C

P( )r Normal
plane

Q( )R
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20 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

(1) ⇒  (R – r) . 
r

r

.

.
| |

 = 0 ⇒ (R – r) . t = 0

∴ The equation of the normal plane at the point P(r) can also be written as

(R – r) . t = 0.

Example 8. Find the equation of the normal plane to the curve r = ti + t2j + t3k at t = 1.

Sol. The given curve is

r = ti + t2j + t3k.

∴ r(1) = 1.i + (1)2 j + (1)3 k = i + j + k

∴ t = 1 corresponds to the point (1, 1, 1) on the curve.

Also r i j k
.

= + +2 3 2t t

∴ r i j k
.

( )1 2 3= + +

∴ The equation of the normal plane at (1, 1, 1) is (r – r(1)) . r
.

( )1  = 0.

⇒ (r – (i + j + k)) . (i + 2j + 3k) = 0

⇒ r . (i + 2j + 3k) – (1(1) + 1(2) + 1(3)) = 0

⇒ r . (i + 2j + 3k) = 6.

WORKING RULES FOR SOLVING PROBLEMS

Rule I. t = 
r

r

.

.
| |

 = r′ is the unit tangent vector.

Rule II. The equation of the tangent to the curve r = r(t) at the point P(r) is R = r + λr
.
,

where λ is a scalar parameter. If R = Xi + Yj + Zk and r = xi + yj + zk, then

this equation reduces to 
X x

x

Y y

y

Z z

z

− = − = −
. . .  (= λ).

Rule III. The equation of the tangent to the curve r = r(s) at the point P(r) is R = r + λr′,
where λ is a scalar parameter. If R = Xi + Yj + Zk and r = xi + yj + zk, then this

equation reduces to X x
x

Y y
y

Z z
z

−
′

= −
′

= −
′

 (= λ).

Rule IV. The equation of the normal plane to the curve r = r(t)  at the point P(r) is
(R – r) . r

.
 = 0 or equivalently (R – r) . t = 0.
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CURVES IN SPACE 21

EXERCISE 1.4

1. Find the unit tangent vector t and the direction cosines of the tangent to the helix
x = a cos t, y = a sin t, z = bt, – ∞ < t < ∞ at the point, where t = π/4.

2. Find the unit tangent vector t and the direction cosines of the tangent to the helix x = a cos t,
y = a sin t, z = at, – ∞ < t < ∞ at the point, where t = π/3.

3. Find the unit tangent vector t to the curve r = ti + t3j  at the point (1, 1, 0).

4. Find the unit tangent vector t to the curve r = cos ti + 2 sin tj at the point (1/2, 3 , 0).
5. Find the unit tangent vector t to the curve r = cosh ti + sinh tj at the point (5/3, 4/3, 0).

6. Find the unit tangent vector t to the curve r = log cos ti  + log sin tj + 2 tk at the point ‘t ’.
7. Find the equation of the tangent to the curve x = 1 + t, y = – t2, z = 1 + t2, – ∞ < t < ∞ at the point

for which (i) t = 1 (ii) t = 5.
8. Find the equation of the tangent to the helix r = (a cos t, a sin t, bt), – ∞ < t < ∞ at the point ‘t’.
9. Find the equation of the tangent to the curve r = ti + t3j at the point (1, 1, 0).

10. Find the equation of the tangent to the curve r = cos ti + 2 sin tj at the point 1
2

3 0, ,
F
HG

I
KJ

.

11. Find the equation of the tangent to the curve r = cosh ti + sinh tj at the point 
5
3

4
3

0, ,
F
HG

I
KJ .

12. Find the point of intersection of the xy-plane and the tangent line to the curve r = (1 + t) i – t2 j +
(1 + t3) k at t = 1.

13. Show that the tangent at any point on the curve r = ati + bt2j + t3k, 2b2 = 3a makes a constant
angle with the line x – z = 0, y = 0.

14. Find the equation of the normal plane to the curve r = (1 + t)i – t2j + (1 + t3)k at t = 1.
15. Find the point of intersection of the xy-plane and the normal plane to the curve

r = (cos t)i + (sin t)j + tk at the point t = 
π
2

.

Answers

1. −
+

a

a b2 2 2( )
 i + 

a

a b2 2 2( )+
 j + 

b

a b2 2+
 k ; – 

a

a b

a

a b

b

a b2 22 2 2 2 2 2( )
,

( )
,

+ + +

2. – 
6

4
2

4
2
2

6
4

2
4

2
2

i j k+ + −; , , 3.
1

10

3

10
i j+  + 0k

4. – 
3

7

2

7
i j+  + 0k 5.

4

41

5

41
i j+  + 0k

6. – sin2 ti + cos2 tj + 2  sin t cos tk

7. (i) 
x y z− = +

−
= −2

1
1

2
2

2 (ii) x y z− = +
−

= −6
1

25
10

26
10

8. x a t
a t

y a t
a t

z bt
b

−
−

= − = −cos
sin

sin
cos

9. r = i + j + λ(i + 3j)

10. r = 1
2

i + 3 j + λ − +
F

H
G

I

K
J

3
2

i j 11. r = 
5
3

4
3

4
3

5
3

i j i j+ + +F
HG

I
KJ

λ

12.
4
3

1
3

0, ,F
HG

I
KJ 14. r · (i – 2j + 3k) – 10 = 0

15. (– π/2, k, 0), – ∞ < k < ∞.
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22 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

16. MOVING TRIHEDRON OF A CURVE
Let r = r(s) be the equation of a regular curve C with arc length s as parameter. We

assume that r″(s) exists and |r″(s)| ≠ 0. We know that r′(s) equals the unit tangent vector t(s)
at the point r(s) on the curve C.

∴ t = r′

We define n = 
′
′

t
t| |

.

n is meaningful, because |t′| = | r″ | ≠ 0.
Also, t is a unit vector.
⇒ | t | = 1 ⇒ | t |2 = 1 ⇒ t · t = 1
⇒  t · t′ + t′ · t = 0 ⇒ 2t · t′ = 0 ⇒ t · t′ = 0
⇒ t′ is perpendicular to t ⇒ n is perpendicular to t.

Also, | n | = 
′
′

=
′

′t
t t

t
| | | |

| |
1

 = 1

∴ n is a unit vector and is perpendicular to the unit tangent vector t.
∴ n lies in the normal plane at the point under consideration. The vector n is called

the unit principal normal vector to the curve C at the point r(s). In terms of r, we have

n = 
′′
′′

r
r| |

. (∵ t = r′)

We define b = t × n.

∴ | b | = |t × n| = |t||n| sin 
π
2

 = 1 × 1 × 1 = 1

Also by the definition of vector cross product, b
is perpendicular to vectors t and n both and the
vectors t, n and b form a right handed triad.

The vector b is called the unit binormal vector
to the curve C at the point r(s).

∴ We have
unit tangent vector,       t = r′

unit principal normal vector n = 
′
′

t
t| |

 = 
′′
′′

r
r| |

(∵ | t′ | = | r″ | ≠ 0)
unit binormal vector,  b = t × n

   = r′ × 
′′
′′

= ′ × ′′
′′

r
r

r r
r| | | | .

Thus (t, n, b) forms a right-handed orthonormal triplet as shown in the figure. The
triplet (t, n, b) is called the moving trihedron of the given curve r = r(s).

Remark. Since the unit vectors t, n, b form a right handed triad, we have
(i) t · n = 0  n · b = 0  b · t = 0

(ii) t × n = b n × b = t b × t = n.

r(s)
t Tangent

C

Osculating
plane

P
rin

ci
pa

ln
or

m
al

nNormal
plane

b

Binorm
al Rectifying

plane
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CURVES IN SPACE 23

The straight lines in the directions of t, n and b are respectively called the tangent, the
principal normal and the binormal of the curve C at the point r(s). The equations of the
tangent at the point r(s) is R = r + λt, where R is a general point on the tangent and λ is a
scalar. The equation of the principal normal at the point r(s) is R = r + λn, where R is a
general point on the principal normal and λ is a scalar. The equation of the binormal at the
point r(s) is R = r + λb, where R is a general point on the binormal and λ is a scalar.

We know that the unit vectors n and b are both perpendicular to the unit vector t.
∴ The normal plane of C at r is parallel to the vectors n and b both at the point r and

its equation is (R – r)· t = 0, where R is a general point on the normal plane.
If R is the position vector of a general point on the normal plane at the point r, then the

vectors R – r , n and b lie in the normal plane and are thus coplanar vectors.
∴  [R – r n b] = 0.
This also gives the equation of the normal plane at the point r.
The plane through the point r and parallel to the vectors t and b at the point r is called

the rectifying plane of C at the point r. The rectifying plane is perpendicular to the vector n.
∴ The equation of the rectifying plane at the point r is (R – r) · n = 0, where R is a

general point on the rectifying plane.
If R is the position vector of a general point on the rectifying plane at the point r, then

the vectors R – r, t and b lie in the rectifying plane and are thus coplanar vectors.
∴  [R – r t b] = 0
This also gives the equation of the rectifying plane at the point r.
The plane through the point r and parallel to the vectors t and n at the point r is called

the osculating plane of C at the point r. The osculating plane is perpendicular to the vector b.
∴ The equation of the osculating plane at the point r is (R – r) · b = 0, where R is a

general point on the osculating plane.
If R is the position vector of a general point on the osculating plane at the point r, then

the vectors R – r, t and n lie in the osculating plane and are thus coplanar vectors.
∴  [R – r t n] = 0
This also gives the equation of the osculating plane at the point r.
Thus at each point r on the curve C we have the following three characteristic lines and

three characteristic planes :
Tangent   R = r + λt
Principal normal   R = r + λn
Binormal   R = r + λb
Normal plane   (R – r) · t = 0 or [R – r n b] = 0
Rectifying plane  (R – r) · n = 0 or  [R – r t b] = 0
Osculating plane (R – r) · b = 0 or  [R – r t n] = 0.

17. CARTESIAN EQUATIONS OF CHARACTERISTIC LINES AND PLANES
Let r = r(s) be the equation of a regular curve with arc length s as parameter. We

assume that r″(s) exists and |r″(s)| ≠ 0. Let r(s) = x(s)i + y(s)j + z(s)k.
∴ t = r′ = x′i + y′j + z′k

and  t′ = x″i + y″j + z″k

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



24 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴   n = 
′
′

=
′′ + ′′ + ′′

′′ + ′′ + ′′
t

|t |
i j k

1
2 2 2x y z

x y zb g

= 
′′

′′ + ′′ + ′′
+ ′′

′′ + ′′ + ′′
+ ′′

′′ + ′′ + ′′

x

x y z

y

x y z

z

x y z2 2 2 2 2 2 2 2 2
i j k

  b = t × n

= 

i j k
′ ′ ′
′′

′′ + ′′ + ′′

′′

′′ + ′′ + ′′

′′

′′ + ′′ + ′′

x y z
x

x y z

y

x y z

z

x y z2 2 2 2 2 2 2 2 2

= 
1

2 2 2′′ + ′′ + ′′
′ ′ ′
′′ ′′ ′′x y z

x y z
x y z

i j k

= 
1

2 2 2′′ + ′′ + ′′x y z
 ((y′z″ – y″z′)i + (z′x″ – z″x′)j + (x′y″ – x″y′)k)

∴ The equation of the tangent R = r + λt at the point r reduces to

 
X Y Z−

′
= −

′
= −

′
x

x
y

y
z

z
.

The equation of the principal normal R = r + λn at the point r reduces to
X Y Z−

′′
= −

′′
= −

′′
x

x
y

y
z

z
,

because x″, y″, z″ are d.r.’s of the principal normal at the point (x, y, z).
The equation of the binormal R = r + λb at the point r reduces to

X Y Z−
′ ′′ − ′′ ′

= −
′ ′′ − ′′ ′

= −
′ ′′ − ′′ ′

x
y z y z

y
z x z x

z
x y x y

,

because y′z″ – y″z′, z′x″ – z″x′, x′y″ – x″y′ are d.r.’s of the binormal at the point (x, y, z).
The equation of the normal plane (R – r) · t = 0 at the point r reduces to

(X – x)x′ + (Y – y)y′ + (Z – z)z′ = 0.
The equation of the rectifying plane (R – r) · n = 0 at the point r reduces to

  (X – x)x″ + (Y – y)y″ + (Z – z)z″ = 0.
The equation of the osculating plane (R – r) · b = 0 at the point r reduces to

(X – x)(y′z″ – y″z′) + (Y – y)(z′x″ – z″x′) + (Z – z)(x′y″ – x″y′) = 0.
In the above equations, the point R with coordinates (X, Y, Z) is a general point on the

corresponding line (or plane).

18. VALUES OF UNIT VECTORS t, n AND b ALONG A CURVE GIVEN IN TERMS OF
AN ARBITRARY PARAMETER

Let r = r(t) be the equation of a regular curve C, where t is an arbitrary parameter. We

assume that r
..
( )t  exists and |r

. .
( )t | ≠ 0.
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CURVES IN SPACE 25

In terms of arc length s, we have

   t = r′, n = 
′
′

t
t| | and b = t × n.

(i)   t = r′ = 
d
ds

d
dt

dt
ds ds

dt

r r r r

r

. .

.= = =.
| |

s dt
ds
dta

t
= ⇒ =F

HG
I
KJz | | | |r r

. .

(ii) t′ = 
d
ds

d
dt

dt
ds ds

dt

t t t t

r

. .

.= = =.
| |

and   | |
| |

| |

| |
′ = =t

t

r

t

r

.

.

.

.

∴ n = 
t
t
′
′| |

 = 
t r

t r

t

t

. .

. .

.

.
/| |

| |/| | | |
=

(iii) b = t × n = 
r

r

t

t

r t

r t

.

.

.

.

. .

. .
| | | | | || |

× = ×

∴ In terms of arbitrary parameter t, we have

  t = 
r

r

.

.
| |

, n = 
t

t

.

.
| |

and b = 
r t

r t

. .

. .
×

| || |
.

WORKING RULES FOR SOLVING PROBLEMS

Let r = r(s) be the equation of a regular curve with arc length s as parameter. Let r″(s)
exists and |r″(s)| ≠ 0.
Rule I. (i)  t = r′ = x′i + y′j + z′k

(ii) n = 
′
′

=
′′ + ′′ + ′′

′′ + ′′ + ′′t
t

i j k
| |

( )
1

x y z
x y z

2 2 2

(iii) b = t × n = 
1

x y z2 2 2′′ + ′′ + ′′
 ((y′z″ – y″z′)i + (z′x″ – z″x′)j + (x′y″ – x″y′)k)

Rule II. Equation of tangent:

(i) R = r + λt (ii)
X x

x
Y y

y
Z z

z
−
′

= −
′

= −
′

Rule III. Equation of principal normal:

(i) R = r + λn (ii)
X x

x
Y y

y
Z z

z
−
′′

= −
′′

= −
′′

Rule IV. Equation of binormal:

(i) R = r + λb (ii) X Y Z−
′ ′′ − ′′ ′

= −
′ ′′ − ′′ ′

= −
′ ′′ − ′′ ′

x
y z y z

y
z x z x

z
x y x y
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26 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Rule V. Equation of normal plane:
(i) (R – r) · t = 0 (ii) [R – r n b] = 0

(iii) (X – x)x′ + (Y – y)y′ + (Z – z)z′ = 0
Rule VI. Equation of rectifying plane:

(i) (R – r) · n = 0 (ii) [R – r t b] = 0
(iii) (X – x)x″ + (Y – y)y″ + (Z – z)z″ = 0

Rule VII. Equation of osculating plane:
(i) (R – r) · b = 0 (ii) [R – r t n] = 0

(iii) (X – x)(y′z″ – y″z′) + (Y – y)(z′x″ – z″x′) + (Z – z)(x′y″ – x″y′) = 0.

Theorem 1. Let r = r(s) be the equation of a regular curve with arc length s as parameter.
If r″ exists and |r″| ≠ 0 at a point r, prove that the equation of the osculating plane at the point
r is

[R – r r′ r″] = 0.
Proof. We know that the plane through the point r and parallel to the vectors t and n

at the point r is the osculating plane at the point r.

We have  r′ = 
d
ds
r

 = t

∴ r′ is parallel to the osculating plane.

Also r″ = 
d
ds

(t) = t′ = | t′ | n ∵ n
t
t

= ′
′

F
HG

I
KJ| |

∴ r″ is parallel to the osculating plane.
Let R be the position vector of a general point on the osculating plane at the point r.
∴ The vector R – r, r′ and r″ lie in the osculating plane and are thus coplanar vectors.
∴  [R – r r′ r″] = 0.
This is the equation of the required osculating plane.
Corollary. If R = Xi + Yj + Zk and r = xi + yj + zk, then r′ = x′i + y′j + z′k
and r″ = x″i + y″j + z″k.

∴ The equation of the osculating plane is
X Y Z− − −

′ ′ ′
′′ ′′ ′′

x y z
x y z
x y z

 = 0.

Theorem 2. Let r = r(t) be the equation of a regular curve, where t is an arbitrary parameter.

If r
..
 exists and | r

..
 | ≠ 0 at a point r, prove that the equation of the osculating plane at the point r is

[R – r r
.

 r
..
] = 0.

Proof. We know that the plane through the point r and parallel to the vectors t and n
at the point r is the osculating plane at the point r.

We have r
r r

t t
. . .

= = = =
d
dt

d
ds

ds
dt

s s.

∴ r
.
 is parallel to the osculating plane.

Also, r t
t

t
.. . .

.

= = +
d
dt

s s
d
dt

ds
dt

( )
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CURVES IN SPACE 27

= s s s s
. . .. .. . .
t t t t n+ = + | | ∵ n

t

t

.

.
=

F

H

G
G

I

K

J
J| |

∴ r
..
 lies in the plane of t and n.

∴ r
..
 is parallel to the osculating plane.

Let R be the position vector of a general point on the osculating plane at the point r.

∴ The vectors R – r, r
.
 and r

..
 lie in the osculating plane and are thus coplanar vectors.

∴ [R – r r
.

r
..
] = 0.

This is the equation of the required osculating plane.

Corollary. If R = Xi + Yj + Zk and r = xi + yj + zk, then r i j k
. . . .

= + +x y z

and r i j k
..

= + +x y z
. . . . . .

.

∴ The equation of the osculating plane is 

X Y Z− − −x y z

x y z

x y z

. . .

. . . . . .
 = 0.

Example 1. For the curve x = 3t, y = 3t2, z = 2t3, (i) show that any plane meets it in three
points and (ii) find the equation of the osculating plane at the point t1.

Sol. The given curve is
x = 3t, y = 3t2 , z = 2t3.

(i) Let ax + by + cz + d = 0 be any plane in space.
Putting x = 3t, y = 3t2, z = 2t3, we get 3at + 3bt2 + 2ct3 + d = 0
⇒ 2ct3 + 3bt2 + 3at + d = 0
This is a cubic equation in t and gives three values of t.
∴ The plane ax + by + cz + d = 0 meets the given curve in three points.

(ii) We have  x = 3t, y = 3t2, z = 2t3

∴  x
.
 = 3, y

.
 = 6t, z

.
 = 6t2 and x

. .
 = 0, y

. .
 = 6, z

. .
 = 12t

Let (x, y, z) be a general point on the osculating plane at the point t1.
∴ The equation of the osculating plane is

x t y t z t
t t

t

− − −3 3 2
3 6 6
0 6 12

1 1
2

1
3

1 1
2

1

 = 0

x t y t z t
t t

t

− − −3 3 2
1 2 2
0 1 2

1 1
2

1
3

1 1
2

1

 = 0

 (x – 3t1) (2t1
2) – (y – 3t1

2) (2t1) + (z – 2t1
3) (1) = 0

⇒ 2t1
2x – 2t1y + z = 2t1

3.
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28 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Example 2. Find the equation of the osculating plane to the curve x = 2 log t, y = 4t,
z = 2t2 + 1 at the point t.

Sol. The given curve is
x = 2 log t, y = 4t, z = 2t2 + 1.

∴  x
.
 = 

2
t

, y
.
 = 4, z

.
 = 4t and x

t

. .
= − 2

2 , y
. .

= 0 , z
. .

= 4

Let (X, Y, Z) be a general point on the osculating plane at the point t.

∴ The equation of the osculating plane is

X Y Z− − −x y z

x y z

x y z

. . .

. . . . . .
 = 0.

⇒  

X Y Z− − − +

−

2 4 2 1
2

4 4

2
0 4

2

2

log ( )t t t

t
t

t

 = 0

⇒  
X Y Z− − − +

−

2 4 2 1
1 2 2
1 0 2

2

2

2

log ( )t t t
t t

t
 = 0

⇒   (X – 2 log t)(– 4t3) – (Y – 4t)(– 4t2) + (Z – 2t2 – 1)(– 2t) = 0
⇒   2t2(X – 2 log t) – 2t(Y – 4t) + Z – 2t2 – 1 = 0
⇒ 2t2X – 2tY + Z = 4t2 log t – 6t2 + 1.
Example 3. Let r = r(t) be the equation of a regular curve. By using the equation

[R – r r′ r″] = 0, show that the equation of the osculating plane at the point r is [R – r r
.
 r
..
] = 0.

