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1

Curves in Space

1. INTRODUCTION

Differential geometry is that branch of geometry which is treated using the methods of
calculus. In particular, we investigate curves and surfaces in space in differential geometry.
Differential geometry plays an important role in engineering designs, geodesy, geograph and
space travel. Formulae regarding vector algebra and vector calculus are frequently used in
the study of differential geometry.

2. BRANCHES OF DIFFERENTIAL GEOMETRY

There are two branches of differential geometry.

(i) Local Differential Geometry. In this branch of differential geometry, we study
the properties of curves and surfaces in space which depend only upon points close to a particular
point of the geometric figure under consideration.

(it) Global Differential Geometry. In this branch of differential geometry, we study
the properties of curves and surfaces in space which involve the entire geometric figure under
consideration.

In the present course, we shall study some of the fundamentals of local differential
geometry.

3. FUNCTIONS OF CLASS C™

A scalar valued (or vector valued) function defined on an interval I belongs to class C™
on the interval I if the m!® order derivative of the function exists and is continuous on I.
The class of continuous functions is denoted by C°. The class of functions having deriva-
tives of all orders is denoted by C=.
If a function belongs to the class C™, then that function is called a C™ function.
We know that a vector function is continuous or has a derivative if and only if all com-
ponents of the functions are continuous or have derivatives.
A vector function f(¢) = f,()i + £,(t)j + f5(D)k belongs to C™ on I if and only if its
components f(¢), f,(¢) and £;(¢) belong to C™ on 1.
Remark 1. We know that a differential function is always continuous.
If a function belongs to C™, then it belongs to C* for all 2 < m.
Remark 2. In printing work, the vector quantity f is depicted by using bold letter. In writing

N
work, the vector f is written as / or ]j .
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4 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Example 1. Show that the vector function £(t) = (cos t)i + t3j + t7% Kk, — oo < t < o0 belongs
to Clon - <t <o andnot C?on—oo <t <o

Sol. We have f(t) = (cos )i + 3§ + 73k

. 5 . df
— (— in £ 2: , 2 43 £
f(t) = (—sin )i + 3t%4 + 3 t#"k ( dtj

—sin ¢, 32, gtm are continuous functions of ¢, where — o < ¢ < oo,

f (¢) is continuous on — o < ¢ < oo,
f(¢) belongs to C! on — « < ¢ < o,
10

Also, £(2) = (— cos Di + 6tj + Wk
ot

10

0r 13
The scalar function 3 does not belong to C2 on — o < t < oo,

The function is not continuous at ¢ = 0.

f(¢) does not belong to C2 on — « < ¢ < o,
Remark. f(¢) belongs to C™ for all m > 0 on any interval not containing ‘0’.

4. CURVE IN SPACE

A curve in space is defined as the locus of a point whose position vector relative to a
fixed origin may be expressed as a function of a single parameter.

Thus, a curve C in space may be represented by a vector function

r(t) = x()i + y(8)j + z(H)Kk, where t is a parameter. Here
r(¢) is the position vector of the point P on the curve C and
x(t), y(t), z(t) are the cartesian coordinates of the point P. To
each value ¢’ of ¢ there correspond a unique point of the
curve C with position vector r(¢’) and cartesian coordinates
(x(@), y(@), 2(¢)).

As t increases, the direction of travelling along the
curve C is called the positive sense on the curve C. Also
as t decreases, the direction of travelling along the curve C is called the negative sense on
the curve C.

P(x(t), y(), z(t))

O (origin)

If a curve in space lies wholly in a plane, then it is called a plane curve.
If a curve in space does not lie wholly in a plane then it is called a skew curve or a
tortous curve or a twisted curve.
Example 2. Show that the curve in space v(t) =a cos ti+ b sin t j + OK is a plane curve.
Sol. We have r(¢) = a cos ti + b sin £j + Ok.
Let (x, y, z) be the coordinates of the point with position vector r(z).
x=acost, y=bsint, z=0

2 2
+

X
(12

=1,2=0 (v cos®t+sin2t=1)

c~|<<
Do

This represents an ellipse in the xy-plane.
The given curve is a plane curve.
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5. REGULAR CURVE
A curver =r(t),a <t <b is called a regular curve if
(i) r(?) exists and is continuous on @ <t <b i.e., r(t)isofclass Clona <t <b.
@) r@)=0foralltina <t<b.
For example, consider the curve
r=r(t) =3+t + 2k, —c0 < t < 0.

Here r(t) = 3i + 413 + Ok

r(¢) is continuous on — = < ¢ <« and also non-zero.
The given curve is a regular curve.

dx dy dz
dt’ dt’ dt

Remark. If r = r(t) = x@®)i + y(#)j + z(t)k is a regular curve then, are never zero

simultaneously.

6. SIMPLE CURVE
A curver =r(t),a <t <b is called a simple curve if

@) r =r),a <t <bis aregular curve.

@)ty #2t, = rt) #r(t,) ie, the curve is without points at v
which the curve intersects or touches itself.

Remark. A point where a curve intersects or touches itself is called Curves with multiple points
a multiple point.

EXERCISE 1.1

1. Show that the function fit) = t2 + t2, belongs to:
(i) C? on (— oo, o) (it) C® on (1, 4).
2. Show that the function f() = 3t4 + 6#°j + k belongs to C on (— oo, ).

3. If the vector functions f and g belong to C™ on I, then show that the vector functionsf+g ,f- g,
f x g also belong to C™ on I.

4. Ifa and b are constant vectors, then show that the curve in space r(¢) = a + tb is a plane curve.
5. Show that the curve in space r(¢) = 4 sin i + 0j + 3 cos tk, — o < f < = is a plane curve.
6. Show that the curve in space r(¢) = 2¢%i + (1 + ¢3)j + Ttk, — o < t < o is a regular curve.

7. ARC OF A CURVE

An arc of a curve is the portion of the curve between any two points of the curve.
For simplicity, we shall say ‘curve’ for curves as well as for arcs.

8. LENGTH OF A CURVE r(ts)

The length of a curve is defined in
terms of the lengths of approximating
polygonal arcs. Let r = r(¢), a < ¢ < b be the
given curve.

Let a=t¢,<t <... <t,=
be a subdivision of the interval a <t <b.This )=,
subdivision determines a sequence of points

r(b) = r(t,)
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6 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

r,=r(ty), r; =r), ... , T, =71t).
These points are joined in sequence to form an approximating polygonal arc P as shown
in the figure.

n
r,—T_ g |:Z | rt;) - rt;_,)
i=1
We make subdivisions of the interval arbitrarily small so that the greatest | ¢, — ¢, , |
approaches 0 as n — oo,

Length of P= Z
i=1

n
If lim Z | r(t;) — r(t;_,) | exists finitely, then the given curve is said to a rectifiable
n— o P

curve and the value of this limit is called the length of the given curve.
Theorem. If r = r(¢), a <t < b be a regular curve then prove that this curve is rectifiable

b .
and its length is given by the integral J |r@) | dt.
a

Note. The proof of this theorem is beyond the scope of this book.

WORKING RULES FOR FINDING LENGTH OF THE CURVE
r=r() BETWEEN a<{<0b

Step I.  Find r and then |x].
Step II. Evaluate j ° |r| dt - This gives the required length of the curve.

Example 1. Find the length of the helix v = (a cos t)i + (a sin t)j + btk, 0 <t < 2m.
Sol. We have r = (a cos H)i + (a sin #)j + btk, 0 <t < 2m.

r = (—a sin O)i + (a cos 8)j + bk

Irl = \/a2 sin? ¢ +a® cos® ¢ +b* :\/a2 +b?

2 .
Length of the helix = jo " | dt

s

2
= [TaT bt d=at 167 ¢ | = omfa? o
0

Example 2. Find the length of the curve r = (4 cosh 2t)i + (4 sinh 2¢)j + 8tk, 0 <t < 7.
Sol. We have r = (4 cosh 2t)i + (4 sinh 2¢)j + 8tk, 0<¢<m.

r = (8 sinh 2¢)i + (8 cosh 2¢)j + 8k

|v] = /64 sinh® 2¢ + 64 cosh? 2t + 64

= 84/2 cosh? 2t = 8\/5 cosh 2t
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T .
Length of the curve = Jo |r| dt

= J‘On 8\/5 cosh 2t dt

= 4\/5 sinh 2¢ ‘Z = 4\/5 sinh 2m.
Example 3. Find the length of the semicubical parabola r = ti + t*2j from (0, 0, 0)
to (4, 8, 0).
Sol. We have r=ti+t%2j.
The coordinates of the point with position vector r are (¢, t32, 0).

t=0,t2=0 = ¢t=0 and t=4,t%2=8 = t=4.
The given points correspond to the values 0 and 4 of ¢.

PR IR
r=i+—t"j

BE 1+%t :%1/4+9t

Length of the given curve

4 . 41
- jo || dt:jo SArotdt

(a+90%2 [0
(3/2)9

1
5

— _517[(40)3/2 _ (4)3/2]

_ 2_17[8()@ _g] :2%[«/1000 ~1] =9.073.

Example 4. Show that the length of the curve x = 2a(sin™ t + t\J1-¢%), y = 2at?,
2z = 4at between the points t =t, and t = t,is 4,[9 alt,— t,).

Sol. We have x = 2a(sin™ ¢ + ¢,/1-¢2 ), y = 2at?, z = 4at.

Let r be the position vector of the point (x, y, z) on the given curve.

r=xi+yj+zk=2a(sin # + ¢,/1 —¢2 )i + 2at?j + 4atk

i~=2a( 1 - +té(1—t2)-1’2(—2t)+,/1—t2.1]i+4atj+4ak
1-t

=2a [\/ 1 = —\/tz = +1[1—t2]i+4atj+4ak
1-¢ 1-¢

= Za(\ll—tz +\/1—t2 )i + 4atj + 4ak
=4a /1 -¢2 1+ 4atj + 4ak




SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

8 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

x| = \16a2(1-t%) + 16a%? + 1642

—4aJA-t2+t2+1) =424

Length of the given curve
ty . ¢
=j |r|dt=_[ 442 a dt
t t

= 4'\/§at iz = 4'\/5 a(tz - tl)
Example 5. Find the arc length as a function of 6 along the epicycloid:

b a+b
0, y=(a+b)sin0-bsin 0| z=0.

a+
x=(a+b)cos(9—bcos( b

b
Sol. The given epicycloid is

x=(a+b)cosO—>bcos (a;—be),y=(a+b)sin6—b sin(a;be),z=0.

x =—(a+b)sin6+(a+b)sin(azbe),

3./ =(a +b)cos 6—(a+ b) cos (a;—b

9) and z = 0
Let r be the position vector of the point (x, v, z) on the epicycloid.

r=xi+yj+zk .. r=xi+yj+zk

o)

+(a + b)? (cosG—cos(aZ

- ) T\ ¥ 4 . . (a+
lr|? =x% +9% + 2% = (a + b)? (—s1n6+sm(

2
ben +0?
b

b b e}

=(a +b)? {2—2008((1;%) G—GH =(a + b)? [2—2cos(%eﬂ

= 4(a + b)? sin2 ie]
a Sin (26

6—2c056cosa+

=(a + b)? {2—25in65ina+b

r | =2(a +b) sin | —
| x| a+ )sm(%e)

0

a
2(a +b) cos (26 9)

o - o . a
3=j0|r|d9—j02(a+b)s1n(2—be)de__ 5

) M[ (g e)— 1}: 4<a+b>b{1_cos (hﬂ.
a 2b a 2b
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2 2

Example 6. Find the length of the curve given by the intersection of the surfaces x_2 - Z’—2 =1,
a

z ) .
x =a cosh — from the point (a, 0, 0) to the point (x, y, z).
a

2 2
Sol. We have x_2_y_2 =1 (1)
a b
z
and x =a cosh — ...(2)
a
Let x=acosht, y=>bsinht, z=at

(1) and (2) are satisfied.
Let r be the position vector of the point (x, y, z) on the given curve.
r = (a cosh )i + (b sinh #)j + atk
acosht=a,bsinht=0,at=0 = ¢t=0
The initial point corresponds to ¢ = 0.

r = (a sinh Hi + (b cosh t)j + ak

|i'| :\/OL2 sinh? ¢ + b? cosh? ¢ + a?

= \/a2 (sinh?¢+1)+b2 cosh? ¢t

= \/a2 cosh? ¢ + b? cosh” ¢ = \/(a2 +b%) cosh ¢
Length of the given curve

_ j; |#ds = j; Ja® +57 cosh ¢ dt
= \/az +b% sinh ¢ ‘t =wla2 +b2 sinh ¢
0
w/az +b2

=Ty_

EXERCISE 1.2

=

Find the length of the helix r = (3 cos t)i + (3 sin #)j + 4¢k, 0 <¢ < 2m.
(i) Find the length of one complete turn of the helix :

M

r =(acost,asint,bt),—cc<t<oo,a>0,b>0.

(1) Find the length of the helix r = a cos ui + a sin uj + cuk, — « < u < « from the point (a, 0, 0) to
the point (a, 0, 2mc).

Find the length of the curve r = (3 cosh 2¢#)i + (3 sinh 2¢)j + 6tk, 0 <t <.
Find the length of the catenary r = #i + cosh ¢j from ¢ =0 to ¢ = 1.
Find the length of the curve r = (1 + 2)i+ 2 +¢)j -k, 3 <t < 7.

Find the length of the curve r = (2 + 9t)i + (1 — 3t)j + tk, 8 <¢ <15. Also, verify the result by using
the distance formula to find the distance between two given points.

S oo
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10 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

7. TFind the length of the semicubical parabola r = ti + t¥?k from (0, 0, 0) to (9, 0, 27).

8. Find the length of the curve r = (sin™! ¢ + ¢,/1 —¢2 )i + t%j + 2tk from ¢ = 1 to ¢ = 3.

9. Find the length of the curve given by the intersection of the surfaces x? — y2 = 1, x = cosh z from
the point (1, 0, 0) to the point (x, y, 2).
10. Find the length of the curve r = e’ cos #i + e’ sin ¢j + ek, 0 <t < 7.

Answers
1. 10x 2. () 2n,/a2 +b2 (ii) 2mya® + c* 3. 342 sinh 2n
4. sinh 1 5. 445 6. 7491 7. 28.73
8. 442 9. /2y 10. /3 (e"— 1).
Hint

2. (i) The limits in the definite integral are to be £, and ¢, + 2n, where £, is any number.

9. ARC LENGTH AS PARAMETER IN REPRESENTATIONS OF CURVES

Let r = r(¢) be any regular curve. Let A(t = a) be any arbitrary but fixed point on the
curve. We define a function s of ¢ as

t .
s=s(t) = j x| dt (D)

s(?) is called the arc length function of the curve r = r(?). If ¢, > a, then s(¢) is the
length of curve between the points with parametric values a and ¢. If ¢, < a, then s(¢)) is
negative of the length of the curve between the points with parametric values a and ¢,. Thus
s(a) = 0 and for points on one side of A the value of s will be positive ; for points on other side,
negative. The choice of the fixed point A(¢ = @) is arbitrary. Changing point A shall mean
changing s by a constant quantity.

For simplicity, the arc length function s is written arc length. The use of arc length s
as parameter in space curves would help us a lot in studying their curvature and torsion.

By the fundamental theorem of calculus, (1) implies

ﬁzﬁ- _|dr .(2)
dt dt
dr|_|dr dt|_|dr||dt
ds| |dt ds| |dt||ds
dr ds dr dr .
=dt/dt=dt/dt =1 (Us1ng(2))
dr
— | =1.
ds

If the equation of a curve is given in terms of arc length, then we say that the equation
of the curve is a natural representation of the curve.

If the parameter in the equation of a curve is other than, ‘arc length s’, then the equa-
tion of the curve is called an arbitrary representation of the curve.
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In general, the geometric quantities along a curve are defined in terms of a natural

ds |dr

representation of the curve. By using the chain rule and the relation praalnlt these quanti-
t t

ties can also be derived in terms of any arbitrary parameter.

WORKING RULES FOR WRITING r = r(¢) IN TERMS OF s

Step I Find Ixl.

t .
Step II. Solve s = J. |x| dt to find s in terms of t.
0

Step III. Using the relation found in Step IL, find t in terms of s.

Step IV. Substitute the value of t in r = v(t) to get the required natural representation of
the given curve.

Example 1. Find the equation of the helix ¥ = a cos ti + a sin tj + ctk, — o < t < oo in terms
of arc length s as parameter.

Sol. We have r=acosti+asintj+ctk,—co<t<o (1)

r=—asinti+a costj +ck

|r| = \/a2 sin? ¢+ a? cos? ¢ +¢? :\/a2 +c?
Let the point with ¢ = 0 be the fixed point for the arc length parameter s.

s=s() = J; || dt

= j; \/az +c2 dtzwlaz +c?¢
T G |
Ja? +¢?

Substituting the value of # in (1), the equation of the given helix in terms of arc length s
as parameter is

s . . s . cs
r(s) =a c0S ——— 1 + a sin j+ 5 2k.
Ja? +c? \/az+c2 \/a +c
Example 2. Express the curve r = e cos ti + e’ sin tj + €'k, — o < t < = in terms of arc
length s as parameter.

Sol. We have r=e costi+e sintj+ ek, (1)

r=(efcost—e sint)i+(elsint+e cos t)j + e’k
=e'(cos t — sin )i + ef (sin t + cos t)j + €'k

| r | = \/th(cost—sin )2 +eZ(sint +cost)? +e

=et\/cos2t+sin2t—2costsint+sin2t+cos2t+2sintcost+1

= e'\/3
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12 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Let the point with ¢ = 0 be the fixed point for the arc length parameter s.

s=s(t) = j; x|t

=J‘S e'\3 dt = /3¢’ ‘; =«/§(et—

s S s
= el—-1=—7= = e=—7=+1 = t=log|—+1

Substituting the value of ¢ in (1), the equation of the given curve in terms of arc length
s as parameter is

r(s) = [% + 1J cos [k,g [% + 1}) i+ [% + 1J sin [log [% + 1Bj + [% + 1Jk.

EXERCISE 1.3

1. Find the equation of the helix r = cos #i + sin #j + {k, — o < ¢ < o in terms of arc length s as
parameter.

2. Find the equation of the curve r = e% cos ti + e sin #j + e?k, — « < t < e in terms of arc length s
as parameter.

3. For the helix x = a cos t, y = a sin t, z = af tan o, show that the length of the curve measured

d
from the point ¢ = 0 is at sec o. Also show that d_j = a sec d.

1 1 1
4. Show thatr=—=(s+ \[s +1)i+ ———j+—=log(s+ s +1) k is a natural representa-
2 As+4s2+1) \/5

tion of a curve.

Answers
s S
1. r=cos——=i+sin—=j+—=k
Gl it
2. r=[2 11| cos llog 25 11||i+sin llog %1 itk
Hint

1 1 1
4. u=s+ ,[ +1 implies r==—ui+ ——j+—=Uogu)k
i P 2 Tl TR

dr _dr d_u=[li—%j+ 1 kJ 1.8
ds du'ds 2 2u?" J2u 21
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def 1 1 1 Vs +1+s
ds 4 4ut 2? \/32 +1

1 1 u u?+1
==+ 5 = :]_'
2 2w 41 2uys®+1

10. TANGENT TO A CURVE

Let C be a curve and P be any point on C. The
tangent at P to the curve C is the limiting position of a
straight line L through P and a point Q of C as Q approaches
P along C.

11. UNIT TANGENT VECTOR

Let r = r(¢) be the equation of a regular curve C in
terms of an arbitrary parameter ¢. Let P and Q be the points
on the curve whose position vectors are r and r + or
corresponding to the values ¢ and ¢ + &t of the parameter
respectively.

- = =
PQ=0Q-OP =(r + 8r) —r = &r
&

The quotient 8_: is a vector parallel to the line

PQ. Since the given curve is regular, r(¢) has continuous
non-zero derivative.

O(Origin)

lim or = ar exists and is non-
&—0 Ot dt
Zero.
By the definition of a tangent to a curve at a point, the vector ar i.e., r(t) is parallel to

dt
the tangent at the point P.

The vector r(#) is called the tangent vector of C at the point P.

1 .
The corresponding unit vector — r is called the unit tangent vector of C at the point
x|
P and it is denoted by t. The vectors r and t point in the direction of increasing ¢. Thus the

directions of r and t are same and depend upon the orientation of the curve C.
In particular, if the equation of the curve C is given in terms of the arc length s, then the

tangent vector of C at P is dr,

ds

d d
The vector d_r is denoted by r’. We know that d—: i.e., ¥ is a unit vector.
s

Unit tangent vector ‘t’ at P = r’.



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

14 DIFFERENTIAL GEOMETRY AND CALCULUS OF VARIATIONS

Example 1. Find the unit tangent vector t and direction cosines of the tangent at a point
on the circular helix x=acost,y=asint, z=>bt,—o<t<oo,

Sol. The given helix is
x=acost,y=asint,z=>bt,—oc <t<oo
Let r be the position vector of the point (x, y, z) on the helix.

r=a costi+a sin tj + btk
. 1 -
Unit tangent vector, t=—r
x|

We have i‘=—asinti+acostj+bk

|r| = \/a2 sin? ¢ +a® cos® ¢ + b* =\/a2 +b?

1 - 1 :
t=—r-= (—a sin #i + a cos tj + bk)
|I'| ya2+bz

a a b
=— ———sinti+ ———=cosfj + ———k
Ja? +b? Ja® +b” Ja? +b®

Since tangent is parallel to t and t is a unit vector, the d.c.’s of the tangent are
a .
— ————18s1n¢,

a

Example 2. Show that the tangent vectors along the curve r = ati + bt?j + t°k, where
2b% = 3a make a constant angle with the vector i + k.

cos t,

Sol. Given curve is - r = ati + bt?j + t°k.
r = ai + 2btj + 3t%k
The tangent vector at point ¢’ is r i.e.,ai + 2btj + 3t2k.
Given vectorisi + Kk, i.e,, 1.i +0.j + 1.k
Let 6 be the angle between the tangent vector r and the vector i + k.
a(D) + 2b£(0) + 3% (1)
Ja? +4b%% 1 9t* [T+0+1

cos 0 =

a + 3t2 a + 3t? 1

i «/a2 +2(3a)% + 9t 2 T@rsW2 2

6 = m/4, which is a constant angle.
The result holds.
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12. EQUATION OF THE TANGENT AT A POINT ON A CURVE

Let r =r(¢) be the equation of a regular curve C
in terms of an arbitrary parameter ¢. Let P(r) be any

point on the curve. We know that r is the tangent
vector at the point P and the tangent at P is parallel
to this vector. Let Q be a general point on the tangent
at P. Let R be the position vector of the point Q.

The equation of the tangent at the point P(r)

is R = r + Ar, where A is a scalar parameter.

Let the coordinates of P and Q be (x, y, z) and
(X, Y, Z) respectively.

O(Origin)

r=xi+yj+zk and R=Xi+Yj+Zk
Also r=xi+yj+zk
The equation of the tangent at P is
Xi+Yj+Zk=xi+yj+zk+A(xityj+zk)
- X=x+Ax,Y=y+Ay,Z=z2+%rz
X—x_Y—y:Z—z

e CPY)
x y z
These are the cartesian equations of the tangent at the point P(x, y, z). Here 3.6, y,z are
direction ratios of the tangent at the point P.

In particular, if the equation of the curve C is given in terms of the arc length s then, r’
is the unit tangent vector of C at P.

The tangent at P is parallel to the vector r'.
The equation of the tangent at P(r) is R = r + Ar’, where R is the position vector of
the general point Q(R) on the tangent at P.
The cartesian form of the equations of tangent at P are

X-x Y-y Z-z
’ = ’ = ’ (=)\’)

x y z

Since 1’ =x"i+y’j+2z'kis aunit vector, x’,y’, z’ are the direction cosines of the tangent
at P.
Example 3. Show that a curve is a straight line if all tangent lines are parallel.
Sol. Let r = r(s) be the given curve.
Tangent vector = r’
Since tangent line at a point is parallel to the tangent vector at that point and all
tangent lines are parallel, the direction of r’ is fixed. Also r’ is a unit vector.
r’ is a non-zero constant vector, say a.
dr

ds_a
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Integrating, we get
r = as + b, where b is a constant vector.

The curve is a straight line passing through the point with position vector b and
parallel to the vector a.

1
Example 4. Find the equation of the tangent to the ellipse ZxZ +y? = 1 at the point

1
Sol. The given ellipse is
% 2 +y2=1.
The parametric equations of this ellipse are
x=2cost,y=sint,z=0
Let r be the position vector of the point (x, y, 2).
: r=xi+yj+zk=2costi+sint + Ok

200s1,‘=\/§,sint=L = =T
J2 4
. 1 . T
The point | /2 ,—— | in xy-plane corresponds to ¢ = e
2
i-=—2sinti+costj+0k
At t=£, i‘=—2sin£—i+cos£j+0k

1
=— 2i+ﬁj+0k

1 1 1
The tangent at [\/5 , »J passes through [x@ ,—,OJ and has d.r’s — /9 , 0.
V2 V2 V2, 2

The equations of the tangent at (ﬁ, %, OJ are

1
x—\/g_y_ﬁ_z—o or x—ﬁ_ﬁy—l_z
BNCHY
V2
Example 5. Find the equation of the tangent to the curve x = 1 +t,y =—t, z = 1 + t2,
— o <t < oo at the point for which t = 2.
Sol. The given curve is

0 2 1 0

x=1+t,y=—t2z2=14+1% —co<t<oo,
t=2 = x=1+2=3, y=—(22=-4, 2=1+(2?2=5
t = 2 corresponds to the point (3, — 4, 5) on the curve.

Also, x=1, y=-2t z=2
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t=2 = x=1y=-22=-4,2z=22) =
The tangent at (3, — 4, 5) passes through (3, — 4, 5) and has d.r.’s 1, — 4, 4.
The equations of the tangent at (3, — 4, 5) are
x-3 y—-(-4) z-5 y+4 z-5
1—_4—401'x—3=_4—4
Example 6. Show that the equation of the tangent at any point on the curve whose
equation referred to rectangular axes are x = 3t, y = 3t2, z = 2t3 makes a constant angle with the
liney=z-x=0.
Sol. Given curveis «x =3t ,y = 3t z = 2t3.
Let r be the position vector of the point (x, y, z) on the given curve.
r =3ti + 3% + 2%k

- r = 3i + 64 + 6%k
The tangent line at the point with parametric value ¢ is parallel to the vector r.
. D.r.’s of the tangent are 3, 6t, 6t>.

Given line is y=z-x=0
r_Y_2
- 1 0 1

D.r.’s of the given line are 1, 0, 1.
Let 6 be the angle between the tangent and the given line.

3(1) + 6£(0) + 6t*(1)
V3?2 + (6 + (6192 |12 + 0% + 12
3% 6t°
" a6 2 J_
0 = /4, which is a constant angle.
The result holds.
13. DIRECTION RATIOS OF THE TANGENT AT A POINT ON THE CURVE OF
INTERSECTION OF TWO SURFACES
Let the given curve be the intersection of the surfaces
F(x, y, 2) = ..(1D)
and Glx, y,2)=0 ...(2)
Eliminating x, y, z from (1) and (2), let the equation of the given curve be
r=r) =x@®i+yt)j + 2@k,

where ¢ is an arbitrary parameter.

cos 0 =

D.r’s of the tangent to the curve at the point ‘#’ are 3&, y,z

Differentiating (1) and (2) w.r.t. ¢, we get
oF dx oF dy oF dz

o dt 3y dt e dt
oG dx 3G dy G dz

- =y =0

and o dt oy dt | 0z dt
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= (F)x + (F)y +(F)z =0
and (G)x +(G)y +(G)z =0

Solving these equations for Q.C, y and é, we get
x B y B z
F,G,-F,G, F,G, -FG, FG, -FG,
FG -FG, FG -FG, FG -FG

o z z y? x "z
are also d.r.’s of the tangent to the curve given by the equations F(x, y, z) = 0, G(x, y, z) = 0 at
the point ¢.

Example 7. Show that the equation of the tangent to the curve of intersection of the

2 2 2 2 2 2
ellipsoid x_2 + y_2 +z_2 = 1 and the confocal —; + 2y + 22 =1is
a b c a“-A b°-A ¢ —A
x(X —x) y(Y -y 2(Z - z)

207 —)ad—n) b -d?) ) T @ -2 )2 -0)

where (x, v, z) is an arbitrary point on the curve.
Sol. The given surfaces are

—t—+—_1=0 (1)

and ~1=0 ..(2)

a2 -n BP-n P
Let the equation of the curve of intersection of given surfaces be r = r(¢), where ¢ is an
arbitrary parameter.
Differentiating the equations (1) and (2) w.r.t. ¢, we get

2x 2y - 2z
2ty 220
2x - 2 : 2z -
and 5 X+ Y y+— z=0

xx yy 2z

+
a?-n bEZ-) c%-n

and

Solving these equations for 3.c, y and é, we get

x y z
Yz yz zZX zZX Xy xy

b2 1) c2b2-1) c2@-1) a -1 a’B®-1) bi@®-n)
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x _ y _ 2
= hyz(d? - ¢?) rzx(c? —a?) Axy(a? —b?)
22 -0 B2 =N 2@ -NMe?-N  a®b2BE -1 (@®-N)
N x _ y _ z
a?B?-c®) @ -2 b 2c?-a>)B% -1 2@ -b%)(? -2
X y z

D.r.’s of the tangent at the point (x, y, z) on the curve are
a?B?-c) (@ -1 b2 -a®>) B2 -1 c*a®-b%)(c® -\

x z
The equations of the tangent at theypoint (x, ¥, z) on the curve are
X-x _ Y-y _ Z-z
a?(b?-c®)@® -0 bAc?-a®)B%-1)  Aa?-bP)(c® -1
x y z
xX —x) y(Y —y) z2(Z-2)

or

2% —c2)(@®-1) A —a®)BE-0) 2 -b2)(c®-N)

14. NORMAL PLANE TO A CURVE

Let C be a curve and P be any point on C. The normal
plane at P to the curve C is the plane passing through P and
perpendicular to the tangent at P.

&
)
S
U
N

Normal
plane

15. EQUATION OF THE NORMAL PLANE AT A POINT ON A CURVE

Let r = r (¢) be the equation of a regular curve C, where
t is an arbitrary parameter. Let P(r) be any point on the curve.
We know that the tangent at P is parallel to the tangent
vector r.

Let Q be a general point on the normal plane at P. Let
R be the position vector of the point Q.

X
&/
&
@
K

%
PQ and r are perpendicular. Normal
plane
%
= PQ.r=0 = R-r).r=0 (D)

This represents the equation of the normal plane at
the point P(r).
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M = @®-1.—=0 = R-1.t=0

x|

The equation of the normal plane at the point P(r) can also be written as
R-1r).t=0.
Example 8. Find the equation of the normal plane to the curve r =ti + t%j + t°’k at t = 1.
Sol. The given curve is
r=ti+t%+ 3k,
r()=1i+1?j+(1Pk=i+j+k

t = 1 corresponds to the point (1, 1, 1) on the curve.
Also r=i+2j+3t%k
r()=i+2j+3k

The equation of the normal plane at (1, 1, 1) is (r — (1)) . r(1) = 0.

= r-Gi+j+k).G+2j+3k)=0
N r.i+2j+3k) —(1(1)+12)+13) =0
= r.di+2j+3k)=6.

WORKING RULES FOR SOLVING PROBLEMS

Rulel. t-= L = r’ is the unit tangent vector.
x|
Rule II. The equation of the tangent to the curve r = v(t) at the point P(r) isR=r + 7»1",
where A is a scalar parameter. f R=Xi+ Yj + Zk and r=xi+yj +zK, then

X—sz.—y=Z—z (= 0.

this equation reduces to
x y z
Rule III. The equation of the tangent to the curve r = r(s) at the point P(r) is R =r + Ar’,
where A is a scalar parameter. [f R = Xi + Yj + Zk and r = xi + yj + zK, then this
X —x :Y—y :Z—z (=M.

’ ’

x’ y z

equation reduces to

Rule IV. The equation of the normal plane to the curve r = r(t) at the point P(r) is
(R-r).r=0 or equivalently (R—-r).t=0.
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EXERCISE 1.4

1. Find the unit tangent vector t and the direction cosines of the tangent to the helix
x=acost,y=asint,z =bt,— o <t <o at the point, where ¢t = n/4.

2. Find the unit tangent vector t and the direction cosines of the tangent to the helix x = a cos ¢,
y=asint,z =at,— <t <o at the point, where ¢ = n/3.

3. Find the unit tangent vector t to the curve r = ¢ti + t3j at the point (1, 1, 0).

4. Find the unit tangent vector t to the curve r = cos #i + 2 sin ¢j at the point (1/2, \/g , 0).

5. Find the unit tangent vector t to the curve r = cosh ¢i + sinh ¢j at the point (5/3, 4/3, 0).

6. Find the unit tangent vector t to the curve r = log cos i + log sin ¢j + ﬁ tk at the point ¢ .

7. Find the equation of the tangent to the curve x = 1 + ¢,y =—t2, 2 = 1 + t2, — o < t < =0 at the point
for which () t=1G)t=5

8. Find the equation of the tangent to the helix r = (a cos ¢, a sin ¢, bt), — = < t < = at the point ¢’.

9. Find the equation of the tangent to the curve r = #i + #3j at the point (1, 1, 0).

10. Find the equation of the tangent to the curve r = cos #i + 2 sin 7j at the point (E’ \/5 , OJ.

5 4
11. Find the equation of the tangent to the curve r = cosh ¢i + sinh #j at the point (3 3 0).

12. Find the point of intersection of the xy-plane and the tangent line to the curve r = (1 +¢) i —#2j +
Q1+tHkatt=1.

13. Show that the tangent at any point on the curve r = ati + bt?j + t°k, 2b? = 3a makes a constant
angle with the linex -z =0,y =0.

14. Find the equation of the normal plane to the curve r=(1 + )i —t% + (1 + Ok at t = 1.

15. Find the point of intersection of the xy-plane and the normal plane to the curve

= (cos )i + (sin ¢)j + tk at the point ¢t = g

Answers
a . a a a b
1. - B B 1+ 2 2 s~ ) s
J2a®+6%)  |[2a J +b \/2(a2+b2) V2a? +b2) o + b
6. i3 f ff
2. ——’+—'+—k;———— 1+—J + 0k
T s 442 J_ J10
J_ k 1+LJ k
4. J_1+TJ+O 5.m m +0
6. —sin?t + cos?tj + +/2 sin ¢ cos tk
x-2 y+1 2z-2 _ _
7. (l) 1 = o = 2 (”)x 6:y+25:Z 26
' 1 -10 10
g, X-acost y-asint_ z-bt 9. r=i+j+Ari+3j
—asint a cost b
5. 4., 4. 5.
10. r=%i+\/§j+}\[—§i+j] 11.r=§1+53+x(§1+53)
4 1
12. 5,5,0 14.r- (i-2j+3k)-10=0

15. (-1/2,k,0), —co< k < oo,
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16. MOVING TRIHEDRON OF A CURVE

Let r = r(s) be the equation of a regular curve C with arc length s as parameter. We
assume that r”(s) exists and |r”(s)| # 0. We know that r’(s) equals the unit tangent vector t(s)
at the point r(s) on the curve C.

t=vr

We define n=|:—:|.
n is meaningful, because |[t'| = | ¥” | 0.
Also, tis a unit vector.
= [t] =1 = |t|%2=1 = t-t=1
= t-t+t-t=0 = 2t-t'=0 = t-t'=0
= t’is perpendicular tot = n is perpendicular to t.
Also, |n|=t—,:1|t’|=1

[t |t]

n is a unit vector and is perpendicular to the unit tangent vector t.

n lies in the normal plane at the point under consideration. The vector n is called
the unit principal normal vector to the curve C at the point r(s). In terms of r, we have

”

= r” . (.‘. t - r’)
|x” |
We define b=txn.
n
|b|=|txn|=|[t]|n] sin§=1x1x1=1

Also by the definition of vector cross product, b _
is perpendicular to vectors t and n both and the g
vectors t, n and b form a right handed triad. S

The vector b is called the unit binormal vector 8 Osculating
to the curve C at the point x(s). g plane

We have oA
unit tangent vector, t=r Normal n ¢
. Lo t’ r” plane Tangent
unit principal normal vector n = m =1r|
(o |t =]x"]=0)
unit binormal vector, b=t xn Rectifying
plane
r// r’ X r”
=Y X T
x| "]

Thus (t, n, b) forms a right-handed orthonormal triplet as shown in the figure. The
triplet (t, n, b) is called the moving trihedron of the given curve r = r(s).

Remark. Since the unit vectors t, n, b form a right handed triad, we have

@Dt-n=0 mn-b=0 b-t=0

@)txn=b nxb=t bxt=n.
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The straight lines in the directions of t, n and b are respectively called the tangent, the
principal normal and the binormal of the curve C at the point r(s). The equations of the
tangent at the point r(s) is R = r + At, where R is a general point on the tangent and A is a
scalar. The equation of the principal normal at the point r(s) is R = r + An, where R is a
general point on the principal normal and A is a scalar. The equation of the binormal at the
point r(s) is R = r + Ab, where R is a general point on the binormal and A is a scalar.

We know that the unit vectors n and b are both perpendicular to the unit vector t.

.. The normal plane of C at r is parallel to the vectors n and b both at the point r and
its equation is (R — r)- t = 0, where R is a general point on the normal plane.

If R is the position vector of a general point on the normal plane at the point r, then the
vectors R — r , n and b lie in the normal plane and are thus coplanar vectors.

[R-r n b]=0.

This also gives the equation of the normal plane at the point r.

The plane through the point r and parallel to the vectors t and b at the point r is called
the rectifying plane of C at the point r. The rectifying plane is perpendicular to the vector n.

The equation of the rectifying plane at the point r is (R = r) - n = 0, where R is a
general point on the rectifying plane.

If R is the position vector of a general point on the rectifying plane at the point r, then
the vectors R — r, t and b lie in the rectifying plane and are thus coplanar vectors.

R-r t bl=0

This also gives the equation of the rectifying plane at the point r.

The plane through the point r and parallel to the vectors t and n at the point r is called
the osculating plane of C at the point r. The osculating plane is perpendicular to the vector b.

The equation of the osculating plane at the point r is (R —r) - b = 0, where R is a
general point on the osculating plane.

If R is the position vector of a general point on the osculating plane at the point r, then
the vectors R — r, t and n lie in the osculating plane and are thus coplanar vectors.

[R-r t n]=0

This also gives the equation of the osculating plane at the point r.

Thus at each point r on the curve C we have the following three characteristic lines and
three characteristic planes :

Tangent R=r+At
Principal normal R=r+An
Binormal R=r+2b
Normal plane R-1r)-t=0 or [R-r n b]=0
Rectifying plane (R—r) - n =20 or [R-r t bl=0
Osculating plane R —-r) - b =0 or [R-r t n]=0

17. CARTESIAN EQUATIONS OF CHARACTERISTIC LINES AND PLANES

Let r = r(s) be the equation of a regular curve with arc length s as parameter. We
assume that r”(s) exists and |r”(s)| # 0. Let r(s) = x(s)i + y(s)j + z(s)k.
t=r=xi+yj+7zk
and t'=x"i+yj+2k
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t’ 1 . .
n=——= (x"i+y"j+2"k)
It I \/.’)C”Q +y//2 +z//2
x// . ” . z//
= i+ Y i+ k
N/x,,z +y”2 4272 \/x,,z +y”2 4272 \/x,,z +y”2 4272
b=txn
i J k
xl yl zl
” yll Z”

1 i j k
- x/ y/ z/
//2 ”2 ”2 ” ” ”
X +y + 2z z
1

w4

(@’Z” _yl/zl)i + (zx

\/x”z VI 2% )y + («y” —x"y")k)
.. The equation of the tangent R = r + At at the point r reduces to
X-x Y-y Z-z
oy 2
The equation of the principal normal R = r + An at the point r reduces to
X-x Y-y Z-z
x” oy w2
because x”, y”, z” are d.r.’s of the principal normal at the point (x, y, 2).
The equation of the binormal R = r + Ab at the point r reduces to
X-« Y-y  Z-z

"ot nor?

y/z//_y//z/ - z/x//_z X - x/y// —-x y

”.r ", .r "’

because y'z” —y”z’, 2’x” — 2"x’, x'y” — x"y" are d.r.’s of the binormal at the point (x, y, 2).
The equation of the normal plane (R —r) - t = 0 at the point r reduces to
X -2+ Y -yl +(Z-2)2"=0.
The equation of the rectifying plane (R — r) - n = 0 at the point r reduces to
X-—x)x"+ X -y +(Z-2)2"=0.
The equation of the osculating plane (R —r) - b = 0 at the point r reduces to
X-x)2"—y"2")+ XY —y)x” —2"x") + (Z —2)x'y" —x"y’) = 0.
In the above equations, the point R with coordinates (X, Y, Z) is a general point on the
corresponding line (or plane).