Sol. Given equation of the osculating plane at point r is
 [R – r r′ r″] = 0 ...(1)

r′ = 
d
ds

d
dt

dt
ds s

r r r
.

= =. .

r″ = 
d
ds
r′

 = 
d
ds s

d
dt s

dt
ds

r r
. .

. .

F

H
G
G

I

K
J
J

=
F

H
G
G

I

K
J
J

.  = 
s s

s s s
s
s

. . . . .
r r

r r

.. .
. . .− = −

�
.
� � �

2 2 3
1 1

∴ (1) ⇒  R r r r r
. . . .

− −
F

H

G
G

I

K

J
J

L

N

M
M
M

O

Q

P
P
P

1 1
2 3

s s
s
s.

. .

� �
 = 0

⇒ R r r r R r r r
. . . . .

−
L

N

M
M

O

Q

P
P

− − −
L

N

M
M
M

O

Q

P
P
P

1 1 1
2 3

s s s

s

s. .

. .

� �

 = 0

⇒  
1
3 4
�

– � �� – –
��

�

– � �

s

s

s
R r r r R r r rF

HG
I
KJ

 = 0

(∵ Determinant with two equal rows is zero)
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⇒ 1
03 4

�

[ ]
�

.
s

s
s

R r r r
. ..

− +
. .

 = 0

⇒
1
3
�

[ ]
s

R r r r
. ..

−  = 0

⇒ [R – r r
.

r
..
] = 0.

∴ The result holds.
Example 4. For the curve x = 4a cos3 t, y = 4a sin3 t, z = 3c cos 2t, find
(i) the equation of the principal normal at the point t.

(ii) the equation of the osculating plane at the point t.
Sol. (i) Let r be the position vector of the point (x, y, z) on the given curve.
∴ r = xi + yj + zk = 4a cos3 ti + 4a sin3 tj + 3c cos 2t k

∴ r′ =
d
dt
r

 
dt
ds

 = (– 12a cos2 t  sin ti + 12a sin2 t cos tj – 6c  sin 2tk) dt
ds

= 12 sin t cos t (– a cos ti + a sin tj – ck) 
dt
ds

(Using sin 2t = 2 sin t cos t)

∴ | r′ | = 12 sin t cos t a t a t c2 2 2 2 2cos sin+ +  dt
ds

⇒ 1 = 12 sin t cos t a c
dt
ds

2 2+ (∵ | t | = | r′ | = 1)

∴ ds
dt

 = 12 sin t cos t a c2 2+

∴ r′ = 12 sin t cos t (– a cos ti + a sin tj – ck) . 1

12 2 2sin cost t a c+

=
1

2 2a c+
 (– a cos ti + a sin tj – ck)

∴ r″ =
1

2 2a c+
(a sin ti + a cos tj) 

dt
ds

=
a

a c2 2+
 (sin ti + cos tj) 

1

12 2 2sin cost t a c+

=
a

a c12 2 2( )+
 (sec ti + cosec tj)

∴ n =
′
′

= ′′
′′

=
+ ′′

t
t

r
r r| | | | ( )| |

a
a c12 2 2  (sec ti + cosec tj)

∴ D.r.’s of principal normal are sec t, cosec t, 0.
∴ The equations of the principal normal at the point t are

 x a t
t

y a t
t

z c t− = − = −4 4 3 2
0

3 3cos
sec

sin
cosec

 cos .
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30 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

(ii) The equation of the osculating plane at the point t is

x a t y a t z c t
a

a c
t

a

a c
t

c

a c
a

a c
t

a
a c

t

− − −

−
+ +

−

+

+ +

4 4 3 2

12 12
0

3 3

2 2 2 2 2 2

2 2 2 2

cos sin cos

cos sin

( )
sec

( )
cosec

  = 0

⇒
x a t y a t z c t

a t a t c
t t

− − −
− −

4 4 3 2

0

3 3cos sin cos
cos sin

sec cosec
 = 0

(x – 4a cos3 t)(c cosec t) – (y 4a sin3 t)(c sec t)
+ (z – 3c cos 2t)(– a sin t cos t – a sin t cos t) = 0

⇒ c cosec t · x – c sec t · y – 2 sin t cos t z
= 4a sin t cos3 t – 4a sin3 t cos t – 6ac sin t cos t cos 2t

⇒ c cosec t · x – c sec t · y – 2 sin t cos t z
= 2a sin 2t cos2 t – 2a sin 2t sin2 t – 3ac sin 2t cos 2t.

Example 5. Find the vectors t, n and b along the curve r = (3t – t3)i + 3t2j + (3t + t3)k.
Sol. We have r = (3t – t3)i + 3t2j + (3t + t3)k.

∴ r
.
 = (3 – 3t2)i + 6tj + (3 + 3t2)k

or r
.
 = 3[(1 – t2)i + 2tj + (1 + t2)k]

| r
.
 | = 3 ( ) ( )1 4 12 2 2 2 2− + + +t t t

= 3 2 2 44 2+ +t t  = 3 2  (1 + t2)

∴ t =
r

r

.

.
| | ( )

=
+

1
3 2 1 2t

 . 3[(1 – t2)i + 2tj + (1 + t2)k]

=
1

2 1
2

1
1
2

2

2 2
−

+
+

+
+t

t

t

t( )
i j k

t
.
 =

( ) ( ) ( )
( )

(( ) . . )
( )

1 2 1 2
2 1

2 1 1 2
1

0
2 2

2 2

2

2 2
+ − − −

+
+ + −

+
+t t t t

t

t t t

t
i j k

=
2

1 2 2( )+ t
 (– 2t i + (1 – t2) j)

∴ | |
( )

t
.

=
+

2
1 2 2t

  [4t2 + (1 – t2)2]1/2 = 
2

1 2+ t

∴ n =
t

t

.

.
| | ( )

=
+

2
1 2 2t

 (– 2ti + (1 – t2)j) . 1

2

2+ t  = – 2

1

1

12

2

2

t

t

t

t+
+ −

+
i j
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b = t × n = 

i j k
1

2 1

2

1

1

2
2

1

1

1
0

2

2 2

2

2

2

−
+ +

−
+

−
+

t

t

t

t
t

t

t

t

( )
 

=
1

2 1 1
1 2 1

2 1 0
2 2

2 2

2( ) ( )
–

–+ +
+

−t t
t t t
t t

i j k

=
1

2 1 2 2( )+ t
 [– (1 – t4)i – 2t (1 + t2)j + (1 + t2)2k]

=
1

2 1 2( )+ t
 [(t2 – 1)i – 2tj + (1 + t2)k].

Example 6. Show that the points on the helix r = a cos ti + a sin tj + btk, a > 0, b ≠ 0 at
which the osculating planes pass through a fixed point are all coplanar.

Sol. The given helix is
r = a cos ti + a sin tj + btk.

∴ r
.
 = – a sin ti + a cos tj + bk

r
..
 = – a cos ti – a sin tj + 0k

The equation of the osculating plane is [R – r r
.

r
..
] = 0.

Let R = Xi + Yj + Zk
∴ The equation of the osculating plane is

X Y Z− − −
−
− −

a t a t bt
a t a t b
a t a t

cos sin
sin cos
cos sin 0

 = 0

⇒ ab sin t (X – a cos t) – ab cos t(Y – a sin t) + a2(Z – bt) = 0
⇒ b sin t X – b cos t Y + aZ = abt
Let the osculating plane at the point r passes through the fixed point (α, β, γ).
∴  (b sin t)α – (b cos t)β + aγ = abt
⇒ – bβ (a cos t)  + bα(a sin t) – a2 (bt) = – a

2 γ
⇒   bβ(a cos t) – bα(a sin t)  + a2 (bt) = a2 γ
∴ The locus of the point r ( = (a cos t, a sin t, bt)) is

 bβx – bαy + a2z = a2γ, which is a plane.
∴ The result holds.
Example 7. Find the equations of characteristic lines and planes to the helix r = cos t i

+ sin t j + tk at the point where t = π/2.
Sol. We have r = cos ti + sin tj + tk.

∴ r
π
2
F
HG
I
KJ  = cos 

π
2

i + sin 
π
2

j + 
π π
2 2

k j= + k

∴ The point under consideration is (0, 1, π/2).

r
.
 = – sin ti + cos tj + k
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32 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴ | r
.
 | = sin cos2 2 1 2t t+ + =

∴ t =
r

r

.

.
| |

= 1

2
 (– sin ti + cos tj + k)

  t
.

= 1

2
 (– cos ti – sin tj + 0k)

and    | | cos sint
.

= + =1

2

1

2
2 2t t

∴ n =
t

t

.

.
| |

= 1

2
 (– cos ti – sin tj) . 2  = – cos ti – sin tj

b = t × n = 

i j k

−

− −

sin cos

cos sin

t t

t t
2 2

1
2

0
 = 

sin t

2
 i – 

cos t

2
 j + 

1

2
 k

∴ t(π/2) =
1

2
( – 1 · i + 0 · j + k) = – 

1

2
 i + 

1

2
 k

n(π/2) = – 0 · i – 1· j = – j

b(π/2) =
1

2
 i – 0 · j + 

1

2
k = 

1

2
i + 

1

2
k.

Tangent. The equation of the tangent is

r = r(π/2) + λt(π/2) i.e., r = j + 
π
2

k + λ − +
F
HG

I
KJ

1

2

1

2
i k .

Equations in cartesian form are x y z−
−

= − = −0
1

1
0

2
1
π / .

Principal normal. The equation of the principal normal is

r = r(π/2) + λn(π/2) i.e., r = j + 
π
2

k + λ(– j).

Equations in the cartesian form are x y z− = −
−

= −0
0

1
1

2
0
π / .

Binormal. The equation of the binormal is

r = r(π/2) + λb(π/2) i.e., r = j + 
π
2

k + λ
1

2

1

2
i k+

F
HG

I
KJ

.

Equations in the cartesian form are 
x y z− = − = −0

1
1

0
2

1
π /

.

Normal plane. The equation of the normal plane is (r – r(π/2)) · t(π/2) = 0

i.e., r j k i k− +F
HG

I
KJ

F
HG

I
KJ

− +
F
HG

I
KJ

π
2

1
2

1
2

.  = 0 or r j k− +F
HG

I
KJ

F
HG

I
KJ

π
2

 · (– i + k) = 0

or r · (– i + k) – 0 1 1 0
2

1( ) ( ) ( )− + +F
HG

I
KJ

π
 = 0 or r · (– i + k) = 

π
2

.
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CURVES IN SPACE 33

Equation in the cartesian form is – x + z = 
π
2

i.e., x – z + 
π
2

 = 0.

Rectifying plane. The equation of the rectifying plane is (r – r(π/2)) . n(π/2) = 0

i.e., r j k– +F
HG

I
KJ

F
HG

I
KJ

π
2

 · (– j) = 0 or – r · j + 1 = 0 or r · j – 1 = 0.

Equation in the cartesian form is y – 1 = 0.
Osculating plane. The equation of the osculating plane is

  (r – r(π/2)) · b(π/2) = 0 i.e., r j k i k− +F
HG

I
KJ

F
HG

I
KJ

+
F
HG

I
KJ

π
2

1

2

1

2
.  = 0

or r j k− +F
HG

I
KJ

F
HG

I
KJ

π
2  · (i + k)  = 0 or r · (i + k) = 

π
2

.

Equation in the cartesian form is x + z = 
π
2

.

Example 8. For the curve r = (e–t sin t, e–t cos t, e–t), find the following at the point t:
(i) the unit tangent vector t

(ii) the equation of the tangent
(iii) the unit principal normal vector n
(iv) the equation of the normal plane
(v) the unit binormal vector b

(vi) the equation of the binormal.
Sol. (i) The given curve is

r = e–t sin ti + e–t cos tj + e–tk.

∴ r
.
 = (e–t cos t – e–t sin t)i + (– e–t sin t – e–t cos t)j – e–tk

∴ = e–t [(cos t – sin t)i – (sin t + cos t)j – k]

∴ | r
.
 | = e–t (cos sin ) (sin cos )t t t t− + + +2 2 1  = 3 e–t

∴ t =
r

r

.

.
| |

= −
1

3e t  · e–t [(cos t – sin t)i – (sin t + cos t)j – k]

∴ t =
1

3
 [(cos t – sin t)i – (sin t + cos t)j – k]

(ii) Using t, the d.r.’s of the tangent are cos t – sin t, – (sin t + cos t), – 1.
∴ The equations of the tangent at the point t are

x e t
t t

y e t
t t

z et t t−
−

= −
− +

= −
−

− − −sin
cos sin

cos
(sin cos ) 1

.

(iii)  t
.

= 1

3
[(– sin t – cos t)i – (cos t – sin t)j + 0k]

=
1

3
 [– (sin t + cos t)i + (sin t – cos t)j]

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



34 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴ | | (sin cos ) (sin cos )t
.

= + + − =1

3

2

3
2 2t t t t

∴ n =
t

t

.

.
| |

= 1

3
 [– (sin t + cos t)i + (sin t – cos t)j] . 3

2

∴ n =
1

2
 [ – (sin t + cos t)i + (sin t – cos t)j].

(iv) The equation of the normal plane is (R – r) · t = 0.

⇒ [(xi + yj + zk) – (e–t sin t i + e–t cos t j + e–t k)] · 1

3
((cos sin ) (sin cos ) )t t t t− − + −

L

N
M

O

Q
Pi j k

= 0
⇒ x(cos t – sin t) – y(sin t + cos t) – z + e–t (– sin t cos t + sin2 t + sin t cos t + cos2 t + 1)

= 0 
⇒   (cos t – sin t)x – (sin t + cos t)y – z = – 2e–t

⇒   (sin t – cos t)x + (sin t + cos t)y + z = 2e–t.
(v) b = t × n

=

i j k
1

3

1

3

1

3
1

2

1

2
0

(cos sin ) (sin cos )

(sin cos ) (sin cos )

t t t t

t t t t

− − + −

− + −

 

=
1

6
1
0

i j k
sin cos sin cos
sin cos cos sin

t t t t
t t t t

− +
+ −

=
1

6
 [(sin t – cos t) i + (sin t + cos t) j – 2k].

(vi) Using b, the d.r.’s of the binormal are sin t – cos t, sin t + cos t, – 2.
∴ The equation of the binormal at the point t are

x e t
t t

y e t
t t

z et t t−
−

= −
+

= −
−

− − −sin
sin cos

cos
sin cos 2

.

Example 9. Find the equation of the osculating plane at a general point on the curve
r = (t, t2, t3). Show that the osculating planes at three points on this curve meet at a point lying
in the plane determined by these three points.

Sol. The given curve is r = (t, t2, t3). Parametric equations of the curve are
x = t, y = t2, z = t3.

∴ x
.
 = 1, y

.
 = 2t, z

.
 = 3t2 , x

. .
 = 0, y

. .
 = 2, z

..
 = 6t

∴ Equation of the osculating plane at point ‘t’ is

X Y Z
1 2
− − −t t t

t t
t

2 3

23
0 2 6

 = 0

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



CURVES IN SPACE 35

⇒  6t2(X – t) – 6t(Y – t2) + 2(Z – t3) = 0
⇒ 3t2X – 3tY + Z – t3 = 0. ...(1)
Let t1, t2, t3 be the values of the parameter t at any three points on the curve.
∴ The equations of the osculating planes at these points are

 3t1
2X – 3t1Y + Z – t1

3 = 0
3t2

2X – 3t2Y + Z – t2
3 = 0

and  3t3
2X – 3t3Y + Z – t3

3 = 0
Let these planes intersect at the point (α, β, γ).
∴  3t1

2α – 3t1β + γ – t1
3 = 0

 3t2
2α – 3t2β + γ – t2

3 = 0
and  3t3

2α – 3t3β + γ – t3
3 = 0

∴ t1, t2, t3
  are the roots of the cubic equation

  3t2 α – 3tβ + γ – t3 = 0
or   t3  – 3αt2 + 3βt – γ = 0 ...(2)

Let the equation of the plane passing through the points t1, t2 and t3 be
 ax + by + cz + d = 0 ...(3)

⇒ at + bt2 + ct3 + d = 0
⇒ ct3 + bt2 + at + d = 0,

where t = t1, t2, t3 ...(4)
∴ Equations (2) and (4)  are same.

∴
1 3
c b a d

= − = = −α β γ3

∴ a = 3βc, b = – 3αc, d = – γc
∴ (3) ⇒  3βcx – 3αcy + cz – γc = 0
⇒ 3βx – 3αy + z – γ = 0
(α, β, γ) lies on this plane if

3βα – 3αβ + γ – γ = 0 if 0 = 0, which is true.
∴ The result holds.
Example 10. Show that there are three points on the curve x = at3 + b, y = 3ct2 + 3dt,

z = 3et + f such that their osculating planes pass through the origin and that the three points lie
on the plane 3cex + afy = 0.

Sol. The given curve is
x = at3 + b, y = 3ct2 + 3dt, z = 3et + f.

∴ x
.
 = 3at2, y

.
 = 6ct + 3d, z

.
 = 3e, x

..
 = 6at, y

. .
 = 6c, z

..
 = 0

∴ Equation of the osculating plane at point ‘t’ is

X Y Z− + − + − +
+

( ) ( ) ( )at b ct dt et f
at ct d e
at c

3 2

2
3 3 3

3 6 3 3
6 6 0

 = 0

⇒ – 18ce(X – at3 – b) + 18aet(Y – 3ct2 – 3dt)
+ (18act2 – 36act2 – 18adt)(Z – 3et – f) = 0

⇒ ce(X – at3 – b) – aet(Y – 3ct2 – 3dt) + (act2 + adt)(Z – 3et – f) = 0
Let this plane pass through the origin.
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36 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴ ce(0 – at3 – b) – aet(0 – 3ct2 – 3dt) + (act2 + adt)(0 – 3et – f) = 0
⇒   – acet3 – bce + 3acet3 + 3adet2 – 3acet3 – acft2 – 3adet2 – adft = 0
⇒     acet3  + acft2 + adft + bce = 0 ...(1)
This is a cubic in t. Let the roots of this equation be t1, t2 and t3.
∴ There are three points on the given curve whose osculating planes passes through

the origin. Let x1 = at1
3 + b, y1 = 3ct1

2 + 3dt1, z1 = 3et1 + f

∴ t1
3 = 

x b
a

1 −
, t1 = 

z f
e

1

3
−

 t1
2 = 

y dt
c c

y d
z f

e
ey dz df

ce
1 1

1
1 1 13

3
1

3
3

3 3
−

= −
−F

HG
I
KJ

F
HG

I
KJ

=
− +

(1) ⇒   acet1
3 + acft1

2 + adft1 + bce = 0

⇒ ace
x b

a
acf

ey dz df
ce

adf
z f

e
1 1 1 1

3 3
−F

HG
I
KJ

+
− +F

HG
I
KJ

+
−F

HG
I
KJ

 + bce = 0

⇒  ce(x1 – b) + 
af

e
ey dz df

adf
e

z f bce
3 31 1 1– ( – )+ + +b g  = 0

⇒  3ce2(x1 – b) + af(ey1 – dz1 + df) + adf(z1 – f) + 3bce2 = 0
⇒    3ce2x1 – 3bce2 + aefy1 – adf z1 + adf 2 + adf z1 – adf2 + 3bce2 = 0

⇒  3ce2x1 + aefy1 = 0

⇒   3cex1 + afy1 = 0

∴ (x1, y1, z1) lies in the plane 3cex + afy = 0.

Similarly,  the points corresponding to t2 and t3 also lie on the plane 3cex + afy = 0.

EXERCISE 1.5

1. Find the intersection of the xy-plane and the tangent lines to the helix r = cos ti + sin tj + tk,
(t > 0).

2. Find the equation of the osculating plane at any point on the curve r = (t, t2, t3).
3. Find the equation of the osculating plane to the curve r = ti + t2j + t3k at the point for which t = 1.
4. Find the equation of the osculating plane to the curve x = 3t, y = 3t2, z = 2t3 at the points (3, 3, 2),

(– 3, 3, – 2) and (6, 12, 16).
5. Find the equation of the osculating plane at the point ‘ t’ on the helix x = a cos t, y = a sin t, z = ct.

6. Show that the osculating plane at the point t = 1 of the curve r = (3at, 3bt2, ct3) is 
x
a

y
b

z
c

− +  = 1.