18. VALUES OF UNIT VECTORS t, n AND b ALONG A CURVE GIVEN IN TERMS OF
AN ARBITRARY PARAMETER
Let r = r(¢) be the equation of a regular curve C, where ¢ is an arbitrary parameter. We

assume that r(¢) exists and | ¥(¢) | # 0.
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In terms of arc length s, we have
t=r, n=m and b=txn.
() foyodr_dr di_F ¥ (o= ] th1ae = s
" T ds dt'ds ds - a dt
2 1Tl
L_dt_dt dr_ & _ i
Y= d ds ds =
dt
and v =1
el | |r]
v tr| _ ¢
W ey g

. rt rxt
(m)b=t><n=i><—— rx

e [t ] [r|t]
In terms of arbitrary parameter ¢, we have

t=—oy, n=—f— and b= rxt
|r| It | |r||t |

WORKING RULES FOR SOLVING PROBLEMS

Let v = v(s) be the equation of a regular curve with arc length s as parameter. Let r”(s)
exists and |r"(s)| # 0.

Rulel. () t=r'=xi+yj+2zk

N2

|t,| \/.’)C”2 +y//2 +Z”2
1

(@) b=t xn= (2" —y"2)1 + (2'x” — 2"x")j + (x'y” — x"y")k)
”2 ”2 ”2
\/ x"+y"° +z

@) n =

(x//i+y//j+z//k)

Rule I1I. Equation of tangent:

OR=r+At e Y-y 2z

’

Rule III. Equation of principal normal:

X-x Y-y Z-
@OR=r+An i r_21-ry._2-2

x y z
Rule IV. Equation of binormal:

@OR=r+2Ab
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Rule V. Equation of normal plane:
@O R-1r)-t=0 @ R-r n bl=0
@) X —x)x"+ (Y -y)y' + (Z-2)2" =0
Rule VI. Equation of rectifying plane:
@O@®R-r)'n=0 @MR-r t bl=0
@) X —x)x" + (Y =-y)y"+(Z-2)2"=0
Rule VII. Equation of osculating plane:
@O R-r)-b=0 @ [R-r t nl=0
(Gi) X -x0)(y'z" —y"2) + (Y —y)zZ'x" —2"x") + (Z — 2)(x'y" — x"y") = 0.

Theorem 1. Let r = r(s) be the equation of a regular curve with arc length s as parameter.
If r” exists and |r”| #0 at a point r, prove that the equation of the osculating plane at the point
ris
[R-r r r1=0.
Proof. We know that the plane through the point r and parallel to the vectors t and n
at the point r is the osculating plane at the point r.

dr
We have r=—-=t
ds
r’ is parallel to the osculating plane.
d ,
Also ¥'= )=t = |t |n - n=_t
ds |t

r” is parallel to the osculating plane.
Let R be the position vector of a general point on the osculating plane at the point r.
The vector R —r, ¥’ and r” lie in the osculating plane and are thus coplanar vectors.
[R-r v r”]=0.
This is the equation of the required osculating plane.
Corollary. fR=Xi+Yj+Zk and r=xi+yj+zk,thenr =x1+yj+2zk
and r"=x"1+y" +2z"k.
X-x Y-y Z-z
x’ y’ z’

” ” ’7”

x y z

Theorem 2. Let v = xv(t) be the equation of a regular curve, where t is an arbitrary parameter.

The equation of the osculating plane is =0.

If ¥ exists and | r | #0 at a point v, prove that the equation of the osculating plane at the point r is

R-r r r]=0.
Proof. We know that the plane through the point r and parallel to the vectors t and n

at the point r is the osculating plane at the point r.
. dr dr ds _

== =2 Z_ts=st
dt ds dt

We have

r is parallel to the osculating plane.

Also, i'-:i(ét)zéﬂ+§t
dt dt  dt
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—st+st=st+s|t|n con=—

r lies in the plane of t and n.

r is parallel to the osculating plane.
Let R be the position vector of a general point on the osculating plane at the point r.

The vectors R —r, r and r lie in the osculating plane and are thus coplanar vectors.

. R-r r rl=0.
This is the equation of the required osculating plane.

Corollary. f R=Xi+Yj+Zkandr=xi +yj + zk, then r=xi+yj+z k

and ;:£i+j}j+ék.
X-x Y-y Z-z
The equation of the osculating plane is x y z |=0.
x y z
Example 1. For the curve x = 3t, y = 3t%, z = 2t3, (i) show that any plane meets it in three
points and (ii) find the equation of the osculating plane at the point t,.
Sol. The given curve is
x=3ty=3t2,z =2
(i) Let ax + by + cz + d = 0 be any plane in space.
Putting x =3¢, y=3t% 2z = 2t3, we get 3at + 3bt2 + 2ct3 +d =0
= 2ct® + 3bt? + 3at +d =0
This is a cubic equation in ¢ and gives three values of ¢.
The plane ax + by + cz + d = 0 meets the given curve in three points.
(ii) We have x=3ty=3t2z=2t3

x=3,y=6t,2=62 and x=0,y =6,z =12¢

Let (x, y, z) be a general point on the osculating plane at the point ¢,.
The equation of the osculating plane is

x =3t y—3tf z—th

3 6t, 6t2 |=0
0 6 12t,

x =3t y—3tf z—th
1 2t 2t2 |=0
0 1 ot,

(=3t (2t7) - (y = 8t7) (2t) + (2 -2t} (1) =0
= 2t2x — 2ty +z = 263,
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Example 2. Find the equation of the osculating plane to the curve x = 2 log t, y = 4t,
z =2t% + 1 at the point t.

Sol. The given curve is
x=2logt,y=4t,z =2t + 1.
.9 . . . 2 . .
x=—,y=42z=4 and x=-—,y=0,2=4
t ¢
Let (X, Y, Z) be a general point on the osculating plane at the point ¢.
X-x Y-y Z-z

The equation of the osculating plane is x y z | =0.
P y z
X-2logt Y-4t Z-(2t2+1)
= % 4 4¢ =0
2
- t—z 0 4
X-2logt Y-4t Z-(2t%+1)
= 1 ot ot? =0
1 0 - 2t?
= X—-2logt)(—4t3) - (Y-4t)(— 42 + (Z-2t2-1)(-2t) =0
= 202K —21logt)—20(Y —4t) +Z - 2t>-1=0
= 22K — 2tY + Z = 4t log t — 6¢2 + 1.

Example 3. Let r = r(t) be the equation of a regular curve. By using the equation

[R-r v’ r"] =0, show that the equaiion of the osculating plane at the point ris [R—r r r] = 0.
Sol. Given equation of the osculating plane at point r is

R-r ¥ r]=0 ...(D)
o _dr_dr dt_i
T ds dt ds
dr dlr| dlr|dt sr-sr 1 1+ s
r’ = =—|—|==|=|.==—F—.T=Fr-5r
ds ds| ;| dt| ;| ds $ s 8 $
1 = R-r & r|2r-Sr|=0
s $ $
= R-ror—r|-|R-rir-Sy|=0
s S P $
= é—3[R—rrr]— T [R—rrr]:O

(~ Determinant with two equal rows is zero)
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1 - .. g
= —[R-r r rl+—.0=0
$ $
1 R
= K[R—r r rl=0
$
= [R-r r rl=0.

The result holds.
Example 4. For the curve x = 4a cos® t, y = 4a sin’® t, z = 3¢ cos 2t, find

(i) the equation of the principal normal at the point t.
(it) the equation of the osculating plane at the point t.
Sol. (i) Let r be the position vector of the point (x, y, z) on the given curve.
r=xi+yj+zk =4a cos® ti + 4a sin® tj + 3c cos 2t k

dr dt .
r=Z 2 _ (= 12a cos? t sin ti + 12a sin? ¢ cos tj — 6¢ sin 2tk) at
dt dS ds

dt
=12 sin ¢ cost (—a cos ti + a sin tj — ck) s (Using sin 2t = 2 sin ¢t cos t)

| v | =12sintcost\/a2 cos® t+a? sin? t+c? ah
ds
= 1=125intcost,/a2+02% o Jt]=|r]=D
s

ds .
E= 12 sintcost /g2 + (2

. . .. 1
r =12 sin ¢ cos t (— @ cos ti + @ sin £j — cK) .

12 sin ¢ cos 1’5\/a2 +c?

————— (~a cos ti + a sin tj — ck)
a+c

B 1
- 2
, 1 N ., dt
r"=————(asinti + a cos tJ)d—
Ja? 4 c? §
Ja? +c?

12sin ¢ cost \/a2 +c?

———— (sin i + cos £j)

= ———— (sec ti + cosec tj)
12(a® + ¢?) !

ot a

- | t’ | | r” | 12(&2 + CZ) |I'”|
D.r.’s of principal normal are sec ¢, cosec ¢, 0.

.. The equations of the principal normal at the point ¢ are

n (sec ti + cosec tj)

x—4acos’t y-4asin®t z-3c cos2t

sect cosec t 0
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(i) The equation of the osculating plane at the point # is

x —4a cos® ¢ y—4asin®t z —3c cos 2t
a a -c
——cost ————sint —_ =0
a? + 2 a? + 2 Ja? +¢?
a
sect cosec t 0
12(a? +¢?) 12(a? + ¢?)

x—4acos®t y—-4asin®t z-3ccos2t
= —acost asint -c =0
sect cosect 0
(x — 4a cos? t)(c cosec t) — (y 4a sin® t)(c sec t)
+(z—3ccos2t)(—asintcost—asintcost)=0

= ccosect-x—csect-y—2sintcostz

= 4a sin ¢ cos® t — 4a sin® ¢ cos ¢ — 6ac sin ¢ cos t cos 2t
= ccosect-x—csect-y—2sintcostz

= 2a sin 2t cos? t — 2a sin 2¢ sin? ¢ — 3ac sin 2t cos 2t.
Example 5. Find the vectors t, n and b along the curve r = (3t — t3)i + 3t%j + (3t + tP)k.
Sol. We have r=(3t—t3)i+ 3% + (3t + tdk.

r = (3—3)i + 6tj + (3 + 32k

or r = 3[(1 - )i + 2ti + (1 + k]

| v | =381-t5)2+4t% + (1+1%)?
=3y2+2t4 +42 =3J2 (1 +1?)

r 1
== =3[ -Vi+ 2+ (1+DK]
|| 32+ !
_ 42
1-¢* . J2¢ 1

= i+
J2(1+¢2) 1+t2J J2

2 2 2
i A+tH=20-1-¢ )2ti+ﬁ((1+t )-1—t.2t)j+0

k
V2(1+¢%)? (1+¢2)2
=%(—2ti+(l—t2)j)

: 2 2

t|=——-5= 2 _ 2212

t] Qa7 W+ -9 =

. 2

ne bt V2 oniaopy. 1et oo 2 1-2

1
. 2
| £ 1+t%) J2 1+t 1+¢
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i i k
b=txn= 1-t* ﬁt i
J2(+t2) 1+¢£2 2
2% 1-¢2 0
1+t 1+1¢2
. i j k
= 1-¢2 2t 1+¢2
2 2
20+ A+)| L9y 142 o
1

= m [— (1 - t4)i — 2t (1 + tZ)j + (1 + tz)zk]

1
= —=——- [2-Di-2tj + (1 + K]
NS [( ) J+( )K]
Example 6. Show that the points on the helix r = a cos ti + a sin tj + btk,a >0, b # 0 at
which the osculating planes pass through a fixed point are all coplanar.

Sol. The given helix is
r=a cos ti + a sin tj + btk.

i‘=—asinti+acostj+bk
r=—acosti—a sin tj + Ok
The equation of the osculating plane is [R — r r i:] =0.
Let R=Xi+Yj+Zk
The equation of the osculating plane is
X—-acost Y-asint Z-bt

—asint acost b =0
—acost —asint 0
= absint X—acost)—abcost(Y—asint)+a2(Z—-5bt)=0
= bsint X—-bcostY +aZ=abt

Let the osculating plane at the point r passes through the fixed point (o, B, V).
(b sin t)o. — (b cos )P + ay = abt
—bB (a cost) +bolasint)—a?(bt) =—a’y
bP(a cos t) —bala sin t) +a? (bt) =ay
The locus of the point r ( = (a cos ¢, a sin ¢, bt)) is
bBx — bay + a’z = a?y, which is a plane.
The result holds.

Example 7. Find the equations of characteristic lines and planes to the helix r = cos t i
+ sin t j + tk at the point where t = m/2.

Sol. We have r = cos t + sin j + tk.

=
=

s n . m. @ . T
—| = —i Zit=—k=j+=
r(zJ cos21+s1n 23+2 J 2k
The point under consideration is (0, 1, 1/2).

i‘:—sinti+costj+k
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| r | =\/sin2t+cos2t+1:\/§

r 1
t=—_=T(—sinti+costj+k)
| r|
. 1 . ..
t=—— (—cos ti — sin ¢j + 0k)
NG
and |f|:iwlcos2 t+sin® ¢ - L
7z )
t 1 . L
n=—.=T(—cost1—s1nt3).\/—=—cost1—smt,]
|t V2
i j k
_sintz cost 1 sin ¢ cost 1
b=txn=| o o 2= i- i+ 7=k
—cost —-sint O V2 V2 V2
1 1. 1

t(n/2)=ﬁ(—1~i+0~j+k)=—ﬁ1+Ek

nm2)=-0-i-1-j=-j
b(Y2) = —= i -0 j+rk=—i+ Lk

V2 V2o V2 2
Tangent. The equation of the tangent is
Py . . T k+ - i i+ i k
r=r(n/2) + AM(W2) ie, r=j+ Sk + 2 EZ)

x-0 y-1 z-m/2
-1 0 1
Principal normal. The equation of the principal normal is

Equations in cartesian form are

r=r(n/2) + \n(n/2) ie, r=j+ gk + A= ).
x—0:y—1:z—n/2

Equations in the cartesian form are 1 0

Binormal. The equation of the binormal is
(1/2) + Ab(m/2) i L ITNPY (I 2 ¥
r = r(/2) + Ab(n te, r=j+ o k+ 27
x-0 y-1 z-m/2

Equations in the cartesian form are

0 1
Normal plane. The equation of the normal plane is (r — r(1/2)) - t(/2) = 0

S RN I

or r-(_i+k)_(o(—1)+1(0)+g(1)]=o or r-(—i+k)=g.
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. . . T, T
Equation in the cartesian form is —x + z = g Le,x—z+ o= 0.

Rectifying plane. The equation of the rectifying plane is (r — r(1/2)) . n(n/2) = 0
ie., (r_(j+ngJ.(_j)=0 or —r-j+1=0 or r-j-—1=0.

Equation in the cartesian form isy — 1 = 0.
Osculating plane. The equation of the osculating plane is

(r-—r(n/2)) - b(@/2)=0 ie., (r—(j+gkn.(%i+%kj =0
or (r—(j‘*‘gkn~(i+k)=0 or r-(i+k)=g.
T

Equation in the cartesian form is x + 2z = 3

Example 8. For the curve r = (e sin t, e cos t, e7), find the following at the point t:
(i) the unit tangent vector t
(it) the equation of the tangent
(ii) the unit principal normal vector n
(iv) the equation of the normal plane
(v) the unit binormal vector b
(vi) the equation of the binormal.
Sol. (i) The given curve is
r=e’sinti+ e’ cos tj + ek,

r=(elcost—etsint)i+ (—e?sint—e cos tj —e'k
=e [(cos t —sin £)i — (sin ¢ + cos t)j — K|

| r | =t \/(cost—sint)2 +(sint+cost)?+1 = \/ge—t

r 1 NN .

t= f—F - e [(cos t —sin t)i — (sin t + cos t)j — K]
x| ¢

t 1 [(cos t — sin ¢)i — (sin ¢ + cos t)j — K]

=— —si — (s1 -
V3
(i) Using t, the d.r.’s of the tangent are cos ¢ — sin ¢, — (sin ¢ + cos t), — 1.
The equations of the tangent at the point ¢ are

x—e'sint y-e‘cost z-e”

cost—sint -—(sint+cost) -1

(i17) t= [(— sin ¢ — cos )i — (cos t — sin #)j + OK]

[-(sin ¢ + cos )i + (sin ¢ — cos t)j]

&~ &l
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L1 SR 5 V2
|t|=—=+/(sint +cost)” +(sint —cost)” =—
=5 5
t 1 : o :
n-= L:— [- (sin ¢ + cos t)i + (sin ¢ — cos t)j] . ﬁ
i V3 V2
1
n=—[—(sint+ cos t)i + (sin ¢ — cos t)jl.
ﬁ ]
(iv) The equation of the normal plane is (R—-r) - t = 0.
= [xi+yj+zk)—(e?lsinti+e?costj+e’ k) .{%((cos t—sint)i—(sint+ cost)j— k)
=0
= x(cost—sint)—y(sint +cost)—z+e*(—sintcost +sin?¢+ sintcost+cos?t+1)
=0
= (cos t—sin t)x — (sint + cos t)y —z = — 2e*
= (sin t — cos t)x + (sin ¢ + cos t)y +z = 2e7*.
W)b=txn
i j k
= i(cos t—sint) - i(sin t+cost) ——
V3 V3 V3
1 1
———(sint + cost) = —(sint — cost) 0
V2 V2
i j k

1] . .
= —|sinft—cost sint+cost 1

\/g sint+cost cost-sint O
1

& ﬁ [(sin # — cos #) i + (sin ¢ + cos t) j — 2K].

(vi) Using b, the d.r.’s of the binormal are sin ¢ — cos ¢, sin ¢ + cos ¢, — 2.
The equation of the binormal at the point ¢ are

x—e'sint y-e'cost z-—e”

sint—cost sint+cost -2

Example 9. Find the equation of the osculating plane at a general point on the curve
r = (¢, 2, t3). Show that the osculating planes at three points on this curve meet at a point lying
in the plane determined by these three points.

Sol. The given curve is r = (¢, t2, t3). Parametric equations of the curve are
x=ty=tz=t5
x=1,y=22=382,%=0,y=2 7 =6t

Equation of the osculating plane at point ¢ is
X-t Y-t Z-¢
1 2t 3% | =0
0 2 6t
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= 62X -t)—6tY-t2)+2Z-t3) =0
= 32X -3tY+Z-t3=0. ..(1)

Let ¢,, t,, t; be the values of the parameter ¢ at any three points on the curve.
The equations of the osculating planes at these points are
3X -36,Y+Z—-t2=0
3t X - 3t,Y+Z—t}=0
and 3tIX-3t,Y+Z—-t3=0
Let these planes intersect at the point (a, B, ).
: t2o—3tB+y—t2=0
tZo—3t,p+y—t3=0
and Bt2o—3t,p+y-t3=0
t,, ty, ty are the roots of the cubic equation
t2oa-3th+y-t2=0

or 3 — 32+ 3pt—y=0 .(2)
Let the equation of the plane passing through the points ¢,, ¢, and ¢, be
ax+by+cz+d=0 ...(3)
= at +bt2 +ct> +d =0
= ct3+bt2+at+d =0,
where t =11, 1, ...(4)

Equations (2) and (4) are same.
1 -3 38 -y
¢c b a d
a =3P, b =-30c,d=-1yc
3 = 3PBex — 3oy +cz—vye =0
= 3Bx —3oy +z—-y=0
(o, B, v) lies on this plane if
3pa—3apf +y—y=0 if 0 =0, which is true.
The result holds.