7. Find the equation of the osculating plane at the point t of the curve
x = a cosh t, y = a sinh t, z = bt.

8. Find the equation of the osculating plane at the point t of the curve
r = 4a cos3 ti + 4a sin3 tj + 2a cos 2tk.

9. Find the osculating plane at the point t of the curve x = a cos 2t, y = a sin 2t, z = 2a sin t.
10. Find the basic unit vectors t, n and b of the curve r = (t, t2, t3) at the point t = 1. Find also the

equations of the characteristic lines and planes at this point.
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Answers
1. (cos t + t sin t, sin t – t cos t, 0) 2. 3t2x – 3ty + z = t3

3. 3x – 3y + z = 1
4. 2x – 2y + z = 2, 2x + 2y + z = – 2, 8x – 4y + z = 16
5. c(x sin t – y cos t – at) + az = 0 7. bx sinh t – by cosh t + az = abt
8. 2x cos t – 2y sin t – 3z = 2a cos 2t
9. (sin 3t + 3 sin t)x – (cos 3t + 3 cos t)y + 4z = 6a sin t

10. t = 
1

14
 (i + 2j + 3k), n = 

1

266
(– 11i – 8j + 9k), b = 

1
19

 (3i – 3j + k),

 x y z− = − = −1
1

1
2

1
3

, x y z− = − = −
−

1
11

1
8

1
9

, x y z− = −
−

= −1
3

1
3

1
1

,

x + 2y + 3z = 6, 11x + 8y – 9z = 10, 3x – 3y + z = 1.
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2

Curvature and Torsion

1. INTRODUCTION
For curves in space, the concepts of curvature and torsion are of fundamental importance.

We know that line segments are uniquely determined by their lengths, circles by their radii,
triangles by side-angle-side etc. In geometry, we look for geometric quantities which distinguish
one figure from another. The importance of curvature and torsion can easily be estimated
from the fact that it can be proved that a curve is uniquely determined (except for its position
in space) if its curvature and torsion are given as continuous functions of arc length ‘s’.

2. CURVATURE OF A CURVE
Let r = r(s) be a regular curve C of class Cm(m ≥ 2), where s is the parameter ‘arc length’.
The vector r″(s) is called the curvature vector

on the curve C at the point r(s) and it is denoted by
κκκκκ(s) (or by κκκκκ). The magnitude of the curvature vector
is called the curvature of the curve C at the point
r(s) and it is denoted by κ(s) (or by κ).

∴ κ(s) = |r″(s)|
Also t(s) = r′(s), so we have

κκκκκ(s) = t′(s).
We know that t(s) is a unit vector.
⇒ t(s) · t(s) = 1
⇒ t(s) · t′(s) + t′(s) · t(s) = 0
⇒ 2t′(s) · t(s) = 0
⇒ κκκκκ(s) · t(s) = 0
∴ The curvature vector κκκκκ(s) is orthogonal to t(s) and hence parallel to the normal

plane at r(s). When κκκκκ(s) is non-zero, it is in the direction in which the curve is turning.
The reciprocal of the curvature at a point is called the radius of curvature at that

point and it is denoted by ρ.

∴ ρ = 
1
κ

(Assuming κ ≠ 0)

A point on the curve C is called a point of inflexion if the curvature κ at that point is
zero.

Remark. We have
κ
κ

= ″
″

= ′
′

=r
r

t
t

n
| | | |

.

∴∴∴∴∴ n = 
κ
κ

.

r(s)

�(s)

t(s)

C
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CURVATURE AND TORSION 39

Example 1. Show that:  κ = | r′ × r″ |.

Sol. | r′ × r″ | = | t × t′ | = | t | · | t′ | sin 
π
2

 = 1 · κ · 1 = κ

∴ κ = | r′ × r″ |.

Example 2. For the helix r = a cos ti + a sin tj + btk, a > 0, b ≠ 0, find the curvature at
the point t.

Sol. We have r = a cos ti + a sin tj + btk.

∴ �r  = – a sin ti + a cos tj + bk

⇒ | �r| = a t a t b2 2 2 2 2sin cos+ +  = a b2 2+

∴ t =
�

| �|
r
r

=
+

1
2 2a b

 (– a sin ti + a cos tj + bk)

∴ κκκκκ = t′ = 
d
ds

d
dt

dt
ds

t t= .  = d
dt

ds
dt

t

=
1

2 2a b+
 (– a cos ti – a sin tj) ds

dt

= −
+

+ +
a

a b
t t a b

2 2

2 2(cos sin )i j ∵
ds
dt

=F
HG

I
KJ

|�|r

= −
+

+a
a b

t t2 2 (cos sin )i j

∴ Curvature, κ = | κκκκκ | = 
a

a b
t t

2 2
2 2

+
− + −( cos ) ( sin )  = 

a

a b2 2+
.

Example 3. For the curve r = ti + 
1
2

t2j + 
1
3

t3k, find the curvature vector and curvature

at the point t = 1.

Sol. We have r = ti + 
1
2

t2j + 
1
3

t3k.

∴ �r = i + tj + t2k  and | �r| = 1 2 4+ +t t

∴ t =
�

| �|
r
r

=
+ +

1

1 2 4t t
(i + tj + t2k)

�t  =
1

1 2 4+ +t t
 (j + 2tk) + − +

+ +

F

HG
I

KJ
2 4

2 1

3

2 4 3 2
t t
t t( ) /

 (i + tj + t2k)
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40 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

=
1

1 2 4 3 2( ) /+ +t t
 [(1 + t2 + t4)(j + 2tk) – (t + 2t3)(i + tj + t2k)]

=
1

1 2 4 3 2( ) /+ +t t
 [– (t + 2t3)i + (1 – t4)j + (2t + t3)k]

∴ κκκκκ = t′ = 
d
ds

d
dt

dt
ds

ds
dt

t t
t= = �  = � | �|t r

=
1

1 2 4 2( )+ +t t
 [– (t + 2t3)i + (1 – t4)j + (2t + t3)k]

∴ At t = 1,

κκκκκ =
1

3
3 0 3

1
3

1
32( )

[ ]− + + = − +i j k i k  and κ = | κκκκκ | = 
1
9

1
9

2
3

+ = .

Theorem 1. Prove that the curvature of a regular curve at a point is equal to the rate of
change of direction of the tangent with respect to arc length.

Proof. Let r = r(s) be a regular curve of class Cm(m ≥ 2), where s is the parameter ‘arc
length’. Let r(s) be any point P on the given curve. Let r(s + δs), δs > 0 be a neighbouring point
Q of r(s). Let t(s) and t(s + δs) be the unit tangent vectors at the points r(s) and r(s + δs)
respectively.

t(s) t(s + s)�

r(s)
r(s + s)�

A B

C

t(s)

��

t(s + s)�

M

t t(s + s) – (s)�

P

Q

Let δθ denote the angle between the tangent vectors t(s) and t(s + δs).
By definition,

κ = | t′ | = lim
( ) ( )

δ

δ
δs

s s s
s→

+ −
0

t t  = lim
( ) ( )

δ

δ
δs

s s s
s→

+ −
0

t t

∴ κ = lim
| ( ) ( )|

δ

δ
δs

s s s
s→

+ −
0

t t
...(1)

Since t′ is a unit vector, we have AC = AB = 1.
In ∆ABC, CB = | t(s + δs) – t(s) |

Also CB = 2 CM = 2 sin ∠CAM = 2 sin 
δθ
2

= 2
2

2
3

3δθ δθ− +
L

N
M
M

O

Q
P
P

( / )
!

......

(By using Taylor’s expansion for the sine function.)

= δθ δθ− +( )
......

3

24
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CURVATURE AND TORSION 41

= δθ δθ
1

24

2

− +
F

HG
I

KJ
( )

......

∴ (1) ⇒ κ = lim

( )
......

δ

δθ δθ

δs s→

− +
F

HG
I

KJ

0

2
1

24

= lim . lim
( )

......
δ δθ

δθ
δ

δθ
s s→ →

− +
F

HG
I

KJ0 0

2

1
24

(∵ δθ → 0 as δs → 0)

=
d
ds

d
ds

θ θ
. 1 =  = rate of change of θ w.r.t. s

∴ The curvature at a point is equal to the rate of change of the tangent with respect to
the arc length.

Theorem 2. Prove that a regular curve of class Cm(m ≥ 2) is a straight line if and only if
its curvature is identically zero.

Proof. Let r = r(s) be a regular curve of class Cm(m ≥ 2), where s is the parameter ‘arc
length’.

Let the curve be a straight line.

Let the curve passes through the point whose position vector is a and is parallel to
vector b.

∴ r = a + tb, where t is a parameter.

⇒  
d
dt
r

b= and
d
dt
r

b=| |

∴ t =
�

| �| | |
r
r

b
b

=

∴ κκκκκ = t′ = 
d
dt

dt
ds

t
.  = 0 . 

dt
ds

 = 0

∴ κ = |0| = 0 i.e., the curvature is identically zero.

Conversely, let the curvature  of the curve be identically zero i.e., κ = 0.

⇒ κκκκκ = 0 ⇒ t′ = 0 ⇒ t = c, a constant vector.

⇒ r′ = c ⇒ r = cs + d, where d is a constant vector.

∴ The curve is a straight line passing through the point whose position vector is d and
is parallel to the vector c.

∴ The result holds.
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42 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Theorem 3. Let r = r(t) be a regular curve of class Cm (m ≥ 2), where t is an arbitrary
parameter. Prove that

κ =
| � ��|
| �|
r r
r 3
×

.

Proof. We have �r  = d
dt

d
ds

ds
dt

s s
r r

r r= = ′ = ′� �

and ��r  =
d
dt

�r
 = 

d
dt

s s
d
dt

s( � ) � ��r
r

r′ = ′ + ′  = �( �) �� �� �s s s s sr r r r″ + ′ = ′ + ″2

∴ � ��r r×  = � (�� � )s s sr r r′ × ′ + ″2  = (� ��) ( ) ( � ) ( )s s sr r r r′ × ′ + ′ × ″3

= ( � ��) ( � )( ) � ( )s s s s0 r r r r+ ′ × ″ = ′ × ″3 3

= � ( )r r r3 ′ × ″ ( � | �|)∵ s = r

∴ | � ��|r r×  = | �| | || |sin ,r r r3 ′ ″ θ  where θ is the angle between r′ and r″.
Now r′ = t, r″ = t′ and t and t′ are orthogonal.
∴ θ = π/2
Also | r′ | = | t | = 1 and | r″ | = κ

∴ | � ��|r r×  = |�| . . .r 3 1 1κ

∴ κ =
| � ��|

| �|

r r
r
×

3 .

Corollary. If r = x(t)i + y(t)j + z(t)k, then

| � ��r r× | = Σ( � �� �� �)y z y z− 2

and | �r  | = Σ �x2 .

∴ κ =
|r r|
|r|

� ��

�

×
3  = 

Σ

Σ

( � �� �� �)

( � ) /

y z y z

x

− 2

2 3 2 .

Remarks 1. If r = r(s), then
κ = | r″ | = | r′ × r″ |.

2. If r = r(t), then κ =
| � ��|

| �|

r r
r
×

3 .

Example 4. For the circle r = a cos ti + a sin tj, a > 0, find the radius of curvature at
point t.

Sol. We have r = a cos ti + a sin tj, a > 0.

∴ �r  = – a sin ti + a cos tj

⇒ | �r| = a t a t2 2 2 2sin cos+  = a

∴ t =
�

| �|
( sin cos )

r
r

i j= − +1
a

a t a t  = – sin ti + cos tj
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CURVATURE AND TORSION 43

∴ κκκκκ = t′ = d
ds

d
dt

dt
ds

t t= .

= (– cos ti – sin tj) ds
dt

= – (cos ti + sin tj) | �|r

= – 
1
a

(cos ti + sin tj)

∴ Curvature, κ = | κκκκκ | = 
1
a

( cos ) ( sin )− + −t t2 2  = 
1
a

∴  Radius of curvature = 1 1
1κ

= =
/a

a

∴ Radius of curvature is equal to the radius of the given circle.
Alternative method
We have r = a cos ti + a sin tj, a > 0.

∴ �r  = – a sin ti + a cos tj
and ��r  = – a cos ti – a sin tj

∴ � ��r r×  =
i j k

−
− −

a t a t
a t a t

sin cos
cos sin

0
0

  = (a2 sin2 t + a2 cos2 t)k = a2k

∴ | � ��r r×  | = a2

Also | �r  |2 = a2 sin2 t + a2 cos2 t = a2 ∴ | �r  |  = a

∴  Radius of curvature = 1 3

κ
=

×
|�|

|� ��|
r

r r
 = 

a
a

a
3

2 = .

Example 5. Show that along the plane curve r = x(t)i + y(t)j,

κ = | � �� �� �|

( � � )

x y x y

x y 3 2

−
+2 2 /

.

Sol. We have r = xi + yj. ...(1)

Also, κ =
| � ��|
| �|

r r
r
×

3 ...(2)

(1) ⇒ �r  = � �x yi j+ and ��r  = �� ��x yi j+

∴ � ��r r×  =
i j k
� �

�� ��

x y
x y

0
0

 = ( � �� �� � )x y x y− k

∴ | � ��|r r×  = | � �� �� �|x y x y− and | �|r  = � �x y2 2 1/2
+e j

∴ (2) ⇒ κ = | � �� �� �|

[( � � ) ]

| � �� �� �|

( � � )/ /

x y x y

x y

x y x y

x y

−
+

= −
+2 2 1 2 3 2 2 3 2

.
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44 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Example 6. For the curve
r = (t – sin t)i + (1 – cos t)j + tk,

find the curvature at point t.
Sol. We have r = (t – sin t)i + (1 – cos t)j + tk.

∴ �r  = (1 – cos t)i + sin tj + k
and ��r  = sin ti + cos tj + 0k

Now κ =
| � ��|
| �|
r r
r
×

3 ...(1)

� ��r r×  =
i j k

1 1
0

− cos sin
sin cos

t t
t t

 = – cos ti + sin tj + (cos t – 1)k

∴ | � ��r r×  | = cos sin (cos )2 2 21t t+ + −

= 1 2
2

2
2 1/2

+ −F
HG

I
KJ

F

H
G

I

K
Jsin

t
= 1 4

2
4

1/2

+F
HG

I
KJ

sin
t

| �r| = ( cos ) sin1 12 2− + +t te j

= ( cos cos sin )1 2 12 2 1/2+ − + +t t t

= (1 + 2(1 – cos t))1/2 = 1 4
2

2
1/2

+F
HG

I
KJ

sin
t

∴ (1) ⇒ κ =
1 4

2

1 4
2

4
1/2

2
1/2 3

+F
HG

I
KJ

+F
HG

I
KJ

F

H
G

I

K
J

sin

sin

t

t
 = 

1 4
2

1 4
2

4
1/2

2
3 2

+F
HG

I
KJ

+F
HG

I
KJ

sin

sin

./

t

t

Example 7. For the curve x = 4a cos3 t, y = 4a sin3 t, z = 3c cos 2t, show that

κ =
a

6(a c ) sin 2t
.2 2+

Sol. Let r be the position vector of the point (x, y, z) on the curve.
∴ r = xi + yj + zk = 4a cos3 ti + 4a sin3tj + 3c cos 2tk

∴ t = r′ = 
d
dt

dt
ds

r

= (– 12a cos2 t sin ti + 12a sin2 t cos tj – 6c sin 2tk)
dt
ds

= (– 6a cos t sin 2ti + 6a sin t sin 2tj – 6c sin 2tk)
dt
ds

∴ t = 6 sin 2t (– a cos ti + a sin tj – ck)
dt
ds

...(1)
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CURVATURE AND TORSION 45

⇒ | t | = 6 sin 2t . a t a t c
dt
ds

2 2 2 2 2cos sin+ +

⇒ 1 = 6 sin 2t a c
dt
ds

2 2+ (∵ | t | = 1)

⇒
ds
dt

 = 6 a c t2 2 2+ sin

⇒
ds
dt

 = 6 a c t2 2 2+ sin (Assuming sin 2t > 0)

∴ (1) ⇒ t = 6 sin 2 t (– a cos ti + a sin tj – ck) . 
1

6 22 2a c t+ sin

=
1

2 2a c+
 (– a cos ti + a sin tj – ck)

Now t′ = d
ds

d
dt

dt
ds

t t=

=
1

0
1

6 22 2 2 2a c
a t a t

a c t+
+ −

+
( sin cos )

sin
i j k

=
a

a c t
t t

6 22 2( ) sin
(sin cos )

+
+i j

∴ κ = | t′ | = 
a

a c t
t t

6 22 2
2 2

( ) sin
sin cos

+
+  = a

a c t6 22 2( ) sin
.

+

Example 8. Find the radius of curvature at any point of the curve

x2 + y2 = a2, x2 – y2 = az.
Sol. The given curve is

x2 + y2 = a2 ...(1) x2 – y2 = az ...(2)
Let x = a cos t, y = a sin t
∴ (1) is satisfied.
(2) ⇒ a2 cos2 t – a2 sin2 t = az

⇒ z = a cos 2t
∴ The given curve is

x = a cos t, y = a sin t, z = a cos 2 t.
Let r be the position vector of the point (x, y, z) on the curve.
∴ r = xi + yj + zk = a cos ti + a sin tj + a cos 2 t k

∴ �r  = – a sin ti + a cos tj – 2a sin 2tk
and ��r  = – a cos ti – a sin tj – 4a cos 2tk
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46 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴∴∴∴∴ � ��r r×  =
i j k

− −
− − −

a t a t a t
a t a t a t

sin cos sin
cos sin cos

2 2
4 2

= a2 
i j k

sin cos sin
cos sin cos

t t t
t t t

− 2 2
4 2

= a2 [(– 4 cos t cos 2t – 2 sin t sin 2t)i – (4 sin t cos 2t – 2 cos t sin 2t)j
+ (sin2 t + cos2 t)k]

= a2 [(– 2 cos t cos 2t – 2 cos (t – 2t))i
+ (– 2 sin t cos 2t + 2 sin (2t – t))j + k]

= a2[– 4 cos3 ti + 4 sin3 tj + k]

∴ | �|r 2 = a2 sin2 t + a2 cos2 t + 4a2 sin2 2t

= a2(1 + 4 sin2 2t) = a2(5 – 4 cos2 2t)

= a2 5
4 2

2
−

F

HG
I

KJ
z

a
 = 5a2 – 4z2

∴ | �|r  = 5 42 2a z−

| � ��r r× |2 = a4(16 cos6 t + 16 sin6 t + 1)

= a4[16{(cos2 t + sin2 t)3 – 3 cos2 t sin2 t (cos2 t + sin2 t)} + 1]
= a4[16{13 – 3 cos2 t sin2 t . 1} + 1]  = a4[17 – 48 cos2t sin2t]
= a4[17 – 12 sin2 2t] = a4[5 + 12 cos2 2t]

= a4 5
12 2

2+
L

N
M

O

Q
P

z
a

 = a2(5a2 + 12z2)

∴ | � ��r r×  | = a a z5 122 2+

∴ ρ =
1 5 4

5 12

3 2 2 3 2

2 2κ
=

×
= −

+

|�|
|� ��|

( ) /r
r r

a z

a a z
.

Example 9. Find the equation of the osculating plane and curvature at point t of the
curve x = a cos 2t, y = a sin 2t, z = 2a sin t.

Sol. Let r be the position vector of the point (x, y, z) on the curve.
∴ r = xi + yj + zk = a cos 2ti + a sin 2tj + 2a sin tk

∴ �r  = – 2a sin 2ti + 2a cos 2tj + 2a cos tk
and ��r  = – 4a cos 2ti – 4a sin 2tj – 2a sin t k

∴ � ��r r×  =
i j k

−
− − −

2 2 2 2 2
4 2 4 2 2

a t a t a t
a t a t a t

sin cos cos
cos sin sin

= – 4a2 
i j k

− sin cos cos
cos sin sin

2 2
2 2 2 2

t t t
t t t
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CURVATURE AND TORSION 47

= – 4a2[(cos 2t sin t – 2 sin 2t cos t)i
– (– sin 2t sin t – 2 cos 2t cos t)j + (– 2 sin2 2t – 2 cos2 2t)k]

= – 4a2[(sin (t – 2t) – sin 2t cos t)i + (cos (2t – t) + cos 2t cos t)j – 2k]
= 4a2[(sin t + sin 2t cos t)i – (cos t + cos 2t cos t)j + 2k]

Equation of the osculating plane is [R – r �r  ��r ] = 0.