Example 10. Show that there are three points on the curve x = at® + b, y = 3¢t + 3dt,
z = et + f such that their osculating planes pass through the origin and that the three points lie
on the plane 3cex + afy = 0.

Sol. The given curve is
x=at3+b,y =3ct? + 3dt, z = 3et + f.
x=3at?, y =6ct +3d, z =3e, x =6at, y =6¢, z =0
Equation of the osculating plane at point %’ is
X -(at® +b) Y-(3ct?+3dt) Z-(3et+f)

3at? 6¢ct +3d 3e =0
6at 6¢c 0
= —18ce(X — at3 — b) + 18aet(Y — 3ct? — 3dt)

+ (18act? — 36act® — 18adt)(Z — 3et —f) = 0
=  ce(X—at’—-b)—aet(Y —3ct? — 3dt) + (act® + adt)(Z — 3et — ) =0
Let this plane pass through the origin.
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ce(0 — at® —b) — aet(0 — 3ct? — 3dt) + (act® + adt)(0 —3et — ) =0
= — acet® — bee + 3acet? + 3adet? — 3acet?® — acft? — 3adet® — adft = 0
= acet® + acft’> + adft + bce=0 ...(1)
This is a cubic in ¢. Let the roots of this equation be ¢, ¢, and ¢,.

There are three points on the given curve whose osculating planes passes through
the origin. Let x, =at? + b, y, =3ct? + 3dt,, z, = 3et; + [

3 _

b= a ’ b= 3e

t12=y1—3dt1:i y1_3d(21—fj :eyl—d21+df

3c 3c 3e 3ce
1 = acet 3 + acft,® + adft, + bce = 0
= ace(xl_bj+acf(wj+adf(ﬂ) +bce =0
a 3ce 3e
d,

= ce(xl—b)+%(ejﬁ—dz1+df)+g3:f(21—f)+bce=0
= 3ce(x; — b) + afley, — dz, + df) + adfiz, — ) + 3bce? = 0
= 3ce?x, — 3bce? + aefy, — adf z, + adf? + adf z, — adf?® + 3bce® = 0
= 3ce’x, + aefy, =0
= 3cex; + afy,; =0

(x4, ¥4, 2¢) lies in the plane 3cex + afy = 0.

Similarly, the points corresponding to ¢, and ¢, also lie on the plane 3cex + afy = 0.

EXERCISE 1.5

1. Find the intersection of the xy-plane and the tangent lines to the helix r = cos ¢i + sin #j + tK,
t>0).

Find the equation of the osculating plane at any point on the curve r = (¢, ¢2, ¢3).

Sl

Find the equation of the osculating plane to the curve r = #i + #%j + t°k at the point for which ¢ = 1.

4. Find the equation of the osculating plane to the curve x = 3¢, y = 3t2, z = 23 at the points (3, 3, 2),
(- 3,3,—2)and (6, 12, 16).

5. Find the equation of the osculating plane at the point ‘ ¢’ on the helix x =a cos ¢,y = a sin ¢, z = ct.

x z
6. Show that the osculating plane at the point # = 1 of the curve r = (3at, 3bt2, ct®) is o % + P 1.

7. Find the equation of the osculating plane at the point ¢ of the curve
x =acosht, y=asinht, z = bt
8. Find the equation of the osculating plane at the point ¢ of the curve
r = 4a cos® ti + 4a sind tj + 2a cos 2tk.
9. Find the osculating plane at the point # of the curve x = a cos 2¢, y = a sin 2¢, z = 2a sin t.

10. Find the basic unit vectors t, n and b of the curve r = (¢, #2, ¢3) at the point ¢ = 1. Find also the
equations of the characteristic lines and planes at this point.
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Answers
1. (cost+tsint,sint—t¢tcost,0) 2.3t -3ty +z =13
3. 3x—-3y+z=1
4. 2x—-2y+2=2,2x+2y+2=-2,8c-4y+2=16
5. clxsint—ycost—at)+az=0 7. bx sinh ¢t — by cosh t + az = abt
8. 2xcost—2ysint— 3z =2a cos 2t
9. (sin 3¢ + 3 sin #)x — (cos 3t + 3 cos t)y + 4z = 6a sin ¢

10.

1 1 1
t=—— i+2j+3k),n= ——(—11i - 8 + 9k), b = —— (3i - 3j + k),
J14 /266 V19
x-1 y-1 2-1 x-1_y-1_2-1 x-1_y-1_2z-1
1 2 3 1 8 -9 3 -3 1

XxX+2y+32=6,11x+8y—-92=10,3x -3y +z = 1.
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Curvature and Torsion

1. INTRODUCTION

For curves in space, the concepts of curvature and torsion are of fundamental importance.
We know that line segments are uniquely determined by their lengths, circles by their radii,
triangles by side-angle-side etc. In geometry, we look for geometric quantities which distinguish
one figure from another. The importance of curvature and torsion can easily be estimated
from the fact that it can be proved that a curve is uniquely determined (except for its position
in space) if its curvature and torsion are given as continuous functions of arc length ‘s’.

2. CURVATURE OF A CURVE

Let r = r(s) be a regular curve C of class C"™(m > 2), where s is the parameter ‘arc length’.
The vector r”(s) is called the curvature vector
on the curve C at the point r(s) and it is denoted by

—
=

‘)
~

Kk(s) (or by k). The magnitude of the curvature vector /v
is called the curvature of the curve C at the point r(s) —
r(s) and it is denoted by x(s) (or by «). C

K(s) = | 1(s) | — A |

Also t(s) = r'(s), so we have

K(s) = t'(s).

We know that t(s) is a unit vector. /

= ts) ~t(s) =1

= ts) tls)+t(s) - ts)=0

= 2t(s) - t(s) =0

= K(s) - t(s) =0

The curvature vector k(s) is orthogonal to t(s) and hence parallel to the normal
plane at r(s). When k(s) is non-zero, it is in the direction in which the curve is turning.
The reciprocal of the curvature at a point is called the radius of curvature at that
point and it is denoted by p.

1
p= (Assuming k # 0)
A point on the curve C is called a point of inflexion if the curvature « at that point is
Zero.
K r/’ ’
Remark. We have —=——=—=1n,
L
K
n=—.
K

38
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Example 1. Show that: x=|r'xr

I/l

n
Sol. |1"X1‘”|=|t><t'|=|t|‘|t'|Sin§=1'K'1=K

K=|rxr

I/l

Example 2. For the helix v = a cos ti + a sin tj + btk, a > 0, b # 0, find the curvature at

the point t.
Sol. We have r=acosti+a sin {j + btk.
r =—aqasinti + a cos tj + bk
= || = Ja®sin® t + a® cos® £+ b% = \Ja® + b
r 1 . .
t=—=———(—asinti+acostj+bk)
e Ja? + b2
podt_dt dt_adt/ds
ds dt ds dt/ dt
1 o e
=—(—acosti—as1nt,])/§
a® +b* dt
=—L(costi+sintj) /\/az+b2 ( £:|r|)
[2 ;2 dt
a“+b
= — i N (costi + sintj)
a’ +b2
a
Curvature, K=|x|= (- cost)? +(—sin¢)? = .
| x| a2+62\/ a? +b?

1 1
Example 3. For the curve r = ti + §t2j + §t3k, find the curvature vector and curvature

at the point t = 1.

1 1
Sol. We have r==t+ Etzj + §t3k.
r=i+#+t’k and |T|=1+¢2 +¢*
} 1
t= = (i+tj+t%k)

Pl 124t
) 1 3
t=——(G+2tk)+| - 2t;4t4 373
N1+e2+¢4 21+t +t)

) i+t +t°k)
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1
- (1+t2 +t4)3/2

1
A+ 4t

g dt_dtdt
ds dt ds
1

C(A+t2 44?2

[(1+22+tHG + 2tk) — & + 2t3)d + tj + t2Kk)]
[+ 2631 + (1 —t9j + (2t + t3)k]

. /ds ;.
2 _t
¢ dt /|1'|
[+ 2631 + (1 —t9j + (2t + t3)k]

At t=1,

K= %[—3i+0j+3k]=—%i+%k and K= [ | = %+%=g.

Theorem 1. Prove that the curvature of a regular curve at a point is equal to the rate of
change of direction of the tangent with respect to arc length.

Proof. Let r = r(s) be a regular curve of class C"(m > 2), where s is the parameter ‘arc

length’. Let r(s) be any point P on the given curve. Let r(s + 8s), 6s > 0 be a neighbouring point

Q of r(s). Let t(s) and t(s + ds) be the unit tangent vectors at the points r(s) and r(s + ds)

respectively.

t(s)

t(s + 3s)

t(s + 8s) — t(s)

r(s + 3s)

t(s) M

2
A t(s + 8s) B

Let 66 denote the angle between the tangent vectors t(s) and t(s + ds).
By definition,

k= |t |=|lim t(s+3s) —t(s) | _ lim t(s+3s) —t(s)
85 —0 Ss 8s >0 s
. |t(s+38s)—t(s)]|
K= BISITO 88 (1)
Since t’ is a unit vector, we have AC = AB = 1.
In AABC, CB = | t(s + 8s) — t(s) |
Also CB=2CM =2 sin ZCAM = 2 sin 8—26
3
= 2 6_9 - (66/2) + ------
2 3!

(By using Taylor’s expansion for the sine function.)
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I
(2]
D

—
—

|
>
N
|2
[\]
N——

=1
® = ke fm
.80 . (56)*
- gslﬂ})g'sléi%(l 24 +n J (v 80 —>0asds—0)
do do
= T . 1:_ = +L.U.
s s rate of change of 6 w.r.t. s

The curvature at a point is equal to the rate of change of the tangent with respect to
the arc length.

Theorem 2. Prove that a regular curve of class C™(m >2) is a straight line if and only if
its curvature is identically zero.

Proof. Let r = r(s) be a regular curve of class C"(m > 2), where s is the parameter ‘arc
length’.

Let the curve be a straight line.

Let the curve passes through the point whose position vector is a and is parallel to

vector b.
r = a + th, where ¢ is a parameter.
dr dr
—= —1=|b
= 7 b and 7 |b|
r b
== —
x| |b]
, dt dt dt
=t = —=0.—=0
dt ds ds

k= |0| =0 i.e., the curvature is identically zero.

Conversely, let the curvature of the curve be identically zero i.e., k = 0.

= k=0 = t'=0 = t=c,aconstant vector.
= r'=¢ = r=cs+d,whered is a constant vector.

The curve is a straight line passing through the point whose position vector is d and
is parallel to the vector ec.

The result holds.
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Theorem 3. Let r = r(t) be a regular curve of class C™ (m > 2), where t is an arbitrary
parameter. Prove that

| x 7|
K=
|x[?
Proof. We have T = ﬂ :ﬂé: r's=sr’
t ds dt
and = @ = i(ér’) =8 dr 151 = $(r”3) + §r’ = §r’ + $%r”
dt dt dt

FXF =S XX +8°r7) = (58 (' x 1) +(8°) (@ xx”)

=350+ xr) =53 x1”)

=|1"|3(r’><r”) (o &=1])
|#x#| = | [®|r’'||r”|sin 6, where 0 is the angle between r’ and r”.
Now r' =t, r” =t" and t and t’ are orthogonal.
0 = m/2
Also |r|=|t]|=1 and |r"|=x
lex#]=|rf.1.x.1
x|
=
||
Corollary. If r=x(®i + y(t)j + z(t)k, then
[£xF | = 55z -2)2
and | £ | = yZx2.
[ix¥| 25z -52)2
K = N = N .
Irl3 (EXZ)S/Z
Remarks 1. If r = r(s), then
K=|r|=|rxr"|.
2. If r = r(¢), then K= |I|'f<|;'|.
r
Example 4. For the circle r = a cos ti + a sin tj, a > 0, find the radius of curvature at
point t.
Sol. We have r=acosti+asintj,a>0.
r =—aqasin ti + a cos tj
= |1"|=\/a2sin2t+a2cos2t=a
t=—=—(—asinti+acostj) =—sin ti + cos tj

l*| a
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_yodt_dt dt
ds dt ds

= (- cos #i — sin tj)/é
dt
=—(costi +sin tj) /| 7|

1 . o e
=— g(cos ti + sin tj)

1

1
Curvature, K=|x|= —\/(— cost)? +(-sint)? = —
a a

. Radius of curvature = 1 = 1 =a
k la
Radius of curvature is equal to the radius of the given circle.

Alternative method

We have r=acosti+asintj, a>0.
I' = —asin i + a cos tj
and ¥=—qacosti—asinij
i J k
rxy =|—asint acost 0| =(a?sin?t + a2 cos? H)k = a?k
—acost —asint 0
| EXF | = g2
Also | © |2=a?sin?¢ +a%cos?’t=a? - | T | =a
.13 3
. 1 r a
. Radius of curvature = — = | |__ =—=a
K |EX¥| a

Example 5. Show that along the plane curve r = x(t)i + y(t)j,

o lEi-Ey |
% +92 )2
Sol. We have r=xi+yj. ..(1)
rXxXr
Also, = | |I"|3 | ...(2)
1 = r=Xi+yj and ¥ =5X%i+¥j
i j k
x y 0
1/2
lix#|=|¢5-iy] and |i|=(%*+5%)
2 oo lEg-iy| _ |Eg-dy)

[(3&2 +y2)1/2]3 _(3&2 +y2)3/2 '
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Example 6. For the curve
r=(t-sint)i + (I - cos t)j + tk,
find the curvature at point t.

Sol. We have r=(t-sin#i+ (1 -cost)j +tk.
r=(l-cost)i+sintj+k
and I =sin i + cos £j + Ok
. i
||
i i k
rX¥ =|1-cost sint 1|=—costi+sintj+ (cost— 1k
sint cost O
#x 3 | = yJeos® t +sin® + (cos t — 1)
1/2
.9 t 2 . 4 l &
=|14+|-2sin“ — =|(1+4sin™ —
2 2
x| = \/((1—cost)2 +sin® ¢ + 1)
= (1+cos?t—2cost+sin’t+1V2
NL
=(1+2(1 —cos t)¥2 = (1+ 4 sin® E)
NG £\V2
(1+4sin4 ) (1+4sin4 J
2 2
1 = K= 5 = :
in2 ¢ (1 4 sin? j
1+4sin” — + 458
2 2
Example 7. For the curve x = 4a cos® t, y = 4a sin® t, z = 3c cos 2t, show that
a
K= ) 2 - .
6(a” +c”)sin 2t
Sol. Let r be the position vector of the point (x, y, z) on the curve.
r=xi+yj + 2k = 4a cos3 ti + 4a sin3j + 3c cos 2tk
, dr dt
=Y = — —
dt ds
. . . . dt
= (— 12a cos? t sin ti + 12a sin? ¢ cos tj — 6¢ sin Ztk)a
. . . . . . dt
= (— 6a cos ¢t sin 2ti + 6a sin ¢ sin 2¢j — 6¢ sin Ztk)g
: . o dt
t =6 sin 2t (— a cos ti + a sin tj — ck)— ..(1)

ds
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— |t|=6$in2t,\/a20052t+a25in2t+62 %
s
dt
= 1 =6 sin 2t V@ +c” s o Jt]=1
N ﬁ = G,Ia2 +c? sin 2t
dt
= % =6+/a% +¢2 sin 2 (Assuming sin 2¢ > 0)
. . o 1
1) = t=6sin 2¢ (—a cos ti + a sin tj — ck) .
6\/(12 +c? sin 2t
1 . ..
= ——— (—acos ti + a sin tj — ck)
Ja? +¢?
Now t = at_dtdt
ds dt ds
e . 1
= (a sin ti + a cos tj — 0k)
a® +c? 6\/a2 +c? sin 2¢

= 5 (; - (sin ¢ + cos &j)
6(a” +¢”)sin 2t

k= |t | a4 \/sin2t+coszt = a

= 6(a® +c?)sin 2¢ 6(a?+c?)sin 2t

Example 8. Find the radius of curvature at any point of the curve

+y?=d? x> -y? = az
Sol. The given curve is
22 +y?=a? .. x2—y2=az ..(2)
Let x=acost,y=asint
(1) is satisfied.
2 = a®cos?>t—a?sin’t =az
= z =a cos 2t

The given curve is
x=acost,y=asint, z=a cos 2t.
Let r be the position vector of the point (x, y, z) on the curve.
r=xi+yj+zk=acosti+asintj+acos2tk
I = —q sin ti + a cos tj — 2a sin 2tk
and T = —q cos ti — a sin tj — 4a cos 2tk
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i j k
rX¥ =|—-asint acost —2asin2t
—acost —asint —4acos2t
i j k

a?2|sint —cost 2sin 2t
cost sint 4 cos2t

a® [(— 4 cost cos 2t — 2 sin ¢ sin 2¢)i — (4 sin ¢ cos 2t — 2 cos ¢ sin 2¢)j
+ (sin? t + cos? t)K]
a® [(— 2 cos t cos 2t — 2 cos (¢ — 2t))i
+ (— 2 sin ¢ cos 2t + 2 sin (2t —1))j + K]
= a?[- 4 cos® ti + 4 sin3 4j + K]

)
|

=a2sin?t + a2 cos? t + 4a? sin? 2¢

||
=a%(1 + 4 sin? 2¢) = a?(5 — 4 cos? 2¢)
42
= a2(5 ——22 ) =b5a? — 422
a
|#] = y/5a® — 42>

|t x i |2 =a*16 cos® ¢+ 16 sinb ¢ + 1)

a*[16{(cos? t + sin? ¢)3 — 3 cos? ¢ sin? ¢ (cos? ¢ + sin? ¢)} + 1]
a*[16{13 — 3 cos? t sin? ¢ . 1}'+ 1] = a*[17 — 48 cos?t sin?¢]
a*[17 — 12 sin? 2t] = a*[5 + 12 cos? 2¢]

122”
at [5 + = } = a2(5a% + 122?)
a

Fx# | = ayba” + 1227
l_ |r|3 ~ (5&2 _422)3/2

N aatd a\/5a2+1222.

Example 9. Find the equation of the osculating plane and curvature at point t of the
curve x =a cos 2t, y = a sin 2t, z = 2a sin t.

Sol. Let r be the position vector of the point (x, y, z) on the curve.
r=xi+yj+zk =acos 2ti + a sin 2{j + 2a sin tk

. T = — 2a sin 2t + 2a cos 2t + 2a cos tk
and T = — 4qa cos 2ti — 4a sin 2tj — 2a sin ¢t k
i j k
Xy =|—-2asin2t 2acos2t 2acost
—4acos2t —-4asin2t -2asint
i j k

=—4g?|-sin2t cos2t cost
2cos2t 2sin2¢t sint
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= — 4a?[(cos 2t sin t — 2 sin 2¢ cos t)i
— (— sin 2¢ sin ¢ — 2 cos 2t cos t)j + (— 2 sin? 2¢ — 2 cos? 2t)K]
= —4a?((sin (t — 2t) — sin 2¢ cos )i + (cos (2t —¢t) + cos 2t cos t)j — 2k]
= 4a2[(sin t + sin 2t cos t)i — (cos t + cos 2t cos t)j + 2K]
Equation of the osculating plane is [R-r r r] = 0.
= R-1r).(rx¥)=0 ..(1D)
Let R=uxi+yj+2zk
(1) = [(x—acos2t)i+(y—asin2)j+ (z - 2a sin HK] - 4a%[(sin ¢ + sin 2¢ cos ¢)i
—(cos t +cos 2t cos t)j + 2k] =0
= (x —a cos 2t) (sin ¢t + sin 2¢ cos t) — (y — a sin 2¢) (cos ¢ + cos 2t cos t)
+(z—-2asint)2=0
= (sin t + sin 2¢ cos t)x — (cos ¢ - 2 cos? t)y + 2z
a cos 2t sin t + a cos 2t sin 2t cos t —a sin 2t cos ¢t — a sin 2t cos 2t cos t + 4a sin ¢
asin (¢t —2t) + 4a sin t
= 3a sin ¢

(sint + sin 2¢ cos )x —2 cos® ty + 2z = 3a sin ¢
This is the equation of the osculating plane.

| & x i |2 = 16a*[(sin ¢ + sin 2t cos ¢)2 + (cos ¢ + cos 2¢ cos )2 + 4]

= 16a*[sin? t + sin? 2t cos?t + 2 sin ¢ sin 2¢ cos t + cos? ¢ + cos? 2t cos? ¢

+ 2 cos t cos 2t cos t + 4]
= 16a*[1 + (sin? 2¢ + cos® 2t) cos? ¢t + 2 cos ¢ (sin ¢ sin 2¢ + cos t cos 2t) + 4]
= 16a*[1 + cos? t + 2 cos t cos (t —2t) + 4]

| x# | =4a” 5+ 3cos® ¢
Also, |#|? = 4a? sin? 2t + 4a? cos? 2¢ + 4a® cos® ¢
= 4a? + 4a? cos? t = 4a*(1 + cos? t)

|22 = 8a%(1 + cos?¢)¥2

= | & x| 4a2\/5+3cos2t a V5 +3cos?t
| |? 8a3(1+cos? )2  2a(1+cos?)®?’
Example 10. Show that a curve r = r(s) of class C"™(m > 2) is a straight line if all tangent
lines are concurrent.
Sol. The equation of the tangent line at the point r(s) is
R(s) = r(s) + Ms)t(s),
where R(s) is a general point on the tangent line and A(s) is a parameter.
Let all tangent lines intersect at the point r(s).
r,(s) = r(s) + A (s)t(s) for some value A(s) of A(s)
Differentiating w.r.t. s, we get
0 =1(s) + Ay(St'(s) + Aj(s)t(s)
0 = t(s) + A (s)t'(s) + Ag(s)t(s)
0 = (1 + A, (sNt(s) + Ay(s)t'(s)

=
=
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Multiplying by t'(s), we get
0=(@1+2;(s) (t(s) - t'(s)) + Ay (s)(E(s) . t'(s))
0=(1+25(s) -0+ Ays) [t'(s)]?
() [t(s) [2=0 = [t(s) | =0 = t(s)=0 (Assuming A(s) # 0)
t(s) = ¢, a constant vector

LI U

r(s)=e¢ = r(s) =sc + d, where d is a constant vector

The curve r = r(s) is a straight line passing through the point whose position
vector is d and is parallel to the vector c.