⇒ (R – r) . ( �r  × ��r ) = 0 ...(1)
Let R = xi + yj + zk
∴ (1) ⇒ [(x – a cos 2t)i + (y – a sin 2t)j + (z – 2a sin t)k] · 4a2[(sin t + sin 2t cos t)i

– (cos t + cos 2t cos t)j + 2k] = 0
⇒ (x – a cos 2t) (sin t + sin 2t cos t) – (y – a sin 2t) (cos t + cos 2t cos t)

+ (z – 2a sin t)2 = 0
⇒ (sin t + sin 2t cos t)x – (cos t · 2 cos2 t)y + 2z

= a cos 2t sin t + a cos 2t sin 2t cos t – a sin 2t cos t – a sin 2t cos 2t cos t + 4a sin t
= a sin (t – 2t) + 4a sin t
= 3a sin t

∴ (sin t + sin 2t cos t)x – 2 cos3 t y + 2z = 3a sin t
This is the equation of the osculating plane.

| � ��|r r× 2  = 16a4[(sin t + sin 2t cos t)2 + (cos t + cos 2t cos t)2 + 4]

= 16a4[sin2 t + sin2 2t cos2 t + 2 sin t sin 2t cos t + cos2 t + cos2 2t cos2 t
+ 2 cos t cos 2t cos t + 4]

= 16a4[1 + (sin2 2t + cos2 2t) cos2 t + 2 cos t (sin t sin 2t + cos t cos 2t) + 4]
= 16a4[1 + cos2 t + 2 cos t cos (t – 2t) + 4]
= 16a4[5 + 3 cos2 t]

∴ | � ��r r×  | = 4 5 32 2a t+ cos

Also, | �|r 2 = 4a2 sin2 2t + 4a2 cos2 2t + 4a2 cos2 t

= 4a2 + 4a2 cos2 t = 4a2(1 + cos2 t)

∴ | �|r 3 = 8a3(1 + cos2 t)3/2

∴ κ =
| � ��|

| �|

r r
r
×

3  = 
4 5 3

8 1

2 2

3 2 3 2

a t

a t

+
+

cos

( cos ) /
 = 

5 3

2 1

2

2 3 2

+
+

cos

( cos ) /

t

a t
.

Example 10. Show that a curve r = r(s) of class Cm(m ≥ 2) is a straight line if all tangent
lines are concurrent.

Sol. The equation of the tangent line at the point r(s) is
R(s) = r(s) + λ(s)t(s),

where R(s) is a general point on the tangent line and λ(s) is a parameter.
Let all tangent lines intersect at the point r0(s).
∴ r0(s) = r(s) + λ0(s)t(s) for some value λ0(s) of λ(s)
Differentiating w.r.t. s, we get

0 = r′(s) + λ0(s)t′(s) + λ0′(s)t(s)
⇒ 0 = t(s) + λ0(s)t′(s) + λ0′(s)t(s)
⇒ 0 = (1 + λ0′(s))t(s) + λ0(s)t′(s)
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48 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Multiplying by t′(s), we get
⇒ 0 = (1 + λ0′(s)) (t(s) · t′(s)) + λ0(s)(t′(s) . t′(s))
⇒ 0 = (1 + λ0′(s)) · 0 + λ0(s) |t′(s)|2

⇒ λ0(s) |t′(s) |2 = 0    ⇒ | t′(s) | = 0 ⇒ t′(s) = 0 (Assuming λ0(s) ≠ 0)
⇒ t(s) = c, a constant vector
⇒ r′(s) = c ⇒ r(s) = sc + d, where d is a constant vector
∴ The curve r = r(s) is a straight line passing through the point whose position

vector is d and is parallel to the vector c.

WORKING RULES FOR SOLVING PROBLEMS

Rule I. (i) κκκκκ = r″ = t′ (ii) κ = | r″| = | t′|

Rule II. Radius of curvature, ρ = 
1
κ

Rule III. (i) κ = | r′ × r″| (ii) κ = 
|� ��|

|�|

r r
r
×

3  .

Rule IV. Curve is a straight line if and only if its curvature is identically zero.

EXERCISE 2.1

1. For the curve r = a cos ti + b sin tj, a, b > 0, find the curvature at point t.
2. For the curve r = cosh ti + sinh tj, find the curvature at point t′.
3. For the curve r = ti + t3/2j, t > 0, find the curvature at point t.
4. Show that a curve r = r(t) of class Cm (m ≥ 2), where t is an arbitrary parameter, is a straight line

if � ( )r t  and �� ( )r t  are linearly dependent for all t.
5. For the curve r = ti + t2j + t3k, find the curvature at the point (0, 0, 0).
6. Show that the curvature of a circle of radius a is equal to 1/a.
7. Let r = r(t) be a regular curve of class Cm(m ≥ 2), where t is an arbitrary parameter. Show that:

κ =
−( � . � ) (�� . ��) ( � . ��)

( � . � )
.

/
r r r r r r

r r

2

3 2

8. Show that for a curve y = y(x) in the xy-plane:

κ(x) = 
| |

( )
./

y

y

″
+ ′1 2 3 2

9. For the following curves in the xy-plane, find curvature: (i) y = x2 (ii) xy = λ.
10. For the curve x = a(3t – t3), y = 3at2, z = a(3t + t3), show that:

 κ = 
1

3 1 2 2a t( )
.

+
11. For the curve x = t, y = t2, z = t3, show that:

    κ2 = 
4 9 9 1
9 4 1

4 2

4 2 3
( )

( )
.

t t

t t

+ +
+ +
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CURVATURE AND TORSION 49

12. For the helix x = a cos t, y = a sin t, z = at cot α, show that: κ = 
1 2

a
sin .α

13. Find the curvature of the curve given by r = a(t – sin t)i + a(1 – cos t)j + btk.

14. For the curve x = 3t, y = 3t2, z = 2t3, show that: ρ = 
3
2

(1 + 2t2)2.

Answers

1.
ab

a t b t( sin cos ) /2 2 2 2 3 2+
2.

1

22cosh t
3.

6

4 9 3 2t t( ) /+

5. 2 9. (i) 
2

1 4 2 3 2( ) /+ x
(ii)

2 3

4 2 3 2
λ

λ
x

x( ) /+

13.
a b a

t

b a
t

2 2 4
1/2

2 2 2
3 2

4
2

4
2

+F
HG

I
KJ

+F
HG

I
KJ

sin

sin

./

Hints

4. Let � ( ) �� ( )r rt t= λ .

7. ( � . �) (�� . ��) ( � . ��) |�| |��| (|�||��|cos )r r r r r r r r r r− = −2 2 2 2θ  = | �| |��| ( cos )r r2 2 21 − θ  = | � ��| .r r× 2

3. TORSION OF A CURVE
Let r = r(s) be a regular curve C of class Cm(m ≥ 3) and r″(s) ≠ 0, where s is the param-

eter ‘arc length’.

r″(s) ≠ 0 ⇒ n(s) = 
′
′

t
t

( )
| ( )|

s
s

 = 
′
′′

t
r

( )
| ( )|

s
s

⇒ n(s) is defined.

Also, b(s) = t(s) × n(s) = r′(s) × 
r
r

″
″

( )
| ( )|

s
s

 = 
r r

r
′ × ″

″
( ) ( )
| ( )|
s s

s
⇒ b(s) is defined.

∴ n(s) and b(s) exist at the point r(s).

Since r″′(s) exists, the binormal b(s) is differentiable w.r.t. s.

∴ b′(s) exists.

The scalar quantity – n(s) . b′(s) is called the torsion of the curve C at the point r(s) and
it is denoted by τ(s) (or by τ).

The reciprocal of the torsion is called the radius of torsion at that point and it is
denoted by σ.

∴ σ = 
1
τ

. (Assuming τ ≠ 0)
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50 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Remark. It can be proved that a curve is uniquely determined (except for its position in space) if
we are given its curvature κ(≠ 0) and torsion τ as continuous functions of arc length s. This result shows
the importance of curvature and torsion in the study of differential geometry of space curves.

Example 1. For the helix r = a cos ti + a sin tj + btk, a > 0, b ≠ 0, find the torsion at the
point t.

Sol. We have r = a cos ti + a sin tj + btk

∴ �r  = – a sin ti + a cos tj + bk

⇒ | �r| = a t a t b2 2 2 2 2sin cos+ +  = a b2 2+

∴ t =
�

| �|
r
r

 = 
1

2 2a b+
 (– a sin ti + a cos tj + bk)

t′ =
d
ds

d
dt

dt
ds

d
dt

ds
dt

t t t= =

=
1

2 2a b+
(– a cos ti – a sin tj) |�|r

= −
+

a

a b2 2
 (cos ti + sin tj) a b2 2+

= – 
a

a b2 2+
(cos ti + sin tj)

∴ |t′| =
a

a b2 2+
(cos2 t + sin2 t)1/2 = 

a
a b2 2+

∴ n =
t
t
′
′| |

 = −
+

+ +a

a b
t t

a b
a2 2

2 2

(cos sin ) .i j  = – (cos ti + sin tj)

∴  b = t × n = 

i j k

−
+ + +

− −

a

a b
t

a

a b
t

b

a b
t t

2 2 2 2 2 2

0

sin cos

cos sin

= – 
1

0
2 2a b

a t a t b
t t+

−
i j k
sin cos

cos sin

= – 
1

2 2a b+
 [– b sin ti + b cos tj – ak]

∴ b′ = d
ds

d
dt

dt
ds

d
dt

ds
dt

b b b= =

= – 
1

2 2a b+
(– b cos ti – b sin tj – 0k) |�|r
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CURVATURE AND TORSION 51

=
1

2 2a b+
 (b cos ti + b sin tj) a b2 2+

=
b

a b2 2+
(cos ti + sin tj)

∴ Torsion, τ = – n · b′

= (cos ti + sin tj) . 
b

a b2 2+
(cos ti + sin tj)

=
b

a b2 2+
 . (cos2 t + sin2 t) = 

b
a b2 2+

.

Note. Torsion at each point of a helix is always constant.

Theorem 1. (Serret-Frenet formulae). Let r = r(s) be a regular curve of class Cm(m ≥ 3),
where s is the parameter ‘arc length’ and r″(s) ≠ 0. Prove that

(i) t′ = κn (ii) n′ = – κt + τb (iii) b′ = – τn.

Proof. (i) κn = |r″|n = | t′ |
t
t
′
′

F
HG

I
KJ| |

 = t′

∴ t′ = κn.
(iii) (b · t)′ = b · t′ + b′ · t = b · (κn) + b′ · t

= κ(b · n) + b′ · t = 0 + b′ · t = b′ · t
Also, (b . t)′ = 0′ = 0
⇒ b′ . t = 0 ⇒ b′ is perpendicular to t.
Also, | b | = 1 ⇒ b · b = 1 ⇒ b · b′ + b′ · b = 0 ⇒ b′ · b = 0

⇒ b′ is perpendicular to b.
∴ b′ is perpendicular to the plane determined by t and b.
∴ b′ is parallel to n.
Let b′ = λn.
⇒ n . b′ = n · (λn) = λ(n · n) = λ · 1 = λ
⇒ – τ = λ (∵ τ = – n . b′)
∴ b′ = – τn.
(ii) We have n = b × t.
∴ n′ = (b × t)′ = b × t′ + b′ × t = b × (κn) + (– τn) × t

(Using (i) and (iii))
= κ(b × n) – τ(n × t) = κ(– t) – τ(– b) = – κt + τb

∴ n′ = – κt + τb.
Remark 1. Serret-Frenet equations shows that we can express the vectors t′, n′, b′ as linear

combinations of the vectors t, n, b.
Remark 2. We have proved equation (iii) before proving equation (ii) because the result of (iii) is

used in proving (ii).
Remark 3. The Serret-Frenet equations can also be written as

t′ = 0t + κn + 0b
n′ = – κt + 0n + τb
b′ = 0t – τn + 0b.

In the above equations, the coefficients of t, n and b form the matrix
0 0

0
0 0

κ
κ τ

τ
−

−

L

N

M
M

O

Q

P
P

.

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



52 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Remark 4. In the above discussion, t, n, b, t′, n′, b′, κ, τ are all functions of the parameter s. For
the sake of simplicity, we have written t(s) as t etc.

Example 2. Show that along the curve r = r(s), κτ = | t′ · b′ |.
Sol. We have t′ · b′ = (κn) · (– τn) = – κτ(n . n) = – κτ(1) = – κτ
∴ | t′ · b′ | = | – κτ | = κτ.
Example 3. Show that along the curve r = r(s), τ = [t n n′], provided κ ≠ 0.
Sol. n × n′ = n × (– κt + τb) = – κ(n × t) + τ(n × b)

= – κ(– b) + τ(t) = κb + τt
∴ [t n n′] = t · (n × n′) = t · (κb + τt)

= κ(t · b) + τ(t . t) = κ(0) + τ(1) = τ
∴ τ = [t n n′].

Example 4. Show that along the curve r = r(s), τ = [ ]r r r′ ″ ′ ″
κ2

, provided κ ≠ 0.

Sol. We have r′ = t and r″ = t′ = κn

∴ r′″ =
d
ds

d
ds

r t″ = ′
 = d

ds
(κn) = κn′ + κ′n

= κ(– κt + τb) + κ′n (Using n′ = – κt + τb)
= – κ2t + κτb + κ′n

∴ r″ × r′″ = κn × (– κ2t + κτb + κ′n)
= – κ3(n × t) + κ2τ(n × b) + κκ′(n × n)
= – κ3(– b) + κ2τt + κκ′0 = κ3b + κ2τt

∴ [r′ r″ r′″] = r′ · (r″ × r′″) = t · (κ3b + κ2τt)
= κ3(t · b) + κ2τ(t · t) = 0 + κ2τ · 1 = κ2τ

∴ τ =
[ ]

.
r r r′ ″ ′″

κ2

Theorem 2. Let r = r(t) be a regular curve of class Cm(m ≥ 3), where t is an arbitrary
parameter. Prove that

τττττ =
[� �� ���]

|� ��|
,

r r r
r r× 2

 provided | � ��r r×  | ≠ 0.

Proof. We have �r  = d
dt

d
ds

ds
dt

s s
r r

r t= = ′ =� �

��r  =
d
dt

d
dt

s s
d
dt

s
�

( � ) � ��
r

t
t

t= = +  = �( �) ��s s st t′ +

= � ( ) �� �� �s s s s2 2κ κn t t n+ = +

∴ � ��r r×  = ( � ) (�� � )s s st t n× + κ 2  = � ��( ) � ( )ss st t t n× + ×κ 3

= � ��( ) � �ss s s0 b b+ =κ κ3 3

Differentiating w.r.t. t, we get

� ��� �� ��r r r r× + ×  = ′ + + ′κ κ κ� � �� � ( �)s s s s s3 2 33b b b
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CURVATURE AND TORSION 53

⇒ � ���r r 0× +  = ( � � ��) � ( )κ κ κ τ′ + + −s s s s3 2 43 b n

⇒ � ���r r×  = ( � � ��) �κ κ κ τ′ + −s s s s3 2 43 b n

∴ �� ( � ���)r . r r×  = (�� � ) . ( � � ��) �s s s s s st n b n+ ′ + −κ κ κ κ τ2 3 2 43

= − κ τ2 6
� ( . )s n n (Using t · b = 0, t · n = 0, n · b = 0)

⇒ [�� � ���]r r r  = – κ τ2 6
�s

⇒ – [ � �� ���]r r r  = – κ τ2 6
�s

⇒ [ � �� ���]r r r  = κ τ2 6
�s ...(1)

Also | � ��r r×  | = κ κ� | | �s s3 3b =

∴ (1) ⇒ [ � �� ���]r r r  = | � ��|r r× 2 τ

∴ τ =
[ � �� ���]

| � ��|

r r r
r r× 2 .

Corollary. If r = x(t)i + y(t)j + z(t)k, then

[ � �� ���]r r r  =
� � �

�� �� ��

��� ��� ���

x y z
x y z
x y z

and | � ��|r r× 2  = Σ( ��� ���) .yz yz− 2

∴ τ =
[ � �� ���]
� ��

r r r
|r r|× 2  = 

� � �

�� �� ��

��� ��� ���

x y z
x y z
x y z

 ÷ Σ( ��� ���) .yz yz− 2

Remarks 1. If r = r(s), then

 τ = 
[ ]

| |

r r r

r r

′ ″ ′′′
′ × ″ 2 . (Using κ = | |r r′ × ″ )

2. If r = r(t), then

  τ = 
[ � �� ���]

| � ��|

r r r
r r× 2 .

Theorem 3. Prove that a regular curve of class Cm(m ≥ 3) is a plane curve if and only if
its torsion is identically zero.

Proof. Let r = r(s) be a regular curve of class Cm(m ≥ 3), where s is the parameter ‘arc
length’.

Let the curve be a plane curve.
Let the plane of the curve be normal to the vector a.
∴ r · a = λ, where λ is some constant and r = r(s).

⇒
d
ds

( )r . a  = 0

⇒ r′ · a = 0 ⇒ t · a = 0 ...(1)
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54 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

(1) ⇒
d
ds

( )t . a  = 0 ⇒ t′ . a = 0

⇒
t
t

a
′
′| |

.  = 0 ⇒ n . a = 0 ...( 2)

(1) and (2) imply that a is perpendicular to the plane of t and n.
∴ a is parallel to the unit binormal vector b.
Let b = µ a.

∴ b′ =
d
ds

d
ds

b
a= ( )µ  = 0

∴ τ = – n . b′ = – n . 0 = 0 i.e., the torsion is identically zero.
Conversely, let the torsion of the curve be identically zero.
By Serret-Frenet equation, b′ = – τn.
∴   b′ = 0n = 0 ∴ b = b0, a constant vector.
Let r be any point on the curve.

∴ d
ds

( )r . b0  = r′. b0 = t . b0 = 0 (∵ t . b = 0)

∴ r . b0 = constant.
This equation represents a plane.
∴ The curve r = r(s) lies on a plane.
∴ The result holds.
Remark. For a curve to lie in a plane it is sufficient to show that its unit binormal vector b is a

constant vector.

Example 5. Show that the curve r = a cos t i + a sin t j + bk, a > 0, b ≠ 0 is a plane curve.

Sol. We have r = a cos t i + a sin t j + bk

∴ �r  = – a sin t i + a cos t j + 0k

| �r| = a t a t2 2 2 2sin cos+  = a

∴ t =
�

| �|
r
r  = 

1
a

(– a sin t i + a cos t j)

= – sin t i + cos t j

∴ �t  = – cos t i – sin t j and | �t| = cos sin2 2t t+  = 1

∴ n =
�

|�|
cos sin

t
t

i j= − +1
1

t tb g  = – (cos t i + sin t j)

∴ b = t × n = 
i j k

−
− −

sin cos
cos sin

t t
t t

0
0

 = k

∴ b is a constant vector.
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CURVATURE AND TORSION 55

⇒ b′ = 0 ⇒ τ = – n . b′ = – n . 0 = 0.
∴ The given curve is a plane curve.
Alternative method

 [ � �� ���]r r r  =
−
− −

−

a t a t
a t a t

a t a t

sin cos
cos sin

sin cos

0
0
0

 = 0

∴ τ =
[ � �� ���]

|� ��| |� ��|

r r r
r r r r×

=
×

=
2 2

0
0 .

∴ The given curve is a plane curve.

Example 6. Show that the curve r = t,
1 t

t
,

1 t
t

2+ −F

HG
I

KJ
 lies on a plane.

Sol. The given curve is

r = ti + 
1 + t

t
j + 

1 2− t
t

k

∴ �r  = i + −F
HG

I
KJ

1
2t

j + − −F
HG

I
KJ

1
12t

k

��r  = 2 2
3 3t t

j k+

and ���r  = − −
6 6
4 4t t

j k

∴ [ � �� ���]r r r  =

1
1 1

1

0
2 2

0
6 6

2 2

3 3

4 4

− − −

− −

t t

t t

t t

 = − + =12 12
0

7 7t t

∴ τ =
[ � �� ���]

|� ��| |� ��|

r r r
r r r r×

=
×

=
2 2

0
0 .

∴ The given curve lies on a plane.
Example 7. Find the torsion of the curve r = ti + t2j + t3k at the point ‘t’.
Sol. We have r = ti + t2j + t3k.

∴ �r  = i + 2tj + 3t2k,
��r  = 2j + 6tk and ���r  = 6k

Now, τ =
[ � �� ���]

|� ��|

r r r
r r× 2 ...(1)

� ��r r×  =
i j k
1 2 3
0 2 6

2t t
t

 = 6t2i – 6tj + 2k
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56 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴ | � ��r r×  |2 = 36t4 + 36t2 + 4 = 4(1 + 9t2 + 9t4)

[ � �� ���]r r r  =
1 2 3
0 2 6
0 0 6

2t t
t  = 12

∴ (1) ⇒ τ =
12

4 1 9 92 4( )+ +t t
 = 3

1 9 92 4+ +t t
.

Example 8. For the curve  r = (at – a sin t)i + (a – a cos t)j + btk, find the torsion at the
point ‘t’.

Sol. We have r = (at – a sin t)i + (a – a cos t)j + btk

∴ �r  = (a – a cos t)i + a sin tj + bk
��r  = a sin t i + a cos tj + 0k and ���r  = a cos ti – a sin tj + 0k

Now, τ =
[ � �� ���]

|� ��|

r r r
r r× 2 ...(1)

� ��r r×  =
i j k

a a t a t b
a t a t
− cos sin

sin cos 0
= – ab cos t i + ab sin t j + (a2 cos t – a2)k

∴ | � ��r r×  |2 = a2b2 cos2 t + a2b2 sin2 t + a4 (cos t – 1)2

= a2b2 + a4 −F
HG

I
KJ

2
2

2
2

sin
t  = a b a

t2 2 2 44
2

+L

N
M

O

Q
Psin

Also, [ � �� ���]r r r  =
a a t a t b

a t a t
a t a t

−

−

cos sin
sin cos
cos sin

0
0

 = b[– a2sin2 t – a2cos2 t] = – a2b

∴ (1) ⇒ τ =
−

+F
HG

I
KJ

a b

a b a
t

2

2 2 2 44
2

sin
 = – b

b a
t2 2 44
2

+ sin
.

Example 9. For the curve x = a tan t, y = a cot t, z = 2  a log tan t, prove that

ρ = σ = 
2 2 a

sin 2t
.2

Sol. The given curve is

x = a tan t, y = a cot t, z = 2  a log tan t.
Let r be the position vector of the point (x, y, z) on the curve.

∴ r = xi + yj + zk = a tan ti + a cot tj + 2 a log tan tk

∴ t = r′ = �r
dt
ds

= a t a t a
t
t

dt
ds

sec
sec
tan

2 2
2

2i j k− +
F

HG
I

KJ
cosec
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CURVATURE AND TORSION 57

∴ t = a sec
sin cos

2 2 2
t t

t t
dt
ds

i j k− +
F

HG
I

KJ
cosec ...(1)

⇒ | t | = a sec
sin cos

/
4 4

2 2

1 2
2

t t
t t

dt
ds

+ +
F

HG
I

KJ
cosec

⇒ ds
dt

. 1 = a sin cos sin cos
sin cos

4 4 2 2

4 4

1/2
2t t t t

t t
+ +F

HG
I

KJ
 = 

a
t tsin cos2 2

∴  dt
ds

t t
a

= sin cos2 2

∴ (1) ⇒ t = a sec
sin cos

2 2 2
t t

t t
i j k− +

F

HG
I

KJ
cosec  . sin cos2 2t t

a

or t = (sin2 ti – cos2 tj + 2  sin t cos tk)

∴ t′ = �t  
dt
ds

 = (2 sin t cos ti + 2 cos t sin tj + 2  cos 2tk) . sin cos2 2t t
a

⇒ κn =
sin cos2 2t t

a
 (sin 2ti + sin 2tj + 2  cos 2tk) ...(2)

(Using t′ = κn)

⇒  κ| n | = 
sin cos2 2t t

a
 (sin2 2t + sin2 2t + 2 cos2 2t)1/2 = 

2 2 2sin cost t
a

∴ κ =
2 2 2sin cost t

a
and ρ = 1

2 2 2κ
= a

t tsin cos

∴ (2) ⇒ n =
1

2
 (sin 2ti + sin 2tj + 2  cos 2tk)

⇒ n′ = �n  
dt
ds

 = 
1

2
 (2 cos 2ti + 2 cos 2tj – 2 2  sin 2tk) sin cos2 2t t

a

⇒ τb – κt =
2 2 2sin cost t

a
 (cos 2ti + cos 2tj – 2  sin 2tk)

(Using n′ = τb – κt)
⇒ (τb – κt) · (τb – κt)

=
2 4 4

2

sin cost t

a
 (cos2 2t + cos2 2t + 2 sin2 2t)

⇒ τ2 + κ2 = 4 4 4

2
sin cost t

a

⇒ τ2 = 4 24 4

2

4 4

2
sin cos sin cost t

a
t t

a
−  = 

2 4 4

2
sin cost t

a
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58 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴ τ =
2 2 2sin cost t

a
and σ = 

1
τ

 = 
a

t t2 2 2sin cos

∴ ρ = σ = a

t t

a

t2
2 2

22 2 2sin cos sin
= .

Example 10. Prove that for the curve of intersection of the surfaces x2 + y2 = z2 and

z = a tan–1 
y
x

:

ρ = 
a (2 )

(8 5 )

2 3/2

2 4 1/2
+

+ +
θ

θ θ
and σ = 

a (8 5 )

6

2 4

2
+ +

+
θ θ
θ

, where y = x tan θ.

Sol. Given surfaces are

x2 + y2 = z2 ...(1) and z = a tan–1 
y
x

...(2)

Let y = x tan θ ∴ (2) ⇒ z = a tan–1 (tan θ) = aθ
(1) ⇒   x2 + x2 tan2 θ = a2θ2 ⇒ x2 sec2 θ = a2θ2 ⇒ x = aθ cos θ
∴ y = (aθ cos θ) tan θ = aθ sin θ
∴ The parametric equations of the given curve are

x = aθ cos θ, y = aθ sin θ, z = aθ.
Let r be the position vector of the point (x, y, z) on the curve.
∴ r = xi + yj + zk = aθ cos θi + aθ sin θj + aθk

∴ �r  = a [(cos θ – θ sin θ)i + (sin θ + θ cos θ)j + k]

��r  = a [(– 2 sin θ – θ cos θ)i + (2 cos θ – θ sin θ)j]

���r  = a [(– 3 cos θ + θ sin θ)�i  + (– 3 sin θ – θ cos θ)j]

∴ � ��r r×  = a2 

i j k
cos sin sin cos

sin cos cos sin
θ θ θ θ θ θ

θ θ θ θ θ θ
− +

− − −
1

2 2 0

= a2 [(– 2 cos θ + θ sin θ)i + (– 2 sin θ – θ cos θ)j
+ (2 cos2 θ – θ sin θ cos θ – 2 θ sin θ cos θ + θ2 sin2 θ
+ 2 sin2 θ + 2 θ sin θ cos θ + θ sin θ cos θ + θ2 cos2 θ)k]

= a2 [(– 2 cos θ + θ sin θ)i – (2 sin θ + θ cos θ)j + (2 + θ2)k]

[ � �� ���]r r r  = � (�� ���)r r r. ×  = ( � ��)r r×  . ���r
= a2 [(– 2 cos θ + θ sin θ)i – (2 sin θ + θ cos θ)j

+ (2 + θ2)k] . a [(– 3 cos θ + θ sin θ)i – (3 sin θ + θ cos θ)j]
= a3 [(6 cos2 θ + θ2 sin2 θ – 5θ sin θ cos θ)

+ (6 sin2 θ + θ2 cos2 θ + 5θ sin θ cos θ)]
= a3(6 + θ2)
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CURVATURE AND TORSION 59

| �r  |2 = a2 [(cos2 θ + θ2 sin2 θ – 2θ cos θ sin θ)
+ sin2 θ + θ2 cos2 θ + 2θ sin θ cos θ + 1]

= a2 (2 + θ2)
|r r|� ��× 2 = a4[(4 cos2 θ + θ2 sin2 θ – 4θ cos θ sin θ)

+ (4 sin2θ + θ2 cos2 θ + 4θ sin θ cos θ) + (2 + θ2)2]
= a4 [4 + θ2 + 4 + θ4 + 4θ2] = a4 [8 + 5θ2 + θ4]

∴ ρ =
1
κ

 = 
| �|

| � ��|
r

r r

3

×  = 
a

a

3 2 3 2

2 2 4 1 2

2

8 5

( )

( )

/

/

+
+ +

θ
θ θ

 = 
a( )

( )

/

/

2

8 5

2 3 2

2 4 1 2

+
+ +

θ
θ θ

and σ =
1 8 5

6

2 4 2 4

3 2τ
θ θ

θ
= × = + +

+
|� ��|
[ � �� ���]

( )

( )

r r
r r r

a

a
 = 

a( )8 5

6

2 4

2

+ +
+
θ θ

θ
.

Example 11. For a point on the curve of intersection of the surfaces x2 – y2 = c2 and

y = x tanh z
c

, show that ρ = σ = 
2x

c

2

.

Sol. Given curve is

x2 – y2 = c2 ...(1) y = x tanh 
z
c

...(2)

Let x = c cosh t, y = c sinh t.
∴ (1) is satisfied.

(2) ⇒ c sinh t = c cosh t tanh 
z
c

⇒ tanh 
z
c

 = tanh t ⇒ z = ct

∴ The parametric equations of the given curve are
x = c cosh t, y = c sinh t, z = ct.

Let r be the position vector of the point (x, y, z) on the curve.
∴ r = xi + yj + zk = c cosh t i + c sinh t j + ctk

∴ �r  = c sinh t i + c cosh t j + ck
��r  = c cosh t i + c sinh t j

and ���r  = c sinh t i + c cosh t j

∴ | �r  | = c(sinh2 t + cosh2 t + 1)1/2 = c(2 cosh2 t)1/2 = 2 c cosh t

� ��r r×  =

i j k
c t c t c
c t c t

sinh cosh
cosh sinh 0

 = c2 
i j k

sinh cosh
cosh sinh

t t
t t

1
0

= c2 [– sinh ti + cosh tj – k]

∴ | � ��|r r×  = c2 (sinh2 t + cosh2 t + 1)1/2 = c2(2 cosh2 t)1/2 = 2  c2 cosh t

∴ κ =
| � ��|
| �|
r r
r
×

3  = 
2
2

2

3

c t

c t

cosh
( cosh )

 = 
1

2 2c tcosh
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60 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴ ρ =
1
κ

 = 2c cosh2 t = 2c x
c
F
HG
I
KJ

2

 = 
2 2x

c
.

[ � �� ���r r r]  =
c t c t c
c t c t
c t c t

sinh cosh
cosh sinh
sinh cosh

0
0

 = c (c2 cosh2 t – c2 sinh2t) = c3

∴ τ =
[ � �� ���]

|� ��|

r r r
r r× 2  = 

c

c t

3

2 22( cosh )
 = 

1

2 2c tcosh

∴ σ =
1
τ

= 2c cosh2 t = 2c 
x
c

x
c

F
HG
I
KJ

=
2 22

.

∴ ρ = σ = 
2 2x

c
.

Example 12. Determine the function f(u) so that the curve given by r = (a cos u, a sin u, f(u))
should be a plane curve.

Sol. The given curve is
r = a cos ui + a sin uj + f(u)k.

Given curve is a plane curve iff τ = 0

iff
[ � �� ���]

|� ��|

r r r
r r× 2  = 0 iff [ � �� ���]r r r  = 0.

∴ Given curve is a plane curve iff [ � �� ���]r r r  = 0.

We shall choose f(u) so that we may have [ � �� ���]r r r  = 0.

�r  = – a sin ui + a cos uj + �f (u)k
��r  = – a cos ui – a sin uj + ��f (u)k
���r  = a sin ui – a cos uj + ���f (u)k

[ � �� ���r r r]  =

−
− −

−

a u a u f u
a u a u f u

a u a u f u

sin cos �( )
cos sin ��( )

sin cos ���( )

=

0 0 �( ) ���( )
cos sin ��( )

sin cos ���( )

f u f u
a u a u f u

a u a u f u

+
− −

−
(Operating R1 → R1 + R3)

= ( �( ) ���( ))f u f u+ (a2 cos2 u + a2 sin2 u) = a2( �( ) ���( ))f u f u+

∴ a f u f u2 ( �( ) ���( ))+ = 0 ( [ � �� ���] )∵ r r r = 0

⇒ �( ) ���( )f u f u+  = 0

Integrating, we get f(u) + ��( )f u  = c1

⇒ ��( )f u  = c1 – f(u) ⇒ 2 �( ) ��( )f u f u  = 2(c1 – f(u)) �( )f u
Integrating, we get

( �( ))f u 2 = – (c1 – f(u))2 + c2

⇒ �( )f u  = c c f u2 1
2− −( ( ))
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CURVATURE AND TORSION 61

⇒
d f u

c c f u

( ( ))

( ( ))2 1
2− −

 = du

Integrating, we get

– sin–1 c f u

c
1

2

− ( )
 = u + c3

⇒ sin (– (u + c3)) =
c f u

c
1

2

− ( )

⇒ – c2
 sin (u + c3) = c1 – f (u)

⇒ f (u) = c2
 sin (u + c3) + c1

= c2
 (sin u cos c3 + cos u sin c3) + c1

= c2
 cos c3 sin u + c2

 sin c3 cos u + c1

∴ f (u) = A sin u + B cos u + C,

where   A = c2
 cos c3, B = c2

 sin c3, C = c1 are arbitrary constants.

Example 13. If the tangent and binormal at a point of a curve make angles θ and φ with

a fixed direction, show that: 
sin
sin

d
d

θ
φ

θ
φ

κ
τ

= − .

Sol. Let the equation of the curve be r = r(s), where the parameter ‘s’ is arc length.

Let the tangent and binormal at the point P of the curve make angles θ and φ with
vector a which is along the given fixed direction.

∴ Angle between t and a is θ and angle between b and a is φ.

∴ t · a = a cos θ ...(1) (∵ | t | = 1)

and b · a = a cos φ ...(2) (∵ | b | = 1)

Differentiating (1) w.r.t. s, we get

t′ · a = – a sin θ 
d
ds

θ

⇒ κn · a = – a sin θ 
d
ds

θ
...(3)

Differentiating (2) w.r.t. s, we get

b′ · a = – a sin φ 
d
ds

φ

⇒ – τn · a = – a sin φ 
d
ds

φ
...(4)
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62 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Dividing (3) by (4), we get

κ
τ
( . )
( . )
n a
n a−

 =
−

−

a
d
ds

a
d
ds

sin

sin

θ θ

φ φ

⇒ – 
κ
τ

 =
sin
sin

θ
φ

θ
φ

d
d

.

Example 14. For the curve r = r(s), if

d
ds

t
 = w × t,   

d
ds
n

 = w × n and 
d
ds
b

 = w × b, find the vector w.

Sol. Given equations are

d
ds

t
 = w × t ...(1)

d
ds
n

 = w × n ...(2)
d
ds
b

 = w × b ...(3)

By Frenet formula,  d
ds

t
n= κ .

⇒
d
ds

t
 = 0 + κn = τ(t × t) + κ(b × t) = (τt + κb) × t

∴
d
ds

t
 = (τt + κb) × t ...(4)

By Frenet formula,
d
ds
n

 = – κt + τb.

⇒
d
ds
n

 = – κ(n × b) + τ(t × n) = κ(b × n) + τ(t × n)

= (κb + τt) × n = (τt + κb) × n

∴
d
ds
n

 = (τt + κb) × n ...(5)

By Frenet formula,
d
ds
b

 = – τn.

⇒
d
ds
b

 = – τ(b × t) + 0 = τ(t × b) + κ(b b× ) = (τt + κb) × b

∴
d
ds
b

 = (τt + κb) × b ...(6)

If w = τt + κb, then given equations (1), (2) and (3) are satisfied.
Note. The vector w = τt + κb is called the Darboux vector for the curve r = r(s).

Example 15. Using Serret-Frenet formula, find the direction cosines of the unit principal
normal vector and the unit binormal vector at the point ‘s’ for the curve r = r(s).

Sol. Given curve is r = r(s).
Let r be the position vector of the point (x, y, z) on the curve.
∴ r = xi + yj + zk
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CURVATURE AND TORSION 63

We have t′ = κn.

⇒ n =
t r′ = ′ ′
κ κ

( )
 = 

r″ =
κ κ

1
 (x″i + y″j + z″k) = 

x y z″ + ″ + ″
κ κ κ

i j k

| n | = 1 ⇒ x y z″ + ″ + ″F

HG
I

KJ
2

2

2

2

2

2

1 2

κ κ κ

/

 = 1 ⇒ κ2 = x″2 + y″2 + z″2

∴ κ = x y z″ + ″ + ″2 2 2  

∴ n =
′′

″ + ″ + ″

x

x y z2 2 2
i + 

′′

″ + ″ + ″

y

x y z2 2 2
j + 

′′

″ + ″ + ″

z

x y z2 2 2
k

Since n is a unit vector, the d.c.’s of n are

′′

″ + ″ + ″

x

x y z2 2 2
, ′′

″ + ″ + ″

y

x y z2 2 2
, 

′′

″ + ″ + ″

z

x y z2 2 2
.

b = t × n =  r′ × 
t

r r
′ = ′ × ″

κ κ
1

( )   = 
1
κ

i j k
x y z
x y z

′ ′ ′
″ ″ ″

κ κ
κ

= ′ ⇒ = ′ ⇒ = ′
′

= ′F

HG
I

KJ
t t n

t
|t |

t
| |

=
1
κ

 [(y′z″ – y″z′)i + (z′x″ – z″x′)j + (x′y″ – x″y′)k]

=
y z y z

x y z

′ ″ − ″ ′

″ + ″ + ″2 2 2
i + 

z x z x

x y z

′ ″ − ″ ′

″ + ″ + ″2 2 2
j + 

x y x y

x y z

′ ″ − ″ ′

″ + ″ + ″2 2 2
k

Since b is a unit vector, the d.c.’s of b are

 
y z y z

x y z

z x z x

x y z

x y x y

x y z

′ ″ − ″ ′

″ + ″ + ″

′ ″ − ″ ′

″ + ″ + ″

′ ″ − ″ ′

″ + ″ + ″2 2 2 2 2 2 2 2 2
, , .

Example 16. Let r = r(t) be a curve. Prove that:

(i) � �r t= s (ii) �� ��r t= s  + κ �s 2  n

(iii) ���r  = ( s s )2 3
��� �− κ t + �s (3 s s)κ κ�� � �− n + κτ�s3b.

Hence deduce that:

(a) n = 
� �� �� �

�

s s

s3

r r−
κ

(b) b = 
� ��

�

r r×
κs3

(c) κ2 = 
| | s

s

2 2

4

�� ��

�

r −
(d) τ = 

[ � �� ���]
�

r r r
κ 2 6s

.

Sol. (i) �r
r= d

dt
 = 

d
ds

ds
dt

r
 = r′ �s  = �st .

(ii) ��r  =
d
dt

(� )r  = 
d
dt

( � )st  = �s
d
dt
t

 + ��st

= � ( �) ��s s st t′ +  = � ( ) ��s s2 κn t+  = �� �s st n+ κ 2 .
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64 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

(iii) ��� (��) (�� � )r r t n= = +d
dt

d
dt

s sκ 2

= �� ��� � � � �� �s
d
dt

s s s s s
d
dt

t
t n n

n
+F

HG
I
KJ

+ + +F
HG

I
KJ

κ κ κ2 22

= �� ( �) ��� � � � �� � �s s s s ss s st t n n n′ + + + + ′κ κ κ2 22

= ��� ( ) ��� � � � �� � ( )ss s s ss sκ κ κ κ κ τn t n n t b+ + + + − +2 32

= (��� � ) �( �� � �) �s s s s s s− + + +κ κ κ κτ2 3 33t n b .

(a) ��� ���s sr r−  = �(�� � ) �� ( � )s s s s st n t+ −κ 2  = κ�s3n

∴ n =
��� ���

�

s s

s

r r−
κ 3 .

(b) � ��r r×  = ( � ) (�� � )s s st t n× + κ 2  = � �� ( ) � ( )ss st t t n× + ×κ 3

= � �� ( ) � �ss s s0 b b+ =κ κ3 3

∴ b =
� ��

�

r r×
κs3 .

(c) |��| �� . �� (�� � ) . (�� � )r r r t n t n2 2 2= = + +s s s sκ κ

= �� ( . ) � �� ( . ) � �� ( . )s s s s s2 2 2t t t n n t+ +κ κ  + κ2 4
� ( . )s n n

= �� ( ) � ( )s s2 2 41 0 0 1+ + + κ  = �� �s s2 2 4+ κ

∴ |��|r 2  – �� �s s2 2 4= κ

∴ κ2 =
|��| ��

�

r 2 2

4

− s
s

.

(d) [ � �� ���]r r r  = � . (�� ���)r r r×  = ( � ��)r r×  . ���r

= ( � ) . [(��� � ) � ( �� � �) � ]κ κ κ κ κτs s s s s s s3 2 3 33b t n b− + + + (Using (iii) and (b))

= κ τ κ τ2 6 2 6
� ( ) �s sb . b = (Using b . t = 0, b . n = 0)

 ∴ τ =
[ � �� ���]

�

r r r
κ2 6s

.

Example 17. Let r = r(s) be a curve. Prove that:
(i) r′ . r″ = 0 (ii) r′″ = – κ2t + κ′n + κτb

(iii) r′ . r′″ = – κ2 (iv) r″ . r′″ = κκ′
(v) r″″ = – 3κκ′t + (κ″ – κ3 – κτ2)n + (2κ′τ + τ′κ)b

(vi) r′ . r″″ = – 3κκ′ (vii) r″ . r″″ = κ(κ″ – κ3 – κτ2)
(viii) r′″ . r″″ = κ′κ″ + 2κ3κ′ + κ2ττ′ + κκ′τ2

(ix) [t′ t″ t′″] = κ3(κτ′ – κ′τ) = κ5 
d
ds

 τ
κ
F
HG
I
KJ

(x) [b′ b″ b′″] = τ3 (κ′τ – κτ′)  = τ5 
d
ds

 
κ
τ
F
HG
I
KJ

.
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CURVATURE AND TORSION 65

Sol. (i) r′· r″ = t · t′ = t · (κn) = κ (t · n) = κ · 0 = 0. (∵ r′ = t and t′ = κn)
(ii) r′″ = (r′)″ = t″ = (t′)′ = (κn)′ = κn′ + κ′n = κ(– κt + τb) + κ′n

= – κ2t + κ′n + κτb. (∵ n′ = – κt + τb)
(iii) r′ · r′″ = t · (– κ2t + κ′n + κτb) (Using (iii))

= – κ2 (t · t) + κ′(t · n) + κτ(t · b) = – κ2 · 1 + 0 + 0 = – κ2.
(iv) r″ · r′″ = (r′)′ · r′″ = t′ · r′″

= (κn) · ( – κ2t + κ′n + κτb) (Using (iii))
= – κ3(n · t) + κκ′(n · n) + κ2τ(n · b) = 0 + κκ′ · 1 + 0 = κκ′.