WORKING RULES FOR SOLVING PROBLEMS
Rulel. ()k=r'=t  (ik=|1r'|=]|t]

Rule II. Radius of curvature, p = 1
K
| x|
i

Rule IV. Curve is a straight line if and only if its curvature is identically zero.

Rule IIL () k= | ¥ x ¥/| (i) x =

EXERCISE 2.1

1. For the curve r = a cos ti + b sin tj, a, b > 0, find the curvature at point ¢.

2. For the curve r = cosh ti + sinh ¢j, find the curvature at point #'.

3. For the curve r = ti + t¥%j, ¢t > 0, find the curvature at point .

4. Show that a curve r = r(¢) of class C™ (m > 2), where ¢ is an arbitrary parameter, is a straight line
if ¥ (¢) and ¥ (¢) are linearly dependent for all ¢.

5. For the curve r = ti + t?j + t°k, find the curvature at the point (0, 0, 0).

6. Show that the curvature of a circle of radius a is equal to 1/a.

7. Letr =r(¢) be a regular curve of class C"™(m > 2), where ¢ is an arbitrary parameter. Show that:

Vo) (7. 1) - (. 1)
K= .

(I' . I',)3/2

8. Show that for a curve y = y(x) in the xy-plane:
ly
(1+y2)32
9. For the following curves in the xy-plane, find curvature: (i) y = x2 (ii) xy = A.
10. For the curve x = a(3t — t3), y = 3at?, z = a(3t + t3), show that:
_ 1
“ T Ba1+ 22
11. For the curve x = ¢,y = t2, z = t3, show that:
2 49t* +9t2 + 1)
@ttt 4+

//l

K(x) =
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12. For the helixx =a cos ¢, y = a sin ¢, z = at cot o, show that: k = 1 sin? a.

a

13. Find the curvature of the curve given by r = a(¢ — sin #)i + a(1 — cos #)j + btk.

3
14. For the curve x = 3t, y = 3¢2, z = 2¢3, show that: p = E(l + 2t%)2.

Answers

1 ab 9 1 3 6

* (@®sin® t + b2 cos? )32 * cosh? 2t TVt 4+ 902
- o 2 oA

. . (D) e (i1) (x4 1 12)372

V2
a(b2 +4a? sin? 5)
13.

3/2
(bz + 4a? sin? é)

Hints
4. Letr@)=Ar().

)
7. E.0E D -0 =|eP|Ef -(|]||¥|cos0)? =2 ¥ (1-cos?0) =ITXT[".

3. TORSION OF A CURVE

Let r = r(s) be a regular curve C of class C"™(m > 3) and r”(s) # 0, where s is the param-
eter ‘arc length’.

t’(s) _ t’(s)
[t(s)|  |r"(s)]

r’(s) #0 = n(s) = n(s) is defined.
r’(s) _r'(s)xr’(s)

Also, LA x nls) = x'(s) x le”(s)| (3]

b(s) is defined.

n(s) and b(s) exist at the point r(s).
Since r”’(s) exists, the binormal b(s) is differentiable w.r.t. s.
b’(s) exists.

The scalar quantity — n(s) . b’(s) is called the torsion of the curve C at the point r(s) and
it is denoted by 1(s) (or by 1).

The reciprocal of the torsion is called the radius of torsion at that point and it is
denoted by o.

o=

1. (Assuming 1 # 0)
T
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Remark. It can be proved that a curve is uniquely determined (except for its position in space) if
we are given its curvature k(# 0) and torsion T as continuous functions of arc length s. This result shows
the importance of curvature and torsion in the study of differential geometry of space curves.

Example 1. For the helix r = a cos ti + a sin tj + btk, a > 0, b # 0, find the torsion at the

point t.
Sol. We have r=a costi+a sin fj + btk
. Ir =—asinti + a cos tj + bk
= |I"|=\/a2sin2t+anos2t+b2 = ya® +b”

T 1
t=— = ——— (—asinti+ a cos tj + bk)
lr] a? + b2

dt dt dt dt /ds

T ds dids dt/ dt
1

= ——=—(-acosti—asintj) /|¢|
'\/a2+b2
a
=———— (cos ti +sin tj) /./a? + b2
\/m J / a‘+b

’

a > . .
=— ——— (cos?1 + sin #j)

a“+b
a a
t'| = ———=(cos? ¢+ sin2 )2 =
v a? +b? a® +b?
2 2
’ a . . .. a’+b .
=|:_/|—— T 52 (cos ti+sin tj). = —(cos ti + sin tj)
a
i j k
. a b
b=txn=|- sin ¢ cost —
\/OL2 +b2 \/OL2 +b2 \/az +b2
—cost —sint 0
1 i j k

=- = —asint acost b
ya© +b cost sint O
1
=— ——— [-bsinti + b cos tj — ak]
1lotz+b2

p_db_dbdt_dbjds
T ds dt ds di/ dt

1
=———(-bcosti—bsintj— 0k) /|t

qlaz +b2
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= ﬁ (b cos ti + b sin ¢j) /,/a2 +b2
a® +

b
= (cos ti + sin tj)
a’ +b?

Torsion, T=-n-b’

= (cos ti + sin tj) .

(cos ti + sin £j)

b
= .(cos?t +sin?t) = ———.
a? +b2 a? + b2
Note. Torsion at each point of a helix is always constant.
Theorem 1. (Serret-Frenet formulae). Let r = r(s) be a regular curve of class C™(m > 3),
where s is the parameter ‘arc length’ and r”(s) # 0. Prove that

a? +b?

@) t'=kn @) n" =-xt+1b (iii) b’ = - 1n.
Proof. (i) kn=|r|n=|¢t |(%J =t
t' = kn.
(Tii) b-ty=b-t+b -t=b-(kn)+b" -t
=k(b-n)+b" -t=0+b'-t=Db" -t
Also, b.ty=0=0
= b.t=0 = b’ is perpendicular to t.
Also, |b|=1 = b:-b=1 "= b-b+b"-b=0 = b -b=0

= b’ is perpendicular to b.
b’ is perpendicular to the plane determined by t and b.
b’ is parallel to n.

Let b’ = An.

= n.b=n-0n=An-n=A-1=A2A

= —T=A (v 1T=-n.b")
b’ =—1n.

(it) We have n=>b xt.

n=Mbxt)=bxt'+b' xt=bx(xn)+(—1t)xt
(Using (i) and (i)
=k(bxn)-tnxt)=x(-t) —t(—b) =—«t + tb

n’ =—«t + thb.

Remark 1. Serret-Frenet equations shows that we can express the vectors t’, n’, b’ as linear
combinations of the vectors t, n, b.

Remark 2. We have proved equation (iii) before proving equation (ii) because the result of (ii7) is
used in proving (i7).
Remark 3. The Serret-Frenet equations can also be written as
t'=0t + xn + Ob
n =-xt+0n +tb
b’ = 0t — tn + Ob.
[ 0
In the above equations, the coefficients of t, n and b form the matrix |-k
O —

L on
S a o
| S
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Remark 4. In the above discussion, t, n, b, t’, n’, b’, k, T are all functions of the parameter s. For
the sake of simplicity, we have written t(s) as t etc.

Example 2. Show that along the curver =x(s), kt= | t' - b’ |.
Sol. We have t-b'=kn)(-m=-xt(n.n)=-x1(l) =-«xt

|t -b | =| —xt | =xt.
Example 3. Show that along the curve r = r(s), T = [t n n’], provided x # 0.
Sol. nxn' =nx(—«kt+1h)=-«xn xt)+1(nxb)

—k(=b) + 1(t) = kb + tt

tnn]=t-mxn)=t- (kb + 1t)
=k(t-b)+1t.t)=x(0)+1(1) =1
T=[tnn’].
[r/ r// r/ l/] .
Example 4. Show that along the curve r = r(s), T = — provided x # 0.
K
Sol. We have =t and r" =t =«xn
" = dr” _dv _d (kn) = xn’ + K'n
T ds ds ds -
= k(- xt + tb) + K'n (Using n’ = - xt + 1b)

=— %t + xth + ¥n
r xr” =xn x (— k%t + xth + Kn)
-3 xt) + ¥2t(n x b) + KK'(n x Nn)
=—k3(—b) + K21t + xkK’0 = 3b + K21t

rr]=r" @ xr”) =t (b + K21t)
=3t -b)+k%t-t)=0+x2t-1=x%1
e ]
> Y%

Theorem 2. Let r = v(t) be a regular curve of class C™(m > 3), where t is an arbitrary
parameter. Prove that

T=L__ﬂ2,pmvided | ©x# | #0.
| x|
Proof. We have i‘=£:£§:r’é=ét
dt ds dt
T = %:%(ét)Zé%ﬁ-é‘t = $(t's) + 5t

= $2(xn) + §t = §t + k$’n
PXE = ($t)x (5t +xs2n) = $8(tx t)+ k&3t xn)

— $5(0) +x$°b=xs’b

Differentiating w.r.t. ¢, we get

PXTF+PXPE = Kb +x35%25b + k3 (b'$)
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- FxiE+0 = (ks +3ks25)b + ké*(— tn)
= Pxi = (K82 +3ks%8)b-k1s*n

L@ xT) = (5t+Kksin)- [(K'é +3k525)b -k 15*n

= -x%%(n.n) (Usingt*b=0,t*n=0,n-b=0)
- [# ¢ ¥ = — k%%
= — [ ¥ ¥]=- k%%
= [ ¥ ¥] = k%57 (D)
Also | Tx¥# | = ks? |b|=xs?
1) = [F¥¥l=|exi]r
ki ¥
T ExE?

Corollary. If r = x(¢)i + y(t)j + z(t)k, then

x y 2
f # ¥l =|% § 2| and |Ex¥]? = 2(9 - §2)°.
E3 3 [ R g
T=——75 =% §J 2 + X(yz — y2)°.
|I'XI'| ¥ y 5
Remarks 1. If r = r(s), then
e of o] rz]. (Using = | ¥' x ")
|r" xr”|
2. If r = r(¢), then
e r ¥l

T lExil

Theorem 3. Prove that a regular curve of class C™(m > 3) is a plane curve if and only if
its torsion is identically zero.

Proof. Let r = r(s) be a regular curve of class C"™(m > 3), where s is the parameter ‘arc
length’.

Let the curve be a plane curve.

Let the plane of the curve be normal to the vector a.

r - a = A, where A is some constant and r = r(s).

= %(r-a)=0

= r-a=0 = t-a=0 (1)
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d ,
(1) = —(t.a) =0 = t.a=0
ds
= It,l.a=0 = n.a=0 ..(2)

(1) and (2) imply that a is perpendicular to the plane of t and n.
a is parallel to the unit binormal vector b.

Let b=ua.
db d
b —E—d—(ua) =0

T=—-n.b’'=-n.0=0 ie., the torsion is identically zero.
Conversely, let the torsion of the curve be identically zero.
By Serret-Frenet equation, b’ = — tn.
b’=0n=0 .. b=Db, aconstant vector.
Let r be any point on the curve.

di(r.b0)=r'.bo=t.bo=o (- t.b=0)
S

. r . b, = constant.

This equation represents a plane.
The curve r = r(s) lies on a plane.
The result holds.

Remark. For a curve to lie in a plane it 1s sufficient to show that its unit binormal vector b is a
constant vector.

Example 5. Show that the curver =acosti+asintj+bk,a >0, b #0is a plane curve.

Sol. We have r=acosti+asintj+bk

Ir=—asinti+acostj+0k

|| =\/a2sin2t+a2cos2t =a

1
t=7z7=—(-asinti+acostj)
a

=—ginti+costj

t=-costi-sintj and |t| = ycos?¢+sin?t =1

n= %z—%(costi+sintj) =—(costi+sintj)
i i) k
b=txn=|-sinf cost 0|=k

—cost —sint O

b is a constant vector.
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= b=0 = t=—mn.b’'=—n.0=0.
The given curve is a plane curve.
Alternative method

—asint acost O

[t ¥ ¥] =|—acost —asint 0| =0
asint —acost O
[r * ¥ 0

T= = =
lix#?  |exif?
The given curve is a plane curve.

2
Example 6. Show that the curve r = (t, %, 1 tt

J lies on a plane.

Sol. The given curve is

_ 42
M LN LN
t t
1 1
2., 2
r=t—3J+t—3k
. 6. 6
and r=_t_4']_t_4k
VA
Ao
o 2 2 12 12
[x ¥ ¥] =|0 = 5 =_t_7+t_7:0
6
O e e
[+ ¥ ¥ 0

T lExEP |ExEP

The given curve lies on a plane.
Example 7. Find the torsion of the curve r = ti + t%j + t’k at the point ‘¢
Sol. We have r=ti+t% + 2k
r =i+ 24 + 37Kk,
r=2j+6tk and r =6k

[r ¥ ¥

(D)

Now, T=W
i j k

Pxi=|1 2t 3t%|=62%-64+2k
0 2 6t
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| #xi |?2=36t*+36t%2+4=4(1+ 92 + 9t

1 2t 3¢
¥ ¥ =0 2 6t|=12
0 0 6
12 3

(1) = T= = .
4(1+9t2+9t%)  1+92 + 9t

Example 8. For the curve r = (at — a sin t)i + (a — a cos t)j + btK, find the torsion at the

point t.
Sol. We have r=(at —a sin #)i + (a — a cos t)j + btk
I =(a—acosti+asinij+ bk
F=qgsinti+acostj+0k and T =acosti—a sintj+ 0k
NOW, T=% ..(1)
| X ¥
i j k
I'xi =|a—acost asint b
asint acost 0
=—abcosti+absintj+(a?cost—a®k
rxi |2=a%?cos?t +a?h?sin?t +a* (cost—1)2
t t
=a?? + a* (—2sin2 ~) = a2[62+4a2 sin? —]
2 2
a—-acost asint b
Also, [r ¥ ¥] =| asint acost O =5b[-asin?t—a2cos?t] =—a2b
acost —asint 0
-a’ b

1 = T Nt
az(b2 +4a? sin* 2) b2 + 4a? sint 5

Example 9. For the curve x =a tan t,y =a cot t,z = @ a log tan t, prove that

_2x/§a

sin? 2t

Sol. The given curve is

x=atant,y=acott, z =2 alogtant.
Let r be the position vector of the point (x, y, z) on the curve.

r=xi+yj+zk=atanti + a cot tj + /2a log tan tk

t=r=r—

ds

2
. . t.|dt
= | asec? ti — a cosec? tj+v2 a SeC Ty | &
tan ¢ ds
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. . 2 dt
t = a | sec? ti — cosec? tj +,Lk — ..(1D)
sin ¢ cos t ds
1/2 &t
= |t]=a sec4t+cosec4t+ﬁ —
sin“tcos“t) ds
1/2
N ds | _ sin? t + cos? t + 2sin? t cos? ¢ _ a
dt sin? t cos? ¢ sin? t cos? t
dt sin®tcos® ¢t
ds a
. . 9 .9 2
1) = t=a secztl—cosec2t3+_Lk T i
sm i cost a
or t = (sin? ti — cos? tj + /2 sin t cos tk)
.9 2
t=t ﬂ=(2Sintcosti+2costsintj+ 9 cos 2tk) , Sm”tcos” ¢
ds a
.9 2
= _ s feost t (sin 2ti + sin 24 + /2 cos 2tk) ...(2)
a
(Using t’ = xn)
.9 2 .9 2
. . 2
. Kl n | = SREEOST (o oy in? 91 4 2 cos? 2 - V2SI feos”t
a
_ﬁsinztcoszt and p = 1 a
a K «/Esin2 ¢ cos? ¢
1 .. .
2 = n= 7—2— (sin 2ti + sin 2¢j + 4/2 cos 2tk)
. dt 1 ) . ) .2 2
= n’=n—=—(200s2t1+2c0s2t3—2\/§s1n2tk)M
ds 2 a
2 sin? tcos? t .
= b — xt = J—— (cos 2ti + cos 2tj — /2 sin 2¢k)
a

(Using n’ = tb — «t)

(tb — xt) - (tb — kt)

2sin® t cos* ¢

5 (cos? 2t + cos? 2t + 2 sin? 2t)

a
9 9 4 sin? ¢ cos* t
= T+ —
a
. . . 4 4
- 2= 4sin* tcos*t 2sin*tcos®t 2sin”¢cos® ¢

2 2

2
a

a a
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J2 sin? t cos? ¢ 1 a
tT=————— and o=—="F7="""5_ 5
a T 2 sin” t cos“ ¢t

a 2 \/5 a
J2 sin?tcos?t sin? 2t .
Example 10. Prove that for the curve of intersection of the surfaces x> + y> = 2% and

4
z=atan =:
x

p:G:

a@2+62)372 a(8+50% +0%)
= — 775 and o= 3 , Where y =xtan 6.
(8+506° +0%) 6+6
Sol. Given surfaces are
x2 +y2 =22 .(1) and 2z =atan™! % .(2)
Let y=xtan® .. (2) = z=catan! (tan0)=a0
(1) = %2+ x%tan? 0 = a202 = x2sec?0=0a%0? = x=abcosH

y = (ab cos 0) tan 6 = ab sin O
The parametric equations of the given curve are
x=abcos 0,y =ab sin 0, z = ab.
Let r be the position vector of the point (x, y, z) on the curve.
r=uxi+yj+zk=ab cos 0i + a0 sin 6j + abk
r =a [(cos 6 — 0 sin 6)i + (sin 6 + 6 cos 0)j + K|
r=a[(—2sin 6 —06cos0)i+(2cos 6 -0 sin 0)j]

¥ =a [(—3cos 0+ 0sin 0)i + (- 3sin 0 — 0 cos 0)j]
i j k
59| cosB-—0sin0O sin®+6cosb 1
-2sinB0-0cos® 2cos0-6sin® 0

rXr =a

a? [(—2 cos 0 + 0 sin 0)i + (— 2 sin 6 — 0 cos 0)j
+(2cos20—0sin 0 cos O —2 0 sin 0 cos 0 + 62sin?0
+2sin20+ 2 0 sin 0 cos 0 + 0 sin 0 cos 0 + 02 cos? 0)K]

a® [(—2 cos 0 + 0 sin 0)i — (2 sin 6 + 0 cos 0)j + (2 + 62)K]