(v) r″″ = (r′″)′ = (– κ2t + κ′n + κτb)′ (Using (iii))
= – (κ2t′ + 2κκ′t) + (κ′n′ + κ″n) + (κ′τb + κτ′b + κτb′)
= – κ2 (κn) – 2κκ′t + κ′ (– κt + τb) + κ″n + κ′τb + κτ′b + κτ (– τn)
= – κ3n – 2κκ′t – κκ′t + κ′τb + κ″n + κ′τb + κτ′b – κτ2n.
= – 3κκ′t + (κ″ – κ3 – κτ2)n + (2κ′τ + τ′κ) b.

(vi) r′ · r″″ = t . [– 3κκ′t + (κ″ – κ3 – κτ2)n + (2κ′τ + τ′κ)b] (Using (v))
= – 3κκ′ (t · t) + (κ″ – κ3 – κτ2)(t . n) + (2κ′τ + τ′κ) (t . b)
= – 3κκ′ · 1 + 0 + 0 = – 3κκ′.

(vii) r″ · r″″ = t′ · r″″
= (κn) · (– 3κκ′t + (κ″ – κ3 – κτ2)n + (2κ′τ + τ′ κ)b]
= – 3κ2κ′ (n · t) + κ(κ″ – κ3 – κτ2) (n · n) + κ(2κ′τ + τ′κ) (n · b)
= 0 + κ(κ″ – κ3 – κτ2) · 1 + 0 = κ(κ″ – κ3 – κτ2).

(viii) r′″ · r″″ = (– κ2t + κ′n + κτb). (– 3κκ′t + (κ″ – κ3 – κτ2) n + (2κ′τ + τ′κ)b)
(Using (ii) and (v))

= 3κ3κ′ (t · t) + κ′ (κ″ – κ3 – κτ2) (n · n) + κτ(2κ′τ + τ′κ) (b · b)
= 3κ3κ′ + κ′κ″ – κ′κ3 – κκ′τ2 + 2κκ′τ2 + κ2ττ′
= κ′κ″ + 2κ3κ′ + κ2ττ′ + κκ′τ2.

(ix) [t′ t″ t′″] = [r″ r′″ r″″]

=
0 0

3 2

2

3 2

κ
κ κ κτ
κκ κ κ κτ κ τ τ κ

− ′
− ′ ″ − − ′ + ′
(∵ r″ = t′  = κn and the vectors t, n, b form a right handed triad)

= – κ[– κ2(2κ′τ + τ′κ) + 3κκ′(κτ)] = 2κ3κ′τ + κ4τ′ – 3κ3κ′τ
= κ4 τ′ – κ3 κ′ τ = κ3(κτ′ – κ′ τ)

= κ5 · 
κτ κ τ

κ
′ − ′F

HG
I
KJ2  = κ5 d

ds
τ
κ
F
HG
I
KJ

.

(x) We have b′ = – τn = 0t – τn + 0b
b″ = (b′)′ = (– τn)′ = – τn′ – τ′n

= – τ(– κt + τb) – τ′n = τκt – τ′n – τ2b
b′″ = (b″)′ = (τκt – τ′n – τ2b)′

= (τ′κt + τκ′t + τκt′) – (τ″n + τ′n′) – (2ττ′b + τ2b′)
= τ′κt + τκ′t + τk(κn) – τ″n – τ′(– κt + τb) – 2ττ′b – τ2 (– τn)
= τ′κt + τκ′t + τκ2n – τ″n + τ′κt – τ′τ b – 2ττ′b + τ3n
= (2τ′κ + τκ′) t + (τκ2 – τ″ + τ3) n – 3ττ′b

SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

Succ
ess

Clap



66 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴ [b′ b″ b′″] =
0 0

2 3

2

2 3

−
− ′ −

′ + ′ − ″ + − ′

τ
τκ τ τ

τ κ τκ τκ τ τ ττ
(∵ t, n, b form a right handed triad)

= τ [τκ (– 3ττ′) + (2τ′κ + τκ′)τ2]
= τ [– 3τ2τ′κ + 2τ2τ′κ + τ3κ′]
= τ[ – τ2τ′κ + τ3κ′] = τ3(κ′τ – κτ′)

= τ5 
τκ κτ

τ
′ − ′F

HG
I
KJ2   = τ κ

τ
5 d

ds
F
HG
I
KJ

.

WORKING RULES FOR SOLVING PROBLEMS

Rule I. τ = – n · b′

Rule II. Radius of torsion, σ = 
1
τ

Rule III. Serret-Frenet Formula:
(i) t′ = κn (ii) n′ = – κt + τb (iii) b′ = – τn

Rule IV. (i) τ = 
[ ]

| |

r r r
r r
′ ″ ′ ″
′ × ″ 2 (ii) τ = 

[ � �� ���]

| � ��|

r r r
r r× 2

Rule V. Curve is a plane curve if and only if its torsion is identically zero.

EXERCISE 2.2

1. Find the torsion of the curve r = ti + t2j + t3k at the point where t = 2.
2. Show that the torsion of a plane curve (with κ > 0) is identically zero.
3. Find the torsion of the curve r = (3t – t3)i + 3t2j + (3t + t3)k at point t.
4. Find the torsion of the curve r = (t – sin t)i + (1 – cos t)j + tk at point t.
5. For the curve x = a(3t – t3), y = 3at2, z = a(3t + t3), show that curvature κ and torsion τ each is

equal to 1

3 1 2 2a t( )+
.

6. Find the torsion of the helix x = a cos t, y = a sin t, z = at tan α at point t.
7. For the curve x = 3t, y = 3t2, z = 2t3, show that:

   κ = τ = 
2

3 1 2 2 2( )+ t
.

8. For a point on the curve of intersection of the surfaces x2 + y2 = a2, x2 – y2 = az, find the torsion.
9. Find the torsion at any point t of the curve x = a cos 2t, y = a sin 2t, z = 2a sin t.

10. Let r = r(t) be a regular curve of class Cm (m ≥ 3), where t is an arbitrary parameter. Prove that

τ = 
[ � �� ���]

( � . � ) (�� . ��) ( � . ��)

r r r
r r r r r r− 2 , provided κ ≠ 0.

11. Show that the curve r = r(t) is a plane curve if and only if [ � �� ���]r r r  = 0.
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CURVATURE AND TORSION 67

12. Is x = a cos t, y = a sin t, z = ct, a > 0, c ≠ 0 a plane curve ? Calculate the curvature and torsion of
the above curve at point ‘t’.

13. Show that the position vector of the current point on the curve r = r(s) satisfies the differential
equation:

d
ds

d
ds

d

ds
σ ρ

2

2
rF

H
G

I

K
J

L

N
M
M

O

Q
P
P
 + 

d
ds

d
ds

σ
ρ

rL

N
M

O

Q
P  + 

ρ
σ

d

ds

2

2
r

 = 0.

Answers

1. 3
181

3.
2

3 1 2 2( )+ t
4. – 

1

1 4
2

4+ sin
t

6. a sec2 α 8.
6

5 12

2 2

2 2
a z

a z

−
+

9.
3

5 3a t t( sec cos )+

12.
a

a c

c

a c2 2 2 2+ +
, .

Hint

13. Using ρ = 
1
κ

, σ = 1
τ

, 
d
ds
r

 = r′′′′′ = t and d

ds

2

2
r  = r″ = t′ = κn, we get

d
ds

 σ ρ σ
ρ

ρ
σ

d
ds

d

ds

d
ds

d
ds

d

ds

2

2

2

2
r r rF

H
G

I

K
J

L

N
M
M

O

Q
P
P

+
L

N
M

O

Q
P +

 = 1 1
τ κ

κ κ
τ

τ
κ

κ. ( )n t nF
HG

I
KJ

′L

N

M
M

O

Q

P
P

′

+ L
NM
O

Q
P

′
+  = 1

τ
κ τ κ

τ
τ( )− +L

N
M

O

Q
P

′
+ L
N
M
O

Q
P

′
+t b t n

 = – κ
τ

κ
τ

τt b t nL

NM
O

QP

′
+ ′ + L

NM
O

QP

′
+  = – τn + τn = 0.

4. CONTACT OF A CURVE WITH A SURFACE

In this section, we shall study the degree of contact of a curve with a surface.

A curve r = x(t)i + y(t)j + z(t)k of sufficiently high class is said to have n-point contact
(or contact of (n – 1)th order) with a surface F(x, y, z) = 0 at the point corresponding to t0 if
the function f(t) = F(x(t), y(t), z(t)) satisfies :

f(t0) = �( ) ��( )f t f t0 0=  = ...... = f tn( )( )− 1
0  = 0 and f tn( ) ( )0 0≠ .

Example 1. Show that the curve r = ti + t2j + t3k has 6-point contact with the paraboloid
x2 + z2 – y = 0 at the origin.

Sol. Given curve is r = ti + t2j + t3k.

t = 0, t2 = 0, t3 = 0 ⇒ t = 0

∴ The origin corresponds to t = 0.
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68 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Given surface is x2 + z2 – y = 0.
Let f(t) = t2 + (t3)2 – t2 = t6

∴ �( )f t  = 6t5, ��( )f t = 30t4, ���( )f t  = 120t3, f (4)(t) = 360t2, f (5)(t) = 720t, f (6)(t) = 720

∴ �( )f 0  = 0, ��( )f 0  = 0, ���( )f 0  = 0, f (4) (0) = 0, f (5)(0) = 0 and f ( ) ( )6 0  ≠ 0.

∴ The given curve has 6-point contact with the given paraboloid at the origin.
Example 2. If the circle lx + my + nz = 0, x2 + y2 + z2 = 2cz has 3-point contact   with the

paraboloid ax2 + by2 = 2z at the origin then show that: c = 
l m

bl am

2 2

2 2
+
+

.

Sol. Given circle is lx + my + nz = 0 ...(1) x2 + y2 + z2 = 2cz ...(2)
Let the parametric equations of this circle be x = φ1(t), y = φ2(t), z = φ3(t).
Substituting the values of x, y, z in (1) and (2) and differentiating w.r.t. t, we get

lx my nz� � �+ +  = 0 ...(3)

and 2 2 2 2xx yy zz cz� � � �+ + =

or xx yy zz cz� � � �+ + = ...(4)
The circle passes through the origin.

∴ (4) ⇒  0 0 0� � � �x y z cz+ + = ⇒ cz� = 0 ⇒ �z = 0

∴ (3) ⇒ lx my n� � ( )+ + 0  = 0 ⇒ lx my� �+  = 0

⇒
� �

–
x
m

y
l

=  = λ, say ...(5)

The paraboloid is ax2 + by2 = 2z. After substituting the values of x, y, z in terms of t, let
f(t) = ax2 + by2 – 2z ...(6)

∴ �( ) � � �f t axx byy z= + −2 2 2 ...(7)

 ��( ) [ � ��] [ � ��] ��f t a x xx b y yy z= + + + −2 2 22 2

or  ��( ) � �� � �� ��f t ax axx by byy z= + + + −2 2 2 2 22 2 ...(8)

Since the circle has 3-point contact with the paraboloid at the origin, we have

f(t) = �( ) ��( )f t f t= = 0, ���( )f t ≠ 0 at the origin.

∴ (6) ⇒ a(0)2 + b(0)2 – 2(0) = 0 ...(9)

(7) ⇒ 2a(0) �x + 2b(0) �y  – 2 �z = 0 ...(10)

(8) ⇒ 2a �x2 + 2a(0) ��x + 2b �y2 + 2b(0) ��y  – 2 ��z = 0 ...(11)

(9) ⇒ 0 = 0, which is always true.

(10) ⇒ �z = 0, which is also true.

(11) ⇒ 2 2 22 2ax by z� � ��+ −  = 0 ⇒ ax by z� � ��
2 2+ = ...(12)

Differentiating (4) w.r.t. t, we get

� �� � �� � �� ��x xx y yy z zz cz2 2 2+ + + + + = .
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CURVATURE AND TORSION 69

Since the circle passes through the origin, we have

� �� � �� � �� ��x x y y z z cz2 2 20 0 0+ + + + + = .

⇒  � � � ��x y z cz2 2 2+ + =

⇒ � � ��x y cz2 2+ = ...(13)(∵ �z = 0 )

Dividing (13) by (12), we get

c =
� �

� �

x y

ax by

2 2

2 2
+
+

 = 
m l

am bl

2 2 2 2

2 2 2 2
λ λ
λ λ

+
+

 = 
m l

am bl

2 2

2 2
+
+

. (Using (5))

∴ c =
l m

bl am

2 2

2 2
+
+

.

Example 3. Find the equation of the plane that has 3-point contact with the curve
x = t4 – 1, y = t3 – 1, z = t2 – 1 at the origin.

Sol. Given curve is
x = t4 – 1, y = t3 – 1, z = t2 – 1.

t4 – 1 = 0, t3 – 1 = 0, t2 – 1 = 0 ⇒ t = 1
∴ The origin corresponds to t = 1.
Let the equation of the required plane through the origin be ax + by + cz = 0.
Let f(t) = a(t4 – 1) + b(t3 – 1) + c(t2 – 1)

∴ �( )f t  = 4at3 + 3bt2 + 2ct

��( )f t  = 12at2 + 6bt + 2c

���( )f t  = 24at + 6b
Since the plane has 3-point contact at t = 1, we have

f(1) = 0, �( ) , ��( ) ���( )f f f1 0 1 0 1 0= = ≠and .

f(1) = 0 ⇒ 0 = 0

�( )f 1  = 0 ⇒ 4a + 3b + 2c = 0 ...(1)

��( )f 1  = 0 ⇒ 12a + 6b + 2c = 0 ...(2)

(1) and (2) ⇒
a

6 12−
 =

b
24 8−

 = 
c

24 36−

⇒
a

− 6
 = b

16
 = 

c
− 12

⇒ a
3

 = 
b

− 8
 = 

c
6

Let a = 3, b = – 8, c = 6.

Also ���( )f 1  = 24a + 6b = 24(3) + 6(– 8) = 24 ≠ 0

∴ The equation of the required plane is 3x – 8y + 6z = 0.
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70 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Example 4. Find the lines that have 4-point contact with the surface x4 + 3xyz + x2 – y2

– z2 + 2yz – 3xy – 2y + 2z – 1 = 0 at the point (0, 0, 1).

Sol. Let
x

a
− 0

 = 
y

b
− 0

 = 
z

c
− 1

 = t ...(1)

be a line passing through (0, 0, 1).
∴ x = at, y = bt, z = ct + 1
∴ The point (0, 0, 1) corresponds to the value t = 0.
Given surface is

x4 + 3xyz + x2 – y2 – z2 + 2yz – 3xy – 2y + 2z – 1 = 0.
Let f (t) = (at)4 + 3(at)(bt)(ct + 1) + (at)2 – (bt)2 – (ct + 1)2 + 2(bt)(ct + 1)

– 3(at)(bt) – 2(bt) + 2(ct + 1) – 1
∴ f (t) = a4t4 + 3abt2(ct + 1) + a2t2 – b2t2 – (ct + 1)2 + 2bt(ct + 1) – 3abt2 – 2bt + 2ct + 1

∴ �f (t) = 4a3t3 + 9abct2 + 6abt + 2a2t – 2b2t – 2(ct + 1) c + 4bct + 2b – 6abt – 2b + 2c

��( )f t  = 12a3t2 + 18abct + 6ab + 2a2 – 2b2 – 2c2 + 4bc – 6ab

���( )f t  = 24a3t + 18abc

f t
....

( ) = 24a3.
Let the line (1) has 4-point contact with the given surface at (0, 0, 1).

∴ f (0) = 0, �( ) , ��( ) , ���( ) ,
....

f f f f0 0 0 0 0 0= = = (0) ≠ 0.

f (0) = 0 ⇒ – 1 + 1 = 0, which is true.
�( )f 0 0= ⇒ – 2c + 2b – 2b + 2c = 0, which is true.

��( )f 0 0= ⇒ 6ab + 2a2 – 2b2 – 2c2 + 4bc – 6ab = 0

⇒ a2 – b2 – c2 + 2bc = 0 ...(2)

 ���( )f 0 0= ⇒ 18abc = 0 ⇒ abc = 0 ⇒ a = 0 or b = 0 or c = 0

Case I.   a = 0
(2) ⇒ b2 + c2 – 2bc = 0 ⇒ b = c

∴ The line is x y
c

z
c0

1= = − or x y z
0 1

1
1

= = − .

Case II. b = 0
(2) ⇒ a2 – c2 = 0 ⇒ a = ± c

∴ The lines are x
c

y z
c±

= =
−

0
1 or

x y z
±

= = −
1 0

1
1

.

Case III. c = 0
(2) ⇒ a2

 – b2 = 0 ⇒ a = ± b

∴ The lines are x
b

y
b

z
±

= =
− 1
0

or x y z
±

= =
−

1 1
1

0
.

∴ There are five possible lines.
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Theorem 1. Let r = r(s) be any curve and P(s0) be any point on the curve. Prove that the
curve r = r(s) has at least 2-point contact with a plane through P at the point P iff the plane
contains the tangent line at P.

Proof. Let the equation of a plane through P(s0) be (r – r0) . N = 0, where r0 = r(s0)
i.e., the position vector of P and N is a unit vector perpendicular to the plane.

Let f(s) = (r(s) – r0) . N

∴ f ′(s) = r′(s) . N = t(s) . N

Now f(s0) = (r0 – r0) . N = 0 and f ′(s0) = t(s0) . N

∴ f ′(s0) = 0 iff t(s0) . N = 0

iff N is orthogonal to t(s0) iff the plane (r – r0) . N = 0 contains the tangent line at P.

∴ The curve r = r(s) has at least 2-point contact with a plane through P at the point P
on the curve iff the plane contains the tangent line at P.

Theorem 2. Let r = r(s) be any curve and P(s0) be any non-inflexional point on the curve.
Prove that the curve r = r(s) has at least 3-point contact with a plane through P at the point P
iff the plane is the osculating plane at P.

Proof. Let  the  equation  of  a plane through P be (r – r0)  . N = 0, where r0 = r(s0)
i.e., the position vector of P and N is a unit vector perpendicular to the plane.

Let f(s) = (r(s) – r0) . N

∴ f ′(s) = r′(s) . N = t(s) . N

and f ″(s) = t′(s) . N = κ(s) n(s) . N

Now f(s0) = (r0 – r0) . N = 0, f ′ (s0) = t(s0) . N and f ″(s0) = κ(s0) n(s0) . N.

∴ f ′(s0) = 0, f ″(s0) = 0 iff t(s0) . N = 0, κ(s0) n(s0) . N = 0

iff t(s0) . N = 0 n(s0) . N = 0 (∵ κ(s0) ≠ 0)

iff N is orthogonal to t(s0) and n(s0) iff the plane (r – r0) . N = 0 is the osculating plane at P.

∴ The curve r = r(s) has at least 3-point contact with a plane through P at the point P
on the curve iff the plane is the osculating plane at P.

Remark. If P is an inflexional point, then f ″(s0) = κ(s0) n(s0) . N = 0 even if the plane contains
only the tangent line at P and is not the osculating plane at P.

Example 5. Show that the osculating plane has at least 4-point contact with a curve at
P iff either the curvature or the torsion vanishes at P.

Sol. Let the equation of the curve be r = r(s). Let r0 = r(s0) be the position vector of the
point P on the curve.

The equation of the osculating plane at P is (r – r0) . b0 = 0.

Let f(s) = (r(s) – r0) . b0

∴ f ′(s) = r′(s) . b0 = t . b0,

f ″(s) = t′ . b0 = (κn) . b0 = κ(n . b0)
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72 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

and f ′″(s) = κ′(n . b0) + κ(n′ . b0)

= κ′(n . b0) + κ(– κt + τb) . b0

= κ′ (n . b0) – κ2 (t . b0) + κτ (b .b0)

∴ f(s0) = (r0 – r0) . b0 = 0,

f ′(s0) = t0 . b0 = 0,
f ″(s0) = κ0 (n0 . b0) = 0

and f ′″(s0) = κ0′(n0 . b0) – κ0
2(t0 . b0) + κ0τ0 (b0 . b0) = κ0τ0

∴ f ′″(s0) = 0 iff κ0 = 0 or τ0 = 0.
∴ The osculating plane at P has at least 4-point contact with the curve at P iff either

the curvature or the torsion vanishes at P.

EXERCISE 2.3

1. Show that the curve r = ti + t2j + t3k has 2-point contact with the paraboloid x2 + y2 = z at the
origin.

2. Find the equation of the plane that has 3-point contact with the curve x = 2t + 1, y = 3t2
 + 2,

z = 4t3 + 3 at the point (3, 5, 7).
3. Let r = r(s) be any curve and P(s0) be any point of inflexion on the curve. Prove that the curve

r = r(s) has at least 3-point contact with a plane through P at the point P iff the plane contains
the tangent line at P.

4. Show that the osculating plane at P has 3-point contact with a curve at P iff neither the curva-
ture nor the torsion vanishes at P.

5. Show that the osculating plane at P has at least 3-point contact with a curve at P.

Answer
2. 6x – 4y + z = 5.

5. CONTACT OF A CURVE WITH A CURVE

A curve r = x(t)i + y(t)j + z(t)k of sufficiently high class is said to have n-point contact
(or contact of (n – 1)th order) with a curve F(x, y, z) = 0, G(x, y, z) = 0 at the point correspond-
ing to t0 if the functions f(t) = F(x(t), y(t), z(t)) and g(t) = G(x(t), y(t), z(t)) satisfy:

f (t0) =
�f (t0) = ��f (t0) = ... =  f (n–1)(t0) = 0

g(t0) = �g (t0) = ��g(t0) = ... = g(n–1) (t0) = 0

and either f (n)(t0) ≠ 0 or g(n)(t0) ≠ 0.
Thus, the curve r = x(t)i + y(t)j + z(t)k has n-point contact with the curve F(x, y, z) = 0,

G(x, y, z) = 0 if and only if the curve r = x(t)i + y(t)j + z(t)k has n-point contact with one of the
surfaces F(x, y, z) = 0 and G(x, y, z) = 0 and at least n-point contact with the other surface.

6. OSCULATING CIRCLE TO A CURVE

A circle having at least 3-point contact with a given curve C at a point P on the curve is
called the osculating circle to the curve C at the point P.
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The centre of the osculating circle at point P is called the centre of curvature of the
curve C at the point P.

By the definition of contact between curves, the osculating circle to the curve C at point
P can be considered as the intersection of a sphere with at least 3-point contact with the curve
C at point P and a plane with at least 3-point contact with C at P. If κ ≠ 0 at P, then the
osculating plane at P is the unique plane having at least 3-point contact with the curve C at P.
In particular, if τ ≠ 0 in addition to κ ≠ 0 at P, then the osculating plane is the unique plane
having exactly 3-point contact with C at P.

Therefore the osculating circle to a curve at a point always lies on the osculating plane
to the curve at that point, provided κ ≠ 0 at the point under consideration.

Thus, the osculating circle to a curve at a point can be considered as the intersection of
a sphere with at least 3-point contact with the curve at that point and the osculating plane to
the curve at the point under consideration, provided κ ≠ 0.

7. EQUATION OF OSCULATING CIRCLE

Let r = r(s) be the equation of a curve C, where s
is the parameter ‘arc length’. Let P be any point on the
curve C for the value s0 of s. Let r0 = r(s0). Let curva-
ture κ0(= κ(s0)) be non-zero at P.

The equation of the osculating plane at P is
(r –r0) . b0 = 0, where b0 = b(s0).

Let the osculating circle at P be the intersection
of the osculating plane at P and the sphere

  | r – c |2 = a2

with centre at Q(c) and passing through P and having
at least 3-point contact with the curve r = r(s) at P.

∴ | r0 – c |2 = a2

Let f (s) = | r(s) – c |2 – a2.
∴ f (s) = (r(s) – c) . (r(s) – c) – a2

∴ f ′(s) = (r(s) – c) . (r′(s)) + r′(s) . (r(s) – c) – 0 = 2(r(s) – c) . t(s)
f ″(s) = 2(r(s) – c) . t′(s) + 2(t(s)) . t(s)

= 2(r(s) – c) . κ(s) n(s) + 2(1) = 2κ(s) (r(s) – c) . n(s) + 2
Since the sphere has at least 3-point of contact at P, we have f (s0) = f ′(s0) = f ″(s0) = 0.

f (s0) = 0 ⇒ (r0 – c) . (r0 – c) – a2 = 0 ⇒ | r0 – c |2 – a2 = 0.
⇒ a2 – a2 = 0, which is true.

f ′(s0) = 0 ⇒ 2(r0 – c) . t0 = 0 ⇒ (c – r0) . t0 = 0
⇒ c – r0 lies in the normal plane at P
⇒ centre (Q) of the sphere is in the normal plane at P.

f ″(s0) = 0 ⇒ 2κ0(r0 – c) . n0 + 2 = 0

⇒ (r0 – c) . n0 = – 
1

0κ
 = – ρ0 (Using κ0 ≠ 0)

Normal
plane

Q( )c

c
r–
0b0

M
�0 0n�0 0n

P( )r0

t0 Osculating
plane
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74 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

⇒  (c – r0) . n0 = ρ0

∴ Projection of c – r0 on n0 = ρ0 ...(1)
Let QM be perpendicular to the principal normal at P.
∴ M is the centre of the osculating circle at P.
Also, (1) ⇒ PM = ρ0n0 ⇒ PM = ρ0 ⇒ M is the centre of curvature at P.
Also, the centre of curvature (M) lies on the principal normal at P and at a distance ρ0

from P.
∴ The radius of the osculating circle at P is ρ0 which is also equal to the radius of

curvature of the given curve at P.
Also, the position vector of the centre of the osculating circle at P(r0)

= P.V. of M = r0 + ρ0n0
and it lies on the principal normal of the given curve at P.

Remark. If κ0 = 0, then f ″(s0) = 0 ⇒ 0 + 2 = 0, which is impossible.
∴ If κ0 = 0, then there does not exist any sphere having at least 3-point of contact with the given

curve at P.

8. LOCUS OF CENTRE OF CURVATURE
Let r = r(s) be the equation of a curve C. For each point P with non-zero curvature, on

the curve C, there exists an osculating circle. Let C1 denote the locus of the centre of curvature
i.e., the centre of osculating circle as the point P moves along the curve C. We shall prove two
properties regarding the curve C1, the locus of centre of curvature.

Property I. The tangent to the locus of centre of curvature lies in the normal plane of the
original curve.

Proof. Let P(r) be any point on a curve C given
by r = r(s). Let κ ≠ 0 at P. Let c be the position vector of
the centre of curvature Q at the point P.

∴  c = r + ρn ...(1)
We shall use suffix ‘1’ with quantities corre-

sponding to the curve C1 of the locus of centre of curva-
ture.

Differentiating (1) w.r.t. s1, we get
d
ds

d
ds

ds
ds

c
r n

1 1
= +( )ρ .

⇒ t1 = (r′ + ρn′ + ρ′n) 
ds
ds1

⇒ t1 = (r′ + ρ(– κt + τb) + ρ′n) 
ds
ds1

⇒ t1 = (t – t + ρτb + ρ′n) 
ds
ds1

⇒ t1 = (ρτb + ρ′n) 
ds
ds1

∴ t1 lies in the plane of b and n.
∴ The tangent at a point to the curve C1 lies in the corresponding normal plane of

curve C.
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CURVATURE AND TORSION 75

∴ The tangent to the locus of the centre of curvature lies in the normal plane of the
original curve.

Remark. Let α be the angle between the tangent to the locus of the centre of curvature at the
centre of curvature at point P and the principal normal at P.

∴ t1 . n = 1 . 1. cos α = cos α

⇒ (ρτb + ρ′n) 
ds
ds1

 . n = cos α

⇒ 0 + ρ′ 
ds
ds1

 = cos α, i.e., cos α = ρ′ ds
ds1

.

Also, angle between t1 and b = π
2

 – α

∴ t1 . b = 1 . 1. cos 
π α
2

−F
HG

I
KJ

 = sin α

⇒ (ρτb + ρ′n) ds
ds1

 . b = sin α

⇒ ρτ ds
ds1

 + 0 = sin α, i.e., sin α = ρτ ds
ds1

.

Dividing, we get tan α = ρ τ
ρ

ρ
ρ σ′

=
′

∴ α = tan–1 
ρ

ρ σ′
F
HG

I
KJ

.

Property II. If the original curve C has a constant curvature κ, then the curvature of the
locus C1 of centre of curvature is also constant and the torsion of C1 varies inversely as that
of C.

Proof. Let P(r) be any point on the curve C given
by r = r(s). Let c be the position vector of the centre of
curvature at the point P.

∴ c = r + ρn ...(1)
We shall use suffix ‘1’ with quantities correspond-

ing to the curve C1 of the locus of centre of curvature.
Differentiating (1) w.r.t. s1, we get

 
d
ds

d
ds

c

1
=  (r + ρn) 

ds
ds1

.

⇒ t1 = (r′ + ρn′ + ρ′n) 
ds
ds1

...(2)

Since κ is constant, we have ρ′ = 
1
κ
F
HG
I
KJ

′
 = 0.

∴ (2) ⇒  t1 = (r′ + ρ(– κt + τb)) 
ds
ds1

n

t1

b

�

2 – �

�

O
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76 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

⇒ t1 = (t – t + ρτb) 
ds
ds1

⇒ t1 = ρτb 
ds
ds1

...(3)

⇒ t1 . t1 = ρτ ρτb b
ds
ds

ds
ds1 1

F

HG
I

KJ
F

HG
I

KJ
.

⇒ 1 = ρ2τ2 ds
ds1

2
F

HG
I

KJ
⇒ ds

ds1

1=
ρτ

∴ (3) ⇒ t1 = (ρτb) 
1

ρτ
 = b ...(4)

Differentiating w.r.t. s1, we get

 
d
ds

d
ds

ds
ds

t b1

1 1
= .

⇒ t1′ = b′ 
1

ρτ ⇒  ρτt1′ = – τn ⇒ t1′ = – 
1
ρ

 n

⇒ t1′ = – κn
⇒ κ1n1= – κn
∴ Vectors n1 and n are parallel. Choosing the direction of n1 opposite to that of n, we

have n1 = – n.
∴ κ1 = κ
∴ The curvature of the curve C1 is also constant. (∵ κ is constant)
Also b1 = t1 × n1 = b × (– n) = – b × n = n × b = t (Using (4))
Differentiating w.r.t. s1, we get

d
ds

d
ds

ds
ds

b t1

1 1
=

⇒ – τ1 n1 = t′ 
ds
ds1

⇒ – τ1 n1 = (κn) 
1

ρτ

⇒ τ1 n =
κ
ρτ

 n ⇒ τ1 = 
κ
ρ τ

κ
τ

F

HG
I

KJ
=1 12 . (∵ n1 = – n)

∴ Torsion of curve C1 varies inversely as that of C.
Example 1. Show that the principal normal to a curve is perpendicular to the locus of

the centre of curvature at points, where curvature κ is constant.
Sol. Let P(r) be any point on a curve C given by r = r(s). Let c be the position vector of

the centre of curvature at the point P.
∴ c = r + ρn ...(1)
We shall use suffix ‘1’ with quantities corresponding to the curve C1 of the locus of

centre of curvature.
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Differentiating (1) w.r.t. s1, we get

 
d
ds

d
ds

ds
ds

c
r n

1 1
= +( )ρ

⇒ t1 = (r′ + ρn′ + ρ′n) 
ds
ds1

⇒ t1 = (t + ρ(– κt + τb) + 0n) 
ds
ds1

ρ ρ
κ

′ = =F
HG

I
KJ

0
1

because is constant

⇒ t1 = ρτ ds
ds1

F

HG
I

KJ  b  (∵ ρκ = 1)

⇒ n. t1 = ρτ ds
ds1

F

HG
I

KJ
  n . b = 0

⇒ n is perpendicular to the tangent vector to the curve C1 at the point with position
vector c.

∴ Principal normal to the curve C is perpendicular to the curve C1 i.e., the locus of
centre of curvature.

Example 2. If s1 is the arc length of the locus of centre of curvature, show that

   
ds
ds

2 2 2

2

2
21 =

+ ′
= F
HG
I
KJ

+ ′
κ τ κ

κ
ρ
σ

ρ .

Sol. Let the given curve be r = r(s). Let suffix ‘1’ be used for quantities corresponding to
the locus of centre of curvature.

Let r1 be the position vector of the centre of curvature corresponding to the point r on
the curve r = r(s).

∴ r1 = r + ρn

⇒ r1 = r + 
1
κ

 n

Differentiating w.r.t. s1, we get

d
ds

d
ds

ds
ds

r
r n1

1 1

1= +F
HG

I
KJκ

⇒ t1 = r n n′ + ′ + −
′F

HG
I
KJ

F
HG

I
KJ

1
2

1κ
κ
κ

ds
ds

⇒ t1 = t t b n+ − + − ′F
HG

I
KJ

1
2

1κ
κ τ κ

κ
( )

ds
ds

⇒ t1 = − ′ +F
HG

I
KJ

κ
κ

τ
κ2

1
n b

ds
ds

⇒ t1 . t1 = − ′ +F
HG

I
KJ

− ′ +F
HG

I
KJ
F

HG
I

KJ
κ
κ

τ
κ

κ
κ

τ
κ2 2

1

2

n b n b.
ds
ds
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⇒ 1 =
κ
κ

τ
κ

κ κ τ
κ

′ +
F

HG
I

KJ
F

HG
I

KJ
= ′ +F

HG
I

KJ
F

HG
I

KJ
2

4

2

2
1

2 2 2 2

4
1

2
ds
ds

ds
ds

⇒
ds
ds

1
2 2 2 2

4
F
HG

I
KJ

= + ′κ τ κ
κ

...(1)

⇒ ds
ds

1
2 2 2

2
=

+ ′κ τ κ
κ

(1) ⇒ ds
ds

1
2 2

2

2

4
F
HG

I
KJ

= + ′τ
κ

κ
κ

 = ρ
σ κ

ρ
σ

2

2

2
2

2

1+ F
HG
I
KJ

F

H
G

I

K
J =

′

 + ρ′2

∴
ds
ds

1
2

2= F
HG
I
KJ

+ ′ρ
σ

ρ .

∴ The result holds.

9. OSCULATING SPHERE TO A CURVE
A sphere having at least 4-point contact with a given curve C at a point P on the curve

is called the osculating sphere to the curve C at the point P.
The centre of the osculating sphere at point P is called the centre of spherical

curvature of the curve C at the point P.
Remark. The radius of osculating sphere is also referred as the radius of spherical curvature.

10. EQUATION OF OSCULATING SPHERE
Let r = r(s) be the equation of a curve C, where

s is the parameter ‘arc length’. Let P be any point on
the curve C for the value s0 of s. Let r0 = r(s0). Let
curvature κ0 (= κ(s)) and torsion τ0 (= τ(s0)) be non-
zero at P.

Let the equation of the osculating sphere be
| r – c |2 = a2

with centre at Q(c) and passing through P and having
at least 4-point contact with the curve r = r(s) at P.

∴ | r0 – c |2 = a2

Let f (s) = | r(s) – c |2 – a2.
∴ f (s) = (r(s) – c) . (r(s) – c) – a2

f ′(s) = (r(s) – c) . r′(s)) + r′(s) . (r(s) – c) – 0 = 2 (r(s) – c) . t(s)
f ″(s) = 2(r(s) – c) . t′(s) + 2 (t(s)) . t(s)

= 2(r(s) – c) . κ(s) n(s) + 2(1) = 2κ(s) (r(s) – c) . n(s) + 2
f ″′(s) = 2κ′(s) (r(s) – c) . n(s) + 2κ(s) (t(s) – 0) . n(s) + 2κ(s) (r(s) – c) . n′(s) + 0

= 2κ′(s) (r(s) – c) . n(s) + 2κ(s) (0) + 2κ(s) (r(s) – c) . (– κ(s) t(s) + τ(s) b(s))
= 2κ′(s) (r(s) – c) . n(s) – 2κ2(s) (r(s) – c) . t(s) + 2κ(s) τ(s) (r(s) – c) . b(s)

Since the sphere has at least 4-point contact at P, we have
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CURVATURE AND TORSION 79

f (s0) = f ′(s0) = f ″(s0) = f ″′(s0) = 0.
 f (s0) = 0 ⇒ (r0 – c) . (r0 – c) – a2 = 0 ⇒ | r0 – c |2 – a2 = 0

⇒ a2 – a2 = 0, which is true.
  f ′(s0) = 0 ⇒ 2(r0 – c). t0 = 0 ⇒ (c – r0) . t0 = 0 ...(1)

⇒ c – r0 lies in the normal plane at P
⇒ centre (Q) of the sphere is in the normal plane at P.

 f ″(s0) = 0 ⇒ 2κ0(r0 – c) . n0 + 2 = 0

⇒ (r0 – c) . n0 = – 
1

0κ
 = – ρ0 ...(2) (Using κ0 ≠ 0)

⇒ (c – r0) . n0 = ρ0
⇒ Projection of c – r0 on n0 = ρ0

f ″′(s0) = 0 ⇒ 2κ0′ (r0 – c) . n0 – 2κ0
2 (r0 – c) . t0 + 2κ0τ0 (r0 – c) . b0 = 0

⇒ 2κ0′ −
F

HG
I

KJ
1

0κ
 – 2κ0

2(0) + 2κ0τ0(r0 – c) . b0 = 0

(Using (1) and (2))

⇒ – 
2 0

0

κ
κ

′
 + 2κ0τ0 (r0 – c) . b0 = 0

⇒ (r0 – c) . b0 = 
κ

κ τ
0

0
2

0

′
(Using τ0 ≠ 0)

⇒ (c – r0) . b0 = – 
κ

κ τ κ
0

0
2

0 0

1′
=

F

HG
I

KJ
F

HG
I

KJ
d
ds

 σ0 = ρ0′σ0

⇒ projection of c – r0 on b0 = ρ0′σ0
∴ The  components  of  the  vector  c – r0  along the vectors t0, n0 and b0 are 0, ρ0 and

ρ0′ σ0 respectively.
∴ c – r0 = 0t0 + ρ0n + ρ0′σ0b

∴  | c – r0 |  = ρ ρ σ0
2

0
2

0
2+ ′

and c = r0 + ρ0 n + ρ0′σ0 b0.
The centre Q(c) of the osculating sphere is the centre of spherical curvature of the curve

C at P.

Radius of the osculating sphere at P = PQ = | c – r0 | = ρ ρ σ0
2

0
2

0
2+ ′ .

Also, the position vector of the centre of spherical curvature of the curve C at
P(r0) = P.V. of Q = c = r0 + ρ0n0 + ρ0′σ0b0 and it lies on the normal plane of the given curve
at P.

Remark 1. In terms of κ0 and τ0, we have

(i) radius of osculating sphere at P(r0) = 
1

0

2
0

0
2

0

2

κ
κ

κ τ
F

HG
I

KJ
+

′F

HG
I

KJ
 and

(ii) p.v. of centre of spherical curvature = r0 + 
1

0κ  n0 – 
κ

κ τ
0

0
2

0

′
 b0.
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80 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Remark 2. If curvature of r = r(s) at P is constant, then radius of osculating sphere at

P(r0) = ρ σ0
2

0
20+ .  = ρ0 and p.v. of centre of spherical curvature at

 P(r0) = r0 + ρ0n0 + (0)σ0b = r0 + ρ0n0.
∴ Centre of the osculating sphere coincides with the centre of osculating circle at points where

curvature vanishes.

11. LOCUS OF CENTRE OF SPHERICAL CURVATURE
Let r = r(s) be the equation of a curve C. For each point P with non-zero curvature and

torsion on the curve C there exists an osculating sphere. Let C1 denote the locus of the centre
of spherical curvature i.e., the centre of osculating sphere as the point P moves along the
curve C. We shall prove some properties regarding the curve C1, the locus of centre of spheri-
cal curvature.

Property I. The tangent to the locus of centre of spherical curvature is parallel to the
corresponding binormal to the original curve.

Proof. Let P(r) be any point on a curve C given by r = r(s). Let κ ≠ 0, τ ≠ 0 at P. Let r1 be
the position vector of the centre of spherical curvature at the point P.