[r ¥ ¥l=0r.¢fX¥) =(Cx¥#) .7¥
a® [(—2 cos 0 + 0 sin 0)i — (2 sin 0 + 0 cos 0)j
+(2+0%k] .a [(—3cos 0 +0sin 0)i — (3 sin 0 + 0 cos 0)j]
= a3 [(6 cos? 0 + 62 sin? O — 50 sin 0 cos 0)
+ (6 sin? 0 + 02 cos? 0 + 50 sin 0 cos 0)]
=a3(6 + 0?)
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| T |2=a? [(cos? 6 + 62 sin? O — 260 cos O sin 0)
+ sin? 0 + 02 cos? 0 + 20 sin 0 cos O + 1]
=a2(2+ 62
| % #|*= ¢4[(4 cos20 + 62 sin2 O — 40 cos 0 sin 0)
+ (4 sin%0 + 02 cos?0 + 40 sin 0 cos 0) + (2 + 62)?]
=a*[4+0%2+4+0*+40% =a* [8 + 50% + 0]

1 |I'|3 a3(2+62)3/2 ~ a(2+62)3/2
P= Kk |EX¥| a2(8+50%2+04)Y2  (8+502%+0%)2
and o= l_|1"><'1"|2 _a*(8+50% +0%)  a(8+50% +0%)

t [kE¥l @%6+02) 0 6+0°
Example 11. For a point on the curve of intersection of the surfaces x> — y? = ¢ and

2

y =x tanh 2, show that p=0= iy
c c

Sol. Given curve is

x2 —y2 =c? (1) y =xtanh§ .(2)
Let x =c cosh t, y =c sinh .
(1) is satisfied.
2 = ¢ sinh ¢ = ¢ cosh ¢ tanh 2
c
z
= tanh;=tanht = z=ct

The parametric equations of the given curve are
x=ccosht,y=csinht, z=ct
Let r be the position vector of the point (x, y, z) on the curve.
r=xi+yj+zk=ccoshti+csinhtj+ctk
I =csinhti+ccoshtj+ck
r=ccoshti+csinhtj

and ¥=csinhti+ccoshtj
| © | =c(sinh? ¢ + cosh? ¢ + 1)V2 = ¢(2 cosh? )2 = \[9c cosh ¢
i j k i j k
Ix¥# =|csinht ccosht c¢| =c?|sinh¢ cosht 1
ccosht c¢sinht O cosht sinh¢ 0

= c? [~ sinh #i + cosh ¢j — K]
| x #| = c? (sinh? ¢ + cosh? ¢ + 1)2 = ¢%(2 cosh? )2 = /2 ¢2 cosh ¢
e xy| V2 c? cosht 1

|#°  (W2ccosht)®  2ccosh? ¢
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1 2 9x?
p= = =2ccosh2t=2c(£) =X
K c c
csinht ccosht ¢
[* ¥ ¥] =|ccosht csinht 0| =c¢ (¢ cosh? ¢ — ¢2 sinh?) = ¢3
csinht ccosht O
Lo LEEFE 3 ~ 1
lix#[>  (2c%cosht)®>  2ccosh®t
1 2 9x2
6=—=2ccosh?t=2c (f) =2
T c c
2x2
p =0=——.
c

Example 12. Determine the function f(u) so that the curve given by r = (a cos u, a sin u, flu))
should be a plane curve.
Sol. The given curve is
r=a cos ui + a sin uj + flu)k.
Given curve is a plane curve iff =0
[ ¥ T]

iff

|1 < ¥
Given curve is a plane curve iff [I* ¥ ¥] = 0.
We shall choose f{u) so that we may have [ ¥ ¥] = 0.
P =—asinui+acosuj+ fwk
¥=—acosui—asinuj+ fwk

¥=asinui-acosuj+ fwk

—@sinu  acosu f(u)
[ ¥ ¥] = |—-acosu -asinu f(u)
asinu —acosu f(u)
0 0 f(u)"+ fw)
= |-acosu -asinu fw) (Operating R, - R, +R,)
asinu —acosu f(uw)
= (f) + F W) (a? cos? u + a2 sin? u) = 2(f@w) +f W)
a®(fw)+fw)=0 (. [F#¥]=0)

= f@+Fw =0
Integrating, we get flu) + f (W) = ¢y

= f@w =c, - fw) = 2f@) f@ =2c, - fw) f@)

Integrating, we get

(F@)? == (cg — fw)? + ¢,
= F@) = ey —(cy - Fw)?
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. @
Ve = (e; - Fw)?

Integrating, we get

. c,—f@w
= sin (— (u +¢,) = —F——

3 \/g

— —\/gsin(u+cs)=cl—f(u)
= f(u)=\/gsin(u+03)+c1

= /cz (sin u €os ¢4 + €os u sin cg) + ¢

= \/gcos%sinu + \/gsin%cosu +c;
fw)=Asinu+ Bcosu +C,
where A = \/g cos ¢y, B = \/g sin ¢, C = ¢, are arbitrary constants.
Example 13. If the tangent and binormal at a point of a curve make angles 6 and ¢ with
sin © d K

sinq)dq): T

a fixed direction, show that:

Sol. Let the equation of the curve be r = r(s), where the parameter ‘s’ is arc length.

Let the tangent and binormal at the point P of the curve make angles 6 and ¢ with
vector a which is along the given fixed direction.

Angle between t and a is 6 and angle between b and a is ¢.
o t-a=acos0 (D) o |t]=1
and b-a=acos¢ .(2) (o |b|=D
Differentiating (1) w.r.t. s, we get

t-a=—asinb —

ds

= Kn-a=-qasin9 — ...(3)

ds
Differentiating (2) w.r.t. s, we get

b"a=—asin¢ﬂ

ds

= —Tn-a=—asin¢d—i) ...(4)
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Dividing (3) by (4), we get

., do
—asinf—
K(n.a) _ ds
-t(n.a) —asinq)@
ds
K sin0 do
= =
T sin¢ do
Example 14. For the curve r = r(s), if
ﬂ =w x t, d_n =wxnand@ =w x b, find the vector w.
ds ds ds
Sol. Given equations are
dt dn db
ds = WX t (1) gs —wxn (2) Fid wxb ...(3)
By Frenet formula, at =Kxn .
ds
dt
= %=0+Kn=r(txt)+K(bxt)=(Tt+Kb)xt
dt
— =(tt+xb) x t ..(4)
ds
dn
By Frenet formula, Zs o kt + th.
s
dn
= E=—K(nxb)+r(txn)=K(bxn)+T(txn)
=(kb+tt) xn=(>Ct+«xb)xn
dn =(tt + xb) x n ...(5)
ds
By Frenet formula, % =—1n.
db _
= E=—’L'(bXt)+0=’[(tXb)+K(bXb)=(Tt+Kb)Xb
ab =(tt+xb) x b ...(6)
ds

If w =1t + «b, then given equations (1), (2) and (3) are satisfied.
Note. The vector w = 1t + kb is called the Darboux vector for the curve r = r(s).

Example 15. Using Serret-Frenet formula, find the direction cosines of the unit principal
normal vector and the unit binormal vector at the point ‘s’ for the curve r = r(s).

Sol. Given curve is r = r(s).
Let r be the position vector of the point (x, y, z) on the curve.
r=xi+yj+zk
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We have t’' = xn.
t/ (r’ )’ r/’ 1 . . x’/ . ” . Z”
= n=—-= = —==—("1+yj+2"k) = 1+y—J+ k
K K K X K K K
”2 ”2 ”2 12
|n|=1 = x2+y2+2_2 =1 = K2=x”2+y”2+z”2
K K K
K = x/l2 + y/l2 + 2”2
” ” ”
X . y . 4
n= 1+ + k
//2 ’/2 //2 //2 //2 //2 J //2 //2 //2
x4+ 4z X"+ " +z X" +y" 4z
Since n is a unit vector, the d.c.’s of n are
” ’” z”
X Y
72 ”2 ”2 ’ ”2 ”2 72 ’ x”2 + "2 + z//Z
X" +y" 4z X" +y" 4z y
¢ i j k
b=txn=1rx—=—(u'xr") =—|x" y 2
x// y// Z//
t ot
(K:t’ = k=|t'| = n:It,|:¥
1 w4 ”_r\e ’. 1 ”_oI\2 Vw4 7”7
= (V2" —y"20 + (2'x" =2"x)j + &y” — x"y K]
y/z// _ y/lz/ . le” _ Z”x, . x/y// _ x//y/ k

1+ J+
\/x”Q +y”2 +Z”2 \/x//Q +y//2 +Z//2 \/xﬂz +y//2 +z//2

Since b is a unit vector, the d.c.’s of b are
y/Z” _y/lzl 5" — 2%’ xly” _ x”y/
5 ’ .
\/x//2 +y//2 +Z//2 \/x”2 +y//2 +Z//2 \/x//Q +y//2 +Z//2

Example 16. Let v = r(¢) be a curve. Prove that:

(1) r=st @) r=5t +xsZ n
(i) ¥ = (§-k26°)t + $(3x§ — k) n + k1$°D.
Hence deduce that:

(a)n=% ®)b= "K:;'
(c) 2 = —lrli; & d)t= [:21‘82‘]
Sol. (i) i‘=%=%%=r’é=ét.

(i) "=%(1’°)=%(sﬁt)=é%+§t

—sWt8+5t=82(xn)+5t =5t+xs’n.
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(Ti) i‘zi(i‘)=i('s’t+ K5°n)

dt dt

(5 a, st) + (ks'zn +K2§ § m+ks” d—n)
dt dt

§(H'$)+5t+k$’n + 2x$5n + k$’n’s

$8 (kn) + 5t + k$2n + 255N + k32 (- kt + th)

(8 - k263t + 8(3x5 + k$)m + k1 $°b.

(@) §F — 51 = $(5t + ks®n) -5 (5t) = k°n
$iF — §i°
n= ks®
) Pxi = ($t)xGt+ks’n) = 55 (txt) + k(b xn)

= $5(0)+xs°b=x®b

rxXr
b= .
s
(c) lit[> = #. # = (5t + k$®n). (5t + ks%n)
=52t +% (. n+Kks’(n.t) + k%% (n.n)
=52 +0+0+x%%1) = 52 + k%!
|r|2 _ §2 =K2§4
8‘4
(d) [P#¥] = 7. (FXT) = (rX¥) . ¥
= (k5°b) . [(§ — k%)t + § (3ks + k$)n + kt$’b]  (Using (iii) and (b))
= k25t (b.b) = «2%s5¢ (Usingb.t=0,b.n=0)
= [ ¥ 7]
CokZ
Example 17. Let r = v(s) be a curve. Prove that:
@Or .r=0 @) r” =- &t + ¥n + xtb
@Gi)r . v =-x2 ) r” . r"” =x«’
W) r” == 3kK't + (K’ — K3 — xtP)n + 2kt + TK)b
i) r' . " =—3xK’ i) " . " = k(& - &% - x1?)
i) r” . v = K’ + 23K + 1t + kK'T?

(ix) [t t” t”] = K¥(xv" — x'1) = ¥° a4 2l b’ b1=103(1-xt) =7 a4 (E)
ds | ¢ ds \ 1



SuccessClap: Best Coaching for UPSC Mathematics : For Info- 9346856874
Checkout ->22 Weeks Study Plan, Videos, Question Bank Solutions, Test Series

CURVATURE AND TORSION 65
Sol. i) rr=t-t'=t-(xkn)=x({t -n)=x-0=0. (v r=tandt =«xn)
(i1) r =) =t"=t) =(kn) =kn’ + Kn = k(- xt + Th) + Kn
=— %t + ¥'n + xth. (v n’=—xt+ 1h)
(iii) r-r’ =t (—t+xn+«tb) (Using (iii))
=—k 2t )+t - n+xtt-b)=—k2-1+0+0=—«2
(iv) =) =t r”
= (kn) - (- k%t + ¥'n + x1b) (Using (zi1))
=—k*n - t)+xkkn -n)+x2n-b) =0+« 1+0=«kxK.
(v) r” =@") = (- K’ + ¥n + xtb)’ (Using (iii))

= — (K2t + 2kK’t) + (K'n’ + ¥"n) + (K7b + kUb + ktb’)
=— 12 (kn) — 2kt + ¥’ (— xt + Tb) + ¥'n + K7b + kUb + 1T (— Tn)
= —13n - 2kK’t — kK't + K7b + K'n + «tb + kb = k?n.
=— 3kt + (k" — k% — kt?)n + (2«1 + Tx) b.
(vi) r v =t.[-3kkt+ K -x3-xt?n + (2T + TK)b] (Using (v))
3k (6 t)+ (K — k3 —kt?)(t.n) + 2T+ TK) (t.b)
=-3kK - 1+0+0=-3kxK.
(vizr) r - =t -r”
= (kn) - (- 3kt + (K" — k% — k12)n + (2T + T K)b]
=—3k’K (n - t) + k(K — k3~ k1t2) (- n) + x(2«T + TK) (n - b)
=0+ k(K -1 -x1?) - 140 =k’ -« —«12).
iit) r”-r” =(-k2t+Kn+ xtb). (- 3kt + (k7 — K3 — k1) n + (2T + TK)b)
(Using (i) and (v))
=33t )+ (K- —xtPD) (n - n) + k12T + 7x) (b b)
= 33K + KK” — K'k% = kK'T2 + 2KK'T2 + K217
= KK” + 23" + 1217 + KK'T2.
(ix) [ttt =[x" " "]
0 K 0

- x> K’ KT

—8kk’ k7 -k —«x1? 2K'T+TK

(v r”=1t" =«n and the vectors t, n, b form a right handed triad)
— k- x2(2k'1 + Tk) + 3kK'(x7)] = 2x3K’T + K*t’ — K31
KT -k Kt =1kK3kt - K 1)

B - (LZK/T) — b i(l)
K ds \ K
(x) We have b’ =-1tn =0t—-1t + 0b
b’=®m) =(-tm) =—1m —7tn
—1(—xt +1b) — Tn = 7kt — vn — t%b
b” = (b”) = (1xt — vn — t2b)’
= (Tt + 1K't + xt’) — ("n + TN’) — (21v'b + 12b")
= 7kt + 7K't + to(kn) — T'n — (- xt + tb) — 277'b — 12 (- TN)
=7kt + Kt + %N — T n + Tkt — Tt b — 21'b + °n
=2tk+tK)t+ (k2 -1 +1®) n— 3tt'b
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0 -1 0
[br b” bn — X _ T/ _ TZ

Uk +1K’ wiP-1"+10 -31r
(- t, n, b form a right handed triad)
T [tk (= 3t7) + (27 + ©K)T2]
T [~ 312k + 2127k + 1°¢’]
[ — 2tk + 1?K] = P (K'T — xT)

_ s o) 5d (K
_T( 7 j TdS(Tj'

WORKING RULES FOR SOLVING PROBLEMS
Rulel. 7=—-n-b’

1
Rule I1. Radius of torsion, 6 = T
Rule III. Serret-Frenet Formula:
@) t' =xkn @i)n' =—«xt + tb (i) b' = —1n
. [r/ r// r/ ll] B [1-. i-. -1-;]
RulelV. )t=——" @)t=—"3%

[ xr” |? | & x i |?

Rule V. Curve is a plane curve if and only if its torsion is identically zero.

EXERCISE 2.2

1. Find the torsion of the curve r = i + ¢%j + t°k at the point where ¢ = 2.
2. Show that the torsion of a plane curve (with x > 0) is identically zero.
3. Find the torsion of the curve r = (3t — t3)i + 3t%j + (3¢ + t®)k at point ¢.
4. Find the torsion of the curve r = (¢ — sin #)i + (1 — cos t)j + tk at point ¢.
5. For the curve x = a(3t — %), y = 3at?, z = a(3t + t3), show that curvature x and torsion 1 each is
1
equal to PR .
6. Find the torsion of the helix x = a cos t,y = a sin ¢, z = at tan o at point ¢.
7. For the curve x = 3¢, y = 3t2, z = 2¢3, show that:
K=1T= L
3(1+ 2¢2)

2

w

For a point on the curve of intersection of the surfaces x2 + y? = a?, x2 — y2 = az, find the torsion.
9. Find the torsion at any point ¢ of the curve x = a cos 2¢, y = a sin 2t, z = 2a sin ¢.
10. Let r = r(¢) be a regular curve of class C™ (m > 3), where ¢ is an arbitrary parameter. Prove that
T=—— Frf‘r] — 5, brovided x # 0.
(r.v)(r.r)-(r.r)

11. Show that the curve r = r(¢) is a plane curve if and only if [r ¥ ¥] = 0.
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12. Isx=acost,y=asint,z=ct,a>0,c#0 aplane curve ? Calculate the curvature and torsion of
the above curve at point ¢’.

13. Show that the position vector of the current point on the curve r = r(s) satisfies the differential

equation:
2 d’r
dlgdf,dx), djodri por_,
ds| ds| ds? ds|p ds o ds
Answers
3 2 1
1. 2 3. —/— =5 4, -
181 31 +t2)2 1+4sin* >
6ya’ - 22 3
6. asec’a — 5 r
5a° + 12z a(5sect+ 3cost)
a c
12. ,
a?+c? a?+c?
Hint
d 2
13. Using p = l,c=l,—r =r'=t and —;‘ =r" =t =«xn, we get
K T S s

= [l(l](n):( +|:£ti| +£(Kn) = |:l(—Kt+’L'b):| +|:£tj| +1n
T\K T K T T

:—[Etil +b’+|:£t} +tn=—m+1t=0.
T T

4, CONTACT OF A CURVE WITH A SURFACE
In this section, we shall study the degree of contact of a curve with a surface.

A curve r = x(t)i + y(t)j + z(t)k of sufficiently high class is said to have n-point contact
(or contact of (n — 1)'" order) with a surface F(x, y, z) = 0 at the point corresponding to ¢ if
the function f(¢) = F(x(¢), y(¢), z(¢)) satisfies :

fity) = f(tg) =fty) = oo = F" 7 Pt) =0 and  f™(2,)20.
Example 1. Show that the curve r = ti + t%j + t°k has 6-point contact with the paraboloid
x% + 22 —y = 0 at the origin.
Sol. Given curveis r =ti+ t% + t3k.
t=0,12=0,83=0 = ¢t=0

The origin corresponds to ¢ = 0.
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Given surface is x2 + z2 —y = 0.
Let ) =t2+ @32 -t2=1¢5

f@) =685, f(t) =304, £(t) = 12063, FD(¢) = 360¢2, f O(¢) = T20¢t, F ©(¢) = 720
£(0) =0, £(0) = 0, f(0) =0, @ (0) = 0,f®(0)=0 and f©(0) 0.

The given curve has 6-point contact with the given paraboloid at the origin.
Example 2. If the circle Ix + my + nz = 0, x> + y? + 2% = 2cz has 3-point contact with the
o 5 .. 17 +m?
paraboloid ax® + by = 2z at the origin then show that: ¢ = —; 5

+am

Sol. Given circleis Ix+my +nz =0 ..(1) 22+ y2+ 2% =2cz .(2)
Let the parametric equations of this circle be x = ¢,(2), y = 0,(2), 2 = 05(2).
Substituting the values of x, ¥, z in (1) and (2) and differentiating w.r.t. ¢, we get

lx+my+nz=0 ...(3)
and 2xx + 2yy + 222 = 2¢2
or XX+ yy+z2=cz ...(4)

The circle passes through the origin.

4) = 0x+0y+0z=cz = =0 = 2=0
B) = Ikx+my+n0) =0 = lx+my =0
= A A, say ...(B)
m -1
The paraboloid is ax? + by? = 2z. After substituting the values of x, y, z in terms of ¢, let
fit) = ax? + by — 2z ..(6)
f(¢) = 2axx + 2byy — 2 A7)

F(&) =2ali” + xi&] + 2b [y2 + yy] — 23

or £(8) = 2ax? + 2axi + 2by? + 2byy — 23 .(8)
Since the circle has 3-point contact with the paraboloid at the origin, we have

ft) = ft)=ft)=0, F(t)# 0 at the origin.

6) = a(0)? + b(0)2 - 2(0)=0 (9
(7 = 2a(0)x + 2b(0)Y — 2z =0 ..(10)
(8) = 202+ 2a(0)% + 2b5% + 26(0)j — 22 =0 ..(11)
9) = 0 = 0, which is always true.
(10) = 2z =0, which is also true.
(11) = 2ax2+2052 -2 =0 = ax’+by’=% ..(12)

Differentiating (4) w.r.t. ¢, we get

W2+ xi+y? v yy+2t+zi=ck.
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Since the circle passes through the origin, we have

%2 +0&+ 52 +0§+2%2+05=c5.

- i+ 3P+ 2t =cE
= 245 =k (13 2=0)
Dividing (13) by (12), we get
2 .2 292 | 7242 9, 52
AT+ 1N +1
e e DAy (Using (5))
ax” + by am“\" +bl"N am” + bl
12 + m?
c=—5—">.
bl? + am?

Example 3. Find the equation of the plane that has 3-point contact with the curve
x=t!—1,y=t3-1,z=1t%- 1 at the origin.

Sol. Given curve is

x=tt-1,y=t3-1,z=¢2-1.
t*-1=0,2-1=0,£2-1=0 = t=1
The origin corresponds to ¢ = 1.
Let the equation of the required plane through the origin be ax + by + cz = 0.
Let ) =at*-1) +b#3—1) +c(t? - 1)
f(t) = 4at® + 3bt® + 2ct

@) = 12at? + 6bt + 2¢

f® = 24at + 6b

Since the plane has 3-point contact at ¢ = 1, we have
AL =0, f1)=0,f1)=0 and f(1)#0.
D=0 = 0=0

(1) =0 — 4a+3b+2=0 (D
f1) =0 = 120 +6b+2c=0 ..(2)
a b c

1) and (2) = =

- a_b_c _a_b ¢
-6 16 -12 3 -8 6

Let a=3,b=-8,c=6.

Also F(1) =24a +6b =24(3) +6(—8) =24 %0

The equation of the required plane is 3x — 8y + 6z = 0.
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Example 4. Find the lines that have 4-point contact with the surface x* + 3xyz + x% — y?
-22 + 2yz - 3xy - 2y + 2z — 1 = 0 at the point (0, 0, 1).

-0 -0 -1
Sol. Let X =2 =2

o b P t (D)

be a line passing through (0, 0, 1).
: x=at,y=bt,z=ct+1

The point (0, 0, 1) corresponds to the value ¢ = 0.

Given surface is
x* + 3xyz +x2 —y2 — 22+ 292 —3xy — 2y + 22— 1 = 0.
Let f(t) = (at)* + 3(at)(bt)(ct + 1) + (at)? — (bt)? — (ct + 1)2 + 2(bt)(ct + 1)
— 3(at)(bt) — 2(bt) + 2(ct + 1) - 1
£ (@) = a*t* + 3abt?(ct + 1) + a2 — b%? — (ct + 1)? + 2bt(ct + 1) — 3abt? — 2bt + 2ct + 1

f @) = 4033 + 9abet? + 6abt + 2a2t — 2b% — 2(ct + 1) ¢ + 4bct + 2b — 6abt — 2b + 2¢
7@ = 12232 + 18abct + 6ab + 2a2 — 2b2 — 2¢2 + 4bc — 6ab
F@) = 24a3 + 18abc

f@®) = 24a3.
Let the line (1) has 4-point contact with the given surface at (0, 0, 1).

£(0)=0, £(0)=0,7(0)=0, £(0)=0,7(0) # 0.
f0)=0 = —-1+1=0, which is true.

F(0)=0 = —2c+ 2b — 2b + 2¢ = 0, which is true.
£(0)=0 = 6ab + 2a% — 2b% — 2¢% + 4bc — 6ab =0
= a2-b2-¢c2+2bc=0 ..(2)
f(0)=0 = 18abc=0 = abc=0 = a=0 or b=0 or ¢c=0
Casel. a=0
(2) = b2+c2-2c=0 = b=c
Thelineisle:z_1 or lezz_l
c c 0 1 1
CaselIl.b=0
2 = a2-¢2=0 = a==xc
_ -1
The lines are X Y _Z 1 or X Y 2 .
tc¢ O c +1 O 1
CaseIll.c=0
2 = a?-b%2=0 = a=1b
The lines are % _Y _2-1 o x _y_z-1
+b b 0 +1 1 0

There are five possible lines.
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Theorem 1. Let r = r(s) be any curve and P(s;) be any point on the curve. Prove that the
curve r = r(s) has at least 2-point contact with a plane through P at the point P iff the plane
contains the tangent line at P.

Proof. Let the equation of a plane through P(s)) be (r — r)) . N = 0, where r, = r(s,)
i.e., the position vector of P and N is a unit vector perpendicular to the plane.

Let fis) =(x(s)—ry) .N
f(s)=r(s) .N=1t(s).N
Now fls) =(y—1ry) . N=0 and f’(s)) =1t(sy).N

f'(sy) =0 iff t(s)) . N=0
iff N is orthogonal to t(s)) iff the plane (r —r,) . N = 0 contains the tangent line at P.

The curve r = r(s) has at least 2-point contact with a plane through P at the point P
on the curve iff the plane contains the tangent line at P.

Theorem 2. Let r = r(s) be any curve and P(sy) be any non-inflexional point on the curve.
Prove that the curve r = r(s) has at least 3-point contact with a plane through P at the point P
iff the plane is the osculating plane at P.

Proof. Let the equation of a plane through P be (r —r;) . N = 0, where r; = r(s,)
i.e., the position vector of P and N is a unit vector perpendicular to the plane.

Let fis) =(x(s)—ry) .N
fs)=r(s) . N=t(s).N
and F7(s)=t(s) .N=x(s)n(s). N
Now fsy) = (xg—1y) . N=0,f"(s)=t(s) . N and f"(s,) = (s, n(s,) . N.
fls) =0, sy = 0iff t(s)). N =0, k(sy) n(sy) . N=0
iff t(s) . N=0 n(s).N=0 (v K(sy) # 0)

iff N is orthogonal to t(s;) and n(s,) iff the plane (r —r)) . N = 0 is the osculating plane at P.

The curve r = r(s) has at least 3-point contact with a plane through P at the point P
on the curve iff the plane is the osculating plane at P.

Remark. If P is an inflexional point, then f “(s,) = k(s;) n(s;) . N = 0 even if the plane contains
only the tangent line at P and is not the osculating plane at P.

Example 5. Show that the osculating plane has at least 4-point contact with a curve at
P iff either the curvature or the torsion vanishes at P.

Sol. Let the equation of the curve be r = r(s). Let r, = r(s) be the position vector of the
point P on the curve.

The equation of the osculating plane at P is (r —r,) . b, = 0.
Let fis) = (x(s) —xy) . b,

f(s)=r(s) . by=t.b,

f7(s) =t .by=(xn).b,=xmn.b)
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and f7(s) =x(m.by +kmn’. by
=K'(n. by + k(- xt + 1h) . b,
=« (n.by) —k*(t.by +xt (b b))
flsy) = (ry—1y) . b, =0,
(s =t,.b,=0,
f7(sy) =%, (m,.by) =0
and f(sy) = /(0 . by) — k2t . by) + 1,7, (b, . by) = KT,
f7(sy) =0iffxy =0 or 1,=0.
The osculating plane at P has at least 4-point contact with the curve at P iff either
the curvature or the torsion vanishes at P.

EXERCISE 2.3

1. Show that the curve r = ti + t%j + t°k has 2-point contact with the paraboloid x2 + y2 = z at the
origin.

2. Find the equation of the plane that has 3-point contact with the curve x = 2¢ + 1, y = 3t2 + 2,
z = 4¢3 + 3 at the point (3, 5, 7).

3. Let r = r(s) be any curve and P(s)) be any point of inflexion on the curve. Prove that the curve
r = r(s) has at least 3-point contact with a plane through P at the point P iff the plane contains
the tangent line at P.

4. Show that the osculating plane at P has 3-point contact with a curve at P iff neither the curva-
ture nor the torsion vanishes at P.

5. Show that the osculating plane at P has at least 3-point contact with a curve at P.

Answer
2. 6x—4y +z=>5.

5. CONTACT OF A CURVE WITH A CURVE
A curve r = x(t)i + y(t)j + z(t)k of sufficiently high class is said to have n-point contact

(or contact of (n — 1)th order) with a curve F(x, y, z) = 0, G(x, y, z) = 0 at the point correspond-
ing to ¢, if the functions f£) = F(x(?), y(¢), 2(¢)) and g(t) = G(x(?), y(2), 2(t)) satisfy:

ft)=f)=Fflt)=..= f* V) =0
gty =8@)=gty)=..=8"V()=0
and either fFWt)#0 or g™(¢) # 0.

Thus, the curve r = x(¢)i + y(t)j + z(¢)k has n-point contact with the curve F(x, y, z) = 0,
G(x, v, z) = 0 if and only if the curve r = x(£)i + y(¢)j + z(¢)k has n-point contact with one of the
surfaces F(x, y, z) = 0 and G(x, y, z) = 0 and at least n-point contact with the other surface.

6. OSCULATING CIRCLE TO A CURVE

A circle having at least 3-point contact with a given curve C at a point P on the curve is
called the osculating circle to the curve C at the point P.
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The centre of the osculating circle at point P is called the centre of curvature of the
curve C at the point P.

By the definition of contact between curves, the osculating circle to the curve C at point
P can be considered as the intersection of a sphere with at least 3-point contact with the curve
C at point P and a plane with at least 3-point contact with C at P. If x # 0 at P, then the
osculating plane at P is the unique plane having at least 3-point contact with the curve C at P.
In particular, if T # 0 in addition to k # 0 at P, then the osculating plane is the unique plane
having exactly 3-point contact with C at P.

Therefore the osculating circle to a curve at a point always lies on the osculating plane
to the curve at that point, provided k # 0 at the point under consideration.

Thus, the osculating circle to a curve at a point can be considered as the intersection of
a sphere with at least 3-point contact with the curve at that point and the osculating plane to
the curve at the point under consideration, provided x # 0.

7. EQUATION OF OSCULATING CIRCLE

Let r = r(s) be the equation of a curve C, where s
is the parameter ‘arc length’. Let P be any point on the
curve C for the value s, of s. Let ry = r(s). Let curva-
ture k(= k(s;)) be non-zero at P.

Normal
plane

The equation of the osculating plane at P is
(r -ry) . by = 0, where b, = b(s).
Let the osculating circle at P be the intersection

of the osculating plane at P and the sphere
2

|r-c|?=a
with centre at Q(c) and passing through P and having

at least 3-point contact with the curve r = r(s) at P.
2

Osculating
plane

. | rg-c |®=a
Let f&)=|rs)—c |2-a’
f(s)=(x(s)—c). (x(s)—c)—a?
f/(s)=(s)—c). @) +r(s) . (xis) —e)—0=2(x(s) —e) . tls)
[7(s) = 2(x(s) — e) . t'(s) + 2(t(s)) . t(s)
= 2(r(s) — e) . x(s) n(s) + 2(1) = 2k(s) (x(s) — e) . n(s) + 2
Since the sphere has at least 3-point of contact at P, we have f (s)) = f'(s,) = f"(s;) = 0.

fls)=0 = (@y—c).(xy—e)-a?*=0 = |r,—c|?-a®=0.

= a?-a? =0, which is true.
f'(s) =0 = 2(ry—c).t,=0 = (c-ry).t;=0

= ¢ -r, lies in the normal plane at P

= centre (Q) of the sphere is in the normal plane at P.
f(s)) =0 = 2K,(ro-¢).ny+2=0

= (ro—c).n0=—i=—p0 (Using x,, # 0)

Ko
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= (e=ry) .ny=0p,
Projection of ¢ — ry on n, = p, (1)
Let QM be perpendicular to the principal normal at P.
M is the centre of the osculating circle at P.
Also, (1) = PM=pm, = PM =p, = Mis the centre of curvature at P.
Also, the centre of curvature (M) lies on the principal normal at P and at a distance p,,
from P.
The radius of the osculating circle at P is p, which is also equal to the radius of
curvature of the given curve at P.
Also, the position vector of the centre of the osculating circle at P(r,)
=P.V.of M=r, + pyn,
and it lies on the principal normal of the given curve at P.
Remark. If k; = 0, then f"(s)) =0 = 0+ 2 =0, which is impossible.
If k, = 0, then there does not exist any sphere having at least 3-point of contact with the given
curve at P.

8. LOCUS OF CENTRE OF CURVATURE

Let r = r(s) be the equation of a curve C. For each point P with non-zero curvature, on
the curve C, there exists an osculating circle. Let C; denote the locus of the centre of curvature
i.e., the centre of osculating circle as the point P moves along the curve C. We shall prove two
properties regarding the curve C,, the locus of centre of curvature.

Property 1. The tangent to the locus of centre of curvature lies in the normal plane of the
original curve.

Proof. Let P(r) be any point on a curve C given
by r =r(s). Let k# 0 at P. Let ¢ be the position vector of
the centre of curvature Q at the point P.

. c=r+pn ..(1)
We shall use suffix ‘1’ with quantities corre- Q)
sponding to the curve C, of the locus of centre of curva- pn
ture.
Differentiating (1) w.r.t. s;, we get P(r) \Xpn T_
de d ds '
—=—(@r+pn)—
ds; ds ds; O(origin)
= t =(r’+pn’+p’n)£ ®
1 ds;
ds
= t; = (" + p(—xt + tb) + p'n) d_sl
, . ds
= tl=(t-t+p1:b+pn)Ol—31
ds
= t; = (ptb + p'n) d_sl

t, lies in the plane of b and n.

The tangent at a point to the curve C, lies in the corresponding normal plane of
curve C.
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The tangent to the locus of the centre of curvature lies in the normal plane of the
original curve.

Remark. Let o be the angle between the tangent to the locus of the centre of curvature at the
centre of curvature at point P and the principal normal at P.

t,.n=1.1 cosa=cosa

ds na
= (pth + pP'n) — .n=cos o
dsl
, ds . , ds
= 0+p — =cosa,ie,cosa=p —. t,
dsl dsl
a T
Also, angle between t, and b = KLY 2~ ¢ .
2 le) rb

tl.b=1.1.cos(g—ocj=sin(x

= (prb+p’n)j—s .b=sina

S1
ds . . . ds
= pt — + 0 =sin q, i.e., sin o0 = pPT——.
dsl dSl
Dividing, we get tan o = pf = f)
P p o

a:tan‘l( ? )
p'o

Property IL. If the original curve C has a constant curvature x, then the curvature of the
locus C, of centre of curvature is also constant and the torsion of C, varies inversely as that

of C.
Proof. Let P(r) be any point on the curve C given

n
by r = r(s). Let ¢ be the position vector of the centre of
curvature at the point P.
. c=r+pn ..(1) Q)
We shall use suffix ‘1’ with quantities correspond-
ing to the curve C, of the locus of centre of curvature. pn
Differentiating (1) w.r.t. s;, we get P :—
r+pn
de d ds AN
ds, ds TP g
1 ! d O(Origin)
= t; =@ +pn’ +p'n) 4 ...(2)

ds; b

’

1
Since x is constant, we have p’ = (EJ = 0.

ds
2 = t, = (" + p(— xt + th)) ds,
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ds
= t1=(t—t+p’tb)d—s1
ds
t, = ptbh — ..(3
= 1= PT ds, (3)
ds ds
=|ptbh— .| ptb —
= t, .t (p dsl) (p dsl)
d
= 1= pZTZ _S ﬁ :i
dsl dsl pT
(3) £, = (pth) — )
et = —_— =
1= pT ot
Differentiating w.r.t. s;, we get
dt,_db ds
ds, ds ds;
1 1
= tl’=b’pT = ptt)=-m = t1’=—5n
= t,/=—xn
= K;N,=—Kn
Vectors n; and n are parallel. Choosing the direction of n, opposite to that of n, we
have n; = —n.
K =K
The curvature of the curve C, is also constant. (~ K is constant)
Also b,=t;xn,=bx(-n)=—-bxn=nxb=t (Using (4))
Differentiating w.r.t. s;, we get
db, _dt ds
ds; ds dsy
, ds 1
= -T,n =t ds, = —Tlnl_(Kn)E
K K]|1 9 1
= [n=-—n = 7= —|—=K" .= ( n1=_n)
pT p)t T

Torsion of curve C, varies inversely as that of C.

Example 1. Show that the principal normal to a curve is perpendicular to the locus of
the centre of curvature at points, where curvature K is constant.

Sol. Let P(r) be any point on a curve C given by r = r(s). Let ¢ be the position vector of
the centre of curvature at the point P.

- c=r+pn (1)
We shall use suffix ‘1’ with quantities corresponding to the curve C, of the locus of
centre of curvature.
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Differentiating (1) w.r.t. s;, we get

de _d o ods
ds, ds ™M
4 ’ /. ﬁ
= t, =@ +pn +pn)ds1
ds S
= t; = (t + p(—xt + 1b) + On) d_sl U] t
(p’ =0 because p = 1 is constant)
K b
(e ds
= t, ds, b (v pk=1)
= n. t, (ptﬁ)n.b=0
ds;

= nis perpendicular to the tangent vector to the curve C; at the point with position
vector c.

Principal normal to the curve C is perpendicular to the curve C, i.e., the locus of
centre of curvature.

Example 2. If s, is the arc length of the locus of centre of curvature, show that

\/K T +K (pj2+p/2

ds K2 o

Sol. Let the given curve be r = r(s). Let suffix ‘1’ be used for quantities corresponding to
the locus of centre of curvature.

Let r; be the position vector of the centre of curvature corresponding to the point r on
the curve r = r(s).

= r

Differentiating w.r.t. s;, we get

dr; d( 1 )ds
—=—|r+-n|—
ds; ds K ds;
( 1 ( K'j st
= t, = +—n'+ 7 |n =
K ds;
= =(t+l( Kb+ b) — )ds
K K2 ds;
- _( Kot ) ds
L k2 Kk )ds;
2
K’ T ds
= tl =( 11+— )(_K2n+zb)(d_sl)
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= Tkt k?)\ds k? ds,
ds; 2 B K?t? + «2
2_2 ,2
N ds; _ VK T + K
ds K2
2 2 ’2 2 2 2
1) = (ﬁ) :T_+K =p_+ l :p_+p,2
ds k2 k* o2 K o2
2
ﬁ (Bj +p’2
ds o

The result holds.

9. OSCULATING SPHERE TO A CURVE
A sphere having at least 4-point contact with a given curve C at a point P on the curve
is called the osculating sphere to the curve C at the point P.

The centre of the osculating sphere at point P is called the centre of spherical
curvature of the curve C at the point P.
Remark. The radius of osculating sphere is also referred as the radius of spherical curvature.

10. EQUATION OF OSCULATING SPHERE
Let r = r(s) be the equation of a curve C, where
s is the parameter ‘arc length’. Let P be any point on
the curve C for the value s, of s. Let r, = r(s;). Let
curvature x, (= x(s)) and torsion 1, (= 1(s;)) be non-
zero at P.
Let the equation of the osculating sphere be
| r=c |?2=a?
with centre at Q(¢) and passing through P and having
at least 4-point contact with the curve r = r(s) at P.
| ry—c |2=a?
Let f&)=|rs)—c |?2-a’
f(s) =(x(s)—e) . (x(s) — ¢) — a?
f(s)=@s)—c).r(s) +1r(s).(x(s)—e)—0=2(r(s) —c). t(s)
[7(s) =2(r(s) —¢) . t'(s) + 2 (t(s)) . t(s)
= 2(r(s) — e) . k(s) n(s) + 2(1) = 2x(s) (r(s) — ¢) . n(s) + 2
7 (s) = 2K'(s) (x(s) — e) . n(s) + 2x(s) (t(s) — 0) . n(s) + 2k(s) (x(s) —¢) . n'(s) + 0
= 2K'(s) (r(s) — ¢) . n(s) + 2k(s) (0) + 2x(s) (r(s) — €) . (— k(s) t(s) + 1(s) b(s))
= 2k'(s) (x(s) — e) . n(s) — 2k2(s) (r(s) — €) . t(s) + 2x(s) 1(s) (x(s) — ) . b(s)
Since the sphere has at least 4-point contact at P, we have
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f(sg) =f"(sy) =f"(sy) = f"(sy) = 0.

fsy) =0 = (ry,—c).(ry-c)—a?=0 = |rj—c|?-a®>=0
= a?-a? =0, which is true.
fs)=0 = 2(ry-c)ty=0 = (c-ry).t,=0 ..(1)

= ¢ -7, lies in the normal plane at P
= centre (Q) of the sphere is in the normal plane at P.

f(s))=0 = 2K)(ryg-c¢).n;+2=0

1

= (ry—c¢).n,=- =P ...(2) (Using x, # 0)
0

= (e-ry.n;=p,

= Projection of ¢ — r, on n, = p,

f7(sy) =0 = 2K, (ry-c).n, -2k (ry-c). t,+2x,7,(r;=c) . by=0
= 2k, [_ LJ - 2K,%(0) + 2x,T)(ry - ). by =0
Ko

(Using (1) and (2))

2 ’
= _ Ko + 2K,T, (ry—¢) . by =0
Ko
Ko’ .
= (rg-c).by=— (Using 1, # 0)
Ko To

Ko’ d( 1
— . b = — 0 = —-—| — = /
= (e=r1y . b, Pt (ds [Ko B Gy = Py O,
= projection of ¢ =, on b, = pjo,
The components of the vector ¢ -r, along the vectors tj, n, and b, are 0, p, and
Py O, respectively.
g e -1, = 0t, + p;n + pjo b

| e=x, | = \/902 +po”? 002

and c=r1,+p,n+ p,c,b,
The centre Q(e) of the osculating sphere is the centre of spherical curvature of the curve
CatP.