∴  r1 = r + ρn + ρ′σb ...(1)
We shall use suffix ‘1’ with quantities corresponding to the curve C1 of the locus of

centre of spherical curvature.
Differentiating (1) w.r.t. s1, we get

d
ds
r1

1
 =

d
ds

 (r + ρn + ρ′σb) 
ds
ds1

⇒ t1 = (t + ρn′ + ρ′n + ρ″σb + ρ′σ′b + ρ′σb′) 
ds
ds1

⇒ t1 = (t + ρ( – κt + τb) + ρ′n + ρ″σb + ρ′σ′b – ρ′στn) 
ds
ds1

⇒ t1 = ((1 – ρκ)t + ρ′(1 – στ)n + (ρτ + ρ″σ + ρ′σ′)b) 
ds
ds1

⇒ t1 = (ρτ + ρ″σ + ρ′σ′) ds
ds1

 b (∵ κρ = 1, τσ = 1)

∴ t1 is parallel to b.
∴ The tangent to C1 is parallel to the corresponding binormal to C.
Property II. The principal normal to the locus of centre of spherical curvature is parallel

to the corresponding principal normal to the original curve.
Proof. Let P(r) be any point on a curve C given by r = r(s). Let κ ≠ 0, τ ≠ 0 at P. Let r1 be

the position vector of the centre of spherical curvature at the point P.
∴ r1 = r + ρn + ρ′σb ...(1)
We shall use suffix ‘1’ with quantities corresponding to the curve C1 of the locus of

centre of  spherical curvature.
Differentiating (1) w.r.t. s1, we get

d
ds
r1

1
 =

d
ds

 (r + ρn + ρ′σb) 
ds
ds1
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⇒ t1 = (ρτ + ρ″σ + ρ′σ′) 
ds
ds1

 b ...(2)

(For detail see property I)

⇒ |t1| = (ρτ + ρ″σ + ρ′σ′) 
ds
ds1

 |b| ⇒ 1 = (ρτ + ρ″σ + ρ′σ′) ds
ds1

 . 1

∴ ds
ds1

 =
1

ρτ ρ″ σ ρ σ+ + ′ ′

∴ (2) ⇒ t1 = b ...(3)
Differentiating (3) w.r.t. s1, we get

d
ds

d
ds

ds
ds

t b1

1 1
=

⇒ κ1n1 = – τn 
ds
ds1

∴ n1 is parallel to n.
∴ The principal normal to C1 is parallel to the corresponding principal normal to C.
Property III. The binormal to the locus of centre of spherical curvature is parallel to

the corresponding tangent to the original curve.
Proof. Let P(r) be any point on a curve C given by r = r(s). Let κ ≠ 0, τ ≠ 0 at P. Let r1 be

the position vector of the centre of spherical curvature at the point P.
∴ r1 = r + ρn + ρ′σb  ...(1)
We shall use suffix ‘1’ with quantities corresponding to the curve C1 of the locus of

centre of spherical curvature.
Differentiating (1) w.r.t. s1, we get

d
ds
r1

1
 =

d
ds

ds
ds

( )r n b+ + ′ρ ρ σ
1

⇒ t1 = ( )ρτ ρ″σ ρ σ+ + ′ ′ ds
ds1

 b ...(2)

(For detail see property I)

⇒ |t1| = ( ) | |ρτ ρ″ σ ρ σ+ + ′ ′ ds
ds1

b

⇒
ds
ds1

1=
+ + ′ ′ρτ ρ″ σ ρ σ

∴ (2) ⇒ t1 = b ...(3)
Differentiating (3) w.r.t. s1, we get

d
ds

d
ds

ds
ds

t b1

1 1
=

⇒ κ1n1 = – τn 
ds
ds1

...(4)
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⇒ κ1|n1| = |– 1| τ 
ds
ds1

| |n

⇒ κ1 . 1 = 1 1
1

. .τ ds
ds

⇒ κ1 = τ ds
ds1

∴ 4) ⇒ n1 = – n
⇒ t1 × n1 = b × (– n) (Using (3))
⇒ b1 = t
∴  b1 is parallel to t.
∴ The binormal to C1 is parallel to the corresponding tangent to C.
Property IV. The product of curvatures at the corresponding points on the locus of

centre of spherical curvature and the original curve is equal to the product of their torsions.
Proof. Let P(r) be any point on a curve C given by r = r(s). Let κ ≠ 0, τ ≠ 0 at P. Let r1 be

the position vector of the centre of spherical curvature at the point P.
∴ r1 = r + ρn + ρ′σ b ...(1)
We shall use suffix ‘1’ with quantities corresponding to the curve C1 of locus of centre of

spherical curvature.
Differentiating (1) w.r.t. s1, we get

d
ds
r1

1
 =

d
ds

 (r + ρn + ρ′σb) 
ds
ds1

⇒ t1 = (ρτ + ρ″σ + ρ′σ′) 
ds
ds1

 b ...(2)

(For detail see property I)

⇒ | t1 | = (ρτ + ρ″σ + ρ′σ′) ds
ds1

 | b |

⇒
ds
ds1

 =
1

ρτ ρ″ σ ρ σ+ + ′ ′

∴ (2) ⇒ t1 = b ...(3)
 Differentiating (3) w.r.t. s1, we get

d
ds

t1

1
 =

d
ds
b

 
ds
ds1

⇒ κ1n1 = – τn 
ds
ds1

...(4)

⇒ κ1| n1 | = |– 1| τ ds
ds1

 | n |

⇒ κ1 . 1 = 1 . τ 
ds
ds1

 . 1 ⇒ κ1 = τ 
ds
ds1

∴ (4) ⇒ n1 = – n
⇒ t1 × n1 = b × (– n) (Using (3)
⇒ b1 = t
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Differentiating w.r.t. s1, we get

   
d
ds

d
ds

ds
ds

b t1

1 1
=

⇒ – τ1n1 = (κn) 
κ
τ
1 Using κ τ1

1
=

F

HG
I

KJ
ds
ds

⇒ – τ1(– n) =
κκ

τ
1  n (Using n1 = – n)

⇒ ττ1n = κκ1n ⇒ κκ1 = ττ1.
∴ The product of curvatures at the corresponding points is equal to the product of the

torsions.
Property V. If curvature κ of a curve C is constant, then the curvature κ1 of the curve C1

of the locus of centre of spherical curvature is also constant.
Proof. Let P(r) be any point on a curve C given by r = r(s). Let κ ≠ 0, τ ≠ 0 at P. Let r1 be

the position vector of the centre of spherical curvature at the point P.
∴ r1 = r + ρn + ρ′σb ...(1)
We shall use suffix ‘1’ with quantities corresponding to the curve C1 of the locus of

centre of spherical curvature.
Differentiating (1) w.r.t. s1, we get

  
d
ds

d
ds

r1

1
=  (r + ρn + ρ′σb) 

ds
ds1

⇒ t1 = (ρτ + ρ″σ + ρ′σ′) ds
ds1

 b ...(2)

(For detail see property I)

⇒ | t1 | = (ρτ + ρ″σ + ρ′σ′) 
ds
ds1

 | b |

⇒
ds
ds1

 =
1

ρτ ρ″ σ ρ σ+ + ′ ′
∴ (2) ⇒ t1 = b ...(3)
Differentiating (3) w.r.t. s1, we get

    
d
ds

d
ds

ds
ds

t b1

1 1
=

⇒ κ1n1 = – τn 
ds
ds1

⇒ κ1n1 = – τ κ
τ
F
HG
I
KJ

n ′ F
HG
I
KJ

′
′′ = ⇒ =

+ + ′
=

F

H
G
G

I

K
J
J

ρ
κ

ρ
ρτ σ σ

κ
τ

=
1

= 0, 0
1

0 01

ds
ds .

⇒ κ1n1 = – κn
⇒ κ1 | n1 | = | – 1 | κ | n | ⇒ κ1 = κ
⇒ κ1 is constant because κ is constant.
∴ The curvature of the curve C1 of the locus of centre of spherical curvature is also

constant.
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84 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Example 3. If R is the radius of osculating sphere to a curve r = r(s) at point ‘s’, then
show that

R =
t t× ″
κ τ2 .

Sol. We have t′ = κn
and t″ = κn′ + κ′n = κ(– κt + τb) + κ′n = – κ2t + κ′n + κτb

∴ t × t″ = t × (– κ2t + κ′n + κτb)
= – κ2 (t × t) + κ′(t × n) + κτ(t × b)
= – κ2(0) + κ′b + κτ (– n) = –  κτn + κ′b

∴
t t× ″
κ τ2  = – 

κτ
κ τ2  n + 

κ
κ τ

′
2  b = – ρn – 

1
κ

σF
HG
I
KJ

′
b  = – ρn – ρ′σb

⇒ – 
t t× ″
κ τ2  = ρn + ρ′σb

⇒ (– 1)2 
t t t t× ″ × ″
κ τ κ τ2 2.  = (ρn + ρ′σb) · (ρn + ρ′σb)

⇒
t t× ″
κ τ2

2

 = ρ2 n· n + ρ′2σ2 b· b = ρ2 + ρ′2σ2

= R2 (∵ R2 = ρ2 + ρ′2σ2)

∴ R =
t t× ″
κ τ2 .

Example 4. Show that the radius of osculating sphere of the circular helix
x = a cos θ, y = a sin θ, z = aθ cot α

is equal to the radius of curvature at each point on the helix.
Sol. Given helix is x = a cos θ, y = a sin θ, z = a θ cot α.
Let r be the position vector of the point P(x, y, z) on the helix.
∴ r = xi + yj + zk = a cos θi + a sin θj + aθ cot αk

We know that κ =
| � ��|

| �|

r r
r
×

3 (A standard formula)

Now �r  = – a sin θi + a cos θj + a cot αk
��r  = – a cos θi – a sin θj + 0k

∴ � ��r r×  =

i j k
−
− −

a a a
a a

sin cos cot
cos sin

θ θ α
θ θ 0

= – – sin cos cot
cos sin

a2

0

i j k
θ θ α

θ θ
= – a2 [– cot α sin θi + cot α cos θj – k]
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CURVATURE AND TORSION 85

∴ | � �� |r r×  = a2 cot sin cot cos2 2 2 2 1α θ α θ+ +

= a2 cot2 1α +  = a2 cosec α

Also | � |r  = (a2 sin2 θ + a2 cos2 θ + a2 cot2 α)1/2

= (a2 + a2 cot2 α)1/2 = a cosec α

∴ κ =
| � ��|
| �|
r r
r
×

3  = 
a

a

2

3 3
cosec
cosec

α
α

 = 
sin2 α

a

∴ κ is a constant quantity.

∴ ρ′ =
1

0
κ

FHG IKJ
′

=

Let R be the radius of osculating sphere at the point P on the curve.

∴ R = ρ ρ σ2 2 2+ ′  = ρ σ2 2 20+ ( )  = ρ

Also the radius of curvature at P is ρ.
∴ The result holds.
Example 5. Find the equation of the osculating sphere to the curve x = 2t + 1,

y = 3t2 + 2, z = 4t3 + 3 at the point (1, 2, 3).

Sol. The given curve is
x = 2t + 1, y = 3t2 + 2, z = 4t3 + 3.

The point P(1, 2, 3) corresponds to the value 0 of t.
Let r be the position vector of the point (x, y, z) on the given curve.
∴ r = xi + yj + zk = (2t + 1)i + (3t2 + 2)j + (4t3 + 3)k
Let (α, β, γ) and R be the centre and the radius of the osculating sphere at P(1, 2, 3)

respectively.
∴ The equation of the osculating sphere is |r – c|2 = R2,  where c = αi + βj + γk.
This sphere passes through (1, 2, 3) and has at least 4-point contact with the given

curve at P.
∴   |(i + 2j + 3k) – (αi + βj + γk)|2 = R2

⇒  (1 – α)2 + (2 – β)2 + ( 3 – γ)2 = R2 ...(1)
Let f (t) = | (2t + 1)i + (3t2 + 2)j + (4t3 + 3)k – (αi + βj + γk) |2 – R2

= (2t + 1 – α)2 + (3t2 + 2 – β)2 + (4t3 + 3 – γ)2 – R2

∴ f ′(t) = 2(2t + 1 – α)2 + 2(3t2 + 2 – β)6t + 2(4t3 + 3 – γ)12t2

f ″(t) = 8 + 108t2 + 12(2 – β) + 480t4 + 48(3 – γ)t
f ′″(t) = 216t + 1920t3 + 48(3 – γ)
f iv(t) = 216 + 5760t2

Since the sphere has at least 4-point contact at t = 0, we have
f (0) = f ′(0) = f ″(0) = f ′″(0) = 0 and f iv(0) ≠ 0
f (0) = 0 ⇒ (1 – α)2 + (2 – β)2 + (3 – γ)2 – R2 = 0, which is true.
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86 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

f ′(0) = 0 ⇒ 4(1 – α) = 0 ⇒ α = 1 (By using (1))
f ″(0) = 0 ⇒ 8 + 12 (2 – β) = 0 ⇒ β = 8/3
f ′″(0) = 0 ⇒ 48(3 – γ) = 0 ⇒ γ = 3

∴ c = αi + βj + γk = i + 
8
3

j + 3k

(1) ⇒ R2 = (1 – 1)2 + 2
8
3

2

−F
HG

I
KJ + (3 – 3)2 = 

4
9

⇒ R = 
2
3

∴ Centre and radius of the osculating sphere at the point P are (1, 8/3, 3) and 2/3
respectively.

∴ The equation of the osculating sphere is

( )x y zi j k i j k+ + − + +F
HG

I
KJ

8
3

3  =
2
3

2F
HG

I
KJ.

⇒ (x – 1)2 + y −F
HG

I
KJ

8
3

2

 + (z – 3)2 =
4
9

⇒ 3x2 + 3y2 + 3z2 – 6x – 16y – 18z + 50 = 0.
Example 6. If the radius of the osculating sphere of a curve is constant, prove that the

curve lies on a sphere or has constant curvature.
Sol. Let the given curve be r = r(s).
Let R be the radius of the osculating sphere at each point on the curve r = r(s).

Let P(r) be any point on this curve.

∴ R = ρ ρ σ2 2 2+ ′

⇒ R2 = ρ2 + ρ′2σ2 ...(1)
Differentiating (1) w.r.t. s, we get

0 = 2ρρ′ + ρ′2(2σσ′) + (2ρ′ρ″)σ2

⇒ 0 = 2ρ′(ρ + ρ′σσ′ + ρ″σ2)
⇒ Either ρ′ = 0 ...(2) or ρ + ρ′σσ′ + ρ″σ2 = 0 ...(3)
(2) ⇒ ρ is constant ⇒ κ is constant.
Let (3) hold. Let r1 be the position vector of the centre of spherical curvature at the

point P(r).
∴ r1 = r + ρn + ρ′σb
Differentiating w.r.t. s, we get

d
ds
r1  = r′ + (ρn′ + ρ′n) + (ρ″σb + ρ′σ′b + ρ′σb′)

= t + ρ(– κt + τb) + ρ′n + ρ″σb + ρ′σ′b + ρ′σ(– τn)
= (1 – ρκ)t + (ρ′ – ρ′στ)n + (ρτ + ρ″σ + ρ′σ′)b
= 0t + 0n + (ρτ + ρ″σ + ρ′σ′)b (� ρκ = 1, στ = 1)

=
ρ
σ

ρ″ σ ρ σ+ + ′ ′F
HG

I
KJ b
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=
1
σ

 (ρ + ρ″σ2 + ρ′σ′σ)b

=
1
σ

 (0)b = 0 (Using (3))

⇒
d
ds
r1  = 0 ⇒ r1 is constant.

∴ The centre of the osculating sphere is independent of the point P(r) on the curve
r = r(s).

∴ The centre of osculating sphere is same at every point on the curve r = r(s).
Also, the radius of the osculating sphere is same for each point on the curve r = r(s).
∴ The osculating sphere is a fixed sphere for each point on the curve r = r(s).
∴ The curve r = r(s) lies itself on this sphere.
Example 7. Show that the necessary and sufficient condition for a curve r = r(s) to lie on

a sphere is s ρ
σ

ρ σ+ ′d
ds

( ) = 0 at every point on the curve.

Sol. Necessity. Let the curve r = r(s) lie on a sphere.
∴ This sphere is the osculating sphere to the curve r = r(s) at every point of the curve.
∴ The radius R of the osculating sphere at each point is constant.
We have R2 = ρ2 + ρ′2σ2

Differentiating w.r.t. s, we get
0 = 2ρρ′ + ρ′2(2σσ′) + (2ρ′ρ″)σ2

⇒ 0 = 2ρ′σ 
ρ
σ

ρ σ ρ″ σ+ ′ ′ +F
HG

I
KJ

⇒
ρ
σ

ρ σ ρ″ σ+ ′ ′ +  = 0 (Assuming ρ′ ≠ 0, σ ≠ 0)

⇒ ρ
σ

ρ σ+ ′d
ds

( ) = 0.

Sufficiency. Let ρ
σ

ρ σ+ ′d
ds

( ) = 0.

⇒ ρ
σ

ρ σ ρ″ σ+ ′ ′ +  = 0

⇒ 2ρ′σ 
ρ
σ

ρ σ ρ″ σ+ ′ ′ +F
HG

I
KJ = 0

⇒ 2ρρ′ + ρ′2(2σσ′) + (2ρ′ρ″)σ2 = 0

⇒ d
ds

 (ρ2 + ρ′2σ2) = 0

⇒ ρ2 + ρ′2 σ2 = λ, a constant.
⇒ R2 = λ i.e., R is constant.
∴ Radius of osculating sphere is independent of the point on the curve r = r(s).
Let r1 be the position vector of the centre of osculating sphere at the point s.
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88 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

∴ r1 = r + ρn + ρ′σb
Differentiating w.r.t. s, we get

d
ds
r1  = r′ + (ρn′ + ρ′n) + (ρ″σb + ρ′σ′b + ρ′σb′)

= t + ρ( – κt + τb) + ρ′n + ρ″σb + ρ′σ′b + ρ′σ(– τn)
= (1 – ρκ) t + (ρ′ – ρ′στ) n + (ρτ + ρ″σ + ρ′σ′) b

= 0t + 0n + 
ρ
σ

ρ σ+ ′F
HG

I
KJ

d
ds

( )  b = 0 b = 0

⇒
d
ds
r1  = 0 ⇒ r1 is constant.

The centre of the osculating sphere is independent of the point on the curve r = r(s).
∴ The centre of the osculating sphere is same at every point on the curve r = r(s).

Also, the radius of the osculating sphere is same for each point on the curve r = r(s).
∴ The osculating sphere is a fixed sphere for each point on the curve r = r(s).
∴ The curve r = r(s) lies itself on this sphere.

WORKING RULES FOR SOLVING PROBLEMS

Rule I. A curve r = x(t)i + y(t)j + z(t)k of sufficiently high class is said to have n-point
contact with a surface F(x, y, z) = 0 at the point t0 if the function
f(t) = F(x(t), y(t), z(t)) satisfies:

f(t0 ) = � ( ) �� ( )f t f t0 0=  = ... = f (n–1) (t0 ) = 0 and f (n)(t0 ) ≠ 0.

Rule II. A curve r = x(t)i + y(t)j + z(t)k of sufficiently high class is said to have n-point
contact with a curve F(x, y, z) = 0, G(x, y, z) = 0 at the point t0 if the functions
f(t) = F(x(t), y(t), z(t)) and g(t) = G(x(t), y(t), z(t)) satisfy:

f(t0 ) = � ( ) �� ( )f t f t0 0=  = ... = f (n–1) (t0 ) = 0

g(t0) = � ( ) �� ( )g t g t0 0=  = ... = g(n–1) (t0) = 0
and either f(n)(t0 ) ≠ 0 or g(n)(t0 ) ≠ 0.

Rule III. A circle having at least 3-point contact with a given curve C at a point P on the
curve is called the osculating circle to the curve C at the point P. The centre of
the osculating circle at the point P is called the centre of curvature of the
curve C at the point P.
If r1 be the position vector of the centre of curvature at point r then,
r1 = r + ρn and radius of osculating circle = ρ.

Rule IV. A sphere having at least 4-point contact with a given curve C at a point P on the
curve is called the osculating sphere to the curve C at the point P. The centre
of the osculating sphere at the point P is called the centre of spherical
curvature of the curve C at the point P.
If r1 be the position vector of the centre of spherical curvature at point r, then

r1 = r + ρn + ρ′σb and radius of osculating sphere = ρ ρ σ2 2 2+ ′ .
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EXERCISE 2.4

1. Show that the tangent to the locus of the centre of curvature lies in the normal plane of the

original curve and makes an angle tan–1 
ρ

σρ′
 with the principal normal of the original curve.

2. If C is a curve of constant curvature κ, show that the locus C1 of its centre of curvature is also a

curve of constant curvature κ1 such that κ1 = κ and its torsion τ1 is given by the relation τ1 = 
κ
τ

2

.

3. For a curve of constant curvature, show that the centre of spherical curvature coincides with the
centre of circular curvature.

4. If R is the radius of the osculating sphere to a curve r = r(s) at point s, then show that:
 R2 = ρ4σ2 |r′″|3 – σ2.

5. For the curve r = x(s)i + y(s)j + z (s)k, show that:

  x′″2 + y′″2 + z′″2 = 
1

2 2ρ σ
 + 

1 2

4
+ ′ρ
ρ

.

6. For the curve r = x(s)i + y(s)j + z(s)k, show that:

ρ4(x′″2 + y′″2 + z′″2) = 1 + 
R2

2σ
,

where R is the radius of spherical curvature at the point (x, y, z).
7. Show that the radius of spherical curvature of a circular helix is equal to the radius of its circular

curvature.

Hint
4. r′″ = (r″)′ = (t′)′ = (κn)′ = κn′ + κ′n = κ(– κt + τb) + κ′n = – κ2t + κ′n + κτ b

∴ |r′″|2 = (– κ2)2 + (κ′)2 + (κτ)2

 = 
1
4 2

2

2 2ρ
ρ
ρ ρ σ

+ − ′F
HG

I
KJ + 1

 = 
σ ρ σ ρ

ρ σ

2 2 2 2

4 2
+ ′ +

 = 
σ

ρ σ

2 2

4 2
+ R

.
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