Radius of the osculating sphere at P=PQ = | ¢ — 1 | = \/p,® +p,'2 6, -

Also, the position vector of the centre of spherical curvature of the curve C at
P(ry) =P.V.of Q = ¢ =1, + pjn, + p,’o,b, and it lies on the normal plane of the given curve
at P.

Remark 1. In terms of x;and 7, we have

2 2
1 Ko
(i) radius of osculating sphere at P(ry) = 4|| —— + 3 and
Ko Ko~ To
.. ) 1 Ko
(ii) p.v. of centre of spherical curvature =r;+ —— n,— —
Ko Ko~ Tp

b,-
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Remark 2. If curvature of r = r(s) at P is constant, then radius of osculating sphere at

P(ry) = \Jp,% +0.54> = p, and p.v. of centre of spherical curvature at
P(ry) = r, + pgny + (0)o b = 1y + pyny,.
Centre of the osculating sphere coincides with the centre of osculating circle at points where
curvature vanishes.

11. LOCUS OF CENTRE OF SPHERICAL CURVATURE

Let r = r(s) be the equation of a curve C. For each point P with non-zero curvature and
torsion on the curve C there exists an osculating sphere. Let C; denote the locus of the centre
of spherical curvature i.e., the centre of osculating sphere as the point P moves along the
curve C. We shall prove some properties regarding the curve C,, the locus of centre of spheri-
cal curvature.

Property 1. The tangent to the locus of centre of spherical curvature is parallel to the
corresponding binormal to the original curve.

Proof. Let P(r) be any point on a curve C given by r = r(s). Let k # 0,7 # 0 at P. Let r, be
the position vector of the centre of spherical curvature at the point P.

. r,=r+pn+pch ..(1)

We shall use suffix ‘1’ with quantities corresponding to the curve C, of the locus of
centre of spherical curvature.

Differentiating (1) w.r.t. s;, we get

dr, ds
ds, =d—(r+pn+pc5b)al—1
= t,=(t+pn’ + pn +p”cb + p'c’b + p'cb’) ;—s
S1
’ ” I , dS
= t1=(t+p(—1<t+rb)+pn+pGb+p0b—pm:n)d—
S1
7/ 4 /< dS
= t1=((1—pK)t+p(1—m:)n+(pr+pG+p0)b)d—
S1
/7 [ ds
= t,=(pt+pc+pc)—Dhb (vxp=1,t0=1)
ds;

t, is parallel to b.
The tangent to C, is parallel to the corresponding binormal to C.
Property I1. The principal normal to the locus of centre of spherical curvature is parallel
to the corresponding principal normal to the original curve.
Proof. Let P(r) be any point on a curve C given by r = r(s). Let k# 0, 1# 0 at P. Let r; be
the position vector of the centre of spherical curvature at the point P.
r,=r+pn+pch ..(1)
We shall use suffix ‘1’ with quantities corresponding to the curve C, of the locus of
centre of spherical curvature.
Differentiating (1) w.r.t. s;, we get

dr; d ds
ds, _g(r+pn+pc5b)al—s1
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= £, = (ot + p'c + ') L b (2)
ds;
(For detail see property I)
d
= [t;| = (pt + p”c + p'c’) £ |[b|] = 1=(pt+p’c+po) ds .1
dsl dsl
d 1
ds, pt+p’c+pc’
2) = t,=b ..(3)
Differentiating (3) w.r.t. s;, we get
dt, _db ds
ds; ds ds;
= KN, =—1Tn ds
11 ds,

n, is parallel to n.
The principal normal to C, is parallel to the corresponding principal normal to C.
Property III. The binormal to the locus of centre of spherical curvature is parallel to
the corresponding tangent to the original curve.

Proof. Let P(r) be any point on a curve C given by r = r(s). Let k# 0,7+ 0 at P. Let r; be
the position vector of the centre of spherical curvature at the point P.

. r,=r+pn+pch (D)

We shall use suffix ‘1’ with quantities corresponding to the curve C, of the locus of
centre of spherical curvature.

Differentiating (1) w.r.t. s;, we get

dr; d , ds
—4 = —(r+pn+pcb)—
dsy ds prrp ds;
” ’ 4 ds
= t,=(pt+p’c+p’c’)——b .(2)
ds;
(For detail see property I)
ds
— + 4 + 4 ’ et b
= |t,| = (pt+p"C pc)dslll
ds 1
= Y
ds; pt+p’c+p’c
2 = t,=b ...(3)
Differentiating (3) w.r.t. s;, we get
dt, _db ds
ds; ds ds;
ds
= KN, =—1Tn 5 ...(4)

ds;
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1] v |n|
= K |n, | =|- -
1mny| | | T ds,
ds ds
= K1.1=1.T—.1 = K =T —
ds; ds;q
4) = n,=-n
= t; xn, =bx(-n) (Using (3))
= b1 =t

b, is parallel to t.
The binormal to C; is parallel to the corresponding tangent to C.

Property IV. The product of curvatures at the corresponding points on the locus of
centre of spherical curvature and the original curve is equal to the product of their torsions.

Proof. Let P(r) be any point on a curve C given by r = r(s). Let k # 0,7 # 0 at P. Let r; be
the position vector of the centre of spherical curvature at the point P.

. r,=r+pn+pch ..(1)

We shall use suffix ‘1’ with quantities corresponding to the curve C; of locus of centre of
spherical curvature.

Differentiating (1) w.r.t. s;, we get

dr, d ds
Bt Wl ‘ob) ——
ds; ds (r+pn+pc5)d81
= t, = (pt + p’c +p'c’) s | b ...(2)
ds;
(For detail see property I)
d
= |t | =(pT 400+ p0) = | b |
ds;
ds 1
= T v
ds; pt+p’oc+p’c
2 = t,=b ...(3)
Differentiating (3) w.r.t. s;, we get
dty _db ds
ds; ~ ds ds,
ds
= KN, =—1n d_sl ...(4)
ds
= K|my [ =]-1]1—— |n|
S1
= k12118 1 o = B
Sq ds;
L4 = n,=-n
= t; xn, =bx(-n) (Using (3)
= b, =t
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Differentiating w.r.t. s;, we get

db, _dt ds
ds; ds ds;
ds
Kl 1 — —_—
= —1,n, = (kn) = (Usmg K;1=T dSJ
KK
= —17(—m) = Tl n (Usingn, = -n)
= TN = KKk = KKy =TT

The product of curvatures at the corresponding points is equal to the product of the
torsions.

Property V. If curvature x of a curve C is constant, then the curvature x, of the curve C,
of the locus of centre of spherical curvature is also constant.

Proof. Let P(r) be any point on a curve C given by r = r(s). Let k #0, 1# 0 at P. Let r, be
the position vector of the centre of spherical curvature at the point P.

. r,=r+pn+pch (1)

We shall use suffix ‘1’ with quantities corresponding to the curve C,; of the locus of
centre of spherical curvature.

Differentiating (1) w.r.t. s;, we get

dr; d ds
——==—(r+pn+pcb) —
ds; ds P P ds;
/7 /< ds
R t, = (ot + P04 p0) 22 b -(2)
S1
(For detail see property I)
ds
= t, |=(pt+pc+pc)— | b
| t, | =(pt+p’c+p )dsll |
ds 1
= X 0 _Jy - 2
ds; pt+p’c+p’c’
2 = t,=b ...(3)
Differentiating (3) w.r.t. s;, we get
dt, _db ds
ds; ds ds;
= K,n, = —1Tn ds
11 dSl
= K1n1=—T(£)n p':(lj =0,p”:0:>£:;:£
T K ds; pt+06+0.0" 1
= KN, =—Kkn
= K n |=]-1]x[n| = K=«
= K, is constant because « is constant.

. The curvature of the curve C, of the locus of centre of spherical curvature is also
constant.
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Example 3. If R is the radius of osculating sphere to a curve r = r(s) at point ‘s’, then

show that
txt”
| k%t
Sol. We have t'=kn
and t’=xn’ + ¥n = k(- xt + th) + K¥n = — k2t + ¥n + x1b
txt’=tx (— K%t + ¥n + xtb)
=—k2(txt)+ Kt xn)+«xtt xb)
=—k2(0)+ kb +xkt (-n) =— xn + Kb
txt” KT K’ 1 ’
=——n+ b=-pn-|= b =-pn-p’cb
K2‘t K2‘C K2‘t Y (KJ c P Y
= —tx2t =pn + p'cb
K°T
t t/’ t t/’
= (-1)2 X X = (pn + p’cb) - (pn + p’ch)
k2t
2
txt”
= | = p?n- n+p??b b =p?+p?c
- R2 (-« RZ=p2+ p'20?)
txt”
| k%t

Example 4. Show that the radius of osculating sphere of the circular helix
x=acosb,y=asinb, z=abcot a
is equal to the radius of curvature at each point on the helix.
Sol. Given helixis x=acos 0,y =asin 6,z =a 6 cot a.
Let r be the position vector of the point P(x, y, z) on the helix.
r=xi+yj+zk=acos 6i+asin 0j + ab cot ok

rXi
We know that K= | ¥ |3 | (A standard formula)
T
Now I =—a sin 6i + a cos 6j + a cot ok
¥ = —q cos 0i — a sin 6j + Ok
i j k
rxit =|—-asin® acos® acoto
—acos® —asinb 0
i j k
= —a%|-sin® cos® cota

cos® sin® O
= —a? [~ cot o sin 0i + cot o cos 0f — K]
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|rxr| =az\/cot2ocsin26+cot20ccos26+1

=a?,/cot? o+ 1 = a? cosec o

Also |r| = (a®sin?0 + a? cos? O + a? cot? )12
= (a® + a? cot? a)V2 = a cosec o
.2
|EX#] 4% coseca _ sin” o

K=——>7 = =
|£||3 a® cosec® o a

K is a constant quantity.

e
K

Let R be the radius of osculating sphere at the point P on the curve.

R = p? +p% = Jp? 1 (0262 = p
Also the radius of curvature at P is p.
The result holds.
Example 5. Find the equation of the osculating sphere to the curve x = 2t + 1,
y=38t2 + 2, z=4t3 + 3 at the point (1, 2, 3).
Sol. The given curve is
x=2t+1,y=3>+2,2 =41 + 3.
The point P(1, 2, 3) corresponds to the value 0 of ¢.
Let r be the position vector of the point (x, y, z) on the given curve.
r=xi+yj+zk=2t+1i+3t2+2)j+ @t +3)k
Let (o, B, v) and R be the centre and the radius of the osculating sphere at P(1, 2, 3)
respectively.
The equation of the osculating sphere is |r — ¢ |2 = R?, where ¢ = ai + §j + Yk.
This sphere passes through (1, 2, 3) and has at least 4-point contact with the given

curve at P.
. |+ 2j + 3k) — (ci + Bj + k) |2 = R?
= A1-—)2+@2-B2+(3-7?2=R? (1)
Let F@O=|@t+1i+@B2+2)j+ 43+ 3)k—(oi+f+vk) |%2-

=2t +1-0)2+@B2+2-PB2+ U3 +3-y)? -

/@) =22t +1 -2+ 232 + 2 — B)6t + 2(413 + 3 — y)12¢2

£7(£) = 8 + 1082 + 12(2 — B) + 480t + 48(3 — )¢
£t = 216t + 1920¢3 + 48(3 — )
fi(t) = 216 + 5760¢2

Since the sphere has at least 4-point contact at ¢ = 0, we have

f(0)=£(0)=f"(0)=f"(0)=0and f%(0) # 0

f0O=0 = @A-0?+2-p)2+ (3 -7?2-R?=0, which is true.
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F£10)=0 = 41-0)=0 = a=1 (By using (1))
f70)=0 = 8+12(2-P=0 = PB=8

f70)=0 = 48(3 —y) = = y=3

C—O(1+BJ+Yk—1+§J+3k

1 = R2=(1-12%+ ﬁ Ii+(3 3)2—— = R=

Centre and radius of the osculating sphere at the point P are (1, 8/3, 3) and 2/3
respectively.

The equation of the osculating sphere is

(xi+yj+zk)—ﬁ§j+3k|k= ﬁz
- v f o

= 3x2 + 3y? + 322 — 6x — 16y — 18z + 50 = 0.

Example 6. If the radius of the osculating sphe. 2 of a ¢ wrve is constant, prove that the
curve lies on a sphere or has constant curvature.

Sol. Let the given curve be r = r(s).

Let R be the radius of the osculating sphere”at each point on the curve r = r(s).
Let P(r) be any point on this curve.

R=p?+p0d"
- R2 = pZ [ p’ZG? ..(1)
Differentiating (1) w.r.t &, we Jat

0= 2pp + p’%(200") + (2p'p")c?
= Q= 2p\p + p'oc’ + p”c?)
= Either p’ =0 ..(2) or p+poo’ +p’c2=0 ..(3)
(2) = plscaommnt = « is constant.

Let (3) hold. Let »| be the position vector of the centre of spherical curvature at the
point P(r).
r,=r+pn+p’ch
D1fferentlat1ng w.r.t. s, we get
dr;
a5 =r + (pn’ + p'n) + (p“cb + p’c’b + p’cb’)
=t + p(—xt +1h) + pn + p”’cb + p'c’b + p’o(— ™n)
=(1-p)t+(p'—potn + (pt + p”c + p'c)b
=0t +0n + (pt + p’c + p'0)b ( pk=1l,0t=1)

= %+ p”o+ p’c’lk,
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1
=3 (p + p’c? + p'c’o)b
1 .
=—(0b=0 (Using (3))
o]
dr; .
= —— =0 = r, is constant.
ds
The centre of the osculating sphere is independent of the point P(r) on the curve
r = 1(s).

The centre of osculating sphere is same at every point on the curve r = r(s).

Also, the radius of the osculating sphere is same for each point on the curve r = r(s).
The osculating sphere is a fixed sphere for each point on the curve r = r(s).
The curve r = r(s) lies itself on this sphere.

Example 7. Show that the necessary and sufficient condition for = cur e r =r(s) to lie on

a sphere is sP + di (p’6) = 0 at every point on the curve.
o s

Sol. Necessity. Let the curve r = r(s) lie on a sinere.
This sphere is the osculating sphere to the ¢ rve r = r(s) at every point of the curve.
The radius R of the osculating sphere ats«Cich pwisic is constant.
We have R? = p? + p'%62
Differentiating w.r.t. s, we get
0 =2pp" + pA2067 + (Lip'p”)o?

_ ’ h ’ 4 R
= 0—2pcla o'c’+p’c

= L s o' +p’0=0 (Assuming p’ # 0, 6 # 0)
q
= L 4 (p’o)=0
o ds
Sufficiendv. T P2 o =0
c d
p 4 4 ’” —
= —+p'c’+p”’c =0
o
= 20’ %+ p’c’+p” le: 0
= 200" + p'A(200") + (2pp")6% =0
= a (P?+p26H)=0
ds
= p? + p?2 62 = A, a constant.
= R2=2) i.e., Ris constant.

Radius of osculating sphere is independent of the point on the curve r = r(s).
Let r; be the position vector of the centre of osculating sphere at the point s.
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. r,=r+pn+pch
Differentiating w.r.t. s, we get

d

% =r + (pn’ + p'n) + (p“cb + p’c’b + p’cb’)
=t+p(-xt+1th)+pn+p’cb +p'c’b + p’cl—tn)
=(1-p)t+(p'—pot)n+(pt+p’c+pc)b
=0t +O0n + %+i(p’o)‘lk) =0b=0

ds
dr; .
= —— =0 = r, is constant.
ds

The centre of the osculating sphere is independent of the point on the curve r = r(s).

The centre of the osculating sphere is same at every point on the curve r = r(s).
Also, the radius of the osculating sphere is same for each point vinthe curve r = r(s).

The osculating sphere is a fixed sphere for each point on ti > cur| e r = r(s).
The curve r = r(s) lies itself on this sphere.

WORKING RULES FOR SOLVIMN“ P OL™ ©MS

Rule I. A curve r = x(t)i + y(t)j + z(t)k of sufficien ly high -lass is said to have n-point
contact with a surface F(x, y, z) = v at t.e point t, if the function

ft) = F(x(t), y(t), z(t)) satisfies:

flt,) = fEg)=fty) = £=f"Li,) =0and f™(,) #0.
Rule I1I. A curve r = x(t)i + y(@)j + z@&)k of suffic ently high class is said to have n-point
contact with a curve F(x, y z)-= 0, G(x, y, 2) = 0 at the point t,, if the functions

fit) = F(x(t), y(b), 2(t) arglc = (x(t), y(t), 2(t) satisfy:
f(to) = f(tn) f(to S 000 =f(n—1) (to) =0

gt,) =7y~ gty =...=g™V () =0
and either f™(t,) # >or g™(t,) # 0.

Rule III. A circ! “av. g at .cast 3-point contact with a given curve C at a point P on the
curv is ¢o’'2d v..e osculating circle to the curve C at the point P. The centre of
the osculatir 3 circle at the point P is called the centre of curvature of the
curve C <. che point P.

If r| be the position vector of the centre of curvature at point r then,
r,=r+pn and radius of osculating circle = p.

Rule IV. A sphere having at least 4-point contact with a given curve C at a point P on the
curve is called the osculating sphere to the curve C at the point P. The centre
of the osculating sphere at the point P is called the centre of spherical
curvature of the curve C at the point P.

If r, be the position vector of the centre of spherical curvature at point r, then

r,=r+pn+p'cb and radius of osculating sphere = \/p? +p’? 62 .
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EXERCISE 2.4

1. Show that the tangent to the locus of the centre of curvature lies in the normal plane of the

original curve and makes an angle tan! L, with the principal normal of the original curve.

op
2. If Cis a curve of constant curvature x, show that the locus C, of its centre of curvature is also a
2
K
curve of constant curvature x; such that x; = k and its torsion 1, is given by the relation 1, = -

3. For a curve of constant curvature, show that the centre of spherical curvature coincides with the
centre of circular curvature.

4. If R is the radius of the osculating sphere to a curve r = r(s) at point s, then show that:
R? = p*c? |3 - 62

5. For the curve r = x(s)i + y(s)j + z (s)k, show that:

1 1+p2
x///Z +y///2 + Z///Z - 55 + f X
po p
6. For the curve r = x(s)i + y(s)j + z(s)k, show that:
2
p4(x///2 +y///2 + 211/2) - 1 + R_Q,
(&)

where R is the radius of spherical curvature at" % "por 't (x, y, 2).
7. Show that the radius of spherical curvaturefotf a ciresa’ar helix is equal to the radius of its circular
curvature.

tHint
4, v=x)Y =tV =kn) =kn +a=xkCu*+ 1) +xkn=—xt+xn+xtb
7|2 = (- k»)% + (k)% + (k1))

1+h’|1 1 o2 +p2%0%+p?> o2+R2
= — | ~ ] = .
oF A2 Lo oto?

™
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